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Abstract

In [1], Arnol’d discussed the Maslov index as an intersection number of Lagrangian
loop with the Maslov cycle, whereas in [17], Robbin and Salamon gave a definition
of the Maslov index in term of the signature of crossing form. Furthermore, the
Maslov index is characterized by axioms. The index is a homotopy invariant with

fixed endpoints, and is additive for the concatenation of Lagrangian paths.

Application wise, in [8], Floer studied the case where the Hessian (a second
order differential operator) of the symplectic action functional o7 is taken along
a gradient flow line x(t), i.e. a solution satisfying the gradient flow equation
i@ = V./(x), connecting two critical endpoints z* = lim; 1., z(¢). Both the
gradient V.7 and Hessian A = V2 are taken with respect to suitable metric
on the underlying manifold. In particular, Floer defined a relative index at x*
and showed that the spectral flow of the Hessian of .o is equal to the relative
Morse index between z*, which is also equal to the dimension of the space of

trajectories of gradient flow between .

In Morse theory (as finite dimensional case of Floer theory), such & is
bounded below and the Hessian H has only finitely many negative eigenvalues,
when treated as matrix. Then the spectral flow of A(t) is the number of negative
eigenvalues (counted with multiplicity) of A at ™ minus the number of negative
eigenvalues of A at ™, which is equal to the Fredholm index of linearization oper-
ator D 4. Moreover, it happens to be the case that the unstable manifold W*"(x ™)
intersects the stable manifold W#(z™) transversally if and only if D 4 is surjective.
Then, the moduli space M = W"(x~) N W?(z") is a finite dimensional manifold

of dimension equal to the relative Morse index.

In this thesis, we will mainly focus on both the notion of Maslov index and
spectral flow and their coincidence. Roughly speaking, Maslov index can be seen
as the number of times the Lagrangian paths crosses the Maslov cycle and the
spectral flow can be seen as the number of eigenvalues of A(t) crossing zero from

negative to positive from t = —oo to t = co. The organization of this thesis will
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be distributed as follows: In Chapter 1, we briefly review some backgrounds in
Symplectic Geometry, that include the notion of symplectic vector space, sym-
plectic manifold and Darboux Theorem. To prepare for later chapter, we study
the relation between Sp(2n) and U(n) and their actions on the Lagrangian Grass-
mannian A(n). In Chapter 2, we study the notion and computational tool for the
Maslov index in the sense of crossing operator(adopting the method introduced
in [17]). Other related indices such as Hormander index and the well-known
Conley-Zehnder index will also be introduced. In Chapter 3, we study the notion
of Spectral flow of operator satisfying certain conditions and its coincidence with
Maslov index and Fredholm index, together with several examples in which this

notion applies to will be given.
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Chapter 1

Linear Symplectic Geometry

1.1 Symplectic vector space

Let M™ be a m—dimensional vector space over the field R. We say a map
w: M x M — R is bilinear if w is additive in both entries and is linear under
scalar multiplication. w is skew-symmetric if w(z,y) = —w(y,x). If w(z,y) =0
for all y € M implies x = 0, then w is non-degenerate. We call a non-degenerate

skew-symmetric bilinear form symplectic form.

Definition 1.1.1. Let M be a vector space and w be a symplectic form. Such a

pair (M, w) is called symplectic vector space.

An endomorphism J : M — M is an almost complex structure satisfying the
condition J7 = J~! = —Id and J? = —1 We say J is w—tame if w(Jx,z) > 0 for
all x #0 € M, and J is w—compatible if J is w—tame and satisfies w(Jv, Jw) =
w(v,w). If J is w—compatible, then

g:MxM-—7R
(v,w) — g(v,w) = w(Jv,w)
defines an inner product on M. With this, we can state the following remark.

Remark 1.1.2. Let (M,w) be a vector space equipped with symplectic form w.

Then, the dimension of M is always even.

Proof. Choose an inner product g on M, then there exists an almost complex
structure J : M — M such that g(-,-) = w(J-,-). Recall that J has the property
JT = —J, so dimJ = (=1)4mMdimJ7 = (-1)4mMdimJ. dimJ is non-vanishing
because w is non-degenerate. The equality implies (—1)4™™ = 1. So the dimen-

sion of M must be even. O
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Remark 1.1.3. Any two symplectic vector spaces M, M’ of same dimension are
symplectically isomorphic. This means that there exists a linear isomorphism (in
which will call symplectomorphism later) between M and M’ such that it preserves

the symplectic form.

Definition 1.1.4. A symplectic basis of a symplectic vector space (M,w) is a set

B of vectors

B={ey,...,e,yU{ds,...,dn}

such that
W(Gi, €j) = W(di, dj) =0

and

w(ei, dj) = 61’]’
for 1 <4,3,<n, where d;; is the Kronecker delta.

Note that the symplectic basis defined above is a basis in the usual sense in a
vector space. In fact, one can see that if two vectors that repeating element from
{e;}7-, U {d1},, then w vanishes according to the condition imposed. Hence,
the linear independence of vectors spanned by {e;}! ; U{d;}"; holds.

We will state the theorem of the existence of symplectic basis, for detail proof,
one may see [9]. The theorem is result of the Gram-Schmidt othornormalization

process of Euclidean geometry in symplectic version.

Theorem 1.1.5. Let A and B be two subsets of index set {1,...,n}. Let & =
{e;|i€ A} and D ={d; | j € B} of (M*",w), such that e; and d; satisfy

w(ei, ej) = W(du d]) =0
and
W(Gi,dj) = 51
for (i,j) € A x B. Then, there exists a symplectic basis B of (M,w) such that
EUDCB.

Example 1.1.1. (R* wgyy) is a symplectic vector space with Euclidean sym-
plectic form, with symplectic basis e; = (a;,0) and d; = (0, 5;), where o; and f;
are canonical basis of R™. We call this the canonical symplectic basis. FExplicitly,

Wgeaq has the form

chld(JE, Z/) = Z a;y; — b;x;
i=1
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where © = (T1,...,%p, 01, ...,0,) and y = (Y1, -, Yn, b1, ..,bn). In particular, if

(e1,...,€e,) is an orthonormal basis of R™, then
w((eiv 0)7 (07 ej)) = 51]

Hence,

((e1,0),...,(en,0),(0,e1),...,(0,e1))

is a symplectic basis of (R*™ wreq).

Example 1.1.2. For the case of Hermitian inner product, denoted as (v, w)s or

simply (v, w) for v,w € C*, by direct computation, we see that
(v, w)e = (D view D wies)e
=Y vamjlei e)c
= v
= (a; +ibj)(z; — iy;)
= (am; +bjy;) — i Y _(ajy; — b))
= (v,w)p — w(v,w).
The second equality follows from the identity (e;,e;) = d;5. Also,
w(v,w) = —Im{v, w)

because if we write v = a + ib = (a,b)T,w = x + iy = (z,y)T, and

1
J— 0 d
—Id 0
then, over R, Jw = (y, —x) and hence
—x

w(v,w) = (v, Jw)y = v - Jw =v" (Jw) = (a,b) ( Y > =ay — bx (1.1.1)

Now, we show that the real bilinear form w(v,w) = —Im(v,w) is nondegenerate

and skew-symmetric. Note that

w(v,w) = —Im(v, w)e = Im(v,w)c = —Im{w,v) = —w(w,v).
So, w is skew-symmetric. For all w € C", such that

w(v, w) = —Im(v, w)c =0
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implies Im(v, w)c = 0. One observes that

(v.iw)e = —i(v,w)e
which implies

Im(v,iw)e = — (v, w)g.

But,

Im(v,iw) = w(v, iw) = iw(v,w) = 0,

so (v,w)p = 0. Fventually, we obtain
(v,w)e = (VW) —iw(v,w) =0-0=0
which implies v =0, 1.e. w 1S nondegenerate.

Example 1.1.3. Suppose V' is any vector space with its dual V*. Then, the direct

sum V @& V* is a symplectic vector space in which the symplectic form w is given

by
w VeV xVaeV —R

(1.1.2)
((z1, f1), (@1, 1) —> fi(z2) — fi(z2)

Proof. We only need to show that w is non-degenerate and skew-symmetric since
the bilinearity of w follows from the linearity of f; and f5. First, for skew-

symmetry of w,

w((w1, 1), (22, f2)) = fa(x1) — fi(z2)
= —(fi(z2) — fa(x1))
= —w((22, f2), (1, f1))

For non-degeneracy, recall that by definition if v # 0, then there exists w such that
w(v,w) # 0. We choose any nonzero vector (z, f) € V & V*. If x # 0, then there
exists some linear functional h € V* such that h(z) # 0, take (0,h) € V & V*,
then

w((z, f), (0,h)) = h(z) — f(0) = h(z) # 0.
Also, take (v,0) € V& V*,
w((z, f),(v,0)) =0(z) = f(v) = —f(v) # 0.

Hence, w is nondegenerate on V & V'*. O]
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Definition 1.1.6. The symplectic complement V+ of V.C M (wrt. symplectic

form w) is defined as
Vi={reM|wxy =0YycV}

Remark 1.1.7. V* is not necessarily the complement of V in general and V+
need not to be symplectic as well. One simple counterexample would be V =
Span(e) for some nonzero e € M. Then, w(x,y) = w(ae,be) = abw(e,e) = 0
for x,y € V. This shows that V. C VL ie. V # (V4L)e. In this case, we say
V' is isotropic. Also, w|y degenerates. So, w cannot be nondegenerate on whole
VL. We say V is not symplectic. This ’classification’ follows from the following
definition.

Definition 1.1.8. Let V C M be a linear subspace, then we say V' is

isotropic if V. .C V*

coisotropic if V- C V

symplectic if V. NV+ = {0}

Lagrangian if V = V.

One can see that if V is symplectic, then V' must not be contained in V+ but
the only common element is {0}. This is equivalent to say that V' is symplectic
if and only if w|y # 0.

Corollary 1.1.1. Let (V & V* w) be the symplectic space defined above, then
V@& 0* and 0 V* are Lagrangian subspaces of V and

VeV =Vaeo)e eV

Proof. We show that V' @ 0* is Lagrangian. For all z = (v,0) € V @ 07,
w((v,0), (v,0)) = 0 implies (v,0) € V@ 0%, ie. V&0* C (V& 0*)L. On the
other hand, let (w, f) € (V & 0*)*, then for any (v,0) € V & 0%,

w((w, f), (v,0)) = 0(w) = f(v) =0

so f(v) = 0 for all v € V. Then, f must be 0. This shows that (V& 0%)* c Va0~
So we have

Vao= Va0t

i.e. V&0* is Lagrangian. By similar argument, we show that 0 V™ is Lagrangian.

The last claim follows directly. ]
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Remark 1.1.9. Suppose V' is a symplectic vector space of dimension 2n, then its

Lagrangian subspaces are always of dimension n.

Suppose (M, w) is a symplectic vector space with symplectic form w as defined
above. Recall that we can choose a symplectic basis and express the coordinates

of a vector

T = Z%’@i +yifi
i=1

in the chosen basis such that the symplectic form is
n
w(z, ') = ley: — TYi.
i=1
In fact, we can also write w as a differential form

w = id:ci A dy;.

=1

Definition 1.1.10. A symplectic form w is called closed if dw = 0 and exact if
w s the differential of differential form with one less dimension, i.e. if w is a
differential k—form, then w is closed if w = df for some (k — 1)—form p.

Example 1.1.4. Let
w = Z dx; N\ dy;.

=1

W= d(ixidyl) = —da
i=1

Then, w 1is exact:

where .
o= Z yidx;.
i=1

Such « is called Liouville 1-form.

1.2 Symplectic manifold

In this section, we will given a definition of symplectic manifold and explain the

Darboux Theorem.

Definition 1.2.1. Let M be a smooth manifold. Suppose a closed nondegenerate
2—form w is defined on M, i.e. an w € Q*(M) such that
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1. dw =0
2. For all x € M, on each tangent space T, M, if
we(X,Y) =0
forallY € T, M, then X = 0.
Such (M,w) is called symplectic manifold.

Remark 1.2.2. The conditions on w at each x € M make each T,M into a

symplectic vector space. So, the dimension of M 1is always even. That is,

n 2n
Nw. #0e \TyM

for all x, where the term on left side is the non vanishing volume form (n—fold

wedge product) w™ on M. Then, M must be orientable.

One may wonder why should we impose w to be closed instead of exact.
Suppose (M,w) is a symplectic manifold with exact nondegenerate 2—form w,
then M cannot be compact, which is not a desirable situation in most cases. The

claim follows from the following:

Proposition 1.2.3. Let M be a compact manifold. Then, there exists no 2—form

on M such that w is exact and nondegenerate.

Proof. As claimed above the 2—form w is nondegenerate if and only if w" is a

volume form on M. Suppose that w = da is exact, then so is
w" = d(a Aw"h).

But, by Stokes theorem, the integral of w™ over M is positive, and we obtain

0</ w”:/ d(a/\w”l):/ aANw" =0
M M oM

which is a contradiction. The last equality follows from the fact that M is a

closed manifold. ]

Example 1.2.1. Consider the space of cotangent bundle T*M of manifold M,
with projection m : T*M — M. On T*M there exists the Liouville 1—form «
given by

g (X) = o(Tpm(X))
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where x € M, X € Ty \(T*M) and ¢ € T}M is a linear form on T, M. Then,

2

w = —da is exact and hence closed because dw = —d*a = 0. In terms of co-

ordinate: We choose (x1,...,x,) be local coordinates on M. and (yi,...,yn) be
the dual coordinates of M, then we can write the local coordinates on T*M as

(T1y ooy Tpy Y1y -+, Yn). S0, in this case, we have

w = Zd% Ndy;, «a= Zyidxi.

Example 1.2.2. Let M = S?, the unit sphere

wazl},

is equipped with symplectic form (area form) w, which is given by

52 = {(l‘l,xg,fljg) c Rd

wa(&m) = (x, & xm) =x-(§ x1)

where £,n € T,S? and & x n is the cross product. The tangent space of S? at a

point x s the plane orthogonal to the unit vector .

Example 1.2.3. Recall that if w is a closed nondegenerate symplectic form, then

n

w™ is a nonvanishing volume form. We say w™/n! is the symplectic volume form.

This follows from
<dei /\dyi) =nldzy Ndy; A\ -+ Ndzx, N dy,

This gives volume 1 to the torus T?".

Remark 1.2.4. When w is nondegenerate, then there is a canonical isomorphism

between the tangent and cotangent bundles of M, 1i.e.

w:TM — T"M
X r—i(X)w=w(X,").

Definition 1.2.5. Let (M,w) be a symplectic manifold. Then, a symplectomor-
phisms of (M,w) is a diffeomorphism ¢ € Dif(M) such that

Yw=w

i.e. preserves the symplectic form. We denote Symp(M) the group of symplecto-

morphisms.
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Note that since w is nondegenerate, then by Remark 1.2.4, at each z € M,
w:T,M —T:M, v 1(v)w,

is an isomorphism. There is an one-to-one correspondence between vector fields
X eVect(M) and 1—forms via Vect(M) — Q' (M) defined by X — +(X)w. We
call a vector field X symplectic if ¢(X)w is closed, i.e. di(X)w = 0. The set of all
symplectic vector fields is denoted by Vect(M,w).

