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Periodic structures may grow in both conservative and dissipative systems. A multiplicity of examples can
be found in nature and in the laboratory. However, periodic structures may grow and decay. We show that the
effects of dissipation are essential for these structures to remain. Using the nonlinear Schrödinger equation and
its extensions as basic examples of conservative and dissipative systems we show that there are two ways of
adiabatic transformations of a continuous-wave solution into a train of pulses.
DOI: 10.1103/PhysRevA.96.023825
I. INTRODUCTION

Periodic structures grow spontaneously in various physical
contexts, such as gravel road corrugation [1,2], formation of
convective cells [3], pattern formation in optical cavities [4],
and in bulk optical media [5]. For these systems, there are
two important questions to answer: When can we expect a
stable periodic pattern to appear from a uniform initial state?
Can we control this process? The physics behind each of the
listed phenomena differs. However, there must be common
mechanisms that are responsible for the transition from a
homogeneous state or a plane wave to a periodic pattern.
Finding them is the challenge that we address in this paper.
Normally, it is a modulational instability (MI) which starts
the growth of periodic structures from uniformly constant
initial conditions [6,7]. The initial stage of this growth is simply
exponential. However, what happens beyond the exponential
growth is a complicated process [8–10]. In some cases, these
structures may disappear the same way as they grew. Such
return process is related to the Fermi-Pasta-Ulam recurrence
[11–13]. This mostly happens in conservative and integrable
systems. In other cases, once the structure appears, it remains
indefinitely. Examples include periodic ripples in sand dunes
[14] and deserts [15] and skin pigment patterns in biology
[16]. The emergence of stable periodic structures is common
for dissipative systems.
These general principles are well used in modern technology. Examples of practical devices based on this transformation are passively mode-locked lasers [17,18] where a
continuous pump is transformed into a train of pulses and
microcavities for generation of frequency combs [19–23].
The latter have important applications in time and frequency
metrology [24,25]. The large variety of these devices requires
an individual modeling. However, there is a master equation
approach that may unify their mathematical description. The
role of the master equation is played by the complex GinzburgLandau equation with parameters averaged across the cavity
period [17,18]. As we show here, the transition from the
conservative system represented by the nonlinear Schrödinger
equation (NLSE) to the dissipative system represented by the
complex Ginzburg-Landau equation (CGLE) is the key for
understanding the process of transformation. As the CGLE has
a wide range of applicability in physics [26], the concept presented here can be extended to many other physical situations.
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We start with the NLSE which is used in many physical
contexts and can be considered as one of the fundamental
equations of nonlinear wave physics. In dimensionless form,
it reads
iψξ + 12 ψτ τ + |ψ|2 ψ = 0,

(1)

where ψ is the function describing the wave envelope of the
field of interest, ξ is the evolution variable (time or distance
along propagation), and τ is the transverse variable (retarded
time in the case of optical fibers). The best known solution
of the NLSE is the soliton that has been observed on water
surface [27], in optical fibers [28], and in many other physical
situations. Its main feature is its robustness [29]. Solitons
propagate large distances, withstanding dispersion that usually
destroys pulses in linear systems. Solitons do exist in many
other systems where nonlinearity and dispersion are balanced
for a pulselike solution [30–32]. Consequently, the notion of
soliton is relevant to a much wider class of systems [33–35]
than was initially thought.
In addition to solitons, the NLSE has a number of periodic
solutions that are no less important in physics. In the simplest
case, these solutions are periodic in the τ variable. They can
also be periodic in evolution, i.e., along the ξ variable. In
the latter case, we dub them as “doubly periodic” solutions.
In doing this, we ignore the periodicity related to the carrier
wave exp(iqo2 ξ ), i.e., we consider only the periodicity of the
envelope function. Below, we give the analytical expressions
for two of these solutions as this is important for understanding
the results of our numerical simulations.
II. EXACT PERIODIC NLSE SOLUTIONS

One of the doubly periodic solutions of the NLSE (denoted
as - type A) has the following form [36]:
ψ = q0

k sn(ζ,k) − iC(τ,k) dn(ζ,k) (iq02 ξ )
e
,
k[1 − C(τ,k) cn(ζ,k)]

(2)

where cn, sn, and dn are Jacobi elliptic functions [37], k being
q2ξ
their modulus (0 < k < 1), ζ = 0k ,
√



k
2q0
1−k
C(τ,k) =
cn √ τ,
,
(3)
1+k
2
k
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in the spectral domain, at the beginning ξ = −∞ and at the
end of evolution ξ = +∞, all the energy is concentrated in
a cw which is a single normal mode of the system while at
ξ = 0, the energy is spread between all components of the
equidistant triangular comb spectrum [39].
The AB solution (4) serves as a separatrix between two
types of doubly periodic solutions. The periodic solution, that
we shall denote as B type, located on the other side of the
separatrix (4) has the form [36,39]




