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Abstract
In the age of information technology one of the main challenges
for researches and engineers is to increase the efficiency of transmitting and processing of information. During long distance
transmission, a carrier signal can experience attenuation and distortion. To restore and amplify the signal, active photonic systems are widely used. At the same time, all physical systems
have losses, which are usually considered a negative effect and
should be avoided. However, it was recently shown that if losses
and gain in a system are mutually balanced, it demonstrates
unique properties, which are not typical to conservative systems.
The structure symmetry imposes specific mode geometry, which
can facilitate non-reciprocal transmission, selective mode suppression or amplification, and optical switching through phase
transition, with applications in lasers and nonlinear optics.
In this thesis, we study several active photonic systems with
balanced gain and loss and demonstrate how these systems can
be used for signal amplification, filtering and lasing. We also
suggest a surface nanoscale fiber resonator with specially designed shapes that allow reflectionless signal transmission, as
well as generation of optical frequency combs of tiny spacing in
a nonlinear regime.
Chapter 1 provides a comprehensive introduction to active
photonic systems with balanced gain and loss. Here we discuss the concept of PT-symmetric systems, an overview of some
pioneering works on the topic and describe mode properties of
basic geometries. We also explain basic principles of light transmission through a so-called Surface Nanoscale Axial Photonic
(SNAP) fiber resonator and discuss its possible applications.
Chapter 2 focuses on PT-symmetric and pseudo Hermitian
structures composed of coupled waveguides. It is shown, that
when incorporated into a chain of conservative waveguides, PT
symmetric dimer and trimer couplers can substantially amplify
transmitted and reflected signals.
7
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Chapter 3 proposes a PT symmetric fiber laser composed of
two coupled ring cavities with gain and loss. It performs analytical and numerical mode analysis taking into account gain
saturation in one case and power dependent phase modulators
in another case. We predict laser bistability in the PT-symmetric
regime in contrast to a symmetry-broken single-mode operation.
Chapter 4 explores signal transmission through the SNAP
fiber resonator where the shape is designed in a special way
providing reflectionless signal propagation. It reveals that reflectionless modulations can realize control of a transmission
amplitude and temporal delay, while enabling close packing due
to the absence of cross talk.
Chapter 5 develops a theory of frequency comb generation in
SNAP bottle microresonators, employing the nonlinear interaction of whispering gallery modes which are confined along an
optical fiber with nanoscale radius variation. It was predicted
that a SNAP microresonator with a few-µm radius can generate frequency combs of sub-GHz spectral spacing. It was shown
that special engineering of the SNAP radius profile can be used
to compensate nonlinearity induced dispersion.
Chapter 6 concludes the thesis and provides an outlook to
the research works that can be extended from the results in this
thesis.
Appendix A is devoted to nonlinear mode interactions in
SNAP fiber resonators. The detailed derivation of the general
model describing multi-mode interactions is presented for a
nonlinear, dispersive media. For the particular case of self-action
of one azimuthal mode, we present some physical estimates
of the considered system and show that nonlinear effects can
potentially be observed in experiment.
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Chapter 1

Introduction

During long distance transmission of information the carrier signal can experience attenuation and be affected by external noise.
To restore the signal, a couple of alternatives are available: transform the optical signal into an electrical one and then using well
developed electrical techniques and devices amplify it, filter the
noise and transform it back to an optical signal for further transmission; or use all-optical elements to directly handle the optical
signal. Using all-optical devices can significantly reduce the time
for information transmission and processing, as well as, decrease
power consumption. Unfortunately, such platforms are still quite
limited in functionality compared to electrical analogs. Thus, it is
an important challenge for researchers and engineers to develop
new, and improve existing optical platforms such as amplifiers,
filters, resonators etc. In this thesis we propose several photonic
structures which demonstrate promising features for active light
control.

1.1

Non-conservative photonic structures

To amplify a propagating signal it is natural to use active systems
with gain, at the same time all physical systems possess losses to
some degree. Thus, any active system includes some combination of gain and loss which are usually considered a negative effect and should be avoided. However, it was recently shown that
if losses and gain in a system are mutually balanced, it demonstrates unique properties, which are not typical to conservative
systems. In optics these systems closely relate to the concept
of Parity-Time (PT) symmetry which first appeared in quantum
1
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physics in the studies of operators and their spectra [1–3].
Whereas, it is well known that all physical observables must
be described by the Hermitian operators having real spectra, Carl
Bender and collaborators showed that there is a broad class of
non-Hermitian Hamiltonians possessing entirely real eigenspectra if they are symmetric with respect to the so-called PT transformations, defined by the parity operator P: Pψ(r, t) = ψ(−r, t),
and time reversal operator T, as Tψ(r, t) = ψ∗ (r, −t), where
ψ(r, t) is a wave function in quantum mechanics. When a simple one-dimensional system is described by the Schrödinger-type
Hamiltonian with a complex potential U ( x ),
d2
H = − 2 + U ( x ), U ( x ) = V ( x ) + iW ( x )
dx

(1.1)

where V ( x ) and W ( x ) are both real, the system (1.1) is called
PT-symmetric provided U ∗ ( x ) = U (− x ), i.e. V ( x ) = V (− x )
and W ( x ) = −W (− x ). Although, initially the analysis was
motivated by the development of rather abstract quantum theories [1–3], it soon emerged that the concept of PT symmetry is
relevant to various physical systems.
In optics, the propagation of light can often be described
theoretically as an evolution governed by an effective Hamiltonian (1.1) in the so-called paraxial approximation. In this case,
variation of the refractive index of the medium is described by
the potential U ( x ). Hermitian Hamiltonians correspond to the
cases where the optical energy is conserved and U ( x ) is real. On
the other hand, the presence loss or gain in optical structures
maps to non-conservative non-Hermitian operators (1.1) with
a complex potential U ( x ). However, if such a Hamiltonian
is invariant regarding the PT transformation and has a real
spectrum, then the amplitudes of the optical eigenmodes would
be preserved, corresponding to an effective compensation of the
effects of loss and gain, which can be important for a range of
practical applications. The first theoretical proposals for optical
PT systems were formulated a decade ago [4, 5], and it was
shown that in waveguiding structures, the P operator performs
spatial reflection, whereas T reverses the propagation direction.

§1.1 Non-conservative photonic structures
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Accordingly, conventional optical PT-symmetric structures have
symmetrically arranged regions of loss and gain, corresponding
to the same real but opposite imaginary parts of the optical
refractive index. The PT symmetry definition can be generalized
to include the gauge transformations enabling applications to
practical structures without exact balance of gain and loss [6],
and include structures with pure loss [7].
The spectrum of PT operators is not always real, and is inherently connected to the symmetry of the eigenmodes. If an
eigenmode profile is invariant with respect to the PT transformation, then it has a real eigenvalue. However, the modes with
PT-symmetry-broken profiles generally have complex eigenvalues. The PT-symmetry breaking transition and the associated
change from real to complex eigenvalues can be generally observed when the amount of gain/loss is increased [6, 7]. Such
a phase transition can, in particular, facilitate single-mode lasing [8, 9] and find various other applications (see the recent review paper [10] and references therein).
A pair of coupled waveguides with gain and loss represents
the simplest configuration of a PT-symmetric optical system.
However, such a system can already showcase rich physics
and phenomena especially in the nonlinear regime. Directional
couplers composed of waveguides with gain and loss regions
can be used to realize PT-symmetric optical structures. In the
pioneering papers [4, 5], different designs of optical structures
were suggested, where optical beams would exhibit an effective
PT-symmetric potential. A schematic of the directional coupler
is shown in Fig. 1.1. In (a) two coupled waveguides with gain in
one and loss in the other are presented. In the insets the black
curve represents refractive index n R , while the blue-red curve
shows the gain/loss distribution. In a paraxial approximation
this coupler can be describer by a Hamiltonian of the form


iγ C
H=
,
C −iγ
where γ - gain/loss parameter and C - coupling coefficient. If
the gain/loss parameter γ exceeds the critical value γcrit = C,
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Figure 1.1: (a) Schematic of the PT-symmetric coupler with symmetric refractive index distribution and anti-symmetric gain/loss profile. Dependence of the imaginary (b) and real (c)
parts of eigenvalues, λ1,2 on gain/loss parameter γ.

then the eigenspectrum of the system ceases to be real, as shown
in Fig. 1.1 (b) and (c). Although, light dynamics in PT-symmetric
phase seems to be similar to the dynamics in a conservative coupler, there are several significant differences:(i) the coupler eigenmodes are not orthogonal, which leads to the total energy oscillation around some average level; (ii) there is a power flow from
the gain region to the loss region which affects any scattering
processes; (iii) a phase transition associated with the exceptional
point strongly affects the nonlinear wave dynamics.
Turning to consideration of more complex PT-symmetric
systems it is natural to consider photonic structures composed
of several coupled waveguides with loss and gain regions PT-symmetric oligomers. These systems offer new possibilities
for shaping optical beams and pulses [4, 5, 11, 12]. For linear
discrete oligomers a fundamental phenomenon is the spontaneous PT-symmetry breaking, which occurs as the gain and loss
coefficients exceed some critical value. This exceptional point
distinguishes the PT-symmetric phase, where all perturbation

§1.1 Non-conservative photonic structures
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frequencies are real, and the broken PT-symmetry phase, where
some frequencies are complex and the corresponding modes
grow or decay exponentially. The possibility to engineer PTsymmetric oligomers, which may include nonlinearity, triggers
a broad variety of studies on both the few-site systems and
entire PT-symmetric lattices, including one-dimensional PTsymmetric dimer [13, 14], trimer [13, 15], quadrimer [13, 16], 2D
PT-symmetric plaquettes [16, 17], and PT-symmetric finite/infinite chains [18, 19] and period necklaces [20].
It is interesting, that even before the PT symmetry concept
was introduced, it was suggested that optical systems with gain
and loss can improve the operation of all-optical switching devices, including the lowering of the switching power [11,21]. The
development of the PT concept brought a new perspective and
stimulated further active investigations of nonlinear effects in PTsymmetric systems. In addition to switching, the topic of nonlinear self-focusing and the formation of self-localized solitons
received a strong attention. Optical solitons in the conservative
systems or the systems with low losses originate from a balance
of nonlinearity and dispersion and usually form families of localized solutions [22]. In nonlinear dissipative systems, localized
modes appear due to an additional balance of gain and loss at
some special values of parameters and the existence of families
of localized modes is very rare [23, 24]. While the PT-symmetric
systems can be viewed as a special class of dissipative systems,
they are quite unique, combining the many features of conservative and dissipative systems, being able to support families of
localized and periodic modes.
We should note that when speaking about PT-symmetric systems, researchers are mostly interested in two features among
others: a real spectrum of a non-Hermitian system and a phase
transition between a PT-symmetric phase (all eigenvalues are
real) and a broken phase (some of the eigenvalues become complex). Such phase transitions are associated with exceptional
points [25] in the parameter space, which also appear under
more general conditions in non-PT symmetric systems [26–28].
Moreover, it was shown that PT-symmetry is neither a sufficient
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nor necessary condition to have a real spectrum [29]. Thus, the
concept of pseudo-Hermiticity, a condition for a real spectrum of
a non-Hermitian system, was introduced.
Nowadays researches pay a lot of attention to PT-symmetric
resonant and laser systems because of their wide range of possible applications. Recently, a parity-time symmetry-breaking microring laser was experimentally demonstrated [8, 9]. The latter
paper considered two coupled microrings, one ring with losses
and another one with gain. A single-mode operation in an initially multi-mode system was achieved through stronger mode
discrimination close to a PT-symmetry breaking transition. Furthermore, a single transverse mode operation in a system of coupled microring lasers was demonstrated near the exceptional
point [30]. In a pair of coupled microdisk quantum cascade
lasers, the reversal of generated power dependence was identified in the vicinity of exceptional points [31]. Later, a realization
of the PT symmetry based mode-locking was theoretically proposed [32], and a PT fiber cavity laser was developed [33]. Thus,
operating near the vicinity of the exceptional point, it is possible
to lower the threshold of laser generation and enhance the sensitivity of a system. These systems can also be used for selective
mode suppression performing signal filtering.
Next, we study a special type of bottle microresonator, which
possesses outstanding properties due to its microscopic dimensions and a high quality factor. Having gain and loss regions,
these resonators can potentially be PT invariant when being
properly designed.
1.2

Surface nanoscale fiber resonators

For the past few decades, research and development in photonic integrated circuits has been concentrated on building a
platform with miniature dimensions, flexibility, and control
needed to deliver breakthrough capabilities in optical computing, communications, and fundamental science. Optical
microresonators are an indispensable part of such platforms.
They have demonstrated great potential as fundamental ele-

§1.2 Surface nanoscale fiber resonators
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ments for a variety of applications in photonics and can be
implemented for such diverse applications as lasers, amplifiers,
sensors, and switches [34].
Two basic platforms for fabrication of photonic circuits with
micron-scale elements have been developed: the ring resonator
platform [35–38] and the platform based on photonic crystals [39]. With the advances in lithographic technology and
design methods, these two platforms have steadily increased in
complexity, achieved lower loss, and broadened functional capability. However, despite the remarkable accomplishments, the
existing platforms still face a severe limitation: it is very difficult
to fabricate photonic circuits while simultaneously possessing
microscopic dimensions and ultra-small losses [38, 40].
An alternative Surface Nanoscale Axial Photonic (SNAP) platform, which combines the benefits of microscopic dimensions
and ultra-low loss has been proposed in Refs. [41, 42]. This platform is based on an optical fiber resonator with nanoscale modulation of an effective fiber radius (SNAP fiber) along the fiber
core. It usually includes variation of the refractive index of the
material [43] and/or a fiber radius change [41]. This SNAP resonator supports Whispering Gallery Modes (WGMs) circulating
near the surface of the fiber and slowly propagating in the axial
direction. The SNAP resonator is coupled to a transverse microfiber, which launches the WGMs and is used for detection
of the transmitted signal. The schematic of such a structure is
shown in Fig. 1.2. It has recently been shown that this platform
can be used for realization of high-Q factor (intrinsic loss down
to 0.44 dB/ns) dispersionless multinanosecond light traps [44].
A field distribution of WGMs, adiabatically propagating along
the z-axis of the SNAP fiber can be decomposed into two parts:
axial Ψ and radial Ξ as follows: U (r) = Ψ(z)Ξ(ρ, ϕ), where
(z, ρ, ϕ) are the cylindrical coordinates [41]. Here the function
Ψ(z) determines light transmission through the microfiber and
satisfies a one-dimensional Schrödinger like equation with potential V (z), the profile of which is directly determined by the
nanoscale variation of the effective fiber radius reff (z) ∼ r (z)n(z),
where r (z) is the fiber radius and n(z) is the refractive index of
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Figure 1.2: SNAP fiber resonator coupled to light source through a microfiber. A nanoscale
variation of the effective fiber radius ∆r determines an effective potential of the system V.

the medium. The governing equation for the axial field component is [41]:
∂2 Ψ
+ [ E(λ) − V (z) + Dδ(z − z1 )] Ψ
∂z2
γ
Ψ = Cδ(z − z1 ),
+2ik2
λres

(1.2)

where E(λ) is an effective energy, λ is laser wavelength in vacuum, λres is the resonant wavelength of the SNAP fiber, k is the
propagation constant of light in the optical medium, nfiber is the
refractive index of the fiber, V (z) ∼ ∆reff (z) is the potential, γ
is the attenuation parameter, z1 is the microfiber position, C is
a coupling parameter corresponding to energy inflow through
the microfiber, and D determines the phase shift due to the coupling to the microfiber as well as a radiation loss through the
microfiber. Since the microfiber diameter waist is much smaller
than the characteristic axial wavelength (1µm vs. 10µm), the coupling between the microfiber and the SNAP fiber is modeled by
means of s Dirac delta function. Note that Eq. (1.2) is valid for
an adiabatically slow variation of the fiber radius [45].
The transmission amplitude S(λ) can be expressed through
the Green’s function G (λ, z, z1 ) of the left hand side of Eq. (1.2)

§1.2 Surface nanoscale fiber resonators
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with D = 0 as follows [41],
S ( λ ) = S0 −

i |C |2 G (λ, z1 , z1 )
,
1 + DG (λ, z1 , z1 )

where S0 is the non-resonant component of the transmission amplitude. All parameters, S, D, and C are slow functions of the
wavelength and can be considered as constants in the vicinity of
the resonant wavelength λres [41]. The transmission amplitude
S(λ) can be measured experimentally and based on this measurement it is possible to estimate the radius variation profile of
the resonator.
SNAP fiber resonators can be fabricated using CO2 lasers by
heating a conventional fiber that releases frozen-in tension and
causes fiber deformation and refractive index variation [41, 42].
After that, we measure the transmission amplitude through a
microfiber coupled to the SNAP fiber in the place of heating and
thus we are able to identify a variation of the resonant frequency
and hence a variation of the effective radius. Repeating this procedure several times and shifting the microfiber along the SNAP
fiber we can achieve a desirable shape of the resonator.
In light of increasing interest of PT-symmetric ring resonators,
PT-symmetric SNAP fiber resonators are an appealing platform
to investigate. Such systems can potentially be used for selective mode suppression or amplification, for enhancement in efficiency of frequency comb generation, and in other applications.
Thesis outline The thesis consists of 7 Chapters including Introduction, Conclusion and Appendix. A brief overview of each
chapter is given in Abstract.
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Chapter 2

Light control by optical oligomers
with balanced gain and loss

Quite recently, motivated by possibility of experimental realizations, PT-symmetric discrete oligomers have attracted much attention [6,46]. By PT-symmetric discrete oligomers we mean fewsite waveguide configurations (e.g., dimers, trimers, quadrimers,
etc) possessing parity-time symmetry. Such photonic structures
composed of coupled waveguides with loss and gain regions offer new possibilities for shaping optical beams and pulses compared to conservative structures [4, 5, 11, 12]. For linear discrete
oligomers a fundamental phenomenon is the spontaneous PTsymmetry breaking, which occurs as the gain and loss coefficients exceed some critical value. This exceptional point distinguishes the PT-symmetric phase, where all perturbation frequencies are real, and the broken PT-symmetry phase, where some
frequencies are complex and the corresponding modes grow or
decay exponentially.