Definition 1.2.6. Let M be a smooth manifold. Let ¢ : M x R — M be a map
of two parameters. Then, ¢ is an isotopy if for allt € R, ¢, : M — M 1is a
diffeomorphism with initial ¢y = Id.

Given an isotopy ¢, we can associate a family of time dependent vector fields
{X:} such that at each x € M,

Slz) = X))

In fact, if M is compact, then there is an one-to-one correspondence between the
set of isotopies of M and the set of time dependent vector fields on M.

Definition 1.2.7. Suppose the vector field X is independent of time t, then we
call the associated isotopy the exponential map or the flow of X, denoted as e~ :
M — M fort € R. Then, {eX} is the unique smooth family of diffeomorphism

such that

%(etx)(x) = X o etX@

6tX

= Id.

t=0

Definition 1.2.8. The Lie derivative is an operator defined on the space of dif-

ferential k—forms on M, which is given by

Lx : (M) — QF(M)
d

W — e .
dt t:0< )

Remark 1.2.9. By Picard’s theoerem, in a small neighbourhood U, of x and for
small time t € R, there exists an one parameter family of local diffeomorphism o,

such that J
di;t = Xiop;
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with @o = Id. Then, we have the Lie derivative by X; given by

d

Lth - E t:(](gpt) w.

One useful tool in the calculation is the so-called Cartan’s formula:
Lxw = 1(X)dw + du(X)w.
Proposition 1.2.10. Let {w;} be a smooth family of differential k—forms, then
d . dw
fivion =i (Exi + ).

Proof.

d * *
et = e

= er(Lxwl,_,) + i —
. dw
= ¢t (Ctht + d—tt) .
O

Proposition 1.2.11. Let M be a closed manifold. Suppose {1} € Diff( M)
1s a smooth family of diffeomorphisms generated by a family of vector fields
{X:} € Vect(M) given by

d
E% = Xt oty
with o = Id. Then, for all t, 1y €Symp(M,w) if and only if X; € Vect(M,w).

Proof. By direct computation, and using Cartan’s formula for Lie derivative,
Lxw = o(X)dw + d(1(Xp)w),
then
%w;‘w =y (ﬁxw + iw)

dt
=} ((Xy)dw + du(X;)w)
= ] (du(X})w).

The last equality follows from the fact that w is closed. So, X; €Vect(M,w)
if and only if d(¢(X;)w) = 0 if and only if Lxw = 0. O
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1.3 Darboux theorem

Roughly speaking, Darboux theorem says that every symplectic form w on M
is locally diffeomorphic to the standard symplectic form on R?", which implies
an important consequence: the symplectic structure has no local invariants. The
proof of Darboux Theorem utilizes the Moser’s theorem. There are two versions

of the Moser’s theorem:

Theorem 1.3.1 (Version 1). Let M be a compact symplectic manifold with sym-
plectic forms wy and wy such that [wo] = [w1] and a smooth family of symplectic
forms {w;} given by

wr = (1 —1t)wo

fort €[0,1]. Then, there exists an isotopy ¢ : M x R — M such that ¢jw; = wy
fort €0,1].

Theorem 1.3.2 (Version 2). Let M be a compact manifold equipped with sym-
plectic form wy and wy. Let {w:} be a smooth family of closed symplectic 2— forms

connecting wy and wy such that
1. (cohomology assumption) [w;] is independent of t, i.e. Llw,] = [Lw;] = 0.
2. (nondegeneracy assumption) wy is nondegenerate for all t in [0, 1].

We will not prove the above two versions of Moser’s theorem, for detail proof,
one sees [4]. However, we will first show the following Relative Moser’s theorem

to give a simple proof to Darboux theorem.

Theorem 1.3.3 (Relative Moser’s Theorem). Let M be a manifold. Suppose
there is a closed submanifold X of M such that the symplectic forms wg and wq
agree on X. i.e.

wo(z) = wi(z)
for all x € X. Then, there exists a neighbourhood Uy and Uy of X in M and a
diffeomorphism ¢ : Uy — Uy such that p|x = Idx and ¢*w; = wp.

Proof. Consider the path of symplectic forms w; = (1 —1t)wy+w;. Since wy and wy
agree on all points on X, w; is constant. So we can find a small enough tubular
neighbourhood Uy of X such that w, is nondegenerate on Uj. Since wy and w; are
closed, so there exists a 1—form « on U, such that w; — wy = da. Recall that
the notion of closedness of a differential form is the local notion corresponding

to exactness, which is exactly why we can find such «. Another way to suggest
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the existence of such « is to see that U, is diffeomorphic to an open ball of the
zero section of a vector bundle on X that retracts on X. Then, one applies the
Poincare lemma to w; —wy which gives the form a. Back to the proof. Our goal is
to find a time dependent vector field X; such that its flow v, satistying ¢;w; = wp.
Observe that

d d
wawt =y (EWt + ﬁXM)

= 77/)2( <d04 + L(Xt)dwt + dL(Xt>wt)

=/ (d(a + L(Xt)wt)) = 0 = dwy.
So, we can choose the time dependent vector field X; to be such that
a = —u(Xp)w;.

By integrating X, we get its flow (an isotopy) ¢, : Uy x [0, 1] — M with ¢;w; = wy.
Suppose we consider such X; vanishes on X for all ¢, then we get ¢y|x = Idx.
Note that 1w, does not depends on time ¢, so we get the result by taking ¢ = /4.
In particular, at time 1, ¢(Uy) = Us. O

Theorem 1.3.4 (Darboux). Let (M,w) be a symplectic manifold. Then, for
each x € M, there ezists a system of local coordinates (x1,...,Tpn, Y1, ..., Yn) With

center x such that the symplectic form is given by w = > dx; A dy;.

Proof. We wish to apply the lemma above to a point z and compare w with
the constant on tangent space T, M. But, the two forms are not defined on the
same space. Hence, we create a local diffeomorphism 7, M — M. Let ¢ be the
exponential map e, : Vo — Uy, where V;, and U, are open neighbourhood of T}, M
and M respectively. We can choose such neighbourhood small enough so that ¢

is a local diffeomorphism. Then, we define
_ —1\x*
wo = () wy.

The two symplectic forms wy and w, are on neighbourhood U, that coincide at
x. We are ready to apply the Relative Moser’s theorem now. On U, containing
x, there exists a diffeomorphism 1 : Uy — M such that ¢*w = wy. If we choose
a suitable coordinates (z1,...,%n,Y1,...,Yn) in T, M, then, locally, under the
chart ¢ o p, we obtain a system of local coordinates in M around U, such that

w=>Y_ dx; \dy;. O
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1.4 The Symplectic group Sp(2n), Unitary group

U(n) and their relation

Definition 1.4.1. The symplectic group Sp(2n) = Sp(2n,R), is the group of
all linear isomorphisms ¢ : R*™ — R?", such that it preserves the symplectic

structure, 1.e.
w(pr, py) = w(z,y)
for x,y € R?",

Notation wise, we write the symplectic structure w above instead of wgqq, and
we would just omit the subscript from now on whenever no confuse occurs upon
working in R*". Generally, we write Sp(M?",w) to mean the symplectic group of
(M?",w) defined in the same way. One notes that the symplectic group of any

2n—dimensional symplectic space is isomorphic to Sp(2n). In fact, we have

Proposition 1.4.2. Let (M,w) and (M',w') be two symplectic vector spaces of
same dimension, say 2n. Then, their symplectic group Sp(M,w) and Sp(M’', ")

are isomorphic.

Proof. Let ¥ : (M,w) — (M’',w') be a symplectic isomorphism. Define a linear
induced map fy : Sp(M,w) — (M',w') by fy(s) = WosoW!. Then, fy is a group
homomorphism since fg(ss') = ¥(ss )01 = (UsU (ST = fy(s)fo(s).
Note that fy(S) = Idgpmw) means W o So U™t = Wo U™t so S must be
equal to Idgp(n ), which implies fy is injective. For a Wo s o U™t € Sp(M', w'),
there always exists an s € Sp(M,w) in the form s = ¥~ o s’ o ¥ such that
fu(s)=Po (T losoW)oU ! =g O

Let S € Sp(2n), from a direct computation from the definition,
(Sz, JSy) = w(Sz, Sy) = w(z,y) = (z, Jy),

we have

(z,(STJS)y) = (z, Jy),

i.e the relation

STJS = J.

In the case of R?", we observe that the symplectic form can be rewritten in matrix
form,

w(z,y) =" Jy
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0
—Id

transpose of . This means that ST.JS and hence S is essentially also a 2n x 2n

Id
where z,y are vectors in R?" with J = ( 0) , and 27 represents the

real matrix, i.e. S € GL(2n,R). We call matrix S a symplectic matrix if S
satisfies STJS = J. The set of all such matrices, denoted by Sp(2n,R) or by
slight abuse of notation we just write Sp(2n) when no confusion occurs.

It is useful to first identify the complex and real general linear group GL(n,C) =
GL(2n,R). We shall illustrate an isomorphism between them. Take a u €
GL(n,C), u can be written as u = A + iB, where A, B are real n x n invertible

matrices. Let z1, 20 € C", so
z1 =11+, 22 = Ta + 1Yo

Then, there exists a linear transformation, say wu, such that zo = uz;. We check
that

T B A —-B X1
Y2 B A Y1
A _B .. . 2 2
Let ¥ = Rk U is invertible because det ¥ = A* 4+ B > (. Furthermore,

a direct computation by taking x; = y; = 0, we have the kernel of V¥ is trivial,

or in matrix form,

so ¥ is indeed an isomorphism. Hence, we have defined an identification W :
GL(n,C) — GL(2n,R). Now pick a u = A +iB € GL(n,C) and identified in
A —-B

GL(2n,R), U = . Then,
B A

UT U — AT BT 0 Id\ (A -B
—BT AT \—-Id 0 B A
ATB—-BTA ATA - BTB

—ATA—-—BTB ATB—-BTA)

(1.4.1)

Suppose U satisfies U*U = UU* = Id, i.e. U* = U~!, where U* is the conjugate

transpose of U. Since all entries of U are real matrices,

Ur=0"=0"=U"

A —-B AT BT Id 0
Uut = = .
(B A) (—BT AT) (o m)

then
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implies

ATB=DBTA, ATA-B"B =Id. (1.4.2)
substituting (1.4.2) back into (1.4.1), eventually we obtain

Utju = 0 1d =J,
—Id 0

which shows U € GL(n,C) N Sp(2n). Also, from UT = U~!, U € O(2n,R). In
fact,
det(UT JU) = det(U) detJ detU = detU? = detJ = 1,

detU = +1, and the fact that detU > 0,detU = 1. So, U is in the special
orthogonal group SO(2n,R). Note that the condition U satisfies above is exactly
how a unitary matrix defined. In other words, for all such U, we have the set
of all unitary matrices U(n) C GL(n,C) N Sp(2n) N SO(2n,R). The opposite
direction is very clear by checking U* is indeed U ! for U is both symplectic and

orthogonal.

1.5 Lagrangian Grassmannian

In this section, we study the notion of Lagrangian Grassmannian in stratification.

An excellent exposure of this notion is given in [6] and [9].

Definition 1.5.1. Let M be a topological manifold of dimension n. We say M
is stratified if there exists a stratification of M, i.e. there is a partition of M™ in
a family {MF}icz of connected submanifolds (strata) for k < n, such that

1. {MF};cz is a locally finite partition of M™,
2. For distinct i and i’ in T, MF N ME # 0 implies M C MY and i <7
3. M_ik\Mik 15 a disjoint union of strata of dimension less than k.

Example 1.5.1. Take M = A(n). For all L € A(n), we can define a stratification

of dimension k <n at L
Ap(n, k) ={L" € A(n) | dim(LN L") = k}.

For each k, we call Ap(n, k) a k—stratum of A(n) relative to L. It is a connected
submanifold of codimension k(k 4+ 1)/2. So, at some given L, for distinct 0 <
k, k' <n we have

Ar(n, k)N AL(n, k') = 0.



16 CHAPTER 1. LINEAR SYMPLECTIC GEOMETRY

Hence,
A(n) = An(n. k).
k=0

One readily sees that if k = 0, then Ap(n,0) is the set of all Lagrangian planes
that intersect transversally to L. In this case, we define the Maslov cycle relative
to L to be the closed set

A(”)L = A(”)\AL(nv 0) = AL(na 1)
that is the set of all Lagrangian planes that are not transverse to L.

In general, let A(M) be the set of all Lagrangian subspaces of (M, w) where
M is a real symplectic vector space of dimension 2n. Next, we show that the
O—stratum Ag(M,0) of A(M) relative to E' € A(M), i.e. the space of all La-
grangian subspaces in M that intersect transversally to a given reference La-

grangian F is open and dense in A(M).

Theorem 1.5.2. Let E € A(M), we define
Ap(M,0)={L e A(M)| LNE =0}

Ag(M,0) is diffeomorphic to Symm(L) the space of all symmetric bilinear forms
on L for all L € Ag(M,0). Moreover, Ag(M,0) is open and dense in A(M).

Proof. Fix a E € A(M), then all L € A(M) such that L N E = 0 has the form
{z + Az | x € L'} for some linear map A : L' — M. The bilinear form on L is
given by

Qr:L'xL —R
(iL’,y) — QL(:an) = W(Al’,y)

which is symmetric if and only if L is a Lagrangian subspace (which is true
for L € A(M)). So, @ defines a bijection between Ag(M,0) and Symm(L'),
whilst the inverse is an embedding Symm(L') < Ag(M,0). In short, @ gives
a set of local coordinates for A(M) and 2" many Ag(M,0) cover A(M). This
shows Ag(M,0) is diffeomorphic to Symm(L’). Next, Ag(M,0) is open because

its complement

AE(M> 1) = A<M)\AE(Mv 0)

is closed. To show it is dense, we choose an E' € Ag(M,0) N AL(M,0) for any
L € A(M). Choose p € (E"UL)¢, E'+ p] is isotropic and (E'+k-p)NL =0. We
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then have a Lagrangian E’ such that E'NL = 0 by induction. So, L is contained in
an open neighbourhood Ag (M, 0), in which corresponds to the dense nonsingular

elements of Symm(FE). O

Theorem 1.5.3. Let E € A(M). For k > 1, the set
Ag(M,k)={L e AM) |dim(LNE) =k}
15 called the reqular part of its closure

Ap(M, k) = UAE(M7 )

1>k
which is a connected submanifold of A(M) of codimension 3k(k + 1).

