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Abstract

This thesis comprises three papers. The first paper (Chapter 2) presents a theoretical model of
choice under limited attention. In this model, the decision-maker (DM) forms a consideration set,
from which she chooses her most preferred alternative. Both preferences and consideration sets are
stochastic. We present axiomatisations for this model. Our focus is on the following identification
question: to what extent can an observer retrieve probabilities of preferences and consideration
sets from observed choices? Our first conclusion is a negative one: if the observed data is choice
probabilities, the model is not identified — probabilities of preferences and consideration sets can-
not be retrieved from choice probabilities. To solve the identification problem, we assume that an
“enriched” dataset is observed. This dataset includes choice probabilities under two frames. Given
this enriched dataset, the identification problem can be solved. The intuition is that the observed
data reveals how a change in attention causes a change in choice, holding preferences constant. This

allows us to isolate the influence of attention on choice.

The second paper (Chapter 3) develops a theoretical model for a broad class of framing effects,
which we call “resolution framing effects”. In this model, a frame influences a DM’s choice when
she is indecisive. A DM is said to be indecisive between two alternatives when she does not have
a strict preference for one over the other. A frame helps to “resolve” her indecision. Our model
explains frame-dependent choices associated with a range of framing effects, including the salience
effect, the endowment effect, the compromise effect and the priming effect. Axiomatisations and
revealed preference relations are obtained for this broad class of framing effects. Our paper provides
a response to commentators who have argued that framing effects are (i) evidence of irrationality
(ii) inconsistent with the existence of a stable preference relation that is revealed in choice. In our
model, frame-dependent choices are generated by a rational decision-process that is governed by a

stable preference relation, which is revealed in observed choices.

The third paper (Chapter 4) presents a structural econometric model of ordered online search.
Search is said to be “ordered” if alternatives are presented in a particular order. The data is a set
of searches for hotels on Expedia.com, which includes searches where orderings were random rather
than generated by Expedia’s ranking algorithm. Even for searches with random orderings, there is
a “falling purchase rate” — that is, the propensity to purchase is low at low positions in the order-

ing. To explain the falling purchase rate, we assume that consumers have “declining expectations”:
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consumers expect that, for the alternatives not yet browsed, alternatives higher in the ordering
are better. Declining expectations explain the falling purchase rate, because they ensure that con-
sumers may abandon a search part-way through. The declining expectation model generates a fall
in the purchase rate similar to that in the data. Our model is an adaption of McCall’s job search
model. At least for modelling ordered consumer search, McCall’s model is more appropriate than

the commonly-used Weitzman search model.
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Chapter 1

Introduction

This dissertation comprises three papers on behavioural decision-making. The first is a theoreti-
cal model of limited attention, the second a theoretical model of framing effects and the third a
structural econometric model of ordered online choice. While each of the papers is self-standing,
there are several themes that cut across the three papers. In the introduction, we will first present

a summary of each paper, and then highlight the themes that emerge from the dissertation.

Chapter 2 presents a theoretical model of choice under limited attention. In this model, the decision
process has two stages: in the first stage, the decision-maker (DM) forms a consideration set; and
in the second stage, she selects the most preferred alternative from her consideration set. Both
preferences and consideration sets are assumed to be stochastic. While we present axiomatisations
for our model, the focus of the paper is on the following identification question: to what extent can
an observer retrieve the probabilities of preferences and consideration sets from the choice data?
Our first conclusion is a negative one: if the observed data are choice probabilities, our model is not
identified, in the sense that probabilities of preferences and consideration sets cannot be retrieved
from choice probabilities. In order to solve the identification problem, we assume that the observer
has access to an “enriched” dataset, which includes observations of choice probabilities under two
distinct frames. Our main result is that, given this enriched dataset, the identification problem can
be solved. The intuition is that the observed data reveal how a change in attention causes a change
in choice, holding preferences constant. That is, it describes the influence of attention on choice,

controlling for preferences. This allows us to isolate the influence of attention on choice.

Chapter 3 develops a theoretical model for a broad class of framing effects, which we call “res-



olution framing effects”. In this model, a frame influences a DM’s choice when she is indecisive
between alternatives. A DM is said to be indecisive between two alternatives when she does not
have a strict preference for one over the other. A frame helps to “resolve” her indecision. Our model
explains frame-dependent choices associated with a range of well-known framing effects, including
the salience effect, the endowment effect, the compromise effect and the priming effect. Axiomati-
sations and revealed preference relations are obtained for this broad class of framing effects. Our
paper provides a response to a number of commentators who have argued that framing effects are
(i) evidence of irrationality (ii) inconsistent with the existence of a stable preference relation that
is revealed in choice. In our model, frame-dependent choices are generated by a rational decision-

process that is governed by a stable preference relation, which is revealed in observed choices.

Chapter 4 presents a structural econometric model of ordered online search. Search is said to be
“ordered” if alternatives are presented in a particular order. The data are a set of online searches
for hotels on the Expedia website, which includes searches where the orderings were random rather
than generated by Expedia’s ranking algorithm. Even for searches with random orderings, there is
a “falling purchase rate” — that is, the propensity to purchase is low at low positions in the ordering.
To explain the falling purchase rate, our model assumes that consumers have “declining expecta-
tions”: given their search experience, consumers expect that, for the alternatives that they have
not yet browsed, alternatives higher in the ordering are better. Declining expectations explain the
falling purchase rate, because they ensure that consumers may abandon a search part-way through.
Our model with declining expectations generates a fall in the purchase rate of a magnitude similar
to that in the data. If, instead, expectations are assumed constant, the magnitude of the fall in
the purchase rate cannot be explained. Our model is an adaption of McCall’s job search model.
The distinguishing features of our model are that it (i) is applied to consumer search (ii) is fully
structural and (iii) incorporates declining expectations. For consumer search, the Weitzman search
model is far more commonly used than the McCall model, but we argue that, at least for ordered

consumer search, McCall’s model is more appropriate.

There are several themes that emerge from the papers in this dissertation. The first relates to
the notion of rationality or optimisation in behavioural economics. Behavioural economics is some-
times described as the study of choice dispositions in which DMs fall short of rationality, or depart

from optimising behaviour. This view is encapsulated by the title of the popular book on be-



havioural economics by Ariely (2009), Predictably Irrational. In contrast, our view is that, of the
class of choice dispositions typically labelled as “behavioural”, a considerable sub-class can, in fact,
be modelled as optimising decision-making — although the optimising may be constrained by lim-
ited attention, information costs and so forth. This sub-class of behavioural choice dispositions

can therefore be described as *

‘rational”, or, at least, “boundedly rational”. For all of the models
presented in this thesis, the decision process is rational and optimising. Chapter 2 examines depar-
tures from neoclassical economics that arise when DMs maximise utility subject to the constraint
of limited attention. Chapter 3 shows that “resolution framing effects” are consistent with rational
decision-making. Finally, Chapter 4 shows that, whereas “satisficing” behaviour is often presented

as a departure from optimising decision-making, it may, in fact, arise when DMs maximise utility

in the presence of search costs.

A second theme in this dissertation relates to the role of revealed preferences in behavioural eco-
nomics. In neoclassical economics, under certain well-known assumptions about choice behaviour,
a revealed preference relation can be retrieved from observed choices. Revealed preferences have
a central role in neoclassical economics, underpinning choice-based welfare analysis. As noted in
Chapter 3, a number of commentators have suggested that, for at least some of the choice disposi-
tions highlighted by behavioural economics, we are unable to retrieve a DM’s preferences from her
observed choices. In other words, the findings of behavioural economics are claimed to undermine
the notion of revealed preferences. By way of response, Chapter 3 presents a model in which, even
though the DM’s choices are influenced by frames, nevertheless, at least for a broad range of framing
effects, a revealed preference relation can be retrieved from observed choices. Further, Chapter 2
develops a model in which, even if decision-making is constrained by limited attention, information
about the DM’s preferences can be retrieved from her observed choices. In both Chapters 2 and 3,
these revealed preference results are obtained by using “frame-dependent choice functions”. That
is, the models assume that choice observations are available under various different frames. While
a number of other studies have employed frame-dependent choice functions in axiomatisations, the
use of such choice functions is still somewhat infrequent. It would be potentially fruitful to con-
sider further applications of frame-dependent choice functions in theoretical models of behavioural

economics.

To summarise: while acknowledging the challenges to neoclassical economic theory coming from



behavioural economics, this dissertation also emphasises the potential for continuity between be-
havioural economics and more traditional economic theory. The axiomatisations for the models of
limited attention and framing effects presented in Chapters 2 and 3 are, after all, counterparts of
neoclassical axiomatisations. Further, in this dissertation, DMs are modelled as making optimising
decisions, albeit in the presence of limited attention and search costs. Finally, this dissertation
illustrates that revealed preferences can be retrieved from choices not only in neoclassical models

but also in at least some models of behavioural decision-making.



Chapter 2

Disentangling preferences and limited
attention: Random-utility models

with consideration sets

2.1 Introduction

When an observer relaxes the assumption that a decision-maker (DM) has full attention, she may
be unable to infer the DM’s preferences from observed choices. To take a simple example, suppose
that a DM faces a choice of whether or not to switch from her existing pension plan to a new pension
plan. Given an assumption of full attention, the DM’s choice can be interpreted as revealing her
preference: the observer attributes to the DM a preference for her existing plan over the new plan
if she sticks to her existing plan. Once the observer allows for the possibility of limited attention,
however, such an inference may be unwarranted. There are at least two hypotheses consistent with
an observation that the DM chose her existing plan: first, it may be that the DM prefers the existing
plan; but second, it may be that the DM simply failed to consider fully the new plan. That is, the
new plan was not in her consideration set. This simple example illustrates the identification problem
that may arise in the presence of limited attention: an observer may be unable to disentangle the

influence, on a DM’s choices, of preferences and limited attention.

In a consideration-set model, a DM’s decision has two stages. In the first stage, she forms a consid-

eration set, which is the subset of the choice set that she has considered — that she has paid attention



to. In the second stage, she selects the most preferred alternative from those alternatives in her
consideration set (together with, potentially, a default option). Since the 1970s, consideration-set
models have been used frequently in applied research — especially in the marketing literature — but,
more recently, economic theorists have introduced consideration sets into axiomatisations of choice.
In their seminal article, Masatlioglu et al. (2012) presents an axiomatisation of a consideration-set
model that highlights the identification problem which, at least potentially, arises in the presence
of limited attention. They find that, in the absence of restrictions on the DM’s dispositions to form
consideration sets, an observer is unable to retrieve from the DM’s choices any information about
her preferences. Accordingly, they suggest a plausible restriction on the DM’s dispositions to form
consideration sets. Assuming that this restriction holds, an observer may be able to draw some
inferences about the DM’s preferences from her choices. Nevertheless, even if such a restriction is
imposed, in general, the observer will be unable to retrieve the DM’s entire preference relation, and,

indeed, may still be unable to infer any information about preferences.

In contrast to Masatlioglu et al. (2012), we model the DM’s preferences and her dispositions to
form consideration sets as stochastic. The DM’s preferences are assumed to be generated by a
probability distribution in a fashion akin to that of random-utility models. Further, for each choice
set, the DM’s consideration set from that choice set is generated by a probability distribution over
the subsets of that choice set. The distributions of probabilities over preferences and probabilities
over consideration sets determine the DM’s observed choice probabilities. We focus, in particular,
on the identification question that arises in this stochastic version of the consideration-set model.
For such a model, we will say that it is “fully identified” if, from the observed choice probabilities,
we can retrieve (i) the preference probabilities (to the same extent as in a standard full-attention
random-utility model) and (ii) the consideration-set probabilities. Our first conclusion is a negative
one: in Section 2.3, we show that, even if we impose strong assumptions on the consideration-set
probabilities, typically, consideration-set models are not fully identified. That is, for our stochastic
consideration-set model, an identification problem arises akin to that highlighted by Masatlioglu

et al. (2012) for the deterministic case.

In order to solve the identification problem, we suggest that one strategy is to use an enriched
dataset. Accordingly, in Section 2.4, we develop a model in which the choice dataset includes ob-

servations on the DM’s choices under several different frames . We refer to this enriched dataset as



a frame-dependent choice function. The recent theoretical literature on behavioural decision theory
includes numerous examples of frame-dependent choice functions. For instance, in Masatlioglu and
Ok (2005) and Masatlioglu and Ok (2014), the frame is the DM’s initial endowment; in their models,
the frame-dependent choice function records the DM’s choices under various different specifications
of the endowment. A framing effect arises if a change of frame alters the DM’s choices. Our paper
is concerned with a particular variety of framing effect, which we term an attention effect. An
attention effect arises if a change in frame alters the DM’s choices by influencing her attention —
by changing her consideration sets. For instance, Caplin and Dean (2011) present a model of a
frame-dependent choice function in which the frame is the time-period of contemplation prior to
the decision. In their model, a change in the period of contemplation potentially alters the DM’s
choices by changing her consideration set. Attention effects may also include changes in attention
arising from (a) moving some grocery item to the lowest shelf in a grocery store (b) changing the

’ in a retail store for a

rankings in a search engine for an online bookstore and (c) creating a “display’
particular retail item. In contrast to Caplin and Dean (2011), however, the models that we develop
do not assume that the attention effect is of a specific kind — our models are applicable to any
attention effect. The assumption is simply that, while the DM’s dispositions to form consideration

sets differ under different frames, her preferences are unchanged.

Our central contribution is a finding that, given an assumption that the observer has access to
such an enriched dataset, then, at least potentially, the identification problem can be solved. Our
principal model, which is presented in Section 2.4, is a model without a default option. We show
that the model is fully identified. This identification result is of particular interest, because, as we
will argue, Section 2.4 presents a “natural” way of modelling consideration sets in the absence of a
default option. Moreover, Section 2.5 and Appendix 2 present two variants of this model, which are
also fully identified. Furthermore, whereas for these three models, we obtain closed-form solutions
to the identification problem, there are at least some cases in which our identification strategy can
be employed when no closed-form solution is available. For example, Appendix 4 presents a model

in which numerical methods are used to solve the identification problem.

What is the intuition for these identification results? After all, in the simple example of the choice
between pension funds, the identification problem is presented in stark terms. How does the intro-

duction of a frame-dependent choice function allow an observer to disentangle the influence on choice



of preferences and consideration sets? A frame-dependent choice function describes how a change
in attention causes a change in choice, holding preferences constant. In other words, it describes the
influence of attention on choice, controlling for preferences. This allows us to isolate the influence of
attention on choice. The intuition can also be couched in mathematical terms. In our framework,
identification is the task of solving a system of equations (the rationalisation conditions) to obtain
the unknowns (preference probabilities and consideration-set probabilities). When we do not make
use of frame-dependent choice functions, an identification problem arises because the number of
unknowns typically exceeds the number of equations. When we introduce frame-dependent choice

functions, the number of equations increases, potentially solving the identification problem.

While this strategy for solving the identification problem is successful for some models, it is not
universally successful. In Appendix 3, we present a model that is not fully identified, despite the use
of a frame-dependent choice function. Roughly speaking, identification fails in this model because,
whereas the frame-dependent choice function supplies additional equations, many of the new equa-
tions do not impose any further effective constraints on the unknowns. An analogy can be made to
the case of linear systems of equations: if a linearly dependent equation is added to a system of linear
equations, then it does not impose any further effective constraints on the unknowns. In contrast,
for the models presented in Sections 4.4 and 4.5, and Appendices 2 and 4, the frame-dependent

choice function supplies sufficient additional effective constraints to solve for the unknowns.

As noted above, if we do not employ the richer dataset described by a frame-dependent choice
function, typically an identification problem will arise. But how does this finding square with
the results in the important paper by Manzini and Mariotti (2014a)? After all, they present a
consideration-set model that does not make use of frame-dependent choice functions; however, in
their model, consideration-set probabilities and preferences can be retrieved from observed choice
probabilities. Their model makes two restrictive assumptions that we do not make. In Section
2.6, we present, in some detail, our rationale for departing from the two assumptions in Manzini
and Mariotti (2014a), which can be summarised as follows. The first difference is that, whereas
in our models, the default option may be chosen even if other alternatives are considered, in their
model, the default option is assumed to be chosen only if none of the non-default alternatives are
considered. In Section 2.6, we argue that, in certain specific examples, there may be evidence that

warrants such an assumption, but it would not be expected to hold in general. For instance, in



modelling the choice between an existing pension plan and new pension plans, it would be restrictive
to impose on the model an assumption that the DM chooses the existing plan only if she does not
consider any new plans. The restriction is that the model rules out the possibility that the DM
considers at least some new plans but nevertheless chooses the existing plan. This is a cause for
concern because, as we show in Section 2.6, the ability to retrieve consideration set probabilities
follows immediately from the restrictive assumption. Further, the assumption is out of kilter with
the empirical literature on consideration sets, which typically does not assume that the default

option is selected only when the DM fails to consider other alternatives.

The second principal difference is that, whereas in our models both preferences and considera-
tion sets are random, Manzini and Mariotti (2014a) specify consideration sets to be random but
preferences to be deterministic — in other words, they treat preferences and consideration sets asym-
metrically. Whereas, in certain specific examples, there may be evidence that consideration sets are
“more random” than preferences, this asymmetric treatment of preferences and consideration sets
is, in general, unmotivated. In Section 2.6, we present an example that highlights the restrictive
character of this assumption. Whereas, as is described in Section 2.3, our paper has benefitted
considerably from the insights in Manzini and Mariotti (2014a), we depart from their model by

relaxing the two restrictive assumptions described above.

While our paper focusses on attention effects, the question it addresses is an instance of a more
general question arising for any framing effect. The literature on behavioural economics has posed
the following challenge for neo-classical economics: do framing effects undermine the ability to re-
trieve revealed preferences from choices and, therefore, undermine standard choice-based welfare
economics? For instance, this challenge is explicitly issued in Ariely et al. (2003). Responding to
this challenge, Salant and Rubinstein (2008) and Bernheim and Rangel (2009), as well as Chapter
3 of this thesis, present models with frame-dependent choice functions, in which preferences can
be retrieved from the choice data. The current chapter can be interpreted as responding to the
same challenge, but focussing on the case in which the framing effect is an attention affect. It
is notable that the strategy of our response is, broadly speaking, the same as that in Salant and
Rubinstein (2008), Bernheim and Rangel (2009) and Chapter 3 of this thesis. The idea is that,
despite the presence of framing effects, preferences may be retrievable from choices, so long as we

use an enriched dataset comprising a frame-dependent choice function.



2.2 Random-utility models: Full-attention benchmarks

2.2.1 Model without a default option

Our paper introduces consideration sets into the standard random-utility model, axiomatisations for
which are provided by Falmagne (1978) and McFadden and Richter (1990). Accordingly, the stan-
dard random-utility model can be interpreted as a “full attention benchmark” for our consideration-
set models: we will say that a consideration-set model faces an identification problem only if less
information about preference probabilities is revealed by choice probabilities than in the random-
utility model. Before turning to consideration-set models, therefore, we need to examine identifica-
tion results for the random-utility model. We focus on the Falmagne (1978) axiomatisation because,

as we will see, his axiomatisation is relatively intuitive.

The set of alternatives is assumed to be a finite non-empty set X = {z1,...,2,,}. The “set of
all choice sets” is denoted B := 2X\{()}. For any choice set B € B and any alternative x € B, a

standard choice function specifies the probability of x being selected from B.

Definition 1 (Standard choice function)
A standard choice function is a mapping ¢ : {(z,B) : B € B,z € B} — [0,1] such that for any
BeB:

Z c(x,B)=1

zeB
For any set of alternatives Y, a ranking on Y is a transitive, asymmetric and complete binary
relation on Y.! Let Ry denote the set of all rankings on Y. The DM is assumed to possess not a
deterministic ranking, but rather a probability measure over the various subsets of rankings, which

we will call a “ranking assignment”.

We say that binary relation > is (i) transitive if z > y and y = z entails that = >~ z; (ii) asymmetric if z = y

entails that not y > x and (iii) complete if x # y entails that either z > y or y > x.

10



Definition 2 (Ranking assignment)

A ranking assignment on X, denoted 7, is a probability measure on the event space (Rx, 2R x ).

It will be useful to introduce notation for various sets of rankings that are of particular inter-
est. For any alternative x and any set of alternatives B that contains x, one set of rankings that is
of particular interest is the set of rankings such that x is the most preferred member of B. We use

the following notation to refer to such a set.

Definition 3 (The event that alternative x is the mazimum alternative in set B)
For any non-empty B C X,z € B, let M, p C Rx denote the set of rankings given by M, p =
{-€Rx :Vy € B\{z},z > y}.

Using this notation, we can define a notion of rationalisation.

Definition 4 (Stochastic rationalisation)
Let ¢ be a standard choice function. A ranking assignment on X, 7, is said to stochastically ratio-

nalise c if, for every B € B,z € B, we have c¢(z, B) = m1(M ).

In his axiomatisation of the random-utility model, Falmagne (1978) defines the notion of the
“Block-Marschak” polynomials. In our adaption of the Falmagne axiomatisation, we use a very

similar object, which (for reasons explained below) we term the “random-utility contour function”.

Definition 5 (Random-utility contour function)

Consider any standard choice function c¢. The random-utility contour function for c is a mapping

k:{(z,A): AC X,z € X\A} — R such that:

Kz, A) = > (-1)"Ple(z, X\B)

BCA

The Falmagne axiomatisation can then be written as follows:

Theorem 1 (Characterisation: Random-utility model)
Consider any standard choice function ¢. There exists a ranking assignment on X that stochasti-

cally rationalises c if and only if the random-utility contour function for ¢, k, is non-negative.

11



In contrast to the axiomatisation of McFadden and Richter (1990), Falmagne’s axiomatisation is
relatively intuitive. As noted by Barbera and Pattanaik (1986, p.713), the random-utility contour
function k can be interpreted as follows: for an alternative x and a set A that does not contain x,
k(z, A) can be interpreted as the revealed probability that A is the upper contour set of x. In order
to formalise this observation of Barbera and Pattanaik (1986), it will be helpful to introduce the

following notation that refers to “the set of rankings on which A is the upper contour set of z”.

Definition 6 (The event that A is the upper contour set of alternative x)
For any A C X and x € X\A, let U, 4 C Rx denote the set of rankings given by U, 4 := {~€ Rx :
Vye X,y € A < y > z}.

The observation of Barbera and Pattanaik (1986) can then be formalised as follows:?

Theorem 2 (Identification: Random-utility model)
Consider any standard choice function ¢ and any ranking assignment on X, w. If 7 stochastically
rationalises ¢, then 7 is such that, for any A C X,z € X\ A, 7(Uy a) = k(x, A). In this sense, 7 is

unique up to upper contours.

Theorem 2 is the key identification result for the random-utility model. It says that, for any
alternative x and any set A that does not contain x, we can retrieve from the choice probabilities
the probability that A is the upper contour set of x. Note that, as was observed by Barbera and
Pattanaik (1986, p.711), we cannot, in general, retrieve a unique ranking assignment from the choice
probabilities. While this claim is correct, there was, however, an error in the justification for this
claim presented in Barbera and Pattanaik (1986, p.711).3 It will be helpful, therefore, to present an

example that illustrates how two distinct ranking assignments can generate the same choice function.

2While the justification for Theorem 2 appears in Barbera and Pattanaik (1986), we present a proof of this result

in Appendix 1 because our proof is relatively short and we use a similar proof for Theorem 3.
3Barbera and Pattanaik (1986, p.711) present an example, which they label “Example 2.2”, to justify the claim

that distinct ranking assignments may rationalise the same choice function. In fact, the pair of ranking assignments
in Example 2.2 rationalise different choice functions. For instance, note that the probability of choosing y from the

choice set {z,y, 2z} is i for the first ranking assignment in Example 2.2 and is zero for the second ranking assignment.
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Suppose that the set of alternatives is given by X = {w,z,y,z}. Define the four rankings >,
=02, >3, >4 as follows:

TS WY -1 2

T oW =929y

w >3 >3Y >3 2

Wy T4 254y

Consider the ranking assignment m, such that m, (1) = T,(=2) = ma(>3) = ma(>4) = 1 and the
ranking assignment m, such that m,(>1) = mp(>-4) = % It can easily be verified that m, and m

rationalise the same standard choice function.

While this example illustrates that there may be multiple ranking assignments that rationalise
a choice function, nevertheless, in the sense defined in Theorem 2, ranking assignments are unique
up to upper contours. Thus, in the consideration-set models developed below, we address the ques-
tion: once consideration sets are introduced into the random-utility model, are ranking assignments

still unique up to upper contours?

2.2.2 Model with a default option

The literature on consideration-set models often assumes that there is a designated alternative re-
ferred to as a “default option”. In Sections 2.3, 2.4 and 2.5, we examine consideration-set models
with and without default options. The standard random-utility model described above serves as a
benchmark for consideration-set models without a default option. For models with a default option,
however, we need to develop a variant of the standard utility model that can serve as a full-attention
benchmark. When we introduce limited attention in the next section, the default option is inter-
preted as an alternative that is always attended to; but, for the purpose of the full-attention model
in this subsection, the default option is simply some designated alternative that is present in every
choice set. We refer to this model as the “default-option random-utility model”, which is specified
as follows. The set of alternatives now comprises a default option, which is denoted Z, and m non-
default alternatives xi,...,zy,; the set of non-default alternatives is denoted X = {z1,...,Zm},
and the set of all alternatives is denoted X := X U{z}. For any B C X, let B := BU{z}. The “set
of choice sets” is denoted B := {B : B C X}. In order to specify the default-option random-utility
model, we need to present a series of definitions analogous to those provided above for the standard

random-utility model:
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Definitions 7 (Default-option random-utility model)
(i) An default-option choice function is a mapping é: {(x, B) : B € B,z € B} — [0, 1] such that for
any B € B:

> &= B)=1

zeB
(ii) A ranking assignment on X, denoted T, is a probability measure on the event space (R g, 27%).
(iii) For any non-empty B C X and x € B, let /\;lx, B C Ry denote the set of rankings given by
My p={~€Rx:Vy e B\{z},z >~ y}.
(iv) Let ¢ be a default-option choice function. A ranking assignment on X, 7, is said to stochastically
rationalise ¢ if, for every B € B, x € B, &(x, B) = #(My,p).
(v) Consider any default-option choice function ¢. The default-option random-utility contour func-

tion for ¢ is a mapping & : {(z,A4) : A C X,z € X\A} — R such that, for any A C X,z € X\A4 :

Rz, A) = > (-1)"Ple(z, X\B)

BCA
(vi) For any A € X and z € X\A4, let U, 4 C Ry denote the set of rankings given by U, 4 := {~€

Re:VyeX,yc A < y»~x}.

In the literature on random utility models, we are not aware of any identification and charac-
terisation results for the random utility model with a default option. Our identification and char-

acterisation results below are analogous to those in Theorems 1 and 2.

Theorem 3 (Identification: Default-option random-utility model)
Consider any default-option choice function ¢ and any ranking assignment on X, 7. If 7 stochasti-
cally rationalises ¢, then 7 is such that, for any A C X,z € X\ A, #(Uy ) = k(z, A). In this sense,

T 1s unique up to upper contours containing only non-default options.

Theorem 4 (Characterisation: Default-option random-utility model)
Consider any default-option choice function & There exists a ranking assignment on X that stochas-
tically rationalises ¢ if and only if the default-option random-utility contour function for ¢, &, is

non-negative.
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Note, however, that the identification result in the default-option random-utility model is, in a
sense, weaker than the result for the standard random-utility model. In the standard model, for
any alternative x and any set A not containing x, we are able to back out the probability that A
is the upper contour set of x. In the default-option model, however, we are only able to retrieve
such probabilities for upper contour sets that do not contain the default alternative. Intuitively, in
the default-option model, we can retrieve less information because less choice data are available:
the default option is assumed to be in every choice set; so the choice data do not include choice

probabilities for those choice sets that do not contain the default option.

2.3 The identification problem arising from consideration sets

2.3.1 Rationalisation in consideration-set models

In a consideration-set model without a default option, the DM’s decision has two stages: in the first
stage, the DM forms a consideration set that is a subset of her choice set; and, in the second stage,
she chooses the most preferred alternative in her consideration set. When faced with a choice set

B, the probability that the DM’s consideration set is A C B is specified by her attention assignment.

Definition 8 (Attention assignment)
An attention assignment is a function «: {(4,B) : AC B C X} — [0, 1] such that, for any B C X
Y a(A,B)=1
ACB
Then a(A, B) is interpreted as the probability that the consideration set is A when the choice set is
B. The rationalisation conditions describe how the DM’s ranking assignment and attention assign-
ment determine her choice probabilities. Whereas, in the random-utility model, we used the term
“stochastic rationalisation”, for consideration-set models we will simply use the term “rationalisa-

tion”, which can be interpreted as an abbreviation for “rationalisation in a consideration-set model”.

Definition 9 (Rationalisation: Consideration-set model without a default option)
Consider any standard choice function ¢, any ranking assignment on X, 7, and attention assignment

«. c is said to be rationalised by m and «, if, for any non-empty B C X, x € B:

c(x,B)= Y a(A B)m(Mg.a) (2.1)
ACB:zeA
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For a consideration-set model with a default option, we use the term “consideration set” to refer
to those non-default alternatives that the DM attends to. Thus, having formed a consideration set
A in the first stage of the decision process, in the second stage the DM chooses the most preferred
alternative from AU{Z}. The assumption is that, in making her decision, the DM always attends to
the default option. So, if her consideration set is empty, she necessarily chooses the default option.
Accordingly, for any set of non-default alternatives B, the DM’s attention assignment describes the
probability, when faced with a choice set of B, that the DM’s consideration set is A C B. For choice
functions with a default option, the following definition of rationalisation describes how the DM’s

choice probabilities are determined by her ranking assignment and attention assignment.

Definition 10 (Rationalisation: Consideration-set model with a default option)
Consider any default-option choice function ¢, any ranking assignment on X, 7, and any attention

assignment . ¢ is said to be rationalised by 7 and «, if, for any B C X,z € B:

dx,B)= Y a4 B)7w(M, z) (2.2)

ACB:z€A
2.3.2 Restrictions on attention assignments

Attention assignments appear in both the theoretical and econometric literature on consideration
sets. In two influential theoretical studies, Manzini and Mariotti (2014a), Brady and Rehbeck (2016)
and Aguair (2017) introduce consideration sets into a revealed preference framework, retrieving,
from choice probabilities, preferences and attention assignments. Examples of econometric models
with consideration sets include Goeree (2008), Ho et al. (2017), Heiss et al. (2016) and Abaluck and
Adams (2017), which use discrete choice models to make inferences about attention assignments
from choice data.? In both the theoretical and the empirical literature, the authors impose re-
strictions on the attention assignment. For instance, Manzini and Mariotti (2014a), Goeree (2008)
and Abaluck and Adams (2017) present default-option models in which attention assignments are
assumed to have a certain property that we will refer to as independence. An independent atten-
tion assignment is constructed as follows. Each non-default alternative z; is assigned an “attention
probability” «;, which measures the likelihood that the DM includes x; in her consideration set.

More formally, an attention probability vector ~ is defined to be a member of R™ such that, for

4Barseghyan et al. (2019) also present an econometric model of unobserved choice sets, which can be interpreted
as a consideration set model. While preferences are only partially identified, the model imposes very weak restrictions

on the process of consideration set formation.
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i=1,...,m,7 € (0,1). The probabilities of non-default alternatives appearing in the consideration
set are assumed to be independent. Accordingly, an independent attention assignment is generated

by an attention probability vector according to equation (2.3) below.

Definition 11 (Independent attention assignment)
Consider any attention probability vector . The independent attention assignment generated by

is the attention assignment « such that, for any A ¢ B ¢ X:°

=1 » JI a-w (2.3)

;€A fir;eB\A

While an assumption that an attention assignment is independent is substantive, Manzini and Mar-
iotti (2014a) plausibly describe it as a “natural starting point” for a consideration-set model with
a default option. For models without a default option, however, independent attention assignments
are inapplicable. After all, for any independent attention assignment, there is always a positive
probability that the consideration set is empty. For a model with a default option, the default
option is assumed to be chosen when the consideration set is empty. But for models without a
default option, the possibility of an empty consideration set must be ruled out. While Manzini and
Mariotti (2014a) do not develop a model without a default option, they reasonably suggest that,
in the absence of a default option, a “natural” restriction on attention assignments is obtained by
conditioning equation (2.3) on the probability that at least one alternative is considered.® This

imposes the restriction on attention assignments in the definition below:

Definition 12 (Conditional attention assignment)

Consider any attention probability vector . The conditional attention assignment generated by
is the attention assignment « such that, for any non-empty B C X:

(i) a(0, B) = 0; and

(ii) for A C B such that A # ()

M~ I a-w/ ¥ M» I a-w 2.4)

iz, €A i, €B\A DCB:D#0 i:x;eD  i:x;e B\D

5The product over an empty set is understood to be 1.
A similar suggestion is made by van Nierop et al. (2010, p.65). Horan (2018) also uses a conditional attention

assignment for a model of limited attention with a default option — in this model, the default option is interpreted as

the “no choice” option and thus is unobserved.
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Manzini and Mariotti (2014a, p.1168) suggest the interpretation that “whenever the agent misses
all alternatives, he is given the option to ‘reconsider’, repeating the process until he notices some
alternative.” Following Manzini and Mariotti (2014a), our view is that, for models without a default
option, a “natural starting point” is the assumption that the DM has a conditional attention
assignment. Accordingly, the principal model in our paper (presented in Section 2.4) is a model

without a default option in which the DM is assumed to have a conditional attention assignment.

2.3.3 The identification problem

For their model with an independent attention assignment, Manzini and Mariotti (2014a) show that
both the DM’s attention assignment and her preferences can be retrieved from her observable choice
probabilities. But, as noted in the introduction, their model makes two restrictive assumptions,
which we relax: first, they assume that the default option is chosen only when no other alternatives
are considered; and, second, they assume that preferences are deterministic. When these two
assumptions are relaxed, an identification problem arises. We will illustrate this problem with a
simple default-option choice function where the set of alternatives is X = {x1,z2,Z}. Suppose that
the choice function is rationalised by a ranking assignment on X, 7, and an independent attention
assignment generated by the attention probability vector (v1,72). The rationalisation conditions

are as follows:”

(1, 217) = NT(May07) (2.5)
&(x9, 22%) = Y2l (May 257) (2.6)
&(z1, 11227) = 11 (1 — 12)T(May 212) + 71727 (May 21207) (2.7)
(g, x129%) = 72(1 — Y1) T ( May aaz) + 11727 (May o1002) (2.8)
&z, 217) = (1 =) + A Mz z.2) (2.9)
&(T, 227) = (1 = 72) + 127 (Ma,zsz) (2.10)
&, x1227) = (1 —71)(1 = 72) +72(1 = 1) T(Maz,z5z) + 71 (1 — 72)T( Mz 2,3)

+ 11727 (Maz,z1252) (2.11)

Note that equations (2.9), (2.10), and (2.11) do not impose any additional effective constraints

on the unknowns over and above those in equations (2.5),(2.6), (2.7), and (2.8) because (i) choice

"In equation (2.5), &(z1,21%) and T(Ma, 2,5) are to be interpreted as abbreviated ways of writing &(z1, {z1,7})

and ﬁ(le,{zl,i}). This kind of abbreviation will be used throughout the paper.
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probabilities must sum to one and (ii) for any B C X, }_ .57(M, 5) = 1. Let us refer to equa-
tions (2.5),(2.6), (2.7), and (2.8) as the “non-default rationalisation conditions” and equations (2.9),
(2.10), and (2.11) as the “default rationalisation conditions”. More generally, for any default-option
model, we use the term “non-default rationalisation condition” to refer to a rationalisation condition
that imposes a constraint on the probability of choosing a non-default option x € X from a choice
set B, &(z, B); and we use the term “default rationalisation condition” to refer to a rationalisa-
tion condition that imposes a condition on the probability of choosing the default option  from a
choice set B, &(z, B). In general, the default rationalisation conditions impose no additional effec-
tive constraints on attention assignments and ranking assignments over and above those imposed
by the non-default rationalisation conditions. Accordingly, when we are attempting to identify the

unknown parameters in the model, we can simply focus on the non-default rationalisation conditions.

In our example, the non-default rationalisation conditions are a system of four equations, (2.5),(2.6),
(2.7), and (2.8), in six unknowns: v1, y2, T(Mauy 212)s T(Mag zoz)s T(May zy20z) AN T( My zy297)-
As the number of unknowns exceeds the number of equality constraints, we are, in general, unable

to identify the unknowns. This is a simple illustration of the identification problem.

To make the point more concretely, suppose that, in this example, the choice function is such
that ¢(z1, 21%) = ¢(x9, x2T) = % and ¢(z1,122T) = ¢(x2, T122T) = 2%. Suppose that all we observe
is the DM’s choice function. On the basis of these observations, together with an assumption that
the choice function is rationalised by some independent attention assignment and some ranking
assignment, we want to make inferences about the attention assignment and ranking assignment.
The identification problem is that these choice data are rationalisable by a number of different
independent attention assignments and ranking assignments. For instance, the choice function is
rationalised by an independent attention assignment « and a ranking assignment 7 such that (1)
11

z) and (2) 7 is the ranking assign-

a is the independent attention assignment generated by v = (3, 3

ment where, for any ranking ~€ R, n(>) = %. But the choice function is also rationalised by an
independent attention assignment ¢ and a ranking assignment 7 such that (1) ¢ is the independent
attention assignment generated by 4 = (2, 2) and (2) 7 is such that:

(i) 7 assigns a probability of i to each of the rankings x1 > xo > Z and z9 > x1 > T;

(1) 7 assigns a probability of % to each of the rankings 1 = T > x5 and z9 > T > x1;

(i) 7 assigns a probability of % to each of the rankings T > x1 > x2 and T > z2 > x7.
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Accordingly, we cannot retrieve from the choice function a unique independent attention assign-
ment. Moreover, in contrast to the default-option random-utility model, ranking assignments are

not unique up to upper contours of non-default alternatives.

