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Abstract

Higher spin algebras, arising from the study of the underlying global symme-
tries of massless higher-spin particles in physics, have become an interesting area
in mathematics since people realised these algebras are deeply related to the the-
ory of minimal representations. A well-studied special one-parameter family hs[)]
is shown to be equivalent to a quotient of the universal enveloping algebra (UEA)
of sly. In this thesis, we review the results on hs[A] with some modifications and
then construct new higher spin algebras from the UEA of the semi-direct product
sly X V5. In addition, we also study the centralisers in the UEA of sl, x V,, for

other values of m in preparation to construct more higher spin algebras.
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Introduction

The study of massless higher spin particles in theoretical physics gives rise to
higher spin algebras which describe the underlying global symmetries. The higher
spin algebra that is known to be fully consistent in four-dimensional space-time
was first considered in [10] from the construction of higher spin cubic interaction.
Then the generalization of this algebra to any dimension has been studied based

on oscillators.[28]

The unusual feature of interacting higher spin gauge theories is that they
require non-flat vacuum solutions. The most symmetric vacuum they admit
is known as Anti-de Sitter (AdS) space, frequently used in quantum gravity
theories.[24] This brings higher spin algebras to the context of the famous AdS/CFT
correspondence which proposes a duality between the AdS space formulated in
terms of string theory, or M-theory, and conformal field theories (CFT) which are
quantum field theories.[21]

There is a special one-parameter family of higher spin algebras known as hs[\]
which corresponds to a family of three-dimensional interacting equations.[23] It
was realised that hs[A] can also be constructed as a quotient of the universal
enveloping algebra of the isometry algebra sl;,. And in fact, the coset construction
of hs[A] is deeply related to the minimal representations of sly whose kernels are

known as Joseph ideals.[17]

Having found the connection between higher spin algebras and the minimal
representation problem, mathematicians started to generalise the notion of higher
spin algebras to Lie algebras beyond the isometry algebras, while the term “spin”
is often translated to the term “weight” in representation theory. The construc-
tion of higher spin algebras from the universal enveloping algebra of any semi-
simple Lie algebra has been mostly studied.[18] The higher spin superalgebras are
also of interests and in fact they play important roles in the area of AdS/CFT.[29]
Part of this thesis will be devoted to a fairly less studied family of higher spin alge-

bras that comes from the universal enveloping algebra of sl, x V5 which is defined
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to be the semi-direct product between sl, and the two-dimensional irreducible
sl-module V5.

This thesis will be organised as follows. In Chapter 1, we investigate some
properties of the one-parameter family of higher spin algebras hs[A] based on
the explicit structure constants and bilinear form. In Chapter 2, we introduce
universal enveloping algebras and concentrate on the algebraic structure of U(sly)
including the commutation relations, Lie ideals and representations. In Chapter 3,
we relate the higher spin algebras hs[A] to the universal enveloping algebra U (sls)
and reveal the representations of sly that are contained in hs[A]. In Chapter 4,
we explore the structure of the universal enveloping algebra U (sly x V5) and then
construct a new one-parameter family of higher spin algebras ﬁs\m that contains
more representations of sly, from the algebraic point of view. In Chapter 5,
we determine the centralisers of universal enveloping algebras U(sly x V) for
various m using tools from the representation theory, in preparation to the study
of U(sly x V},,) in general.



Chapter 1
One-parameter Family: hs|)]

In this chapter, we introduce the one-parameter family higher spin algebras
hs[A] and make some observations on the analytic formula of structure constants.
The underlying field of algebras mentioned in this thesis will always be C unless

elsewhere stated. To proceed the discussion, let us set up some notations first.

Notation 1.1 (Pochhammer symbols). In the following, [a],, denotes the descend-
ing Pochhammer symbol and (a), denotes the ascending Pochhammer symbol.
That is,

[a]nzr(l;f—m:a(a—1)...(a—n+1),
(a)n:%:a(a+l)...(a+n—l).

Notation 1.2 (Generalised hypergeometric function). In the following, the gen-

eralised hypergeometric function is denoted as

Iy

p

Ay, Qp . - (al)n"'(ap)nz_
bi,. by ’Z] 2 i G

n=0

Definition 1.3. The one-parameter family of higher spin Lie algebras, denoted

by hs[)\], has generators {V! : r > 2, |m| < r}, with commutation relations

r+s—1
Vi Vil= Y g (mn, Vi (1.1)
t=2,t even
where the structure constants are given by
2qt—1
g:°(m,m, A) = i (AN (m,n) (1.2)

(t—1)!

3
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where ¢ is a scaling constant (which is chosen to be ; from now on), A € C is the

parameter, and ¢}*(\), N/*(m,n) are given by

i(A) = aF3 1, (1.3)

t

N[*(m,n) = _ (—1)k (t ; 1) [r—14+ml—1g[r — 1 —mlg[s =1 —nle—1-x[s — 1 + nl.
) (1.4)

The commutation relations of hs[A] were stated in [22]. Here we adapt the
notation given in [13].

One can show that hs[)\] is indeed a Lie algebra by directly verifying the skew-
symmetry and Jacobi identity on the structure constant g;*(m,n, \). The skew-
symmetry is fairly easy to see with noticing ¢;*(A\) = ¢7"(\) and N/*(m,n) =
(—=1)*"'Ng"(n,m). The latter equality is obtained by changing the dummy index
in the expression of N;/*(m,n) from k to t — 1 — k. However, showing the Jacobi
identity is more technical. It is subject to relating g/*(m,n,\) to the so-called
6j-symbol that is well-studied in the area of quantum physics and then take
advantages of some known properties of the 6j-symbol.[22]

Although not necessary, one can expect realising the abstract Lie bracket
of hs[A] as the usual commutator. In fact there exists an associative product,
denoted by « : hs[A] x hs[A] — hs[A], such that

VvV =Vi*xVe—VexVr,

m) 'n

The product map  has been found explicitly in [22] and is given by

7“+s 1
VXV = Z gre(m,n, \)Vrts=t, (1.5)
According to [22], the algebra hs[)A] has an invariant symmetric bilinear form

given by

ey 34w AT (r) (= 1)
(Vi Vi) = ()\2 —D0(r + 1)(2r —2)!

3
= W i1 (m,m, A).

(T =X (L 4+ X T(r + m)T(r — m)d 0,

(1.6)

More details on the bilinear form are included in Appendix B. The following

statement and its proof illustrate the power of this bilinear form.



Proposition 1.4. hs[)\| is not simple if A € Z\{0,£1}.

Proof. Suppose A = N € Z\{0,£1}. From Equation (1.6) we note that when
r > |N|+1, (1= N),_; has a factor (1 — N + |N| —1) and (1 + N),_; has a
factor (1 + N + |N| — 1), so we have either (1 — N),_;y =0 or (1+ N),_, = 0.
This implies

Span{V :r > |N|+ 1} C rady,

where rady denotes the radical of the bilinear form on hs[N].
When r < N, it is easy to see (V,/, V') # 0 for any |m| < r. Hence we have

Span{V,” :r > |N|+ 1} = rady.

Now because the bilinear form is invariant, that is, ([V;", V'], V.5) = (VI [ [V}, Vi5]),

1'Vn

we know the radical of the bilinear form is a Lie ideal of hs[N]. And since |N| > 2,
Span{V" : r > |N| + 1} is a proper ideal, then the result follows. O

We should mention that an alternative proof can be obtained from a more
algebraic point of view after we relate hs[A] to U(sly) in Chapter 3. And in fact
the converse of Proposition 1.4 is also true (see Proposition 1.10).[9]

Next, let us get a closer look at the complicated expression of the structure

constants by computing some commutators explicitly.

Example 1.5. By straightforward calculation we have

V2, V] = 957 (1,0, )V = VP,
[VoQa V—21] = 92 (0: —17)\)‘/—21 = V_217
[‘/127 V—Ql] = 932(17 _]-7 )\)VE)Q = 2%2

which indicates that {V?, Vi, Vi*} forms a basis of the special linear Lie algebra

sly and hence we know hs[A] contains sly as a subalgebra.
Lemma 1.6. N/*(m,n) =0 for all t > 2min{r, s}.

Proof. Without loss of generality, assume r < s and m > 0. Recall

t—1

N[*(m,n) ZO <t_1) [r—14+ml—1g[r —1—mlg[s — 1 —nli—1-k[s — 1 + n]x,

r—14+mlpyp=0r—-1+m)r—14+m-1)---(r—14+m—(t—1—Fk)+1),
r—1—-mly=r—1-m)r—1—(m+1))---(r—1—(m+k—1)).
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Suppose t > 2r, then for each 0 < k < t — 1, we have either £ > r — m
ort—1—k>t—r+m>r+m. If k> r, then [r — 1 — m]; has a factor
(r—=1—(m+(r—m)—1))=0,s0 NJ*(m,n) =0. Ift—1—Fk > r+ m, then
[r — 14 m];_1_x has a factor (r —1+m — (r + m) + 1) = 0, so we still have
N/*(m,n) = 0. O

Example 1.7. Using Lemma 1.6, we have

V2 Ve = g*(m,n, \)VE, = (m(s—1) —n)V?

mr’'n m-+n m—+n

which, together with Example 1.5, indicates that for each fixed s > 2, the space
Span{V;? : |n| < s} is a sly-module.

It is well-known that the universal enveloping algebra of sly, herein denoted
as U(sly), contains all irreducible sly-modules, so this observation also suggests
that hs[A] could be closely related to U(sly). This turns out to be true and will
be discussed in Chapter 3.

Remark 1.8. It is worth to mention that although the generalised hypergeomet-
ric function is defined as an infinite series, ¢;*(\) is always a finite sum because
of the presence of % and % When t is a positive integer, one of % and %
must be a non-positive integer, say —k, and then it is easy to see that only the

first k& terms of ¢}*(\) are non-zero.
Example 1.9. Using Lemma 1.6 and Remark 1.8, we have

V.2, V] =g5°(m,n, Vit + g3°(m,n, )V, )

m’'n m—+n m-+n
S 1 S S S—
where
T-NE+
is()\)zl— (% )(2 -
(5 —s)(s — 5)
and

N¥(m,n) =24m — 24m® + 24n — 72m*n — 72mn* — 24n® — T6ms + 52m>s
— 48ns + 84m*ns + 36mn?s + 72ms* — 36m3s? 4 24ns* — 24m*ns>
—20ms® + 8m?s”.
It is easy to solve that ¢3*(\) = 0 if only if A = £(s — 1). (As an aside, see
Appendix D.1 for a generalisation of this.) Surprisingly, this simple calculation

leads to a non-trivial result, which is the converse of Proposition 1.4, as stated

below.



Proposition 1.10. hs[)] is simple if X ¢ Z\{0, £1}.

Proof. Suppose A ¢ Z\{0,£1} and let I be a non-zero ideal of hs[A]. Consider
the set S = {r: V! € I for some n}. Then S = () and S has a least element s.
We shall do a proof by contradiction. Suppose [ is proper, then s > 3.
Note that V;? € I for some n actually implies V,? € I for all |n| < s as observed

in Example 1.7. In particular, for s > 3 we know V?*,,V?, € I. Then we have

I [VP, Ve =g (1, -1 AV +gi’5(17 AV
=L+ 9V = —6i"(V)s(s = 2)(s = V5,
I35 [V5, V2] = g5°(2,—2 A)vs+1 + 9772, =2, )V
=2(L+ )V + ¢33( )s(s = D(s+ V5"
Now since the roots of ¢3*(\) = 0 are A = +(s — 1) and s is an integer that is
no less than 3, we see ¢3°(\) # 0 unless A\ € Z\{0,+1}. And then we have

I3 V3,V = 2V V2] = Lot (sls — (s — DV £0

which means V' is also in I, provided A ¢ Z\{0,41}. But this contradicts to
the assumption that s is the least element of S. Hence I cannot be proper and
the result follows. O
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Chapter 2

Algebraic Structure of U(sly)

In this chapter, we review some essential definitions and results on the alge-
braic structure of the universal enveloping algebra U (sly). Hereafter g will always

denote a Lie algebra and any additional hypothesis will be stated explicitly.

Definition 2.1 (Universal Enveloping Algebra). Given a Lie algebra g, consider
the n-fold tensor product
—_—

ntimes

and denote T°g = C. Then consider the vector space Tg = @ T"g and the
n=0
two-sided ideal Ig of T'g generated by {r®@y—y®x —[z,y] : x,y € g}. We define

the universal enveloping algebra to be the quotient algebra

Tg

U(g) = —.

