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SUMMARY: Multivariate spatial data, where multiple responses are simultaneously recorded across spatially indexed
observational units, are routinely collected in a wide variety of disciplines. For example, the Southern Ocean Continu-
ous Plankton Recorder survey collects records of zooplankton communities in the Indian sector of the Southern Ocean,
with the aim of identifying and quantifying spatial patterns in biodiversity in response to environmental change. One
increasingly popular method for modeling such data is spatial generalized linear latent variable models (GLLVMs),
where the correlation across sites is captured by a spatial covariance function in the latent variables. However, little is
known about the impact of misspecifying the latent variable correlation structure on inference of various parameters
in such models. To address this gap in the literature, we investigate how misspecifying and assuming independence for
the latent variables’ correlation structure impacts estimation and inference in spatial GLLVMs. Through both theory
and numerical studies, we show that performance of maximum likelihood estimation and inference on regression
coefficients under misspecification depends on a combination of the response type, the magnitude of true regression
coefficient and the corresponding loadings, and, most importantly, whether the corresponding covariate is (also)
spatially correlated. On the other hand, estimation and inference of truly non-zero loadings and prediction of latent

variables is consistently not robust to misspecification of the latent variable correlation structure.

KeEy worDS: Community Ecology; Factor Analysis; Loadings; Multivariate Abundance Data; Spatial; Spatio-

temporal
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Misspecification in Spatial Latent Variables
1. Introduction

Multivariate spatial data, consisting of multiple responses recorded simultaneously across
spatially indexed observational units, are routinely collected in a variety of disciplines.
Such data are characterized by spatial correlations whose strength depends inversely on the
geographic distance between units, and between response correlations for which we usually
have little information a priori regarding their structure. This article is motivated by the
Southern Ocean Continuous Plankton Recorder (SO-CPR) survey, an annual survey that
collects count records of zooplankton communities using vessels traversing the Indian sector
of the Southern Ocean (Hosie, 2020). Alongside species records, we have covariate information
pertaining to the physical habitat and oceanographic environment, and one of the primary
aims of the SO-CPR survey is to identify and quantify spatial patterns in biodiversity in
response to environmental change.

In community ecology, one of the most popular emerging methods for analyzing mul-
tivariate spatial data is spatial generalized linear latent variable models (Thorson et al.,
2015; Warton et al., 2016; Ovaskainen et al., 2016; Bjork et al., 2018; Shirota et al., 2019).
This model is an extension of generalized linear latent variable models (GLLVMs, Skrondal
and Rabe-Hesketh, 2004) for analyzing multi-response data, where the latent variables are
given additional structure to model the spatial correlations, on top of their usual role in
accounting for between species correlation. For instance, the latent variables are drawn
from a multivariate normal distribution with zero mean vector and a correlation matrix
parameterized using a Matérn correlation function based on some distance metric between
sites. Outside of community ecology, such analyses are also referred to as spatial factor
analysis (e.g., Zhu et al., 2005; Lopes et al., 2011).

Compared to the standard independence assumption for latent variables i.e., when the

correlation matrix is set to the identity matrix, assuming a structured correlation matrix
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has two major implications. From a modeling perspective, it is evident that in the presence
of spatial correlations, assuming independence in the latent variables results in clear model
misspecification. There has been some research into the impacts of misspecifying the latent
variables for estimation and inference in GLLVMs. However, the literature so far has focused
on misspecification of the latent variable distribution rather than of the correlation structure,
and the consequences on estimation and inference of the loadings and prediction of latent
variables rather than the impact on regression coefficients (e.g., Ma and Genton, 2010;
Irincheeva et al., 2012). Furthermore, the large sample theory developed in such previous re-
search on misspecification in GLLVMs was motivated by non-spatial data. As such, assuming
independence in the latent variables across units was a reasonable foundation on which to
base developments. By contrast, with spatial data such theory does not carry over directly:
one requires alternative asymptotic frameworks e.g., increasing domain, fixed domain infill,
and it is not guaranteed that properties such as consistency can be necessarily achieved within
all these frameworks The asymptotics of spatial and spatio-temporal modeling remains an
active area of research (e.g., Lu and Tjostheim, 2014; Kurisu, 2019), and to our knowledge
there has been no theoretical research into the large sample effects of misspecifying the
correlation structure in spatial GLLVMs (although related empirical work has been done on
this by Shirota et al., 2019).

From a computational perspective, and focusing on maximum likelihood estimation, spatial
GLLVMs involve a high-dimensional integral and, usually, the inversion of a high-dimensional
matrix during the estimation process. By contrast, estimation and inference assuming inde-
pendence is substantially faster since the dimension of the integral in the likelihood is reduced
and there are no covariance parameters to estimate. While considerable progress has been
made into more efficient likelihood-based estimation and inference in GLLVMs and mixed

models in general (Niku et al., 2019), as well as on computationally faster approaches for
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Misspecification in Spatial Latent Variables 3

modeling spatial data in general, the substantial reduction in computation time brought
about by assuming independence remains.