What is the diagnosis of the source of the identification problem? As noted above, in the four
non-default rationalisation conditions (2.5),(2.6), (2.7), and (2.8), there are six unknowns, which
are of two types: first, there are the unknown attention probabilities v; and 2; and, second, there
are four unknowns (Mo, 21z), T(Mayzoz), T(May zyz) and T (May 2,z), which we will refer to as
maximum probabilities. The number of unknown maximum probabilities in the non-default ratio-
nalisation conditions is equal to the number of non-default rationalisation conditions. Accordingly,
the total number of unknowns, which includes both the attention parameters and the maximum
probabilities, exceeds the number of equations. Thus an identification problem arises. Moreover,
we can generalise from this particular example. In general, for a default-option choice function,
the number of non-default rationalisation conditions is equal to the number of unknown maximum

probabilities in the equations. Thus, in general, the total number of unknowns, which includes both

the attention parameters and maximum probabilities, will exceed the number of equations.

Using analogous reasoning, it is apparent that an identification problem also arises for choice func-
tions without a default option. Consider the rationalisation conditions specified in (2.1). For any
choice set B, one of the rationalisation conditions associated with B is “redundant”, because the
probabilities of choosing the various alternatives from B must sum to one. So, for every choice set B,
we can ignore one rationalisation condition; let us refer to the remaining rationalisation conditions
as the “effective rationalisation conditions”. It is easy to verify that, in the effective rationalisation
conditions, the number of unknown maximum probabilities is equal to the number of equations. So
the total number of unknowns, which includes both the attention parameters and the maximum
probabilities, exceeds the number of equations. Accordingly, an identification problem arises, which

analogous to the problem for models with default options.

In summary: the identification problem arises because the choice data place insufficient equality
constraints on the unknowns. But this suggests the following strategy for solving the identification
problem: the strategy is to enrich the choice data so that (i) the number of equality constraints

increases, but (ii) there is not a commensurate increase in the number of unknowns. In the next
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section, we pursue this strategy, enriching the choice data by assuming that it takes the form of a

frame-dependent choice function.

2.4 Models without a default option

2.4.1 Frame-dependent choice functions and attention effects

Consider an example in which the set of alternatives comprises five varieties of canned tuna
X = {z1,x2,23, 24,25} sold in a grocery store. Suppose that we have observations of the DM’s
choices under two conditions. The first condition, which we will call the “first frame”, is where
x1 and z9 are on the bottom shelf and x3, x4, x5 are on the upper shelf. Suppose that, under the
first frame, the DM’s choice probabilities are given by the standard choice function ¢. The second
condition, which is called the “second frame”, is where x3, x4 and x5 are on the bottom shelf and x;
and xo are on the upper shelf. Suppose that, under the second frame, the DM’s choice probabilities
are given by the standard choice function ¢. The change in choice probabilities from ¢ to ¢’ caused
by a change in frames is an example of a type of a framing effect that we call an “attention effect.”
An attention effect is a framing effect where the change in frames influences choice probabilities
by changing the DM’s attention. The pair of standard choice functions (¢, ') is referred to as a
frame-dependent choice function. In our paper, a frame-dependent choice function is a pair of choice
functions, where the first is interpreted as the DM’s choice probabilities before an attention effect,
and the second is the DM’s choice probabilities after an attention effect. The notion of rationalisa-

tion for a frame-dependent choice function can then be defined as follows:

Definition 13 (Rationalisation of a frame-dependent choice function)

A frame-dependent choice function (¢, ') is a pair of standard choice functions. Consider any rank-
ing assignment 7 on X and pair of attention assignments («, o’). A frame-dependent choice function
(¢, ) is said to be rationalised by m and («, /) if ¢ is rationalised by m and « and ¢’ is rationalised

by 7 and o’.

This definition captures the idea that, when an attention effect changes the DM’s choices from
c to ¢, her attention changes, but her preferences are unchanged. More formally, her attention
assignment changes, but her ranking assignment is unchanged. The example above of the change

is shelving conditions is a plausible candidate for an attention effect. Other examples of attention
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effects may include the following: (i) choice function ¢ records choice probabilities when the DM has
1 minute to make a decision while ¢’ records choice probabilities when the DM has 2 minutes; (ii)
choice function ¢ records choice probabilities when a special display is created for tuna variety 1,
whereas ¢’ records choice probabilities when x5 is on display. And so forth. As shown below, if the
choice data take the form of a frame-dependent choice function, an observer may thereby be able to
disentangle preferences and consideration sets. The idea is that a frame-dependent choice function
may allow an observer to isolate the effect of a change in attention on choices, holding preferences
constant. While our paper only explores the identification results obtained when choices are depen-

dent on two frames, it may be fruitful to examine models in which there are more than two frames.

In this section, we present a consideration-set model without a default option, which we call the
no-default-option model, or NDO model. It will be assumed that attention assignments are condi-
tional; we argued above that this is a “natural” restriction to impose in the absence of a default
option. Accordingly, this section addresses the following question: on the assumption that a frame-
dependent choice function is rationalised by a pair of conditional attention assignments and a
ranking assignment, to what extent can we retrieve, from observed choice probabilities, informa-
tion about attention assignments and ranking assignments? In the next subsection, we show that
attention assignments can be retrieved. In Section 2.4.3, we then show that ranking assignments
can be retrieved (up to upper contours). Building on these two results, Section 2.4.4 presents a

characterisation theorem for the NDO model.

2.4.2 Identification of attention assignments

Consider any frame-dependent choice function (¢, ¢’) that is rationalised by a ranking assignment 7
and a pair of conditional attention assignments (a, @) that are generated, respectively, by the prob-
ability attention vectors v and +'. The rationalisation conditions for this frame-dependent choice

function include the following 2(75) equations:

Yi(1 =) + %y ( Mz, zz;)
Vil —75) + 9 (1 — %) + %5
7i(1 = 'Y;) + 7’27‘;‘71—('/\/1371'@1'33]')
(1 =75) + (1 =)+

These equations are nonlinear in the unknown attention probabilities and maximum probabilities.

c(xi, xizj) = i,je{l,....om}i<j (2.12)

d(z, mimj) = ije{l,...,m}i<j (2.13)

It turns out, however, that we can transform the attention probabilities to obtain a linear system

22



of equations. For any alternative x;, the odds that the DM does not attend to x; is given by 1;%

Let us refer to this ratio as the inattention odds for x;. We define the vector of such ratios as follows:

Definition 14 (Inattention odds vector)

Consider any attention probability vector ~y. Its inattention odds vector + € R™ is the vector such

that, fori=1,...,m, ; = 1;1
1

Suppose that we divide the numerator and denominator in (2.12) by ~7;7;, divide the numera-

tor and denominator in (2.13) by ’y('y;, and define ¢ and ¢/ to be the inattention odds vectors for ~y

(2
and /. Then we can rewrite (2.12) and (2.13) as the following system of equations that is linear in

the unknown inattention odds and maximum probabilities:

(¢ + o5+ Ve(@i, viwg) = tj + 7(Ma, ziz;) 5,5 €{1,...,m},i < j (2.14)

(v + 0 + 1) (@5, ziw5) = 0§ + T(May 2i0;) 4,5 €{1,...,m},i < j (2.15)

The next step is the key move that allows us to obtain our identification result. Using the enriched
dataset described by the frame-dependent choice function, we can isolate the effect of the change
in the attention assignment on choices, controlling for preferences. In mathematical terms, we take
differences between equations (2.14) and (2.15) to eliminate the unknown maximum probability
(Mg, z:2;). The result is a system of equations in which the unknowns are simply inattention

odds. If we define A; =] —¢;, i =1,...,m, we can write the system of equations as follows:

[e(zi, zix5) — c'(mi,xixj)]Lj +[1-— c’(xi,xia:j)]Aj + [e(xi, xizy) — c/(a:i,a:ixj)]q

—d (i, wiw) A = (i, vizy) — c(@i, zizy), 4,5 €{1,....,m}, i <j (2.16)

The equation system comprises (g‘) equations in 2m unknowns. Accordingly, if m > 5, there are
at least as many equations as unknowns. We can represent these (Z‘) equations in matrix notation.
Denote the vector of unknowns to be v = (1, Ay -1, Am—1, - - -, t1, A1)". If we fix a particular
ordering of the equations, then the system of equations can be written Qv = b where Q has size
(g’) x 2m and b has length (ZL) It turns out that this system of equations does not yield a unique
solution for v. But, as is implied by Lemma 1 below, there is only one free variable in the system of
equations, which allows us to solve for all variables in terms of one variable. Lemma 1 assumes that
the frame-dependent choice function satisfies a certain non-zero condition, which we call the “NDO-

nonzero condition”. The NDO-nonzero condition is necessary to perform the row operations in the
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proof of Lemma 1. The case in which the NDO-nonzero condition does not hold is a special case;
typically, the NDO-nonzero condition will be satisfied. Roughly speaking, if we think of attention
probabilities and the ranking assignment being generated randomly from continuous distributions,
then the resulting frame-dependent choice function will satisfy the NDO-nonzero condition almost

surely. Appendix 5 presents an example in which the NDO-nonzero condition is satisfied.

Definition 15 (NDO-nonzero condition)
(i) for 7,5 € {1,...,m},i < j, ¢(x;,xiz;) — c(x;, x;x;) are nonzero; (ii) the following terms,
which are functions of observed choice probabilities and are defined in Appendix 1, are nonzero:

3 .
3 .2 _ Tha 2 -
T8, T3y — Tg,:r%, fand, fori=4,7...,m, d,.

Lemma 1 (Reduced row echelon form for the NDO model)

For | X| > 5, consider any frame-dependent choice function (¢, c’) that (i) satisfies the NDO-nonzero
condition and (ii) is rationalised by a ranking assignment and a pair of conditional attention assign-
ments. Then the matrix of coefficients for this choice function Q has rank 2m — 1 and, in particular,

the reduced row echelon form of the augmented matrix [Q b] is given by

1000 000 sum -3
01 00 0 00 ¢ty 0
0010 000 Spo1 —3
0 001 0 00 tmey O
0 000 1 0 0 s9 —%
0 000 01 0 ts 0
0000 001 s -3
0 000 0 00 O 0
0000 ...000 0 0 ]
where s;,7=1,...,m and t;,7 = 2,...,m are defined in the proof of Lemma 1 in Appendix 1.

Lemma 1 says that, using the rationalisation conditions in (2.12) and (2.13), we can solve for
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all the unknown attention parameters in terms of one free variable A;. In particular:

1
Li:_g_SiAly i:1,...,m (2.17)
Ai:_tiAh i:2,...,m (218)

It remains to solve for Aj. Our method for doing so is specified in the proof of Theorem 5 in
Appendix 1. A sketch of the method is as follows. In order to solve for A1, we use the following

pair of rationalisation conditions:
c(x1, x12273) = a1, T1223) + (X122, T12223) T (M) 2129)

+o(z123, T12223)T( My 2125) + @(T12223, 12223)T (M) 21 2023)
d(z1, m1m0w3) = & (21, 212273) + & (2122, T12223) T (M) 2125
+a! (x123, 112223)T( My 2125) + & (212223, T12223)T( My 212025)

We can rewrite these rationalisation conditions in terms of inattention odds:
(1 + 11+t + 3+t + L1ty + L2L3)C(x1, x1x2x3) = 1913+

L37T(M:v17:v1x2) + LZW(MM,MZ’?,) + W(M$17x1afzx3) (2.19)
(140 + 15 + o5 + b + s + thes)d (w1, z1@9m3) = this+
LéW(Mm,xwz) + L/27T(Mx1,x1x3) + W(MCCLJHIQxB) (2.20)

We then eliminate the maximum probability terms from these expressions as follows. First, we
eliminate m(Mz, 2,2024) by taking differences between (2.19) and (2.20). Then, from the result-
ing equation, we eliminate m(My, 414,) and m(My, 2,25) using equations (2.14) and (2.15). This
produces an equation in six unknowns: 1, t9,t3, A1, Ag, Ag. But we can eliminate five of the un-
knowns, substituting them out using equations (2.17) and (2.18). The result is an equation in a

single unknown, A, which is a quadratic equation of the form
fAZ 4+ gAL+h=0 (2.21)

where expressions for f,g and h are defined in Appendix 1. It turns out that g must equal 0. So
the solution to this quadratic is given by A; = +1/—h/f. (Note that the NDO-nonzero condition
assumes f # 0). How do we ascertain whether A is the negative or positive square root? Given that

(¢, ) is rationalisable, we know that ¢; must be positive; and we also know that ¢; = —% — 51A7.
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So A1 must have the opposite sign to s;. This allows us to obtain a unique solution for A;, which

is given as follows:

—/RIT ifs1 >0
V—h/f otherwise

Having solved for Aj, we use equations (2.17) and (2.18) to specify the revealed inattention odds

A = (2.22)

vector.

Definition 16 (The NDO revealed inattention odds vectors)
For | X| > 5, suppose that a choice function (¢, ') is such that the NDO-nonzero condition is satis-
fied. The NDO revealed inattention odds vectors for ¢ and ¢’ are the vectors 7,7’ € C™ such that,

fori=1,2,...,m, Zi:—%—siAl and

Ui + Al fori=1
Zi—tz‘Al fori:2,...,m
Note that, from inspection of the definition of A; in (2.22), the revealed inattention odds may
potentially be complex numbers. But if (¢, ¢’) is rationalisable, then the inattention odds must be
positive real numbers. In this case, we can obtain from the revealed inattention odds the revealed

attention probabilities and revealed attention assignments:

Definition 17 (The NDO revealed attention probabilities and attention assignments)
For | X| > 5, suppose that a choice function (¢, ) is such that the NDO-nonzero condition is satis-
fied and that the revealed inattention odds vectors ¢ and 7’ are real and positive.

(i) The NDO revealed attention probability vectors for ¢ and ¢ are 4,4 € R™ such that, for

1

. A o
z—l,...,m,’yl——Aand’yi—m.
3

1
142,
(ii) The NDO revealed attention assignments for ¢ and ¢’ are the conditional attention assignments

& and & that are respectively generated by 4 and 4/.
The formal statement of our first identification result for the NDO model is then as follows.

Theorem 5 (Identification of attention assignments in the NDO model)
For |X| > 5, consider any frame-dependent choice function (¢, ¢’) that satisfies the NDO-nonzero
condition, any ranking assignment on X, 7, and any pair of conditional attention assignments

(o, ). If m and (o, @') rationalise (¢, '), then a = & and o = &'.
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Appendix 5 presents a simple numerical example that illustrates how Lemma 1 and Theorem 5
can be used to retrieve attention probabilities from frame-dependent choice functions. This exam-

ple also serves to verify the identification method presented above.

2.4.3 Identification of ranking assignments

Having obtained the revealed attention assignments, the next step is to retrieve, from the choice
data, information relating to ranking assignments. As noted in Section 2.2, we should not expect to
be able to back out from choices a unique ranking assignment, because, even in the random-utility
model with full attention, ranking assignments are only unique up to upper contours. We will now
show that, similarly, in the NDO model, ranking assignments are also unique up to upper contours.
That is, despite the presence of consideration sets, we are able to retrieve information about ranking
assignments to the same extent as we can in the model with full attention. We obtain our identifi-
cation result in two steps: first, we obtain the revealed maximum probabilities; and then we obtain

the revealed probabilities regarding contour sets.

We can obtain the revealed maximum probabilities simply by rearranging the rationalisation con-
ditions in equation (2.1). Consider any alternative x € X and any B C X that contains x. If we
inspect equation (2.1), it is apparent that we can ascertain the maximum probability 7(M, g) if
we know (i) the choice probability c(z, B) (ii) the attention assignment « and (iii) the maximum
probability m(M, 4) for every proper subset of B, A, that contains x. Accordingly, we can rear-
range (2.1) to obtain a recursive algorithm for obtaining the revealed maximum probabilities. This

algorithm is encapsulated in the following definition.

Definition 18 (NDO mazimum functions: Revealed mazimum probabilities)

For |X| > 5, suppose that a choice function (¢, ') is such that the NDO-nonzero condition is
satisfied and the revealed inattention odds vectors i and i’ are real and positive. The NDO
mazimum functions for ¢ and ¢ are the functions i : {(z,B) : B € B,x € B} — R and
i :{(x,B): B € B,z € B} - R such that, for any B € B,z € B:

(i) if |B] = 1, then ji(z, B) = ji//(z,B) =1

(ii) if |B| > 1, then:

iz, B) = c(x, B) — EA%B.




Cl(xﬂ B) - EAQB:IEA d/(Aa B)lal(x7 A)
&'(B, B)

f(x, B) and i/ (x, B) are each to be interpreted as the revealed probability that z is the most pre-
ferred alternative in B. Accordingly, when the frame-dependent choice function is rationalisable, the
two expressions must be equal. Having retrieved the revealed maximum probabilities from choice
data, the next task is to obtain, for every A C X, x € X\A, the revealed probability that A is
the upper contour set of x. It turns out that this task is precisely analogous to the task performed
in the proof of Theorem 2. Given that the frame-dependent choice function is rationalised, NDO
maximum functions have the same formal properties as standard choice functions: namely, they are
non-negative and, for a given non-empty B C X, the probabilities must sum to one. Following the
method used in the full-attention case, first we define a notion of a contour function analogous to

the random-utility contour function x defined in Section 2.2.

Definition 19 (NDO contour functions: Revealed upper contour probabilities)

For | X| > 5, suppose that a choice function (¢, ) is such that the NDO-nonzero condition is satis-
fied and that the revealed inattention odds vectors i and i’ are real and positive. Then the NDO
contour functions for ¢ and ¢ are 0 : {(z,A): AC X,z € X\A} > Rand 0/ : {(z,4): AC X,z €
X\A} — R such that, for any A C X,z € X\A:

o(w, A) = Y (=DMl X\B),  o(z,4) = Y (=) (z, X\B)
BCA BCA

Clearly these contour functions are analogous to k; the difference is that x is defined in terms
of a choice function, whereas these contour functions are defined in terms of maximum functions.
O(x, A) and 0'(z, A) are to be interpreted as the revealed probability that A is the upper contour
set of x. This interpretation is formalised by the following theorem. If we compare this theorem to
Theorem 2, it is apparent that, in the NDO model, ranking assignments are identified to the same

extent as in the full attention random-utility model.

Theorem 6 (Identification of ranking assignments in the NDO model)

For |X| > 5, consider any frame-dependent choice function (¢, ¢’) that satisfies the NDO-nonzero
condition, any ranking assignment 7 and any pair of conditional attention assignments (o, ). If 7
and (o, o) rationalise (c,c’), then for all A C X, x € X\ A, 7(Uypa) = 0(x, A) = 0'(x, A). That is,

7 is unique up to upper contours.
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2.4.4 Characterisation

The next task is to develop a characterisation result akin to Falmagne’s axiomatisation in Theorem 1.
As noted above, Theorem 2 allows us to provide an intuitive interpretation of Theorem 1. Roughly
speaking, Theorem 1 says that a choice function is rationalisable just in case its revealed contour
probabilities are non-negative. I will refer to this kind of axiomatisation as an “identification-based
characterisation”. It is “identification-based” in the following sense. First, the (=) part of the
characterisation theorem follows immediately from the identification result in Theorem 2. Second,
the (<) part of the characterisation theorem says that, if the revealed contour probabilities are

“well-formed”, in a certain sense, then the choice function is rationalisable.

Similarly, we present, in Theorem 7, an identification-based characterisation result for the NDO
model. It is identification-based in the following sense. First, the (=) part of the characterisation
theorem follows immediately from the identification results presented in Theorems 5 and 6. Second,
the (<) part of the characterisation theorem says that the choice function is rationalisable if, in a
certain sense, both the revealed inattention odds vectors and the revealed contour probabilities are

“well-formed” .

Theorem 7 (Characterisation for the NDO model)

For |X| > 5, consider any choice function (c,c’) that satisfies the NDO-nonzero condition. There
exists a ranking assignment on X and a pair of conditional attention assignments that rationalise
(¢, ) if and only if:

(i) the revealed inattention odds vectors ¢ and i’ are real and positive;

(ii) the contour functions ¢ and ¢’ are equal and non-negative.

2.4.5 Models with minimum attention levels

As noted in Section 2.3, in the absence of a default option, a consideration-set model must rule out
the possibility of an empty consideration set. A “natural” way to do this, we argued, is to assume
that the DM has a conditional attention assignment. In effect, we are assuming that the DM has
a minimum attention level — in particular, that the DM’s consideration sets are always at least of
size one. But then the following question arises: in at least some cases, might it be reasonable to
assume that the DM has a higher minimum attention level? More precisely, let us define a minimum

attention level to be some positive integer n less than m such that, if the size of the choice set is n
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or less, the DM always considers all the alternatives; and if the size of the choice set is more than
n, the DM only forms consideration sets whose size is at least n. If the cost of consideration is low,
it might be reasonable to assume that the DM has a minimum attention level of 2 or 3 or perhaps
more. In Appendix 2, we present a model in which the DM has a minimum attention level of 2. So
the DM is no longer assumed to have a conditional attention assignment; we impose a somewhat
different restriction on her attention assignment, which reflects the assumption that her minimum
attention level is 2. For this model, we develop identification results and a characterisation result
that are analogous to Theorems 5, 6 and 7. In particular, like the NDO model developed in this
section, the model in Appendix 2 is fully identified. So Appendix 2 illustrates that the identification
strategy used in this section can also potentially be applied when different restrictions are imposed

on the DM’s attention assignment.

2.5 Models with a default option

In the previous section, we used the following strategy to solve the identification problem. We en-
riched the choice dataset by using a frame-dependent choice function, thereby increasing the number
of rationalisation conditions. This increases the number of equality constraints on the unknowns
and, as a consequence, the number of equations is no longer less less than the number of unknowns.
It should be apparent, however, that, for some models, this solution strategy may fail. Suppose that
we have a system of equations in which the number of unknowns exceeds the number of equations,
and, as a consequence, there are multiple solutions. Even if we add further equality constraints —
so that the number of constraints is no longer less than the number of unknowns — this does not, of
course, guarantee that we can obtain a unique solution. For example, the new equality constraints
may fail to provide any additional information about the unknowns. An analogy can be made to
the case of linear equations. If a system of linear equations has multiple solutions, the addition
of another equality constraint that is linearly dependent on the original equations does not add
any additional information about the unknowns. In some cases, therefore, the addition of the new

equality constraint may not allow us to solve the identification problem.
In Appendix 3, we show that, for a model with a default option and an independent attention

assignment, the use of a frame-dependent choice function does not solve the identification problem.

Moreover, we present a diagnosis of the source of the identification failure. When we enrich the
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choice dataset by using a frame-dependent choice function, most of the new equality constraints do
not add any additional information about the unknowns. The situation is analogous, therefore, to
the case of adding to a system of linear equations an equality constraint that is linearly dependent

on the original equations.

We suggest, however, that the identification failure that arises with an independent attention assign-
ment is something of a special case. In Appendix 4, we present a model with a default option and
a “size-effect attention assignment”. A size-effect attention assignment is a simple generalization
of an independent attention assignment, which accommodates the possibility that the probability
of consideration sets of certain sizes may deviate systematically from the probabilities implied by
an independent attention assignment. The model is fully identified for a range of frame-dependent
choice functions. This model illustrates two points. First, we can interpret the identification failure
for the model with an independent attention assignment as, in some sense, a special case. Sec-
ond, in the size-effect model, there is not a closed-form solution for the attention parameters; they
are obtained from the rationalisation conditions using numerical methods. This model illustrates
that, our strategy for solving the identification problem is potentially applicable in the absence of

a closed-form solution.

In the remainder of this section, we present another model with a default option that is fully
identified — it is a model with a minimum attention level. For this model, we will obtain a series of

identification and characterisation results akin to those in Theorems 5, 6 and 7.

The definition of rationalisation in Section 2.4 can be adapted to the case of a frame-dependent

choice function with a default option.

Definition 20 (Rationalisation of a default-option frame-dependent choice function)

A default-option frame-dependent choice function (¢,c’) is a pair of default-option choice functions.
Consider any ranking assignment on X, 7, and any pair of attention assignments (o, ’). A default-
option frame-dependent choice function (¢,&) is said to be rationalised by 7 and («,a’) if ¢ is

rationalised by 7 and « and ¢ is rationalised by 7 and o’.

We present below a model with a default option which assumes that the minimum size of a consid-
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eration set is 1. As discussed in Section 2.3, for such a case, a natural assumption is that the DM’s
attention assignment is conditional. We will refer to this model as the “default-option” model, or
DO model. In order to develop models with higher minimum attention levels, we could use, instead,

the restriction on attention assignments suggested in Appendix 2.

The rationalisation conditions for the DO model imply that &(z;, ;%) = T(My, 2,z), i = 1,...,m.

Furthermore, the following equality constraints are also implied.

Vi1 = v5)e(@s, @iZ) + iV, (szwzwjtﬁ)
Vi1 =) + (L = %) + 9

(1 —i)C (:EJ>$] ) + ViVjﬁ(ij,mixji)
Vil =75) + 75 (1= %) + i

77,(1 - ’7]) (mlvm% ) + 'Yﬂ] (Mocu:cz:c]i)
Yi(L =)+ (L =) + v

7](1 - ,Yz) (CIZ],.QZJ ) + '717] (ij,xixji)
Yi(L =5 + 7 (1 =) + )

c(xj, xiz;T) = vi,je{l,...,m}i<j (2.23)

E(l‘j, xixj:f) =

G jef{l,...omhbi<j  (2.24)

& (z;, mx;T) = vi,je{l,...,m},i<j (2.25)

d(zj, zx;T) = vi,je{l,...,m}i<j (2.26)

Using the definition of inattention odds, we rewrite this equation system so that it is linear in the

unknowns:

(L4 15 4 tj)e(wi, wix; &) = 1je(@, 2T) + T(Meywiesz) 155 € {1,...,m}i < j (2.27)
(L4 i + 1)e(wj, wiz;T) = vie(xj, 25T) + (Mo aia,2), 64 € {1,...,m},i <j (2.28)
(14 0 4 )& (w5, 225 T) = e, 23%) + T(May 2ia,2), 6§ € {1,...,m},i < j (2.29)
(14 0 4 )& (xj, wox; &) = vje(xj, 25E) + T(Maj aia,2), 55 € {1,...,m},i < j (2.30)

The next step is to eliminate the maximum probability terms. From (2.27) and (2.29), we can elimi-
nate 7(Ma, z,2,z), to obtain (2.31) below; and from (2.28) and (2.30), we can eliminate 7(My; 2,2,z
to obtain (2.32). The result is the following system of 2(?) equations, for 4,5 = 1,...,m such that
i <.
(@i, ziz;T) — & (24, 2w @)|ej + [6(@i, 2:T) — (24, 23w, 7)) A j+
[é(mi, a:ia:jf) — E/({L'Z', a:ixjj:)]u + [—E’(a}i, .%'Z.%']i')]AZ = é/({L'Z', mixjj:) — E(l‘i, a:ia:jf) (2.31)
ez, wia; T) — & (aj, wiw@)]e; + [ (2, wiw; DA + [6g, wiw; T) — & (2, 2i2) 1
—l—[é(ﬂfj, ZCj.f) — E,(J?j, xza:]a_c)]AZ = E/(ZC]', xixja_c) — E($j, xixj:i‘) (2.32)

These equations contain 2m unknowns, so, in order to ensure that the number of equations is not less

than the number of unknowns, we need to assume that the number of non-default alternatives m is
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such that 2(7;) > 2m. Thus we will assume that there are at least three non-default alternatives. In
contrast, for the NDO model, we had to assume that there are at least five alternatives. Nevertheless,
the solution strategy is parallel to that in the NDO model. The solution is presented fully in the proof
of Theorem 8, but it can be outlined as follows. First, using this linear system of equations, we solve
for the unknowns as affine functions of Ay. In particular, we find that ¢; = —% —5A1,i=1,....m
and A; = —t;A1,1 = 2,...,m, where 5;,i = 1,...,m and #;,7 = 2,...,m are defined in the proof
of Theorem 8 in Appendix 1. It remains then to solve for Aj. The proof of Theorem 8 shows that
we can do so by recourse to further rationalisation conditions, which yield the following quadratic

equation, analogous to to equation (2.21) in Section 2.4:
fA2 +GA1 +h=0 (2.33)

where f, g and h are defined in the proof of Theorem 8 in Appendix 1. This proof shows that g = 0.
So, from the quadratic in equation (2.33), we obtain a solution for A; analogous to the solution in
equation (2.22) in Section 2.4.

—\/—B/f if 51 >0

A = (2.34)

V/—h/f otherwise

As in the NDO model, our results assume that a nonzero condition obtains:

Definition 21 (DO-nonzero condition)
(i) For ¢,5 € {1,...,m},i < j, ¢ (z, z;2;%) — &(x;, xjz;Z) are nonzero.
(ii) The following terms, which are functions of observed choice probabilities and defined in Ap-

; . C 77
pendix 1, are nonzero: f and, for j =2,...,m, dlj.

The following then provides definitions, for the DO model, of the revealed inattention odds, the

revealed attention probabilities and the revealed attention assignments:

Definition 22 (DO revealed inattention odds, attention probabilities, attention assignments)

For | X| > 3, suppose that choice function (¢, &) satisfies the DO-nonzero condition.

(i) The DO revealed inattention odds vectors for ¢ and & are the vectors 7,77 € C™ such that, for
i=1,2,....m, ;= —%—5A; and

Li + Al fori=1

Zi—LTZ'Al fori=2,....,m
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(ii) Suppose that the revealed inattention odds vectors 7 and 7’ are real and positive. Then the

DO revealed attention probability vectors for ¢ and & are 7,5 € R™ such that, for i = 1,...,m,

— _ 1 ~/ _ 1
Vi = 1ig, and ;= T+

(iii) Suppose that the revealed inattention odds vectors 7 and 7’ are real and positive. Then the DO
revealed attention assignments for ¢ and & are the conditional attention assignments @ and & that

are respectively generated by 4 and 7.

Theorem 8 justifies the interpretation of @ and @ as the revealed attention assignments for the

model.

Theorem 8 (Identification of attention assignments in the DO model)
For | X| > 3, consider any frame-dependent choice function (¢, ') that satisfies the DO-nonzero con-
dition, any ranking assignment 7 on X, and any pair of conditional attention assignments (c, ).

If 7 and (o, @) rationalise (¢,&), then « = @ and o/ = &'.

Appendix 5 provides a simple numerical example that illustrates how to apply the identification
method presented in the proof of Theorem 8. This example also serves to verify the identification

method presented in this section.

Having obtained revealed attention assignments, we adopt the strategy from the previous section
to retrieve information about the ranking assignment. First, we define maximum functions and
contour functions for the DO model. These can be interpreted as specifying the revealed maximum

probabilities and the revealed probabilities of upper contour sets.

Definition 23 (DO mazimum functions and contour functions)

For | X| > 3, suppose that a choice function (¢, &) is such that the DO-nonzero condition is satisfied
and that the revealed inattention odds vectors 7 and 7’ are real and positive.

(a) The DO mazimum functions for ¢ and & are the functions fi : {(z, B) : B € B,x € B} — R and
i {(z,B): B € B,r € B} — R such that:

() 5z, {z}) = 1 and (7, {7}) = 1; and
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(ii) for any non-empty B C X, = € B:

o _ €@ B) = 3 ac paca (A, Bz, A)

iz, B) = a(B, B)
_y = El(x’ B) - Z CB:z€A 5/(14’ B)ﬂ/(x’A)
8= B

(b) The DO contour functions for ¢ and ¢ are the functions v : {(z,A) : A C X,z € X\A} - R
and ¢’ : {(x,A): AC X,» € X\ A} — R such that, for any A C X,z € X\A4:
o, A) = 3 ()P, \B), (@, 4) = 3 (~1)AV i (2, X\ B)
BCA BCA
The following theorem says that the © and ©' can be interpreted as specifying revealed contour
probabilities. If we compare this theorem to Theorem 3, it says that, in the DO model, ranking

assignments are revealed to the same extent that they are revealed in the full attention version of

the model. In this sense, the DO model is “fully identified”.

Theorem 9 (Identification of ranking assignments in the DO model)

For |X| > 3, consider any choice function (¢, &) that satisfies the DO-nonzero condition, any rank-
ing assignmenton X , 7, and any pair of conditional attention assignments (c, o’). If # and («, o)
rationalise (¢, &), then for all A C X, x € X\A, #(Uy.4) = 0(z, A) = ¥'(z, A). That is, 7 is unique

up to upper contours of non-default alternatives.

Finally, we present a identification-based characterisation theorem for the DO model that is analo-

gous the the characterisation result Theorem 7 in the NDO model.

Theorem 10 (Characterisation in the DO model)

For | X| > 3, consider any choice function (¢,&) that satisfies the DO-nonzero condition. There
exists a ranking assignment on X and a pair of conditional attention assignments that rationalise
(¢,c) if and only if:

(i) the revealed inattention odds vectors 7 and 7’ are real and positive; and

(ii) the contour functions © and ¥’ are equal and non-negative.
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2.6 Related literature

Since the 1970s, consideration-set models have been common in the applied literature on consumer
choice, especially in research on marketing.® This literature divides into two strands: models which
assume that observations on consideration sets are available (from, say, consumer surveys or, per-
haps, through eye-tracking devices); and models in which consideration sets are unobserved. The
focus of our paper is on the second strand of this literature. The pioneering paper of Masatlioglu
et al. (2012) introduced consideration sets into revealed preference theory. By imposing certain as-
sumptions on the DM’s dispositions to form consideration sets, they show that, potentially, at least
some information about the DM’s preferences and consideration-set dispositions can be retrieved
from the DM’s choices. Lleras et al. (2017) present a similar model, but impose a different set of
assumptions on the DM’s consideration-set dispositions. As is highlighted in Masatlioglu and Naka-
jima (2015), however, an identification problem arises in such models. Typically, an observer can
infer from the DM’s choices only very limited information about her preferences and consideration-
set dispositions. Note that the final section of Masatlioglu and Nakajima (2015) briefly explores the
strategy of using a frame-dependent choice function to solve the identification problem in a model

with deterministic preferences and deterministic consideration-set dispositions.

Whereas Masatlioglu et al. (2012) and Lleras et al. (2017) model both preferences and consideration-
set dispositions as deterministic, we follow the seminal paper of Manzini and Mariotti (2014a) in
modelling consideration-set dispositions as stochastic. Using our terminology, Manzini and Mariotti
(2014a) assume that the DM has an independent attention assignment. Brady and Rehbeck (2016)
and Aguair (2017) present generalizations of the model of Manzini and Mariotti (2014a), in which
the assumption about the DM’s attention assignment is less restrictive. In contrast to Masatlioglu
et al. (2012) and Lleras et al. (2017), there is no identification problem in the models of Manzini
and Mariotti (2014a), Brady and Rehbeck (2016) and Aguair (2017) — that is, the DM’s attention
assignment and preference relation can be retrieved from her observed choice probabilities. How
are their results consistent with our finding in Section 2.3 that, in the absence of frame-dependent
choice function, an identification problem typically arises in consideration-set models? The iden-
tification results in Manzini and Mariotti (2014a), Brady and Rehbeck (2016) and Aguair (2017)

depend crucially on two restrictive assumptions described in the introduction, which we dispense

8For surveys of this literature, see Roberts and Lattin (1997) and Hauser (2014).
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with in our paper.

The first assumption is that preferences are defined over non-default alternatives and the DM
is stipulated to choose the default option only if she does not consider any other alternatives. But
how are we to interpret this feature of their models? Manzini and Mariotti (2014a, p.1155) present
the following interpretation: the default option is to be understood as the option of “not choosing
— that is, the option of “walking away from the shop, abstaining from voting, exceeding the time

limit for a move in a game of chess”. We suggest that this assumption is restrictive for two reasons.

First, even if we interpret the default option as “not choosing”, it is difficult to specify real-world
examples that justify the assumption. Consider the example of “walking away from the shop”,
which is cited by Manzini and Mariotti (2014a) as an example of “not choosing”. This may occur
because the DM has failed to consider products sold in the shop, but, in reality, it may also occur
when the DM has considered some of them, but prefers to purchase nothing. So, at least for this
example, the assumption by Manzini and Mariotti (2014a) that the DM never chooses the default
option when non-default options are considered, in effect, embodies an implicit assumption that
the default option is the worst alternative. This is a restrictive assumption, which we would not
expect to hold in general. A similar concern arises with the example cited by Manzini and Mariotti

(2014a) of “abstaining from voting”.

Second, more generally, the assumption is not plausible for a range of real-world examples of default
options that are of interest to economists. Consider the example of the choice between an existing
pension plan and new pension plans that was discussed in the introduction. The DM may choose
the existing plan because she has not considered the new plans, but, in reality, she may also choose
it because she considered some of the new plans, and preferred the existing plan to the new plans
she considered. If an economic model specified that the existing plan is the default option and
is only chosen when new plans are not considered, then the model does, in effect, incorporate an
implicit assumption that the default option is the worst alternative. In general, this is a restrictive
assumption. Moreover, in making this assumption, Manzini and Mariotti (2014a), Brady and Re-
hbeck (2016) and Aguair (2017) depart from an important recent strand of empirical research on
consideration sets. The econometric models of consideration sets in Goeree (2008), Ho et al. (2017),

Heiss et al. (2016) and Abaluck and Adams (2017) do not assume that the default option is chosen
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only if no other alternatives are considered.

Moreover, this restrictive assumption is of particular concern, because in Manzini and Mariotti
(2014a), Brady and Rehbeck (2016) and Aguair (2017), the ability to disentangle the influence of
consideration sets and preferences arises directly from this assumption. For instance, an immediate
consequence of this assumption is that, in Manzini and Mariotti (2014a), for any non-empty B C X,
the probability that the consideration set is the empty set (in our notation, a(f), B)) is simply given
by &(z, B). Having retrieved, in this way, the probability of empty consideration sets, we can then
identify the attention parameters. In the model of Manzini and Mariotti (2014a), for any non-
default alternative x;, ¢(Z, x;%) = a(0, {x;}) =1 — ;. So we can solve for 7; = 1 — &(Z, x;T). But
the reasoning here rests crucially on the assumption that the default option is chosen only when no
other alternatives are considered. Once we allow that the DM might choose  when x; is considered,

the equality &(z, 2;Z) = a(0, {z;}) = 1 —7; no longer holds.”