(9) =7 .
Remark 2.2. With respect to the operation of tensor product, U(g) is an as-
sociative algebra, and later on we shall omit ® in the discussion. On the other
hand, U(g) is also a Lie algebra with the Lie bracket defined to be the usual

(matrix) commutator, that is,
[A, Bly) = AB — BA, for A, B € U(g).

Since U(g) has two multiplicative operations, when we use the word ”ideal”
for U(g), we should be careful on the terminology and notation. To be clear, we
will use (S), to denote the Lie ideal of U(g) generated by S C U(g) and use (S)

to denote the two-sided ideal of U(g) as an associative algebra.
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Remark 2.3. U(g) can be considered as a g-module via either the left (or right)
multiplication or the Lie bracket operation. In this thesis, we are more concerned

with the latter case.

Theorem 2.4 (Poincaré-Birkhoff-Witt). Given a finite-dimensional Lie algebra

g, let {x1, 2o, ..., 2,} be an ordered basis of g, then {xV' a2 - xin iy, ... i, € N}

is a basis of U(g), called Poincaré-Birkhoff-Witt (PBW) basis.

This is a well-known result with a non-trivial proof that can be found in any
standard textbook of Lie algebra and representation theory such as [7].
Let us explore some useful properties and results of the commutators in the

universal enveloping algebra, using U(sly) as an example.

Lemma 2.5. For any A, B € U(g),

(A", B] = zn: AT A, Bl A,

i=1
This identity could be easily proved by induction. Using this identity we could
compute a family of commutators in U (sly).
Throughout this thesis, we choose an ordered basis of sl to be {F, H, E'} with

commutation relations
[H,E] =2F, [H, F] = —2F, [E,F| =H. (2.1)
By straightforward calculation we have
[H, F"] = —2nF™, (2.2)
[E, F") =nF" 'H +n(n — 1)F"*. (2.3)
With some effort, we can also get
: j
F H) =Y (=27 ' |FH" 2.4
7.0 = 332 () (2.4

In order to derive more useful identities for U(sly), we can bring in the adjoint

representation to clean up the notations.

Notation 2.6. Denote the adjoint representation by ad : g — gl(g), that is,
(adA) (B) = [A, B] for all A, B € g.

And we shall denote (adA)" := (adA) o --- o (adA)

(. /
~~

n times
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Bearing in mind that the representation map preserves Lie structure and tak-
ing the advantage of the adjoint representation, we can neatly derive a recursive

relation that turns out to be very useful later. Note
(B, (ad )™ (B771)]

— (adF) o (adF) '™ (E™1)
(adF) o (adE) o (adF) "' "™V (E") + (adH) o (ad F)" ") (BT

where

(adH) o (adF)" =" (B
=(r—1—(m+1))(ad[H, F]) (E") + (adF)"" """ o (adH) (E"")
=2(m + 1) (adF)" " (g1,

Hence

r—1—-m
B, (adF)" ™" (B )] =2 > (m+ k) (adF) Y (B
k=1 (2.5)
=(r+m)(r — 1 —m) (adF) =D (g1,

_.I_
Lemma 2.7. For all A, B,C € U(g), we have the identity

n

(adC)"(AB) =Y (Z) (ad C)"*(A)(ad C)*(B) (2.6)

k=0

The identity is again easy to prove by induction. For further use we shall do

an example for U(sly).
Example 2.8. Applying the identity above we have

(adF)"(E") =(adF)"(E"'E)
=(adF)"(E" HE — n(adF)" Y (E""HH — n(n — 1)(adF)" 2(E"HF

The next thing one would care about U (sls) is usually the ideals it contains.
One of the most important Lie ideals of a universal enveloping algebra is the

centre, so we shall describe the centre of U(sly) explicitly.

Notation 2.9. Denote the centre of U(g) by Z(U(g)), that is,

Z(U(g)) == {A € U(g) : [A, B] = 0, for all B € U(g).}.
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Notation 2.10. Denote
C =4FFE+ H*>+2H

which is known as the quadratic Casimir of U(sly).

Lemma 2.11 (Centre of U(sly)). The centre of U(sly) is the polynomial ring
generated by the quadratic Casimir C, that is, Z(U(sly)) = C[C].

In fact this statement can be proven as a special case of Harish-Chandra’s the-
orem which describes the centre Z(U(g)) for any semi-simple Lie algebra g.[26]
However the general statement and proof of Harish-Chandra’s theorem are in-

volved, so we shall approach to an alternative proof following the idea in [4].

Proof. 1t is easy to check that C' € Z(U(sly)), so C[C] C Z(U(sly)). For the
converse inclusion, consider the U(sly)-algebra

el Ulsly)[F]
Ulsl) = tppr 1 pip =1y

which is also known as the localisation of U(sly) at F'. We shall formally denote
F~":= (F~1)". And one can check U(sly) is a Lie algebra with extra commuta-

tion relations extended from
[H,F] =2F1, [B,F Y= —-F?H+2F 2

which agree with Equations (2.2) and (2.3). It is also known that U(sl;) has a
basis { FTHIE* . i € Z,j, k € N}. And in U(sly) we have

_1 -1 _Ig2
E=F (C—H”+2H).

It follows that we can choose a more convenient basis of U (sly), which is

{F'HIC*:icZ,j k€ N}
We claim Z(U(sly)) = Ul(sly) N Z(U (sly)).
It is clear that U (sly)NZ(U(sly)) C Z(U(sly)). To show the converse inclusion,
take any element z € Z(U(sly)), then it suffices to check [z, F~!] = 0. To see

this, note [z, E] = 0 and
1
[z, E] =[z, ZIF*1 (C—H?+2H)]
1
=-F'[2,C — H*+2H|+ [z, F'| (C — H* + 2H)

4
=[z, F7'](C — H? + 2H)
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Now since C' — H? + 2H # 0, we must have [z, F~!] = 0.
Therefore to show Z(U(sly)) = C[C], it suffices to determine Z(U(sly)). Con-

sider a generic element

A=) "Ha;(F,C) e Z(U(sh))
jEN
where a;(F,C) = Y ,07 > ey @iji F'CF and a;j;, € C are some coefficients. Note
only finitely many a;;, are non-zero, so there exists a largest value of j such that

a;;x is non-zero for some 4, k. Say the value is J. Then since A,C € Z(U(sly)),

we have

J J .
_ Z Y (-2 (2) FHI™"a,(F,C)
jjO njl |
= ; ;(_2)1'—" (j B i N 1) FH" 'a;(F,C)

where we used Equation (2.4). This implies a;(F,C) = 0 whenever j # 0.

Therefore A can be written as
A=Y "F'n(C)
i€Z
where b;(C) = ZkeN b;,C*, with only finitely many of b;, non-zero. And similar
to the above we have
0=[H A= [H Fb(C) = (~2i)F'b;(C)
i€Z i€Z

where we used Equation (2.2). This implies b;(C') = 0 whenever i # 0. Hence we

have
A=0(C) =D cC*
keN
where only finitely many ¢, are non-zero. Now the result follows. O]

Later on we will consider U(g) with g not semi-simple, where the Harish-
Chandra’s theorem fails but this proof could be carried over as we will see in
Chapter 4 and 5.
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Now we introduce a quotient algebra of U(sly) which will be our main interest

in the rest of this chapter and also the next chapter.

Notation 2.12. Consider the two-sided ideal of U (sly) generated by C'— (A2 —1)

as an associative algebra. Denote

U(ﬁ[g)

UGst) N = o e =)

where A € C. The choice of this parametrisation will be explained in Chapter 3.

Remark 2.13. The ideals (C' — p) with g € C turn out to be the maximal ideals
of U(sly).[5]

It is claimed in [6] that there is a well-known result saying
U(5[2) = [U(ﬁ[g), U(E[Q)] D Z(U(ﬁ[g))

However, contrary to one’s expectation, we found this result not easy to prove.
For the purpose of this thesis, it suffices to prove the weaker statement stated
below.

Lemma 2.14. U(sly)[\] = [U(sl)[A], U(sly)[A]] & C
To prove this, we need to introduce the Harish-Chandra character of U(g).

Definition 2.15 (Harish-Chandra character). The Harish-Chandra character of
U(g) is a linear function x : U(g) — C satisfying the following conditions:

(1) x(AB) = x(BA) for all A, B € U(g);

(2) x(1) = 1;

(3) x(z122) = x(21)x(22) for all 21,20 € Z(U(g)).

It is proven in [14] that a Harish-Chandra character is uniquely determined

by its value on the centre. Precisely speaking, we have

Lemma 2.16. Given a semi-simple Lie algebra g, let x1,x2 be Harish-Chandra
characters of U(g). If x1(2) = x2(2) for all z € Z(U(g)), then x1 = Xa.

Proof of Lemma 2.14 using Lemma 2.16. It follows from Lemma 2.11 that
Z(U(slp)[A]) = C.

And then by Lemma 2.16 we see U(sly)[A] has a unique Harish-Chandra character,
say x» : U(sl)[A] — C.
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By Definition 2.15 we observe that x,([A, B]) = 0 for all A, B € U(sly)[A] and
xXa(c) = cfor all ¢ € C. This implies [U(sly), U(sly)] N C = {0}.

It remains to show U(slp)[A] = [U(sly)[A], U(sl)[A]] + C which we shall ap-
proach by contradiction.

Denote V' := [U(sl2)[A], U(sly)[A]] +C and suppose V' # U(sly)[A]. Then there
exists a subspace S € U(sly)[A] such that U(sly)[A\] = V & S. Choose a basis of
S, say {e; : 1 <i < N}, where N is either a positive integer or infinity. Define a
function x : U(slz)[\] = C by declaring

X\(v) = xa(v) for all v € V| Xa(€i) =xalei)+1forall 1 <i< N

and extending the map linearly. Then ), satisfies the conditions in Definition 2.15
because x) does and x\|v = xi|ly. Therefore x) is a Harish-Chandra character
of U(slz)[A]. But by construction x) # xa, which contradicts to Lemma 2.16.
Hence we must have U(sly)[A\] =V = [U(sl2)[A], U(sly)[A]] + C. O

We may devote the last part of this chapter to a simple but yet interesting
result that reveals the structure of U(sly) (and consequently U(sly)[)]) via its

representations.

Proposition 2.17. Let V,, be an n-dimensional irreducible module of U(sly) with
the representation homomorphism 7 : U(sly) — gl,, satisfying 7(C) = (n* — 1)1,

where 1 denotes the identity operator in gl,. Then

Ul(sly)/ ker(m) = gl,,.

Bearing the first isomorphism theorem in mind, this follows immediately from

the famous classical theorem stated below.

Theorem 2.18 (Burnside). Let V' be a finite-dimensional vector space over an
algebraically closed field. Let gl(V') be the operator algebra consisting of all linear
operators on V. If a non-trivial subalgebra A C gl(V) is irreducible, then A =

gl(V).

Burnside’s theorem of matrix algebras was first proved in 1905. Interestingly,
people have made many efforts on simplifying its proof. Here we adapt the proof

given in [25], which is claimed to be the simplest proof.

Lemma 2.19. Any irreducible algebra A contains a non-zero non-invertible op-

erator S.
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Proof. We assumed A # {0}. Note the algebra U = {kI : k € C}, where [
denotes the identity operator, is not irreducible unless dim(V') = 1. If dim(V') =
1, then the theorem is trivially true, so we may assume dim(V’) > 1. Now by
irreducibility of A, we have A ## U. Thus there exists a transformation 7" € A
such that 7" ¢ U.

If T is not invertible, then we are done with S = T'. Suppose T is invertible,
then 7" has an eigenvalue A such that 7" — A/ is not invertible and not the zero-
operator. If I € A, then we are done with S = T — AI. Suppose I ¢ A, let
S =T(T — M) =T? — \T, which belongs to A, and is not invertible (because if
it is, then (S™'T) (T — AI) = I, which contradicts with 7' — AI not invertible),

and is not the zero-operator. This proves the lemma. O]
Lemma 2.20. Any irreducible algebra A contains a rank-one operator.

Proof. We shall prove it by induction on the dimension of V. For the base case
dimV = 1, the lemma is trivial. Now suppose the lemma holds when dim V' &€
{1,2,--- ,n — 1}, then for dimV = n > 1, consider the subspace V5 = S(V)
and the family Ay = {(SA)|y, : A € A}, where S is a non-zero non-invertible
operator in A. Since S is non-invertible, dim V < n.

Note Ay is a subalgebra of gl(Vy). We claim A is irreducible. It’s well-
known that transitivity is equivalent to irreducibility, so it suffices to show Ay is
transitive on V. Take 0 £ v € Vj, then Av = V because A is irreducible hence
transitive. Then Agv = S(Av) = S(V) = Vo, so Ay is transitive on V4.

