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The two faces of static correlation
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Restricted Hartree—Fock (RHF) and UHF wavefunctions for beryllium-like ions with nuclear charge
3 < Z <5 are found using a near-complete Slater basis set. The triplet (RHF — UHF) instability
and correlation energy are investigated as a function of Z and we find that the instability vanishes for
Z > 4.5. We reproduce this surprising behavior using a minimal-basis model and, by comparing with
the stretched H, molecule, conclude that “static” (also known as nondynamical, near-degeneracy,
first-order, or strong) correlation comes in two flavors: one that can be captured by UHF and another
that cannot. In the former (Type A), there is an “absolute near-degeneracy”; in the latter (Type B),
there is a “relative near-degeneracy.” This dichotomy clarifies discussions of static correlation effects.
© 2011 American Institute of Physics. [doi:10.1063/1.3570574]

. INTRODUCTION

Quantum chemical calculations have become routine for
a wide variety of chemical species but, because of the com-
plexity of electron correlation [i.e., phenomena lying be-
yond the Hartree—Fock (HF) approximation], such calcula-
tions inevitably strike a compromise between accuracy and
efficiency. The correlation problem is usually treated using
either post-HF approaches' (e.g., configuration interaction or
perturbation theory) or density functional methods® and, al-
though new approaches (such as density matrix functional
theory,>™ intracule functional theory,®'? the density matrix
renormalization group,''”'* and quantum Monte Carlo'>:!®)
are developing, there is still no universally accurate and ef-
ficient approach. In order to progress toward that goal, it is
essential that our understanding of the nature of electron cor-
relation become more precise and sophisticated.

Lowdin defined'” the correlation energy,

Ecorr = Eexact — ERnF, (1)

as the difference between the exact nonrelativistic energy and
the restricted Hartree—Fock (RHF) energy in a complete basis
set. When studying correlation effects and developing meth-
ods to treat them, many workers have found it useful to sub-
divide further and write'®

Econr = Edyn + Ega, (2)

where the dynamic correlation energy Egy, arises from the
inability of HF theory to model interelectronic cusps'® and
dispersion interactions,*2! and the static (also called nondy-
namical, near-degeneracy, left-right, or first-order) correlation
energy Egq arises from near-degeneracies of the Hartree—
Fock occupied and virtual orbitals. Systems with significant
Eq, are poorly described by a Slater determinant and are
said to have multireference character. Typically, they have
stretched or multiple bonds, partially occupied degenerate or-
bitals, or are electronically excited.??
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The simplest system with significant Ey is the stretched
H, molecule. As the bond lengthens, the HOMO (o,) and
LUMO (o,) become degenerate, one electron settles around
each nucleus, and E.., approaches a limiting value that re-
flects the inability of the RHF model to describe this localiza-
tion. Analogous behavior is observed for the homolytic disso-
ciation of any bond. Static correlation is found in some sys-
tems even at their equilibrium geometries. In O3, for example,
the HOMO-LUMO gap is small, the molecule is significantly
biradicaloid,?®?* and E is a large fraction of Ecoy.>
Static correlation is also found in small-gap atomic sys-
tems. The simplest example is the ground-state of the Be atom
where, because the 2s and 2p orbitals are nearly degener-
ate, one must include both the 152252 and 1s?2p? configura-
tions to describe the state accurately.?= If the nuclear charge
Z is varied in nonrelativistic, fixed-nucleus calculations, one
finds?!-33 that (in atomic units)
EBe

exact

=—272+1.55927Z — 0.8775 + O(Z™ ), 3)

EB = —372 4 1.57100Z — 0.8055 + O(Z7Y), (4
and therefore the correlation energy,

EBe = _0.01173Z — 0.0720 4+ O(Z7"), (3)

corr

grows linearly with Z. Such linear growth is a consequence
of the near-degeneracy®' and may be contrasted, for example,
with the qualitatively different behavior,

EMe = —0.0467 + 0(Z71), (6a)
ESP = —0.0476 + 0(Z7), (6b)
EM° = —0.0497 + 0(z71), (6¢)
ED: = —0.0552+ 0(Z7"), (6d)

of various two-electron systems (He-like ions, spherium,
hookium, and ballium)®>*>7 in which the HOMO and LUMO
remain well-separated as Z grows.
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Although static correlation arises from multireference
character, it can be partially modeled by relaxing the con-
straint that the o and B spin orbitals be equivalent. The result-
ing unrestricted Hartree—Fock (UHF) wavefunction, which is
still a single determinant but no longer an eigenfunction of
the spin-squared operator S2, is able to capture a fraction
of Egq and thus yield a lower total energy.’®3° The existence
of such a lower-energy UHF wavefunction, i.e.,

AEynr = Erur — Eunr > 0, @)

in a singlet system is known as a triplet instability*’ and, in
the case of H,, it is present whenever the bond length ex-
ceeds 2.296 bohr.*! As the bond stretches beyond this, the
UHF wavefunction captures progressively more of Eg, un-
til, at the dissociation limit, it yields the exact energy.! A less
dramatic example is found in O at its equilibrium geometry,
where UHF recovers 10% of the correlation energy.*?

