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Abstract

Solving systems of linear equations, iterative methods are widely used for com-
puting efficiency, though direct methods are robust and accurate. Kaczmarz
method was first introduced in 1973 for square matrices in Euclidean space and
was utilised in Computational Tomography, while it has been noticed after a
few decades. Although Kaczmarz proved its convergence, the rate of conver-
gence is hard to obtain. Until the recent decade, Strohmer and Vershynin ob-
tained the convergence rate of the randomised version of the Kaczmarz method,
which primarily increased the efficiency. In this thesis, we will construct the
randomised Kaczmarz method based on original Kaczmarz method, and prove
through the properties of convergence rate and pre-asymptotic convergence for
both exact input and noised input. Then we introduced an accelerated version of
randomised Kaczmarz methods and analysing its converging property. Addition-
ally, we extend the randomised Kaczmarz method into solving systems of linear
inequalities, with proving of convergence. After that, we will focus on solving a
system of linear equations with sparse solutions. Randomised Kaczmarz method
has its advantage of sparse solution problems due to its using less memory in
computing. We thus construct a randomised sparse Kaczmarz method by ap-
plying soft-threshold function and based on this, we further build an exact-step
randomised sparse Kaczmarz method based upon introducing concepts on Breg-
man distance and projection. Also, we carefully prove the convergence of these
methods by adopting concepts and theorems in convex analysis. Moreover, by
conducting numerical experiments to the methodologies we investigated on, we
find that randomised Kaczmarz method has surpassed even Conjugate Gradient
and Least Square (CGLS) method -a widely known iterative method- when solv-
ing overdetermined systems. Also, we find that the randomised sparse Kaczmarz
method has much better performance than randomised Kaczmarz methods. In
this way, we proposed a series of randomised versions of the Kaczmarz method,

which may be implemented under many real-world problems.
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Notation and terminology

In the following, x is a vector, A is a matrix, f is a function.

Notation

I-1lor [l-ll 2morm

|- |lF Frobenius norm or F-norm

af subgradient of f

span{xy,--- ,z,} span of vectors

Terminology

convex function A function f : R® — (—o0, 0] is called convex if for

any points xg,r; € R" and 0 < t < 1 there holds
fltzy + (L =t)zo) <tf(x1) + (1 —1)f(xo).

xi1l






Chapter 1

Introduction

1.1 Background and Motivation

Kaczmarz’s introduction of Kaczmarz methods into solving linear systems of
Ax=b in 1937 [20] remained bare responses until Tompkins [4I] in 1949 and
Forsythe [I1] in 1953 researched on Kaczmarz method again, and the procedure
was utilised in a bunch of real-world problems in different discipline including
computer tomography [14], image processing and contemporary harmonic anal-
ysis. This thesis aims to theoretically analyse convergence properties through
existing randomised Kaczmarz method (RKM) to those further developed meth-
ods based on RKM, such as accelerated RKM, random sparse Kaczmarz method
and RKM for solving inequalities, and apply these algorithms to compare their
performances with that of the traditional Kaczmarz Method for solving systems
of linear equations. In this way, we hope to assess how efficiency these algorithms
compare with a well-known iterative method, conjugate descent method. In order
to further examine the performance of RKM when implemented in solving lin-
ear systems, we chose matrices generated randomly by Gaussian distribution and
solution vectors generated randomly by Gaussian distribution or sparsely, with
adding noise level to construct an observed vector for our application respectively.

Methodologies in the thesis originate from the problem of solving the system

of linear equations, specifically, given
Ax =b,

where A is a real matrix, b is a real vector, Gaussian elimination, a direct method,
arises naturally as a basic solution to the problem, which is doing row operations

of corresponding matrix into a row echelon form matrix to get the exact solution
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[38]. Tt requires storage of all n x n entries, with about 2n?/3 operations for the
square matrix A € R™*" [I3]. The Lower-Upper (LU) method can be viewed as
an analogue of the Gaussian elimination method. The LU method is decompos-
ing the corresponding matrix into a product of lower triangular matrix L and
an upper triangular matrix U and it can be utilised to solve linear systems by
calculating z from Lz = b, and thus to calculate x from Uz = z. There is also the
Cholesky factorization method with about m?/3 times of operations [I5]. These
direct methods are predictable and robust [32] [§]. However, it is widely aware
that these methods are not suitable to be used while the system is huge, since the
use of the methods when facing large corresponding matrix, required computing
through the whole matrix to obtaining an associated matrix of crucial step for
the final solution of linear equations. A similar problem carries through to solv-
ing linear equations when we need to do a minor change to information of the
corresponding matrix, making it unsuitable to be used as computing resources
consuming. Kaczmarz introduced the idea of the Kaczmarz method for solving
systems of linear equations in 1937 [20], after which applied mathematician no-
ticed that Kaczmarz method might ameliorate the efficiency of solving systems
of linear equations.

As stated before, the Gaussian elimination method is not suitable to be used
for very large linear systems. Iterative methods may be introduced into solv-
ing systems of linear equations. Generally, iterative methods are required well-
understanding of the problem. Due to realising sparse solution problems arising
from engineering, iterative methods may lessen memory requirements a lot [13].
Thus, iterative methods would be developed upon problem-related situations and
given specific applications. Iterative methods have been regarded as the preferred
method in many circumstances because it is conceptually simple and interpretable
[32], whereas compared with inevitably expensive direct methods. On the other
hand, iterative methods need careful analysis of convergence. Specifically, it can
be slow in convergence or even stagnate. Rigorous proofs of convergence and
convergence rate of methods remain crucial.

The iterative method this thesis based on, Kaczmarz method, is widely no-
ticed after a long time since it was first proposed in 1937. Meanwhile, Cimmino
proposed an iterative method similar but a little bit slower in 1938 [1]. However,
due to lack of English translation [40], till few years passed, mathematicians began
analysing the method, and Herman [14] extended the method into the non-square
matrices, that is overdetermined systems of linear equations, and applying it on

computed tomography (CT) and signal processing. It was implemented firstly in



1.2. KACZMARZ METHOD 3

1973 on medical equipment [5]. Recent decades, KM has been evaluated into ran-
domised version, and Strohmer and Vershiynm [39] first derived its convergence
rates, and then Needell [27] derived error estimates for noisy linear systems and
modified it in several versions of RKM with massive improvement on the rate
of convergence [2§]. Inspired by such an idea, more and more specific versions
of randomised Kaczmarz method has been developed in attempts for applica-
tions on certain types of problems, such as applications on improvement and
accelerating[10], 24], solving system of inequalities [23] and linear system of equa-
tions with sparse solution [34]. Apart from these applications, it has also been
extended on to Hilbert space [26] and even infinite-dimensions [21], which gen-
eralised in [7], showing that the method has been further applied and analysed
theoretically.

1.2 Kaczmarz Method

We will firstly set up our ground method. Kaczmarz method is derived from the
projection from one point to the hyperplane (a,x) = b.

Consider a given system of linear equations Az = b, which can be written as:

CL{ T b1
. = )
T

a,, Tn by,

where row vectors of matrix A are denoted by a] .
For any z, we can find its projection P(z) on to the hyperplane (a;,x) = b,

by the following lemma.

Lemma 1.1. Projection of any z € R™ onto the hyperplane {a,x) = b, where
a,v € R",  beR is given by
b—(a,z)

P(z) =2+
lall3

Proof. Since z — P(z) is a vector from the projection point P(z) to the point z,
z — P(z) is perpendicular to the hyperplane (a,z) = b. Thus, z — P(z) is parallel
to the normal vector of the hyperplane a.

Let ¢ be a scalar such that z — P(z) = ta. Since P(z) is on the hyperplane,
by plugging it into (a,x) = b, we obtain that

b= (a,P(2)) = (a,z — ta) = (a,2) — (a, ta) = (a, 2) — t[|al[3,
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from which we can derive that

(a,z) — b

t =
lall3

Therefore ;
P(z2) :z—ta:z—i—iﬁa.
[lall3
[

This introduces the basic geometry idea of Kaczmarz method: by finding
projections cyclically, we can approach the solution of the given problem as stated
before, systems of linear equations. For any x € R", we can find its projection
onto a hyperplane defined by a row of the matrix, and then find projection point
of the projection onto the hyperplane defined by next row, and by applying this
continuously to sweep through each row of the matrix A in order, again and
again, we have the Kaczmarz method, which is firstly proposed by Kaczmarz
who originally proposed the method for square invertible matrices and proved its

convergence [20], though KM was not noticed by mathematicians that time.

Algorithm 1 (KM). For a given initial guess xq, define for k =0,1,---

bi — \Q;, T
Thy1 = T + # i
[lail[3
where i = (k- mod m) + 1,and || - |2 is Euclidean norm in C".

We can see the index ¢ by taking a few example steps: suppose m = 3, then

by — <a1,x0>
|laa[[3

by — <a2,x1)
|laz|[3

bz — <a3,$2>
|las]| I3

by — <CL1,~’U3>
|laa[[3

T1 = Xg + 1

XTo = X1 + g,

I3 = T2 + as,

Ty = T3+ 15

The demonstration of the idea can be shown in Figure [1.1]
Recall that the Gaussian elimination method requires the whole matrix A
when doing the algorithm, while the Kaczmarz method only needs one row of A

at each iteration. It can be easily modified if a row of data is changed. Thus,
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Figure 1.1: Hlustration of iteration steps when applying KM

Kaczmarz method has been used in signal and image processing, such as com-
puted tomography [14]. Although Kaczmarz proved the method is convergent
[20], the convergence rate of this method is difficult to obtain and hard to com-

pare with other methods.

1.3 Thesis Structure

In the previous sections, we introduced the traditional Kaczmarz method. In this
thesis, we are going to develop the traditional Kaczmarz method into randomised
Kaczmarz method (RKM), accelerated RKM, RKM for solving systems of lin-
ear inequalities, randomised sparse Kaczmarz method (RSKM), and exact-step
randomised sparse Kaczmarz method (ERSKM).

We will start by explaining the RKM algorithm for exact data and its con-
vergence properties, and application of it towards the noisy data in Chapter 2.
In addition, our methodology involving the accelerated randomised Kaczmarz
method will also be explicitly explained in that chapter. We will present an
extension of RKM into solving systems of linear inequalities.

Problems on systems of linear equations with sparse solutions are so vital,
and it has an advantage when solving by utilising RKM. Thus, we use Chapter 3
to explain the problem with sparse solution and construct the randomised sparse

Kaczmarz method, while we develop the exact-step randomised sparse Kaczmarz
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method and also analyse convergence properties of both exact and noisy data
cases.

In Chapter 4, applying the methodologies described and explained in Chap-
ter 2 and Chapter 3, we will present and discuss the results of our numerical
experiments.

Finally, Chapter 5 gives out limitations and future research directions.

The key contribution of the thesis is integrating constructions and related
proofs on contents mentioned above with my own approach building from a basic
level of mathematical knowledge and with code programming independently with

reference mainly based upon following publications: [39, 27, 24], 23 [18| [34].



Chapter 2

Randomised Kaczmarz Method

2.1 Motivating Example

Recall in Chapter 1, we derived the Kaczmarz Method. Firstly let us have a look

on an example on solving linear equations.

Example 2.1. Consider the linear systems given by

1 =2 -2
T
01 ( ) >
)
1 1 4
For this problem, we conduct the KM with initial guess (z,72)" = (0,0)7 so we
have those steps shown by red lines in following Figure

However, if we change the order of the rows of the matrix to reformulate the

problem as

This is equivalent to the original problem. By performing KM on this system
with the same initial guess, the iteration steps go through as shown by the green
lines in Figure [2.1}

We can directly see from the Figure that the second system has a faster
convergence rate, though they are equivalent. If the first step in KM is performed
by projecting the initial guess (0,0)7 onto the hyperplane ((1,1)7, (z1,z9)") = 4,
we can even directly get the solution. This shows that the order of rows of matrix

have a significant influence to the speed of convergence.

7
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Figure 2.1: Iteration steps when applying KM in different order of matrix rows

The Kaczmarz Method iterates through the rows of A by a certain order
leading to the dramatically high dependence of its convergence rate on the order.
Intuitively, we can have the row chosen randomly in each iteration to avoid the
impact of the order. The index chosen in the iteration can be viewed as a random

variable.

2.2 Definitions and Construction

How shall we allocate probabilities to each hyperplane formulated by rows of a
matrix? We can simply assign a probability to each row uniformly, that is, with
equal probability 1/m. Also, another method is that we can assign a probability
to each row related to the “distance” between the row vector and zero, that is, the
probability is proportional to the 2-norm square of each row. Hence, for better
allocation of probabilities, we introduce the concept of Frébenius norm (F-norm)
of a matrix, the square root of the sum of all entries’ square of the matrix, which

is equal to the sum of each row’s 2-norm square.

Definition 2.2. The Frobenius norm (F-norm) of a matrix A € R™*" is denoted

by ||A||r, and is defined by

Al =
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where a;; indicates the element of the matrix A in its ith row and jth column.