Now by the induction hypothesis, 4y contains a rank-one operator, which
means there exists a operator 7' € A such that (ST)|y, has rank one. Thus
dim ST'S(V') = 1, which means ST'S € A has rank one. O

Lemma 2.21. If a subalgebra A is irreducible, then its adjoint-algebra A* =
{A*: A e A} is also irreducible.

Proof. We shall prove the contrapositive statement. Suppose A* has a non-trivial
A*-invariant subspace M C V, that is, Vv € M,VA* € A*, A*v € V. We claim
the orthogonal complement M* is a non-trivial A-invariant subspace. To see
this, take any u € M=+ and any A € A, then (Au,v) = (u, A*v) =0 for allv € M
since A*v € M for all v € M. This means Au € M*. And M+* is non-trivial
because M is proper. O

Proof of Burnside’s Theorem. Let S € A be a rank-one operator, then there

exist non-zero vectors v,w € V such that S takes x € V to (z,w)wv. We shall
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denote this as S = v & w. It can be checked that for any 7" € A, we have
T(v®w)T = (Tv) ® (T*w), which implies (Tv) & (T*w) € A.

Note A is transitive, so Av = V, which means = @ (T*w) € A for any z € V.
Now note A* is also transitive, so A*w =V and hence x @y € A for any z,y € V,
that is, A contains all rank-one operators which span gl(V'), so A = gl(V'). This

proves the theorem. O

Proof of Proposition 2.17 using Burnside’s theorem. By the first isomorphism the-
orem, we have U(sly)/ker(r) = im(7) C gl,,. Note that V,, being an irreducible
module is equivalent to im(w) being an irreducible subalgebra. And the con-
straint that 7(C') = (n? — 1)I ensures im() is non-trivial. Hence im(7) = gl,, by

Burnside’s theorem of matrix algebra. O]

Besides of taking the advantage of the theorem, here we also provide a more
constructive proof of Proposition 2.17 in the case of sl,. And in Chapter 4 we

will be able to use the same approach to prove a new result.

Constructive proof of 2.17. Let V,, be the set of polynomials of single variable,
say x, with degree less than n, denoted by C[z],,. Choose an ordered basis of
Clz], to be {1,z,...,2" '}. Then we have a realization of U(sly) as differential
operator given by

0 0 , 0

o W(H):—Q:L’%—i-(n—l), w(F) =—x a—i-(n—l)%-

We shall denote A - v :=m(A)v for A € U(sly),v € C[z],.

One can routinely check this is indeed a well-defined U (sly)-representation.

n(F) =

Here we only comment that, by construction we have

n—1
e P | R P

which shows that I acting on 27! does not cause any trouble. We may check
C=AFE+HH+2H=(n—-1+2(n—-1)=n>-1
as desired. Also note that for k € {0,1,...,n — 1}

E 2" = k! (2.7)
H-2" = (=2k+n—1)2" (2.8)
F-of = (—k+n—1)2"" (2.9)
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Let M;; denote the basis operator of gl, such that
Mi]ﬂ?i = Ij, Mijﬂfk = 0, for all k 7é 1.

Now we can construct an element A;; € U(sly) such that 7(A4;;) = M,;.

For the special case ¢ = 7, note that

1
H 20k — ) (H + 2k + n)
k#i,k<n

satisfies
Auxt = at, Aya® =0, for all k # 1.

according to Equation (2.8). Now to construct A;; for j # 4, we only need to care
about how to send 2’ to 27. An obvious choice of A;; for i < j is
(n—1-7)

|
-FI* Ay

A=
YT (n—=1-19)!

and if ¢ > j we may take .
Ajj = Z—:EZ]A“
Let B;; denote the equivalence class of A;; in the quotient algebra U (sls)/ ker (7).
Then {B;; :i,j € {0,1,...,n — 1}} forms a basis of gl,. O

Corollary 2.22. With the notation used in Proposition 2.17, for n > 2, consider

V. as a [U(sly)[n], U(sly)[n]]-module with induced representation homomorphism
7 [U(sly)[n], U(sly)[n]] — gl,.

Then
[U(sly)[n],U(sly)[n]] / ker(7) = s,

Proof. The unique Harish-Chandra character x,, of U(sly)[n] allows us to define
an invariant symmetric bilinear form on U(sly)[n], which we shall call the trace,
given by

Tr(AB) = xn.(AB)

for all A, B € U(sly)[n]. Then the corollary is an immediate consequence of

Proposition 2.17 by taking the traceless part of both sides. O



Chapter 3

Construction of hs|)\| from U(sls)

As mentioned in Example 1.7, it is known that hs[A] is indeed isomorphic
to the derived algebra of the quotient algebra U (sly)[A] constructed from U (sly).
Although this result is stated in many articles on higher spin algebras, to the
best of our knowledge, there is no paper that gives a complete proof. The main
content of this chapter is to organize a comprehensive proof. For clarity, we will
not present all details when they can be found in the literature or can be done

by straightforward computation.

Notation 3.1. Let

. (r+m—1)
Vm = (2r — 2)!

for r > 2, |m| < r, and denote the identity element of U(sly) by V!, that is,
‘/01 =1¢€ U(ﬁ[g)

(adF) ™ (E™Y) € Ulsly)

Proposition 3.2. The set
{C*Vr r>1,|m| <rk>0}
forms a basis of U(sly).

Proof. Recall a PBW basis of Ul(sly) is {F"H7E* : i, j,k > 0}. Define the degree
of a monomial F'H/E* to be deg(F'H/E") := i+ j + k, then as a vector space,
U(sly) can be decomposed into the direct sums of graded pieces via the degree,
that is,

U(E[Q) = é Grt(ﬁlg)

where Gry(sly) := Span{F'H/E* : deg(F'H’E*) = t}. (This decomposition can
be formalised by using the machinery tool called filtration [7] which takes the Lie

19
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structure of U(sly) into account, but for the purpose of this proof it is not harm
to restrict ourselves to the decomposition of U(sly) as a vector space.) We may

also denote .
U(sly)n = @D Gri(sla).
t=0

And we shall then perform the proof by inducting on n, that is, we are going to
prove that for each n, {C*V" : k > 0,7 > 1,2k +r — 1 =n,|m| < r} is a basis

of U(ﬁ[g)n
For n = 0, this holds trivially. For n = 1, we see k could only be 0 and
it is easy to compute VP = E,Vj = —3H and V2 = —F, so it is clear that

{V2,,VZ, V2 } is a basis of U(sly); & sls.

For n > 2, suppose {C*V" : k> 0,r > 1,2k+r—1=s,|m| < r} is a basis of
U(sly), for all s < n. Then to show {C*V" 1 k> 0,r > 1,2k+r—1=n,|m| <r}
is a basis of U(sly),, it suffices to check the vectors {C*V" : 2k +r — 1 = n}
are independent, because then the set is automatically a basis of U(sly), by
counting the dimension. To check the independence we need to look at the
explicit expression of V,"+1.

By recursively using Example 2.8, we see

ﬁ > (=) + mggys[n — mlsig P (FUHEY) (3:1)

D idj+k=n

n+l __
Vot =

where [n 4+ m]ax; is the Pochhammer symbol and P (F ‘HY Ek) denotes the sum
of all possible configurations of F, H, E’s such that F' appears exactly ¢ times, H
appears exactly j times and E appears exactly k times. For example, P (FHE)
is FHE+ FEH +EFH+ EHF + HEF + HFE.

For fixed i, 7,k with ¢ + j + k = n, the total number of all such possible

configurations is (7;) (”]_Z) Now write V" in terms of the PBW basis, we have

n _1)i+i —
where “+ U(sly),—1” means “+ some element in U(sly),_1”. Since we are only
concerned with the highest degree part of V™! hereafter we secretly use V!
to denote V"' modulo U(sly), ;.

Now note that for any fixed m, the term F'H’E""*=/ is non-vanished only

when 2i 4+ 7 = n — m, so we have

L(n—m)/2]

v =% (n+m)!(n —m)!(=1)"~"~" (n) (n - i>FiHn—m—2iEm+i

(2n)! J\m+1i

1
i=max{—m,0}
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For each max{—m,0} <i < |(n —m)/2], we see

FiHn—m—ZiEm—Hl — FE<Fi—1Hn—m—2iEm+i—1) + U(5[2)n—1
Filenfm72i+2Em+ifl — H2<Fi71anm72’iEm+i71> + U<5[2)n71-

Therefore with the cost of adding extra elements in U(sly),_1, we can factor out
the quadratic Casimir C' = 4FFE + H? + 2H, that is,

1 anm (=1)rmdm d 2d d
Vﬂ?‘f‘ — 4kidm Clonm F m Hn_m_ m Em+ m
k=dm

(3.2)

fnm fnm — —7
(_1)n me i—1 rgn—m—21 ;rm—+i—1
o e

t=dm+1 \ k=t

And it can be computed with the help of Mathematica™ that the coefficient of

the first term in Equation (3.2) is either (—1)"27™"" or (—2)"™, which are

non-zero for all |m| <n + 1.

where d,,, = max{—m, 0}, fum, = [(n—m) /2], Cknm =

By the inductive hypothesis, the second term in Equation (3.2) can be written
as a linear combination of the vectors in {C*V! : k,r > 1,2k+r—1=mn,|m| < r}.
Then because of the presence of the term in (3.2), we see V! is independent on
the vectors in {C*V" : k,r > 1,2k+r—1=mn,|m| <r}.

Also by the inductive hypothesis we see the vectors in {V! : r—1 < n,|m| < r}
are independent and hence the vectors {C*V" : k,r > 1,2k +7r—1=n,|m| < r}
are also independent. Now by the PBW Theorem 2.4 we can see the vectors in
{Vl o |m| < n + 1} are independent. Therefore we can conclude that all the
vectors in {C*V" 1 k > 0,r > 1,2k +r — 1 = n,|m| < r} are independent, as
desired. O

Notation 3.3. In U(sly)[A], V;' denotes the corresponding equivalence class.

Corollary 3.4.

U(sla)[A] = Span{V :r > 2 |m| <r} @ C
Proof. This is an immediate consequence of Proposition 3.2. O
Corollary 3.5.

Span{V,y :r > 2,|m| < r} = [U(sly)[A], U(slz)[A]]
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Proof. This follows from Corollary 3.4 and Lemma 2.14. O

Proposition 3.6. The set of generators {V,) : r > 2/im| < r} C U(sly)[)
satisfies the commutation relation (1.1) given in the definition of hs|\|, which we

shall recall here.

r+s—1

Vi Vil= Y g (mn, NV

t=2,t even

The key point to prove proposition 3.6 is to figure out the composition law of
U(sly)[A] under the basis {VI :r > 1,|m| < r}.

From Proposition 2.17 we see when A is an integer, U (sly)[)] is closely related
to the matrix algebra, so it is not surprising that we could get some power from
the theory of matrix algebras. Indeed, under a new basis introduced by Racah, a
composition law of the matrix algebra obtained as an application of the Wigner-
Eckart theorem [3] is helpful. It is proved in [11] that one can derive a manifest
expression of the composition law between {V" } from the Racah composition law
for integer N, and one can then obtain the law for any A € C by the analytic

continuation. To state the manifest expression, we first introduce a few notations.

Notation 3.7 (Clebsch-Gordan coefficient). There are many different notations
for Clebsch-Gordan coefficients, here we adapt the convention in [3] and set

Jj1j2J .
leQO T 5(7711 + ma, m)

X((%+D@+h—wm—mmw—mﬂ0—mw+mﬂ)5
(142 +7+ DG 451 = 520+ J2 = )0 +ma)!(G2 + ma)!
> (=7 G+ ma + DN+ Jo —ma — )]

t

where ¢ goes from |min{js — j + my,0}| to min{j — m, j; — my,j + jo — my }.

Notation 3.8 (Triangle coefficient). Let (a, b, c) be a triple obeying the triangle
conditions. Define the triangle coefficient

_ flatb—alla—b+o)(—atb+c)
A(a,b,C)._\/ R .

/ "

Notation 3.9 (Modified 6j-symbol). Let [S ] 8.] denote the modified 67-
J J J
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symbol defined in [11] which is explicitly given by

s s s — SIS A (s, S//)Z(_1)t(2j+1+8"+t)!(2j+1—s”—l)!
VN (27 —s—8+t)(2) + 1+ 5")!

t

1
X
tht+s" =)t + 5" — )M (s+s —s" —t)l(s—t)l(s" —t)!

where A(s, s’,s") is the triangle coefficient.