√
A(τ ) cn q02 ξ,κ + i 1 + κ sn q02 ξ,κ (iq 2 ξ )
e 0 , (5)
ψ = q0 κ


√
1 + κ − A(τ ) dn q02 ξ,κ
where

A(τ ) = cd

FIG. 1. Phase portrait of the dynamics near the heteroclinic orbits
(black bold circles) for doubly periodic NLSE solutions (2) and (5)
(outer blue and inner red dotted curves).

and q0 is a real scaling
 parameter. The modulus of the elliptic

function cn in (3) is 1−k
.
2
Each solution of this family is periodic in both τ and ξ
with periods that can be adjusted to the initial conditions and
the numerical results by varying k and q0 . The ξ evolution of
this solution can be conveniently represented on the complex
plane of ψ(ξ,τ ). For a fixed τ = 0, the trajectory of the curve
2
ψ(ξ,0)e−iq0 ξ is illustrated in Fig. 1 by the red curve and
denoted by the arrow having the “A” label. The exponential
2
factor e−iq0 ξ eliminates the fast rotation of the curve around
the origin. The trajectory shows that the solution is indeed
periodic. Taking the parameter k to the limit k → 1 transforms
this solution into a heteroclinic orbit shown by the black circle.
Then the trajectory gets closer to the two saddle points ±1,
and the period in ξ tends to infinity. The similar trajectory in
the lower half-plane is calculated for τ = T /2.
In the limit k = 1, elliptic Jacobi functions are transformed
into either trigonometric or hyperbolic functions and Eq. (2)
reduces to the solution which is known as Akhmediev breather
(AB) [38–41],
√
√


√
− 2sinh q02 ξ + i cos( 2q0 τ ) iq 2 ξ
ψ = 2q0
e 0 . (4)
√

 √
2cosh q02 ξ − 2 cos( 2q0 τ )
It has an infinite period in ξ and is the above-mentioned
heteroclinic orbit. This solution starts from the continuous2
wave (cw) solution ψ = q0 eiq0 ξ of the NLSE at ξ = −∞.
At finite negative ξ , it gains a periodic modulation which
grows exponentially. This part of the evolution is known as
modulation instability. The growth reaches its zenith at ξ = 0,
2
and then returns back to the cw solution ψ = −q0 eiq0 ξ at
ξ = ∞ acquiring a phase shift π . This return behavior is the
Fermi-Pasta-Ulam recurrence for the NLSE [11–13]. Indeed,

(1 + κ)q0 τ,

(1 − κ)
,
(1 + κ)

(6)

and elliptic Jacobi function cd = cn/dn. The modulus of
elliptic
 functions in Eq. (5) is κ (0 < κ < 1) while in Eq. (6),
. When κ → 1, solution (5) reduces to (4).
it is (1−κ)
(1+κ)
The trajectory for the solution (5) is shown in Fig. 1 by
the blue dotted curve labeled B. As the solutions (2) and (5)
are located on different sides of the separatrix (4), they are
qualitatively different. Trajectory A rotates on one side of the
complex plane and does not add the rotation to the phase of the
solution while the trajectory B rotates around the origin thus
gaining a phase difference of 2π on each period of oscillation.
Wave profiles of these two solutions are shown in Fig. 2. The
solution (5) keeps maxima of the periodic function along the τ
axis at the same position while the solution (2) has its maxima

FIG. 2. (a) A-type (2) and (b) B-type (5) doubly periodic solutions
on the (τ,ξ ) plane. In each case, modulus (k or κ) = 0.7 and q0 = 1.
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located alternatively between two positions. This can be seen
in Figs. 2(a) and 2(b).
In addition to the doubly periodic solutions listed above,
there are two families of stationary periodic solutions of the
NLSE. The family of type 1 solutions is
√
2 κ
2
2
e[iq0 (1+κ )ξ ]
ψ = q0 (1 + κ) dn q0 (1 + κ)τ,
(7)
1+κ
while the family of type 2 solutions is given by


q0 τ
κq0
2
cn
,κ e(iq0 ξ ) .
ψ=
2
2
κ − 1/2
κ − 1/2

(8)

The dn elliptic Jacobi function does not change the sign in τ
and the solution (7) has no zeros. In contrast, the cn function
does change the sign along τ . Therefore, the solution (8) does
have zeros in the transverse direction. The plots of these two
functions are shown in Fig. 7 by red dotted curves. Importantly,
solutions (7) and (8) can be represented as periodic trains of
solitons [42].