By using F-norm ||A||r, we can thus define P(i =1i) = % We can check
F
that sum of each row’s probability Y ", P(iy, = i) = 1. From here, we can

construct the randomised Kaczmarz Method based on Algorithm [I] as follows.
Algorithm 2 (RKM). Given an initial guess xy, we have the iteration method

briky — (@r(k), k)
|lara |13

Tht1 = T+ Qr(k),

where the index r(k) is drawn independent and identically distributed (i.i.d.) from
the index set {1,2,...,m} with the probability for the ith row given by

P(r(k) = i) = ||"j;||’|£ .

Instead of a certain preassigned order in the Kaczmarz’s method, the ran-
domised Kaczmarz method sweeps the rows selected randomly with the proba-
bility proportional to the 2-norm square of the row vectors of the matrix.

Here, some definitions are given for better discussion for the convergence rate

in the following section.

Definition 2.3. The spectral norm of matrix A is ||Al|o, the largest singular

value of A, i.e.

||A]| = (the maximum eigenvalue of (A% A)Y/2,

where A is the conjugate transpose of A. We will also use A to denote the

Moore-Penrose pseudoinverse of A, see [35].

Let 01 > 09 > --- > o, > 0 be all the nonzero singular values of A. It is
known that

1
[A[l2 = o1, HATsza— and [|A|lp =y/of + -+ 07 (2.1)

T

When solving a linear system, we need to measure how sensitive the answer
is to perturbations in the input data and to roundoff errors made during the
solution process. For this purpose, we need the concept of a condition number
[32].

Definition 2.4. The usual condition number is

k(A) = [JA]]2]| AT]]..
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Definition 2.5. The scaled condition number is
K(A) = [|Allp[| A"z
Using ([2.1)) we can easily derive that

Vi < K(A) < Vik(A).

2.3 Convergence Properties of RKM

Because the index 7 (k) is a random variable in the randomised Kaczmarz Method,
we will analyse its convergence and derive its convergence rate in terms of the
expectation E[||zy;1 — 2*||?], where z* denotes a solution of Az = b and E[]

denotes expectation with respect to the random row index selection.

2.3.1 Exact Data

In this section, we derive the convergence rate for the randomised Kaczmarz

method when the data is given exactly. The following lemma is the key step.

Lemma 2.6. Let A have full column rank and assume the linear system Ax = b

is consistent. Let x* be the solution of Ax =b. For any x let

bz’ — <CLZ', ZE‘)

t_
r''=x+
||az'|\§

)

with © drawn from the index set {1,2,---  m} with the probability for the ith row
given by ||a;[[3/||All%. Then

Efllz" —2"[] < (1 = £(4)7%) |z — 2™

Proof. Since A is of full column rank, there holds A'A = I. Thus, for any z € C,

we have
12115 = [|ATAz|[5 < | A3 Az])3

= [l A3 Y [ai, 2)P°
i=1

Thus

- 213
L
2= 2 e

i=1
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By invoking the definition of the scaled condition number k(A), we have
m 2 A‘ |2
S (et IEEIAE
i=1 a2 K(A)?

Rearranging the terms gives

2

i |3 a; .
Z ||A||22 z, }||> > [|2ll2k(A)~ (2.2)
Let Z be the random vector defined by
i3
with probability .
||az||2 Al
Then it follows from ([2.2) that
E[[(z, Z)["] > ||zll3x(A) . (2.3)

By the definition of ™ we can see that z is the projection of x onto the hyper-
plane (a;, x) = b;. Thus 2™ — x is orthogonal to this hyperplane. Because x* is on
this hyperplane, + — z is orthogonal to ™ — 2*. Therefore, by the Pythagorean

theorem, we have

|zt = 2* |5 + [Ja* — 2[5 = ||o — 2*[|3.
This implies that
Elllz* — 2*|]°] = ||z — «*|]” = E[[]2* — |*]. (2.4)
Note that
ot b — {ai, ) _ (@i, x*) — (@i, z)
laill5 a3 '
< a; « > a;
= —’x — X .
laill2 llaill2
We have

mﬁ—ﬂw{<iinﬁ—x>.
||az'||2

Therefore, it follows from the definition of Z and ([2.3)) that

Efllz" — |*] = E[[{Z,2" — 2)"] > £(A) ]z — 2|

Combining this with (2.4]) gives the desired estimate. ]
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Using Lemma [2.6) we can easily derive the following convergence rate result
for RKM with exact data.

Theorem 2.7. Let A have full column rank and assume the linear system Ax = b
is consistent. Let x* be the solution of Ax =b. Then the sequence {xy} generated

by Algorithm[3 converges to x* in expectation, with the average error
Efl|lz — ]3] < (1 = £(A)7*)"||lzo — 27| 3.

Proof. According to the definition of xp, we may apply Lemma to conclude
that
Elflzx — 2[5 wr-1] < (1 = £(A) ) a1 — 273

Now we take the full expectation on the both sides of the above equation to

obtain
Efllze — 23] < (1 — £(A)"*)E[|| 251 — 2*[3].

By recursively using this inequality, we have
Efl|lzr — 2" 3] < (1 = £(A)*)El|ax-1 — 27[|3]
< (1= #5(A) ) E[lJor— — 27[[3]

IN

IN

(1= m(A)7) 2o — 2|3

2.3.2 Noisy Data

In practical applications, the data b is usually obtained by measurement, and
it could be corrupted by noise. Thus, instead of b, we have a noisy data b + 7
with an error vector 1 added to b. Consequently, instead of the consistent linear

system Ax = b, we may need to consider the linear system
Ar = b+n.

For this noisy system, there may be no solution, so we do not expect it to be
consistent. However, the randomised Kaczmarz method is still applicable to

generated an iterative sequence which is formulated as follows.

Algorithm 3 (RKM with noisy data). Given an initial guess To = x¢, we have

the iteration method

brk) + Nr(k) — (@r(r), Tr)

lar) |3

Tpy1 = T + Ar (k)
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where the index r(k) is drawn independent and identically distributed (i.i.d.) from
the index set {1,2,...,m} with the probability for the ith row given by

_ Mall3

P(r(k)=1i) = AR

We have the following error estimate for the randomised Kaczmarz method

with noisy data.

Theorem 2.8. Let A be of full column rank and assume that the system Ax = b is
consistent. Let x* be the solution of Ax =0b. Let {Z} be generated by Algorithm
|4 using a noisy data b+ 7. Then there holds

13
O—min<A)2’

where the expectation is taken over the choice of rows in the algorithm, and

Efl|ze — 23] < (1 = s(A)*|llzo — 2”13 +

omin(A) denotes the smallest nonzero singular value of A.

Proof. Let xj denote the projection of Zy_; onto the hyperplane H; = {z :
(a;,x) = b;}. Tt then follows from Lemma [2.6| that

Efllzr — 2*12) < (1 = £(A) )51 — 2713 (2.5)

According to the definition of Z;, we can see that T, is the projection of Z;_; to
the hyperplane H; = {a : (a;,2) = b; + r;}. Then x;, — #j_; is perpendicular to
H; and x, — x)_1 is perpendicular to H;. Both H; and H; are parallel with the
same normal vector a;. Thus both z, — 7,_1 and 7, — Ty_; are parallel to a;.
Consequently 7y — xj, is parallel to a;. We can write 7 — x; = ta; for some scalar
t. Then

tlaills = (ai, ta;) = (@i, T — xx) = (@i, T1) — (@i, 21) = b +m; — by = 0.

This shows that ¢ = 7;/||a;||3 and hence

i
| aill3

i’k—l’k = Qa;.

Note that z; — z* is in H; which has the normal vector a;. Thus x; — x* and

k

" — x;, are perpendicular to each other. By the Pythagorean theorem, it follows

that

12k — 2[5 = [l — 2”115 + 1|25 — 213

Taking the conditional expectation on knowing z,_; gives

Ell|Zx — 2* (3351 = Elllzx — 2" (131201 + ElllZ% — wxll2]Zx-1].
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Note that ||Zx — xk||2 = |m:|/]|@:ll2, we have

- . . !m laill3 Iml* _ 1nll3
E[l|Z — zall2lZx-1] = ) P(r(k) = :
’ ; HazHg Z 1A a3~ TAIR
Therefore 2
~ “ 2] ~ #1121 ~ Ui
Ell|zx — 2" [131%k-1] = Efllzx — 2" [1312-1] + HAH% :
F
In view of (2.5)) we then have
113

E[l|Z, — 2" 21%k-1] < (1= 5(A) ) |E-1 — 273 + IAIZ
F

By taking the full expectation on the both sides it yields

2
o L
Bl - 2"13) < (1= k() 2Bl - 2" ]+ 712

F

Now we can apply this inequality recursively to obtain
E[l|7, — 23] < (1 = w(A4) )" 20 — 2|3

+ (1 +(1- K(A)*Z) 4+t (1— H(A)f2)k71) %

) . 1 Ui
< (1= w(A) )l — 2*||3 + 1—(1—r(A)2) |PAHg
F

2
— (1= R(A) )z — o3+ w(a) 112
1AL

= (1= K(A) )| — 2" |3 + AT 2 ]2

Note that ||Af||; = 1/0min(A), we therefore complete the proof. O

2.3.3 Pre-asymptotic Convergence Properties

Theorem gives error estimates in expectation for any iterate x; and the con-
vergence rate is determined by k(A). For ill-conditioned problems, the condition
number k(A) can be very huge, and thus Theorem predicts a very slow con-
vergence. However, in practice, RKM converges rapidly during the initial stage
of iterations. The estimate in Theorem is also deceptive for noisy data due to
the presence of the term ||n]|2/0min(A)?, which implies blowup at the very begin-
ning of the iterations, which is however not the case in practice. Hence, Theorem
and Theorem do not fully explain the excellent empirical convergence of
RKM for ill-conditioned problems.
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In this section, we will provide an explanation on the fast empirical con-
vergence behaviour of the randomised Kaczmarz method by analysing its pre-
asymptotic convergence behaviour and showing that the low-frequency error (with
respect to the right singular vectors) decays faster during the first iterations than
the high-frequency error.

To start, let the singular value decomposition (SVD) of A € R™*™ given by

A=UxVT,  UeR™™V eRY™"

ui vl

U=| : VT =
T T
un Um

where U and V' are orthogonal matrices whose columns are called the left and
right singular vectors of A, and ¥ € R™*? is diagonal with the nonzero elements
being the singular values of A, ordered non-increasingly by o1 > --- > g, > 0
with » < min{m,n} [3§].

Given a frequency cut-off number L with 1 < L < n, we can define two

subspaces of R™ by

L = span{vy,--- ,vp}, H = span{vri1, - ,Um}

denoting by low frequency and high frequency solution spaces. L and H are
orthogonal.

For any vector z € R™, there exists a unique decomposition
z=Prz+ Pgz,

where Pp, and Py are the orthogonal projection operators onto £ and H respec-
tively, defined by:

L m
Prz= Z<Ui’ 2)v;, Pyz = Z (v, 2)v;.
i=1 i=L+1

We have the following lemmas based on SVD properties.

Lemma 2.9. For any er, € L and ey € H, there hold
orllec]] < l[Aecl] < aillecll,  [|Aenl| < orsallen|l,  (Aer, Aeny) = 0.

Proof. Since ey, € L, we have

L L

€L = Z<€L7Ui>vi7 Aep = Zai<6L,vi>ui.

i=1 i=1
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Therefore
L L
lecls = Ken v, [[Aesls = o?l(er, v:)
i=1 =1

from which we immediately have orllez|s < ||Aels < oiller|le- By similar
argument we can show that ||Aeglls < ory1]len||2 for ey € H. Note that £ and

H are invariant under A4, i.e.
A"A(L)yC L, A"A(H)CH.
Thus
(Aep, Aeg) = (A" Aep,en) =0
because A*Aey, € L, ey € H, and L and H are orthogonal. O

Lemma 2.10. Fori=1,--- ,n, there hold

n T
1Puall* < 0% S IPual* < Y ok
=1

j=L+1

Proof. Since

=N

aq u
A== |V’

an U

3

we have a; = vl SVT. Note also that

0
va]
Vij— : =11] =c¢
vl v, :
0
Therefore
PHaz - Z <Uj7ai>vj - Z (G?U])U]
j=L+1 j=L+1
= D WSV )= Z (ui Bej)
j=L+1 j=L+1
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Consequently
m m
1Praill3 = Y of(uie)” <oty Y (wie;)’ < o llwil]® = 074,
j=L+1 j=L+1
The second statement can be proved similarly. O

Let the error of kth iteration be e, := x, — x*, where x; is the kth iterate,
and x* is the exact solution. We then have the following theorem on the pre-

asymptotic convergence for Algorithm [2| concerning the situation without noise.

Theorem 2.11. Let ¢; = and cy = W > 1107, Then there hold
F

oL
l1AlI% 7

E[||Presall*lex] < (1 — c1)l|Prer]|® + ca||Prexl]?,
E[||Pueri1])*lex]) < col |[Prexl]® + (1 + c2)|| Prex|*.