The second assumption in Manzini and Mariotti (2014a), Brady and Rehbeck (2016) and Aguair
(2017) is that, whereas consideration-set dispositions are stochastic, preferences are deterministic.
We avoid this asymmetric treatment of consideration sets and preferences for the following reasons.
In general, the asymmetry is unmotivated. If the choice data are deterministic, as in Masatlioglu
et al. (2012), it is natural to model both the DM’s consideration-set dispositions and her prefer-
ences as deterministic. But if the choice data are stochastic, surely it is natural to model both the
DM’s consideration-set dispositions and her preferences as stochastic. What is the motivation for
modelling one as stochastic and the other as deterministic? In specific examples, it is conceivable
that there is motivation for an asymmetric treatment — for instance, if, in a particular example,

there is evidence that consideration sets are “more random” than preferences.'® But we would not

9Manzini and Mariotti (2014a, p.1157) note that, in their model, the attention parameters can be identified even
if data on choice probabilities from choice sets of size 2 are excluded from the choice function. But nevertheless, even
in this case, the attention parameters can be identified in a similar fashion simply from the rationalisation conditions
of the form a(f), B)) = &(z, B). This reasoning rests crucially on the assumption that the default option is chosen

only if no other alternatives are considered.
1%Brady and Rehbeck (2016, p.1203) present an example in which the researcher’s data takes the form of scanner

data on purchases from grocery stores. While she has access to a list of offered alternatives at grocery stores, she has
reason to think that “there is random variation of alternatives that are awailable to customers that is unknown to
the researcher”, as she does not know if “a delivery is delayed, food is spoiled, or some alternatives are out of stock”.

In this example, there may a particular reason for the researcher to model the consideration sets as random, but no
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expect that such an asymmetry generally arises whenever attention is limited. To highlight the
restrictive character of this second assumption, let us consider an example in which (i) for the sake
of argument, we allow that the first assumption is satisfied (that is, the default option is chosen
only if no other alternatives are considered) and (ii) the attention assignment is assumed to be
independent. Suppose that the set of alternatives is X = {21, 72,2} and the observer only has data
on choice probabilities from the choice set {1, x2,Z}: in particular, the probability of choosing x;
from this choice set is % and the probability of choosing xo from this choice set is also %. Intu-
itively, it might be thought that one plausible hypothesis consistent with this data are that the DM
is relatively indifferent between alternatives 1 and z9, and the attention probabilities for each of 1
and g are close to 1. Given the assumption in Manzini and Mariotti (2014a) that preferences are
deterministic, together with assumptions (i) and (ii), this plausible hypothesis is ruled out ab initio.
In particular, given these assumptions, the choice data are consistent with only two hypotheses:
first, x1 is strictly preferred to xa, 71 = 2% and o = %; and second, x9 is strictly preferred to 1,
Yo = 2% and y; = %. By way of contrast, in the DO model, these observed choice probabilities are
consistent with the plausible hypothesis described above — that is, the choice probabilities can be
generated by (i) a ranking assignment such that, probabilistically, the DM is equally prone to prefer

x1 over T as she is to prefer x5 over z; and (ii) attention probabilities that are relatively high.!!

Manzini and Mariotti (2014a) has had a considerable influence on the literature on limited atten-
tion, and our paper, in particular, has benefitted from its insights. As discussed in Section 2.3, our
treatment of attention assignments relied heavily on the analysis in Manzini and Mariotti (2014a).
Nevertheless, for the reasons just discussed, we suggest that it is fruitful to explore consideration-set
models which dispense with the two restrictive assumptions specified above. This gives rise to the
identification problem described in Section 2.3, which motivates the use of frame-dependent choice

functions.

particular reason to model preferences as random.
HEor example, in the DO model, the ranking assignment in the table below, together with attention probabilities

=2 = %, generate choice probabilities ¢(z1, z122%) = &(2, T122T) = %. Note that the rankings on which x; is

preferred to x2 are equally likely as those on which z2 is preferred to z;.

B 13 6 6 1 1
40 40 40 40 40 40

39



Aguair et al. (2019) present a generalisation of Manzini and Mariotti (2014a), Brady and Rehbeck
(2016) and Aguair (2017) in which there is a stochastic preference relation. But, as in each of those
three papers, (i) the preference relation is only defined over non-default alternatives and (ii) they
assume that “the outside option is only chosen when nothing else in the choice set is considered”
(Aguair et al., 2019, p.15). In other words, they effectively assume that the outside option is the
worst alternative. In addition, as in Manzini and Mariotti (2014a), Brady and Rehbeck (2016) and

Aguair (2017), their identification results follow directly from this assumption.

Caplin and Dean (2011) also employ frame-dependent choice functions, modelling the attention
effect resulting from changes in the time available to the DM for contemplating her decision. Our
model deviates from theirs in two principal respects. First, whereas they model a specific kind of
attention effect, our paper is applicable to an arbitrary attention effect. Second, they have two
versions of the model: one in which both preferences and consideration-set dispositions are de-
terministic; and one in which preferences are deterministic and consideration-set dispositions are
stochastic. In contrast, for the models presented in our paper, both preferences and consideration-

set dispositions are stochastic.'?

Cattaneo et al. (2019) present a relatively general consideration-set model, of which Manzini and
Mariotti (2014a), Brady and Rehbeck (2016) and Masatlioglu et al. (2012) are special cases. They
present versions with and without a default-option. As in our models, consideration sets are stochas-
tic, but in contrast to our model, preferences are deterministic. Moreover, in contrast to our NDO
and DO models, as well as the models of Manzini and Mariotti (2014a), Brady and Rehbeck (2016),
Aguair (2017) and Aguair et al. (2019), in general, only partial information about preferences can

be retrieved from the choice data— and, potentially no information at all.'3

12Note that, whereas in our models, as well as that of Caplin and Dean (2011), frames are assumed to be observed,
there are a number of stochastic models in which DM’s choices are modelled as influenced by framing effects, but
frames are assumed to be unobserved — thus the observed choice functions are not frame-dependent. See, for example,

Tserenjigmid (2019).
13 Another consideration-set model related to Manzini and Mariotti (2014a) is Dardanoni et al. (2018). In contrast

to Manzini and Mariotti (2014a), however (i) the choice data relates to choices from a single choice set rather than
from a rich collection of choice sets (ii) the data is aggregate choice shares in a population and (iii) the population is
assumed to have heterogenous “cognitive types” relating to their dispositions to form consideration sets. The paper

shows how the distribution of cognitive characteristics can be retrieved from aggregate choice shares.
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While our focus is on consideration-set models of limited attention, there is a rich variety of other
approaches to modelling limited attention. Examples include models in which the DM makes her
choice on the basis of optimal sampling and models of rational inattention that specify attention
as a reduction in entropy.'* Consideration-set models are one important strand in a diverse and

growing body of literature on limited attention.

2.7 Conclusions and future research

In this paper, we introduce stochastic consideration sets into a random utility model. While such a
model has been used in the discrete-choice econometric literature, the theoretical literature on re-
vealed preferences has not explored such a model. The particular focus of our paper is the following
identification question: can we retrieve from observed choice probabilities (i) preference probabilities
(at least to the same extent as in a full-attention random-utility model) and (ii) consideration-set
probabilities? Our first conclusion is a negative one. If the choice data are not enriched by using
a frame-dependent choice function, then an identification problem typically arises. That is, even if
strong restrictions are imposed on the DM’s attention assignments, such a model places insufficient
constraints on the unknowns to retrieve from the choice data the DM’s consideration-set probabil-

ities and preference probabilities.

Our paper explores one promising strategy for solving the identification problem. If the choice
data are enriched by using a frame-dependent choice function, then, at least potentially, additional
constraints are placed on the unknowns, allowing us to develop fully identified models. Intuitively,
we are able to disentangle the influence of consideration sets and preferences because, using a frame-
dependent choice function, we can isolate the influence on choice of changes in attention, holding

preferences constant.

We adopt this strategy to solve the identification problem in our principal model, the NDO model,
which is presented in Section 2.4. In the NDO model, there is no default option and the DM’s at-
tention assignment is assumed to be conditional. Following Manzini and Mariotti (2014a), we argue

that, in the absence of a default option, this assumption that the attention assignment is conditional

Fudenberg et al. (2018) exemplifies the optimal sampling approach to limited attention. Sims (2003) is a seminal

paper in the rational inattention literature.
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is a “natural” starting point. We show that this model is fully identified. Moreover, in Section 2.5
and Appendix 2, we present two variants of this model, the DO model and the MA model, which
are also fully identified. In all three of these models, we use our identification strategy to obtain
a closed-form solution for the unknown consideration-set probabilities and preference probabilities.
Our identification strategy can also potentially be used, however, when no closed-form solution is
available. Appendix 4 provides an illustration of an application of our identification strategy in
which we solve for the unknown consideration-set probabilities using numerical methods. Unsur-
prisingly, our strategy is not universally applicable. For instance, in Appendix 3, we show that a
model with a default option and an independent attention assignment (the IDO model) is not fully
identified. The following table presents a summary description of the NDO, MA, DO and IDO
models, as well as the identification result for each model. The final row of the table specifies the

minimum number of non-default alternatives required for the identification result.

Table 1: Summary of Models and Identification Results

NDO MA DO IDO

Default option no no yes yes
Attention assignment conditional | size-2 conditional | conditional | independent

Fully identified yes yes yes no

| X'| required for identification 5 4 3 n/a

Given the failure of identification in the IDO model, a potential topic for future research is to
ascertain whether, for such models, other identification strategies are available. There are at least
two alternative strategies. The first is to impose stronger assumptions about the attention effect;
in contrast to Caplin and Dean (2011), our paper is applicable to an arbitrary attention effect.
The second strategy is to impose restrictions on the preference probabilities. Our paper makes no
assumptions about the preference probabilities over and above those in the standard full-attention
random-utility models. Potentially, however, if additional assumptions are imposed on the prefer-
ence probabilities — such as Luce’s Independence of Irrelevant Alternatives assumption — then an
observer may be able infer further information about preference probabilities and consideration-set

probabilities from the choice data.
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Appendix 1: Proofs

Theorem 1 (Characterisation: Random-utility model)

For proofs of this result, see Falmagne (1978), Barbera and Pattanaik (1986) and Fiorini (2004).

Theorem 2 (Identification in the random-utility model)
ProoF
It follows from the definitions of M, x\ 4 and U, p that, for any = € X:
VA C X\{z}, 7(Myx\a) =) 7(Usp) (2.35)
BcA
But we can apply the Mobius inversion formula to this result. (See Stanley (2012, p. 267)).
(Mobius Inversion Formula for the Power Set)

For any finite set V and any pair of functions f, ¢ : 2" — R:

VSTV, g(8)= Y f(T) <= VSTV, f(8)= 3 (-1)S\Tly(T)
TCS TCS

If we fix an arbitrary z € X, we can think of m(M, x\4) and 7(U, p) as defining real-valued
functions on the domain 2¥\#}. So the formula licenses us to infer the following from equation
(2.35):

VAC X\{z}, 7Usa) =D (~)"Plr(M, x\p) (2.36)
BCA

But given that 7 stochastically rationalises ¢, it follows that
VAC X\{z}, wUea)= 3 (~)MBle(z, X\B) = w(, 4) (2.37)
BCA
Theorem 3 (Identification in the default-option random-utility model)
Proor

It follows from the definitions of /\;lx, x\4 and U, p that, for any z € X:

VA C X\{z}, 7(M,x\a) = 7(Usp) (2.38)

BCA
But we can apply the Mobius inversion formula to this result. If we fix an arbitrary € X, we can
think of 7’7(./\;lx7 x\a) and 7(U,.B) as defining real-valued functions on the domain 2X\{#}. So the

formula licenses us to infer the following from equation (2.38):

VA C X\{z},

3

Us,a) = Y (~D)MFIR(M, 5\ p) (2.39)
BCA
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But given that 7 stochastically rationalises ¢, it follows that

VA C X\{z}, 7(Usa)= > (-1)"Ple(z, X\B) =F(z, A) (2.40)

BCA

Theorem 4 (Characterisation in the default-option random-utility model)
PRrROOF
The (=) part of the theorem follows immediately from Theorem 3. It remains to establish the
(<) part. The first step is to extend the contour function % to a function whose domain encom-
passes not only upper contour sets of non-default options, but also upper contour sets that include
the default option. In particular, we will say that the extended contour function is the mapping
P {(z,A): AC X,z € X\A} — R such that:
i) for any A C X,z € X\A, &z, A) = &(z, A);
i) for A = {z},z € X\A, &F(z, A) = L&(z,0).
(iii) for any A = {Z,y1,...,yn} (where {y1,...,yn} € X) and any z € X \A4,
RP (2, A) = 55 2, ea BP (g, A{w)).

We establish the desired result by first defining the notion of a contour assignment and then estab-

(
(

1
m

lishing a proposition about contour assignments. Let % denote the set {Z/_{x, ACRg:z€X,AC

X\{z}}. A function p: % — R, is said to be a contour assignment if

S plthg) = 1 (2.41)

zeX
and forany A C X, A# 0

> pUza) = pUyagyy) (2.42)
z€X\A yeA

Intuitively, suppose that p(Z/_l% A) is interpreted as the probability that A is the upper contour set of
x: then (2.41) says that the sum, across each alternative z, that x is the highest ranked alternative is
unity; moreover, the left-hand side and the right-hand side of equation (2.42) are two different ways
of specifying the probability that the alternatives in A comprise the |A| highest ranked alternatives.
Define the function ps : Z — R such that, for any 2 € X, A C X\{z}, ps(Uy ) = £¥(z, A). The
remainder of the proof divides into three parts.
Part (i): pr is a contour assignment.
Part (ii):For any contour assignment p, there exists an extension of p to 2R% that is a ranking

assignment on X.

Part (iii): Let Tz be a ranking assignment on X that is an extension of contour assignment py.
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Then for any A € B and any = € A, 7z(My ) = &(z, A).

PROOF OF PART (i)

Claim 1: Forany AC X,BC A
> @z, X\B)=1- Y &« X\B)
zeX\A z€A\B
Proof

By assumption:

> &x,X\B) =1

z€X\B

So it follows that

> @@, X\B)= > &= X\B)- Y &x,X\B)=

zeX\A zeX\B ze(X\B)\(X\A)
1- > &z, X\B)=1- > &, X\B)
z€(X\B)\(X\A) r€A\B

Cla/l/m 2.
k n

See Hall (1998, p. 3).

Claim 3: Forany AC X, A# )

Z(_1)|A\B|fl Z $ X\B Z Z ‘A\B| 1 (LU X\B)

BCA z€A\B z€A  BCA\{z}

This holds because {(z, X\B) : BC A,z € A\B} = {(2,X\B) :x € A, B C A\{z}}
Claim 4: Forany AC X, A# )
> Rlx,A) =) Rz, A\{z})

zeX\A zEA

Proof

o R A= > D (-1)MPle@, X\B)

zeX\A zeX\A BCA
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= > (DY oz, X\B)

BCA z€X\A
= Y &, X\A)+ > (-)MEL N a2, X\B)
reX\A BCA reX\A
=14 Y (DM 3" &a, X\B)
BCA zeX\A
=1+ > ()M — > e, X\B)]
BCA z€A\B
4]
=St (Y) + e S e xim)
k=0 BCA z€A\B
_ Z IA\BI Z &(x, X\B)]
BCA x€A\B
= > (M N (2, X\B)
BCA z€A\B

=Y Y (-n)"Ble, X\B)

z€A  BCA\{z}

=) &x, A\{z})

€A
The first equality holds by definition of .

The second and third equalities result from rearranging the sums.

The fourth equality holds as, by definition of a choice function, er)—(\A é(z, X\A) = 1.

The fifth equality holds follows from Claim 1 .

The sixth equality results from rearranging the sums.

The seventh equality follows from Claim 2.

The eighth equality holds because, in effect, we divide twice by —1, which cancels out.

The ninth equality follows from Claim 3.

Claim 5: pg satisfies the defining properties of a contour assignment.

Proof

pr is nonnegative because k is assumed to be nonnegative.

Claim 4, together with clause (i) of the definition of %, entail that pz satisfies equation (2.42) for
A C X such that 7 ¢ A.

Clauses (ii) and (iii) of the definition of £ entail that ps satisfies equation (2.42) for A C X such
that z € A.

The definition of p; entails that pz satisfies equation (2.41) because, by definition of & and &, for
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any z € X, iP(z,0) = k(z,0) = &(z, X).

PROOF OF PART (ii)

For non-empty subset of X, A, let 0(A) denote the set of all sequences of distinct alternatives in A.
Let S := UAeQX\{Q)} g(A).

Define the function ¢ : & — R such that:

(i) for any y € X, 6((y)) = p(Uy,g)-
(ii) for any distinct y1,...,y, € X

p(z/?yn,{yl,...,yn,1})¢(<y1> cee 7yn71>)
S, yn)) = 9.43
(o) 2 seo({yrnm13) P(5) (2:49)

Let £ :=m + 1.

The desired ranking assignment, 7, : 2Rx — [0,1], is defined to be such that, for any set of rankings
R € 2Rx:

(i) if R =0, then 7,(R) = 0;

(i) if R is a singleton {>} such that y1 > y2 > ... > yp, then 7,({>}) = 6((y1,v2,-- .-, ye));

(iii) otherwise

To(R) = ) mp({~})

~cR

In Claim 2, we show that Z>e7€)—( 7p({>~}) = 1, so T, is, indeed, a probability measure on the event
space (R, 27x).

In Claim 6, we show that 7, is an extension of p.

Claim 1: Consider any i € {0,1,...,¢— 1}.
S et =1 (2.44)
(y,A):|Al=i,ye X\ A
Proof
Basis step
For i = 0, the desired result follows from the fact that, by definition of a contour assignment
S o(lyg) =1 (2.45)
yeX\0
Induction step

The induction hypothesis is that Claim 1 holds for i =n < £ —1. We want to show that, given this
hypothesis, it also holds for i = n+ 1. For an arbitrary A C X such that |A| = n + 1, the definition
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of a contour assignment entails that
> pUra) = pUyagyy) (2.46)
zeX\A yeA
Summing over both sides we obtain
) Do opUea)= D> Y Uy = Y Y pUya) =1 (247)
ACX:|Al=n+1 zeX\A ACX:|Al=n+1 y€cA ACX:|Al=n yecX\A

The first equality is obtained by summing over both sides.

The second equality holds because {(y, B) : for some A C X such that [A| = n+ 1,y € A,B =
A\{y} } ={(y,4) : |A] =n,y € X\A}.

The third equality holds by the induction hypothesis.

Claim 2
Y e(s)=1 (2.48)
s€o(X)
Therefore
> m{-h=1 (2.49)
~ERx

so T, is a ranking assignment on R x.
Proof

By definition of ¢: )
pUy, ()W, - Y1)

o((y1, -5 ye)) = (2.50)
2seo(fynr_}) 205
Summing over both sides:
Z Z Z p(“yg X\{yg})¢( )
s€a(X) yeeX tea(X\{ye}) ZSEU ({y1ye-1}) (b( )
y 9(t)
- PUy, 3\ (ye}) Z S ()
yeeX teo(yeX\(y}) €T X\ ue)
- Z p(z’_{yz,ff\{ye}) =1 (2.51)
yeeX
The final equality is implied by the instance of Claim 1 where i = ¢ — 1.
In order to specify the next claim, we first define the symbol @ as follows: for any vi,...,y, € X

and k <n,if s = (y1,...,yk), and 8" = (Yp11,...,yn) let s® s’ denote (y1,...,yn).
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Claim 3
For any A C X, y € X\A:

pUya)= D (s ® ()

s€o(A)
Proof
Consider any s € 0(A). By definition of ¢:
P(L_{y A)P(s)
R S0
Summing over both sides:
p(Uy,1)8(5) v ¢(s) y
&) = = p(U, U,
S;:A) ¢(S <y>) Nt ZtEU(A) ¢(t) p( y,A) S;:A Zteo—(A) ¢(t) p( y,A)
Claim 4
o opUea)= Y o(s)
zeX\A s€o(A)
Proof

ST opUea) =D pUUyngy) =D > dse@)= > ¢(s)

zeX\A yeA yeA sea(A\{y}) s€o(A)

The first equality follows from the definition of a contour function.

The second equality follows from Claim 3.

The third equality holds because {s ® (y) : y € A,s € a(A\{y})} = o(4).

Claim 5
For any A C X and any s € o(A):

S ds@s) = o(s)

s'€a(X\A)
Proof
Basis step
y ¢(s)
d(s @ (y) = p(Uy.4) — = ¢(s)
yeg\A yg—;\A 4 > €o(A) o(s")

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)



The first equality holds by definition of ¢.

The second equality follows from Claim 4.

Induction step

The induction hypothesis is:

S S ) S ) = o)

neX\AypeX\(Au{n})  w-1€X\AU{Y1,ye—2}) ve€X\A(U{y1,yx—1})

We want to show

Z Z Z Z A5 @ Y1y Yks Yrt1)) = D(5)

neX\AyeX\(AU{y1})  wreX\(AU{y1,¥k—1}) Yrt1€X\(AU{y1,-ux})

Proof

Z Z Z Z A(s @ (Y1, - -+ Yk> Ykt1))

neX\AyeX\(AU{y1})  weeX\(AU{y1,¥k—1}) Yrr1€X\(AU{y1,.-,yx})

=2 2

y1€X\A y2eX\(AU{y1})

Z Z p(ayk+1,AU{y1,~~~7yk}) O b))

/
YR EXN(AU{Y1,e0k1}) 1 €X\(AUTY1 i }) Loseo(auiyn.en)) P15

- Z Z Z A(s D (Y1, -, yk)) = O(8)

neX\A yeX\(AU{y})  yreX\(AU{y1,yx—1})

The first equality follows from the definition of ¢.

The second equality follows from Claim 4.

The third equality is obtained from the induction hypothesis.
Claim 6

Tp is an extension of p. That is, for any A C X,ye X\A

Proof
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The first equality follows from the definition of 7, and the definition of the event Uz A.
The second equality follows from Claim 5.

The third equality follows from Claim 3.
PROOF OF PART (iii)

From part (ii), there exists an extension of pz to Rg. Let 7z denote one such ranking on X.
As 7 is an extension of pz, thus for any x € X, A C X\{z}, ﬁR(L_{x,A) = p,—.@(l/_{xyA) = kP(x,A). In

particular, for any z € X, A C X\{z}, 7x(Uy.4) = K(z, A). Plugging in the definition of & yields:

Vo e X, AC X\{z}, Ta(lpa)= Y (-1)*Plez, X\B)
BCA

Applying the Mobius inversion formula gives:
Vo e X, Ac X\{z}, ez X\A)= > mx(Uyp)
BCA

But it follows from the definition of the event of 2 being the maximum in X\ A and the event of B

being the upper contour set of x that

Voe X, AC X\{z}, Tr(M,x\a)= > Tallp)
BCA

So
Vo € X7A - X\{$}, ﬁE(Mx,X\A) = E('va\A)

Lemma 1 (Reduced row echelon form for the NDO model)
PRrooFr

We will use the following notation for the coefficients in equation (2.16). Let
qu = —d (v, ), qu =1— (@i, zizj), bij = (w5, xizj) — c(m4, wixj)
We can then rewrite (2.16) as follows:
—bijuj + gl A — bijii+ gy = by, i, j € {1,...,m}i<j

The proof divides into two stages. First, we prove the result for the case in which there are five

alternatives. Second, we then extend the proof to the case in which there are m > 5 alternatives. If
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there are five non-default options, then the equation system (2.16) comprises 10 equations. It will

be helpful to order the rows of the augmented matrix for the equation system as follows:

~b15 ¢ O 0 0 0 0 0 —biz qs bis

0 0 —bu gy 0 0 0 0 —by ¢y bu

0 0 0 0 —bi3 ¢35 O 0 —bis qiy bis

0 0 0 0 0 0 —ba ¢ —ba gy bio
0

Q.b] = 0 0 0 —byg go3 —bas ¢33 0 0 b (2.59)
—bys g3 O 0 0 0 by g O 0 bos
0 0 —by g5 O 0 —boy g3 0 0 by
~bgs g3 O 0 bz ¢ O 0 0O O b3
0 0 —bsy g3 —bsa ¢, 0 0O 0 0 by
b5 d4fs b gis 0O 0 0 0 0 0 bg

First, for each row in this matrix, we perform the row operation of dividing it by the final element.

(By the NDO-nonzero condition, the final element of each row is non-zero). The result is

1 p% 0 0 0 0 0 0 -1 p 1
0 0 —-1p4 0 0 0 0 -1 pl, 1
0 0 0 -1 ply 1
0 0 0 0 0 0 -1 p% —1 ply 1
0 0

0

0 0 -1 pdy —1 p3 0 0 1
—1 pis 0 0 0 -1 p3 0 0 1
0 0 -1 p4 0 0 —1p3 0 0 1
-1 p} 0 0 —1p 0 0 0 0 1
O 0 -1 p3y -1 p3, 0 0 0 0 1
1 p}s -1 p& 0 0 0 0 0 0 1

where pgj = %,pgj = %. Then, from row 5, subtract rows 3 and 4. From row 6, subtract rows
i i
1 and 4. From row 7, subtract rows 2 and 4. From row 8, subtract rows 1 and 3. From row 9,

subtract rows 2 and 3. From row 10, subtract rows 1 and 2. The final six rows of the matrix then
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become

0 0 0 0 0 diy 0 d33 2 di; -1
0 dys 0 0 0 0 0 d35 2 diy -1
0 0 0 djyy O O O d3 2 diy -1
0 d) 0 0 0 dis 0 0 2 diy -1
0 0 0 djy 0 d3 0 0 2 dif -1
0df’150d§500002d}15—1

where d}j = —p%i —p%j; for j # l,dgj = pU plj, fori# 1,d! i pﬁj —pliz-. From the final five rows,

subtract row 5. The final five rows then become:

0 0 0 diy 0 —d3; 0 €2, 0 ek 0
0 d3s 0 0 0 el 0 —d3;3 0 ek 0
0 0 0 djy 0O e, 0 —d33 0 €y 0
0 djs 0 dis 0 —d3;3 0 —d3; 0 el O
where e —dk —dk From line 8, subtract line 6 times % From line 9, subtract line 7 times Zi .
25 24
The final three lines then become
0 0 0 0 0 73 0 72 0 ri; O
0 0 00 0 73, 0 73, 0 rif O
0 djy 0 diy 0 —d3s 0 —d3s 0 ejy O]
where 35 = e35 — 625><Zz 7T§4:6§4_6§4X%7 T§5:—d§3_€%5><3§5’ —d5y — 624X%a

T35 = €3 + dig X d5 , T3y = €3y + dig X d4 From line 9, subtract line 8 time 34 r35 . Then divide line

9 by its eighth element. The final two lines become:

00 0 0 0 0 0 1 0 t O
0 djs 0 dis 0 —d33 0 —d3; 0 els O

3 3
where ty = [ri, — %7‘%5] /[r3, — ZT;*T%]. From line 8, subtract line 9 times 73;. Then divide line 8
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by its sixth element. Line 8 then becomes:

000O0O0O1QO0TO0T®O0T 0

1 4.2
where t3 = 15=2"3  From line 7, subtract line 9 times e3, and line 8 times —d3;. Then divide line

35
7 by its fourth element. From line 6, subtract line 9 times €35 and line 8 times —d3;. Then divide
line 6 by its second element. From line 5, subtract line 9 times d3; and line 8 times d3;. Then divide

line 5 by 2. Lines 5, 6 and 7 become:

000000001 s —3
010000000 ¢t 0
000100000t O

654_634?"‘5@31&3 te = ep5—€35tatdists dys3—d3sta—dists
’ 2

where t4 = and s; = . From line 1, subtract line

24 dg5
6 times pif); from line 2, subtract line 7 times p‘ﬂ; from line 3, subtract line 8 times p‘i’3; from line
4, subtract line 9 times p%Q. To each of these four rows, add row 5, then multiply the result by —1.

The first four rows then become:

(100000000 s5 —3
001000000 s4 —3
000010000 s3 —3
000000100 s, —3

where si:tipiu—p%i—sl for ¢ = 2,...,5. From row 10, subtract df’m by row 6, dir) by row 7,

—dgg by row 8, and —d§3 by row 9. The result is a row of zeroes except for, potentially, the tenth
element. So either (a) this element must also be zero or (b) A; = 0.1 But the second possibility is
ruled out by the following claim:

Claim 1: Ay # 0.

15The matrix corresponds to a system of equations. In particular, as all of the elements in row 10 are zeros except
for, potentially, the tenth element, it follows that row 10 corresponds to the equation kA; = 0, where k is the tenth

element in row 10. Thus either £ or A1 must be zero.
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Proof: Suppose, for contradiction, that A; = 0. From the matrix above, for i = 2,3,4,5, A; =
—t;A1. So also for i = 2,3,4,5, A; = 0, thus for ¢ = 1,2,3,4,5, ¢; = ¢, and so ¢ = ¢/. But this
contradicts the NDO non-zero condition.

Reordering the rows yields the reduced row echelon form matrix.

We now extend this proof to a proof of the general case where |X| > 5. Suppose we specify the
rationalisation conditions in a matrix in the following order.

(i) The first 10 equations are the 10 conditions in proof for the case where m = 10, and are listed
in the same order as in that matrix.

(ii) The next 2(m — 5) equations, are, respectively, the equations for the sets {z1,z6}, {x2,zs},
{z1, 27}, {z2, 27}, . Az, 2m ), {22, 2m }-

(iii) The final () - 2m conditions are enumerated next in any order.

Suppose that first we perform the same row operations as were performed in the example with

m = 10. The result is the following matrix.

0 0 0 0 100000 0 0 0 s -1
0 0 00 0100000 0 0 t5 0
0 0 0 0 001000 0 0 0 s -1
0 0 0 0 000100 0 0 0 ty O
0 0 0 0 000010 O O 0 s3 —3
0 0 00 000D0DO0OT1 0 0 0 t3 0
0 0 0 0 000000 1 0 0 s -1
0 0 00 0000000 1 0 t 0
0 0 0 0 000000 O 0 1 s -3
0 0 0 0 0000DO0OO0DO 0 0 0 0
0 0 —1 % 000000 0 0 -1 pf 1
0 0 —1 p8% 0 00000 —1 p3 0 0 1
-1 p® ... 0 0 000000 0O 0 -1 p\ 1
~1p® ... 0 0 000O0O0O -1 p% 0 0 1

Perform the following row operations on rows 11 and 12.
Step 1: From row 12, subtract row 11, row 9, and row 8 times p3s, add row 7, then divide the

resulting row by dSg = pS¢ — p%6.
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Step 2: From row 11, subtract row 12 times p(fﬁ, add row 9, and multiply the result by —1.
Step 3: Move rows 11 and 12 up to respectively, rows 1 and 2, moving all the other rows down by
two places.

The first and second rows then become:

00 ..1000O0O0O0O0O0O0O0 s —
00 ...010O0O0O0O0O0O0O0O0T¢LL O

where tg = W and sg = t6p?6 — p%ba — 81.

Repeat similar three steps for the pair of rows 13 and 14, the pair 15 and 16, and so forth. More,
precisely, for each i € {7,8,...,m}, perform the following row operations on rows 2i — 1 and 2i.
Step 1: From row 2i, subtract row 2¢ — 1, row 9, and row 8 times p%i, add row 7, then divide the
resulting row by d, = pb, — p',.

Step 2: From row 2i — 1, subtract row 2i times p’ii, add row 9, and multiply the result by —1.
Step 3: Move rows 2¢ — 1 and 2i up to respectively, rows 1 and 2, moving all the other rows down

by two places.

The result is the following matrix:

10 000000O0O0OO0O0 s, —3
01 0000O00O0O0O0O0O0 t, O
00 00100000000 s5 —3
00 00010000000 t; O
00 000010000O0O0 s4 —3
00 00000100000 t4 O
00 00000010000 s3 —3
00 00000001000 t;3 O
00 000000O0O0100 s —3
0 0 000000O0O0O0T10O0 t2 O
0 0 000000O0O0OO0T1 s5 —3
00 000000O0O00O0O0OO0 0 O
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s2—pi,—s1—p3;ta

S _ _ 7 1
where, for i =6,7,...,m, t; = i and s; = t;p};, — py; — s1-

It remains to show that, in the reduced row echelon form, the rows from row 2m + 1 to (7;) are all

zero rows. Any such row has the form:

-1 p; .. =1 py .1

Suppose that, to this row, we add rows 2(m — j) + 1 and 2(m — i) + 1, and then subtract from it
pgj times row 2(m — j) + 2 and pj; times row 2(m — i) 4 2. Then all the elements of the resulting
row will be zeroes except, potentially, the penultimate element. However, this penultimate element

must also be zero, applying similar reasoning to that in claim 1 above.

Theorem 5 (Identification of attention assignments in the NDO model)
Proor

The rationalisation conditions for ¢ imply that

(14 v+ w)e(zr, z122) = 2 + T( Mgy 2120) (2.60)

(140 +w3)e(zr, z123) = t3 + T( Mgy z125) (2.61)

(1401 4 12 + 13 + tita + L1tz + tatz)e(xr, T12223) = Lotz +
L37T(M:v17$1$2) + LQW(MILJCM?,) =+ F(Mm,mmm) (2'62)

Equations (2.60) and (2.61) allow us to substitute out the terms m(My, 2,2,) and 7(Mz, 2,2,) from
(2.62), yielding

(1401 412 + 13+ tita + t1e3 + taz)e(xr, v12223) = T( My z120m5) +

t3(1 411 + 12)e(xr, x1x2) + t2(1 + 11 + 13)e(x1, x123) — Lot (2.63)

Given that ¢ is rationalised, we could similarly show that
(L4 + iy + 03+ iy + 03 + 33)C (01, 212273) = T( My 212205) +
(140 + b)) (1, mima) + (1 + o) + o5) (1, m123) — thiy (2.64)
If we take the difference between (2.63) and (2.64), we can eliminate 7(My, 21 2005), Obtaining
(1401 + 1243+ 12 + titg + totg)e(xy, x12223) + Lotz—
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(e3[1 + 1] 4 vat3)e(xy, x122) — (2]l + 1] + tatg)e(xy, x123) =
(L4 d) + iy + o + s + s + ihes) (T, m1@aT3) + this—
(e5[1+ 3] + 1a15)c (21, 2122) — (51 + 1] + t5e5) (w1, 2123) (2.65)

Rearranging

14 t1]e(zy, x12073)+
[14 e1]ea(c(zy, x12073) — (21, T123) )+
[1+ t1]eg(e(xy, x1203) — (21, 2122) )+
tat3(c(xy, z1moms) — (1, x122) — (21, T123) + 1) =
1+ 4] (21, z1m0ws)+
1+ )5 ( (21, vw023) — ¢ (21, 7123) )+
[1+ 4]ds( (21, 212073) — (21, T122))+
s ( (w1, 2120003) — ¢ (201, M122) — (W1, 1223) + 1) (2.66)

Subtracting the right-hand side from the left-hand side
0=[1+v1])(c(z1,x17223) — (71, B17273)) —

Al (x1, 111973)+
[t1 4+ ez(c(z1, z120223) — (21, T1703) — (21, T120923) + (W1, T123) )+
([t1 + 1)eg = [} + 1) (¢ (21, z120073) — (71, 21703))+
[t1 4+ 1es(c(z1, T120223) — (31, T122) — ¢ (T1, T1W273) + (W1, T122) )+
([t1 + eg =[] + 1)5)(¢ (1, m1m223) — (21, 172) )+
ot3(e(ry, x1mom3) — c(xy, x120) — (1, T123) — ¢ (21, T12273) + ¢ (21, T120) + (21, T173) )+
(a3 — this)( (z1, m1wows) — (w1, 2172) — (21, 2123) + 1) (2.67)

First, note that oty — thess = —(12Ag + 1302 + AgAg) and for ¢ = 2,3, [11 + 1]¢; — [f + 1]} =
—([e1 + 1JA; + ;A1 + A1A;). Second, from Lemma 1, for i = 2,3,A; = —t;A; and for ¢ =

1,2,3,14 = —% — s;A1. Substituting these results into the above equation yields
1 /
0= [5 — 51A1](e(x1, v17223) — ' (21, T1T273))—
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A (21, T12073)+

(% — slAl)(—% — s9A1)(c(z1, z12223) — (1, T173) — c’(xl, r1T2T3) + c’(ml,mlxg))—i—
(h(% —5141)A; + (% + 59A1) Ay + AT ( (w1, w1@023) — ¢ (01, 2123))+

(% — slAl)(—% — s3A1)(c(x1, m12273) — (21, M1272) — (21, T1T273) + (21, T172)) +
(t5(5 — 518081 + (5 + 5580 A1 + t5AD)(& (1, w1zws) — ¢ (1, 7122)) +

1
(§+82A1)(§+83A1)(C(1‘1, z122x3)—c(x1, T122) — (21, T123) — (21, T1T2w3)+C (21, 1T2) +C (21, T123) )+
1 1
(tQ(_i —83A1)A1 +t3(—§—82A1)A1 —tgtgA%)(C/(ajl, mlxgxg) —C/(:L'l, .%'1.%2) —C/(.%'l, .%'1333)—!—1) (2.68)

The result is a quadratic equation of the form fA2 + gA; + h = 0, where expressions for f,g and

h are given as follows:

f = s1s9(c(wy, v1w023) — (w1, x1703) — (21, T1W00273) + (21, 1 23) )+
(to(1 — s1) + s2)( (21, T12223) — (21, T173))+
s183(c(w1, v12223) — (w1, 2102) — C/(961, T1T2x3) + C’($1,3?1962))+
(tg(l — 81) + Sg)(C,(fL‘l, .%‘11’233‘3) — C/(ZL‘l, xlibg))—l—
sas3(c(x1, T1w073) — (21, T1W2) — (w1, W123) — (21, T1X273) + (21, M172) + (W1, T173))
—(sat3 + sgto + tats) (' (x1, w12223) — (21, 2122) — (21, T!123) + 1) (2.69)
g = —si(c(x1, miwons) — ¢ (x1, T12273)) —
d(z1, z120m3)+
1
5(81 — s9)(c(z1, m1xows) — c(x1, m123) — (21, T1W2W3) + (21, T173) )+
1
5(752 + 1)( (21, m12273) — ¢ (21, T1703) )+
1 / /
5(81 - 83)(0(451, £U1962333) - 0(961, 1‘1332) —C (1‘1, $1$2$3) +c (331, 331302))—1-
1
§(t3 + 1)(¢ (w1, 1292:3) — (21, T172) )+

1
5(32 + 83)(c(x1, v17273) — (21, 1122) — (1, T123) — ¢ (21, T1W2T3) + (W1, 172) + (31, T123)) —

1
§(t2 +t3)(c (21, T170223) — (201, M122) — (21, T123) + 1) (2.70)
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1
h = 5(0(5517561902333) — (@1, 212223)) —

1
(@1, @1w2w3) — c(w, @1a3) — & (21, 21wawy) + ¢ (01, 2123)) —

1
Z(c(ajl, r1w923) — (w1, x172) — (11, X1W0273) + ' (W1, T172) )+

1
—(c(x1, x10013) — (21, T122) — (31, M123) — (W1, W1 W273) + ¢ (21, T122) + (21, T123))  (2.71)

4

We can simplify the constant term h as follows:

1 1 1 1

h = [5 ~171 + Z][C(ml’ r1w273) — ¢ (21, T17273)
11 ,
HZ — 1][*0(931,561903) + (21, 123)]
11 ,
+[Z - Z][—C(.%l, $13§‘2) +cC (33‘1, xll‘g)]
1
= Z[c(arl,mlmxg) — d(z1, z12923)]

Moreover, we will now show that g = 0.

