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Abstract

In this paper we will explore the various property of the weak solutions of the
p-Laplacian equation:
div(|DuP~2Du) = 0

for 1 < p < 2, including existence, uniqueness theory, differentiability and regu-

larity results.
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Notation and terminology

In this paper I will mainly follow the notation convention used in [2]. Following

are some main comment worth pointing out.

e [ will stick to the symbol Du and avoid using Vu for the gradient of the

function u, and the letter U for an open subset of R™.

The letter C' denotes various constants, it may not be the same constant
when appearing in different lines of computation. In cases when I need
to keep track of the constant, I will use Ci,C5,... to represent different

constants.

For function spaces that specifies functions with compact support, I will
stick to the subscript 0 notation instead of subscript ¢ as preferred by some
author. For example, C¥(U) denotes functions in C*(U) with compact

support.

For functions that are not pointwisely defined, we write “sup” and “inf”

notation to mean the essential supreme and infimum, which are defined as:

sup f = esssup f = inf{y € R| meas{f > u} =0}
inf f = essinf f = —sup(—f).

Since this definition coincides with the normal supremum and infimum in

the classical sense, using the same notation causes no trouble.

Other common notations are listed below.

Notation

Apu

the p-Laplacian operator, defined as

Apu = div(|DulP~2Du) = 0.
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xii NOTATION AND TERMINOLOGY

[u] co.e () the a''-Holder seminorm of u on U, defined as

[u]co. @y = sup, e %

Usually I will write [u]ce ) for [u]co.a(m.

|| co.e oy a*®-Holder norm, defined as
[ullcoewy = sup,ey [u(z)| + [u]coew) = llullew) + [u]coow).

(u)y Average of u on U, defined as
(W = f,u(z)dr = ﬁ Sy u(x)d.

||| w0y WHP norm of u : U — R, defined as

1/p
(Siacu Jy IDuldz) " (1< p < o)
||u||W’“’P(U) = - .
ngk ess supy | D, (p = o00)

w(n) Volume of n-dimensional unit ball. (this term will normally
be absorbed into the constant term so we do not need the
formula)

Terminology

compact embedding Let A and B be Banach spaces, we say A is compactly

embedded in B, written
AcCCB

provided

L. |lalls < Cllalla (a € A) for some constant C' and

2. each bounded sequence in A is precompact in B.



Chapter 1

Weak Solutions and Preliminary
Results

The p-Laplacian equation
div(|DuP~?Du) = 0 (1.1)

reduces to the well-known Laplacian equation when p = 2, suggesting which it is
generalised from, as the Laplacian equation is the Euler-Lagrange equation® for
the Diricihlet integral

1
D(u) = —/ | Dul|?dz. (1.2)
2 Ju
Changing the square to a p'* power we have the integral

Iu] = /UL(Du(:c),u(x),x)d:c _ %/U|Du\pd:c, | < p< oo, (1.3)

We now demonstrate that (1.1) is a the Euler-Lagrange equation for (1.3).
Let n € C§°(U) and suppose u is a minimizer of (1.3). Let

i(r) :==1Iu+71n] (1 €R). (1.4)

*See [2, Section 8.1 and 8.2] for a systematic introduction on Euler-Lagrange equation.
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2 CHAPTER 1. WEAK SOLUTIONS AND PRELIMINARY RESULTS

Computing the first variation (i.e. the derivative) explicitly, we get

1
i(t) = —/|Du+TDn|pd:v
P Ju

p/2
= %/U(Z(Diu—i-TDmf) dx

7
p—2

=i(r) = /Q % (Z(Dlu - TDm)2> <Z 2(Dju + TDm)Dm> dx

7 %

- / |Du + D"~ (Du - Dn+ TZ |Dm|2> dr.
v i

Since i(-) has a minimum at 7 = 0, we have
(0) =0 :/ |DulP"? Du - Dndz. (1.5)
U

If we assume, for now, that u is a smooth solution, then using integration by

parts, we have
/ |Dul’™ Du - Dpdz = / n div(|Du|P~2Du)dz
U U
= 0, (1.6)

there is no boundary term as n € Cg°.

Since (1.6) has to hold for all test functions 7, we must have
Ayu = div(|DulP~>Du) = 0 (1.7)

showing that the minimizer of (1.3) is a solution of (1.1).

Note that the computation above gives us a motivation for defining a weak
solution as requiring only v € C™ or even u € C' is too narrow for the treatment
of such problem and clearly the less smoothness we assume of u to start with,
more theory can be developed, hence a notion of weak derivative is suitable in

this case:

1
loc

is the a'"-weak partial derivative of u, written

Definition 1.1. Suppose u,v € L; (U). and « ia a multiindex. We say that v

D% = v,

provided

/UUD% dr = (—1)|Q/Uv¢ dx

for all test functions ¢ € C§°(U).



To study function with this property systematically, we define the function

space called the Sobolev space:

Definition 1.2. The Sobolev space, denoted by WHP(U) consists of all locally
summable functions u : U — R such that for each multiindex o wth |a| < E,

D®u exists in the weak sense and belongs to LP(U), equipped with the norm

N 1/p
(Zlalék Jy 1D u]pdx> (1<p< o)

HUHW’W(U) =
ngk esssupy | Dyl (p=00).

Remark 1.3. e From the definition, it is clear that W*? is a subspace of L?
and hence functions in Sobolev space are defined up to sets of measure zero.
Moreover, the Sobolev space is also Banach and, in particular, is Hilbert

when p = 2.

e The weak derivative bears many properties the normal derivative has such
as linearity (with respect to addition and constant multiplication); u €
Wkr = Dy € Wklelp for |a| < k; product rule and chain rule. For a

detailed exploration of the properties of Sobolev space, see [2, chapter 5.

It is clear that for the right side of (1.5) to make sense, the integrand needs to

p—1

e (U), which means the natural

bein L', in other words, we need at least Du € L
space to seek a weak solution is I/Vli’f_l(U ). Unfortunately, little is known about
the weak solution in this space, thus for the interest of this paper, we will instead
study weak solutions in the space T/Vl(ljf(U ). We now have a precise meaning of

the weak solution:

Definition 1.4. Let U be a domain in R". We say that u € W'? is a weak
solution of (1.1) in U, if

/ |Dul’"*> Du - Dy dz =0 (1.8)
U

for each n € C3°(U). If, in addition, u is continuous, then we say that u is a

p-harmonic function.
We conclude the above computation in the next theorem:

Theorem 1.5. The following conditions are equivalent for u € WHP(U):



4 CHAPTER 1. WEAK SOLUTIONS AND PRELIMINARY RESULTS
(). w is minimizing :

/\Du]pdx < /|Dv|pdx, when v —u € Wy (U)

(ii). the first variation vanishes:

/ |Du|P~2Du - Dy dz = 0, when n € Wy*(U)

If, in addition, A,u is continuous, the the conditions are equivalent to Apyu in U.

Proof. “(i) = (ii)” is already shown in the above computation.
“(ii) = (i)” Recall that for a convex function f : R — R, f is convex if and
only if for any a,b € R

f(b) = f(a) + f'(a)(b - a).
In the case where f : R” — R, the inequality becomes:
f(0) = fla) + Df(a) - (b - a).
Since | - |P is convex for p > 1, then for f : x +— |z|P, we have
bl > lal” + plal”*a - (b —a) (1.9)
It follows that

/]Dv]pdxz/\Du]pdx+p/ |DulP2Du - D(v — u).
U U U

By letting n = v — w, (ii) implies
/ |Dv|Pdx > / | Du|Pdz,
U U

Finally, the equivalence of (ii) and A,u follow from (1.6).

which is (i) as needed.

]

Remark 1.6. Note that since a typical function in W (U) may not be pointwise
defined in U, so we need some notion of assigning boundary values. Different
resources I refer to in this paper uses different notions to deal with this problem,
some author uses the so-called trace operator (see [2, Section 5.5]) and others

avoids this notation and instead defines that « < 0 on 9U if ut = max{u,0} €



WyP(U) (other inequalities follows accordingly, see [6, Section 8.1]). According to
[2, Section 5.5, Theorem 2], we know that these two notion are in fact equivalent.

In this paper I will stick to the latter notion, as I did in the preceding Theorem
where v — u € WyP(U) means u — v = 0 on dU, in other words, u agrees with v
on OU.