Proof. By Theorem 1.5.2, one can deduce that Ag(M,0)NAL(M,0) is also dense
in A(M). So, say Ap(M,0) N AL(M,0) C N € A(M). Choose a coordinate given
by Q. Then, for L € Ag(M,0), must have L' € Ay(M, k) N Ag(M,0) if and only
if the kernel of Q(E) — Q(L’) is of dimension k. For instance, by definition, we

have Q(L) = 0. Choose a basis for L, we can represent the form @ as

Q) = (8 g) Q) = (CA g)

where D € GL(n — k,R). Then, one observes that D — D’ will still be invertible
if D is small enough, so rank(Q(E) — Q(L')) = n — k if and only if

A=-CS, CT=(D-D)S

for some S. Then, L' € Ag(M, k) is close to L is equivalent to say A = —C(D —
D)7'CT. This shows that Ag(M,k) is a smooth submanifold of codimension
tk(k + 1). Note that if we choose a subspace F C F with dim F = k, then
F C E = E*+ C Ft. (F/F,w/r) will be a symplectic vector space equipped

with symplectic form w,p given by
w/p(cr + Foea + F) = w(e, c2)

for c1,cy in F+. Suppose L € A(M) with LNE = F,so F C L = L+ C F*.
Then, one sees that the fiber over F is isomorphic to A(F*/F) via isomorphism
L+ L/F. But since A(F+/F) is connected, thus so is Ag(M, k). O

With all this setup, we are ready to show an important ingredient in claiming

the Maslov index is an integer-valued map.
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Theorem 1.5.4. Ag(M,1) defines an oriented codimension 1 cycle © in A(M).
Furthermore, its fundamental group m (A(M)) is isomorphic to Z. A generator
in the cohomology H*(A(M),Z) is defined via a map

a:]=D0]-©
which is the intersection number of [y] € m (A(M)) with ©.

Proof. 1t is clear by definition a subvariety in A(M) lie in the regular part of
Ap(M,2) for k at least > 2, so A(M)\Ag(M,0) defines a chain of codimension
1 in A(M) without boundary. The orientation is determined by: it is a positive
cycle at L € Ag(M,1) if the set of all £ € T (A(M)) with corresponding @ on
L is positive definite on L N E. Next, we claim that w(A(M)) = Z. To see this,
we first show that « is an injection and there exists an [y'] € 7(A(M)) such that
a([y]) =+ - © =1, where 1 is the generator in Z.

Let v(t) be a differentiable closed path that represents the class [y], such that
~(t) intersects transversally the stratum Ag(M,1) C A(M)\Ag(M,0) finitely
many times at regular crossings ¢ (formal definition will be given in the Chapter

2). So, the product [7] - © is given by

hl-o= > #

Y(t)eAp(M,1)

where +1 when 7(t) crosses Ag(M,1) from — to + and —1 the other way around.
Assume that in between two opposite crossings at t; and to, () lies in stratum
Ag(M,0) for t € (t1,1t2). Choose a differentiable path 6 € Ag(M, 1) that connects
v(t1) and y(t2). For arbitrarily small € > 0, such that in each small neighbourhood
of crossings ti,ts, approximate y(t) by two paths d,,d_ such that J, connects
v(t1 + €) with y(t2 — €) and 6_ connects y(t; — €) with y(t3 + €). Since Ag(M,0)
is connected, on t; + ¢ < t <ty — ¢, the path v(¢)#(d,) ! is a contractible loop
(if necessary, since Ag(M,0) is dense, we may “smooth” the two endpoints by
concatenate smooth paths in Ag(M,0)). On the other hand, there is another

contractible loop: consider

V) lieftr—eird — 04— Y()lreltr—etard — (6-)7".

It is not hard to see there are 4 intersections (crossings) with Ag(M,1). Then,
find a path ' that homotopic to v(t) for t < ¢t; — € and t > t5 + €. In this case
there are only 2 crossings. Repeat again to eliminate all intersections, so ' is

homotopic to a point, which leads to [y/] - © = 0. We now find [y] such that
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[70] - © = 1: For case k = 2, let P C M be a nonisotropic subspace of dimension
2. Then, (P,w) is a symplectic vector space such that M = P @ P+. Using usual

coordinates in P, we may represent a closed path vp in A(P) as
vp(0) = {(zcosf, xsinf) | x € R}

for € [0,7). It is clear that 7p intersects the y—axis only at 7/2. Then, we

compute! its derivative at 7/2 in terms of quadratic form:

d cos
Yy — @w((yw, 0) , (0, y))

Note that we mod sin# out so that w is nondegenerate. This implies that the
intersection is positive. Now, to lift to M, let Ly and Ey be € A(P) such that
Lo N Ey = 0. We define

= yz.
O=m/2

Y0(0) = vp(0) + Lo
and

E = ~p(m/2) + Ej.
Then, o(#) must only intersects regular Ag(M,1) C Ag(M,1) at § = /2, in the
positive direction and hence [y] - © = 1. O

1.6 Action of Sp(2n) and U(n) on A(n)

We learn two important Lie groups: the Symplectic group Sp(2n) and the Unitary
group U(n) in the previous section. Now, we study their actions acting on the

Lagrangian Grassmannian A(n).
Lemma 1.6.1. U(n) acts transitively on A(n).

Proof. To show transitivity, we need to show that for all Lagrangian pair (I,1'),
where [,1I" € A(n), there exists U € U(n) such that I" = Ul. Choose a basis of C"
such that I’ = Span{ey,...,e,} and [ = Span{d,...,d,}. Since any two vectors
in C™ are related by a complex linear invertible transformation, say U € GL(n, C).
Then, under Hermitian structure, the matrix U associated to the Hermitian met-

rics is Hermitian, i.e. forael, bel’

{a,b) = a”ub.

'Tf we use the method in [17], i.e. let Z(t) = (wcos(t),zsin(t)) and v = (Z(0)u), Q(v) =
(rucos 0, xucos 0) — (zusin0, rusin 0) = z2u?, choose u = 1 and take x = y we arrive at the

same answer.
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Then, by equality of (a,b) = (b,a), we get

"Ta=a"T b=d"Ub= (a,b).

(=l

b,a) = bT0a =
Hence, U is Hermitian, i.e. U € U(n). O

Lemma 1.6.2. The stabilizer group of the transitive U(n)—action on A(n) is
O(n,R).

Proof. The stabilizer group of such action consists of all U € U(n) such that
Uly = lp. Let ly = Span{ey,...,e,} € A(n), then Uly = Span{Uey,...,Ue,}.
This means that Ue; € Span{ey,...e,}, i.e. all entries of U must be real. We get
Ur=U"=U"=U""1s0UecO0O(nR). O

Theorem 1.6.3. A(n) = U(n)/O(n).
Proof. This follows directly from the result of Lemma 1.6.1 and Lemma 1.6.2. []

In fact, we also have general result of transitivity of Sp(2n)—action on transver-

sal Lagrangian pair on A(n) :

Theorem 1.6.4. Let (I1,1}) and (l3,1}) be two Lagrangian pairs such that l;Nl} =
lo N1l =0. Then, there exists S € Sp(2n) such that (1,1") = (SL, SU).

Proof. First, choose a basis {e11,...,e1,} of [; and a basis {di1,...,d1,} of [}
such that {ey;}7-, U{d;}}-, is a symplectic basis of (R*",w). We do the same for
I and Iy, denote the basis as {eg;}j-; U {dz;}}—;. Then, by defining a linear map
S : R*™ — R?" such that S(ey;) = ey and S(dy;) = do;. we obtain

w 0
OJ(S(dli), S(dlj)) = W(dzi, dgj) =0 (161)
w 0

which is exactly saying that S is symplectic. O]

1.7 Some facts about Sp(2n)
Recall that an invertible matrix S is in Sp(2n) if and only if STJS = J.

Proposition 1.7.1. Every symplectic matriz S € Sp(2n) has determinant 1.
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Proof. By taking determinant on both sides,
det(STJS) = det(ST)det(J)det(S) = det?*(S)det(J) = det(J) = 1
which implies
det(S) = £1.
But, by taking the Pfafian of S7.J.S, we see that
Pf(STJS) = det(S)Pf(J) = Pf(J)
and by recalling that Pf(J) = 1, we have det(S) = 1. O
By simple manipulation, we see that
ST =JstJt

which means that ST and S~! are similar to each other. Also, one checks that in
fact S, ST and S~! are similar to each other. Let A be an eigenvalue of symplectic
matrix S, written as A € o(S), then so is A™! due to similarity between S and
S~1, which means the eigenvalue of S always comes in pair. If A € ¢(S)NC, then

so is A and A~L. It follows that we have the following result:

Proposition 1.7.2. Let S € Sp(2n), (A, 1/X) be a pair of eigenvalue of S. Then,
det(S — Nd) = A" det(S — %]d).
Proof. We have S = —J(ST)~1J, then
S —Ad=—J(S") T - \ld
= J[(=S")"' + AId]J (1.7.1)
= J[(S")(—1d+AST)]J
So,
det(S — Md) = det(J[(ST)™" (= Id+ AST)]J)
= det(J)*det(ST) " det( — Id + \ST)
_ _ T
= det( ]d+>\f ) (17.2)
_\2n T _
= Xdet(S" — S 1d)
1
= et (S — ~Id).
Ndet (S — 1)

The last equality follows from the fact that the characteristic polynomial of two

similar matrices is the same. L]
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Proposition 1.7.3. Let Sz; = Az and Sze = Agzy where S € Sp(2n) and
)\1, Ay € O'(S) .[f A1 g 7é 1, then W(Zl,Zg) = 0.

Proof. This follows directly from the property of w and S :

(z1,Jz) = (21, ST JSz)
= (Sz1,JSz)
= (A121, JAaz2)
= MAa(z1, J22) = M Aow(21, 22)

Since A\jAs # 1, w(z1, z2) must vanish. O

In [20], Salamon and Zehnder constructed an explicit map p : Sp(2n) — S1,2

which will be used in later chapter.

Theorem 1.7.4. For alln € {1,2,...}, there exists a continuous map
p:Sp2n,R) — S* (1.7.3)
such that
1. (Naturality) Let S, T € Sp(2n,R). Then
p(TST™) = p(S).

2. (Direct sum) Let S € Sp(2m,R) and S’ € Sp(2n,R). Then,

p(S@S’)Zp(S !

i S,) = p(S)o(s)

3. (Determinant) Under the identification, U = X +1Y € U(n) can be written
as U = (¥ ¥) € Sp(2n,R). Then,
p(U) = detc(X +1iY).
Moreover, p induces an isomorphism
ps : T (Sp(2n, R)) — 7, (S') = Z.
4. (Normalization) Let S € Sp(2n) and suppose o(S) C R, then

p(8) = (-1

where my is the total multiplicity of all X € o(S)NR_.

2Another detail proof is given in the Appendix 7.3 of [3], here we only state the particular
properties that p satisfied without going through technical proofs.
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1.8 The Lie algebra of Sp(2n)

Since Sp(2n) is a Lie group, we will call the Lie algebra of Sp(2n) the symplec-
tic algebra, written as sp(2n). Roughly speaking, there is an one-to-one corre-

spondence between the one-parameter subgroups in Sp(2n) and the elements of

sp(2n).

Definition 1.8.1. sp(2n) is the set of all real matrices X such that for allt € R

the exponential map X lies in Sp(2n).

In particular, X € sp(2n) if and only if there exists a family {S; = !X} in
Sp(2n) for all t € R, where {S;} forms a group:

Sy 08y =Sy, S;t=5_.
Explicitly, we can give a characterization of such matrices.
Proposition 1.8.2. Let X be a real 2n x 2n matriz. Then,
X esp(2n) <= XJ+JX"' =0
Proof. By definition, X € sp(2n) if and only if S; = e'* € Sp(2n), so we have

() (e) =

By differentiating with respect to t,

0=21 gL = (X7 e )| (XX )
dt],— dt t=0 t=0 t=0
=X"J+JX
So, from X7 J + JX = 0 one easily gets X.J + JXT = 0. O

On the other hand, suppose X satisfies X.J + JX7T = 0, it is suffice to show
that S; = e € Sp(2n). Since XT = JX J, then,

oo

tJXJ
S t(JXJ Z
k=0
kl
k=0

since

(JXI)F = (IXT)IXT)-(JXJT) = (=1 gXx*FT
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with J? = —1. So, we obtain
= (—t)k Xk
S = —J(Z %)J = —Je X

k=0

Finally,
STJS, = (—Je "X J)Je'™* = Je XX = J
which shows that S; € Sp(2n).

Remark 1.8.3. Fquivalently, one can express sp(2n) to be the set that consists
of all block matrices X such that

A B
X =

with B = BT and C = C7.



Chapter 2

Maslov Index

2.1 Lagrangian frame and Crossing form

Recall that a Lagrangian plane L € A(n) is of dimension n and the symplectic

form vanishes when restricted to L.

Definition 2.1.1. Let L € A(n). A Lagrangian frame is an injective linear map
Z :R™ — R* such that Range(Z) = L, i.e. a frame has the form

()

where X,Y are n X n matrices satisfying the property
YIX = X"Y.

One could view the first n or last n columns of a symplectic matrix
A B
= € Sp(2n
@ ( o D> p(2n)

In particular, we say a Lagrangian frame is unitary if those columns are or-

form a Lagrangian frame.

thonormal in R?". Then, the space that consists of all such unitary Lagrangian
frames Z is diffeomorphic to U(n) given by Z = (X,Y) — X 4 4Y. So as men-

tioned in previous chapter, one gets a principal bundle over A(n) :
O(n) - U(n) — A(n) 2 U(n)/O(n)
More generally, we have the principal bundle

St(2n) — Sp(2n) — A(n) = U(n)/O(n)

25
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where St(2n) is the stabilizer group of all ¢ € Sp(2n), such that it fixes the ver-
tical plane: (0 x R™) = 0 x R™. In this case, the stabilizer group is characterized
by the block matrix B = 0 of ¢.

Recall that if R?" can be written as a splitting V' @ W, then via symplectic
form w, W can be identified with the dual V* of V. Next, we give a notion of
quadratic form on the tangent space of A(n) at fixed L.

Theorem 2.1.2. Let L(t) be a path in A(n) with initial L(0) = L and its asso-
ciated tangent vector L(0) = L, then

1. Fiz a Lagrangian complement W of L. We can write v + w(t) € L(t) for
v e L and w(t) € W for small t, then the form is given by

d

Q)= g wlou),

Moreover, Q) is independent of the choice W.

2. Let Z(t) = (X(t),Y(t)) be a Lagrangian frame of L(t). Then, the form is
explicitly given by

where v = Z(0)u.
3. The form @ has the naturality property: for ¢ € Sp(2n),
QL. pL) o p = Q(L, L).

Proof. For (1), WLOG by change of coordinate so that L(0) = R™ x 0. Then, the

Lagrangian complement of L must have the form
W ={(By,y)ly € R"}
where B is a symmetric matrix. We can also write elements of L(t) as
L(t) = {(z, A(t)x)|z € R"}
for symmetric matrix A. So,

L(t) 2 v+w(t) = (z,0) + (By(t), y(t))
= (z+ By(t),y(t))
= (z + By(t), A(t)(z + By(t)))
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By differentiating y w.r.t ¢,
§(t) = A(t)x + BA®)y(t) + §(t)A(t))
when t = 0, 5(0) = A(0)z. Note that
w(v, w(t)) = (z,y(t)) — (0, By(t)) = (,y(1)).

We evaluate the quadratic form

d

Q) = 5| wlocw(®) = (5. 5| ) = (2,30} = {o. A0)).