Now according to [11], the composition law of U (sly)[A] under our chosen basis

is given by

— (=)t (25N (s — 1 —n)!(r — 1 —m)!
ViV = Z (2s —2)1(2r — 2)I(s" +m’)! (3.3)

s’ m/

xf(r—1,s—1, s’|A)Cfi7nl))((fZ)lif//Vf;$1

where C'((:ll))((f;)lgf,/ are the Clebsh-Gordan coefficients and

/

Fr—1,s—1,5\) =+/(2r —1)(2s - 1) lé N ;] . (34)

2

It is possible to directly relate Equation (3.3) to Equation (1.5) to prove
Proposition 3.6, since the hypergeometric functions have occurred in the study
of Clebsh-Gordan coefficients [20] and the relation between hypergeometric func-
tions and the 6j-symbol has also been partly revealed in [22]. However, ap-
proaching the proof in this way requires a large amount of knowledge in special

functions, so we decided to outline a more practical proof here.

Proof Outline of Proposition 3.6. We shall prove it by a double induction, where
the primary induction is on r and the secondary induction in on m.
The Equation (3.3) with r = 2,m = —1 reads

2 e N~ (CDPT(2)(s — 1 - n)! )= Ds 141
V24V = Z; G i oy s T LENOLVE (35)
Note the delta-function §(1 —n,m’) in the Clebsh-Gordan coefficient forces m’ =
1—n. And the triangle condition that is secretly required in f(1,s—1, s'|\) implies
s’ could only be s,s — 1 or s — 2. Then it remains to calculate the coefficients of
Veth Ve and VO on the right hand side of Equation (3.5). The calculation is



24 Chapter 3. Construction of hs[\| from U (sly)

omitted. Up to a normalisation factor, the result should be

-1
V_21V,f :Vsjll _ st_l
L2 —tan)(s—1-N(s—14M), (3.6)
4(2s — 3)(2s — 1) el

:gfs(_lv n, A)V;jll + ggs(_L n, A)Vnsfl + g§S<_17 n, )‘>V7f:11

which agrees with Equation (1.5).
Now suppose for all 2 < k < r, it is true that

k+s—1
VE LV =) g (—k+ 1L, WVEG
t=1

Then to show the formula also holds for k& = r+1, we note that V"' = V2, V"

by Equation (3.6), so it amounts to show

29" (= A) = 200 (1= rn, A) = (s 4 n— 4 1)gi%y (1=, m, )
+(s+n—t+1)(s—|—n—t—|—2)(r+s—t—)\+1)(r+s—t+)\+1)
2(2r +2s — 2t + 1)(2r + 2s — 2t + 3)

X g;iZ(]' -nn, A)

for all t. Recall g;*(m,n, \) = m P(A)N/*(m,n) and note that

1
2r—t)(s+n—-t+1)
1
2r—t)2r—t+1)(s+n—t+1)(s+n—1t+2)

Nt(r+1)s<_T’ n) _

N*(1—r,n)

N (1 —r,n) =

N1 —r,n),

we see it suffices to show

oz(r—é+%><r—%>(r+s—t+%>(r+s—t+;>;%»
+2 (%—%) <r—%+%) (r+s—t+%) (r—i—s—t—i—g) 21 (A)
A (e (e

+(g_%> (%—1) (rds—t—A+1)(r+s—t+A+1)d°(N).

which can be done by using the following contiguous relations of the hypergeo-
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metric functions.|1]

a,b+1,a3,a a+1,b,a3,a a,b,as,a
0 =byF3 8,4 ;1| — aqF3 3 0 ;1| + (a—b)4F3 3 0 i1
b1, b2, b3 b1, b2, b3 by, b2, b3
a, as, as, a a+1,a9,as,a a, as, as, a
0 =cy4F3 2,08, 0 11| —aqks 2,08, 04 ;1 +(CL—C)4F3 2,08, 04 ;1
c, b, bs c+1,bg,b3 c+1,ba,b3
ai,az,a3, a4 ai, az,as, a4 ai, az,as, a4
0 =d4F: ;1| —alk: ;1| + (a—c)aF: :
Y 1, d by R L d+1,0s S c+1,d+1,b3 ]
r+s—1
Hence V7, V? Z 9. (—r +1,n, )\)Vyff,f;f is true for all r > 2. Now as
observed in Chapter 1 that 7 = ¢t and N/*(m,n) = (=1)""'N"(n,m) for all

t, we know g/*(—r+1,n,\) = ( 1) 1gs"(n, —r + 1, \) and therefore

r+s—1

Vi V= S gt L WV

t=2,t even

r+s—1
Suppose for each fixed r, [V/", V] = Z 7 (k,n, NV holds for all

t=2,t even

—r 4+ 1 < k <m. Then to show it also holds for £ = m, we first note that using
the recursive relation [E, V' ] = (r —m)V," read from Equation (2.5) together
with the Jacobi identity, we have

(r=m) Vo, Vi = (B, Vi, VI = Vi, [ VI

m’’'n m—1
so it suffices to show
r—m-+s—t—n s—1—n
0= N*(m—1n)— —N"*(m—1,n+1) — N*(m,n
N — 1) = N ) = Np*(m.n)

(3.8)
for all t even, with noting that other factors in ¢"*(m,n, \) are all independent
on m and n. This may be done by rewriting the function N;*(m,n) in terms of
hypergeometric functions in the type of 3 F, and then again using some contiguous
relations. Alternatively, we are also able to prove it by fairly straightforward

calculation (see Appendix C.1). Therefore the commutation relation

r4+s—1
Vi Val= > al(mn, NVt
t=2, t even
holds for all required values of r,m, s and n. n

Theorem 3.10. For all A € C, hs[\] = [U(sly)[A], U(sly)[A]].
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Proof. This follows from Corollary 3.5 and Proposition 3.6. O

With Theorem 3.10 in hands, now as promised in Chapter 1, we are able to
prove that hs[A] is not simple when A € Z\{0,+1} (Proposition 1.4) using the
algebraic property of U(sly)[A]. To some extent, this proof suggests that we can
actually get benefits from the algebraic aspect of hs[\].

Alternative proof of Proposition 1.4. If A = N € Z\{0,+1}, then Corollary 2.22
can be applied and we have hs[N]/ker(7) = sly. Note since hs[N] is infinite
dimensional while sly is finite dimensional, it is clear that hs|N| 2 sly and
therefore ker(7) is ensured to be non-trivial. Also ker(7) cannot be the entire

hs[N] because sly is non-trivial. Hence ker(7) is a non-trivial proper Lie ideal of
hs[N]. O



Chapter 4

An Analogue of hs|\] Constructed
from U<5[2 X VQ)

So far we have seen that U(sly)[\] = hs[A\] ® C as an sly-module can be
decomposed into the direct sum of all irreducible sl;-modules of odd dimension
(see Remark 1.7, Remark 2.3 and Proposition 3.2), that is,

hs[A] @ C = EPVa,
n=1

where V5,1 is the (2n — 1)-dimensional irreducible sly-module. Then a natural
question would be: Can we construct an analogue of hs[A] that can be decomposed
into the direct sum of all irreducible sly-modules, including the ones of even

dimension? That is, we attempt to construct an algebra, hereafter denoted as

—_~—

hs[A], such that

12

hs[\] ® C

Ev.
n=1
To this goal, we shall first introduce a family of Lie algebras affiliated to sls.

Notation 4.1 (sly x V},). Let V;,, be the m-dimensional irreducible sly-module,
viewed as an abelian Lie algebra. Then denote the semi-direct product of sl
and V,, by sly X V,,. Choose a basis of V,,, say {Xo, X1,..., X;,_1}, then we
have an ordered basis {F, H, E, Xo, X1, ..., X;n_1} for sly x V,,,. Explicitly, the
commutation relations of sly X V,,, are given by

[E,F|=H, [H,E] =2F, [H,F] = —2F,

[H, X, =(m—-2n-1)X,, [E,X,]=n(m—-—n)X,_1, [F,X,]=Xm1.

Example 4.2. In this chapter, we are particularly interested in sly x V5, which
has an ordered basis {F, H, E, Xy, X1} for sly x V5 and commutation relations

27
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(B, F] = H, [H,E) = 2E, [H,F] = —2F,
[E7X0] = 07 [H7 XO] = X07 [Fu XO} = X17
[EJXl] :X07 [Hle] :_X17 I:FJX:J = 0.

Let us first investigate the structure of U(sly x V5) as we did for U(sly) in
Chapter 2. As promised before, some methods developed in Chapter 2 and 3 can

be inherited here.

Example 4.3. A set of commutation relations can be obtained with the help of

Lemma 2.5. We shall list some useful ones here for later reference.

(X1, H] = Ej: (i) HI™" X, [Xo, H'] = Xj:(—m (2) H' "X,

n=1 n=1
[XlaEk] = _kEkilX()? [XO? FZ] = _Z‘Fiile’
[F, X = iXiLX,, (B, X{] = jXoX{™,

Lemma 4.4 (Centre of U(sly x V3)). The centre of U(sly x V3) is the polynomial
ring generated by Z := FX? — HX,X, — EX?, that is,

Z(U(sly x V3)) = C[Z].

Proof. 1t is easy to check C[Z] C Z(U(sly x V3)). To show the converse inclusion,
similar to the proof of Lemma 2.11, consider the localisation of U(sly x V5) at X
defined as

~ Usly x Vo) [X7]

Usly x V5) :=
(Sh e Vo) = T L XX — 1)

and denote X; " := (X7 ")". Note in U(sly x V5) we have
E=(FX;— HXoX:—Z) X{".

With the similar reasoning as in the proof of Lemma 2.11, again it suffices to

determine Z (U (sly x V4)).
Expand a generic element z € Z(U(sly x V3)) as

2= Ha;(F, 2, Xo, X))
jeN
where a;(F, Z, X0, X1) = 3 men Qomez Gighmn F' ZF X X7 with finitely many

NON-ZEro Ajjkmn € C. Then

J .
0=[X1,2] =) > (;1) HI™X,a;(F, Z, Xy, X1)

j€N n=1
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implies a;(F, Z, Xy, X1) = 0 unless j = 0, so z can be written as
2= X{'bw(F, Z, X))

meN
where by, (F, Z, X1) = 3, pen Donez bikmn F'ZF X} with finitely many non-zero
bitmn € C. Now

0=[Fz=> mXy ' Xibu(F, Z X1)

meN

implies b,,,(F, Z, X1) = 0 unless m = 0. Therefore z is in the form of
2=> Fei(Z,X))
ieN
where ¢;(Z, X1) = pen Donez Citn Z* X with finitely many non-zero ¢, € C.
0=[Xo, 2] == iF'X16(Z, X))
ieN

then implies ¢;(Z, X;) = 0 unless i = 0, so

=Y Xid.(Z)

nez
where d,(Z) = 3",y A Z". Finally
0=[E,z] =) nXoX{'d,(Z)
nez
implies d,,(Z) = 0 unless n = 0. Hence
keN

with finitely many non-zero p; € C. m

One would also like to have a result that is analogous to Proposition 2.17.
Unfortunately, the classification of U(sly x V5)-modules is not as simple as that
of U(sly), so it is almost impossible to rely on a general theorem such as the
Burnside’s theorem.[2] This is the place that our constructive proof of 2.17 could
be motivating.

Consider the space of polynomials of two variables, say xy and x;, that have

degree less than m € {1,2,...,} , denoted as W, := C|xg, Z1],,. Then one can



30 Chapter 4. An Analogue of hs[\] Constructed from U (sl x V3)

check that W, is a (sl x V5)-module with the representation homomorphism
T :sly X Vo — W, determined by

0 0 0 0
T(H):xoa—xo—l’la—xl, T(E):xoa—xl, T(F) :xla_xo’
0 0
m(Xo) = 5. (X)) =5

And clearly (W,,, ) can be extended to a U(sly X V3)-module. Fortunately, even
though these modules are not irreducible, it turns out that we indeed have a

result parallel to Proposition 2.17.

Proposition 4.5. Consider the U(sly X Vy)-module W, defined above. Then
Usly x Vo) /ker(T) = p1a. m

where Pq, ... 4, denotes the parabolic subalgebra of gly ..., with blocks of dimen-

ston dq,...,d,.

Before proving the proposition, we first need to fix an ordering of the monomi-
als in W,,. For convenience, we choose the graded reverse lexicographic ordering
here.[19]

Definition 4.6 (Graded reverse lexicographic ordering). Given a polynomial

ring R[xg, x1,...,2,]|, where R is aring. Let t =z’ --- 26" and t' = 9:86 25 be
monomials in R[xg, 21, ...,%,). And let deg(t) := > ,e;. The graded reverse

lexicographic ordering, also known as grevlex, is given by saying that ¢ < ¢ if
t =1t or deg(t) < deg(t'), or deg(t) = deg(t') and e; > €} for the largest index @

Example 4.7. For W3, the grevlex ordering gives 1 < 1 < o < 23 < zoz; < 22,
which suggests we may choose {1, zy, xo, 2%, zox1, 22} to be an ordered basis of

Ws.