Motivated by the potential tradeoff between computation time and model misspecifica-
tion, this article studies the consequences of assuming independence for the latent variable
correlation structure on estimation and inference in GLLVMs applied to multivariate spatial
data. We develop some large sample results for point estimation of regression coefficients
in GLLVMs under misspecification of the correlation structure, and complement this with
an extensive simulation study to examine how finite sample performance is affected by
response type, the magnitude of the regression coefficient and corresponding loadings, and
whether the measured environmental covariates are spatially correlated. The main findings

and contributions of this article may be summarized as follows:

e For normally distributed responses, maximum likelihood estimates of all regression co-
efficients excluding the intercept are estimation consistent. For non-normally distributed
responses, only a weaker zero consistency result can be obtained. The exception is responses
that are uncorrelated with all other responses, for which we (also) obtain estimation
consistency of all the regression coefficients (Section 3).

e For covariates that have little to no spatial correlation, empirical studies show that for
normal, negative binomial, and Tweedie distributed responses, point estimation of re-
gression coefficients is largely robust to misspecification, and sandwich-based confidence
intervals are close to their the nominal significance level (Sections 4.2-4.3). For binary
responses, point estimation and sandwich-based confidence intervals only perform well
under misspecification when either the magnitude of the true regression coefficient or the
magnitude of its corresponding loadings are not especially large (Sections 4.4).

e For covariates that have moderate to strong spatial correlation, assuming independence of

the latent variables almost always leads to poor estimation and inferential performance
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for regression coefficients, irrespective of the response type and the magnitude of the
true coefficient. The one exception is coefficients corresponding to responses that are
uncorrelated with all other responses, which remain robust to misspecification when the

covariates are spatially correlated (Sections 4.2-4.4).

e Irrespective of the response type, estimation and inference of the non-zero loadings and

prediction of latent variables in the GLLVM is not robust to misspecification of the
latent variable correlation structure. The one exception is responses that have entirely
zero loadings i.e, responses that are independent of all other responses, for which a zero
consistency result can be obtained for the estimates of the loadings under misspecification

(Sections 4.2-4.4).

The results we obtain bear some resemblance to existing research on estimation and
inference for spatial data as well as correlated data more generally. One article of particular
relevance here is Shirota et al. (2019), who empirically found that spatial GLLVMs consis-
tently outperform independent GLLVMs when it comes to prediction of the linear predictor
and estimation of the residual covariance matrix (formed from the loading matrix). The
findings here are concordant with these previous results, although in this article we perform
a broader investigation to develop large sample results as well as examine the critical issue
of estimation and inference of the regression coefficients (which Shirota et al., 2019, did
not focus on). In the more general spatial regression setting, several methods proposed for
variable selection (usually assuming spatially uncorrelated covariates) have demonstrated
that assuming independence across sites does not affect large sample selection consistency
results, although in finite samples the loss of efficiency and overall consequences can be
pronounced (Hoeting et al., 2006; Wang and Zhu, 2009; Xu et al., 2015). Also, previous
research into generalized linear mixed models has largely shown that estimation and inference

on fixed effects is fairly robust to misspecification of the random effects distribution, but
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Misspecification in Spatial Latent Variables

that random effects inference is not robust to the same sort of misspecification (Hui et al.,
2020). This article builds on such exisiting research, and presents several new findings and
consequences. For instance, the lack of robustness under misspecification for inference on
spatially correlated covariates has major implications on how multivariate spatial data should
be analyzed. In most spatially indexed observational studies in ecology, it is either known
a priori or evidence is uncovered empirically that both the responses and one or more
of the environmental predictors are spatially correlated. When analyzing such data, our
results demonstrate that it is imperative that spatial correlation in the latent variables be
taken into account. Otherwise, one risks inference being incorrect for regression coefficients
corresponding to the spatially correlated covariates e.g., coverage probabilities of confidence
intervals substantially below the nominated level, as well as poor predictive performance of
the model as a whole (see also Yoon and Welsh, 2020, for similar results in the context of
linear mixed models). We conclude our comparison by applying both a spatial GLLVM and a
standard GLLVM assuming independence of the latent variables to the SO-CPR survey. For
both models, we obtained some but not entirely similar results with regards to identifying
the effects of key environmental covariates on the distributions of 24 zooplankton species

across 3,900 spatial locations.

2. Spatial GLLVMs

We establish the notation of spatial GLLVMs with ecological data in mind. Let y;(s;) denote
the observed response for species j = 1,...,p at site (observational unit) s; € D;i =1,...,n
in some spatial domain D. The spatial domain can be continuously (e.g., geostatistical
data) or discretely (e.g., lattice data) spatially indexed, or both, and we make no explicit
restrictions on this (subject to Assumption 1 discussed below).We also observe a g-vector

of covariates at each site, z(s;) = (z1(s;),...,74(s;))", representing physical environment
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or habitat. We assume z(s;) = 1 for i = 1,...,n to represent an intercept term, while the
other terms are centered to have expectation zero, Ex{xx(s)} =0 for all k =2,....q.

The responses are assumed to be generated from a spatial GLLVM as follows: conditional
on a d-vector of latent variables u(s) with d < p, as well as the covariates, the elements of the
response vector y(s) = (y1(s),...,4,(s))" are independent observations from the exponen-
tial family of distributions. That is, f{y;(s)|z(s), u(s)} = exp{¢; '[y;(s)0;(s) — a{?;(s)}] +
c(yj(s), ¢;)} for known functions a(-) and ¢(+, -), where ¥;(s) is the canonical parameter and
¢; is species-specific dispersion parameter. The mean, Ey |y x{y;(s)|x(s),u(s)} = p;(s) =
1;(8) = a’{V;(s)}, is modeled as g{p;(s)} = n;(s) = x(s)"B; + u(s)"A; for a known link
function g(-), where 3; is the vector of species-specific regression coefficients and A; is the
vector of species-specific loadings.