For (2), assume W = 0 x R*", and choose a frame Z(t) = (X (¢),Y (¢)) for L(¢).
Given v = Z(0)u = (X (0)u, Y (0)u), and for any w(t) = (0,y(t)) € W(t), we have

(X (0)u, Y (0)u +y(t))

= (L, (Y (0)u + y(t))(X (0)u) ")
By comparing to Z(t) = (1,Y (¢t)X(t)™!), we have

y(

(Y(0)u +y(6)(X(0)u) " =Y ()X ()

v+w(t) =

rearranging them,
y(t)X () +Y(0)uX(t) =Y (t)X(0)u
differentiating both side w.r.t t,
Gt X (1) +y()X (1) + Y (0)uX(t) = Y (1) X (0)u
So, by taking t = 0, we obtain
9(0) = Y(0) X (0)uX ~(0) — y(0)X 1 (0)X (0) — Y'(0)uX"(00(X)(0)
=Y (0)u — Y (0)X10)X (0)u
On the other hand, we have
w(v, w(t)) = (X (0)u, y(t))

and the form is computed as

Q(v) = (X(0)u,5(0))
= (X(0)u, Y(0)u — Y(0)X1(0) X (0)u)
= (X (0)u, Y (0)u) — (X (0)u, Y (0)X(0)X (0)u)
= (X (0)u, Y(0)u) — (X (0)~'Y(0)""(X(0)u), X (0)u)
= (X(0)u, Y (0)u) — (Y/(0)""X(0) (X (0)u), X (0)u)
= (X (0)u, Y(0)u) — (Y(0)™", X(0)u)
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in which the last third equality is due to the identity X7V is symmetric. For (3),

we see that
~ (Y2 ~
(L, L) — (pL,¢L)

Q‘ ‘@

~

QL) = Q¢L.oL)

where Q(L, L) = Q(¢L, pL) follows from the definition and the fact that w is
unchanged with the property of symplectic matrix ¢ Jo = J when bringing into

the metric. So, we have

Q(eL,oL) oo = Q(L,L).

At ‘point’ L € Ap(n, k), the tangent space to Az(n, k) is given by
TAp(n. k) = (L € ToA(m) | Q(L. Lljny) = 0. (2.1.1)

We next give a notion of ‘passing’ through the Maslov cycle, called the cross-
ing: let (t) be a path in A(n), we define

Definition 2.1.3. Let ty € [a,b], then tg is called a crossing for 1(t) if [(to)NL # 0,
that is, l(ty) € A(n)L.

One thing to note is that the set of crossings is compact.

Definition 2.1.4. Let ty € [a,b] be a crossing for l(t). The crossing form is
defined by

DL L. to) = QUU(to). i(t0) oy (2.1.2)

Remark 2.1.5. T'(l, L, o) is an example of the quadratic form Q defined above.
So, it satisfies the naturality property: for any symplectic matriz ¢ € Sp(2n),

[(¢l, oL, to) 0 o = T(1, L, to). (2.13)

Theorem 2.1.6. There exists a unique function p that assigns each continuous

Lagrangian path L € A(n) an integer such that it satisfies the following properties:

1. (Naturality) Let ¢ € Sp(2n) and L,L’" € A(n). Then,

pu(eL, oL') = p(L, L") (2.1.4)
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2. (Concatenation) Suppose ¢ € (a,b) C R and L concatenate with L' at c,
then

p(L#tcL’) = u(Llja,e)s L'ljag) + #( L), L'licr) (2.1.5)

3. (Homotopy) Let L, L : [a,b] — A(n) with L(a) = L'(a) and L(b) = L'(b)
are homotopic with fized endpoints if and only if their Maslov index are the

same.
4. (Zero) Let L, L' : [a,b] — Ar(n, k), then

u(L, L")y =0 (2.1.6)
5. (Direct sum) Let M = M; & My, then

#(Ly @ Lo, Ly & L) = (L, Ly) + u( Lo, L) (2.1.7)

6. (Normalization) Consider (R* w), L(t) = Gr(A(t)) for A(t) € R™" q
path of symmetric matrices and L'(t) = R™ x 0. Then,

u(L, L") = %sgn A(b) — %sgn Ala). (2.1.8)

Computational wise, we may use the notion of Lagrangian frame and crossing

operator introduced before.

Remark 2.1.7. Let denote V. = R" x 0. and let Z(t) = (X(t),Y(t)) be a La-
grangian frame for L(t) and v € Z(t)u, that is v = (X (t)u,0), then the crossing

operator at crossing t is given by
D(L,V,1)(0) = (X (t)u, Y (O)u) — (Y (E)u, X(Ou) = (X O, V(Eu)  (2.1.9)

because Y (t)u = 0. Conversely, when V = 0 x R", then X(t)u = 0 and for
v =1(0,Y(t)u), we have

D(L,V,#)(v) = (X (H)u, Y ()u) — (Y (H)u, X () = — (Y (), X(O)u).  (2.1.10)

Remark 2.1.8. Remark 2.1.7 actually make sense for the Lagrangian path crosses
a plane in certain orientation and gives different Maslov indices. For instance,
take n = 1, V.= R. For the case V.= R™ x 0, one can think of L(t) passes the
r—axis and move in anti-clockwise direction towards he y—axis, so the Maslov
index is positive. Conversely, for V.= 0 x R™, L(t) crosses the y—azxis and in

clockwise to the x—axis, so the Maslov index is negative.
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Remark 2.1.9. Certainly, a loop is a special case of a continuous path. Let
L(t) = L(t + 1) be a Lagrangian loop and choose Z(t) = (X(t),Y(t)) as a lift
of unitary frame. Then, for any Lagrangian subspace V, the Maslov index for

Lagrangian loop 1s given by

a(l) — a(0)

™

u(L,V) =
where a(t) is a continuous map satisfying
det(X (t) 4+ 1Y (t)) = e™®.
(Compare this with Definition 2.3.3).

Remark 2.1.10. Theorem 2.1.6 can be translated to the case for paths of sym-
plectic matrices ¢(t) € Sp(2n), in which we consider Sp(2n) as the union of
strata of codimension k(k + 1)/2

Spr(2n) = {p € Sp(2n) | dim(eV NV) =k}
for V=0 x R". The Maslov index is given by
u(p) = p(eV, V).

It can be seen as the intersection number of ¢(t) with the Maslov cycle
Spy(2n) = Sp(2n)\Spo(2n) = ) Spr(2n).
i=1

In particular, Spg(2n) is related to Ap(n, k) by the fibration
Sp(2n) — A(n)
o r— @V

To be more explicit, ¢ € Spr(2n) if and only if rank B = n — k where B is the

(A B
7~ \c p)
In the case k = 0, ¢ € Spo(2n) if and only if det(B) # 0. Suppose (B, D)T be a

Lagrangian frame for ©V, then the corresponding crossing form is

block matriz in

C(p,t) : ker B(t) — R
y — —(D(t)y, B(t)y).

The Maslov index pu(p) satisfies the axioms
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1. (Homotopy) Let 1,9 : [a,b] — Sp(2n). If vy is homotopic with vy with
fized endpoints, i.e. @1 ~ oo with p1(a) = @a(a) and 1(b) = pa(b), then

(1) = plpa).

2. (Concatenation) Let ¢ : [a,b] — Sp(2n) and let ¢ € (a,b), such that
o(t) = @1(t)F#cpa(t), then

plp) = p (soha,c]) tH <¢|[c,b1> '

3. (Zero) For all k, let ¢ € Spi(2n), then pu(yp) = 0.

4. (Direct sum) Let p = 1 & @o € Sp(2n) x Sp(2m), then
() = () + plep2)-

Id B(t)

5. (Normalization) Let ¢ =
( ) Let o (o Id

> , fort € [a,b], then

() = gsgn B() ~ sgn Bla).

Definition 2.1.11. Given a Lagrangian pair (L,L') : [a,b] € A(n), and they
intersect each other L(t) N L'(t) for some t, we define the relative crossing form

on the intersection as
U(L, L' t) =T(L,L'(t),t) — T'(L', L(¢), t) (2.1.11)

Definition 2.1.12. IfT'(L, L', t) # 0 for some t, then such crossing t is said to

be regular.

Definition 2.1.13. Let (L, L’) be a Lagrangian pair with only regular crossing
t € R. Then, the relative Maslov index is defined by

1 1
p(L, L) = 5sgn T(L, L', a) + > sgn (L, L' t)+ 5sgn T(L, L'.b)  (2.1.12)

te(a,b)

Remark 2.1.14. Let ¢(t) € Sp(2n) be a path of symplectic matrices acting on
Lagrangians L and L'. Recall that the Maslov index is invariant under symplectic

action, 1i.e.
(L, oL') = p(L, L').
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To see this, it all boils down to study the crossing form by (2.1.12). Since T is
natural in the sense of (2.1.3), and by (2.1.2), the pair (oL, L") has only regular

crossings if (L, L") has only reqular crossings. So,

1 1
oL, ol') = gsgn D(pL, oL, a) + > sgnT(pL, oL/ t) + 559n T(pL, L', b)
te(a,b)
1 1
= 5sgn (L, L' a) + tg:b) sgn D(L, L' t) + 559 (L, L' b)

= M(L’ L,)'

Example 2.1.1. Consider the symplectic space R** x R?™ with symplectic form
0= —wxw. Let A CR*™ x R?" be the diagonal, then the relative Maslov index
18 given by

w(L, L") = p(A, L x L"). (2.1.13)

Since we know the the relative Maslov index i is the sum of crossing form
D(L, L' t) over all reqular crossings t with half integer valued at the endpoint

of an interval, we only need to show that
L(A,Lx L' t)(v) =T(L, L' t)(v).
We first denote L(t) = L(t) x L'(t). One readily sees that
ANL{t)={v=(v,v) |ve LEt)NL ¢}

Now, choose a Lagrangian subspace W = W x W' such that W N L(t) = 0 and
W'NL'(t) = 0. For some s € [t — €,t + €] we choose w(s) € W and w'(s) € W’
such that v + w(s) € L(t) and v+ w'(s) € L' and so v + w(s) € L(s) where
v e Ajw(s) = (w(s),w(s)). Note that

w(v,w(s)) = —w(v,w(s)) + w(v,w'(s))

in which we differentiate w.r.t s att

d d d
G| PEEe) =~ e+ ] wlw()
and taking t = 0 we obtain
d d d
—| o) =—— t — "t
|, 20 R0) =~ G| e w)+ ) e o)

— (A, L x L', #)(0) = —D(L, L(t), t)(v) + T(L, L'(t), ) (v)
— (L, L) (v)
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Example 2.1.2. Now consider instead the symplectic space R** x R*" with sym-
plectic form & = —w X w, together with symplectomorphism p(t) of R?™ x R,

Then, the relative Maslov index is given by
(oL, L") = p(Gr(p), L x L').
To show this, we define a symplectomorphism

p(t) : R*™ x R* — R*" x R*"
(2,2) = 0(t)(2,2) = (2, 0(t)2)

then obviously
P()A = {(z,¢(t)z) | (z,2) € A} = Gr(yp).

On the other hand, we have
PLx o 'LY=Lxpp 'L'=LxL.
Hence, we have

p(Gr(p), L x L)

(@A, (L x ¢~ ' L")
(AL x ¢ L)
(L,
(

—lL/>
oL, L")

0
0
0

where the second and last equality is due to the naturality of p, third equality

follows from previous example.

A Lagrangian homotopy L(s,t) : [0,1] x [a,b] — A(n) is called a stratum
homotopy w.r.t L' € A(n) if both L(s,a) and L(s,b) lie in the same stratum.
That is, there exists k,, k, € Z correspond to L(s,a) and L(s,b) respectively,
such that

L(s,a) € Ay(n,a), L(s,b) € Ay(n,b).

In particular, we have the following theorem.
Theorem 2.1.15. Two Lagrangian paths L(t) and L'(t) are stratum homotopic
w.r.t V if and only if they have the same u, k, and k. They are related by

ko — kp

4.
5 S

W+

For the case of Lagrangian loop, k, = ky, so the Maslov index is an integer.



34 CHAPTER 2. MASLOV INDEX

It is natural to ask what if we have two Lagrangian pair such that they are

homotopic to each other? Will they have the same relative Maslov index?

Corollary 2.1.1. Let (L(t), L'(t)) be a Lagrangian pairs for on an interval |a, bl

such that they are transversal at the endpoints:
L(a)NL'(a) =0 L(b)NL'(b) =0.

Let (L(s,t),L'(s,t)) be a homotopy with s € [0,1] satisfying the endpoint condi-
tion, then
(L£(0,t), L'(0,1)) = (L(1,t), L'(1,1))

0

M(L(()? t)v L/(Ov t)) - M(L(lv t)’ L/(l, t))
Proof. “ <7 By assumption, the endpoints are transversal
L(i,a)N L'(i,a) = 0= L(i,b) N L'(i,b) fori=0,1

and p(L(0,t), L'(0,t)) = p(L(1,t),L'(1,t)). Our aim is to find such homotopy.
We first define a smooth path in Sp(2n) :
H,:[0,1] X [a,b] — Sp(2n)
(s,8) — (s, )
such that
p(0,)L'(0,) =V, (L, t)L'(1,t) =V,
then we have
i, ) L(i,a) 1 p(i, @) I'(7,0) = 0
-V
(0,5 L3, b) (1 95, b)L(3,b) = 0
=V

for + = 0, 1. Then, we have

p(0(0,8)L(0, ), £(0,) L'(0, 1))

), L'(0, 1))

), L'(1,1))

VL1, 1), (1, 1) L'(1,1))

— /@ ~~
— — ~~
— = o
~~ 4~ <~
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ﬂ(‘p(ov t)L(Ov t)? V) = :U(SO(L t)L(lv t)’ V)

Then, by Theorem 2.1.15, ¢(0,¢)L(0,t) is homotopic to ¢(1,t)L(1,t) w.r.t V, i.e.
we define a homotopy (stratum) from L(0,%) to L(1,t)

Hp, :10,1] x [a,b] — A(n)
(s,t) — L(s,t)

such that
o(s,a)L(s,a) NV =0, ¢(s,b)L(s,b)NV =0

Lastly, to express the homotopy in terms of Lagrangian pair (L(s,t), L'(s,t)), one
simply take L'(s,t) = ¢ !(s,t)V. The other direction follows directly from the

last example. O

2.2 Hormander index

In this section, we learn the so-called Hormander index which is closely related

to the Maslov index.