Proof. Adjust the algorithm formula for the error e, and ep,;. Without losing
generality, let ¢ := r(k). Then

b, — (a;

Tpp1 —x =z — 2" + Mai‘
el |3
Therefore
b, — (q; oA
€kr1 = €k + L“fk)ai =e + <CLZ,:L‘ > <2a27$k> .

i[5 laill5

. * )

il I3 i |2

[lasl[3

Error e, can be decomposed into the projections onto £ and H, i.e. e = ep +ey,

where e;, := Pre; and ey := Pge,. Then we have

Preyy = Pre, —

Based on property (Ppa;,er) = {(a;,er), we can obtain

<aza6k>
IPsenssl = llew = 58 P
2
2(a;, e is €
leglz = B p o oy 1%k p g2
Tl e
2(a;, e a;, €
—llesll? - |<| Hawe) oy Ll p e

llaill3

ill3
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2{a;, e a;, ex)’
S ||6L||3 < 7y k><ai7€L>+ < iy k2>
|ail|3 i[5
2a;, e a;, e +ep)?
ST LT U L
|ail |3 i[5
2(a;, e, + ey
= ey g — Hmer b em oy
i[5

n (a;,en)? + (a;, em)® + 2{a;, er){a;, ex)
l|a:l[3
<ai>eH>2 - <ai7€L>2

= [lecl]
’ i3

By taking the expectation conditional on knowing e, and using Lemma [2.9] it
follows that

llaill3 —(ai, e)® + {ai, en)?
E(|PrecnlFlen < ||€L||2+Z||AZ||2 Tl
F 1|12

- H6L||% |A||2 Z al7eL>2+Z<aiaeH>2)
i=1

=1
1

= |!6L|I§+W(—IIA6LH§+||A6H||§)
F

< (1 —c)||Prex||* + cao||Prer|?

Similarly we have

P
Prep1 =eq — T Hﬁz Pra;.
2
Then
a;, e
Pueraly = llew — 32
el |3
2(a;, ex) (a;, ex)
:||6H||2 ||“|| <PHai7eH>+|| ||Z’||2 PHa”LH%
2 2
2<a €k> HPHCL H
2 2
2<a €k> ||PHG IE
:HeHHQ ||“|| <ai7€H>+ || ||Z 2(H€L||§+H6HH§>
2 2

By taking the conditional expectation on both sides and using Lemma and

Lemma [2.10, we can obtain

E[l| Prersi|lex]

a3 (2. |Pya
< Jlexl3 - Z T (e e + ST e+ lew )
CIASEE lad B
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15
“(lecllz + lenll2)

= [lenllz =
’ 1Al

2| Aenlly | 5~ [1Paailly
AR Z

< oolles|ls + (1 + c2)llen]3.
]

By Theorem the decay of the error E[[|| Prex1]|?|ex] is largely determined
by the factor 1 —c¢; and only mildly affected by || Prex||? by a factor c,. By taking
expectation of both sides of the estimates in Theorem [2.11] we can obtain

Efl| Prersal”] < (1 — c)E[l[Prexll®] + 2Bl Prrer]|”],
Ell| Prers1]’] < c2Ell[Prexl®] + (1 + c2)E[| Prre])”]
By using this estimate recursively, it follows that
E[IIPLekIIZ] < D ||PL€0”22 op ('t e ).
E[l| Prex|”] | Prreoll 2 l4e

By studying the spectral property of the matrix D, one can obtain for a :=
cy/c1 < 1 the following approximate error propagation for k = O(1):

E[|Prec]®] = (1 = c1)" || Preol* + a1 = (1 = c1)*) | Pueol®,
E[||Prexl”) = a1 — (1 — c1)*) || Preol® + (1 + ke )| Preol|?

which explains the fast decay property of the randomised Kaczmarz method dur-

ing the first iterations, see [I8] for details.

2.4 Accelerated Randomised Kaczmarz method

By applying the Nesterov’s acceleration strategy [29] to the RKM, in this section

we consider an accelerated version of RKM for solving the consistent linear system
Ax =1

with the assumptions on A as before. Moreover, we assume that the rows of A

are normalised in the sense that ||a;|lo =1 for j=1,--- m.

2.4.1 Construction

For the minimisation problem

min f(z)
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with a differentiable objective function f(x), the gradient method takes the form
$k+1=l‘k—¢9ka(Jfk), k‘ZO,l, s

where 6}, is the step size. Nesterov proposed several schemes to accelerate the

gradient method [29], one of the acceleration scheme can be formulated as follows

Yk = g + (1 — ag)xy,
Th+1 = Yk — Hka(yk)> (2-6)
Vi1 = Bevr + (1 — Be)yr — %V f(yr)

with suitable choices of ay, Ok, 7x and 6. We can use this strategy to propose an
accelerated randomised Kaczmarz method (ARKM) by modifying the projection
step of RKM in Algorithm [2] that is, instead of defining xy41 by

b, — <ai; $k>

Pt =T T

%

directly, we will use an analog of the three step strategy in (2.6 to define xj;.
This leads to the following accelerated randomised Kaczmarz method.

Algorithm 4 (ARKM). Given an initial guess xg, let vo = g, 7—1 = 0, and

A € [0, Ain], where Amin is the smallest non-zero singular value of A, that is, the

minimum eigenvalue of ATA. For k =0,1,--- we choose 7, to be the larger root
of
2 Tk rYk/\ 2
_ k[ 2 K2
Tk m ( m ) V-1
and define
m — YA
ap = —————
Ye(m2 — )
VA
Be=1——;
m
Yr = agug + (1 — ag)ay;
bi — aj Y
Tt = Yk + — 5 W
las|?
bi — a] ys
V1 = Brvr + (1 = Br)yx + %W%
1112

where 1 is drawn from the step {1,2,--- ,m} with uniform probability distribution.
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From this we can develop a more efficient algorithm by calculating the pa-

rameters. Let .
g = a; yr — by
laill5

Then we can represent parameters of Algorithm 4] in a new way for developing a
equivalent algorithm with less cost. Recall the last two iterate steps of Algorithm

[], we have

U1 = Brok + (1 — Be)ye — Velk,  Tht1 = Yk — Gr-

Recall also that yp = apup + (1 — ag)zg, we have vy = aik(y;C — (1 — ag)zg)-
Therefore

B
Vg1 = a—kyk — (1 —ag)zr) + (1 = Be)ye — Vugw
k

= (& +1- 6k) Yk — Mﬂﬁk — Yk Gk-
Qg

g
Similarly, substitute this vy, and z;11 = yx — g into the formula
Ykl = Qp1Vkg1 + (1 — Qy1) Tpgr

for yr.1, we can obtain

B Br(l —
Yht1 = Qt1 (<—k +1 =08 ) yr — uxk — Yk
. ay

+ (1 — ags1) (e — gr)

-« l -«
= (1 + kozkﬂﬁk) Yk — kak+15kxk
(077 ay

— (1 = apg1 + g178) G-

According to the formulae of oy and §; in Algorithm |4l we have
11—« 1
o= (1)
7

ECCER IR TR
_ (_%W—A) _1)m—_w

Bl

m — YA m
_’yk(mQ—)\) _m=pA
m m
vem? —m
= =ym— 1

m
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Thus

Y1 = apr1 (1 — mye)xr + (1 — apyr + mag1ve)ye — (1 — g1 + Q1 Vi) G-

(2.7)

According to ([2.7) we can see that there is no need to calculate 55 and vg. This

leads to the following equivalent but more efficient algorithm.

Algorithm 5 (EARKM). Given an initial guess xq, let vg = o, 7-1 = 0, and
A € [0, Anin], where Apin is the smallest non-zero singular value of A, that is,

the minimum eigenvalue of ATA. For k = 0,1,---, generate v, and oy as in

Algorithm [, and define

5, — aiTZ/k —b;
= 2t

llaill3
9k = SkQi;

Y1 = o1 (1 — myg)x, + (1 — apyr + mag1 Vi) Yk
— (1 — g1 + Qpr17k) gk

Tk+1 = Yk — Gk,

where i is drawn from {1,2,---  m} with uniform probability distribution.

2.4.2 Convergence Properties

Now we will give the convergence analysis on the accelerated randomised Kacz-

marz method. For a positive semi-definite metric B, we set

||z||p := /trace(XTBX).

Theorem 2.12. Consider Algorithm[4 Let

VA VA

01:1—’—% and 0'2:1—%.

Then we have
4m?®||zo — a:*|]%ATA)+

(0F + 0%)?

A|lzo — x*H%ATA)+

. Efllzr — 2|7 <
o Bl - <

Efllvr = 2" [[{ar 4)+] <

fork=1,2,---.
The proof of Theorem [2.12]is based on a series lemmas.

Lemma 2.13. For a row normalised matriz A € R™*" there holds Apin < m.
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Proof. By the definition of Ay, there is an z # 0 such that AT Az = \;,z. Note
that

T
a;
A= : — ATA=aal +-- +anal.
Uy,
We have
Amin = (aral + -+ amai)x.
Therefore

Aminl| 2]l = (@101 + - + amay, )2, 2) = (a72)* + -+ + (a,,2)°

< llawlzllls + - + llaml3ll2]12

= m||z]3.
Since ||z]]2 # 0, we must have Ay, < m. O

Lemma 2.14. For the sequence {y}, {aw} and {8y} defined in Algorithm [4], we
have

and 0 <oy, [ <1

1 1
<y < —, > =
’Yk1_’Yk_\/X Tk o

for all k > 0.

Proof. We first show the assertion of {7} by an induction argument. Since
v-1 = 0, 7o is the larger root of the equation v* —v/m = 0 and hence vy = 1/m.
By Lemma [2.13| we have A < Ay, < m. Thus the assertion for 7, follows. Now
we assume the assertion for 7, for some k£ > 0, and show that the assertion is

also true for ~y;,;. Consider the function

2_1_)\713 2

t(y) == — = T
Clearly t(y) — +o0 as |y| — co. Note that
1. 1 1-M21  , (A )
)= - ——p=(2-1)2<o0
)= e el T S

since \/m? —1 <m/m? —1=1/m —1 < 0. This shows that () must have a
root on [1/m,00). Thus y4+1 > 1/m by the definition of ;4. Note also that
1 -y 2 (1l — A7) <

_ — _Ir\" T TkJ 0
Ve — Vi m =

tyw) = —
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by the induction hypothesis on v,. We also have 7,1 > 7 by the definition of

Yie+1.- Moreover,

1 1 1 1 1 VA
Sl S € R V- S S + A2 _1
f(\/X) 3 mA( Vi) = Vi N oA %(m )
1 1 1 (V)
>_ .~ 4+ |X2_ 1] =

since 72 < 1/v/X and v/A\/m —1 < 0. Note that ¢(v) is a strong convex quadratic

function, we must have ¢(v) > 0 for all 4 > 1/v/X. Therefore v441 < 1/vV/A.
Using the assertion for {v;} and the definition of a4, and S, we can see

immediately that 0 < ay, fr < 1 for all £ > 0. O

Lemma 2.15. Let U € R™" with UTU = I. Let UT = [uy,ug, -+ ,uy|. Then
|uillo <1 fori=1,--- m.

Proof. Let U = [ty, g, -+ ,u:]. Then UTU = I implies that @l u; = 1if i = j
and = 0if i # j. Let W be the space spanned by {ay,- -+ , 4, }. Then {4y, , 4}
is an orthonormal basis of W. Thus for any y € R™, the projection of = onto W
is

P (y) = Z(ﬂz y)u; = ZﬂzﬂZTy =UU"y.
i=1

=1

Thus

UMyl = (UUTy, y) = (Pw(y),y) = (Pw (), Pw(y)) = I1Pw@)Il5 < llyll3-

By taking y = e; which is the vector whose entries are zeros except the jth spot

where the entry is 1, we then obtain

luslls = 10 e;5 < llesls = 1.

Lemma 2.16. For every w € R”,
T 2 1 5
Efl|ai(a; w = b;)[[{ar ay+] < EHAw —b|J%,

where expectation are taken with respect to v which is uniformly distributed from

index set {1,--- ,m}.
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Proof. By using the singular value decomposition, we can write
A=UxVT,

where U € R™*" satisfies UTU = I, V € R™" satisfies VIV =T and ¥ € R™" is
a positive diagonal matrix with r being the rank of A. Thus AT = (UXZVT)T
VXUT and hence

ATA=vsUTusv? =vsv’,
Therefore the Moore-Penrose pseudoinverse of (ATA) is (ATA)T = VE2V7T,

By taking the expectation with respect to i, and using the commutativity and

linearity of trace, i.e.
trace(BC) = trace(CB), trace(B + C') = trace(B) + trace(C)

we have

E[l]ai(a;w — by)|[{ar 4)+]

= %Ztrace ((ai(a?w — bi))T(ATA)Jr(CLi(CLlTw — bz)))

=1

= % Z trace ((ATA)Jr(ai(CL,-Tw — b)) (ai(a w — bi))T)

1 T oos e
— - " ai(alw - by)?
mtrace(A A) 2 ala w )
_ 1 trace (A" A)T A" diag(Aw — b)A)
m

1
= — trace(VE 2VIVIUT diag(Aw — b)*°UXVT)
m

1
= — trace(VX'UT diag(Aw — b)’UXVT)
m

1
= — trace(XVIVE U diag(Aw — b)?U)

m

1
= trace(UT diag(Aw — b)*U)

1 T 2 2
S T — b)2||u;
o 2w = Ol
1
< —[|Aw - b|P,
m

where, for the last inequality, we used Lemma [2.15] ]
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Lemma 2.17. Let x* be any solution of Ar = b, where A is assumed to be

normalised. For any w € R™ let p;(w) be defined as the orthogonal projection of

w onto alw = b;, i.e.
Q;
pi(w) = w — W(a?w — b)) =w — (a]w—b;),
Then .
E([lps(w) = «"[[*] = [lw — 2" |* = —[[Aw =],

where the expectation is taken with respect to i which is uniformly distributed from
the index set {1,--- ,m}.