Write the full nd-vector of latent variables generically as w(S), where .S indexes all sampled
locations. Let B8 = (3, ... ,B;)T, ¢ = (¢1,...,0,) ", and XA = (A],... ,)\;)T denote the
full vector of regression coefficients, dispersion parameters, and loadings respectively. The
marginal likelihood for the spatial GLLVM is given by

n p
L(B,¢,A,0) = /HHf{yj(si)lw(si),U(si)}f(U(S)lmdU(S), (1)

i=1 j=1
where the latent variables are assumed to come from a multivariate normal distribution
with zero mean vector and a correlation matrix parameterized by a vector 6, that is,
f(u(S)|0) = N,.4{0,%(0)}. Note X(8) is a correlation (as opposed to a covariance) matrix
to avoid scale invariance in the GLLVM. It is the combination of covariance parameters
0 and loadings A; in (1) which models the between species and spatial correlations in
the data; see the end of the following section for more discussion on the role of corre-
lations between species versus spatial correlation. On the linear predictor scale, we have

Cov{n;(s;),nj(sir)} = A;Cov{u(si),u(sir)})\j/ fori,i’ =1,...,nand j,j' = 1,...,p, where
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Misspecification in Spatial Latent Variables

Cov{u(s;), u(sy)} depends on the precise structure of 3(€). Thus we see that the between
species correlation also depends on the two spatial locations of interest. One common choice
for 32(0) in community ecology is to assume the d latent variables are independent and use
a spatial covariance function for each latent variable (e.g., Thorson et al., 2015; Ovaskainen
et al., 2016). If we let wu;(s;) denote the [-th element in w(s;), then for [ = 1,...,d we use
the Matérn correlation function, Cov{w;(s;), u;(sy)} = p(D(s;, sir), v, o), where p(h, v, o) =
{2710 (1)} L (ha 1)K, (ha; ') for smoothness v > 0 and spatial scale parameters a; > 0,
where I'(+) is the gamma function, /C, () is the modified Bessel function of the second kind,
and D(-,-) is some distance metric. Note the scale parameter, but not the smoothness
parameter, is allowed to be different across the latent variables. The vector of covariance
parameters is given by @ = (v, a1, ..., aq)", although the smoothness may be fixed a priori

e.g., v = 1 is a recommended choice when D = R? (Lindgren and Rue, 2015). .

2.1 Assuming Independence

Of the various structures which can be imposed on the latent variables, the simplest one is
to assume the correlation matrix is equal to the identity matrix, 3(6) = I,4. The latent
variables are then assumed to be independently standard normally distributed, and the
marginal log-likelihood for the GLLVM reduces to

Lina(B,6:3) =] | { / L1 Hws(si)l(s0). u(sﬂ}h{u(si)}du(si)} =[] Lmai(8, &, ),

i=1

(2)
where h{u(s;)} = N4(0,I,). Equation (2) is equivalent to the standard GLLVM advocated
for use by Warton et al. (2016) for community ecology data, and is a common choice for
modeling multivariate data in other disciplines (Skrondal and Rabe-Hesketh, 2004). With
the independence structure, the latent variables can only model between species correlation:

Cov{n;(s:),ny(s#)} = 0, unless i = ¢’ in which case Cov{n;(s;),n;(s:)} = A Ajr.
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wr 1t is clear that assuming spatial independence makes the likelihood function computa-
s tionally much easier to maximize: the product over the n observational units is pulled
s outside the integral and there are no covariance parameters to estimate in (2). Of course the
w computational gain comes with a cost, and the presence of spatial correlation means that
o equation (2) is misspecified in the second moment. In fact, as seen above the independence
1w assumption means that the expected counts of two species may be correlated at any particular
w3 site, but are otherwise uncorrelated across different sites. In Appendix A, we elaborate
e more on the two correlation structures present in a spatial GLLVM, noting that the focus
s of this article is misspecification of the spatial correlation structure, and not (also) on

ws Misspecification of the between species correlation.

v 3. Estimation Under Misspecification
s For the set of observed data, consider log L(3, ¢, A, @) in (1) as the log-likelihood correspond-

w  ing to the true model. Define £(3, @, A, 0) = log{ [ T[’_, f{y;(s)|z(s),u(s)}f(u(s)|0)du(s)},

x and denote the full vector of true parameters as (8°, ¢°, A%, 8°) which satisfies

o Exy{VIB° ¢° A% 8°)} = 0. Next, consider log Lia(3, ¢, A) in (2) as the log-likelihood
x2 corresponding to the misspecified GLLVM assuming independence, and let

o lma(B, @, X) = log{ [ T_, fly;(s)|x(s), u(s)}h{u(s)}du(s)}. We define the Kullback-Leibler
x  distance Dxr,(8, @, X) = Exy{(8°, #°, X°,0°) — (1,4(3, ¢, )}, and consequently the vector
s of pseudo-true parameters (8%, ¢*, A*) = argming 4 x Dx1.(3, ¢, A) which satisfy

206 EX,Y{VgInd<IB*a @A)} =0

o Let (B,d;,;\) = argmaxg ¢ 10g Limda(3, ¢, A) denote the maximum likelihood estimator
xs Of the misspecified GLLVM. We base our large sample developments under the following

xo  general regularity condition.

20 ASSUMPTION 1: The appropriate conditions are assumed to be satisfied to ensure weak
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Misspecification in Spatial Latent Variables 9

consistency of the maximum likelihood estimator under the misspecified GLLVM. That is,
(B, D, A) B (8%, ", A*) as n — 0.

