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Abstract
The nonlinear interaction between photothermal effects and optical cavities may have
significant impacts on cavity-based applications. Depending on the situation, the consequences of photothermal effects may be beneficial or detrimental. Despite the fact
that the photothermal nonlinearity may impose a fundamental limit to the sensitivity
of measurements and the production of squeezed light, it may also be employed to
suppress the Brownian noise of a mechanical oscillator and to cool the oscillator close
to its quantum ground state. In either case, it becomes essential to establish control of
how this type of interaction influences the cavities. In this thesis, we uncover two novel
beneficial effects in a monolithic optical cavity strongly coupled to photothermal effects. We also investigate the nonlinear dynamics caused by photothermal interactions
in an optomechanical system designed for optical levitation.
We first propose and experimentally demonstrate an optically controllable transparency effect in an optical cavity strongly coupled to photothermal effects. We refer
to this novel phenomenon as “photothermally induced transparency” (PTIT), in analogy to electromagnetically induced transparency (EIT) and optomechanically induced
transparency (OMIT). Similar to the established mechanisms for EIT and OMIT, PTIT
can suppress the coupling between an optical resonator and a traveling optical field.
We further show that the dispersion of the resonator can be modified to exhibit slow or
fast light. Because of the relatively slow thermal response, we observe the bandwidth
of PTIT to be 2π × 15.9 Hz, which theoretically suggests a group velocity of as low as
5 m/s.
The second effect identified in a cavity ruled by photothermal coupling is the hyperthermorelaxation by optical back action; that is, the intracavity optical field alters the
natural photothermal relaxation rate as a function of cavity detuning. This optical
correction is crucial when exploring the dynamics of an optical system with apparent
photothermal effects. With the help of this effect, we evidence a precise estimation of
the photothermal relaxation rate with the relative precision being an order of magnitude
higher than previous works. The other unique feature of this scheme is that it is
compact and versatile, enabling a quick and precise characterization of photothermal
effects.
The next part of the thesis focuses on the investigations of the dynamics of a small

viii

free-standing mirror under intense optical power. The mirror acts as the top reflector
of a vertical optical cavity, designed as a testbed for a cavity tripod optical levitation
setup. At high laser power, we identify three prominent effects driving the mirror:
excitation of acoustic vibrations, expansion due to photothermal absorption, and pickup by radiation pressure force. These effects are intercoupled via the intracavity optical
field and induce rich system dynamics inclusive of high-order sideband generation,
optical bistability, parametric amplification, and optical spring effect.
To counteract the system instability produced by the photothermal expansion, we
insert a laser window at Brewster’s angle inside the levitation cavity. The intracavity
optical field heats the window and can cause a refractive index change of the window.
We show that the presence of photothermal refraction balances the change of optical
path length induced by the photothermal expansion and can flip the coefficient sign
of net photothermal effects. We also show that the nonlinear interaction between the
photothermal refraction and cavity mode provides effective damping to the system and
thus can be employed to suppress the excitation of the acoustic modes and to stabilize
the optical levitation.
Additionally we propose, in the extension part of this thesis, a novel approach using
optomechanics to extend the concept of the traditional carrier-envelope phase in the
few-cycle regime to mechanical pulses. We further develop a two-step model to give
physical insight into this effect.
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Chapter 1

Introduction

1.1

What are photothermal effects

A wide range of materials absorb the optical energy of incident light and convert
it into thermal energy. The absorption process commonly occurs when the atomic
or molecular electronic states release their excitation energy via nonradiative transitions [1].
Concerning the mirrors used in optical interferometers, their dielectric coatings absorb a small amount of the incident light. The heat generated due to the absorption
then diffuses into the substrate of the mirror. Such optical heating imprints the shot
noise or the other power fluctuations of the light into the mirrors, causing the fluctuating expansion of the mirror surfaces [2] and the variation in the refractive index of the
mirror coating [3]. These two effects, in turn, can lead to the changes in the phase shift
of the reflected optical field from the mirrors. In most applications for interferometers
and resonators, this phase shift can have very severe consequences. In this thesis, the
expansion and the refractive index change produced by optical heating are collectively
termed photothermal effects, which are referred to as thermal-optic effects in some
literature. For convenience, these two effects are called photothermal expansion
and photothermal refraction, respectively.
It is crucial to remark that there are two categories of thermal fluctuations [4]. The
first one is “Brownian noise”, which arises from the internal fluctuations of thermal
force and has a dissipative nature. It characterizes the coupling between the motion of
interest and a heat reservoir. The other kind of fluctuation is driven by the variations of
the externally imposed temperature. Its dynamics are governed by a certain equation
of motion and can be predictable. The photothermal effects we discuss in this thesis
fall into the latter category.
1
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1.2

History and applications

Photothermal effects started to attract broad interests from their indirect characterization using photoacoustic spectroscopy, dating back to the mid-1970s. The purpose of
a photoacoustic spectrometer is to detect the temperature changes of a sample that absorbs part of the optical energy of the incident light. The sample sits in a gas-tight cell
with a built-in sensitive microphone. The temperature variations of the sample alter
the pressure of the enclosed gas, and the microphone then turns the pressure changes
into an electrical signal. As the power of the incident light fluctuates, it is found that
the heating produced in the sample is also non-stationary. This feature has stimulated
the discovery of novel effects induced by the interaction and propagation of fluctuating
heat in media. In the early 1980s, it was recognized that one might adopt the principles
of wave physics in understanding and characterizing the photothermal-related effects.
The applications of photothermal effects in modern science are primarily focused on
the generation of modulated heating and have been extended towards areas such as
photothermal-based therapy [5–7], photothermal imaging [8–10].
In classical and quantum optics specifically, photothermal effects are double-edged
swords. On the downside, photothermal effects can impose a limit on sensitive measurements. Braginsky et al. [11] was the first to consider the photothermal fluctuation
and to advance an associated model in interferometric systems. Their analysis assumed
room temperature operation and large beam spots, and used the adiabatic approximation, where the thermal diffusion length is shorter than the beam spot radius. In terms
of dynamical photothermal effects, this approximation corresponds to the regime of
frequencies higher than a critical cut-off frequency determined by the photothermal
relaxation rate. Cerdonio et al. proposed a complete model valid over the full dynamical range [12]. This model was soon confirmed experimentally [13] and extended to
account for thin-film coatings and higher-frequency corrections [14]. The measurement
limits due to photothermal effects have been further discussed in high-sensitivity interferometers [3,15], from small atomic-force-microscope cantilever optical cavities [16] to
kilometre-scale gravitational-wave detectors like LIGO [11, 17, 18].
On the flip side, photothermal effects were found to be effective in quenching the
Brownian fluctuation of mechanical oscillators [15, 19–23]. Constanze et al. reported
this suppression phenomenon in a gold-coated silicon microlever that couples to an
optical cavity. The bending of the microlever due to optical heating modifies the
intracavity field, which in turn generates effective damping exerted on the microlever.
The Brownian noise of the microlever at room temperature was suppressed down to an
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effective temperature of 18 K. Moreover, it has been theoretically proposed in recent
literature that one may exploit the photothermal effects to cool a mechanical resonator
close to its quantum ground state [24].
Additionally, photothermal effects have been reported to involve many other phenomena, such as self-sustained oscillations [25,26], chaos [27–30], production of squeezed
light [31], etc. All these effects contributed to the birth of photothermal optics.

1.3

Motivations

This thesis investigates both the unwanted and desired effects arising from photothermal nonlinearities. In an optical cavity driven by a high-power laser, we observe
two novel effects produced by the nonlinear interactions between the intracavity field
and the cavity length change induced by photothermal effects. The first one is photothermally induced transparency, in which the coupling of the input laser to the cavity
is suppressed, and the cavity dispersion is significantly altered to exhibit slow and fast
light. We show that the transparency window and slow/fast light effect are highly
tunable, making our findings attractive in the applications of all-optical control. The
second one is that the natural photothermal relaxation rate is modified remarkably
by the backaction of the cavity field. We then exploit this phenomenon to precisely
characterize the photothermal parameters. This effect can be crucial in analyzing the
photothermal dynamics in a cavity-based system and indicates a way of building optical
filters with tunable critical cut-off frequency.
We explore the other side of the photothermal effects in an optomechanics-based
optical levitation setup, which is a promising way to test fundamental physics and the
sensing of inertia and acceleration. A small free-standing mirror, acting as the end
mirror of an optical cavity, is expected to be optically lifted by the radiation pressure
force exerted by the intracavity optical field. We observe, however, that the photothermal expansion of the small mirror excites its acoustic modes and further destabilizes
the optical levitation. To counteract the photothermally induced instability, we employed a feedback cooling technique and photothermal refraction generated by a laser
window. Though we successfully quenched the excitation of the acoustic modes at low
laser powers, further investigations are required to push the power limit of a stable
system towards the threshold of levitating the mirror.
To conclude, this thesis opens a new door to explore the nonlinear interaction between light and matter via photothermal effects. In optical cavities or optomechanical
systems, as grounds to investigate photothermal nonlinearities, there are still more
phenomena awaiting to be uncovered.
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1.4

Preview

The associated theoretical background and experimental techniques are covered in
Chapter 2-4. The investigations of photothermal nonlinearity in optical cavities are
presented in Chapter 5-6, including observations of two new effects: photothermally
induced transparency and hyper-thermorelaxation via optical backaction. Chapter
7 describes the nonlinear dynamics resulting from photothermal and optomechanical
interactions in an optical levitation setup. The possible schemes for stabilizing the
levitation system are discussed in Chapter 8, with the inclusion of feedback cooling
and photothermal refraction with a laser window. Chapter 9 covers an extension of
the main topic of this thesis, presenting the carrier-envelope-phase dependent effect in
optomechanics.
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transparency”, Science Advances, 6, eaax8256 (2020).
2. Jinyong Ma, Giovanni Guccione, Ruvi Lecamwasam, Jiayi Qin, Geoff T. Campbell, Ben C. Buchler, and Ping Koy Lam, “Hyper-thermorelaxation by optical
backaction”, in preparation.
3. Jinyong Ma, Jiayi Qin, Geoff T. Campbell, Giovanni Guccione, Ruvi Lecamwasam,
Ben C. Buchler, and Ping Koy Lam, “Observation of nonlinear dynamics in an
optical-levitation cavity”, submitted.
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6. Ruvi Lecamwasam, Alistair Graham, Jinyong Ma, Kabilan Sripathy, Giovanni
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Background
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Chapter 2

Theory of Resonators

2.1

Mechanical resonator

In this section, we will outline the classical and quantum theory of mechanical
resonators. Due to the widespread presence and practical significance of mechanical
oscillations, they are a crucial part of mechanics or even physics as a whole. Even
though the associated calculations included in this background section may be trivial,
they are stepping stones towards more advanced formalism later on.

2.1.1

Equation of motion

Suppose that a light spring is attached to a body at one end and is fixed to a wall at
the other end, as shown in Fig. 2.1. The body lies on the ground and moves along the
center axis of the spring. We define the displacement x of the body to be the distance
from its equilibrium position. The moving velocity and mass of the body are denoted
as v and m, respectively. The forces acting on the body include the restoring force (Fr )
exerted by the tension of the spring, the resistance force given by the ground friction
(Ff ), and an external driving force Fd . We thus have the following equation of motion
for the body.
..

mx = Fr + Ff + Fd .

(2.1)

We assume that the strain on the spring is small. Hooke’s law gives us a linear relationship between the restoring force and the mechanical displacement:
Fr = −kx,

(2.2)

where k is said to be the spring constant (or stiffness) of the spring. Additionally,
the resistance is commonly considered to be linear to the velocity of the body when it
7
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Figure 2.1: Diagram of a mechanical resonator. One end of a light spring is fixed to a wall,
and the other end is attached to a body (blue ball). Under the driving of an external force
Fd , the body is displaced by a distance x. It experiences three forces: a driving force (Fd ), a
friction force (Ff ), and a restoring force (Fr ) given by the tension of the spring.

results from the slow viscous flow. Its formula takes the form:
.

Ff = −αx,

(2.3)

where α is called resistance constant. Assuming k > 0 and α > 0, the minus signs in
Eqs. (2.2) and (2.3) imply that the directions of the restoring force and the resistance
force are both opposite to the moving direction of the body. Substitution of Eqs. (2.2)
and (2.3) into Eq. (2.1), we have the following ordinary differential equation to describe
the motion of the body:
..

.

mx + mγ x + kx = Fd ,

(2.4)

where γ = α/m is defined as the damping rate of the motion.
We first consider the steady-state solution x0 of Eq. (2.4), where the time derivatives
of x vanishes. If the external driving force is stationary, this equation is reduced to the
following form:
Fd = kx0 = Fr .

(2.5)

This equation shows that the driving force is equal to the restoring force in the steady
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state. It also suggests that the body at equilibrium is displaced by a fixed amount
proportional to the drive and inversely proportional to the stiffness of the spring.

2.1.2

Oscillator dynamics

We start the analysis of the dynamical solution of Eq. (2.4) from a simple case, assuming
no mechanical damping and external drive. The equation of motion in this case is given
as:
..

mx + kx = 0.

(2.6)

The solution to this equation is easily obtained as
x = A0 cos(ωm t + φ),

(2.7)

with
r
ωm =

k
.
m

(2.8)

It is obvious that the solution is a harmonic oscillation with frequency ωm . The amplitude A0 and phase φ of the oscillation are determined by the initial conditions. The
body is therefore called a harmonic oscillator, with its characteristic frequency ωm
determined by its mass and the spring constant.
We now include the mechanical damping in the system and still consider no external
drive. We have the following equation of motion
..

.

2
x + γ x + ωm
x = 0.

(2.9)

It is obvious that the steady state of the body (or its equilibrium) is located at x = 0,
suggesting that the motion of the body will converge to this point no matter what. We
substitute the ansatz x = eλt into Eq. (2.9), and obtain
2
λ2 + γλ + ωm
= 0.

Its two roots are
r
γ2
γ
2,
− ωm
λ1 = − +
2
4

(2.10)

γ
λ2 = − −
2

r

γ2
2.
− ωm
4

(2.11)

Provided that λ1 6= λ2 , we have the general solution of Eq. (2.9)
γ

x(t) = e− 2 t (A1 e

√

2 t
γ 2 /4−ωm

+ A2 e −

√

2 t
γ 2 /4−ωm

),

(2.12)
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Figure 2.2: (a) Dynamics of the mechanical resonator. The conditions of γ/2 = ωm , γ/2 < ωm
and γ/2 > ωm correspond to critical damping (orange curve), under damping (red curve) and
over damping (blue curve), respectively. We set the initial displacement as x(0) = 2 mm and
A1 = 1 mm. (b) The dynamical behavior of the mechanical oscillator in the case of over
damping depends on the initial conditions of the resonator. The parameters are set as: x(0) =
2 mm and γ/2 = 2ωm .

where the parameters A1 and A2 are given by the initial conditions of the system. It
2 determines the dynamics of the body, allowing
is shown that the value of γ 2 /4 − ωm

us to analyze the dynamics in three different cases:
2 < 0, i.e., γ/2 < ω , the body oscillates with frequency
(i) If γ 2 /4−ωm
m

p

2 − γ 2 /4
ωm

and with an amplitude damped with rate γ/2 [see the red curve in Fig. 2.2(a)]. The
oscillation is said to be under damped in this case. It is convenient to define the
following dimensionless quantity to describe how under-damped a mechanical oscillator
is:
Q=

ωm
,
γ

(2.13)

which is known as quality factor or Q factor. Having a higher-Q oscillator means
that it takes more cycles (or time) for its oscillation to die out.
2 > 0, i.e., γ/2 > ω , the body does not present any oscillation [see
(ii) If γ 2 /4 − ωm
m

the blue curve in Fig. 2.2(a)]. The dynamics of the resonator is also dependent on the
initial conditions in this case, as shown in Fig. 2.2(b). On the one hand, the body will
slide back to its equilibrium position if we release it from rest (red curve). On the other
hand, the body will pass its equilibrium point once if it moves towards the equilibrium
with sufficient initial velocity (blue curve). The oscillator is said to be over damped in
this case.
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2 = 0, i.e., γ/2 = ω , the general solution to Eq. (2.9) become
(iii) If γ 2 /4 − ωm
m

x(t) = A1 eλt + A2 teλt .

(2.14)

This case is commonly called critical damping. The mechanical displacement may
decay exponentially over time with the rate γ/2 when A2 = 0 [see the orange curve
in Fig. 2.2(a)]. Using the Matrix approach to solve Eq. (2.9 in the critical-damping
condition [32], one can find a Jordan matrix that is not diagonalizable, suggesting the
presence of an exceptional point. We will not present details on this topic as it is
outside of the scope of this thesis.

2.1.3

Driven oscillator

Suppose that the body is driven by a time-dependent external force. The corresponding
equation of motion takes the form,
..

.

2
m(x + γ x + ωm
x) = Fd (t).

(2.15)

We solve this equation in the frequency domain by using the inverse Fourier transforms
of x(t) and Fd (t)
x(t) =
Fd (t) =

Z ∞
1
x̃(ω)e−iωt dt,
2π −∞
Z ∞
1
F˜ (ω)e−iωt dt.
2π −∞ d

(2.16)
(2.17)

Using these two transforms in both sides of Eq. (2.15), we obtain
2
m(−ω 2 − iγω + ωm
)x̃(ω) = F˜d (ω).

(2.18)

The solution of Eq. (2.15) in the frequency domain is thus given as
x̃(ω) = χm (ω)F˜d (ω),

with χm (ω) =

2
m(ωm

1
.
− ω 2 − iγω)

(2.19)

The quantity χm is commonly defined as mechanical susceptibility, which characterizes the dynamical response of the oscillator to an external driving force.
We consider a simple case that the force is harmonic and uniform with its driving
frequency ωd , amplitude F0 , and phase φd . The function of this force takes the form
Fd (t) = F0 cos(ωd t + φd ).

(2.20)
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Figure 2.3: Resonance spectrum of the body. The resonance effect is observed at γ <
which is an under-damped case, as shown in the blue, red, and orange curves.

Its Fourier transform is a Dirac delta function
Z ∞
F̃d (ω) =
F0 cos(ωd t + φd )eiωt dt
−∞
h
i
= πF0 δ(ω − ωd )eiφd + δ(ω + ωd )e−iφd .

√

2ωm ,

(2.21)

Substituting this equation into Eq. (2.19) and transforming the result back to the time
domain, we have the solution of the mechanical displacement
x(t) = Ad cos(ωd t + φd + ϕ),

(2.22)

with,
F0
p
,
2
m (ωm − ω 2 )2 + γ 2 ω 2
γω
ϕ = tan−1 2
.
ωm − ω 2

Ad =

q
2 −
The maximum response amplitude is found at ωr = ωm

(2.23)
(2.24)
γ2
2 ,

which is the resonance

condition of a harmonic oscillator. It is noted that the resonance effect can only be
√
2 − γ 2 > 0, i.e., γ <
2ωm (an under-damped system). The system
observed when ωm
2
response to the external drive is displayed in Fig. 2.3. We remark that there is also a
transient solution to Eq. (2.15) and it takes the same form as Eq. (2.12). The transient
solution is the response of the system to a new event.
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Displacement spectral density

The thermal fluctuations or mechanical damping may influence the real-time displacement measurement of a mechanical resonator. For one thing, the amplitude and phase
of the resonator can be time-varying and therefore challenging to analyze. And for
another, it is not easy to separate the contributions of each normal mode. Given these
challenges, it is more common in an experiment to perform the displacement measurement in frequency space. The spectral density of the measured displacement is
generally defined by the Fourier transform of its autocorrelation function:
Z ∞
Sxx (ω) =
hx(t)x(0)ieiωt dt.

(2.25)

−∞

For a given signal measured in a finite time τ , we consider a truncated Fourier transform
by integrating the signal over a finite interval τ
Z τ
1
x(t)eiωt dt.
x̃t (ω) = √
τ 0

(2.26)

Under the assumption of stationary process and finite intensity, the following connection between Eq. (2.25) and Eq. (2.26) is found using the Wiener-Khinchin theorem [33]
Sxx (ω) = lim h|x̃t (ω)|2 i,
τ →∞

(2.27)

which implies that the autocorrelation function of a signal and its power spectral density
are Fourier transform pairs.

2.1.5

Quantization of a harmonic oscillator

Any given particle with wavelength λ in quantum mechanics follows the wave-particle
duality. Assuming that its position and its momentum are denoted by x and p respectively, we consider the following plane wave solution to Schrödinger equation in one
dimension
2π

|ψi = ei λ x = e

ipx
~

.

(2.28)

Here we use the de Broglie’s wave equation, p = 2π~/λ. The first-order partial derivative with respect to x is
∂|ψi
p ipx
p
= i e ~ = i |ψi.
∂x
~
~

(2.29)
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This equation suggests the momentum operator p̂ to be
p̂ = −i~

∂
.
∂x

(2.30)

We next consider the relationship between the position operator x̂ and the momentum
operator p̂ in quantum mechanics. We first define the commutator of any two operators
Â and B̂:
[Â, B̂] = ÂB̂ − B̂ Â.

(2.31)

For any given test function f (x), we calculate the commutation relation of x̂ and p̂ by
using Eq. (2.30)
∂
∂
)f (x) − (−i~ )[x̂f (x)]
∂x
∂x
∂
∂
= −i~x̂ f (x) + i~x̂ f (x) + i~f (x)
∂x
∂x
= i~f (x).

[x̂, p̂]f (x) = x̂(−i~

(2.32)

We therefore have the following well-known canonical commutation relation
ˆ
[x̂, p̂] = i~I.

(2.33)

This relation is different from the one in classical limit where all observables commute
and the commutator is zero. The identity operator Iˆ will henceforth be dropped for
convenience.

We now come back to the discussion of a harmonic oscillator. It is straightforward
to write its classical Hamiltonian as
1
1
H = mv 2 + kx2 ,
2
2

(2.34)

which is the sum of the kinetic energy and the potential energy. We use Eq. (2.8) and
rewrite the Hamiltonian in terms of momentum p and position x:
H=

p2
1
2 2
+ mωm
x .
2m 2

(2.35)

We can quantize the Hamiltonian by replacing p and x with operators p̂ and x̂ respectively:
Ĥ =

p̂2
1
2 2
+ mωm
x̂ .
2m 2

(2.36)
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The momentum p̂ and position x̂ operators follow the canonical commutation relation
given by Eq. (2.33). It is convenient to introduce the ladder operator method developed
by Paul Dirac. We define the the annihilation (â) and creation (â† ) operators as follows
â =
â† =

1
(mωm x̂ + ip̂) ,
2m~ωm
1
√
(mωm x̂ − ip̂) .
2m~ωm
√

(2.37)

These two operators are non-Hermitian and follow the commutation relation [â, â† ] = 1
[suggested by Eq. (2.33)]. We therefore give the following representation of x̂ and p̂
s
~
(â† + â),
x̂ =
2mωm
r
m~ωm †
p̂ = i
(â − â).
(2.38)
2
Substitution of Eq. (2.38) into Eq. (2.36) gives us the Hamiltonian in terms of â and
â† .


1
†
Ĥ = ~ω â â +
.
2

2.2

(2.39)

Optical resonator

In this section, we discuss the behavior of a crucial optical element, i.e., the optical
resonator (or optical cavity).

2.2.1

ABCD matrix

We first introduce a convenient method of characterizing the propagation of light in
optical systems, called the ABCD matrix or ray transfer matrix.
We consider a ray of light that travels through an optical system shown in Fig. 2.4(a).
We center the z axis to all-optical elements and set it to be the optical axis. At the
input of the optical system (i.e., z = zi ), we can characterize the ray using two free
parameters: the radial displacement (ri ) and the angle of the ray relative to the optical
axis (θi ). After the ray propagates through the system, its radial displacement and the
angle at z = zo will change to ro and θo .
Under the paraxial approximation, we assume that the angular displacement of the
ray is relatively small such that drm /dzm = tan θm ≈ θm (m = i, o). In this case, we
have the linear relation between the input (ri , θi ) and output (ro , θo ) of the ray, written

16
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Figure 2.4: (a) Propagation of a ray through an optical system. (b) The optical system can
be characterized using a matrix.

as follows
ro = Ari + Bθi ,
θo = Ari + Bθi ,

(2.40)

with
A =
C =

∂ro
,
∂ri
∂θo
,
∂ri

∂ro
,
∂θi
∂θ
D = o.
∂θi

B=

(2.41)

For convenience, we write the equations above in matrix form
ro
θo

!
=

A B
C D

!

ri
θi

The ABCD matrix M =

!
.

A B

(2.42)
!

, also well-known as “ray transfer matrix”, represents
C D
the characteristics of an optical system [see Fig. 2.4(b)]. To understand the ABCD
matrix, we take two common optical elements as examples.
The first example is the free-space propagation of a ray in a media with refractive
index n. Assuming the ray travels a distance d, we easily obtain the input-output relation from the geometry shown in Fig. 2.5(a): ro = ri + dθi , θo = θi . The corresponding
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(b)

Figure 2.5: (a) Free-space propagation of a ray in a medium with refractive index n. (b)
Refraction of a ray at a flat interface.

matrix form is given as:
ro

!
=

θo

!
!
1 d
ri
0 1

θi

.

(2.43)

!
1 d
We therefore have the ABCD matrix for free-space propagation: Mfree =
.
0 1
Another example is the refraction of a ray at a flat interface, as shown in Fig. 2.5(b).
The initial and final refractive index is given as n1 and n2 respectively. In terms of the
Snell’s law under the paraxial approximation, the input-output relation of the interface
is ro = ri , θo = n1 θi /n2 , and its matrix form is
ro
θo

!
=

1

0

0

n1
n2

!

ri
θi

!
.

(2.44)

We thus have the ABCD matrix for light refraction at flat interface: Mflat =

1

0

0

n1
n2

!
.

The matrices for the other common optical elements are given in Appendix A.1.
If there are multiple elements in the system, one can obtain the system matrix by
merely multiplying them in sequence. Take the optical system shown in Fig. 2.4(a) as
an example. The ray travels through free space → thin lens → free space → thin lens
→ free space and then exits the system. The system matrix of the system can then be
written as
M =

1 d3
0

1

!

1

0

− f1

1

2

!

1 d2
0

1

!

1

0

− f1

1

1

!

1 d1
0

1

!
,

(2.45)

where di (i = 1, 2, 3) is for the length of each free space and fi (i = 1, 2) denotes the
focal length of each lens. Here we also assume the ray travels in vacuum, and thus the
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refractive index for free space is 1.

2.2.2

Longitudinal mode

Input Laser

L
Input Mirror

Output Mirror

Figure 2.6: Three eigen-modes of an optical cavity. The wavelength of each optical mode
satisfies λ = 2L/n, where n = 1, 2, 3....

Along the z axis, we consider an optical beam confined by a cavity consisting of
two mirrors, as shown in Fig. 2.6. The beam can reflect back and forth within the two
mirrors. Provided that there is no radiation source, the electric (E) and magnetic (B)
components of the optical beam respectively satisfy Maxwell’s equations (in SI units):
∇ · E = 0,

(2.46)

∇ · B = 0,

(2.47)

∂B
,
∇×E = −
∂t
∂E
∇ × B = µ0 ε 0
,
∂t

(2.48)
(2.49)

where µ0 and ε0 denote the permeability and permittivity of free space respectively,
√
and the speed of light is given as c = 1/ µ0 ε0 . Taking the curl of Eq. (2.48) and then
substituting Eq. (2.49), we obtain the equation for the electric field E
∇ 2 E − µ 0 ε0

∂2E
∂t2

= 0.

(2.50)

This equation is generally called wave equation. The relation ∇ × (∇ × E) =
∇(∇ · E) − ∇2 E is also used in deriving the equation above. Assuming that the electric
field of the beam is linearly polarized along the x axis (i.e., E(r, t) = ex Ex (z, t), where
r is the spatial vector), a general solution for Eq. (2.50) can be written as
Ex (z, t) = Ax(t) sin(kn z),

(2.51)
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where A is the amplitude of the electric field, x(t) is a time-dependent envelope, and kn
is the wave number. We consider the boundary condition Ex (z = 0, t) = Ex (z = L, t),
where L is the cavity length. This condition yields kn = πn/L, with n = 1, 2, ...,
suggesting that the cavity only allows the resonance of a beam with its wavelength to
be λ = 2L/n or its frequencies to be ωn = nπc/L. The optical cavity is therefore also
called as optical resonator. The spacing in frequency between two successive cavity
resonances is commonly defined as free spectral range
ωFSR =

πc
.
L

(2.52)

Given that the round-trip time of the cavity field is τ = 2L/c, the free spectral range
can be equivalently expressed as ωFSR = 2π/τ . Figure 2.6 displays three possible
modes that can exist in the cavity. Without losing generality, we will only consider a
single mode to simplify the calculations in the following discussions. Additionally, the
amplitude
q 2 A can be obtained using the normalization condition of the spatial mode:
A = V2ωεn , where V is the volume of the cavity. Substituting Eq. (2.51) into Eq. (2.49),
0

we have the magnetic component of the optical field along the y direction
B(r, t) = By (z, t)ey
s 2

2ωn .
µ 0 ε0
x(t) cos(kn z)ey .
=
kn
V ε0

(2.53)

Considering Eqs. (2.51) and(2.53), the classical Hamiltonian for the optical field is
given by
H =
=
=



Z
1
1 2
2
dV ε0 Ex (z, t) + By (z, t)
2
µ0
1  2 2 . 2
ω x +x
2

1 2 2
ω x + p2 ,
2

(2.54)

.

where p = x. The Hamiltonian of a single-mode cavity, described by Eq. (2.54), is
obviously equivalent to a harmonic oscillator of unit mass [see Eq. (2.36) in section
2.1.5], with x being the canonical position and p being the canonical momentum. We
can quantize Eq. (2.54) by identifying the two canonical variables x and p as operators
x̂ and p̂. These two operators are subject to the following commutation relations
[x̂, p̂] = i~,

[x̂, x̂] = [p̂, p̂] = 0.

(2.55)
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The quantized Hamiltonian is given as
Ĥ =


1 2 2
ω x̂ + p̂2 .
2

(2.56)

We follow convention and express the Hamiltonian in terms of the annihilation (â)
and creation (â† ) operators by making the follow canonical transformations
â =
â† =

1
(ωx̂ + ip̂) ,
2~ω
1
√
(ωx̂ − ip̂) .
2~ω
√

(2.57)
(2.58)

These two operators obey the commutation relations [â, â† ] = 1. Combining Eqs. (2.56)(2.58), we obtain the following Hamiltonian


1
†
.
Ĥ = ~ω â â +
2

(2.59)

This Hamiltonian is the key to investigate the dynamics of a cavity. If the cavity is driven by a monochromatic laser (with power Pin and frequency ωl ), the final
Hamiltonian for a single-mode cavity reads


1
√
†
Ĥ = ~ω â â +
+ i~ κin ain (â† e−iωl t − âeiωl t ),
2
where ain =

(2.60)

p
Pin /(~ωl ) denotes the amplitude of the laser field, and κin registers the

loss of the cavity mirror from which the laser is injected.

2.2.3

Steady State

The Heisenberg equation of motion for a given operator Ô is
i
dÔ
= [Ĥ, Ô].
dt
~

(2.61)

If we consider the Hamiltonian of a single-mode cavity with eigenfrequency ωcav , the
equation of motion describing the cavity dynamics is obtained by combining Eqs. (2.60)
and (2.61)
.

â = − (κ/2 + iωcav ) â +

√

κin ain e−iωl t .

(2.62)

Here κ is for the decay of photon energy, and thus the decay rate of â is considered as
κ/2. We can split this total cavity loss (κ) into three main contributions [33]
κ = κin + κout + κ0 .

(2.63)
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The loss κin is associated with the loss at the input cavity mirror, κout refers to the loss
induced by the output mirror, and κ0 contains the other losses including the scattering
and absorption of the optical field. Here we define a useful quantity, optical finesse F ,
as follows
F=

ωFSR
.
κ

(2.64)

Considering that a photon will approximately take time tcav = 2π/κ to escape the
cavity and recalling ωFSR = 2π/τ , we can rewrite Eq. (2.64) as F = tcav /τ . As a result,
the finesse defined here indicates the number of round trips that a photon can travel
within the cavity, before it leaves the cavity via the loss channels mentioned earlier.
We will show in the following discussion that the finesse can be used to estimate the
amplification of the intracavity power over the power coupled into the cavity.
It is convenient to switch the description for the equation of motion to a rotating
frame at the frequency ωl of the driving laser. This process is achieved by replacing â
with âe−iωl t in Eq. (2.62), giving us the following equation of motion
.

â = − (κ/2 − i∆) â +

√

κin ain ,

(2.65)

where ∆ = ωl − ωcav is the laser detuning with respect to the cavity eigenfrequency.
In the semiclassical limit, we consider the mean response of the system and drop the
operator sign in Eq. (2.65)
.

a = − (κ/2 − i∆) a +

√
κin ain .

(2.66)

We note that this treatment is based on the assumption that the cavity finesse is
sufficiently high that the free spectral range is much larger than the decay rate of the
cavity. Under this assumption, we can ignore the interference induced by other cavity
resonances.
We first investigate the steady state of the cavity in which the time derivative of a
vanishes. The static solution of Eq. (2.66) reads
√
κin ain
.
a0 =
κ/2 − i∆

(2.67)

Dividing the energy of photons in the cavity (Ecav = ~ωl |a0 |2 ) by the time scale of the
cavity (τ = 2L/c), we obtain the corresponding intracavity power
Pcav =

κin /τ
P .
κ2 /4 + ∆2 in

(2.68)
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The intracavity power is maximized at the resonant condition (∆ = 0), which is given
by Presonance = 4κin Pin /(τ κ2 ). Assuming that the loss at the front mirror is α times the
total loss (i.e., κin = ακ), the cavity power at resonance can also be written in terms
of cavity finesse as
Presonance =

1

2α
FPin .
π

(2.69)
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Figure 2.7: (a) Normalized intracavity power as a function of cavity detuning, showing a
Lorentzian profile. The full width at half-maximum of the power gives the total cavity decay
rate κ. (b) Phase response of intracavity field. The phase is approximately linear to the cavity
detuning at around the cavity resonance.

We can see that the resonant intracavity power scales as finesse times the input
power. It is convenient to normalize the intracavity power as
Pnorm =

1
.
1 + (2∆/κ)2

(2.70)

The phase response of the cavity is also obtained from Eq. (2.67):
φcav = arctan

2∆
.
κ

(2.71)

Figure 2.7 presents how the power (Pnorm ) and phase (φcav ) of the intracavity field
respond to the change of laser detuning. As Eq. (2.70) suggests, we can see a Lorentzian
profile in the plot of the power, as shown in the panel (a). The plot also presents that
the total decay rate of the cavity is equal to the full width at half-maximum of the
power. Given this property, κ is also commonly called the linewidth of a cavity. The
phase plot, shown in panel (b), presents a monotonically increasing function, which is
distinct from the function for power. Given this unique property, we can employ the
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phase to characterize the change of optical path length or to apply feedback to stabilize
the cavity. We will discuss these applications in later sections.
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Figure 2.8: (a)-(c) Cavity reflection R (orange curves) and transmission T (blue curves)
for different combinations of losses. The input beam completely transmits through the cavity
when the loss at the front mirror κin is equal to the rest of the losses, as shown in panel (a).
This condition is known as impedance matching. In other cases, the input beam is partially
reflected, as shown in panel (b)-(c). (d)-(e) Corresponding phase responses of the cavity. The
phase response of the cavity transmission is independent of the combination of the cavity losses.
The reflection phase, however, depends on the input loss.

In terms of the input-output relation of the cavity [33], the reflected (ar ) and
transmitted (at ) cavity fields take the form
√
ar = ain − κin a0
(κ/2 − κin ) − i∆
=
ain ,
κ/2 − i∆
√
at =
κout a0
√
κin κout
=
a .
κ/2 − i∆ in

(2.72)

(2.73)

It is convenient to normalize the reflected and transmitted fields to the input field.
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We have the following equations for the cavity reflection R and transmission T
ar
ain

2

R =

at
ain

2

T

=

=

(κ/2 − κin )2 + ∆2
,
κ2 /4 + ∆2

(2.74)

=

κin κout
.
2
κ /4 + ∆2

(2.75)

If there is no intracavity loss, i.e., κ = κin + κout , it is easy to find
R + T = 1.