Proof. Because Az* = b and ||a;|]| =1 fori =1, .- ,m, we have
Ell|pi(w) — 2*|]°] = El[|w — ai(a; w — b;) — ||’}
= ||lw — 2" + E[(a] w — b;)*] — 2B[{w — 2", a;(a; w — ;)]
= |lw —2"|]* + E[(aj w — b;)*] — 2E[{a; (w — "), a; w — b;)
= ||w —2"[|* + El(a; w — b;)*] — 2E[(a; w — b;)’]
= ||w —2"|]* = E[(aj w — b;)?]
1
_ K12 T o b'L 2
o=l = = > (e w—b)

=1

1
= |lw —2"|]* = —[|Aw — b|*.
m

Lemma 2.18. Consider Algorithm[{ Let
= [Jup — 2™ ||(arayr  and s = || — 27|
Then there holds
E[ry1|K] + 7iE[siyalk] < Berk + Buvi-15h, (2.8)
where the expectation is conditioned on knowing all the previous k iterations.
Proof. Recall that
Ukt = Bk + (1= Be)yk — wlal ye — bi)as,

here we used the normalisation ||a;||2 = 1. Then we have

7’/%+1 = [|vg1 — x*H?ATA)Jr = |Bkvr + (1 = Be)yr — la ye — bi)a; — x*H%ATAV

:[1+[2—|—[3, (29)
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where
I = ||Brox + (1= Br)yx — 2| [Ear ays»
Iy = ||ykai(ai g — bi)|[Ear ay+
I3 = =2(Byvr + (1 — Br)yx, — 27, (ATA)+’YkCli(aiTyk —b)).

Now we consider these three terms separately. From Lemma [2.14] we know that
0 < Br < 1. Since the semi-norm || - ||? A 4)+ 1S convex, by using convexity we

have
I = ||Be(or — o) + (1 = Bi) (e — )| {ar ay+
< Billoe = 2 (|{ar 4y + (1= Bo)lly — 2" |[Ear 4y
Recall from the definition of ;. that 1 — B = v, A/m. Thus
YA .
I < Byry + FHyk —x ||?ATA)+

Since in Algorithm [] we take xy = 0, we can show bu induction that xy, yx, vk
and z* are all in R(AT). Thus, by the definition of A, we have

lyr — H(ATA Hy —z|3.
This together with A < A\, gives
hg&ﬁ+%mww%. (2.10)

Recall that x;., is the projection of y;, onto the plane {x : al x = b}, we may use
Lemma 2.16 and Lemma to conclude that

2
y
E[L[k] = B[yl as(a; yx — b)[[Ear e [K] < 2 Aye = b3

(g = 2*I1* = Elllzns — 2| *|K])
(e — 271" — Elsgyalk]) - (2.11)

2
k
2
k
For I3 we have
E[I3|k] = =2y (Brve + (1 — Be)ye — «*, (AT A) Ela;(a] yi, — b:)])
= Tt (L B = (AT D a0
= 2:; (Brvk + (1 = Be)ye — x*, (ATA) T AT (Ayy, — b))
_ %ﬂmw+u—@m¢$(ynﬁﬂm%—f»

B _%kak + (1= Br)yr — 2%, yx — 7).
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Recall that yx = agvr + (1 — o)z, we have

1 1-— Q.
Uk = — Yk —
O e73

T .
Thus
27]@ 1- 093 * *
E[l3]k] = — Br yk_ o T | + (1= Br)yp — 2" yp —

2 . 1—« .
=2 <-73 —Yr + kﬁk(% —Yk), Yk — >
m Q.
2’Yk||

o2 4 2k L

BTk — yr, Yy — 7).
m

Yk

Recall that

m — YeA YA

Yr(m? — A) m
We have
l—a,  mPye—m  myp,
Qg m — YA Vi
Therefore
Al .
E[L]k] = Hy — 2”4+ 28671 (T — Yro Y — )
2’Yk: .
= ——llge = "I + Bevia (low = 271" = e = 27I1° = lle — well®)
. 27 12 2 _ 2
- <nl+&%1)Mwﬂﬂl+&%4Wm—xH—Wm—%H)
29 2 *[12 2 (|2
<= (22 k) e = 1P + Bk o — 2P 212

Combining , and with we obtain
Bl alk] < Berf = AElstlk] + Biioast + (3 — 25 = Bk, ) e — 2°I1%
According to the definition of 7, and 3 we have 77 — e Brvi_, = 0. Therefore
Elri k] < Beri — WE[s§ 1 |k] + Brvi-isi-
and the proof is complete. O]

Lemma 2.19. Let {a;} and {by} be two sequence of non-negative numbers with
ag =0, bg # 0 and

bi
a12§+1 :”Yl%biﬂv bk+1 E» k:Oalv"' )
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where {fr} and {y} are defined by Algorithm . Then ay, > ap_1, by, > bp_1 and

7

b
akZEO(Uk—US), by, >

for all k > 1, where

A A
01:1+\/—_, 0'2:1—£.
2m 2m

Proof. Since 0 < f, <1 and 72 — y./m = Byvi_,, we have
b2
be = = > b
k+1 ﬁk - Yk
and

2 _.2p2 Tebi _ Teai _ Tai
Tt T T T T Bl T = w/m

Therefore ag1 > ay and by > by for k£ > 0.

Next we derive the growth rate on a; and bx. We have

> az.

A Aa A
by = ﬁkbiﬂ - (1 o E%> b%—&-l - (1 - ﬂ) bi+1 = bi+1 - Eakz-i-lbk-i-l-

Mby41
Thus
A
EakJrlkarl = bpyy — i = (brr + 0x) (b — i) < 2bgr (ber — bie).
Consequently
A A
bk+1 Z bk -+ — k41 Z bk + —ag. (213)
m m
Similarly, we have that
Ad} (k41 2 _ Tk 2 aj aj,
— = _— = = /6 —k = —.
biﬂ —— Vi m BeVi—1 kb% bi+1

Thus
1

2 2
a — —Upp1bpr = a
L k
which implies that

1
Eak+1bk+l = ai+1 - ai = (k41 + ar) (a1 — ax) < 2ap41)(ar1 — ax).

Therefore

1 1
Ap+1 Z ar + —bk+1 Z ar + —bk (214)
2m 2m
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Combining (2.13) and (2.14)) we have

W) > p (), (2.15)
br+1 b,

1 L
D= (A 2;%) :

2m

Since all entries of D are non-negative, we may use ([2.15|) recursively to obtain

<bk> > DF (%) , (2.16)

From the characteristic equation

where

0=det(ocl — D) = (0 — 1)> — ——

of D, we can see that D has two distinct eigenvalues

VA VA

0'1:1—|—%, 0‘2:1—%.

Direct calculation shows that

() = ()

are eigenvectors of D corresponding to o, and o, respectively. Therefore

D_ll_lal() 11
AV = 0 o) \VA =)\’

Consequently

Combining this with (2.16]) yields

a

ar > 5 (07 +03) + - (07 — 03),
a b

b > 50(011C — b)) + Eo(alf + oh).

The proof is thus complete. ]



2.5. RKM SOLVING INEQUALITIES 31

Now we are ready to complete the proof of Theorem [2.12

Proof of Theorem[2.13. By taking the full expectation on the equation (2.8) in

Lemma [2.18, we have
E[riia] + 7Elsi] < B (E[ri] + v Elsi]) - (2.17)
Recursively using this equation we can obtain
Elri] + i1 Elsi] < Bo- -+ B (Elrg] + 924 Elsg]) = o+ Be-rrp-
Let {a)} and {b;} be the sequences defined in Lemma [2.19] Then we have

i

50“'5k71:

Recall that v, > 1/m for k > 0, we therefore obtain

9 1

by -
E[r;] + oo

2
By making use of the estimate of {b;} given in Lemma we thus complete the
proof. O]

2.5 RKM Solving Inequalities

In this section, we consider to generalise the randomised Kaczmarz method for

linear equations to solve system of linear inequalities of the form

aiTbei, 1€1,
alz =by, i€é&,

)

(2.18)

where 7 is the set of indices of inequalities and £ is the set of indices of equalities,

we assume that Z and £ are disjoint and form a partition of the set {1,2,--- ,m}.
We will modify Algorithm [2]so that it can be used to solve (2.18). We will let A
to be the matrix whose rows are a! with i € ZUE. We will also use the notation

z" = max{z, 0}

for a vector x, where max acts on x componentwisely.
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Algorithm 6. Consider the systems of linear inequalities . Let xy be an

arbitrary initial point. For k =0,1,---, compute
(aixk — bi)Jr, 1€ Z,
Be=19 .
a; T — by, 1€ €&,
T = Tk Bk a
+1 = Tk — 7 3 %>
||l I3
where, at each iteration k, the indez i is drawn independently from the set {1,2,--- ;m}

with probability
P(i =j) = 1l
Al
In order to analyse Algorithm|[6], we need the following theorem due to Hoffman
[T6] which tells about the distance between any x and a non-empty set of a
polyhedron, which may be a solution set of a linear inequality system, is bounded
by a linear function.

Theorem 2.20 (Hoffman). There is a constant L such that, for any x € R" and
b € R™ such that the solution set

Sy = {mER”:aiTa:S b fori €L andaiTx:bi forie &}
of the system of linear inequalities 15 nonempty, there holds
d(z,5) < Llle(Az — )],
where d(x,Sy) denotes the distance from x to S, i.e.
d(w, 5) = inf ||z — 2|2,
and e : R™ — R™ is a function defined by

max{y;,0}, i€ Z,
e(y): = { :
Yi, 1€E&.
The smallest constant L is called the Hoffman constant.
From Theorem [2.20| we can obtain the convergence properties about Algorithm
6 by observing that 8 = e(Axy — b);.
Theorem 2.21. Assume that the system of linear inequalities has a nonempty

solution set S. Then Algorithm[6] converges linearly in expectation, that is,

Eld(zy, S)?] < (1 - m> d(zo, S)?,

where L is the Hoffman constant.
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Proof. Let Ps denote the projection operator onto S. Then
d(z,S) = ||x — Ps(x)), Vax € |mathbbR".
By the definition og distance function and the fact Ps(zy) € S we have
d(xk11,9)” < ||wrgr — Psaw)|*.

Since xyy1 = o) — ”f#ai, we have
1

d(p+1,5) < ||on — Ps(xr) — Hf#ai
B B
= ||ox — Ps(xp)||* + HajP -2 ”aj‘zaiT(a:k — Ps(zg))
B B
= d(sy, S)* + ||az-k||2 —2 ”ajpaiT(mk — Ps(z)). (2.19)

Note that Ps(xy) € S. For i € T we have a! Ps(x)) < b;. Since 8 > 0, we must

have

ﬁk T —P > ﬂk T 13
Tap® (o = Pslon)) 2 st -

For i € £ we have a] Ps(x;,) = b; and thus

ﬁaT(xk — Py(xy)) = ﬂ(a%k —b) = B
[laif[* llaal[3™ Y a3

Combining the above two cases with ([2.19), it follows that

d('rk+17 S)Z < d(xka 5)2 - L

N lail®

Therefore, by taking the conditional expectation on knowing x)k we have

Eld(zg41,9)%|24] < d(zy, 5)* — E {M}

|as] |2
= a||? [e(Azy — b);]?
o 5yt = Dl ez — )
@S =2 AT Tl
A, S) — S e(Axy — b))
Al =
d(zg, S) ! e(Axy, — b)|>.
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With the help of Theorem [2.20] it yields

Eld(zgy1,S)?|zr]) < d(xp, S)? — Ty, S)?

A
(1= o) w7

Taking the full expectation gives

E[d(zxs1, S)%] = (1 _ m> Eld(zx, S)2].

Recursively using this inequality we then obtain
1 k
E[d(zy, S)*] < (1 — —) E[d(x, S)?]
L2|| Alf5.

=1 ! kd( S)?
U 2aE)

which shows the desired linear convergence rate. O



Chapter 3

Randomised Sparse Kaczmarz
Method

In this chapter, we focus on problems of recovering sparse solution of systems of
linear equations. Sparsity indicates that most entries are zero. This characteristic
runs prevalent in real-world situations. For instance, in computational biology,
the alignment of DNA sequences from similar ancestors has its entries largely
zeros [9]. Moreover, it is widely-appeared not only on statistical learning [36],
but on signal processing, [I7] especially image signal processing, as well.