FIG. 3. False color plot of periodic solutions excited when δ is
(a) negative and (b) positive. A-type and B-type solutions are excited
in (a) and (b), respectively.

III. ROBUSTNESS OF PERIODIC ORBITS

As the NLSE is integrable, its solutions are neutrally
stable and normally are not transformed from one to another.
Solutions are robust and small perturbations do not change
them. In particular, soliton solutions are robust and their
propagation is not hampered by the presence of perturbations
[29]. Moreover, Mahnke and Mitschke [41] have shown that
the Akhmediev breather solutions of the NLSE are also
robust. They cannot be destroyed by small perturbations of the
solution. These solutions can only be changed if the governing
equation, i.e., the NLSE, is perturbed. The studies of Calini
and Schober [43] provided another confirmation of this result.
Namely, they showed that the ABs and related solutions of the
NLSE are stable within the frame of the NLSE.
Our own numerical simulations, once again, confirmed
these results. Moreover, in our simulations, we extended the
above conclusion to the doubly periodic solutions of the
NLSE given by Eqs. (2) and (5). These solutions cannot
be modified by adding small perturbations. On the other
hand, small perturbations of the governing equation may
significantly distort the solutions. The perturbations that we
use are all dissipative. Thus, even if they are small, they
introduce a qualitative change to the system. On the other
hand, the solutions of this dissipative system stay close to
the solutions of the NLSE. The additional dissipative terms
continuously transform a solution of the NLSE into another
solution of the same equation. In other words, the solution
evolves adiabatically from one NLSE solution to another.
What we have found is that the ABs and the nearby periodic
solutions can be transformed into stable periodic trains. This
means that a cw used as a pump, can be adiabatically
transformed into a train of stationary solitons. Moreover, this
transformation can be done in two ways, thus producing two
different types of pulse trains. Nevertheless, simply linear
gain or loss are not sufficient for such transformations. In
order to show this, we started by adding a linear gain or loss
perturbative term to the NLSE:
iψξ + 12 ψτ τ + |ψ|2 ψ = iδψ,

(9)

where δ accounts for linear losses (when δ is negative) or
gain (δ positive). We solved the above equation taking as
initial condition a cw with a small periodic perturbation
ψ(τ,0) = 1 + 0.01 cos(2π τ/T ), allowing modulation instability to develop. When δ = 0, the real finite perturbation 0.01
in this initial condition shifts the initial point from the saddle
to the hyperbolic orbit of the B-type solution.
The presence of δ, even being small, changes the dynamics. After leaving the saddle point, the periodic trajectories
approach closely the AB orbit. The distance between the
trajectories becomes so small that they can cross the separatrix
and can be adiabatically transformed into the periodic solution
of another type due to the loss or gain term added to the NLSE.
Alternatively, the motion may slip from one periodic orbit to
another of the same type. These changes depend on the sign
of δ.
Two examples are shown in Figs. 3(a) and 3(b). When δ is
negative, = −0.0001, the evolution is shown in Fig. 3(a), while
for the case with gain (δ = 0.0001) it is shown in Fig. 3(b).
Despite the smallness of δ, the solution is transformed to the
periodic one of A type in the first case and to the periodic
solution of B type in the second case. On propagation up
to ξ = 10 000, where the simulations have been stopped,
no qualitative changes were observed. The motion remains
periodic in ξ with slightly changing period. This change shows
that the trajectory slips continuously from one periodic orbit
to another one.
An additional proof that the periodic A-type solution is
excited when δ is negative is shown in Fig. 4. Here, we
constructed the phase portraits of the solution on the complex
plane. The three examples correspond to three different periods
√
in τ . The maximum growth rate of the instability (ω = 2/2)
corresponds to the period T = 4.4429. The two other periods
(4.6 and 4.2) correspond to neighboring frequencies. In all
three cases, the trajectories remain close to the AB orbit and
stay in the upper part of the complex plane which is the main
feature of the A-type solution.
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FIG. 4. Phase trajectories on the complex plane for the solutions
of the NLSE with (dashed blue line, δ = −0.0001) and without (red
solid line) losses for three modulation periods T .