(2.76)

In the general case where the intracavity losses are present, we have
R + T < 1.

(2.77)

Figure 2.8 displays the cavity reflection (orange trace) and transmission (blue trace)
in three different cases. (i) The loss at the input mirror is equal to the sum of all other
losses, i.e., κin = κout + κ0 = κ/2. The input optical beam is fully absorbed by the
optical resonator, which is said to be impedance matched. Particularly, the absorbed
input light is perfectly transmitted through the optical resonator at κ0 = 0, shown
in Fig. 2.8(a). (ii) κin 6= κout and κ0 = 0. The input light is partially reflected
from the cavity and the light absorbed by the cavity is fully transmitted through the
cavity end mirror [see Fig. 2.8(b)]. In this case, the cavity reflection and transmission
satisfy Eq. (2.76). (iii) κin 6= κout and κ0 6= 0. It is easily shown that Eq. (2.76) is
not applicable due to the presence of the losses from scattering or absorption of the
intracavity field, as shown in Fig. 2.8(c).
In all three cases mentioned above, the phase response for the transmission is identical [see Fig. 2.8(d)-(f)]. Assuming that the total cavity loss is constant, Eq. (2.73)
indicates that the phase for the transmitted field takes the same form as Eq. (2.71),
which is independent of the cavity losses. Concerning the reflection phase, it depends
only on the loss at the input mirror.

2.2.4

Cavity Dynamics

We consider an optical cavity driven by a laser field with stationary power, with its
equation of motion described by Eq. (2.66). Assuming the initial condition a|t=0 =
0, the analytical solution of the cavity field is obtained as follows by employing the
perturbation method
√
i
κin ain h
1 − e−(κ/2−i∆)t .
a(t) =
κ/2 − i∆

(2.78)
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This equation describes the time evolution of the cavity dynamics, which is analogous
to the dynamics of an under-damped mechanical oscillator. The mechanical frequency
and damping rate correspond to the cavity detuning and decay rate, respectively.
1
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Figure 2.9: (a) The time evolution of cavity transmission under the driving of a laser with
stationary power. The equilibrium state of the transmission corresponds to the steady-state
solution described by Eq. (2.75). (b) The behavior of the cavity transmission when the cavity
detuning is scanning. The cavity behavior is affected by the scan speed. As the scan speed
increases, the Lorentzian profile is distorted (middle panel), and additional interference peaks
appear (bottom panel). We use cavity decay rate κ = 2π × 1 MHz in this figure.

Alternatively, we numerically solve Eq. (2.66) at several detunings. We use normalized cavity transmission to characterize the cavity dynamics. Here we consider the
case described in Fig. 2.8(a); that is, the cavity is impedance matched. The numerical
results are shown in Fig. 2.9(a). The evolution tends to the steady state described by
Eq. (2.75) over time. We also see the optical oscillations in the cases of under-damped
(∆/κ = 2) and over-damped (∆/κ = 0.5) oscillations.
In practice, we may need to scan the cavity by changing its optical path length or
the frequency of the laser to investigate the cavity behavior. The detuning in Eq. (2.66)
now becomes time-dependent
.

a = − [κ/2 − i∆(t)] a +

√
κin ain .

(2.79)

If we scan the cavity length linearly (this can be easily achieved by attaching a piezoelectric actuator to one of the cavity mirrors), the cavity detuning is given as ∆ = 2πvt+∆0 ,
where v is the scan speed and ∆0 is the initial detuning. The numerical solution of
cavity transmission at different scan speeds are shown in Fig. 2.9(b). At a slow scan
speed, the cavity transmission follows a Lorentzian profile (top panel). As the scan
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speed increases, however, the Lorentzian profile is distorted, and the peak transmission becomes lower (middle panel). At much higher scan speed, we observe additional
ripples following the cavity resonance (bottom panel). In this case, the build-up of the
intracavity field fails to catch up with the change of the cavity detuning. These effects
are due to the self-interference of the intra-cavity field.

2.2.5

Gaussian Beam

In this section, we will look at the propagation of a laser beam in free space, which
is crucial in analyzing the stability of an optical resonator. We have known that the
propagation is subject to the wave equation Eq. (2.50). For a laser field of linear
polarization, we can consider the electric component of the field as a scalar:
∇2 E(r, t) −

1 ∂ 2 E(r, t)
c2
∂t2

= 0.

(2.80)

Assuming that the optical beam travels only along the optical propagation axis z, we
can write the electric field in the following complex form
E(r, t) = u(r)ei(kz−ωt) ,

(2.81)

where ω is the frequency of the optical beam and k is the wave number. We substitute
Eq. (2.81) into Eq. (2.80) and have


∂2
∂2
∂2
∂
+
+
+ 2ik
2
2
2
∂x
∂y
∂z
∂z


u(r) = 0.

(2.82)

We now consider an approximation similar to the one that we made to derive ABCD
matrix, i.e., paraxial approximation. In other words, the field is assumed to vary slowly
along the propagation direction z of the optical field. The corresponding mathematical
form reads
∂2
∂
u(r)  2k u(r) .
2
∂z
∂z

(2.83)

Under this approximation, Eq. (2.82) can be reduced to the well-known paraxial wave
equation:
 2

∂
∂2
∂
+
+ 2ik
u(r) = 0.
∂x2 ∂y 2
∂z

(2.84)

From the inspection of Eq. (2.84), we know that one of its solutions is a paraboloidal
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wave


b1
x2 + y 2
.
exp ik
z
2z

u0 (x, y, z) =

(2.85)

where b1 is a free parameter determined by the boundary conditions. Displacing the
position z to
q(z) = z − izR ,

(2.86)

we have a equivalent solution


b1
x2 + y 2
.
u0 (x, y, z) =
exp ik
q(z)
2q(z)

(2.87)

The term 1/q(z) included in this solution can be decomposed as
1
q(z)

1
λ
+i 2 ,
R(z)
πw (z)

=

(2.88)

with
s
w(z) = w0

1+



z
zR

2
,

z2
R(z) = z + R ,
r z
λzR
w0 =
.
π

(2.89)
(2.90)
(2.91)

Substitution of Eq. (2.88) into Eq. (2.87) takes the form
 2



ω0
x + y2
k(x2 + y 2 )
exp − 2
exp i
− iϕ(z) ,
u0 (x, y, z) = b0
ω(z)
ω (z)
2R(z)

(2.92)

where b0 = ib1 /zR . This equation suggests the physical meaning of R(z) to be the
radius of curvature of the wave front. Additionally, we have an extra phase term
ϕ(z) = tan−1 z/zR , known as Gouy phase. There are only two free parameters here,
b0 and zR , which can be determined using the boundary conditions.
The optical intensity of a Gaussian beam can be inferred from Eq. (2.81) and
Eq. (2.92),
I(ρ, z) =
=

cnε0 |E(r, t)|2
2


−2ρ2
cnε0 b0 w0
exp
,
2 w(z)
w2 (z)

(2.93)
(2.94)
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with ρ2 = x2 +y 2 . The parameter n denotes the refractive index of the medium through
which the light is propagating. The radial distribution of the intensity at each value of
z is a Gaussian profile which results from the imaginary part of q(z). We therefore call
such a beam Gaussian beam, with its known Rayleigh range being zR . Fig. 2.10
presents a diagram of the Gaussian beam. We also see that w(z) refers to the beam
width. The minimum of w(z), w(0) = w0 , gives the waist radius of the beam.

Figure 2.10: Diagram of a Gaussian beam. The radial distribution of the beam intensity is a
Gaussian profile. The intensity distribution of the beam along z axis follows Eq. (2.89).

We now define two useful physical quantities of a Gaussian beam. The change in
√
the beam width w(z) is relatively small for |z| ≤ zR [w(zR ) = 2w0 ]. We consider
this beam to be nearly collimated within this range, allowing us to define the depth of
focus as the confocal parameter
b = 2zR =

2πw02
.
λ

(2.95)

For z  zR , the beam width w(z) presents a linear relation with z. The beam edge
(the dashed line in Fig. 2.10) is cone-shaped. The half angle of the cone is known as
the divergence of the Gaussian beam, taking the form


λ
−1 w(z)
θ0 = lim tan
=
.
z→∞
z
πw0

(2.96)

A useful property of the Gaussian beam solution to the paraxial wave equation
is that the Gaussian profile remains invariant to the alteration of a paraxial optical
system. Given this feature, we introduce the ABCD law to describe the propagation
of a Gaussian beam through optical components. Recalling the parameter q of the
Gaussian beam in Eq. (2.87), we have the following relation for the q value at the
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input (qin ) and output (qout ) of an optical component
qout =

Aqin + B
,
Cqin + D

(2.97)

where A, B, C, and D are the elements of the ABCD matrix defined in Section 2.2.1.
(For a proof, see Ref. [34]). Considering that q defines the wavefront curvature and
beamwidth of a Gaussian beam, this simple relation characterizes the effect of an optical
system on the beam.

2.2.6

Cavity Stability Condition

Front Mirror

End Mirror

Figure 2.11: Diagram of an optical cavity with a confined Gaussian beam. For a stable cavity,
the cavity length (L) and the radius of curvatures of the two cavity mirrors (R1 and R2 ) follow
the condition given by Eq. (2.104).

We now consider a Gaussian beam confined in an optical cavity, shown in Fig. 2.11.
The resonator consists of two spherical mirrors separated by a distance L, with the
radius of curvature being R1 for the front mirror and R2 for the end mirror. We
consider the following round trip of the cavity field: starting from the reflection of the
front mirror, propagating in free space for distance L, reflecting from the end mirror,
and then traveling from end mirror to front mirror. The ABCD matrix for this cavity
round trip can be expressed as
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A B

!
=

C D

=

=

1 L
0

!

1

1

0

−2
R2

1

!

0

R1 R2 +4L2 −2LR1 −4LR2
R1 R2
4L−2R1 −2R2
R1 R2

!

1 L
1

2L −
1−
!

4g1 g2 − 2g2 − 1

2Lg2

4g1 g2 −2g1 −2g2
L

2g2 − 1

2L2
R2
2L
R2

1

0

−2
R1

1

!

!

,

(2.98)

with
g1 = 1 −

L
,
R1

g2 = 1 −

L
.
R2

(2.99)

Here we define a pair of g parameters for the optical resonator, following the standard of
laser theories in early years. We will show that this definition can simplify the analysis
of cavity stability.
In a stable cavity, the profile and the q value of the Gaussian beam resonating
within the cavity remains invariant after the beam propagates in the cavity with a
round trip and returns to the original position. This feature implies that q = qin = qout
in Eq. (2.97), leading to the following equation
q=

Aq + B
.
Cq + D

(2.100)

We therefore obtain the quadratic equation for q:
Cq 2 + (D − A)q − B = 0.
Its two solutions are given as :
p
A − D ± (D − A)2 + 4BC
q± =
.
2C

(2.101)

(2.102)

For a Gaussian beam, it is obvious that its Rayleigh range zR , i.e. − Im(q) [see
p
Eq. (2.86)], is a real value. Given this property, only the term (D − A)2 + 4BC in
Eq. (2.102) can be imaginary under the following condition
(D − A)2 + 4BC = 16g1 g2 (g1 g2 − 1) ≤ 0,

(2.103)
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that is,
0 ≤ g1 g2 ≤ 1.

(2.104)

This equation is the stability condition that a stable optical cavity must satisfy.
We map this condition in the g1 , g2 plane, shown in Fig. 2.12. The two branches (solid
blue lines) of the hyperbola refers to the limiting condition g1 g2 = 0. The other critical
condition, g1 g2 = 0, corresponds to g1 = 0 or g2 = 0 (dashed blue lines). The blueshaded region enclosed by these boundaries is the parameter regime where a cavity
can be stable to allow a Gaussian beam to resonate within it. Six interesting points in
the stability map are highlighted, and the corresponding configurations of a two-mirror
optical resonator are displayed on the right of the map. The points, (a), (b), (d), and
(e), are located on the boundary that connects the stable and unstable regime. The
conditions on the boundary are called marginally stable. We discuss the feature and
application of each type of cavity as follows:
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Figure 2.12: Map of cavity stability condition given by Eq. (2.104). The blue-dots correspond
to different types of cavities.

(a) Plane parallel (g1 = g2 = 1, i.e., R1 = R2 = ∞). This type of cavity is
configured using two flat mirrors opposing each other, which is the bases of the wellknow Fabry-Pérot interferometer. Since it is difficult to align such a cavity in a large
scale, it is commonly used in micro-cavity lasers or microchips.
(b) Hemispherical (g1 = 0 and g2 = 1, i.e., R1 = L and R2 = ∞). This cavity
consists of a flat mirror and a spherical mirror. The beam waist of the cavity is located
on one of the cavity mirrors and can be diffraction limited. Also, the beam width at
the other cavity mirror is normally huge, covering the mirror aperture.
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(c) Concave-concave (g1 < 1 and g2 < 1, i.e., R1 > 0 and R2 > 0). Given the
wide parameters range and the flexibility of this configuration, it might be the most
common cavity type in experiments.
(d) Concentric (g1 = g2 = −1, i.e., R1 = R2 = L/2). Similar to that of the
hemispherical cavities, the beam width at both cavity mirrors can be very large, with
almost the same size as the mirrors. The beam waist is found to be at the center of
the cavity.
(e) Confocal (g1 = g2 = 0, i.e., R1 = R2 = L). The smallest possible beam
width at the cavity mirrors can be present in such a configuration, giving a high-purity
transverse mode pattern.
(f) Convex-concave (g1 > 1 and g2 < 1, i.e., R1 < 0 and R2 > 0). In this configuration, the radius of curvature of one cavity mirror is negative. The beam waist is
generally located outside of the cavity. For the applications with high optical power,
this feature avoids the high optical density to be within the cavity and thus avoids the
damage of the intracavity medium.
Comparing Eqs. (2.86) and (2.102), we obtain the distance (zwaist ) of the beam
waist from the first mirror and the Rayleigh range as follows
zwaist =
zR =

Lg2 (1 − g1 )
A−D
=
,
2C
g1 + g2 − 2g1 g2
p
p
L g1 g2 (1 − g1 g2 )
(D − A)2 + 4BC
=
.
2iC
g1 + g2 − 2g1 g2

(2.105)
(2.106)

The beam waist w0 can be easily calculated using Eq. (2.91). Practical optical cavities,
such as triangular (e.g. mode cleaners which are widely used in the experimental
setup) and bow-tie cavities (e.g., cavities containing nonlinear medium to generate
mode squeezing), may include more than two mirrors and may contain other optics.
The analysis of cavity stability given here with the ABCD law is still applicable as long
as the paraxial condition is satisfied for all the associated optical components. Finally,
we introduce an experimental concept, mode matching of an optical cavity. When
the waist position zwaist and the Rayleigh range zR of an optical cavity is matched with
those of its input laser, the cavity is said to be mode-matched.

2.2.7

Transverse electromagnetic modes

In section 2.2.5, we discussed the zero-order solution of the paraxial wave equation,
which presents a Gaussian profile. We now look at its general solutions in both Cartesian and cylindrical coordinates. These solutions characterize the transverse profile of
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the beam, and are commonly called transverse electromagnetic (TEM) modes.
Equation 2.84 gives the paraxial wave equation in the Cartesian coordinates. Its
general solution is a linear combination of orthogonal modes described by Hermite
polynomials (see Appendix A.2):
u(x, y, z) =

X

cm,n ũm,n (x, y, z)

with,

m,n

√
√
ω0
2x
2y
x2 + y 2
ũm,n (x, y, z) =
u0 Hm (
)Hn (
) exp(− 2
)
ω(z)
ω(z)
ω(z)
ω (z)
k(x2 + y 2 )
z
],
× exp[−i(m + n + 1) tan−1 ( ) + i
z0
2R(z)

(2.107)

where ũm,n (x, y, z) are called Hermite-Gaussian mode [35], and the indices m and
n are positive integers denoting the order of the modes.
p
In cylindrical coordinates with ρ = x2 + y 2 and φ = tan−1 (y/x), the paraxial
wave equation takes the form




∂
1 ∂2
∂
1 ∂
ρ
+ 2 2 + 2ik
u(ρ, φ, z) = 0.
ρ ∂ρ
∂ρ
ρ ∂φ
∂z

(2.108)

Its general solution is given by the linear combination of optical modes involving general
Laguerre polynomials (see Appendix A.3):
u(ρ, φ, z) =

X

cl,p ũl,p (ρ, φ, z)

with,

l,p

√
ω0
2ρ l l 2ρ2
ρ2
ũl,p (ρ, φ, z) =
u0 (
) Lp ( 2 ) exp(− 2 )
ω(z)
ω(z)
ω (z)
ω (z)
z
kρ2
× exp[−i(2p + l + 1) tan−1 ( ) + ilφ + i
],
z0
2R(z)

(2.109)

where l and p are integer indexes. Here we call ũl,p (ρ, φ, z) Laguerre-Gaussian mode
[35].
It is shown in Eqs. (2.107) and (2.109) that the zeroth-order Hermite-Gaussian
or Laguerre-Gaussian modes corresponds to the Gaussian-profile modes described by
Eq. (2.92). Substituting our solutions into Eq. (2.81) gives us the formula of real electric
field for each mode
h
i
Em,n (x, y, z, t) = Re ũm,n (x, y, z)ei(kz−ωt) ) ,
h
i
Em,n (ρ, φ, z, t) = Re ũm,n (ρ, φ, z)ei(kz−ωt) ) .

(2.110)
(2.111)
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Figure 2.13: (a) Transverse section of Hermite-Gaussian modes. We use indices (m, n) to
denote the order of the modes. (b) The time-averaged intensity distribution of LaguerreGaussian modes. The indices (p, l) represent the order of the modes. (c) Laguerre-Gaussian
modes intensity distribution at a given time. The order of modes is denoted by (p, l).

We then obtain the intensity distribution of the modes
2

Im,n (x, y, z, t) =
Im,n (ρ, φ, z, t) =

cnε0 Em,n (x, y, z, t)
,
2
2
cnε0 Em,n (ρ, φ, z, t)
.
2

(2.112)
(2.113)

The magnitude of the intensity refers to the time-averaged distribution, as shown in
Fig. 2.13(a) for Hermite-Gaussian mode and Fig. 2.13(b) for Laguerre-Gaussian mode.
Specifically, supposing a given time t = t0 and position z = z0 in z axis, the radial intensity distribution of Laguerre-Gaussian mode depends on the phase lφ, as
Eq. (2.109) suggests. This extra phase term makes the intensity distribution distinct
from the time-averaged case, which is shown in Fig. 2.13(c). Some of the higher-order
modes in this case are circularly asymmetric. Experimentally, only the zeroth-order
Gaussian-profile mode is present at the output of a well-aligned and mode-matched
optical cavity. When the cavity is misaligned, higher-order Hermite-Gaussian modes
may appear. If the mode of the input laser is not perfectly matched to the optical mode
while the cavity is aligned, the high-order Laguerre-Gaussian modes with cylindrical
symmetry may occur.
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ABCD matrix for optical elements
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We give the ABCD matrix of common optical elements in the following table.

Free Space Propogation

Reflection from
a flat mirror

Reflection from
a curved mirror
(R > 0 for concave)

R

Refreaction from
a flat interface

Refraction from
a curved interface

R

(R > 0 for convex)
Thin lens
(Focal length f > 0
for convex lens)

A.2

(
(
(
(
(
(

1
0

1

1

0

0

1

1

0
1

1

0

0
1

0

1

0
1

(
(
(
(
(
(

d

Hermite polynomials

The Hermite differential equations with variable y takes the following form
..

.

y − 2xy + 2ny = 0.

(2.114)

Here n is a real number. If n is a non-negative integer, the solutions of this equation
are the Hermite polynomials
Hn (x) = (−1)n ex

2

dn −x2
(e ).
dxn

(2.115)
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The first few Hermite polynomials are given as
H0 (x) = 1,

(2.116)

H1 (x) = 2x,

(2.117)

H2 (x) = 4x2 − 2.

(2.118)

The Hermite polynomials also follow the recurrence relation.
Hn+1 (x) = 2xHn (x) − 2nHn−1 (x),
0

Hn (x) = 2nHn−1 (x).

A.3

(2.119)
(2.120)

Laguerre polynomials

Laguerre polynomials refer to the solutions of the following ordinary differential equations of variable y
..

.

xy + (l + 1 − x)y + py = 0,

(2.121)

which is known as Laguerre’s equation. The parameter p must satisfy the condition
of non-integer to guarantee non-singular solutions which are given by the following
closed form
(l)

Lp (x) =

p
X

p+l

n=0

p−n

!

(−x)n
.
n!

(2.122)

It can also be expressed as the Rodrigues’ formula
(l)

Lp (x) =

x−l ex dp −x p+l
(e x ).
p! dxp

(2.123)

The first three Laguerre polynomials are written as
(l)

(2.124)

(l)

(2.125)

L0 (x) = 1,
L1 (x) = −x + l + 1,
1
1 2
(l)
x − (l + 2)x + (l + 1)(l + 2).
L2 (x) =
2
2

(2.126)

Chapter 3

Optomechanical and
Photothermal Nonlinearities

3.1

Optomechanics

Figure 3.1: Diagram of an optomechanical system. In the optical cavity, one of its mirrors
is fixed, and the other one is movable. The movable mirror is modeled as being attached to a
spring, and thus we can regard the mirror as a mechanical oscillator. The radiation pressure
force produced by the intracavity field drives the oscillator. The mechanical displacement of the
oscillator, in turn, changes the cavity length and hence modifies the cavity field. This process
couples the oscillator with the cavity, forming an optomechanical system.

Light, in the quantum picture, is photons carrying momentum. When a beam
of light shines onto an object and gets reflected, the momentum of the photons is
transferred and induces a force, which is known as radiation pressure force. A
37
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harmonic oscillator may couple to an optical resonator via the radiation pressure force,
as shown in Fig. 3.1. The optical cavity consists of a movable mirror and a fixed
mirror. The movable mirror attached to one end of a spring is regarded as a mechanical
oscillator. The intracavity field can exert radiation pressure on the mechanical oscillator
and cause the oscillator to move. The motion of the oscillator slightly changes the
length of the cavity and thus applies a back action to the cavity via the modification of
the intracavity field. Such a coupled system is commonly called an optomechanical
system. For a Fabry-Pérot cavity where the photon is reflected perpendicularly to
the mirror’s surface, we know that the momentum transfer of a single photon due
to reflection is ∆p = 2~k, where k is the wavenumber of the photon. The radiation
pressure force acting on the mechanical oscillator can, therefore, be expressed as
Frp =

~ωcav hâ† âi
2~khâ† âi
=
,
τc
L

(3.1)

where ωcav = k/c denotes the eigenfrequency of the optical cavity, τc = 2L/c is the
round trip time of the cavity field with L being the cavity length and â† â is the
number of photons. Here ~ωcav /L refers to the radiation pressure force given by a
photon within the cavity. We will show that the term ωcav /L characterizes the coupling
strength between the mechanical oscillator and the optical cavity. We will also prove
the generality of this equation for optomechanical interaction by using a Hamiltonian
description.

3.1.1

Hamiltonian

We start the analysis of an optomechanical system with its Hamiltonian. Assuming the
system is driven by an input laser field with frequency ωl , the system’s Hamiltonian (Ĥ)
includes four components: the Hamiltonian of the optical cavity Ĥc , the Hamiltonian
of the mechanical oscillator Ĥm , the Hamiltonian describing the interaction between
the oscillator and the cavity Ĥi , and the Hamiltonian for the driving laser drive Ĥd :
Ĥ0 = Ĥc + Ĥm + Ĥi + Ĥd .

(3.2)

Here Ĥc , Ĥm and Ĥd are given by Eqs. (2.60) and (2.36) presented in Chapter 2
Ĥc = ~ωcav â† â,
1
p̂2
2 2
+ mωm
x̂ ,
Ĥm =
2m 2
√
Ĥd = i~ κin ain (â† e−iωl t − âeiωl t ),

(3.3)
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where we ignore the zero-point energy of the cavity field as it is generally not important
to the dynamics of the system. Law [36] gives a complete and detailed derivation of
the interaction Hamiltonian in an early paper. Here we simplify the derivation process
and give an intuitive analysis. We consider the cavity resonance frequency ωcav (x) to
be modulated by the displacement of the mechanical oscillator and expand it in terms
of x:
nπc
L+x
nπc nπc
≈
− 2 x + ...
L
L
ωc
= ωc − x + ...
L
= ωc − Gx + ...,

ωc (x) =

(3.4)

with G = ωcav /L. In the limit of x  L, it is reasonable to ignore the higher-order
terms. The cavity Hamiltonian with the modulation of mechanical displacement can
hence be split into the generic cavity Hamiltonian and the interaction Hamiltonian
Ĥ(x̂) = ~ωc (x̂)â† â

(3.5)

≈ ~(ωc − Gx̂)â† â

(3.6)

= Ĥc + Ĥi ,

(3.7)

with
Ĥi = −~Gx̂â† â.

(3.8)

Substitution of Eq. (3.8) into Eq. (3.2) gives us the complete Hamiltonian of an optomechanical system
Ĥ0 = ~ωcav â† â +

p̂2
1
√
2 2
+ mωm
x̂ − ~Gx̂â† â + i~ κin ain (â† e−iωl t − âeiωl t ).
2m 2

(3.9)

The corresponding equations of motion for an optomechanical system can then be
obtained using Heisenberg’s equation Eq. (2.61)
.

p̂
,
m
.
2
p̂ = −mωm
x̂ + ~Gâ† â − γm p̂ + δ F̂th ,
.
√
√
â = −[κ/2 − i(∆ + Gx̂)]â + κin ain + κin δâvac .

x̂ =

(3.10)
(3.11)
(3.12)

40

Optomechanical and Photothermal Nonlinearities

The equation is presented in the rotating frame of input laser frequency ωl . Here we
introduce the mechanical damping rate γm and cavity field decay rate κ. We also
√
include the quantum noise terms δ F̂th and κin δâvac . The mean values of these noise
terms are zero, i,e, hδ F̂th i = hδâvac i = 0. The vacuum radiation input noise δâvac
follows the correlation [37]
hδâvac (t)δâ†vac (t0 )i = δ(t − t0 ),

(3.13)

and the Hermitian Brownian noise δ F̂th is associated with the correlation given by [38]
0

hδ F̂th (t)δ F̂th (t )i =

γm
ωm

Z





0
e−iω(t−t )
~ω
+ 1 dω,
ω coth
2π
2kB T

(3.14)

where kB denotes the Boltzmann constant and T is the temperature of the mechanical
oscillator. Equation (3.11) suggests that the radiation pressure force applied on the
mechanical oscillator is
Frp = ~Gâ† â,

(3.15)

which is in agreement with Eq. (3.1) derived from an intuitive picture.
In the limit of sufficiently large photon and phonon numbers, i.e., in the semiclassical
limit, we can take the mean response of the operators and ignore the quantum noise.
It is convenient to denote the mean response of operators as hx̂i = x, hp̂i = p and
hâi = a, allowing us to write the classical equations of motion for the system in the
following form
~G 2
|a| ,
m
√
.
a = −[κ/2 − i(∆ + Gx)]a + κin ain .

..

.

2
x = −ωm
x − γm x +

(3.16)
(3.17)

These nonlinear equations coupling the mechanical oscillator and the cavity mode are
the basis of our following discussions.

3.1.2

Mechanical and Optical Bistability

We first look at the static solution of Eqs (3.16)-(3.17) by dropping all time derivatives.
It is easy to obtain the steady-state solution as
x0 =
a0 =

~G|a0 |2
,
2
mωm
√
κin ain
.
κ/2 − i(∆ + Gx0 )

(3.18)
(3.19)
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In the absence of optomechanical coupling, Eq. (3.19) is reduced to the steady state
of a bare cavity described by Eq. (2.67). In optomechanical systems, however, the
mechanical displacement modifies the intracavity field. It is convenient to normalize
the intracavity photon number as
nnorm =

1
|a0 |2
=
,
nmax
1 + 4(∆ + Gx0 )2 /κ2

(3.20)

with
n

max

=

4κin |ain |2
.
κ2

(3.21)
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Figure 3.2: Potential wells of an optomechanical system, with the red dashed curves to be
the natural potentials of the mechanical oscillator, the dashed green curves to be the optical
potentials, and the solid orange curves to be the total potentials experienced by the oscillator.
(a)-(b) Potential wells in the red-detuned regime for two different powers. The natural potential
well of the oscillator is modified by the optical field at low powers, as shown in panel (a). At high
powers, the depth of the optical potential increases, leading to two stable states and an unstable
state, as shown in panel (b). The dark and light blue points refer to the natural stable state
and the one created by the optical field, respectively. (c)-(d) Potential wells in the blue-detuned
regime. Only one single state is found even at high powers. The parameters used in the figures
of this chapter are taken from a recent experimental work [39]: laser wavelength λ = 775 nm,
cavity decay κ = 2π × 15 MHz, mass of mechanical oscillator m = 200 ng, mechanical frequency
ωm = 2π × 51.8 MHz, mechanical damping γm = 2π × 41 kHz, optomechanical coupling G =
2π × 12 GHz/nm.
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From Eq. (3.15), we find the radiation pressure force in the steady state:
Frp (x0 ) = ~G|a0 |2 =

~Gnmax
.
1 + 4(∆ + Gx0 )2 /κ2

(3.22)

Integral of the radiation pressure force gives us the potential well induced by the optical
field
Z
Vrp (x) = −

Frp (x0 )dx0

(3.23)

2(∆ + Gx0 )
1
.
= − ~κnmax tan−1
2
κ

(3.24)

We then have the effective potential for the mechanical oscillator by including the
natural restoring potential of the oscillator
V (x) =

1
1
2(∆ + Gx0 )
2 2
mωm
x0 − ~κnmax tan−1
.
2
2
κ

(3.25)

This overall potential is presented with the solid orange curve in Fig. 3.2. We also
include the natural potential of the mechanical oscillator (red dashed curve) and the
potential induced by radiation pressure force (green dashed curve) as references. For red
detuning, i.e., ∆ < 0, there is only one stable state at low input powers [Fig. 3.2(a)]. A
second steady state and an unstable state appears with the increase of the input power
due to the presence of the optical potential [Fig. 3.2(b)]. In the blue-detuned regime,
bistability is not found at any power.
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Figure 3.3: Mechanical displacement at the equilibrium as a function of input power. The
dashed lines correspond to the powers used in Fig. 3.2. The colored points refer to the states
shown in Fig. 3.2. (a) At the red detuning of ∆ = −ωm , bistability is present at specific power
regimes. (b) At the blue detuning of ∆ = ωm , only one state is found for all powers.

Mathematically, we can look at the system state from Eqs. (3.18) and (3.19) whose
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combination indicates the following cubic equation for x0 :
G2 x30 + 2∆Gx20 + (

κ2
+ ∆2 )x0 =
4

4~Gκin a2in
.
2
mωm

(3.26)

If the discriminant of this cubic equation is less than zero, there is only one real
root, indicating that the mechanical oscillator stays in the single-state regime. On the
other hand, if the discriminant is greater than zero, the cubic equation gives three
real roots. This suggests three possible states in the system, with two being stable
and one unstable. The dependence of the mechanical displacement on input power is
displayed in Fig. 3.3. It is shown that a red-detuned optomechanical system can enter
the bistable regime at specific powers [40]. In comparison to the red-detuned case, the
bistability is not present for blue detunings.
1
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Figure 3.4: (a) Optical bistability induced by optomechanical nonlinearity. At low powers
(blue curve), the profile of the cavity response is Lorentzian. At high power (orange curves),
the cavity resonance shifts to the red detunings, with two stable optical states (solid curve)
and one unstable state (dashed curve) appear. When scanning the cavity, the cavity behavior
depends on the scan direction. (b) The parameter map of system stability. The bistability is
present in the dark green region, and single stability occurs in the light blue region.

Equation (3.19) shows that a state of the mechanical oscillator corresponds to a
state of the optical field. We, therefore, can also observe optical bistability at specific
parameter regimes. The normalized intracavity photon numbers nnorm as a function of
cavity detuning is presented in Fig. 3.4(a). In the absence of optomechanical interaction, the cavity response displays a Lorentzian profile (blue curve). The optomechanical
nonlinearity, however, can shift the cavity resonance toward the red detuning and can
lead to optical bistability at high input powers. If the cavity mode is scanned in the
bistable regime, the cavity response behaves differently depending on the scanning
direction. We also map the system stability in terms of the cavity detuning and input laser power, which is shown in Fig. 3.4(b), with the blue shaded region being the
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single-stability regime and the black region indicating the bistability.

3.1.3

Optical Spring

In this section, we will be looking at the dynamics of the system. Due to the nonlinearity of optomechanical interaction, it is non-trivial to solve the equations of motion
presented in Eqs. (3.16)-(3.17) without any approximations. A straightforward method
to simplify the calculations is to linearize the equations by assuming that the system
fluctuates only slightly around its equilibrium point. In other words, we may take the
following assumptions
x = x0 + δx,

a = a0 + δa.

(3.27)

Substituting this equation into Eqs. (3.16)-(3.17) and ignoring second-order terms give
us the dynamical equations of the first-order
~G
(a δa∗ + a∗0 δa),
m 0
.
δ a = −κδa/2 + i∆δa + iG(a0 δx + x0 δa) + δain (t).
..

.

2
δ x = −γm δ x − ωm
δx +

(3.28)
(3.29)

Here we include a time-dependent optical drive δain (t) in the system. It is convenient
to solve the equation in the frequency domain by applying the Fourier transform. We
then obtain the following equations
~G
[a δa∗ (ω) + a∗0 δa(ω)],
m 0
[−i(ω + ∆0 ) + κ/2)]δa(ω) = iGa0 δx(ω) + δain (ω),

2
−ω 2 δx(ω) − iγm ωδx(ω) + ωm
δx(ω) =

[i(−ω + ∆0 ) + κ/2)]δa∗ (ω) = −iGa∗0 δx(ω) + δa∗in (ω).

(3.30)
(3.31)
(3.32)

where ∆0 = ∆ + Gx0 is defined as the effective cavity detuning. Note that δa∗ (ω) =
δa(−ω)∗ . We then substitute Eqs (3.31) and (3.32) into Eq. (3.30) and obtain
[χ−1
m (ω) + Σopt (ω)]δx(ω) = F (ω),

(3.33)

with
2
2
χ−1
m (ω) = m(ωm − ω − iγm ω),
1
1
Σopt (ω) = ~G2 |a0 |2 (
+
),
(∆0 + ω) + iκ/2 (∆0 − ω) − iκ/2
~Ga0
~Ga∗0
F (ω) =
δa∗in (ω) +
δa (ω).
i(−ω + ∆0 ) + κ/2
−i(ω + ∆0 ) + κ/2 in

(3.34)
(3.35)
(3.36)
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Here χm (ω) is known as the mechanical susceptibility [see Eq. (2.19) in Chapter 1],
Σopt (ω) is the optical correction to the susceptibility, and F (ω) is the radiation pressure fluctuation produced by laser shot noise. Equation (3.33) suggests the effective
mechanical susceptibility
−1
χ−1
eff (ω) = χm (ω) + Σopt (ω).

(3.37)

We properly structure this equation as
2
2
χ−1
eff (ω) = m[ωm + 2δΩopt ω − ω − iω(γm + δΓopt )].