Next result we introduce now involves the concept of weak supersolutions
and weak subsolutions, which i very useful in studying the viscosity solutions.
However, within the scope of this paper we will mostly apply these lemma on weak
solutions which, by definition, is both weak supersolution and weak subsolution.
Nevertheless, we still include the definitions here for completeness purpose and

reader’s interest.
Definition 1.7. v € W,2P(U) is said to be a weak supersolution (weak subsolu-
tion) in U, if

/ |Dv|P~2Dv - Dy dx > (<)0 (1.10)
U

for all nonnegative n € C5°(U).

Lemma 1.8. Ifv > 0 is a weak supersolution in U, then

/§p|D logv)[Pdx < ( ) /|Dg|pd9:

whenever ¢ € C(U), ¢ >0

Proof. (Sketch)
The result follows from (1.10) by choosing n = (Pv'~P.
For a detailed proof, see [8, p 10, Lemma 2.14].
O

We now examine the existence and uniqueness of a p-harmonic function with

given boundary values, which is given in the following theorem:

Theorem 1.9. Suppose that g € WIP(U), where U is a bounded domain in R", is
given. There exists a unique u € W' (U) with boundary values u — g € Wy (U)
such that for all v satisfying (1.8) and v — g € WyP(U),

/]Du\pdxg/]Dv]pdw.
U U

This u is a weak solution.
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Proof. We first show the uniqueness. Suppose there were two minimizers , u; and

ug. Let v = (u; +uz)/2. If Duy # Dus in a set of positive measure, then we have

Du1 + D’UQ P \Dullp + |Du2\p
<
2 2
in that set. It follows that
Dul + DUQ P

d

/|Du2|pdm < / x
U U 2

1 1

—/ |Du1|p—|——/ | Dus|? dx
2 Ju 2 Ju

= /|Duz|pdx
U

which is a clear contradiction. Thus Du; = Dus a.e. in U and hence u; =

A\

uy+Constant. Since uy — uy; € WyP(U), the constant part of the integration is
zero. Hence the minimizer is unique.

The existence of a minimizer is obtained through the so-called direct method.
Let

Iy = inf/ |Du|Pdx < / |Dg|Pdx < 0.
U U
Choose admissible functions v; such that
1 .
/|va|p<10+-,, =123 . (1.11)
U J

The goal is to bound the sequence ||v;||w1.». Let w = v; — g, then by Poincare’s
inequality (Cf. [2], Theorem 3, p. 265) we have

lv; = gllee@wy < CullD(vj — g)llze@)
Cu (1Dvslle@y + 1Dgllow)
1
Cu (1o + 1% + 1Dl ) (112)

IN

IN

Since [[v;—gll o) = |lvillr@) — I9llLey | by triangle inequality, then combining
with (1.12) we get

loill ey < M (7 =1,2,3,...) (1.13)

where the constant M is independent of j. (1.11) and (1.13) are the bounds we

need.



Now, by the Rellich-Kondrachov Compactness Theorem (Cf [2],Theorem 1,
p. 272), we know {v,}; and {Dwv,}; are precompact in LP(U), which means there

exists a function v € W'P(U) and a subsequence such that
vj, = u, Du;, — Du weakly in LP(U).

As L is Banach (i.e. L? is a complete and normed space) and Wy (U) is , by
definition, closed under weak convergence (it is defined as the closure of C§°(U)),
we have u — g € W, *(U), thus u is an admissible function. To see that u is the

minimizer of (1.3), we use inequality (1.9) to obtain

/ |Dv;, [P > / | Du|” dx —l—p/ |Dul"~? Du - (Dv;, — Du)dx
U U U
and by the weak convergence we have

lim [ |Du["~* Du - (Dvj;, — Du)dz =0
U

vV—r00

which proves the claim.
m

Note that the theorem gives the existence and uniqueness of a minimizer for
(1.3), it is by Theorem 1.5 that we know this is equivalent to that of a weak

solution.
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Chapter 2
Regularity Theory

Now that we have shown the existence and uniqueness of the weak solution. It is
natural to examine whether a weak solution u of (1.1) is in fact smooth, or how
much smoothness can we expect, this is called the regularity problem for weak
solutions.

We need first a quantitative formulation of the continuity,

Definition 2.1. Let xy be a point in R™ and f a function defined on a bounded
set D containing xo. Then f is Holder continuous with exponent o at xg if

(@) = flwo)

u 2 = gl <oo, 0<axl

[f]oc;xo =

[flawz, is called the a-Hélder coefficient of f at xy.

We say f is uniformly Holder continuous with exponent o in D if

flap = sup LE =IO g0 <1,
fr,y;D |z —yl
Ty

The main result of this chapter is :

Theorem 2.2. Suppose that u € VV;,?(U) 15 a weak solution to the p-harmonic

equation. Then u is Holder continuous, which means

ju(@) — uly)l _

Ulo,u = SUp
TFY

for a.e. x,y € B,(xq) provided that B, (x¢) CC U. The exponent o > 0 depends

only on n and p, while L also depend on ||ul|r(p,,)-

We show first the fact that it suffices to prove the following theorem (proved

later), which is the so-called Harnack’s inequality.

9



10 CHAPTER 2. REGULARITY THEORY

Theorem 2.3. (Harnack’s inequality) Suppose that w € W,5P(U) is a weak solu-
tion and that uw > 0 in By, C U. Then the quantities

m(r) = igfu, M(r) =supu

T

satisfy
M(r) < Cm(r)
where C' = C(n,p).
Applying the Harnack inequality to the two non-negative weak solutions
u(z) —m(2r) and M (2r) — u(z) for small enough r, we have
M(r)—m(2r) < C(m(r)—m(2r)),
M2r)—m(r) < C(M(2r)— M(r)).

Adding two inequalities, we get

(M(r) —m(r)) + (M(2r) —m(2r)) < C((M(2r) —m(2r)) — (M(r) —m(r)))
= (1+C)(M(r) —m(r)) < (g — 1)(M(2r) —m(2r))
1
= M(r)—m(r) < C—H(M(Qr) —m(2r))
C-1
= w(r) < o 1w(27°) (2.1)
where w(r) = M(r) — m(r) is the oscillation of u over B,(xg). Since
N

we can iterate (2.1) to get
w(27Fr) < Mw(r).
In order to get the estimate for any radius, we require the following lemma:

Lemma 2.4. Let w be a non-decreasing function on an interval (0, Ro| satisfying,
for all R < Ry, the inequality

w(TR) < Yw(R) + o(R)

where o is also non-decreasing and 0 < v, 7 < 1. Then, for any p € (0,1) and
R < Ry, we have

w(R) < C ((g) ) w(Ro) + U(RuRéu))

0

where C' = C(v,7) and o = (1 — ,u)}gg;’ are positive constants.
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Proof. See [6, Chapter 8, Lemma 8.23]. ]

By choosing 7 = 27%, v = \¥ and ¢ = 0, lemma 2.4 implies that
w(p) <A <B> w(r), 0<p<r (2.2)
r

for some a = «a(n,p) > 0 and A = A(n,p). Assuming for now that solutions
are locally bounded (we will prove this later and eliminate the possibility of
w(r) = 00), then we have Hélder continuity.

O

There is a very important property that follows from this theorem, the Strong

Maximum Principle.

Corollary 2.5. (Strong Maximum Principle) If a p-harmonic function attains its

maximum at an interior point, then it reduces to a constant.

Proof. 1f u(xg) = max,ey u(x) for some zy € U, then applying Harnack inequality

on the function v(x) = u(xg) — u(x) (which is surely non-negative) gives

u(zo) —m(r) < Clu(zg) — M(r))
= C(u(zg) —u(xg)) =0

which implies max,ep = u(zg) = m(r) for 2|z — zo| < dist(xg, OU). For arbitrary
points in U, simply applying this argument on a chain of intersecting balls from
a point x satisfying 2|z — x| < dist(xg,0U) to the point of interest completes
the proof.

0

We will show the Holder continuity of the weak solution in three cases, for

p<n,p=mnand p >n where n is the dimension.

2.1 The case p>n

We start with the following lemma:

Lemma 2.6. Let u € WyP(U), p > n. Then for any ball B = By,
0scunp, < CR™™P|| Dull,,.