The above assumption is rather general, and is chosen with reason. As reviewed in Section 1,
large sample theory in spatial modeling remains an active area of research and is dependent
both on the related asymptotic framework and the structure of the model itself (e.g., most
theory has been developed assuming a univariate normal or continuous response with additive
error structure, and some sort of expanding domain framework; Mardia and Marshall, 1984;
Lu and Tjostheim, 2014). Our aim is to study misspecification in spatial GLLVMs irrespective
of the framework selected, by starting from a general position where consistency of the
maximum likelihood estimator towards a set of pseudo-true parameters (true parameters in
the case of the true GLLVM) can be attained. By doing so, the results we develop will apply
to any framework provided estimation consistency within that framework can be achieved.
In Appendix B, we elaborate on this and provide a more concrete example under which

Assumption 1 holds.

3.1 Regression Coefficients
We first consider the case of conditionally normally distributed responses and the identity

link, p1;(s) = n;(s).

THEOREM 1: For conditionally normal responses, the regression coefficients satisfy 3* =
B°. Thus under Assumption 1, the mazimum likelihood estimator of the misspecified GLLVM

satisfies ﬁ 2 B9 as n — oo, irrespective of the values of A°.

All proofs are provided in Appendix B. With non-normal responses, a weaker zero consis-
tency result can be obtained as follows. For a nonempty subset A C {2,..., ¢}, let £ 4(s) and

Z 4 (s) denote the vectors of covariates corresponding to A and its complement respectively.

THEOREM 2: Suppose there exists a subset of covariates A C {2,...,q} with A # 0, such



235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

10 Biometrics, 000 0000

that for all j = 1,...,p we can write 3} = (B8 4 = 0,89 4)". Assuming x.4(s) and x4-(s)
are independent, then the corresponding subset of B; will also equal zero i.e., B; 4 = 0. Thus
under Assumption 1, the maximum likelihood estimator of the misspecified GLLVM satisfies

,[;’%A 50 forallj=1,...,p, asn — oo, and irrespective of the values of X°.

The above result ensures that for any covariates which are truly uninformative for all
species, the corresponding estimates of the misspecified GLLVM will consistently estimate
these zero coefficients. While weaker than the full consistency result for conditionally normal
responses, Theorem 2 may serve as a useful basis for studying variable selection in spatial
GLLVMs e.g., establishing selection consistency of information criteria or penalized likelihood
methods for choosing covariates driving the entire species community. Note that for the
above result to hold, we require the strong assumption of independence between the truly
informative and truly uninformative covariates. Such an assumption has been made previ-
ously in order to establish consistency when studying misspecification in generalized linear
mixed models (e.g., Litire et al., 2007), and is similar to the partial orthogonality condition
imposed in high-dimensional variable selection (e.g., Huang et al., 2008). In Section 4, we
shall empirically assess the generality of Theorem 2 in settings with correlated covariates.

It is important to note that Theorem 2 demonstrates zero consistency only for completely
uninformative covariates: for a partly informative covariate that is important for some but
not all species, zero consistency cannot be guaranteed for species whose responses are not
related to this covariate. Intuitively, this is because there remains an indirect dependence on
this covariate through the combination of the direct dependence on the covariate for some
species and the correlation between species induced by the latent variables. In Section 4, we
shall empirically study the effects of misspecification on estimation and inference for partly

informative covariates.
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Misspecification in Spatial Latent Variables

3.2 Loadings

Since the loadings directly relate to the correlation structures in the GLLVM, then one would
expect that misspecifying the correlation structure in the latent variables should adversely
affect their estimation and inference. This is largely the case, although a zero consistency

result can be achieved.

THEOREM 3:  Suppose there exists a subset B C {1,...,p} with B # 0, such that XJ =0
Jor all j € B. Then the corresponding subset of Xj will also equal zero i.e., X; = 0. Thus
under Assumption 1, the maximum likelihood estimator of the misspecified GLLVM satisfies

5\j$0f0rallj63, as n — oo.

While Theorem 3 may not be important in community ecology, since we do not expect
many (if any at all) species to be completely uncorrelated to other species, it may still play
a useful role in other applications of GLLVMs where such independence can arise (e.g.,
Hirose and Konishi, 2012). Intuitively, any species that is uncorrelated with all others in
the model remains uncorrelated under misspecification of the latent variable correlation
structure. Therefore, we cannot borrow strength from other species to improve estimation

and inference of the parameters specific to this species. This leads to the following result.

COROLLARY 1: For any species j € B that is independent of all other species on the
linear predictor scale of the model, as defined in Theorem 3, the regression coefficients satisfy

B; = ,3? Thus under Assumption 1, the maximum likelihood estimator of the misspecified

GLLVM satisfies B; 2> 8° for all j € B, as n — oo.

4. Simulation Study

We conducted a simulation study to assess the finite sample performance of misspecified

GLLVMs, relative to GLLVMs where the true spatial correlation structure for the latent

11
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variables was known. Specifically, we simulated data from a spatial GLLVM with p = 20
species, ¢ = 7 covariates including the intercept, and d = 3 latent variables. The full details
of the simulation design are provided in Appendix C, and we only provide some of the
defining features below. Specifically, the n sites were arranged in a square lattice to reflect
an expanding domain framework. Excluding the intercept, the covariates @(s;) included three
spatially structured covariates and three spatially independent (but correlated to each other)
covariates. The covariates were also generated in a way such that the conditions required
for Theorem 2 are not satisfied, thereby allowing us to assess performance under a more
realistic setting. The regression coefficients 3; varied both in magnitude and sign, and were
constructed so that two covariates were informative for all species, two were informative for
half of the species, and two were uninformative for all species. Similarly, the loadings A; in
the spatial GLLVM were constructed such that species 16 to 20 were independent of all other
species, while the remaining fifteen species had loadings varying in magnitude and size.