(3.38)

We therefore can see an optical modification to the natural mechanical frequency, δΩopt ,
which is said to be the optical spring. If the the sign of δΩopt is positive (or negative),
the optical spring hardens (or softens) the mechanical oscillator by providing an extra
restoring (or anti-restoring) force. The structured equation also suggests an optical
damping term, δΓopt , which is a key physical quantity for laser cooling techniques.
The sign of δΓopt determines if the mechanical oscillator undergoes cooling (positive
sign) or heating (negative sign) given by the optical field. Comparing Eq. (3.38) with
Eq. (3.37), we attain the following expression for the optical corrections at ω = ωm
δΩopt = Re Σopt (ωm )/2mωm
∆ 0 − ωm
∆0 + ωm
+
)
= α(
2
2
(∆0 + ωm ) + κ /4 (∆0 − ωm )2 + κ2 /4
2 + κ2 /4)
2∆0 (∆20 − ωm
= α
,
[(∆0 + ωm )2 + κ2 /4][(∆0 − ωm )2 + κ2 /4]
δΓopt = − Im Σopt (ωm )/mωm
κ
κ
−
)
= α(
2
2
(∆0 + ωm ) + κ /4 (∆0 − ωm )2 + κ2 /4
−4κωm ∆0
= α
,
[(∆0 + ωm )2 + κ2 /4][(∆0 − ωm )2 + κ2 /4]

(3.39)

(3.40)

with
α =

~G2 |a0 |2
.
2mωm

(3.41)

We consider two well-known regimes in optomechanics. The first one is said to be
the resolved sideband regime, where the cavity decay rate is much lower than the
natural mechanical frequency, i.e., κ  ωm . The second one, called Doppler regime,
lies on the other extreme of the resolved sideband limit, i.e., κ  ωm .
We first look at the resolved sideband regime. The optical modifications to the
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Figure 3.5: Optical spring effect in an optomechanical system. The left and right panels
show the optical modifications of mechanical frequency (δΩopt ) and damping rate (δΓopt ),
respectively. (a)-(b) In the resolved-sideband limit. (c)-(d) In the Doppler regime.

mechanical oscillator are presented in Fig. 3.5(a)-(b), with the parameters set close to
the resolved sideband limit. It is shown in Fig. 3.5(a) that the mechanical resonator
is hardened between ∆0 /ωm = −1 and ∆0 /ωm = 0, but softened between between
∆0 /ωm = 0 and ∆0 /ωm = 1. We also see that the optical spring effect vanishes
at ∆0 = 0 and ∆0 = ±ωm . Correspondingly, the optical damping is maximized at
∆0 /ωm = 1 and minimized at ∆0 /ωm = 0, suggesting optimum cooling and heating
respectively. When the system is closer to the resolved sideband limit, the cooling and
damping region is more condensed towards ∆0 = ±ωm , where the mechanical resonance
enhances the optopmechanical interaction.
Mathematically, the optical modifications to the natural mechanical frequency and
damping under this limit can be written in the following form:
2 + κ2 /4)
2∆0 (∆20 − ωm
2 + κ2 /4]
(∆0 + ωm )2 (∆0 − ωm )2 + κ2 /4[2∆20 + 2ωm
2 )α
2∆0 (∆20 − ωm
,
2 )/2
(∆0 + ωm )2 (∆0 − ωm )2 + κ2 (∆20 + ωm

δΩopt = α
≈

(3.42)
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−4κωm ∆0
2 + κ2 /4]
(∆0 + ωm )2 (∆0 − ωm )2 + κ2 /4[2∆20 + 2ωm
−4κωm ∆0 α
.
2 )/2
2
(∆0 + ωm ) (∆0 − ωm )2 + κ2 (∆20 + ωm
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δΓopt = α
≈

(3.43)

The maximum of the optical damping rate is found at ∆ = −ωm . At the same parameter setting, the optical spring effect is absent:
δΩopt = 0,
δΓmax
=
opt

4α2
.
κ

(3.44)
(3.45)

We then investigate the Doppler regime of κ  ωm , in which the optical spring
and damping is presented in Fig. 3.5(c)-(d). It is shown that the intracavity optical
field effectively provides a restoring force to the mechanical oscillator for a red-detuned
input laser and an anti-restoring force at the blue-detuning regime. The optical spring
vanishes at the cavity resonance. With regards to the optical modification to the mechanical damping, the optical damping and anti-damping are both found at a wide
parameter range, unlike the case of the resolved sideband regime. We remark that the
laser cooling technique is generally less efficient in the Doppler regime [33]. Under the
Doppler limit, the mathematical form of Eqs. (3.39)-(3.40) can be approximated as
δΩopt ≈
δΓopt ≈

2∆0 α
,
(∆20 + κ2 /4)
−4κωm ∆0 α
.
(∆0 2 + κ2 /4)2

(3.46)
(3.47)

This equation obviously suggests that δΩopt < 0 for ∆0 < 0 and δΩopt > 0 for ∆0 >
0, showing agreement with the plots in Fig. 3.5(c). Since the optical spring can modify
the mechanical frequency response, it has been used in gravitational wave detectors to
beat the standard quantum noise limit [41]. The optical spring effect may show the
way towards the quantization of macroscopic objects. A good example is scattering-free
optical levitation [42], where a small mirror acting as a part of three optical cavities is
trapped by intracavity optical fields via the pure optical spring effect. The mirror is
fully isolated from its environment, allowing the preparation of macroscopic quantum
ground state or entangled state. Investigations related to this project are part of this
thesis and will be discussed in detail in Chapter 7 and 8.
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3.2

Photothermal effects on optics

Thermal expansion is a ubiquitous phenomenon in the physical world. In the solid
state, it arises from the anharmonicity of the interaction potential of the atoms, rather
than the harmonic oscillation of phonons. Here we suppose that a laser beam with
frequency ωl is shone to an optical component, such as mirror. The coating of the
mirror can absorb a small amount of laser radiation via photon excitation and transfer
it to heat energy. In other words, photons create phonons in this process. Due to the
anharmonicity, the heat of the coating may diffuse into the substrate of the mirror,
leading to the thermal expansion of the substrate and coating.

3.2.1

Thermal-conductivity approach

Laser heating leads to a change of the mirror temperature. Provided that the profile of
the laser intensity is a Gaussian, the temperature deviation from its equilibrium value,
u(x, y, z, t), follows the thermal conductivity equation [43]
∂u
− a2th ∆u =
∂t

 2

p(t) 1
x + y2
2δ(z) exp −
,
ρC πr0
r02

(3.48)

with
hp(t)p(t0 )i = ~ωl P0 δ(t − t0 ),
p(t) = Pabs (t) − P0 ,
P0 = hPabs (t)i,

(3.49)
(3.50)
(3.51)

where a2th = κth /ρC with κth being the thermal conductivity, ρ being the density and
√
C being the specific heat capacity. The beam radius denoted by r0 is a factor of 1/ 2
with respect to the beam width defined by Eq. (2.89) for Gaussian beam [13]. The
laser power absorbed by the mirror is Pabs , and the average absorbed power is P0 .
For large beam spots on the mirror at room temperature, one may solve Eq. (3.48)
by assuming that the thermal diffusion length lth is smaller than the radius of beam
spot r0 as well as larger than the coating thickness zc , [2], that is,
zc < lth < r0 .
The diffusion length lth is given by
r
κth
,
lth =
ρCf

(3.52)

(3.53)
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where f is the characteristic frequency of the thermal fluctuation. Combining Eqs (3.52)
and (3.53) sets a critical frequency for photothermal effects: f > κth /(ρCr02 ). Following
reference [12], we define the adiabatic limit ωcr as
ωcr =

κth
 2πf.
ρCr02

(3.54)

One may solve Eq. (3.48) under this assumption, and obtain the average displacement
spectrum xth (ω) of the mirror end surface induced by the photothermal effect and its
spectral density SPT(ω) [2]
α(1 + σ)ωth p(ω)
,
iπκth
ω
2
2α2 (1 + σ)2 ωth
~ωl P0
,
2
2
ω2
π κth

xth (ω) = −
SPT (ω) =

(3.55)
(3.56)

where α denotes the thermal expansion coefficient, σ refers to the Poisson’s ratio, and
p(ω) is the amplitude of p(t) in frequency domain. Equation (3.55) suggests that the
frequency response of photothermal displacement behaves like a single-pole low-pass
filter when the characteristic frequency is larger than the critical frequency ωcr . For
the frequencies lower than ωcr , the single-pole approximation may break down for low
temperatures or small beam spot sizes. To present a more accurate description of the
photothermal dynamics, one can solve Eq. (3.48) under no adiabatic approximation,
yielding the following spectral density of photothermal displacement [12]
2α2 (1 + σ)2
~ωl P0 |G(Ω)|2 ,
π 2 κ2th

SPT (ω) =

(3.57)

with
G(Ω) =

1
π

Z

∞

Z
du

0

2

∞

dv
0

u2 e−u /2
,
2
2
(u + v )(u2 + v 2 + iΩ)

(3.58)

where Ω = ω/ωcr . When ω  ωcr , K(Ω) is equal to 1/Ω2 . In this condition, Eq. (3.57)
is reduced to Eq. (3.56). This complete model has been verified experimentally [13].
We can obtain the photothermal displacement from Eq. (3.57)
xth (ω) =

α(1 + σ)
p(ω)G(Ω).
πκth

(3.59)
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3.2.2

Phenomenological approach

The approach introduced above employs the three-dimensional diffusion term in the
temporal equation of motion and might be too complicated in some scenarios to understand the dynamics. Alternatively, we may use a simplified model to describe the
photothermal effects on optics by considering only one dimension. We assume that the
photothermal displacement will change exponentially when it is heated by a laser or
cooled over time. This assumption is reasonable for the limits of room temperature
or large beam spots. Suppose that the temperature of the mirror relaxes towards the
equilibrium point T0 with the rate γth , we have the following equation [27]


.
∂T
P ,
T = −γth T − T0 −
∂Pc c

(3.60)

where γth is the relaxation rate of the photothermal effect, which can be equivalent to
the critical frequency ωcr we discussed in the previous section. The quantity Pc denotes
the power of the heating laser. We assume that the photothermal displacement is
linearly dependent on the temperature around the equilibrium. This assumption yields
.

xth = −γth (xth − βPc ),

(3.61)

where β = ∂xth /∂Pc is defined as the photothermal coefficient with SI unit m/W. One
can also obtain an equivalent equation by using a complete thermoelastic model [44].
Suppose we have a stationary laser power. When the mirror temperature reaches
equilibrium, the time derivative in Eq. (3.61) vanishes, yielding the steady-state solution of the photothermal displacement
x0 = βPc .

(3.62)

This equation shows that the sign of β determines the property of the material of
the mirror substrate. If the thermal expansion coefficient α of the mirror is positive
(or negative), the sign of β is positive (or negative), and the mirror’s end surface will
expand outwardly (or contract inwardly) for an increase in mirror temperature. For
commonly used substrate materials, such as fused silica, sapphire, and BK7, the sign
of β is positive. The transient solution is easily obtained as
xth = x1 e−γth t + βPc ,

(3.63)

where the parameter x1 is determined by the initial condition of the photothermal
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displacement. As we expect, the solution implies that the displacement relaxes exponentially at the rate of γth .
We now look at the case where the laser power is dependent on time and thus is
driving the photothermal displacement. We can solve Eq. (3.61) in frequency domain
by applying Fourier transform, yielding the solution
xth (ω) = −γth β

Pc (ω)
,
χth

with χth =

1
.
iω − γth

(3.64)

Here we define the photothermal susceptibility χth , analogous to the definition of mechanical susceptibility given in Section 2.1.3.

3.3

Photothermal effects in an optical resonator

We discussed the photothermally-induced expansion of a mirror in the previous
section. The optical heating of the mirror can also slightly alter the refractive index of
the mirror coating. This effect may become prominent when the mirror is part of highsensitivity interferometers, such as optical cavities. The reason is that the change of the
refractive index can effectively modify the optical path length of the interferometers.
In practice, however, the mirror coating is very thin. Hence the change in cavity length
induced by photothermal refraction is generally less sensitive than that produced by
photothermal expansion. We note that one may increase the coating thickness to
enhance the effect of photothermal refraction [45].
It is of great interest to investigate the photothermal effects in optical cavities.
On the one hand, photothermal effects, including thermal expansion and refraction,
can impose a limit to state-of-the-art displacement measurements of high-sensitivity
interferometers. In extreme applications, the shot noise of the absorbed light can set
a fundamental limit on the sensitivity of the measurements and the efficiency of lowfrequency squeezing [31]. On the other hand, photothermal effects were found to be
effective in suppressing the Brownian noise of a microlever [19, 22] and may even cool
a mechanical resonator close to its quantum ground state [24]. In this section, we will
discuss the interaction between photothermal effects and optical cavities.

3.3.1

Nonlinear interaction

Suppose that a laser beam with frequency ωl is input to an optical cavity. The intracavity optical field heats the mirror and induces a photothermal displacement. This
displacement leads to a change in cavity length xth , and thus modifies the cavity
resonance frequency ωc . This coupling process is analogous to the optomechanical in-
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teraction. We may expand the cavity eigenfrequency in terms of xth , as we have done
for the optomechanical system [see Eq. (3.4)]:
ωc (xth ) ≈ ωc − Gxth .

(3.65)

The calculation gives us the photothermal-cavity coupling rate, G = ωc /L. The equations of motion for cavity mode (a) takes a similar form as Eq. (3.17). Additionally,
we may use Eq. (3.61) to characterize the photothermal displacement produced by
the intracavity optical field. It is necessary to write the intracavity power explicitly,
Pc = ~ωc |a|2 /τcav = ~Gc |a|2 /2 with τcav = 2L/c being the round-trip time of cavity
photons and L being the natural cavity length. Recalling Eqs. (3.17) and (3.61), we obtain the following equations of motion for an optical cavity coupled to the photothermal
effect
.

~Gc 2
|a| ),
2
√
.
a = −[κ/2 − i(∆ + Gxth )]a + κin ain .

xth = −γth (xth + β

(3.66)
(3.67)

We note that the physical meaning of xth is slightly different from the one presented
in Eq. (3.61). Here xth indicates the change of optical path length induced by the
photothermal effect, with inclusion of a negative sign. Positive (or negative) values
of xth refer to an increase (or a decrease) in cavity length. Under the heating of the
intracavity field, the thermal expansion of mirror coating gives rise to a decrease in
cavity length.

3.3.2

Photothermal bistability

The steady state of the system can be easily obtained as
~Gc
|a |2 ,
2√ 0
κin ain
.
κ/2 − i(∆ + Gx0 )

x0 = −β

(3.68)

a0 =

(3.69)

We can see that the sign of the photothermal displacement and the sign of the photothermal coefficient β are inverted. As we mentioned earlier, the sign of β is mainly
determined by the material of the mirror. Different types of photothermal effects may
also result in different signs. Here we assume, however, that there is only one photothermal effect present in the cavity. The photothermal expansion due to laser heating will
shorten the cavity length, suggesting a positive sign of β. The photothermal refraction,
however, can lead to an increase in cavity length, implying that the sign of β is nega-
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tive. In summary, for the photothermal-cavity coupling, a positive sign of β arises from
the photothermal expansion effect with a positive thermal expansion coefficient, while
a negative sign is due to the thermal contraction with a negative expansion coefficient
or photothermal refractive index change.

Figure 3.6: Photothermally induced bistability. (a) Bistability of the photothermal displacement. At blue detunings (blue curves), two stable and one unstable equilibrium of the photothermal displacement can occur at specific power regimes. Only one single state is found
for red detunings (red curve). The red dashed line corresponds to the power used for the
dark green curve of panel (b). (b) Optical bistability. A Lorentzian profile of cavity response
(yellow curve) is deformed at high powers (green curves), and the bistability can occur in the
blue-detuned regime. The dashed blue curves refer to the two detunings used for panel (a).

We now suppose that the substrate of the mirror is made from fused silica, and its
coating is relatively thin. This assumption is valid for most optical cavities. The sign
of β is positive in this case. Analogous to the optomechanically induced bistability, the
combination of Eqs. (3.68) and (3.69) gives a cubic equation for x0 , indicating the presence of bistable states in a specific parameter regime. The photothermal displacement
as a function of input laser power is plotted in Fig. 3.6(a) for several different detunings. Bistability is clearly seen at two blue detunings ∆ = 2κ (light blue curve) and
∆ = 2.5κ, (dark blue curve), while it is absent for a red-detuned cavity with ∆ = −2κ
(red curve). This behavior can be explained by looking at how the intracavity photon
number depends on the cavity detuning, shown in Fig. 3.6(b). At low laser power, the
cavity is profiled as a Lorentzian shape (yellow curve). For higher power, the cavity
resonance is shifted toward the blue-detuned side due to the photothermal displacement (light green curve), as suggested by Eq. (5.4). If the power is tuned higher, two
steady states (solid green curve) and an unstable state (dashed green curve) occur at
a blue-detuning regime. The dark-blue, light-blue, and red dashed lines located at
∆/κ = 2.5, 2, −2 correspond to the detuning setting of Fig. 3.6(a), indicating that the
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system bistability can only occur at blue detunings. If we scan the laser frequency, the
cavity behavior may depend on the scanning direction at high laser power due to the
presence of bistability. The cavity can be self-locked while scanned from red detunings
to the blue detunings and can be anti-locked when scanned from the other direction.
In addition to the bistability effect observed at system steady state, a photothermalcoupled optical cavity presents many other interesting effects in its dynamics, such
as optical modification of photothermal relaxation rate and photothermally induced
transparency. We will be talking about these effects in later chapters.

3.4

Photothermal interactions in an optomechanical system

In Section 3.1, we discussed the interaction between mechanical oscillators and optical cavities in optomechanical systems. At the power regime where the photothermal
effects become prominent, a non-trivial opto-mechanical-thermal interaction occurs.
We note that the strength of photothermal effects is determined by the optical intensity and the absorption rate of the mirror coating. This suggests that photothermal
effects can also be dominant at low laser powers if the photothermal coefficient is
extremely large.

3.4.1

Photothermal optomechanical nonlinearity

Consider an optomechanical system driven by an intense laser. It becomes necessary
to add the photothermal coupling into the equations of motion for such a system. It is
obvious that the cavity resonance frequency ωc is now modified by both the mechanical
(xrp ) and photothermal (xth ) displacement. Recalling Eq. (3.4) for the cavity resonance
frequency, we can replace x with xrp + xth and obtain
ωc (xrp , xth ) ≈ ωc − G(xrp + xth ).

(3.70)

The coupling rate G = ωc /L takes the same form as the optomechanical coupling or
photothermal-cavity coupling. Considering the equations of motion, Eqs. (3.16)-(3.17)
for optomechanical system and Eqs. (3.66)-(3.67) for a photothermal-coupled cavity, we can write the following equations to characterize the opto-mechanical-thermal
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interaction:
..

.

2
xrp = −γm xrp − ωm
xrp +
.

~G 2
|a| ,
m

~Gc 2
|a| ),
2
√
.
a = −[κ/2 − i(∆ + G(xrp + xth )]a + κin ain .

xth = −γth (xth + β

3.4.2

(3.71)
(3.72)
(3.73)

Competing steady state

The system steady state is obtained by removing the time derivatives in Eqs. (3.71)(3.73)
~G
|a0 |2 ,
2
mωm
~Gc
= −β
|a0 |2 ,
2
√
κin ain
.
=
κ/2 − i(∆ + Gx0rp + Gx0th )

x0rp =

(3.74)

x0th

(3.75)

a0

(3.76)

Figure 3.7: Competing effects between photothermal-cavity and optomechanical nonlinearity
in the steady state. The red curve refers to the case that the optomechanical interaction is
dominant over the photothermal effect. The blue curve corresponds to the opposite situation.
The yellow curve is for the critical condition that the two competing effects are canceled out.
(a) The cavity resonance can be shifted due to either optomechanical or photothermal-cavity
interactions. The input power here used is 30 mW. (b) Optical bistability can happen at high
powers. We set the input power to be 100 mW.

We can see that the mechanical displacement xrp and photothermal displacement
2)
xth are both linear to the intracavity photon number, by a factor of krp = ~G/(mωm

and kth = −β~Gc/2 respectively. Equation (3.76) shows that both the mechanical
and photothermal displacement can both shift the cavity resonance and even induce
optical bistability. With respect to a standard cavity mirror made from the fused-silica
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substrate and thin coating (the sign of β is positive.), the photothermal effect tends to
deform the cavity resonance towards the blue detuning. However, the radiation pressure
force can result in a red-detuning shifted optical resonance. Since the resonance shift
is proportional to G(xrp + xth ), the competing result between the photothermal effect
and radiation pressure is determined by the ratio of |krp | and |kth |. This competing
effect is displayed in Fig. 3.7. If |krp /kth | > 1 (red curve), the radiation pressure force
is dominant over the photothermal effects, and one will find the cavity resonance at
the red-detuning regime. If |krp /kth | < 1 (blue curve), the overall effect of the cavity
resonance is blue-detuning shifted. If |krp /kth | = 1 (yellow curve), the two competing
effects are canceled out, and no resonance shift or bistability are observed.
We will show in Chapter 7 that the competing effect between the photothermal
effect and radiation pressure is crucial to the nonlinear dynamics observed in an optical
levitation system.

3.4.3

Photothermal and optomechanical dynamics

We know that the intracavity optical field can alter the natural frequency and damping
rate of the mechanical oscillator. We will show that photothermal effect can also
significantly modify the spring effect of the oscillator and the system dynamics. The
linearization of Eqs. (3.71)-(3.73) can be achieved by taking the assumptions that the
system fluctuates around its steady state, i.e. xrp = x0rp + δxrp , xth = x0th + δxth ,
a = a0 + δa. Substitution of this assumption into Eqs. (3.71)-(3.73) yields the firstorder dynamical equations
..

.

2
δ xrp = −γm δ xrp − ωm
δxrp +

~G
(a δa∗ + a∗0 δa),
m 0

~Gc
(a0 δa∗ + a∗0 δa)],
(3.77)
2
.
δ a = −κδa/2 + i∆δa + iG(a0 δxrp + x0rp δa) + iG(a0 δxth + x0th δa) + δain (t).

.

δ xth = −γth [δxth + β

This linearized equations can be easily solved in the frequency domain
~G
[a δa∗ (ω) + a∗0 δa(ω)],
m 0
~G
(iω − γth )δxth (ω) =
[a δa∗ (ω) + a∗0 δa(ω)],
(3.78)
ζ 0
[−i(ω + ∆0 ) + κ/2)]δa(ω) = iGa0 [δxrp (ω) + δxth (ω)] + δain (ω),

2
−ω 2 δxrp (ω) − iγm ωδxrp (ω) + ωm
δxrp (ω) =

[i(−ω + ∆0 ) + κ/2)]δa∗ (ω) = −iGa∗0 [δxrp (ω) + δxth (ω)] + δa∗in (ω),
with ∆0 = ∆ + G(x0rp + x0th ) and ζ = 2(βcγth )−1 . We can easily obtain the following
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relationship between δxth (ω) and δxrp (ω),
δxrp (ω) = ζ

χm (ω)
δx (ω),
χth (ω) th

(3.79)

2 −ω 2 −iγ ω)]−1 is the susceptibility of the mechanical resonator,
where χm (ω) = [m(ωm
m

and χth (ω) = (iω − γth )−1 is defined as the photothermal susceptibility. The equation
for mechanical displacement in the frequency domain is attained from Eq. (3.78)
[χ−1
m (ω) + Σopt (ω) + Σth (ω)]δxth (ω) = F (ω),

(3.80)

with

1
1
,
+
(∆0 + ω) + iκ/2 (∆0 − ω) − iκ/2


~G|a0 |2 χth (ω)
1
1
+
,
ζχm (ω)
(∆0 + ω) + iκ/2 (∆0 − ω) − iκ/2
~Ga∗0
~Ga0
δa∗in (ω) +
δa (ω).
i(−ω + ∆0 ) + κ/2
−i(ω + ∆0 ) + κ/2 in

Σopt (ω) = ~G2 |a0 |2
Σth (ω) =
F (ω) =



(3.81)
(3.82)
(3.83)

Equation (3.80) allows us to define the effective mechanical susceptibility including the
modification of the optical field and photothermal effect
−1
χ−1
eff (ω) = χm (ω) + Σopt (ω) + Σth (ω).

(3.84)

Following the same procedure for obtaining the optical spring [see Eq. (3.37)], the form
of this equation can be rewritten as
2
2
χ−1
eff (ω) = m[ωm + 2δΩopt ω + 2δΩth ω − ω − iω(γm + δΓopt + δΓth )].

(3.85)

In addition to the optical spring δΩopt and optical damping δΓopt , this equation also
includes the photothermal correction to the natural mechanical frequency and damping,
i.e., δΩth and δΓth . Comparing Eqs. (3.84) and (3.85), the corrections induced by
radiation pressure and photothermal effects take the following form
δΩopt = Re Σopt (ω)/2mω,
δΩth = Re Σth (ω)/2mω,

δΓopt = − Im Σopt (ω)/mω,
δΓth = − Im Σth (ω)/mω.

(3.86)
(3.87)
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Chapter 4

Experimental Techniques

4.1

Introduction to feedback control

In this section, we will introduce a basic concept of feedback control, which is crucial
in understanding the experimental techniques to be discussed in the next two sections.

4.1.1

Feedback and control

Consider two (or more) connected dynamical systems with their dynamics influencing
each other and strongly coupled. This situation is known as feedback. It is non-trivial
to analyze such a feedback system since the perturbation of the first system will lead
to a change in the dynamics of the second one. Meanwhile, the second system modifies
the dynamics of the first one. This circular argument makes the system complicated
to analyze [46].

(a)
r

(b)
System I

u

System II

y

System I

u

System II

y

Figure 4.1: (a) Diagram of an open loop system. The output u(t) of system I is input to
system II whose output y(t) does not interact with the input r(t) of the system I. (b) Diagram
of closed-loop. For system I and II, the output of one system is connected to the input of the
other system.

There are two different types of loops, as shown in Fig. 4.1. In Fig. 4.1(a), the
output u(t) of the system I influences system II and the output y(t) of system II is not
connected to system I. This case is called open loop or non-feedback. If the input and
output of the two systems are interconnected, the system as a whole is called closed
loop or feedback.
The optomechanical or photothermal interactions we discussed in the last chapter
59
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can be regarded as a feedback situation. In optomechanical systems consisting of a
mechanical oscillator and an optical cavity, the optical field within the cavity exerts a
radiation pressure force on the oscillator and thus displaces the oscillator. The motion
of the oscillator, in turn, gives rise to a change in the cavity length and then modifies
the intracavity field. This feedback between the oscillator and cavity is realized without
any external active control, which is generally called passive feedback. We can do
similar reasoning for a cavity coupled to the photothermal effects, and it is easy to find
that the photothermal-interaction also provides passive feedback.

Actuator

D/A

u

System

PC

y

Sensors

A/D

e

_

r

+

Clock

Figure 4.2: Diagram of an active-feedback system. As in Fig. 4.1, we can divide the whole
system into two subsystems. The yellow shaded region is called the system of process dynamics,
including the physical system to be controlled and its actuator and sensors. The other system
highlighted with blue shade is called controller, consisting of an analog to digital converter
(A/D), a computer (PC), a digital to analog converter (D/A), and a clock for synchronization.

The state of a real-time system can be perturbed by surrounding noise. To control
the system to be in a desired state, one may use analog or digital methods to create
an artificial system and then couple the two systems together to form active feedback.
With appropriate structure design and parameter setting of the feedback, the real-time
system may be fully manipulated. The diagram of a typical active-feedback system is
shown in Fig. 4.2 [46]. Suppose that a system is driven by an actuator with input u(t),
and its state is registered by sensors. The process dynamics are shown in the orangeshaded region. The difference between the system output y(t) (also called the process
variable) and an external reference signal (or command signal), which is commonly
defined as the error signal e(t) = r(t) − y(t), is transformed into a digital signal
using analog to digital converters. The digital signal is processed by the algorithm
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programmed by a computer. The output of the computer is then converted to an
analog signal using digital to analog converters, and the signal is then fed back to
actuate the system. The blue shaded region, including the elements of processing the
system output y(t), is generally called controller, which is an artificial system coupled
to the real system. We note that the reference signal r(t) can be used to set the state
of the system, and it can also be input to the feedback loop from the computer.
A good example of active feedback control in physics is the inverted pendulum. The
pendulum is naturally unstable when it is inverted. One can, however, use a feedback
method to stabilize the pendulum in the inverted position [47].

4.1.2

PID controller

Here we will introduce a widely used controller, called proportional–integral–derivative
(PID) controller. As the name of PID controller suggests, it refers to three operations
applied on the error signal e(t), i.e., proportional, integral and derivative. The inputoutput relation of a PID controller takes the following general form
Z

t2

u(t) = kP e(t) + kI

e(τ )dτ + kD
t1

de(t)
,
dt

(4.1)

where kP , kI and kD are the gains of each operation. Here u(t) refers to the controller
output which is fed back to control the system.
The three terms in the PID controller represent different physical meanings and dynamics. It is evident that the proportional term indicates a linear relationship between
the error signal and the controller output in real-time. With a proportional control
only, the system can be set close to a target state, but it will not reach a steady state
and will always maintain a steady-state error. To understand this, we can do the following reasoning: assuming that the system is in a steady state and set to the reference
value, the value of the error signal is zero and thus the output of the controller is also
zero; zero output of the controller suggests no control to the system, implying that the
system should not be in the steady state in the first place.
The deviation from the target state can be avoided by using an integral control
recording the history of the error signal. The integral operation integrates the error
over a certain time until the deviation of the system output from the target value is zero.
The integral control, however, can limit the speed of the feedback response depending
on the integration time. In the applications of low-speed control, a combination of the
proportional and integral controller is sufficient to stabilize the system.
To overcome the speed problem of an integral controller, one can include a derivative
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operation in processing the error signal. The derivative operation can predict the future
dynamics of the error signal such that it can react before the deviation of the system
output happens. Due to this earlier response, the inclusion of the derivative control
can thus increase the feedback speed, as well as decrease the settling time of the system
output.
We may combine the three different operations to maintain a system in target states.
It is crucial to appropriately tune the gains kP , kI and kD of the three operations to
obtain the desired response. One may use the ‘guess and check’ method or ZieglerNichols method [48] to find the optimum gains.

4.2

Pound-Drever-Hall stabilization

We have introduced an important optical device, the optical cavity, in Chapter 1.2.
It is required in many cavity-based experiments (e.g., mode cleaning and frequency stabilization of a laser beam, gravitational wave detection, etc.) to maintain the cavity on
its resonance. In practice, the cavity resonance condition is susceptible to the changes
in the laser frequency or cavity length due to temperature fluctuations or acoustic noise
of the environment. A feedback control technique is necessary to lock the cavity on
its resonance stably. A straightforward method is to regard the power of the cavity
reflection as the error signal and maintain it at zero with feedback. Unfortunately, we
cannot tell, with the deviation of the power, if the cavity length (or laser frequency)
drifts to the red-detuned or blue-detuned side of the cavity resonance. This is because
that the cavity reflection is symmetric, as Eq. (5.10) and Fig. 2.8 suggest. It is thus
necessary to find an error signal, such as the phase response of the cavity, which is linear to the cavity detuning at around cavity resonance. Here we introduce a widely used
technique, Pound-Drever-Hall (PDH) locking, to generate such an error signal.

4.2.1

Experimental setup

Suppose that we have a mode cleaner (a widely used triangular optical cavity in optical
experiments) to be stabilized on its resonance. The experimental setup of locking the
cavity with the PDH locking technique is shown in Fig. 4.3. A laser beam with a
fixed frequency ωl travels through an electro-optic modulator (EOM) driven by a local
oscillator driven at frequency Ω. The output of the EOM gives a laser with its frequency
being modulated by a harmonic oscillation of frequency Ω. The laser is then aligned
to the cavity, and the cavity reflection is picked up by a photo-detector. The output
signal of the detector is filtered at the bandwidth of around Ω and then compared with
the phase-shifted local oscillator signal via a mixer. A low-pass filter is then applied
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Figure 4.3: Experimental setup of PDH-locking technique. The reflection of a triangular
cavity is processed by electronic devices and then fed back to control the cavity length, forming
a feedback system. The error signal (green dot) generated using this setup is called PDH error
signal.

to clean up the high-frequency components of the mixer’s output signal, giving us
the error signal crucial for feedback control. The error signal is processed by a PID
controller and then amplified to drive the piezoelectric actuator attached to the cavity
back mirror. Any fluctuations of the cavity length can be compensated by the actuator
via the feedback loop.

4.2.2

Error signal

We now look at the quantitative analysis of the error signal, which is crucial to fully
understand the mechanism of the experimental setup. We first consider the cavity
input optical field Ain whose frequency is modulated by the EOM:
Ain = ain ei(ωl t+β sin Ωt) ,
≈ ain eiωl t [J0 (β) + 2iJ1 (β) sin Ωt] ,


= ain eiωl t J0 (β) + J1 (β)eiΩt − J1 (β)e−iΩt ,

(4.2)
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where ain is the amplitude of the input field and β is the modulation depth. Here we
expand the equation with Bessel functions Jn (n = 0, 1, 2, ...) and ignore the second
and higher order terms. It is obvious that there are three frequency components for
the laser beam, including a carrier and two optical sidebands generated by the modulation. Recalling Eq. (2.72) for cavity reflection, we have the following equation for an
impedance-matched cavity (i.e., κin = κ/2)
ar = r(∆)ain ,

with r(∆) =

−i∆
.
κ/2 − i∆

(4.3)

Combination of Eqs. (4.2) and (4.3) allows us to calculate the reflection of the modulated laser beam from the cavity


Ar = ain r(∆)J0 (β) + r(∆ + Ω)J1 (β)eiΩt − r(∆ − Ω)J1 (β)e−iΩt .

(4.4)

The result given here is in the rotating frame of laser frequency ωl . We note that it is
required to consider the frequency shift for each frequency component when using the
input-reflection relation of the cavity given by Eq. (4.3). We can then easily find the
reflected power as follows
Pr = ~ωl |Ar |2 ,
h
i
= Pin J02 (β) |r(∆)|2 + J12 (β) |r(∆ + Ω)|2 + J12 (β) |r(∆ − Ω)|2 ,
+2J0 (β)J1 (β) [Re(f (∆)) cos Ωt + Im(f (∆)) sin Ωt] + O(2Ω),

(4.5)

with
f (∆) = r(∆)r∗ (∆ + Ω) − r∗ (∆)r(∆ − Ω).

(4.6)

This equation refers to the signal detected by the photodiode. Assuming that the modulation depth β is small, the second-order terms with frequency 2Ω can be neglected.
We are interested in the two time-varying signals of this equation since they are the
results of the interference between carrier and sidebands and thus contain the phase
information of the carrier signal. The time-varying signal with frequency Ω can be
obtained experimentally by using a bandpass filter, as shown in Fig. 4.3. We can see
in this equation that the amplitude of the time-varying signals is determined by the
real and imaginary part of f (∆). If the modulation speed is slow such that the modulation frequency is much smaller than the cavity decay rate, i.e., Ω  κ, f (∆) can be
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Figure 4.4: PDH error signal. A linear relationship between the signal and the cavity detuning
is observed at around the cavity resonance ∆ = 0. (a) Low modulation frequency. (b) High
modulation frequency.

approximated as
f (∆) = r(∆)r∗ (∆ + Ω) − r∗ (∆)r(∆ + Ω) ≈ 2 Re(r(∆)

d ∗
r (∆))Ω,
d∆

(4.7)

which is real. In this case, the cosine term in Eq. (4.5) is important while the sine term
can be ignored. In the limit of Ω  κ, f (∆) can be reduced to
f (∆) = r(∆)r∗ (∆ + Ω) − r∗ (∆)r(∆ + Ω) ≈ −2i Im(r(∆)),

(4.8)

which is imaginary, indicating that only the sine term in Eq. (4.5) survives. In summary, the amplitude of the time-varying signal is proportional to either Re(f (∆)) or
Im(f (∆)), depending on the modulation speed. The signal amplitudes in the case of
slow and fast modulation are shown in Fig. 4.4(a) and (b) respectively. We can see
that the profiles obtained at two different modulation speeds are significantly distinct.
A linear relationship, however, is observed at around the cavity resonance ∆ = 0 for
both situations. These are the error signals we require to achieve effective feedback
control. Experimentally, the error signal [i.e., amplitude Re(f (∆)) or Im(f (∆))] can
be extracted by multiplying the time-varying signal of Eq. (4.5) with the modulation
signal of the EOM and then filtering the high-frequency components. This process is
achieved via the mixer and low-pass filter. The green dot in Fig. 4.3 refers to the error
signals we are discussing here. One can easily switch between the two types of error
signals by just tuning the modulation frequency.
Considering the linear relationship between the PDH error signal and the cavity
detuning, the error signal can also be used to measure the change of cavity length.
As in optomechanical systems, one can employ the PDH error signal to detect the
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displacement of the mechanical oscillator.