2.1

Mode symmetry of non-conservative coupled waveguides

First, we consider an array of coupled non-conservative optical
waveguides with an arbitrary gain/loss distribution, as shown
schematically in Fig. 2.1. Each waveguide of the chain possesses linear gain or loss, a strength of which is determined by
the parameters ρ j . Waveguides in the chain experience only a
nearest-neighbour conservative coupling described by the coefficients Cj . We also assume that all the individual waveguide
modes have the same real propagating constants. Light propa11
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r-3

r-2

r-1

r0

r1

r2

r3

Figure 2.1: Schematic of a chain of coupled waveguides with different gain or loss denoted
by ρ j and different colours.

gation through such a system can be described by the coupled
mode equations [5, 47, 48],
i

da j
+ iρ j a j + Cj a j+1 + Cj−1 a j−1 = 0.
dz

(2.1)

Here a j is the mode amplitude in the j-th waveguide, z is the normalized propagation distance. A linear spectrum of the coupled
waveguide structure can be determined by seeking solutions of
Eq. (2.1) in the following form,
(n)

a j = A j exp(iβ n z),

(2.2)

(n)

where A j are mode amplitudes corresponding to propagation
constant β n , and n is the eigenmode number.
We now analyze conditions for the spectrum to be real, i.e. for
Im( β n ) ≡ 0 for all n. We recall that a trace of any square matrix is
equal to the sum of its eigenvalues, and then after representing
the eigenmode equation in the matrix form we obtain ∑ j iρ j =
∑n β n . If all β n are real, it follows that

∑ ρ j = 0.

(2.3)

j

This balance condition is a necessary one for the spectrum to be
entirely real.
We also identify general symmetry properties of the eigenmode spectrum even in absence of PT symmetry. Let a j (z) be a
solution of Eq. (2.1). Then it can be shown by simple substitution
that a∗j (z)(−1) j is also a solution of Eq. (2.1). This means, that for
each propagation constant β n , − β∗n is also propagation constant.

§2.2 Wave scattering on a PT-symmetric coupler
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Thus there are two possible cases: (i) β n = − β∗n , which leads to
β k = 0 if we assume that the system has an entirely real spectrum; or (ii) β n = − β∗m for a pair of modes with n 6= m. Since the
total number of modes is equal to the number of waveguides, it
follows that for an odd number of waveguides in the chain there
should always a mode with zero propagation constant, while all
other modes should have a counterpart with an opposite propagation constant.
We note that if ∆ρ = − ∑ j ρ j /J 6= 0, where J is the number of
waveguides, it is possible to apply the gauge transformation [7,
48] as follows,
a j (z; {ρ j }) = a j (z; {ρ j + ∆ρ}) exp(∆ρz).

(2.4)

This relation expresses a solution for arbitrary gain/loss (on the
left-hand side) through a solution for gain and loss satisfying
Eq. (2.3). We see that if Eq. (2.3) is not satisfied, then spectrum
cannot be real, however a more general and practically important situation of all modes having the same spatially averaged
gain/loss [7] can be realized when Im( β n ) ≡ ∆ρ for all n.
A simplest example of a PT-symmetric oligomer, PT symmetric coupler, was studied in detail in many works [4–7, 46,
49–51] including plane wave scattering. In the next section we
demonstrate, that being implemented into a chain of conservative waveguides the PT-symmetric coupler can serve as a wave
amplifier and/or a filter.
2.2

Wave scattering on a PT-symmetric coupler

Here we study the scattering of linear waves in a long waveguide
array with a PT-symmetric defect created by two waveguides
with balanced gain and loss [see some relevant works [48, 52–55]
and many others]. We present exact solutions for the scattering
of linear waves on such a defect and reveal that the reflected and
transmitted linear waves can be amplified substantially after interaction with the PT-symmetric defect, thus allowing an active
control of the wave propagating through the array.
We consider a pair of waveguides with balanced gain and loss

14
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embedded into an array of lossless waveguides, as illustrated
schematically in Fig. 2.2 [some similar configurations were consider e.g. in [18,56,57] in various aspects]. Since the active region
is confined at only two waveguides, it can be anticipated that the
experimental realization of such a structure can be simpler compared to the previously considered cases of nonlinear structures
with a periodic arrangement of gain and loss elements [58–60].
On the other hand, the proposed structure offers a full potential
for amplification and filtering.
We use the coupled-model equations to model the beam propagation in a linear waveguide array with a local inhomogeneity
created by a pair of PT–symmetric waveguides with balanced
gain and loss [see Fig. 2.2]:
i
i

da j
+ C1 a j−1 + C1 a j+1 = 0, j 6= 0, 1
dz

da0
+ iρa0 + C1 a−1 + C2 a1 + ∆na0 = 0,
dz
da1
i
− iρa1 + C1 a2 + C2 a0 + ∆na1 = 0,
dz

(2.5)

where j is the waveguide number, z is the propagation distance,
a j is the mode amplitude at the waveguide j, ρ > 0 defines the
rate of loss at the zeroth and gain at the first waveguide, and
C1,2 are the coupling coefficients between the modes of waveguides that can be tuned by changing the distance between the
waveguides. We introduce here parameter ∆n, which defines
the difference of the refractive indexes of the PT-coupler and the
other conservative waveguides. We note that all parameters here
are dimensionless.
We start with the analysis of propagation of waves in the array, which does not include the PT-symmetric coupler. Thus,
for C1 = C2 ,∆n = 0, and ρ = 0 the waveguide array supports
the eigenmode solutions in the form of Floquet-Bloch modes,
a j (z) = A exp[ikj − iβz], where A is an amplitude, k is Bloch
wave number, and β is a propagation constant obeying the following diffraction relation:
β = −2C1 cos k.

(2.6)
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Figure 2.2: Schematic of an optical waveguide array with a pair of PT-symmetric waveguides
at the sites with balanced gain and loss. Blue colour represents loss, while red colour – gain

In the general case, the presence of gain and loss at zeroth and
first waveguides and the difference of the coupling constant and
refractive index between these two waveguides from the other
ones play the role of scatterer of the linear waves. In order to
calculate the transmission and reflection coefficients we consider
solution to Eqs. (2.5) of the form
a j = ei(kj− βz) + Re−i(kj+ βz) , j ≤ 0,
a j = Tei(kj− βz) , j ≥ 1,

(2.7)

where the first line represents the incident and the reflected
waves, and the second one - the transmitted wave. Substituting
Eq. (2.7) into Eqs. (2.5) one finds the reflection and transmission
coefficients
2iC̄1 e−ik sin k
D
2
2
2
1 − C̄1 − ∆n̄ − ρ̄ + 2C̄1 ∆n̄ cos k + 2C̄1 ρ̄ sin k
R=
D
T=−

where


D = δn̄ − C̄1 e

−ik

2

(2.8)

+ ρ̄2 − 1,

C̄1 ≡ C1 /C2 , ρ̄ ≡ ρ/C2 , and δn̄ ≡ ∆n/C2 . There are several
points follow from the analysis of Eqs. (2.8): first, the intensity
of a transmitted wave does not depend on whether the incident wave
first hits the waveguide with gain or with loss, while the intensity
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of the reflected wave does [T (ρ̄) = T (−ρ̄) but R(ρ̄) 6= R(ρ̄)].
Second, if T = 0 (R = 0) for some parameter values, then R = −1
(| T | = 1). This means that there are regimes of full reflection and
full transmission for the waves with particular wave numbers,
which is not trivial for the non-conservative systems. Third, the
PT symmetry breaking condition takes the form:
ρ̄2crit ≡ max[1, 1 + C̄12 − ∆n̄2 ].

(2.9)

This means that if ρ̄2 ≥ ρ̄2crit , then the PT-symmetry is broken
and the spectrum of the systems possesses complex eigenvalues.
Fourth, there is a maximum of transmission coefficient for some
wavenumber k, which is defined by the relation:
"
 ±1 #
2
2
2
C̄1 + ∆n̄ + ρ̄ − 1
(2.10)
k = arccos
2C̄1 ∆n̄
where sign "±" is determined by the domain of the arc-cosine
function. Next we present several examples of the scattering coefficients for typical cases of relation between model parameters.
We now illustrate the transmission and reflection coefficients,
| T |2 and | R|2 respectively, for typical cases which are determined
by Eq. (2.9). These coefficients show which part of the incident
wave energy passes through the defect and which part reflects
from it. If some of the coefficients exceeds unity then reflected
and/or transmitted waves have intensity higher than the intensity of the incident wave. First typical case is ρ̄ < 1. At such a
value of the gain/loss coefficient PT-symmetry of the system is
con-served regardless of other model parameters. In Fig. 2.3 (a)
and (b) the transmission and reflection coefficients are presented
for the model parameters ρ̄ = 0.5 and C̄1 = 2. It is seen that for
some value of wavenumber k and ∆n̄ both reflected and transmitted waves are amplified by the PT-symmetric defect. The
second case corresponds to gain/loss coefficient limited by the
constrain parameter 1 ≤ ρ̄2 < 1 + C̄12 − ∆n̄2 . In Figs. 2.3 (c-d)
we present the scattering coefficients for the following parameter values ρ̄ = 2 and C̄1 = 2 . It is remarkable that the transmission and reflection coefficients have a strong, narrow resonance
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Figure 2.3: Scattering coefficients | T |2 and | R|2 as the functions of the incident wave
wavenumber k and the related refractive index ∆n̄ for two typical cases defined by Eq. (2.9).
In panels (a) and (b) the transmission and reflection coefficients are presented for the model
parameters ρ̄ = 0.5 and C̄1 = 2 when the PT–symmetry is conserved for any value of ∆n̄. In
panels (c) and (d) the same is shown but for ρ̄ = 2. In this case, PT-symmetry is conserved
only for |∆n̄| < 1.
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around the wavenumber determined by Eq. (2.10). It means that
PT-symmetric coupler at such model parameters can be used for
amplification and filtering of an input signal. It gives a wide
prospect of employing PT-symmetric optical structures for the
light beams manipulation, mainly: amplification, filtering and
switching.
Summarizing, we have proposed a discrete model describing
the propagation of electromagnetic waves in an array of optical waveguides with a two-site defect with balanced gain and
loss created by a pair of PT-symmetric waveguides. This model
differs from the previously considered ones by an additional parameter, which defines a difference of the refractive indices of
the PT-coupler and other conservative waveguides. In the case
of a long array (when the effects of boundaries are neglected), we
have derived exact relations for the transmission and reflection
coefficients of linear waves scattered by the PT-symmetric defect.
We have found that the reflected and transmitted linear waves
can be substantially amplified by the PT-symmetric defect. Due
to the presence of a narrow resonance behaviour of the scattering
coefficients, the considered structure can be used for an effective
filtering of input signals.
The considered dimer configuration has only one possible
gain-loss distribution providing a real spectrum. However a
geometry composed of three and more coupled waveguides
possesses additional degrees of freedom and allows different
geometric realisations with an entirely real spectrum. In the
next section we investigate spectral properties and scattering potential of the three coupled waveguides with arbitrary gain-loss
distribution.
2.3

Modes of trimers with gain and loss

In this section we compare the features of a general pseudoHermitian (PH) [29] trimer to a PT-symmetric trimer. A PH
trimer possesses spatially inhomogeneous gain and loss, and
generally speaking is not PT-symmetric. A PT-symmetric trimer
belongs to the class of PH trimers, but hereinafter when refer-
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Figure 2.4: Schematic of a non-Hermitian trimer with gain/loss strength denoted by ρ−1 , ρ0 ,
and ρ1 . ρ j > 0 or ρ j < 0 correspond to loss or gain, respectively.

ring to PH timer we will imply that it is not PT invariant. We
determine conditions under which PH and PT trimers possess
entirely real spectra, and reveal new opportunities of PH structures to flexibly tailor modes’ properties.
A general scheme of non-Hermitian trimer is shown in Fig. 2.4
For convenience, we explicitly write down the coupled mode
equations according to the general form in Eq. (2.1),
∂a−1
+ iρ−1 a−1 + C−1 a0 = 0,
∂z
∂a0
i
+ iρ0 a0 + C−1 a−1 + C0 a1 = 0,
∂z
∂a1
i
+ iρ1 a1 + C0 a0 = 0.
∂z
i

(2.11)

Since we consider an odd number of waveguides, there must
be an eigenmode with zero propagation constant, β = 0, as a
necessary condition for the entire spectrum to be real, as proven
in section 2.1. The amplitude profile of this mode satisfies
iρ−1 a−1 + C−1 a0 = 0,
iρ0 a0 + C−1 a−1 + C0 a1 = 0,

(2.12)

iρ1 a1 + C0 a0 = 0.
This system has a nontrivial solution when the matrix determinant is zero. This provides the following relation for the structure parameters,
2
C−
C02
1
+
= 0.
ρ0 +
ρ −1
ρ1

(2.13)

This condition is necessary (but not sufficient) for the whole
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spectrum to be real-valued.
Next, we find the eigenmode solutions of Eqs. (2.11). Substituting anzats (2.2) into Eqs. (2.11) and taking to account
Eq. (2.13), we find
β 1 = 0,

(2.14)

β 2,3 = ±

q

2
2
−ρ21 + C−
1 + C0 + ρ −1 ρ0 ,

We now use condition in Eq. (2.3) to express the three loss/gain coefficients through two independent parameters ρ and θ:
ρ−1 = ρ,

ρ0 = −θρ,

ρ1 = −(1 − θ )ρ.

(2.15)

Then we analyze Eqs. (2.14) and determine that the spectrum
of Eq. (2.11) is entirely real under the following conditions:
q

2
2 ,
C0 = (1 − θ ) C−
−
θρ
(2.16)
1
√
|ρ| ≤ ρcrit = 2 − θC−1 .
(2.17)
We notice that since we consider conservative coupling in the
present paper, C−1 and C0 are real, then we have an additional
restriction on the gain/loss parameter:
√
|ρ| < ρstruc ≡ C−1 / θ.
(2.18)
From Eqs. (2.16), (2.17) it can be shown that system (2.11) can
have an entirely real spectrum if and only if
θ ≤ 1.

(2.19)

This means that two waveguides of the trimer, which are of the same
type (both with gain or loss) should not be separated by a waveguide of other type (loss or gain, respectively). This interesting result
stems from the geometric mode symmetry (β 1 = 0) and specific
gain/loss distribution providing energy balance.
Without loss of generality, we consider the case 0 ≤ θ < 1
which corresponds to the right and middle waveguides of the
same type and the left waveguide of the opposite type. We will
not consider the case θ = 1 as it corresponds to C0 =0, which
reduces the system to an uncoupled dimer and a single waveg-
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Figure 2.5: Imaginary part of the propagation constant β n as a function of gain/loss parameter ρ. Red, green, and blue curves stay for β 1 , β 2 , and β 3 , respectively. (a) PT-symmetric
trimer (θ = 0) for C−1 = 1, and C0 = C−1 ; (b) PH trimer (θ = 0.5) for C−1 = 1, and C0 (ρ)
determined by Eq. (2.16). Dashed line marks the threshold value of gain/loss parameter ρcrit .

uide. Note that the particular case of θ = 0 corresponds to the
PT-symmetric trimer previously considered in Refs. [13, 61, 62].
We also note that under the above assumption ρcrit < ρstruc .
In what follows, we compare the basic properties of the PTtrimer (θ = 0) with the properties of the PH trimer at θ = 0.5.
The latter means that the trimer consists of one lossy waveguide
(ρ) and two active waveguides of the same gain (−ρ/2, −ρ/2).
Under the assumptions formulated above, the relations (2.14)
take the form

β 2,3 = ±

q

β 1 = 0,

(2.20)

2
2
(2 − θ )C−
1−ρ .