We can rewrite the expression for g as follows:

1 1 1
g=[—s1+ 5(51 — S2) + 5(81 —s3) + 5(82 + s3)|(c(x1, T17223) — (21, T1T273) )+

11 1, 1 1 ,
[F14 Ste + 5+ Sts+ 5 — (2 + ta)ld (w1, 21waws) +

2
1 /
+§(51 — 89)(—c(z1, x123) + ¢ (21, T123) )+
11,
+(§t2 + 5)(—6 (21, x173))+

1
+§(51 — s3)(—c(z1, 2122) + (21, 2122) )+
11,
+(§t3 + 5)(—0 ($17$1$2))+
1
5(32 + s3)(—c(z1, 2172) — (21, T173) + ¢ (21, T122) + (71, T173))+
1
—§(t2 + tg)(—c'(xl, .261332) — c’(wl, 1’11’3) + 1) (2.72)
But the first two terms are equal to zero because —s1 + & (s1 — s2) + 2 (s1 — s3) + 5(s2 + s3) = 0 and

-1+ %tg + % + %tg + % — %(fz + t3) = 0. If we drop these two terms out, and rearrange, we obtain

1
g= —5((31 + 83)(c(w1, m123) — (21, 1123)) — (t3 — 1) (21, T123) + t3+

(s1+ s2)(c(x1, x172) — (21, 1122)) — (to — 1) (21, T122) + 12) (2.73)
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But consider rationalisation condition (2.16) for the case where i = 1 and j = 2,3, and suppose

that we substitute in Aj; = —t;Aq, 11 = —% —51Aq. and ¢; = —% — 5;A1. Then we obtain
1 1 )
(1-— 5 $1A1 — 5 s A1) (c (x1, 21, 25) — c(x, 21, 25)) =
—tjAl — (—tjAl + Al)c'(acl, xlxj) (2.74)

If we divide throughout by A1, and rearrange, we obtain, for j = 2, 3:
(s1+ s5)(c(z1, w1, 25) — (21,21, 25)) = (7 — 1) (21, 1125) — 8

So equation (2.73) implies that g = 0.

Accordingly, as the NDO-nonzero condition assumes that f # 0, then A; must satisfy: A; =
+v/—h/f.

How do we ascertain whether A; is the negative or positive square root? Given that (c,c) is ratio-
nalisable, we know that +; must be positive; and we also know that ¢; = —% — 51A1. So A7 must

have the opposite sign to s1. This allows us to obtain a unique solution for Aj.

/R if s >0
V—h/f otherwise

Theorem 6 (Identification of ranking assignments in the NDO model)

Ay -

ProoOF

In order prove this result, we first establish the following claim:

Claim 1: Given the assumptions in Theorem 6, for any B € B,z € B, we have fi(z, B) = 7(M B)
and [/ (z, B) = m(Mg,B).

Proof

We prove the result for fi; the proof for ji’ is analogous. The proof is by induction on the size of set
B.

Basis step: Claim 1 holds for B € B such that |B| = 1.

It follows immediately from the definition of i that fi(x, B) = 1. Moreover clearly m(M, ) = 1.
Thus ji(z, B) = (Mg B).

Induction step

Induction hypothesis: For any integer n > 1, suppose that Claim 1 holds for any B € B such that

|B| < n.
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We want to show that Claim 1 also holds for any B € B such that |B| = n.

Consider any B € B such that |B| = n. From the definition of rationalisation, for any = € B, we

have:
c(x,B) = 3 acpaea @A, B)T( Mz a)
T(Myp) = de(g B (2.75)
But the definition of & specifies that
c(x,B) — vea O(A, B)j(z, A
ii(z, B) = ( ) ZAgB, ea & )i( ) (2.76)

&(B, B)

(2.75) and (2.76), together with the induction hypothesis, entail that 7(My p) = i(z, B).
Having proved claim 1, we now turn to the proof of Theorem 6. We prove the result for ©; the proof
for ¢’ is analogous.

Clearly, from the definitions of the sets M, g and U, g, for any z € X

VAC X\{z}, 7(Myx\a) =) 7(Usp) (2.77)
BcA

Suppose we apply to equation (2.77) the Mobius inversion formula for the power set. This implies
VAC X\{z}, 7Usa)= ) (—1)MBlr( M, x\a) (2.78)
BCA

If we substitute into equation (2.78) the result in Claim 1, we obtain the desired result:

VAC X\{z}, 7(Usa)= > (1", X\A) = i(z, A) (2.79)

BCA

Theorem 7 (Characterisation in the NDO model)
ProoOF
The (=) part follows from Theorems 5 and 6. The (<) part is established as follows. Given that
¢ and 7’ are positive and real, then & and &' are well-defined conditional attention assignments and
the NDO contour functions © and ¢ are also well-defined. The proof of the (<) part of Theorem
7 has five steps.
(a) for any B € B, > g fi(z, B) = 1.
(b) for any B € B, for any x € B, ji(x, B) > 0.
(c) there exists a ranking assignment on X, m, such that, for any B € B and any = € B, ji(z, B) =
7(My B).
d) m and & rationalise c.

(
(e) m and & rationalise ¢'.
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PROOF OF STEP (a)
The proof is by induction over the size of the choice sets.
Basis step: Part (a) holds for any B € B such that |B| = 1.
In this case, from the definition of fi, 1 = ji(z, B) = > g ji(z, B).
Induction step
Induction hypothesis: Consider any B € B such that |B| > 1. Suppose that, for any non-empty
AC B, wehave ) _,fi(z,A) = 1.
We want to show that, given that the induction hypothesis holds, > 5 fi(z, B) = 1.
From the definition of i, for any x € B

c(z,B)= > &(A, Bz, A)

ACB:zeA

If we sum over the alternatives in B, the definition of a choice function implies that the left-hand

side is 1, yielding
=Y Y aA B )
r€B ACB:z€A

But the right-hand side of this equation is, in effect, a sum of expressions & (A, B)ji(z, A) over the

set {(z,A): AC B,z € A}. Thus

1= > a4 B, A) = > a(A, B)ju(x, A)
x€B ACB:xzcA (z,A)e{(z,A):ACB:zc A}
= Y D> aA Bz A= Y a Z
ACB:A#) z€A ACB:A#D cA
= > a&(A,B)Y =z, A)+a(B,B)Y xz,B)= Y &4 B)+aB,B) Z
ACB:A#) €A z€B ACB:A#) €B

(2.80)
Note that the induction hypothesis justifies the final equality in (2.80). Moreover, from the definition

of a conditional attention assignment, given that &((), B) is assumed to be zero, we have

1= Y &A4,B)+aB,B) (2.81)
ACB:A#)
Subtracting (2.80) from (2.81) yields
0= a(B, B)( Z (2.82)
€B

But as &(B, B) > 0, thus ) g j(z,B) =1
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PROOF OF STEP (b)

By definition of U, for any x € X:

VA C X\{z}, oz, A) =Y (-1)"Pli(z, X\B) (2.83)
BCA

Applying the Mobius inversion formula, we obtain that, for any = € X:

VAC X\{z}, f(z,X\A)= ) i(z,B) (2.84)
BCA

As the NDO contour function is assumed to be non-negative, it follows that i is non-negative.
PROOF OF STEP (c)
The form of the justification for step (c) is precisely parallel to the justification for the (<) part
of Theorem 1. This is because (i) i has the same domain as a standard choice function and (ii) as
shown in steps (a) and (b), £ has the same formal properties as a standard choice function — it is
non-negative and probabilities over a choice set sum to one.
PROOF OF STEP (d)
It follows from the definition of a maximum function that, for all B € B,x € B:
c(z,B)= > a&(A, Bz, A) (2.85)
ACB:xeA

If we substitute into this equation the result from step (c), then the definition of rationalisation
implies that c is rationalised by 7 and &.
PROOF OF STEP (e)
In the reasoning in step (b), we can replace 0 and fi by ¢’ and /. Given that 0 = ¢', (2.84) implies
that, for all x € X:

VA C X\{z}, j(x,X\A)=> o(x,B)=> (z,B)=j(x,X\A) (2.86)

BCA BCA

As i = i/, in the result in step (c¢), we can replace i by /. Using parallel reasoning to that in step
(d), we can establish that 7 and &' rationalise ¢
Theorem 8 (Identification of attention assignments in DO model)
Proor
The system of linear rationalisation conditions in equations (2.31) and (2.32) can be represented in
matrix form as follows. Denote the vector of unknowns to be v = (1, Ay bin—1, A1, -+ -5 L1, A1).

If we fix a particular order of the equations, we can write the equation system as Qv = b where Q
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is a matrix of coefficients of size 2(7;) x 2m, and b is a vector of constant terms of length length
2(’;) It turns out that this linear system of equations does not allow us to solve for the inattention
odds vectors ¢ and /. But, as is implied by Lemma 2 below, there is only one free variable in the
system of equations, which allows us to solve for all attention parameters in terms of one attention
parameter.

Lemma 2 (Reduced row echelon form for the DO model)

Consider any choice function (¢, ) that (i) satisfies the DO-nonzero condition and (ii) is rationalised
by some ranking assignment and a pair of conditional attention assignments. Then the matrix of
coefficients for this choice function Q has rank 2m — 1 and, in particular, the reduced row echelon

form of the augmented matrix [Q b] is given by

1000 000 5 -3
0100 00 0 tn 0
0010 00 0 Sp1 —3
0 001 000 tp1 O
0000 100 5 -1
0000 01 0 ¢ 0
00 00 001 & —%
0000 000 O 0
0000 ...000 O 0 |
where the terms ¢;, 7 =2,...,m and 5;, : = 1,...,m are defined in the proof of the lemma below.

Proof of Lemma 2
Let us use the following notation for the coefficients in equation (2.31), which will be termed the
difference equation for ¢(z;,x;x;T).
q;:,ij = —E’(mi,mixj;i)
qz]',ij = E(l‘i, a:za?) — E’(xi, .’L‘ﬁb‘jiﬁ)

bii; = El(.m, x,;xja?) — (s, xz‘xjj)
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We can then write equation (2.31) as follows:

b 7 2 i
—biijty + @A — bigjti + G Ai =

biij

Similarly, let us define the coefficients in equation (2.32), the difference equation for é(z;, z;x;T),

as follows

@ij = e(j, x;z) — & (x5, via5T)

TCij = —(zj, 7i7;7)

bj’z'j = El<$j, l’il'jii‘) — E(acj, l‘imj.f‘)

We can then write equation (2.32) as follows

R R I N
—bjijt; + qj,ijAJ bjijti + @ i;0: = bjij

The proof divides into two stages. First, we prove the result for the case in which there are only

three non-default options. That is, X = {x1, 22, 73,%}. Second, we then extend the proof to the

case in which there are m > 3 non-default options. If there are three non-default options, then we

can write the augmented matrix as follows:

00

0 0

Q- | e
—b313 53,13

—62,23 (j%,zg

_—(_?3,23 (73?,’,23

—b1 12 Cﬁ,u —b1 12

—52,12 (1%12 —52,12
0 0 —biis
0 0 —bsis

—62,23 63,23 0

A -2
—b323 G393 0

@7%,12
95,12
q_%,13
Q§,13
0
0

51,12
ba,12
51,13
53,13

b2,23

b3,23 |

(2.87)

First, we apply to this matrix the row operation of dividing each row by the final element. (By

clause (i) of the DO nonzero condition, the final element of every row is nonzero.) Let us define

ﬁ:zj = Qf,ij/[;i,ij, ﬁiij = (If-,ij/l;i,ij, ﬁ;” = q;,ij/EjJ‘j, ﬁ;’ij = qg7ij/6‘j7ij. The result is the following

matrix:

-1 15“;’,13
-1 P33

=3
-1 D3 23

—1 P53

-1 15%,12 —1 ﬁ%,m
-1 ﬁ%,m -1 155,12
0 0 —1 pig
0 0 —1 Py
-1 P3a3 00
-1 ]53,23 0 0
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Next, for every even row, subtract from that row the odd row preceding it. If we define Jgj =

A SR B i
D545 — Piij»diy = Djij — Dj ;- then we obtain:

0 0 -1 15%,12 —1 ﬁ%,m 1
0O 0 0 d 0 dy 0

—_

-1 15‘;’,13 0 0 -1 pigs
0 & 0 0 0 d

es}

—1 Ploy —1 Diys O 0 1
o @ 0 & o 0 o

_ di. ..
For all j > 1, define t; = Jﬁ. Suppose that we then divide row two by d, and row four by JZ{’3.

J
15

(Note that, by the DO-nonzero condition, for j = 2,...,m, cz]ij # 0). Then we obtain

0 0 -1 ]5%,12 —1 15%,12 1
0 0 0 1 0 to 0

—_

-1 ]5‘;’,13 0 0 -1 pigg
0 1 0 0 0 t3 0
—1 pia3 —1 Phos O 0 1
0 @ 0 B o o o

Next, the matrix below results if we perform the following row operations:
i) from the first row, subtract the second row times p? ;, and multiply the result by —1;
1,12 y Y
ii) from the third row, subtract the fourth row times p3 ,, and multiply the result by —1;
1,13
iii) from the fifth row, subtract the second row times p3 .. and the fourth row times p3 .., and
2,23 2,23

multiply the result by —1.

0 0 1 0 1 5213%,12 - ]5%,12 1]
0 0 0 1 0 to 0
1 0 0 0 1 f3p};3—pr3 -1
01 0 0 0 t3 0
1 0 1 0 0 tophoz+1isphoy —1

0 d33 0 d33 O 0 0]

We obtain the following matrix if, from row one, we subtract row five, add row three, and divide
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the result by 2.

00 0 0 1 5 -3
0 0 0 1 0 t2 0
1 0 0 0 1 f3p},;3—pry3 -1
01 0 0 0 t3 0
1 0 1 0 0 Bpg+isplay —1
0 di5 0 d3; 0 0 0

where 51 := %[t_gﬁilz — Dl1g — 1203 93 — 1373 93 + 1375 13 — P} 13-
The matrix below results if we perform the following operations:
(i) From row three subtract row one.

(ii) From row five, subtract the row that results from the previous row operation.

0 0 0 0 1 5 -1
00 0 1 0 & 0
1 0 0 0 0 5 —3
0 1 0 0 0 & 0
00 1 0 0 85 -1
0 d35 0 d33 0 0 0|

where 53 = {3p} 13 — P 13 — 51 and 5y = top3 o3 + 3D 53 — 53.
From row six, subtract row four times d3; and row two times d2;. The result is a row of zeros except
for, potentially, the penultimate entry, which is —d33t3—d35t2. So either (a) this penultimate element
must also be zero or (b) A; = 0. But the second possibility is ruled out by the following claim:
Claim 1: A; #0.

Proof Suppose, for contradiction, that A; = 0. From the matrix above, for i = 2,3, A; = —;A4.
So A; = 0. Thus, for i =1,...,3, t; = ;. So ¢ =¢. But this violates clause (i) of the DO-nonzero
condition.

Claim 1 entails that all the elements of the sixth row must be equal to zero.
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If we rearrange the order of the rows, we obtain the matrix specified in Lemma 2.

10000 5 —%
01000t 0
00100 5 —3
00010t O
00001 5 —1%
00000 0 0]
This completes the proof for the case where m = 3.
We now extend this proof to a proof of the general case where |X| = m > 3. Consider the

system of equations comprising the following enumeration of the rationalisation equations:

(i) the first six equations are the six difference equations represented in the augmented matrix in
equation (2.87), enumerated in the order in that matrix;

(ii) the next 2(m—3) equations are, respectively, the difference equations for é(x1, x124%), ¢(x4, T1247),
é(x1,x5%), ¢(x5,2125T), ..., C(T1, T1TmT), C(Tm, T1TmT);

(iii) the remaining 2(7;) — 2m difference equations are enumerated beneath them in any order such
that, if the equation is the difference equation for é(x;, z;2;z) (for some 4, 5,7 > j), then it appears

in an odd row, and if it is the difference equation for ¢(z;, z;2;7), it appears the next row.

Suppose that we undertake the same row operations specified in the proof for the case where
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m = 3. The result is an 2(75”) by 2m + 1 matrix of the following form:

[0 0 0 0 0 0 1000 0
0 0 0O 0 0 0 0100 0
0 0 O 0 0 0 0010 0
0 0 O 0 0 0 0001 0
0 0 0O 0 0 0 0000 1
0 0 O 0 0 0 0000 O
0 0 0 0 -1 pfy, 0000 —1
0 0 0O 0 0 diy 0000 O
0 0 -1 95,5 0 0 0000 -1
0 0 0 d 0 0 0000 0
-1 P O 0 0 0 0000 —1
0 dn, 0o 0 0 0 00O0O0 O

Perform the following row operations on rows seven and eight.

Step 1: Divide the eighth row by di,.

Step 2: Subtract from the seventh row the eighth row times ]5‘11’14, then add to the result the fifth

row, and then multiply the result by —1.

Step 3: Move the seventh row to the first row, the eighth row to the second row, and shift all other

rows down two places.

The first and second rows then become:

00 ..0010000O0O0 5 —3
00 ..000100000 ¢ O

o
where £, = 44 and 5, = £,p% |, — 51 — P!
4= g5 4 =1U1P114 = S1 7 P14

Repeat a similar three steps for the ninth and and tenth rows, then for the eleventh and twelfth

rows, and so forth, up to rows 2m — 1 and 2m. More precisely, for each i € {5,6,...,m}, perform

the following row operations on rows 2¢ — 1 and 2i.

Step 1: Divide row 2i by d,.

Step 2: Subtract from row 27 — 1 row 27 times 17111 and add to the result the fifth row, and then
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multiply the result by —1.
Step 3: Move row 2¢ — 1 to the first row and row 27 to the second row, and shift all other rows down
two places.

The result is the following matrix:

10 ...0000000O0O0O0 5, —3
01 00000O0O0O0O0 & O
00 10000O0O0GO0GO0 5 -2
00 010000000 % O
0 0 001000000 5 -3
00 000100000 O
0 0 000010000 5 —3
00 000001000t O
0 0 000000100 5 -3
00 000000O0T10 % O
0 0 000000O0O01 5 -3
00 000000DO00O0O0O O O
_ dt. -
where, for j =4,5,...,m, t; = i and §; = tjpjl,lj — 51 —ﬁilj.

The final task is to prove that, in the reduced row echelon form, the rows from row 2m + 1 to
row 2(’;) are all zero rows. These rows come in pairs: that is, any odd row corresponds to a
difference equation for ¢(x;, z;x;Z); and then the next row corresponds to a difference equation for
¢(xj, x5, x;,7). Note, moreover, that i > 1, because, in the enumeration of the rows of the matrix,
the difference equations for ¢(z1,z12;Z) and ¢(x;,z12;Z) all appeared in the first 2m rows. Any

such pair of rows has the following form:

1 By e —L Py 1
0 d&; ... 0 d; ...0

) v

In each of the two rows depicted above, the five specified elements are in columns 2(m—j)+1,2(m—
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J)+2,2(m—1i)+1,2(m — i) + 2 and 2m + 1. In the two rows, all elements not specified are zero.
It remains to find the row operations that transform any such pair of rows into a pair of zero rows.
Consider the second of the two rows. Subtract from it row 2(m—j+1) times d’ ; and row 2(m—i+1)
times Jéj. These row operations create a row in which all the elements of the row are zero, except
for possibly the element in column 2m. But given that A; # 0 (see the reasoning in Claim 1), it

follows that the element in column 2m must also be zero.

Consider now the first of the two rows. Subtract from it row 2(m — j + 1) times pg ;; and row
2(m — i+ 1) times pﬂ“j Then add to it rows 2(m — j) + 1 and 2(m — ¢) + 1. These row operations
create a row in which all the elements of the row are zero, except for possibly the element in column

2m. But given that A; # 0, the element in column 2m also must be zero.

This completes the proof of Lemma 2, which provides solutions for the unknowns as a function
of A1: in particular, ¢; = —% —5A1,1=1,...mand A; = —t;A1,7 = 2,...,m. It remains to solve

for A1. In order to do so, note that the rationalisation conditions for ¢ imply that

(1 + 11+ L2)E(CE1, l‘lﬂfgi‘) = LQE(I‘l, :Uli‘) + ﬁ-(Mxl’mle‘f) (288)

(1 + 1+ L3)5($1, :L'll'gif‘) = Lgé(l’l, l’lif‘) + ﬁ'(Mml,mlxga’:) (2.89)

(1 + 11+ to+ 134+ t1tg + L1t + L2L3)E(3:'1, x1x2$3i') = L2L377(/\;l$17$15)+

LS%(Mm,mxzi‘) + 127 (May zy2sz) + ﬁ-(M$17$1$2x35@') (2.90)

Equations (2.88) and (2.89) allow us to substitute out the terms 7(Mzy, 1202) and T(May, 21 252)
from (2.90), yielding

(1401 402+ 13+ tite + 113 + 1o13)E(x1, 1 2203T) = ﬁ(Mxl,xlxzm)-F

L3(1 + 11+ LQ)E(l'l, xl.l'gii') + L2(1 + 1+ Lg)é(:ﬁl, xlxga_c) — L2L35(.%'1, .%'1.@) (2.91)

Given that ¢ is rationalised, we could similarly show that

(14 df 4 b+ o + i + il + 505)8 (21, 212223T) = T(May g1 20ws7) +
ts(1+ ) + 152 (x1, w122T) + th(1 + 1 + 15)8 (w1, 2123T) — thehe(wy, 217) (2.92)
If we take the difference between (2.91) and (2.92), we can eliminate 7(Ma, 41 2525z), Obtaining
(L+ 01+ 1o+ 3+ tit2 + titg + tatg)é(xr, x12223T) + Lotge(Ty, T1T)—
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(e3[1 + t1] 4 vat3)é(x1, x122T) — (12[1 + 1] + tat3)é(x1, x123T) =
(14 )+t + o + by + iy + 15e5)E (21, m120m3T) + thihe(x, 117)—
(51 + 4] + the5)E (x1, mrxaZ) — (5[1 + 1h] + the5)E (1, T123T) (2.93)

Rearranging

14 u1])e(xy, x12023T)+
[1 4 ¢1]ee(e(xy, x12023T) — (21, T123T))+
[1+ t1]eg(é(xr, x12223T) — E(21, T122T) )+
totg(€(x1, v12223T) — €(x1, 122%) — (21, T123T) + €(21,21T)) =

1+ )]¢ (21, 2122737 )+

1+ 1]e5(¢ (21, T12223T) — & (21, T123T) )+
[1+ 4]e5(E (z1, w122a3T) — & (21, 21227) )+
15 (2 (21, 21200037) — € (21, T17027) — & (71, T1237) + (71, 217)) (2.94)

Subtracting the right-hand side from the left-hand side
0= [1+v](e(z1, x17223%) — & (21, T17223T) )+

— A7 (21, 11 22737)+
[t1 4+ 1ez(e(z1, 2120223T) — (21, 1123T) — € (T1, T17223T) + € (21, T173T) )+
([t1 + 1)eg — [t) + 1]eb) (& (21, x120223T) — & (21, T123T))+
[t1 4+ 1es(e(z1, T120023T) — E(21, T1227) — & (21, T102237) + & (21, 11227 )+
([e1 + eg — [t} + 1)e5)(E (1, w12223T) — & (21, 1227 )+
1ot3(e(wy, 1120237) — (21, T1227) — (21, T1237) — & (21, ¥10223T) + & (21, T1227T) + € (71, 1123T))
+(1aty — t55) (€ (21, T120923T) — & (21, T1227) — & (71, 21237) + (21, 217)) (2.95)

First, note that oty — thess = —(12Ag + 1302 + AgAg) and for ¢ = 2,3, [11 + 14 — [f + 1]} =
—([t1 +1]A; + ;A1 + A1 A;). Second, from Lemma 2, for i = 2,3, A; = —t;A; and fori = 1,2,3,1; =

—% — §;A1. Substituting these results into the above equation yields

1
0= [5 — §1A1](5(l’1, l’lfL‘QSEgi') — E’(:El, :L'll'gl‘gi))—
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Alél(ml, :Ell'gng)—{—

1 1
(5 — §1A1)(—§ — 39A1)(e(x1, m1w273%) — E(21, T123%) — & (W1, T1T223T) + € (71, T1237))+
_ 1 1
(t2(§ —51A1)A + (2 + 52A1) A1 + 1A (@ (21, 1172237) — & (21, 2173T) )+
1 1
(5 — §1A1)(—§ — 33A1)(¢(x1, 11w273%) — E(21, T12007) — & (W1, T1T223T) + & (11, T1227))+
_ 1 1
(t3(§ — §1A1)A1 (2 + 83A1)A1 + tgA )( (:Ul, ZL‘1.T2.Z‘3£U) ($1, $13§2i’))+
1 1
(2 + 52A1)( + 33A1) %

(5(1'1, xlxgngc) — E(xl, xlmgi) — é(a:l, .7311'3.@) — E/(.’L'l, .%‘13321‘3{%) + é/(xl, xlng) + E’(xl, xlwgi‘))—l—
_ .1 _ -1 _
(tz(—§ —5301)A1 + t3(—§ — 59A1)A] — tatzA2)x

(El(l'l, 1‘1$21’3i’) — 5,(1'1, 1'11132:3) — 5/(1131, 1311’3i') + E(fL‘l, :Eli')) (2.96)

The result is a quadratic equation of the form fA? + gA; + h = 0, where expressions for f, g and

h are given as follows:

f = 5152(e(x1, v1200237) — (21, T123%) — € (T1, 212223T) + € (21, T123T) )+
(to(1 — 51) + 52)(¢ (21, ¥17223%) — & (21, 1237 )+
5153(¢(z1, T109237) — &(w1, T1227) — & (21, T102737) + & (21, T172T) )+
(t3(1 — 51) + 53)(¢ (w1, 1 22237) — & (21, T1727) )+
5953(¢(w1, T1202w3T) — (w1, 1122%) — (w1, 1123T) — € (21, T12203%) + € (21, T1227) + & (21, ¥1737T))
—(8at3 + 83t + tat3) (¢ (v1, T1200237) — & (21, 2129%) — & (w1, 2123%) + (21, 717)) (2.97)
g = —51(c(x1, v17223%) — & (21, ¥10223%)) — € (71, T12273T)

1 _ I N _
—1—2 (51 — 82)(¢(x1, v17223%) — (w1, w123%) — & (21, V12273T) + & (21, 11237T))

1_
+(§t2 + 5)(5’($1, $1£L‘2333i‘) — 5/(.’E1, .’Elxgi‘))

1 _ I N _
—1—2 (51 — 83)(c(x1, v17223%) — (w1, T122%) — & (21, V1 2273T) + & (21, T1227))

1_ 1 1
+(§t3 + 5)(5’(% T17273%) — & (21, 11727)) + 5(52 + 53) %
(E(:Iil, Jrlle’g:i) — E(a:l, xlng) — é(a:l, 5171:E3.f) — E/(Jil, .%1%21’3(2) + EI(:L’l, :1;133257) + E’(azl, xlng))

1
~3 —(ta + 13)(C (z1, T1202237) — € (21, T1202%) — & (11, 71237T) + (21, 717)) (2.98)
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-1
h = 5(5(901, T12223T) — € (71, T12923T))

1
_Z(E(xh r12273%) — é(x1, T1203%) — & (11, T12273%) + & (71, T1237))
1
—1(5(1‘1, :Ell'QIL‘gi‘) — 5(1’1, 1’11‘25) — E/({I,‘l, :I)ll'gl‘gi‘) + 5’(1‘1, 113121723))
1
1(5(1’1, :Cl.rg.??g.f‘) — E(xl, xla:ga?) — E(a:l, .7311'3@') — E/(:Ul, xlxgmgaj") + E/<a?1, 1’1.%'253) + E/($1, xlmgaj“))
(2.99)
We can simplify the constant term h as follows:
- 1 1 1 1
h = [5 — Z — Z + Z][E(l‘l, 331.%21‘3@‘) — E’(a:l, 33‘1.1:2$3i‘]
1 1 _ _ _, _
+[Z — 1][—c(m1,xla}3x) + & (21, 1123T))
1 ]. _ _ —/ _
+[Z — 1][—c(w1,x1x2x) + & (z1, x1227))
1. _ » _
= Z[C(Sﬂl, T1Tox3T) — C (T1, T12223T)]
Moreover, we will now show that g = 0.
We can rewrite the expression for g as follows:
_ _ 1 _ 1 _ 1 o 3 » _
g=[-5+ 5(51 — 59) + 5(31 —53) + 5(82 + 53)](¢(x1, z1w223T) — € (21, T1X2X3T))+
1 1 1_ 1 1 _ _
St g+ttt -5t t3)]¢ (21, 2122737)
1
—|—§(§1 — §2)(—5(I‘1, ﬂ?l:ng) + 5’(.%1, 5611’3.’?))
1. 1 " _
+(§t2 + 5)(—0 (21, x123%))
1 _ _ _ w _
+§(31 — 53)(—¢(z1, T122Z) + € (21, T1227T))
1. 1 » _
+(§t3 + 5)(—0 (z1,7122T))
1
+§(§2 + 53)(—5(%‘1, 1’11‘2@) — 5(1'1, :L‘lxga_J) + E’(xl, xlmgf) + 5,(1'1, :L‘lxga_J))
1 _ _
—5(252 +t3)(—& (w1, m1227) — & (21, 1123T) + (21, 117)) (2.100)

But the first two terms are equal to zero because —31 + & (51 — 52) + (51 — 53) + 5 (52 + 53) = 0 and

-1+ %fg + % + %fg + % - %(fg +t3) = 0. If we drop these two terms out, and rearrange, we obtain

B _%((El + 83)(c(@1, m1237) — & (21, 2123%)) — (I3 — 1) (21, 21237) — 38(21, 217))+

QI
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(51 + §2)(E(ZE1, $1£L’21f) — E/(l’l, l’lmgj)) — ((EQ — 1)5’(%1, l‘ll'gi') — fgé(ml, :131:1"))) (2101)

But consider rationalisation condition (2.31) for the case where i = 1 and j = 2,3 suppose that we

substitute in A; = —fjAl, 1= —% —51Aq. and ¢; = —% — 5;A1. Then we obtain
1 1 " o _
(1-— 3 5141 — 3 5;A1)(¢ (21, z12,T) — €(x1, 2124T)) =
—EjAla(l'l, l’lli‘) — (—EjAl + Al)él(l’l, l’ﬂL‘jfZ‘) (2.102)

Next we divide throughout by A; and rearrange. (A; # 0 because, if it were equal to zero, then by
Lemma 2, A; = 0,4 = 1,...,m. This implies ¢ = &, which contradicts the DO-nonzero condition.)
This yields, for j = 2, 3:

(51 + 55)(e(x1, 212,%) — & (@1, 2125T)) =
(t; — 1)e (21, 21257) — ;¢ (21, 217) (2.103)

But equation (2.101) then implies that g = 0.

Accordingly, given that the DO-nonzero condition stipulates that f # 0, then A; must satisfy:
A = :I:v—ﬁ/ f. How to we ascertain whether A; is the negative or positive square root? Given
that (¢, @) is rationalisable, we know that ¢; must be positive; and we also know that 1, = —%—§1A1.

So Aj must have the opposite sign to 5;. This allows us to obtain a unique solution for Aj.

A —\/—;L/]? if 51 >0
1= _
Vv —h/f otherwise

Theorem 9 (Identification of ranking assignments in the DO model)

Proor

In order to establish Theorem 9, we first prove the following claims

Claim 1 For any B C X and any = € B, we have ji(z, B) = ﬁ(/\;lzB).

Proof: The proof is by induction on the size of choice sets.

Basis step: Claim 1 holds for B C X such that |B| < 2.

The definition of ji implies that ji(z, B) = ¢(x, B) and the definition of rationalisation implies that
&(z,B) = (M, g). Thus fi(z, B) = #(Myp).

Induction step

Induction hypothesis: For any integer n > 2, suppose that Claim 1 holds for any B C X such that

|B| < n.
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We want to show that Claim 1 also holds for any B C X such that |B| = n.

Consider any B C X such that |B| = n. From the definition of rationalisation, for any = € B, we

have: _ -
- c(x,B) = 3 acpaea (A, B)T(M, 1)
7(M,.p) = Cd’(g 3 z (2.104)
But the definition of & specifies that
_ — E(.%',B)—ZA Bz A_(A7B)ﬂ(xﬂA)
iz, B) = %(}36 5 (2.105)

So equations (2.104) and (2.105), together with the induction hypothesis, entail that 7(M, 5) =
ii(x, B).
Having proved Claim 1, we now turn to the proof of Theorem 9. We prove the result for v; the
proof for ¢’ is analogous. Clearly, from the definitions of the sets /\;lx, B and Z/_{x, B, for any z € X
VAC X\{z}, 7(M,x\a) =) 7(Usp) (2.106)
BcA
But if we apply to equation (2.106) the Mobius inversion formula for the power set, we obtain
VA C X\{z}, aUpa)= Y (—)MPR(M, 5\4) (2.107)
BCA
If we substitute into equation (2.107) the result in claim 1, we obtain the desired result:
VAC X\{z}, #(Usa)= > (1"l X\A) = 0(z, A) (2.108)
BCA
Theorem 10 ( Characterisation in the DO model)
ProOOF
The (=) part follows from Theorems 8 and 9. The (<) part is established as follows. Given that
z and 7’ are positive and real, then & and @’ are well-defined conditional attention assignments and
the DO contour functions © and ¢’ are also well-defined. The proof of the (<) part of Theorem 10
has five steps.
(a) for any B € B, 3 . fi(z, B) = 1.
(b) for any B € B, for any = € B, ji(x, B) > 0.
(c) there exists a ranking assignment on X, 7, such that, for any B € B and any = € B,
fi(z, B) = #(M..0).
) ™ and & rationalise ¢.

(d
(e) ™ and & rationalise .
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PROOF OF STEP (a)

The proof is by induction over the size of the choice sets.

Basis step: For any B C X such that |B| <2, > 5 f(z,B) = 1.

This follows immediately from the definition of i together with the definition of a choice function.
Induction step

Induction hypothesis: Consider any B C X such that |B| > 2. Suppose that, for any A C B such
that |A| < |B|, we have Y 1 fi(z, A) = 1.

We want to show that, given that the induction hypothesis holds, 5 fi(z, B) =

From the definition of i, for any B C X,z € B
ax,B)= 3 alA Bl A)
ACB:z€A
If we sum over the alternatives in B, the definition of a choice function implies that the left-hand

side is 1, yielding

1—2 Z iz, A)

x€B ACB:z€A

But the right-hand side of this equation is, in effect a sum of expressions a&(A4, B)ji(x, A) over the
set {(x,A): AC B,z € A}. Thus

1=> > a iz, A) = > a(A, B)fi(z, A)

r€B ACB:x€A (z,A)e{(z,A):ACB:xc A}
= Z Z a(A, B)ji(z, A) = Z a(A, B) Z Az, A)
ACB zcA ACB z€A
= S a4 B) S il A) +a(B,B) S e, B = 3 a(A, B) +a(B,B) S e, B)  (2109)
ACB z€A z€B ACB z€B

Note that the induction hypothesis justifies the final equality in this equation. Moreover, as & is an

attention assignment

1= a(A,B)+a(B,B) (2.110)
ACB

Subtracting (2.109) from (2.110) yields
0=a(B,B)(1- Y f(z,B)) (2.111)

But as a(B, B) > 0, thus > 5 fi(z, B) =1
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PROOF OF STEP (b)

The contour function for & can be specified as follows. For any z € X:

VA C X\{z}, o(x,A) =Y (-1)"Pli(z, X\B) (2.112)
BCA

Applying the Mobius inversion formula, we obtain that, for any z € X:

VA C X\{z}, pA(z,X\A)=>_ 0(z,B) (2.113)
BCA
As the contour function is assumed to be non-negative, it follows that i is a non-negative function.

PROOF OF STEP (c)

The form of the justification for step (c) is exactly analogous to that for the (<) part of Theorem
4. This is because [ has the same domain as a default-option choice function and (ii) as shown in
parts (a) and (b), it has the same formal properties as a default-option choice function — in other
words, it is non-negative and probabilities over a choice set sum to 1.