The ability of UHF to capture part of the static correlation
led Pople to propose the alternative definition*?

Ecorr = Eexact — Ewnr, (8)

where Eyp is the lowest energy of any single-determinant
wavefunction. To the extent that they avoid anomalous behav-
ior in multireference systems, Pople correlation energies may
be more robust than Lowdin ones.**

Given the multireference character of the Be-like ions,
it is not surprising to find that Be itself possesses a triplet
instability.*> Moreover, in the higher Be-like ions where the
correlation energy (5) increases rapidly with Z, we would ex-
pect A Eyyr also to increase.

In this paper, we critically examine this expectation, com-
puting small- and large-basis RHF and UHF wavefunctions
for the Be-like ions. In Sec. II, we study the triplet instability
in a near-complete basis and, in Sec. III, we show that the key
features are preserved in a minimal basis. In Sec. IV we dis-
cuss the ability of UHF to capture E,, and we propose a new
categorization of static correlation energies. The presence of
different forms of static correlation is then analyzed in both
the Be-like ions and H,. Atomic units are used throughout.

Il. LARGE-BASIS CALCULATIONS

RHF and UHF wavefunctions of Li~, Be, and BT, as
well as the hypothetical Be-like ions A=, where Z = 3.25,
3.5, 3.75, 4.25, 4.5, and 4.75, were found by solving the
Roothaan-Hall***#’ and Pople—Nesbet®® equations by iter-
ative diagonalization in MATHEMATICA,*® terminating
when the energy changed by less than 10~!°. We employed a
scaled universal even-tempered Slater-type sp basis set,**=!
adding diffuse functions via the Cooper—Wilson protocol
for the negative ions. Only s functions are needed to de-
scribe the RHF orbitals, but p functions are required to give
the lower-symmetry UHF orbitals, when they exist. UHF or-
bitals were found by mixing the RHF HOMO (2s) and LUMO
(2p;) and then performing a UHF calculation within Cq,
symmetry.

For each Z, the basis was systematically extended until
the total energy converged to six decimal places, thus obtain-
ing the sp-limit HF energies to within 1 microhartree.

J. Chem. Phys. 134, 114111 (2011)

TABLE 1. Ergr (En), AEygr (mEy), and Ecor (mEyR) of Be-like ions
with3 < Z <5.

V4 —ERnF AEynr —Ecorr *
3.00 7.428 232 2.767 72.541
3.25 8.976 184 2.013

3.50 10.683 680 1.268

3.75 12.549 514 0.688

4.00 14.573 023 0.294 94.333
4.25 16.753 807 0.072

4.50 19.091 604 0.000

4.75 21.586 235 0

5.00 24.237 575 0 111.308

“Reference 29.

Table I lists our RHF energies and UHF stabilizations
AEunr, and a few E., values from Komasa ef al.?? Our RHF
energies agree perfectly with those of Koga et al.>® for Li,
Be, and B*, confirming the quality of our basis.

Like Ivanov,** we find that the Be atom itself has a
triplet instability. However, we find that A Eyyg decreases
from 2.767 mE, at Z =3 to zero at Z =4.5. As a con-
sequence, none of the real four-electron cations ( i.e., BT,
C?*, ...) has a triplet instability. Contrary to our expectations,
the growth in E,; with Z is not accompanied by an increase
in A Eygr. Indeed, UHF is unable to capture any correlation
energy at all for Z > 4.5.

lll. MINIMAL-BASIS CALCULATIONS

Can the instability behavior in the Be-like ions be under-
stood without resorting to near-complete basis sets? To an-
swer this, we repeated our study using the minimal orthonor-
mal Slater RHF orbitals,

Vi(r) = Va3 exp(—ar), (9a)
valr) = \/ 3n(z52(i1_bbi b?) |:a ib B r] exp(=br).
(9b)
¥3(r) = v/b3 /7 zexp(—br), (%)
Ya(r) = b3/ y exp(—br), (9d)
¥s(r) = /b3 /7 x exp(—br). (%)