(2.21)

It is interesting that the dependence of the propagation constants β n on the gain/loss strength does not have qualitative difference for PT-trimers and PH trimers. In Fig. 2.5, this dependence is plotted according to Eqs. (2.14) with C0 determined by
Eq. (2.16). Here we should keep in mind that the coupling parameter C0 does not depend on ρ for the PT-trimer, but it does
depend on ρ for the PH timer.
The eigenmode amplitude profiles are
(1)

A−1 = C−1 ,
(1)

A0 = −iρ,
q
(1)
A1

=−

(2.22)
2
2
C−
1 − θρ
√
,
1−θ
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Figure 2.6: Intensity distribution between the three waveguides depending on the gain/loss
strength for the PT trimer (θ = 0) - top row, and the PH trimer (θ = 0.5) - bottom row. Red,
black, and dashed blue curves mark the intensity in the left, middle, and right waveguides,
respectively. Panels (a) and (d) show the dependence of the coupling parameter C0 ; (b) and
(e) correspond to the propagation constant β 1 ; (c) and (f) correspond to β 2 and β 3 .

for β 1 = 0, and
(2,3)

A−1 = C−1 ,
(2,3)
A0
(2,3)

A1

q

2
2
(2 − θ )C−
1−ρ ,
q
2
2
2
2
C−1 − ρ ∓ iρ (2 − θ )C−
√
1−ρ
q
= 1−θ
.
2
2
C−1 − θρ

= −iρ ±

(2.23)

for β 2,3 .
A relative intensity distribution between the waveguides of
the trimer is calculated as | A j |2 /(| A−1 |2 + | A0 |2 + | A1 |2 ), and it
is shown in Fig. 2.6. The top row corresponds to the PT-trimer,
while the bottom row – to the PH trimer. Figures 2.6(a) and 2.6(d)
show how the coupling parameter C0 changes depending on the
gain/loss strength ρ. Panels (b) and (e), and (c) and (f) show
the intensity distribution between the waveguides for the propagation constants β 1 = 0 and β 2,3 , respectively. Here red, black,
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and dashed blue curves represent the light intensity in the left,
middle, and right waveguides, respectively. Interestingly, the
modes with the zero propagation constant do not depend on the
gain/loss strength up to the critical value ρcrit , while for β 2,3 we
observe redistribution of the intensity between the waveguides.
Note that for the PT-trimer the energy is distributed equally between waveguides with gain and loss, while for the PH-trimer
this is not so. Another observation is that at the critical point ρcrit
the propagation constants and full complex amplitude profiles
of all three modes coincide.
Thus we reveal that the pseudo-Hermitian trimer can have an
entirely real spectrum as well as a phase transition point denoted
as ρcrit , which is usually typical for the PT-symmetric trimer.
However, the crucial difference here is that for the PT symmetric
trimer the coupling parameter C0 does not depend on gain/loss
parameter ρ, and it is found as C0 = C−1 , while for the PH trimer
C0 depends on not only C−1 , but on ρ and θ as well.
In the next section we investigate the behaviour of a nonHermitian trimer in a chain of conservative waveguides.
2.4

Wave scattering by trimers

PT-symmetric elements, incorporated into conservative structures, can demonstrate beneficial effects such as directiondependent reflection, signal amplification, suppressed reflection,
and invisibility [52, 54, 63, 64]. In this section we compare a
behaviour of the PT trimer with the PH trimer in terms of
light scattering. We consider a non-Hermitian trimer embedded into a long array of Hermitian (conservative) waveguides,
and we study wave transmission, reflection, and amplification. Schematic of a wave scattering by the defect for the wave
propagating from the left is shown in Fig. 2.7.
It was previously shown in Ref. [56] that when a PT-symmetric
system is embedded into a chain of conservative waveguides, the
PT symmetry breaking threshold can change. In particular this
can lead to spontaneous amplification of modes, even when the
isolated system has no growing modes. Therefore, it is important
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Figure 2.7: A chain of Hermitian waveguides with an embedded non-Hermitian trimer. Arrows indicates the incident, reflected and transmitted waves in the case when the incident
wave comes from the left.

to determine firstly a range of trimer model parameters, when
the system does not possess exponentially growing modes (lasing modes). In this regime the PH trimer can be used for active
control of propagating signals, i.e. for amplification, filtering,
and switching. We note that the balance relation (2.3) is not a
necessary condition for absence of lasing modes in the system
due to additional radiation losses through the chain. In what
follows, we consider a general case with ρ−1 + ρ0 + ρ1 6= 0 and
introduce the additional gain/loss ∆ρ for the trimer waveguides.
This shifts the spectrum of the isolated trimer by the value i∆ρ
according to the gauge transformation (2.4). When the trimer is
embedded into a chain of conservative waveguides, the governing equations take the form
∂a j
+ CA a j+1 + CA a j−1 = 0, for j 6= −1, 0, 1,
∂z
∂a−1
i
+ i (ρ − ∆ρ) a−1 + C−1 a0 + CA a−2 = 0,
∂z
∂a0
i
− i (θρ + ∆ρ) a0 + C−1 a−1 + C0 a1 = 0,
∂z
∂a1
i
− i [(1 − θ )ρ + ∆ρ] a1 + CA a2 + C0 a0 = 0.
∂z

i

(2.24)

Here C A is the coupling coefficient between the conservative
waveguides.
We seek a solution of Eq. (2.24) for wave scattering in the form
a j = ei(kj− βz) + Rleft ei(−kj− βz) ,
a j = Tei(kj− βz) ,

j ≤ −1,
j ≥ 1,

(2.25)

where Rleft and T are the reflection and transmission coefficients,
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respectively, k is the wavenumber of an incident wave, and β =
2C A cos k is the propagation constant far away from the defect.
Substituting Eqs. (2.25) into Eqs. (2.24), we obtain the following
expressions for the scattering coefficients:


R
1
,
Rleft = −e−2ik 1 +
D
2iC̄ A C̄0 sin(k)
T=
,
D


ik
2ik
R1 = C̄ A e −1 + e
×
h
i
2
−ik
C̄0 + (2iC̄ A cos(k) + ∆ρ − θ ρ̄)(iC̄1 e + ∆ρ + (θ − 1)ρ̄) ,
h
i
D = eik C̄02 (C̄1 − i (∆ρ + ρ̄)eik ) − ie2ik iC̄ A e−ik + ∆ρ + (θ − 1)ρ̄ ×
h
i
−ik
1 + (2iC̄ A cos(k) + ∆ρ − θ ρ̄)(iC̄ A e + ∆ρ + ρ̄) ,
(2.26)
where ρ̄ ≡ ρ/C−1 , C̄ A ≡ C A /C−1 , C̄0 ≡ C0 /C−1 , and ∆ρ̄ ≡
∆ρ/C−1 .
We notice that for the PT trimer (similar to the PT coupler
considered in Ref. [54]) we can obtain the scattering coefficient
for the incident wave approaching the defect from the right
by changing the sign of gain/loss strength, i.e. ρ → −ρ in
Eqs. (2.26). However, for a general case of a non-Hermitian
trimer, this is no longer true, due to a broken space symmetry.
We determine the scattering coefficient for the incident wave
coming from the right as
R2
,
Rright =
D
h
i
ik
R2 = i (∆ρ + (θ − 1)ρ̄) − C̄ A e ×
n
h
i
o
−ik
ik
¯
1+e
iC̄ A + e (∆ρ + ρ̄) (2iC A cos(k) + ∆ρ − θ ρ̄) +
2

iC̄0 (iC̄ A e−ik + ∆ρ + ρ̄).

(2.27)

We emphasise that the transmission coefficients for the right
and left propagation of an incident wave coincide due to the
reciprocity of transmission for any linear, stationary and nonmagnetic medium [63].
We notice that the scattering coefficients have the same de-
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Figure 2.8: (a) The minimum value of gain/loss imbalance, ∆ρ̄rmcrit at which a lasing mode
occurs in the chain of conservative waveguides with the embedded trimer as a function of ρ̄
and θ. (b) A wavenumber of the corresponding lasing mode. Dashed black curvebounds the
range of possible structural parameters according to Eq. (2.18), and black solid line separates
regions where ∆ρ̄crit > 0 and ∆ρ̄crit < 0. Parameter C̄ A =0.5.

nominator D. Let’s now fix parameters C A , C−1 , θ, and ρ and
consider ∆ρ = ∆ρmin ≡ min[ρ, −ρθ, −(1 − θ )ρ]. In this case
there is no gain in the system and thus no lasing modes can
occur. Next, we gradually increase ∆ρ until it reaches some critical value ∆ρcrit , at which denominator D turns to zero for some
wavenumber kcrit . This means that the wave with the wavenumber kcrit is a lasing mode and the energy of the system can grow
without any incident light for ∆ρ > ∆ρcrit .
In Fig. 2.8(a), we plot ∆ρ̄crit ≡ ∆ρcrit /C−1 as a function of ρ̄
and θ for C̄ A = 0.5. In Fig. 2.8(b) we show the corresponding
wavenumber kcrit . The black dashed line bounds the range of
possible structural parameters according to Eq. (2.18) and black
solid line separates regions where ∆ρ̄crit > 0 and ∆ρ̄crit < 0. A
complex behaviour of ∆ρ̄crit in the region θ > 0.8 and ρ̄ ≈ 0.9
results from bifurcations of roots of the equation D = 0 at particular parameters θ, ρ̄ and C̄ A .
Remarkably, the value of ∆ρcrit can be either negative or positive. If ∆ρcrit < 0, then for the range ∆ρcrit < ∆ρ < 0 the overall
gain/loss balance is shifted into loss; however, lasing modes are
presented in the system. From the other hand, if ∆ρcrit > 0, then
for the range 0 < ∆ρ < ∆ρcrit the overall gain/loss balance is
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Figure 2.9: Noise dynamics in the chain of conservative waveguides with the embedded PH
trimer for (a) ρ̄ = 0.85 and (b) ρ̄ = 1. (c),(d) Evolution the total energy of the system, I,
corresponding to (a) and (b), respectively. Insets show evolution of the energy concentrated
in the waveguides of the PH trimer only. Parameters are θ = 0.5, C̄ A = 0.5, and ∆ρ = 0.

shifted into gain, but no lasing modes are observed.
We simulate numerically the dynamics of input noisy conditions in the chain of conservative waveguides with the PH trimer
(θ = 0.5). Although the total number of waveguides in the considered case is 601, we emulate an infinite long chain by introducing perfectly matched layers (PML), i.e. tails which consist of
several waveguides with gradually increasing loss to their end
and absorb all incoming radiation. The noise here is a small perturbation to the initial data in the trimer waveguides only, which
has the uniform distribution in [0.05, 0.1]. We simulate light
dynamics for several realisations of initial conditions and a representative example for C̄ A = 0.5 and ∆ρ = 0 is shown in Fig. 2.9.
For ρ̄ = 0.85, which is below the black curve in Fig. 2.8(a) and
corresponds to ∆ρcrit > 0, we observe that after initial relaxation
the total system energy I = ∑ j | A j |2 is preserved [see Fig. 2.9(c))
and the system does not lase. However, if ρ̄ = 1, then ∆ρcrit < 0
[see Fig. 2.8(a)] and the system lases [see Fig. 2.9(b)] with growing total energy as shown in Fig. 2.9(d).
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|T |2

|Rright|2
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Figure 2.10: An example of the scattering coefficients for the PT-trimer (left), the PH-trimer
(middle) and the PT-coupler (right) for C̄ A = 0.5 and ρ̄ = 0.85. Top - scattering from the
left, bottom - from the right. Blue and red curves stand for the transmission and reflection
coefficients, respectively.

When operating in the non-lasing regime, we can consider
the PH trimer in terms of scattering. Characteristic dependencies for the scattering coefficients are plotted in Figs. 2.10(a-f) for
C̄ A = 0.5, ρ̄ = 0.85. The top and bottom rows represent the cases
of the incident wave coming from the left and right, respectively.
Panels (a) and (b) are for PT-symmetric trimer (θ = 0), panels (c)
and (d) – for the PH trimer (θ = 0.5). For comparison, panels (e)
and (f) show the results for the PT-symmetric coupler (coupled
gain and loss waveguides (ρ, −ρ) with the coupling coefficient
C−1 , which are embedded into a chain of conservative waveguides with the coupling coefficient C A ), where scattering coefficients are calculated using formulas obtained in Ref. [54]. Red
and blue curves indicate reflection and transmission coefficients,
respectively. We observe that the PH trimer in some cases can be
more efficient than the PT-trimer and PT coupler for light amplification. Additionally the resonance position depends not only
on gain/loss strength, but also has a nontrivial dependence on
the structural parameter θ, and the sign of ρ.
Summarizing, we have studied the light propagation in com-
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plex photonic structures composed of coupled waveguides with
arbitrary strength of gain or dissipation. For such structures
we identified the mode symmetries which are necessary for
the whole spectrum to be real. We considered in detail a nonHermitian trimer and derived the restrictions on the system
parameters, which provide an entirely real spectrum. These
conditions prescribe how far from each other and in which
order these waveguides should be placed to observe the PT-like
behaviour in optical systems without PT symmetry. We then
identified the threshold conditions for the appearance of lasing modes for the PH trimer embedded into a long chain of
conservative waveguides. We showed that the PH trimer can
be used for light amplification with a higher efficiency than
the PT-trimer. Due to the absence of a strict condition on the
gain/loss distribution between three waveguides, in contrast to
the PT-trimer, PH trimer provides more flexible control of light
propagation in the system. Thereby we reveal new possibilities
for using non-Hermitian structures and the presented results
suggest practical realizations of pseudo-Hermitian waveguide
arrays.
Interestingly, that using specially designed optical waveguide
network it is possible to realize parity-time synthetic photonic
lattices [65]. The idea of such a network was to perform a separate control of amplitudes and phases of propagating pulses
which is very useful in the light Kramers-Kroning relation. This
relation means that in practice some system can be PT-symmetric
only for light with a specific wavelength. Remarkably, that pulse
propagation through such a lattice is equivalent to propagation
of pulse in system of two coupled rings of different length. In
the next section we suggest and study nonlinear lasing regimes
of two coupled fiber rings with cross-coupling.

30

Light control by optical oligomers with balanced gain and loss

Chapter 3

Lasing in nonlinear PT symmetric
coupled fiber rings

Firstly appeared as a theoretical concept PT symmetric structures find more and more practical applications nowadays. Recently, PT-symmetric lasers were demonstrated experimentally
in microrings [8, 9, 66, 67] where a single-mode laser operation
was achieved in an initially multi-mode system through stronger
mode discrimination, when the system operates in PT-broken
regime close to a PT-symmetry breaking transition. A single
transverse mode operation in a system of coupled microring
lasers was demonstrated near the exceptional point [30], and
enhanced sensitivity was achieved [68, 69]. Furthermore, a realization of the PT symmetry based mode-locking [32] and PTsymmetric laser absorber [70] were theoretically proposed, and
lasing and anti-lasing in a single cavity was demonstrated [71].
Recently, a statistical PT-symmetric lasing has been achieved in
an optical fiber network incorporating semiconductor amplifiers
[72].
Next we suggest a concept of PT symmetric laser based on
coupled fiber rings1 and study its mode properties. We also predict PT-symmetric and PT-broken lasing by means of tunable
coupling of a ring cavity laser with a passive cavity.

1 Sections 3.1 and 3.2 are based on the work S. V. Smirnov, M. O. Makarenko, S. V. Suchkov,
D. Churkin, and A. A. Sukhorukov, Bistable lasing in Parity-Time symmetric coupled fiber rings, Phot.
Research, accepted (2018). My contribution to the work was in analysis of the spectral properties of
linear modes as well as construction of nonlinear stationary states
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3.1

Lasing in nonlinear PT symmetric coupled fiber rings

Spectral and symmetry properties of the linear model

The schematic of the proposed PT-symmetric fiber ring laser is
shown in Fig. 3.1. It consists of two similar fiber cavities, one
of them is active (with gain), while another cavity is passive
(with losses). Tunable coupling between cavities is provided
by adjustable phase shifts inside a Mach-Zehnder interferometer
(phase modulators). If the relative phase shift is zero, both cavities become uncoupled and the system acts as a conventional
ring cavity laser if properly pumped. As we demonstrate below,
tunable coupling allows one to switch between PT-symmetric
and PT-broken lasing regimes.

Figure 3.1: Schematic diagram of the PT-symmetric fiber ring laser, composed of two coupled
fiber ring cavities with gain and loss. The structure includes phase modulators (ϕ1 and ϕ2 ),
50/50 couplers, and gain and loss elements shown by red loops. Arrows indicate the direction
of propagation.

To describe the laser operation and associated PT-transitions,
we use a discrete transfer matrix model governing the evolution
of the field amplitudes in both fiber cavities. Field evolution over
a cavity round-trip in the first approximation is described by a
transfer operator L as {u1 , u2 }nT+1 = L{u1 , u2 }nT , where {u1 , u2 }nT
are filed amplitudes in the first and second laser loops, respectively, in the "middle" of the gain/loss elements, and
√
√ !


 g /2
1
1/√ 2 i/ √2
e
0
0 1
L=
×
g2 /2
0 e
1 0
i/ 2 1/ 2
√
√ !  g /2
 iϕ


1
e
0
1/√ 2 i/ √2
e1
0
,
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0 eiϕ2
0 e g2 /2
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Figure 3.2: (a) The ratio of two linear mode eigenvalues, |µ+ /µ− | and (b) the relative phase of
the eigenmode amplitudes arg(u1 /u2 )µ+ = Re(ν+ ) vs. the relative phase ∆ϕ and gain/losses
in two fiber cavities. White dotted lines indicate PT-symmetry breaking threshold. (c,d) The
absolute eigenvalues shown with solid (|µ+ |) and dashed (|µ− |) lines vs. the gain coefficient
for fixed losses (g2 = −0.7) and different relative phases (c) ∆ϕ = 1.5 and (d) ∆ϕ = 1. Horizontal dotted line marks the level |µ| = 1 corresponding to stationary modes with balanced
gain and losses.

where g2 < 0 are losses and g1 > 0 characterizes total gain.
Importantly, cross over coupling as described by the second matrix in Eq. (3.1) facilitates PT symmetry with static elements,
whereas active modulation was required in previous realizations
of mesh lattices [65]. Note, that we assume here any element of
the setup makes a discrete contribution (with no spatial extension). Next step would be taking into account distributed nature
of the elements.
We simplify Eq. (3.1) and express the transfer operator as:

 
  
∆ϕ
∆ϕ
∆g/2
e
cos
−
sin
2
2
 

 ,
L = ie g̃+i ϕ̃ 
(3.2)
∆ϕ
∆ϕ
−∆g/2
sin 2
e
cos 2
where g̃ ≡ ( g1 + g2 )/2, ∆g ≡ g1 − g2 , ϕ̃ ≡ ( ϕ1 + ϕ2 )/2, and ∆ϕ ≡
ϕ1 − ϕ2 . Note that ∆ϕ = 0 corresponds to uncoupled cavities,
whereas ∆ϕ = π means completely cross-coupled cavities.
We establish that the operator L possesses PT symmetry when
applied in conjunction with Gauge transformation as
PTe− g̃−i ϕ̃ L = e− g̃−i ϕ̃ LPT,

(3.3)
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The parity operator swaps the two fibers,


0 1
P=
,
1 0

(3.4)

which effectively interchanges the gain and phase coefficients
since
PL( g1 , g2 , ϕ1 , ϕ2 )P−1 = L( g2 , g1 , ϕ2 , ϕ1 ).
(3.5)
The time-reversal operator T performs complex conjugation and
also swaps the propagation direction,
TL = (L∗ )−1 T.

(3.6)

The signal propagation through the considered system can be
fully described by the eigenvalues µ± and eigenvectors (u1 , u2 )T
of the operator L, which are found as
µ± =ie g̃+i ϕ̃ µ̃± ,
µ̃± =1/µ̃∓ = cosh(∆g/2) cos(∆ϕ/2)
q
± cosh2 (∆g/2) cos2 (∆ϕ/2) − 1,
and

where



u1
u2





=


ν± = −i log 

exp(iν± /2)
exp(−iν± /2)

µ̃± − e

−∆g/2

sin



cos


∆ϕ
2



(3.7)


,
∆ϕ
2

(3.8)


.

