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A Bell inequality is a fundamental test to rule out local hidden variable model descriptions of correlations
between two physically separated systems. There have been a number of experiments in which a Bell
inequality has been violated using discrete-variable systems. We demonstrate a violation of Bell’s
inequality using continuous variable quadrature measurements. By creating a four-mode entangled state
with homodyne detection, we recorded a clear violation with a Bell value of B ¼ 2.31� 0.02. This opens
new possibilities for using continuous variable states for device independent quantum protocols.
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A Bell test is a fundamental demonstration of quantum
mechanics. It is made up of a family of inequalities that
test the hypothesis of local realism [1]. Violation of a
Bell inequality between spatially separated subsystems dem-
onstrates that there exist nonlocal correlations between them.
Only entangled quantum systems canviolate a Bell inequality
in this way. This has application in quantum technologies
where one can be faced with the verification of quantum
devices. For quantum key distribution (QKD) and quantum
randomnumbergenerators (QRNG) aviolation of a loophole-
free Bell inequality can rule out a compromise of the quantum
source or measurement devices by a third party. This allows
the users to achieve device independent (DI) protocols [2].
In quantum optics there are two ways to decompose the

optical field. One way is to quantize the optical field into
discrete photon numbers. This allows information to be
encoded in discrete variables (DV). These systems can have
very low bandwidths from photon generation and high
detection losses at room temperature [3], but they are
relatively robust to channel losses and noise. Bell
inequalities have been violated with DV systems for over
35 years [4] with ever increasing efficiency. These viola-
tions have relied on the “fair-sampling” assumption—a
loophole that could be exploited by an adversary. With the
recent improvement in photon detection efficiencies at
cryogenic temperatures there have been three significant
demonstrations of a loophole-free Bell test [5–7]. These
experiments will allow for true DV DI-QRNG [8] and DI-
QKD [9] protocols.
The second approach, used in this Letter, is to consider a

decomposition into the continuous variable (CV) amplitude

and phase quadratures of the optical field. The advantages
of CV systems are that high detection efficiency is much
easier to achieve and the resource states are deterministi-
cally generated. For CV quantum optics a Bell test is harder
to realize. Bell argued that quantum states with positive-
definite Wigner functions would not violate a Bell inequal-
ity with respect to CV measurements [10]. This seems to
rule out the use of commonly produced two-mode CV
entangled states. These states are widely known as EPR
states. There have been several protocols proposed which
try to use more exotic states with photon subtraction [11] or
using photon-wave correlations [12]. However, it was
shown in Ref. [13] that in fact it is possible to violate a
Bell inequality with EPR states using CV measurements
provided one trusts the measurement system. In this Letter
we experimentally demonstrate such a Bell state violation.
Typical protocols use some variation of the classic Bell test
protocol depicted in Fig. 1. The source S generates a four-
mode correlated optical state; two parties Alice and Bob are
then given two modes each, Âh, Âv and B̂h, B̂v separated in
polarization. They can mix their two modes using the mixer
C to perform one of two measurements fθA; θ0Ag and
fθB; θ0Bg on their modes. Measuring the resulting modes
Âþ, Â−, B̂þ, and B̂− with single photon detectors will give
one of two outcomes, R ∈ f0; 1g. Repeating this experi-
ment a number of times Alice and Bob can build up
correlation statistics between each other’s measurement
outcomes with

RijðθA; θBÞ ¼ hRi
AðθAÞRj

BðθBÞi; ð1Þ
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where i; j ∈ fþ;−g. The expectation value of the corre-
lation for each of the four combinations of measurement
settings is given by

EðθA;θBÞ

¼ RþþðθA;θBÞþR−−ðθA;θBÞ−Rþ−ðθA;θBÞ−R−þðθA;θBÞ
RþþðθA;θBÞþR−−ðθA;θBÞþRþ−ðθA;θBÞþR−þðθA;θBÞ

:

ð2Þ
These expectations can thenbeused to form thewell-known

Clauser-Horne-Shimony-Holt inequality (CHSH) [10]:

B¼ jEðθA;θBÞþEðθ0A;θ0BÞþEðθ0A;θBÞ−EðθA;θ0BÞj≤ 2:

ð3Þ
This inequality places a bound on what is possible with local
realism models and can only be violated using entangled
states. A maximal violation of the inequality can be observed
with measurement settings θA ¼ fðπ=8Þ; ð3π=8Þg and θB ¼
f0; ðπ=4Þg. This basic protocol can also be varied to have
more parties, measurements, or outcomes [1].
The continuous variable Bell test proposals in