4.3

Feedback Cooling

Thermal noise and acoustic noise are ubiquitous in most experiments. They may
excite unnecessary mechanical modes of experimental devices, resulting in a basic limit
for sensitive measurements such as gravitational-wave detection. A system including
mechanical oscillators may also be intrinsically unstable, e.g., optomechanical systems
in the blue detuned regime and the optical levitation system we will be discussing
in Chapter 6. There are many advanced experimental techniques for suppressing or
cooling the motion of mechanical oscillators, such as cryogenic devices, laser cooling, or
feedback control. In this section, we will introduce feedback cooling, which is convenient
to set up and is widely used. The relevant experimental setup depends on the specific
applications. Here we take the feedback cooling of a cantilever [49] as an example and
discuss the basic idea of feedback cooling.

4.3.1

Setup for cooling a cantilever

(a)

Fiber Interferometer
-10

Cantilever
Lens

Fiber

(b)

-15
-20
-25

Piezoelectric
Actuator

Differentiator
Amplifier

-30
-35
0

0.5

1

1.5

2

Figure 4.5: (a) Diagram of feedback cooling technique [49]. Suppose that we have a cantilever
(as a mechanical oscillator) to be cooled. The displacement of the cantilever, measured by a fiber
interferometer, is processed by a differentiator and an amplifier, and is then fed back to control
the cantilever. (b) Spectral density of mechanical displacement. With appropriate tuning of the
amplifier gain, the natural mode (red curve) of the cantilever can be significantly suppressed
(blue curves). Here we assume that the amplitudes of both the thermal and measurement
noises are independent of frequency and that the measurement noise is much smaller than the
thermal noise.

Figure 4.5(a) presents an experimental setup employed to suppress the thermal noise
of a cantilever with active feedback control [49]. The mechanical displacement of the
cantilever is detected using a fiber interferometer. One may also use other displacement
measurement techniques, such as Michelson interferometry. The measurement reading
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includes the actual displacement of the cantilever x(t) as well as the measurement noise
δx(t). The detected displacement is converted to the velocity via a differentiator, and
the velocity is then scaled by an amplifier with tunable gain g. The scaled velocity is
fed back to drive the piezoelectric actuator attached to the cantilever. A feedback force,
proportional to velocity, modifies the effective damping of the cantilever and cools it
down. These processes form a closed feedback loop. Again, the displacement spectra
can be measured by the fiber interferometer.

4.3.2

Physical mechanism

To understand the physics of the feedback loop presented in Fig. 4.5(a), we start from
the equation of motion for the cantilever
..

.

2
mx + mγm x + mωm
x = Ffb (t − τ ) + Fth (t),

(4.9)

where m, γm , and ωm are the mass, natural damping and eigenfrquency of the cantilever. The cantilever controlled by a feedback loop is driven by a feedback force
Ffb (t − τ ) and a thermal noise Fth (t). We note that any feedback control comes with
an unavoidable delay induced by the electronics. We therefore include a delay time τ
in the feedback force. As we have discussed in the experimental setup, the feedback
force takes the following form
.

.

Ffb (t − τ ) = g[x(t − τ ) + δ x(t − τ )].

(4.10)

We can solve Eq. (4.9) in the frequency domain by applying the Fourier transform, and
attain the following solution
x(ω) = χeff (ω)[−iωgeiωτ δx(ω) + Fth (ω)],

with χeff (ω) =

2
m(ωm

−

ω2)

1
.
− gω sin(ωτ ) − imω[γm − g cos(ωτ )/m]

(4.11)

(4.12)

Here χeff is the effective mechanical susceptibility, in analogy to the one defined in
optomechanical systems [see Eq. (3.38)]. We can see from Eq. (4.12) that the natural
mechanical frequency and damping can be modified by the feedback control. Particularly, the feedback will alter only the mechanical frequency when ωτ = (2n + 1)π/2 (n
is an integer), or add only extra damping to the cantilever when ωτ = nπ. To achieve
optimum cooling and avoid the modification of mechanical frequency, it is necessary
to tune the feedback delay appropriately such that ωτ = nπ. It is therefore better to
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include a phase shifter within the feedback loop if the feedback speed is slower than
the mechanical response of the cantilever. Additionally, a negative gain is required to
obtain an artificial positive damping and thus to achieve cooling. We now consider
an ideal case by assuming that the feedback is very fast such that the delay can be
neglected. Under this condition, the displacement spectrum Eq. (4.11) can be written
as
x(ω) = χeff (ω)[−iωgδx(ω) + Fth (ω)],

with χeff (ω) =

2
m(ωm

−

ω2)

1
.
− imω(γm − g/m)

(4.13)

(4.14)

The thermal noise Fth (t) and measurement noise δx(t) are generally uncorrelated, allowing us to obtain the actual displacement spectral density
Sx (ω) = ω 2 g 2 |χeff (ω)|2 Sδx (ω) + |χeff (ω)|2 Sth (ω).

(4.15)

It is worth noting that real experimental measurements contain the measurement noise.
The measured displacement is therefore given by
x(ω) + δx(ω) =

χm (ω)−1 δx(ω) + Fth (ω)
.
χeff (ω)−1

(4.16)

We then obtain the corresponding spectral density of measured displacement
Sx+δx (ω) =

|χeff (ω)|2
S (ω) + |χeff (ω)|2 Sth (ω),
|χm (ω)|2 δx

(4.17)

which is plotted in Fig. 4.5(b) for several different gains. It is shown from the figure
that the thermal excitation of the cantilever can be significantly suppressed for a larger
gain. The cantilever may also be cooled down close to its quantum states with such a
feedback cooling method [50]. We note that the cooling efficiency is subjected to the
measurement noise as well as the electronic noise produced by the feedback loop.

Part II

Photothermal nonlinearity in an
optical cavity
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Chapter 5

Photothermally Induced
Transparency

Induced transparency is a common but remarkable effect in optics. It occurs when
a strong driving field is used to render an otherwise opaque material transparent.
The effect is known as electromagnetically induced transparency in atomic media and
optomechanically induced transparency in systems that consist of coupled optical and
mechanical resonators. In this chapter, we introduce the concept of photothermally
induced transparency (PTIT). It happens when an optical resonator exhibits nonlinear
behavior due to the optical heating of the resonator or its mirrors. Similar to the
established mechanisms for induced transparency, PTIT can suppress the coupling
between an optical resonator and a traveling optical field. We further show that the
dispersion of the resonator can be modified to exhibit slow or fast light. Because of
the relatively slow thermal response, we observe the bandwidth of the PTIT to be
2π × 15.9 Hz, which theoretically suggests the group velocity of a light pulse passing
through the system to be as low as 5 m/s.

5.1

Introduction

Electromagnetically induced transparency (EIT) can occur when a medium that
would otherwise absorb a probe field is rendered transparent by altering the atomic
state with a control field [51–59]. The control field creates two dressed states that
destructively interfere, resulting in a transparency window for a resonant probe field.
The first demonstration of EIT was performed by Boller et al. in 1991 [51], showing
transmittance transparency in an atomic transition. This phenomenon was widely
recognized and applied in the manipulation of photons [53, 55, 60]. The EIT technique
was shown to markedly reduce the group velocity of light in an ultracold atomic gas
(17 m/s at 589 nm) [61], thereby trapping light pulses for a controlled period of time
71
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(up to ∼ 0.5 ms) [62]. Observations of this ultraslow light pulse were then reported in
other solid [63, 64] and gaseous [65–67] media.
An analogous phenomenon exists in optomechanical systems composed of coupled
optical and mechanical resonators, known as optomechanically induced transparency
(OMIT) [39, 68, 69, 69–75]. Beating between control and probe fields produces a radiation pressure force that oscillates at the resonant frequency of the mechanical resonator
and induces coherent oscillation of the resonator. The motion of the mechanical resonator then modulates the control field and generates a sideband that destructively
interferes with the probe field to produce transparency. In 2010, Weis et al. [39] presented a form of OMIT in a toroidal microcavity. By changing input control light
power, they achieved a tunable OMIT transparency window from 50 kHz to 500 kHz
compared with the total cavity loss rate of 15 MHz. The OMIT effect was also observed in other optomechanical systems [59, 69, 76], and its nonlinear version has been
investigated [74,77]. It has found potential applications in slow light [68,78], Kerr nonlinearities [79] and precision measurement [80]. The presence of optomechanically induced absorption or a narrow gain feature can additionally lead to causality-preserving
superluminal propagation (group advance) [64, 81, 82].
In this chapter, we theoretically propose and experimentally demonstrate a transparency phenomenon induced by the photothermal effect in an optical cavity. In a
similar manner to radiation pressure [42, 68, 83], the photothermal effects couples the
cavity optical path length to the intracavity power. This is due to the absorption of
photons by the cavity mirrors leading to thermal expansion and refractive index change
of the mirror coating and substrate. These photothermal effects can either decrease or
increase the optical path length of the cavity depending on the interaction [25,84]. Just
as with radiation pressure, the modulation in cavity length caused by the photothermal
effects gives rise to feedback between intracavity power and cavity length.
We investigate the dynamics of an optical cavity that is driven by both a bright
control field and a weaker probe field. If the cavity exhibits photothermal effects,
then interference between the two fields will lead to a modulation of the cavity optical
path length at the frequency difference between the two driving fields. This length
modulation will, in turn, generate Stokes- and anti-Stokes optical sidebands. In the
total cavity transmission spectrum including two-sideband contribution, we find a nearunity dip with its efficiency and bandwidth being tunable via the power and effective
detuning of the control field. We call the effect photothermally induced transparency
(PTIT) for consistency with EIT and OMIT. In all three cases, the presence of a
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strong optical control field suppresses the coupling between a weaker optical probe
and a resonance feature. For EIT, this produces increased transmission through an
atomic media. For OMIT with a single-ended cavity, the effect is observed in the
increased transmission [39] or decreased reflection [68] from the coupling interface. Here,
we consider PTIT in a two-ended cavity, and the effect is observed as a decrease in
transmission. The term “transparency” is therefore counter-intuitive in this context
but is consistent with the established terminology of OMIT.
In addition, we find that the transmission spectrum for the probe field is strongly
modified in the vicinity of the control field frequency, showing a unique feature that
cannot be found in EIT or OMIT. The spectrum exhibits both decreased and increased
transmission, with a depth and width that are mediated by the control field intensity
and the properties of the photothermal effects. This is the result of the destructive
(or constructive) interference between the intracavity probe field and the scattered
anti-Stokes (or Stokes) field. The spectrally narrow feature has a large dispersion that
leads to an optically tunable delay and advancement of group velocity on the order of
milliseconds.

5.2
5.2.1

Experimental setup and Modeling
Setup

Our experimental setup is shown in Fig. 5.1(a). A laser is split into a very intense
control laser and a weak probe laser via a polarizing beam splitter (PBS). The detuning
of the two beams is controlled using two acousto-optic modulators (AOMs). The two
beams are then recombined and are injected into an optical cavity consisting of a
convex-front mirror and a concave-end mirror. The cavity mirrors of our system are
attached to a hollow Invar cylinder to form a resonator that has reduced thermal
variations and acoustic noise. The beam waist of the cavity field is close to the front
mirror such that the laser intensity at the front mirror is higher than at the end
mirror so that the photothermal effects on the front mirror is dominant. We orient
the front mirror with the high-reflectivity coating facing outwards so that the intracavity field passes through the substrate, as shown in Fig. 5.1(b). In this configuration,
the substrate of the front mirror is heated by the absorption of intracavity photons,
leading to both a change in the refractive index of the substrate and outward thermal
expansion of the mirror surface. This allows us to explore the photothermal effects at
low laser powers. The substrate of our cavity mirrors is made from fused silica. One
can use another material with a higher absorption coefficient as the substrate (e.g.,

74

Photothermally Induced Transparency

Reference
Detector

(a)
Laser

Control
Optical
Isolator

HWP PBS

Lens

50:50 HWP

Optical
Cavity

Lens

Lens Transmission
Detector

AOM
Laser
Window

Front
Mirror

End
Mirror

HWP
Mode
Cleaner

AOM

Reflection
Detector

(b)

AR Coating

Photothermal
Expansion

Mirror
Probe

HR Coating

PZT

AR Coating
HR Coating

Figure 5.1: Experimental set-up and detection configuration.(a) Experimental setup. A laser
(1064 nm) is split into a strong laser (control) and a weak laser (probe) with their frequencies
being modulated by two acousto-optic modulators (AOM) respectively. The two lasers are
recombined by a 50:50 split and then coupled to a linear optical cavity. The substrate (made
from fused silica) of the cavity front mirror is placed inside the cavity such that the photothermal
effects is enhanced. The polarization of the laser is tuned by a half-wave plate (HWP) to avoid
birefringence effects. A laser window is used to pick up the cavity reflection (blue detector) and
the reference signal (green detector). The transmitted power of the cavity is also detected by
a photo-diode (red). (b) The strong laser is partially absorbed by the cavity mirrors, leading
to the expansion of the mirror surfaces and the refractive index change of the substrate. The
front mirror is orientated such that its high-reflectivity (HR) coating faces outward, and its
anti-reflectivity (AR) coating faces inward. The end mirror attaches a piezoelectric actuator
(PZT) used to scan the cavity length.

BK7), which will further lower the power requirements for the experiment.
To measure the cavity response, we detect the transmitted and reflected light (denoted in red and blue, respectively), as well as a reference for the input intensity
(denoted in green). A laser window is used as a beam pick-off for the reference beam
and cavity reflection. Figure 5.2 shows a sample of the collected data where the control
is tuned near the cavity resonance. The beat note between the control and probe is
detected and used to infer the amplitude of the probe and the relative phase between
the two beams on transmission and reflection. When the frequency of the probe field
is near that of the control field, the beat note is suppressed and phase-shifted in the
transmitted signal.
The system parameters are calibrated as: cavity length Lc = 0.05 m, cavity finesse
F = 5760, cavity decay κ = 2π × 530 kHz, photothermal coefficient β = −1.8 pm/W,
photothermal relaxation rate γth = 2π × 15.9 Hz, laser wavelength λc = 1064 nm.
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Figure 5.2: Reference (green), reflection (blue) and transmission (red) signals detected by the
three optical detectors. The left panels present the spectral configuration of control and probe
lasers. The middle panels show the detector signals normalized to cavity resonance. Each data
set (dots) are fitted using a sine wave (solid lines). The curves on the right panels are shifted
for clarity, which allows us to see the phase shift relative to the reference signal. The probe
frequency relative to control frequency is set as Ωp = 2π × 8 kHz and Ωp = 2π × 5 Hz for figures
(a) and (b) respectively. The signals are measured at a control power of about 90 mW and
effective control detuning of about 2π × 140 kHz.

5.2.2

Equations of motion

There are several models that give quantitative descriptions of the photothermal effects in an optical cavity [21, 27]. Here, we use an empirical equation that has been
demonstrated experimentally [25]. We consider a cavity mode (a) which is driven by
a strong control field with frequency ωcon and power Pcon . The cavity mode is also
driven by a much weaker probe field with frequency ωp and power Pp . We investigate
the dynamics of the system using the equations of motion in the rotating frame of ωcon
.

xth = −γth (xth + βPc ),
.

a = −[κ/2 − i(∆ + Gxth )]a + εcon + εp e−iΩp t ,

(5.1)
(5.2)

where xth is the total cavity length change due to photothermal effects (including photothermal expansion and photothermal refractive index change), γth is the effective
photothermal relaxation rate, and β = |dxth /dPc | is the effective photothermal coefficient. The sign of β here is negative due to the outwards expansion of the front cavity
mirror and the refractive index increase of its substrate. The control field is detuned
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from the cavity resonance by ∆ = ωcon − ωcav . The amplitude of the control field is
p
given as εcon = Pcon κf /~ωcav where κf is the loss from the front mirror. The freq
quency of the probe (amplitude εp = Pp κf /~ωcav ) is Ωp = ωp − ωcon in the rotating
frame of the control frequency. The total loss rate of the cavity, κ, includes an external
loss rate and an intrinsic loss rate. The intracavity power is Pc = ~ωcav |a|2 /τcav , where
τcav = 2Lc /c is the cavity round-trip time and Lc is the cavity length. The cavity mode
and the photothermal effects are coupled at the rate G = ωcav /Lc .

5.2.3

Bistability

In the case that the probe field is much weaker than the control field, we can linearize
Eqs. (5.1)-(5.2) using the assumptions, xth = x0 + δxth , a = a0 + δa, and a∗ = a∗0 + δa∗ .
We obtain following steady state solutions after performing the linearization
x0 = −α |a0 |2 ,
εcon
,
a0 =
κ/2 − i(∆ + Gx0 )

(5.3)
(5.4)

and the linearized dynamical equations:
.

δxth = −γth [δxth + α(a0 δa∗ + a∗0 δa)],
.

δ a = −κδa/2 + i∆0 δa + iGa0 δxth + εp e−iΩp t ,

(5.5)
(5.6)

where α = β~ωcav /τcav , and ∆0 = ∆ + Gx0 is the effective detuning of the control laser
from the cavity resonance. We look at the steady-state solutions first before moving
towards the analysis of the system dynamics.
The cavity resonance shift due to the photothermal effects is proportional to the
cavity length change x0 , as indicated by Eq. (5.4). Also, x0 is linearly linked to the
intracavity power as shown in Eq. (5.3). We can combine Eqs. (5.3) and (5.4) to obtain
a cubic equation for x0 . If the cubic equation has only one real root, then the system
has only one steady state. If there are three distinct real roots, then the system is in
a bistable state where two solutions are stable and the other one is not. Figure 5.3(a)
maps stability against the free parameters of control field detuning and power, with
the blue region representing the presence of the bistable state and the yellow region
being the single-stability regime. Our following experiments run within the bistability
regime, where the cavity can be self-stabilized under a blue-detuned control without
any external active feedback control.
To explore the steady state of the cavity during the experiment, we slowly scan the
cavity length using the piezoelectric actuator attached to the end cavity mirror. At
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Figure 5.3: Stability of the system induced by the photothermal effects.(a) The stability map
of the system, with the blue region being the bistability and yellow region being single stability.
The parameter regime enclosed with solid curves corresponds to the one of Fig. 5.7. The
green line represents the transition between single stability and bistability. (b) Experimental
observation of optical bistability induced by the photothermal effects. At a control power of
160 mW, the cavity response depends on the scanning direction. We observe the self-locking
effect when moving the cavity mirror outwards and anti-self locking effect when moving the
mirror inwards.

a control power of Pcon = 160 mW, we observe optical bistability in the transmitted
signal of the cavity, as shown in Fig. 5.3(b). The cavity resonance is shifted and the
typical Lorentzian response of a cavity is deformed due to the photothermal nonlinear
interaction [84, 85]. There are two distinct paths for the cavity behavior depending on
the scanning direction. The cavity is self-locked when increasing the cavity length via
the actuator and is anti-self-locked when scanning from the other direction.

5.3

Photothermally induced transparency

We now look at the dynamic behavior of the system. If we consider the ansatzs–
δxth = qe−iΩp t +q ∗ eiΩp t , δa = A− e−iΩp t +A+ eiΩp t , and δa∗ = (A− )∗ eiΩp t +(A+ )∗ e−iΩp t –
and insert them into Eqs. (5.5) and (5.6), then we obtain the solution of the first order,
A− =

1 + if (Ωp )
ε ,
[−i(∆0 + Ωp ) + κ/2] + 2∆0 f (Ωp ) p

(5.7)
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with
f (Ωp ) =

Gγth α |a0 |2
.
[i(∆0 − Ωp ) + κ/2](iΩp − ε)

(5.8)

The transmitted field is given as follows,
tc = κe a
= κe (a0 + A− e−iΩp t + A+ eiΩp t ),

(5.9)

where κe denotes the loss at the cavity end mirror. In a bare optical cavity response,
there is only one sideband as A+ = 0 (see Appendix A.1). In the presence of photothermal effects, the beating of the control and probe fields induces a periodic oscillation
of the effective cavity length δxth . The oscillation of δxth gives rise to anti-Stokes and
Stokes scattering from the control field. This process of photothermal back action generates two sidebands at Ωp (probe field) and −Ωp inside the cavity. The sidebands are
not negligible as they are close to cavity resonance. The beat frequency of the control
and probe fields determines the time scale of the process. Given that a0  A− , the
dominant time-varying signal of the cavity transmission |tc |2 is obtained by neglecting
the higher-order terms:
T

=

κa∗0 A− + κa0 (A+ )∗
cos(Ωp t + φT ),
2a0 εp

(5.10)

where φT indicates the phase of T . Experimentally, the amplitude Tamp and phase φT
of this signal are extracted from the data presented in the right panels of Figs. 5.2:
the amplitude of the sinusoidal signal refers to Tamp and the phase difference between
the reference and transmission signals indicates φT . Note that T excludes the constant
background of tc . We will focus our discussion on transmission signal T as this carries
all the information about the intra-cavity field.
The top panels of Fig. 5.4(a) present how the amplitude Tamp of the time-varying
transmission depends on the probe frequency (Ωp /2π) at two different control detunings. The red dots are the experimental data, and the solid curves are the associated
model fits of Tamp . The broad resonance refers to the response of a bare cavity. A
very narrow and near-unity dip is observed when the probe frequency is close to the
control frequency (i.e., Ωp ≈ 0). The inset of the figure presents the details of the dip.
The approximate profile of the transmission dip is a Lorentzian function (see Appendix
A.2). The phase spectrum of the transmitted signal is shown in the bottom panel of
Fig. 5.4(a). A sharp change of the phase happens when the dip appears, i.e., Ωp ≈ 0.
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Figure 5.4: Observation of the photothermally induced transparency and an intuitive picture
on self-locking. (a) Photothermally induced transparency observed in measured cavity transmission (dots) at a control power of about 90 mW. We set ∆0 = 0.28κ by manually tuning the
piezoelectric actuator. Solid lines correspond to the model fits of experimental data. We observe
a sharp transmission dip in the amplitude response Tamp of the dominant time-varying cavity
transmission (top panels). The phase φT of the transmission is greatly altered (bottom panels),
implying a strong dispersion behavior of the system. (b) The diagram of the “Beat-locking”
picture. The fluctuation of intracavity power induced by the probe field tends to converge in the
blue-detuned regime and diverge in the red-detuned regime. The insets illustrate the diagrams
of transmission dip and amplification peak present at blue and red detunings, respectively.
Note that the red-detuned cavity can be stable only in the single-stability regime. Given that
our experiment run in the bistable regime, the relevant amplification process is not observed
for the red-detuned case.

There is a good agreement between the model and experimental data, which allows us
to calibrate the photothermal parameters precisely. We fit the model to data taken
at several other control powers and detunings, which gives us fitting values of β and
γth , i.e., −1.8 ± 0.2 pm/W and 2π × (15.9 ± 1.4) Hz respectively. The error here is the
standard deviation.
We also consider an intuitive picture based on self-locking to provide physical insights into the effects mentioned above [see Fig. 5.4(b)]. We start the analysis from
a single strong control field at ∆0 > 0. The cavity stays in a steady state under this
single-frequency input. The blue point on the right side of the cavity resonance shown
in Fig. 5.4(b) represents such a steady state in the case of an effective blue detuning.
A secondary weak probe field, close to control frequency, then attempts to enter the
cavity. The presence of the probe field can disrupt the stability of the cavity field due to
the beat between the control and probe lasers. However, the following process prevents
disruption from happening. When the control and probe laser are in phase, the presence of the probe field increases the overall intracavity power which in turn increases

80

Photothermally Induced Transparency

the cavity length (via photothermal effects). The increase of the cavity length then
lowers the cavity power, which in turn cools the mirror and decreases the cavity length
back towards what it was. As a result, the probe field fails to disrupt the cavity stability. This process gives rise to the transmission dip at the blue point [see Fig. 5.4(b)].
We can do a similar analysis for the red dot located within the red-detuned regime,
i.e., power up → cavity length increase → power up, and power down → cavity length
decrease → power down. This process means that the probe can easily disturb the
cavity stability and lead to amplification in intracavity power.
1
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Figure 5.5: Theoretical and experimental results of the power dependence of the transparency
bandwidth. (a) The bandwidth of transmission dip as a function of control laser power for
several different control detunings. The bandwidth is obtained by fitting the dip to a Lorentzian
function. Solid curves represent the model, and the points with error bars are the experimental
results. Error bars indicate the 95 % confidence interval. (b)-(c) Cavity transmission at high
power of 160 mW (red error bar). At high powers, the experimental result starts to deviate
from the theory [panel (b)] as the increase of mirror temperature gives an increase of the
photothermal coefficient. When taking into account the change of the photothermal coefficient,
we can still fit the model to the data [panel (c)] and obtain a new photothermal coefficient.

The bandwidth of the transmission dip is obtained by fitting it to a Lorentzian
function. Figure 5.5(a) includes the theoretical and experimental results of the power
dependence of the bandwidth at four different control detunings. The error bars indicate the standard deviation in the fit of the bandwidth. The theory shows that the
bandwidth is linearly dependent on the control power. This is based upon the assumption that the photothermal coefficient β does not change with the increase of the mirror
temperature. The experimental data agree well with the theory at low control powers.
There is, however, a disagreement at the control power of 160 mW (data of red dot)
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since the increased mirror temperature increases the value of β. The transmission dip
linked to the red point is given in Fig. 5.5(b). The inset of Fig. 5.5(b) presents a clear
discrepancy between the data and the model under the photothermal parameters that
we calibrate at low powers. The experimental result implies that the power dependence
of the bandwidth is nonlinear at high powers. Note that the model will be still valid
when taking into account the modifications of the photothermal parameters due to
mirror heating. The orange line in Fig. 5.5(c) is a new fit of the model to data and we
still see a good agreement. We obtain a new photothermal coefficient of −3.4 pm/W
at this control power.

5.4

Group delay and advance of probe field

The previous section discussed the total transmission of the cavity. It is also of
interest to explore the modification of the intracavity probe field in the presence of
photothermal effects. As discussed earlier, two optical sidebands at Ωp (same as probe
field) and −Ωp are generated inside the cavity since the cavity power is coupled to the
optical path length via photothermal effects. When focusing on the behavior of the
probe field, we will only look at the sideband of the frequency, which is the same as
the probe. From Eq. (5.9), the normalized probe transmission is obtained as:
tp =
=

κA−
2εp
[1 + if (Ωp )]κ/2
.
[−i(∆0 + Ωp ) + κ/2] + 2∆0 f (Ωp )

(5.11)

In the absence of the control field, i.e., f (Ωp ) = 0, Eq. (5.11) is reduced to a
Lorentzian form which is the typical profile of a bare cavity response. Experimentally,
the amplitude and phase of the probe transmission are calibrated from the measurement
of the amplitude and phase of cavity transmission T (see Appendix A.3).
Figure 5.6(a) shows the theoretical prediction (solid curve) of the probe transmission
and corresponding experimental result (red dots). The Lorentzian response of the
transmitted probe field is modified in the presence of a strong control field. Under the
same control detuning, the excitation of the intracavity probe field is either amplified
or suppressed depending on the probe frequency. The inset of Fig. 5.6(a) shows the
details of this effect. This behavior is similar to OMIT and EIT phenomena, though
it is distinct. The transmission dip occurs at Ωp ≈ 0 where the probe frequency is
very close to the control frequency while OMIT happens when the beat frequency of
control and probe is equal to the resonant frequency of its mechanical resonator. In
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Figure 5.6: The probe transmission and group delay modified by a strong control field. (a)
Probe transmission as a function of probe frequency (Ωp /2π), including theoretical results (solid
lines) and calibrated data (dots). Both a peak and a dip are present in a given control detuning.
(b) The phase response of probe transmission. Alteration of phase at Ωp ≈ 0 signifies strong
cavity dispersion. (c) Group delay of probe transmission. A positive value of delay implies a
slow light effect while a negative one implies causality-preserving superluminal effect. Pcon ≈
90 mW and ∆0 ≈ 0.28κ are used for all panels.

addition, the sharp signature in the probe transmission spectrum is asymmetric, with
the simultaneous presence of a peak and a dip. In an optomechanical system, the
transparency is present for a red-detuned control while the absorption appears in the
blue-detuned regime.
We can use the scattering picture to explain this phenomenon. The beating of the
control and probe fields induces the oscillation of the effective cavity length due to photothermal effects. The oscillation frequency is determined by the beating frequency as
the ansatz δxth = qe−iΩp t + q ∗ eiΩp t suggests. Furthermore, the amplitude and phase of
the oscillation are controllable via the control and probe lasers. In turn, the oscillation
leads to the Stokes- and anti-Stokes scattering of the control field. When Ωp > 0, the
frequency of the probe field is the same as that of the scattered anti-Stokes field. Since
the anti-Stokes field and the probe field are out of phase, their destructive interference
suppresses the intracavity probe field and induces a transmission dip. When Ωp < 0,
both the frequencies and the phases of the probe field and the Stokes field are the same.
The interference of the two optical fields leads to the amplification of the probe field.
The presence of the transmission dip or sharp absorption peak implies a strong
modification of the cavity dispersion. The phase response of the transmitted probe
field is shown in Fig. 5.6(b). A sharp change of the phase is clearly observed at Ωp ≈ 0.
The behavior of the probe phase gives a measure of the group delay or advance of the
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probe field as it travels through the cavity. We can obtain the group delay using the
following two methods [see references [39] and [68] respectively],

τt = R{

dφtp (Ωp )
−i dtp
}, or τt =
,
tp dΩp
dΩp

(5.12)

where φtp (Ωp ) is the phase of the probe transmission obtained from Eq. (5.11). The
sign of τt determines the property of the light, that is, a positive and a negative sign
imply slow light and fast light respectively [64]. At a control power of Pcon ≈ 90 mW
and effective control detuning of ∆0 ≈ 0.28κ, we observe a maximum group delay of
about 0.6 ms at Ωp < 0 and a maximum group advance of about 1.4 ms at Ωp > 0 [see
Fig. 5.4(c)]. The simultaneous presence of the effects of slow and fast light is due to
the asymmetric feature in the probe transmission spectrum, that is, it is a result of the
photothermally induced transparency and absorption.
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Figure 5.7: Theoretical predictions of group delay and advance. Theoretical prediction of
group delay (a) and advance (b) as a function of control powers and effective control detunings
(∆0 ). The blue dots correspond to the experimental description in Fig. 5.6. Here we take the
absolute value for group advance. Both delay and advance are tunable via control detuning
and power. The green curves indicate the boundary between single stability and bistability, as
mentioned in Fig. 5.3.

The values of delay and advance are dynamically tunable via the intensity or detun-
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ing of the control laser. The theoretical prediction is shown in Fig. 5.7. The blue dots
on the plots correspond to the case we discussed in Fig. 5.6. Here we assume that the
photothermal coefficient remains constant as the mirror temperature increases. We can
easily switch between slow and fast light effects by modulating the detuning of the control laser. The maximum delay can be about 10 ms, which is much longer than the ones
achieved on OMIT [68]. The cavity length Lc is 50 mm, which gives us a pulse propagation velocity of about 5 m/s (the group velocity is obtained from vg = Lc /τt [86,87]).
The bandwidth of the pulse, however, is limited by the photothermal relaxation rate,
which in this case is about 2π × 15.9 Hz. As mentioned earlier, we plot Fig. 5.7 in the
parameter regime, which is enclosed with solid curves in Fig. 5.3. The green curves
suggest that huge delays and advances of the group velocity can occur at the transition
from bistability to single stability. With regard to the superluminal effect, the peak
of a narrow-band pulse is faster than light and travels through the cavity before it
enters into the cavity. This case, however, occurs at the price of the distortion of the
pulse. The signal (front of the pulse) is still sub-luminal and satisfies the principles of
causality and relativity for the transfer of energy or information [88].

5.5

Discussion

We are the first to propose and demonstrate the transparency phenomenon induced
by photothermal effects. We apply a weak laser to probe the response of an optical
cavity that is strongly driven by a control laser and exhibits photothermal effects.
The total cavity transmission includes two sidebands as a result of the photothermal
back action. We experimentally observe a narrow dip in the cavity transmission power
spectrum, which is in line with the theoretical prediction. The bandwidth of this dip
is controllable via the control power and detuning. Furthermore, we report a nearunity dip as well as a sharp peak in the probe transmission. We also find a strong
modification of the phase response of the probe field when the probe frequency is close
to control frequency. Such an intense dispersion leads to a maximum group delay and
a maximum group advance on the order of milliseconds. The delay and advance are
capable of being dynamically tuned by control powers and effective control detunings.
It is worth noting that the delay or advance of the group velocity is also determined by
the photothermal parameters. Some materials have practically tunable photothermal
parameters [89,90]. The photothermal relaxation rate can also be controlled by the size
of the beam spot on the mirror. This can easily be achieved by adjusting the transverse
electromagnetic mode via the change of the cavity length. Ultimately, this highly
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tunable group advance/delay phenomenon makes the photothermal effects attractive
in the field of all-optical control.
We would like to note that it might be difficult to extend the effects investigated in
this chapter towards the quantum regime since the optical information transferred to
the photothermal effects can dissipate into the environment. Unlike EIT and OMIT,
the underlying mechanism for PTIT does not involve interference between two quantum
paths. However, as with EIT and OMIT, PTIT arises due to destructive interference
between a probe field and the anti-Stokes sideband of light scattered from a control
field. This interference leads to a transparency window that is narrower than the
cavity or absorption linewidth. Also, it has been experimentally demonstrated that
the presence of photothermal effects can suppress the Brownian fluctuations of a microlever [19]. A recent theoretical work [24] proposed that the photothermal effects can
cool a mechanical resonator down close to its quantum ground state in the bad-cavity
limit. These works suggest that it may be possible to achieve a quantum version of
photothermally induced transparency.
Considering that the photothermal-cavity interactions can either set a fundamental
limit to metrology applications [12,13] or offer an effective way of suppressing Brownian
noise [19,91], the characterization of photothermal effects is crucial for cavity-based experiments requiring high sensitivity. A straightforward application of the PTIT effect
is to characterize the photothermal parameters. One can easily set up an experiment
similar to ours and fit the transmission data to our model to extract the photothermal
parameters. Additionally, all effects reported in our work are easy to access experimentally and thus show a convenient way towards applications on classical signal
processing, e.g., optical amplification and filtering.
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5.6

Appendix

This appendix includes the detailed calculations of the system dynamics.

A.1

Solution of linearized equation

We investigate the dynamics of our system using the equations of motion in the rotating
frame of control frequency ωcon :
.

xth = −γth (xth + βPc ),
.

a = −[κ/2 − i(∆ + Gxth )]a + εcon + εp e−iΩp t ,

(5.13)
(5.14)

where xth is the total cavity length change due to photothermal effects, γth is the
photothermal relaxation rate, and β = |dxth /dPc | is the photothermal expansion coefficient. The sign of β here is negative due to the outwards expansion of the front cavity
mirror and the refractive index change of the its substrate. The control field (amplip
tude εcon = Pcon κf /~ωcav ) is detuned from the cavity resonance by ∆ = ωcon − ωcav ,
q
and the frequency of the probe (amplitude εp = Pp κf /~ωcav ) is Ωp = ωp − ωcon
in the rotating frame of the control frequency. The total loss rate of the cavity, κ,
includes an external loss rate and an intrinsic loss rate. The intracavity power is
Pc = ~ωcav |a|2 /τcav , where τcav = 2Lc /c is the cavity round-trip time and Lc is the
cavity length. The cavity mode and the photothermal effects are coupled at the rate
G = ωcav /Lc .
We can linearize Eqs. (5.13)-(5.14) using the assumptions that xth = x0 + δxth ,
a = a0 + δa, and a∗ = a∗0 + δa∗ in the case that the probe field is much weaker than the
control field. We obtain following steady state solutions after doing the linearization:
x0 = −α |a0 |2 ,
εcon
,
a0 =
κ/2 − i(∆ + Gx0 )

(5.15)
(5.16)

where α = β~ωcav /τcav , and the linearized dynamical equations:
.