(3.9)

We note that there is an exceptional point, where the two
eigenvalues become identical (µ+ = µ− ), what happens when
the gain/losses difference reaches a value


1
∆gPT = 2 cosh−1
,
(3.10)
cos(∆ϕ/2)
what corresponds to PT-symmetry breaking threshold g̃ = 0.
We present in Fig. 3.2(a) the ratio of two eigenvalues, |µ+ /µ− |,
and in Fig. 3.2(b) the relative phase of the mode amplitudes,
arg(u1 /u2 )|µ+ = Re(ν+ ), vs. the difference of phases and
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gain/loss in two fiber ring cavities.
The modes are in the PT-symmetric regime for |∆g| < ∆gPT .
In this case, Im(ν± ) = 0 and
ν+ = −ν− ,

(3.11)

and accordingly the eigenmode intensities are equal in the active
and passive cavities, |u1 | = |u2 |. Thus, both modes exhibit the
same amplification or absorption averaged over two fiber cavities, |µ+ | = |µ− | = exp( g̃). Note that PT-symmetry always
holds for ∆ϕ = ±π, when the fiber cavities are completely crosscoupled, such that the optical path goes through both active and
passive cavities and effect of gain and losses are compensated.
In the PT-broken regime when |∆g| > ∆gPT , the modes exhibit
a different rate of amplification or absorption with µ+ > µ− ,
while ν± are purely imaginary and accordingly the amplitudes
u1,2 are exactly in- or out- of phase. We note that the PT-broken
regime is always realized for ∆ϕ = 0 and any small g1 or g2 ,
since in this case the cavities become effectively uncoupled, so
the mode in the active cavity experiences amplification, while
the mode in the passive cavity attenuates.
We show in Figs. 3.2(c) and (d) the characteristic dependencies
of the eigenvalues on the gain coefficient g1 , while keeping losses
fixed (g2 < 0). For a phase detuning such that
cos(∆ϕ/2) < 1/ cosh(| g2 |),

(3.12)

the net amplification regime is realized at g1 > | g2 | simultaneously for two eigenmodes in PT-symmetric regime (|µ± | =
exp( g̃) > 1), whereas PT breaking occurs at stronger gain after
the bifurcation at the exceptional point, see Fig. 3.2(c). On the
other hand, for the phase detunings with
cos(∆ϕ/2) > 1/ cosh(| g2 |),

(3.13)

in the PT-symmetric regime both modes are attenuated on average (|µ± | = exp( g̃) < 1), while net amplification is achieved for
one mode at stronger gain in PT-broken regime (|µ+ | > 1), see
Fig. 3.2(d).
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PT symmetric fiber ring laser with saturable gain

Essentially, the model with a constant gain as represented above
describes an amplifier operating in the regime of small signal
gain, not a laser. The laser is characterized by self-governing
gain saturation which limits the total gain over the round-trip
to be equal to total round-trip losses [73]. In the following, we
consider a simple model of gain saturation in form
g1 =

g0
− gh ,
1 + P̃1

(3.14)

where P̃1 is the normalized power at the input of the gain element at the current round-trip. According to Eq. (3.14), the
gain element introduces losses (− gh < 0) at a high power level,
whereas its amplification of weak field is ( g0 − gh ).
For lasing to occur, small-amplitude fields need to be amplified, i.e. it is necessary to have |µ+ | P̃1 =0 > 1. In this case, the
optical power will grow with each fiber cavity round-trip until the gain gets saturated and a stationary regime is reached,
where gain and losses are exactly balanced, |µ+ | P̃1 = 1. The
latter condition corresponds to a transition from net losses to a
net gain for varying gain strength (g1 ), which can be satisfied
in PT-symmetric or PT-broken regimes depending on parameters, as have been shown in Figs. 3.2(b) and (c). Specifically,
PT-symmetric lasing can occur for phases satisfying Eq. (3.12)
above a critical gain g0 − gh > | g2 |. On the other hand, the PTbroken regime occurs at a lower gain threshold for a range of
phases defined in Eq. (3.13). We summarize the different parameter domains and gain thresholds for possible laser regimes in
Fig. 3.3(a).
A characteristic dependence of mode amplification on power
in PT-symmetric laser regime is presented in Fig. 3.3(b). We see
that although PT-symmetry is broken at low powers, it is restored at higher powers, when gain is effectively reduced due
to saturation. A stationary lasing regime at exactly balanced
gain and losses, i.e. when |µ± | = 1, can be achieved both in
PT (closed circle) and PT-broken (open circle) regimes. The open
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Figure 3.3: (a) Stationary regimes of laser operation with nonlinear gain saturation: no lasing
(white background), pair of PT-symmetric laser modes (grey shading), or one mode in PTbroken regime (yellow shading). (b,c) Characteristic mode amplification vs. power for points
A and B marked in (a) corresponding to different lasing regimes. Solid circles mark stable and
open – unstable stationary regimes with balanced gain and loss (zero mode amplification).
Background shading marks PT-symmetric and broken regimes. Saturable gain parameter
gh = 0.23 (1 dB). Point A has coordinates ( g0 , ∆ϕ) = (1.45, 7.61), point B (0.44, 2.10).

circle corresponds to unstable regime, due to co-existence of another mode which exhibits net amplification. Conversely, closed
circle marks a stationary state, which can be realized simultaneously for both PT-symmetric modes. We show in the following
that this leads to bistability in a laser operation. On the other
hand, in the PT-broken laser regime, a stationary stable point
appears only for one mode, as illustrated in Fig. 3.3(c).
Measurements of eigenvalues in a real laser are not straightforward. The most direct way to characterize the PT-transition
is to measure generated powers in both active and passive fiber
cavities, P1 = |u1 |2 and P2 = |u2 |2 , respectively. As we have discussed above, in the PT-symmetric regime P1 = P2 , whereas in
the PT-broken case P1 > P2 . Thus the most straightforward way
to identify whether the system operates in PT symmetric or PT
broken phases is to measure power ratio P2 /P1 . We plot its predicted dependence in Fig. 3.4(a) as a function of gain coefficient
(i.e. the amount of pumping in the active cavity) and the phase
shift (i.e. amount of coupling). We emphasise that the generation threshold of the laser is a function of the phase shift in PT-
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Figure 3.4: Power dependencies in stationary lasing regimes. (a) A ratio of power generated
in passive and active cavities, P2 /P1 , is unity in PT symmetrical region and less than unity
in PT-broken area. (b,c) Dependence of the lasing power in two cavities vs. the gain in PTsymmetric and PT-broken regimes corresponding to different phase shift ∆ϕ = 1.5 and 0.8
respectively, both shown with dashed lines in plot (a).

broken case, whereas in the PT symmetrical area the threshold
does not depend on the phase shift. We illustrate a characteristic dependence of the lasing power in two cavities vs. the gain
in PT-symmetric and PT-broken regimes in Figs. 3.4(b) and (c),
respectively. We see that for any gain level, in the PT-symmetric
case the generated powers are equal in both cavities (P2 /P1 = 1)
although only active one is pumped. In the PT-broken case,
the power in the passive cavity is always less compared to the
power generated in the active cavity, i.e. P2 /P1 < 1. In particular, in the limiting case of uncoupled cavities (zero phase shift
∆ϕ = 0), the power in the passive cavity is completely zero yielding P2 /P1 = 0.
We now analyze how the laser reaches its stationary state, i.e.
the laser dynamics. To establish the general dynamical properties, we study the evolution of the following quantity,
J = Im(u1 u2∗ ) = |u1 u2 | sin[arg(u1 ) − arg(u2 )].

(3.15)

Considering any complex amplitudes u1 and u2 , we find that
after the evolution over one period described by matrix L with
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Figure 3.5: Dynamical properties of a PT-symmetric fiber laser. (a) Two trapping regions
shown with shading according to Eq. (3.18), shown in the plane of relative phases and powers in two fiber cavities. Laser dynamics is confined to one region according to the initial
conditions. Solid and dashed lines indicate possible stationary lasing states: PT-symmetric –
vertical lines at P2 /P1 = 1 and PT-broken – horizontal lines at relative phases {0, ±π }.
(b,c) Dynamical evolution demonstrating bistability on PT-symmetric regime. Shown are
relative (b) phases and (c) powers, which converge to one of two stationary states marked
with solid circles in (a). Parameters are g1 =2.3, g2 =-0.7, ∆φ=2.95.

arbitrary phase and gain coefficients in Eq. (3.2),
J → e2g̃ J.

(3.16)

Thus, the following quantity remains invariant during evolution,
both in PT and PT-broken regimes:
sign( J ) = sign {sin[arg(u1 ) − arg(u2 )]} = const.

(3.17)

Accordingly, the relative phase is confined to one of two domains
depending on the initial conditions:
0 <arg(u1 ) − arg(u2 ) < π,

−π <arg(u1 ) − arg(u2 ) < 0.

(3.18)

We show these regions with different shading in Fig. 3.5(a). We
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also indicate with solid and dashed lines possible stationary lasing states, which could be realized for various structural parameters.
The horizontal lines with arg(u1 ) − arg(u2 ) = {0, ±π } in
Fig. 3.5(a) correspond to stationary PT-broken modes, according
to the general features discussed above. Importantly, PT-broken
states appear at the boundaries of two phase regions determined
in Eq. (3.18), and therefore for any input state the laser can
converge to a single PT-broken lasing mode operation.
Stationary PT-symmetric modes can appear along the vertical lines at | P2 /P1 | = 1, as indicated in Fig. 3.5(a). The pairs
of PT-symmetric modes have opposite relative phases according
to Eq. (3.11), therefore they necessarily appear inside distinct regions, see an example of two modes corresponding to particular structure parameters marked with black circles in Fig. 3.5(a).
This indicates a bistable laser operation, since each of the stationary points can act as an attractor for all initial states inside
the associated phase region, while the boundary between these
regions cannot be crossed. We illustrate the bistable dynamics
in Figs. 3.5(b,c), which show that depending on initial phase difference between the amplitudes in two fiber cavities (but not on
initial powers), the laser converges either to the first or second
PT-symmetric eigenmode.

3.3

Stationary states of nonlinear PT-symmetric coupled rings

The laser system with saturable gain is described by the nonlinear mathematical model (3.2) where g1 is determined by (3.14)
and g2 is fixed. This type of nonlinearity affects only mode amplitudes, while does not change a phase of a propagating signal.
In this section we consider another nonlinear regime when the
phase modulators ϕ1 and ϕ1 provide phase shifts depending on
the powers in the loops, while gain and loss are fixed and balanced. This is an analogue of Kerr-type nonlinearity in a conventional directional coupler.
Propagation of light in such a system is described by Eq. (3.1)
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where instead of phase shift operator

eiϕ1 0
0 eiϕ2
!

ei( ϕ1 +γ1 P̂1 )
0
i ( ϕ2 +γ2 P̂2 )
0
e
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we use

.

Here γ1 and γ2 determine strength of the nonlinear response,
while P̂1 and P̂2 are powers in the loops with gain and loss, respectively. Using operator L we can iteratively construct dynamics for some input signal as un+1 = Lun . Thus Fig. 3.6 shows
two representative cases of nonlinear propagation corresponding to unbroken and broken PT symmetry of the linear model.
We chose model parameters: ϕ1 = 0, ϕ2 = π/4, γ1 = 1 and
γ2 = 2, with the input signal {0, 1}. For the PT-symmetric phase
eg1 = e− g2 = 1.4, while for the PT-broken phase eg1 = e− g2 = 1.6.
Here we present output powers in active P1 (red curve) and passive P2 (blue curve) loops measured after each round trip, where
the total power is depicted by the green curve. Panels (a) and
(c) correspond to the linear regime (with γ1 = γ2 = 0), while (b)
and (d) correspond to the nonlinear regime for unbroken and
broken PT-symmetry, respectively. As expected, nonlinearity can
not only change a period and amplitudes of power oscillation,
but also it can switch the system from the broken PT-symmetric
phase to unbroken one (compare panel (c) and (d)).

Propagation of signals in nonlinear nonconservative systems
strongly depends on the input signal (initial conditions) and can
be hardly predictable. An important role in investigation of nonlinear dynamics of physical systems belongs to their stationary
modes. As was shown in the previous section these modes can
be attractors and fully determine nonlinear propagation on longrange distances.

For our convenience we assume, that a round trip starts from
the phase modulator with input signal Û1 and Û2 in the first and
the second fiber loops, respectively. Then the signal evolution
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Figure 3.6: Generated powers in active P1 (red curve) and passive P2 (blue curve) loops after
several round trips. The total power is shown by the green curve. (a) and (c) correspond to
the linear regime (with γ1 = γ2 = 0), while (b) and (d) show result for the nonlinear regime.
Panels (a) and (b) for the unbroken PT-symmetric phase, while (c) and (d) for broken one.

can be described by the operator L̂:


2 
ei( ϕ2 +γ2 |Û |2 )
i Γ21 + 1
Γ21 − 1 
L̂ =
×
−(Γ21 − 1) i Γ21 + 1
2Γ1
!
i (−∆ϕ+γ1 |Û |21 −γ2 |Û |22 )
e
0
,
0
1

(3.19)

here Γ1 ≡ eg1 = e− g2 , what means that the system operates in the
PT-symmetric regime. Below we present an analytical method
allowing us to construct all stationary states of the system (3.19).
Our task is to find {Û1 , Û2 } so that L̂{Û1 , Û2 } T = {Û1 , Û2 } T .
To this end we chose parameter a from the range


q
[
a ∈ 4 arccos(1/ 1 + Γ21 ) − π; π


q
−π; π − 4 arccos(1/ 1 + Γ21 ) + 2πn,
(3.20)
where a is a relative phase shift provided by the two loops. Then
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we find eigenvectors {U1 , U2 } of the following operator

  ia


e 0
i Γ21 + 1
Γ21 − 1 
,
L̃ =
0 1
−(Γ21 − 1) i Γ21 + 1
and use them to construct the stationary modes as

 
s
a + ∆ϕ
Û1
U1
=
Û2
U2
γ1 |U1 |2 − γ2 |U2 |2

(3.21)

(3.22)

Note that when the relative phase shift a satisfies Eq. (3.20) the
absolute value of the eigenvalues of the round-trip operator L̃
equals to 1. In Fig. (3.7) we present examples of the stationary
modes obtained from Eq. (3.22) for ϕ2 − ϕ1 = π/2 − π/5, Γ1 =
1.5, γ1 = 2.4, and γ2 = 1.3. Panel (a) presents the result for a =
1.4, while in (b) a = 3 + 6π. We note that the greater parameter
a is, the greater difference of powers in gain and loss loops is.
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Figure 3.7: Generated powers in active P1 (red curve) and passive P2 (blue curve) loops after
several round trips for ϕ2 − ϕ1 = π/2 − π/5, Γ1 = 1.5, γ1 = 2.4, and γ2 = 1.3. In (a) a = 1.4,
in (b) a = 3 + 6π.

The method described in this section allows us to construct all stationary solutions (when a goes through the whole
range (3.20)), however the question of their stability requires further investigation. Thus we can see that the solution presented
in Fig. 3.7 (b) is unstable which can results from the bigger
power difference in the two loops compared to the solution
shown in Fig. 3.7 (a). Stability of the last solution was numerically checked for over than 100000 round trips, but only first
125 ones are shown. Note that the powers in the two loops are
different because the "point of observation" is chosen directly
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before the phase modulators ϕ1 and ϕ2 . If we measure powers
in the middle of gain/loss elements, as it was done in previous
section, these powers will coincide for any stationary mode.
In conclusion, we proposed and analysed theoretically the PTsymmetric fiber ring laser composed of two active and passive
cavities with a cross-coupling element, which allows us to switch
between PT-symmetric and broken regimes without using active
modulation of gain/loss elements. We considered the effect of
gain saturation at high powers, and predicted that the system always converges to a stationary lasing state, while demonstrating
bistable behaviour in the PT-symmetric regime. We also suggest
a method to construct nonlinear stationary states of the fiber ring
laser with power dependent phase modulators. We also should
mention that in this chapter we use dimensionless parameter
values corresponding to fundamentally different regimes and to
emphasize specific of the system behaviour. An important question for further research will be whether these parameter values
can be reached in real systems, so corresponding regimes can be
observed in an experiment.
Motivated by the increasing attention to the PT-symmetric
resonant systems due to wide range of its application [8, 9, 30,
33] in the next chapter we study a special type of bottle microresonators, which are a promising platform to realisation PTsymmetric structure. We will suggest resonators with specially
designed shapes to realisation of reflectionless transmission and
investigate nonlinear interaction of resonator modes in application to generation of frequency combs.