Proof of Proposition 4.5. Choose an ordered basis of W,,, to be the set of monomi-
als with graded reverse lexicographic ordering. By the first isomorphism theorem,
U(sly x V5)/ ker(7) = im(7), so it suffices to show im(7) = pg, 4, (With respect
to the chosen basis of W,,).

From the explicit homomorphism given above, we see none of the generators
of U(sly x V3) could increase the degree of polynomials in W,,, so im(7) C p1a._m.
To show the converse inclusion, we may construct all basis operators of pi2 .

as we did in the constructive proof of Proposition 2.17.
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By straightforward calculation we have

C - xf):vjl =0G+7)0@+j+ 2)%:15{,
H - wi] = (i — j)whel,

Let AE;J;J)) € U(sly x V5) with p+ ¢ < i+ j be an element such that 7 <AE§)’Q)>

satisfies
T <AE;’7{]))> whal = abad,

. (A“*j)) ket =0, for all (k,1) € {(k,1): k #iorl#j}.

(p,9)

For the special case p =17,q = j, up to a normalisation factor, we can take

A= T H-k+0) [] (©-tit+2).

k+l=i+j t<m
k—I#i—j t#i+j

When p <1,q < j, up to a normalisation factor, we can take

(17]) R ij i—p (27.7)
A = Xo "X A

When p < 7,q > j, up to a normalisation factor, we can take
(1:3) . pq—j yiti—p—aq 4(i)
Apg) = F17XTT A

When p > i,q < j, up to a normalisation factor, we can take
(7/7]) . p—i i+j—P_q (ZJ)
A = B XA,

Now the corresponding equivalence classes of AEZ?) in Ul(sly x V3)/ ker(7) forms

a basis of P12 m. O

veey

In Chapter 2 and 3, one of the reason we were interested in the ideals (C' — p)
with u € C (where C =4FE + HH + 2H is the quadratic Casimir) is that they
are the maximal ideals of U(sly). In fact, it is shown in [2] that they are also
maximal in U(sly x V3). This suggests that we might be able to construct ﬂST)\/]
by considering the quotient algebra

U(5[2 X ‘/2)
(C—(\=1))

U(sly X Vo)A ==

We should mention that the two-sided ideal (C'— (A\? — 1)) contains the Lie
ideal of U(sly x V5) generated by C. Unlike the situation for U(sly) where C' is
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a central element, now the Lie ideal (C),, . considerably enriches the structure

5[2[><
of (C'— (A2 —1)). It is not completely obvious now what kind of elements are

contained in (C' — (A\?> —1)). In the following discussion, we will find a fairly
illustrating generating set of (C' — (A\* — 1)) to help us understand the structure
of U(sly x V5)[A].

Lemma 4.8. The set
{C*VIXiXT i,k >0,r>1,|m| <7}
is a basis of U(sly x V3).
Proof. This follows from Proposition 3.2 and PBW Theorem 2.4. O]

Proposition 4.9. With the notation above, the set consists of all elements in the

following forms:
CHWVr XX, Vi X2 X, Vi XoX{T, Vi XTT2, VG, X, VinlCL X,
where k> 0,7 > 1,m < |r|,i1,7 >0, is a generating set of (C).

Proof. Denote the set given above by S¢ from now on. We first show all the
elements in S¢ are contained in (C').

It is clear that CkHVTZXéXf € (C) for all required k,r,m,i,j. Also note
VIO, Xo] = [C, VI Xo] and VI [C, X3 = [C, V! X1] are in (C) C (C) for all
required r, m. Now note that

5[2D<V2

(C)E[QD(VQ > [[07 XU]’XO] = Xg?

which implies X X1, X7 are also in (C) sy, DY commuting with £ and therefore
VXXV XoXTT, VX3 are contained in (C) for all required r,m, i, j.

To show (C) C Span(S¢), note that by Lemma 4.8 we know
{c¥ WZ,,Xng/C'kHV;;XéX{ ckoK id g5 >0, >0 m| <y m| < '}

is a generating set of (C). We now try to rewrite each generator above in terms
of the elements in S¢.

If ¢/ = j/ = 0, then by Proposition 3.2 we know

CHyr,CHYT XEXT =CF Ry Y XX € Span{C* TV XE X} < Span(Se)
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If i’ 4 j' > 2, then since Span{C*V" X\*2 X7 C*V' X X, C*Vr X7} is a
Lie ideal of U(sly x V3) as one can check, we see
CHvr XU XT Oy XX
=CH YTy XEH X 4 oMY XS X ORI XX (4.1)
eSpan{CHHVI XX VI XS XT VI X X VI XI?) € Span(Se)

m 1> Ym

Ifi'+45" =1,k > 1, then from Equation (4.1) and Lemma 4.8 we can conclude
CYvr X XT OV XIXT € Span{C* VI X XIY ¢ Span(Sc)

If / + 5 =1 and k' = 0, we need to look more closer at [X,,, C¥*1V"] where

n € {0,1}. Without loss of generality we may assume k = 0, then

(X, OVl ==V [C, X, — [V, Xn), Cl + C[ X, V]

ny m

where we used the Jacobi identity.
One might be able to easily observe that [V;", X,,] could be written in the form
of aV7' Xo + bV, L Xy for some a,b € C,|m/| < r — 1. But here we decide to

present some careful calculation for later reference.

By recursively using the [F, V] = (m +r — 1)V _,, we have
1
ToX.] = dF r—1-m T X
Vi 1] = o P (2 Xi)
r—1
L —— T o r—2—(m—1) Er—2X
(m + T)r—l—m (a ) ( 0)

where (m + r),_1_,, is the Pochhammer symbol. And by Lemma 2.8 we have

(adF) ~2™(E"2X,)
=(adF)" "*"™(E"*) Xy + (r — 2 —m)(adF) > "(E"?)[F, X,]
(2r —4)!

T (m+r =DVt Xo+ (r—2—m)ViiX),

(4.2)

and therefore we see

V7, X)) = % (m+r -2V Xo+ (r —1—m)Vi'X))  (4.3)
1 —1—-m r (T —1- m) r
[Vim» Xo] = (adF)"™ "™([V_1, Xo)) = S5 [Vins, Xl
e e

=— m (m+r—=1)Vp ' Xo+ (r—2-m)V, 1 X))



34 Chapter 4. An Analogue of hs[\] Constructed from U (sl x V3)

And using the formula given in Equation (1.5) one could easily compute

[Cv XO]
[07 Xl]

—4VE Xy + 4V X, — 3X,

4.5
—4V2 X, + 4VEX, — 3X. (45)

Now combining all the results given in Equation (4.4), (4.3), (4.5) and using
Proposition 3.2, we see if 1 + j > 1, then

XU XTI O YT XX
eSpan{CHFVI XX VI XS XT VI X X VI XI?) < Span(Se),

1» Y'm 1) "m
and if 1 = j = 0, then

VI XEXT MV e Span{CF VT XIXT VIC, Xo), VI[C, X1]} C Span(Sc).

1) Y'm

[
From Proposition 4.9 analysed above, it should be recognised that

Ulsly x Va) — (C' — (N> = 1)) C Span{V};,, VX0, Vr X1 : 7 > 1, |m| < r}.

m? " m

As remarked at the start of this chapter, we know for each r, Span{V" : |m| < r}
is a (2r — 1)-dimensional irreducible sly-module, which we denote by Va,._;. Now

we also notice that

Span{V;,, Vi Xo, Vi Xy :r > 1 |m| < r} = @D (Varo1 @ (Varoa @ V).

mr)'m

r=1
It is known that V5,_1 ® V5 can be decomposed as Vs, _o @ V5,.. This can be shown
via some machinery tools of the representation theory of sly such as the Young
tableau.[12] We shall include a constructive proof here with giving the highest

weight vectors for later use.
Lemma 4.10. Let Va,—y := Span{V,! : |m| < r} and Vi := Span{Xo, X1}. Then
‘/27”—1 & ‘/2 = ‘/27“—2 S ‘/27“-

Moreover, up to a normalisation factor, the highest weight vector of Va, is V" 1 Xo

and for r > 2 the highest weight vector of Va,_o is V" s Xo — V| X;.

Proof. Let aV,;, Xy + bV, ., X, be an element in V5,1 ® V3, where a,b € C. For

this element to be a highest weight vector, we must have

0=I[E,adV, Xo+ bV, Xi] =a[E, V| X0+ b[E, V) ] X1+ bV, [E, X4]
=(a(r—1=m)+0b)V, Xo+b(r—2-—m)V, , Xy
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which requires a(r —1—m) +b =0 and either b=0or m =r —2. If b =0, then
m =r—1,s0 VI Xj is the highest weight vector of V5,.. If b # 0 then m =r —2
and a +b =0, so V" , X, — V", Xj is the highest weight vector of V5, _s.
To show the independence, let us first explore all basis vectors of V5, and
Vor—o. Recall Equation (4.2), we see the basis vectors of V5, are
(2r —2)!

(adF)" "™V Xg) = W ((m +r)\VrXo+(r—1-— m)VT’;LHXl) (4.6)

where —r < m <r —1. And using [F,V]] = (m +r — 1)V,

1, it is not hard to

find the basis vectors of V5, o which are given by
(adF) ' (V7 X — Vi X0) = 20 = 3)imiem (Vi Xo — Vi X)) (A7)

where —r +2 < m <r —1 and [2r — 3],_1_,, is the Pochhammer symbol. Now
by matching the weights, it suffices to check (adF)" '™ (V/_, X, — V", X;) and
(adF)"~™(V"_, Xy) are independent for —r 4+ 2 < m < r — 1. Suppose

O=c((m+r—1V,_ Xo+ (r—m)VpX1)+d (V) _1Xo— V5 X1),

then ¢c(m +r —1) +d = ¢(r —m) — d = 0, which implies ¢(2r — 1) = 0. This
requires ¢ = 0 since r is an integer. But then d = ¢(r —m) = 0. This shows
the sum of V,,._5 4+ V3, is direct. And then the result follows by counting the

dimension of both sides. O]

Now we have found that Span{V", V.’ Xo, V' X; : r > 1,|m| < r} contains
each odd-dimensional irreducible sl,-module once and each non-trivial even di-
mensional irreducible sly-module twice. From the explicit analysis of the gener-
ating set Sc of (C' — (A% — 1)), we know that for any r > 1 neither V' X, nor
VI ,Xo—V/" X is contained in (C' — (A\* — 1)), so the 2r-dimensional sly-modules
are not trivial in U(sly x V3)[A].

Remember our intention is to construct hs[A] that contains each non-trivial

—_~—

irreducible slo-module once, so it would be good if we can get rid of one copy of
Vo, for each r > 1. Fortunately, U(sly x V5)[A] indeed accomplishes this goal in
an elegant manner.

Notice that the element V" |[C, X,] € (C'— (\? — 1)) expands to

VIO, Xo] = =4V , X + 4V X, — (2r — DV X,

according to Equation (4.5) and (1.5). Together with Lemma 4.10, we see for each
r > 1 the highest weight vector V,f__Qng of Vo, C V4,_1 ® V5 is identified with the
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highest weight vector V" , Xo— V" X7 of Vo, C Va,41 ® V5 up to a normalisation
factor. By the nature of the sly-modules, we can then conclude that the two 2r-
dimensional slp-modules are identified as the same in U (sly x V3)[A] (see Appendix

C.2 for calculations). Hereafter we shall denote the highest weight vector of this
Vor C Ul(sly x Va)[A] by Ul and define U], := % (adF)"""™(U")
for —r <m<r-—1. r=3)

It remains to check that in U(sly x V5)[\] the sums between even-dimensional

slo-modules are still direct, that is, we want to show

min{m+r,r—1—m}
Z ;U™ =0 only if ¢; = 0 for all 4.
=0
min{m+r,r—1—m}

Suppose Y ., c;U'=" = 0 and there exists ¢; # 0. Consider the set
I'={i:¢; #0} and let j be the largest element in I, then

min{m-+r,r—1—m}

0= (adE) 7717 > Ui | =cUrZl
i=0
where the coefficient ¢ € C is non-zero. But this implies U::j;l = 0, which is

impossible.

Although we have not yet found a manifest expression of the structure con-
stants for U(sly x V2)[A] analogous to the one given in Equation (1.1) (see Ap-
pendix C.3 for some progress), from Equation (4.3) and (4.4) we can at least

deduce that [U”, U] = 0 for any r, s,m,n and
V3 U2) € SpanfU 72 L—r < m < —1).