Now, let us consider the linear system with sparse solutions
Az = b, (3.1)

where A € R™*". The interest is to find a solution as sparse as possible. Here a
vector is said to be sparse if most of its entries are zeros. Given a vector z € R",

its support is defined as

supp(z) == {i € {1,--- ,n}:x; # 0}.

The number of elements in supp(x) is called the sparsity level of x and is denoted
by [|z|lo- A natural procedure for finding a sparse solution of (3.1)) is of course to

solve the constrained minimisation problem
min {||z[|o : Az = b}. (3.2)

Unfortunately, due to the non-smoothness and non-convexity of ||z||o, this min-
imisation problem becomes extremely difficult to solve. Instead of solving (i3.2))

directly, one may consider its convex relaxation

min{||z||; : Az = b}, (3.3)

35
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where || - ||; denotes the £*-norm, i.e.

n

lzlh = i,

i=1

It turns out that the model (3.3) can recover sparse solution very well, see [6],
and many algorithms have been developed for solving (3.3 Because the function
||z||1 is not strong convex, it poses numerical challenges for solving ({3.3). In order

to develop fast numerical algorithms, one may consider its augmented version

mm{f(x) = /\||x]|1+%||x||§ : Ax:b}, (3.4)

where A\ > 0 is a parameter. According to an exact penalty theory [12] [42], if A
is suitably large, the solution of (3.4)) must be a solution of (3.3)). However, the
objective function

1
f@) = Azl + S =15 (3.5)

is strong convex which present a lot of advantage to solve (3.4) by numerical algo-
rithms. Among many algorithms developed for solving (3.4]), the sparse Kaczmarz
method developed in [19, 25] can be used to deal with the problem where A has

huge size. Assuming

where a! denotes the ith row of A, the method in [19, 25] can be formulated as

alx, —b;
Sev1 = &k — %ai,
[ aill5 (3.6)

Tpy1 = arg 316161]%}1 {f(@) = (ry1,2)

where i = mod(k — 1,m) + 1 and f(z) is given by (3.5). Among other things,
it has been shown in [19, 25] that the sequence {z\} converges to the solution
of . However, no convergence rate is available for . In this chapter we
will consider the randomised sparse Kaczmarz method (RSKM) and exact-step
randomised sparse Kaczmarz method (ERSKM) developed in [34] for which a

linear convergence rate in expectation is available.
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3.1 Definitions and Construction

Let us first introduce the soft threshold function. We start with the one-dimensional

case.

Definition 3.1. The function sy : R — R defined by

. 1 2
sx(1) == argrtrélﬂg{)\|t|+§(t—7) }, TeR
is called the soft-threshold function with threshold A > 0.
The soft threshold function s)(7) has the explicit formula

T—A if 7>\
sx(1) =14 0 if |7] < A, (3.7)
T+ fr< =\

which can be obtained by solving the one-dimensional minimisation problem. To
see this, let ¢(t) = A[t| + 5(t — 7)* which is a convex function. Then 7 := s,(7)
is the minimiser of ¢(¢) over R. We note that
7> 0 is a minimiser of ¢ <= ¢'(7) =0 and 7 > 0
1
<:>1+X(%—T):0and7°>0
—T7=7—Adand 7 > A

and
7 < 0 is a minimiser of ¢ <= ¢'(7) =0 and 7 < 0
<:>—1+§(7°—T):0and%<0
= T=7+Adand 7 < =\

If |7| < A, the above two observations show that neither 7 > 0 nor 7 < 0 holds.
Thus 7 = 0. Combining the above analysis we obtain (3.7]). From ({3.7) it is easy
to see that

sx(7) = sign(7) max{|7| — X\,0} =7 — P\ (1), T€ER, (3.8)

where Pr_, 5 denotes the projection of R onto [—A, Al.
Similarly, we can also introduce the soft threshold function for vectors as

follows.



38 CHAPTER 3. RANDOMISED SPARSE KACZMARZ METHOD
Definition 3.2. The function S, : R® — R" defined by
A(v) = argmin M|zl + Slle — vl 0, v e

is called the soft threshold function with threshold A > 0.

Note that
1 _ 1 )
Ml + 2 e = vl = 3 (Al + 32— )?)
i=1
Therefore Sy(v) := (&1, -+, &,) is a minimiser of A||z||; + L[|z — v||3 over R™ if
and only if #; is a minimiser of A|z;| + %(xl — ;)% over R for each i = 1,--- ,n.
Consequently Z; = s)(v;) for i = 1,--- ,n. Therefore

Sx(v) = (sa(v1), -+, sa(vn)).
By using (3.8) we also have
Si(v) = sign(v) - max{|v| = A, 0} =v — Py \»(v), veR",

where all the operations sign, -, max and | - | are understood in componentwise,
and Pr_, y» denotes the Euclidean projection of R™ onto the cubic [—A, A"

The following result gives further properties of the soft threshold function.
Lemma 3.3. (i) A[|S\(v)]|1 = (v — Sx(v), SA(v)) for any v € R".
(i1) Sy is Lipschitz continuous with

[1Sx(v1) — Sa(vo)|l2 < [lvr —vall2,  Vor,ve € R™

(iii) The function v — ||Sx(v)||3 is continuous differentiable and its gradient is
V([|ISa()]|3) = 295 (v), Vv e R"

Proof. (i) According to the formula of Sy, we have for any v € R" that

(Sx(v), v = Sx(v)) = Z sa(vi) (v = sx(v3))

=33+ D>+ Y s — sa(w)

;>N pv<—A g |[<A



3.1. DEFINITIONS AND CONSTRUCTION 39

LU >
+ ) WA Nwi— @A)+ Y0
10, <—A\ HCHEON
=AY (Wi=N+A D) (u=N+A >0
10> 1:0; <= :]vi| <A
=AY Isa@)+A Y sl +A Y [sa(wi)]
10 >N 10, <—A :]vg| <A

= )\Z |S)\(Ui)‘ - )\HSA(U)Hl

(ii) It suffices to show that
lsx(T) — sa(t)| < |7 — 1, vVr,t € R (3.9)

for the single variable soft threshold function sy. This can be verified case by
case. For the cases (7, > \), (=X < 7,t < A) and (7,t < —\), the verification is
straightforward. For the case 7 > A\ and t < —\, we have

0<sx(T) —sa(t)=(1=AN) —(t+N)=7—t—-22<717—1
For the case 7 > A and —\ <t < A, we have
0<sx(1)=sx\(t)=7T—A<T7—1.
For the case =\ <7 < X and t < —\, we have
0<s\(7)=sp(t) =—t—A<T1—t

Therefore (3.9)) is verified.

(iii) Note that for the single variable soft threshold function sy we have

(1—=XN)? if 7>\
[sa (7)) = § 0 if 7] <A,
(T+A)? ifr< =)

Therefore [s,(7)]? is continuous differentiable with
T—A if 7> ),

—[3)\(7')]2 =2<¢ 0 if |7] < A,
T+ 7<=\

= 28)\(7').
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Since
n

1S3 ()13 =Y _[sa(w)]?,

i=1

we can see that ||Sy(v)]|5 is continuous differentiable with
VIS\(@)] = 2(sx(v1), -+, sa(va))" = 28x(0).
The proof is complete. O

By using the soft threshold function, we can formulate the sparse Kaczmarz

method as the following form

alx, —b; A
lailld (3.10)

Tkt1 = S/\(§k+1)a

Shp1 = &k —

where ¢ = mod(k — 1, m) + 1. By invoking the randomisation idea in Algorithm

2], it leads to the following randomised sparse Kaczmarz method.

Algorithm 7 (RSKM). Given the initial guess xg = & = 0. Fork =1,2,--- we
define

<az’7$k>2_ biah
@il

Trk+1 = S)x(fk—&-l)?

Sht1 = & —

where the index i is drawn randomly from the set {1,2,...,m} with the probability

2
. . a;
P(Z:j)_ || ]||2

1Al
Next we will use the Bregman projection induced by f(x) = A||z| + ||=]|3/2 to

derive an exact-step (randomised) sparse Kaczmarz method of the form

Sht1 = &k — tray,

Tk+1 = SA<5k+1)7

where the step size t; is obtained by an exact line search procedure, and the

. —b; . . .
% corresponds to an inexact line search. We need to introduce
ill2

the concepts on Bregman distance, Bregman projection and their properties.

choice t;, =

We start with the basic elements of convex analysis. A function f : R" —

(—o00, 00| is called proper if f(z) < oo for some point x € R". We use dom(f)
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to denote the set of all points where f takes finite values and call it the domain
of f. A proper function f: R" — (—o00, 0] is called lower semi-continuous at a
point x € R™ if

f(z) < liminf f(z).

Yy—x
f is called lower semi-continuous if f is lower semi-continuous at every point. A

proper function f : R™ — R is called convex if

fltry + (1 —t)zg) < tf(21) + (1 — 1) f(x2)

for all 1,29 € R” and 0 < t < 1. A function f : R" — (—o00,00] is called

a-strongly convex for some a > 0 if
ftwy+ (1= t)a) + at(l = )2 — w23 < tf(21) + (1= 1) f(x2)

for all z1,20 € R" and 0 <t < 1.

Since the functions we will deal with may not differentiable everywhere, so
the gradient may have no definition at some points. We need to find a substitute
for gradient. For convex functions, subgradient was introduced exactly for this

purpose.

Definition 3.4 (Subgradient). Let f : R™ — (—o0, o0] be a proper convex func-
tion and let x € R".

(i) € € R™ is called a subgradient of f at x if

fy) = f(2) + &y —x)
for all y € R™.

(ii) The set Of(x) consists of all subgradients of f at = and is called the subd-

ifferential of f at z;
(iii) If 9f(x) # 0, then f is said to be subdifferentiable at x.

The following simple but useful result gives a characterisation of minimisers

for proper convex functions.

Theorem 3.5 (Fermat’s rule). Let f: R® — (—o0, 00| be a proper conver func-
tion. Then

" € arg 11211[{% f(z) <= 0€df(z").
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Proof.
o' € argmin f(2) <= f(2) > f(2"), Vo € R"
e f(z)> fla*) + (0,2 — %), Vo € R"
< 0€df(z").
[

The following sum rule on subdifferential is important whose proof can be
found in [43]

Theorem 3.6 (Moreau-Rockafellar). Let f : R" — (—o0,00] and g : R" —

(—00, 00| be two convex functions. Then for any x € R™ there holds

df (z) + dg(x) C A(f + g)(=).

If there is a point xoy € dom(f) N dom(g) such that f is continuous at xq, then for
any x € R™ there holds

o(f +g)(x) =0f(x) + dg(x).

In order to introduce further results on subdifferential calculus, we need to

use the Legendre-Fenchel conjugate of convex functions.

Definition 3.7. Let f : R" — (—o0,o0] be a proper convex function. For any
& € R™ define

F1(&) = sup {{&,7) = f(2)}
reR"™
which is called the Legendre-Fenchel conjugate of f.

The following theorem summarises some relevant results related to the Legendre-

Fenchel conjugate.

Theorem 3.8. Let f : R" — (—o0,00] be a proper, lower semi-continuous,
convex function. Then f* is also a proper, lower semi-continuous, convex function

from R™ to (—o0, 00]. Moreover

§€0f(x) <= [fla)+ [ () ={§x) <= x€df(E).

If, in addition, f is a-strongly conver with o > 0, then dom(f*) = R", f* is

differentiable and its gradient is Lipschitz continuous with

1
IV = VI mllz < 5 lIE =0l
for all £, € R™.
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Proof. See [30, 31, [43]. O

Example 3.9. Consider the function f(z) = Al|z||y + 3|lz]|3 with A > 0. It is
straightforward to show that f is a-strongly convex with v = 1/2. Its Legendre-
Fenchel conjugate, by definition, is given by

P = sup (€.~ f(o)} = ing { Aol + 3lloll - (6.0)}

TER™
= inf Il e — 2 b+ Lpepz
T gewe | I T IE SN2 sl

By the definition of the soft threshold function, we can see that the infimum is
achieved as z = S)(¢). Thus

£4(6) = ~AIS\©lh — 515:(6) — €13 + 2 €l
= SO~ FISHOI +(53(0).©)

By virtue of Lemma [3.3] (i) we have

£(6) = (53(6) — & SH(0) — SIS O +(5:(0). &) = SIS OB
From Lemma (iii) it then follows that f* is continuous differentiable with
V(&) =5\, eR™
An application of Lemma (ii) shows that
V(&) = VI ()ll2 = 192:(&) = Sx(m)ll2 < (1€ = nll2
which coincides with the result in Theorem [3.8.
Next we introduce the Bregman distance induced by a convex function.

Definition 3.10 (Bregman distance). Let f : R™ — (—o0, o] be a proper convex
function. Let 2z € R™ be such that df(x) # 0 and let £ € 9f(x). The Bregman
distance induced by f at x in the direction ¢ is defined by

By definition it is easy to see that

DS(x,y) > 0.



44 CHAPTER 3. RANDOMISED SPARSE KACZMARZ METHOD

For any =,y € R" with 0f(z) # 0 and df (y) # 0, we have

DS(z,y) < D$(x,y) + D}(y, )
=[fly) = fl@) = &y =)+ [f(x) = fly) — (0,2 —v)]

for any £ € 0f(z) and n € Of(y).
When f is strongly convex, we may use ch(x, y) to bound ||z — yl[3.