Chapter 4

Surface nanoscale fiber resonators
with reflectionless potentials

As was discussed in Introduction 1, Surface Nanoscale Axial
Photonic (SNAP) platforms combine benefits of microscopic dimensions and ultra-low loss bottle type resonators [41, 42]. We
recall that this platform is based on an optical fiber resonator
with introduced nanoscale variation of an effective fiber radius
along the fiber which can include variation of material refractive
index [43] and/or a fiber radius change [41]. This SNAP fiber
supports Whispering Gallery Modes (WGMs) circulating near
the surface of the fiber and slowly propagating in the axial direction. Such structure can be considered as a chain of coupled microresonators, which can be close packed to each other allowing
precise control of light. The SNAP fiber is transversely coupled
to input/output microfibers, which are usually fabricated of biconical fibers with micron-scale diameter waist, or, alternatively,
can be planar waveguides fabricated lithographically. An input
waveguide launches whispering gallery modes (WGMs), which
circulate near the surface of the SNAP resonator and in addition
experience slow axial propagation with correspondingly small
propagation constants, according to the concept of bottle resonators [74–76].
In this chapter we suggest and demonstrate through numerical simulations that the effective fiber radius variation can be
designed in a special way to realize so-called reflectionless potentials [77] and discuss associated resonator properties.
45
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Potential engineering and analysis of wave transmission

We consider a SNAP fiber resonator coupled to a microfiber
schematically shown in Fig. 4.1. The microfiber here is a tapered
fiber with a micron-scale diameter waist. The microfiber is coupled to the SNAP fiber at a position z1 and due to an evanescent interaction excites WGMs slowly propagating in the axial direction of the SNAP fiber. A field distribution of WGMs,

Figure 4.1: Scheme of a SNAP fiber coupled to a microfiber. The microfiber serves as an
input and output waveguide and is coupled to the SNAP fiber at position z1 . Axial and
radial intensity distribution is also presented for λ=λres + 0.2pm and z1 = −50µm for the
reflectionless potential V (z) defined by Eq.(4.9).

adiabatically propagating along z-axis of the SNAP fiber can
be decomposed into two parts: axial Ψ and radial Ξ as follows: U (r) = Ψ(z)Ξ(ρ, ϕ), where (z, ρ, ϕ) are the cylindrical
coordinates [41]. Here the function Ψ(z) determines light transmission through the microfiber and satisfies a one-dimensional
Schrödinger like equation with potential V (z), the profile of
which is directly determined by the nanoscale variation of the
effective fiber radius reff (z) ∼ r (z)n(z), where r (z) is a fiber radius and n(z) is the refractive index of the medium. The govern-
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ing equation for the axial field component is [41]:
∂2 Ψ
+ [ E(λ) − V (z) + Dδ(z − z1 )] Ψ
∂z2
γ
+2ik2
Ψ = Cδ(z − z1 ),
λres

(4.1)

where E(λ) = −2k2 (λ − λres )/λres is an effective energy, λ is
laser wavelength in vacuum, λres is a resonant wavelength of the
SNAP fiber, k = 2πnfiber /λres is a propagation constant of light
in the optical medium, nfiber is a fiber refractive index, V (z) =
−2k2 ∆reff (z)/reff (z) = −2k2 (∆r (z)/r0 + ∆n(z)/nfiber ) is a potential, ∆n(z) is refractive index modulation in SNAP, γ is an attenuation parameter, z1 is the microfiber position, C is a coupling parameter corresponding to energy inflow through the microfiber,
and D determines a phase shift due to the coupling to the microfiber as well as a radiation loss through the microfiber. Since
the microfiber diameter waist is much smaller then characteristic
axial wavelength (1µm vs. 10µm), the coupling between the microfiber and the SNAP fiber is modeled by means of Dirac delta
function. Note that Eq. (4.1) is valid for an adiabatically slow
variation of the fiber radius [45], and we consider this situation
in the present work. Note that in fact, SNAP fiber resonators
are bottle-type resonators, and since the radius variation profile
determines the effective potential V (z) in the Eq. (4.1), this potential will be localized, i.e. V (z) → 0 at z → ±∞.
The transmission amplitude S(λ) can be expressed through
the Green’s function G (λ, z, z1 ) of the left hand side of Eq. (4.1)
with D = 0 as follows [41],
i |C |2 G (λ, z1 , z1 )
,
S(λ) = S −
1 + DG (λ, z1 , z1 )
0

(4.2)

where S0 is a non-resonant component of the transmission amplitude. All parameters, S, D, and C are slow functions of the
wavelength and can be considered as constants in the vicinity of
the resonant wavelength λres [41].
Another important feature of a SNAP device is that it provides
an opportunity to arrange a multi-nanoseconds dispersionless
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time delay of a propagating signal [44]. Although our system is
not conservative, for very low loss the time delay can approximately be found by the following equation:


∂ ln S(λ, z1 )
λ2
Im
.
(4.3)
τ (λ, z1 ) =
2πc
∂λ
This was confirmed experimentally in [44]. Thus, we are able
to determine the light transmission amplitude through the microfiber for any arbitrary potential V (z). Thus, if the Green’s
function for some potential is known, it is possible to identify
the transmission amplitude S(λ) and estimate the time delay τ.
Below we demonstrate how the Green’s function can approximately be found for the case of localized potentials.

We recall that the Green’s function G (z, z1 ) is a solution to the
equation
∂2 Ψ
2 γ
+
E
(
λ
)
−
V
(
z
)]
Ψ
+
2ik
Ψ = δ ( z − z1 ),
[
∂z2
λres
and for localized potentials, such that V (z) → 0 at z → ±∞, the
Green’s function can be constructed as G (z, z1 ) = A(z1 )Ψ+ (z)
for z ≥ z1 and G (z, z1 ) = B(z1 )Ψ− (z) for z ≤ z1 . The functions
Ψ± (z) are solutions for the waves propagating
√ away from the

microfiber position, accordingly Ψ± (z) = e±i Ẽ(λ)z at z → ±∞.
Here Ẽ(λ) ≡ E(λ) + 2ik2 γ/λres and square root of Ẽ(λ) is chosen
in the first quarter. To determine the coefficients A and B we
use the continuity and the condition for a jump of a derivative
(G 0 (z1+0 , z1 ) − G 0 (z1−0 , z1 ) = 1) of the Green’s function at the
point z = z1 : A(z1 )Ψ+ (z1 ) = B(z1 )Ψ− (z1 ) and A(z1 )Ψ0+ (z1 ) −
B(z1 )Ψ0− (z1 ) = 1, respectively. Finally, the expression for the
Green’s function at the point z = z1 is found as
G ( z1 , z1 ) =

Ψ + ( z1 ) Ψ − ( z1 )
.
0
Ψ+ (z1 )Ψ− (z1 ) − Ψ0− (z1 )Ψ+ (z1 )

(4.4)

Next, we analyze a behavior of the Green’s function far away
from the potential inhomogeneity (well), for concreteness for z ≥
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z0 > 0, where V (z) ' 0. The solutions can be taken as
√
(
i Ẽ(λ)z
Ψ+ (z) ≈ e √ ,
√
for z > z0 .
−i Ẽ(λ)z
i Ẽ(λ)z
+e
,
Ψ− (z) ≈ Re

(4.5)

Here R is a complex reflection coefficient, the value of which is
defined by scattering from the potential such that Ψ− (z) satisfies
the asymptotic condition at z → −∞. The coefficient can be
written as R ≡ | R|eiϕ with real phase ϕ. Substituting Eq.(4.5)
into Eq. (4.4) we obtain
q
| R| exp(iϕ + 2i Ẽ(λ)z1 ) + 1
q
G (λ, z1 , z1 ) = −i
,
(4.6)
2 Ẽ(λ)
and accordingly
i
h√
1
Ẽ
(
λ
)
z1
−
4Im
| R |2 e
+1
| G (λ, z1 , z1 )|2 =
4| Ẽ(λ)|
q
 !
h√
i
−2Im
Ẽ(λ) z1
Ẽ(λ) z1 ) .
+2| R | e
cos( ϕ + 2Re

q

(4.7)
q

It follows from the relation above that if Re Ẽ(λ)  Im Ẽ(λ),
a periodic modulation of the transmission amplitude S in z1 direction appears with the period
q
T = π/Re Ẽ(λ).
(4.8)
It is interesting, that if the potential V (z) is reflectionless, i.e.
R = 0, the Green’s function is non-periodic, as follows from
Eq. (4.7). In what follows, we compare SNAP fiber resonators
based on reflectionless potential with ones based on conventional
potentials.
An idea of reflectionless potentials was originally introduced
in Ref. [77], where an important problem to construct potentials
which are fully transparent for electromagnetic waves was addressed. Particularly, the potential of the form
√
V (z) = Vref (z) ≡ −2α sech2 [ α1 z],
(4.9)
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is reflectionless, if a depth of the potential well, α, is equal to an
inverse width of the potential well, α1 .
For the reflectionless potential we obtain an analytical expression for the Green’s function using exact solutions of left hand
side of Eq. (4.1) for D = 0 with potential (4.9) derived in [77] for
a conservative case, γ = 0:
q
√
√
±i Ẽ(λ) − α tanh αz √
q
e±i Ẽ(λ)z .
(4.10)
Ψ± =
√
α ± i Ẽ(λ)
It is remarkable that these solutions are still valid for the system
with nonzero resonator losses, γ 6= 0. (We remain that γ determines intrinsic resonator loss which is smaller compared to one
through the microfiber determined by D coefficient.) Thus, the
Green’s function for reflectionless potential at the point z = z1 is
√
Ẽ(λ) + α tanh2 ( αz1 )
q
.
(4.11)
G (λ, z1 , z1 ) =
2i Ẽ(λ)(α − Ẽ(λ))
This function is non-periodic, in agreement with the discussion
above.
4.2

Transmission and time delay through reflectionless SNAP

We now compare the transmission characteristics of SNAP devices based on reflectionless potentials with conventional ones
of the same width and different depth,

√
4
V (z) = Vcon (z) ≡ − α sech2 [ α1 z].
3

(4.12)

For the introduced potentials we determine the transmission
amplitude S(λ), changing a position of the microfiber along the
SNAP fiber, z1 , as well as varying the wavelength of the input
signal in a small vicinity of the resonant value λres . We use here
the following parameter values [41]: λres = 1.5µm, γ = 0.1pm,
nfiber = 1.5, |C |2 = 2 × 104 /m. We choose α = α1 = 0.01µm−2
which corresponds to a 2.53nm variation of the fiber radius under assumption of a constant refractive index. We consider a case
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Figure 4.2: Transmission through the SNAP device based on (a,c,e) reflectionless potential
Vref (z) (4.9) and (b,d,f) conventional one Vcon (z) (4.12). Shown are (a,b) the potential profiles,
(c,d) transmission amplitude, |S|2 , and (e,f) the time delay, τ, vs. a microfiber position z1
along the SNAP fiber and wavelength deviation around λres . In panel (d) dashed lines indicate a modulation period (' 133µm) of the transmission amplitude for λ − λres = −10pm.

of lossless coupling between the SNAP fiber and the microfiber,
which also does not cause the phase shift of the input light [41].
We checked that the observed effect remains for a lossy coupling
as well (when D 6= i |C |2 /2). Thus, we put D = i |C |2 /2 which
leads to S0 = 1. Fig. 4.2 shows the transmission amplitude S for
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the SNAP fibers described by reflectionless potential and conventional one.
In panels (a-b) the shapes of the potentials are presented,
panels (c-d) correspond to the transmission amplitude |S(λ)|2 ,
while (e-d) show the time delay τ. The transmission amplitude
and time delay are calculated by means of Eqs. (4.2),(4.3). For
the reflectionless potentials Vref (z) defined by Eq. (4.9) we use
Eq. (4.11), while for the conventional one, Vcon (z), the Green’s
function is constructed numerically using Eq. (4.4).
We observe in Fig. 4.2 that the reflectionless potential only locally affects the transmission amplitude |S|2 , as well as the time
delay τ, whilst the conventional potential has an effect far away
from the well, resulting in periodical variations of the transmission amplitude.
λ = λres − 10pm
q
q For example, at the wavelength
we have Re Ẽ(λ) ≈ 23000  Im Ẽ(λ) ≈ 115, and the period according to Eq. (4.8) is T = 137µm, which agrees with
numerical results in Fig. 4.2(d). The effect of locality can be explain as: the signal passed through the microfiber consists of
two parts: one part directly passes through the microfiber and
just locally affected by the SNAP resonator, while another part
is a signal that goes inside the SNAP resonator, then reaches a
turning point and turns back to the microfiber. So it becomes
clear, that if the potential is reflectionless, then there are no turning points inside the resonator, so all signals that go inside the
SNAP resonator never turn back to the microfiber and thus we
observe the locality effect.
We can furthermore construct composite reflectionless potentials satisfying particular requirements. As an example, we consider a superposition of the reflectionless potential wells of the
form
2

Vmr (z) ≡ −2

∑

√
α j sech2 [ α j (z + δj )],

(4.13)

j=−2

with δj = {−150, −50, 35, 230} µm and α j = {0.8, 0.4, 1, 1.2} ×
10−2 µm−2 . This potential is a close packing of the single well
reflectionless potentials, so we expect that such potential will
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Figure 4.3: The same as in Fig. 4.2, but for the potentials determined by (a,c,e) Eq. (4.13) and
(b,d,f) (4.14).

also exhibit the reflectionless property. We compare this multiwell potential with conventional one of the form
2
Vmc (z) ≡ Vmr (z).
3

(4.14)

We present the transmission amplitude S(λ) and time delay τ for
potentials Vmr and Vmc in Fig. 4.3. We use the same parameter

54

Surface nanoscale fiber resonators with reflectionless potentials

values as in the case of single well potentials. From the obtained
results it follows that the potential Vmr remains reflectionless,
while for Vmc a strong coupling between the wells is observed,
which also causes the modulation of the transmission amplitude
vs. the microfiber position.
The fabrication precision of SNAP resonators is just 0.7 Å [78].
We have checked numerically that such deviation of the potential
depth from an ideal reflectionless shape (for a width of 17.6µm)
does not cause significant changes in transmission amplitude as
well as time delay, except in the immediate vicinity of the resonant wavelength. Specifically, reflection coefficient R reaches its
maximum value at λ = λres and decays monotonically, approximately as | R| ∼ (−λ + λres )−2 . For example, at the distance of
400µm from the potential location, | R| = 0.247 at λ = λres − 1pm,
while | R| = 0.073 at λ = λres − 10pm. We note that the group velocity of WGM propagating along a SNAP fiber is proportional
to (−λ + λres ), and the observed behavior of the reflection coefficient is in agreement with the general properties of slow light
backscattering by inhomogeneities [79].
In this chapter we have suggested an application of reflectionless potentials in SNAP fiber resonators to control slow propagation of whispering gallery modes along the fiber. We have
demonstrated that transmission amplitude and time delay are
modified just at the location of potential wells, in contrast to
conventional potentials which allows to realise close packing of
such a wells. Indeed, two reflectionless wells placed at the distance of three potential widths almost do not interact, while an
effect of conventional potential is observed at a distance of over
20 potential widths. Furthermore, reflectionless potentials can
be potentially incorporated in SNAP devices coupled to several
output microfibers to introduce phase and time delay without
reflection of signals propagating between different ports.
The reflectionless potential is one of possible examples of nontrivial SNAP resonator shapes. Such platform can be fabricated
with very hight accuracy which allows to realize wide range of
the potential with unique properties. In the next chapter we
demonstrate that a shape of SNAP resonators can be designed
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in a special way to realise an equidistant-level potential. More
over, we will show that at higher power levels, when nonlinear
effects come into play, such platforms can be used for generation
of frequency combs of tiny spacing.
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Chapter 5

Frequency comb generation in
nonlinear surface nanoscale fiber
resonators

In the previous chapter we showed that SNAP fiber resonators
can effectively be used for light control when its shape are properly designed.
Photonic structures generating low repetition rate and broadband frequency combs are of great interest for a variety of applications including spectroscopy, biological and chemical sensing,
and atomic clocks [80]. A frequency comb can be considered as a
high precision spectroscopic ruler, so that the larger is the comb
bandwidth and the smaller spacing between the comb teeth is,
the more accurate the ruler is.

Dr(z)~1 nm

V(z)~Dr(z)

Detector

W35

r=19 mm

Source

z

Figure 5.1: (a) Schematic of a SNAP microresonator with a parabolic radius variation coupled
to a microfiber. Characteristic intensity distributions of a WGM at the resonator surface and
cross-section are shown with color shading, where blue corresponds to zero and red – to the
maximum value. (b) Effective potential corresponding to the parabolic radius variation. Blue
line: the axial distribution of a WGM eigenstate with eigenfrequency Ω35 .
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Two major approaches for frequency comb generation are
based on employing mode-locked lasers [80] and nonlinear
microresonators [81–83]. Microresonators possess several advantages over mode-locked lasers such as smaller dimensions, lower
energy consumption, and cheaper fabrication. Furthermore, the
ultra-high Q-factors ∼ 109 in microresonotrs enable effectively
long interaction length facilitating extremely low sub microWatt power thresholds for nonlinear wave mixing and comb
generation. The spacing of teeth in combs generated by microresonators is determined by their free spectral range, which
is typically 2-3 orders of magnitude greater than in combs generated by mode-locked lasers. Specifically, microresonators have
to be of millimeter dimensions for 10-100 GHz spacing or even
larger for finer spectral combs [82, 84], whereas the realization of
fine and controlled frequency spacing in the GHz range would
increase spectral precision and enable direct optical-electronic
interfacing.
5.1

Nonlinear wave dynamics

It consists of an optical fiber with specially designed nanometerscale radius variation along the axial direction and transverse input/output microfibers coupled to the resonator, see Fig. 5.1(a).
The WGMs in SNAP resonators are highly sensitivity to
nm-scale variations of the fiber radius and the refractive index change, which can be introduced to create an arbitrary
axially varying effective potential which can support multiple
WGM [42, 85, 86], see an example in Fig. 5.1(b). The potential
shape can then be optimized for efficient comb generation, by
providing an equal spacing of WGM frequencies to satisfy the
phase matching conditions in nonlinear four-wave mixing [87].
We show that this can be achieved in a SNAP resonator with a
parabolic radius variation, as illustrated in Fig. 5.1(b).
We analyse theoretically the frequency comb generation based
on Kerr-type nonlinear four-wave mixing in SNAP resonators.
While the principles of comb generation in conventional resonators are well established [80–82], in SNAP systems there

§5.1 Nonlinear wave dynamics

59

appears an additional degree of freedom associated with axial
mode dynamics. Here, we formulate nonlinear model equations
which describe the mode evolution along the SNAP resonator
axis (z), and perform extensive numerical simulations.
Both the effects of the radius variation and nonlinear wave
mixing are relatively weak, and can be considered as perturbations. Then, we start our analysis by considering the properties
of linear WGMs in a homogeneous SNAP resonator having a
fixed radius, which electric field profiles can be expressed as
0
~E = A(z, t) exp(−iωm
t)~em ( x, y),

(5.1)

0
where A(z, t) are the slowly varying mode amplitudes, ωm
are
angular eigenfrequencies of the modes ~em ( x, y), which determine
the field distribution in a cross section of the fiber, m is an azimuthal quantum number. Electric field profiles ~em ( x, y) for the
eigenmodes of an undeformed fiber in the linear regime and in
polar coordinates ( ϕ, ρ) can be approximated as [42, 88]

i

h √
~E eimϕ Ai − 3 2m2 (ρ − r )r −1 − t , ρ ≤ r .
0 0
n
0
0
~em =
(5.2)
0,
ρ > r0

where tn are the roots of Airy function. This approximation is
valid for the WGM concentrated near the surface and when the
fiber radius exceeds the optical wavelength by more than an order of magnitude. In the following we consider TM modes, such
that electric field polarization is linear and vector ~E0 is aligned
along the fiber axis z, and the fundamental Airy’s mode with
t0 = 2.3381.
Using an established approach based on Lorenz reciprocity [89–91] we derive a governing equation for the mode
amplitude A, assuming that one azimuthal mode m is excited:
i

∂A
∂2 A
+ β 2 2 + α| A|2 A + iΓA + Vr (z) A
∂τ
∂z
+iVdiss (z) A = Vs (z) As (τ ).