We generated multivariate spatial data with four possible response types i.e., four possi-
ble choices for the conditional distribution f{y;(s;)|z(s;),u(s;)}: 1) continuous responses
from the normal distribution; 2) overdispersed counts from the negative binomial distri-

bution; 3) non-negative continuous responses from the Tweedie distribution; 4) presence-

1/2 _

absence responses from the Bernoulli distribution. We considered grids of dimension n
7,10, 14,22, 32, and simulated 400 datasets for each value of n. The grid sizes were chosen

such that the total number of sites approximately doubled with each grid.

4.1 Model Fitting and Performance Assessment

We fitted two models to each simulated dataset: a spatial GLLVM with marginal likelihood
given by (1) and assuming the true spatial correlation structure for the latent variables is
known, and a misspecified independent GLLVM with marginal likelihood given by (2). In

addition to point estimates, we calculated 95% Wald confidence intervals for the regression
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coefficients and loadings using both models. For the true model, this was based on stan-
dard errors obtained from the inverse of the observed information matrix, I (ﬁ, g&, 5\, é) =
—~V2log L(B, (Z),;\,é) where (B, b, é)T generically denotes the corresponding maximum
likelihood estimates. For the misspecified model, we calculated standard errors based on the

inverse of the sandwich information matrix. Let Lina:(3, ¢, A) =

ST Hy(si)|x(si), u(si) th{u(s;) }du(s;) denote the likelihood for the misspecified GLLVM

for site 4. Then we define Iuna(B, @, A) = H(B, , N)J (B, d, \) " H (B, p, \) where

/\

. 1 .
H(B, ¢, \) = - V?1og Lina,i(B; ¢, A)

The sandwich information matrix is generally used as the basis for quantifying uncertainty
for maximum likelihood estimates under misspecified models, and we refer the reader to
(White, 1982; Verbeke and Lesaffre, 1997) on its use in misspecified models.

All GLLVMs were estimated using Template Model Builder (TMB, Kristensen et al., 2015),
which uses a combination of automatic differentiation and the Laplace approximation to
produce functions for efficiently calculating the gradient and Hessian of the (Laplace approx-
imated) marginal log-likelihood. For the spatial GLLVM, we made use of R-INLA (Lindgren
and Rue, 2015) to construct a stochastic partial differential equation approximation to the
distribution of the spatial latent variables, which ensured the computation remained feasible
for large n (see also Thorson et al., 2015). To assess performance of the regression coefficients,
we calculated the empirical bias and root mean squared error (RMSE) averaged across
the simulated datasets, and the empirical coverage probability and mean interval width
of the 95% confidence intervals. To assess performance of the loadings and latent variables
predictions, we calculated the Procrustes errors between the estimated and true loading

matrix, and between the estimated and true latent variable matrix (which is formed by

13
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stacking the n sets of vectors u(s;) as rows). Finally, we recorded the computation time
(in minutes) used to fit the GLLVM and calculate the associated 95% confidence intervals.
We present these results in Appendix C since, as to be expected, the simpler misspecified
independent GLLVM was always faster and scaled better with increasing sample size across

all response types.

4.2 Setting 1: Normal Responses

With regards to the regression coefficients, the biggest factor determining performance for
misspecified GLLVMs was whether the corresponding covariate was spatially correlated or
not (Figure 1). Thus we shall discuss our results based on these two cases separately.

For spatially uncorrelated covariates, both the bias and RMSE of the regression coefficients
tended to zero for misspecified GLLVMs as sample size increased (Figure 1 left and middle
columns, solid circles). However the RMSE for misspecified GLLVMs was consistently higher
than for true GLLVMs, suggesting more variability in the estimates under misspecification.
There was also little difference between the true and misspecified GLLVMs in terms of
coverage probability for coefficients corresponding to spatially uncorrelated covariates, with
the intervals for both models tending to the nominal level irrespective of the size of the
regression coefficient and the norm of the corresponding loadings (Figure 1 right column).
The sandwich based confidence intervals from the misspecified GLLVM tended to be wider
than the intervals based on the true GLLVM, especially for small to medium sized regression
coefficients (see Appendix C).

It is startling to see how much the performance deteriorated for coefficients corresponding
to spatially correlated covariates under misspecification: the empirical bias and RMSE were
substantially larger compared to both estimates from the true GLLVM, as well as esti-
mates corresponding to spatially uncorrelated covariates (Figure 1 left and middle columns,

empty circles). The sandwich based confidence interval suffered severe undercoverage, with
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performance becoming worse with increasing sample size. This poor performance occurred
irrespective of the true magnitude of the regression coefficient, but did depend on the norm
of the corresponding loadings.

The difference in performance between spatially correlated versus uncorrelated covariates,
under misspecification, can be attributed to the former exhibiting a strong correlation to
the spatially structured latent variables. Specifically, a non-negligible proportion of the
variation in each spatially correlated covariate can be explained by a linear combination of
the eigenvectors of the spatial covariance matrix 3(6). Under misspecification, because the
latent variables are assumed to be independent, the independent GLLVM then erroneously
attributes part of this spatial correlation in the latent variables to the covariates. This causes
estimation and inference for the corresponding elements of 3; to deteriorate as the estimated
coefficients become affected by the values of A;. By contrast, spatially uncorrelated covariates
(in general) exhibit little correlation to spatially structured latent variables, and so the
erroneous attribution does not occur and estimation and inference for the corresponding
coefficients are largely unaffected. This difference in performance has close connections to
the issue of spatial confounding, and we expand upon this issue in Section 6 and in Appendix

F.