Using the usual one- and two-electron integrals,

v: z
haa = / Va(r) [—7 - —} Va(r)dr, (10)
r
Jup = f f Valr OV D V() (P2 )dr 1,
(1)
Kap = / a(r OV (r )1 Ya(r)Ys(ra)dr drs,
(12)
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one can write the RHF energy as
Erur = 2h11 + 2hn + J11 + Jo2 +4J12 — 2K 0. (13)

To study the correlation energy and its capture by UHF, we
now adopt the frozen-core approximation.
The full CI treatment uses a parameter w to write

Wcr = Wryr COs w — 3’1/2(\1133 + W3+ \11325) sinw,
(14)

mixing the RHF determinant with doubly substituted deter-
minants wherein the 2s pair is promoted into the 2p,, 2p,, or
2p, orbital. Diagonalizing the resulting CI matrix yields the
full CI energy,

Eci = ERrur — psina)cosa)—kqsin2 w, (15)
p =23 K, (16)

q = 2h33 —2hy —4Jn + 4413 — Jn + 33

+2K12 — 2K13 + 2K34, (17
where the parameter satisfies,
tan 20 = 2. (18)
q

The UHF treatment uses a parameter 6 and a perturbing
orbital Yy to form the broken-symmetry orbitals,

Ul =Y1, Y5 =Yacost + Yysind, (192)
vl =1, ¥ =vncosd —yysing, (19b)
and these yield the UHF energy,
Eunr = Egur — 2P sin?6 + Qsin* 6, (20)
P =hy —hyy+2J12 —2Jiu + Joo — Jou
— K» + Ky + 2Ky, 21
0 = Jyp —20hy+ Juy +4Kyy > 0, (22)
where the parameter satisfies
.9 P
sin“ g = —, (23)
0

where P/Q is a dimensionless quantity. Thus, a triplet insta-
bility exists if and only if, P > 0.
For simplicity, we initially chose the perturbing orbital,

Yu = Vs, (24

and then, for each Z value, we determined the Slater expo-
nents in Eq. (9) that minimize the RHF energy (13). Table II
shows the resulting exponents, RHF, UHF lowering, and cor-
relation energies. Figure 1 shows the decay of A Eygp with
Z, for both basis sets. Although the E o, values in Table II
are only half as large as those in Table I, they still grow lin-
early with Z. Moreover, as in the large basis, we see again
that A Eyyr decreases rapidly as Z grows and, by solving the
critical equation P = 0, we find that the triplet instability dis-
appears for Z > 4.138. Although this critical value is slightly
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TABLE II. Slater exponents, ERgr (En), AEynr (mEy), and Egorr (MER)
of Be-like ions with3 < Z < 5.

Z a b —ERHF AEynr —Ecorr
3.00 2.696 0.545 7.394 756 3.642 27.712
3.25 2.950 0.710 8.939 821 2.010 32.320
3.50 3.203 0.866 10.644 745 0.932 36.340
3.75 3.456 1.015 12.508 374 0.310 40.030
4.00 3.708 1.160 14.530 009 0.035 43.514
4.25 3.959 1.301 16.709 193 0 46.865
4.50 4211 1.439 19.045 616 0 50.122
4.75 4.462 1.575 21.539 059 0 53.314
5.00 4713 1.710 24.189 363 0 56.458

smaller than it was in the large basis, it reveals the same un-
expected feature: as Egy grows, UHF recovers less of it.

Alternatively, and more generally, we can assume that Z
is large and that the orbitals take the form,

Y1 = d100 (25a)
Y2 = P20, (25b)
Yy = chlm¢nlmv (25¢)

nlm

where the ¢,;,, are the standard hydrogenic orbitals>® for a
nuclear charge Z and, because 1y must be orthogonal to ¢
and ¢n00, the sum in Eq. (25¢) does not include these. There
are then two cases to consider. If ¢,,;,,, = 0 for n > 3, it can be
shown that

10013

P=- Z. (26)
419904

Otherwise, the Schwarz inf:quality56 Ky < Jgp yields

P < hy—hyy+2Ji2— Jiu+Joo+ Jou — Kz
1 nd czl )
=—|-—- n\z 0((2). 27
. % )22+ 02) 27
In either case, it is clear that P < O and therefore there is no

triplet instability.