PROOF OF STEP (d)

It follows from the definition of a DO maximum function that, for all B C X,z € B

&x,B)= Y  a(A B)i(z,B) (2.114)
ACB:zcA

If we substitute into this equation the result from part (c), then it follows that ¢ is rationalised by
7 and a.
PROOF OF STEP (e)
In the reasoning in step (b), we can replace ¥ and i by ¢’ and . Given that © = ¢’ (2.113) implies
that, for all z € X:

VAC X\{z}, plz,X\A) =) o, B)= > 0(x,B)=p(z,X\A) (2.115)

BcA BCA

As = i/, in the result in step (c¢), we can replace i by ji’. Using parallel reasoning to that in step

(d), we can establish that 7 and &' rationalise ¢

Appendix 2: Minimum-attention models without a default option

As discussed in Section 2.3, for a model without a default option, the attention assignment must

be such that a zero probability is assigned to an event that consideration sets are of size 0. That
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is, it is assumed that the minimum size of a consideration set is 1. But the question then naturally
arises: in some cases, might there be warrant for assuming that the minimum size is more than 17
This minimum-attention assumption might be formulated as follows: there is an integer n, which is
more than 1 and less than m, and is such that: when the size of the choice set is n or less, the DM
considers all alternatives; and when the size of the choice set is more than n, the DM only forms
consideration sets of size at least n. Plausibly, there may be justification for such an assumption
if the cost of consideration is relatively low. The following definition, which is a variant of the

definition of a conditional attention assignment, incorporates a minimum-attention assumption:

Definition 24 (Size-n conditional attention assignment)
Consider any attention probability vector v and any n € {2,3...,m — 1}. The size-n conditional
attention assignment generated by ~y is the attention assignment « such that, for any B C X:
(i) for A C B such that |A| < n, a(A, B) = 0; and
(ii) for A C B such that |A| > n, if |B| > n, then:
o) = [ I1 o=/ ¥ T» II a-w
i €A jizj€B\A DCB:|D|>ni:x, €D iix;€B\D
In this section, we develop a consideration-set model without a default option in which the DM
is assumed to have a size-2 conditional attention assignment. We will refer to this model as the
minimum-attention model, or MA model. The first task is to retrieve the DM’s attention assign-
ment from her choice probabilities. Suppose that some frame-dependent choice function (¢, ') is
rationalised by a ranking assignment on X, 7, and a pair of size-2 conditional attention assignments
that are generated by v and ~/. For any 7,7,k € 1,...,m such that i < j7 < k, the rationalisation
conditions for ¢ imply the following:
Yivi (1 =)™ (May zia;) + Yive(1 — )7 (Ma, wizy,) + %V e ™(Ma zizjz,)
Y (L = vk) + (L = v5) + (L — %) + 7%

C(x' - xk) _ %”Yj(l — ”)/k)ﬂ(/\/lm]-,zim]-) + ’Yj’Yk:(l - ’)’i)W(M:cj,a:j:ck) + ’Yi’)’j’)’kﬂ(Mﬂ?iﬂ?ﬁjﬂlk)
e Yivi (L =) +Yive (X =) + 971 — %) + vk

c(zy, zixjoy) =

From the definition of a size-2 conditional attention assignment, for any choice set B of size 2, and
x € B, ¢(x,B) = m(My,p). So given the definition of the inattention odds vector, we can rewrite

these equations
(1415 + 15 + we)e(@i, viwjrr) = (v, vz + c(xi, Twg)tj + T(Ma, 205, (2.116)
(14 v+ vj + w)elwy, viwjrg) = c(xg, vivg) g + c(xj, vjzg)v + T(Ma; z0;a,) (2.117)
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We can obtain an analogous pair of rationalisation equations for ¢’:
(14 o} + ¢ + ) (@i, mawjay) = c(@i, wixy), + c(@s, vizp)l) + T( M, zi0jer,) (2.118)

(L4 o + o 4 i) (g, wimjar) = (g, mixg)u, + (g, vjap) e, + 7(Ma) 2i2;2,) (2.119)

To eliminate the maximum probability terms, we take differences between (2.116) and (2.118) and

between (2.117) and (2.119), yielding:
[e(@i, zizjag) — (@, mizjap) e + [e(xi, vizy) — (v, mwjon) | A+
[e(@i, viwjog) — (@i, mizjog))ey + [c(z, mizy) — ¢ (24, mwjxp)|Aj+
[e(@i, viwjwg) — (@i, viwjog) e + [ (2, 2wz | A = (2, mmjay) — o(@i, vizjg) (2.120)
[c(@j, wizjay) — ¢ (x), mixjzy) | + [c(z), miz) — (@), vizjaE) | A+
le(@j, zizjor) — ¢ (), vizjar)ly; + [~ (25, vizjop)] A+

[c(xj, mizjar) — ¢ (x), mixjay) | + [e(zj, vjar) — (@), vizjag)| A =  (x), vz jay) — oz, vizjzy)

(2.121)
The solution strategy is parallel to that in the NDO model. The number of equations is 2(?) and
the number of unknowns is 2m. So there are at least as many equations as unknowns so long as
| X| > 4. Using this linear system of equations, we solve for each unknown as an affine function
of A1. In particular, we find that ¢; = —% —§A,i=1,...,mand A; = —t;A1,i = 2,...,m,
where 3;,i = 1,...,m and t;A1,i = 2,...,m are defined in the proof of Theorem 11 at the end
of this appendix. It remains then to solve for A;. We do so by recourse to further rationalisation
conditions, which allow us to obtain the following quadratic equation, analogous to to equation

(2.21) in Section 2.4
fAZ 4 GA +h=0 (2.122)

where f , g and h are defined in the proof of Theorem 11. As we prove that § = 0, this yields a

solution for A; analogous to the solution in equation (2.22) in Section 2.4.

A _ —\/=h/f if5 >0 (2.123)
1 \/—h/f otherwise ‘

The results in this appendix assume that the following nonzero condition obtains, which is the

counterpart of the NDO-nonzero condition in the MA model.
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Definition 25 (MA-nonzero condition)

A choice function (¢, ') is said to satisfy the MA-nonzero condition if:

(i) for any positive integers i, j, k such that ¢ < j < k < m, ¢ (z;, v;xjx) — c(x;, v,z 7)) are nonzero
and ¢ (z;, x;zx)) — c(xj, T;x o)) are nonzero;

(ii) the following terms, which are functions of observed choice probabilities and defined in the proof

.2 33 4 2 33 g4 F C_ 5i
of Theorem 11, are nonzero: digsdis,dioy + diosdissdisy, f, for i =3,...,m, diy;.

Then the following definitions specify, for the MA model, the revealed inattention odds, the re-

vealed attention probabilities and the revealed attention assignments:

Definition 26 (MA revealed inattention odds, attention probabilities, attention assignments)
For | X| > 4, suppose that choice function (¢, ') satisfies the MA-nonzero condition.
(i) The MA revealed inattention odds vectors for ¢ and ¢ are the vectors 7,77 € C™ such that, for

i:1,2,...,m, Zi:—%—giAl and

u; + Al fori=1
Zi—tNiAl fori=2,...,m
(ii) Suppose that the revealed inattention odds vectors 7 and 7’ are real and positive. Then the
MA revealed attention probability vectors for ¢ and ¢ are 7,5 € R™ such that, for ¢ = 1,...,m,
&i:ﬁand%:ﬁ.
(iii) Suppose that the revealed inattention odds vectors i and 7’ are real and positive. Then the MA
revealed attention assignments for ¢ and ¢ are the size-2 conditional attention assignments & and

&’ that are respectively generated by 4 and 7.
Theorem 11 then states the identification result for attention assignments in the MA model.

Theorem 11 (Identification of attention assignments in the MA model)
For | X| > 4, consider any choice function (¢, ') that satisfies the MA-nonzero condition, any rank-
ing assignment on X, 7 and any pair of size-2 conditional attention assignments («,’). If = and

(ar, @) rationalise (¢, '), then @« = @ and o = &'.

Having obtained revealed attention assignments, we can adopt the strategy applied in the NDO

model to retrieve the ranking assignment up to upper contours. First, we define the maximum
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functions and the contour functions for the MA model.

Definition 27 (MA mazimum functions and contour functions)

For | X| > 4, suppose that a choice function (¢, ¢') is such that the MA-nonzero condition is satisfied
and that the revealed inattention odds vectors i and 7’ are real and positive.

(a) The MA maximum functions for ¢ and ¢ are the functions fi : {(z, B) : B € B,x € B} — R and
i@ :{(x,B): B € B,z € B} - R such that, for any B € B,z € B}:

(i) if |[B] =1, then f(x,B) =1 and f/(z, B) = 1; and

(ii) if |B| > 1, then:

[L(va) = d(zB, )
~/(l‘ ) o Cl(l‘,B) EACB::(:EA& (A’ B)N/($7A)
A B = &/(B, B)

(b) The MA contour functions for ¢ and ¢’ are the functions v : {(z,A) : A C X,z € X\A} - R
and 0 : {(z,A): AC X,z € X\A} — R such that, for any A C X,z € X\A:
o, 4) = 3 ()@, X\B), (5, 4) = 3 (-1l (z, X\B)
BCA BCA
The following identification theorem allows us to interpret the MA contour functions as specifying

revealed upper contour probabilities.

Theorem 12 (Identification of ranking assignments in the MA model)

For |X| > 4, consider any frame-dependent choice function (c,c’) that satisfies the MA-nonzero
condition, any ranking assignment 7, any pair of size-2 conditional attention assignments («, o). If
7 and (o, &') rationalise (¢, ), then for all A C X, 2 € X\A, 7(Uy a) = 0(x,A) = 0'(z, A). That

is, 7 is unique up to upper contours.

We can then obtain an identification-based characterisation result that is analogous to the result in

Theorem 7.

Theorem 13 (Characterisation for the MA model)
For | X| > 4, consider any choice function (c,c’) that satisfies the MA-nonzero condition. There
exists a ranking assignment on X and a pair of size-2 conditional attention assignments that ratio-

nalise (¢, ) if and only if:
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(i) the revealed inattention odds vectors 7 and 7’ are real and positive;

(ii) the contour functions © and ¢’ are equal and non-negative.

We do not provide a proof of Theorem 12 nor a proof of Theorem 13, because the former is exactly
parallel to the proof of Theorem 6 and the latter is exactly parallel to the proof of Theorem 7. The

proof of Theorem 11 is given below.

ProOOF OF THEOREM 11

Let us refer to equation (2.120) as the difference equation for c(x;,x;xjxy) and (2.121) as the
difference equation for c(xj, x;x;x)) and, collectively, (2.120) and (2.121) as the difference equa-
tions for the choice set {z;,xj,x}. Consider the system of equations comprising the difference
equations across the various choice sets of size 3. When there are m alternatives, the number
of subsets of size three is (gl) So the number of difference equations is 2(?) We can repre-
sent the system of difference equations in matrix notation. The vector of unknowns is given by
V = (tm, Ay tmn—1, A1, --,t1,A1)". If we fix a particular enumeration of the equations, then
they can be written Q\N/ = f), where matrix Q has size 2(?) x 2m and vector b has length 2(?)

First, we establish the following lemma about this equation system.

Lemma 3 (Reduced row echelon form)
Consider any choice function (¢, ¢’) that (i) satisfies the MA-nonzero condition and (ii) is rationalis-
able. Then the matrix of coefficients for this choice function Q has rank 2m — 1 and, in particular,

the reduced row echelon form of the augmented matrix [Q b] is given by
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1000 000 5&n -3
0100 000 £, 0
0010 000 8p1 —3
00 01 00 0 tpy O
0000 100 35 -3
0000 010 f 0
0000 001 & -3
0000 000 0 0
0000 ...000 0 0 |
where the terms ¢;, i = 2,...,m and §;, i = 1,...,m are defined in the proof below.

Proof of Lemma 3
Let us define the coefficients in the difference equation for ¢(x;, x;z;xy) as follows
~i _ /
4 ijk = —C (i, Tiwjzy)
- /
i i = (@i, wiwy) — (@5, viwjay)
~k _ /
Giijle = c(xi, xixy) — (x4, vz o)
T /
biiji = ¢ (xi, viwj) — (@i, vivjTK)
We can then write the difference equation for ¢(xz;, z;z;x1) as follows
- n - j - g .
—biijitk + Qiije Ak = biijiti + G55 = biigkti + Gigjili = ijijh
Similarly, let us define the coefficients in the difference equation for c(xj, z;x;x1) as follows
i /
@j.ijk = c(@j, vjzg) — ¢ (x5, vz jT8)
~j _ 1
Gije = —¢ (5, i jeg)
~k /
@ik = (@), xiwj) — ¢ (), BixT))
T /
biijk = ¢ (xj, xixjay) — c(x), v j2)
We can then write the difference equation for c(z;, z;2;x4) as follows
b . * b R S ]
—bjijetk + Qi Dk — bjakts + qj,z‘jkAJ bjijkti + @ik = bjijk
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The proof divides into two stages. First, we prove the result for the case in which there are only

four alternatives. That is, X = {1, z9,23,24}. Second, we then extend the proof to the case in

which there are m > 4 alternatives. If there are four alternatives, then we can write the augmented

matrix for the equation system as follows:

0

0
—51,124
—52,124
—51,134
—53,134

—b2 234

—b3234

0

0
qt 124
@%,124
q1 134
3,134
@3,234

~4
43,234

—51,123
—52,123
0
0
—51,134
—53,134
—52,234

—b3234

G} 123 —b1,123
3123 —ba,123
0 —51,124
0 —52,124
G 134 0
3 134 0

~3 7
Q5234 —b2234

~3 7
Q5934 —03234

@%,123
5123
i 124
3 124
0
0
G5 934

~2
43234

—51,123
—52,123
—51,124
—32,124
—51,134
—53,134

0

0

q1 193
{5193
i 124
5124
q1 134
3,134

0

0

51,123
52,123
51,124
52,124
51,134
53,134

b2 234

b3,234

First, we apply to this matrix the row operation of dividing each row by the final element. (By

clause (i) of the MA-nonzero condition, the final element of every row is non-zero.) Let us define

i — At b — 5 b ok — Gk ... 5 — At b & —_ 5 b ..
Diijr = qz’,ijk/bz,zykv Pk = qi,z‘jk/bwk’ Diijr = qz’,ijk/bz,wkv Djije = qj,ijk/bjﬂjk’ p]jzjk‘ = qj,ijk/bjﬂjk’

ﬁé?ﬂ.jk = cjﬁ iik/ Ej,ijk. The result is the following matrix:

1124
25%,124
Pz
3,134
25%,234

4
P3 234

—1 pi1ps 1
—1 15 —1
0 0 —1
0 0 -1
-1 ]5?,134 0
—1 13 O

-1 15%,234 -1

-1 15%,234 -1
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25%,123
P5.193
PT 124
25%,124
0
0
253234

-0
D3 234

15%,123 1
Phiog 1
Piiog 1
15%,124 1
Piisa 1
Pz 1

0 1

0 1




Next, for every even row, subtract from that row the odd row preceding it. The following equation

~ = 7 I B | k _ o~k =k
results, where we define dmk D5 iik — Diijks dijk = Djijk pi,ijk7dijk = D5 ik — Diijk-

0 0 -1 15?,123 -1 ﬁ% 123 -1 }5% ,123 1
0 0 0 dyy 0 dby 0 diy 0
-1 15%,124 0 0o -1 251,124 -1 ]51 124 1
0 dbp, 0 0 0 & 0 dy 0
-1 ﬁil?ﬂl -1 ]3:13 134 0 0 -1 ]31 ,134 1
0 dbyy 0 d3yy 0 0 0 dig 0
-1 25%,234 -1 152,234 —1 25%,234 0 0 1
0 disy 0 diyy 0 d3 0 0 0

73
From the sixth row, subtract the second row times 6%34. (The MA-nonzero condition condition
123

ensures that d3,; is non-zero). Row six then becomes:

73
dizq

0 dyy 0 0 0 -3
d123

) 31 34 71
dizs 0 digq — &, digg 0

74
Then, from the sixth row, subtract the fourth row times 2}134, yielding the following row. (The
124

MA-nonzero condition condition ensures that dj,, is non-zero).

00000 §34d123 41134d 124 0 d134 é34d123 41134d24 0
12 123 2

If we divide the sixth row by the sixth element in the row, we obtain the following row. (The

MA-nonzero condition condition ensures that the sixth element in the row is non-zero).

00 00010 %t 0

Where -Ez = d123d134d124+d124d123d134 d%34d?23d41124 .

d%QSd%Cﬂldl24+d124d123d%34
The matrix below results if we next perform the following row operations:

(i) from the second row subtract the sixth row times diys, and divide the result by dj,y (the MA-

nonzero condition condition ensures that dj,; is non-zero);
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(i) from the fourth row subtract the sixth row times d3,,, and divide the result by di,, (the MA-

nonzero condition condition ensures that dj,, is non-zero).

~3 ) ~1
0 0 -1 P1123 -1 P1123 -1 P1 123

0 0 0 1 0 0 0 t3 0

—_

—_

~4 ~ ~
-1 P1 124 0 0 —1 p%,124 -1 Pi124

0 1 0 0 0 0 0 ty 0

—1 Plyzg —1 Bz O 0 —1 Piig 1
0 0 0 0 0 1 0 to 0
-1 25%,234 —1 ]53,234 —1 25%,234 0 0 1
0y 0 dy 0 By 0 0 0
- 132 17
where f3 = Y123=%123%2 ~1‘2i;23t2 and t4 = 761124&%224@.

Next, the matrix below results if we perform the following row operations:

i) from the first row, subtract the second row times p an e sixth row times p7 (93, an

i) from the first btract th d ti p} 193 and the sixth ti 57 193, and
multiply the result by —1;

ii) from the third row, subtract the fourth row times p an e sixth row times pf ;9,, an

ii) from the third btract the fourth ti 51 194 and the sixth ti 57 194, and
multiply the result by —1;

iii) from the row, subtract the fourth row times p and the second row times p3 34, an

iii) from the fifth btract the fourth ti p1 134 and th d ti 5} 134, and
multiply the result by —1;

i) from the seventh row, subtract the second row times p3 544, the fourth row times p and the
i) from th th btract th d ti s 534, the fourth ti p5 534 and th

sixth row times 1357234, and multiply the result by —1.

0 0 1 0 1 0 1 é1 1]
0 0 0 1 0 0 0 t3 0
1 0 0 0 1 0 1 é& -1
0O 1 0 0 0 0 0t O
1 0 1 0 0 0 1 é -1
0 0 0 0 0 1 0 f 0
1 0 1 0 1 0 0 & -1
0 a?‘f34 0 65334 0 62334 00 0

S s2 7o &3 5o sl Go — 52 Fo Lt 1, _ 5l E3 = P3 13413 + DY 134ta — P1

where €1 = p7 193t2 + P 12383 — P1 1235 €2 = D1 12482 + P71 12414 — D1,124> €3 = DY 13413 + D1 13414 — D1,134
~ -9 g ~3 g ~4 ny

and €4 = pj 934t2 + P 93413 + D5 23414

Then the matrix below results if we perform the following row operations:
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(i) from the third row, subtract row 5 and multiply the result by —1;
(ii) from the first row, subtract the third row and divide by two;

(iii) from the seventh row, subtract the fifth row.

0o 0 0 O 1 0 % E1+ér—E3 %
00 0 1 0 0 0 t3 0
oo 1 0 -10 0 e3—ex O
0o 1 0 0 0 0 O t4 0
1 0 1 0 0 0 1 &3 —1
0O 0 0 0 0 1 0 to 0
00 00 1 0 -1 és1—es O
0 digy 0 digy 0 d3gy O 0 0

Next, we obtain the matrix below when we perform the following row operations:

(i) from the seventh row, subtract the first row and multiply the result by —%;

(i) from the first row, subtract the seventh row times 1;
(iii) to the third row, add the first row;
(

iv) from the fifth row, subtract the third and seventh rows.

0 0 0 0 1 0 0 3 _;
0 0 0 1 0 0 0+t 0
0 0 1 0 0 0 0 3 —%
01 0 0 0 0 0¢# O
1 0 0 0 0 0 0 3§ -3
0 0 0 0 0 1 0t O
o0 0 0 0 0 1 & -3
0 digy 0 dyy 0 digy 0 0 0

where §1 = (€1 + é2 + €3 — 2€4)/3, 52 = (€1 + é2 + é4 — 2é3)/3,

§3= (€1 + €3+ €4 —2é3)/3 and 54 = (€2 + €3 + €4 — 2€1)/3.

Finally, we obtain the matrix below if we perform the following row operations:

(i) exchange the first and fifth rows and also exchange the second and fourth rows;

(ii) from the eighth row, subtract the second row times dis,, the fourth row times d3s, and the sixth

: 72
row times djsy.
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1000000 3 —3
0100000t O
0010000 5 —3
0001000t O
0000100 35 —%
0000010 ¢ 0
0000001 5 —%
00000O0O0O0 O

Why are all the elements of the eighth row equal to zero? The above row operations imply that all
the elements of the eighth row are equal to zero except possibly for the eighth element, which is
equal to —d3s,ts — d3gyts — d3suta. Tt follows that either (a) the eighth element must also be zero or
(b) A; = 0. But the second possibility is ruled out by the following claim:

Claim 1: Ay # 0.

Proof Suppose, for contradiction, that A; = 0. From the matrix above, for i = 2, 3,4, A; = —;A;.
So A; = 0. Thus, fori =1,...,4, ¢; = ¢,. So ¢ =¢. But this violates clause (i) of the MA-nonzero
condition.

Claim 1 entails that all the elements of the eighth row must be equal to zero. This completes the

proof for the case where | X| = 4.

We now extend this proof to a proof of the general case where |X| = m > 4. Consider the
system of equations comprising the following enumeration of the rationalisation equations:

(i) the first eight equations are the eight difference equations represented in the augmented matrix
above, enumerated in the order in that matrix;

(ii) the next 2(m—4) equations are, respectively, the difference equations for ¢(x1, x1z2x5), c(x2, x1T275),
c(x1, x12226), (X2, T1T2%6), - .., c(T1, T1X2T,), (T2, T1T2Zy,); and

(iii) the remaining 2(?) — 2m difference equations are enumerated beneath them in any order such
that, if, for some i, j, k, the equation is a difference equation for c(z;, z;xjx;), then it appears in an
odd row, and if it is a difference equation for c(z;,z;x;x1), it appears the next row. Suppose that

we undertake the same row operations specified above. The result is a 2(?) by 2m + 1 matrix of
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the following form:

0 0 0O 0 0 0 1000 0 0 0 3 —g_
0 0 o 0 0 0 0100 0 0 0 i 0
0 0 o 0 0 0 0010 0 0 0 & -4
0 0 o 0 0O 0 0001 0 0 0 i3 0
0 0 O 0 0 0 0000 1 0o 0 & -1
0 0 0O 0 0 0 0000 O 1 0 & 0
0 0 O 0 0 0 0000 0 0 15 -
0 0 o 0 0 0 0000 O 0O 0 0 0
0 0 0 0 -1 1351),125 0000 ~1 13%,125 -1 13%,125
0 0 0 0 0 ds 0000 0 d3y 0 diys 0
0 0 ~1 Pl O 0 0000 ~1 Pl —1 Prizg 1
0 0 0 d 0 0 0000 0 dh 0 dy 0
1 My -~ 0 0 0 0 0000 —1 R, —1 plig, 1
o dp. ... 0 0 0 0 0000 0 d, 0 d, ©0

Perform the following row operations on rows nine and ten.

Step 1: Subtract from the tenth row the sixth row times 62%25, and divide the result by 62?25.
Step 2: Subtract from the ninth row the tenth row times ;5‘?7125 and the sixth row times ]5%7125, then
add to the result the fifth row and the seventh row, and, finally, multiply the result by —1.
Step 3: Move the ninth row to the first row, the tenth row to the second row, and shift all other
rows down two places.

The first and second rows then become:

00 ... 0010O0O0O0O0OO0O0O0 s5 —%
00 ...00O0O100O0GO0O0O0UO0T¢ 0
where 5 = (dly5 — diysfa) /diss) and 35 = —(B} 105 — D7, 12585 — P 195f2 + 51 + 32)

Repeat a similar three steps for the eleventh and twelfth rows, then for the thirteenth and fourteenth
rows, and so forth, up to rows 2m — 1 and 2m. More precisely, for each i € {6,7,..., m}, perform

the following row operations on rows 2¢ — 1 and 21.
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Step 1: Subtract from row 2i the sixth row times d%Qi, and divide the result by di12i'

Step 2: Subtract from row 2i — 1 row 2i times piLm and the sixth row times pimi, then add to the
result the fifth row and the seventh row, and, finally, multiply the result by —1.

Step 3: Move row 2i — 1 to the first row and row 2i to the second row, and shift all other rows down
two places.

The result is the following matrix:

10 00 00000O0O0O0 0 3n é_
0 1 0000000O0O0OO0 &, O
0 0 1000000O00O0GO0O0 35 —4
0 0 01 000000O0O0O0 i O
0 0 00100000000 5§ -1
0 0 00010000O0O0O0 i O
0 0 00001000000 & -1
0 0 00000100000 i O
00 00000010000 5 -1
0 0 00000001000 5 0
00 000000001100 & -1
00 0000000O0O0T10 & O
00 000000O00O0O0T1 & -1
0 0 00000D0D0O0O0OODO 0 0
where, for i = 5,6,...,m, t; = (dly; — dio;ta) /diy; and §; = —(p 10; — PY 195 — PF10il2 + 51 + 52).

The final task is to prove that, in the reduced row echelon form, the rows from row 2m + 1 to
row 2(?) are all zero rows. These rows come in pairs: that is, any odd row corresponds to a
difference equation for ¢(x;, x;xjxk); and then the next row corresponds to a difference equation for

c(xj, x;, x5, x). Any such pair of rows has the following form:

~k ~7 ~
=1 Dk -1 pg,z’jk -1 p%,ijk e 1
0 0 0 d 0

ijk
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where the elements specified above appear in, respectively, columns 2(m — k) + 1, 2(m — k) + 2,
2(m —j)+1,2(m —j) + 2, 2(m — i) + 1, 2(m — i) + 2 and 2m + 1. All other elements in the two
rows are zero. It remains to find the row operations that transform any such pair of rows into a
pair of zero rows. There are two cases to consider: if 7 = 1, the required row operations are slightly
different from the case in which ¢ does not equal 1.

Casel: i>1

Consider the second of the two rows. Subtract from it row 2(m —k+1) times dfjk,

row 2(m—j+1)
times dg & and row 2(m — i + 1) times Jjjk These row operations create a row in which all the
elements of the row are zero, except for possibly the element in column 2m. But given that A;
cannot be equal to zero (see the reasoning in Claim 1), it follows that this element must also be
zZero.

Consider now the first of the two rows. Subtract from it row 2(m—k+1) times ﬁﬁijk, row 2(m—j+1)
times ﬁimk and row 2(m — i + 1) times ﬁg’ijk. Then add to it rows 2(m — k) + 1, 2(m — j) + 1 and
2(m—1)+1. These row operations create a row in which all the elements of the row are zero, except
for possibly the element in column 2m. But given that A; # 0, it follows that this element must
also be zero.

Case 2: 1 =1

Consider the second of the two rows. Subtract from it row 2(m—Fk+1) times CZf]k and row 2(m—j+1)
times Jf e These row operations create a row in which all the elements of the row are zero, except
for possibly the element in column 2m. But given that A; # 0, it follows that this element must
also be zero.

Consider now the first of the two rows. Subtract from it row 2(m — k + 1) times ﬁf’ijk and row
2(m —j+1) times ﬁfj’ijk. Then add to it rows 2(m — k) + 1, 2(m — j) + 1 and 2(m — i) + 1. These
row operations create a row in which all the elements of the row are zero, except for possibly the

element in column 2m. But given that A; # 0, it follows that this element must also be zero. This

completes the proof of Lemma 3.

Lemma 3 allows us to solve for all of the unknowns as the following affine functions of Aj:
Ly = —% —5A1,i =1,...,mand A; = —t;A1,i = 2,...,m. It remains to solve for A;. In

order to do so, we will use the following rationalisation condition:

c(z1, v1r2w3zs) = [Y172(1 — ¥3)(1 — ya)c(z1, T122) + 1173(1 — 72) (1 — Ya) (21, 2123)
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7741 = 72) (1 = y3)e(z1, z124) + 17273(1 — Y) T (May 21 2005)
+717271 (1 = ¥3) T (M) zraaws) + 717374 (1 = 72)T( My zy2500) + V17273747 (M) 21002324)]/
[172(1 = v3) (L = 74) +7173(L = 72) (1 — 72) +7172(1 — 72)(1 —73)
[v273(1 = y1)(1 = v4) + 7274(1 — 7)) (1 —¥3) +7374(1 — 1) (1 — 72)
Fy17273 (1 = 74) + 717274(1 — 73) +17372(1 — 72) +727372(1 — Y1) + Y1727374]

If we rearrange and apply the definition of inattention odds, we obtain the following, which will be

referred to as the rationalisation equation for c¢(x1, x1x22324).
(o1 + 12413+ tg + vito + 0103 + t10g + 1203 + Loty + 1304)c(21, T1222374) =

t3tac(w1, 122) + totgc(wy, x123) + Lotge(wy, T1x4)+

L47T(Mx1,x1x2x3) + L37T(Mx17x1:c2x4) + LQW(Mxwasm) + W(Mxhxlxz:cgu) (2.124)

Suppose we obtain the instances of (2.116) for i = 1,7 =2,k =3,i=1,j =2,k =4,i=1,5 =

3,k = 4. We can rearrange these three equations as follows:
T( Mz graoms) = (1 + 01 + 12 + 13)c(x1, z12223) — 13¢(21, T122) — L2¢(T1, T123)
T( Mz graozs) = (L4 01+ 12+ ta)c(x1, z12224) — Lac(z1, X122) — t2c(x1, T124)
T( My yzsay) = (14 01 + 13 + ta)e(z1, T12374) — tac(T1, 2123) — t3¢(T1, 1174)
If we substitute these three equations into the rationalisation equation for ¢(x1, x1z2x324) We obtain:
(1401 + 1o+ 134 ta + t1to + 103 + t1ta + L2tz + Loty + t3ta)c(x1, T1727324) =

ta(1 401 4 o +13)c(xr, z1maxs) + t3(1 + ¢ + t2 + ta)e(x1, T1xoxs) + t2(1 + 11 + 13 + ta)c(x1, T12374)
—13t4¢(x1, T122) — tatac(x1, x123) — Latzc(w, X124) + T( My 21 2ozs2s)

The rationalisation equation for ¢/(x1, z1292324) can be written in an analogous fashion. If we take
the difference between the two rationalisation equations, we eliminate m(Mg, z,29252,) and obtain

the following, which is termed the difference equation for c(x1, x1z2x324):
(1 4+ D)[e(zr, miaomsny) — ¢ (v1, m1wawaws)] — A (@1, T1020304)+

(11 + Deafe(zr, w122w324) — @1, T12324) — ¢ (21, 21222374) + ¢ (21, T12324)]+
[(e1 + Do — () + 1)ib][d (21, m120m374) — ¢ (21, T17324) ]+
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(11 + V)esle(zr, mrwaz3ry) — c(w1, m12274) — ¢ (21, T1227374) + ¢ (71, T12274) |+
[(e1 + Ve — () + 1)is][c (x1, m120m374) — ¢ (21, T170924) ]+
(11 + Degle(zy, z120m324) — (21, T17223) — (21, T1227324) + (71, Ty 2273)|+
[(11 + D)eg — () + Diy)[d (21, x1w0w3s) — ¢ (21, T12273)] + 1213 X
[c(z1, T109374) — (21, T17374) — (1, T172w4) — € (21, T1W27374) + ¢ (21, T17374) + ¢ (21, T17274)]
+eatg — his][d (x1, w1mazswy) — (21, w1w324) — (21, B12274) + (71, B124)] + 1204 ¥
[e(z1, m1w22374) — (11, T17324) — (21, T12273) — (21, T1W2w34) + (71, M17324) + (71, T17273)]
+eatg — )] (x1, w1moz3ny) — (21, T1w374) — (21, T12273) + (71, T123)] + 1304 ¥
[c(z1, T109374) — (21, T1T224) — (1, T17273) — ¢ (21, T1W2T374) + ¢ (21, T17274) + ¢ (21, T1T273)]
+[e3tq — Lgbid [ (21, z1200374) — (21, T12274) — ¢ (21, T17273) + (21, T122)] = 0

In the difference equation for ¢(x1, x1x92324), there are eight unknowns: ¢y, to, 13, t4, A1, Ao, Az, Ay.
But using Lemma 1, we can eliminate seven of these eight unknowns, substituting in the equations
L = —% —5A1,i=1,2,34and A; = —t;A1,i = 2,3,4. When substituting in these equations, we
are able to simplify using the following equality: ¢;¢; — L;L; = liLj— L L; + 1 L; — ; = —Lj— L;-Ai =
—iA; — L;-AZ' + 1A — 1A = — (LA 4 1A + NA;).

The result of substituting these equations into the difference equation is as follows:

2
(§ — 51A1)[c(x1, mr@owsny) — ¢ (@1, wr@ow34)] — Arc (21, w1 200324)+
2 1 - , /
(§ - 81A1)(—§ — 82A1)[c(w1, m172w374) — (1, T12374) — ¢ (T1, T1T27374) + ¢ (T1, T1T3T4) ]+
- 2 1 ~
[t2A1(§ — SlAl) + A1(§ + SgAl) + tgA%][c/(x17a:1x2x3x4) — c/(azl, $1$3$4)]+
2 5 1 - ’ /
(§ — 81A1)(—§ — 53A1)[c(z1, x1797374) — (21, T1T2T4) — € (T1, T1T2T3T4) + € (21, T1T2T4)]|+
- 2 1 ~
[t3A1(§ — SlAl) -+ A1<§ + 83A1) + tgA%][c’(ml, x1x2x3w4) — C/<1'1, $1x2x4)]+
2 N 1 - / /
(§ - 81A1)(—§ — 54A1)[c(x1, m1w27324) — (21, T1T273) — € (1, T12223%4) + € (21, X1T273) |+

s 2 1 ~
[t4A1(§ — SlAl) + A1(§ + $4A1) + t4A%HC,(J?1, $1ZC2$3$4) — C,(.%l, $1$2.7}3)]+

1 1
{(§ + SQAl)(§ + 33A1) %

(21, T1w9w34) — C(T1, T123T4) — (21, T1T224) — (X1, T1T2324) + ¢ (21, T12334) + ¢ (21, T1T224)]}
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~ 1 ~ 1 . .
—{ltsA1(5 + 5281) + (f281(5 + 53481) + tat3 AT x

[ (x1, T1207314) — ¢ (21, 17374) — (21, T17274) + (71, T174)] }+

1 . 1
{(z + 524A1) (5 + 84A1) %
3 3
(w1, T1w2w374) — (21, 210324) — (21, T1@203) — (01, B1Tow34) + ¢ (01, T12374) + ¢ (21, T17223)]}
~ 1 . - 1 -
_{[(t4A1(§ + 52A1) + (t2A1(§ + 84A1) + Lo, A2] %
[C/(l“h 361332963964) - C/(wl, 361373964) - C/(CCL 5612?23?3) + 0(3?1, 371963)]}—1-

1 1
{(z 4+ 383A1)(5 + 54A1) %
3 3
[c(x1, m1wawaws) — c(x1, w1waws) — (1, T1@w2w3) — (@1, w1 T22324) + ¢ (w1, T10224) + ¢ (21, 21 @273)]}
~ 1 - 1 .
(G215 + 8380) + (3D (5 + 511) + fslsA]x
[c’(xl, T1T223T4) — CI(«TL T1T2T4) — c’(xl, x12923) + c(x1,T122)]} =0

The result is a quadratic equation of the form f A% + gA; + h = 0, where expressions for f ,g and

h are given as follows:

[ =518]c(w1, m1wawany) — c(w1, 12324) — ¢ (21, 21022374) + ¢ (21, T12374)]+

[32 + t2(1 — 51)][c (z1, v1227324) — ¢ (21, T12374)]+
5183[c(z1, T100374) — (71, M1T274) — (21, T1T2W374) + ¢ (21, T1T24) ]+
(83 + t3(1 — 31)][c/(z1, T1727374) — € (31, M1 T24)]+
§184c(z1, T100374) — (71, M1 T273) — ¢ (21, T12W374) + (21, T1T2T3) ]+
(54 +14(1 — 51)][c/ (z1, 212727324) — &' (21, T12223)] + 5283 %

[e(z1, T109374) — (21, T17374) — (1, T17274) — ¢ (21, T1W2T374) + ¢ (21, T17374) + ¢ (21, T17274)]
—[8ot3 + 83to + tot3)[c (z1, v1T27324) — ¢ (21, T12374) — ¢ (T1, V1T274) + (21, T124)] + 5254 %
[c(z1, T109374) — (21, T17374) — (1, T17273) — € (1, T1W27374) + ¢ (21, T17374) + ¢ (21, T17273)]
—[8oty + B4t + tota)[c (x1, v1727324) — ¢ (21, T12374) — ¢ (21, T127223) + (21, T123)] + §354 %
[c(z1, T100374) — (21, T17274) — (1, T17273) — € (1, T1W27374) + ¢ (21, T17274) + ¢ (21, T17273)]
—[83ty + Bats + t3ta)[c (x1, v1227324) — ¢ (21, T12274) —  (T1, 127223) + (21, T122)] (2.125)

g = —31[c(z1, T1m07374) — ¢ (21, T1707374)] — ¢ (21, V1 T2T3T4)+
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[§§1 — §§2] [e(z1, T1700w324) — (21, T17374) — (71, B1227324) + (21, T1T374)]+
2 L /
[gtz + g”c (z1, T1292324) — (21, T12374)]+

1. 2 , /

[551 - 583] [c(x1, x1222324) — (21, X1T2T4) — € (T1, T1T223%4) + ¢ (21, X1 X224)|+
2.