(5.3)

The method that we used to obtain this equation will be discussed in Appendix A. Here β 2 is a spatial dispersion coefficient,
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α is a strength of nonlinear response, Γ is intrinsic loss in the
resonator, Vr (z) is a potential determined by the radius variation profile, Vdiss (z) A is a term responsible for light leakage from
the SNAP resonator to the microfiber, while Vs As (τ ) determines
light coming from the microfiber. We use dimensionless variables for the axial coordinate z and time τ, which are related to
physical units by the scaling parameters Z and T, respectively.
Then, we consider a WGM propagating close to the fiber surface
and determine the linear parameters following Ref. [42]:
γω02
∆r (z)
Γ=T
, Vr (z) = Tω0
,
2πc
r0
ω0
ω0
Vdiss (z) = T 2 f (z) D , Vs (z) = T 2 f (z)C,
2β
2β

T ω0
β2 = 2 2 ,
Z 2β

while the nonlinear coefficient is found as
r
 −1
Zr0
Z0
∆nnl
α = Tω0
|~em |4 ρ dρ ×  |~E0 |2 |~em |2 ρ dρ ,
n0
0

(5.4)
(5.5)

(5.6)

0

where r0 is the SNAP fiber radius, λ0 = 2πc/ω0 is the resonant wavelength, γ is the loss coefficient, n0 is the SNAP fiber
refractive index, and β = 2πn0 /λ0 is the propagating constant.
Parameters C and D determine light coupling ‘in’ and ‘out’, respectively. As (τ ) is an external source amplitude with the carrier
frequency ω0 .
Parameter ∆nnl in Eq. (5.4) is a normalization factor of the intensity dependent refractive index. It is known that in χ(3) nonlinear materials it could reach a maximum value up to 10−4 [92],
so if we choose ∆nnl = 10−4 , the absolute value of A(z, τ ) should
not exceed unity in realistic materials.
The function f (z) determines the coupling between the SNAP
resonator and the microfiber. It can be approximated by a δfunction [41], however in order to simplify numerical simulations, here we approximate it as f (z) = 2a−1 π −1/2 exp[−4(zZ −
z1 )2 a−2 ], where z1 is the microfiber position and a is the coupling
width of the order of the microfiber waist.
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In order to use the SNAP fiber resonator for generation of frequency combs, it should have an equidistant spectrum. This can
be achieved with a parabolic-type potential schematically illustrated in Fig. 5.1(b):
(

∆rmax 1 − 4z2 Z2W −2 , |zZ | ≤ W/2
∆r (z) =
(5.7)
0,
otherwise
where the maximum of the potential corresponds to ∆rmax radius modulation and the potential width is W. The eigenfrequencies Ω j of the potential with small mode indices j can be
approximated
expression
for an infinite parabolic poten√ by the
√
−
1
tial as Ω j ∼
= 2cn0 W −1 ∆rmax /r0 (2j − 1) − ω0 ∆rmax /r0 . Then,
the free spectral range expresses as
s
2∆rmax c
∆Ω ≡ |Ω j − Ω j−1 | ∼
.
(5.8)
=2
r0 n0 W
This formula shows that the FSR of the system can be potentially arbitrary small. In practice, it will be limited by the fabrication capabilities. In particular, it was shown that the radius
variation can be controlled with sub-angstrom precision [78], and
parabolic potentials with few-nm maximum radius variation can
be realized with high accuracy [93].
We perform numerical simulations using experimentally relevant physical parameters [93]: r0 = 19 µm, λ0 = 1.5025 µm,
ν0 ≡ ω0 /2π ≈ 200.5 THz, loss coefficient γ = 0.1pm, n0 = 1.46.
Parameters C and D were chosen as in [41] C = 2 × 104 m−1 , and
D = 104 m−1 . The coupling width is a = 1µm. We analyze a
mode with azimuthal index m = 116. We take the shape of the
parabolic potential with ∆rmax = 2.8 nm and W = 3 mm, which
was demonstrated experimentally in Ref. [93]. For such a potential, the FSR is ∆Ω/(2π ) ' 374MHz according to Eq. (5.8).
We choose the scaling parameters as T = 1ns and Z = 1 µm,
and determine the dimensionless coefficients in (A.27) as β 2 =
16816, α = 17.7, and Γ = 0.083. We calculate the Q-factor as
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Figure 5.2: Generation of frequency combs in the SNAP bottle resonator from a CW input at
j = 35 eigenmode resonant frequency. (a) Intensity dynamics inside the resonator. (b) Signal
spectrum evolution on the logarithmic scale, where black dashed lines indicate the parabolic
potential eigenfrequencies.

ω0 /(ΓT −1 ) = 2πcT/(Γλ0 ) ∼ 1.5 × 107 . It is also instructive to
estimate the nonlinear figure of merit. Considering a normalized amplitude | A| = 1 and the corresponding physical nonlinear refractive index change ∆nl = 10−5 ÷ 10−4 , we find that the
ratio of nonlinear phase modulation and linear loss coefficients
is α| A|2 /Γ = 21.32 ÷ 213.2, which is quite promising for observation of nonlinear effects.
We first present simulation results for the case of microfiber positioned in the center of the SNAP fiber parabolic
potential (z1 = 0). We consider a CW source with the
frequency corresponding to the 35-th potential eigenlevel,
As (τ ) = 0.8 exp(−iΩ35 Tτ ). This eigenlevel is in the middle
of the equidistant spectrum, and thus satisfies the conditions
for cascaded frequency comb generation. Then, we apply a
split step method [94] to numerically solve Eqs. (A.27). The
intensity dynamics inside the resonator is shown in Fig. 5.2(a).
We observe periodic mode beating in the region of |z| < 1mm
inside the potential well, which is a signature of comb generation. We note that the transmitted signal is defined by the
mode amplitude at the microfiber position, A(τ, z = z1 ) [41],
and calculate the frequency spectra for each time point τ̃ by

§5.2 Frequency comb generation

63

applying the Fourier transform to A(τ, z = z1 ) × w f (τ − τ̃ ).
Here the window function is w f (τ ) = 1 for |τ | ≤ b/2, and
w f (τ ) = exp[− ln 16(2|τ |/b − 1)2 ] for |τ | > b/2, and the window width was chosen at 10% of the overall time of modulation
as b = 30. We present the time evolution of the spectrum in
Fig. 5.2(b) in the logarithmic scale with a cut off 10−10 . We see
that the comb is formed by approximately fifteen modes with
sub-GHz frequency spacing, and it remains stable over time.

1

“c”

“b”

(a)

E(t)

Time [ns] 100

200

300

“d”
300

200z [mm]

0

Axial coordinate z [mm]

t

-3

200

-5

947
-2
-4
-6

-7

100

-8

(b)
0
-10 -6
300

(c)

-9
-4 -2

0 2 4 6

n - nin [GHz]

8 10

-10 -6 -4 -2 0 2 4 6 8 10

t

-3

200

-5

-10

n - nin [GHz]

252

t
251

-7

100

(d)

-9

0
-10 -6 -4 -2 0 2 4 6 8 10

n - nin [GHz]

(e)

(e)
250
-1.5 -1

-0.5

0

0.5

z [mm]

1

1.5

Figure 5.3: Nonlinear spectral broadening controlled by the microfiber position. (a) Microfiber positions (dashed lines) overlaid on the 35-th eigenmode intensity profile (red line).
Inset shows the source intensity variation in time. (b-d) Time evolution of the generated
spectrum for the microfiber positions indicated in (a) by dashed lines and corresponding labels. (e) Intensity dynamics in the SNAP resonator, corresponding to a noisy comb in (d) for
τ ≈ 250.
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We find that the microfiber position can significantly affect the
nonlinear dynamics. The effect is nontrivial since the coupling
between the external source and the resonator modes depends
on their overlap. We consider three representative positions: in
the middle of the resonator, close to one of the mode minima,
and at the global maximum of the excited mode, as indicated in
Fig. 5.3(a). We also increase the input wave intensity during the
simulation to track its effect on spectral broadening, see the inset
in Fig. 5.3(a). The frequency spectra for the three cases are presented in the panels (b-d), respectively. For all cases we observe
a spectral broadening when the source amplitude reaches some
critical value. Note that since the comb generation is a modulation instability process, this value depends on the shape of the
source function. When the microfiber is placed in the center of
the resonator, we observe the generation of a stable frequency
comb at the time interval 50-150 ns corresponding to intermediate input intensities, as shown in Fig. 5.3(b), see the main figure
and inset. In other two cases we observe nonstationary spectral
dynamics [Figs. 5.3(c) and (d)]. For the microfiber position at
the global maximum of the excited mode the spectral broadening happens earlier [Fig. 5.3(d)], however the simulations show
that nonlinearity quite rapidly deforms the "linear" mode, so that
the maximum of nonlinear mode shifts and its coupling to the
source ceases to be efficient. In contrast, for coupling at the center of the resonator, the even mode symmetry is preserved in the
nonlinear regime, and efficient coupling is sustained at higher input intensities, facilitating stable comb generation. Interestingly,
we find that nonstationary comb dynamics is due to the excitation of moving solitons inside the resonator, see an example in
Fig. 5.3(e). We also observe that the number of solitons gradually
increases at higher input intensities.
We now discuss an approach to control the comb generation
by shaping the potential profile. It is known that nonlinearity
effectively shifts the potential eigenfrequencies and introduces
additional dispersion to the system. We analyze a possibility to
compensate for this effect by introducing a fourth-order correc-
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tion to the parabolic potential as
(
1 − W42 [ B(z4 − z40 ) + z2 ],
∆r (z) = ∆rmax
0,
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|zZ | ≤

W0
2

otherwise

(5.9)

where W 0 is the potential width. Overall, such a deviation from
the parabolic form causes shifts of the eigenlevels and hence
changes the free spectral range. Parameter z0 gives a constant offset which does not affect the comb dynamics. For convenience,
we choose z0 ≈ 1000, to keep approximately the same potential
width around the resonant frequency of the excited eigenmode
Ω35 . Figure 5.4(a) represents a curvature of the potential, V 00 . The
absolute value of parameter B determines the strength of anharmonicity, while its sign defines a positive or negative slope of
free spectral range, as illustrated in Fig. 5.4(b). On the one hand,
if the potential is bent ‘in’ (B > 0), the system has positive FSR
dispersion. On the other hand, a negative slope (for B < 0) emulates negative FSR dispersion. We note that in all three cases the
slopes remain constant up to about the 70-th eigenlevel, while
the input frequency is tuned to the 35-th level.
To reveal an effect of unharmonicity we study frequency comb
generation in the system with the parameters as in Fig. 5.2, but
for the potential determined by (5.9). Numerical simulations
demonstrate that for the positive FSR dispersion (B = 2 × 104 )
the comb spectrum does not change much [see Fig. 5.4(c)], while
for the negative FSR dispersion (B = −2 × 104 ) there is a significant spectral broadening [81], although the comb is less stable in
this case [see Fig. 5.4(d)]. We note that in ring resonators a positive FSR dispersion usually causes spectral broadening due to
a compensation of opposite contributions from the nonlinearityinduced and material dispersions [76]. However in our case the
is an additional effect of nonlinearly induced deformation of the
SNAP potential, resulting in a reshaping of the resonant eigenmodes and modification of their coupling with the microfiber,
which significantly affects the comb generation.
We derive a nonlinear equation for the whispering gallery
modes slowly propagating in the axial direction of the SNAP
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Figure 5.4: Effect of the potential anharmonicity. (a) Potential curvature and (b) free spectral
range of harmonic (B = 0, blue line) and anharmonic potentials with effectively positive
free spectral range (B = 2 × 104 , red line) and negative free spectral range dispersions (B =
−2 × 104 , green line). (c,d) Spectral evolution for the (c) red and (d) green anharmonic
potentials. Other parameters are the same as in Fig. 5.2.

fiber resonator. We predict that micro-scale SNAP fiber resonators can facilitate the generation of frequency combs with
ultra-fine spacing by employing the axial modes. This can be
achieved by engineering a quadratic potential profile in the axial
direction. Numerical simulations show that a 374 MGz comb can
be generated in a resonator with a 19 µm radius under practical
conditions. In contrast, conventional ring resonators employing
azimuthal modes would need to have centimeter-scale radius to
obtain sub-GHz spacing combs. Furthermore, the SNAP potential can be arbitrarily tailored, which offers opportunities to compensate nonlinear dispersion and control the comb dynamics.
In this chapter we consider only Kerr-type nonlinearity, which
can enable ultra-fast all-optical control. Other nonlinearities,
such as Raman or thermal, could appear under certain experimental conditions, yet their detailed analysis is beyond the scope
of the current thesis.

Chapter 6

Conclusion and outlook

Suggested photonic systems with balanced gain and loss can
be utilized for light amplification, filtering, and lasing. Such
systems possess PT symmetry that can be achieved when the
gain regions are symmetrically placed in regards to the loss regions. This provides an exact energy balance of their eigenmodes if a gain/loss parameter does not exceed some critical
value. These systems demonstrate non-trivial features due to the
non-orthogonality of their eigenmodes, presence of exceptional
points, and energy flow between gain and loss regions.
First, we studied plane wave scattering on a PT symmetric
dimer implemented into a chain of conservative waveguides 2.
In this system, active and passive waveguides of the dimer have
a distinct refractive index compared to conservative waveguides
in the chain. We determined the condition for the spectrum to be
entirely real and demonstrated that such a dimer can be used for
significant amplification of an incident wave with a tunable resonance position. We also considered three coupled waveguides
with an arbitrary distribution of gain and loss. We also determined conditions for the spectrum to be real and studied the
mode properties. We showed that there are many possible variants of the gain and loss distribution between the waveguides, including a PT symmetric configuration, providing real spectrum
if the distance between waveguides is properly chosen. Such a
trimer can be used for significant wave amplification when being
implemented into the chain of conservative waveguides. Both
dimer and trimer structures demonstrated non-reciprocal transmission, which is not observed in conservative systems.
In Chapter 3 we studied the lasing regimes of a coupled fiber
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ring laser with one active and one passive loop. We determined
the parameter range of the broken and PT-symmetric phases,
demonstrating that if the gain in the active loop experiences saturation with intensity growth, the laser dynamics always converge
to one of the stationary states determined by the system eigenmodes. When the system was operating in PT-symmetric phase,
lasing dynamics demonstrated bi-stable behaviour depending on
the relative phase of an input signal, while in PT broken phase,
there was only one possible regime corresponding to the survived eigenmode. We also suggested a method for stationary
states construction when a phase shift provided by the phase
modulators was power dependent. These modes are important
for analysis of nonlinear dynamics which will be studied in the
future.
In Chapter 4 we suggested reflectionless potentials for the
Surface Nanoscale Axial Photonic (SNAP) fiber resonators.
We showed how the transmission amplitude can be expressed
through the Green’s function of an evolution equation for axial
modes, and compared the effect of different types of potentials
on transmission amplitude and time delay. We revealed that
reflectionless potentials have a local effect on light transmission,
as well as time delay, provided by the SNAP resonators; and, can
be close-packed allowing pure phase control of the propagating
signal, while for the multi-ports SNAP fiber resonators they can
be utilized for separate control of the output ports.
In Chapter 5 we studied the nonlinear interaction of whispering gallery modes in a SNAP fiber resonator and demonstrated
that a resonator with a few-µm radius with parabolic shape radius variation along the axial direction can be used for the generation of frequency combs of sub-GHz spectral spacing. We also
showed that by varying the position of the input microfiber, coupled to the SNAP fiber, it is possible to achieve different regimes
of comb generation including almost stable combs and unstable
combs with broad spectrum that have soliton-like dynamics inside the resonator. We showed that special engineering of the
SNAP radius profile can be used to compensate for nonlinear induced dispersion. In the appendix we derived coupled a mode
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equation for nonlinear interactions of whispering gallery modes
in a SNAP fiber resonator, taking into account material dispersion and multi-mode interaction.
Future works
As it was mentioned before, SNAP fiber resonators possessing PT-symmetry are promising platforms to investigate in the
future. A possible configuration of such a SNAP resonator is
one coupled to several microfibers with loss or gain providing
a PT-symmetric potential. One of the main challenges here will
be to design and fabricate active microfibers, which is not a trivial problem, but, I believe, it can be done. However, if a proper
design is suggested, such platforms will demonstrate features
of ultra-low loss microresonators, they will support multi-mode
interactions accompanied by phase transitions provided by PTsymmetry. Taking into account nonlinear effects, that can take
place in such platforms, they can have a huge potential for light
amplification, filtering, lasing, sensing and switching.
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Appendix A

Nonlinear pulse dynamics in
surface nanoscale fiber resonators

A.1

Interaction of nonlinear modes: general case

SNAP fiber platforms demonstrate outstanding properties due to
microscopic dimensions and ultra-low loss. Although the theory
of wave transmission was already developed and several applications were suggested, there no theory for nonlinear mode interactions has been developed so far. SNAP fiber resonators are
multi-mode structure where nonlinear effects can play a crucial
role if the signal intensity is high.
Both the effects of the radius variation and nonlinear wave
mixing are relatively weak, and can be considered as perturbations. Then, we start our analysis by considering the properties
of linear WGMs in a homogeneous SNAP resonator.