Proof. See [6, p 163, Theorem 7.17].
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Proof of Theorem 2.2. Let v € W'P(B) where B is a ball in R". Applying
Lemma 2.6 on the set BN U N B,y (y) where x,y € B, we get

< Oz —y[" 7| Dol ooy (2.3)

As || Dv| 1) is finite, v Holder continuous with exponent a =1 — 2.
If u is a positive weak solution or supersolution, it then follows from Lemma
1.7, by choosing (such that D¢ = r~!, that

1/p
Doy < 25 ([ i)

p—1\Js,
= Cyr'v (2.4)
assuming v > 0 in Bsy,.. For v = logu we have
hog X8|~ flogu(y) - og )
= |v(y) —v(2)]
< Cilz =y 7| Dvl| o) by (2:3)
< C1Colz —y["™Pr 5" by (2.4). (2.5)

By choosing = and y such that u(x) = supp u and u(y) = infp, u, the inequality
above implies the Harnack’s inequality with the constant C(n, p) = 1“2, which

in turn implies the Holder continuity of v in this case.

2.2 The case p=n

The proof provided in this section is based on the so-called the hole filling tech-
nique. Lemma 2.6 is not good enough for this case and we need a generalised

version, which is given by the following lemma:

Lemma 2.7. (Morrey) Assume that uw € W'P(U), 1 < p < oo. Suppose that

|DufPdx < Ky"—Ptre
B,

whenever By, C U. Here 0 < a < 1 and K are independent of the ball B. Then
uwe Cp.(U). In fact,

loc

4 [ K 1/p
oscp, (u) < — (—) r*, By, C U.

a \wy,
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Proof. See [6,Theorem 7.19]. O

Proof of Theorem 2.2. Let Ba,. = Ba,.(x9) C U. Select a test function ¢ such that
0<(¢<1,(=1in B,, (=0 outside By, and |D{| < r~!. Choose

n(x) = ¢(x)"(u(z) — a)

in the n-harmonic equation. Then we have
/ C"|Du|"dx
U
= —n/ ¢""Yu — a)|Du|"?Du - D{dz (integration by parts)
U
< n/ |¢Du|" ! (u — o) D¢|dx (Cauchy-Schwarz inequality)
v 1—1 1
< n (/ C"|Du|”dm) </ lu — a|”|DC|"dm) . (Holder inequality)
U U
Rearranging the inequality, we have
1 1
(/ C"\Du!”dz) < n (/ lu — a|”]DC|"dx)
U U
= (/ C"[Du|"d:z:) < n" (/ lu — a|”\DC|”dm)
U U
nr " (/ lu — a|"|d:r:> :
U

a= Htr) /H,« u(z)dz

of u taken over the annulus H(r) = By, \B,. The Poincare inequality

/ lu(z) — a|"dx < C’rn/ | Du|"dx
H(r) Hy

N

IA

Let a denote the average

implies

| Du|"dz < C’n"/
(

H(r

| Dul (2.6)
)

B

Adding Cn" fBT- | Du|™dzx to both sides of (2.6), we get

(1+Cn™) | |Dul"dx < Cn”/ | Du|"dx

Br B2r
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which means
D(r) < AD(2r), A< 1 (2.7)

holds for the Dirichlet integral

D(r) = |Du|"dx
B,
with the constant
Cn"
A= ) 2.8
1+ Cnn (2.8)

Now we can iterate (2.7) to get
D27F) < M\D(r), k=1,2,3, ...

Then lemma 2.4 implies that

D(p) <2° (3)5D(r), 0<p<r

r

with § = %, when By, C U, which give Holder continuity.

2.3 Thecasel <p<n

The last case is most difficult to prove, we will be using the Moser’s proof. The

idea is to reach Harnack’s inequality through the limits

supu = lim ( / uqu) ’
B q—o0 B
1
infu = lim ( / uqu>
B q——00 B

In order for the proof to be carried out, we need some Lemmas:

Lemma 2.8. Let u € WoP(U) be a weak subsolution. Then

Stép(m) < Cp ((R—;r)” /BR u?ﬁdx)é (2.9)

for B >p—1 when B, CC U. Here uy = max(u(z),0) and Cg = C(n,p,B).



23. THECASE1 < P <N 15

Proof. (Sketch)
The idea is to use the test function n = (Pu to yield

K % 25—]74—1 % 1 8 %
()" = (5=51) e (L, )

where K = n/(n —p) and § > p — 1. Next iterating the above estimate so that
kB3, k*B, k3B, ... are reached, while the radii shrink and by choosing a = f—(p—1)
and Dn = pCP~tug D¢ + auﬂ"r_lchu+ to yield

B—(p—1)
+

™|~

({/g%&*uxuw¢pg—p/n?*uﬂDuqﬂﬂDU;-qu
U U

Then after some calculation we have

( / |D<<uﬁ/p>|ﬁpdx)” <5 [ Ipcunras
U U

where S = S(n,p). Since |D¢| <1/(R—r) and ( =1 in B,. It follows that

w5 26—p+1 1 p/ ;
KB < B
(/ru dx) _((Sﬁ—p—i—lR—T) BRu dr | .

Fix a 8, say 8 < By > p — 1Again, we can iterate the estimate and replace the

radii R and r with 7; and r;,; where r; = r + 277(R — r) to obtain

Sh Pﬁo_lzk“_k

HUHLﬁo(B,-O)
where index k is being summed over 1,2,...,j. The proof is then concluded by
el o205, < ||u||L“j+160(Brj+1)
For detailed proof, see [8, chapter 3, page 20]. ]

Remark 2.9. Since we need this lemma to conclude that arbitrary solutions are
locally bounded, we do not assume positivity here, which is why positive part

needs to appear in the result. By doing so, we have the following corollary:
Corollary 2.10. The weak solutions to the p-harmonic equation are locally bounded.

Proof. Let = p and apply the lemma to u and —u (recall infu = —sup —u).

Then we have bounds for both the supremum and infimum. ]
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Lemma 2.11. Let u € T/Vlif(U) be a non-negative weak supersolution. Then for

k=mn/(n—p),

(e ) 500 g )

when0<€<ﬂ<ﬁ( 1) n(p—1)/(n —p) and B CC U.

Proof. (Sketch)
The calculation is somewhat similar to that of Lemma 2.8. Use

n= gp —(p—1)
to obtain,
%8 1 —1 5 1
By <os (L / bd
(/ x) - <p—1—6 R=rp? \Jp, "
for0<f<p—1
For a detailed proof, see [8, chapter 3, page 23]. ]

In the next lemma £ < 0.

Lemma 2.12. Suppose that v € VVllof(U) 1 a non-negative supersolution. Then

< ! / Fd g < Cinf (2.10)
P e—— vt axr mrov .
(R_ T>n Br - By

when B < 0 and By CC U. The constant C is of the form C(n,p)~"/5.

Proof. See [8, chapter 3, page 24]. O

Combing lemma 2.11 and 2.12, we have the following bounds for non-negative

weak solutions:

1

1 :
< - - 13
S}LBIE) < Ci(e,n,p) <(R—r)” /BRu dzz)

| =
inf > C T — —ed
IET - 2(5,71,]?) <(R—T)n /BRU IL’)

for all £ > 0. For simplicity we can take R = 2r. Upon inspection, we still need
the inequality

(s L) < (o o)

to obtain the Harnack inequality. To prove this inequality, we need the following

lemma:
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Lemma 2.13. (John-Nirenberg) Let w € L},.(U). Suppose that there is a con-
stant K such that

][ |lw(z) —wp,|der < K (2.11)
B,
holds whenever By, C U. Then there exists a constant v = v(n) > 0 such that

][ e ) (2.12)

T

whenever By, C U (and even when By, C U).