This implies
[U(sly x Vo)[A], U(sly x V5)[A\]] N C = {0}.

Hence we may let ﬂs\[)T] = [U(sly x V2)[A],U(sly x V2)[A]]. And finally we are
ready to state the new result.

—_~—

Theorem 4.11. The Lie algebra hs[A\] with a basis
{Viier>2Im| <r}U{U; ;s >1,—s<n<s-—1}

where ( 1l
r+m—1)!
V= L (qdF)" V™ (E!
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and o1
s (s+mn—2)!

" (2s — 3)!

decomposes, as a sly-module, into the direct sum of irreducible sly-modules of

(adF)s_l_n(V;izXO - V;ilX1>

dimension larger than 1. That is,

where for k odd, Vi, is the k-dimensional sly-module generated by V(gfjll))/; and for

k even, Vi is the k-dimensional sly-module generated by U,f//;l.
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Chapter 5
Centralisers in U(sly x V)

The success on constructing an interesting algebra from U (sly X V5) motivates
us to explore more on the structure of U(sly x V;,,) for generic m. We decided
to start with investigating the centre of U(sly X V,,,), which is one of the most

natural Lie ideals.

5.1 Centre of U(sly x V},,)

The centres of U(sly x Vi) = Uf(sly) and U(sly x V5) have been found in
Lemmas 2.11 and 4.4 respectively. Another studied case is for m = 3. And in
fact the proof given in [4] is the prototype of our proofs for m = 1,2, so here we

only present the result and briefly sketch the proof.
Lemma 5.1. Let Zl = 2XOX2 - X12, Z2 = EX2 + HXl - 2FXO Then
Z(U(ﬁ[g X ‘/3)) = C[Zl, ZQ]

Proof outline. Consider a localisation of U(sly X V3) at Xo, which we hereafter de-
note by U (slyx V3), where we can make sense of X; ' so that X, = 2+ X X5
and E = (Zy + 2F Xy — HX1)X; . Then a basis of U(sly x V5) is

(FIHIXFXL\ZmZY i, j,k,m,n € Nl € Z}.

Now for a generic central element z € U (sly x V3), using [Xo, 2] = 0 and X,
commutes with every basis element except for those with 7 > 1, we can deduce
z could only be a linear combination of {FIXFXLZmZ1 - i k,m,n € N,I € Z}.
And then [F,z] = 0 implies z € Span{F'X,Z"Z% : i,m,n € N, € Z}. Now
[X1,2] = 0 gives z € Span{X:Z"Z» - m,n € N,| € Z} and finally [H,z] = 0

39
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allows us to conclude z € Span{Z"Z}' : m,n € N} = C[Z}, Z5]. Then the result

follows from Z(U(sly x V3)) N U(sly x V3) = Z(U(sly x V3)). O

The idea behind this proof is simple and beautiful, but it is based on knowing
some central elements in advance. However, for larger m, to find some central
elements of U(sly x V},) is already problematical. And even if we have some
central elements, because there are too many non-trivial commutation relations
between the generators of sly x V,,,, we cannot expect that we could always find

a generator that commutes with almost everything to start the proof.

5.2 Centralisers of {F, H, E} in U(sly x V)

The failure of the existing method forces us to pursue a new route to determine
the centre. Instead of looking for a one-step solution, we may slightly relax the
constraints and first determine the centraliser of { F, H, E}. As an sly-module, the
centraliser can be decomposed to a sum of 1-dimensional irreducible sls-modules
(also known as sly-singlets). Fortunately, to find sly-singlets we have a useful tool

called the algebraic character.

Definition 5.2 (Algebraic character). Given a Lie algebra g and a weighted g-
module M. For a weight A, let M, be the corresponding weight space and define

e to be the formal exponential of \. Then the algebraic character of M is
ch(M) = Zdim(MA)e)‘
A

where the sum is over all weights of M.
If M is graded, say M = @ M (k), where M (k) are the homogeneous parts of
k=0

M, then we can define a gradgd character to be
ch(M)(q) ==Y ch(M(k))q".
k=0

Now consider U(sly X V,,,) as an sly-module via the adjoint representation.
It can be graded under the PBW basis using the filtration as we mentioned in
the proof of Proposition 4.8. Set z = e®, where « is the fundamental weight of
sly. Use ¢ to track the degree contributed by sl, and use qu to track the degree
contributed by V,,, then one can calculate the graded character of U(sly x V,,,),
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which turns out to be

m—1

1

-1 -al—q=2) ]H 1—quzm 1=%)
(5.1)

The right-hand side of Equation (5.1) can be expanded as a formal Laurent series

ch (U(sly x Vi) (q,u, 2) :=

of z, say
ch (U(sly x Vi) (g, u, 2) ZA q,u

nez
Then it is known from the representation theory of sly (see [15]) that the character
of sly-singlets in U(sly x V,,,), which we shall denote by cho(U(sly x V},,)), can be
calculated by

cho(U(sly X Vi) (g, u, 2) = Ao(q,u) — A_s(q,u). (5.2)

For small values of m, one can get the Laurent series of ch (U(sly x V,;,)) by
expanding each factor as a Laurent series and then do the product of formal
Laurent series.

Examples 5.3. The graded character of U(sly) can be expanded as
1
(1- qz2)(1 —q)(1 —qz7?)

1 = 2 - —2
:<1—@u—q>< fzk+zzfzk>

k=0 k=1

ch(U(sl2))(q, 2) =

Therefore by Equation (5.2) we have
1 1
l—q)= ——
e R (s
which agrees with the result in Lemma 2.11 saying Z(U(sly)) = C[C] since the
quadratic Casimir C':=4FFE + HH + 2H has degree 2.
Similarly the graded character of U(sly X V3) can be expanded as

cho(U(sly X Vi) (g, u, 2) = (5.4)

ch(U(sly x V3))(q,u, 2)
1
(1) (1 q)(1 — gz ) (1 — qu?)(1 — qu)(1 — quz"?)
_(1 _ q2u2 —u+ q2u) + ZZO:1 ( qk+2 2 —q uk—i—l + qk+2uk+1) (ZZk + Z—2k)
(1—=g)(1 —u)(1 - qu)(l —¢*)(1 - ¢*u)(1 — ¢*u?)

(5.5)
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which gives

(1 - ¢*u® —u+ q’u) — (¢ — ¢°u® — qu* + ¢°u?)
(1 =) (1 —u)(1—qu)(1 —¢*)(1 - ¢*u)(1 — ¢*u?)
1
(1—¢*) (1 —¢*u)(1 — ?u?)’

cho(U(sly x V3))(q,u) =

(5.6)

This agrees with Lemma 5.1 as we can see the factor (1 — ¢*u?) corresponds to
the generator Z; := 2XyX, — X? and the factor (1 — ¢*u) corresponds to the
generator Z, := EX, + HX| —2F X,. Also the factor (1 — ¢?) corresponds to the
quadratic Casimir C, but C' is not central in U(sly x V3) as one can check.

It can be checked that the calculated result of cho(U(sly x V3)) also agrees
with Lemma 4.4.

From the examples above, one can foresee that calculating the Laurent series
of ch(U(sly x V,)) in this way for larger values of m would not be efficient in
practice. Usually, to extract the coefficients from a Laurent series, one would like
to use Cauchy’s residue theorem, so it would be good if we could pretend that
z is a complex number and apply the theorem here. Let us briefly review the

residue theorem and some of its consequences [16] and then have a try.

Theorem 5.4 (Cauchy’s Residue Theorem). Let D C C be a bounded Jordan
domain and ay,...,a, points in D. Assume that f : D\{ay,...,a,} — C is
holomorphic. Then

n

fdz =2m Z T€Sq; f

oD i=1
where res,, f is the residue of f at a;, that is, the coefficient of (z — a;)™" in the

Laurent expansion of f(z) at a;.

The points aq, ..., a, are the singularities of f, also known as the poles. The
residue could be hard to calculate in general, but for a special kind of poles known
as the simple poles, it is easy to calculate the residues. Loosely speaking, if a
complex-valued function f(z) is in the form of h(z)/g(z), where h,g are some
holomorphic complex-valued functions such that g(ap) = 0, ¢'(ap) # 0, then
residue of f at ag is
h(a)
g'(ag)

Note the formal Laurent expansion of ch(U(sly x V;,)) converges only when

lgl <1, |q]* < 2z < |q|™%, |qu| < 1 and |qu|™ ! < 2 < |qu|™™". We may choose

resq, f =
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the values of ¢ and u such that |q|* < |qu|™! for all m > 2. Then by Equation
(5.2) and (5.1), we see to get the character of sly-singlets in U(sly x V;,,) we need

to evaluate the integral of

2 1 m—1
B e Xlll—wwl%> oD

around a contour 7, centred at 0 with radius R such that |qu|™ ! < R <
|qu|fm+1

of (qu)™ 1% =1 where j runs from 0 to |(m — 1)/2| and they are all simple

. The poles contained in the chosen contour v, are 4,/q and the roots

poles. Therefore by Cauchy’s Residue Theorem 5.4, we have

[(m—1)/2] m—1-2j

dz
\%‘ym Fo(z)— 5 = = res gl +res_ gl + Z Z Tes . i F,

7=0 k=1

Example 5.5. Apply Equation (5.8) to m = 2 we have

cho(U(sly x V5)) (g, u) :j{ Fg(z)ﬁ

271
1

(I —¢*)(1 = ¢*u?)
where the factor (1 — ¢3u?) corresponds to the generator FF X2 — HXoX; — EX?

given in Lemma 4.4 and the factor (1 — ¢?) corresponds to the quadratic Casimir
C' which is not central in Ul(sly x V3).

=res gy (2) +res_ gFy(z) + resy, [o(z) =

One can also check ¢ Fi(2)£& and ¢, F3(2)& agree with Equation (5.3)

and Equation (5.5) respectively. These results made us confident to calculate
cho(U(sly X V,,,)) using Equation (5.8) for larger m.
For m = 4 we have

cho(U (sl x V3))(q, 1) = ]{ R &

" 2mi
=res ;g Fi(z) +res_ gFu(z) + resq, Fi(2)

(5.9)
1Fu(2) + res =gmi ) Fy(2)

tres Fy(z) + res ap

(qu)
1— q14u8
T =)0 = @)1= ) (1= gut) (1 = gTu?)
We should mention that this equation confirmed the conjectured expression of

cho(U((sly x V4)) obtained by expanding ch(U (sly x V})) to sufficiently high order
™

of z and ¢ in Mathematica
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Now we examine the corresponding generator for each factor of the denomina-
tor in Equation (5.9). There is no doubt that (1—¢?) corresponds to the quadratic
Casimir C, which is not central in U(sly x V}) as one can check. The generator
corresponding to (1 — g*u*) consists of Xy, X7, Xo, X3 only and has weight 0, so
it must be in the form of

A474 = angXg + ClQXQXlXQXg + CL3X12X22 + a4X0X§ + CL5X%X3

where ay, as, as, as,a; € C. By requiring [E, Ay4] = [F, Asa] = 0 we find A,y is
(proportional to)

—9XZX: + 18X X1 Xo X3 + 3X7 X3 — 6Xo X3 — 8X7 X5

which is central in U(sly x V). To find the other generators, we need the lemma
stated below.

Lemma 5.6. Consider U(slyxV,,) as a sly-module via the adjoint representation.
Let U,V € Ul(slyx V,,,) be two highest weight vectors with the same weight n. Then
the element

W= Z (adF)' (U) - (adF)"" (V)
commutes with F, H, E.

Proof. We see W commutes with H because it has weight 0 by construction. And
[F,W] = [E,W] = 0 can be shown by straightforward calculation. We have

(adF) (Z(—l)i (adF)" (U) - (adF)"™" (V)>

= Z H(adF) U (dF)H (V) 4 3 (1) (adF) () - (ad F)' (V)
—Z )"~ (adF)' (U) - (ad F)" ™" (V)+Z<—1)”' (adF)’ (U) - (adF)" " (V)

=(—=1)" (adF)""" (U) + (adF)"™ (V)
—0

The last equality holds because the lowest possible weight for the elements gen-
erated by a highest weight vector with weight n is —n. Similarly one can show

[E,W] =0. 0
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With Lemma 5.6, by looking for the sly-highest weight vectors of desired
degree in U(sly) and U(V}), we find the generators corresponding to (1 — ¢3u?),
(1—¢’u?), (1 —q"u') are

2

Azz =) (=1)' (adF)" (E) - (adF)*™" (3Xo X5 — 2X7)

=0
6
Asp =Y (=1) (adF)" (E%) - (adF)*™ (X3)
1=0
and
6 .
Ara =Y (=1) (adF)" (B%) - (adF)*™" (9X3X1 X, — 9X3 X5 — 4XoX})
=0

respectively. One can check As o, As 2, A7 4 are not central in U(sly x V).