Corollary 2.2.1 (Hérmander index[6][11]). Let Vi, Vi, Ly, Ly be any four La-

grangian subspaces, and suppose there is a path L(t) such that
L(0) = Lo, L(1)= L.
Then, a half-integer-valued map py : A(n)* — Z given by
prr(Vo, Vi Lo, Ly) = p(L, Vi) — p(L, Vo).
In particular, pg is independent of the choice of such L(t) so py is well-defined.
Remark 2.2.1. ugy satisfies the following two properties:

1. (antisymmetry)

,LLH(VO, Vi; Lo, L1) = —MH(VO, Vi Lq, Lo) = /~LH(V17 Vo: L17L0)

2. (cocycle)

pr(Vo, Vi; Lo, L) + pu(Vo, Vi L, L) — puu(Vo, Vas Lo, Lo) = 0.
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Definition 2.2.2. Let V, V) € A(n) be transversal Lagrangian subspaces. As-
sume that L is transversal to Vi, if L = {x + ox | € Vo} for ¢ : Vi — V7,
then we define the signature sgn(Vo, Vi; L) to be the signature of the symmetric

bilinear form

Qr:VoxWVy—127Z
(z,y) — w(pz,y)

More generally, we have

Lemma 2.2.3. Let Vo, Vi, Lo, Ly be 4 Lagrangian subspaces of (M,w). Suppose
Vo and Vi are transversal and L; are transversal to V;, for all i,j = 0,1. Then

the index becomes
1 1
NH(Vm Vi; Lo, Ll) = 53971(‘/0, Vi; Lo) - 55971(‘/0, Vi L1)-

Proof. Geometrically iy (Vo, Vi; Lo, L1) can be viewed as the intersection number
of smooth path v(t) : L1 — Lo in stratum Ay, (M,0) with the Maslov cycle
Ay, (M, 1) = A(M)\Ay,(M,0) such that (t) intersect Ay, (M,1) transversally
at the regular part Ay, (M, 1). So, sgn(Vo, Vi;7y(t)) changes when ~(t) crosses
Ay, (M, 1), in which we show that it changes by +2 depending on the crossings.
In the case of positive crossings ty, choose suitable coordinates in Vj so that (o)

intersects Vjy at x—axis and the bilinear form is given by

Q1)) = <8 g)

where D € GL(n — 1,R) and is symmetric. Note that we can diagonalize the

I —Cc(D)\ (4 C I 0
0 I ¢ p)\—)' I

(A-cm)¢ o I 0
- C’ D’ _(D/)—l I

A—C(D) ' 0
0 D'

following matrix

for invertible D’. So, we have

sgn (él/ g}) =sgn D'+ sgn (A—C(D")~*C").
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What we want is to see the change of signature when v(¢y) has crossing at t,, so
A(tg) = C(tp) = 0 and D'(ty) = D. Also, C(t) vanishes at ¢, implies the term
C(to)(D'(to))*C"(to) vanishes of second order. Hence, the signature changes by
+2 if A(ty) is positive and —2 if A(ty) is negative, whilst sgn D'(t) is constant.
Furthermore, we can establish exactly when A(t) is positive. We can include the

situation at crossing tg:
() ={z+p(t)r [z € Voy = {y+pt)y [y € (lo)}
where p(t) : Vo — Vi and p(t) : v(to) — Vi. Then,

z + p(to)z + p(t)(x + p(to)x) = = + [p(to) + p(t)(id + p(to))]z

p(t) = p(to) + p(t)(id + p(to))
implies
w(p(t)z,y) = w(p(to)x + p(t)x + p(t)p(to)z,y)
= w(p(to)z,y) +w(p(t)z,y) +w(p(t)p(to)z, y)
T ~ ;ro d
So,
° _ wlottyey) = < el

for z,3 € y(to) N V. This means that A(t,) is positive if and only if the path ~(t)
intersects Ay, (M, 1) in the positive direction. O

2.3 Conley-Zehnder index

In this section, we will discuss about paths in the symplectic group Sp(2n) and
associate an integer to it, in which we call the Conley-Zehnder index, introduced
in [18]. Roughly speaking, the symplectic path that the Conley-Zehnder index
associated to is a path of symplectic matrices which starts from the identity and
ends at a symplectic matrix that does not have 1 as an eigenvalue.

Recall that the symplectic group Sp(2n) consists of all invertible 2n x 2n—real

matrices S with characterisation STJS = J, where J = (9, %) . We set

Sp*(2n) = {S € Sp(2n) | det(S — 1d) # 0}
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which is the complement Sp(2n)\Y where
Y ={S € Sp(2n) | det(S — Id) =0)}.
We also need the following set of paths

S=1{v:[0,1] = Sp(2n) | $(0) = Id, det(x(1) — Id) # 0} .

Remark 2.3.1. Sp*(2n) is not connected. It is the union of two disjoint open sets
SpT(2n)USp~(2n) in which Sp™(2n) and Sp~(2n) correspond to det(S —Id) > 0
and det(S — Id) < 0 respectively. In application, the sign of det(S — Id) coincides
with the sign of [[(\i — 1) for A € o(S) NR,.

We explain the above remark in a more detail fashion.

Lemma 2.3.2. Fiz an S € Sp(2n). Then, there exists a path ¥(t) in Sp*(2n)
such that connects S to a matrix R, in which all eigenvalues of R are distinct.
Moreover, if S € Sp*(2n), R has no real positive eigenvalue; otherwise, R has

exactly two real positive eigenvalues.

Proof. For a given S € Sp*(2n), we claim that we can find a path ¢ such that
¥(0) =5,

—Id € Spt(2n) if S € SpT(2n),

2 0
vl = 03 0 if S € Sp~(2n)
0 —Id
The idea in doing this is to first connect S to R followed by either of the two
matrices given above. We choose a suitable basis of eigenvectors of R such that
under complex conjugation, it is symplectic and invariant. Suppose A ¢ o(R) N
R, choose a path A(¢) of eigenvalues such that A\(0) = A and A(1) = —1 without
crosses 1. Recall that if \ is a complex eigenvalue of R, then so are X, 1/\ and
1/X. So, the path for A is A(t) and so on. Then, one can define the path R(t) as

AB)En if A ¢ Ry,
A ifAER,

R(t)éx =

with R(0) = R, and R(1) equals to —Id if A ¢ o(R) "Ry and if A € o(R) N Ry,

R = (OOi —361)
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Note that such R(t) exists in Sp™(2n) because R(t) does not touches 1. Now for
the latter case, that is R(1) has two (distinct) real positive eigenvalues A and
1/, since Sp(2n,R) is path connected, we can find a path R'(¢) that connects

R(1) = R'(0) to the matrix of same form in canonical basis, then to

B)= (00 —3d> '

So, the desired claimed path is ¢ = R'o R. This shows that Sp*(2n) are connected
components of Sp*(2n). O

N=O

Example 2.3.1. We look at the case n = 1, that is the group Sp(2), which
is equivalent to SL(2,R). The elements are real matrices S = (& 5) such that
AD — BC = 1. By polar decomposition, it retracts onto the U(1) that consists of

matrices (€8 ~S0). The hypersurface ¥ that corresponds to the term det(S —
Id) =0 is
A B
o={(2 %) [a0-s0=n 1er-as0-2)
C D

It is smooth outside of Id and the complement of ¥ is the union of two open sets
characterized by Tr(S) < 2 and Tr(S) > 2. Then, one can observe that the set

with Tr(S) > 2 consists of matrices that are similar to the matrices of the form

<g 2) (2> 0).

On the other hand, the matrices in the set with Tr(S) < 2 are similar to

— si -1 F
c959 sin 6 or A ? (A< 0) or
sinf cos® 0 3 0 -1

where all these matrices can be connected to —Id.

Corollary 2.3.1. The inclusion i : Sp*(2n,R) < Sp(2n,R) induces the trivial

morphism on the fundamental group.

Proof. Note that there exists two continuous lift maps p* : Sp*(2n) — R such
that

exp
R St

1

7
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commutes, so the induced morphisms are
exp, 0 p7 = poi, =0
which implies i, : m (Sp™(2n,R)) — 71(Sp(2n, R)) must be zero. O
Now, we give the definition of Maslov index associated to a symplectic path:

Definition 2.3.3. Let vy : [0,1] — Sp(2n) and

a:[0,1] —R
t— p(r(t)) = e

be a lift of composed map p oy, i.e.

Then, we define

Remark 2.3.4. Suppose S € Sp*(2n), then we can choose a path s that connects
S to either BT = —Id or B~ = diag(2, %, —1,...) as discussed above so that the
whole path lie within the connected component of Sp*(2n). The homotopy class
of vs is hence well defined, so Aq(vs) is independent of the choice of vs. Clearly,
vs depends only on the choice of S. Now, suppose there is a path ¥ (t) € Sp(2n)
such that ¥(0) = Id € ¥ and (1) = S = v(0). Then, in this case the Maslov
index is given by

This can be seen as the number of clockwise “half turns” traced on S* via the

composition p o 7ys o 1.

, Vs

/ B* € Sp*(2n)
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Proposition 2.3.5. The Maslov index p is an integer. In particular, for two
paths Y, ', w() = p(') if and only if b ~ " with endpoint in Sp*(2n). Fur-

thermore, we have
1. sign det(v(1) — Id) = (—1)H®)—n

2. Let S € GL(2n,R) with S = ST and ||S|| < 2m. Also, let path (t) = e'’3,

then
() = v(5) —n
0 —Id , . :
where J = 40 and v(S) is the total number of negative eigenvalues
of S.

Proof. Let ¢(s) € S, for s € [0,1]. Extend 9(s) to a smooth path v : [0,2] —
Sp(2n), ie. w‘[&l] = 7’[0’1]. Then, since p(B*) = +1, which can be determined
by condition (3) of Theorem 1.7.4, we have u(1)) = Ay(vy) € Z. For homotopic
property, follow by Lemma 2.3.2, as long as the endpoints in Sp*(2n) are fixed,
then paths ¢ and v’ are homotopic if and only if the extended path ~ and +/

are homotopic. Moreover, since p induces an isomorphism on their fundamental

groups, we have Ay(y) = Aqg(7') and py(¢) = pi(¢').
Next, consider a path v as the extension of ¢ as above. We have ¥(1) = S
and v(2) = Bt = —Id € Sp™(2n), then, by (2) of Theorem 1.7.4,

P(B+> = g(—1d2x2)p(—ld2x2) o 'P(—[d2x2l

n

by (3), take X = —1 and Y = 0, so p(—Idax2) = —1, implies p(B*) = (-1)",
which corresponds to det(i(1) — Id) > 0, so u(y)) — n must be even, or in
other word they have the same parity. Similarly, for the case U(1) = B~ =
diag(2,3,—1,...), one gets p(B~) = (—1)""', which corresponds to the case
p(v) — n have different parity.

For the second point, we use the fact that if S is symmetric, then e’ is
symplectic (a non trivial result) and if S is symmetric, then S is diagonalizable
in an orthonormal basis. We can define a path s — R(s) in O (2n) for s € [0, 1]
that connects R(0) = Id to S(1) = RT(1)SR(1) which is a diagonal matrix. We

may also define a path

S(s) = RT(s)SR(s)
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and
(s, t) = e,

Note that e*/5() does not have 1 as eigenvalue is ensured by the assumption
|S|| < 2m. Moreover, u(i(s,t)) does not depend on the parameter s and is
well defined for any paths that lie in the connected component of Sp*(2n). In
other words, we may directly calculate u(e’®) without worrying about s. So, we
may only consider the case where a symmetric matrix is diagonalized and have
eigenvalues m or —7. To simplify the calculation further, we treat R?" as the

direct sum of n—many R? planes, i.e. to consider only three types of matrices

GO )G

where each is in Sp(2) and the eigenvalues are placed on the diagonal when in
R?", in which we can then apply property (3) of Theorem 1.7.4. Now, we examine
the first matrix: when S = diag(m, ), and J is treated as multiplication by ¢ in

79 corresponds to a rotation matrix by 7t

1ys _ [cosmt —sinmt
€ - . Y
sinmt  cosmt

i.e. the unitary matrix e™ € U(1) = S*. Its image is €™ € S under the map p.

the exponential , so e

Its associated Maslov index is computed as
pe” =v(S) —n=0-1=-1

since S has no negative eigenvalues. For the second case, S = diag(—m, —7), in

a similar fashion, by considering the matrix
wys [ cosml sinmt
€ - . )
—sinnt cosmt

pe” =v(S) —n=2-1=1.

we obtain

Lastly, for the case S = diag(mw, —7), the matrix exponential is given by
+JS coshnt sinh7t
e —_=
sinh 7t cosh7t
whose eigenvalues are €™, e™™ € R, . By property (4) of Theorem 1.7.4, we get

+1 under the map p. So,

p(e”)y =v(S) —n=1-1=0.
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Then, one just take p of the direct sums of all such S and apply u to the product
of p. O]

Definition 2.3.6. Let ¥ € S on interval [0,2] be an extension of 1 as above,
i.e. U agrees with v on [0,1] and V(s) € Sp*(2n),s > 1 and ¥(2) = B*. Let
p: Sp(2n) — S* as before, then the Conley-Zehnder index is defined by

poz(V) = deg(p® o W)

Remark 2.3.7. We know that p(B*) = +1, then p? o ¥ : [0,2] — S* is a loop.
So, pcz(¥) can be seen as the winding number of p* o W going round in S*.

Moreover, ucz is an integer-valued functor satisfying the following properties:

1. (Naturality) Let V.4 : [0,1] — Sp(2n), then
pioz(p o Wop™h) = poz(0),
2. (Homotopy) If ¥ is homotopic to V', i.e. W ~ W' then
poz(¥) = poz (V).
3. (Direct sum) Let ¥ € Sp(2m), V' € Sp(2n), then,
poz(V e V') = nez (V) + pez (V).
4. (Zero) For s > 0, if U(s) has no eigenvalue on S*, then ucz(¥) = 0.

5. (Loop) Let W, : [0,1] — Sp(2n), such that ¢ is a loop, i.e. ¥(0) =1(1) =

Id, then

poz(P¥) = poz(¥) + 2p(¥).

6. (Determinant) sign det(V(1) — id) = (—1)Hcz(¥)—",
7. (Signature) Let S € GL(2n,R) such that S = ST and ||S|| < 2w. Let

U(t) = e, then

1
poz(¥) = 5sgn(S)

2
where sgn(S) is the signature of matriz S, i.e. the net number of negative

eigenvalues.

8. (Imverse) Let U : [0,1] — Sp(2n), and let Y1 and VT be the inverse and

transpose of U respectively, then

poz(P™) = pez(V) = —poz(9).
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Definition 2.3.8. Consider the symplectic space (R*"xR?" (—w)Xw). Let ¥ € S
on interval [a,b], i.e. W(a) = Id and det(V(b) —Id) # 0, then the Conley-Zehnder

index is given by
poz(¥) = p(Gr(¥), A)

where A C R?" x R?" is the diagonal.
Example 2.3.2. Consider the rotation matrix as an example of case n = 1,
o(t) = (c?st —sint)
sint cost
fort €[0,¢€]. Then, we claim that pcz(p) = 1. We first choose a splitting
RExR*=VaeWw

equipped with symplectic form & = (—w)xw, where V. =A and W = 0x RxR x 0.
Explicitly, express

such that
o Zo xo +£(1)
v+ w(t) = ( <y0+n(t)> : ( " ) ) € Gr(p(1)),
- xo + &(1) _ [cost —sint Zg
Yo sint cost Yo + n(t)
so we have

To + &§(t) = zo cost — (yo + n(t)) sint, yo = zosint + (yo + n(t)) cost
and by differentiating both sides w.r.t t at t = 0, with £(0) = n(0) = 0, we have

£(0) = —osin 0 — yo cos 0 + 7(0) sin 0 4 7(0) cos 0 = —yg
0 = x¢cos0 — yosin 0+ 7(0) cos0 — n(0) sin 0 = x¢ + 17(0)
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that is £(0) = —yo and 17(0) = —xo. By using the identity w(x,y) = 2TJy, one

w(v,w(t)) = (w0, Yo) (jd Iod> <n?t)>

0
= (—o, 7o) (Tl(t)> = xo7(t)

Similarly, one gets w(v,w'(t)) = —yo&(t). Applying the crossing form operator at

computes

t =0, we have

d
“imoiov, w (1))
d

—|t=ow(v w(t))

Q(v) = T(Gr(p), A, t)|i=0(v) =

d
limolv,0/(1)

|t 0Ton(t) — |t 0Yo§(t)
= —$o77( ) — yof( )
=25+ Yo
In conclusion, the signature is 2 and the Conley-Zehnder indez is

1 1

pez(p) = m(Grip), A) = 55gn Q= 5 2=1
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Chapter 3

Spectral flow

3.1 Fredholm operator

We have studied the notion and properties of Maslov index, Hormander index
and Conley-Zehnder index in the previous chapter. In this chapter, we will study
a certain kind of Fredholm operator, acting on Sobolev space and the notion of
spectral flow (in the sense of crossings) of that operator satisfying three condi-
tions. The latter will then be shown to be equal to the index of a Fredholm
operator.