From (2.12) we immediately have two inequalities:

][ etv(w@)—ws,)/K g2 < o

T

Multiplying them together we have

][ o (we)—wp,)/K g ][ V(w0 (@) —wp,) /K g,

= ][ e”w(x)/de][ e @/ Ky < 4. (2.13)

Proof. See [6, Chapter 7, Lemma 7.16 and Lemma 7.20]. O

Let w = logu, we aim to show that w satisfy (2.12). To prove this, we assume

for now that u > 0 is a weak solution. Combining the Poincare inequality
llog u(z) — (logu)g,|" de < C’lrp/ | D log u|Pdx
B, B,
with the estimate
|Dlog ulPdx < Cor™™P
By

which follows from lemma 1.8 (by choosing ¢ such that D¢ < r~1), we have for
B, CU

lw — wp, [Pdr < C1Cyw, ' = K.
By

Now that we have shown estimate needed to apply the John-Nirenberg theo-
rem, then it follows from (2.13) that

][ u”/de][ u ' Kdr < 4.
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Setting € = v/ K, we get

1 _1
(7[ u”/Kd:U) §4% (/ u”/de)

for By, CC U. Then we have the Harnack inequality which, in turn, implies

Holder continutiy.



Chapter 3

Differentiability

We have shown that the weak solution are Holder continuous, we want to seek
more regularity of the weak solution. In fact, even the gradients are locally Hélder
continuous. However, this result is very difficult to prove, hence in this chapter,
we study some simpler result as stated below:

which leads to the main result we are going to prove in this chapter:

1. For 1 < p < 2, we have u € W2P(U), which means u had second Sobolev

loc

derivatives.

2. For p > 2, then |Du|® 272Dy belongs to W,-*(U). Thus the Sobolev

derivatives

exist.

Before we start the main results, there are some elementary inequalities we
will need in this chapter, we put the list here so they can be referred to when

needed:

IA

4 _ o 12
B0 — ol
p

(Io"~2b — |a"~a) - (b — a) (3.1)
16725~ Jal 2al| < (p—1) (Jal"= + 1" ) [1oI"="b ~ |a]F*a) (3.2)

and for 1 < p <2
(blP~2b — [a]P"a) - (b —a) > (p— L)[b—al*(1 + |af* + p2)"2°  (3.3)

Proof. See [8, Page T1]. O]

19
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We start by look at the second case first, let
F(z) = |Du(x)|*~2/2Du(x)

Theorem 3.1. (Bojarski- Iwaniec) Let p > 2. If w is p-harmonic in U, then
F € WY(U). For each subdomain V CC U,
C(n,p)
- d st(V,0U)
Proof. The proof is based on integrated difference quotients. Let ( € C§°(U) be
a cut-off function so that 0 < ¢ <1, (=11in V and |D(| < C,,/dist(V,0U). Let
h be a constant vector such that |h| < dist(supp(,dU). Define u, = u(x + h).
Clearly, uy, is p-harmonic when x + h € U. We choose the test function 7 as

n(z) = ¢(x)*(u(z + h) — u(z))

IDF| 22 (v 1 22wy

in the equations
/U |DulP~2Du(z) - Dn(x)de = 0, (3.4)
/U \Du(z + B)P~2Du(z + h) - Dy(z)dz = 0. (3.5)
Then after subtraction we have
/U (IDu(z + W)P2Du(z + h) — |Du(x)P*Du(z)) - Dy(x)dz = 0. (3.6)
It follows that
/ ¢(@)* (IDu(x + )P~ Du(z + ) — | Du(@) P> Du(x)) - (Du(x + k) — Du(x)) dx

= —2/ ¢(2) (w(z + h) — u(@)) ((|Du(z + h)[P~>Du(z + h) — |Du(z)["~*Du(x)) - D{(x)) dx
(product rule on Dn and rearranging)

< Z/Ug(m) lu(z + h) — u(z)] HDu(x + h)|P2Du(z + h) — |Du(w)|p_2Du(:v)| |D¢(x)| dx
< Q/UC(:L*) |u(z + h) — u(z)] HDu(m + h)|P2Du(z + h) — ]Du(x)|p’2Du(x)| |DC(z)| dx
By choosing b = Du(z + h) and a = Du(x), inequality (3.2) implies
2/UC(1') |u(z + h) — u(z)| HDu(:c + R)|P2Du(z + h) — |Du(:£)|p’2Du(:c)| |DC ()| dx
< 2p=1) [ <@)lute +h) = u(@)l|[Duta + BT +1Du(w)] 5 Du(z)

‘|Du(m +h)|"2 Du(x + h) — |Du(z)|"z Du(z)| |D((z)| da
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By choosing b = Du(x + h) and a = Du(z), inequality (3.1) and (3.2) implies

1 / ()| F(x + h) — F(z)[*da

Du(z))dz

< — / ¢*(z) (Du(z + h)P">Du(x + h) — Du(z)?"*Du(z)) - (Du(z + h) —
by (3.1)
< 2(p-1) / u( + h) — u(@)[|D¢()] (|Dutz + )| +|Du()|'T)
C(2)|F (e + h) — F(z)|dze by (3.2) |
< 2p—1) </ u(z + 1) — (@) | DC( \de) (/g x+h)—F(az)]2d:z:>2

(/supm(mu(“h)’ =+ |[Du(a)|"T ) de>
2p

by general Holder inequality with exponents p, 2 and -t
p —

We estimate the last integral by the Minkowski’s inequality:

p—2

2p W
|Dux+h)| = 4 |Du(z)|*5 ) dx)
supp(

< |Du(z + h) ]pdx> < |Du(:1:)]pda:) ’
supp ¢ supp ¢

< 2 (/ | Du(x )|pdx) for sufficiently small h
supp ¢

IA

p—2

Combining the results so far:

%/ C(2)|F(z + h) — F(z)dx

< dp—1) (/ u(z + ) — u(x)P| DC(a \pdx) (/ C@)|Fx +h) — (x)y2dx)

( / N |F(x)|2dx>

1
2
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Dividing both sides by ([, ¢*(z)|F(z + h) — F(x)\zdx)%, we have

1

g ([ crresn - pupa)

p—2

< -1 ([ o+ - u<x>|p|D<<x>|pdx)’l’ ( [ FlPir) 6)

To proceed, we need the characterization of Sobolev spaces in terms of inte-
grated difference quotients studied in [2, Section 5.8.2] and [6, Section 7.11] , in

particular, we need the following lemma:

Lemma 3.2. (Difference quoteients and weak derivatives)

(i). Suppose 1 < p < oo and u € WHP(U). Then ||w||m(v) e LP(V)

for any V' CC U satisfying h < dist(V,0U), h # 0 and we have

H u(z + he;) — u(x)
h

v vy < | Dsul| Loy

(ii). Assume 1 < p < oo, u € LP(V), and there exists a constant C' such that

” u(x + he;) — u(x)
h

lerery < €
for all 0 < || < 3dist (V,0U). Then
u € WH(V), with || Dul| sy < C.

Proof. (Sketch)
(i). We prove for u € CY(U) N W?(U) and the general case is obtained by

an approximation argument using [6, Theorem 7.9]. We have

u(x + he;) — u(x)
h

1 [h
= E/ Diu(wy, .. w1, T + & Tiga, -, ) dE.
0

By Holder inequality

u(x + he;) — u(x)
h

SE/ \u(wl,...,:Iri,l,xl-—i—f,xiﬂj‘__7$n)|pd€.
0

and the result follows.

For a detailed proof, see [6, Lemma 7.23].
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(ii). Let {hm,} be a sequence converging to 0 and v € LP(U) with |jv||, < C
satisfy for all p € C(U)

/@Ahmudxﬂ/govdx.
U U

For h,, < dist(supp ¢, 0U), we have

/gpAhmudx: —/ uAN""mpdr — —/ uD;p.
U U U

/gpvdx: —/ uD;pdx
U U

Note that for the sequence A"mu to exist, we require the following analysis
fact:

A bounded sequence in a separable, reflexive Banach space contains a weakly

Hence

which implies v = D;u.

convergent subsequence.

Reader can refer to [6, Chapter 5] for related knowledge.

From part (i) of the lemma 3.2 we have
u(z + he;) —u(x) |’

( )= s or)’

D=

u(x + he;) — u(x)
h

Combining with (3.8), we have

(/Ug2(x)|p(x+h)—F(gc)de)é < dligg’w (/ \Dufx |de>
S ([rone

dlSt
Then part two of lemma 3.2 tells us that ' € W'%(V), this completes the
proof.

<

[]
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Now we turn to the second case, the result is formally stated in the following

theorem:

Theorem 3.3. Let 1 < p < 2. If u is p-harmonic in U, then u € W2’p(U).

loc
/.

Proof. We start with the following lemma:

Moreover
Pu |P
&ci 8513'j

dr < C’V/ | Du|Pdz
U

when V CcC U.