We should mention that owe to the presence of the non-trivial numerator in
Equation (5.9), the centraliser of {F, H, E} in U(sly x V) is not free, and the
relation between generators is not easy to calculate. However, since U(sly x Vj)
is an integral domain, we know there is no non-trivial relation in C[A44] when

included in U(sly x Vj). Therefore we can conclude:

Lemma 5.7. The centre of Ul(sly x Vy) is
Z(U(5[2 X ‘/4)) = (C[A474]
where A474 = —9X§X§ + 18XOX1X2X3 + 3X12X22 — 6XOX§ — 8X§X3

Now we do similar analysis for m = 5. Using Equation 5.8 we have

cho(U(sly x V5))(q,u) = % F5(z)d—z.

. 271

=res gl5(2) +res_ gF5(2) +1es guls(2) +res_ jmls(2)

(5.10)
+res F5(z) + res, 4 F5(z) + res_ % F5(z) + TeS ok F5(2)
1— q12u6
T (1= )1 — ) (1 = ¢u)(1 — ¢*u¥) (1 — ¢*u?)(1 = ¢°u?)

which is again consistent with the numerical result given by Mathematica™.

Looking at the factors in the denominator of (5.9), we see (1 — ¢?), as always,
corresponds to the generator C' which is not central in U(sly x V). And (1—q¢?u?)
corresponds to the generator By o 1= 2X0 Xy — 2X, X5 + X2, which is central (In
fact, it is not hard to see that when m is odd, the element Z?:Ol(—l)"XiXm_l_i is
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always central in U(sly x V},,)). Also, using the undetermined coefficients method,

we find the generator corresponding to (1 — ¢3u?) is
B3z = 12X XXy — 9X2 X, — 6X X2 + 6X; Xo X3 — 2X3

which is central.
Using Lemma 5.6, the generators corresponding to (1 — ¢®u), (1 — ¢*u?),
(1 — ¢®u®) are found to be

4

B, = Z(—w (adF)" (E?) - (adF)*™" (X,)
By = Z(—w (adF)" (E?) - (adF)"™" (4X( X5 — 3X2)

=0

and

6
Bss =Y (—1)' (adF)' (E?) - (adF)*™" (6 X0 X1 X5 — 4X5 X5 — 3X7)
i=0
respectively. One can check Bs o, Bj o, Br 4 are not central in U(sly x V5).
Once again, although it is hard to find the explicit relation corresponding to
the 1 — ¢'2u® that appears in the numerator of (5.10), from its degree we can

already see the relation is not between By, and Bs 3. Hence we have:
Lemma 5.8. The centre of Ul(sly x V5) is
Z(U(5[2 X ‘/5)) = C[BQ}Q, 3373]

where
BQ’Q = 2XOX4 — 2X1X3 —+ X22

and
Bss = 12X XXy — 9X7 X, — 6X0 X5 + 6X; X0 X3 — 2X5.

The calculations we have done so far illustrate that the central elements in
U(slyx V,,) for larger m are very likely only contributed by the symmetric product
m—1
1
of V,,. This suggests that we can only focus on the factors H
7=0
in the graded character (5.1) and replace qu by a single variable, say v, to make

(1 — quzm—1-2%)

the computation easier to handle. Again using Equation (5.8) we find

1 — 36
(I —oH)(1—08)(1 —v2)(1 —0v'8)

cho (U (V6))(v) =
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and
1 — %0
(1 =021 —v4)(1 —0v8)(1 —00)(1—v!?)

cho(U (V7)) (v) =

Now the corresponding generators can be determined by the method of undeter-
mined coefficient as before. Also we can see from these characters that there exist
non-trivial relations between the central elements in U (sly x V5) and Ul(sly x V7).
We believe one can find the character for arbitrary m by routinely doing the
calculations.

These results further indicate the complexity of the structure of centres in
U(sly x V,,) and one would not expect that the general theorems (for example,
Harish-Chandra’s theorem) which are used to the determine centres of semi-
simple Lie algebras could be directly adapted in this case, although we will not
be surprised if one could possibly achieve by only slightly modifying those general

theorems.

5.3 Centralisers of the element H in U(sly x V)

Since H spans the Cartan subalgebra of sly, the centralisers of H in U(slyxV},)
are also of interests. Let Cy(sly x V;,,) denote the centraliser of the element H in
U(sly X V). Because we consider Ul(sly X V;;,) as an sly-module via the adjoint
representation, it is clear that the character of Cy(sly x V},) is just the zeroth
coefficient Ay(q, u) of the Laurent series of ch(U(sly x V,)).

From Equation (5.3), we can read
1
(1—q)(1—-¢*)

which suggests C(sly) = C[H, FE] as we would expect. By similar calculation

ch(Cr(sl2))(q) =

we also get

1 — q6u4
(1=q)(1 = ¢*)(1 - ¢*u?)(1 — ¢Pu?)?

ch(Cr(sly x V2))(q,u) =

which gives
C[H,FE, XX, FX2, EX?
(FE)(XoX1)* = (FX3)(EX?D))
that is consistent with the result given in [2]. Also, from Equation (5.5), we can
read that

Cr(sly x V3) =

1 — q*u?

ch(Cr(sly x V3))(q,u) = (1—¢)(1 = qu)(1 — ¢»)(1 — u)?(1 — ¢?u?)
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which indicates

C[H, FE, X1, Xo X2, FXo, EXo)]

Crlsle X W) = 1 FB) (X Xs) — (FXo0) (X))

One might guess we can get ch (Cg(sly X V,,)) (q,u) for larger m using the
complex analysis techniques introduced in the last section and then determine
Cr(sly x V). However, the situation here is in fact more complicated than we

expected. Let us get our hands on Cy(sly x V}) as an example.

Lemma 5.9. The centraliser of H in U(sly X V}) is a quotient of the polynomial

ring generated by the set of generators

G:={H,FE, XoX3, X1 Xy, EX3, FX?, EX, X3, FX0 X2, E>X, X3, F2X, X1,
X3X3, Xo X3, F3X2 F3X2Y.

Proof sketch. 1t is easy to check each of the generators in G commutes with H. To
show that Cy(sly x V,) C C[G], it suffices to show all monomials in Cy (sl x Vy)
are in C[G]. By the PBW theorem 2.4, a generic monomial M € Cy(sly x Vj)
can be written as M = FIHIE*XP X XPXI where 4,7, k,m,n,p,q € N and
—2i+2k+3m+n—p—3¢=0. If j > 0, then since F'E*X" XX} X{ is also
in Cy(sly x V) C C|G] and H € G, we do not need M as a generator. If k > i,
then since FE € G, we only need to consider E*¥ X" X" X XI. Now if ¢ > m,
then since X¢X3 € G, it remains to consider E¥ X XPXJ™™. Then if n > p, it
is sufficient to consider E*~ X" XI™™. Note that 2(k — i) + (n —p) — 3(¢ — m),
so k —i = 0 if and only if n — p = 3(¢ — m). Therefore, if & —i = 0 then we
see X PXI™ = (X3X3)"™ € C[G], which implies M € C[G]. And otherwise
we have EFI X P X = (EX, X3)" P (B3X2) 7

can be done if £ < ¢ and/or ¢ < m and/or n < p. O

€ C[G]. Similar analysis

Having found all the generators, we know the graded character of Cy (sly X Vj)
should be

P(q,u)
(1 _ q)(l _ q2)(1 _ q2u2)2(1 _ q3u2)4<1 _ q4u2)2(1 _ q4u4)2(1 _ q5u2)2

where P(q,u) is a polynomial (because of Hilbert’s syzygy theorem [8]). Now by
expanding ch(U (sl;x V})) to a sufficiently high order of z and ¢ in Mathematica™,
we found that

P(q,u) =(1 = ¢"u")(1 — g'u*)*(1 = ¢*u?)*(1 — ¢’u?)
(14 3¢%u2 + 2¢*u® + ¢Pu? + gt — But — ¢Tub — 2¢5uS — 3¢°uS — ¢'%ud)
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which has total degree 62. We can see there are common factors in the numera-
tor and denominator, so if we attempted to use the simplified expression of the
character to determine the generators and relations, some information would ac-
tually be hidden behind the formula. Nevertheless it is worth to notice that the
centralisers in U(sly X V;;,) are so much richer even though V,, is only an abelian
Lie algebra.
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Appendix A

Background Knowledge

In this appendix, we list some primary definitions and results on Lie algebras
and representation theory to clarify any possible confusion on the terminologies
used in this thesis. [15]

Definition A.1 (Lie algebra). A Lie algebra g is an algebra with a bilinear map
(often called the Lie bracket) [-,-] : g X g — g that satisfies the antisymmetry

[z,y] + [y, 2] =0,Vz,y € g
and the Jacobi identity
[z,y], 2] + [y, 2], 2] + [[2, 2], 9] = 0, V2,2 € g.

Definition A.2 (Lie subalgebra). A Lie subalgebra of g is a vector subspace
h C g such that

[z,y] € b,Vz,y €.
Definition A.3 (Lie ideal). A Lie ideal of g is a vector subspace i C g such that
[r,y] €i,Vx €y €g.
Definition A.4 (Centre). The centre Z(g) of a Lie algebra g is the Lie ideal
Z(g) ={reg:lr,yl=0,vy € g}.
Definition A.5 (Derived algebra). The derived algebra [g, g] of g is
|9, 6] = Span{[z,y] : .y € g}.

51
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Definition A.6 (Lie algebra homomorphism). A homomorphism between Lie

algebras g1, go is a linear map ¢ : g; — go that preserves the Lie bracket, that is,

¢<[‘T7y]) = [gb(l‘),gb(y)],Vl‘,y SR

Definition A.7 (Bilinear form). A symmetric invariant bilinear form of a Lie

algebra g is a bilinear map (-,-) : g X g — C which is symmetric, that is,

(z,y) = (y, ) ,Vo,y € g

and invariant, that is,

([z,9],2) +(y, [z, 2]) = 0,Vz,y,2 € g.

Definition A.8 (Radical). The (right) radical of a bilinear form (-,-) : gxg — C

is the set

{reg:(x,y) =0,Vy € g}

Definition A.9 (Representation and g-module). Let V' be a vector space and
gl(V) be the Lie algebra of linear maps from V' to itself. A representation of g is
a Lie algebra homomorphism 7 : g — gl(V).

The vector space V' is called a g-module. The action of g on V' is usually

abbreviated as zv := 7(z)v where x € g,v € V.

Definition A.10 (g-submodule and invariant subspace). A submodule (or an
invariant subspace) W of a g-module V' is a vector subspace that is preserved by

the Lie algebra action, that is,
weW = xweWVreg.

Definition A.11 (Irreducible g-module). A g-module is irreducible if it has no

proper non-trivial submodule.

Remark A.12 (Irreducible subalgebra). In Burnside’s theorem of matrix alge-
bras 2.18, we say a subalgebra A of gl(V) is irreducible if there is no proper
non-trivial subspace of V' that is invariant under A. In other words, we think of

the vector space V' as a module of its operator algebra gl(V).

Definition A.13 (Nilpotent Lie subalgebra). Given a Lie algebra g, let g = g
and g, = [g,_1, 9] for all n > 2. A subalgebra h C g is nilpotent if there exists
n € N such that g, = 0.
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Definition A.14 (Cartan subalgebra). A Cartan subalgebra gy of a Lie algebra

g is a nilpotent subalgebra that satisfies
[,y] € g0, Vz € go = Y € go.

Definition A.15 (Weight). Given a Lie algebra g, let V be a g-module. If there
exists a non-zero vector v € V and a linear functional A\ € gg, where g is the

dual of the Cartan subalgebra of g, that satisfies
hv = A(h)v,Yh € gy,

then the vector v is called a weight vector and the linear functional A is called
the weight of this weight vector. The space spanned by all weight vectors for a
given weight is called a weight space.

Definition A.16 (Weighted module). A g-module V' is a weighted module if it

has a basis whose elements are all weight vectors.
Theorem A.17. A finite-dimensional irreducible g-module is a weighted module.

Theorem A.18 (Classification of sly-modules). Let V' be a (d + 1)-dimensional

wrreducible sly-module, where d € N, then V is spanned by weight vectors

(0 ieN0<i<d)

where v((;) corresponds to weight d — 2.
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Appendix B

Bilinear Form of hs|\]|

Suppose (-, -) : hs[A\] x hs[\] = C is an invariant bilinear form on hs[\], then

in particular we have

0= (V0" Vil Vi) + (Vi V6L, VD) = = (o m) (Vi V)

0°"»Ym m?'n

where we used Example 1.7. This implies (V!, V.*) = 0 for m +n # 0.