[Figure 1 about here.]

Neither estimation of the loadings nor prediction of the latent variables was robust to
misspecification of the correlation structure, with the Procrustes errors for the misspecified
GLLVM being consistently higher than those from the true GLLVM (Figure 2 top row).
Additional analyses (not shown) of the results for loadings reveal that, consistent with the
zero consistency result of Theorem 3, it was the non-zero loadings (from species 1 to 15) that
were poorly estimated under misspecification, while the truly zero loadings (from species 16

to 20) were estimated well under misspecification of the latent variable correlation structure.
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Of course, given the above results a natural question to ask is whether performance of the
misspecified independent GLLVM would improve if we were to fit a model with a larger
number of latent variables. In Appendix C, we perform such additional simulations where
we fit independent GLLVMs with d = 5,7, 9, noting that true number of latent variables in
the simulation is d = 3. In summary, results for normal responses show that estimation and
inference on the regression coefficients is hardly affected by increasing the number of latent
variables, while prediction performance actually deteriorates (as quantified by the Frobenius

norm between the matrix of estimated and true linear predictor component u(s;)"\;).

[Figure 2 about here.]

4.3 Setting 2: Negative Binomial Counts

The overall patterns seen for the normal response case largely carry over to this setting. For
spatially uncorrelated covariates, the empirical bias and RMSE of the regression coefficients
tended to zero for misspecified GLLVMs (Figure 3 left and middle columns, solid circles). This
finding expands the zero consistency result of Theorem 2 to the case of covariates that are
correlated with each other, and to truly zero coefficients coming from partly informative as
well as completely uninformative covariates. There was also little difference between the true
and misspecified GLLVMs in terms of the coverage probability of the confidence intervals for
coefficients corresponding to spatially uncorrelated covariates, with intervals for both models
tending to the nominal level irrespective of the size of the coefficient and the corresponding
norm of the loadings (Figure 3 right column). By contrast, for spatially correlated covariates,
estimation and inference of regression coefficients suffered severely under misspecification,
with considerably higher RMSE and major undercoverage especially for coefficients that
also had a large corresponding norm of the loadings. Again, the poor performance can be
explained by the spatially correlated covariates exhibiting a strong correlation to the spatially

structured latent variables, and so the misspecified GLLVM erroneously attributes part of
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the latent variable component of the model to the covariates, leading to poor estimation and

inference on the corresponding coefficients.
[Figure 3 about here.|

Estimation of the loadings and prediction of the latent variables both suffered under
misspecification of the correlation structure for negative binomial GLLVMs (Figure 2 bottom
row), with additional analyses again revealing that it was the non-zero loadings that were
particularly poorly estimated under misspecification, while the truly zero loadings were
estimated relatively well.

Simulation results for the Tweedie response GLLVM presented similar trends to those for
the negative binomial counts and normal responses seen above, and the results for these
are presented in Appendix C. In particular, estimation and inference on the regression
coefficients was largely robust to misspecification for spatially uncorrelated variables, but
suffered severely misspecification for spatially correlated variables. Estimation of the loadings
and prediction of the latent variables performed consistently poorly under misspecification

of the latent variable correlation structure.

4.4 Setting 3: Binary Responses

In contrast to previous settings where estimation and inference of coefficients correspond-
ing to spatially uncorrelated covariates was largely robust to misspecification, for binary
responses we observe that the degree of robustness also depended heavily on whether the
true value of the coefficient was itself close to or exactly equal to zero. In the left and
middle columns of Figure 4, we observe eight notably outlying regression coefficients (four
corresponding to spatially uncorrelated covariates and four corresponding to spatially corre-
lated covariates) that were both large in their true magnitude and had large corresponding
norm of the loadings, which performed especially poorly under misspecification. These eight

coefficients also had coverage probabilities for the corresponding sandwich based confidence

17
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intervals that were notably below the nominal level (Figure 4 right column). This is despite
the fact that the sandwich based confidence intervals tended to be relatively wide in this

setting overall (see Appendix C).
[Figure 4 about here.|

Comparing against results from previous simulating settings, this suggests that for binary
responses, misspecification of the latent variable correlation structure can have a major
impact on inference for non-zero 3;’s (even for spatially uncorrelated covariates), if the
corresponding norm of the loadings is also relatively large. For coefficients corresponding
to spatially correlated covariates, misspecification again led to poor performance overall
(Figure 4 empty circles).

The results for estimation of the loadings and prediction of the latent variables were similar
to those seen with the other response types in Sections 4.2 and 4.3, and so for brevity we

present them in the Appendix C.

5. Application to SO-CPR Survey

We fitted negative binomial GLLVMs to data collected in season 2007-2008 of the SO-
CPR survey, with the aim being to quantify the relationship between the species responses
and select environmental covariates. The data consisted of n = 3,875 sampling locations
irregularly spaced across the Southern Ocean. Furthermore, we focused on p = 24 species
detected at more than 5% of the sites (see Appendix D for a figure of the sampling locations
and the species included in the analyses). We included two environmental covariates that were
a priori considered to be important in influencing one or more of the species distributions:
salinity (which is highly correlated with temperature) and photosynthetically active radiation
(PAR). The latter is a measure of amount of light available for photosynthesis. Using

orthogonal polynomials, we entered both covariates into the GLLVMSs as linear and quadratic
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terms, and also considered a pairwise interaction term between them. Along with an intercept
term, this produced a total of ¢ = 6 covariates in @(s;) and pg = 144 coefficients in 3. We
fitted GLLVMs with d = 3 latent variables and considered two possible spatial correlation
structures: 1) a Matérn covariance function with v = 1; 2) an independence correlation
structure.