Lemma 3.4. Let f € L} (U). Then

loc

/Usa(w)f(“he}’z) —J@) g, —/Ug—; (/Olf(:r;thhekdt)) dz

holds for all ¢ € C3°(U).

Proof. (Sketch)

For a smooth function f,

o [ -
8_%/0 f(z + they)dt = f(@ +t€z) f(@)

holds by the infinitesimal calculus. As the set of smooth function is dense in L!,

the general case follows easily by an approximation argument. O]

Notation 3.5. Regarding the z-axis as the chosen direction, we use the abbre-

f(x+ hey) — f(2)
p .

viation

Atf=AMf(a) =

Choosing f = |Du|P~2Du and by the lemma above we have
8 1
AN (|DufP 2 Du) = / \Du(x + they)|P2Du(z + they)dt, (3.8)
Tk Jo
then
/ AR DuP~2Du) - AP(Du)dz

Proof of Theorem 3.3.

Again, choosing the test function

n = ((2)*Atu(x)
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in the equations (3.5) gives
/ A"(|DulP2Du) - D(CCAM) = 0
U

= / A"(|DuP~2Du) - (CPAM(Du) + 2¢A"uD¢) = 0.
U
Rearranging the equation, we get

/ CAM(|DulP2Du) - A" (Du)
U
= -2 / CAMuA"(|DulP~2Du) - D¢
U
1
— p—2 i hay -
= 2/(/0 | Du(x + they)| Du(x—i—thek)dt) v (A - ¢DC) da

1
= 2/ </o | Du(x + they,)|P > Du(z + thek)dt>
- (CD¢A Mg, + MG, DE + (D)) da (3.9)

where the second last equality is just integration by parts with respect to z; with
the aid of (3.8).

Let ¢ be a cutoff function such that 0 < ( <1, ( =1 in Bg, ( = 0 outside
Bsr and

|D¢| < R7Y, |D*| < CR™,

Then we can bound the (., D¢ by |D¢|? and (D(,, by |D?*(|, hence it follow from
(3.9) that
/ CAM|DulP~2Du) - A" (D)
U
2 h ¢ h
< E/UG/’A Uy, |dx + E/Bm | A u|Y dx (3.10)
where we use the abbreviation

1
Y(:B):/ | Du(x + they)|P~ dt.
0

Now, by choosing b = Du(x+hey) and a = Du(x) in the elementary inequality
(3.3), we can estimate the left side of (3.10) from below:

/ CAM|DulP~2Du) - A" (Du)
U

v

(p—1)/U|Ah(Du)|2(1+|Du(x)|2+|Du(x—|—hek)|2)p22dx by (3.3)

= =1 [ 1AM DuP
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where we used the abbreviation
W(x)* =1+ |Du(x)]* + |Du(z + hey)|?.
Combining with (3.10) and using |AMu,, | < |A"(Du)|, we have
0=1) [ 1A D0

|Nu\yczx

—/gy\Ahuxk\dx+ 72

—/(Y\Ah Du)|dx + — |A"u|Y da (3.11)

2
R Bar

The trick here is to absorb the first term on the right hand side by the following

computation:

2RICY|AM(Du)|
= (WE22¢|AMDu)|) (W P2y R
< ¢ (W(p 2)/2C|Ah(Du)|) + ie—l (2w(2—p)/2YR_1)2
(by Young’s inequality with exponents 2)
= e (WP2C|AMDu))?) + ¢ (W PY?R?)

take € = (p — 1)/2, then we get from (3.11) that
=1 [ 18 DuPI s
U
P—1 00 An 2 2 29— py2 p—2
< P yyr=202| AP (Du)Pde + —— W2 PY2R2 ) da
v\ 2 p—1

h
+ ﬁ . | A u|Y dx

1 2
< / (p—WP?\N(Du)\?) d + / ( WY R )dw
Br 2 Bor p—1

c
+— [ |AM|Yde,
), | Al

by rearranging, we have
p—1 / AR (D) 2IVP2dz

—W2PY2R2) dz + — ArulYde.
/BQR <p -1 R? Bsgr | ‘
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Using the elementary inequality
[AMDu)P < WPTANDu)? + WP,

W2—py2 WP + Yp/(p_l)’
APy < |APulP + y?/(=1)

IN

we have
/ | A" (Du)|Pdz < € / WPdz + Cy / Y tida + Cy / | APz
Br Bar Baor Bar

where the constants depend on R. It remains to bound the three integrals as
h — 0. The first one is easy:

WPdx = / (1 + [Du(z)]* + |Du(z + hek)]2)p/2 dx
BQR BQR

< / 1+ |Du(z)|? + | Du(x + hey)|Pdz
Bar

< CR"+C | Du|Pdz.

Bor

The second integral is bounded as follows:

p 1 =
/ Yride = / (/ ]Du(a:‘+thek)|p1dt) dx
BZR BQR 0
1
< / ( / ]Du(x+thek)|pdt) da
Bar \J0

< / | Du|Pdx
Bsgr

The bound for the last integral

/ |AMulPdr < / | Du|Pdz (3.12)
Bagr Bsgr

simply follows from Lemma 3.2. Collecting the bounds, we have

/ (AN (Dw)Pdz < C(n, p, R) / \Dufdz
Br

Bsgr

and the theorem follows.
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Chapter 4

Regularity of the Derivatives

We have shown that the weak solutions admits derivatives for different values of
p, in this chapter, we study even further regularity and prove C'llo’ca estimates for
solutions u € WP*2 for p > 0 (for computational convenience we replace p by
p+ 2 in 1.1 for this section). This problem is studied in [1] and extended in [4].
The proof introduced in this chapter is given in [1].

The main result is stated in the following theorem:

Theorem 4.1. Suppose that u € WHPT2(U) is a weak solution of (1.1). Then
there exists a constant @ = «a(p,n) > 0 and, for each V' CC U, a constant

C(V) =C(V,p,n,||u|lwr) such that

m3X|Du\ <C(V)
and

[Du]cevy < C(V)
where [Du)co(yy is an abbreviation defined as

[DU]CD‘(V) = sup |f($) B f(y)‘
o |z —yl

4.1 An apriori estimate on the oscillations of
| Dl

In this section, we present a formal derivation of an estimate on the Holder

continuity of Du near a point where Du = 0, also called a point a degeneracy

29
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and then indicate how to modify the estimates to cover a related, approximate
problem.

Suppose for now that u is a smooth solution of (1.1) in some ball Bpg,, that

Du(0) =0 (4.1)
and
rggjc |Du| < K. (4.2)
Define
M(R) = max |Du| (0 < R < Ry). (4.3)

We aim to show that (4.1) forces M (R) to grow no faster than some fractional

power of R. This idea is properly stated in the following proposition:

Proposition 4.2. There exist constants Cy = C1(p,n) and = B(p,n) > 0 such
that

M(R) < O1K (R%)ﬁ (0 < R < Ry).

Fix some 0 < R < Ry and define

MZE(R) = r%aX:I:uxk, (k=1,2,...,n)
R

Since |Du| = (u2, + -+ u? )"/?, there exists some index i such that u,, is

greater than the average of M(R). In other words, there exists ¢ such that either

1

M (R) 2 M) (4.4)
M (R) > = M(R)

Therefore it is safe to assume, upon relabelling the coordinate axes if necessary,
1

M (R) > —=M(R) >0 4.5

[(R) 2 M) (45)

We will need several lemmas to get to the main result, the first one is the

following:
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Lemma 4.3. There exists a constant £g = £o(p,n) > 0 such that
][ (M = uy,) ™ da < oM (R)?
Br

implies

, M (R)
min Uy, > .
Brj2 2

Proof. Regarding the premise of this lemma, we temporarily drop assumption
(4.1).

Let M, = M;"(R), v = M, — u,,. Differentiating (1.1) with respect to x;, we
get

0 0 0
— 3 p _ o p
07, (div (| Dul? Du)) oz, axl(\Duy Uy, )
a J—
— oz, (p|Du|P 2u$jug;j;,;1uxi + |Du|pum1)
0
- ox; (p|Du|p72uzjuzjm Uy, + (5ij|DU’puzj$1)
a —
= o (|DulPug,q, (p|Dul 2%]_“% +5))

= — (a;:|DulPv,.
( J| ‘ J)

l’i'

We see that v solves the P.D.E.