Lemma 3.11. Let f : R" — (—o0, 0] be a-strongly convex. Then for any v € R"
with Of (x) # 0 and any & € Of (x) there holds

Di(z,y) = allz —yll3, VyecR"
Consequently D(z,y) =0 <= y = a.
Proof. By the strong convexity of f we have
flty+ (1 =t)x) +at(l =)z —yll; < tf(y) + (1 - t)f(2)
for all 0 <t < 1. Since £ € df(x), we have
fly+ (1 —tx) = flo) + &ty + (1 —t)z —x)
= f(z) + {6,y — ).
Consequently
tfly) + 1 =) f(x) = flz) + &y — ) + at(l = t) ]z - ylf3,

or
tf(y) = fl@) = &y —2)] = at(l = )]z —yll3
for all 0 <t < 1. Dividing both sides by t gives
Di(x,y) = f(y) = f(z) = {&y — ) = (1= t)allz — yl3
for all 0 <t < 1. Letting ¢t — 0 we can obtain ch(x,y) > allz — y||3 O

Definition 3.12 (Bregman projection). Let C' C R™ be a nonempty closed con-
vex set and let f : R" — (—o00,00] be a proper lower semi-continuous convex
function. For x € R™ with 0f(x) # () and £ € df(x), an element & € C such that

Dj(w, &) = min D (w,y),

if exists, is called a Bregman projection of z onto C' with respect to f and &.
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For a general convex function, the Bregman projection may not exist. How-
ever, if f is strongly convex, then any x € R" with df(z) # 0 has a unique
Bregman projection onto C' with respect to f and any £ € Jf(x) because the
function

y — Di(,y)

is strong convex and hence coercive.

Lemma 3.13. Let f : R" — (—o00,00] be a continuous convex function. The

following statements about Bregman projection are equivalent:
(1) & € C is a Bregman projection of x onto C with respect to f and § € Of (x).

(ii) there exists € € Of (2) such that

A

(&2 —y) <0, Vyedl.

(iii) there exists € € f(&) such that

Di(&,y) < D§(z,y) — Di(x,2), VyeC.

The vector € in (ii) and (iii) is called an admissible subgradient for .

Proof. (i) <= (ii). Let ¢ denote the indicator function of C, i.e.

Soly) = 0 if y e C,
= +oo ify gl

which is a proper, lower semi-continuous, convex function because C'is a nonempty
closed convex set. Then, by Theorem and Theorem [3.6] we have

&
Dj(x,2) = HggD( ,Y)

= T € arg;%kn {ch(x,y) + 5C(y)}
= 0€0(Di(,7) +c) (&) = 9f(2) — € + Do)
— 3¢ € df(&) such that & — £ € Doc (&)
— 3¢ € 9f(&) such that

doly) = d(@) +(§ &y — ), VyeR
= 3¢ € df(&) such that

0> (¢ —Ey—a), WYyeC.
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(ii) <= (iii). By the definition of Bregman distance we have

DS(#,y) — Di(x,y) + DS(x, 2)
= [fly) — @) — .y — )] - [fly) — flx) — &y — )]
+[f(@) = f(z) = (&3 — )

=({£-&y—2).
Therefore (ii) and (iii) are equivalent. O

With the preparation of Bregman projection, the exact-step randomised Kacz-
marz method for solving Ax = b defines its next iterate as a Bregman projection
of the current iterate onto a hyperplane {a!z = b;} with i randomly chosen from
{1,2,--- ,m} with suitable probability distribution. In order to formulate the
method more explicitly, we need to determine how to find a Bregman projection
onto a hyperplane. We need the following special version of the Karush-Kuhn-

Tucker theory for constrained minimisation problems.
Proposition 3.14. Consider the minimisation problem
min{ f(z) : Az = b}, (3.11)

where f: R™ — R is a convex function, A € R™*" and b € R™. Then z* € R" s
an optimal solution of if and only if there exists p € R™ such that

0cof(x*)+ ATy  and Az*=b.
Proof. Please refer to [43]. O

Lemma 3.15. Let f : R" — R be a-strongly convexr with o > 0, A € R™*"  and
b e R™. Let f* denote the Legendre-Fenchel conjugate of f. Then the Bregman
projection of x € R™ onto the affine subspace

L(A,b) :=={z e R"|Az = b} # 0
with respect to f and £ € Of(x) is given by
B =V~ AT,
where 1 € R™ is a solution of

min {f*(& — ATp) + (b, p) } (3.12)

pER™



3.1. DEFINITIONS AND CONSTRUCTION 47

Moreover, é =& — AT 1 is an admissible subgradient for &. If A has full row rank
then

Di(i,y) < Df(x,y) — af|(AAT)7?(Ax = b)]3 (3.13)
for ally € L(A,D).

Proof. Since z is the Bregman projection of = onto L(A, b) with respect to f and
¢ € 0f(x), we have

i = arg min {ch(x, y) 1 Ay = b} .
Recall the definition of Bregman distance,
Di(z,y) = f(y) = f(x) = &y — ).

By the Karush-Kuhn-Tucker theory for constrained minimisation problems, i.e.
Proposition [3.14} there is ji € R™ such that

0 € d(DS(x, ) (@) + ATp = 0f(#) — €+ AT and  Ad =),
Therefore
§ =6~ AT e df(2).
Consequently, it follows from Theorem that
T edf (&~ AR

Since f* is differentiable, we thus obtain z = V f*(£ — AT f1).

Next we use the equation Az = b to obtain
b= Ai = AVf*(& — AT Q).

Therefore
Vu(f7(€ = ATA) + (b, 1)) = 0.
This means that j is a solution of (3.12)).

The vector € := & — AT i is an admissible subgradient of # because

for all y € L(A,b).
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Finally we show (3.13]). We have

D(&,y) — Di(w,y) = [f(y) — f(3) — €,y
= flz) — f(&) = ({y — &
(

From Theorem [3.§] it follows that
Di(e,y) = Di(x.y) = £(€) = (&) = (€ = &)
Recall that € = &£ — ATji. We have
Di(2,y) = Di(x.y) = £(§ = ATR) + (AT, ) = ()
0, b) — [(£)-
Since i is a solution of , we have for any p € R™ that

D (i, y) — Di(w,y) < [4(€ = ATp) + (b, 1) = (),
=fre-A" ) F(&) = (Vf (&), —AT )
+(VF(&), = AT ) + (b, ).

By using the Lipschitz continuity of V f*  see Theorem we can obtain
Di(2,) — D) < 7|~ ATHI3 + (b — AV (6))
Since £ € J(x), we have from Theorem [3.8| that x = V f*(£). Therefore
D2 ) — DS(e,) < 7| AT I + (b — Aa) (3.14)

for any p € R™.

Now we choose ;1 to minimise the right hand side

1
— —[|AT |12 — Az).
h() 4a\| plls + (b — Ax)

It gives
1
—AAT 4+ b — Az = 0.
2c

Since A has full row rank, AAT is positive definite matrix. Therefore we can solve

the above equation to obtain

1= 2a(AAT) Az —b).
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Substituting this 4 into the equation (3.14) and noting || AT ully = [|[(AAT)Y2u]|,

we have
. 1 .
Di(#,y) = Dj(w,y) < 1=12a(AAT)2(AAT) 7 (Ax — b)|
+2a(b — Az, (AAT) ' (Az — b))
= —al|(AAT)*(Az — D) 3.
The proof is complete. O

Corollary 3.16. Let f : R” — R be a-strongly convex with o« > 0, 0 # u € R"
and f € R. The Bregman projection of x € R" onto the hyperplane

H(u,B) = {x € R" : (u,2) = B}
with respect to f and £ € 0f(z) is given by
b=V~ iu),
where ¢ € R is a solution of

min {*(§ — tu) + 16} .

Moreover, f := £ — tu is an admissible subgradient for  and

D;(f,y) < Dfﬂ(%y) B aw
[ul[3
for all y € H(u, §).

With the help of this corollary, we are ready to formulate the exact-step
randomised sparse Kaczmarz method (ERSKM).

Algorithm 8 (ERSKM). Let f be given by and let ©g = & = 0. For
k=1,2,--- define

t, = arg min {f* (& — ta;) + tb;},

Skr1 = & — tray,
Tps1 = VI (&er1) = Sx(&rr),

where the index i is randomly chosen from the set {1,2,...,m} with the probability

*j *||A||%‘7 j* ) 7m‘
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3.2 Convergence

In this section we will show that the sequences defined in Algorithm [7] and Algo-
rithm |8] converge in expectation to the unique solution of with linear rates.
The proof is based on the restricted strong convexity of the dual objective func-
tion of . So let us first determine the dual problem of . Note that the

associated Lagrangian function is
1
L@, ) = Mzl + llzls + (. b = Az).

By definition, the dual function is

. 1
i) = it {2 (e = Alell + 5ol + (1.0~ 42) |

TER™?

. L2 T
= g {Mell+ gllell = (A7) + (.0}

- 1 T 2 1 T 2
= it {oll+ 3llo — A7alg = S1ATWIB +

According to the definition of the soft threshold function, one can see that the

above infimum is achieved at x = S\(ATu). Therefore
d(p) = Al[Sx(A" ) [l + %HSA(ATM)H% — (A4, Sx(AT ) + (11, b)
= MS\AT @)1+ (Sa(AT ) — AT, Sy (AT ) — %HSA(ATM)Hg + (s, b).
From Lemma [3.3] (i) it follows that
MSA (AT )11 4 (Sn (AT ) — AT p, Sy (AT ) = 0. (3.15)

Therefore )
d(p) = =5 IS\AT W15 + (11,0).
Let
o) = —d(p) = SIS\(ATW)IE — (1),

Then g(u) is a convex function and the dual problem has the form

d(p) = — mi .
max d(y) = — min g(u)

For the minimisation problem ({3.4)), the strong duality holds because it only

involves a linear equality constraint with a continuous objective function. Thus

min {f(x) = A|z||: + %Hx“z D Az = b} = — min g(u).

TzeR™ peR™
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Lemma 3.17. Let x* be the unique solution of . Then for any solution [i of

the minimisation problem

win {900 = 315701 - () | (3.16)

pneER™
there holds ATji € Of (x*).

Proof. By the strong duality we have f(z*) = —g(i), i.e.

* 1 * 1 ~ ~
Mzl + 5 27 = =S I3 (ATR) 3 + (b, )

Since Ax* = b, we have

Ly 1 . © AT A
Ml + S ll27115 = =S IS\ A @lI5 + (27, A7),

By using the identity (3.15]) it is easy to see that
. 1 . 1 . . .
ASAAT @l + SIS\ AT = =SS A5 + (S\ (AT ), AT ).
By the uniqueness of z*, we must have
¥ = Sy(AT ).

Recall that for the Legendre-Fenchel conjugate f* of f we have V f*(£) = Sy(€).
Thus

ot = Sy(ATj) = Vf*(ATR).

According to Theorem we therefore have A1 € Of(z*). O

In order to introduce the next result, we need some notations. For any nonzero

vector x, we define
|%|min = min {|z;| : 7 € supp(z)} > 0.

For any subset J of the index set {1,2,--- ,n}, we use A; to denote the matrix
that is formed by the columns of A indexed by J. We then define

Omin(A) := min{owin(Ay) : J C {1,--+ ,n} and A; # 0},

where 0(A;) denotes the smallest singular value of A;.
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Lemma 3.18 (Restricted strong convexity). Let U be the solution set of the dual
problem and let Py be the Euclidean projection of R™ onto U. Then

(1= Pu(p), Vg(p)) = viw— Po(p)ll; (3.17)
for all € R™, where

2 (A) |7 min

min

>0

ve=o |x*‘min+2)\ ’

The proof of this result is very lengthy. So we will not include its proof here
and one may refer to [22] for the details. For a differentiable function g, it is easy

to see that g is v-strongly convex if and only if

(1= 1,V g(p) = V() = vllp — All3 (3.18)

for all p, i € R™. Note that Py (i) is a minimiser of g, we have Vg(Py(u)) = 0.
Consequently (3.17)) can be written as

(1= Py(p), V() = Vg(Pu(p)) > v|p— Po(p)|3.

Compared with (3.18]), we can see that (3.17)) is the restriction of (3.18]) to the

specially chosen i = Py(u). Because of this reason, the result in Lemma m is

called the restricted strong convexity of g.

Lemma 3.19. Let z* be the unique solution of . For any x € R™ with
Of(x) N R(AT) #£ 0 and any € € df (x) NR(AT) there holds

1 |2* | min + 2A
o (A) 2" |min

min

ch(x,x*) < | Az — bl|3.