Let W and H be real separable Hilbert spaces such that

WcCcH=H"CcW*

where we identify H with its dual H*. In particular, the identification is given by
an inner product on H, that is, H — H* h — ¢, (v) = (v, h) for ¢ € H* and all
v € H. But we do not identify W with its dual. So, here we write (£,7) to mean
the pairing of £ € W and n € W*. Let L(W, H) be the set of bounded linear
operators from W to H. We denote A : R — L(W, H) to be a family of bounded

linear operators with parameter t € R.

Definition 3.1.1. Let A(t) € L(W,H) for t € R. For a differentiable curve
£:R — W, we define D& : R — H by

(Da&)(t) = £(t) — A(1)E(t) (3.1.1)

Hereby we list three conditions that we need A to possess: (in which in future
we will write C1,C2 and C3)

47
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C1 A(t) is bounded continuously differentiable, i.e. A(t) is continuously differ-
entiable in the weak operator topology and there is an k£ > 0 such that

IA®EN e + [A®ENr < KlEllw (3.1.2)

C2 A(t) is uniformly self-adjoint, i.e. A(t) is self-adjoint when A(%) is considered
as an unbounded operator on H with domain W. Moreover, there is an k > 0
such that

€1y < E(IA@EIE + 1117 (3.1.3)

C3 There exists an invertible limit operator A* € L(W, H) such that A(t)
converges to A¥ in the operator norm, i.e.
. - _

Jim [[A(8) = A%l ey = 0. (3.1.4)
We assume W to be Sobolev space W12 (by convention 1 as for regularity
and 2 as for integrability) and H to be the space of square integrable L? which is
a Hilbert space, both defined on, for instance a closed odd-dimensional manifold,
then A(t) is a first order linear elliptic differential operator on a closed odd-

dimensional manifold with coefficients depend on variable ¢ € R smoothly.

Furthermore, we define Hilbert spaces
H=L*R,H)

equipped with the norm .
leli = |l
and
W=L*RW)NW"(R, H)
with -
ety = | NIy + 1€ e

Note that YW — H is a bounded linear injection such that the range is dense. By
inclusion here, albeit the topologies are different in both mentioned space, it is

an injection with respect to respective own structure.

Remark 3.1.2. By C1, the bound on A(t) allows us to consider the bounded
linear operator Dy : W — H. So, we will show that such D, is a Fredholm

operator (and hence the Fredholm index makes sense).
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If we consider only a compact interval [—T',T] instead of R for W and H, in
which we will write as W(T') and H(T), then we have the following two results':

Lemma 3.1.3. The inclusion W(T') — H(T) is compact for every T > 0. More-

over, the estimate is given by

1€llw < e ([€lluer) + 1D aEl%)
for T >0 and constant ¢ > 0.

We also need the following useful theorem.

Theorem 3.1.4. (Abstract Closed Range) Let X,Y and Z be Banach spaces
such that D : X — 'Y be a bounded linear operator and K : X — Z be a compact

linear operator. Further assume that x € X 1is bounded in the sense
lzllx < (|| Dxlly + [[Kz| 2)-
Then, D has a closed range and its kernel is of finite dimensional.
Proof. See Appendix. n

Corollary 3.1.1. By Lemma 3.1.3 and Theorem 3.1.4, it follows that D, has
kernel of finite dimensional and a closed range, with the inclusion being the com-

pact operator and D 4 being the bounded linear operator.

But still, we are lacking of information on the cokernel of operator D 4. How-
ever, we have a powerful theorem giving the so called elliptic regularity. Roughly
speaking, since D, is not self-adjoint (although we assume A is) we want to use
the formal adjoint operator of D4 to give a notion of weak solution. It tells us
that if £ and ¢ in W satisfy certain equation, then —D_ 4 is the formal adjoint
operator of D 4.

Theorem 3.1.5. [18] Let £,n € H such that ( + AC, &)y + (¢, m)y = 0 for any
¢ € C®°(R,W). Then, £ € W and Da& = .

Remark 3.1.6. The formal adjoint operator of D4 in the above theorem can be

written as

D_4:W—H
¢ —C— A¢
for ¢ € W and self-adjoint A € L(W, H). This implies that the kernel of D_y is

the cokernel of D4 and is of finite dimensional.

1See [18] for the (technical) proofs so we do not shift away too much the main story.
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Corollary 3.1.2. Dy s a Fredholm operator.

Proof. 1t follows from Corollary 3.1.1 that it has finite dimensional kernel and
closed range. Its cokernel is also of finite dimensional from Remark 3.1.6. The
Fredholm index is well-defined. O

Corollary 3.1.3. Let A(t) be a bijection for all t € R, then D4 has Fredholm

mdez 0.

3.2 The spectral flow of A(t)

Definition 3.2.1. Let A(t) : R — L(W, H), then the crossing operator for A(t)
is defined as
[(A,t) = PAt)Plrer ae)

for fizedt € R and P : H — H 1is the orthogonal projection onto ker A(t).
Definition 3.2.2. At € R is called a crossing for A if A(t) is not injective.

Definition 3.2.3. A crossing t € R is called regular if T'(A,t) is nonsingular,

i.e. I'(A,t) is non-vanishing at t.

Definition 3.2.4. A crossingt € R is called simple if t is reqular and the dimen-

sion of kernel of A is 1.

Definition 3.2.5. Let ty € R be a simple crossing. Then, a continuously differ-
entiable function A(t) is called crossing eigenvalue function such that \(ty) = 0
and \(t) is an eigenvalue of A for each t € (ty — €,to + €) for some € > 0.

Remark 3.2.6. If ty € R is a simple crossing, then such A(t) always exists and

1S unique.

Definition 3.2.7. We denote the space of bounded operators from W to H by
L(W, H). Then, the space of bounded symmetric operators from W to H is given
by

Lom(W, H) = {A(t) € LW, H) | A"l = A}. (3:2.1)

In particular, an open subset Res(W, H) of Lsym(W, H) that consists of operators
with non empty resolvent set i.e. for A ¢ o(A) the map \Md— A from W to H is

bijective.
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Definition 3.2.8. Let A(t) € Ly (W, H) such that A(t) is continuous in norm
topology and
A% = lim A(t).
t—00
We denote the space of all such {A(t) her by B(W, H). Let B'(W, H) be a subset of
B(W, H) consisting of A that are continuously differentiable in the norm topology

and satisfying
Al = ilelﬂg(HA(t)H + [[A@)]]) < oo

Definition 3.2.9. Let A(W,H) C B(W, H) be a subset consisting of operator A
such that A(t) € Res(W,H) for all t € R and the limit operators A* : W — H

are bijective.

Remark 3.2.10. From Definition 3.2.9, one readily sees that A(W, H) contains
all continuous A(t) € LW, H) and satisfying C2 and C3.

Now, our intention is to introduce A(t) € L(W, H) such that A(t) satisfies
C1,C2 and C3. We can do that by defining the following

Definition 3.2.11. Let A(t) € AW, H). We denote
AW, H) =AW, H)Nn B (W, H)

to be the set of operators A(t) that inherited continuous differentiability and sup
norm bound from B(W, H) with bijective limit operator and invertible resolvent

set.

Remark 3.2.12. A (W, H) consists of all operators A(t) satisfying C1,C2, C3

and are continuously differentiable (C') in the norm topology.

Corollary 3.2.1. For all A(t) € A (W, H) and &(t) € W, then the linearization
DAE(t) = £(t) — A()E(L) is a Fredholm operator by Theorem 3.1.2.

Theorem 3.2.13. There ezists a unique map p : AW, H,R) — Z called the
spectral flow of A for every compact dense injection W — H such that

1. (Homotopy) If Ai(t) is homotopic to As(t), then u(Ai(t)) = u(As(t)).
2. (Constant) If A is constant, then u(A) = 0.
3. (Direct sum) If A= A, & As, then u(A) = u(Ar) + pu(As).

4. (Concatenation) If A = A1# Ay, then pu(A) = pu(Ar) + n(As).
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5. (Normalization) If W = H = R and A(t) = tan™*(z), then p(A) = 1.

Remark 3.2.14. For any A(t) € AW, H), we can always find Ay, Ay € A'(W, H)
such that

sup|A(t) — Ai(t)l|cow,my < €
teR
fori=1,2 and some € > 0. Then, we define a homotopy

A:[0,1] xR — A(W, H)
(s,t) — A(s,t) = (1 — s)A1(t) 4+ sAx()

One interesting thing worth mentioning is that if there exists another continuous
homotopy between Ay and Ay in A(W, H), then they are homotopic by a continu-
ously differentiable homotopy in A'(W, H). Consequently, the homotopy invariant
in A'(W, H) can be canonically extend to the corresponding homotopy invariant

in AW, H).

Remark 3.2.15. To be more explicit, for A(t) to be the concatenation of opera-
tors Ai(t) and As(t), we mean

Aqi(t) fort <0

Alt) = Ay(t) fort>0

and A(0) = Ay (t) = Ay(—t) fort > 0. This means that we ‘join’ the right end of
A1 (t) and left end of As(t) att =0 and assign values A(0) to the respective paths

outside its defined region.

Remark 3.2.16. The concatenation axiom follows from the homotopy, direct sum
and constant arioms. To see this, suppose Ay, As € AR, W, H) with A;(t) =
As(t) for t > —1. Also, let L. be a constant operator. Then, the homotopy
A(s) e RWOW, H&H) between

A=A DAy, A=A#A DL

15 given by



3.2. THE SPECTRAL FLOW OF A(T) 23

where g(0) is an isomorphism on H @ H defined by the rotation matriz

cos) —sind
0) = :
9(0) (sin@ cos )
Whilst on constant L @& L, g(6) commutes. So, Ay ~ As. Applying p, we get
p(Ar @ As) = p(Ar#A> @ L) = p(Ar#As) + (L) = p(Ar1#A4;)

but p(Ar & Az) = pu(Ar) + pu(Az). So, p(Ar##As) = p(Ar) + p(Az).

In application, we intend to make the spectral flow of A(t) € A(W, H) com-

putable by applying similar notion as defined in previous chapter.

Definition 3.2.17. For all operator L € Res(W, H) with kernel of dimension
k, we write L € Resg(W,H). In particular, Resi,(W,H) is a submanifold of
codimension k(k + 1)/2. We may express Res(W, H) by

Res(W,H) = D Res(W, H).

k=0

Then, we write the tangent space of Res,(W, H) at L as

Ty Resy(W,H) = {L € Lyym(W,H) | PLP =0}

2 where P : H — H is the orthogonal projection onto the kernel of L. Compare

with (2.1.1), the corresponding form Q) is the crossing operator given in Definition

3.2.1. In particular, we call
Resogn(W, H) = Res(W, H)\Reso(W, H) = Res, (W, H)

the Maslov cycle of resolvent set where Reso(W, H) consists of all injective A(t)

with nonempty resolvent set.

Remark 3.2.18. A(t) € A(W, H) is tangent to Res,(W, H) for some k att =0
if and only if A(0) € Res,(W, H) and the crossing operator I'(A, 0) vanishes.

Remark 3.2.19. Let A(t) € A(W, H) satisfying C1,C2 and C3, then a crossing
t € R has only reqular crossing t € R if and only if it is transversal to Resy (W, H),
i.e. the crossing operator T(A,t) is non vanishing and its derwative A(t) at

crossing t does not lie in the tangent cone at L = A(t)

TyRes) (W, H) = {L € Lyy(W,H) | 0 € 6(PLP)|er 1.}-

2Recall from equation (3.2.1) L means L € L(W, H) such that L*|yy = L, where L* is the
adjoint of L.
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Lemma 3.2.20. Let A(t) be an operator in Res(W, H). Then, A(t) has a simple
crossing t € R if and only if A(t) is transverse to Resy(W, H) for all k > 1.

Proof. Clearly Res,(W, H) is a submanifold of codimension 1, and A(¢) has simple
crossing if A(t) € Res;(W,H) and t is a regular crossing. So, for ¢ a simple
crossing, A(t) is transverse to Resy(W, H) means that A(t) must not intersect
with stratum Resg(W, H), i.e. A(t) cannot have kernel of dimension k other than
1. 0

Theorem 3.2.21. Let A(t) € L(W,H) satisfying C1,C2 and C3 with only

reqular crossing. Then, the spectral flow of A is given by

u(4) =3 sgn T(A,1)
teR
where the sum is over all crossings t € R and sgn denotes the signature, that
18, the number of positive eigenvalues minus the number of negative eigenvalues.

The summation is well-defined since the total number of crossings t € R is finite.

Proof. Let A(t) be as described in Remark 3.2.19. Pick a crossing ty € R. The
assumption of regular ¢, implies that 0 is an eigenvalue of A(ty) with multiplicity
k. Let X € o(A(t)), we choose a ¢ > 0 so small that it ensures in the vicinity of A
bounded by ¢ has no other eigenvalue other than A\. We can always find an ¢ > 0
such that the interval t) —e < ty < ty+€ corresponds to that small neighbourhood
of . By 3.2.3, there exists k¥ many C!'—paths of eigenvalues

Ay A o — €,tg + €] — (—¢,¢)

such that at regular tg, A\;(to) is non vanishing. In other words, the path \;(t)
passing through the interval [tg—e¢, to+€] at only one point to. So, all crossings t are
isolated and {t} is finite. Hence the summation is well-defined ), A(t) is well-
defined. Now, WLOG we may shrink € to make sure \;(t) # 0 for 0 < |t —to| < €
so that

sgn }\i(to) = sgn \;(to + €) = —sgn \i(tg — e€).

3

Then, the spectral flow of A is just the total finite sum of signature ° over all

3By slight abuse of notation, we write sgn ;(to) to mean: sgn A;(to) = +1 if sgn \;(to+e) >
0 and sgn \;(to — € < 0), sgn ).\,;(to) = —1if sgn A\;(to +€) < 0 and sgn A;(tg — €) > 0. So the
summation of sgn by (to) over all regular crossings is by counting the total number of +1 minus
that of —1. On the other hand, sgn T'(A4,t) is the number of positive eigenvalues minus the
number of negative eigenvalues of crossing operator I'(A, t), in which two signatures eventually

boil down to the same number.
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crossing t

HA()) = #40 | 0 < Milto +€) < 6} — #{i | 0 < Ai(to — €) < 6}
= Z sgn }\i(t0> = Z sgn F(A, t)

toER crossing teER

]

Corollary 3.2.2. Since A(t) € A(W,H) satisfies C1,C2,C3, if furthermore
A(t) has only reqular crossings, then Theorem 3.2.21 applies.