Refs. [13,14] are based around an entanglement source
using optical parametric oscillators (OPO) and homodyne
measurements. The photon number correlations needed for
a Bell test are inferred through the homodyne quadrature
measurements using the equivalence

Â†Â≡ ðÂ†Â − V̂†V̂Þ ¼ 1

4
ðX̂2

A þ P̂2
A − X̂2

V − P̂2
VÞ ð4Þ

for a mode Â. Here the quadrature operators are defined
as X̂F ¼ F̂ þ F̂† and P̂F ¼ iðF̂† − F̂Þ in terms of the
annihilation and creation operators F̂ and F̂† for mode
F ∈ fA; Vg, where V is the background vacuummode with
the corresponding creation operator V̂†. The measurement
of the background vacuum is inherent in homodyne
measurement, and a direct measurement of the detected
field will yield Eq. (4). If Alice and Bob consider the
photon number in each detected mode, the correlation
equation Eq. (1) becomes

Rij ¼ hÂ†
i ÂiB̂

†
j B̂ji: ð5Þ

Using the equivalence relation Eq. (4), the correlation
Eq. (1) can be rewritten again to be in terms of homodyne
quadrature measurements. By assuming Gaussian statistics,
all correlations can be reduced to second-order correlations.
In this case, using hX̂2Ŷ2i ¼ hX̂2ihŶ2i þ 2hX̂ Ŷi2, we have

Rij ¼ 1

16
½2ðhX̂i

AX̂
j
Bi2 þ hP̂i

AP̂
j
Bi2 þ hX̂i

AP̂
j
Bi2 þ hP̂i

AX̂
i
Bi2Þ

þ Vi
A;XV

j
B;X þ Vi

A;PV
j
B;P þ Vi

A;PV
j
B;X þ Vi

A;XV
j
B;P

− 2VvðVi
A;X þ Vi

A;PÞ − 2VvðVj
B;X þ Vj

B;PÞ þ 4V2
v�:
ð6Þ

Here, Vi
F;X ¼ hðÔFÞ2i for Ô ∈ fX̂; P̂g, where F is the

mode A, B, and Vv is the second moment of the vacuum
mode. To see how Eq. (6) can be used to produce a Bell
violation, the significance of each term can be explored
[13,14]. The first four terms are dependent on the meas-
urement angle with the next four being polarization
independent. The last three terms come from the quantum
noise of the vacuum state. In a perfect experiment the
polarization independent terms will cancel with the quan-
tum noise terms to create a high correlation fringe visibility
with respect to θA and θB. This fringe visibility can be
diminished by the measurement of uncorrelated photons
from classical noise sources and high-order photon number
terms such as those in highly entangled CV states. In a
purely classical experiment the last three terms will be zero
and result in a small correlation fringe.
In regards to this protocol it is assumed that the

contribution of the vacuummode will be such that hV̂†V̂i ¼
0 to meet the requirement that Eq. (4) remains a positive
operator. If this assumption is violated it opens loopholes
that could explain a Bell violation from this protocol. To
rule out this loophole the photon number count for the V̂
mode, i.e., with all the light blocked, ndark, should be much
less than the photon number count in the local oscillator
(LO), nLO. In particular, ndark ≪

ffiffiffiffiffiffiffiffi
nLO

p
. This test demon-

strates that the homodyne measurements are truly of
vacuum correlations. It is well established by many experi-
ments that this is a good assumption at optical frequencies.
However, this requires trust of the detection device.
To observe a violation of Eq. (3) with the correlation

function Eq. (6), a CV source is required to produce an
entangled state. For this experiment we have used the third
source proposed in Ref. [14] based on the well-known Bell
test performed by Ou and Mandel [15]. Rather than
postselecting entangled photons by photon counting as
in Ref. [15], we analyze the CV correlations of a similar
state according to Eq. (6). As shown in Fig. 2, the entangled
state was created by interfering two orthogonal squeezed
states on a 50∶50 BS (BS1). The squeezed states were
created in the sidebands of spatially separated beams of a
Nd∶YAG 1064 nm laser. The sidebands were squeezed
using two singly resonant bow tie cavity OPOs, each
containing a 1-cm-long periodically poled potassium
titanyl phosphate (ppKTP) crystal. Both of the OPOs were
seeded by the 1064 nm laser. A second harmonic generator
provided 532 nm pump for the ppKTP crystals to create the
squeezed light. The Bell state was created by changing the