Figure A.1:

we start our derivation directly from the Maxwell’s equations.
Let’s consider an optical fiber with radius R0 maiden of dispersive media and adjusted along the z-axis. We confined this fiber
with a cylinder V shown in Fig. A.1, whith 2l length and the base
Sxzy . Since we consider whispering gallery modes, we assume
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that they are fully confined in the cylinder and can propagate
only though the cylinder bases. Define E~q,s (t, r, z) and H~q,s (t, r, z)
to be electric and magnetic eigenmodes, respectively, obeying to
the Maxwell’s equations:

~ q,s
∂H
,
∂t
∂~Eq,s ∂~
Pq,s
= ε0
+
,
∂t
∂t

∇ × ~Eq,s = −µ0
~ q,s
∇×H

(A.1)

where polarisation ~
Pq,s can be presented in one of the following
forms:

~P̃ (ω, r, z) = ε χ(ω, r)~Ẽ (ω, r, z),
q,s
0
q,s
or
~Pq,s (t, r, z) = ε 0 χ(ωqs , r)~Eq,s (t, r, z),

(A.2)

with ωqs ≡ ωq ( β s ) and susceptibility
(
χ(ω ), for r ≤ R0 ,
χ(ω, r) =
0,
for r > R0 .
Then electric and magnetic fields in the fiber can be decomposed
into the eigenmodes:

~E(t, r, z) = ∑ am,v~Em,v (t, r, z) ≡
m,v

~ (t, r, z) =
H

∑ am,v e−i[ω

~em,v (r),

m,v

~ m,v (t, r, z) ≡ ∑ am,v e−i[ω
∑ am,v H

m,v

m ( β v )t− β v z]

~hm,v (r),

m ( β v )t− β v z]

m,v

(A.3)
p
~ q,s (t, r, z)
where r = { x, y}, |r| = x2 + y2 ≡ r, ~Em,s (t, r, z) and H
are eigenmodes, am,v are arbitrary coefficients, m and v are quantum numbers, β v are propagation constants, and ωm are angular
eigenfrequencies. Following to the established approach [89–91]
we introduce a formal function ~Fq,s,m,v :

~Fq,s,m,v = ~Em,v × H
~ q,s − ~Eq,s × H
~ m,v ,

(A.4)
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and apply the Lorenz’s reciprocity relation
Z

~Fq,s,m,v · d~S =

Z

∇ · ~Fq,s,m,v dV,

(A.5)

V

S

where V is a volume comprises a part of the fiber of 2l length, S
- is a surface of the volume V [see Fig. A.1].
First consider the case of a periodic fiber with the period 2l.
Rewriting the left hand side of Eq. (A.5) for β s = πs/l, s =
±1, ±2, . . . we get
Z

~Fq,s,m,v · d~S =

S

Z

e

v +ω s ]t i [ β + β ]z
−i [ ωm
s
v
q

e

h
i
~
~
~em,v × hq,s −~eq,s × hm,v dxdy =
z

(A.6)

Sx−ly +Sxly

2i sin[π (s + v)]

Z

e

v +ω s ]t
−i [ ωm
q

h
i
~
~
~em,v × hq,s −~eq,s × hm,v dxdy = 0.
z

Sxly

Let’s now estimate ∇ · ~Fq,s,m,v from the right hand side of
Eq. (A.5). Applying formula ∇ · (a × b) = (∇ × a) · b − a · (∇ ×
b) we obtain:

~ q,s − ~Em,v · (∇ × H
~ q,s )−
∇ · ~Fq,s,m,v = (∇ × ~Em,v ) · H
~ m,v + ~Eq,s · (∇ × H
~ m,v ).
(∇ × ~Eq,s ) · H
Then, we substitute Eqs. (A.1) and (A.2) into the above formula

 ∂~E
~ m,v
∂H
q,s
s
~
~
~
· Hq,s − ε 0 Em,v 1 + χ(ωq ) ·
+
∇ · Fq,s,m,v = −µ0
∂t
∂t
~ q,s
~
∂H
~ m,v + ε 0~Eq,s (1 + χ(ωmv )) · ∂ Em,v .
µ0
·H
∂t
∂t
Using Eqs. (A.3) we rewrite the right hand side of Eq. (A.5) in
the following way
Z

∇ · ~Fq,s,m,v dV = ie

v ]t
−i [ωqs +ωm

[ωmv

V

"

(
µ0~hm,v · ~hq,s − ε 0~em,v ·~eq,s

1+

−

ωqs ]

Z

ei [ β v + β s ] z ×

V
)#
v
v
χ ( ωm ) ωm
− χ(ωqs )ωqs
dV.
v − ωs
ωm
q
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By direct computation
Z

e

i[ β v + β s ]z

f (r)dV =

e

i [ β v + β s ]z

dz

−l

V

=2

Zl

sin( β v + β s )l
βv + βs

Z

Z

f (r)dxdy

Sxzy

f (r)dxdy,

Sxz0 y

where z0 ∈ [−l; l ], and therefore
sin( β v + β s )l −i[ωqs +ωmv ]t v
∇ · ~Fq,s,m,v dV = i2
e
[ωm − ωqs ]×
(A.7)
βv + βs
V
)#
"
(
Z
v
v
s
s
χ ( ωm ) ωm − χ ( ωq ) ωq
dxdy.
µ0~hm,v · ~hq,s − ε 0~em,v ·~eq,s 1 +
v − ωs
ωm
q
Z

Sxz0 y

Since in the case of a periodic fiber β s = πs/l, we have
[sin( β v + β s )l ] / [ β v + β s ] = 0, for any β s + β v 6= 0 and
[sin( β v + β s )l ] / [ β v + β s ] = l, for β s + β v = 0.
Thus, using Eqs. (A.5), (A.6) and (A.7) we finally get the relation on the linear magnetic and electric eigenmodes ~h and ~e
describing radial field distributions
"
h
i Z
−s
ωm
− ωqs
µ0~hm,−s · ~hq,s − ε 0~em,−s ·~eq,s ×
Sxz0 y

(
1+

−s
−s
, r, z0 )ωm
− χ(ωqs , r, z0 )ωqs
χ ( ωm

)#

−s
ωm
− ωqs

dxdy = 0,

(A.8)

for any m, q and arbitrary z0 ∈ [−l; l ].
Let us now consider a nanoscale variation of the fiber radius
given by function ∆r (z) as well as changing of a medium refractive index described by a function f (ω, r, z), and assume that
there is a nonlinear response of the fiber medium. In this case
the polarisation P takes the form:

~P̃(ω, r, z) = ε χ(ω, r)~Ẽ(ω, r, z)+
0
ε ∆χ(ω, r, z)~Ẽ(ω, r, z) + ~
P̃ (ω, r, z),
0

nl
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with



 f (ω, r, z),
∆χ(ω, r, z) = f (ω, r, z) + χ(ω ),


0,

for r ≤ R0 ;
for R0 < r ≤ R0 + ∆r (z); .
for r > R0 + ∆r (z).

Note that | f (ω, r, z)|  |χ(ω )|.
Then, the electric and magnetic fields obeying to the Maxwell’s
equations

~
∂H
∇ × ~E = −µ0
,
(A.9)
∂t
~
~
~ = ε 0 ∂E + ∂P ,
∇×H
∂t
∂t
expressed through the sum of eigenmodes with slowly varying
mode amplitudes am,v .
~E(t, r, z) =

∑ am,v (t)e−i[ω

v
m t− β v z]

~em,v (r),

m,v

~ (t, r, z) =
H

∑ am,v (t)e−i[ω

v
m t− β v z]

~hm,v (r),

m,v

while polarization in time domain P takes form:
Z∞

~P̃(ω, r, z)e−iωt dω = ~P (t, r, z)+
~P(t, r, z) = √1
nl
2π
−∞
(
Z∞
ε
√0
e−iωt [χ(ω, r) + ∆χ(ω, r, z)] ×
(A.10)
2π
−∞
)
Z∞
1
v
√
eiωτ ∑ am,v (τ )e−i[ωm τ − βv z]~em,v dτ dω =
2π
m,v
−∞
( Z∞
ε
v
~Pnl (t, r, z) + 0 ∑ ~em,v eiβv z
am,v (τ )e−iωm τ ×
2π m,v
−∞
 )

∞
Z
 e−iω (t−τ ) [χ(ω, r) + ∆χ(ω, r, z)]dω  dτ .
−∞

For the further simplification of the above equation we use the
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Taylors series for susceptibility:

v
v
v
χ(ω, r) = χ(ωm
, r) + χ 0 ( ωm
, r)(ω − ωm
) + O [ω − ωmv ]2 ;
v
v
v
∆χ(ω, r, z) = ∆χ(ωm
, r, z) + ∆χ0 (ωm
, r, z)(ω − ωm
)+

v 2
O [ ω − ωm
] .

Then, denoting Υ(ω, r, z) ≡ χ(ω, r) + ∆χ(ω, r, z)), we infer
Z∞
−∞
Z∞

e−iω (t−τ ) [Υ(ω, r, z)]dω =
v
e−iω (t−τ ) × {[Υ(ωm
) − Υ0 (ωmv )ωmv ] + Υ0 (ωmv )ω }dω =

(A.11)

−∞
v
2π [Υ(ωm
) − Υ0 (ωmv )ωmv ] δ(t − τ ) + 2πi

∂ 0 v
Υ ( ω m ) δ ( t − τ ).
∂t

Combining Eqs. (A.10) and (A.11) we therefore deduce

~P(t, r, z) = ε 0 ∑ ~em,v eiβv z
m,v

ε 0 ∑ ~em,v eiβv z
m,v

Z∞

Z∞

v

am,v (τ )e−iωm τ × i

−∞

∂δ(t − τ ) 0 v
Υ (ωm )dτ +
∂t

v

v
am,v (τ )e−iωm τ × [Υ(ωm
) − Υ0 (ωmv )ωmv ] δ(t − τ )dτ +

−∞

~Pnl (t, r, z) = ε 0 ∑ ~em,v e−i[ωmv t− βv z] am,v (t)Υ(ωmv , r, z)+
m,v

ε 0 ∑ ~em,v e

v t− β z]
−i [ ωm
v

v
i ȧm,v (t)Υ0 (ωm
, r, z)] + ~
Pnl (t, r, z),

m,v

and
∂~
P
∂~
P (t)
v
= nl
+ ε 0 ∑ ~em,v e−i[ωm t− βv z] ×
∂t
∂t
m,v
(

)

− iωmv am,v Υ(ωmv ) + ωmv ȧm,v Υ0 (ωmv ) + ȧm,v Υ(ωmv ) + i äm,v Υ0 (ωmv ) .
In the last relation we may neglect the term with the second
derivative of am,v due to the fact that am,v (t) is a slowly varying
amplitude.
Let us now introduce a new formal function similar to

§A.1 Interaction of nonlinear modes: general case

77

Eq. (A.4)

~Fq,s = ~E × H
~ q,s − ~Eq,s × H,
~
and apply divergence operator to it

~ q,s − ~E · (∇ × H
~ q,s )−
∇ · ~Fq,s = (∇ × ~E) · H
~ + ~Eq,s · (∇ × H
~ ).
(∇ × ~Eq,s ) · H
Then substituting Eqs. (A.1), (A.2), (A.9) we obtain
i
~ q,s
~
∂~Eq,s h
∂H
∂H
s
~
~
~+
~
· Hq,s − ε 0 E ·
1 + χ ( ωq ) + µ0
·H
∇ · Fq,s = −µ0
∂t !
∂t
∂t
~
~
~Eq,s · ε 0 ∂ E + ∂ P = ∑ e−i[ωmv +ωqs ]t+i[ βs + βv ]z ×
∂t
∂t
m,v
(
− µ0~hm,v · ~hq,s ( ȧm,v − iωmv am,v ) + iε 0 am,v~em,v ·~eq,s ωqs (1 + χ(ωqs ))−
v
iµ0 ωqs~hq,s · ~hm,v am,v + ε 0 ( ȧm,v − iωm
am,v )~eq,s ·~em,v +

)
v
v
ε 0~em,v ·~eq,s [−iωm
am,v Υ(ωm
) + ωmv ȧm,v Υ0 (ωmv ) + ȧm,v Υ(ωmv )]

+

v
s
s
∂~
Pnl
= ∑ e− i [ ω m + ω q ] t + i [ β s + β v ] z ×
e−i[ωq t− βs z]~eq,s ·
∂t
m,v
(
h
i
v
v 0
v
ȧm,v − µ0 hm,v hq,s + ε 0 em,v eq,s (1 + Υ(ωm ) + ωm Υ (ωm )) +

"
~
s
∂ Pnl
+ iam,v (ωmv − ωqs ) µ0 ωmv ~hm,v · ~hq,s −
e−i[ωq t− βs z]~eq,s ·
∂t
! #)
v
Υ ( ωm
)ωmv − χ(ωqs )ωqs
ε 0~em,v ·~eq,s 1 +
.
v − ωs
ωm
q
Since

R
S

(A.12)

~Fq,s · d~S = 0 when β s = πs/l, the integration of Eq. (A.12)
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using Eq. (A.8) implies
Z

0=

Z

∇ · ~Fq,s dV =

V

∂~
Pnl
dV +
∂t

s

e−i[ωq t− βs z]~eq,s ·

V

∑ e −i [ ω

v
s
m + ωq ] t

m,v

"

Z

v
ei[ βs + βv ]z ȧm,v ε 0~em,v ·~eq,s [∆χ(ωm
) + ωmv ∆χ0 (ωm , v)] −

V

#
v
iam,v ε 0~em,v ·~eq,s ∆χ(ωm
)ωmv

dV + ∑ e

v +ω s ]t
−i [ ωm
q

m,v

Z

ei [ β s + β v ]z ×

V

(


v
ȧm,v −µ0 hm,v hq,s + ε 0 em,v eq,s (1 + χ(ωm
) + ωmv χ0 (ωmv )) +
"
v
iam,v (ωm
− ωqs ) µ0 ωmv ~hm,v · ~hq,s − ε 0~em,v ·~eq,s ×

1+

v
)ωmv − χ(ωqs )ωqs
χ ( ωm

! #)
dV.

v − ωs
ωm
q

Since we consider the periodic case with the period 2l and takR
Rl
R
dxdy, the above relation
ing into account that dV = dz
−l

V

Sxzy

transforms into
2l ∑ e

−s t
−iωm

m

Z

ȧm,−s − µ0~hm,−s · ~hq,s + ε 0~em,−s ·~eq,s ×

Sxzy

(1 +

−s
χ ( ωm
, r)

∑e

Z

m,v

h

vt
−iωm

+

−s 0
−s
ωm
χ ( ωm
, r))

i

dxdy+

(
v
v
v
ei[ βs + βv ]z ε 0~em,v ·~eq,s ȧm,v [∆χ(ωm
, r, z) + ωm
∆χ0 (ωm
, r, z)] −

V

)
v
v
iam,v ∆χ(ωm
, r, z)ωm

dV = −

Z
V

eiβs z~eq,s ·

∂~
Pnl
dV.
∂t

In order to further simplify this equation we assume, that radial
electric and magnetic fields profiles do not depend on propaga-
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tion constant: ~em,v ≡ ~em , ~hm,v ≡ ~hm , β −s −→ β s , then
2l ∑ e

s t
−iωm

m

Z

e

Z

s
ȧm,s [ε 0~em ·~eq (1 + χ(ωm
) + ωms χ0 (ωms )) − µ0 hm hq ]dxdy+

Sxzy

∂~
P
v
~eq · nl dV + ∑ e−iωm t
∂t
m,v

−iβ s z

V

Z

ei[− βs + βv ]z ε 0~em ·~eq ×

V

(

)
v
ȧm,v [∆χ(ωm
) + ωmv ∆χ0 (ωmv )] − iam,v ∆χ(ωmv )ωmv dV = 0;

and
2l ∑ e

s t
−iωm

m

Z

e

Z

s
ȧm,s [ε 0~em ·~eq (1 + χ(ωm
) + ωms χ0 (ωms )) − µ0~hm~hq ]dxdy+

Sxzy

2l
π −iωmv t
∂~
P
~eq · nl dV +
e
∑
∑
∂t
2π m v l

−iβ s z

V

Zl

e

i [− β s + β v ]z

−l

Z

ε 0~em ·~eq ×

Sxyz

(
v
ȧm,v [∆χ(ωm
) + ωmv ∆χ0 (ωmv )]

)

−iam,v ∆χ(ωmv )ωmv dxdydz = 0.

(A.13)

Choosing l large, one can get
2l ∑ e

−iωm ( β s )t

m

Z

ȧm ( β s )[−µ0~hm · ~hq + ε 0~em ·~eq (1 + χ(ωm ( β s ))+

Sxzy

0

ωm ( β s )χ (ωm ( β s ))]dxdy +

Z

e

V

2l ∑
m

1
2π

Z∞
−∞

0

dβ0 e−iωm ( β )t

Zl

∂~
P
~eq · nl dV +
∂t
"Z

−iβ s z

0

ei[− βs + β ]z

−l

ε 0~em ·~eq ×

Sxyz

(
ȧm ( β0 ) [∆χ(ωm ( β0 ), r, z) + ωm ( β0 )∆χ0 (ωm ( β0 ), r, z)] −
)

#

iam ( β0 )∆χ(ωm ( β0 ), r, z)ωm ( β0 ) dxdy dz = 0.
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Let’s now apply the Fourier transform to the above equation
Z∞

2l ∑
m

e

Z

iβz −iωm ( β)t

e

−∞

ȧm ( β)[−µ0~hm · ~hq + ε 0~em ·~eq (1 + χ(ωm ( β))+

Sxzy

ωm ( β)χ0 (ωm ( β))]dxdydβ +
Z∞

2l ∑
m

Z∞

dβe−iωm ( β)t eiβz

−∞

Z

0

e−iβz ~eq ·


−∞

"Z




V

∂~
Pnl
dV  eiβz dβ+
∂t

(
ε 0~em ·~eq ȧm ( β)[∆χ(ωm ( β))+

Sxyz

)

#

ωm ( β)∆χ0 (ωm ( β))] − iam ( β)∆χ(ωm ( β))ωm ( β) dxdy = 0.
Then
Z∞

2l ∑
m

e

iβz −iωm ( β)t

e

ȧm ( β)

−∞

Z

[−µ0~hm · ~hq + ε 0~em ·~eq (1 + Υ(ωm ( β))+

Sxzy

ωm ( β)Υ0 (ωm ( β)))]dxdydβ − 2il ∑
m

(

)

Z∞

dβe−iωm ( β)t eiβz

−∞

"Z

ε 0~em ·~eq ×

Sxyz

#

Z

am ( β)∆χ(ωm ( β))ωm ( β) dxdy + 2π

~eq ·

Sxzy

∂~
Pnl
dxdy = 0.
∂t

Thus, we get

∑
m

Z∞

ȧm ( β)e

−∞

−iωm ( β)t

(

Z

[−µ0~hm · ~hq + ε 0~em ·~eq (1 + Υ(ωm ( β), r, z)+

Sxzy

ωm ( β)Υ0 (ωm ( β), r, z)]dxdy) eiβz dβ − i ∑

Z∞

e−iωm ( β)t am ( β)×

m

#−∞

"Z

ε 0~em ·~eq ∆χ(ωm ( β), r, z)ωm ( β)dxdy eiβz dβ =

Sxyz

π
−
l

Z
Sxzy

~eq ·

∂~
Pnl
dxdy.
∂t

(A.14)
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Now we introduce
Am (t, z) ≡

∑ am,v (t)e−i[ω

m ( β v )− ωm (0)] t

eiβv z ≡

v

∑ ãm,v (t)eiβ z =
v

v

π
l
ãm,v (t)eiβv z .
∑
π v
l
Then electric and magnetic fields are expressed

~E(t, r, z) =

∑ Am (t)e−iω

0
mt

~em,v (r),

m

~ (t, r, z) =
H

∑ Am (t)e−iω

0
mt

~hm,v (r).

m

For large l we may assume
1
Am (t, z) ≈
π
1
π

Z∞

Z∞

l ãm,v (t)eiβv z dβ v =

−∞

lam,v (t)e−i[ωm ( βv )−ωm (0)]t eiβv z dβ v .