δxth = −γth [δxth + α(a0 δa∗ + a∗0 δa)],
.

δ a = −κδa/2 + i∆0 δa + iGa0 δxth + εp e−iΩp t ,

(5.17)
(5.18)

where ∆0 = ∆ + Gx0 is the effective detuning of the control laser from the cavity
resonance.
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Considering the following ansatzs,
δxth = qe−iΩp t + q ∗ eiΩp t ,
δa = A− e−iΩp t + A+ eiΩp t ,
δa∗ = (A− )∗ eiΩp t + (A+ )∗ e−iΩp t ,

(5.19)
(5.20)
(5.21)

we obtain:
(iΩp − γth )q = γth α[a0 (A+ )∗ + a∗0 (A− )],
(−i(∆0 + Ωp ) + κ/2)A− = iGa0 q + εp ,
(i(∆0 − Ωp ) + κ/2)(A+ )∗ = −iGa∗0 q.

(5.22)
(5.23)
(5.24)

We can easily get the solution as
A− =

1 + if (Ωp )
ε ,
[−i(∆0 + Ωp ) + κ/2] + 2∆0 f (Ωp ) p

(5.25)

Gγth α |a0 |2
.
[i(∆0 − Ωp ) + κ/2](iΩp − γth )

(5.26)

with
f (Ωp ) =

When there is no photothermal interaction, cavity length does not change, i.e., q = 0.
From Eq. (5.24), we get A+ = 0 in this case, implying that there is only one sideband
inside the cavity, which is the intracavity probe field. We thus have the cavity reflection
as follows
r = Sin − κa/2
κ
= εcon + εp e−iΩp t − (a0 + A− e−iΩp t + A+ eiΩp t )
2
κ
κ
κ
= εcon − a0 + (εp − A− )e−iΩp t − A+ eiΩp t .
2
2
2

(5.27)

κ
κ
κ
κ
κ
a0 )(εcon − a∗0 ) + (εp − A− )(εp − (A− )∗ ) + A+ (A+ )∗
2
2
2
2
2
κ ∗
κ −
κ
κ + ∗ −iΩp t
+[(εcon − a0 )(εp − A ) − (εcon − a0 ) (A ) ]e
2
2
2
2
κ
κ ∗ κ + iΩp t
κ − ∗
+[(εcon − a0 )(εp − A ) − (εcon − a0 ) A ]e
2
2
2
2
κ − ∗ κ + 2iΩp t
κ − κ + ∗ −2iΩp t
− (εp − A ) A e
.
(5.28)
−(εp − A ) (A ) e
2
2
2
2

|r|2 = (εcon −
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The cavity transmission is also calculated as follows
t = κa/2 =

κ
(a + A− e−iΩp t + A+ eiΩp t ).
2 0

κ2
(a + A− e−iΩp t + A+ eiΩp t )[a∗0 + (A− )∗ eiΩp t + (A+ )∗ e−iΩp t ]
4 0
κ2
=
[a a∗ + A− (A− )∗ + A+ (A+ )∗
4 0 0
+(a∗0 A− + a0 (A+ )∗ )e−iΩp t + (a0 (A− )∗ + a∗0 A+ )eiΩp t ,

|t|2 =

+A− (A+ )∗ e−2iΩp t + A+ (A− )∗ e2iΩp t ].

(5.29)

Here we assume that the losses of the front (κf ) and end (κe ) mirrors contribute equally
to the total loss (κ). Given that a0  A− , the normalized oscillation part (T) of the
transmitted signal is easily obtained by ignoring the higher-order terms:
T

=

κa∗0 A− + κa0 (A+ )∗
cos(Ωp t + φT ),
2a0 εp

(5.30)

where φT indicates the phase behavior of the cavity transmission.

A.2

Shape of the transparency window of the cavity transmission

We can see that the transmission windows in Fig 3 a,b, and Fig 4b follow a Lorentzian
shape. In this section, we will derive an expression for this. We begin with the amplitude of cavity transmission:
Tamp =

κa∗0 A− + κa0 (A+ )∗
.
2a0 εp

(5.31)

The square of this may be expanded as



2
|Tamp |2 = κ2 Ω2p + γth
4(∆0 − Ωp )2 + κ2 /


2
64α2 |a0 |2 ∆20 G2 γth
− 16α|a0 |2 ∆0 Gγth 4∆20 γth + κ2 γth − 4Ω2p (κ + γth )



2
+ Ω2p + γth
4(∆0 − Ωp )2 + κ2 4(∆0 + Ωp )2 + κ2 .
(5.32)
2 | over the transmission window, which occurs when Ω is
We wish to approximate |Tamp
p

of the same order as γth . To analyse this regime we introduce dimensionless parameters:
˜ 0 = ∆0 ; Ω̃p = Ωp ; G̃ = Gα ; κ0 = κ .
∆
κ
κ
κ
γth

(5.33)
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In terms of these we have
h
i
˜ 0 − Ω̃p )2 )(1 + (κ0 Ω̃p )2 ) /
|Tamp |2 = (1 + 4(∆
h
.
˜ 20 + 16|a0 |2 G̃∆
˜ 0 (−1 − 4∆
˜ 20 + 4(1 + κ0 )Ω̃2p )
64|a0 |2 G̃2 ∆
i
˜ 0 + Ω̃p )2 ) .
˜ 0 − Ω̃p )2 )(1 + (κ0 Ω̃p )2 )(1 + 4(∆
+(1 + 4(∆

(5.34)

˜ 0 |, as our detuning ∆0 is of order κ while Ωp is of order
We now approximate |Ω̃p |  |∆
γth . This corresponds to sending
˜ 0 ± Ω̃p → ∆
˜ 0,
∆

(5.35)

˜ 20 + 4(1 + κ0 )Ω̃2p → −4∆
˜ 20 ,
−4∆

in which case the transmission window becomes (returning to the original variables)
Twindow =

2 + Ω2 )
κ2 (4∆20 + κ2 )(γth
p
2 (4∆ (∆ − 2|a |2 Gα) + κ2 )2 + (4∆2 + κ2 )2 Ω2
γth
0
0
0
p
0

.

(5.36)

We can recover the Lorentzian shape by subtracting (5.36) from the response of a bare
cavity evaluated at Ωp = 0:

1+

=

A.3

1


∆0
κ/2

2
γth

2 −

2 + Ω2 )
κ2 (4∆20 + κ2 )(γth
p
2 (4∆ (∆ − 2|a |2 Gα) + κ2 )2 + (4∆2 + κ2 )2 Ω2
γth
0
0
0
p
0


2 4α|a |2 ∆ G − 4∆2 − κ2
16α|a0 |2 ∆0 Gκ2 γth
0
0
0

3 .
4∆20 + κ2 (4∆0 (∆0 − 2α|a0 |2 G) + κ2 )2 + ω 2 4∆20 + κ2

(5.37)

(5.38)

Calibration of probe transmission

When focusing on the behavior of the probe field, we will only look at the sideband of
the frequency which is the same as the probe. From Eq. (5.29), the normalized probe
transmission is obtained as:
tp =
=

κA−
2εp
[1 + if (Ωp )]κ/2
.
[−i(∆0 + Ωp ) + κ/2] + 2∆0 f (Ωp )

(5.39)

Experimentally, the amplitude and phase of the probe transmission are calibrated from
the measurement of the amplitude and phase of cavity transmission T .
Combining Eq. (5.22)-(5.25), we can also get the solution of q and (A+ )∗ as follows,
q =
(A+ )∗ =

[−i(∆0 + Ωp ) + κ/2]A− − εp
,
iGa0
−iGa∗0 q
.
i(∆0 − Ωp ) + κ/2

(5.40)
(5.41)
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According to Eq. (5.25) and Eq. (5.41), we have the following relation between A−
and (A+ )∗ ,
(A+ )∗ = ηA− ,

(5.42)

where
η = (η2 − η1 )η3 ,
[−i(∆0 + Ωp ) + κ/2] + 2∆0 f (Ωp )
η1 =
,
1 + if (Ωp )
η2 = −i(∆0 + Ωp ) + κ/2,
−iGa∗0
.
η3 =
i(∆0 − Ωp ) + κ/2

(5.43)
(5.44)
(5.45)
(5.46)

We can therefore calibrate the amplitude (tamp
) and phase (tphase
) of probe transmisp
p
sion based upon the measured cavity transmission T using the following equations,
a0
T amp ,
+ a0 η
a
+ φT ,
= arg ∗ 0
a0 + a0 η

tamp
=
p
tphase
p

(5.47)

a∗0

(5.48)

where the T amp is the amplitude of T .

A.4

A simplified solution

If we assume (A+ )∗ ≈ 0, we have a simplified version of the solution. Though this
approximation might not be valid in our case, the solution can still help us understand
how the photothermal effects influence the system. Equations (5.22)-(5.24) are reduced
to
(iΩp − γth )q = γth αa∗0 A− ,

(5.49)

(−i(∆0 + Ωp ) + κ/2)A− = iGa0 q + εp .

(5.50)

We obtain the solution as
A− =
=

εp
2

iGεα|a0 |
(−i(∆0 + Ωp ) + κ/2) − (iΩ
p −γth )
εp

−i(∆0 + Ωp −

2 Gα|a |2
γth
0
)
2
Ω2p +γth

+ (κ/2 −

Gεα|a0 |2 Ωp
)
2
Ω2p +γth

.

(5.51)
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2 Gα|a |2
γth
0
2
Ω2p +γth

and

the cavity decay is modified by the photothermal effects by
κth = −

Gεα |a0 |2 Ωp
.
2
Ω2p + γth

(5.52)

When Ωp approaches zero, we have a window of Lorentzian shape which can be described by the normalized reflectivity as follows.
εp (iΩp − γth )

A− =

,
κ(iΩp − γth )/2 − iGγth α |a0 |2
k(iΩp − γth )/2
r = 1−
κ(iΩp − γth )/2 − iGγth α |a0 |2
=

|r|

2

=
=

−iGγth α |a0 |2
,
κ(iΩp − γth )/2 − iGγth α |a0 |2

(5.53)

(5.54)

2 α2 |a |4 /κ2
4G2 γth
0
2
(2Gγth α |a0 |2 /κ − Ωp )2 + γth

C2
,
(C − Ωp /γth )2 + 1

C = 2Gα |a0 |2 /κ.

(5.55)
(5.56)

The reflectivity exceeds one in the case of C > 1 which can be easily realized by
enhancing the pump power. The Lorentzian width is
Γth = 2γth .

(5.57)

The reflection amplitude and phase under this limit take the form
−C(Ωp /γth − C) + iC
,
(Ωp /γth − C)2 + 1
1
).
φr (Ωp ) = arctan(−
Ωp /γth − C
r =

(5.58)
(5.59)
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The reflection group delay is given as
dφr (Ωp )
dΩp
1
1 + ( Ω /γ1

τr = −
=

p

th −C

)2

1/γth
(Ωp /γth − C)2

1/γth
,
(Ωp /γth − C)2 + 1
−i dr
}.
= R{
r dΩp

=
or

τr

(5.60)
(5.61)

The transmission group delay is obtained as
−iC
,
i(Ωp /γth − C) − 1
−i dt
R{
}
t dΩp
Cε(γth + iΩp )(iε − Ωp + Cε)
R{ 2
2 − 2CεΩ + γ 2 + Ω2 ) }
(γth + Ω2p )(C 2 γth
p
p
th
1 C(1 + iΩp /γth )(i − Ωp /γth + C)
R{
}
γth [1 + (Ωp /γth )2 ][(Ωp /γth − C)2 + 1]
C(−2Ωp /γth + C)
1
R{
}.
γth [1 + (Ωp /γth )2 ][(Ωp /γth − C)2 + 1]

t = 1−
τr =
=
=
=

(5.62)

(5.63)

Chapter 6

Optical modification of
photothermal relaxation rate

In an optical cavity strongly coupled to photothermal effects, we experimentally observe
an analogy to the radiation-pressure-induced optical spring; that is, the intracavity optical field can significantly alter the natural photothermal relaxation rate as a function
of cavity detuning. This optical correction phenomenon is a crucial element when exploring the dynamics of an optical system with apparent photothermal effects. With
the help of this effect, we obtain a precise estimation of the natural photothermal relaxation rate (or effective thermal conductivity) with the relative uncertainty being
an order of magnitude better than previous works. The other unique feature of our
scheme is compact and versatile, which enables a quick and precise characterization of
photothermal effects.

6.1

Introduction

Light is a powerful tool in engineering the dynamics of the system with which
it interacts. A well-known example is optical spring [45, 92–98] and damping effects
[83, 99–103] observed in optomechanical systems in which a mechanical oscillator and
an optical cavity are coupled via radiation pressure force of light. An anti-restoring
force and a viscous damping force induced by the radiation pressure force are exhibited
in the red-detuned regime where one can exploit the optical damping effect to cool
the mechanical oscillator to its ground state [100, 104, 105]. A blue-detuned cavity,
however, reveals an optical restoring force as well as an optical anti-damping force.
The restoring force has led to applications in optical trapping and levitation [42, 106]
while the anti-damping force leads to self-sustained oscillations [107, 108] and chaotic
behaviors [109–111] in the system.
In analogy to optical spring and damping effects, we show in this chapter that
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the natural relaxation rate of photothermal effects coupled to an optical cavity can
be significantly modified by the nonlinear interaction between the photothermal shift
and the intracavity light field. In other words, the effective cut-off frequency of the
photothermal effects is dependent on the cavity parameters, including laser power and
cavity detuning. This effect can be crucial for the analysis of dynamics and the control
of the photothermal responses in a cavity-based system. It can also be applied to build
optical filters with tunable critical cut-off frequency. In virtue of the optical correction,
we additionally propose a compact and versatile scheme to characterize photothermal
parameters with high precision.
Characterizing the photothermal parameters and dynamics can reveal important
information about the system. On the one hand, photothermal effects can impose
a limit to state-of-the-art displacement measurements of high-sensitivity interferometers [3, 11, 15, 112], from small AFM-cantilever optical cavities [16] to kilometre-scale
gravitational-wave detectors like LIGO [11, 17, 18]. In extreme applications, the shot
noise of the absorbed light can set a fundamental limit on the sensitivity of the measurements [12, 113] and the production of low-frequency squeezing [31]. On the other
hand, photothermal effects were found to be effective in suppressing the Brownian noise
of a microlever [19, 22] and may even cool a mechanical resonator close to its quantum
ground state [24].
Braginsky et al. [11] were the first to advance a model for photothermal effects in interferometric systems. Their analysis approximated the targets as half-infinite mirrors
and is valid in the so-called adiabatic limit, where the thermal diffusion length is shorter
than the beam spot radius. In terms of dynamical photothermal effects, this approximation corresponds to the regime of frequencies higher than a critical cut-off frequency
determined by the photothermal relaxation rate. Cerdonio et al. proposed a complete
model valid over the full dynamical range [12]. This model was soon confirmed experimentally [13] and extended to account for thin-film coatings and higher-frequency
corrections [14]. Other recent approaches [114, 115], despite being successful at an absolute calibration of the photothermal parameters, often required pump-probe schemes
and involved complex fitting models. The photothermal parameters reported by these
investigations have a relative uncertainty on the order of ≈ 10-20%.
Unlike previous characterizations, our scheme and model present three unique properties. First of all, our scheme takes advantage of photothermal self-locking of the cavity
and requires only a single laser beam, an optical modulator, and two photodetectors,
with no need for additional external feedback control. Secondly, our model is compat-
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ible not only with amplitude modulation but also with phase modulation of the cavity
field, generalizing our scheme to a broader set of experiments. Finally, our proposal
offers a more concise measurement with only two free parameters, allowing for precise
fitting to experimental data.
Experimentally, we implement our scheme using a concave-convex Fabry-Pérot cavity in standard room-temperature and ambient-pressure conditions. We observe the
nonlinear dependence of the photothermal spring on the cavity detuning. We show that
the altered photothermal relaxation rate can be tens of times larger than its natural
value. Additionally, the best fit of the cavity phase response gives us the photothermal relaxation rate of 16.2 ± 0.2 Hz, corresponding to the thermal conductivity of
1.182 ± 0.016 W/K m. The precision achieved is about an order of magnitude better
than previous works [13, 114, 115].

6.2

Modeling

The proposed scheme for calibrating photothermal parameters is shown in Fig. 6.1(a).
The optical cavity, enclosed within a transparent box, is the element to be characterized. The Fabry-Pérot resonator represented in the figure can be replaced with any
other type of optical resonator without loss of generality. The input laser (of optical
frequency ωl ) is sent through a modulator before acting as the input to the cavity. We
will consider amplitude modulation of the laser beam by an acousto-optic modulator
(AOM), even though it should be noted that the characterization of the photothermal
parameters can also be performed with phase or frequency modulation (see Appendix
A.3). A partially reflecting optical window following the AOM is used to pick up a
reference signal. We also collect the transmitted signal (blue detector) encoding the
response of the system and compare it to the reference (red detector) to calibrate the
phase difference in the modulation.
For the photothermal effects, we start with an empirical model which has been
demonstrated [25, 29] to describe photothermal interactions. It is assumed that the
change of cavity length increases (or decreases) exponentially as the cavity mirrors are
heated up by the stationary intracavity optical field. Denoting by xth the total change
of the optical path length induced by the net photothermal effects and by a the amplitude of the intracavity field, the dynamics of the photothermal interaction between
the two can be modeled by the following two equations of motion in the rotating frame
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Figure 6.1: (a) Setup. The system enclosed with the blue box can be any type of cavitybased system. An optical window is used to pick up the reference beam before the laser is
injected into the system. The input laser power is lightly modulated using an acousto-optic
modulator (AOM). The powers of the reference beam and transmitted beam are detected by two
photodiodes. (b) Diagram of system bistability. The red profile shows the typical Lorentzian
response of an optical cavity as a function of detuning. In blue, the response of a similar cavity
modified by the photothermal interaction, which drags or skips through resonance depending
on the scan direction. At high intra-cavity powers, the system can evolve into the bistable
regime where the cavity behavior depends on the scan direction.

of ωl :
.

xth = −γth (xth + βPc ),
.

a = −[κ/2 − i(∆ + Gxth )]a + εl + ε0 cos(ωt + ϕ),

(6.1)
(6.2)

where γth is the photothermal relaxation rate, β is the photothermal response coefficient, and κ denotes the total loss of the cavity. The term iGxth a in Eq. (6.2) indicates
the coupling between the cavity mode and the photothermal displacement at the rate
G = ωc /Lc (where ωc is the cavity eigenfrequency and Lc denotes the natural cavity
length). The intracavity power is written explicitly as Pc = ~ωc |a|2 /τcav = ~Gc |a|2 /2
with τcav = 2Lc /c being the round-trip time of cavity photons. The cavity is driven at
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a detuning ∆ from resonance, by an optical field of amplitude εl which is sinusoidally
modulated at a frequency ω and phase ϕ by a percentage ε0 /εl  1. Note that the
modulation is external and applied for the purpose of characterizing the photothermal
effects.
Since the modulation depth is small, we can assume small deviations from the
steady-state solutions and substitute the assumptions xth = x0th + δxth and a = a0 + δa
into Eqs. (6.1)-(6.2) to obtain the steady states of the system:
0 = x0th + α |a0 |2 ,

(6.3)

0 = −κa0 /2 + i(∆a0 + Ga0 x0th ) + εl ,

(6.4)

and the first-order dynamics:
.

δ xth = −γth [δxth + α(a0 δa∗ + a∗0 δa)],

(6.5)

.

δ a = −κδa/2 + i∆e δa + iGa0 δxth
ε
ε
+ 0 e−i(ωt+ϕ) + 0 ei(ωt+ϕ) ,
2
2

(6.6)

where α = ~Gcβ/2 and ∆e = ∆ + Gx0th . Combining Eqs. (6.3)-(6.4) gives us a
cubic equation for |a0 |2 , implying that the system states can stay in a bistable regime
at certain conditions. Figure 6.1(b) presents a diagram of cavity responses at high
intracavity powers. The typical Lorentzian response of an optical cavity is deformed in
the presence of strong photothermal non-linear interaction [84, 85]. The cavity can be
either self-locked or anti-locked depending on the scanning direction of the detuning.
The self-stabilized behavior allows us to explore the system dynamics without external
active feedback control. Assuming γth  κ, we substitute the ansatz, δxth = Qe−iωt +
Q∗ eiωt and δa = A− e−iωt + A+ eiωt , into Eq. (6.5)-(6.6) and obtain the solution for the
photothermal displacement which is expanded in powers of
Q =

γth
κ/2

(see Appendix A.2)

γth αεl ε0 e−iϕ
1
×
2
2
(∆e + κ /4) iω − γth + ζγth



 !
γth
iω
iω − γth − γth ζ
γth 2
1+
+O
,
κ/2 γth (∆2e + κ2 /4) iω − γth + γth ζ
κ/2

(6.7)

with
ζ =

(ν 2

σν
,
+ 1/4)2

(6.8)

where σ = 2αε2l G/κ3 and ν = ∆e /κ. The dimensionless parameter σ is linearly
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proportional to the photothermal coefficient β and can be considered as an effective
photothermal coefficient. In particular we note that characterizing the dependence of ζ
on ν one can directly extrapolate the value of σ and, therefore infer the photothermal
properties of the system. It is noted that ζ < 0 holds in the bistable regime: if the
photothermal coefficient is positive (i.e., β > 0), the cavity can only be self-locked at
red detuning (i.e., ∆e < 0). Similarly, ∆e is greater than zero when β < 0. This
indicates that σν and thus ζ is negative. The calibration of ζ which we will discuss
later is subject to this property. We now look at the zero-order term of Eq. (6.7) and
define the term χth (ω) = [iω − γth + ζγth ]−1 to be the photothermal susceptibility. The
photothermal susceptibility indicates that the cut-off frequency of the photothermal
response corresponds, in the absence of photothermal-cavity interaction (i.e, G = 0
or ζ = 0), to the natural photothermal relaxation rate γth . When the photothermal
effects are coupled to the intracavity optical field, however, the cut-off frequency of the
photothermal responses is modified by
δγth = −ζγth .

(6.9)

This effect, which we call “hyper-thermorelaxation” (HPR), is analogous to the optical
spring driven by radiation-pressure in optomechanical systems where the natural mechanical frequency and damping rate of the mechanical oscillator can be modified by
interaction with the cavity field. The HPR effect has not been observed so far. The
possible reason is that previous works [12, 13, 114, 115] characterize the photothermal
effects at the cavity resonance where ∆e = 0 and thus δγth = 0.
The input-output relation of an optical cavity determines the cavity transmission
to be |t|2 =

κa 2
.
2

The dominant time-varying signal of the cavity transmission can be

normalized as follows by considering the zero-order term of Eq. (6.7) (see Appendix
A.1 and A.2)
tnorm =

1
1+

ζ
(iω/γth −1)

.

(6.10)

The
r amplitude and phase of the transmitted signal are then obtained as |tnorm | =
2
ω 2 +γth
−ωζγth
and φ = arctan( ω2 +(1−ζ)γ
2 ), respectively. These quantities can be obω 2 +γ 2 (1−ζ)2
th

th

served experimentally at different modulation frequencies in order to characterize the
photothermal parameters. At low modulation frequencies (i.e., ω  γth ), the amplitude and phase are predicted to be |tnorm | =

1
1−ζ

and φ = 0 respectively. At ω  γth ,

the amplitude approximates to one while the phase change relative to the reference
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Figure 6.2: Amplitude (a) and phase (b) responses of the cavity transmission. Analytical
approximations agree well with the exact numerical simulation at low modulation frequencies
(the blue-shaded region).

modulation tends to zero. This predicts that one can observe noticeable phase change
only for median modulation frequencies. We also note that, replacing the amplitude
modulation with a frequency modulation of the driving signal, the resulting formula
for the transmitted signal is functionally identical (see Appendix A.3). This indicates
that one can use either amplitude or phase/frequency modulation to extract the photothermal parameters with the same model.
In Fig. 6.2, we theoretically show the amplitude and phase of the transmitted signal,
comparing the solution to Eq. (6.10) found under the two assumptions γth  κ and
ε0  εl to the exact solution obtained from the numerical simulation of Eqs. (6.1)(6.2). We see that the approximated analytical solution agrees very well with the
numerical one, especially at low modulation frequencies (blue shaded area) before the
approximation (γth  κ) starts to break. To characterize the photothermal parameters,
we can collect the transmitted signal and the reference signal using the setup shown in
Fig. 6.1(a) and obtain the amplitude and phase of cavity responses. Performing a nonlinear fitting based on Eqs. (6.10) or a transformed linear fitting, we can infer the values
of γth and ζ. It is worth noting that one can obtain the photothermal relaxation rate
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γth without any knowledge of the cavity parameters. However, more specific knowledge
of the system is required to extract the photothermal coefficient β from Eq. (6.8).

6.3

Experimental demonstration

(a)

25 (b)
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1.2

Figure 6.3: (a) Schematic of the concave-convex optical cavity used for experiment. The substrate of one of the cavity mirrors is placed inside the cavity. (b) Hyper-thermorelaxation effect
as a function of the effective cavity detuning. The optical correction of the natural photothermal relaxation rate is shown to be nonlinearly dependent on the cavity detuning. The dots
with error bars are the experiment results, and the solid line presents the theoretical inference.

We applied the model to the data collected from an optical cavity to demonstrate
the optical correction of photothermal effects, as well as the effectiveness of our characterization scheme. The experimental setup, following the scheme of Fig. 6.1(a), consists
of an optical cavity built using an Invar spacer to reduce stochastic thermal fluctuations. The substrates of both cavity mirrors are made of fused silica and ion-beam
sputter-coated for high reflectivity at our operating wavelength of 1064 nm. The substrate of the front mirror is placed inside the cavity so as to enhance the photothermal
effect [see Fig. 6.3(a)]. The mirror coatings expand outwardly, and the refractive index
of the substrate change when the cavity mirrors are heated by the intracavity optical
field. Before the cavity, the laser passes through an acousto-optic modulator, which is
used to amplitude modulate the beam. We scan the modulation frequency and vary
the effective cavity detuning to collect data from two detectors, one as a reference
tapped off the driving input, and the other on transmission encoding the photothermal
response of the cavity. We obtain the phase response of the cavity by comparing the
relative phase difference between the reference and the transmitted signal.
Recalling Eq. (6.9), the HPR effect is manifested in the dimensionless quantity ζ,
which can be characterized by fitting the data of cavity transmission into Eq. (6.10).
In principle, both the amplitude and the phase signals are suitable candidates for
fitting the photothermal response. In practice, however, the amplitude parameter
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requires a normalization process that involves the calibration of εl , ε0 , ∆e , and κ, or
equivalently just an overall normalization factor N (see Appendix A.1). Thus, fitting
for amplitude adds a layer of complexity that can be readily avoided by considering
the phase parameter instead. Fig. 6.3(b) presents the nonlinear dependence of δγth /γth
(i.e., δγth /γth = −ζ) on the normalized detuning ∆e /κ. The results show that the
modification of γth in the presence of the cavity field can be tens of times larger than
its natural value. This detuning-dependent feature of photothermal response can be
crucial in exploring the dynamics of a cavity-based system. For example, the natural
photothermal relaxation rate is generally slower than the mechanical response in many
optomechanical systems. At specific parameter regimes, however, the photothermal
spring can speed up the photothermal excitation to the point where the mechanical
and photothermal response rates are comparable. In this case, the system dynamics
can be significantly affected by the photothermal effects.
Δe/𝜅 = 0.38, th.
Δe/𝜅 = 0.38, exp.

Δe/𝜅 = 0.53, th.
Δe/𝜅 = 0.53, exp.
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Figure 6.4: (a) Phase response of the cavity as a function of modulation frequency (dots)
and corresponding nonlinear fitting (solid lines). A nonlinear transformation of the data is
performed, as shown in the insets. The weighted linear regression is applied to achieve fitting.
(b) We put the parameters obtained from the fitting of phase into the amplitude response. We
still find a good agreement between the theory and experiment. (c) Photothermal relaxation
rate γth characterized at different detunings. The error bars indicate the 95% confidence bounds
of the fitting. The dashed line is the mean value of the measurements. These measurements give
us γth /2π = 16.2 ± 0.2 Hz, where the error is the standard deviation of multiple measurements.

A straightforward application of the HPR effect is the precise characterization of
photothermal parameters. Generally, the photothermal response is relatively slow, and
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thus its characterization is performed at the low-frequency regime where the data collected is more susceptible to environmental noise. The apparent optical modification,
however, allows us to characterize the photothermal parameters at modulation frequencies much higher than γth to reach high precision. The small error bar of data and the
agreement between data and experiment presented in Fig. 6.3(b) is an indication of
precise characterization.
To quantitatively analyze the precision achieved, we show the measured phase response of the cavity transmission in Fig. 6.4(a) for two different detunings, ∆e /κ = 0.38
(blue) and ∆e /κ = 0.53 (red). The data (circles) is fitted according to Eq. (6.10) using nonlinear regression. The experimental data is in excellent agreement with the
model. The values of γth /2π obtained from the best fit at these two detunings are
rather close, i.e., 16.3 ± 0.2 Hz and 16.0 ± 0.2 Hz respectively. The values of the other
free parameter ζ are −25.5 ± 0.2 for ∆e /κ = 0.38 and −19.2 ± 0.2 for ∆e /κ = 0.53. The
errors given here indicate the 95% confidence interval of the nonlinear regression. We
apply a nonlinear transformation (see Appendix A.1) to the data to achieve linearity,
as shown in the insets of Fig. 6.4 (a). The weighted linear fitting of the transformed
data gives the same results as the nonlinear regression. We substitute the value of γth
and ζ obtained from the best non-linear fit of phase into Eq. (6.10). This gives us the
theoretical estimation of the amplitude, indicated by the solid lines of Fig. 6.4(b). We
can also see a good agreement between the data and the model. We notice that the
traces of amplitude obtained at two different detunings are rather close while the two
plots for the phase are distinctive. The fact that the phase is more sensitive to the
parameter changes suggests that phase data is a better candidate to be processed to
extract the photothermal parameters.
The fitting values of γth at several detunings are given in Fig. 6.4(c). These
measurements give us an average photothermal relaxation rate γth /2π = 16.2 ± 0.2
Hz. The error is the standard deviation over the multiple measurements. As suggested
by Eq. (6.8), the parameter ζ varies only as a function of the normalized detuning
ν = ∆e /κ. This feature allows us to do a linear fitting in terms of

ν
(ν 2 +1/4)2

to obtain

the effective photothermal coefficient σ. The data and its best fit correspond to a
coefficient σ = −11.6 ± 0.8. The negative value of σ, which is proportional to the
photothermal coefficient β, indicates that the effective optical path length of the cavity
will increase when the optical field heats the cavity mirrors. This process arises from
the outward expansion of the coating and refractive index change of the front mirror
substrate under optical heating [84].
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Figure 6.5: (a)-(b) The amplitude responses as a function of modulation frequency ω and
effective cavity detuning ν = ∆e /κ. The bandwidth of the photothermal effects increases as
the cavity is set close to its resonance. (c)-(d) The phases responses of the cavity.

Figure 6.5 displays the full response of the system, comparing experimental data
(left panels) with theoretical results (right panels). With regard to the theoretical plots,
we used the values obtained from the fits in Fig. 6.4. There is a good agreement between
the experiment and theory. Figure 6.5(a)-(b) shows that the cavity acts as a high-pass
filter with its cut-off frequency being tuned by the cavity detuning. In other words,
the cavity only allows a high-frequency modulated signal to go through. This is due
to the low-pass property of the photothermal effects. At low modulation frequencies,
the power fluctuation of the intracavity field can be suppressed by the photothermal
back action. The photothermal effects, however, fail to catch up with the fast response
of the cavity field at high-frequency modulations. As mentioned earlier, the natural
photothermal relaxation rate can be altered by the intra-cavity field. Correspondingly,
the cut-off frequency of the high-pass cavity is determined by the speed of effective
photothermal responses and thus the cavity detuning and intracavity power. It is
noted that the full high-pass filter is not single-pole as suggested by Eq. (6.10), and
its bandwidth might also be subject to Cerdonio’s theory [12]. In Fig. 6.5(c)-(d), we
show that the phase change of the laser going through the cavity due to photothermal
effects peaks at a small detuning of about 0.3κ and a modulation frequency of about
90 Hz.
To compare the measurement precision of photothermal parameters with previous
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works [13,114,115], we can infer the effective thermal conductivity using κth = γth ρCr02
[12]. We obtain the value of κth = 1.182 ± 0.016 W/K m using the beam radius of
the front mirror where the photothermal effects are dominant and the parameters for
√
fused silica at room temperature are: r0 = 50/ 2 µm, C = 6.7 × 102 J/kg K, and
ρ = 2.2 × 103 kg/m3 . The precision achieved is about an order of magnitude higher
than in previous works, owing to two unique features of our scheme: the reduced
number of free parameters in our model and the ability to modulate the laser power at
frequencies higher than γth thanks to the off-resonance optical correction.

6.4

Conclusion

We observe that the natural photothermal relaxation rate can be altered in the
presence of photothermal-cavity interaction. This feature, analogous to optical spring
effects, can be crucial in analyzing the photothermal dynamics in a cavity-based system
and indicates a way of building optical filters with tunable critical cut-off frequency.
Also, we report a convenient technique for precisely characterizing photothermal parameters by employing the HPR effect. Our model shows that one can either modulate
the power of the optical input field or the cavity detuning to achieve the characterization of photothermal effects. Experimentally, the measured amplitude and phase of
the cavity transmission agree excellently with the theoretical model. The best fit of the
phase response gives the photothermal relation rate of 16.2 ± 0.2 Hz, which is an order
of magnitude more precise than previous works. It is worth noting that the natural
photothermal relaxation rate of a cavity mirror depends on the laser power density,
and the photothermal coefficient is mainly determined by the absorption in the mirror
coatings. Appropriate engineering of the mirror coating and cavity geometry, therefore,
can allow us to observe optical correction at relatively low laser powers.
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Photothermal displacement xth can modulate the cavity resonance eigenfrequency ωc
via changing the cavity length Lc :
nπc
Lc + xth
nπc nπc
≈
+ 2 xth + ...
Lc
Lc
ωc
= ωc +
x + ...
Lc th
= ωc + Gxth + ...

ωc (xth ) =

Here we assume xth  Lc . We therefore define the parameter G = ωc /Lc as the
coupling rate of photothermal-cavity interaction. Denoting by a the amplitude of the
intracavity field, we have that the dynamics of the photothermal interaction between
the two can be modelled by the following two equations of motion in the rotating frame
of frequency ωl of the input laser,
.

xth = −γth (xth + βPc ),
.

a = −[κ/2 − i(∆ + Gxth )]a + εl + ε0 cos(ωt + ϕ),

(6.11)
(6.12)

where γth is the photothermal relaxation rate, β is the photothermal response coefficient
and κ denotes the total loss of the cavity. The term iGxth a in Eq. (6.12) indicates the
coupling between cavity mode and photothermal effects at the rate G. The intracavity
power is written explicitly as Pc = ~ωc |a|2 /τcav = ~Gc |a|2 /2 with τcav = 2Lc /c being
the round-trip time of cavity photons. The cavity is driven at a detuning ∆ from
resonance, by an optical field of amplitude l sinusoidally modulated at a frequency
ω and phase ϕ by a percentage ε0 /εl  1. Note that the modulation is external and
applied on purpose for characterizing the photothermal effects.
As the modulation is small, we can assume small deviations from the steady-state
solutions and substitute the assumptions xth = x0th + δxth and a = a0 + δa into
Eqs. (6.11)-(6.12) to obtain the steady states of the system:
0 = x0th + α |a0 |2 ,

(6.13)

0 = −κa0 /2 + i(∆a0 + Ga0 x0th ) + εl ,

(6.14)
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and the first-order dynamics:
.

δ xth = −γth [δxth + α(a0 δa∗ + a∗0 δa)],

(6.15)

.