— (aij| DulPv,;) . =0 in Bpg, (4.6)
where
=0, 4 p—aid if Du £ 0

Let ¢ be a smooth cutoff function such that 0 < ¢ <1 and ¢ = 0 outside Bg

and k a constant satisfying

pxic il

(4.8)
Multiply (4.6) by ¢*(v — k)™ and then integrate both sides over By, we have
_(aij|Du|pvxi)Ijg2(v - k>+ =0

= / —(aij|Du|pv$i)ij2(v—k)+ =0
Bpgr

N / ~(ay|DulPva)e o — k) = 0,
BRﬂ{U>k}
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Since we are temporarily drop assumption (4.1), it is safe to use a;; = &;;+ PTbup

in the following calculation:

0

(integration by parts)

= L+

where

—/ —a;;| DulPoy, (QCQ:]-(U — k) + (v — k))
Brn{v>k}

% Y Ua p _ 20,
/BRﬂ{v>k} ((5” TP \DuP) | Dul Uf’?i) (2¢¢e, (v —k) + (v —k))

(4.9)

L = / a;;| DulPvy,2¢ ¢y, (v — k)dx
BRﬂ{’U>k}

I = ay|Dul'v,(*(v — k)

= / C?|Duf’|Dol* + p| DulP Py, g, vy, (v — k)da.
BRO{’U>]€}

Rearranging (4.9), we have

/ C?|Dul?|Dv|*dx
BRﬂ{v>k}

- / iy | DulP2(Cow ) (v — K)o, ) — I
Brn{v>k}

IN

IN

C

C

+C

/ | DulP¢?| Dv|*da
BRO{U>I€}

/ | Du|P¢?| Dv|dx
BRO{U>I€}

+C

+C

/ |Dul? (2e¢*|Dv]? + C.(v — k)?|D(|?) da

Brn{v>k}

[ ipur( kD¢
BRQ{”U>I€}

[ ipur(w kD¢
BRQ{'U>IC}

/ plDulP*Cug,ug, v, (v — k)dz| .
BRO{U>I€}

+ |12

+ | I

Putting the first term on right side to left side and getting rid of the constant on

left side,

IN

IN

IN

/ C?|DulP| Dv|*dx
BRﬂ{U>kJ}

C

C

/ Dul?(v — k)| D¢ Pde

Brn{v>k}

/ Dul?(v — k)| D¢ Pde
BRﬁ{v>k}

/ Dul?(v — k)| D¢ Pde
BRﬁ{v>k:}

+C

+C

+C

/ p|DulP g, ug, v, (v — k)da
Brn{v>k}

/ p|DufP?P(eul, + Coul vy, (v — k)dx
Brn{v>k} !

/ p|DufP¢? (e| Dv|* + Ce(v — k)?) dx
BRﬂ{’U>k}
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Now by selecting value for € such that C. is small enough, we can absorb the

second integral into the left side, which leave us with

/ C?|DulP| Dv|*dx
BRO{U>IC}

< ¢ / \DulP(v — k)| DC|2d| (4.10)
BRﬂ{v>k}
Recall that we defined M(R) = maxp,, |Du|, then
C / | Dul? (v — k)?| D¢ |*dx
BRQ{’U>]<:}
< CM(R)p/ (v — k)?|D¢|*d.
BRQ{'U>’€}
Combining with (4.10),we have
/ C?|DulP| Dv|*dx
BRﬁ{v>k}
< CM(R)p/ (v — k)?|D¢|*d. (4.11)
BRQ{’U>k}

Also the left side of (4.10) is greater than or equal to
/ | Dv|?| DulP¢*dx
BrN{k<v<k+M;/4}

simply due to the fact that the set being integrated over is smaller. Now if
v =M —u,, <k+ M;/4, we have

3 1 1

1
—M
4/

> (R) by (4.4),
then
|DulP > CM(R)? (C >0) (4.12)

on {k <v < k+ M;/4}. Using this estimate in (4.11) gives

M(R)p/ |Dv|*¢Pdx < C/ (v — k)?| D¢ d,
Brn{k<v<k+DM,/4} Brn{v>k}

and therefore, after cancellation,

/ Déw(v)|2C2dz < C / (v — k2| D¢ P, (4.13)
Br

BRﬁ{v>k}
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where
0, r<k
dr(r)=qa—k, k<z<k+M/4
M, /4, k+ M /4 <.
We now try to bound the left side of (4.13):

<

<

/ D(é(0)0) de

Br

/1|D¢aUﬂ%x+ﬂm@»D<Fdx
Br

/1!D¢Avﬂﬂlwﬁci+¢uvfLDQ2+2D¢Avﬂ%m¢Avﬂ%ﬂx
Br

/ D) [DUPC + 64(0)® [DC + 2 (2| Dén(v) 2 |DoPE + Co [de(w)| |DCJ?) de
Br

C [Dgi(0)[* DvP¢? + C'¢y(v)* | D¢ d,

Br

then by Sobolev’s inequality (with exponent 2), we have

and choose smooth cutoff functions ¢, such that 0 < ¢, <1, ¢, =1 on Bg,,.,,(m

n—2

dx) !

< / C | Dén(v) [ |[DolC + C'n(v)? | D2 d
Br

(/B (6r(0)0) 72

/B D(é(v)0)|? dz

IN

<cf (oD
BRO{’L)>I€}

< (Cmax |DC|2/ (v — k)*dx (4.14)
Br B

Rﬂ{v>k}
Next, define for m =0,1,2,...

M, 1 M,
= L (1— —) < —L by (4
b = M- 50 < S by (48)
R 1
R, = —(1+

2 2_m)’

0 outside Bg,, and |D(n| < 2~ . Set R = Ry, ¢ = G, k = ki, in (4.14), we

have

OB
¢km(v)2"/("_2)dx> < RQ/ (v — k) *da. (4.15)

(1

m—+1
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Define

I = br, (v)’dz (m=0,1,...),

Br,,

by definition of ¢, we know that

07 v < km
I = S 10— o[22, Ko < 0 < Jiy + My /4
Mmeas{Br, }, kot Mi/4 <

then we have the estimate

Im < / (v — kp)?dr < CJ,p, (4.16)
BRr,,

and on the set {v > M;/4 + k,,} we have

(v — k)™ < OM(R)? < OM? < CH .

Furthermore
meas{z € Br,,,,|0x,.,, (v) > 0}
= meas{x € By, ,,|v > kpt1}
1 / 2
< — (v — k)" de
(km+1 - km)Q BRm
c4m
< —J, by (4.16
Consequently

Imi1 = / Dl (V) d
Br

(n—2)/n
< (/ ¢km+1(v)2”/(”_2)> X (meas{a: € B, 1|0k, (V) > 0})2/n
Br

Czogn J1+2/n

<
- RrReMmT

(m=0,1,2,...)
where the first inequality follows from Holder inequality with exponents - and
5. To make use of this recursive relation, we require the following lemma:

Lemma 4.4. Suppose that a sequence y;, fori=0,1,2,... of non-negative num-
bers satisfies the recursive relation

Yi+1 < Cbiyil—’_eai - 07 17 27 cet
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where ¢, b and € are positive constants and b > 1. Then
(+e)i—1 (A+e)i-1_ 1 i
yiscoc T
and in particular, if
_1, 1
Yo S 0 =c=b 527
then
11
Y; S eb <y
and consequently, y; — 0 as i — co.

Proof. Since this is an auxiliary lemma, we emit the proof here and refer to [3,
Lemma 4.7]. O

Now, if

Jo

bo(v)*da
Br

/ vt :/ (My — up,) " dz
Br Br

< 50M12measBR,

IN

then we can apply the lemma to obtain

Jm — 0,
in which case we have

M,
maxv < —

Bryo 2

. M,
S minu,, > ——

Bry2 2

which is the desired result.
O]

The proof of this lemma involves some tricky computation so readers may
find it difficult to follow, but the idea of the lemma is simply saying that if u,, is
on average very close to its positive maximum M (R) on Bp, then u,, is strictly
positive on Bg/s.

The second lemma we introduce states that u,, must be strictly less than its

maximum M;"(R) on some proper subset of Bg.
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Lemma 4.5. Under assumption (4.2) and (4.5) there exist constants 0 < A\, < 1
such that

meas{z € Brlug, () < AM; (R)} > u measBg
with A and p depend only on p and n.