Proof. For £ € df(x) N R(AT) we have x = Vf*(£) = S\(§) and & = AT for

some ji € R™. By using Lemma [3.18| we have

1 |2 in + 2A
0 — Py()|]? <
HM U(:u)“2 = 6’;111(14) ’$*|mln
1 ‘x*|m1n+2>\ N
<
STl

min

(i = Py(fr), V()

= Pu()l2[[Vg(@)]l2-

Therefore

1 ‘l‘*|m1n —|—2/\
i — Py(i)ls <

min

Vg ()l2-

*
|l’ |m1n
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According to the definition of g(u) and Lemma [3.3| (iii) we have
Vg(jr) = ASN(ATf1) —b = ASA\(§) —b= Az —b.
Consequently

1 |2%|min + 2A
i — Py <
H:u U(M)”Q = 6-12mn<A) |x*|m1n

Since Py(ft) is a solution of (3.16), it follows from Lemma that £ =
AT Py(fi) € Of(z*). Therefore

ch(x,x*) < <£ - 5*,$ - I*> = <AT/]’ - ATPU(:EL)ux - .T*>
— (ji— Py(ji), Az —b)
< |l = Pu()l2l| Az — 0f|2

I 2% min + 2A

o2 (A) 2" |min

min

IN

1Az — b][3
which completes the proof. O

Now we are ready to provide the main convergence results on Algorithm
and Algorithm

Theorem 3.20. Let x* be the unique solution of . Then the iterates xy
generated by both Algorithm[7 and Algorithm[8 converge to x* in expectation with

a linear rate, i.e.
E[DF (@i, 27)] < qE[DF (v, 27)]

and
Efllze — 2*(13] < ¢" @A |z* [l + [|2*]13),
where i}
NP 1Al
2/%2 |m*|min + 2/\7 &min(A)

and the expectations is taken with respect to the choice of rows in the algorithms.
Proof. We first claim that

1 ({a;, o) — b;)?
Ek+1 * I3 * iy Lk i

For Algorithm [§ this claim follows immediately from Corollary and the a-
strong convexity of f with a = 1/2. For Algorithm 7| this claim can be confirmed
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as follows: By using the argument in the proof of Lemma [3.15] we have

DY (wxe1,27) = DF (wr,27) = f* (€)= F7(6) — (1 — & 27)
S (1) = 7 (&) — (o1 — &y V()
+ (1 — &k V() — 27).

With the help of Theorem |3.8/ and the fact x; = S\(§) = V f*(&), we can obtain

* k 1 *
D (w11, 2%) — DF (@, %) < Skt — Ell3 + (Gt — & 2 — 27,
where we used the a-strong convexity of f with o = 1/2. Since

<G¢>$k> —b;

H@iﬂg

Shr1 — & = —

7

and (a;, z*) = b;, we have

(as, zr) —0;)*  (a;, xx) — b

- —(ai, xp — x%)

fo““(xkﬂ,x*) - ch’“ (g, ") <

1
2 a3 llaill3
_ (@i, ze) —0:)* (s, m) — bi)?
2 | asl3 | a:l|3
1 ({ag, ) — bi)?
2 a3

which shows the claim ((3.19)).
By taking the expectation of (3.19) conditioned on knowing all the previous

k iterations, it follows

aill3 ({ai, x) — b;)?
E[D&““(xk 1,x9)|k] < Dg’“ (g, x I
/ * Z ||A||F 2||a;l|3

= D% (zp,2%) — ——— a;, x) — b;)?

| Az — b]13
2| Al

= D?“(xk, x*) —
With the help of Lemma [3.19] we have
E[ch’““(xkﬂ, ") |k] < quJ“ (g, T).
By taking the full expectation, we obtain

E[DS* (241, 27)] < gE[DS (24, 2%)).
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By using this inequality recursively, we have
* * * * 1 *
BIDS (00,4°)] < 4D (an, ) = 1) = (Ml + 1) o
Note that ]
D (ar,a") 2 5 llax — 7]
see Lemma [3.11] we immediately have
Ell|lzr — 2" < (22"l + [|27[[3) ¢
The proof is therefore complete. O

We can also consider convergence rate of Algorithm [7] and Algorithm [§] for

noisy data case.

Theorem 3.21. Let x* be the unique solution of . Let b € R™ be a nosy
data satisfying ||b — bls < 8. Let {xy} and {&,} be the computed results from
Algorithm E and Algorithm @ with b replaced by b. Then we have the following
error estimates:

(i) For Algorithm|7 there holds
| 2% |min + 22 82
|7 min G(A)

E[D§ (wy, z)] < ¢ f(*) +

(it) For Algorithm|§ there holds

|[L'*|min + 2)\ ) (52 + 4||A||172(5
|Z* | min G%(A) ’

E[D§ (wy, z)] < ¢" (") +

where ¢ < 1 is defined as in Theorem and [[All12 = /Yy llaill3.

Proof. Let .
b; — b;

T =z +
il

a;.

Then

b — by . . .
ali = al v* + e ala; = ala* + (by — b;) = b; + (b; — b;) = b;.

This shows that © € H (ai,l;i). For Algorithm , by definition x;y; is a Breg-

man projection of zj onto the hyperplane H(a;,b;) and &, is an admissible
subgradient for zj,;. Therefore, we may use Corollary to conclude that
1 ((as, ) — b))

D¢ (w11, 7) < DS (a0, @) — 5 —. (3.20)
2 a3
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For Algorithm , (3.20)) can be derived by the exactly same argument in the proof
of Theorem [3.20l

By the definition of Bregman distance,we can write ((3.20)) explicitly as

F@) = f(@rg1) = 1 T — 2ag1) < f(2) = flan) — (> T — 1)
1 ({ai, zi) — b;)?

2 laill3

By regrouping the terms, we have
f@®) = f(xrgn) = (Grrr, 27 — Tpgr) + (§pgr, 27 — T)

< F@) — ) — (6o — ) + (g —7) - LT 0

2 a3

Consequently

- % 1 a;, T - Bl 2
Dfﬁ“(wkﬂ,x*) < chk(xkyx*) + (Cr1 — &k, T —27) — §(< ||;>||2 ) - (3.21)
ill2
We need to treat the term (&1 — &, T — x*) by considering Algorithm [7] and
Algorithm [§] separately.

(i) For Algorithm [7, we have

a;, T — Bz
Sk1 — & = —% i
llaill5
Therefore
~ " Qi T _Bi - .
<§k+1 & — > = —W@ux—ﬁ >

According to the definition of Z, we have

<Cli,j' — 33'*> = bl — bz

Therefore
79 - 61 7
<5k+1 — &, T — $*> = _—(a xk> 3 (bi - bi)
RZE
(b =0)* (b — b)) ({ai, z) — bi)
llas I3 llasl13

By expanding the terms, we also have
(s, ) = bi)* _ (({aws ) = bi) = (b = by))?
I o} ~
(@i, zp) = b)) + (bi — bi)* — 2(bi — bi) ({ai, zx) — by)

il 3
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Therefore

o Yan ) = b)% (b= )2 = ({ai, zx) — b)?
N a3 |

Combining this with (3.21]) we have

(b — b;)? — ({as, 2) — b;)?
2|l a3

D?‘“(xkﬂ, r*) < ch’“ (T, ") +

Now we take the expectation of both sides conditional on knowing the previous

iterates to obtain

laill3 (b — b:)? — ({a;, 1) — b;)?

E[DF (wp41,2°)|k] < DF (zp,2%) + Y |
=1

|All% 2|as |3
Awy, — 0[5 — [|b° = b][3
:D§k<l’/€,l’*)— || 2 2
d 2[|All%

Az b3 07
241 201AlF

With the help of Lemma |3.19| we then obtain

< D?’“ (xg, ")

52
B[D§ (a1, 2] < gD (w,0°) + 5y

2[|All%
By taking the full expectation on both sides, it follows

52

E[D} (41, 2%)] < GEIDF (a1, ")) + 5
1Al

Recursively using this equation we can obtain

52
B{D§-(o1.2°)] < ¢ EIDP (r0.a")] + (L + ¢ s
F
< ¢" DY (wo, ") + —6—22
1 —q2[|All%
kg [Tt 2A 82
=q" f(z") + o G2(A)

(i) Next we consider Algorithm Recall that f(z) = Az, + 3]|z||3, we have

Of (x) =z + A0(|| - [l)(x)
=2+ MEER" : |[¢]lec <1 and (€, z) = [lz]1}-

Since & € df(xy) and &y1 € Of (Tg41), we must have

Sk =ar+Asp  and i1 = Ty + ASpy
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with ||Sklloos ||Sk+1]|eec < 1. Therefore, using the definition of Z, we have

S b
(Eor1 — &y T —27) = W ({as, 1 — zw) + (i, Ser1 — si)) -
2112

Recall that zgr1 = Vf*(&s1) = V(& — tra;), where t; is a minimiser of
f* (& — ta;) + th;. We have

0= % (f*<£k — tCLi) + tgl) = —<CL¢, Vf*<fk — tkal)> + BZ = —<a¢,$k+1> —+ Bl

This shows that (a;, zx11) = b;. Therefore

- b= s
<fk+1 — &t — > = ||a7,||§ (bi - (%l'k> + <Gi, Sk4+1 — 5k>>
BN (B b . _h. . b
< (bz bz) (bz bz)(<azaxk‘> bz) 1 2||az”1|bz bz|.

[ aill3 [ aill3
Thus

(Eorr — €0 i — 27) — 1 ({as, ww) = bi)* (b = b)* — (@i, 2x) — bi)?
S 2l 2fal3
2|[aill1[b: — bif

i3

Combining this with (3.21]) we have

(b — b;)? — ({as, 2) — b;)? n 2)|a;+]b; — bi|

D£k+1(xk+1 ") < DS (Tg, ") +
! ’ Fa 2||aill3 [|aill5

Now we take the expectation of both sides conditional on knowing the previous
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iterates and use Lemma [3.19 to obtain

Jaill3 (b — b:)* — ({as, 2) — bi)?

E[D$ (w41, 2%) k] < D (g, 2%) + Y ‘A ; ;
i— F {12
= 14l 2]

" a2 2)|ail b — b
2
=1

[AllE el

[ Az — blI3 — [16° — blI3

2[|A|[%
2 = -
¢ 92
< qD¥ (zp,2") + 5
/ 2| All%
5 m 2 ;. 1/2
i () ()
F \i=1 i=1
< gD (™) + =2 2l All1a0
> (q T, X 1,20.
d 2(Al1E 1Al

By taking the full expectation on both sides, it follows

62 + 4[| Al|1.20

E[D{* (wxs1,2%)] < gE[DS (y, )] + 2
2||A[l%

Recursively using this equation we can obtain

1 0%+ 4]|Alj120

E[ch’“(a:k, )] < quch (o, 2") +

l—q 2[|Al%
ok % |I*|min + 2/\ ) (52 —+ 4”14”172(5

29
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Chapter 4
Numerical Experiments

Recall that this research aims to theoretically analyse convergence properties
through existing randomised Kaczmarz method (RKM) to those further devel-
oped methods based on RKM, such as random sparse Kaczmarz method, and
apply these algorithms, and compare their performances with that of the tradi-
tional Kaczmarz Method for solving systems of linear equations. In this chapter,
we do numerical experiments to present and discuss the performances in solv-
ing linear equation systems using the methodologies described in Chapter 2 and
Chapter 3. Here we do not include the method for solving linear inequalities,
because of lacking popular comparison benchmark. Furthermore, we conduct a
comparison of RKM with CGLS, which is a well-known iterative method, per-
forming well for solving linear equation systems. Here we adopt and modify the
CGLS algorithm Matlab code from Saunders [33].

4.1 Comparison between KM and RKM

This section presents and discusses the results of the methods discussed in Chap-
ter 2 for solving linear system Az = b for x, where A € R™*" and b € R™ is
the exact data. We generate matrix A and x respectively by normal distributed

random numbers.

4.1.1 Exact Data

We build our exact data b by calculating Az. We then input A and b into
Algorithm [1] and Algorithm [} comparing their residuals ||Az), — b||3 at each

iteration. The results of numerical experiments are shown in the following Figure

61
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168 n =100, m = 100, experiment repeat times = 500: i n =100, m = 200, experiment repeat times = 500:
103 ¥ 100
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Figure 4.1: Comparison for KM and RKM with exact data for different n,m

In Figure [4.1] blue lines are the residuals of iterations of KM, while red lines
are the residuals of iterations of RKM. The lighter areas of each colour represent
all values of residual ranges, while the darker areas around the lines are ranges
in the quantiles.

Here we choose four different scenarios for demonstration, that is, the sizes
of matrices are: square random matrix of 100 rows and 100 columns in Figure
4.1)(a), underdetermined system with matrix of 100 rows and 200 columns shown
in Figure (c), and two overdetermined systems with matrix of 100 columns and
200 rows shown in Figure [£.1(b), another one with 50 columns shown in Figure
- 1(d).

From Figure [£.0, we can see that without noise, RKM always has better

performance compared with KM. For n = m case, RKM has converged much
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slower than underdetermined case n > m, while RKM is specifically working well
for overdetermined systems, that is m >> n. As m goes up, it converges faster,
and the residuals are much smaller, as shown in Figure [1.1](b).