Now, we know that we can define spectral flow for operator A(t) € A (W, H)
with regular crossing t. Naturally one may ask is the operator with regular cross-
ings abundance in existence? Else, it might not be useful in application. Fortu-

nately, we have the following result.

Theorem 3.2.22. Let A(t) € A" with reqular crossing t € R. Then, for almost
every 6 € R, the path A — did has only reqular crossing.

Proof. Consider the {(t, \(t)|\(t) € o(A(t))} and cover it by countably many
graphs {(¢,\;(t)} on each interval [a;, b;]. On the other hand, A — did has only
regular crossings if and only if 0 is a common regular value of \;(t), i.e. § = \;(¥)
for some t and ¢. Then, by Sard’s theorem, A — did has only regular crossings for

almost every § € R, i.e. its complement has measure zero. O

Lemma 3.2.23 (Kato Selection[12]). Let W = H = R*" and A(t) € A'(R**,R*").

Then, there exists a C path of diagonal matrices
A:R — R™
t — diag(A\i(t), ..., A (1))

such that A(t) ~ A(t) where ~ denotes the similarity of real matrices. Conse-

quently, the crossing operators are also in similarity
['(A,t) ~T(A, 1)
for all t and eigenvalues .

Corollary 3.2.3. [12] Let A(t) € AW, H) satisfying C1 and C2. Let ty € R
be a crossing of A(t) and ¢ > 0 such that £c are not eigenvalues of A(ty). Then,
there exists an € > 0 and C'—paths of diagonal matrices A(t) (defined in Lemma
3.2.23) such that fort € [to — €,to + €] and X € (—c, c), we have

(A — Xid, t) ~ T(A — Xid, t)
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The main result of this section is given below:

Theorem 3.2.24. Suppose operator A satisfies condition C1,C2 and C8 with
only reqular crossings. Let D4 be as defined in (3.1.1). Then, the set of crossings
{t} is finite and the Fredholm index of operator D, is given by

index(Dy) = — Z sgn I'(A,t) (3.2.2)
teR

Proof. First, consider in particular the case A € A'(R,W, H). Such A satisfies
the assumption. So, we need to show that —index(D4) satisfies Theorem 3.2.13.
In the Appendix, we have stated some properties that Fredholm index of D4 pos-
sesses, such as direct sum (the index of a direct sum is the sum of the indexes)
and homotopy (stable under compact perturbations), which correspond to direct
sum and homotopy axioms. The constant axiom is due to if A is constant and
hence bijective, then index(D4) = 0. The Fredholm index also satisfies the con-
catenation axiom by Remark 3.2.16. The normalization axiom would require to
refer to next subsection regarding an example in finite dimensional case, in which

the index is given explicitly. So, we have
index(Da) = —p(A).

In general, we can approximate A by a curve in A'(R, W, H), then we link to

crossing form by Theorem 3.2.21

index(Da) = —p(A) = — ngn ['(A,t).

teR

]

Corollary 3.2.4. If a path of operator A(t) has only simple crossing, then the

index 1s reduced to

index(Dy) = — Z sgnA(t) (3.2.3)

teR

where A(t) is the crossing eigenvalue function at t.

3.3 Example: Morse index theorem

Consider the second order Jacobi equation in differential geometry

d2
Av = ot K(t)v =0 (3.3.1)
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where ¢t € [0, 1], k(¢) is symmetric matrix representing the curvature, and input
u € R”. The fundamental solution £(t) € R" to equation (3.3.1) satisfies
d*¢

— T RE=0, £0)=0, £(0)=1Id.

Then, the Lagrangian plane in this case is given by

L(t) = Range <§Ez;> .

Let to € (0,1]. It is called a conjugate point of A if there exists a non trivial

solution v satisfying (3.3.1) and
v(tg) = v(0) = 0. (3.3.2)

We then define the multiplicity of the conjugate point ¢y to be the dimension of
vector space consists of all v satisfying (3.3.1). In particular, we denote the total
number of conjugate points (counted with multiplicity) of A by v(A). Then, we

have the following result:

Proposition 3.3.1. Let £(t) € R™ be defined as above such that det(£(1)) # 0.
Also, let V=0 x R™. Then,

WL, V) = —v(A) — g

Proof. By direct application of the second case of Remark 2.1.7, let

v = (Oaé(tO)UO)vuO € ker g(to)v

the crossing form is given by

(L, V,to)(v) = —(&(to)uo, §(to)uo)

where t, is a crossing of multiplicity mqg. Note that &(ty) is injective on ker &(to)
so I' is nonsingular (in fact it is negative definite) and so all crossings are regular.
In particular, for regular crossing t, = 0, the crossing index is the rank of T,

which is my = n. So, we obtain

p(L, V) =~ Sdim(ker £(0)) ~ toez(ojl) dim(ker €(t0)) = 5 — v(A).
det £(t9)=0
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Corollary 3.3.1. Let V = 0 x R" and let u(s) = &(s,t)ug,v = (0,0:&(1, t)ug)
with £(1,t)ug = 0, then

I(A,t)(u) = T(L(L,-), V,t)(v).
Consider the map

A W2([0,1],R") N Wy*([0,1], R") — L*([0,1],R")
d2
¢ A(t)C = —75C = Qs,1)¢
To translate C1,C2 and C3 to this case, we further assume (s, t) is continuously
differentiable on closed strip [0, 1] xR and is independent of ¢ for |¢| > T To ensure

limit A* are invertible, we assume 1 is not a conjugate point for A%.
Proposition 3.3.2. The spectral flow of operator A(t) is
H(A) = (A7) — p(A%)
Proof. Let € € R™ satisfying the equation
%€
0s?
with Q(0,¢) = 0 and associated vector 25(0,¢) = Id. As a routine we notice that

A(t) is injective if and only if det £(1,t) # 0, so the kernel of A(t) consists of v(s)
such that u(s) = &(s, t)up and £(1,t)up = 0. The Lagrangian frame is given by

L(t) = Range ( §(st) ) .

+QE=0

855(37 t)
The crossing form on ker A(t) is then given by

F(A7 t)(’l}) = _<855(17 t)u07 855(17 t)u0>
= —/0 (u(s), 0,Q(s, t)u(s)).
So,

[l
Corollary 3.3.2 (Morse index). Let operator A(t) be defined above. Then its

associated Morse index is equal to the number of conjugate points, v(A).
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3.4 Example: D, as the Linearization of Cauchy-

Riemann operator

In this section, we consider the following perturbed Cauchy-Riemann operator

é%g—gg—é¥+sc (3.4.1)

0 —1
where J = Lo > and ¢ : [0,1] x R — R?" such that ( satisfies nonlocal

boundary condition

(€(0,t),((1,t)) € L(t) (3.4.2)
where L(t) is a Lagrangian path in R?" x R?". S(s,t) is a family of real matrices
in R?" x R?".
Remark 3.4.1. Jg;, has the form Dy = 4 — A(t) in which in this case A(t) :
W(t) — H given by

A@:J%—S@Q (3.4.3)

But, we cannot directly deduce all the result from above on g1, because the domain

of operator A(t) depends on t.

Translating C1,C2 and C3 to this case, we refer them as CR1,CR2 and
CR3 respectively:

CR1 L: R — L(R***" (—w) X w) is continuously differentiable. There exists a

constant 7' > 0 and constant Lagrangian subspaces LT such that

L= fort<-T

L(t) =
LT fort>T
CR2 S : [0,1] x R — R*2" ig continuous and there are symmetric matrices
S*:]0,1] — R?™2" that depends only on s such that

lim sup 1S(s,t) — SE|| =0

CR3 Given a symplectic path ©* : [0,1] — Sp(2n) such that

0

—g + JoSTpt =0

with initial ¢*(0) = 4d, then the graph? of ¢*(1) is transverse to the La-
grangian planes L*.

4The graph Gr of o™ is defined as Gr(p*(t)) = {(z, ¢ (t)x) | z € R®" x R?"}.
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Remark 3.4.2. Clearly, in CR1 we see that L(t) is independent of t for |t| > T.
Since S(s,t) can be (lim sup) estimated by symmetric matrices S when t — +o0o,

this makes the corresponding limit operator AT self-adjoint.

Also, in this case, the spaces VW and H are respectively

H = L*([0,1] x R, R*")
W =W;? = {€eW"([0,1] x R,R™)| (£(0,1),£(1,1)) € L(t) }

We then claim that dsz : W — H is Fredholm. In particular, the Fredholm

index of 55, L is given by
index s, = u(Gr(p™), L7) — u(A, L) — u(Gr(¢™), LT) (3.4.4)

This is a highly non trivial result. We discuss this in several cases. Let us
first consider (3.4.3), where A(t) is

AR s (0, 1,R") x W20, 1,R") = L(0, 1, B
s Jont — 56
S

Assume S = ST is continuously differentiable and suppose ¢(s,t) € Sp(2n)
satisfying

Op B

with initial ¢(0, ) = Id. We first note that CR2 for ¢ implies that the limit o*
exists, whereas CR3 implies that for sufficiently large T, the Maslov index for
path o(s, +T) is equal to the Maslov index for ¢*. So, to show (3.4.4), we only

need to show
index ds, = —p(Gr(p(1,-)), L)

where L(s,t) = L(t) and L'(s,t) = Gr(y(s,t)) are Lagrangian loops over [0, 1] x
[_T7 T]
At crossings t, A(t) is injective if and only if p(1,¢)V intersect V' transversally.

If we consider ¢ in the form of block matrix

_ [A(s,t) B(s,t)
Pls,t) = <C(s,t) D(s,t)) ’

then, £(s) lie in the kernel of A(t) if it can be expressed as

£(s) = p(s,t)v, for some v = (0,y) € V, and B(1,t)y =0 (3.4.6)
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and the crossing operator is given by

DA == [ 0. 5 S(s. 50

On the kernel of A(t), by applying ¢, we have

0
S =Jop

- (3.4.7)

differentiating both sides w.r.t ¢,
0 0 0 0

Qﬁ$¢+5(& ) %<mas)
multiplying both sides by (7,

0 0 0 0

T T — T _-
¢ (55)e+ S (5y0) = ¢ D (575:%) (3:48)

by transposing (3.4.7),

0

T QT T

= 4.
(%2 S S JO (3 9)

substituting (3.4.9) into (3.4.8) and using S = ST, we have
¢ (55)7 =7 (5a5%) ~ " (57)
=" (g550) + (") (%)
Now, integrate both side w.r.t s,
1 1 1
[ (Gs)ens = [ o nlggee)is s [ (o) (o)
1

:/0 %(@T(s,t)JO%go(s,t)>ds
ZwWLﬂ%%w@ﬂ-

Now, multiply both sides by v = (0,y) on the left and right, with B(1,¢)y = 0

and rewritten in the form of pairing, we obtain

/0 5, £)€(s))ds
/0 S(s,t)p(s, t)v)ds
(1), Jo%u,t)w

—
—(D(1, )y,

ot
B(1,t)y)
=T(p(1,t),t)(y)
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Hence, we have shown that

index s, = —pu(A) = — Z sgn I'(A,t)

= —pcz(p(L,1))
= —pu(Gr(p(1,1)), L)
= —M(GT(Q0+), L+) — ;L(A, L) + M(Gr(¢_)v L_)

where L =V @V and ¢ € R are regular crossings of A(t).

Furthermore, we can make adjustment for S by introducing cutoff function:
Choose a smooth cutoff function § : R — [0, 1] such that g(t) = 0 for ¢t < =T
and B(t) = 1 for t > T. Then, create a new S as

S(s,t) = B(s)S(s) + (1 = B(£))S(s)

in which S— S induces a compact operator, i.e. the new operator A would become

A(t) = A(t) + S(s, ).

Then, 55’ ;, will still be a Fredholm operator. Thanks to the its unique feature, the

new Fredholm index is invariant under small perturbation of compact operator
ndex 5§7L = index 557L.

But, S might not be symmetric and the derivation above does not apply. To
overcome this, we choose a perturbation to get S such that S = ST and is
continuously differentiable and its corresponding symplectic matrix cﬁ(l, t) solving
(3.4.5) will has only regular crossings (this is crucial in the definition of spectral
flow pu(A)). Then, every steps as derived before works and the indices would be
equal

index 6§L = index Os[.

So far we have discussed the case for L(t) = V @& V. We will also show that
(3.4.4) holds for the case L(t) = Li(t) @ Ly(t), where L; € A(n). Identify R?*" =
C", and choose a continuously differentiable unitary matrix W(s,t) € U(n) such
that for sufficiently large T, W(s,t) is independent of ¢ for |t| > T. Then, let

ov ov )

I -1(Z= =
S = (825 Jog + ST
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we have
857L (@] \Ij = \If O asle/,

where the corresponding Lagrangian paths are
L'(t) = Li(t) & Ly(t)

with
LU(1) = U 0.0 Ly(1). Ly(0) = U (L) La(h).
For |t| > T, since ¥(s,t) is independent of ¢ and the fact that ¥~ = U7 the

matrix S’ is symmetric. Then, one can obtain the corresponding symplectic

matrices ¢'(s,t) € Sp(2n) by conjugation

¢ (s,t) = U (s, t)p(s,t)W(s, ).

Now consider the symplectic group on R%" = (R*" x R*", (—w) X w), and let

U(t) = W(0,t) ® U(1,t) € Sp(RI).

To set up for the Maslov index, we have the corresponding graph Gr(¢'(1,t)) =
U~1(t)Gr(p(1,t)) relative to the Lagrangian plane L'(t) = U~ (t)L(t). Hence,

u(Gr(o(1,1), L) = p(VGr(¢'(1,1)), ¥L')
= /L(GT‘(QOI(L t))v LI)

where the second equality follows from the naturality axiom of the Maslov index.
So, to relate back to the Fredholm index as derived previously, it boils down to
the choice of ¥ € U(n) : we choose ¥ such that the corresponding Lagrangian
L' =V @V, then every step of derivation follows. In short, (3.4.4) works not
only for L(t) =V @V, but also in the case of local boundary condition ®> L'(t) =
L (t) & Li(t).

We are now going to prove (3.4.4) in the general case. Define operator

T : L*([0,1] x R,R*) — L*([0,1] x R, R** x R*")
g(sat) — Tf(sat) = 77(87t)

®This condition means if we assume S = 0 and Lagrangian split L'(t) = Lj(t) ® L5(t),
where L(t) € A(n), and Li(+T) N L4y(£T) = 0. The index is given by index O0s. =
—[L(G’I"((p/(Lt)), L/) = _M(LIDLIQ)
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where

o= (55 )52 0)

N

-~ -

m 72

Suppose & € W,? = {£ € W([0,1] x R,R?™) | (£(0,1),£(1,t)) € L(t)}, then
under the map 7', the image 7 satisfies the local boundary condition, i.e.

n(0,6) € A ={(a,2) |« € B}, n(L1) € L(1).
Consider the operator 55/, =1To 557 1 oT~1 given by
Js1,0:(§) = (1, C2)

where

0 0 1 1—5s ¢t
G1 771+J0—+—S( )7717

ot ot 2 2 9
0 0 1 1+s t
CQ—EU2_J0§+§S (T’i) 2.