Now we only need to consider <VJL, me>. Note that using Example 1.7 we

also have

0:<[V17V7;]V8m1>+< 1’VS ]>
=(=(r—1)—=m){V, 1,Vsm1)>+ (s=1)+ (m—=1))(Vn, V=)

which gives

T S T+m S
(Vi Vm>—— <m1’V(m—1)>'

But similarly 0 = ([V, V,r_,], m> + < L VR VELD) gives
r s _ s+m — r s
<Vm7 V7m> - r—1m <Vm 1 vf(m71)>

—1 —1
so we have _ tm _shm which holds if and only if » = s. Hence

s—m r—m
(Ve Ve )y =0forr#s.
For r = s, using <V’" V’”m> HLm <V’”

o I,VT(m_1)> recursively we

have
1)r—m— 1

Vi Vin) = " =gy

D(r +m)T(r = m) (VL V).
Denote N, := <V;,[1, V_T(T_l)>. Then using
0= (V2 Vi Vi) + (VS V2 V)

95
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and the structure constants given in Equation (1.1), we get a recurrence relation

0=g2" (1, r — 2NN, + ¢ (1, —(r — 1); AN, _,

82(r —1)(r —1—=X\)(r : 1+ )

:>er
2r—1

N,_1.

which can be solved by

34w ()

N (A2 —=1)L(r+1)

(1= A)ra(T+ )1

This gives the first expression of the bilinear form in Equation (1.6). This process
can be carried over to construct a symmetric invariant bilinear form on m once
the structure constants are found explicitly.

By Theorem 3.10, we expect that the bilinear on hs[A] = [U(sly)[A], U(sl2)[A]]
given in the proof of Corollary 2.22 is proportional to g;5, ;(m,n, \) according
to Equation (1.5), and the normalisation factor can be determined by explicit
calculation of VI x V* for some r,s,m,n. This explains the second equality in
Equation (1.6).



Appendix C

Some Calculation Details

C.1 Proof of Equation (3.8)

0

Expand Equation (3.8) using (1.4), then we see it amounts to show

r—m-+s—t—n

r—m

X z_:(—l)k (t ; 1) [r =24+ mli_1k[r —mle[s = 1 —n]m1k[s — 1+ njy

t—1

ST Y= 2t el s =2 = il 4

k=0

s—1—n

r—m

_ Z_:(—l)k (t ; 1) [r—14+mli 1 klr—1—mlg[s — 1 —n]i1_x[s — 1+ n]

(C.1)

for all ¢ even. Rewrite the first term in (C.1) as

t—1

T—m+8—t—nz(_1)k(t;1)[r—2+m]t1k[r_m]k

r—m
k=0

X[s—1—=nl_1 ks —1+n]
_(T_m+8_t_n)(r+m_t>r— m s—1—n
- (r—=m)(r—1+m) [r—=14+mfials—1 Je1

— (r—=m+s—t—n)r+m—t+k) _(t-1
R e ey e < K )

+

k=1
X [r—14+ml_1glr—1—mlg[s — 1 —nji_1_x[s — 1 +n]
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Rewrite the second term in (C.1) as

S;_l—;nn i(_l)k (t ; 1) [r— 24+ m]i—1—k[r — mle[s — 2 — n]_1-k[s + 1k
_(7”+m—t)(s—n—t)r_ e 1—m
 (r=m)(r—1+m) =14 mliafs =1 Je-1

R rtm—trk)(s—n—t+k)(stn), [ t—1
+Z (r—=1+m)(r—m-—=k)(s+n—k) (=1) ( k >

X[r—14+mlq klr—1—mlp[s—1—n]_1 k[s — 1+ nlk
(r+m—1t)(s—n—t)

- (r—m)(r—14+m) Ir =1 mli-ls = 1= nlis

+Z(r—l—m—t+k)(s—n—t+k)(_1)k(t—1)

~  (r=14+m)(r—m—k) k

X[r—14ml_1 k[r—1—mlg[s —1—n|i_1k[s — 1+ n]

— k(r+m—t+k)(s—n—t+Fk) ot 1
()

+k:1(r—1+m)(r—m—k)(s+n—k k

X[r—14+mliqklr—1—mlp[s—1—nl_1k[s — 1+ nlk
_(r+m—t)(s—n—t)r_ s 1 n
 (r—=m)(r—1+m) =14 mlials =1 Je-1

+Z(r—l—m—t+k)(s—n—t+k)(_1)k(t—1)

(r—14+m)(r—m—k) k

X[r—14+mlqglr—1—mlp[s—1—nl_1x[s — 1+ nlk
_ N &(—1)19 (t N 1) [T’ — 14+ m]t_l_k[r —1 - m]k[s —1- n]t_l_k[s -1+ n]k

kzor—1+m kE+1

Now we only need to handle the coefficients, note for k£ = 0 we have

(r=m+s—t—n)r+m—t) (r+m-—1)(s—n—t) 1 (t_1>_1
(r—m)(r—1+m) (r=m)(r=14+m) “r—1t+m\ 1
(r—m)(r+m—t) t—1 _T—1+m

(r—=m)(r—1+m) r—1+m r—14m
r+m—t+t—1—(r—1+m)
B r—1+m

=0
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And for k =t — 1 we have

(r=m+s—t—n)r+m-1  (r+m-1)(s—n—-1) 4
(r=14+m)(r—m-—t+1) (r—=14+m)(r—m-—t+1)
:r—m+s—t—n—(s—n—1)

r—m-—t+1

-1

=0

For 2 < k <t — 2 we have

(r—14+m)(r—m—k) (r—=14+m)(r—m—k)

y t—1 N E+1 [t—1
k r—1+m\k+1
_r+m—t+k—(r—1+m)<t—1)+ k+1 (t—l)

r—14+m k r—1+m\k+1
k+1 (t—1 k+1 [(t—1 t t—1
_r—1+m( k )+r—1+m<k+1>_r—1+m< k )
k1 t k+1 t
_r—1+m(k+1>_r—1+m(k+1)

=0

((r—m+s—t—n)(r+m—t+k) (r+m—t+k)(s—n—t+k) _1)

C.2 Identification of even-dimensional sl,-modules
in Ul(sly x V3)[A]

As we have done all the explicit calculations we need, we may also re-confirm
that for each r > 1, the two 2r-dimensional sly-modules are identified as the same
in U(sly x V5)[\]. Again using Equation (4.5) and (1.5) we have

((C = (N = 1)) vy 2Vimsa[C, Xa] = Vi[O, X
C—=r(r—2)

- 2r—3
+(2r = 3) (Vi Xo + V1 X4)

(r+m—-1Vo ' Xo+ (r—2—-m)V, 1 Xy)

for all = +1 < m < r — 2. Compared with the calculated weight vectors in

Equation (4.6) and (4.7), our conclusion above is confirmed.
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—_—

C.3 Another basis of hs[)\|

Modulo the elements in {V[C, X, V' [C, X1] : 7 > 1,|m| < r} C (C — (A2 = 1)),

we can find a set of elements that can replace the basis elements

s - (s +n—2)!

n W(adp)s—l_n(vj_gXo — VX)) =V Xy - VX,

defined in Theorem 4.11. We observe from Equation (4.5) that for all required
r and m, V' X, can be replaced by a linear combination of the elements in
{VI  Xo, VIXy:r>1,|m| <r}.

To present the explicit calculation results, let us define

rm 1 r—k
hk :égé )2(m7 1, )‘)

r—k—m-—1
2

1,
l:m :§g§ k)2(m717)‘>
(r=m—=1-k)r-—m—-2-k)(r—-1-k—-\N)(r—1-k+})
4(2r — 3 —2k)(2r — 1 — 2k)

1,
== Lm0,
r—m—-1=k)@r+m-1—-k@r—-1—-k=X\N(r—-1—k+\)

- 4(2r —3 —2k)(2r — 1 — 2k)

and define p;™ € C by a recurrence relation
S T o S (C.2)

with py™ =1 and p|™ = —%.

Now the change of basis for V, X, is listed as follows. We should mention
that the equalities below means, strictly speaking, the left-hand side and the
right-hand side are equivalent in U(sly x V3)[A].

Ifm=r—1, keep V. ; Xj.
If m=r—2, then

2r —1

ViaXo =V X0 - =

V5 Xo.
If m =r —3, then

‘/Tr_gXO :‘/rT—QXl + (pg(T—3) h;(T—?)) + p;(r—?))) wr:Qle + p;(r—3) ‘/:__32X0.
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Ifr—4>m >0, then

VinXo =V Xo+ ("™ + pi™) Vi Xa
r—m—2

+ Z (PRZo i+ DR b+ ™) Vit i X+ i, Vi X,
k=2

If0>m > —r +4, then
VinXo =V Xa + (0p"h™ +pi™) Vi Xa

r4+m-—2
+ Z PRSI A+ PR R+ ) Vi i X

+ (pr+mf3 r+m—2 +p:Tm72h:Tmfl) Vﬁm+1X
+p7”+m 2 r+m 1Vm+1X1 +pr+m 1V m+1X

If m = —r 4+ 3, then

Vi3 Xo =V, X0+ <p6(7r+3)h;(4+3) +pr( ) ) Vrr+4X1
X (pg( r+3) f1 ) | r( +3) hr( r+3)) VX,

+p§( T+3)fT( ) V—r+4Xl + pg B V 7‘+3X0
If m = —r + 2, then

V—Tr+2X =V 7"+3X1 + 0( r+2)hr( r+3)vrr+3X1 + 6 R f1 ) Vrr+3X1
+p r( r+2) VTT+2X0

If m = —r+ 1,then

1—-2r_
e

VITHXO :er+2X1 + 4

With this new basis, it might be easier to figure out the manifest expression of

—_—~—

the structure constants for hs[A]. This requires find a solution of the recurrence

relation (C.2) in a closed form, and is left as part of the future work.
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Appendix D

Further Conjectures

D.1 Roots of ¢72"fr_1)(>\)

Motivated by the calculation of Example 1.9, we observed an interesting fact
that for any fixed r € N, r > 3, the solutions of ¢gfr_1)()\) =0 are

{A==x(s—k): keN1<k<r-2}

We believe this result can be confirmed for any given r, but we have not attempted
a rigorous proof for the general statement, so we decided to leave it as a conjecture
for this moment. If this conjecture turned out to be true, then we might be able
to come up with yet another proof of Proposition 1.4. In spite of that, this is also

an interesting property of generalized hypergeometric functions.

D.2 Explicit inverse map of the symmetrisation

Let S(g) denote the symmetric algebra of g, that is,
Tg
{r@y-—yor:izyegl)
It is known that there exists a natural bijection w : S(g) — U(g) defined by

S(g) =

1
w(Tize - xy) = n! Z Ta()Tr(2) " Tr(n) (D.1)
7T€Sn
where n > 1, x1,--- ,x, € g and .5, is the permutation group. The bijectivity of

w is proved in [7] using abstract tools.
Take g = sly, we note the right-hand side of Equation (D.1) is closely related
to the explicit expression of the basis elements V' of U(sly)[\] given in (3.1). We
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tried to construct w™! from a purely combinatoric view in order to approach an
alternative proof of Proposition 3.6, but the expression turned out to be extremely
tedious and not very useful in practice. On the other hand, inspecting the proof

1

of Proposition 3.6, we would expect the explicit map of w™" could be written in

terms of the Clebsh-Gordan coefficients.

D.3 More possible higher spin algebras

—_~—

The higher spin algebras hs[A] we constructed in Chapter 4 accomplishes our
initial goal from the mathematical point of view. However, since the commutators
between the half-spin generators U], are all trivial, it is not that interesting from
the view of physics. A interesting generalisation of m could potentially be
obtained by considering the possible Lie superalgebras related to sly x V5, by
imposing anti-commutator relations between the half-integer spin generators, as
this is the way higher spin superalgebras arise in theoretical physics.

Another straightforward generalisation is to replace sly x V5 by a Hecke al-
gebra which has the same basis {F, H, E/, Xy, X;} and same commutation rela-
tions as given in Example 4.2 with an additional relation [Xy, X;] = z, where
z € Z(U(sly)).[27] We would expect the corresponding higher spin algebras, as
slp-modules, still decompose into the sum of all irreducible sly-modules under
the same chosen basis {V! : 7 > 2/ |m| < r}U{U; :;s > 1,—s < n < s—1}
and moreover, allow non-trivial commutators and bilinear forms on the subspace
spanned by {U? :;s > 1,—s < n < s — 1}, which would make the structure more

interesting.
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