The solution slips from one periodic orbit to another with
simultaneous shifts of the phase. Comparison with Fig. 2
shows once again that the three solutions stay within the
A type in the interval 0 < ξ < 200. In fact, they do so in
a much larger ξ interval, although the trajectories beyond
this interval are not shown. Such transformations have been
observed experimentally for waves in a water tank [44].
When alternating the linear term, the trajectories may cross
the separatrix and slip to another type of solution. This happens
when the parameter δ changes sign during the evolution. In
order to show this, we used a periodic sinusoidal modulation
of δ in ξ . If the periods of modulation and the solution are
not commensurate, the changes may happen chaotically. Two
examples of such dynamics are shown in Figs. 5(a) and 5(b).
The two panels correspond to a periodic δ dependence on ξ
with different periods and amplitudes of modulation. Namely,
in the case (a), we took δ = −0.02 cos(0.2ξ ) while in the case
(b), the dependence is δ = −0.09 cos(0.8ξ ). In each case, the
solution slipped from the AB trajectory to one of the periodic
orbits and then jumped between the A-type and B-type orbits
chaotically. The main conclusion out of these simulations is
that for small gain or loss terms, the trajectory that starts from
the AB may shift to a nearby periodic orbit. However, these
periodic solutions are robust and remain doubly periodic with

FIG. 5. False color plot of two examples of chaotic transitions
between the two types of periodic solutions.

FIG. 6. Evolution of the peak amplitude (red curve) versus ξ for
two sets of equation parameters δ, , and μ.

no prospects for converging to any stationary solution of the
NLSE.
IV. SIMULATIONS WITH A PERTURBED NLSE

As a next step, we introduced more dissipative terms to the
NLSE, namely, we used the following equation:
iψξ + 12 ψτ τ + |ψ|2 ψ = iδψ + i |ψ|2 ψ + iμ|ψ|4 ψ. (10)
This equation is essentially the cubic-quintic complex
Ginzburg-Landau equation [26]. It is commonly used as a master equation for passively mode-locked laser systems [17,18].
This equation can also provide an alternative description of
soliton train generation in microcavities [19,22] as the physical
processes in lasers and microcavities are basically the same.
In Eq. (10), we are using the same notations as in [45].
Specifically, (being positive) represents cubic gain while μ
(being negative) is the parameter responsible for the quintic
saturation of the gain. The combination of three dissipative
terms describes the nonlinear transmission of the cavity
necessary for mode locking. The cubic gain term in (10)
provides amplification while the quintic term is crucial for
the stability of the solitons in the cavity [17]. All terms on the
right-hand side are assumed to be small in order to maintain
all solutions close to the NLSE ones.
Figure 6 illustrates two representative outcomes obtained in
these simulations. Each panel in Fig. 6 shows the evolution of
the peak amplitude of the field (max|(ψ(τ,ξ )|, ∀τ ) with ξ . The
values of the parameters δ, , and μ are given within the figures.
As we can see, the parameters of the dissipative terms are
small. However, they are sufficient to make a qualitative change
in the wave evolution. We have chosen the same modulation
frequency (T = 4.443) for each case which corresponds to the
maximum growth rate of modulation instability. For doubly
periodic solutions, the peak amplitude oscillates with small
periods relative to the ξ interval shown in the figures producing
a curve that fills the area shown in red. Due to the differences
in the parameters δ, , and μ, the solutions converge to two
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the separatrix. The case shown in Fig. 6(b) is more complex
and the convergence here is slower than in Fig. 6(a). After a few
crossings of a separatrix, the solution converges to a moving
stationary solution that can be identified as of type 2 [Eq. (8)].
Figures 7(a) and 7(b) clearly demonstrate that the convergence
occurs to the solutions (7) and (8), respectively. These solutions
have two free parameters κ and q0 that allow us to adjust the
period T and the amplitude of the stationary solutions to the
initial period of modulation and the amplitude of the converged
solutions, respectively. The numerical and analytical curves
completely overlap as can be seen from Figs. 7(a) and 7(b).
This shows that the converged solution in each case is indeed
one of the stationary solutions (7) or (8) of the NLSE.

V. CONCLUSION

FIG. 7. Pulse profiles of two stationary solutions. The blue solid
curves in (a) and (b) are the outcomes of simulations shown in
Figs. 6(a) and 6(b), respectively. The red dotted curves are (a)
the analytical solution (7) and (b) the analytical solution (8). The
numerical and analytical curves completely coincide for the values κ
and q0 shown in the figures.

different stationary periodic solutions. The convergence can
be seen from the continuous narrowing of the red regions as ξ
increases. This means that the peak amplitude converges to a
fixed value. This fixed value is different in the two cases shown
in Fig. 6. Other simulations lead to a similar convergence to
one of the two stationary solutions.
Taking small values of the dissipative parameters in Eq. (10)
ensures that the solution stays close to the solution of the NLSE
at each particular ξ . It slips from one solution to another,
gradually converging to a stationary solution of the NLSE. For
the two above cases, the final stages are shown in Figs. 7(a)
and 7(b), respectively. In the case of simulations shown in
Fig. 6(a), the convergence is straightforward without crossing
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