4.1.2 Noisy Data

For noisy data case, we add noise constructed as a normalised normal distributed
random vector proportion to a given noise level. We denote noise as €, and input
A and b := b + € into Algorithm [1] and Algorithm 2, comparing their residuals
||Azj, — b||2 for each iteration. The results of the noised numerical experiments
are shown in the following Figure 4.2

n =100, m = 100, noise level=0.10, experiment repeat times = 100:

-

n =100, m = 200, noise level=0.10, experiment repeat times = 100:

10*

I1Ax-bi?
3
I1Ax-b][?

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

Number of iterations Number of iterations
(a) n = 100, m = 100, noise level = 0.1 (b) n=100, m=200, noise level = 0.1

n =200, m = 100, noise level=0.10, experiment repeat times = 100: n =100, m = 200, noise level=0.30, experiment repeat times = 100

10*

10°

2
[JAx-bl|

50 100 150 200 250 300 350 400 450 500 o 50 100 150 200 250 300 350 400 450 500
Number of iterations Number of iterations

(¢) n = 200, m = 100, noise level = 0.1 (d) n = 100, m = 200, noise level = 0.3

Figure 4.2: Comparison for KM and RKM with noise for different n,m, and different

noise level

In Figure [4.2] the red lines represents RKM, and the blue lines represent KM.

The lighter areas of each colour represent all values of residual ranges, while the
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darker areas around the lines are ranges in the quantiles. Here we choose noisy
level as 10% shown in Figure [1.2f(a),(b) and (c), while we choose a bit larger noisy
level, 30%, shown in Figure [4.2)d).

It can be directly seen that RKM has much better performance compared
with KM in the perturbed systems. To be specific, RKM still converges fast in
overdetermined systems, but the residuals remain very large as shown in Figure
[4.2b), relatively to the underdetermined system in Figure [1.2c). Also, as the
relative noise level goes up, the residuals of RKM becomes very large and tend

to be similar to KM in the overdetermined system.

4.2 Comparison between RKM and RSKM

When facing a sparse problem of linear equations, we will check performances of
both RKM and RSKM. We will generate a random sparse vector x and a random
Gaussian matrix A to calculate the vector b with add-on noise level for our input
at each time of the experiment. The results of experiments inputting exact b and
noised b’ are shown in the following Figure 4.3}

In both Figure and [£.4] the green lines represents residuals of RSKM
and red lines represent residuals of RKM when recovering sparse solutions. The
lighter areas of each colour represent all residual value ranges respectively, while
the darker areas around the lines are ranges in the quantiles.

In Figure [£.3] we choose to generate random matrices with 100 rows and
100 columns in Figure (a) (b), and 100 rows and 200 columns in Figure
(c) (d). It is obvious to see that RSKM does not perform well extremely when
solving the underdetermined sparse solution problem, while RKM performs with
no such drastic differences. Although RSKM converge slower and residuals of it
are larger, we can see from Table [4.1], the iterations RSKM given have most of it
entries zero, which make the results much more sparse than RKM.

As for overdetermined sparse solution systems in Figure [£.4] we choose the
random matrices with 200 rows and 100 columns in Figure (a) (b), and 200
rows and 50 columns in Figure (c) (d).

We can see it converges faster than RKM, but the residuals of RSKM con-
verging to is a little bit larger than RKM. At the same time, we can observe that
RSKM has huge variances as shown by the green areas representing quantiles.
This may be due to the utilisation of the soft-threshold function.

Additionally, Figure (b) and (d) shows RSKM does converge to bet-
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n =100, m = 100, noise level=0.00
number of nonzero elements of solution = 10,soft-threshold level = 1.00
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Figure 4.3: Comparison for RKM and RSKM for equal n,m, and overdetermined

system with 10% of non-zero element in x, for both exact and noisy data
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n=20,m=>5, underdetermined system without noise

with the sparse solution of 2 non-zero entries after 200 iterations
soft-threshold level in RSKM = 1.0

experiment no.1 result | experiment no. 2 result | experiment no.3 result
RKM | RSKM RKM | RSKM RKM | RSKM
-0.03 | -0.06 0.09 | 0.00 -0.00 | 0.00
-0.04 | -0.00 -0.00 | 0.00 0.09 | 0.00
-0.02 | -0.00 -0.24 | -0.17 -0.02 | -0.00
-0.01 | -0.00 0.42 | 0.58 -0.12 | -0.14
-0.03 | -0.00 0.04 | 0.00 -0.11 | -0.00
0.01 |-0.00 0.08 | 0.00 0.06 | 0.00
-0.04 | -0.00 -0.12 | -0.00 -0.07 | -0.00
-0.00 | -0.00 0.16 | 0.00 0.01 | -0.00
-0.07 | -0.19 0.25 | 0.04 -0.02 | -0.00
0.03 | 0.00 -0.31 | -0.23 -0.15 | -0.00
0.03 | 0.00 -0.15 | -0.00 0.23 | 0.64
0.07 | 0.03 -0.08 | -0.00 -0.03 | -0.00
-0.01 | -0.00 0.02 | 0.00 -0.04 | -0.00
-0.06 | -0.08 0.29 | 0.30 0.17 | 0.00
0.01 | 0.00 -0.42 | -0.24 0.03 | 0.00
-0.01 | -0.00 -0.52 | -1.04 0.08 | 0.00
0.00 | -0.00 -0.10 | -0.00 0.03 | 0.00
-0.02 | -0.00 0.02 | -0.00 0.02 | -0.00
0.04 | 0.08 -0.27 | -0.09 0.06 | 0.00
-0.04 | -0.00 -0.14 | -0.00 0.00 | -0.00

Table 4.1: Comparison of RKM and RSKM in underdetermined systems
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n =100, m = 200, noise level=0.00
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n =100, m = 200, noise level=0.10

number of nonzero elements of solution = 10,soft-threshold level = 1.00

rkm vs srkm experiment repeat times = 100:
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(d) n = 50, m = 200, noise level = 0.1

Figure 4.4: Comparison for RKM and RSKM for different n,m, in overdetermined

systems, with 10% of non-zero element in x, for both exact and noisy data
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ter iteration comparing with RKM, though both of their residuals remain large.
From here we can see that it is not very suitable for solving the perturbed sys-
tems. Meanwhile, we can observe from Figure [4.3|b) and [4.3|(d) that RSKM did
not do well with noise perturbations when associated with square matrices and

underdetermined matrices.

4.3 Comparison between RSKM and ERSKM

In previous Chapter 3, we develop ERSKM by using the properties of Bregman
projection. In this section, we apply the comparison experiments similar to the

previous section. The numerical experiments results are shown in Figure 4.5]
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Figure 4.5: Comparison for ERSKM and RSKM for equal n,m, and overdetermined

system with 10% of non-zero element in x, for both exact and noisy data

In both Figure [£.5] and [4.6] where we choose the four scenarios same as be-
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fore, the cyan lines represent the residuals of ERSKM iterates, while the green

lines represent the residuals of RSKM iterates. The lighter areas of each colour

represent all residual value ranges respectively, while the darker areas around the
lines are ranges in the quantiles.

n =100, m = 200, noise level=0.00
number of nonzero elements of solution = 10,soft-threshold level = 1.00
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Figure 4.6: Comparison for RKM and RSKM for different n,m, in overdetermined
systems, with 10% of non-zero element in x, for both exact and noisy data

We can see from Figure [1.5]and [4.6, ERSKM does a much better job compared
with RSKM in all systems without perturbations. Comparing the figures, we

observed that as the m/n goes up, the advantage of ERSKM is dropping, while

from Figure [1.5(b)(d) and [4.6(b)(d), the performance shown in noisy cases of
ERSKM are not consistently efficient.
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4.4 Comparison between CGLS and RKM

Similarly, as previous sections generating methods, we compare RKM with CGLS
method. CGLS is a widely used algorithm for solving linear systems. The Matlab
code of CGLS is modified from Saunders [33]. The comparison experiments results

are shown in the following Figure |4.7]

n =100, m = 300, experiment repeat times = 100:

n =100, m =400, experiment repeat times = 100:
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Figure 4.7: Comparison for RKM and CGLS for different n,m

In Figure the dark blue lines represent residuals of CGLS and red lines
represent residuals of RKM when solving linear systems of equations. The lighter
areas of each colour represent all residual value ranges respectively, while the
darker areas around the lines are ranges in the quantiles.

We can see that from [3] CGLS has its convergence rate as

k(A) =1\,
A*A(m) )

||y, — |

A*A S 2||I0—ZE|

from which [39] derive that the complexity of CGLS is about 10;‘(2’77”) log %, while
the complexity of RKM is approximately %ﬁ log £.
Figureclearly ascertains that RKM has better performance when m/n > 3,

where it converges faster than CGLS.



Chapter 5
Conclusion

This thesis aimed to analyse the convergence related properties of randomised
Kaczmarz method, accelerated version, randomised Kazcmarz method for solv-
ing linear inequalities, randomised sparse Kaczmarz method and exact-step ran-
domised sparse Kaczmarz method by proofs and convex analysis, and to assess
how RKM for solving linear systems associated with large scale matrices com-
pares with the traditional Kaczmarz Method, and how RKM performs when the
problem is sparse compared with RSKM. Also, the comparison between RKM and
well-known iterative method, CGLS, is given out. Unlike the traditional iterative
method, KM, we examined our randomised algorithm by analysing the expecta-
tion of error. For experiments, we implemented the methodologies by random
matrices and vectors, sparse versions, and noised add-on. In conclusion, we view
the RKM as a better iterative method to the overdetermined linear systems in

general.

5.1 Summary

The KM method is our primary iterative method for solving linear systems of
equations because it is commonly applied in the area of Computed Tomography
(CT). The KM is a cyclic process of finding projections through each hyperplane
defined by rows of the matrix. As an iterative method, it has an advantage in
solving the systems that need modification, compared with direct methods. Most
importantly, it has evolved into the randomised version, which is a tremendous
enhancement. For this thesis, we construct the randomised Kaczmarz method by
introducing a probability distribution assigned to the choosing of the indices. This

is unlike the KM method, which only sweeps the rows in a certain order causing
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drastically different from changing orders of rows. RKM surpasses KM because
of its fast converging rate compared with KM, and this has been theoretically
analysed in this thesis. Applying it on noised data, we have analysed that our
RKM method also converges. After that, we extend RKM onto solving systems
of linear inequalities based on Hoffman’s theorem|[16].

When the system is overdetermined (number of rows of the associated matrix
is larger than the number of columns), this common situation appeared in many
real-world problems such as Computed Tomography; we expect our RKM con-
verges exponentially and the performance is much better when compared with
solving underdetermined systems. Also, with noised data, it is more prominent.

When the solution is sparse (entries are mainly zeros), this also are encoun-
tered in many engineering problems. We construct a randomised sparse Kacz-
marz method (RSKM) by using soft-threshold function and build exact-step ran-
domised sparse method (ERSKM) by using the properties of Bregman projection.
Through theoretical analysis and computation experiments, we show that RSKM
converges better than RKM when solving sparse problems.

Overall, we can view RKM, RSKM and ERSKM as good iterative algorithms
in solving systems of linear equations, especially those with sparse solutions.
As the size of matrices going up and overdetermined, our methodologies remain
quite efficient performance, even compared with CGLS when solving some specific

linear systems.

5.2 Limitations and Future Research Directions

For this study, we planned to examine RKM and the methodologies developing
from RKM, and RSKM that specialised on systems with sparse solution, about
their convergence properties of both exact situations and noisy situations. Fur-
thermore, we implemented the algorithms for numerical experiments. The results
may seem pleasing, however, for noisy data, we find it has a relatively disappoint-
ing result of converging point suggested in Chapter 4 of applying both RKM and
RSKM, as the residuals remain large. Future improvement can be made to further
develop the algorithms in noisy cases.

We observed the noteworthy properties and numerical results of those based
on RKM, whereas we could also adopt the idea behind applying it further not
only on solving systems of linear equations but onto those non-linear optimisa-

tion problems as well. Recall our basic idea is an improvement from cyclically
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computing iterates to randomised computing iterates.

Let’s have a look on an optimisation problem, that is, minimising the function
f(z) == f(x1, - ,x,) on feasible set {z = (x1, - ,z,)|a; < x; < b;, 1 €
{1,---,n}}. In order to find the minimiser, we can use Coordinate-wise descent
method [44], which is minimising f(z) along only one coordinate cyclically at
each iterate. The iterates are as follows.

xllf—l-l

k ko k k
= x{ — o Vif(z], x5, -, z)

I’ngl = $§ - akVQf(xlf+1a xéa T 73:7]2)

This kind of methods can be generalised into alternating minimisation methods,

where the iterates are generally in the following form.

xllc+1 = argminf(x’f,acg,-u ,l‘i)
'IIQH_l = arg minf(xllﬁ_l) $]2€7 e 71‘712)

The alternating minimisation has been developed into a wide range of methods,
as Expectation Maximisation (EM) method, an important algorithm applying in
the statistical inference aimed at finding the maximum of log likelihood function.
The iterates of EM method is based on finding expectation of each maximum
on each coordinate [37]. Additionally, an arrays of methods develop through
alternating minimisation, such as alternating proximal method and alternating
direction method of multipliers (ADMM).

From this, by applying our basic idea from RKM, further research leaves
to be done to construct randomised versions of those methods by examining

convergence properties and numerical computing results.
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