AEypp(mEy)
3.5 \
30}
2.5
2.0
1.5
1.0
0.5

z
5.0

FIG. 1. AEygr for the Be-like ions with 3 < Z < 5 using the large (solid)
and minimal (dashed) basis sets.
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TABLE III. HOMO and LUMO energies (Ep), in Hy molecule (bond
length = R) and Be-like ions (nuclear charge = Z).

Stretched Hy? Be-like ions
R €HOMO _ €LUMO Ae Z €HOMO €LUMO Ae
2 —0.514 +0.088 0.602 6 —1.694 —0.865 0.829
4 —-0.380 —0.058 0.322 8 —4.091 —2.816 1.275
6 —0.325 —0.132 0.193 10 —7.491 —5.777 1.713
8§ —0.297 —-0.164 0.134 12 —11.892 —9.743 2.149
10 —-0.281 —0.178 0.102 14 —17.294 —14.712 2.582

“RHF/cc-pV5Z

IV. DISCUSSION

Although Egy is large in the large-Z Be-like ions, we
have found that UHF theory is unable to capture any of it.
This result is in stark contrast to highly stretched H,, where
UHF recovers nearly all of Ey,. We conclude that there are
two types of static correlation: Type A which can be captured
by UHF and Type B which cannot.

We argue that the type of static correlation in a system
depends on whether it has orbitals with an absolute near-
degeneracy or a relative near-degeneracy. In other words, is
the gap small in absolute terms or is it small only in compari-
son to the orbital energies?

In highly stretched H,, the HOMO-LUMO gap Ae€ ap-
proaches zero as R — oo (Table III). This absolute near-
degeneracy produces Type A static correlation, which can be
captured by UHF. In the Be-like ions, however, the gap ac-
tually widens as Z increases (Table III) and the absence of
an absolute near-degeneracy eventually prevents UHF from
capturing any static correlation. However, there is still a rela-
tive near-degeneracy, because the orbital energies themselves
grow quadratically (Table III) and this produces Type B static
correlation which grows linearly with Z.

Figure 2 shows a decomposition of E,; in the Be-like
ions as a function of Z. In region I, where Z < 4.138, there
is Type D (dynamic), Type A, and Type B correlation but, as
Table II shows, the Type A correlation is a small fraction (at
most 13%) of the total. In region II, the Type A correlation
vanishes completely and UHF can no longer capture any of
the correlation energy. Moreover, as Z increases, Type B cor-

Ecorr(mEh)

e,
N

11
~55 D+B

3.5 4.0 4.5 5.0

FIG. 2. Lowdin (solid) and Pople (dashed) correlation energies of Be-like
ions using the minimal Slater basis set (9) showing regions where one finds
Type A, B, and D correlation.
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=50

—-100

—-150

R

1 2 3 4 5 6

FIG. 3. Lowdin (solid) and Pople (dashed) correlation energies of H, using
the cc-pV5Z basis set, showing regions where one finds Type A, B, and D
correlation.

relation becomes dominant because, as in the He-like ions,*

the Type D correlation approaches a constant.

Figure 3 shows an analogous decomposition of E g in
H, as a function of R. In region I, where the bond is com-
pressed, the system resembles a helium atom and all of the
correlation is Type D. This is almost constant but decreases
slightly as the bond lengthens and the electrons can avoid each
other more easily. In region II, close to the equilibrium bond
length R,, the correlation energy increases but cannot be cap-
tured by UHF and is therefore Type B. In region III, which lies
beyond the triplet instability, UHF is able to capture some of
the correlation energy, which is therefore Type A. As the bond
lengthens further, the fraction of Type A increases at the ex-
pense of Type B. At such stretched bond lengths, Type D cor-
relation exists as dispersion and continues to decrease with in-
creasing bond length. Finally, at dissociation, the HOMO and
LUMO become degenerate and all of E,; can be captured by
UHEF. The presence of three types of electron correlation helps
to explain the “unusual complexity”*! of the Pople correlation
energy in Fig. 3.

V. CONCLUSIONS

In stretched H,, UHF can capture nearly all of E qy.
In the Be-like ions with Z > 4.5, despite a linear growth
in Egy with Z, UHF cannot capture any of E.y. This
puzzling difference can be rationalized by recognizing that
there are two flavors of static correlation energy: Type A
which results from an absolute near-degeneracy and which
can be captured by UHF, and Type B which results from a
relative near-degeneracy and which cannot be captured by
UHEF. At large R, the correlation energy in H; is dominated
by Type A correlation. At large Z, the correlation energy of
the Be-like ions is dominated by Type B correlation. This
unambiguous categorization of the static correlation energy
will prove useful in the analysis of electron correlation and
the development of new correlated approaches.
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