δ a = −κδa/2 + i∆δa + iG(a0 δxth + x0th δa)
ε
ε
+ 0 e−i(ωt+ϕ) + 0 ei(ωt+ϕ) ,
2
2

(6.16)

where α = ~Gcβ/2.
To solve the first-order dynamical equations [i.e., Eqs. (6.15)-(6.16)], we use the
following ansatz:
δxth = Qe−iωt + Q∗ eiωt ,
δa = A− e−iωt + A+ eiωt ,

(6.17)

δa∗ = A∗− eiωt + A∗+ e−iωt .
We obtain the following equations for the amplitudes of the first-order sidebands.
(iω − γth )Q = γth α[a0 A∗+ + a∗0 (A− )],
ε
[κ/2 − i(∆e + ω)]A− = iGa0 Q + 0 e−iϕ ,
2
ε
∗
∗
[κ/2 + i(∆e − ω)]A+ = −iGa0 Q + 0 e−iϕ ,
2

(6.18)
(6.19)
(6.20)

where ∆e = ∆ + Gx0th is the effective cavity detuning. Since the modulation frequency is determined specifically for the modulation, we can set it so that ω  ∆e .
Under this condition, we substitute Eqs. (6.19)-(6.20) into Eq. (6.18) and obtain the
solution for the photothermal displacement.
a0 (−iGa∗0 Q + ε20 e−iϕ ) a∗0 (iGa0 Q + ε20 e−iϕ )
(iω − γth )Q = γth α[
+
]
i∆e + κ/2
−i∆e + κ/2
a0 (−iGa∗0 Q + ε20 e−iϕ )(−i∆e + κ/2) + a∗0 (iGa0 Q +
= γth α
∆2e + κ2 /4
= γth α

i∆e ε20 e−iϕ (a∗0 − a0 ) +

ε0 −iϕ
κ/2(a∗0
2e
∆2e + κ2 /4

ε0 −iϕ
)(i∆e
2e

+ a0 ) − 2G |a0 |2 ∆e Q

+ κ/2)

,

ε0 −iϕ
e [i∆e (a∗0 − a0 ) + κ/2(a∗0 + a0 )]
2
ε
−2i∆e
κ
= γth αεl 0 e−iϕ (i∆e 2
+ κ/2 2
)
2
2
∆e + κ /4
∆e + κ2 /4

[(iω − γth )(∆2e + κ2 /4) + 2εαG |a0 |2 ∆e ]Q = γth α

= γth αεl ε0 e−iϕ ,

§6.5 Appendix

Q =
=

γth αεl ε0 e−iϕ
(iω − γth )(∆2e + κ2 /4) + 2εαG |a0 |2 ∆e
γth αεl ε0 e−iϕ
1
,
·
2
2
(∆e + κ /4) iω − γth + ζγth
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(6.21)

with
2αG |a0 |2 ∆e
.
∆2e + κ2 /4

ζ =

(6.22)

Considering the input-output relation of an optical cavity, the cavity transmission is
κa 2
,
2
κ2
=
[a a∗ + A− A∗− + A+ A∗+
4 0 0
+(a∗0 A− + a0 A∗+ )e−iωp t + (a0 A∗− + a∗0 A+ )eiωp t

|t|2 =

+A− A∗+ e−2iωp t + A+ A∗− e2iωp t ].

(6.23)

Since the amplitude is much smaller for second-order sidebands than first-order
ones, the dominant time-varying signal of the cavity transmission is expressed as follows
by considering Eqs. (6.18) and (6.21)
κ2
[a A∗ + a∗0 A− ]
2 0 +
(iω − γth )
Q
= 2
γth α
2εl ε0 e−iϕ /(∆2e + κ2 /4)
=
.
ζγth
1 + iω−γ

t1 =

(6.24)

th

The equation above can be normalized with the normalization factor of 2εl ε0 /(∆2e + κ2 /4)
as
tnorm =

1
1+

ζ
(iω/γth −1)

.

(6.25)

The amplitude and phase of the transmitted signal are then easily obtained as
s
2
ω 2 + γth
|tnorm | =
(6.26)
2 (1 − ζ)2 ,
ω 2 + γth
tan φ =

ω2

−ωζγth
2 − ζγ 2 .
+ γth
th

(6.27)

108

Optical modification of photothermal relaxation rate

We can also express Eqs. (6.26)-(6.27) as linear equations,
ya = a 1 x a + a 2 ,

(6.28)

yp = p1 xp + p2 ,

(6.29)

where
1
;
|tnorm |2 − 1
(1 − ζ)2
1
; a2 =
,
2
2
2ζ − ζ 2
(2ζ − ζ )γth

xa = ω 2 ;
a1 =

ya =

(6.30)

and
ω
;
tan φ
−1
ζγ − γth
; p2 = th
.
ζγth
ζ

xp = ω 2 ;
p1 =

yp =

(6.31)

We can rewrite Eq. (6.22) as follows,
ζ =

(ν 2

σν
,
+ 1/4)2

(6.32)

where σ = 2αε2l G/κ3 and ν = ∆e /κ. It is reasonable to define the dimensionless
physical quantity σ as an effective photothermal coefficient. If plotting ζ as a function
of

ν
(ν 2 +1/4)2

A.2

, the slope of the linear fitting gives the value of σ.

A more complete analytical approximation with dimensionless
approach

We consider a cavity with photothermal expansion, which has equations of motion


~ωc 2
.
xth = −γth xth + β
|a| ,
tc
(6.33)
δω
.
a = i(∆ + Gxth )a −
a + εl + ε0 cos(ωt + φ).
2
The number of parameters can be reduced through nondimensionalisation. We introduce a natural length scale ` corresponding to the distance of photothermal expansion
which will shift the cavity resonance by one linewidth
`=

δω/2
,
G

(6.34)

and take natural frequency as the photothermal relaxation rate γth . Our dimensionless
time will then be τ̃ = γth t. We also introduce the maximum cavity amplitude due to
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the main laser εl :
Ã =

εl
.
δω/2

(6.35)

The dimensionless dynamical variables are then
a
xth
, ã = .
`
Ã
In terms of these the equations of motion become
x̃th =

(6.36)

x̃0th = −(x̃th + β̃|ã|2 ),


˜ + x̃th )ã − ã + 1 + ε̃0 cos(ω̃τ̃ + φ) .
ã0 = η̃ i(∆

(6.37)

In Eq. (6.37) primes represent derivatives with respect to τ̃ , and we have introduced
the dimensionless parameters
β̃ =

β~ωε2l
β~ω Ã2
G
δω/2
ε0
.
=
; η̃ =
; ε̃0 =
3
`tc
tc (δω/2)
γth
Ã(δω/2)

(6.38)

The quantity ω̃ = ω/γth represents the frequency as a multiple of the photothermal
˜ = ∆/(δω/2) gives the detuning measured in cavity linewidths.
relaxation rate, and ∆
We bring particular attention to η̃, the ratio of the optical timescale to the photothermal
relaxation rate. This will typically be very large, of order greater than 103 while
all other dimensionless parameters have been scaled to be of order 1, and we will
later exploit this and expand to first order around 1/η̃ ≈ 0. We next linearize the
dimensionless equations of motion by assuming x̃th = x̃th,s + δ x̃th and ã = ãs + δã,
where x̃th,s , a˜s are the steady states of Eq. (6.37) when ε̃0 = 0. Then to first order
h
i
δ x̃0th = − x̃th,s + δ x̃th + β̃(ã∗s + δã∗ )(ãs + δã) ,
h

i
(6.39)
= − x̃th,s + β̃|ãs |2 + δ x̃th + β̃(ã∗s + δã∗ )(ãs + δã) ,
h
i
= − δ x̃th + β̃(ã∗s δã + ãs δã∗ ) .
Proceeding similarly for δã0 and expanding the cosine as a sum of exponentials, we find
the linear equations of motion
h
i
δ x̃0th = − δ x̃th + β̃(ã∗s δã + ãs δã∗ ) ,


ε̃0  i(ω̃τ̃ +φ)
−i(ω̃τ̃ +φ)
0
˜
δã = η̃ i(∆ + x̃th,s )δã + iãs δ x̃th − δã +
e
+e
.
2

(6.40)

To solve Eq. (6.40) we introduce the ansatz
δ x̃th = x̃e−iω̃τ̃ + x̃∗ eiω̃τ̃ ,
δã = Ã− e−iω̃τ̃ + Ã+ eiω̃τ̃ ,
δã∗ = Ã∗− eiω̃τ̃ + Ã∗+ e−iω̃τ̃ ,

(6.41)
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where the coefficients x̃, Ã± are unknown quantities to be solved for. Substituting
these into the linearized equation for δ x̃0th , we find
− iω̃ Q̃e−iω̃τ̃ + iω̃ Q̃∗ eiω̃τ̃
i

i
h

h
= −e−iω̃τ̃ Q̃ + β̃ ã∗s Ã− + ãs Ã∗+ − eiω̃τ̃ Q̃∗ + β̃ ã∗s Ã+ + ãs Ã∗− .

(6.42)

Equating terms oscillating at eiω̃τ̃ then gives
(iω̃ − 1)Q̃ = β̃(ã∗s Ã− + ãs Ã+ ),

(6.43)

with the e−iω̃τ̃ terms giving the same equation. Proceeding similarly for δã0 yields two
relations



h
i
˜ e − 1 = −η̃ iãs Q̃ + ε̃0 e−iφ ,
Ã− iω̃ + η̃ i∆
2



h
i
ε̃0 iφ
∗
˜
Ã+ −iω̃ + η̃ i∆e − 1 = −η̃ iãs Q̃ + e
,
2

(6.44)

where we have defined
˜e = ∆
˜ − x̃th,s .
∆

(6.45)

We can use Eqs. (6.43) and (6.44) to solve for Q̃, however this expression is somewhat
complicated:


˜ 2e ) − iω̃
β̃e−iφ ε̃0 η̃ η̃(1 + ∆

.
Q̃ =
˜ 2e ) ((1 − iω̃)ω̃ 2 + 2η̃ ω̃(i + ω̃)) + η̃ 2 2β̃ ∆
˜ e + i(1 + ∆
˜ 2e )2 (i + ω̃)
(1 + ∆

(6.46)

To simplify this we recall that the dimensionless parameter η̃ will be many orders of
magnitude larger than the others, so we may expand in powers of 1/η̃:
!
 
β̃e−iφ ε̃0
1
1 iω̃ iω̃ − 1 − ζ̃
1
Q̃ =
1+
+O
,
˜ 2e iω̃ − 1 + ζ̃
˜ 2e iω̃ − 1 + ζ̃
η̃ 1 + ∆
η̃ 2
1+∆
where we have defined
˜e
2βG~ωc ε2l ∆e
2β̃ ∆
=
.
ζ̃ =
˜ 2e )2
(1 + ∆
tc ((δω/2)2 + ∆2e )2

(6.47)

(6.48)

This can be re-dimensionalised as
Q = `Q̃
γth αεl ε0 e−iϕ
1
× ···
2
2
(∆e + κ /4) iω − γth + ζγth




iω
γth 2
γth
iω − γth − γth ζ
,
1+
+O
κ/2 γth (∆2e + κ2 /4) iω − γth + γth ζ
κ/2

=

and we remark that ζ̃ is equal to the ζ defined in the main text.

(6.49)
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Looking at the zeroth-order term:
 
β̃e−iφ ε̃0
1
1
Q̃ =
+O
,
2
˜
η̃
1 + ∆e iω̃ − 1 + ζ̃

(6.50)

we see that this represents the cutoff frequency γth (which is 1 in the dimensionless
units) being modified by ζ̃.
We can use Eq. (6.47) to calculate the cavity transmission. This is given by
|t|2 =

δω
a
2

2

(6.51)

δω 2 2
=
Ã |t̃| ,
2
in terms of the dimensionless transmission
t̃ = ã.

(6.52)

Expanding this:

|t̃|2 = |ãs |2 + |Ã− |2 + |Ã+ |2




+ e−iω̃τ̃ ã∗s Ã− + ãs Ã∗+ + eiω̃τ̃ ãs Ã∗− + ã∗s Ã+

+e−2iω̃τ̃ A− A∗+ + e2iω̃τ̃ A+ A∗− .

(6.53)

The second order sidebands oscillating at ±2ω̃ will have amplitude much smaller than
the first-order due to the ãs factor and small size of the perturbations δã, so we can
neglect them. The expression for the positive sideband transmission is then
t̃1 = ãs Ã∗− + ã∗0 Ã+ .

(6.54)

Using Eq. (6.43) this simplifies to
t̃1 =

(iω̃ − 1)Q̃
β̃


1−
e−iφ ε̃0
1
1 + 1 iω̃
=
·
˜ 2e 1 + ζ̃
˜ 2e 1 +
η̃ 1 + ∆
1+∆
iω̃−1

A.3



ζ̃
iω̃−1 
ζ̃
iω̃−1


+O

1
η̃ 2

(6.55)


.

Modulation of Phase

To characterize the photothermal parameters of an optical cavity including photothermal effects, we can modulate the frequency of the input laser or the cavity length
instead of the laser power. The equations of motion can be written as follows:
.

xth = −γth (xth + βPc ),
.

a = −[κ/2 − i(∆ + ∆1 cos(ωt + ϕ) + Gxth )]a + εl ,
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where ∆1 , ω and ϕ are the amplitude, frequency and phase of the frequency modulation.
The definition of other symbols are the same as the those in Eq. (6.11)-(6.12).
If taking the assumptions xth = x0th + δxth ,a = a0 + δa, we then have the steady
states as follows:
0 = x0th + α |a0 |2 ,
0 = −κa0 /2 + i(∆a0 + Ga0 x0th ) + εl .
where α = β~ωc /τc
The dynamical equations of the first-order are:
.

δxth = −γth [δxth + β~ωc (a0 δa∗ + a∗0 δa)/τc ],
.

δa = −κδa/2 + i∆0 δa + iG(a0 δxth + x0th δa)
∆ a
∆ a
+i( 1 0 e−i(ωt+ϕ) + 1 0 ei(ωt+ϕ) ).
2
2
We substitude the ansatz δxth = Qe−iωt + Q∗ eiωt , δa = A− e−iωt + A+ eiωt , and
δa∗ = A∗− eiωt + A∗+ e−iωt into the equations above and obtain
(iω − γth )Q = γth α[a0 A∗+ + a∗0 (A− )],
∆ a
[ − i(∆e + ω) + κ/2]A− = iGa0 Q + i 1 0 e−iϕ ,
2
∆1 a∗0 −iϕ
∗
∗
[i(∆e − ω) + κ/2]A+ = −iGa0 Q − i
e .
2
Under the condition ω  ∆e , the above equations allow us to calculate the photothermal displacement as
∆ a∗

a0 (−iGa∗0 Q − i 12 0 e−iϕ ) a∗0 (iGa0 Q + i ∆12a0 e−iϕ )
(iω − γth )Q = γth α[
+
]
i∆e + κ/2
−i∆e + κ/2
∆ a∗

a0 (−iGa∗0 Q − i 12 0 e−iϕ )(−i∆e + κ/2)
= γth α
∆2e + κ2 /4
a∗0 (iGa0 Q + i ∆12a0 e−iϕ )(i∆e + κ/2)
+γth α
∆2e + κ2 /4
= γth α

−∆e ∆1 e−iϕ |a0 |2 − 2G |a0 |2 ∆e Q
.
∆2e + κ2 /4

We obtain the analytical solution of Q as follows
Q =

−γth α∆e ∆1 e−iϕ |a0 |2
.
(iω − γth )(∆2e + κ2 /4) + 2γth αG |a0 |2 ∆e
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We then calculate the cavity transmission
κ2
[a A∗ + a∗0 A− ]
2 0 +
(iω − γth )
= 2
Q
γth α

t =

−2∆e ∆1 e−iϕ |a0 |2

=

(∆2e + κ2 /4) +

2αG|a0 |2 ∆e
(iω/γth −1)

.

The cavity transmission can be normalized with the normalization factor of N =
−2∆e ∆1 |a0 |2 /(∆2e + κ2 /4) as
1

tnorm =
1+
=

2αG|a0 |2 ∆e
(iω/γth −1)(∆2e +κ2 /4)

1
1+

ζ
(iω/γth −1)

.

(6.56)

This equation shows that the normalized transmission takes the same formula in
the cases of both amplitude and phase modulation.
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Part III

Photothermal nonlinearity in an
optical levitation system
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Chapter 7

Observation of Nonlinear
Dynamics in an
Optical-Levitation System

In this chapter, we investigate the dynamics of a small free-standing mirror subject to
intense optical power. The mirror acts as the top reflector of a vertical optical cavity,
designed as a testbed for a cavity tripod optical levitation setup. At high laser power,
we identify three prominent effects driving the mirror: excitation of acoustic vibrations, expansion due to photothermal absorption, and pick-up by radiation pressure
force. These effects are intercoupled via the intracavity optical field and induce rich
system dynamics inclusive of high-order sideband generation, optical bistability, parametric amplification, and optical spring effect. We additionally modify the response of
the mirror with active feedback control to suppress the manifestation of its acoustic
modes and improve its overall stability. Our investigations pave the way for stable optical tripod levitation and offer methods to understand the physics of optomechanical
systems in the high-power regime.

7.1

Introduction

Cavity optomechanical systems, coupling light field with mechanical oscillators via
radiation pressure force, have generated uncountable interest in the past few years,
especially for systems in the quantum regime. They have found applications in precise
metrology [17, 116–122], nonreciprocal coupling [123, 124], preparation of mechanical
quantum states [125, 126], entanglement between mechanical and cavity modes [127],
and may also be used to test the fundamental physics of macroscopic quantum mechanics [128, 129]. A prerequisite to operate in the regime of quantum optomechanics is a
high mechanical quality factor [130]. Some devices have indeed reached the motional
117
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ground state with the assistance of cryogenics and laser cooling, [100,105,131] and new
platforms designed to minimize the mechanical clamping of the resonator exhibit such
a high mechanical quality factor that they can be used to explore quantum phenomena
even at room temperature [126].
The main channel by which environmental thermal noise enters the system is via
mechanical supports. By forsaking any form of extrinsic clamping, mechanical oscillators can sustain coherent oscillations for extended times and would therefore pose as a
better candidate for macroscopic quantum optomechanics. Optical levitation [132–135]
has been identified as a promising route in this direction, in particular with the proposal
of a scattering-free tripod of optical cavities [42] where a small mirror is levitated by the
radiation pressure force produced by three optical cavities. In addition to the benefits
of environmental isolation, this scheme allows one to fully manipulate the macroscopic
state and mechanical frequency of the levitated mirror via the optical fields.
Here we set up a reduced version of the optical tripod, where we consider only one
vertical optical cavity as a testbed for levitation. This simplified setup enables us to
investigate the system’s dynamics and build a theoretical reference to understand the
underlying physics better. Supported by a good agreement between experiment and
numerical simulations, we believe that our models will be useful for any free-standing
optomechanical system under high power.
In particular, under the high power required for levitation, the response of our
optomechanical system is dominated by different types of nonlinear interactions. The
most prominent arises from the photothermal expansion of the mirror coating, which
leads to optical bistability [84, 136] and a hysteretic asymmetry in the cavity response
as a function of detuning. Another consequence of photoabsorption is the excitation
of the acoustic modes of the mirror, perturbing the cavity output and therefore propagating to other degrees of freedom. In particular, we show that the absorbed energy
results in effective anti-damping and parametric amplification [137–139]. Finally, the
mirror also interacts with the intracavity field via the radiation pressure force, inducing
a displacement when the optical push is stronger than the gravitational force. The interplay between all of these interactions results in complex behavior and rich dynamics.
Higher-order optical sidebands [77,140,141] and a quasi-continuous spectrum of the optical output are observed, which are suggestive of chaotic behaviour [28–30]. To assess
the stability of the cavity under external control, we implement active feedback [49,142]
to suppress the excitation of the acoustic vibrations by more than 10 dB. With the
analysis and modeling drawn from these investigations, we show a route towards the
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realization of stable and coherent optical levitation.
Transmission
Detector

(a)
Quadrant
Detector

Levitating
Mirror

(b)

Laser

(c)

Alignment
Mirror
Reflection
Detector

Bottom
Mirror

Figure 7.1: Experimental setup. (a) The setup is a vertical optical cavity, with a small
lightweight mirror at the top which is subject to the radiation pressure field within the resonator.
A low-intensity probe beam reflected onto a quadrant detector is used to detect the displacement
of the mirror. A small amount of the optical field reflected from the cavity transmits through the
alignment mirror and is detected by a photodetector. The cavity transmission is also measured.
The right pop-up shows the characteristics of the mirror: radius of curvature (RoC) of 25 mm,
diameter of 3 mm, thickness of 50 µm. (b) Photograph of the levitation mirror placed on the
Invar mount. (c) The supporting stage for the mirror, carved directly out of the Invar mount,
featuring three contact points and the circular hole for optical access within the cavity.

7.2

Experimental Setup

Our experimental setup [Fig. 7.1(a)] consists of an optical resonator in a vertical
configuration. The top mirror of the cavity presents a high-reflectivity coating of
99.992% on the curved side of a fused silica spherical cap with a radius of curvature of
25 mm, diameter of 3 mm and thickness of approximately 50 µm. The mirror’s mass is
1.116 ± 0.003 mg, and its coating is obtained by ion beam sputter deposition to reduce
loss and absorption. The bottom mirror of the cavity is a conventional 100 convex mirror,
also with high-reflectivity coating on a fused silica substrate. This mirror is attached
to a piezoelectric actuator to allow scanning of the cavity length, Lc , and therefore its
detuning . The whole cavity is about 80 mm long and is enclosed by a monolithic Invar
block to reduce thermal fluctuations and isolate the cavity from airflow. A 1050-nm
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Nd:YAG laser is used to drive the cavity with up to about 15 W of input power.
The top mirror, shown in Fig. 7.1(b) and hereon also referred to as the levitation
mirror (or simply the mirror), is free-standing on a hole of the Invar mount. The
hole is specifically designed to have three symmetric contact points to minimize Van
der Waals interactions [Fig. 7.1(c)]. When the radiation pressure force is sufficiently
strong to balance the gravitational weight of the mirror, the torque exerted heaves
a side off one of the contact points. As the mirror lifts, the effective cavity length
increases, and as a consequence the laser driving the intracavity field becomes bluedetuned compared to the cavity’s resonance. In this regime the optical spring effect
provides a restoring force, which is the origin of the optical trap expected for the full
tripod levitation setup [42].
To detect the mechanical displacement directly we use a weak optical beam that is
reflected on the backside of the mirror and collected onto a quadrant photodetector.
The intensity readout between different quadrants is then subtracted to obtain a relative measurement of the position. We also use the reflected and transmitted outputs
on the cavity to monitor the evolution of the intracavity optical field. In Fig. 7.2 we
show an example of the rich dynamics in the system to give an idea of the complex
interactions involved. We will unravel the different elements involved over the next few
sections.
The most noticeable effect is the onset of mechanical oscillations (Fig. 7.2) resulting
in multiple crossings of the cavity resonance. When the average detuning is scanned
linearly from higher to lower frequencies [Fig. 7.2(a)-(b), piezoelectric actuator moving up shortening the length of the cavity], the resonance is quickly crossed, and the
amplitude of the oscillation starts to decay with the time immediately after the brief
excitation outburst. Scanning in the opposite direction (Fig. 7.2c-d, actuator moving
down extending the length of the cavity), one can instead observe a slow build-up of
the oscillations even before the first full resonance crossing. Moreover, the oscillations
become self-sustained, and the cavity enters a passive feedback loop broken only when
the scan moves the average detuning too far. We label these two opposite responses as
‘anti-locking’ and ‘self-locking’ respectively, and in Sec. 7.4.1 we will see that they stem
from a competition between photothermal and radiation pressure interactions [29, 30].
The observed oscillations are identified as excitations of the mirror’s acoustic modes
by the intracavity field in Sec. 7.4.2. We also note two interesting aspects from the
wavelet transform of the transmission output of the cavity during the self-locking scan
in Fig. 7.2(e). The first, discussed in Sec. 7.4.3, involves the generation of high-order

Frequency (kHz) Transmission Displacement

Transmission Displacement
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Figure 7.2: System dynamics at an input power of 4.5 W. The estimated peak intracavity
power is higher than the threshold to lift the mirror optically. (a)-(b) Displacement of the
small mirror and corresponding cavity transmission during an anti-locking upward scan of
the piezoelectric actuator. In the blue-shaded region the intracavity field vanishes while the
oscillations persist, allowing the opportunity to calibrate the mechanical frequency and damping
rate of the excited mechanical mode. (c)-(d) Displacement and cavity transmission during a selflocking downward scan of the piezoelectric actuator. The cavity response is significantly distinct
from the case of an upward scan. The red-shaded region indicates the onset of parametric
amplification. Note that, while the response during a downward scan is qualitatively the
same, the duration of self-locking may vary from case to case. (e) Wavelet transform of cavity
transmission during self-locking. The yellow box highlights the shift in acoustic frequency as
the average detuning is varied over time.

sidebands of the acoustic modes induced by the nonlinearity of the system [83,85]. The
second relates to the region enclosed by the yellow box, which shows how the intracavity field modifies the natural frequency of the acoustic mode. This is a consequence of
the optical spring effect [93, 94, 98, 106, 143] which we will analyse in Sec. 7.4.4.

7.3

Equations of motion

Before entering any in-detail analysis, it is important to develop a simple and
effective model of the system to understand the different phenomena. In our model we
separate the position degree of freedom of the mirror into three different entities, each
subject to a different type of interaction with the intracavity field: xth accounts for
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displacements of the reflective coating due to photothermal expansion, xac corresponds
to a different position of the mirror’s surface following the vibrations of acoustic mode,
and xlev represents a full shift of the centre of mass because of radiation pressure force.
All three interact with the optical degree of freedom, a, describing the amplitude of
the optical field inside the cavity. We consider the following equations to characterize
the system in the classical limit:
.

xth = −γth [xth + βPopt (a)],
..

(7.1)

.

2
xac = −γac xac − ωac
xac + Fopt (a)/mac ,

−γ x.
Fopt ≤ Fg
..
lev lev
xlev =
.
F
(a)−F
−γ x + opt
g
F >F

(7.2)
and xlev = 0,

opt
g or xlev > 0,
lev lev
m
√
.
a = −[κ/2 − i(∆ + G(xth + xac + xlev ))]a + κin ain .

(7.3)
(7.4)

The dynamics of the optical field a given by Eq. (7.4) correspond to the typical
evolution of the intracavity field under the additional back-action from the photothermal, acoustic, and center-of-mass modes. The field is in the frame rotating at the
laser frequency ωopt , initially detuned from the cavity resonance frequency ωcav by
∆ = ωopt − ωcav and driven by a field of amplitude ain coupling through the input
mirror at a rate κin . The coefficient G = ωcav /L, with L being the length of the cavity,
is the optomechanical coupling between the mirror and the intracavity field converting a position shift into a change in detuning. The constant β is the photothermal
response coefficient. The radiation pressure force Fopt is related to the optical power
within the cavity Popt as Fopt = ~G|a|2 = 2Popt /c, while Fg = mg represents the
gravitational weight of the mirror. The quantities g and c respectively indicate the
free-fall gravitational acceleration and the speed of light. The mirror’s total inertial
mass is m, while mac is the effective mass of the acoustic mode of frequency ωac . The
dissipation mechanisms in the system are described by κ for the intracavity field, γth
for photothermal expansion, γac for the acoustic mode, and γlev for the center-of-mass
motion. We note that there is no direct coupling between the three displacements and
that their interaction is enabled only through the optical field.
First we describe the photothermal expansion in Eq. (7.1). Even though the mirror
is high-reflective, the intensity of the field circulating inside the cavity is high enough
that even a small fraction of power absorbed in the coating causes it to expand noticeably. Considering that the beam size near the coating is around 100 µm and that
the intracavity power is as high as a few kilowatts, the optical intensity can reach
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3 MW/cm2 , which is even larger than that of LIGO [17]. Thanks to the ion beam
sputter coating this intensity is still below the laser damage threshold. Nevertheless,
it still causes a local rise in temperature, which leads to expansion and, therefore, a
change in cavity length. We model the photothermal displacement under the empirical
assumption of an exponential relation with the intracavity power [27], governed by the
photothermal coefficient β and dissipation rate γth . The heating of the mirror results
in a decrease in cavity length, indicating a positive value for β. Note that β could
also be negative if the photothermal heating were to lengthen the cavity. This could
happen, for example, if the photorefractive effect were dominant, or if the substrate
had a negative expansion coefficient.
The excitation of the acoustic modes is described by Eq. (7.2). The steady impact
of radiation pressure drives the transverse vibrations of the mirror. Given the high
aspect ratio of the substrate disk, these vibrations have a significant impact on the
overall dynamics of the cavity. Finite-Element analysis of the natural mechanical frequencies of the levitating mirror returns a primary acoustic mode of interest around
30 kHz. The direct displacement measurement shown in Fig. 7.2(a) gives a natural
frequency of 28.6 kHz and a damping rate of 30 Hz. Other modes are also observed in
the displacement spectrum, but their magnitude is much smaller, and for all practical
purposes they can be neglected in the following analysis. We note that the resonant
frequencies of the acoustic modes are sensitive to the constraints set by the supporting
contacts of the mirror and other imperfections at the time of fabrication.
Finally, in Equation (7.3) we examine the displacement of the center of mass by
radiation pressure. This is the degree of freedom linked to optical levitation. When
the optical push is weaker than the gravitational weight, the radiation pressure force is
fully balanced by the constraint of the mechanical support, and the mirror rests on the
stage. Above this threshold the net difference between optical and gravitational forces
lifts the mirror to a new equilibrium position, tipping it away from one of the contact
points of the supporting structure and modifying the relative detuning of the cavity.
The tipping angle is generally very small, with the center of mass displacement being
in the nanometre scale as opposed to the size of the mirror of a few millimeters. It
is, therefore, reasonable to consider linear forces and displacement (rather than torque
and angle) in the equation. Note that the threshold force is not generally equivalent
to the gravitational weight of the mirror but higher, Fth & Fg , as it is also necessary
to account for Van der Waals interaction and other static forces. Also, the damping
coefficient γlev is considered to differ from that of the acoustic mode, γac , since the
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former is mostly affected by air viscosity and not internal friction.
The steady-state solutions of the system dynamics are obtained by setting the
derivative terms inEqs. (7.1)-(7.4) to zero:
x0th = −α|a0 |2 ,
~G|a0 |2
x0ac =
,
2
mac ωac
a0 =

(7.5)
(7.6)
√

κin ain
,
κ/2 − i[∆ + G(x0lev + x0ac + x0th )]

x0 = 0
lev
~G|a |2 = mg − γ x. + Fopt (a)−Fg
0

lev lev

m

(7.7)
Fopt ≤ Fg and xlev = 0,

(7.8)

Fopt > Fg or xlev > 0,

where α = β~ωc /τc . It is convenient to define an effective detuning of the cavity:
∆eff = ∆+G(x0lev +x0ac +x0th ). From these equations we can calculate the minimum input
power required to optically lift the mirror. Assuming the cavity to be on resonance and
static forces on the mirror to be negligible (i.e. Fth = Fg ), the input power threshold
is given by
Pth =

mgκ2 L
.
4κin

(7.9)

When the input power is above threshold, the system reacts by reaching a new equilibrium point where the intracavity power is the same but the effective detuning is
different. Thus, above threshold the optical power circulating within the cavity is
purely determined by the mass of the mirror and is independent of input power, as
suggested by the second line of Eq. (7.8). A similar argument applies when Fth & Fg .

7.4

System dynamics

From our experimental results we infer the parameters of our system to be L =
80 mm, m = 1.116 mg, mac = 0.34 mg, ωac = 2π × 28.6 kHz, γac = 2π × 30 Hz,
γth = 2π × 560 Hz, γlev = 2π × 50 Hz, κ = 2π × 730 kHz, κin = 2π × 180 kHz, G =
2π × 3.6 MHz/nm, β = 8.6 pm/W. The threshold input power is therefore expected
to be around 4 W. In the following sections we will unravel the combined dynamics
of the system, starting from an input power well below threshold and proceeding at
increasingly higher power until the anticipated threshold is exceeded.
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Figure 7.3: Optical bistability in the cavity. (a) Experimental cavity output on reflection
at an input power of 180 mW (blue and red trace) and 8 mW (purple trace, for reference).
The data is obtained by linearly scanning the piezoactuator at a speed of 1.0 µm/s to vary
the detuning over time. (b) Numerical solution of Eqs. (7.4)-(7.1). All traces are normalized
relative to the maximum input power.

7.4.1

Optical bistability

Below threshold the effective detuning at equilibrium is determined only by the photothermal expansion and acoustic modes, ∆eff = G(x0th + x0ac ). Equations (7.5)-(7.6)
show that both of these are proportional to the average intracavity power, with thermal
expansion being negative and corresponding to a decrease in cavity length while the
displacement of the acoustic mode is positive and contributes in the opposite direction.
Combining the solutions for these modes into Eq. (7.7) we obtain to a cubic equation for the cavity photon number n = |a0 |2 . Depending on the system’s parameters
three possible solutions are possible, with two being stable and one unstable. This is a
well-known phenomenon that has been observed in analogous systems also driven by
radiation pressure force [40, 144] and photothermal expansion [40, 84].
In our system, the input laser power is the primary free parameter used to trigger
bistability. With sufficiently high power, the two stable solutions can overlap and the
system becomes prone to hysteresis as a function of cavity detuning. Intuitively, we can
imagine a scenario where the bottom piezoelectric actuator is set to scan downwards to
change the detuning. As the cavity approaches resonance the power builds up enough
thermal expansion in the levitation mirror to compensate for the downward travel of
the bottom mirror, resulting in a self-locking response.
In practice, with two effects competing in opposite directions, the course of bistability is determined by the displacement, which is most reactive to laser power. We
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define the ratio of photothermal displacement to acoustic displacement as
ζ=

2 βc
x0th
mac ωac
=
,
x0ac
2

(7.10)

for a quantitative evaluation of the dominant process. For ζ > 1, the photothermal
displacement is dominant over the acoustic displacement, and the cavity resonance
shifts towards the blue-detuned regime (∆ > 0). For ζ < 1 resonance shifts instead
towards the red-detuned regime (∆ < 0) and bistability is phenomenologically the
same as expected in the case of optical lifting. We find ζ = 16 in our experiment,
meaning that photothermal expansion is dominant as evidenced by the observation of
self-locking when blue-detuning the cavity.
In our system, the appearance of bistability occurs from a minimum input power
of about 180 mW, as shown in Fig. 7.3. We expose the hysteretic behavior by moving
the mirror on the piezoelectric actuator upwards (blue trace, from blue to red detunings) and downwards (red trace, from red to blue detunings). Compared to the typical
Lorentzian profile (purple trace, obtained at 8 mW) the resonance appears broadened
as the cavity tends to self-lock in the red-detuning regime, and narrowed when encountering the unstable state first by approaching from the opposite direction. This
response is easily simulated by numerically solving Eq. (7.4)-(7.1) for a detuning varying linearly with time. Thanks to an excellent agreement between the experimental
data and theory, we use this data to calibrate the free parameters reported at the start
of this section.