So, g s is a Cauchy Riemann operator, in which the associated complex struc-

ture is J = (—Jy) x Jo compatible with symplectic form @ = (—w) x w. On the

other hand, the symplectic matrix solving (3.4.5) is W(s,t) = Wy(s,t) & Ya(s, 1)

given by
1—st 1t
V(s t) =W — o= =
1(57 ) ( 2 72) (272>7
1 t 1t
Up(s,t) =0 (2 D)ot (2 1),
2 2 22

Now, for s =1,%(0,%) =0, and A = {(2, 2) € R* x R*"}, we have

U(1,t)A = Gr (\p (1, %)) ,

M(GT(W(L ))7 L) = N(@(L )A7 L)

thus

Follow the result in last case (i.e. éggy oT =T odsy), 5517 1 is a Fredholm

operator. It follows that its Fredholm index is given by

index Ogr 1y = —p(T(1,)A, L) = —u(Gr(¥(1, ), L) = index Ds.r.
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3.5 Example: Finite dimensional R"

In finite dimensional, we consider the linearization operator
Dy : WH(R,R") — L*(R,R")

given by

DA&(t) = (1) — A(DE(t) (3.5.1)
along a connecting orbit generated by a gradient flow of Morse function f : R” —
R. In our case, we assume that the orbit concerned connects hyperbolic © critical
points at two ends. So the limit matrix

A* = lim A(t)

t—o0

exists and are hyperbolic.
We claim and show that the linearization given by (3.5.1) is a Fredholm op-

erator, by claiming D 4 satisfies the estimation

1€llwremy < e(llEll 2y + |1 Dall2w)) (3.5.2)

where I = [-T,T] C R for sufficiently large 7. The estimate is true for 7' = oo,
that is I = R. In particular, we investigate the case in which A(t) = A is
constant. R™ can be decomposed into the direct sum such that each summand has
all eigenvalues lie in either one of the two half planes”. WLOG, we may consider
the case where they lie in the “negative” half planes, i.e. Ay has eigenvalues
that have negative real part. Now, pick an element ¢ € L?(R,R") such that for
¢ € L*(R,R"), ¢ = Dy, €. This is possible because we consider W12(R, R™) as an
inclusion into L*(R,R"™). The unique solution £ € L*(R, R") is given by

() = / M9 (s)ds = B(t) * (1)

—0o0

where

efit fort >0
0 fort <0

O(t) =

SHere the term hyperbolic means nondegenerate or nonsingular. For instance, if AT (t) =
lim;_, o, A(t) are n x n matrices, then hyperbolic critical points A* mean A% are nonsingular,

i.e. invertible matrices.
"This means that for a decomposition of R, say R® = R” ®R* such that r + s = n, the half

planes of R" are R’ = {(x1,...,2;) | 2; € Ry fori=1,...,r} and R" = {(z1,...,2,) | z; €
R_ for i =1,...,r}. Same applies to other summands of R"™ under decomposition.
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and by Young’s inequality®,

lellze < el eIl ze-

Then,

€112 = [ Ao€ + Cll.2
< [[Aollz2l1€l[ > + <] z2
< [¢llzz (1 Aoll 2 lle” || x + 1)

One notes that since Ay is constant (independent of time t), the kernel of operator
D4, consists of all ¢ which is an exponential (so that D4 e0! = Agedol — Agetol =
0). So £ can only lie in L? if £ = 0, else £ would escape to infinity as t — co.
That is, D, is bijective and ¢ = 0, so we must have ||£][2 = 0 and [|€][2 = 0
The estimate (3.5.2) reduces to

1€ llwrz@y < c([[DallL2w))- (3.5.3)

To show the inequality in general case, we first note that from estimate (3.5.3),
there exists constants 7' > 0 and ¢ > 0 such that for all £ € W2(R,R™), if £(¢)
is vanishing for |t| < T — 1, then the estimate is

€llwrzm) < c(|[Daél|L2(m))- (3.5.4)

Next, we define a cutoff function g : R — [0, 1] satisfying: fix a T > 0,8(¢t) =0
for |t| > T, smoothing by a smooth curve connecting 0 and 1 for |t| € (T'—1,7T)
and S(t) =1 for [t| < T — 1. Then, we obtain

[€llwrz < [IBEllwrz + [[(1 = B)El[wre
< k(182 + [[DaBEl 2 + [[Da(1 = B)E]|22)
< k(18812 + [1Dagl|r2)
= ki([[€llz2-rmy + [[Da€l|r2)

where the second inequality follows by applying estimate (3.5.2) (for I = R) to 3¢
and (3.5.4) to (1 — $)¢. Third inequality follows by expanding and cancelling the
term of D4B&. The last equality follows from the fact that under cutoff function

8Recall the definition of the Young’s inequality for convolution: Suppose f € LP(R?) and g €
L7(RY) satisfying the equation %—i— % =141, with 1 <p,q,r < oo. Then ||f gl < || fllpllgllq-
In our case, p = 1 and ¢ = 2, deduce that r = 2, so the inequality [|£(¢)||z2 = ||P(¢) * ((¥)||L2 <
1P |lL2]|¢(t)]| 2 follows directly.
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3, the norm of £ only survive on the interval |¢| < T So, we have shown (3.5.2).
The restriction operator D4 : WY(R,R") — L*([-T,T],R") is compact, and
thanks to (Abstract Closed Range) Theorem 3.1.4, the kernel and cokernel of D4y
are of finite dimensional, i.e. D4 is a Fredholm operator.

The index of D4 also need some work. Unlike the case above in which A()
is constant, in general, the kernel of D4 consists of € such that £ — A¢ = 0 and
£(t) = 0 as t — +o0. Hence, we consider ((s,t) € R” such that

9((s,t)
0s

= A(s)C(s, 1)

with ((s,s) = Id and ((s,s") o ((s,s") = ((s,"). Then, we define the stable and

unstable subspaces at time ty as

Ws(to) = {&) e R"

Jim (st =0
Wu(to) — {5() S Rn‘ tEEIlOO g(s, to)&) = O} .

such that W#(t) — W*(A") when t — oo and W*(t) — W*(A~) when t — —o0.
This is possible under the map W?*(s) = ((s,t)W?*(t), similarly for W*. So, they

have dimensions

dim W*(t) = dim W*(A™)
dim W*(t) =n — dim W*(A")

Now, suppose &(t) is a solution satisfying £ = A¢ where &(s) = (s, t)£(t) for all
s,t € R. Note that £ € ker D, if and only if £(s) = ((s,t){(t) and £(s) lie in
W#(s) NW(s). The latter is because if £(s) € W*(s) then for s — oo, [£(s)| — 0
by definition. Similarly for the case £(s) € W*(s) and s — —oco. We must have
the kernel of D4 to be finite dimensional.

We are left to show the cokernel of D, is of finite codimension. First, let
n € L?(R,R"™) be orthogonal to Range(D4). Then, for £ € WH?(R, R"), we have
the pairing <77,§ — A¢) = 0 and can deduce that 7+ ATn = 0. One obtains the
result n L Range(D,) if and only if

n(t) =" (s, t)n(s) n(t) LW*(t) + W (t)

so coker D, is of finite codimension. Lastly, the index of D4 can be computed
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as

index D = dim(ker D) — dim(coker D)
= dim(W* N W*™) — dim(W* + W)+
=dim(W*NW*) — (n — dim(W?* + W)
= dim W* +dim W" —n
=n—dim W*(A") + dim W"(A™) —n
= dim W"(A™) — dim W*(A")

Corollary 3.5.1. If A* is symmetric, the the index of Da computed above can
be expressed by

1
index Dy = §(sgn A™ —sgn AT)

where sgn A is the usual signature of matriz A, that is the total net number of

negative eigenvalues.
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Appendix

A.1 A bit of Analysis

1

We say V' is a Banach space if V' is a complete normed space, where norm on
V' is positive function ||-|| such that for all v € V¢ € C or R,

[oll =0, levll = el - [ol,  [lv+wl]| < [Jv]l + ||lw]

Let V and W be Banach spaces. L£(V, W) is defined to be the space of continuous
linear operators from V' — W. A linear operator T : V' — W is continuous if and
only if T is also a bounded operator: there exists a constant ¢ < oo such that
|Tv|| < ¢|lv|| for all v € V. In particular, we define the norm of 7" to be the the

infimum over all such ¢ :

1T = sup{[[Tv[| [ o]l <1}

Let U C R™ be an open set. Denote C*°(U) to be the space of all smooth
functions on R™ restricted to U. In particular, Cg;t(U ) € C®(U) consists of all
such functions with compact support on U. The Sobolev space W*P is a comple-
tion of C°°(U) in the sense that TW*P consists of all smooth functions on U whose
derivative up to order s are in the space LP(U), where the norm ||-||5, defined for

smooth functions on U is given by

ollew = | [ 3 l0rotaps

4 la|<s

3=

In particular, W5*(U) = C,(U).

cpt

1See [3].

69
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Proposition A.1.1. Let U C R” be an open subset whose boundary is a contin-
uously differentiable submanifold. Let ) € LP(U). Then, 1 € WP(U) if and only
if for all o with |a| < s, there exists ¢ € LP(U) such that for all ¢ € C5,(U),

/¢ )0%p(x)ds = ( a|/¢

Theorem A.1.2. Let U be bounded open subset of R". Suppose p > n, then
WP (U;R™) is a subspace of C°(U;R™) and the inclusion

cpt

WP (U;R™) < C°(U; R™)
1S a compact operator.

Remark A.1.3. When p = 2 and over R, all elements of W12 are continuous

functions.

Theorem A.1.4 (Rellich). Let U be bounded open subset of R™ whose boundary
is of class C'. Let k € Z and p € (1,00), then

1. Ifp> %, then WrP(U) — LY(U) with

np
n—kp

q:

2. If p=1%, then WhP(U) — LUU) for all ¢ > p.
3. If p < %, then Whr(U) — LY(U).

All the inclusions are continuous. For ¢ € WEP(U), if |a| < k, then,

In particular, for m = [k — n/p|(the integer part), then the inclusion

0%
oz

< CllYllwer
Leo(U)

WHP(U) = C™(U)

15 continuous.
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A.2 A bit of Fredholm Theory

Let T : V — W be an operator from V to W which are both Banach spaces.
We say T is Fredholm if 7" has an index, in the sense that if ker(T) is a finite
dimensional subspace of V' and I'm(T) is a finite codimensional subspace of W,

then the index is given by
Ind(T) = dim ker(T) — dim coker(T)
where coker(T) = W/Im(T).

Remark A.2.1. Let T : V — W is a Fredholm operataor, then index(T') coin-

cides with the Euler characteristic of the chain complex
0—VILWw-—0
that is x = dim(ker(T)/0) — dim(W/Im(T)).

Proposition A.2.2. Let Ty : Vi - W, T : Vo - Wo, T :V - W, T : W — X
be Fredholm operators, then

1. To ® 17 is a Fredholm operator and its index is

index(To ® T1) = index(Ty) + index(Th).

2. Let H™ be a m—dimensional vector space, then T'® Idy is a Fredholm
operator and
index(T ® Idy) = m - index(T).

3. The composition T' o T is a Fredholm operator and its index is
index(T' o T) = index(T") + index(L).
Proposition A.2.3. Let T : V — W be a Fredholm operator, i.e. dim ker(T) <
oo and dim coker(T') < oo, then, Im(T) is closed.

The following theorem is an important feature that a Fredholm operator pos-

sesses: the index is invariant under small perturbation by a compact operator.

Theorem A.2.4. Let T : V — W be a Fredholm operator. Then, there exists a
constant € > 0 such that for all operator v : V- — W with ||u|| < €, the operator
T + u is Fredholm and the index s

index(T + u) = index(T)
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In particular, for all compact operator K : V. — W, the operator T+ K is Fredholm

and the index is given by
index(T + K) = index(T)

Remark A.2.5. Let F be the set of all Fredholm operators from V. — W. F is
an open set of the set of all operators from V- — W. By Theorem A.2.4, index is

a continuous map on F.

Let V, W be Banach spaces. A map F': V — W is called a Fredholm map if
for all v € V, there exists a continuous differential map T,F : V — W, which is
also a Fredholm operator. By Theorem A.2.4 and Remark A.2.5, index(T,F) is

independent of v. We state a relevant result below.

Theorem A.2.6. Let F : 'V — W be a Fredholm map. For w € W such that
v = F"Yw) €V, and the differential map T,F : V — W is a surjection, then

F~Yw) is a manifold of dimension index(F). Its tangent space at v is ker T,F.

A.3 Abstract Closed Range

We restate and give a proof of Theorem 3.1.4

Theorem. 3.1.4 Let X,Y and Z be Banach spaces such that D : X — 'Y be a
bounded linear operator and K : X — Z be a compact linear operator. Further

assume that x € X s bounded in the sense
lzllx < c(lDzlly + [[Kz|2).
Then, D has a closed range and its kernel is of finite dimensional.

Proof. We follow the flow of proof given in [3]. First, we show that ker(D) is a
finite-dimensional subspace of X. To see this, we show its unit ball is compact.

Take a sequence {z,} in X, such that
lznllx <1, D(xx) = 0.
Then, by assumption, we have
lzallx < Cll Kz,

So the image of the unit ball under the operator K is relatively compact. We

may extract a subsequence if necessary to ensure { Kz, } converges in Z, so {z,}
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is a Cauchy sequence. Since X is complete, {x,} converges in X and hence in
the unit ball, i.e. the unit ball is compact.

Next, we show that I'm(D) is a closed subspace of Y. Take a sequence {z,} in X
such that {Lxy} converges to a limit y € Y. We are left to show that y € Im(L).
There are two possibilities: either {x} is bounded or unbounded. Suppose {zy}

is bounded, then by assumption
lzillx < CUILaklly + | Kzl 2)

where Lx, — y € Y whilst Kz lies in a compact subset of Z. Then, there is a
convergent subsequence { Kxy, } of { Kxy}. The corresponding subsequence {zy, }
is necessarily Cauchy and converges, say to x. Such limit x must satisfies Lx = y.
On the other hand, suppose that {x;} is an unbounded sequence in X, there must

exists a subsequence {xy,} such that

= +00.

lim ||z,
k—+o00

Proven above that ker(D) is finite dimensional, we can find a complement X¢ of
X such that z € X for all k. Let

Tk

= e X¢.
|2k x

Uk

Then, by applying the inequality, we have
loellx < Cl|Loelly + [ Kkl 2)-

{Kwvy} admits a convergent subsequence, whereas L sends vy, to zero. So, we may

assume {vy} is Cauchy and converges in X¢ with limit
v e ker(L)NX°=0,

that is saying v = 0 but having norm 1. Contradiction. So, Im(L) contains all

the limit points of any sequences in X, that is Im(L) is closed in Y.
]
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