Proof. Set My = M; (R). Suppose otherwise, in other words, for all constants
0 < A pu <1 we have

meas{x € Br|u,, () < AM;(R)} < p measBg,

then in particular, for 0 < p small enough and A < 1 close enough to 1, we have

][ (M, — uzl)+2d:c
Br

- ][ (M, — uml)+2d9€ —i—][ (M, — uml)+2dx
BRﬂ{uxl <)\M1} BRm{AMléuxlng}

C]wlzmeas{u:,;1 < AM;}

< 7 +C(1—N\)>M}
< Clp+ (1 =N))M;
< €0M12.

Hence the premise of Lemma 4.3 is verified and we thus have

, M (R)
min t,, >
Bpr/a 2

> 0,

which is a contradiction to (4.1).

]

Next lemma builds on the preceding one and asserts that M, (R/2) is then
strictly less than M (R).

Lemma 4.6. There exists a positive constant v = v(p,n) < 1 such that
R
My () <)

Proof. (Sketch)
Once more we set M; = M (R). Define for § > 0

o(z) = s5(z) = <—1og (Aj\ia—:”_xs)y for z < M.
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It is easy to check that ¢ is nondecreasing and convex and

(¢)2=¢", fora#MA+S,

(4.17)
¢ =0, for © < MiX + 0.
Let
w = ¢(uy, ). (4.18)
Then lemma 4.5 and (4.17) imply
meas{x € Bg|lw = 0} > pu measBg,
and so
meas{z € Byglw =0} > gmeasBR (4.19)

for some 0 = O(p,n), 2 <0 < 1.

To proceed, we required the following lemma from [5, Lemma 2J:

Lemma 4.7. Let w be defined in |x| < p and w € H'. Then there erists a
constant C,, which depends on n and the choice of Cy such that

1/k
<p”/ w2k> <C, (p””/ | Dw|*dx —|—p"/ w2dx>
|z|<p lz|<p N

for every 1 <k <n/(n—1). Here N is any measurable set in |x| < p of measure
m(N) > Cytp".

Proof. See [5, Lemma 2]. O

Choose p =0R, k=1 and N = {z € Byr|w = 0}, it follows from the lemma
and (4.19) that

][ w?dr < 032][ |Dw|*dz, C = C(u,0,n). (4.20)
Bor Bor

Furthermore, since ¢ satisfies (4.17) and v = u,, solves (4.6), then w is a

non-negative weak subsolution of the same equation:

—(aij| DulPwg,)z; = —ai;| DulPwy,w,; < 0. (4.21)

J
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In addition on the set where w > 0, we have

Ml—ux1+5 +
(e i) >
Ml—uxl—{—é 1

<
Mi(1=X)  —
= Uy, > 0+ M) > M1>\,

hence using 4.5 we have
M(R)? < CM?Y < C|Dul’ < CM(R)? (4.22)

where the constant C' depends only on n and p. As a consequence we can apply
the Moser iteration method* to (4.21), using (4.22) to estimate the | Du|? terms in
the integrals and cancelling the resulting expressions M (R)?, and arrive therefore

at the estimate

max w? < C][ w?dz, C = C(p,n,0) (4.23)
Bor

Br,a

Choosing the cutoff function ¢ such that 0 < ¢ < 1, ( = 1 in Byg, ¢ = 0 near

0Bg and |D(| < ﬁ{. Then by calculations similar to the proof of lemma 4.3,

we obtain

][ Dultde < <. = Clpn, o) (4.24)
Bor R?

Combining (4.23), (4.20) and (4.24), we have

maxw < Cy, C;=C(p,n,0,pn). (4.25)

Br/2

Then (4.25) implies that, for x € Bg/s,

Uy, () < My(1—(1—=XNe @) 45§

for y =1— (1 —X)e < 1. Then as § — 0, we have

R
M (5) < yM; = yM,"(R).

*Moser iteration method is a common method in proofs of P.D.E. problems where estimates
involving recursive relations are iterated to yield the desired result, the trick is to control the
constant term so that it remains finite for intended iteration, this method is introduced several
times in [6, Section 8.5]. In particular, for readers with interest in this method, [6, Theorem
8.15] provides detailed demonstration of this method.
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which concludes the proof.
For emitted details, reader can refer to [5].

]

The last assertion we need is a lemma stated in [7, lemma 12.5, p. 273], this
lemma is the bridge that connects all the result we have proved so far to the main

result of this section. Since we also use it auxiliary tool, the proof is emitted.

Lemma 4.8. Let wy,...,wy and @y, ...,0N be nonnegative nondecreasing func-
tions on an interval (0, Ry). Suppose there exist constants 6 > 0, 0 < o < 1,
1 <n <1, such that for each 1 < R < Ry,

(i) 0o max w;(R) < w;(R) for somei € {1,...,N}.

(i) @(nR) < ow(R).

Then there ezist constants C' = C(N, M, dy,0,n) and = (N, M, b, 0,m) > 0
such that for all i =1,2,..., M

wi(R) < C (ﬁy max @ (Ro) (1< R < Ro).

Ry 1<i<N

Proof of Propsition 4.2. 1t is clear that the premise of lemma 4.8 is guaranteed
by lemma 4.3 and 4.6, thus applying the lemma with M =1, N =2n, n = % and

wi(R) = M(R), &;(R)=M"(R) fori=1,...,n,
R)y=M_, fori=n+1,...,2n

1—n

—~

w;
, 0= (the same v as in lemma 4.6).

O

Remark 4.9. Since we do not know that the weak solution of (1.1) is smooth,
later when we prove the main result, we will need to regularise the problem so that
a smooth solution exist, in other words, we will study a sequence of approximate

problems of the form
div(|Du|’Du) +eLAu =0 (¢ > 0)

in some ball Bg,. Therefore when we apply the results achieved in this section,

we will be applying the following modified version:
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Proposition 4.10. There exist constants C; = Cy(p,n) and = pB(p,n) > 0
such that
R B
M(R) < ClK (ﬁ) (0 < R< Ro);
0

where Cy and B do not depend on €.

Proof. The proof of this version is very similar to what we have done so far,
except that we need to change the term M (R)P to M (R)? + ¢, which also cancels
in the proofs of lemma 4.3 and 4.6. O

4.2 An A Priori Holder Estimate for Du

In the preceding section we have shown the Holder estimate on the oscillation of
Du near a point of degeneracy, where Du = 0. In this section, we extend this
result to all interior points.

For the purpose of this section, we still assume u is a smooth solution of (2.1)
in some ball Bg,, as well as estimate (4.2) but dropping assumption (4.1). The
main result is stated below, the modified version of this result for the approximate

problems will be stated at the end.

Proposition 4.11. There exist constants Cs = Cs(Ro,p,n, K) and o = a(p,n) >
0 such that
[DuoeBro/2) < Cs.

Proof. We know from proposition 4.2 that Du is Holder contunuous with expo-

nent 3 at any point xg € Bg,/2 at which Du = 0. Suppose now instead
| Du(zg)| > 0 (4.26)

Define for k=1,2,...,n, 0 < R < Ry < 2:

M(R) = Bm(ax)|Du|,
R\Z0
M{(R) = max dug,
oSater = i e~ ot e

= M{(R)+ M (R).