FIG. 1. Diagram of a generic Bell test.
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entangled states into orthogonal linear polarization to then
be mixed on a second 50∶50 BS (BS2). The four modes are
then distributed with Âh and Âv to Alice and B̂h and B̂v to
Bob. Alice and Bob then respectively mixed their polari-
zation separated states by angles θA and θB using a half-
wave plate (λ=2) and a polarizing beam splitter (PBS). The
resulting states, Âþ, Â−, B̂þ, and B̂−, were then measured
using homodyne detectors.
As this experiment is derived from a discrete variable Bell

test, the resultwill be invariant to relative phase between each
beam path. However, it is necessary to lock each homodyne
to orthogonal quadratures. To do this the experiment used
two phase modulations applied separately to the OPOs for
Pound-Drever-Hall locking. The phase between each of the
beam paths was controlled by a piezo actuator controlled
mirror to hold the modulations orthogonal to each other. An
additional quarter-wave plate (λ=4) was used to correct for a
phase mismatch between Âh and Âv caused by BS2.
The correct measurement of shot noise in this experiment

is crucial to ensure relationships underpinning this Bell test,
in particular, ensuring Eq. (4) remains a positive operator.
The laser intensity was found to drift up to 1% over the
course of the experiment. To measure the correct shot noise
an optical beam chopper was used to rapidly switch the
homodyne detectors between measuring the signal and shot
noise. This reduced the requirement on the stability of the
experimental setup. Incorrectly measuring shot noise can
lead to spurious violations of Eq. (3) for unentangled states.

Modeling of the experiment with this source shows
several important factors that could reduce the Bell violation
[13,14]. Underlying this Bell test is essentially a single
photon experiment and as such the inequality will be
maximally violated when the source mostly produces
correlated pairs of single photons. An important parameter
is then the input squeezing; with high levels of input
squeezing, the Bell violation decreases. A squeezed state
decomposed into the Fock basis reveals that the state ismade
from photons in sets of multiples of two with a decreasing
probability. Increasing squeezing of a state will increase the
probability of the higher-order photon terms occurring.
These terms can introduce correlations that dilute the Bell
correlations and decrease the violation. Any noise in the
experiment will have the same effect of decreasing the
violation though by decreasing the correlations. The two
main sources of noise for this experiment were identified as
the input state purity and detector dark noise.
In the single photon equivalent, experiment loss will

only increase the number of samples required to get a
significant correlation value. However, for this experiment
the loss will also decrease the violations by increasing the
effect of noise that appears at the output such as detector
dark noise. From modeling it was found the maximal
violation for the experimental setup used would occur with
both OPOs generating approximately 1 dB of squeezing
with a dark noise clearance of 17.5 dB below shot noise
measured for each homodyne detector with ≈5.2 mW of
local oscillator power.
A set of four fixed measurement settings were identified

that would give all the correlation and variance terms
required by Eq. (6). These measurements were made in a
fixed order for each combination of θA, θ0A, θB, and θ

0
B with

the shot noise regularly sampled during measurements. The
dark noise measurement was only taken once at the end of
each experimental run. As we were not seeking to address
loopholes, the detectors were located next to each other and
sampled using the same digitizer.
The main result presented in this Letter is the violation of

Eq. (3) withB ¼ 2.31with a standard deviation of 0.02 with
1.1 dB of inferred input squeezing found by bootstrapping
the data. Theviolation of Eq. (3) was also demonstratedwith
up to 1.8 dB squeezing of the input field. Sweeping of the
input squeezingwith both OPOs in Fig. 3 shows the effect of
increasing the antisqueezing noise on the experimental
setup. As the OPOs are pumped harder to produce more
squeezing, the purity of the state they produce decreases due
to more noise in the antisqueezed quadrature. This purity
decreased from 0.98 for 1.1 dB of squeezing to 0.92 for
3.9 dB of squeezing. The results fromRef. [14] show that for
a similar detector noise it should be possible to observe a
Bell violation for up to 3 dB of squeezing, a result not
observed in this experiment due to the decreasing purity of
the squeezed states. A second experimental run was con-
ductedwhere the local oscillator power for each detectorwas

FIG. 2. Schematic diagram of the experiment. The Bell state is
generated by mixing two orthogonal squeezed states in the same
linear polarization on a 50∶50 BS to generate an EPR state. One
arm of the EPR state is rotated into the orthogonal polarization.
The two beams are then interfered on BS2 to give four correlated
modes, Âh, Âv, B̂h, and B̂v, separated spatially and in polariza-
tion. Alice and Bob each receive two polarization separated
modes and mix their received modes by θA and θB, respectively.
The resulting modes, Âþ, Â−, B̂þ, and B̂−, are measured with
homodyne detectors.
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decreased from 5.2 to 2.6 mW to simulate the effect of an
increase in detector dark noise. This gave the expected result
of a decrease in violation of Eq. (3). The values of squeezing
quoted here were inferred from fitting the model described
byEq. (8) and agreewell with the directmeasurements of the
input squeezing. Each Bell violation was measured on a
sideband centered at 4.2 MHz with a bandwidth of 1 MHz.