The results are presented in Appendix D, from which we observe that many of the estimated
coefficients from the two fitted models were similar in magnitude and sign, revealing that
salinity and PAR, along with the quadratic and pairwise interactions terms, were important
factors in driving many of the species responses. There were however some notable differences:
focusing on whether the 95% confidence intervals contained zero or not, each covariate
had several species that produced differing conclusions across the two models (5 for the
linear effect of salinity, 3 for the quadratic effect of salinity, 3 for the linear effect of PAR,
6 for the quadratic effect of PAR, and 5 for the interaction between salinity and PAR).
The majority of species had a negative coefficient of the quadratic effect of salinity, thus
supporting the idea of a “niche” in this environment space and consequently of particular
water masses between Tasmania and Antarctica. By contrast, many species had significant
negative linear effects and significant positive quadratic effects of PAR, suggesting almost all
marine species for analysis tended to prefer low light environments. Regarding computation
time, the independent GLLVM took 3.70 hours to complete (on an Intel Xeon E5-2680 V3

at 2.50 GHz with 5 CPUs), while the spatial GLLVM took 15.5 hours to fit.

6. Discussion

We explored the consequences of misspecifying the spatial correlation structure of the latent
variables in GLLVMs. If the aim of the analysis centers on estimation and inference for the
regression coefficients, our findings show that by far the strongest determinant of performance

is whether the covariate is spatially correlated or not. For spatially uncorrelated covariates,
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estimation and inference for the coefficients is largely robust to misspecification, with the
exception of binary responses. But for spatially correlated covariates, which arise quite
frequently in observational studies in ecology, assuming independence of the latent variables
leads to poor performance for the corresponding regression coefficients. It is also important
to account for potential spatial correlation if the aim of the analysis centers on estimation
and inference for loadings, and for prediction from the GLLVM as a whole.

In our simulation study, we only generated covariates that were either spatially independent
or covariates with a fixed spatial scale. This raises the question of what happens if we were
to consider covariates with varying degrees of spatial correlation. To answer this question,
we conducted a new set of simulations where multivariate spatial data were generated from
a spatial GLLVM where the covariates possessed varying strengths of spatial strengths.
The full details are presented in Appendix E, but in brief, results exhibited a general
and consistent trend across all four response types, such that estimation and inference
on the regression under the misspecified independent GLLVM gradually worsened as the
corresponding covariate became more strongly spatially correlated. By contrast, estimation
and inference from fitting the true spatial GLLVM were largely unaffected by the strength
of spatial correlation for the covariates. These results provide further evidence that, if there
is a priori information covariates are spatially correlated, then it is imperative to account
for the spatial correlation when specifying the latent variable structure.

Comparing across empirical and theoretical results, there may appear to be some disagree-
ment in terms of point estimation of the regression coefficients: Theorems 1 and 2 state that
consistency is achievable under misspecification for all or some of the coefficients respectively,
yet our simulations suggest issues with consistency for coefficients corresponding to spatially
correlated covariates. While not definitive, and we encourage future research into the large

sample properties of maximum likelihood estimation for misspecified spatial GLLVMs, this
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discordance may be because spatially correlated covariates possibly do not entirely satisfy
the conditions underlying Assumption 1. As discussed in Section 4.2, there may be potential
issues surrounding the identifiability of coefficients for spatially correlated covariates when
a misspecified independent GLLVM is fitted, and the problems bears similarity to the issue
of spatial confounding. We expand upon this connection in Appendix F, noting that while
spatial confounding has been investigated in some detail for univariate spatial regression,
there is very little research on its impact for spatial GLLVMs (see Shirota et al., 2019, for
a recent exception that presented an interesting discussion on this topic), let alone what it
means to “correct” for spatial confounding in misspecified independent GLLVM where the
latent variables are, by definition, spatially independent.

While the above results have focused on the most extreme type of misspecification in the
latent variable correlation structure (by assuming independence), a natural avenue of research
is to examine cases of “slight misspecification” e.g., we include spatially correlated latent
variables but the form of the spatial covariance is misspecified, or the true spatial correlation
structures differ across the latent variables and but we misspecify and assume the same
structure. Of course, we must be mindful that there is a limitless number of ways one can
“mix and match” different types of spatially structured latent variables (e.g., we could have
latent variables included at different scales to reflect a nested design, similar to Ovaskainen
et al., 2016, and misspecify the correlation structure at one scale but not another), let alone
the issue of what happens if we misspecify any combination or set of combinations of these.
In Appendix G we present results from an additional simulation study where we generate
data from a spatial GLLVM, and compare the performance of an independent GLLVM versus
a “slightly misspecified” spatial GLLVM where the wrong smoothness parameter v in the
Matérn correlation function is assumed. Overall, and not surprisingly, the performance of

the slightly misspecified spatial GLLVM is generally better than the independent GLLVM.
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However there is effectively zero computational gain from fitting this slightly misspecified
spatial GLLVM, and so in some sense is against the motivation and spirit of this article i.e.,
our aim is to examine the consequences on estimation and inference when we are far away
from the true spatial structure, where this is traded off against substantial reductions in
computation time.