−∞

Then
2lam ( β, t) = e

Z∞

0 ]t
i [ωm ( β)−ωm

Am (z, t)e−iβz dz,

−∞

which implies
2l ȧm ( β, t) = eiD2m
eiD2m β

2t

Z∞

β2 t

Z∞

iDm β2

Am (z, t)e−iβz dz+

−∞

Ȧm (z, t)e−iβz dz,

−∞
0
where ωm ( β) − ωm
≈ D2m β2 , and D2m - dispersion coefficient.
Therefore,

2lam ( β, t)e−iωm ( β)t = e

0t
−iωm

Z∞ 
−∞


iD2m βAm (z, t)e−iβz dz,
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and
2l ȧm ( β, t) = eiD2m
eiD2m β

2t

Z∞

β2 t

iDm β2

Z∞

0

Am (z0 , t)e−iβz dz0 +

−∞
0

Ȧm (z0 , t)e−iβz dz0 .

−∞

Then
mq

mq

2l ȧm ( β, t)e−iωm ( β)t (α1 (z) + β2 γ1 (z))eiβz dβ =
e

0t
−iωm



Z∞ 


0
iD2m β2 Am (z0 , t) + Ȧm (z0 , t) e−iβz dz0 ×

−∞
mq
α1 ( z ) +


mq
γ1 (z) β2 eiβz dβ.

Consequently,
Z∞

 mq

mq
2l ȧm ( β, t)e−iωm ( β)t α1 (z) + γ1 (z) β2 eiβz dβ =

−∞


Z∞ Z∞ 

∂2 −iωm0 t
2
0
0
iD
β
A
(
z
,
t
)
+
Ȧ
(
z
,
t
)
×
e
−
2m
m
m
∂z2
−∞ −∞


∂2 −iωm0 t
mq
mq
−iβz0
0 iβz
e
dz e dβ = 2π α1 (z) − γ1 (z) 2 e
×
∂z


∂2 Am (z, t)
Ȧm (z, t) − iD2m
.
(A.15)
∂z2


mq
α1 ( z )

mq
γ1 (z)

and
Z∞
−∞

 mq

mq
2lam ( β, t)e−iωm ( β)t α2 (z) + γ2 (z) β2 eiβz dβ =


Z∞ Z∞
2
∂
0
0
mq
mq
α2 (z) − γ2 (z) 2 e−iωm t
Am (z0 , t)e−iβz dz0 eiβz dβ =
∂z

 −∞ −∞
2
∂
0
mq
mq
2π α2 (z) − γ2 (z) 2 e−iωm t Am (z, t).
(A.16)
∂z
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Consider expression
0
0
0
Υ(ωm ( β)) + ωm ( β)Υ0 (ωm ( β)) ≈ Υ(ωm
) + Υ 0 ( ωm
)(ωm ( β) − ωm
)+
0
0
0
0
( ωm ( β ) − ωm
)[Υ0 (ωm
) + Υ00 (ωm
)(ωm
− ωm ( β))]+
0
0
0
0
0
0
ωm
[ Υ 0 ( ωm
) + Υ00 (ωm
)(ωm
− ωm ( β))] ≈ Υ(ωm
) + 2Υ0 (ωm
) D2m β2 +
0 0
0
2
0 00
0
ωm
Υ ( ωm
) + Υ00 D2m
β4 + ωm
Υ ( ωm
) D2m β2 ≈
0
0 0
0
0
0 00
0
Υ ( ωm
) + ωm
Υ ( ωm
) + D2m β2 [2Υ0 (ωm
) + ωm
Υ ( ωm
)].

Then denote
mq
α1 ( z )

≡

Z


0
0 0
0
[ε 0~em ·~eq 1 + Υ(ωm
, r, z) + ωm
Υ ( ωm
, r, z) −

Sxzy

µ0~hm · ~hq ]dxdy,
mq

γ1 (z) ≡ D2m

(A.17)

Z



0
0 00
0
, r, z) + ωm
Υ ( ωm
, r, z) dxdy.
ε 0~em ·~eq 2Υ0 (ωm

Sxzy

and for
0
0
0
0
∆χ(ωm ( β))ωm ( β) ≈ ωm
[∆χ(ωm
) + ∆χ0 (ωm
)(ωm ( β) − ωm
)]+
0
0
0
0
( ωm ( β ) − ωm
)[∆χ(ωm
) + ∆χ0 (ωm
)(ωm ( β) − ωm
)] ≈
0
0
0
0
0
ωm
∆χ(ωm
) + D2m β2 [∆χ(ωm
) + ωm
∆χ0 (ωm
)],

we denote
mq
α2 ( z )

≡ −i

Z 


0
0
ε 0~em ·~eq ωm
[∆χ(ωm
, r, z) dxdy

(A.18)

Sxzy
mq
γ2 (z)

≡ −iD2m

Z



0
0
0
ε 0~em ·~eq ∆χ(ωm
, r, z) + ωm
∆χ0 (ωm
, r, z) dxdy.

Sxzy

Finally obtain (using (A.14), (A.15), (A.16), (A.17), and (A.18))



2
2

∂
∂
A
(
z,
t
)
0
mq
mq
m
+
∑ e−iωm t α1 (z) − γ1 (z) ∂z2 Ȧm (z, t) − iD2m ∂z2
m


Z
∂~
P
∂2
mq
mq
~eq · nl dxdy, ∀q.(A.19)
α2 (z) − γ2 (z) 2 Am (z, t) = −
∂z
∂t
Sxzy
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with the coefficients:
Z 
mq
0
− µ0~hm · ~hq + ε 0~em ·~eq 1 + Υ(ωm
α1 ( z ) ≡
, r, z)+
Sxzy

0 0
0
ωm Υ (ωm , r, z) dxdy,
Z
mq

(A.20)



0
0 00
0
ε 0~em ·~eq 2Υ0 (ωm
, r, z) + ωm
Υ ( ωm
, r, z) dxdy,

γ1 (z) ≡ D2m

Sxzy
mq

α2 ( z ) ≡ − i

Z 


0
0
ε 0~em ·~eq ωm
[∆χ(ωm
, r, z) dxdy,

Sxzy
mq
γ2 (z)

≡ −iD2m

Z



0
0
0
ε 0~em ·~eq ∆χ(ωm
, r, z) + ωm
∆χ0 (ωm
, r, z) dxdy,

Sxzy

which determine effective system potential.
The derived coupled mode equations describe multi-WGM interactions in SNAP fiber resonators with introduced nanoscale
variation of fiber radius and taking into account material dispersion. It includes interaction between axial and azimuthal modes
different orders. For specific system parameters and under certain conditions this model can further be simplified. Thus, in the
next section we consider a more simple case, where different azimuthal modes do not interact and the SNAP fiber resonator has
no material dispersion. For this case, Eq. (A.19) becomes a 1D
nonlinear Schrodinger equation with some effective potentials
depending on the radius variation profile.

A.2

Nonlinear modes in dispersionless medium

As the first approximation we consider nonlinear mode interactions in the case of dispersionless medium. This assumption significantly simplifies Eq. (A.19) and allows us obtain some important estimates of nonlinear processes in SNAP fiber resonators.
If there is no material dispersion, i.e. χ(ω ) ≡ χ, Eq. (A.13) on
slowly varying mode amplitudes am,s (t) further simplifies and
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takes the form
eiωm ( βs )t
2l ȧm,s = −

~

Pnl
dxdydz
e−iβs z~em · ∂∂t

R
RV

2

,

ε 0 ε~em ·~em dxdy

(A.21)

Sx0y

where V is cylinder volume shown in Fig. A.1, which concludes
the fiber of 2l length with the base Sxzy (note, that to obtain
this equation we used periodic boundary conditions with β s =
πns /l, ns ∈ Z). Here Pnl is the nonlinear part of the polarization,
ε is permittivity ωm are angular eigenfrequencies of modes ~em ,
which determine the field distribution in a cross section of the
fiber, m is an azimuthal quantum number.
To obtain a dynamical equation in the real space we define
ãm ( β s , t) ≡ am,s (t)e−i[ωm ( βs )−ωm (0)]t ,
and
Am (z, t) =

π

∑ ãm ( βs , t)eiβ z l
s

!

βs

l
.
π

In this notation the electric field is expressed

~E = ∑ Am (z, t)e−iωm0 t~em ( x, y),
m

0
≡ ωm (0), and for large l we get
where ωm


Am (z, t) = 

Z∞

−∞


ãm ( β, t)eiβz dβ

l
.
π

(A.22)

Next we consider a case where modes m do not interact with each other (self action of one mode). In this case
~E = Am (z, t)~em ( x, y)e−iωm0 t and nonlinear polarisation takes a
form
h
i
∗
∗
~Pnl = 2χ1111 (~E · ~E )~E + (~E · ~E)~E
[Boyd "Nonlinear optics": glass, isotropic, electronic ω ' ω0 citeBoyd:2008:NonlinearOptics]. Then, using (A.21) and (A.22) we
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obtain nonlinear Schrodinger equation for Am (z, t)

R
2

i

|~
em |2 e~m · e~m dxdy

Sxzy
∂Am
∂ Am 3 0
+ Dm
+
ω
χ
| Am |2 Am = 0.
1111 R
∂t
∂z2
2 m
ε 0 εe~m · e~m dxdy
Sx0y

(A.23)
0
where [ωm ( β) − ωm
] ' Dm β2 and Dm is the dispersion coefficient.

From work by Sumetsky [88] we have equation for axial mode
amplitude inside the SNAP resonators:
∂2 A m
2 λ − λm
2 γm
−
2β
A
+
2iβ
Am − Vm (z) Am = 0. (A.24)
m
m
m
∂z2
λm
λm
where λm - resonant wavelength, β m - propagational constant, γm
- loss coefficient and Vm - effective potential.
Applying the Fourier transformation to Eq. (A.24) we get

 0  2

 0 
0 2
)
γm ( ω m
ωm ∂ A m
ωm
∂Am
+i
+
Am −
Vm (z) Am = 0.
i
2
2
∂t
2β m ∂z
2πc
2β2m
(A.25)
Comparing the coefficient in Eqs. (A.23) and (A.24) we arrive
to the final form of the evolutional equation for single-mode interaction
 0  2


 0 
0 2
∂Am
ωm ∂ A m
γm ( ω m
)
ωm
+
+
i
A
−
Vm (z) Am +
i
m
∂t
2β2m ∂z2
2πc
2β2m
R
|~em |2~em ·~em dxdy
Sxzy
3 0
χ1111 R
+ ωm
| Am |2 Am = 0.
2
ε 0 ε~em ·~em dxdy
Sx0y

Next we provide some important estimates based on real
physical parameters of SNAP fiber resonators.
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Physical estimates

Radial electric field distribution inside the SNAP resonator is
determined by [42, 88]

i

h
~E eimϕ Ai − 2m2 1/3 ρ−r0 − t , if ρ < r
n
0
0
r0
em,n (ρ, ϕ) =
0,
otherwise.

−t0 = −2.338107, −t1 = −4.088 are zeros of Airy’s function,
(ρ, ϕ) are polar coordinates. Taking into account that for linearly
polarized light
2∆nl n0 ε 0
|~E0 |2 χ1111 =
[Boyd, Nonlinear optics, p.221 [92]], ε 0 ε = ε 0 n20 ,
3
and
R
2
R2π Rr0 2imϕ
|~em |2~em ·~em dxdy
~E0 ~E0 · ~E0 Ai4 (· · · )ρdϕdρ
e
Sxzy
R
=
= 0 2π0 r0
R R
ε 0 ε~em ·~em dxdy
ε 0 εe2imϕ~E0 · ~E0 Ai2 (· · · )ρdϕdρ
Sx0y
0 0

Rr0 
|~E0 |2 0
=
ε 0 n20 Rr0 
0

Ai

h

Ai

h

−(2m2 )1/3 ρ−r0r0
−(2m2 )1/3 ρ−r0r0

− t0
− t0

i4
ρdρ
,

i2
ρdρ

where ∆nl - change of refractive index caused by intensity |~E0 |2
(estimated max of ∆nl = 10−5 –10−4 ) we get







cλm ∂2 Am
2πcγm
cλm
∂Am
+
+i
Am −
Vm (z) Am +
i
∂t
λ2m
4πn20 ∂z2
4πn20
"
#!4
Rr0
ρ − r0
Ai −(2m2 )1/3
− t0
ρdρ
r
0
2πc ∆nl 0
+
| Am |2 Am = 0.
"
#!2
λm n0 Rr0
ρ − r0
Ai −(2m2 )1/3
− t0
ρdρ
r0
0
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where parameters are chosen as in [93]:
Fiber radius r0 = 19µm
Resonant wavelength λm = 1.4959965µm
Loss coefficient γm = 0.1pm
Base refractive index n0 = 1.46
2πn0 r0
= 126
λm
Chosen root of the Airy’s function t0 = 2.338107

Number of the mode λm : m =
0
Frequency ωm
= 2πc/λm

Propagating constant for conventional fiber β m =

2πn0
λm

For silica χ1111 (esu) = 2 × 10−14 .

Loss vs Nonlinearity

A relation between loss and nonlinear coefficients shows
whether we will be able to observe nonlinear effects in a system, or losses will rapidly suppress nonlinear dynamics. Thus
characteristic length for the loss coefficient is γ1 nc0 = 2.44[m],
1 c
while for nonlinear response α∆n
= 11.55[mm]. Comparing
l n0
these two quantities we find that ∆nl α/γ = 20.55 − 205.51 for
∆nl = 10−5 –10−4 what is a quite promising result to observe
nonlinear effects in the SNAP fiber.

Coupling to microfiber

When the SNAP fiber is coupled to the microfiber, the coupling is usually model with Dirac δ-function. However, for our
convenience in numerical simulations instead of δ-function we
used Gaussian distribution with the width a which is order of
1[µm].
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0 2
c2
∂ Am
γm ( ω m
)
c2
∂Am
+
+i
Am −
Vm (z) Am +
i
0 n2
0 n2
∂t
2ωm
∂z2
2πc
2ωm
i4
Rr0  h
2 1/3 ρ−r0
ρdρ
Ai −(2m )
r0 − t 0
2πc ∆nl 0
| A m |2 A m +
(A.26)
i
h
r0 
2
R
λ m n0
ρ −r
ρdρ
Ai −(2m2 )1/3 r0 0 − t0
0



h
i2
h
i2
2
c
2 − 2(z−a z1 )
c2
2 − 2(z−a z1 )
√ e
√ e
DAm =
| C |2 E ( t ),
0
0
2
2
2ωm n a π
2ωm n a π
here E(t) is an input signal evolution, D and C - coupling parameters.
It is convenient to present the Eq. A.26 in the dimensionless
form. Let’s put t = τT, z = Zz0 , and A(z, t) = A( Zz0 , Tτ ) ≡
Q Ã(z0 , τ ), Vm (z) = Vm (z0 Z ) ≡ Ṽm (z0 ), E(t) = E( Tτ ) ≡ Ẽ(τ ).
Then we get
∂ Ãm
∂2 Ãm
i
+ Dc 02 + N | Ãm |2 Ãm + iΓ Ãm +
∂τ
∂z
0
Vcons,m (z ) Ãm + iVdiss (z0 ) Ãm = Vsource (z0 ) Ẽ(τ ),

(A.27)

where
0
T ωm
Dc = 2 2 ,
Z 2β m

Rr0 

2πc ∆nl 0
N=Q T
λm n0 Rr0 

Ai

h

Ai

h

2

0

−(2m2 )1/3 ρ−r0r0
−(2m2 )1/3 ρ−r0r0

− t0
− t0

i4
ρdρ
,

i2
ρdρ


0 2
γm ( ω m
)
Γ=T
,
2πc
 0 
 0 
ω
ωm
2 −[ 2(z0 Z−z1 ) ]2
m
0
0
a
√
Vcons,m (z ) = − T
Ṽm (z ) + Re[ D ] T
e
,
2β2m
2β2m a π
 0 
ωm
2 −[2(z0 Z−z1 )/a]2
√
Vdiss (z0 ) = Im[ D ] T
e
,
2β2m a π
 0 
T ωm
2 −[2(z0 Z−z1 )/a]2 2
0
√
Vsource (z ) =
e
|C | .
Q 2β2m a π
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For example, for T = 1ns, Z = 1µm and Q = 1 we have
Dc = 15862, N = 17.2291, and Γ = 0.0841665.
This dynamical equation (A.27) we solve numerically using
the split step method in Chapter 5 for the parabolic type potential.
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