A third experimental run was conducted to observe the
correlation fringe. To do this θA was fixed at π=8 while θB
was swept from 0 to π=2 rad. The input squeezing was set
to be 1.1 dB. The correlation fringes from this experiment
are plotted in Fig. 4(b) as normalized P values. The P
values are calculated with

Pij ¼ Rij
P

i;jR
ij : ð7Þ

The correlation fringe visibility was measured to be over
75%. This could be further improved by reducing the noise
in the experiment. From the normalized P values we can
draw a comparison with the recorded homodyne data
plotted in Fig. 4(a) with the corresponding Pearson corre-
lation. For the raw homodyne data a very weak correlation
is observed, but from this a significant P value is still
observed. The process of calculating B is given a visual
representation by reading Fig. 4 from left to right. The
homodyne correlations and variances are used to calculate
the photon correlations and then the expectation value for
each measurement setting.
For Figs. 3, 4(b), and 4(c) a model was fitted to the

experimental data. The Gaussian assumption made for
Eq. (6) meant that the experiment could be completely
described by an 8 × 8 covariance matrix γ. This matrix was
constructed such that each submatrix γij, where
i; j ∈ f2n − 1; 2ng, represents the two quadratures for
one of the four measured modes indexed by n. Using γin
to represent the input state, each element in this experiment
is applied using a symplectic operation with the matrix
operation γ ¼ SγinST . To add the contribution of efficiency
η and noise relative to the output ε, a completely positive
map [16] was used to arrive at

FIG. 3. Bell violations showing the effect of different exper-
imental parameters versus the inferred value of input squeezing.
The largest violation was B ¼ 2.31 (green point) at 15 standard
deviations above the classical limit (shaded) with a measured
detector dark noise of 17.5 dB using 5.2 mW of LO power.
Increasing the input squeezing decreases the violation (blue
points). Decreasing the dark noise clearance by decreasing the
LO power to 2.6 mW pushes jBj below 2 (red point). The error
bars shown are 3 standard deviations of the mean. The solid lines
are of the fitted model described by Eq. (8) for each of the dark
noise clearances. The theoretical maximum violation is given by
the black line. The LO power spectral density estimate relative to
the dark noise (yellow) is shown in the inset for 5.2 mW (blue)
and 2.6 mW (red) of LO power for the sideband of interest.

(a) (b) (c)

FIG. 4. Raw homodyne data correlations collected with 1.1 dB of input squeezing represented in a topographical map with weak
Pearson correlations (a) translates to strong photon correlation [red points in (b)]. The photon correlations fringes in (b) are found with
Eq. (7) with the recorded visibility above 75% when θB is swept with θA ¼ π=8. The correlations are then used to find the expectation
fringe (c) using Eq. (2). The solid lines are fitted using the model described by Eq. (8).
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γ ¼ ffiffiffi
η

p
ISγinST

ffiffiffi
η

p
Iþ εI: ð8Þ

The input state γin was taken to be the state after
the OPOs with its diagonal given by the vector
½VsqzVasqzVsqzVasqz1111�. Here, Vsqz is the variance of
the squeezed quadrature and Vasqz the antisqueezed quad-
rature. This model was fitted to each of the experimentally
obtained values of Rij using an iterative fitting process to
find η, ε, Vasqz, and Vsqz. The measured parameters
provided the starting point for the fitting with the input
squeezing measured directly on a homodyne by using
mirrors to bypass the optical nextwork in Fig. 2.
In this Letter we have demonstrated the first observation

of Bell correlations in a continuous variable system with a
violation of 2.31 at 15 standard deviations above the
classical limit with a detector dark noise of 17.5 dB below
shot noise. This result demonstrates the strength of photon
number correlations when inferred through homodyne
measurements. A demonstration of a violation of the
Bell inequality was also made with 1.8 dB of input
squeezing and would be possible to up to 2 dB of input
squeezing with this experiment. These correlations exist
between sideband modes of a bright beam that would be
very difficult to measure directly via photon counting. This
result was possible because of the high correlation fringes
observed with this experiment. While this Bell test fails to
address any loopholes, it is still a significant result as a
proof of principle for CV Bell tests. In order for this
violation to be believed, the detection devices must be
trusted due to the hard to close loophole caused by the shot-
noise verification. Nevertheless, this Bell test could be
applied to a source independent QRNG similar to those
protocols proposed in Refs. [17,18].
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