1
[gtg + 5”6/({[}1, T1w0w374) — ¢ (T1, T17274)]+

1_ 2
[581 - §84] [c(z1, T1227324) — (71, T1T273) — ¢ (21, B1T2T3T4) + (71, T1T2T3) ]+

2. 1 1. -
[§t4 + g][c’(arl, T1297374) — C (21, T17273)] + 5[32 + 83 x

[c(z1, T129w34) — C(T1, T123T4) — (@1, T122Ta) — € (21, T1T223T4) + ¢ (21, T12324) + ¢ (21, T1T224)]
1. - o
—g[tg +13][c (z1, z1w0m374) — (21, T17374) — (21, W1 T274) + (21, T174)] + 5[82 + 84]%
[c(z1, B129w34) — C(21, T123T4) — c(T1, T12273) — € (21, T1T223T4) + ¢ (21, T12324) + ¢ (21, T1T203)]

1. - - -
—g[tQ + 1) (z1, z1707374) — (21, T12374) — (21, T1T273) + (21, T173)] + 5[83 + 84]%

[c(z1, z109374) — (21, T1T274) — (1, T17273) — ¢ (21, T1W2T374) + ¢ (21, T1724) + ¢ (21, T17273)]

*5[53 + 54] [C’(l’l, T1X2x3L4) — Cl(ﬂfl, T1T2Ty) — C’(iﬁl, x1T2w3) + c(x1, T122)]
2

= §[0($1,1’1$2$3$4) — d(x1, T1027374))

>

2
—5[0(561, 961962363564) - 6(361, 1’1903964) - Cl(ﬂfl, 331562963334) + 0'(331, 951563904)]

2
—glel@n, a1aw3ra) — e, @r2224) — d (@1, m1@om324) + ¢ (21, T13224)]

**[0(931, 9311‘2$3934) - C(l'la 561332903) - C,(Il, $1$2$3$4) + C,($17 $1932903)]

9

1
+§ [c(x1, m1@aw3wy) —c(xy, wr23ws) — (@1, B12224) — ¢ (21, T1@Xow3w4) 4+ (21, B12324) +C (21, 1227 4)]

1
+§ [e(z1, T109w374) —C(21, T17374) — (11, By 2273) — (21, T1T2w374) +C (21, 1 T374) +C (21, T1T273)]

1

—|—§ [c(@1, T122w324) — (21, X1 T2 4) — (71, T1T273) — (21, 1 T2T3T4) +C (21, T1T2T4) +C (21, T1T273)]

We can simplify the constant term h as follows:

~ 2 2 1
h = [§ —3x 9 +3x §][c(m1,x1x2x3m4) —d(x1, 217092374)]
1 /
+[2 x 9 §][—c(azl, z1x3xy) + ¢ (21, T12324)]
1 2 ,
+[2 x 9" §][—c(x1, T12224) + ¢ (21, T12224)]
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1 2
+[2 x 9" §][—c(ac1, r17913) + ¢ (21, T17273))

1
= —[c(x1, z1727324) — ¢ (21, T1T2T374)]

3
Moreover, we will now show that g = 0.

We can rewrite the expression for g as follows:

5= =51+ 251 — 25y 251 — 28y + S50 — 250+ S50 + 5] + ~[52 + 54l + S[5s + 5]
9—1313231333134323324334

X [e(w1, T120w374) — (71, T1227374)]+

2.1 2. 1 2. 1 1. - 1.~ = 1. -,
[Fl4 e+ 3+ gtst 3+ gtat g — Sl +85] — Slt2 + fa] — Slts + L)l (1, 21222520)+

3 3 3 3 3 3 3 3

1. 2. ,

[551 — 532][—0(:1:1, x12324) + ¢ (21, T12374) ]+
2. 1. ,
[th + g][—c (:L‘l, :E1:E3l‘4)]+

1. 2. ,

[§81 - 583][—0(27173719623:4) + (@1, 112274) |+
2. 1,
[§t3 + 5][_0 (1, z12224) |+

1. 2. ,

[581 — 584][—c(w1, r12923) + (21, T12023) ]+
2. 1., ,
[§t4 + g][—c (:L‘l, :Clxgl’g)]-i-

%[52 + 83)[—c(x1, z12314) — (21, T17274) + (21, T1T374) + (71, T17274)]
—g[{fg + B3]~ (z1, m12324) — (21, T12024) + (21, T1224)]+

%[52 + 34][—c(z1, z17324) — (21, T1W2W3) + (W1, M1 T374) + ¢ (21, T170273)]
—é[fz + t4][—C (1, m1w334) — ¢ (21, 217273) + (1, T1203) ]+

%[53 + 34][—c(z1, T17924) — (21, T1T23) + (W1, T1T274) + ¢ (21, T17273)]

—3[53 + ][ (x1, w12024) — (21, T12223) + (21, T122)]

The first two terms drop out, because —35; + %51 — %52 + %51 — %53 + %51 — %54 + %[52 + 83] + %[52 +
§4]+%[§3+§4] =0 and —1—1—%524—%—1—%53—1—%—1—%54—1-%— %[7?24-53] — %[52—1-54] — %[53—1—54] =0. If

we remove the first two terms and rearrange, we obtain

- 1.~
g= —g[{(sl + 83 + 34)[c(z1, m12374) — ¢ (21, T17374)]—
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(=1 + &3 + ta) (z1, B12324) — tac(m1, T123) — t3c(m1, T124)]}
+{(§1 + §2 + §4)[C($1, 371:L’2.I4) — c’(a:l, x1x2x4)]—
(=1 + tg 4 t4)c (1, 212224) — Tyc(w1, 2122) — oc(wy, w124)]}
+{(81 + 52 + 83)[c(x1, 12223) — (@1, 21 2T223)]—
[(—1 + {2 + fg)c’(xl, 3311’2:63) — fgc(l’l, :L’l.fvg) — tNQC(J,’l, :L’l.fvg)]}] (2.126)
But if we substitute into the difference equation for ¢(z1, z1z2x3) the expressions ¢; = —% — 5 A\
for i =1,2,3 and A; = —t;/A\; for i = 2,3, then we obtain

1 1 I
(1- 3 5141 — 3 52A1 — 3 8301)[c(w1, T1w2w3) — ¢ (21, 212223)] =

—(=1+t2 + t3) A1 (w1, m17973) + L3A10(21, T122) + t2 A1 (21, 173)

So

(31 + 32 + 33)[e(w1, v11023) — (21, T12273)] =
(—1+ to + fg)c/(xl, T1ToT3) — fgc(xl, T1T2) — fgc(xl, x123)

So in equation (2.126) , the third term in the curly brackets is zero. Similar reasoning can be used
to establish that each of the first two terms in the curly brackets are zero. So g = 0. Therefore A;
is the square root of —ﬁ/ f.

How do we ascertain whether A; is the negative or positive square root? Given that (c,c’) is
rationalisable, we know that ¢; must be positive; and we also know that 11 = —% — 51A1. So A4

must have the opposite sign to §;. This allows us to obtain a unique solution for Aj.

A —\/=h/f if5 >0
1= PO
\/—h/f otherwise

Appendix 3: Model with an independent attention assignment

This appendix examines a consideration-set model in which there is a default option and the atten-
tion assignment is independent. We will refer to this model as the IDO model. Suppose that the set
of alternatives is X = {z1, 2, x3,7}. In Section 2.5, we showed that, under an assumption that the
attention assignment is conditional, a model with three non-default alternatives is fully identified.
We now show, however, that, under the assumption that the attention assignment is independent,

the model with three non-default alternatives is not fully identified. To see this, consider the four
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attention probability vectors ,v’,% and 4/ which are defined as follows: v = (3,3,1), 4/ = (3,2, 2),
v = (1%, %, 1%) and 4/ = (g, g, %) Moreover, consider two ranking assignments 7 and 7, which are
defined as follows. First, 7 is such that, for any ranking on X, =, 7(>) = i. Second, 7 is such
that:

(i) for any ranking > such that Z is the first ranked, then 7(>) = 2o

9

(ii) for any ranking > such that Z is the second ranked, then 7(>) = 555;

(iii) for any ranking > such that Z is the third ranked, then 7(>) = 555

(iv) for any ranking - such that Z is the fourth ranked, then 71(>) = 2.

The following rationalisation conditions can be used to calculate (a) the choice function rationalised
by 7 and the independent attention assignments generated by v and 7' and (b) the choice function
rationalised by the ranking assignment 7 and the independent attention assignments generated by
4 and 4.

E(.I‘Z', xza_c) = ’Yiﬁ(Mziﬂ-i;z-), 1 E {1, 2, 3} (2.127)

(i, wix;T) = (1 — 95) T (Maywiz) + %77 (M aie,z)  for distinet 4, 5 € {1,2,3} (2.128)

(i, wijar) = (1 —75) (1 — ) T( Mo, z.z) + 7675 (1 — )T (Mey wie,e)+

Yive(1 = 1) T (May ianz) + %V e (Ma, ziz,a.z) for distinet 4,4, k € {1,2,3} (2.129)

& (zi,2:2) = Vim( Mg, 2,2), 1€ {1,2,3} (2.130)

& (zi, zix;T) = Yi(1 = V)T (M 202) + ViVjT (M, aia;2)  for distinet 4,5 € {1,2,3}  (2.131)
& (i, wiwjr®) = %1 = 7)1 = V)T Moy ) + 775 (1 = 1) T(May i0;5) +

V(L = VDR (May wiaz) + VAT (Mo wiwyeps)  for distinet 4,5,k € {1,2,3} (2.132)

Using these equations, it is easy to verify that the frame-dependent choice function rationalised by
7 and the independent attention assignments generated by v and 4’ is the same as that rationalised
by the ranking assignment 7 and the independent attention assignments generated by + and +'.

Accordingly, the model is not fully identified.

The question then arises: intuitively, what is the diagnosis of the source of the identification failure?
Why does identification succeed in the models in Section 2.4, in Section 2.5, in Appendix 2 and
Appendix 4, but fail for the model in this appendix? To answer this question, we must first consider
the reason why identification succeeds when it succeeds. The reason is that, in general, by using

a frame-dependent choice function, we increase the number of rationalisation conditions and thus

100



increase the number of equality constraints on the unknowns. As a consequence, the number of
equality constraints is no longer less less than the number of unknowns. Accordingly, the use of a

frame-dependent choice function potentially solves the identification problem.

But this solution strategy will not always work. Suppose that we have a system of equations
in which the number of unknowns exceeds the number of equation, and, as a consequence, there are
multiple solutions. Even if we add further equality constraints — so that the number of constraints is
no longer less than the number of unknowns — this does not, of course, guarantee that we can obtain
a unique solution. For example, the new equality constraints may fail to provide any additional
information about the unknowns. Thus, in a system of linear equations that has multiple solutions,
the addition of another equality constraint that is linearly dependent on the original equations does
not add any additional information about the unknowns. Therefore, the addition of the new equality
constraint does not allow us to solve the identification problem. We suggest that a similar diagnosis
is applicable for the failure of identification in the model with an independent attention assignment.
Even though the use of a frame-dependent choice function imposes additional equality constraints,

most of the new equality constraints do not provide any additional information about the unknowns.

To see this, note that the rationalisation conditions imply that for distinct alternatives i and j:'6

E’(:L“i, xi:E)E’(a:j, .CUji‘)
E(l’i, :U@)E(xj, xjj)

El(l‘i, Iil“j.i‘) = E/(.%i, $Zi’) +

[é(xi, J,‘il‘jf) — E(SL‘Z', :L‘Zf)] (2133)

According to this equation, the observation ¢ (x;, z;x;Z) is determined by the observations in ¢
together with the observations & (z;,z;z) and ¢ (z;,z;Z). Therefore, the rationalisation condition
associated with & (z;, z;z ;) provides no additional constraint on the unknowns over and above that

provided by the rationalisation conditions for ¢ and for ¢ (z;, x;z), ¢ (v, z;T).

Note also that the rationalisation conditions entail that for distinct 7,7 and k:

& (v, wiwjay) = & (w5, xix;T) + T (vi, 2w T) — & (24, 2,)+

& (x;, x;z)c (x5, 2;2)C (zk, Tk T)
e(zi, z;2)e(z), ;%) (2, T T)
d

(€, TixparT) — &(z, T25T) — E(xi, TizgT) + ¢(xi, ;7)) (2.134)

'YEquations (2.127) and (2.128) imply &(z, z:2,;%) — &(xi, 2:Z) = YiV;[F(Ma; 2i2,2) — T(Ma, »,z)] and equations
(2.130) and (2.131) imply & (@4, ziz; &) — & (zi, %) = YVj[F(Ma, 2,2,5) — T(Ma, ,5)]. Dividing the second of these
equations by the first yields: [¢'(z:, ziz;Z) — & (x4, 7:Z)]/[(s, Tiz;T) — (@i, :T)]) = [vi/7i][7v;/75]). We can then obtain

equation (2.133) by using the fact that, from equations (2.127) and (2.130), v;/vi = € (zs, x: %) /e(xs, :T).
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From equation (2.133), we know that the terms ¢ (x;, z;x;z) and & (z;, z;2,%) in this equation
are determined by the observations in ¢ together with the observations ¢ (z;, z;z), ¢ (z;,z;Z) and
& (xy, xx). Therefore equation (2.134) says that, similarly, the observation & (z;, z;x;x,Z) is de-
termined by the observations in ¢ together with the observations & (x;, 2;Z), & (x}, x;Z), ¢ (zg, T4 T).
So the rationalisation condition associated with ¢ (z;, z;2;21Z) provides no additional constraint on
the unknowns over and above that provided by the rationalisation conditions for ¢ together with

the observations ¢ (z;, z;%), & (xj, z;&) and & (xg, TxT).

In summary: the model with a default option and an independent assignment exemplifies a special
case in which the restriction imposed on the attention assignment ensures that, when the choice
data in ¢ are supplemented by the additional choice data in &, the new rationalisation equations
provide insufficient additional information about the unknowns to allow identification. By way of
contrast, for the models presented in Section 2.4, Section 2.5, Appendix 2 and Appendix 4, the
additional rationalisation equations provide sufficient additional information about the unknowns

to enable identification.

Appendix 4: Identification in the absence of a closed-form solution

This appendix presents a simple model with a default option that is designed to illustrate two points.
First, the identification failure in the model in Appendix 3 (the model with a default option and
an independent attention assignment) is something of a special case. We show that the attention
parameters may be retrieved if the DM is assumed to have an attention assignment that is a simple
generalization of the independent attention assignment. Second, this appendix illustrates that the
identification strategy outlined in our paper may be applicable even in the absence of a closed-form

solution.

In order to illustrate these two points, we define a “size-effect attention assignment”, which is
a straightforward generalization of an independent attention assignment. Whereas an independent
attention assignment is generated by an attention probabilities vector v, a size-effect attention as-
signment is generated by an attention probabilities vector -y together with a size parameter 6 € [0, 1].
If § = 1, the size-effect attention assignment is an independent attention assignment. If § < 1, then

the size-effect attention assignment is such that (i) it places more weight on consideration sets of
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size 2 than an independent attention assignment generated by ~ and (ii) it places less weight on
empty consideration sets. Intuitively, the size-effect attention assignment accommodates the pos-
sibility that the DM has a greater tendency to form consideration sets of size 2 than is implied
by an independent attention assignment. More formally, let a; denote an independent attention
assignment generated by + and let a denote a size-effect attention assignment generated by v and
size parameter §. The size-effect attention assignment is understood to be an attention assignment
that satisfies the following properties. For any A C B C X:

(i) if |A| # 2, |A| # 0, then «(A, B) = ay(A, B);

(i) if |A| = 2, then a(A, B) = a;(4, B)?;

(ii) if [A[ = 0, then a(A4, B) =1 =3 pcp.prp (D, B).

Consider an example in which the set of alternatives is X = {1, 22, 73,Z}. Assume that a frame-
dependent choice function (,¢) is rationalised by a ranking assignment 7 on X and a pair of size-
effect attention assignments (a, ) generated respectively by attention probability vectors (v,7’)
together with a size parameter §. This appendix will address the following identification equation:
how do we retrieve the attention parameters v,7" and ¢ from the observed choice probabilities.
Note that, once we have retrieved the attention assignments, we can also retrieve upper contour
probabilities using the method outlined in the proof of Theorem 9. The rationalisation equations

imply the following equality constraints:

&(wi, 2:%) = T (Ma,; 2yz) , 1€ {1,2,3} (2.135)
E(.’L’i, xixjj) = 71(1 - ’Yj)ﬁ(-/\;lzhl"if) + [ViVj]éﬁ(Mmi,mixjf) , 4,J € {17 2, 3}72 7&] (2136)

E($1, $1l‘2$3f) = 71(1 - '72)(1 - 73)7?(/\;1361,36156) + [71’72(1 - 73)]67?(MI1,$1$29?)+

[’}’173(1 - 72)]57?(Mw1,1:1x351) + 7172’7377'(Mw1,z1x2$35?) (2‘137)
& (zs,0,%) = V7 ( Mgy, 2,z) , 1€ {1,2,3} (2.138)
& (@i, wi257) = %1 = V7 Mayzz) + WP T Maymmya) » 65 €{1,2,3hi#5  (2139)

E/(xlaxlxz'r&i) = 71(1 - ’Vé)(l - 71/’;)7?(/\;1331733157) + [’Yif}é(l - fyé)]éﬁ(/\;lwlwlxzi)'i_

[717{’;(1 - 7&)]67?(]\;138173313331) =+ 71757{?)7?(]\;1381,33112135) (2'140)
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Consider the ranking assignment on X, 7, such that for any =€ Rx:

(- = 2 if Vye X\{m}, 21>y
T otherwise

Consider the attention parameters v; = 0.3,72 = 0.2,73 = 0.8,7] = 0.8,75 = 0.6,75 = 0.4, = 0.95.
The frame-dependent choice function that is rationalised by this ranking assignment and the size-
effect attention assignments generated by these attention parameters is such that:

é(x1,217) = 0.225,¢(x2, 22T) = 0.1, ¢(z3, x3%) = 0.4, (x1,21%) = 0.6, (x2, 22T) = 0.3, ¢ (23, 23T) =
0.2,¢(z1,x122%) =~ 0.2260,¢(x2, x122%) ~ 0.0815,¢(x1,x123%) ~ 0.2168, ¢(x3, x123T) ~ 0.3230,
é(x1,x129, v3T) ~ 0.2150,8 (21, x122%) =~ 0.5720, & (w2, v122%) =~ 0.1430,7 (r1,x123T) ~ 0.5858,
@ (x3, r123T) ~ 0.0965, & (x1, x122, £3T) = 0.5629.

Suppose an observer has this choice data, and wants to retrieve the attention parameters. The

following method can be used. First, define r; = % fori=1,2,3. Sor = 2%,7"2 =3,r3=1.
The observer can infer that:
T(May zyanz) 7 0 (2.141)

Why? Suppose, for contradiction, 7(My, 412,z) = 0. Then rationalisation conditions (2.135),
(2.136),(2.138),(2.139) imply rra(c(z1, z122T) — é(x1,21Z)) = & (21,2122, %) — & (21,21,Z). But

this is not the case. Similar reasoning allows the observer to conclude that

ﬁ(sz,ml“fo) 7£ 07 ﬁ(Mflil,fElIsf) 7& Oa ﬁ(M:E?,,IlISi) 7& 0 (2'142)

Given (2.141) and (2.142), rationalisation conditions (2.135), (2.136),(2.138),(2.139) imply that for
j=2,3
i(w],xj) 7 _ (rir;)? (2.143)

From (2.143), we can obtain expressions for 7, and -3 as a function of v;. It turns out that this

& (w1, x12;7) — (1 —rjy)¢ (w1, 212) & (xg, x125T) — (1 — ri71)
é(x, x12@) — (1 — v5)é(z1, 217) é(zj,z12;2) — (1 —m1)c

function is affine. In particular, for j = 2,3, we have
v = a; +b;m (2.144)
where
aj = [ (xj, v12;T)c(x1, 2125%) — € (25, 112,7)E(21, 21T) — (201, 21252)C (2§, 25)
—&(xj, 112;2)¢ (21, 112,%) + € (01, T17;%) (2§, 7T )+
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& (2}, 2;3)e(w1, 018) — & (01, 018)8(5, 2;8) + ¢ (21, 215)8(25, 212;8)]/
[c(z1, 212)(¢ (2, ;%) — &(x), 212;7)) — ¢ (21, 212) (¢ (3, 2;T) — rj¢(@;), 21257))] (2.145)
bj = [mé (zj,2;7)e(x1, v12;%) — & (21, 212)C (25, 5 T)
—c(xj, x;2) (1, 217;7) + & (21, 217)¢ (25, 7;7)] /
[e(@1, 212)(¢ (), 257) — (2, 21257)) — & (21, 217)(¢ (25, 2;7) — 7je(w), 212;7))] (2.146)

These functions are well-defined because the denominators in (2.145) and (2.146) are nonzero.'”

Given that by > 0 and 7, > 0, (2.144) implies that v; > — ‘” = 0.1875. Also, given the assumption
that § > 0 and given the fact that r1,r2 > 1, equation (2.143) implies that:

(w2, 1122%) — (1 —r171)¢ (w2, 127)
é(xg, x122T) — (1 — y1)é(x2, 22T)

>1 (2.147)

Let 7 denote the value of 7; such that (2.147) holds with equality, which can be calculated to be
71 ~ 0.1979. The fact that 71 > —32 = 0.1875 implies that the denominator of (2.147) is positive,
so (2.147) entails that y; > ~7. Also, as y3 < 1 and b3 > 0 thus 11 < % ~ 0.3281. In summary,

then, v € [{, lgsi”], where 7] ~ 0.1979 and % ~ 0.3281. Let us denote this interval by D. We
can then rearrange the second equality in equation (2.143) to express ¢ as a function of «; on the

domain D. In particular, we specify the function £ : D — R to be the function such that, for any

v1 € D:
& (xe, r129%) — (1 — r171)8 (22, 22T)
é(xg, x122T) — (1 — y1)é(x2, 22T)

Note that this function is well-defined and continuous for all 41 in the domain D, and is such that

&(m) = log( )/ log(r172) (2.148)

§ = &(71). If we rearrange equations (2.137) and (2.140) to eliminate the term 7(Ma, 41 2925z), then
use (2.135), (2.136) to eliminate the terms 7‘7(./\;133“%90]@), (Mg, 2i2,z) and T(My, 2,z), we obtain
the equation:

¢(m)=0

where the function ¢ : D — R is such that, for any v, € D:

C(m) = &(z1, z122238) — (1 — (az + bay1)(1 — (a3 + bgm1))e(z1, 217)—

171 § were unity, however, as is the case when the attention assignment is independent, then the denominators
of (2.145) and (2.146) would be zero, and the identification method presented in this appendix could not be em-
ployed. To see why, in this case, the denominators in (2.145) and (2.146) are zero, note that if we set 6 = 1 in the
second equality in (2.143) and rearrange, we obtain: & (z;,x1%,;Z) — (1 — rim1)¢ (x5, 2;%) = mirjle(z;, x12,;T) — (1 —
~v1)&(xj, x;Z)]. Plugging in the definitions of r; and r1 and rearranging yields: &(z1, z17)[€ (z;, z17;%) — T (xj, 2;7)] =

¢ (z1,212)[rje(z;, z12;Z) — & (xj,2;Z)]. This implies that the denominators in (2.145) and (2.146) are zero.
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(1= (a3 + bsm)) OV [e(x1, 2129%) — (1 — (a2 + ba)) (w1, 21.7)] —

(1= (a2 + bon))* O [e(wy, 2123%) — (1 — (as + bsyy1))e(a1, 217)]—
1

rirars

(1 = r3(as + bs71)) OV (21, 2122%) — (1 — ra(ag + bom ))& (z1, 217)]—

[E'(wl, $1$2$3f) — (1 — Tg(ag + bQ’yl)(l — 7’3(&3 + bg’yl))él(.%'l, xlf)—

(1 — ra(ag + bey))SOV[E (21, 21237) — (1 — r3(az + bsm))e (z1, 217)]] (2.149)

Note that this function is well-defined and continuous on the domain D. In order to obtain the
value of the attention parameter =1, therefore, we need to find the root of the function { on domain
D. As there is no obvious closed-form solution to this problem, we turn to numerical methods for
root finding. We employ the simple method of “incremental search” (see Chapra (2012, p.131)),
and find that ¢ has a unique root at ~; =~ 0.3000. Thus the method successfully retrieves the value
of 1 = 0.3 that was used to generate the choice data. We can then obtain parameter § from (2.148)
and parameters y2 and 73 from (2.144). In order to retrieve the parameters v{,~5 and 74, we use
that fact that, for ¢ = 1,2,3,~/ = 7. Note that this method cannot be used if the attention
assignment is independent, because in the special case where § = 1 the denominators in equations

(2.145) and (2.146) are zero.

Appendix 5: Numerical illustrations of the identification method

This appendix presents two examples — one for the NDO model and one for the DO model —
of the method presented in Sections 2.4 and 2.5 for backing out inattention odds vectors from
observed choice probabilities. Each example begins by specifying a ranking assignment and two
vectors of attention probabilities v and /. These generate a frame-dependent choice function.
We then apply our identification method to retrieve, from the frame-dependent choice function,
two inattention odds vectors. Our identification method can then be verified by checking whether
the revealed inattention odds vectors obtained using this method are the same as the inattention
odds vectors associated with the attention probability vectors used to generate the frame-dependent

choice functions.
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A5.1. Example for NDO model

Let X = {x1, 22,23, 24,25} and 7 denote the ranking assignment on Rx such that, for any € R x

m lfx2>.’L'1

m(-) =
ﬁq’o otherwise
Suppose that the attention probabilities are v = (%, %, %, %, %) and v = (%, %, %, %, %) Then the

inattention odds vectors are ¢ = (%, 1, %, 1,1) and ¢/ = (1, %, 1, %, 1). This ranking assignment and

these attention probabilities generate a frame-dependent choice function (¢, ¢’) such that:

c(ry,x122) = 1—70, c(z1,r123) = %, c(xy,x124) = (21, T125) = %, c(xg, xow3) = %, c(xza, xomy) =

c(xg, xoxs) = %, c(xs, x3xy) = c(x3, v375) = %, c(xq, myxs5) = %, c(x1, T1mo3) = f‘—gz, d(x1, x122) =
)

3. (1, mw3) = (21, mas) = 53, ¢ (21, 2124) = 22, (22, wox3) = ¢ (2, 22w5) = 3L, (w2, wox4) =
1

5. (s, 23m4) = 2, (23, 2375) = 5, (4, 2a75) = 2, (21, T17273) = 155

In order to retrieve the inattention odds vectors from these choice probabilities, the first step is
to obtain the reduced row echelon form of the augmented matrix [Q, b]. As specified in the proof of
Lemma 1, this augmented matrix is determined by the choice function (¢, ’). It can be verified that
the NDO-nonzero condition is satisfied. We use a Matlab function to obtain the following reduced

row echelon form of the augmented matrix:

—100000000—3—{
010000000 0 O
001000000 -3 —%
000100000 1 0
000010000 —2 -2
000001000 -1 0
000000100 -3 -1
000000010 1 0
000000001 —2 -1
000000000 0 0

It follows that all of the unknowns can be specified as linear functions of the unknown Aj; in
particular, for i = 1,...,5, ¢; = —% — 5;Aq, for i = 2,...,5, A; = —t;A1, where the values of s;

and t; can be obtained from column 10 of the reduced row echelon form. In particular, s; = —2,
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to=1,89=-3,t3=—1,83=—-2, 14 =1,84=—3,t5=0,55 = —3.18

The second step is to obtain a value for Aj;. In order to do so, we calculate f and h, us-
ing the expressions for these two terms specified in the proof of Theorem 5. It turns out that
f & —0.0896, h ~ 0.0224. As s; < 0, equation (2.22) implies that A; = /—h/f ~ 0.5000. (Note
that this is consistent with the fact that ¢; = % and ¢f = 1). In order to retrieve the revealed inat-
tention odds vector i, we use the fact that fort=1,...,5, ; = —% — sl-Al. To retrieve the revealed
inattention odds vector ¢/, we use the fact that 7} = Ay+i;and fori=2,...,5, 0=1;— t;A. Tt is
easy to verify that the revealed inattention odds vectors i and i’ obtained in this fashion are equal

to the inattention odds vectors ¢ and ¢/ that were used to generate ¢ and .

A5.2. Example for DO model

Suppose that the set of alternatives is X = {x1, x2, r3, 7} and let 7 denote the ranking assignment on

R such that for all =€ R, #(>) = 5;. Suppose that the attention probabilities are v = (3, 3, %)

and v = (%, %, %), so the inattention odds vectors are ¢ = (1,1,2) and ¢/ = (2,2, 3). This ranking
assignment and these attention probabilities generate a frame-dependent choice function (¢,c’) that

satisfies the following:

é(x1,11T) = é(xe, 29T) = é(xs,23T) = & (x1,21%) = (22, 29T) = & (v3,23T) = %; é(x1, T1297)
= (w9, r112T) = %; d(x1,r129%) = (19, 122T) = %; é(x1,r123%) = (9, T2, 3T) = %;
and @ (1, x123%) = @ (we,x,23T) = %; c(x3, r123%) = ¢(x3, T2, 23T) = 25—4; d(zs,r123T) =
@ (r3, 1, 23T) = %; é(x1, T12923T) = 4%, & (x1, x10203T) = 2%. The following uses the two-step

method for retrieving inattention odds vectors that is outlined in the proof of Theorem 8.

The first step is to calculate the reduced row echelon form of the augmented matrix [Q,b] that
is specified in the proof of Theorem 8. Note that that the DO-nonzero condition is satisfied. Using

Matlab, we calculate the reduced row echelon form of [Q, b] to be the following:

181t is easy to check that these values for s; and ¢;, which were obtained from the reduced row echelon form, are

the same as the expressions for s; and ¢; defined in the proof of Lemma 1. This verifies Lemma 1.
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10000 —-25 -2
01000 -1 0
00100 —-15 -2
00010 -1 0
00001 —-15 —3
00000 0 O]

Thus for i = 1,2,3, 1; = —3 — §;Ay, for i = 2,3, A; = —£;A1, where §; = —1.5, {, = —1,3 = —1.5,

t3=—1,53 = —2.5.19

The next step is to find A; using the definitions of f and h specified in the proof of Theorem
8. It is easy to check that f ~ —0.0050 and g ~ 0.0050. Given 5; < 0, equation (2.34) entails that
Ay = \/—h/f ~ 1.0000. (Note that this is consistent with the fact that ¢; = 1 and j = 2). The
revealed inattention odds vector z, by definition, is calculated as follows: ¢ = 1,2,3, 1; = —% — 5.
The revealed inattention odds vector 7’ is then obtained as follows: 7} = A + 7, and for i = 2,3,
Z; = 7; — t;A1. Tt is easily checked that the revealed inattention odds vectors 7 and 7’ obtained in

this fashion are equal to the inattention odds vectors ¢ and ¢/ that were used to generate ¢ and &.

9Tt can be verified that these values for 5; and #;, obtained from the reduced row echelon form, are equal to the

values calculated using the definitions of 5; and #; in Lemma 2. This serves to verify Lemma 2.
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Chapter 3

Framing effects with indecisive

decision-makers

3.1 Introduction

In their study of framing effects, Salant and Rubinstein (2008, p.1287) describe a frame as a con-
dition “which is irrelevant in the rational assessment of the alternatives but nonetheless affects
behaviour”. For instance, framing effects may include the influence on choice of the location of
goods in a supermarket; the effect of specifying an alternative as a “default option”; or the influ-
ence on online shopping of web-wallpaper. Drawing on evidence of the prevalence of framing effects,
a number of commentators have challenged some of the central tenets of neoclassical economics.
First, whereas neoclassical economics assumes that decision-makers (DMs) have stable underlying
preferences, framing effects are seen as evidence that preferences are “radically unstable”, “labile”
and “constructed”. Second, framing effects have been presented as evidence of irrationality in
decision-making. Third, it has been argued that framing effects undermine neoclassical choice-
based welfare economics, on the grounds that, if choices are influenced by framing effects, revealed
preferences cannot be retrieved from choice data. As these three conclusions challenge central tenets

of traditional neoclassical theory, we refer to them as skeptical conclusions.®

Framing effects, of course, come in different shapes and sizes. Our paper develops a model of

!For an overview of the literature on “preference construction”, see Lichtenstein and Slovic (2006). For popular
articulations of the view that framing effects are evidence of irrationality, see Thaler and Sunstein (2008) and Ariely

(2009). See Ariely et al. (2003, p. 102) for the claim that framing effects undermine choice-based welfare economics.
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one important class of framing effects, which are labelled resolution framing effects. According to
our model, frames influence a DM’s choice when she is indecisive between alternatives. A DM is said
to be indecisive between two alternatives if she does not have a strict preference for one alternative
over the other.? As we use the term, a resolution framing effect is a framing effect that influences
a DM by “tipping the balance” when she is indecisive between alternatives. We refer to this type
of framing effect as a resolution framing effect because, at least potentially, the framing effect helps
to resolve the decision of indecisive DMs. Section 3.3 of the paper presents a formal definition of a
resolution framing effect — it is defined to be a certain type of mapping from frames to relations.
We will argue that, at least for resolution framing effects, there is no warrant for drawing the three

skeptical conclusions articulated above.

In our model, the observed data are the frame-dependent choices of a DM. We refer to the ob-
served data as a frame-dependent choice function. Whereas a neoclassical choice function is a
mapping from budget sets to choices, a frame-dependent choice function is a mapping from budget
sets and frames to choices. Frame-dependent choice functions have been modelled in a number of
papers in the behavioural economics literature: they appear in the models of the endowment effect
of Masatlioglu and Ok (2005) and Masatlioglu and Ok (2014), in the model of choices from lists of
Rubinstein and Salant (2006), and in the more general models of Salant and Rubinstein (2008) and
Bernheim and Rangel (2009).

3 In

According to our model, frame-dependent choice functions are generated by a two-stage process.
the first stage, an alternative is eliminated if another available alternative is strictly preferred to it.
The DM is, therefore, indecisive between alternatives that survive the first stage. The second stage
of the decision process depends upon the frame. A resolution framing effect determines how, in the
second stage, the frame influences the decision. The resolution framing effect, which is a mapping

from frames to relations, determines, for each frame, what “tips the balance” in that frame when

the DM is indecisive between alternatives. In this two-stage model, the DM’s preferences, together

2As discussed in Section 3.2, we use the term “indecisive” rather than “indifferent”, because we do not assume

that the weak preference relation is complete.
3In using frame-dependent choice functions, our paper is distinguished from a number of other models of two-stage

decisions. Whereas Manzini and Mariotti (2007), Manzini and Mariotti (2012) and Horan (2016) model two-stage
decision processes that are, in some respects, similar to ours, in their papers the choice data are a neoclassical choice

function, while in our paper it is a frame-dependent choice function.
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with the resolution framing effect, generate a frame-dependent choice function. Section 3.5 of our
paper develops an extension to the two-stage model, adding a third stage to the decision process.

The three-stage model can accommodate a broader class of frame-dependent choice functions.

We provide axiomatisations and revealed preference results for the broad class of resolution framing
effects. An attractive feature of these results is their generality. Rather than developing a bespoke
model for each specific kind of framing effect, we present more general results which imply, as a
corollaries, axiomatisations for specific framing effects. For instance, we show that our model yields
axiomatisations for the salience effect, the endowment effect, the priming effect and the compromise
effect. Moreover, it would be fruitful to investigate whether other types of framing effects can be
modelled as resolution framing effects, including the anchoring effect and asymmetric dominance.
While generality is a virtue in any scientific enterprise, it is particularly important in behavioural
economics, which has been criticised as fragmented in comparison to the unified framework of neo-

classical economics.?

Our model provides a response to the skeptical conclusion that frame-dependent choices imply
that preferences are “radically unstable”, “labile” and “constructed.” According to our model,
frame-dependent choices are generated by a stable underlying preference relation together with a
resolution framing effect. Moreover, our revealed preference results constitute a response to the
skeptical conclusion that frame-dependent choices preclude the possibility of retrieving preferences
from choice data. We demonstrate that, if resolution framing effects satisfy certain “richness” con-
ditions, a unique revealed preference relation can be backed out from the DM’s frame-dependent
choices. Section 3.6 compares this revealed preference relation to two other influential proposals
for backing out ranking relations from frame-dependent choice data — the proposals in Salant and
Rubinstein (2008) and Bernheim and Rangel (2009). As discussed in Section 3.6, both papers
present different models to ours, and are asking somewhat different questions to us. In contrast
to our model, Bernheim and Rangel (2009) do not postulate a general decision process that gen-
erates frame-dependent choice functions. Moreover, whereas Salant and Rubinstein (2008) can be
interpreted as presenting a “multi-self” model, our model accommodates frame-dependent choices

that are inconsistent with a multi-self model.> Despite these differences, there are parallels between

4See, for example, Caplin (2008).
5Roughly speaking, for a “multi-self’” model, the DM can be attributed, for each frame, a ranking of the alternatives

specific to that frame, which generates the choices in that frame.
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our revealed preference results and the findings of Bernheim and Rangel (2009) and Salant and

Rubinstein (2008), which are highlighted in Section 3.6.

Section 3.7 presents a response to the skeptical conclusion that framing effects are evidence of irra-
tionality. At least for resolution framing effects, there is no reason for classifying frame-dependent
choices as irrational. On the one hand, for a resolution framing effect, the DM’s choice is influenced
by a non-rational factor — namely, a frame. On the other hand, this does not render her choice
irrational, because the non-rational factor only affects her choice among alternatives between which
she is indecisive. We acknowledge that, if, in fact, a non-rational factor caused a DM to choose an
inferior alternative over a superior alternative, then, at least potentially, there may be an argument
for concluding that she is irrational. But, for a resolution framing effect, the frame only affects
the DM’s choice when she is indecisive between alternatives, so there is no basis for deeming such

choices irrational.

In summary: for resolution framing effects, there are no grounds for accepting the three skepti-
cal conclusions articulated above. First, although choices are influenced by frames, this does not
imply that preferences are “radically unstable”: we show that a frame-dependent choice function
can be generated by a preference relation. Second, even if choices are influenced by non-rational
factors, this does not render them irrational. Third, framing effects do not preclude the possibility
of choice-based welfare analysis: for resolution framing effects, our revealed preference relation can
serve as an individual welfare relation. In the literature on behavioural economics, there are a
number of other responses to the skeptical challenges. One response is that, if DMs have limited
attention, apparently irrational behaviour may nevertheless be boundedly rational.® A second re-
sponse is to argue that frames may be informative: framing effects can be construed as rational if
7

features of the context convey information relevant to the rational assessment of the alternatives.

The model in our paper supplements such responses to the skeptical challenge.

The structure of our paper is as follows. Section 3.2 presents minor variants of two well-known
axiomatisations from standard choice theory. All the results in our models of framing effects are

counterparts of these two key results. Section 3.3 presents our two-stage model of resolution framing

SMoreover, Masatlioglu et al. (2012) and Masatlioglu and Nakajima (2015) present models of limited attention

which show that, at least to some extent, revealed preferences can be retrieved from choice data.
"For example, see the response in Gigerenzer (2015) to Thaler and Sunstein (2008).
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effects, illustrating the model with a specific type of resolution framing effect — the salience effect.
Section 3.4 argues that two other framing effects — the priming effect and the compromise effect —
can also be modelled as resolution framing effects. Section 3.5 presents an extension to the two-
stage model of resolution framing effects, adding a third stage. This three-stage decision process is
used to model the endowment effect. Section 3.6 compares the revealed preference results in our
model and the findings in Salant and Rubinstein (2008) and Bernheim and Rangel (2009). Section
3.7 then presents our argument that resolution framing effects are consistent with rational decision

making.