7.4.2

Excitation of acoustic modes

Optical bistability becomes more evident at higher input power when self-locking causes
the resonance to become increasingly broad at the same scan speed. At about 500 mW
the cavity starts exhibiting a new effect in the form of an oscillatory process, as demonstrated in Fig. 7.4. These oscillations are linked to the excitation of the acoustic modes
of the levitation mirror as they get parametrically amplified by the photothermal effect. Similarly to the radiation-pressure induced optical spring effect, the positive
photothermal stiffness experienced during self-locking by the system is paralleled by
a negative damping coefficient [138, 139]. The amount by which the natural damping
of the acoustic mode is modified by the photothermal interaction can be estimated by
the eigenvalues of the Jacobian matrix [145–149].
The excitations are easier to observe when the scan speed is slow enough to enable
the full accretion of the oscillations, as seen for example in the 1.0 and 1.5 µm/s cases
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Figure 7.4: Excitation of the mirror’s acoustic mode at different scan speeds of the piezoelectric actuator, at the input power of 500 mW. (a)-(b) Reflection output of the cavity during
a downward scan, from red- to blue-detuned frequencies, showing parametric amplification.
(c)-(d) Response of the cavity during an upward scan, from blue- to red-detuned frequencies.
Optical instability prevents the build-up of the oscillations. In both cases the experimental
data is shown at the top and the numerical simulation at the bottom.

in Fig. 7.4(a). Parametric amplification ensues in the red-detuned regime. When
the average detuning imposed by the external scan falls on the opposite side of the
resonance, the effective damping of the oscillations turns back positive, and the acoustic
mode turns quiescent again. Similar oscillations are also excited when scanning in the
opposite direction, in Fig. 7.4(b). In this case the red-detuning regime is on the righthand side of the trace, and since the cavity jumps too quickly to the next stable state,
there is not sufficient time for them to develop significantly.
We use finite element analysis to verify that the oscillation frequency (estimated
at 28.6 kHz by direct measurement), corresponds to a specific vibrational eigenmode
of the mirror. Other vibrational modes were also found; however, their participation
factor turned out to be negligible. This result is compatible with the full spectrum
obtained by the direct measurement of the displacement in Fig. 7.2.

7.4.3

High-order sidebands

The system response is large enough to induce a nonlinear amplitude modulation of
the incident pump field. This manifests itself through the appearance of higher-order
sidebands in the field spectrum (generally referred to as Stokes and anti-Stokes frequencies).
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Figure 7.5: Self-locking cavity response at the input power of 1.9 W. The top panels represent the cavity reflection in the time domain, as observed experimentally (a) and simulated
numerically (b). At the bottom, we show the wavelet transform of the corresponding traces.
The blue and green dashed lines are guidelines corresponding to the natural acoustic frequency
of 28.6 kHz and its second-order harmonic, respectively.

We then tune the input power to 1.9 W and present the experimental result in
Fig. 7.5(a). It is shown that a long self-locking envelope carries multi-frequency oscillations. The frequency evolution of the oscillations can be analyzed by doing the wavelet
transform of the time-domain reflection, shown in Fig. 7.5(c). The mechanical oscillation of 28.6 kHz is excited and parametrically amplified at around 0.2 ms. Second-order
sideband starts to appear from 0.5 ms, and higher-order sidebands are generated when
the piezo scans towards the cavity resonance. The blue and green dashed lines refer to
the natural frequency of the acoustic mode and its second-order sideband frequency,
respectively.

7.4.4

Optical spring

Another feature that we observe in Fig. 7.5 is how the natural frequency of the acoustic
mode varies as the mirror interacts with the cavity. This is particularly evident before
entering the regime of self-sustained oscillations, where the change in detuning is on
average still proportional to the applied linear scan. We attribute this modification
to the optical spring effect, which causes a reduction of the effective frequency in the
red-detuned regime when the parametric amplification begins, and an increase in the
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blue-detuned regime when the cavity trails out of resonance.

7.4.5

Optical lift

Above the threshold input power of 4 W the mirror should experience optical lift. If
static electric forces are sufficiently small, the input power of 4.5 W used for the plots
in Fig. 7.2 is expected to satisfy this requirement and to successfully detach the mirror
from one of the contact points.
The experiment does not allow direct observation of this phenomenon. Any analysis
of the mirror’s position is performed through a measurement of the reflective coating.
Neither the direct measurement by means of the quadrant detector or the indirect
deduction from the cavity response will yield the absolute position of the center of
mass, especially taking into account the more consequential dynamics examined so
far. As a matter of fact, at this power we do not identify a qualitative difference
compared to when the system operates below the lift-off threshold. We remember
that, at equilibrium, radiation pressure shifts the detuning point of the cavity so as
to achieve the same intracavity power that would be circulating on resonance at the
threshold power.
These projections are corroborated by the numerical simulations, which allow us to
investigate the photothermal expansion, acoustic vibrations, and mechanical displacement individually. At an input power of 4.5 W (used in Fig. 7.2), it is expected that
the scale of both acoustic and photothermal displacements is on the order of a few
nanometres while the mirror is only lifted off the stage by a few picometres. We also
compare the simulated system dynamics in the presence and absence of the optical
lifting interaction given by Eq. (7.3), finding no apparent difference. We conclude that,
at this power, the system dynamics are scarcely affected by the optical lift, and it is
not possible to identify a signature of this effect.
In general, it may be tempting to increase the power well above the threshold to
ensure a noticeable detuning, detectable for example, by monitoring the Pound-DreverHall signal of the cavity. We note, however, that the scale of the instabilities makes this
task hardly implementable, as the oscillations are such as to alter the instantaneous
detuning to a much larger extent.

7.5

A thinner and lighter levitating mirror

In this section, we swap the levitating mirror of 50 µm with one of 30 µm whose mass
is 0.966 ± 0.003 mg. In terms of Eq. (7.9), the power threshold for tipping this mirror
is about 3.6 W. We find that the dynamics of the thinner mirror is more complex.
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Figure 7.6: System dynamics for a levitating mirror of thickness of 30 µm. We present the
wavelet transform of the cavity reflection at the power of 3.3 W and at the scan speed of
1.6 µm/s. Unlike the dynamics observed for the mirror of 50 µm, two acoustic modes of about
20 kHz and 100 kHz are excited and present at different scanning displacements. At the start
of the scan, the low-frequency mode appears (region enclosed with the blue curve). As the
piezo is scanned towards the cavity resonance, the high-frequency mode is excited, but the
low-frequency one is suppressed. At the tail of the self-locking train, two modes are excited
simultaneously (region enclosed with the orange curve).

The wavelet transform of the cavity reflection under a downward scan is present in
Fig. 7.6. It is shown that two acoustic modes are excited but at two different regimes.
At the start of the scan (the region enclosed with a blue box), which is far detuned
from the cavity resonance, the low-frequency acoustic mode of about 20 kHz is present.
As the piezo scans close to the cavity resonance, the low-frequency mode is suppressed
while a high-frequency mode of about 100 kHz is excited instead, as shown in the
region enclosed with a blue box. Furthermore, we observe the simultaneous presence
of the two acoustic modes at the tail of the self-locking train (the regions enclosed with
an orange curve), leading to interference between them and among their high-order
frequency components.
To better understand the interaction between the two excited acoustic modes, we
lock the cavity at several different red detunings using the photothermally induced selflocking. The spectra of the cavity reflection are measured at each locked detuning, with
the results present in Fig. 7.7. At the power of 110 mW, we find that the low-frequency
acoustic mode is mainly excited at small cavity detunings while the high-frequency
mode is found at large detunings. The higher-order optical sidebands induced by
each mode are clearly seen. At a higher power [Fig. 7.6], more high-order frequency
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Figure 7.7: Reflection spectra for the mirror of 30 µm as a function of effective cavity detuning,
under no scan. (a) Reflection spectra at the power of 110 mW. Agreeing with the scanning case,
a low-frequency mode is present at large cavity detunings while high-frequency mode of about
100 kHz appears for large cavity detunings. There is a small overlap for the two modes at the
detunings around ∆eff = −0.6κ. (b) Reflection spectra at the power of 240 mW. Interference of
the two excited modes are shown. The spectra become continuous as the detuning is increased.

components are excited. The peaks for each frequency component tend to merge and
become continuous as the detuning is set close to the cavity resonance, which is an
indication of chaos [30]. This effect is primarily due to the strong nonlinear interactions
among the photothermal effect, two acoustic modes, and an optical mode.

7.6

Conclusion

In this chapter, we explored the nonlinear dynamics of a vertical optical cavity where
the top reflector consists of a millimeter-scale mirror to be optically levitated. We found
that the intracavity field bridges the interaction of different degrees of freedom linked
to photothermal expansion, acoustic modes, and position of the center of mass. The
result is a remarkably complex assortment of dynamics that we proceeded to identify
by observing the system’s response at different power regimes. We observed optical
bistability, parametric amplification, high-order sideband generation, and optical spring
corrections to the natural eigenmodes.
The ideal course of action to reduce the system’s instability would be to reduce the
optical absorption of the mirror coating significantly. By doing so, radiation pressure
would be the major source of interaction between the optical field and the mirror, the
combined system would be less elaborate, and any stabilizing effort such as feedback
control can be engaged to more specific aspects. Reducing absorption beyond a certain
level, however, may be technically challenging. Alternatively, one may attempt to
switch the photothermal interaction so that it collaborates with radiation pressure
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towards both static and dynamic stability [139, 150].
Despite being focused on a specific optical levitation system, our investigations may
offer methods to understand the physics of high-power optomechanical systems.
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A.1

Design of levitation test setup
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Figure 7.8: Overview of the design of levitation test cavity. The setup is primarily composed
of four parts: top adapter, bottom adapter, Invar enclosure, and legs.

In this appendix, we present the design of the vertical levitation employed in the
experiment, whose overview is shown in Fig. 7.8. It consists of four main parts: top
adapter, bottom adapter, Invar enclosure, and legs. The small mirror to be optically
tipped is freely standing in the center of the top adapter. The other mirror for the cavity
is enclosed within the bottom adapter. The top and bottom adapters are clamped to
an Invar enclosure, which is bolted to three supporting legs.
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Figure 7.9: Detailed design of top adapter. The levitating mirror is sitting on the center of
the adapter with no clamp. The supporting stage is featured with three contact points.

Figure 7.10: Detailed design of bottom adapter. The purpose of this adapter is to clamp the
cavity mirror and preload the piezoelectric actuator, which is configured in the lower figure.

The detailed design of the top adapter is given in Fig. 7.9. The stage for supporting
the small mirror is centered on the adapter and carved to leave only three contact
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Figure 7.11: Detailed design of Invar enclosure. The Invar material guarantees the isolation
of the cavity from the temperature fluctuations and air flow of the environment.

points (1). This feature can significantly reduce the van der Waals forces and static
electrical forces between the mirror and the stage. It also allows us to estimate the
required optical torque (or radiation pressure force) for tipping the mirror with the
intracavity light field. To precisely translate the stage in the horizontal direction, we
include two slots (3) for rubber O rings and two holes (4) for positioning the translation
screws. With the rubber rings and the adapters in place, the adapter can be moved
by tightening or loosing the screws. Once the adapter is positioned, we can clamp it
to the enclosure through the clear holes (2).
We detail the design of the bottom adapter in Fig. 7.10. The adapter consists of two
pieces, which are clamped together with the female thread (2) and clear hole (3). In the
center of the adapter, we present a sandwich configuration for a rubber ring, a cavity
mirror, and a piezo, allowing the preloading of the piezo. The rubber is compressed by
about 50% when the adapter pieces are clamped with screws. Given that our cavity
is concave-convex, the cavity alignment is very sensitive to the angle of the cavity
mirrors. We thus pattern a rubber ring slot (6) and three circularly symmetric clear
holes (4)-(5) for angular alignment of the cavity bottom mirror. In the presence of a
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rubber O ring on the slot (6), we clamp the adapter to the Invar enclosure with three
screws going through the clear holes (4)-(5). This process enables us to tune the angle
of the adapter by tightening or loosening each screw.
We display the sketch of the Invar enclosure in Fig. 7.11. The rubber ring slot
(1) and female thread (2) are compatible with the slot and positioning hole on the
side of the top adapter, allowing for horizontal translation of the adapter. The rubber
ring slot (7) and female thread (8) are adapted to the rubber ring slot and clear holes
on the bottom adapter, which is prepared for the angle tuning of the adapter. The
female thread (6) is designed for clamping the enclosure to the legs. Additionally, we
carve three symmetric vent holes, which are used to balance the air pressure inside and
outside the enclosure. Without the vent holes, the air pressure will prevent the small
mirror from optical tipping.

A.2

Design of tripod levitation setup

Figure 7.12: Diagram of tripod configuration for optical levitation. A small mirror and the
other three lower mirrors consist of three optical cavities. The small mirror is supported only
by the radiation pressure forces produced by the optical fields of the cavities.

We have captured and explored the dynamics of the levitation test setup made
of a single vertical cavity. Once we achieve stable optical tipping, we would move
the experiment to the tripod setup shown in Fig. 7.12. The small mirror can be
levitated by three circularly-symmetric radiation pressure forces produced by three
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optical cavities [42]. Unlike the single-cavity setup, this tripod configuration generates
a three-dimensional lattice allowing for stable optical confinement. Considering the
stability conditions of the three optical cavities and the small size of the levitating
mirror, we choose the cavity length to be 188 mm, the radius of curvature of bottom
mirrors to be 200 mm.

Invar enclosure

Top adapter

Bottom Adapter

Alignment
Mirror Adapter
Figure 7.13: Overview of tripod levitation setup. The left figure is the design of the setup
which is made up of top adapter, bottom adapter, alignment mirror adapter and Invar enclosure.
The right figure depicts the finished and fabricated setup.

We now have designed an experimental setup for tripod levitation, as shown in
Fig. 7.13. Similar to the layout of the single levitation cavity, this setup contains four
parts: top adapter, bottom adapter, alignment mirror adapter, and Invar enclosure,
among which the top adapter is the same as the one for single levitation cavity [see
Fig. 7.9]. Due to the stability conditions of the three cavities, the bottom adapter is
crowded in a limited space, which leads us to design a customized adapter for alignment
mirrors.
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(3)

(4)

(5)

(2)
(1)

(1) Clear hole for locking the bottom adapter.
(3) Clear hole for clamping to the enclosure.
(5) Female thread for clamping bottom adapter.

(4)

(6)

(2) Female thread for locking.
(4) Clear hole for alignment screws.
(6) Clear hole for clamping bottom adapter.

Figure 7.14: Detailed design of bottom adapter. To reduce the acoustic noise and increase the
system stability, we introduce a locking system (the piece with opaque effect) for the adapter.

In the design of the bottom adapter shown in Fig. 7.14, we include a system (the
piece with opaque effect) for locking the adapter (the pieces with transparency effect)
in place to achieve better stability. The piece for locking is directly bolted to the Invar
enclosure with clear holes (3). The adapter is tightened to this locking piece with
screws through clear holes (1) and female thread (2). The design of the adapter is
similar to that for the single levitation cavity. We use the female thread (5) and clear
holes (6) to clamp them together, and employ clear holes (4) for angle tuning.
The design of the Invar enclosure presented in Fig. 7.15 is slightly different from
the one for the single cavity. Considering the difficulty in machining and flexibility in
fabrication, we separate the enclosure into two pieces, which can be bolted together with
female thread (3) and clear holes (2). The inclusion of female thread (4) enables us to
replace the top piece with a nano-translation stage with six degrees of freedom (right
figure, SmarPod 110.45-S from SmarAct GmbH). The stage is vacuum compatible,
allowing us to align the levitating mirror in a vacuum environment.
The tripod setup has now been machined and fabricated, as shown in Fig. 7.13
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(1)
(2)
(4)

(3)

(4)

(5)
(6)
(5)
(7)

(1) Vent hole. (2) Clear hole for clamping Invar enclosure. (3) Female thread for clamping Invar enclosure.
(4) Female thread for clamping translation stage. (5) Female thread for clamping the enclosure the legs.
(6) Clear aperture. (7) Female thread for bottom mirror alignment.

Figure 7.15: Design of Invar enclosure. The upper piece of the enclosure can be replaced
with a vacuum-compatible translation stage for aligning the levitating mirror as we may run
the experiment in a vacuum environment in the near future.

(right). We have also successfully aligned one of the three cavities. The setup is ready
for further investigation of scattering-free macroscopic optical levitation.
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Chapter 8

Towards the stabilization of an
optical-levitation system

As we have shown in Chapter 7 Sec. 7.4.5, even if the power is sufficient for optical
suspension, other effects such as acoustic mode excitation and photothermal expansion,
have much larger consequences in the dynamics that can lead to system instability.
Uncontrolled acoustic excitations are detrimental to stable levitation as they are a
global effect on the mirror, which can be quite disruptive in the final tripod setup [42].
In this chapter, we introduce two methods to stabilize the system: photothermalrefraction stabilization with a laser window, and active feedback control.

8.1

Cancellation of photothermally induced instability

We have shown in Chapter 7 that the radiation pressure force tends to increase the
cavity length while the photothermal expansion of the levitating mirror due to optical
absorption leads to a decrease in optical path length of the cavity. This competing
effect gives rise to the instability of system dynamics. In this section, we show that
the inclusion of a laser window within the cavity generates a new photothermal effect
that lengthens the optical path length. This effect, which may arise due to the refractive index increase of the window under optical heating, is shown to be effective in
counteracting the cavity length decrease induced by the photothermal expansion.
Our theoretical analysis shows that photothermal refraction provides a damping
force that can be exploited to suppress the excitation of the acoustic mode as well as to
sufficiently stabilize the parametric amplification of optical spring induced by radiation
pressure force. In the numerical simulations, we present the possibility of a stable
optical suspension by photothermal refraction effect. Experimentally, we investigate
the influence of a BK7 window and a sapphire window on the system. We show
that the sapphire window is likely to mitigate the cavity length decrease produced
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by photothermal expansion. In contrast, the presence of the BK7 window completely
cancels out the photothermally-induced cavity length decrease. The net effect between
the photothermal expansion and refraction leads to a significant increase in optical
path length. This feature, however, occurs at the price of reducing the cavity finesse
as a result of the substantial optical absorption of the BK7 window.

8.1.1

Experimental setup

Figure 8.1: Experimental setup. (a) Diagram of the vertical levitation cavity (see Fig. 7.1)
with a laser window inside. Since the timescale of photothermal effects is linked to the beam
width [see Eq. (3.54)], the window is placed close to the top cavity mirror such that the
relaxation rate of photothermal refraction produced by the laser window is approximated to
that of the photothermal expansion generated by the top mirror. The window is tilted with
Brewster’s angle to allow the light to transmit through the window. The position of each part
of the setup is also detailed in this panel. (b) Beam width (red curve) and divergence angle
(purple curve) of the intracavity field as a function of position. The position is zeroed at the
waist of the light field. At the position of the laser window (green point), the divergence angle
of the light field is about 0.6◦ . (c) The design of the setup carved with a slot for the laser
window. We modify the design of the vertical levitation cavity presented in Appendix. A.1 of
Chapter 7.

The experimental setup is shown in Fig. 8.1 (a), with the inclusion of a laser window
in the vertical levitation test cavity. As we have discussed in Chapter 7, the mirror to be

§8.1

Cancellation of photothermally induced instability

143

optically lifted can absorb a small amount of the intracavity laser field and then expand
thermally. This process of photothermal expansion leads to a decrease of cavity length
and induces system instability by providing an effective anti-damping force. The laser
window here is also be heated by the intracavity field, leading to a rise in its refractive
index and thus an increase in the effective optical path length of the cavity. With
appropriate selection of window material and size, the change of cavity length induced
by the photothermal expansion and refraction can be canceled out. Given the fact that
the photothermal rate depends on the beam size, we place the window close to the
top mirror to make sure that the relaxation rates of the two photothermal effects are
comparable.
With the inclusion of the window, more cavity internal losses are produced due to
the reflection at the window surfaces and the light scattering and absorption within
the window. The laser window is thus tilted close to Brewster’s angle to reduce the
reflection loss at the window surfaces significantly. The input laser is linearly polarized
as Brewster’s angle is polarization-sensitive. The laser polarization is tuned to obtain
optimum window transmission with a λ/2 waveplate (not shown in the figure). Given
that the waist position of the optical field is outside the cavity, as shown in Fig. 8.1(b),
the beam at the laser window is slightly divergent by about 0.6◦ (green dot). It is
necessary to consider this divergence angle when estimating the angle-dependent window transmission. Note that it is also possible to use a flat and horizontal window
with an anti-reflection coating for the sake of reducing the loss produced at the window surfaces. An ideal anti-reflection coating can however be challenging. We found
experimentally that commonly available anti-reflection coatings induce more loss than
the Brewster angle.
In the absence of the laser window, we estimate the total cavity loss to be l = κτc =
2500 ppm, including the input loss of 750 ppm at the bottom mirror, the output loss
of 80 ppm at the top levitating mirror, as well as the other internal losses of 1670 ppm
(which mostly come from the light scattering due to the air). When introducing the
window, the loss expected at its two surfaces as a function of the tilting angle (with
respect to the propagation direction of the cavity field) is shown in Fig. 8.2 for BK7 and
sapphire windows. Equation 7.9 suggests that the input power threshold for optical
levitation Pth scales with the square of intracavity decay rate κ. It is thus crucial to
keep the cavity finesse at a reasonable value. To not reduce the cavity finesse by more
than 20%, we expect the loss at the window surfaces to be below 500 ppm (red dashed
line). Here we assume that the scattering and absorption losses within the window are
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Figure 8.2: Laser loss at the window surface as a function of the window angle with respect
to the light field. Brewster’s angles are found to be 56.7◦ for the BK7 window and 60.5◦ for
the sapphire window, respectively. The dashed line defines the loss threshold below which the
cavity finesse is lowered less than 20 %. The light blue and green curves refer to the acceptable
angle range after considering the light divergence.

negligible. If considering the divergence of the intracavity field, the angle range of the
window to enable the loss lower than 500 ppm is about 55.4-57.8◦ for the BK7 window
and 59.6-61.4◦ for the sapphire window.
To allow the laser window to be placed within the cavity and the window angle to
be adjustable, we modify the design of the vertical cavity for the levitation test (see
the appendix in Chapter 7), as shown in Fig. 8.1(c). We add a slot of about one-inch
width for the laser window and two female threads (M2) for the two alignment screws.
The angle of the slot is carved to be slightly lower than Brewster’s angle. When the
window is in place, we can tune the angle of the window by tightening the screws
slowly. The pitch of the M2 screw is 0.4 mm, suggesting that a window of one-inch
diameter changes by about 0.9◦ with one turn of both screws.
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Theoretical analysis

We now theoretically analyze the possibility of stabilizing the system with photothermal
refraction effect. It is convenient to recall the equations of motion for the system
.

xac =
.

pac =
.

xth =
.

a =
.∗

a

=

.

xlev =
.
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,
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2
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(8.5)
(8.6)
(8.7)

xlev > 0.

Here we write the intracavity power Popt = ~ωc /τc = ~Gcaa∗ /2 and radiation pressure
force Fopt = ~Gaa∗ explicitly. To simplify the analysis, we look at the first derivatives
of each variable by including the momentum variable pac and plev , and include the
equation for the mean value of annihilation operator a∗ . Accounting for the different
time scales of the photothermal effects on the levitation mirror and the laser window,
we have modeled the two effects with two independent equations of motion. We found,
however, that the results are consistent with using an effective equation. This allows us
to describe the photothermal effects using Eq. (8.3) for convenience, where xth denotes
total photothermally produced changes in optical path length, γth represents the effective photothermal relaxation rate and β is the effective photothermal coefficient. If
photothermal expansion (or refraction) is dominant over the other photothermal effect,
the sign of coefficient β is positive (or negative). In Eq. (8.4)-(8.5), we also include the
displacement xscan = vs t + x0s of a piezoelectric actuator attaching the bottom mirror
for scanning the cavity length, where vs is for the scanning speed and x0s denotes the
initial piezo displacement. The negative sign of xscan in Eq. (8.4) implies that an increase (or decrease) in the value of xscan represents an upward (downward) scan of the
piezo. The definitions of the other symbols have been given in Eqs. (7.1)-(7.4).
Without loss of generality, we first investigate how the photothermal effects affect
the system dynamics in the case of Fopt ≤ Fg . The Jacobian Matrix describing system
dynamics is easily obtained from Eqs. (8.6)-(8.5) as follows
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Figure 8.3: Photothermal modification of system dynamics. The input power used for this
figure is 200 mW. The other parameters employed come from the experimental calibrations
presented in Table 8.1.3 presented in the next subsection. (a) Optical spring in the presence
of photothermal effects. The photothermal expansion effect with a positive coefficient sign
(orange curves) is likely to soften the optical spring. In contrast, the photothermal refraction
with a negative sign of β appears to harden the spring. (b) Optical damping in the presence
of photothermal effects. The photothermal expansion and refraction tend to provide an antidamping and damping effects to the system, respectively.
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(8.8)

The eigenvalues of this matrix contain the dynamical information of the system,
with their real parts suggesting the damping rate and the imaginary parts inferring the
eigenfrequency. Among the imaginary parts of the five eigenvalues, the one closest to
the natural mechanical mode frequency is the effective mechanical frequency modified
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by the optical field, and the corresponding real part gives the effective damping rate
of the acoustic mode. We, therefore, have the optical spring Ωopt and optical damping
rate Γopt as follows
Ωopt = Im{eig(MJ )} − ωac ,
Γopt = −2 Re{eig(MJ )} − γac .

(8.9)
(8.10)

Figure 8.3 presents the effects of photothermal expansion (orange curves) and refraction (blue curves) on the optical spring and optical damping rate. It is shown that
the presence of photothermal effects barely influences the optical spring Ωopt . We can
see, however, from the insets of the panel (a) that the photothermal expansion is likely
to lower the optical spring effect. In contrast, the photothermal refraction provides an
extra restoring force to the levitating mirror. Concerning the optical spring shown in
panel (a), the presence of photothermal expansion adds an anti-damping to the system
for the entire detuning regime while the photothermal refraction effects tend to stabilize
the system by offering damping for all the detunings. This phenomenon shows a rule
of thumbs about how photothermal effects with different coefficient signs influence the
system dynamics, and also presents a possibility of stabilizing the system by flipping
the coefficient sign β to a negative.
It is worth noting that the key to the photothermally induced damping or antidamping effects is the sign of the coefficient β, rather than the physical process behind
the photothermal effects. In other words, if the photothermal expansion leads to an
increase in cavity length and thus gives a negative photothermal coefficient, it can also
contribute a damping force to the system dynamics. The expansion with negative β
can be achieved by turning over the cavity mirrors such that the mirror substrates are
within the cavity. This method, however, is not applicable currently in our levitation
cavity due to two reasons. Firstly, the photothermal effect primarily occurs on the
small levitating mirror as a result of the small beam size and the dimensions of the
mirror itself. It is thus not effective to turn over the bottom mirror. The other reason
is that there is no anti-reflection coating on the flat side of the levitating mirror due to
technical challenges. In comparison, the inclusion of a laser window inside the cavity we
propose in this chapter is a quite convenient option to attain negative β and effective
damping.
We next study the influence of photothermal effects on optical levitation in the time
domain. We first discuss the ideal situation where the photothermal effects and the
excitation of acoustic modes are ignored. That is, we consider the scenario described
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Figure 8.4: System dynamics in an ideal situation where the acoustic modes and photothermal
effects are absent. (a) Cavity transmission with different scan direction. (b) Corresponding
displacement of the mirror tipped off from the stage. Parameters used in the figure: input
power Pin = 0.2 W and scan speed vs = 4 µm/s.

by Eqs. (8.7) and (8.4) where only the cavity and the center-of-mass degrees of freedom
interact, purely through radiation pressure force. We present their numerical solutions
at the power higher than the levitation threshold set by Eq. (7.9) in Fig. 8.4. For
an upward scan, the top mirror starts to be picked off from the stage (i.e., xlev > 0)
by the radiation pressure force at the critical point of 0.7 ms [see Fig. 8.4(b)]. Given
that the mirror is tipped at the blue-detuned regime where the radiation pressure force
exerts a restoring and anti-damping force, the mirror stays levitated for a period of
time while its oscillation is parametrically amplified over time. The mean power of the
intracavity fields remains at the threshold for the optical levitation (dashed red curve)
as the threshold is the equilibrium point of the dynamical cavity field [see Eq.(7.8)].
The amplified oscillation of the levitated mirror is the signature of the optical spring
effect. For a downward scan, the mirror can still be optically tipped, but it quickly
drops to the stage and re-lifts again in the next cycle when the radiation pressure force
is greater than the gravitational force of the mirror. No parametric amplification and
optical spring effect are observed in this case as the red-detuned cavity field provides
an anti-restoring optical force to the mirror.
We now include the photothermal effects and acoustic mode in the levitation dynamics, with the numerical solutions of Eqs. (8.6)-(8.7) shown in Fig. 8.5. Panels
(a)-(c) display the system dynamics under the condition that the photothermal expansion of the levitating mirror is more significant than the refractive index change of the

§8.1

Cancellation of photothermally induced instability

5 (a)

20

(d)

0

0

-20

-5
1.0 (b)

1.0 (e)

0
(c)
1.0
0.5
0

0.9
0.85
0.8

0.5

0.5

0

149

0.5

1

1.5

2

0
8 (f)1.0
6 0.5
2
4
1
2
0
1.35
0
0
2

7.6

1.40

7.8

1.45

4

6

8

10

Figure 8.5: Optical levitation in the presence of photothermal effects at two different scan
directions (blue curve for the upward scan and red curve for the downward scan). (a)-(c)
Photothermal expansion is dominant with β = 10 pm/W. The optical suspension is unstable
for both scan directions. (d)-(e) Photothermal refraction is dominant, with β = −10 pm/W.
When scanned up the piezo, one side of the mirror is lifted off from the stage by radiation
pressure force (light-blue shaded region), and then stays stably after turning off the scan (darkblue shaded region).

laser window; that is, β is overall positive. Just as with the nonlinear dynamics we
have presented in Chapter 7 , the presence of photothermal expansion induces apparent optical bistability, with the cavity being anti-locked for an upward scan and being
locked for a downward scan [see Fig. 8.5 (b)]. It also destabilizes the system, making
the levitation more challenging. When scanned down the piezo, the mirror is optically
tipped at the start and end of the long self-locking process (red shaded region). No
sustained levitation, however, is observed for either scan direction, as shown in Fig. 8.5
(c).
The system dynamics behave completely differently when the photothermal refraction is the dominant photothermal effect, as seen in Fig 8.5 (d)-(f). Unlike the case
of photothermal expansion, the cavity appears to be anti-locked for a downward scan,
with the details of the dynamics given in the insets of Fig 8.5(f). Concerning an upward scan, the cavity transmission presented in Fig 8.5 (e) tends to be a self-locked
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Table 8.1: System Parameters

Parameters
Refractive index of laser window
Thickness of laser window (mm)
Diameter of laser window (mm)
Photothermal coefficient β (pm/W)
Photothermal relaxation rate γth (Hz)
Cavity finesse
Cavity decay rate κ (MHz)
Cavity length L (mm)
Input loss κin (kHz)
Laser wavelength λ (nm)
Eigenfrequency of acoustic mode ωac (kHz)
Effective mass of acoustic mode mac (mg)
Damping rate of acoutic mode γac (mg)
Mass of levitating mirror m (mg)

No Window
N/A
N/A
N/A
16.4
216
2480
0.76

Sapphire
1.77
3
25
11.4
180
2240
0.84
80
220
1050
30
0.34
30
1.1

BK7
1.52
1
25.4
-2890
4.7
780
2.40

scan and stays in its equilibrium point (dashed blue curve) once the mirror is tipped
off from the stage (light blue shaded region) by the radiation pressure force. The scan
is then turned off at about 7.5 ms when the cavity fields evolve into its steady state,
and the mirror has been lifted by about 7.8 nm. A small disturbance is observed at
the sudden change point of the scan, following by a fast self-stabilization process. The
oscillations within the disturbance envelope may contain the pure optical spring of levitation and the excitation of the acoustic mode. In the end, the mirror is stably lifted
at about 7.8 nm away from the stage. The photothermal refraction generated by the
laser window successfully suppresses the excitation of acoustic modes and gives rise to
the stabilization of optical levitation.

8.1.3

Experimental demonstration

Experimentally, we test laser windows made from BK7 and sapphire. The calibrated
system parameters are shown in Table 8.1.3 for BK7 and sapphire window, as well as the
case with no window. The presence of the sapphire window slightly reduces the cavity
finesse, while the inclusion of the BK7 window significantly lowers down the cavity
finesse. This suggests that Brewster’s angle turns out to be an effective way to reduce
the losses at the window surfaces, and the most likely loss produced by the BK7 window
comes from the optical absorption within the window. Due to the huge absorption of
the BK7 window, the absolute value of the estimated photothermal coefficient (β =
−2890 pm/W) is two orders of magnitude larger than that (β = 16.4 pm/W) of the
photothermal expansion of the levitating mirror. It is shown that the sapphire window
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only lowers the net photothermal coefficient while the BK7 successfully turns the value
of β negative.

Figure 8.6: Observation of optical bistability without (a)-(b) and with (c)-(d) the inclusion of
BK7 window. The presence of the BK7 window turns over the scan direction for self-locking and
anti-locking. To evidence the optical bistability and to calibrate the photothermal parameters
more precisely, we use two different scan speeds, with vs = 0.85 µm/s for panels (a) and (c),
and vs = 1.06 µm/s for panels (b) and (d). The solid curves are the best fit of the experimental
data (dots).

We evidence the sign flipping of β in the optical bistability effect presented in
Fig. 8.6. In the absence of the laser window [Fig. 8.6 (a)-(b)], the cavity tends to be
self-locked for a downward scan (red curves) and anti-locked for an upward scan (blue
curves). Here we fit the data to the numerical solutions of cavity transmission given
by Eqs. (8.6)-(8.7). The least-square method between the simulation and the data
for two different scans is used to estimate the photothermal parameters, presented in
Table. 8.1.3. After inserting the BK7 window inside the cavity, the scan direction for
observing self-locking and anti-locking effects is reversed. This is because the effective
photothermal effect leads to an increase in the optical path length of the cavity mirror
as the mirror and window are heated by the intracavity laser field. This effect is the
signature of a negative photothermal coefficient. Due to the significant decrease of
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the cavity finesse, however, we do not manage to make the radiation pressure force
higher than the gravitational force of the small top mirror and thus do not observe
the characteristics of stable optical tipping. The threshold input power Pth for optical
tipping is estimated to be about 35 W using Eq. (7.9), well above our experimental
means. The photothermal refraction effect introduced by the BK7 window appears to
be much more prominent than necessary. It is ideal to find a material with its optical
absorption being about an order of magnitude lower than BK7. With the inclusion
of a window made from this material, we expect to attain a negative photothermal
coefficient as well as a cavity with a fair value of finesse. We additionally note that
further investigations for system dynamics are required to demonstrate the effectiveness
of the laser window method in stabilizing the system instability.

8.2

Feedback cooling of system instability

In this section, we apply an alternative method, active feedback control [49,142], to
suppress the instability induced by radiation pressure force and photothermal effects.

8.2.1

Modeling and setup

Provided that the radiation pressure force exerted on the levitating mirror is proportional to the input power, we can feed the mechanical displacement back to modulate
the input power on the purpose of offering a feedback force. The equation of motion for
a single acoustic mode under the driving of the feedback force Ffb is given as follows:
..

.

2
mac xac + mac γac xac + mac ωac
xac = Fopt + Ffb (t − τ ),

(8.11)

with,
Ffb (t − τ ) = gx(t − τ ).
where τ is the delay of the feedback which can be tuned via a phase shifter. The
effective mechanical susceptibility is obtained by solving Eq. (8.11) in the frequency
domain:
χeff (ω) =

2
mac (ωac

−

ω2)

1
.
− g cos(ωτ ) + i[mac γac ω + g sin(ωτ )]

This equation suggests that the feedback force can modify the natural mechanical
frequency and damping rate. At ωτ = 0, the mechanical frequency is altered while the
damping rate remains unchanged. At ωτ = π/2, however, the natural damping rate
can be significantly modified such that the system may change from an unstable state

§8.2

Feedback cooling of system instability

153

Quadrant Detector
Spectrum
Analyzer

Levitating
Mirror

Function
Generator

Band Pass
Phase Shifter
Amplifier

IN

CONTROL
OUT

Variable
Attenuator

AOM Lens Lens

Bottom
Cavity
Mirror

Mirror

Figure 8.7: Experimental setup for feedback cooling. The displacement signal of the mirror
measured by the quadrant detector is filtered at the bandwidth from 20 kHz to 100 kHz. The
output signal of the bandpass filter is then phase-shifted and amplified to modulate the amplitude of the AOM drive. This process allows the mirror displacement to control the input power
of the cavity, forming a feedback loop. Additionally, the cavity is self-locked at a detuning via
the photothermal back action.

to a stable state.
The experimental setup for feedback cooling is shown in Fig. 8.7. The modulation
of input power is achieved using an acousto-optic modulator (AOM), which is driven by
a 80 MHz harmonic oscillation. The signal detected by the quadrant detector is filtered
using a bandpass filter with a bandwidth from 20 kHz to 100 kHz, giving a clean signal
containing the information of mirror displacement. This signal is then phase-shifted,
amplified, and fed to modulate the amplitude of the AOM drive. This process forms
a closed feedback loop. The mechanical displacement is processed using a spectrum
analyzer for the purpose of obtaining the mechanical spectrum. We achieve the cooling
of the acoustic mode by appropriately tuning the phase of the feedback signal.