Finally, in our simulations we assumed that the true number of latent variables is known,
when in practice this also has been chosen (e.g., Hui et al., 2018). How misspecifying the
latent variable correlation structures affects the number of latent variables chosen is an avenue
of future research to pursue, along with the more general topic of how misspecification of
the latent variable correlation structure affects variable selection as well as other aspects of
inference for GLLVMs as a whole (see Hoeting et al., 2006; Xu et al., 2015, for examples of
related research on variable selection in geostatistical models when the spatial correlation is

misspecified).
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Figure 1. Simulation results for empirical bias (left column), root mean squared error
(middle column), and coverage probability (right column) of regression coefficients 3;, for
normal response GLLVMs. Points are differentiated by shape (‘e®’ for misspecified GLLVM
coefficients corresponding to spatially uncorrelated covariates; ‘o’ for misspecified GLLVM
coefficients corresponding to spatially correlated covariates; ‘A’ for true GLLVM coefficients)
and shading (darker shades are coefficients with larger corresponding norms of the loadings).
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Figure 2. Simulation results showing comparative boxplots (left and red for misspecified
GLLVM, right and blue for true GLLVM) for the Procrustes error of the estimated loadings
A(left column) and Procrustes error of the predicted latent variables w(s;) (middle right
column), for GLLVMs with normal response (top row) and negative binomial response
(botom row).
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Figure 3. Simulation results for empirical bias (left column), root mean squared error
(middle column), and coverage probability (right column) of regression coefficients 3;, for
negative binomial GLLVMs. Points are differentiated by shape (‘®’ for misspecified GLLVM
coefficients corresponding to spatially uncorrelated covariates; ‘o’ for misspecified GLLVM
coefficients corresponding to spatially correlated covariates; ‘A’ for true GLLVM coefficients)
and shading (darker shades are coefficients with larger corresponding norms of the loadings).

Bias RMSE Coverage probability
o2l & C g 8 1 i s .
“la a8 X 15{& A A “9& g
@ é §\ 64 %é 0_95.% 5A§" éA .....................
0'0.§ ................................. 5 . 5 gA% A a 5
I 1" . 6 1
4 ob % I 1&° ° .
0.2 s £ 5 8 S 1-0"@ Y ﬁ& TN ~ 0-90 2 2.0 g ~
& ﬁ ~ ?\ 6 a é [N £ ~ K A ~
041 ¢ @ ¢ 085"
05104 & T
4 & ]
-0.64 3 ﬁ 0.80412
0.31 121
2 4 A
a ) . o
0.2 A, '.§.Ah.. S R B
o oof# s &8 @A.) . b S
011 6, &L GA % 2 N " & & 9 oM
2 al8 : 8 8 2 e a8
A % o 4 23 0.6 A A x PN N ° <
0‘0.% A ‘ég ........ §°, 5 éoQ\AA A‘ Py 6, g 5 N ﬁ :\ B
onl 223 A& g K i ] ° ¢
d ? 0.3- a b
| 2 o 2
0.15 | . N Y
° ﬁ 5 %%ﬁﬁﬁéeﬁA§gA E...A.
i 0.61 &
0.10 5 6 S o.9-5,’§’°§z§ ° 5 4 “ls
L i - 1 ¢ oo 1
0.051% " IS o 2 o " IS 'S
< x .49 < ° x
A A = o . %% o I ° o
O‘OO'M”@?”A"K'&'Z" ey 2= o fé 2 4 3 ; i 084° °o o =
N e ofta 'y
2 é‘lé° i N ° 0217 2.9 §°
~0.05 P &5 & e b
2 2 ; Rt ,
3 ° A % %..A.A SR L\é
0.04+ i oa-g o L 0~9"é°o ry °A§AA s
o : (-]
o o
o.oz-gé T g ° T g. %o ° T
8 & IR o B % R 0%eafee R
N TR TR i :
. %Aéo éA S & A é AN ka& gd ‘ - %A . N 0.71 N
gar € Q OIS 2R A ab 2 ° ° °
-0021§ 014 ; ﬁi A A ¢ 06l8 ° °
A 61
o ° 1o
0.021 ° ° 2@@&4& R Y
¢ o 031 ° ° 0.94 %o
%fA o, A ';“ % = ° = 08-s 0® o =)
1) * -
ooo | R B Sa 0 X 4 B0 8 n b %d Tl n
(A.%XAA %AoéAéA . 8 0.2-&0 ° X g 07{8% e S
A ° © o000
§ 8 °o . 8 °‘h£ °° 9° 8 er-a oo R
-0.02 1 ° 0148 2/1 %% ; %é ; o . os ° ° °
A A .91 o
A A o
8 il -
00 05 10 15 20 25 00 05 10 15 20 25 0400 o5 10 15 20 25
[¢] Bl [Ie]




Misspecification in Spatial Latent Variables 29

Figure 4. Simulation results for empirical bias (left column), root mean squared error
(middle column), and coverage probability (right column) of regression coefficients 3;, for
Setting 3 with binary GLLVMs. Points are differentiated by shape (‘e for misspecified
GLLVM coefficients corresponding to spatially uncorrelated covariates; ‘o’ for misspecified
GLLVM coefficients corresponding to spatially correlated covariates; ‘A’ for true GLLVM
coefficients) and shading (darker shades are coefficients with larger corresponding norms of
the loadings).
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