3.2 Neoclassical choice with incomplete preferences

Let X denote the set of alternatives, which throughout the paper is assumed to be finite. We take
as primitive a strict preference relation > on X, and present axiomatisations for strict preferences

8 By way of contrast, a

that are (i) asymmetric and transitive and (ii) asymmetric and acyclic.
common approach in textbook treatments of choice is to take the weak preference relation > as
primitive, and to assume that the relation is transitive and complete; this is equivalent to assuming
that the strict preference relation is asymmetric and negatively transitive. Given that transitivity
and acyclicity are weaker assumptions than negative transitivity, we are imposing weaker restric-
tions on the preference relation than this textbook treatment. Our motivation for deviating from
this textbook treatment is that, as a number of commentators have argued, completeness of the
weak preference relation is not a requirement of rationality.? For any relation = on X, define the
relation . as follows: for any x,y € X,zl.y <= x # y and y # z. In the textbook treatment
of choice described above, where the strict preference relation > satisfies asymmetry and negative
transitivity, the relation I. satisfies transitivity and is referred to as the indifference relation. In

contrast, if the relation > merely satisfies (i) asymmetry and transitivity, or (ii) asymmetry and

acyclicity, then the relation I. need not satisfy transitivity. To indicate this difference from the

8Throughout this paper, the term “relation” will refer to a binary relation. Consider any relation R on a set X.
R is said to be (i) transitive if, for all z,y,z € X, xRy and yRz entails xRz (ii) asymmetric if, for all z,y € X,
2Ry entails not yRz (iii) acyclic if there are no alternatives z1,z2,...,2, € X such that x1Rz2R... Rz, Rx1 (iv)
complete if, for all z,y € X, either xRy or yRz (v) negatively transitive if not xRy and not yRz entails not xRz (vi)
a linear ordering if R is transitive and, for any z,y € X, exactly one of the following holds: xRy,yRxz,z = y. For
S C X, the expression max(S, R) refers to the set of maximal elements in S with respect to R. So if R is asymmetric,

max(S,R) = {x € S : for no y € S,yRz}.
9For a discussion of why completeness is not required for rationality, see Eliaz and Ok (2006).
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textbook treatment, if a DM’s preference relation > is such that zl,y, we will say that she is
“indecisive” between x and y rather than “indifferent”.°

Before turning to consider frame-dependent choices in Section 3.3, it will be helpful to review
some results from neoclassical choice theory. A standard choice function, which maps budget sets
to choices, will be referred to as a “neoclassical choice function”. The “set of all non-empty budget
sets” is denoted B := 2X\{0}. In this section, it is assumed that |X| > 3. The domain of a neoclas-
sical choice function 2 can then be defined as any subset of B that contains all members of B of
size two or three. A neoclassical choice function is a mapping C : 2 — B such that, for any B € 2,
C(B) C B. C is said to be rationalised by a relation > if, for all B € D,C(B) = max(B,>). The
axioms Contraction, Expansion and Weak ITA (independence of irrelevant alternatives) are defined

as follows:

Contraction

Consider any B € & and z,y € B. If z € C(B), then z € C({z,y}).

Expansion

Consider any B € Z and x € B. If, for all y € B\{«z}, z € C({x,y}), then z € C(B).

Weak ITA
Consider any distinct z,y,z € X. If C({z,y,z}) = {«}, then C({z,y}) = {z}.

Note that the ITA property is often stated in a stronger form: for any A, B € 2, if C(A) C B C A,
then C(B) C C(A). It is easy to verify that this stronger form of the ITA property entails Weak ITA.
We use a weaker form of the axiom, because, as shown below, this weaker form has a counterpart
in axiomatisations of framing effects. In the axiom Weak IIA, intuitively, the alternative z is the
“irrelevant alternative”; the idea is that the removal of the irrelevant alternative z from the budget

set does not change the DM’s disposition to choose x over y.

Next, we define the base relation for a neoclassical choice function C as follows: the base rela-

0Fliaz and Ok (2006) also introduce a concept of “indecisiveness” in their analysis of incomplete preferences,

although their concept is somewhat different to the definition of indecisiveness in our paper.
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tion P is the relation on X such that, for any z,y € X, Py if and only if {z} = C({z,y}). Then

the following two theorems are minor variants of standard results in the literature.!!

Theorem 1A (Neoclassical model: Acyclic preferences)

Consider any neoclassical choice function C with domain B.

(a) There exists an asymmetric, acyclic relation > that rationalises C' if and only if C satisfies
Contraction and Expansion.

(b) If C satisfies Contraction and Expansion, then P is asymmetric, acyclic and the unique relation

that rationalises C.

Theorem 1B (Neoclassical model: Transitive preferences)

Consider any neoclassical choice function C.

(a) There exists an asymmetric, transitive relation = that rationalises C' if and only if C' satisfies
Contraction, Expansion and Weak ITA.

(b) If C satisfies Contraction, Expansion and Weak ITA, then P is asymmetric, transitive and the

unique relation that rationalises C.

In the next section, we will establish a pair of theorems that are counterparts to Theorems 1A

and 1B, but where the theorems apply to frame-dependent choices.

3.3 A model of resolution framing effects

To illustrate our concept of a “resolution framing effect”, it will be helpful to consider a simple
example. A shopkeeper sells two types of chocolates, x and y, which are placed next to the cash-
register. The set of alternatives then is X = {z,y}. For a customer standing at the cash-register,
the closer alternative is more salient. The customer’s choices are observed under two frames: the
state in which x is closer than y and hence more salient, which is denoted by fi. ; and the state
in which y is closer than x and thus more salient, which is denoted by f., .. Suppose that the
customer has a two-stage decision process. In the first stage, she eliminates an alternative if there
is another available alternative strictly preferred to it. In the second stage, her choice is dependent

on the frame in which she makes her decision: of the alternatives that survive the first stage, she is

"Versions of these results can be found, for example, in Moulin (1985).
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disposed to choose the alternative that is most salient. Her choice dispositions in the second stage
of this process can be described by a function from the set of frames 7y := {fs,,, fo,. } to the set
of relations on X, R. In particular, the second stage can be described by the function r; : /1 = R
such that:

(i) the relation r1(fy,,) is such that zri(fs,,)y and not yri(fs,,);

(ii) the relation r1(fs,,) is such that yri(fs,, )z and not zri(fs,,)y.

Function rq is to be interpreted as saying that, if x and y both survive the first stage, the DM’s
choice depends on the frame in the following way: if her decision is made in frame fs_ , where
x is closer, and thus more salient, the DM is disposed to select x over y; if her decision is made
in frame f., , where y is more salient than z, the DM is disposed to select y over z. If the
DM’s preference relation is given by > and a decision is made in frame f € Fi, then the two-
stage decision process generates a choice that is given by max(max({z,y},>),r1(f)). Assume that
> is such that the DM is indecisive between x and y; that is, zI.y. Then her choice in frame
fo., is given by {z} = max(max({x,y},>),),r1(>zy)) and her choice in frame f. , is given by

{y} = max(max({x, y}7 >')7 Tl(DyI))'

The DM’s choices from each budget set and in each frame can be described by a “frame-dependent
choice function”. Whereas a neoclassical choice function is a mapping from budget sets to choices,

a frame-dependent choice function is a mapping from budget sets and frames to choices:

Definition 1 (Frame-dependent choice function)

Let X denote a set of alternatives and F a set of frames. The domain, D, is a non-empty sub-
set of B x F. A frame-dependent choice function is a mapping ¢ : D — B such that for any
(B,f) €D, ¢B,f)CB.

In the chocolate example, the DM’s choices can be described by a frame-dependent choice function
¢ with domain B x Fi such that c({z,y}, f>,,) = {z} and c({z,y}, f>,.) = {y}. In general, a
frame is understood to be an observable state which, as Salant and Rubinstein (2008) put it, “is
irrelevant in the rational assessment of the alternatives but nonetheless affects behaviour”. The
frame-dependent choice function is assumed to be the observable choice data: that is, an observer
has data not only on the choices made from the various budget sets, but also on the frames in

which the choice was made. For ease of exposition, the term “choice function” henceforth will be
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understood as an abbreviation for “frame-dependent choice function”.

In the chocolate example, the DM’s choice function is generated by her preference relation to-
gether with the function 7y, which describes her second-stage choice dispositions. The function

“resolution framing effect”. Intuitively, a resolution

r1 is a simple example of what we will call a
framing effect determines how, in each frame, the DM resolves her choice from alternatives between
which she is indecisive. That is, a resolution framing effect determines what “tips the balance”, in
each frame, when the DM is indecisive. To describe a particular resolution framing effect, we must
specify, for each frame, the relation that determines how, in that frame, the DM makes a selection

from alternatives between which she is indecisive. In other words, a resolution framing effect is a

mapping from frames to relations. More formally:

Definition 2 (Resolution framing effect)

Consider a set of alternatives X, and a set of frames F. Let R denote the set of relations on X. A
resolution framing effect is an injective function r : F — R such that, for all f € F, the relation
r(f) is asymmetric and transitive. For any f € F and z,y € X:

(i) if xr(f)y, frame f is said to favour x over y and

(ii) if neither zr(f)y nor yr(f)z, frame f is said to be neutral between = and y.

The function r; exemplifies a specific type of resolution framing effect — we will call this type
of resolution framing effect a “salience effect”. The resolution framing effect ry is the salience effect
for the case where the set of alternatives has two members. It will be helpful to define a salience
effect for an arbitrary set of alternatives X. First, we need to define the set of frames for a salience
effect: a frame is an observable state in which the set of alternatives are presented in a linear order
>, which is interpreted to mean “is more salient than”. In the example presented above, the salience
ordering > was the relation “is closer to the customer than”, but it could also mean, for example,
“has brighter packaging than”. If the relation > is an arbitrary linear order on X, then the frame
f> denotes the state in which the salience ordering of the alternatives in X is t>. We can then define

a salience framing effect as follows.

Definition 3 (Salience effect)

Consider a set of alternatives X. The salience set of frames for X is given by F* = {f. >
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is a linear ordering on X}. The salience effect for X is the resolution framing effect sx : 7% — R

such that, for all f. € F* sx(fs) =>.

By way of example, for the case where X = {z,y}, the salience effect for X is sx = r1. Intu-
itively, a salience effect is a resolution framing effect such that a frame favours alternative x over y
when, in that frame, x is more salient than y; moreover, there are no frames in which the frame is

neutral between the alternatives.

The next task is to provide an account of how a resolution framing effect generates a choice function.
We want an account that applies not only to salience framing effects but also, more generally, to

an arbitrary resolution framing effect r. Our proposal is the following definition:

Definition 4 (r-rationalisation)

Consider a set of alternatives X, a resolution framing effect » : F — R, a choice function ¢
with domain D C B x F and a relation > on X. c¢ is said to be r-rationalised by > if, for all
(B, f) € D,¢(B, f) = max(max(B, >),r(f)).

According to this definition, the choice made from a given budget set B in a given frame f is
generated by a two-stage decision process. The first stage involves the application of the DM’s pref-
erence relation: an alternative x in B is eliminated if another alternative in B is strictly preferred
to x. In the second stage, an alternative that survives the first stage, y, will be eliminated if there
is another alternative that survives the first stage, x, such that the frame f favours x over y — that
is, zr(f)y. For example, it is easy to verify that in the chocolate example, the choice function is

sx-rationalised by the preference relation >; on X such that zI.  y.

To illustrate the concepts introduced above, it will be helpful to consider a variant of the chocolate
example, for the case where there are three alternatives. Suppose now that a shopkeeper sells three
varieties of chocolates: X = {z,y, z}. Suppose that we have observations of the DM’s choice dispo-
sitions under six frames; the salience set of frames is given by F° = {fo, ., [y foyer foyeas foray
fo.ye p- For any distinct w,v,w € X, the frame f.,,, is understood to be the state in which u
is closest the customer, w is furthest away and v is at an intermediate distance. So the salience

ordering >, for that state is such that u >yyw v Dyww w. Suppose that the DM’s observed choice
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function is described by Table 1:

Table 1: Salience effect

B szyz szzy nyzz f‘>yzz f‘>zzy f‘>zyz
T,Y,2 T T T z z z
LY z z Y Y 2 Y
T,z €T €T €T z z z
Y,z z z z z z z

It can be verified that the choice function in Table 1 is sx-rationalised by the preference rela-
tion >9, where > is such that z =9 y,zl.,y,zl,,z. Consider, for instance, the top-left cell of
Table 1, which says that c({z,y, 2}, f>,,.) = {z}. As cis sx-rationalised by >, it follows that
max(max({z,y, 2}, =2), 5x(f>,,.)) = {z}. Intuitively, we can think of this expression as saying
that, if (1) the budget set is {z,y, 2z} and (2) x is positioned closest and z is furthest way, then
the DM’s choice of x is generated by the following two-stage process. In the first stage, the DM
eliminates y because z is preferred to y. Two alternatives survive the first stage, x and z, between
which the DM is indecisive. In the second stage, the frame “tips the balance” in favour of x over z,

causing the DM to choose x, because, in frame f._ ., = is more salient than 2.

As is illustrated by the example above, the notion of sy-rationalisation provides an account of
what it means for a choice function to be generated by a salience effect. But the salience effect is
only one of a number of resolution framing effects explored in this paper. We will also show that the
priming effect, the compromise effect and the endowment effect can also be interpreted as types of
resolution framing effects. Accordingly, we will show that, for each of these types of framing effects,
the definition of r-rationalisation provides an account of what is means for a choice function to be
generated by that framing effect. In this sense, our model is a relatively general model of resolution

framing effects.
While our model is relatively general, it will not be applied to all conceivable resolution fram-

ing effects. In particular, we will restrict our attention to a certain interesting class of framing

effects that possess a “richness’ property”. Formally, this richness property is defined as follows:
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Definition 5 (Rich framing effect)
Consider any resolution framing effect r : 7 — R, and any choice function ¢ with domain D C Bx F.
The resolution framing effect r is said to be rich in ¢ if, for any pair of distinct alternatives

(z,y) € X2, there exists an f € F such that ({z,y}, f) € D and not zr(f)y.

For example, if X = {z,y, 2z}, the resolution framing effect sx is rich in the choice function of
Table 1. To see why, consider any pair of alternatives (u,v) € X? and let >’ be a linear ordering
of X such that v > w; then vsx(fs/)u, so not usx(fs/)v. Intuitively, a framing effect is rich in
a choice function if, for any pair of alternatives (u,v), it is possible to observe the DM’s choice

between u and v in a frame that does not favour u over v.

To understand the significance of rich framing effects, consider the challenge of backing out pref-
erence relations from a frame-dependent choice function ¢. Suppose that the researcher has reason
to think that a particular framing effect r : F — R, such as the salience effect, is operating, and,
given this assumption, is attempting to back out the DM’s preferences from observed choices. Con-
sider a particular pair of alternatives x,y € X, and suppose that the researcher observes the DM’s
choices from the budget set {x,y} in every frame (that is, Vf € F, ({z,y}, f) is in the domain of
¢). Suppose that the researcher observes that, in all frames, z is the DM’s unique choice from the

budget set {z,y} (that is, Vf € F,c({z,y}, f) = {z}). Consider two cases.

The first case is where r is not rich in ¢, and, in particular, in every frame, the frame favours
x over y (that is, Vf € F,zr(f)y). There are potentially two hypotheses consistent with the obser-
vation that, in all frames, x is chosen over y when the budget set is {z,y}: (1) it may be that = is
strictly preferred to y; or (2), it may be that that the DM is indecisive between x and y, but, in

every frame, the DM chooses x over y because every frame favours x over y.

In the second case, r is rich in c¢. In this case, by definition of richness, there must be a frame
[’ € F such that f’ does not favour = over y (that is, not zr(f’)y), even though c({z,y}, f') = {z}.
In this case, the fact that the DM chooses x over y even in frame f’ implies that any preference
relation > that r-rationalises the choice function must satisfy = > y. It cannot be the case that the
DM is indecisive between x and y. So, given that r is rich in ¢, the choices reveal that z is preferred

to y. For this reason, our revealed preference results rely crucially on the restriction to rich framing
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effects. Moreover, despite the restriction of our model to rich framing effects, the scope of the model
is still relatively broad; for all of the examples considered in this paper, framing effects are rich in

the choice functions.

The discussion above suggests a plausible candidate for a revealed preference relation. So long
as a framing effect is rich in a choice function, then, if the DM chooses = uniquely from the budget
set {x, y} regardless of the frame, there is reason to think that the DM prefers x to y. This motivates
the following definition of the counterpart to the neoclassical base relation, which we will term the

“framing base relation”:

Definition 6 (Framing base relation P).
Consider a set of alternatives X and a choice function ¢ with domain D C B x F. The framing base
relation, which is denoted 15, is the asymmetric relation on X such that, for any distinct alternatives

z,y € X, 2Py < c({x,y}, f) = {z} for all f € F such that ({z,y}, f) € D.

That is, Py if, regardless of the frame, z is always chosen over y from a budget set {z,y}. In
Theorems 2A and 2B below, we will formally establish that P is the revealed preference relation in

our model.

In order to specify our axiomatisation, we will develop counterparts to the three neoclassical axioms

presented in Section 3.2. The counterpart to the neoclassical contraction axiom is as follows.

Framing contraction
Consider a choice function ¢ with domain D C B x F, a budget set B € BB and alternatives z,y € B.
If there is a frame f € F such that (B, f) € D and x € ¢(B, f), then there is a frame f’ € F such

that ({,y}, ') € D and z € c({z, y}, f').

The plausibility of the Framing contraction axiom can be motivated by a comparison to its neo-
classical counterpart. Like the neoclassical contraction axiom, Framing contraction says that, if
an alternative x is chosen from a budget set containing alternative y, then z will also be chosen
from {z,y}. To obtain a more precise motivation for Framing contraction, however, it is helpful

to consider the contrapositive of Framing contraction. The contrapositive says that, for x,y € B,
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if ¢ c({z,y}, f) for all f € F such that ({z,y},f) € D, then = ¢ ¢(B, f) for all f € F such
that (B, f) € D. This contrapositive is plausible when 7 is rich in c¢. Given that r is rich in ¢,
the ‘if clause’ of the contrapositive — the proposition that = ¢ c({z,y}, f) for all f € F such that
({z,y}, f) € D — entails that y is revealed preferred to x. The fact that y is preferred to x, in turn,
entails the ‘then clause’ in the contrapositive — the proposition that x ¢ ¢(B, f) for all f € F such
that (B, f) € D.

Note that, even if a choice function satisfies Framing contraction, it is possible that, for a given
frame, the choices made within that frame violate the neoclassical contraction property. For ex-
ample, in Table 1, consider the frame fy ... In this frame, whereas x is the choice from budget
set {x,y, 2}, y is the choice from {z,y}. So within this frame, the neoclassical contraction axiom is
violated. In this respect, our model of framing effects differs from so-called “multi-self” models of
framing effects. Roughly speaking, a multi-self model of framing effects attributes to the DM, for
each frame, a preference relation specific to that frame, which generates frame-dependent choices.!?
Accordingly, if a multi-self model assumes frame-dependent preferences are transitive and asym-
metric, the neoclassical axioms from the previous section must hold within each frame. Given that,

in our model, the neoclassical contraction property may be violated within a frame, then, in this

respect, our model differs from multi-self models of framing effects.

In our model, the counterpart to the neoclassical axiom “Weak ITA” is the following:

Framing weak ITA
Consider any choice function ¢ with domain D C B x F and any x,y,z € X. If, for all f € F
such that c({z,y,z}, f) € D, c({z,y, 2}, f) = {z} , then, for all f € F such that c({z,y}, f) € D,

C({x7y}a f) - {x}

Like Weak IIA, Framing weak ITA licenses the inference that z is the unique alternative chosen
from {z,y} from the fact that x is the unique alternative chosen from {z,y, z}. But Framing weak

ITA licenses this inference only if, in every frame, x is the unique alternative chosen from {z,y, z}.

2For an example of a multi-self model, see Sagi (2006). Furthermore, any frame-dependent choice function that
satisfies the axiomatisation in Salant and Rubinstein (2008) is a multi-self choice function — this is apparent from the

specification of their “salient consideration” property.
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In order to specify a counterpart of the neoclassical expansion axiom, we first define the notion

of the ‘revealed non-inferior set’.

Definition 7 (The revealed non-inferior set Ng)

Consider any choice function ¢ with domain D C B x F and any budget set B € B. The set
Np={x € B:Vy € B\{z},3f € F,z € c({x,y}, f)} is said to be the revealed non-inferior set for
B.

The intuition for revealed non-inferiority is as follows. Suppose that, for a given alternative xz
in set B, it holds that, for every other alternative y in B, x is chosen from {x,y} in at least one
frame. Then x has been revealed not to be inferior to any other member of this set. So we describe
x as a member of the ‘revealed non-inferior set’ for B. We then specify the counterpart to the

neoclassical expansion axiom as follows.?

r-Expansion

Consider any set of alternatives X, any resolution framing effect r : 7 — R, any choice function ¢
with domain D C B x F, any B € B and any x € B.

If, for all y € B\{x}, there exists f’ € F such that ({z,y}, f) € D and = € c({z,y}, f’), then

(Vf € F such that (B, f) € D)[x € ¢(B, f) <= = € max(Np,r(f))].

Note that, unlike the Framing contraction and Framing weak IIA axioms, there is a different ex-
pansion axiom for each type of resolution framing effect. For example, we obtain the expansion
property for a model of the salience effect by replacing r with sx in the r-Expansion expansion

axiom, yielding:

sx-Expansion
Consider any set of alternatives X, any choice function ¢ with domain D C B x F*%, any B € B and

any ¢ € B.

13The axiom is articulated in a way that highlights the similarity to its neoclassical counterpart. A more economical
way of expressing the second sentence in the axiom is as follows: If € N, then (Vf € F such that (B, f) € D)z €
¢(B, f) < z € max(Ng,r(f))]
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If, for all y € B\{x}, there exists fu. € F*® such that ({z,y}, for) € D and x € c({x,y}, f/), then
(Vfs € F* such that (B, fs) € D)[z € ¢(B, f>) <= x € max(Npg,>)].

Like the neoclassical expansion property, sx-Expansion licenses the following kind of inference:
if « is chosen from {z,y} for every y € B\{z}, then we can infer that = is chosen from B. But,
unlike the neoclassical expansion property, the sx-Expansion axiom places a caveat on when this
inference can be made. In particular, sx-expansion says that this inference can be made only when

there no other alternative that (i) is revealed non-inferior in B and (ii) is more salient than x.

We now present a pair of characterisation and revealed preference results in Theorems 2A and

2B, which are, respectively, the counterparts of the neoclassical results in Theorems 1A and 1B.

Theorem 2A (Framing effect model: Acyclic preferences)

Consider any set of alternatives X such that | X| > 3, any resolution framing effect r : 7 — R and
any choice function ¢ with domain D C B x F, where r is rich in ¢. Suppose that, for any B € B,
there is a frame f € F such that (B, f) € D.

(a) There exists an asymmetric and acyclic relation > that r-rationalises ¢ if and only if ¢ satisfies
Framing contraction and r-Expansion.

(b) If ¢ satisfies Framing contraction and r-Expansion, then P is asymmetric, acyclic and is the

unique relation that r-rationalises c.

Theorem 2B (Framing effect model: Transitive preferences)

Consider any set of alternatives X such that | X| > 3, any resolution framing effect r : 7 — R and
any choice function ¢ with domain D C B x F, where r is rich in ¢. Suppose that, for any frame
f € Fand any B € B with |B| <3, (B, f) € D.

(a) There exists an asymmetric, transitive relation > that r-rationalises ¢ if and only if ¢ satisfies
Framing contraction, r-Expansion and Framing weak IIA.

(b) If ¢ satisfies Framing contraction, r-Expansion and Framing weak ITA, then P is asymmetric,

transitive and is the unique relation that r-rationalises c.

Theorems 2A and 2B can be viewed as providing axiomatisations and revealed preference results

for each of the types of resolution framing effects considered in our paper — in particular, for the
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salience effect, the priming effect, the compromise effect and the endowment effect. For example,
if, in the two theorems, we replace r : F — R by sx : F°* — R, we obtain axiomatisations and
revealed preference results for the salience effect. In this case, clause (a) of Theorem 2B provides
a test, in terms of observable properties, for whether a choice function — such as that in Table
1 — is generated by the salience effect. More precisely, clause (a) provides a test for whether a
choice function is sx-rationalised by a transitive, asymmetric relation. The test is that Framing
Contraction, sy-Expansion and Framing weak IIA must be satisfied. It is easy to verify that the
choice function in Table 1 satisfies these three properties. Clause (b) of Theorem 2B says that, if
this test is satisfied, P is the unique preference relation that sy-rationalises the choice function.
For the choice function in Table 1, P is the preference relation such that the DM prefers z over y,
but is indecisive between x and y and x and z. Again, it can be verified that the choice function
in Table 1 is sx-rationalised by ]5; moreover, clause (b) of Theorem 2B guarantees that P is the

unique preference relation to do so.

In the next section of the paper, we will define the priming effect and the compromise effect.
Theorems 2A and 2B can then be used to yield axiomatisations and revealed preference results for

these two types of framing effects.

3.4 Further examples of resolution framing effects

3.4.1 The priming effect

In their study of the psychological concept of “priming”, Mandel and Johnson (2002) investigate
the influence on online choice of the background wallpaper of a web page. In one experiment,
subjects faced a choice between two sofas: a low-cost, less comfortable sofa; and a high-cost, more
comfortable sofa. When making their choice, one group of subjects was exposed to a web page with
wallpaper designed to prompt selection of the low-cost sofa — green wallpaper decorated with im-
ages of pennies. This stimulus is referred to as the “money prime”. The other group was presented
with wallpaper intended to prompt selection of the more comfortable sofa — blue wallpaper covered
with images of clouds. This stimulus is referred to as the “comfort prime”. Mandel and Johnson
(2002) found that the prime had a significant influence on choice: the low-cost sofa was chosen by
56 per cent of subjects exposed to the money prime, but only by 39 per cent of subjects exposed

to the comfort prime. This behaviour exemplifies “feature priming”, which refers to the following
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propensity: if a DM is exposed to a prime associated with a particular feature of the alternatives,

then that feature is given more weight when the DM evaluates the alternatives.

The results of this experiment suggest that, for some subjects, choice depends upon the prime.
Consider the choice dispositions of such a subject. Let y denote the low-cost sofa and z the more
comfortable sofa. Thus, when choosing from the budget set {y, z}, this subject is disposed to choose
y when exposed to the money prime and z when exposed to the comfort prime. Moreover, suppose
that, in addition, there is a third alternative x that has the same cost and comfort of the low-cost
sofa y but has a fold-out bed capability. Suppose that the DM values the fold-out bed capability
sufficiently that, regardless of the prime, she is disposed to choose x over y and z whenever zx is

available.

We will say that low-cost sofas are “primed’ by the frame in which subjects are exposed to the
money prime, and that comfortable sofas are “primed” by the frame in which subjects are exposed
to the comfort prime. The set of alternatives X = {z,y, z} can be partitioned into the set A = {x,y}
of alternatives that are primed by the frame in which subjects are exposed to the money prime and
the set A° = {z} of alternatives that are primed by the frame in which subjects are exposed to
the comfort prime. Accordingly, we will denote the frame in which subjects are exposed to the
money prime as f4; the notation f4 can then be interpreted as denoting the frame that primes
the alternatives in A. Similarly, the frame in which subjects are exposed to the comfort prime is
denoted fac; it is the frame that primes the alternatives in A°. Then the DM’s choice dispositions

are described in Table 2.

Table 2: Priming effect

B fa fac

T,Y,2 T X

T,y r T
T,z r
Y,z Y z

We will now formulate a simple definition of the priming effect for a set of alternatives X of arbitrary

finite size. It is assumed the set of alternatives X is partitioned into two sets A and A€ and there
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are two frames fa and fac. Asin the example above, f4 is interpreted as the frame that primes the
alternatives in A and fac is the frame that primes the alternatives in A¢. Accordingly, our simple
definition of the priming effect is applicable only to sets of alternatives where every alternative is
primed by exactly one of the two frames.' The following defines the priming effect for a given set

of alternatives X and a given partition {4, A°}.

Definition 8 (Priming effect)

Consider a set of alternatives X, a partition of X, {A, A°}, and a set of frames FP = {f4, fac}.
The priming effect for the set of alternatives X and the partition {A, A°} is the resolution framing
effect p§ : FP — R such that for all z,y € X:

(i) 2p% (fa)y <= z € Aandy € A%

(ii) zp% (fac)y <= = € A°and y € A.

Intuitively, this definition says that, if the priming effect is operating, then, in the second stage
of the decision process, the DM’s choice depends upon the frame in the following way: (i) if the
decision is made in frame f4, which is the frame that primes the alternatives in A, then the frame
favours an alternative in A over an alternative in A¢; (ii) if the decision is made in frame f4c, which
is the frame that primes the alternatives in A€, then the frame favours an alternative in A€ over an
alternative in A. In the example of Table 2, the set of alternatives X is {z,y, 2z} and the partition
{4, A°} is such that A = {z,y} and A° = {z}. So the priming effect for the set of alternatives X
and the partition {4, A°} is given by the function p4 : FP — R which is such that (i) zp§(fa)z (ii)
ypis (fa)z (ili) zp5 (fac)z (iv) zpy(fac)y and (v) neither zp§(fa)y nor ypy(fa)z nor zpi(fac)y

nor yp‘)“((fAc):U.

Theorems 2A and 2B provide axiomatisations and revealed preference results for the priming effect.
For instance, suppose that, in Theorem 2B, we replace the resolution framing effect r : F — R
by the priming effect p% : F% — R.15 Then clause (a) of the theorem tells us that the test for

the choice function being p‘)“(—rationalised is that Framing Contraction, pﬁ‘(—Expansion and Framing

More general and complex definitions of the priming effect could, of course, be specified. We present a simple
definition because our principal goal is to illustrate how Theorems 2A and 2B can be applied to the framing effect

described by Mandel and Johnson (2002).

15The theorem can be applied to the choice function in Table 2 because the priming effect p% is rich in the choice

function.
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weak ITA hold. It can be verified that the choice function in Table 2 satisfies these three proper-
ties, entailing that the choice function is pj‘(—rationalised by a transitive and asymmetric relation.
Clause (b) then tells us that, given the test is satisfied, the unique preference relation that pﬁ—
rationalises the choice function is P, which is the relation >3 such that z =3y, = =3 z and yl. 52
It is easy to check that this preference relation p}%—rationalises the choice function. Intuitively,
this suggests the following explanation for the choice reversal described in the final row of Table 2.
The explanation is that the DM is indecisive between y and z, but exposure to the money prime

tips the balance in favour of y, whereas exposure to the comfort prime tips the balance in favour of z.

We now have two illustrations of how Theorems 2A and 2B allow us to obtain axiomatisations
and revealed preference results for specific resolution framing effects — for the salience effect and
for the priming effect. The next section will illustrate how the theorems provide an axiomatisation

and revealed preference results for another type of framing effect — the compromise effect.

3.4.2 The compromise effect

In his seminal study of the compromise effect, Simonson (1989) presents two kinds of evidence —
we will label these description evidence and budget-set evidence. An example of an experiment pro-
viding description evidence involved three goods: a battery with an expected life of 12 hours and a
probability of corrosion of 2 per cent (b3?); one with an expected life of 14 hours and a probability of
corrosion of 4 per cent (b}*); and one with an expected life of 16 hours and a probability of corrosion
of 6 per cent (b%). Only the first two of these alternatives were available for choice. That is, the
budget set was {b3% bi*}. But the choice from that budget set was presented under several frames:
in one frame, only the two items in the budget set were described, and the subject was asked to
choose between them; in another frame, all three items were described, but the subject was then
asked to choose between the two in the budget set. In the first frame, 34 per cent of subjects chose
bit, but in the second frame, 60 percent chose bj*. The explanation for greater propensity to choose

b}f in the second frame is that, in this frame, b}f‘ is a compromise item.

How might we describe the results of this experiment in a choice function? Suppose that the
set of alternatives is X = {i,z,y}, where i is the compromise item. Let fo denote the frame in
which only two items in the budget set are described and let f3 denote the frame in which all three

items are described. The following two kinds of choice behaviour are consistent with the compromise
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effect:

(a) c({i,a}, f3) = {i} and c({i.a}, f2) = {i,x};

(b) c({i,}, f3) = {i} and c({i, z}, fo) = {=}.

The decision maker with the choice dispositions described by (a) is equally disposed to choose x
and ¢ when ¢ is not presented as the compromise item, but chooses 7 when ¢ is so presented. The
decision maker with choice dispositions described by (b) switches from choosing = to choosing 4

when ¢ is presented as the compromise item.

Description evidence is based upon a comparison between choices in two different frames: one in
which two alternatives are described; one in which three items are described. In contrast, budget-set
evidence is based on a comparison of choices from two different budget sets. The kind of experiment
giving rise to budget-set evidence is as follows. There are three goods, i,z and y, where i is the
compromise item. The subjects’ choice from budget set {i,z,y} is compared to their choice from
budget set {7, 2} (where, for the second choice, i and z are the only two items described). Simonson
(1989) finds that subjects had a greater propensity to select ¢ from budget set {i,z,y} than from
{i,z}. If at least some subjects display either of the following two kinds of choice dispositions, this
is consistent with budget-set evidence for the compromise effect:

(a) c({i, .y}, f3) = {i} and c({i. 2}, f2) = {i,x};

(b) c({i, z, y}, f3) = {i} and c({i, z}, fo) = {=}.

Accordingly, Tables 3 and 4 present two different choice functions consistent with the compromise
effect. In each table, the first two rows, in particular, display choices consistent with description
evidence and budget-set evidence for the compromise effect. Note that the top right cell of the
tables is empty, because it does not make sense to say that the DM had a choice between all three

alternatives ¢, x and y, but only two alternatives were described.

Table 3: Compromise effect Table 4: Compromise effect with leaning
B f3 [ B f3 f
L,T,Y 1 L, T,y @
i, i i, 1, % i x
i,y i i 1,y T 1
T,y T x T,y r oz
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The next task is to define the compromise effect as a type of resolution framing effect. First, we
will impose a condition that the set of alternatives must have three members.'® In defining the
compromise effect, the primitives are (i) a set of alternatives X of size three (ii) a designated com-
promise item i € X and (iii) the compromise set of frames F9 = {fs, f3}.!7 The following defines

the compromise effect for a given set of alternatives X and a compromise item ¢ € X:

Definition 9 (Compromise effect)

Consider a set of alternatives X with |X| = 3, a compromise item i € X and set of frames
F1 = {fa, f3}. The compromise effect for the set of alternatives X and the compromise item i € X
is the resolution framing effect q§< : F4 — R such that:

(i) ¢l (f2) = 0 and

(i) for any z,y € X, 2¢%(f3)y < x =i and y # i.

Intuitively speaking, this definition states that, when the compromise effect operates, the DM’s
choice in the second stage of the decision depends upon the frame in the following way: (i) if the
decision is made in frame fo, which is the frame where 7 is not perceived as the compromise item,
then the frame is neutral between all of the alternatives; (ii) if the decision is made in frame f3,
which is the frame where 7 is perceived as the compromise item, then the frame favours 7 over the

other alternatives.

We will first discuss how the choice function in Table 3 can be interpreted as generated by the
compromise effect, and then consider Table 4. It is easy to verify that the choice function in Table
3 is qg(-rationalised by the preference relation >4 such that i =4 y, © >4 y and il.,x. As both ¢
and z are preferred to y, y is never chosen. In frame fy, when choosing from budget set {i,z} , the

compromise effect does not favour one alternative over another; so, given that the DM is indecisive

16Much of the empirical research on the compromise effect has been restricted to budget sets with three or fewer

members — see Kivetz et al. (2004).
7Tn specifying that the compromise item is a primitive in the model, we are introducing a simplification. Models

of the compromise effect typically construe the alternatives as bundles of attributes. Whether an alternative is
the compromise item is then determined by the attributes of the alternative compared to the attributes of the
other alternatives — as is illustrated by Simonson’s experiment on battery choice described above. We adopt this
simplification because our main aim is to illustrate how the compromise effect can be interpreted as coming within

the scope of Theorem 2A.
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between ¢ and x, she is equally disposed to choose i and x. By way of contrast, in frame f3, when
choosing from {i, x} or {i,z,y}, the compromise effect “tips the balance” in favour of i, causing the

DM to select ¢ over .

Suppose that, in Theorems 2A and 2B, we replace the resolution framing effect r : 7 — R by
the compromise effect qé( : ]-";1( — R. Note that the compromise effect is rich in the choice function
in Table 3, which ensures that Theorem 2A is applicable. Theorem 2B is not applicable, however,
as the requirement on the domain is not satisfied — the requirement is violated because (X, f2) is ab-
sent from the domain. Given that, as noted above, the choice function in Table 3 is qé(—rationalised
by =4, clause (a) of Theorem 2A tell us that the choice function in Table 3 must satisfy Framing
contraction and qg(—Expansion. It is easy to verify that the choice function does satisfy these two
properties. Moreover, clause (b) of Theorem 2A says that P is the unique preference relation that
q%—rationalises the choice function. Clearly, P is the relation =4 defined above. On the other hand,
as Theorem 2B is not applicable, our two theorems allow for the possibility that the choice function
fails to satisfy Framing weak ITA. Indeed, it turns out that the choice function in Table 3 does

violate Framing weak ITA.

Whereas the choice function in Table 3 is qg(—rationalisable by an acyclic and asymmetric rela-
tion, the choice function in Table 4 is not. To see this, note that, given the DM’s choice from
budget set B = {i,z} is {i} in frame f3 and {z} in frame fo, it follows that any preference relation
> which qé(—rationalises the choice function must be such that ¢/ x. But given that qé(( f2) = 0,
thus max(max({i,z}, =), ¢%(f2)) = {i,x}. As this is distinct from c({i,z}, f2) = {z}, the choice
function cannot be g4-rationalised. The failure of the model in Section 3.3 to accommodate the
choice function in Table 4 motivates an extension to the model, which allows DMs not only to have

preferences for alternatives but also “leanings”.

3.5 Framing effects with “leanings”

Before presenting the extension of the model, it will be helpful to introduce the endowment effect,
in order to motivate the concept of a “leaning”. One of the simplest illustrations of the endowment
effect is an experiment reported in Knetsch (1989). In this experiment, three groups of subjects were

offered a choice between a mug and a chocolate bar: the first group was initially endowed with a mug
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and given the opportunity to exchange; the second group was initially endowed with a chocolate bar
and offered the opportunity to exchange; the third group was not provided with an initial endowment
but was simply offered a choice between the two alternatives. For the two groups with an initial
endowment, about 90 per cent opted to retain the endowment. In the third group, close to half chose
the mug and half the chocolate bar. Let y denote the mug, z the chocolate bar, f, the frame in which
the mug is the endowment, f, the frame in which the chocolate was the endowment and f, the frame
in which there is no endowment. We can then record the choice dispositions of the “typical subject”
in the Knetsch experiment as follows: c({y, z}, f,) = {v}, c({y, 2}, f») = {z}, c({y, 2}, fo) = {v, 2}
The “choice reversal” induced by a change from frame f, to f, is characteristic of the endowment

effect.