8.2.2

Experimental result

Figure 8.8 presents mechanical spectra in the cases of without (red trace) and with
(blue trace) feedback. We successfully suppress the acoustic excitation by about 10 dB.
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Figure 8.8: Mechanical spectra with and without feedback control. Under no feedback control,
the excitation of two acoustic modes is observed. In the presence of feedback, the oscillation of
the acoustic mode is cooled down by more than 10 dB.

We note that we did not manage to fully stabilize the system at a high-power regime
where the optical tipping induces an extra mechanical oscillation, and photothermal
effects are dominant. This is because the cooling technique provided is effective for
single-mode applications [49], whereas the high-power case involves multiple modes
and complicated dynamics induced by photothermal effects. To fully cool down the
mechanical oscillations of the levitating mirror, a more complicate feedback method
might be required.

Part IV

Extensions
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Chapter 9

Optomechanically Induced
Carrier-Envelope Phase
Dependent Effects

To date, the investigations of carrier-envelope phase (CEP) dependent effects have been
limited to optical pulses with few cycles and high intensity, and have not been reported
for other types of pulses. Optomechanical systems have the potential to go beyond these
limits. In this chapter, we present a novel approach using optomechanics to extend the
concept of traditional CEP in the few-cycle regime to mechanical pulses, and develop
a two-step model to give physical insight. By adding an auxiliary continuous optical
field, we show that a new CEP-dependent effect appears even in the multi-cycle regime
of mechanical pulses. We obtain the approximated analytical solutions providing a full
understanding of these optomechanically induced CEP-dependent effects. In addition,
our findings show that one can draw on the optomechanical interaction to revive the
CEP-dependent effects on optical pulses with an arbitrary number of cycles and without
specific intensity requirements. The effects of CEP, broadly extended to encompass fewand multi-cycle optical and mechanical pulses, may stimulate a variety of applications
in the preparation of CEP-stabilized pulse, the generation of ultrasonic pulses with
desired shapes, the linear manipulation of optical combs, and more.

9.1

Introduction

The simple premises behind an optomechanical system (OMS), where a mechanical
resonator interacts with an optical field via radiation pressure force, offer untold opportunities that were even hard to imagine until recent years. The rapid development
of optical control in optomechanical devices [39, 68, 151, 152] brings the applications
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of OMS to the cutting edge of metrology, such as precision measurements of accelerations [118], magnetic fields [122], weak forces [117], and electrical charges [80]. New
frontiers are also targeted for position measurements, with pioneering research aiming
to push the precision towards the standard quantum limit [153]. In fact, the applications of OMSs in the field of metrology are too many to be listed comprehensively, and
there is always a potential for further extension to other significant physical quantities.
The carrier-envelope phase (CEP) of a given pulse is one example.
The CEP is the phase between the envelope of a pulse and the carrier frequency
at which the pulse is modulated. In the field of ultrafast optics, the rapid progress
of CEP measurement techniques has made it possible to fully manipulate laser pulses,
paving the way to numerous novel physical phenomena and applications. Some of
these include, for example, super-high-resolution measurements on atomic and molecular systems [154], efficient tomography of molecular orbitals [155], and generation of
intensive femtosecond electron beams [156–158]. Despite their manifest popularity, so
far CEP-dependent effects have mostly been limited to pulses with few oscillations
within the envelope (few-cycle pulses), and the measurement techniques involved are
impossible for pulses whose intensity is too low to excite tunneling ionization [159,160].
Sparked by the growing importance of CEP measurements, recent works extended the
exploration of CEP effects towards multi-cycle [161] and low-intensity [159] regimes,
finding interesting applications in the generation of CEP-stabilized ultra-short laser
pulses [162, 163] and the coherent control of molecular and electron collisions [164].
The CEP-dependent effects of laser pulses with both an arbitrary number of cycles
and arbitrary intensity is, nevertheless, still an open issue that needs to be explored.
It is also worth noting that almost all the current research on CEP is only focused
on pulses of optical nature, missing the potential significance of CEP in other types
of pulses. The generation and manipulation of ultrasonic pulses are currently topics
of intense research [165–168], accounting for a number of recent achievements such as
super-resolution imaging [169, 170], control of microfluidics [171], and coherent magnetization precession [172]. Remarkable advancements in the generation, detection,
and control of magnetic [173] and electric [174, 175] pulses are also pushing for the
development of new applications [173, 176, 177]. Because of the compelling demand,
an extension of CEP measurement and control techniques to new types of pulses is
very appealing. From this perspective, the diversity of experimental setups in optomechanics [33] makes an OMS an incredibly useful platform that can act as transducers
between different types of pulses generated in various systems. For example, ultrasonic
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pulses can be transformed into mechanical pulses by the acoustic radiation pressure
force generated by the ultrasound [171], and electric or magnetic pulses can be traded
to mechanical actuation by piezoelectric [178] or piezomagnetic effects. This indicates
that, in principle, one can focus the study of CEP measurements and control of a pulse
to a generic mechanical pulse while at the same time benefiting from the profusion of
applications associated with pulses of different nature.
In this work, we present a model addressing the CEP-dependent effects for both
mechanical pulses and optical pulses using optomechanics. Even though several theoretical pioneering works [179–182] in the field of ultrafast optics have qualitatively and
quantitatively described the CEP-dependent effects appearing in atoms or molecules,
the analytical description and physical insight of CEP-dependent effects emerging in an
optomechanical system are still not well understood. We lay down the approximated
analytical results that are strongly supported by accurate numerical simulations, leading us towards a clear physical picture of optomechanically induced CEP-dependent
effects. In the resolved-sideband regime where the resonance frequency of the mechanical oscillator is much larger than the linewidth of the cavity, our analysis starts from
few-cycle mechanical pulses, showing that the plateau width (PW) of the cavity output spectrum directly depends on the CEP. In the multi-cycle regime of mechanical
pulses, where the traditional CEP-dependent effects are washed out, we introduce a
continuous auxiliary field to reveal a novel CEP-dependent effect: the plateau height
difference (PHD) between the Stokes and the anti-Stokes sidebands in the spectrum.
The outcomes are easily adapted to the case of optical pulses with an arbitrary number
of cycles and without specific intensity requirements. As a consequence, CEP measurements are extended to the domain of ultra-weak, multi-cycle optical pulses, as well
as all other types of pulses with which an OMS can interact. Along a similar line as
the applications of CEP of optical pulses, the CEP measurement of mechanical pulses
has the potential to be applied to the shape detection and manipulation of ultrasonic,
electric, or magnetic pulses.

9.2

CEP-dependent effect in the few-cycle regime

We consider a cavity OMS [cf. Fig. 9.1(a)] consisting of a fixed mirror and a
movable mirror (i.e., mechanical resonator), with characteristics similar to a recent
pioneering experimental scheme [183]. The system is driven by a continuous optical
input with frequency ωl and an external mechanical pulse with carrier frequency ωm ,
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and its Hamiltonian in the rotating frame of ωl is
 2

2 x̂2
p̂
mωm
H=
− ~∆â† â + ~Gx̂â† â + Hmd + Hod ,
+
2m
2

(9.1)

with Hmd and Hod being respectively the
drive and optical drive, which are
 mechanical

2 
t−t0
cos (ωm t + φCEP ) x̂ and Hod =
chosen as in this section: Hmd = A exp −2 ln 2 t
p

i~ εl â† − H.c. . Here, x̂ and p̂ are respectively the position and momentum operators
of the mechanical resonator of mass m, whereas â (â† ) is the bosonic annihilation
(creation) operator of the optical mode. For simplicity, we consider the case that
the mechanical pulse matches the mode of the mechanical resonator by assuming the
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Figure 9.1: (a) Schematic diagram of the optomechanical system. (b) Different shapes of
pulsed mechanical forces depending on the CEP. We set A = 1 µN and tp = 0.2 µs. (c) The
dynamical evolution of a mechanical pulse and the corresponding mechanical displacement.
The other relevant parameters used in this work are borrowed from a recent state-of-the-art
experiment [183]: γm = 2π × 140 Hz, κ = 2π × 430 kHz, ωm = 2π × 947 kHz, m = 145 ng,
p
g0 = 2π × 2.7 Hz, G = −g0 / ~/(mωm ).

(where ωc denotes the cavity resonant frequency), and κ is the cavity decay rate. The
p
input field inside the cavity εl is obtained using εl = κPl /(~ωl ) with Pl being the
input laser power. The term ~Gx̂â† â describes the optomechanical interaction, with
the coupling strength G. For the input pulse we consider, in a representative form, a
Gaussian envelope such as the ultrasonic pulse discussed in Ref. [184], with A being
the amplitude, tp being the full width at half maximum and t0 being the arrival time
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of the center point, set to 20 µs in all the following simulations. The parameter φCEP
represents the carrier-envelope phase, whose importance in determining the pulse shape
[cf. Fig. 9.1(b)] is essential for the control of a few-cycle pulse. In obtaining the
dynamics from the Hamiltonian we ignore the quantum fluctuations [39, 75, 109], and
consider the classical Langevin equations as follows by adding the mechanical (γm ) and
optical (κ) dissipation terms:
..

~G 2 A −β 2 (t−t0 )2
|a| + e
cos(ωm t + φCEP ),
m
m
.
a = − [κ/2 + i (−∆ + Gx)] a + εl .

.

2
x + γ m x + ωm
x=−

where β =

√

(9.2)
(9.3)

2 ln 2/tp . Since both differential equations are non-linear, an analytical

solution to both is non-trivial. However, we shall derive the approximated analytical
solutions if we consider a strong-drive approximation, where the drive to the mechanical
motion is typically much more intense than the effect of the radiation pressure force,
2
and thus we are able to drop the term − ~G
m |a| from Eq. (9.2). Ignoring the effects of

light onto the mechanics does not completely eliminate the optomechanical interaction:
the position of the mirror still exerts its influence on the cavity field, acting as a
‘transducer’ for the mechanical pulse. For the subsequent analysis we focus on two
time windows, one during which the pulse is interacting with the system and the other
starting right after the end of the mechanical pulse and ending before the damping of
the displacement becomes appreciable.

Figure 9.2: (a)–(b) The optical power spectrum obtained from the analytical solution of
Eq. (9.4) (cross marks), compared with the accurate numerical solution of Eqs. (9.2) and (9.3)
(lines). The relevant parameters are set to: Pl = 10 mW, A = 200 µN and tp = 20 ns.

We start the analysis from the later time window, in which strong-drive and negligibledamping approximations are considered. The relatively small impact of the approximations is shown in the numerical results [cf. Fig. 9.1(c)] for the dynamics of the
system driven by a pulse of even a micronewton. The spectrum for the cavity field is
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then given as follows (detailed calculation available in the Appendix A.1)
aN (ωm ) = εl eiN φm

+∞
X

Jn (α)JN +n (α)
,
i(nωm − ∆) + κ/2
n=−∞

(9.4)

where α = Gx0 /ωm , N symbolizes the order of the optical sidebands, and Jn (α) is the
Bessel function of the first kind with n for its integer order. The parameters x0 and
φm are the amplitude and the initial phase of the mechanical oscillation respectively,
and their values are extracted from numerical results. Given the property of Bessel
P
function +∞
n=−∞ Jn (α)JN +n (α) = δN 0 (where δN 0 is the Kronecker delta function), it
is shown from Eq. (9.4) that aN (ωm )(N 6= 0) goes to zero when the cavity decay κ is
much larger than the mechanical frequency ωm . This means that the the higher-order
sidebands and associated effects are absent in such regime, and thus our following work
will be only focused on the regime where κ  ωm , i.e., the resolved-sideband regime.
From now on we choose ∆ = −ωm and consider the power spectrum of the transmitted
field to avoid the interference between the output field and the input field by applying
√
κaN (ωm ). The output power spectrum is
the input-output relation: aout
N (ωm ) =
shown in Fig. 9.2(a)-(b), in which a plateau is formed by the emergence of high-order
sidebands [185, 186] that ends swiftly at a specific cut-off frequency.

(a)

(c)

(b)

Figure 9.3: (a) The plateau width (PW) as a function of CEP. The lines and the cross marks
indicate the PW obtained respectively from the numerical and analytical solutions, as before.
The circle marks are obtained from the more concise definition of Eq. (9.5). (c) The CEP
dependence of maximum mechanical displacement. (c) The numerical results for the linear
relation of the PW to the amplitude of input mechanical pulse.

The plateau width (PW) is a convenient quantity to consider for a characterization
of the system’s conditions. We define it from the difference between the highest and
the lowest frequencies corresponding to the sidebands whose amplitudes are greater
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than half of the maximum value, determining the cut-off frequencies of the anti-Stokes
and the Stokes sidebands respectively. When the mechanical pulse contains only a few
cycles, the PW changes periodically with period π as the value of CEP increases [cf.
Fig. 9.3(a)]. This is a clear CEP-dependent effect that can be utilized to infer the shape
of the pulse and prompt the necessary actions for its control. Figure 9.3(a) shows in
particular that the CEP-dependent effect is weakened as the temporal width of the
pulse, tp , becomes larger (i.e. the pulse contains more cycles), and ultimately vanishes
when tp is large enough. We note that the Bessel function, Jn (α), decays very quickly
when n > α. Applying this property to Eq. (9.4), we see that higher order terms in the
series reduce to zero rapidly once N > α. This means that the cut-off frequencies in
the output power spectrum can be approximated to ±αωm . We can therefore redefine
the PW $ in a more concise equation:
$ = 2αωm = 2Gx0 .

(9.5)

As seen in the overlap of the PW traces in Fig. 9.3(a), this new definition distinctly
agrees with the previous. Equation (9.5) reminds us that it is essential to fully understand the behaviors of the maximum displacement (x0 ) for the sake of obtaining
the physical picture of the CEP-dependent effect. For this reason, in the following
discussions we focus on the analysis of the mechanical spectrum in the time window
during which the pulse drives the system.
By dropping the radiation pressure term similarly to the previous calculation and
R +∞
considering the Fourier transform of x(t) [x(t) = −∞ x(ω)eiωt dω], we give the displacement spectrum (see Appendix A.1):
|x(ω)|2 =

A
√
4β π

2

1
|χ(ω)|2
−

2e

−

e

2
ω 2 +ωm
2β 2

(ω−ωm )2
2β 2

−

+e

(ω+ωm )2
2β 2

+
!

cos[2(ωm t0 + φCEP )] ,

(9.6)

2 − ω 2 + iγ ω)]−1 is the susceptibility of the mechanical oscillator.
where χ(ω) = [m(ωm
m

This spectrum shows that the maximum values of the mechanical displacement are
found at the mechanical sidebands, i.e. ω ≈ ωm and ω ≈ −ωm . The term including
2 /β 2 ) cos[2(ω t + φ
the CEP in Eq. (9.6) reduces to 2 exp(−ωm
m 0
CEP )] if one looks at

these two mechanical sidebands. Since the PW is linearly related to the maximum
mechanical displacement [cf. Eq. (9.5)], such term indicates that both are modulated
periodically by the CEP with period π when the parameter β is much greater than
√
ωm (i.e., tp  2 ln 2/ωm ). Moreover, the dependence of the PW (and maximum
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displacement) on CEP fades with decreasing β (increasing tp ), and such dependence
completely dies out when β  ωm . These features agree very well with previous
discussions about CEP-dependent effects. Furthermore, we find that the numerical
result for the maximum mechanical displacement as a function of CEP [cf. Fig. 9.3(b)]
shows the same dynamics as the analytical results. We therefore identify the regime
where β  ωm (pulse contains few cycle) as the few-cycle regime and the regime where
β  ωm (pulse contains many cycle) as the multi-cycle regime. We note from Eq. (9.6)
that the mechanical displacement depends linearly on the amplitude of the mechanical
pulse (i.e., A), implying that the PW is also proportional to A [cf. Fig. 9.3(c)]. Such
dependence provides a potential and concise way to linearly manipulate the line number
of an optical comb. Since the line spacing of the optical comb observed in Fig. 9.2(a)–
(b) is determined by the mechanical frequency (the value is taken from an experiment
as 2π × 947 kHz [183]), it is in principle possible to beat the challenge of narrowline spacing [187]. Current experiments in optomechanics have achieved mechanical
frequencies lower than kilohertz [33, 188], meaning that this technique would open
access to new regimes of optical comb manipulation.
Based upon the analysis above, we devise a two-step interpretation for the appearance of high-order sidebands induced in the OMS: (i) an intense mechanical pulse is
sent to the mechanical resonator to drive high-amplitude oscillations; (ii) the strong
oscillations of the mechanical resonator induce Stokes and anti-Stokes scattering of the
cavity field. The requirement for the first step is embodied in Eq. (9.6), according
to which the higher-order sidebands forming the plateau can be excited only when
α  1, or equivalently x0  ωm /G. The second step is represented by Eq. (9.4), describing how both the Stokes and the anti-Stokes fields build up the power spectrum.
The two-step model can also be used to obtain physical insight into the appearance of
CEP-dependent effects. The first step introduces an intense mechanical pulse to drive
the oscillations of the mechanical resonator. Since the amplitude of the oscillations
depends on the CEP [cf. Eq. (9.6) and Fig. 9.2(b)], one can thus infer a similar dependence on the optical spectrum of the cavity, thanks to Eq. (9.5). The second step
relates to the appearance of sidebands on the optical output spectrum due to the impact of the modulation from the mechanical oscillation. Observation of the PW of the
output power spectrum will therefore give, thanks to Eq. (9.5), a direct measurement
of the CEP.
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CEP-dependent effect in the multi-cycle regime

As mentioned earlier, traditional CEP-dependent effects are weakened in the presence of multiple cycles. In this section, we demonstrate how the inclusion of an auxiliary continuous optical field in the system lifts any requirement linked to the number
of cycles for observing CEP-dependent effects.

(a)

(b)

Figure 9.4: (a)–(b) The output power spectrum from Eq. (9.7) (cross marks), compared with
its numerical results (lines) under no approximation. The parameters are set to: Pl = 2 mW,
Pa = 3 mW, A = 6 µN and β = 0.2ωm .

We consider the following inputs to the OMS: a mechanical pulse containing a large
number of cycles, one continuous red-detuned laser, and another continuous auxiliary
laser of different wavelength. The Hamiltonian for the optical drives [cf. Eq. (9.1)]
reads Hod = i~[(εl + εa e−iΩt−φo )â† − H.c.], where εa is determined by the input power
p
of the auxiliary laser using εa = κPa /(~ωa ), Ω is its optical frequency in the rotating
frame of ωl , i.e. Ω = ωa − ωl (from here, we choose Ω = lωm , with l = ±0, 1, 2, ...), and
φo is the phase difference of the two lasers at t = 0. Considering approximations and
calculation methods similar to the previous section (see Appendix A.2), we obtain the
cavity field spectrum:
aN (ωm ) = eiN φm

+∞
X
[εl Jn (α) + εa e−i(φa −lφm ) Jn+l (α)]JN +n (α)
.
i(n + 1)ωm + κ/2
n=−∞

(9.7)

The output power spectrum [cf. Fig. 9.4(a)-(b) with l = 1] for such setup displays
a striking asymmetric feature: the sidebands from Stokes scattering differ in intensity
from the sidebands due to anti-Stokes processes. Such an effect cannot be found in the
absence of the auxiliary laser [cf. Fig. 9.2 and 9.3], and has the very important quality
of depending on the CEP. Therefore, in this multi-cycle regime where the dependence of
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(a)

(b)

CEP (rad)

CEP (rad)

Figure 9.5: (a)–(b) Dependence of the plateau parameters (PW and PHD) on CEP. The input
power of the two lasers are the same as Fig. 9.4(a) and (b).

PW on CEP vanishes [cf. Fig. 9.5(a)], we can still define a parameter that identifies and
characterizes the CEP: the plateau height difference (PHD) between the average height
of the anti-Stokes and the Stokes sidebands in the output power spectrum. In contrast
to PW, which is periodic by π [cf. Fig. 9.3(c)], the PHD reveals a dependence periodic
by 2π [cf. Fig. 9.5(b) and Eq. (9.7)]. Equation (9.7) offers a clear physical picture
for such effect. The origin of the PHD lies in the interference between the two optical
fields. As the auxiliary laser enters the cavity, it acquires high-order sidebands due to
the interaction with the mechanical motion, similar to the original field with amplitude
εl . The Stokes and anti-Stokes sidebands from the two lasers interfere unevenly, leading
to the difference in amplitude between the two. Furthermore, Eq. (9.7) also reveals
that the CEP dependence period would be 2π/l if the frequency of the auxiliary laser
is lωm , as demonstrated by the numerical results shown in Fig. 9.6(a).

9.4

From mechanical to optical pulses

To complete our analysis we explore the effect of multi-cycle optical pulses, as
opposed to mechanical pulses, as considered so far. We take, as inputs, a continuous
high-amplitude mechanical drive, a continuous red-detuned laser, and an optical pulse.
The Hamiltonians describing the drives are Hod = i~[(εl + εa e−iΩt−φCEP e−β

2 (t−t )2
0

)â† −

H.c.] and Hmd = A cos(ωm t + φ)x̂.
Similar to the scenario for the mechanical pulse, the output power spectrum shows
again the emergence of a dependence of the power spectrum on the CEP in the form
of PHD [cf. Fig. 9.6(b)], even in the regime where the optical pulse contains many
cycles and traditional CEP-dependent effects are washed out. It should be noted
that, additionally, traditional CEP-dependent effects in an ion platform can only be
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Figure 9.6: (a) PHD as a function of the CEP and the frequency of the auxiliary laser (Ω).
(b) For a pulsed optical input in the multi-cycle regime, PHD is shown to depend on its CEP.
The parameters are: Pl = 1 µW, Pa = 100 nW, A = 40 nN and β = 0.005ωm .

observed when the optical pulse is intense enough so that the tunneling ionization can
take place [159]. In the OMS, this condition is generally transferred onto the drive
for the mechanical resonator, which is required to be intense to generate a robust
mechanical oscillation leading to higher-order sidebands. In previous work, the optical
pulse was required to be intense in order to meet such requirement [185]. Here, it is the
continuous mechanical driving that takes the responsibility to excite the mechanical
resonator intensely. The new CEP measurement for the optical pulse based upon an
interferometric process is, therefore, technically free from any intensity requirements.

9.5

Conclusion

We extended the observation of CEP-dependent effects from ultra-fast optics to
the realm of mechanical pulses using optomechanics. Approximated analytical solutions robustly supported by accurate numerical solutions were delivered, revealing a
clear physical picture of the model. We developed a two-step model to describe the
physical processes linking the optical spectrum to the CEP of few-cycle mechanical
pulses, and then identified a novel effect that delivers information on CEP regardless
of how many cycles the envelope of the mechanical pulse contains. Importantly, this
method also functions even for ultra-weak optical pulses. The method described applies extensively to a variety of pulses: mechanical or optical, in the few- or multi-cycle
regime, and without specific requisites on optical intensity. The diverse development of
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experimental optomechanical setups [33] may enable our scheme to be implemented for
the measurement of CEP and manipulation of optical combs in a very wide frequency
range. In addition, the versatility of optomechanical platforms could be used to stretch
these advantages to unexplored grounds, such as ultrasonic pulses [189].
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Appendix

This appendix present the details of the associated calculations.

A.1

Mechanical pulses in the few-cycle regime

We consider a cavity OMS driven by a continuous optical input with frequency ωl and
an external mechanical pulse with carrier frequency ωm , and its Hamiltonian in the
rotating frame of ωl is written as
H=(

2 x̂2
mωm
p̂2
+
) + ~∆â† â + ~Gx̂â† c + Hmd + Hod ,
2m
2

with
Hmd = A exp[−2 ln 2(

t − t0 2
) ] cos(ωm t + φ)x̂,
tp

Hod = i~(εl â† − H.c.).

(9.8)
(9.9)

In this work, the classical Langevin equations are given as follows:
~g 2 A −β 2 (t−t0 )2
|c| + e
cos(ωm t + ϕ),
m
m
.
a = −[κ/2 + i(−∆ + Gx)]a + εl .
..

.

2
x=−
x + γm x + ωm

(9.10)
(9.11)

The approximated analytical solution of the two nonlinear differential equations
can be calculated if we consider a strong-drive approximation, where the drive to the
mechanical motion is typically much more intense than the effect of the radiation
2
pressure force, and thus we are able to drop the term − ~G
m |a| from Eq. (9.10). If we

focus on the time window that starts right after the end of the mechanical pulse and
ends before the damping of the displacement becomes appreciable, Eq.(9.10) become
..

2 x = 0, and its solution is easily obtained as follows:
x + ωm

x(t) = x0 cos(ωm t + φm ),

(9.12)

where x0 and φm are the amplitude and the initial phase of the mechanical oscillation
respectively. We define h(t) = −[κ/2 + i(−∆ + Gx)] and suppose the solution of a(t)
as follows,
a(t) = e

R

h(t)dt

g(t)

= f (t)g(t),

(9.13)
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with f (t) = e

R

h(t)dt .

Substitute this equation into Eq. (9.11), we have
.

f (t)g(t)h(t) + f (t)g(t) = h(t)f (t)g(t) + εl ,
Z
g(t) = εl f (t)−1 dt.

(9.14)

We give f (t) as follows
R

f (t) = e

h(t)dt

= exp(−κt/2) exp(−iωm t) exp[−iα sin(ωm t + φm )],
where α =

Gx0
ωm .

g(t) is then calculated as:

Z
g(t) = εl

f (t)−1 dt

Z
= εl

exp(κt/2) exp(iωm t){cos[α sin(ωm t + φm )]

+i sin[α sin(ωm t + φm )]}dt
Z
= εl exp(κt/2 + iωm t)
{

+∞
1 X
[J (α)ein(ωm t+φm ) + Jn (α)e−in(ωm t+φm ) ]
2 n=−∞ n

+∞
1 X
[−Jn (α)ein(ωm t+φm ) + Jn (α)e−in(ωm t+φm ) ]}dt
−
2 n=−∞

= εl

+∞
X

Jn (α)einφm

n=−∞

exp[i(n + 1)ωm t + κt/2]
.
i(n + 1)ωm + κ/2

(9.15)

We thus obtain a(t):
a(t) = f (t)g(t)
+∞
+∞
X
X
exp[i(n − k)ωm t]
= εl
Jn (α)Jk (α)ei(n−k)φm
i(n + 1)ωm + κ/2
n=−∞
=

k=−∞
+∞
X

aN (ωm ) exp[−iN ωm t],

(9.16)

N =−∞

with
aN (ωm ) = εl eiN φm

+∞
X

Jn (α)JN +n (α)
.
i(n
+
1)ω
+
κ/2
m
n=−∞

(9.17)

Subsequently, we calculate the spectrum of the mechanical displacement for the time
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window during which the pulse is interacting with the system. By dropping the radiation pressure term similarly to the previous calculation, Eq. (9.10) takes the form:
..

.

2
x + γm x + ωm
x=

A −β 2 (t−t0 )2
e
cos(ωm t + ϕ),
m

(9.18)

The right side of the equation above is expanded as follows:
..

A −β 2 (t−t0 )2
e
cos (ωm t + ϕ)
m
Z +∞
1
ω2
eiωm t+iϕ + e−iωm t−iϕ
A
√ exp(− 2 ) exp[iω(t − t0 )][
]dω
m −∞ 2β π
4β
2
Z
A +∞ 1
(ω − ωm )2 −i(ωt0 −ωm t0 −ϕ) iωt
√ exp[−
]e
e dω +
m −∞ 4β π
4β 2
Z
A +∞ 1
(ω + ωm )2 −i(ωt0 +ωm t0 +ϕ) iωt
√ exp[−
]e
e dω.
(9.19)
m −∞ 4β π
4β 2

.

2
x + γm x + ωm
x =

=
=

We substitute the ansatz x(t) =

R +∞
−∞

x(ω)eiωt dω into the left side of the Eq. (9.18),

and obtain:
.

..

2
x=
mx + mγm x + mωm

Z

+∞
2
x(ω)(−ω 2 + iγm ω + ωm
)eiωt dω.

−∞

(9.20)

Comparing Eqs. (9.19) with (9.20), x(ω) is easily given as follows:
x(ω) =

A
e
√ e−iωt0
4mβ π

|x(ω)|2 =

A
√
4β π

2

2e

−

(ω−ωm )2
4β 2

1
|χ(ω)|2
−

2
ω 2 +ωm
2β 2

−

e

−

(ω+ωm )2
4β 2

+e
e−i(ωm t0 +ϕ)
,
2
−ω 2 + iγm ω + ωm

ei(ωm t0 +ϕ)

(ω−ωm )2
2β 2

−

+e

(ω+ωm )2
2β 2

+

!
cos[2(ωm t0 + φCEP )] ,

(9.21)

2 − ω 2 + iγ ω)]−1 is the susceptibility of the mechanical oscillator.
where χ(ω) = [m(ωm
m

A.2

Mechanical pulses in the multi-cycle regime

Here, we introduce another laser to release the few-cycle restriction. Similarly, the
Hamiltonian of the drives can be written as
Hmd = A exp[−2 ln 2(

t − t0 2
) ] cos(ωm t + φ)x̂,
tp

Hod = i~[(εl + εa e−iΩt−iφa )â† − H.c.].

(9.22)
(9.23)
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We give the equations of motion as follows:
~g 2 A −β 2 (t−t0 )2
|c| + e
cos(ωm t + φ),
m
m
.
a = −[κ/2 + i(−∆ + gx)]a + (εl + sa e−iΩt−iφa ).
..

.

2
x + γ m x + ωm
x=−

(9.24)
(9.25)

When the interaction between the pulse and the system ends, Eq. (9.24), under the
strong-drive and negligible-damping approximations, can be reduced to the following
form as previous section:
x(t) = x0 cos(ωm t + φm ).

(9.26)

Similar to previous section we define h(t) = −[κ/2 + i(−∆ + Gx)] and suppose the
solution of a(t) as follows,
a(t) = e

R

h(t)dt

g(t)

= f (t)g(t).

(9.27)

Substitute such equation into Eq. (9.25), we can obtain
.

f (t)g(t)h(t) + f (t)g(t) = h(t)f (t)g(t) +

p

ηc κ/2(εl + sa e−iΩt−iφa ),

g(t) = g1 (t) + g2 (t),
where
Z
g1 (t) = εl f (t)−1 dt,
Z
g2 (t) = sa e−iφa e−iΩt f (t)−1 dt.
We give the f (t) and g1 (t) as follows,
f (t) = e

R

h(t)dt

= exp(−κt/2) exp(−iωm t) exp[−
= exp(−κt/2) exp(−iωm t)

+∞
X

iGx0
sin(ωm t + φm )]
ωm
Jn (α)e−in(ωm t+φm ) dt,

n=−∞

Z
g1 (t) = εl
= εl

f (t)−1 dt

+∞
X
n=−∞

Jn (α)einφm

exp[i(n + 1)ωm t + κt/2]
,
i(n + 1)ωm + κ/2

§9.6 Appendix

where α =

Gx0
ωm .

g2 (t) = εa e

Similarly, g2 (t) is obtained as
−iφa

Z

e−ilωm t f (t)−1 dt

+∞
X

= εa e−iφa

Jn+l (α)ei(n+l)φm

n=−∞

exp[i(n + 1)ωm t + κt/2]
.
i(n + 1)ωm + κ/2

As a result, we obtain a(t):
a(t) = f (t)(g1 (t) + g2 (t)),
with
aN (ωm ) = e

iN φm

+∞
X
[εl Jn (α) + εa e−i(φa −lφm ) Jn+l (α)]JN +n (α)
.
i(n + 1)ωm + κ/2
n=−∞
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This thesis presented several features of photothermal nonlinearity manifested in
a Fabry-Pérot cavity and in an optical levitation system. Given that photothermal
effects are ubiquitous in many cavity-based experiments, it is fascinating to explore
more in-depth the consequences of photothermal nonlinearity. Due to the remarkable
potential applications of an optically levitated mechanical oscillator, it is also appealing
to indicate an ideal way to achieve stable optical levitation.

Novel photothermally induced effects
The investigations of photothermal nonlinearity in quantum optics have been limited to its influence on the other matter, such as the measurement sensitivity of
mechanical displacements, the stability of optomechanical systems, the coherence of
quantum states, etc. This thesis, however, uncovered two novel effects induced by
photothermal nonlinearity itself: “photothermally induced transparency” and “hyperthermorelaxation by optical backaction”, opening a world of new possibilities.
There are undoubtedly more novel photothermally induced effects to be explored.
Just as in optomechanical systems where the nonlinear interaction with radiation pressure force can be employed to generate squeezed light [190], the nonlinear interaction
between photothermal shift and a cavity mode presented in Part II may also show
potential in the production of squeezed light. Additionally, we have demonstrated in
Chapter 8 that the presence of a BK7 window inside an optical cavity leads to a significantly large photothermal coefficient. Our preliminary results at high power (which
are not presented in this thesis) indicate a new regime that can be used to explore the
possibility of nonreciprocal coupling.

Stable optical levitation
Concerning the levitation project, we have shown the possibilities of a stable optical
levitation in Chapter 8 by either introducing a negative photothermal coefficient with
a laser window or applying active feedback control. Here we would propose two more
potential methods to achieve stable optical levitation. The first method is to engineer
the geometry of the levitation mirror to be concave-flat, and then apply a high-reflection
(HR) coating on the curved side and an anti-reflection (AR) coating on the flat side.
Similar to the cavity design for part II of this thesis, the levitation mirror is oriented
with its HR coating facing outwards. In this design, both the thermal expansion of
the HR coating and the refractive index change of the mirror substrate give rise to
an increase in cavity length and an effective damping effect on the system. We also
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propose employing magnetic force to assist optical levitation. We can sputter iron
coating on the flat surface of the convex-flat levitation mirror such that the mirror can
interact with magnetic fields. A near-constant magnetic force with upward direction
is applied to the mirror, which effectively reduces the radiation pressure and optical
power required for optical levitation and thus alleviates the influence of photothermal
effects.
Once stable optical lifting is achieved in the simplified single cavity, we will implement the same stabilization techniques on the tripod prototype levitation system,
and will also move the system to a vacuum environment to reduce the fluctuations and
damping induced by airflow.

Quantum regime
Photothermally induced transparency (PTIT) presented in this thesis is subject to
the classical limit. Given the wide applications of the two well-known analogous transparency effects in the quantum regime (i.e., electromagnetically induced transparency
and optomechanically induced transparency), it is intriguing to investigate the quantum version of PTIT. A constant-temperature and vacuum environment may be a basic
requirement to suppress the classical noise.
If we could stabilize optical levitation in the near future, our system would be
a remarkable tool to explore fundamental problems, such as the testing of quantum
gravity, preparation of quantum states at the macroscopic scale, etc. Quantum groundstate cooling of the levitation mirror, therefore, would be the next key step after stable
optical levitation. Both feedback cooling and laser cooling are potential experimental
techniques that can be employed to achieve this goal.
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79. X.-Y. Lü, W.-M. Zhang, S. Ashhab, Y. Wu, and F. Nori, “Quantum-CriticalityInduced Strong Kerr Nonlinearities in Optomechanical Systems,” Scientific Reports 3, 2943 (2013).
cited on page 72
80. J.-Q. Zhang, Y. Li, M. Feng, and Y. Xu, “Precision Measurement of Electrical
Charge with Optomechanically Induced Transparency,” Physical Review A 86,
053806 (2012).
cited on pages 72 and 158
81. M. S. Bigelow, N. N. Lepeshkin, and R. W. Boyd, “Observation of Ultraslow
Light Propagation in a Ruby Crystal at Room Temperature,” Physical Review
Letters 90, 113903 (2003).
cited on page 72

188

References
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