Let v < 1 be the constant from lemma 4.6. Define R; to be the supremum of the
set of numbers 0 < R < Ry/2 for which

M (g) < A ME(R) (4.27)
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fails for some choice of k € {1,2,...,n} and € represents either + or —, such that

M;(R) > %M(R) > 0. (see also (4.5)) (4.28)

Then R; > 0 for otherwise we would have, as in previous section, that

M(R)<C(]§O)ﬂ (o R<%)

which is a contradiction to (4.26). Consequently, there exists R;/2 < Ry < Ry
such that

M (Ry) > %M(Rg) >0,

and (4.27) fails for R = R, and some choice of k and ¢, say k = 1 and € = +.
Then the hypotheses of lemma 4.3 must hold for otherwise lemma 4.6 would
imply (4.27) with R = Ry, k = 1 and € = +. Therefore lemma 4.3 implies

M(Ry) > 0. (4.29)

min u,, > max ugc1 >
Br, /2(o) Bgr,, (z0) 2\/_

Accordingly, calculation in the proof of lemma 4.3 implies v = u,, satisfies the

nondegenerate equation
_(a’ij|Du‘p/Ul’i)Ij =0 in BR2/2($0)7 (430)
with a;; defined by (4.7). Also, it follows from 4.29 that
1 p
M(RQ)p Z |DU|p Z <%M<R2)) in BR2/2(.Z’0). (431)
Since the coefficients a;; are bounded, it follows that

M < ag|DulP&é; < pléf? (€ € R™)

for
and

p=(1+p)M(Rs)
Then
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hence we can apply the DeGiorgi-Moser estimate (cf. [5, page 465]) to prove the

existence of a constant § = §(p,n) < 1) such that

R
0SCBy 4 (w0) Uy < dOSC R, (20) Uy, <k =1,2...;0<R< 72) ) (4.32)

Now, since the premise of lemma 4.8 is guaranteed by (4.27), (4.28) and (4.32),
choosing M =n, N =3n,n=1, 6, = ﬁﬁ, o = max(d,7) and
wi(R) = @i(R) = 05Cpy(z0)Ua;s (1 =1,2,...,n0),
w(R) = M' (R) (i=n+1,...,2n),
wi(R) = M7 (R) (i=2n+1,...,3n),

7

the lemma implies that if 0 < R < Ry/2,

R «
0SCB (o) ey, < C (—> (k=1,2,...,n) (4.33)
Ry
for certain positive constants C', o depending only on known quantities. Since
estimate (4.33) holds for zq € Bg,/» where Du # 0, the result follows. O

Again, when we use result of this section in the proof of our main result, we

will be using the following version of the proposition:

Proposition 4.12. If u is a smooth solution of the reqularised problem in Bp,
and estimate (4.2) holds, then there exist constants Cs = C5(Ro,p,n, K) and
a = a(p,n) >0, independent of ¢ > 0 such that

[DU]Ca ) S 05.

(Bry /2

4.3 Proof of Theorem 4.1

As mention previously, the result proved so far base on the assumption that u
is a smooth weak solution, while the weak solution constructed by variational
principle is known a priori only to exist in W'?(U). The way we resolve this
problem is to regularise problem (1.1) so that smooth solution exists and then
approach (1.1) by approximation arguments.

Firstly we want to work with smoother boundary conditions, which is achieved

by means of mollification”. Assume the ball By, lies in U, and define

Jg=0gs=ps*u (4.34)

fmollification is a common way to approximate the subject map with smooth functions.
Details can be found in [2] and most elementary analysis texts.
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where ps is the standard mollifier, 6 > 0.
Next, we regularise (1.1) by adding adding the e Au® term, in other words, we

now consider the probem

div (|DuéPDus) +eANuf =0 in B
(1Dw | D) o )
u =g on 0Bg,

We have done most of the work already, it remains to make sure that the
bounds we put on gradient of u is independent of ¢ and ¢ so that when we later
let 9,6 — 0 to recover the general case, the bounds remains valid. The first

lemma we prove

Lemma 4.13. (i) There exists a constant C' = C(Ry,0) such that

max |Du®| < C,

Ro

if u® is a smooth solution of (4.35); C'is independent on ¢.

(ii) Problem (4.35) has a unique smooth solution.

Proof. (Sketch)
(i). Let z* be the ‘south pole’ of dBg,, namely z* = (0,0, ..., —Ry). Define

n—1

n—1
w(w) = g(x*) + Y g, (@) + max | D] > 27 + p(wn + Ro) — Maa + Ro)”
i=1

i=1
for p, A > 0. Choose p > 0 so that w,, > 1, then we have
—div(|Dw[PDw) — eAw
= _(|Dw|p + €)Aw - plDw‘pwmiwmjwmimj
= —(|Dwl? +¢)(2(n — 1) max |D?*g| — 2))
n—1
— (p — 2)|Dw[P* (Z 2w} max |D?g| — Qwin)\>

i=1
> 0

for large enough A > 0. By the maximum principle, we have

w>u in OBpg,

%(I) > g—?j(w*) = —pu. An upper bound is

also w(z*) = g(z*) = u(x*) implies
derived similarly. The global bound can be obtained by similar calculations as

the proof of lemma 4.3 only that we need to multiply



4.3. PROOF OF THEOREM 4.1 45

by (+u,, — Cs)" instead of (*(v — k)T.

(ii). Existence and uniqueness of the solution follow from the uniform ellip-
ticity of (4.35) and standard quasilinear elliptic theory (cf. [6, Chapter 13]).
For a detailed proof, see [1]. O

Next lemma gives estimates independent of §.

Lemma 4.14. (i) There exists a constant C = C(Ry) such that

/ |Duf|Pde < C (/ | DulPT2dx + 1) : (4.37)
BRO U

(ii) There exists C; = C7(Rp) such that

max |Duf| < C. (4.38)

Brqy/2

These constants here are independent of € or 6.

Proof. (Sketch)
(i). Multiply (4.35) by u® — g and integrate by parts gives

/ (\Duf\ue)yz)ufﬁg/ (IDEP? + &) Dgl2de.
BRO BRO

Hence

/ |Dus|P*? + e| Duf Pdz e / |Dg|P*? + | Dg|*dx
Br, Br,

< C (/ |Dg|P2dx + 1)
Bgr,
C (/ | Du|P*2dz + 1> :
U

(ii). Let W = W. = {& € Bg,||Du*(z)] > 1} and w = w. = |Du[P*2
Equation (4.36) implies

IN

_(bij|Du€|pu$k$i)m =0 onW (439)

J

where
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Since
€ <by&& < (L+p+e)lel* (EeR). (4.40)
on W, then
—(bijwz,)z; = —(p+2)(by|Du[Pug, . us, )z
= —(P+2)by|DuPug, , uz, ., by (4.39) (4.41)
< 0 onW.
Therefore
_(bijvxi)xj S 0 in BRO (442)

for v = (w — 1)". By a standard elliptic estimate, we have

1/q
max v < C(q) (][ qu:c> for any ¢ > 1, (4.43)
B3ry/a

Brqy/2

Let ¢ = 1* = 4. Using Sobolev inequalities (cf. [2, Section 5.6, Theroem 2 and

3]), we have

1/1*
][ o' dr C | Dv| + vdx
B3pg /4 B3y /a

< C ][ | Duf [PT2| D*uf| + | Du® [P 2dx
B3y /4

< C ][ |Duf|P| D*uf | + | Duf|Pt2dx | (4.44)
B3y /4

IN

Multiplying (4.41) by a smooth cutoff fucntion ¢? and integrate by parts, where
¢ =1 on Bsgy/4 and ¢ = 0 near 0Bg,. Then we have

C
][ ][ | Duf|P| D*uf Pde < —; | DU |P+2dz.
B3ry/a Y B3rgya RO Br,

The result then follows from this estimate, (4.43) and (4.44).
For details, see [1].
U

Now we are in position to prove Theorem 4.1. By part (ii) of lemma 4.14 and

proposition 4.12; we have

Duflee < C (4.45)

BR0/4 -
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for some a > 0, the constants independent of € and §. Moreover, we have
H(l]E?;X ]Du5| + [DUE]Ca(U//) < C(U//>

for any U” CC Bg, and u = v on 0Bg,. Thus there exists a subsequence (denoted

[

as “u” for convenience) converging as €, — 0 to a fucntion v,

u® — v weakly in WHT2(Bpg ),
u® — v uniformaly on each U” CC Bg,,

Du® — Dv  uniformly on each U" CC Bg,

since we also have u® — u in LP norm and g = us; — u in W1? norm, then

|u = ullLr@Br,) < U = gllr@Bg,) + us — ullLr@Bg,)

as the first term on the right side converges to 0, we have

lu® = ullre@nr,) < llus — ullze@sg,)
6—0

< CHU(S — uHWl,p(BRO) — 0.
Hence by uniqueness of limit u = v. Since v solves (1.1), so does u. It follows
from part (ii) of lemma 4.14 and (4.45) that

<C.

max ’DU| S C, [Du]ca(BR0/4) ~

Rg/2
which proves the assumption in previous sections. Finally, since we can cover
any compact subset of U by a chain of intersecting balls contained in U, then
the previous estimates generalise to all compact subset without difficulty, which

gives us the theorem.
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