Consider a hypothetical variant of the Knetsch experiment in which there is a third alternative
— a pen z. Let f, denote the frame in which the pen is the endowment. So the set of alterna-
tives now is X = {z,y,z}. Suppose that the pen is of sufficiently high quality that, whenever x
is available, the DM is disposed to choose only x. The choice dispositions of the DM are given in
Table 5. The first three lines of the table reflect the fact that the DM chooses x whenever it is
available. In the fourth line, the second, third and fourth cells record the choice dispositions from
the Knetsch experiment. The first cell in the fourth line specifies the choice of the DM from budget
set {y,z} when the endowment is z. At least in this example, it is unclear what this means. We
simply stipulate that, if alternative u is not in budget set B, then “the DM’s choice from budget
set B under endowment u” is to be interpreted as meaning “the DM’s choice in the absence of an

endowment”, so that ¢(B, f,) := c¢(B, f,).'?

Table 5: Endowment effect Table 6: Endowment effect with leaning
B fo Sy fo fo B fo fy f2 [
T,Y, 2 T xr x x,Y,2 T T T X
x,y x x x z,Y xr T T X
T,z x r x T,z r T T =X
Y,z ¥,z Yy 2 Y=z Y,z y vy oz 0y

18This stipulation ensures that the domain is rectangular. As a consequence, the domain satisfies the conditions in

Theorems 2B above and 3B below, which would not be satisfied without this stipulation.
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In order to define the endowment effect for an arbitrary finite set of alternatives X, let us first
define the endowment set of frames. The endowment set of frames for X is given by F¢ = {f, : x €
X} U{fo} where, for any z € X, f, is interpreted as the state in which x is the endowment, and

fo is the state in which there is no endowment. The endowment effect can then be defined as follows:

Definition 10 (Endowment effect)

Consider an arbitrary set of alternatives X and the endowment set of frames F¢ = {f, : = €
X} U{fo}. The endowment effect for X is the resolution framing effect ex : ¢ — R such that (i)
ex(fo) = 0 (ii) for any distinct =,y € X, zex(f,)y and (iii) for any distinct z,y,z € X, neither

zex (fz)y nor yex (fz)z.

Intuitively speaking, the endowment effect is a resolution framing effect such that, for any al-
ternative z, a frame in which z is the endowment favours x over other alternatives. The frame
fo, in which there is no endowment, is neutral between all the alternatives. It can be verified that
the choice function in Table 5 satisfies Framing contraction, e x-Expansion and Framing weak ITA.
Accordingly, Theorem 2B entails that the framing base relation P is the unique preference relation
that ex-rationalises the choice function. P is the relation >5 such that z >5 y,  >5 2z and yl, 2.
The intuitive explanation for the choice reversal that occurs when the DM is choosing from the
budget set {y,z} is as follows: given that the DM is indecisive between y and z, her choice is
influenced by framing; the frame where y is the endowment “tips the balance” in favour of y; and

the frame where z is the endowment “tips the balance” in favour of z.

The choice dispositions in Table 6 differ from those in Table 5 in respect of the bottom right
and bottom left cells. (Recall that, by stipulation, the bottom left cell is identical to the bottom
right cell.) Whereas, in Table 5, the DM is equally inclined to choose y and z in the absence of an
endowment, in Table 6, the DM uniquely chooses y when there is no endowment. The choices in
Table 6 cannot be accommodated by the model in Section 3.3. That is, whereas the choice function
in Table 5 is ex-rationalisable, there is no preference relation that ex-rationalises the choice func-
tion in Table 6. After all, for the choice function in Table 6, given that the DM’s choice from budget
set B = {y, 2} is {y} in frame f, and {z} in frame f,, it follows that any preference relation >
which e x-rationalises the choice function must be such that yI. z. But given that ex(f,) = 0, thus

max(max({y, z}, >),ex(fo)) = {y,z}. But this is distinct from c¢({y, z}, fo) = {y}, so the choice
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function in Table 6 cannot be ex-rationalised.

Note that the model of status quo bias in Masatlioglu and Ok (2005) accommodates choice disposi-
tions akin to those in Table 6.9 Moreover, our view is that the model in Section 3.3 is excessively
restrictive in failing to accommodate the choice dispositions in Table 6. Intuitively, a DM might
be revealed to be indecisive between x and y — by choosing = from {z,y} in at least one frame,
and y in at least one frame — and yet have a disposition to choose y uniquely in a frame that
is neutral between x and y. In other words, it is possible that a DM is revealed both (1) to be
indecisive between two alternatives but (2) to have a leaning towards one of them. The notion
of a “leaning”, as distinct to a preference, can be illustrated by the account of “preferences for
flexibility” in Kreps (1979). In Kreps’s model, it is possible that the DM has a leaning towards
one alternative over another, but is, nevertheless, uncertain about her preferences between them.
Kreps (1979, p. 566) gives an example in which a DM “prefers a menu containing only steak to one
containing only chicken. But he strictly prefers a menu with both steak and chicken to either of the
first two, because it gives him greater flexibility.” In Kreps’s model, this choice pattern reveals the
DM’s preference for flexibility. Intuitively, we might also say that it reveals that, whereas the DM
is uncertain about his preferences between steak and chicken, currently he has a leaning towards
steak. Similarly, we might say that the choice pattern in Table 6 reveals that, whereas the DM is

indecisive between y and z, nevertheless she has a leaning towards y.

To develop a model that accommodates leaning, the first task is to modify the definition of r-
rationalisation. Intuitively, this notion of rationalisation describes a two-stage decision process. In
the first stage, an alternative y is eliminated if there is another available alternative that is strictly
preferred to y. In the second stage, an alternative y that survives the first stage is eliminated if
there is another alternative that survives the first stage, x, such that the frame favours = over y.
Our model of “leaning” adds a third stage to the decision process. The DM also has a leaning
relation, £. Intuitively, xfy means that, while the DM does not have a settled preference between
x and y, she has a leaning towards x over y. In the third stage, if alternatives x and y survive the

first two stages, but the agent has a leaning towards = over y, then y is eliminated. The following

9More precisely, the axioms in the SQB model of Masatlioglu and Ok (2005) do not rule out the possibility that,
for a DM choosing from a budget set {y, 2z}, v is the unique choice when y is the status quo, z is the unique choice

when z is the status quo and y is the unique choice when there is no status quo.
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definition of rationalisation formalises this three-stage decision process:

Definition 11 (r-rationalisation™)

Consider a set of alternatives X, a resolution framing effect r : F — R, a choice function ¢ with
domain D C B x F and relations = and ¢ on X. c is said to be r-rationalised* by (>, ¢) if:

(1) for all (B, f) € D, ¢(B, f) = max(max(max(B, >),r(f)),¢); and

(2) for any x,y € X, if xly, then xl,y.

Clause (1) of the definition is simply a formal specification of the three-stage decision process
described above. Clause (2) can be interpreted as a formalisation of a key feature of the concept
of leaning in our paper. It encapsulates the idea that, according to the concept of leaning in our
paper, it only makes sense to say that the DM has a leaning towards x over y if the DM is indecisive
between = and y; the DM is not to be attributed a leaning towards x over y if she strictly prefers

T Over y or y over .

The definition of r-rationalisation®* can be illustrated by the choice functions in Tables 5 and 6.
The choice function in Table 6 can be shown to be ex-rationalised® by the pair (>-5,¢;) where >3
was defined above and /¢; is given by Iy, y,xly, z,yl1 2. Intuitively, the explanation for why, when
choosing from the budget set {y,z}, the DM reverses her choice between frame f, and the frame
fo is that (1) the DM is indecisive between y and z (2) in frame f,, as z is the endowment, this
“tips the balance” in favour of z, causing the DM to choose z in that frame and (3) the frame f,
is neutral between y and z, but, as the DM has a leaning towards y over z, she chooses y in that
frame. In contrast, the choice function in Table 5 is ex-rationalised* by the pair (>3, ¢2), where
=5 was defined above and /5 = (). This illustrates a general feature of the relationship between the
concepts of r-rationalisation from Section 3.3 and r-rationalisation® developed in this section: if a
choice function is r-rationalised by =, then it is r-rationalised® by (>=,¢) where £ = (). In other
words, if a choice function is r-rationalised, the DM’s choices are entirely explained by the framing
effect and the DM’s preferences; we do not need to attribute to the DM any “leanings” to explain

her choices.

If we return now to the compromise effect, the concept of r-rationalisation* can be used to ex-

plain how the choice function in Table 4 is generated. It can be verified that choice function is
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qg(-rationalised* by (>4,¢3), where >4 was defined in Section 3.4.2 and the leaning relation /3 is
such that xls3i, 21,y and ilp,y. When the DM chooses from budget set {i, 2}, the intuition for why
the DM reverses her choice when deciding in frame f3 rather than in fo is as follows: (1) she is
indecisive between i and z (2) in frame f3 she chooses i over x because in this frame i is perceived
as the compromise item and (3) in frame fo she chooses x over i because, although f; is neutral

between x and 7, the DM has a leaning towards x over .

What is the key feature of the choice dispositions in Tables 4 and 6 that motivate the concept
of a leaning? Consider Table 6. The motivation is that the DM reverses her choice from the budget
set {y, z} when choosing from the following two frames:

(i) the frame f, that is neutral between y and z (that is, neither yex (fo)z nor zex(fo)y);

(ii) the frame f, that favours z over y (that is, zex (f.)y).

Accordingly, for the version of our model with leanings, we introduce a stronger richness condition,
which requires that, for any pair of alternatives (z,y), the observed choice data include choices from
a budget set {z,y} both in a frame that is neutral between x and y and also in a frame that favours

Z over y.

Definition 12 (Rich* framing effect)

Consider any resolution framing effect r : 7 — R, and any choice function ¢ with domain D C Bx F.
The resolution framing effect r is said to be rich* in c if, for any pair of distinct alternatives
(z,y) € X?, there exists

(i) a frame f € F such that ({z,y}, f) € D and f is neutral between z and y; and

(i) a frame f’ € F such that ({z,y}, f’) € D and f’ favours x over y.

For example, for the choice function in Table 6, the endowment effect ex is rich* in the choice
function, whereas, for the choice function in Table 4, the compromise effect c"X is not rich* in the
choice function. As will be established in Theorems 3A and 3B below, this means that a unique
preference relation and leaning relation can be backed out from the choices in Table 6. In contrast,
several distinct (>, /) pairs cfx-rationalise the choice function in Table 4. Clearly, richness* is a
stronger property than richness: that is, if a resolution framing effect r is rich® in a choice function

¢, then r is also rich in c.
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Theorems 3A and 3B will establish that, under the assumption of richness*, the revealed preference
relation is the framing base relation. Moreover, it turns out that the revealed leaning relation is

given as follows.

Definition 13 (Leaning base relation L)
Consider any resolution framing effect r : 7/ — R and any choice function ¢ with domain D C Bx F.
The leaning base relation L is the relation on X such that, for any distinct alternatives z,y € X,

cLy <= (i) xlpy and (ii) for all f € F such that ({x,y}, f) € D and f is neutral between z and

y, we have c({z,y}, f) = {z}.

What is the appropriate set of axioms for the model with leaning? Whereas the Framing con-
traction and Framing weak ITA axioms do not need to be modified, the expansion property must
be amended. Consider any choice function ¢ with domain D C B x F and any resolution framing

effect r : F — R that is rich* in ¢. First, we define a subset of the revealed non-inferior set Np.

Definition 14 (The revealed non-dominated set Np r)

Consider any choice function ¢ with domain D C B x F, and any B € B,f € F. The set
Ny = {x € Np : Yy € Np\{z}, not yr(f)z} is said to be the revealed non-dominated set for
B in frame f.

Intuitively, an alternative x from Np is also in Np f so long as frame f does not favour some

member of Ng over . Then the modified expansion property is defined as follows.?"

r-Expansion*

Consider any set of alternatives X, any resolution framing effect r» : 7 — R, any choice function ¢
with domain D C B x F, any B € B and any x € B. Suppose that r is rich* in c.

If, for all y € B\{x}, there exists an f’ € F such that ({z,y}, f') € D and = € c({z,y}, f’), then
(Vf € Fsuchthat (B, f) € D)[z € ¢(B, f) <= (i) x € max(Np,r(f))and (ii) forally € Np ¢\{z},
for some f” € F neutral between x and y, ({z,y}, f”) € D and = € c({x,y}, f")]-

20The axiom has been written to highlight the similarity to the r-Expansion axiom. A more economical articulation
of the second sentence in the axiom is as follows: If x € Np, then (Vf € F such that (B, f) € D)[z € ¢(B, f) <
(i) = € max(Ng,r(f)) and (ii) for all y € Ng s\{z}, for some f” € F neutral between z and y, ({z,y}, f"') € D and

z € c({z,y}, [)].
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The intuition for r-Expansion™ is similar to that for r-Expansion. The motivation for the lat-
ter is follows: if x is chosen from {x,y} for every y € B\{z}, then z may be chosen from B in a
given frame f so long as there is no other non-inferior alternative y where f favours y over x. The
r-Expansion™ axiom, in effect, changes the condition italicised in the previous sentence to require,
in addition, that, for any alternative y revealed to be non-dominated for B in frame f, there is
a frame f” that is neutral between z and y such that x € c¢({z,y}, f”). The motivation for this
additional requirement is to ensure that there is not a leaning towards y over x. The following two
theorems then provide characterisation and revealed preference results for the version of the model

with leaning.

Theorem 3A (Model of framing effects with leaning: Acyclic preferences)

Consider any set of alternatives X such that | X| > 3, any resolution framing effect r : 7 — R and
any choice function ¢ with domain D C B x F, where r is rich* in ¢. Suppose that, for every B € B,
there exists a frame f € F such that (B, f) € D.

(a) There exists an asymmetric, acyclic relation > and asymmetric relation ¢ such that (>, ¢) r-
rationalises™ ¢ if and only if ¢ satisfies Framing contraction and r-Expansion*.

(b) If ¢ satisfies Framing contraction and r-Expansion®, then P is asymmetric and acyclical, L is

asymmetric, and (15, I:) is the unique pair that r-rationalises™ c.

Theorem 3B (Model of framing effects with leaning: Transitive preferences)

Consider any set of alternatives X such that |X| > 3, any resolution framing effect r : 7 — R and
any choice function ¢ with domain D C B x F, where r is rich® in ¢. Suppose that, for any f € F
and any B € B with |B| <3, (B, f) € D.

(a) There exists an asymmetric, transitive relation > and an asymmetric relation ¢ such that (>, ¢)
r-rationalises™® ¢ if and only if ¢ satisfies Framing contraction, r-Expansion® and Framing weak ITA.
(b) If ¢ satisfies Framing contraction, r-Expansion®™ and Framing weak ITA, then P is asymmetric

and transitive, L is asymmetric, and (15, f)) is the unique pair that r-rationalises* c.

Theorems 3A and 3B can be used to obtain axiomatisations for models of specific framing ef-
fects with leaning. For example, if we replace r : 7 — R in the two theorems by the endowment

effect ex : F¢ — R, we obtain axiomatisations for a model of the endowment effect with leaning.
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Consider the choice function in Table 6. The endowment effect ex is rich* in that choice func-
tion, so the theorems are applicable. We saw above that the choice function is ex-rationalised* by
the pair (>5,¢1). Clause (a) Theorem 3B then entails that the choice function satisfies Framing
contraction, ex-Expansion* and Framing weak ITA. It is easy to check that, indeed, the choice
function satisfies these three properties. Moreover, clause (b) of Theorem 3B then says that (P, L)

is the unique pair that e x-rationalises the choice function; it can be verified that P=sy5and L = ¢;.

How does our model of the endowment effect compare with other models in the literature? One
influential theory is the “loss aversion” account in Tversky and Kahneman (1991): if a DM is loss
averse, then her endowment may influence her choice by affecting what she perceives as gains and
losses. Another prominent theory is presented in Masatlioglu and Ok (2005) and Masatlioglu and
Ok (2014): they argue that a DM’s endowment may influence her choice if (1) she is subject to a
psychological constraint regarding the set of alternatives that she considers; and (2) this constraint
depends upon the endowment. Rival models have distinct implications for choice behaviour; ac-
cordingly, they can be evaluated on the basis of their predictive and explanatory power.?! Our
model of the endowment effect is, perhaps, most similar to the model of status quo bias in Masatli-
oglu and Ok (2005). But in their model, endowments influence choice by affecting a psychological
constraint, whereas, in our model, endowments influence choice by “tipping the balance” when the

DM is indecisive.

3.6 Framing effects and choice-based welfare economics

Responding to skeptical arguments that framing effects undermine choice-based welfare analysis,
Bernheim and Rangel (2009) present an approach for backing out a revealed “individual welfare
relation” from frame-dependent choices. One of their proposed welfare relations is the relation P*,
which they interpret as specifying strict improvements in individual welfare. In the framework of

our paper, their proposed relation can be defined as follows:

Definition 15 (Bernheim-Rangel relation P*)

Consider any set of alternatives X and a choice function ¢ with domain D C B x F. Suppose

21See Masatlioglu and Uler (2013) for a comparison of the implications of (1) a constant loss aversion model (2) a
more general loss aversion model (3) the status quo bias model in Masatlioglu and Ok (2005) and (4) the more general

model in Masatlioglu and Ok (2014).
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that, for any B € B, there is a frame f € F such that (B, f) € D. Then P* = {(y,z) € X? :
for all (B, f) € D such that z,y € B,z ¢ ¢(B, f)}.

Intuitively, yP*x obtains if x is never chosen when y is available. The authors suggest that P*
can be interpreted as an individual welfare relation in the sense that “it is possible to strictly im-

”

prove upon a choice x € X if there exists y € X such that yP*x.

The Bernheim and Rangel (2009) approach is ambitious in its generality. It is intended to ap-
ply regardless of the decision process that generates the frame-dependent choice function. For
this reason, the literature describes their proposal as a “model-free” approach. A number of com-
mentators have criticised their model-free approach, arguing that it has implausible implications,
especially for cases of limited attention.?? Such critics have concluded that a method for retrieving
welfare relations from choice data should be “model-based” rather than model-free (Manzini and

Mariotti (2014b)).

On the one hand, we agree that a method for obtaining welfare relations should be “model-based”.
On the other hand, we regard the goal of Bernheim and Rangel (2009) as laudable: as discussed
in the introduction, generality is desirable in the fragmented discipline of behavioural decision the-
ory. Our proposal is that, at least for resolution framing effects, the revealed preference relation p
can serve as an individual welfare relation. While our approach is model-based, it is nevertheless
relatively general: it applies to any resolution framing effect that satisfies the restrictions specified
in Theorems 2A, 2B, 3A or 3B. Furthermore, our approach provides a partial vindication of the
Bernheim-Rangel proposal — in particular, it vindicates the application of their approach to the
class of resolution framing effects. In clause (b) of Theorems 2A and 3A, we could replace P by P*.

This is entailed by the following lemma:

*2Manzini and Mariotti (2014b) and Rubinstein and Salant (2012) observe that the relation P* is excessively coarse-
grained. Moreover Masatlioglu et al. (2012) present a plausible example in which the Bernheim-Rangel relation has
precisely the opposite implication for welfare to that which it should have. In their example, a DM with limited
attention prefers an alternative z over y, but yP*z. Bernheim and Rangel (2009) appear to have anticipated the
challenges to their approach that arise in cases of limited attention. In Section 7 of their paper, they suggest that, for
data points involving “imperfect information processing”, the datapoints should be “deleted” from the choice data.
But this response is unsatisfactory (see Manzini and Mariotti (2014b)); it is an ad hoc response to a broad class of

choice anomalies.
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Lemma 1 (P and the Bernheim-Rangel relation P*)

Consider any set of alternatives X and a choice function ¢ with domain D C B x F. Suppose that,
for any B € B, there is a frame f € F such that (B, f) € D. If ¢ satisfies Framing contraction, then
P = P*.

Our revealed preference results also have parallels in the findings of Salant and Rubinstein (2008).
In their paper, a preference relation is constructed from frame-dependent choices. Moreover, Salant
and Rubinstein (2008, p. 1292) note that this constructed preference relation is “similar” to the
Bernheim-Rangel relation P*. It is also similar to our proposed revealed preference relation P.
They are, however, asking a somewhat different question to us, and so this constructed preference
relation has a different interpretation to our revealed preference relation.?? Moreover, as noted in
Section 3.3, while our two-stage model accommodates frame-dependent choice functions that are
not “multi-self” (for example, the choice function in Table 1), such choice functions violate the

axiomatisation in Salant and Rubinstein (2008).

3.7 Framing effects and rationality

A number of commentators have claimed that framing effects are evidence of irrationality.?* This
claim is not merely abstract philosophising; it is presented as part of the case for policy interven-
tion. In this section, we criticise this broad conclusion. At least for resolution framing effects,
frame-dependent choices are consistent with rationality. What, precisely, are the grounds for deem-
ing such framing effects irrational? After all, as we have shown, if a frame-dependent choice function
is r-rationalisable, it can be interpreted as generated by a process involving a transitive or acyclic
preference relation. When commentators judge framing effects to be irrational, they seem to have
in mind the following kind of argument. Frame-dependent choices are irrational on the grounds

that DMs are influenced by factors that are “arbitrary”, factors that are irrelevant to the rational

#3Salant and Rubinstein (2008) introduce the notion of “the neoclassical choice correspondence that is induced by
a frame-dependent choice function”, and then ask the question: what axioms must be satisfied by a frame-dependent
choice function to ensure that the induced neoclassical choice correspondence is rationalisable by a preference relation?
They construct a preference relation that rationalises the induced neoclassical choice correspondence when the axioms
are satisfied. So this constructed preference relation has a different interpretation to the revealed preference relation

P in our model.
24See Thaler and Sunstein (2003), Thaler and Sunstein (2008) and Ariely (2009).
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assessment of the alternatives. Let us label such factors non-rational. For example, in the priming
experiment, the primes are non-rational factors that influence choice. In summary: a principle
underlying the view that framing-effects are irrational is that a DM is irrational if non-rational

factors influence her choice. Let us call this the irrationality principle.

To evaluate the irrationality principle, we need to distinguish between two cases. In the first
case, the DM strictly prefers x to y, but a non-rational factor causes her to choose y over z. In
this case, at least potentially, the irrationality principle has some plausibility, because the fact that
she prefers x to y gives her a reason to choose x over y. In the second case, the DM is indecisive
between x and y, and a non-rational factor causes her to choose y over z. In this case, there are
simply no grounds for deeming the DM to be irrational, because she did not have a reason to choose
x rather than y. So the irrationality principle is not plausible when the DM is indecisive between
alternatives. But, for the case of resolution framing effects, the non-rational factors — the frames —
only influence the DM’s choice among alternatives between which she is indecisive. After all, frames
affect choice only in the second stage of the decision process and, necessarily, the DM is indecisive
between the alternatives that survive the first stage. Accordingly, the irrationality principle is not

plausible for resolution framing effects.

To highlight the implausibility of the irrationality principle, consider the following example. Sup-
pose that the DM faces a choice between two slices of cheesecake — New York cheesecake and Chicago
cheesecake — but she does not have a preference for one over the other. Nevertheless, she should
pick one of them and picks the Chicago cheesecake. An observer may posit an explanation of what
caused her to pick the Chicago cheesecake: perhaps it was on her left and she is left-handed; perhaps
it was slightly closer; and so forth. But the fact that a non-rational factor influenced her choice
surely does not render the DM irrational. After all, she should pick one of the two slices, and there
were no rational grounds for selecting one over the other. So it was inevitable that her selection

would resolved by a non-rational factor.

3.8 Conclusions and future research

Bernheim and Rangel (2009, p. 59) decide that “in the interests of greater precision” they will use

the term “choice reversal” to refer to the phenomenon that is typically denoted in the literature
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as a “preference reversal”. Throughout our paper, we have also used the term “choice reversal”
rather than “preference reversal”, because it is our contention that, contrary to the skeptical view,
choice reversals need not be construed as evidence of changing preferences. An archetypal choice
reversal is where, under one frame, x is the unique choice from a budget set comprising x and y, but
under another frame, ¥ is the unique choice from that budget set. The prevalence of this form of
choice reversal has been a key source of evidence for skeptical conclusions. But, whereas the skeptic
construes a choice reversal as evidence that a change of frame “reverses” the DM'’s preference, we
instead conclude that such a choice reversal may simply reveal that the DM is indecisive between the
two alternatives. Whereas the skeptic concludes that preferences are “radically unstable”, “labile”
and “constructed”, we regard such choice reversals as potentially consistent with a stable underlying
preference relation, albeit characterised by indecisiveness. Moreover, if the DM’s choices satisfy the
conditions specified in Theorem 2A, 2B, 3A or 3B, we are able to retrieve the DM’s preferences

from her choices.

An attractive feature of our approach, we suggest, is its relative generality. It is applicable to
a broad range of resolution framing effects, which include the salience effect, the endowment effect,
the priming effect and the compromise effect. For each of these framing effects, axiomatisations and
revealed preference relations can be obtained. Moreover, our study highlights the parallels between
these diverse framing effects. The choice functions generated by these framing effects satisfy similar

properties, and, in each case, the revealed preference relation is the framing base relation P.

There are a number of potentially fruitful lines of future research. One question is whether other
types of framing effects can be analysed using our models. For example, can the type of “anchoring
effect” described in Ariely et al. (2003) be modelled as a resolution framing effect? Can asymmetric
dominance be modelled as a resolution framing effect, using an approach similar to our analysis
of the compromise effect? A second line of future research is an extension to a stochastic model.
After all, in reality, choice data typically take the form of frequencies of choices. Can stochastic

frame-dependent choice functions be modelled as generated by stochastic resolution framing effects?
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Appendix: Proofs

Even though Theorems 1A and 1B are minor variants of results in the literature (see Moulin (1985)),
we prove them here because they are specified in terms of Weak ITA rather than the standard ITA
axiom. Moreover, the proofs of Theorems 2A and 3A are parallel to the proof of 1A and the proofs
of 2B and 3B are parallel to the proof of 1B.

Theorem 1A

PROOF OF (a) («): Suppose that C satisfies Contraction and Expansion. Clearly P is asymmetri-
cal. It remains to show that it is acyclic and rationalises C'.

Claim 1: P rationalises C.

x ¢ C(B) <= Jy € B\{z} such that {y} = C({z,y}) < Ty € B\{zx} such that yPz.

The first biconditional follows from Contraction and Expansion, the second from the definition of
P.

Claim 2: P is acyclic.

Suppose, for contradiction, that there exists a cycle in P. So for some x1,z9,...,z, € X,
z1PxoP ... Pxy Pxy. As P rationalises C, C({z1,...,zn}) = max({z1,...,2m}, P) is empty.
(=): Suppose that there exists an asymmetric, acyclic relation > that rationalises C.

Claim 3: == P.

For any z,y € X, zPy < {2z} = C({z,y}) <= {2} = max({z,y},>) < z>y.

Claim 4: C satisfies Contraction and Expansion.

As == P and > rationalises C, it follows that: z € C(B) <= for no y € B\{z},yPr <= for
noy € B\{z},{y} = C({z,y}). That is, z € C(B) <= for all y € B\{z},z € C({z,y}). But this
biconditional is equivalent to the conjunction of Contraction and Expansion.

PROOF (b): This is proved in the course of proving (a).

Theorem 1B

PROOF OF (a) («): Suppose that C satisfies Contraction, Expansion and Weak IIA.

Applying the reasoning in the proof of Claim 1 in Theorem 1A, it follows that P rationalises C.
It remains to show that P is transitive. Consider any x,y,z € X such that Py, yPz . In other
words, suppose that {z} = C({z,y}),{y} = C({y,2}). By Contraction (i) as z ¢ C({y,z}), thus
z ¢ C({x,y,z}) and (ii) as y ¢ C({x,y}), thus y ¢ C({x,y,z}). Therefore C({x,y,z}) = {z}. So
Weak ITA implies that C({z, z}) = {z}. Thus zPz.

(=): Suppose that there exists an asymmetric, transitive relation > that rationalises C. Ap-
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plying the reasoning in the proof in Theorem 1A, it follows that Contraction and Expansion are
satisfied. It remains to show that Weak ITA is satisfied. Consider any xz,y,z € X, and suppose
that C({z,y,z}) = {x}. We want to show that C({z,y}) = {z}. Suppose, for contradiction,
y € C({x,y}). As > rationalises C, = # y. So, as y ¢ C({z,y,z}), z = y. Given z > y, as
z¢ C({x,y,2}), x = z. In summary x > z,z > y and z » y, which violates transitivity.

PROOF OF (b): This is proved in the course of proving (a).

Theorem 2A

PROOF OF (a) («): Suppose that c satisfies Framing contraction and r-Expansion. Clearly Pis
asymmetric. It remains to show that it r-rationalises ¢ and is acyclic.

Claim 1: Ng = max(B, P)

This follows from the definitions of P and N B.

Claim 2: P r-rationalises ¢. That is, for all (B, f) € D, ¢(B, f) = max(max(B, P),r(f)).

Step (i): show x € ¢(B, f) = = € max(max(B, P), r(f)).

Suppose that « € ¢(B, f). Then, by Framing contraction, for all y € B\{z}, there exists an f' € F
such that z € ¢({z,y}, f'). That is, for all y € B\{z}, not yPz. So z € max(B, P). As z € ¢(B, f),
r-Expansion implies that, for all y € Ng\{z}, not yr(f)z. So by Claim 1, for all y € max(B, P),
not yr(f)z. So x € max(max(B, P),r(f)).

Step (ii): show & € max(max(B, P),r(f)) = = € ¢(B, f).

Suppose that = € max(max(B,p),r(f)). Therefore z € max(B,p). So, for all y € B\{z}, not
yPx. Therefore, for all y € B\{z}, there exists an f’ € F such that z € ¢({z,y}, f'). Also, for all
y € max(B, P), not yr(f)z. So by Claim 1, for all y € Ng\{z}, not yr(f)z. So, by r-Expansion,
x € ¢(B, f).

Claim 3: P is acyclic.

Suppose, for contradiction, that there exists a cycle in P. That is, for some x1,x9,...,Tm € X,
21 PxsP ... Px,,Pz;. Consider any f € F such that ({{z1,...,2m},f) € D. (Note that, given
the assumption about the domain of ¢, such a frame exists.) Clearly max({z1,..., 2y}, P) is
empty. Therefore max(max({z1,...,zn}, P),r(f)) is empty. So it follows from Claim 2 that
c({x1,...,xm}, f) is empty.

(=): Suppose that there exists an asymmetric and acyclic relation > that r-rationalises c¢. That is,
for all (B, f) € D, ¢(B, f) = max(max (B, >),r(f)).

Claim 4: == P.

That is, for any z,y € X (a) 2 = y = 2Py; and (b) 2Py = 2 = y.
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Proof of (a): Suppose that x = y. So, given that = r-rationalises ¢, it follows that, for all
f € F such that ({z,y}, ) € D, e({z,y}, f) = max(max({z, y}, »), r(f)) = max({z},r(f)) = {z}.
So, by definition of P, zPy.

Proof of (b): Suppose that zPy. Thus, for all f € F such that ({z,y}, f) € D,c({x,y}, f) = {z}.
Given that > r-rationalises ¢, thus, for all f € F such that ({z,y}, f) € D, max(max({z,y}, >
),7(f)) = {z}. So x € max({z,y},>). Thus either x > y or xl,y. Suppose, for contradiction,
that zl.y. Then {z,y} = max({x,y},>). So, given that for all f € F such that ({z,y},f) €
D, max(max({z,y},>),r(f)) = {z}, thus, for for all f € F such that ({z,y}, f) € D, xr(f)y. This
contradicts the assumption that r is rich in ¢. So z > y.

Claim 5: c satisfies Framing contraction.

Suppose that (B, f) € D, z,y € B and z € ¢(B, f). As > r-rationalises ¢ and == P (from Claim 4),
it follows that = € ¢(B, f) = max(max(B, P),r(f)). So, in particular, z € max(B, P). Therefore
not yPz. Therefore, by definition of P, there exists a f/ € F such that = € c({z,y}, ).

Claim 6: c satisfies r-Expansion.

Suppose that, for all y € B\{x}, there exists an f € F such that z € c¢({z,y}, f). We want to show
that z € ¢(B, f') <= not yr(f")x for y € Ng\{z}.

First, note that, for all y € B\{z}, not yPxz. That is, # € max(B, P). Thus:

z€c¢(B,f) <= e max(max(B,>),r(f") <= z € max(max(B, P),r(f))

— not yr(f")x for y € (max(B, P)) <= not yr(f)x for y € Ng\{z}.

The first equivalence holds because > r-rationalises ¢. The second equivalence holds because, as
shown in Claim 4, == P. The third equivalence holds because, as noted above, z € max(B, ]5)
The fourth equivalence follows from Claim 1.

But then x € ¢(B, ') <= not yr(f")z for y € Ng\{z}, which is what we wanted to show.
PROOF (b): This is proved in the course of proving (a).

Theorem 2B

PROOF OF (a) («): Suppose that ¢ satisfies Framing contraction, r-Expansion and Framing
weak ITA. Applying the reasoning in the proof of Claim 2 in Theorem 2A, it follows that P r-
rationalises ¢. It remains to show that P is transitive. Suppose that, for any x,y,z € X, acpy
and yPz. That is, suppose that Vf € F, {z} = c¢({z,y}, f) and Vf € F, {y} = c({y,z}, [)-
We want to show that Vf € F,{z} = c({z,z}, f). But given that Vf € F,{z} = c({z,y}, f),
the contrapositive of Framing contraction entails that Vf € F,y ¢ c({z,y,z},f). Moreover,

given that Vf € F,{y} = c({y, 2}, f), the contrapositive of Framing contraction also entails that
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Vfe F,z ¢ c{x,y,2}, f). SoVf e F,c{x,y,z}, f) = {x}. So Framing weak ITA implies that
Ve F,c({z,z}, f) = {=}.

(=): Suppose that there exists an asymmetric, transitive relation > that r-rationalises c. Apply-
ing the reasoning in the proof of Theorem 2A, it follows that ¢ satisfies Framing contraction and
r-Expansion. It remains to show that c satisfies Framing weak IIA. Consider any x,y,z € X such
that, for all f € F, c({x,y,z}, f) = {x}. We want to show that for all f € F, c¢({z,y}, f) = {=}.
Suppose, for contradiction, that there exists a frame f’ € F such that y € ¢({z,y}, f’). But given

that > r-rationalises ¢, we have:
Vf e F Az} =c({z,y, 2}, f) = max(max({z,y, 2}, >),7(f)) (3.1)

y € c{z,y}, ') = max(max({z,y}, -), r(f)) (3:2)

From (3.1), it follows that

ytw (3.3)

cfw (3.4)
From (3.2), it follows that

Ty (3.5)
So from (3.3) and (3.5), we have

xl y (3.6)
Moreover, given (3.2) and (3.6)

—xr(f)y (3.7)

Given (3.4) and (3.6), there are six remaining cases: (1) z > z and z > y (2) x > z and y > z (3)
x>=zand yloz (4) xl.z and y > z (5) xl.z and z > y and (6) zl. z and yl. z.

Case 1: By transitivity of =, x > y, which contradicts (3.6).

Cases 2, 3, 4: In these cases, (3.6) implies that max({z,y,z},>) = {z,y}. But given (3.7),
y € max(max({z,y, 2z}, >),7(f")). But this contradicts (3.1).

Case 5: xl,z and z > y together with (3.6) imply that max({z,y, z},>) = {z,z}. But (3.1) im-
plies that Vf € F,z ¢ max(max({z,y,z},>),r(f)). Given max({x,y,z},>) = {x,z}, it follows
that Vf € F,z ¢ max({z, z},7(f)), which implies that, for all f € F, xr(f)z. This violates the
assumption that 7 is rich in c.

Case 6: xI, z and yI, z together with (3.6) imply that max({z,y, z},>) = {z,y, z}. But (3.1) entails
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that y ¢ max(max({z,y, z},>),r(f’)). For y to fail to be in max(max({z,y, z}, =), 7(f’)), it must be
that either xr(f")y or zr(f")y. But from (3.7), not xr(f’)y, so it must be that zr(f’)y. But (3.1) also
entails that z ¢ max(max({z,y, z},>),r(f")). For z to fail to be in max(max({z,y, z}, =), 7(f")),
it must be that either xr(f’)z or yr(f’)z. But we have found that zr(f’)y, thus not yr(f’)z. So
it must be the case that zr(f")z. But then by transitivity of r(f’), zr(f")y and zr(f’)z entail that
zr(f’)y. But this contradicts (3.7).

PROOF OF (b): This is proved in the course of proving (a).

Theorem 3A

PROOF (a) (<=): Suppose that ¢ satisfies Framing contraction and r-Expansion*. Clearly P and L
are asymmetric. It remains to show that (]5, ﬁ) r-rationalises* ¢ and P is acyclic.

Claim 1: The set Np = max(B, P)

This follows from the definitions of P and Np.

Claim 2: For all (B, f) € D, ¢(B, f) = max(max(max(B, P),r(f)), L).

Step (i): x € ¢(B, f) = 2 € max(max(max(B, P),r(f)), L).

Suppose that x € ¢(B, f). Then, by Framing contraction, for all y € B\{z}, there exists an
f' € F such that z € c({z,y}, f'). That is, for all y € B\{x}, not yPz. So z € max(B,P). As
x € c¢(B, f), r-Expansion® implies that, for all y € Ng\{z}, not yr(f)z and for all y € Np s\{z}
there is a frame f” € F that is neutral between z and y such that z € c¢({z,y}, f”). So by
Claim 1, Vy € max(B, P), not yr(f)z. So 2 € max(max(B, P),r(f)). Also, given that for all
y € Np ¢\{z}, there is a frame f” neutral between x and y such that z € c({z,y}, f), the defi-
nition of Np ; implies that Vy € max(max(B, P),(f))\{z} there is a frame f” neutral between z
and y such that = € ¢({x,y}, f”). So, by definition of L, ¥y € max(max(B, P),r(f)), not yLz. So
¢ € max(max(max(B, P),r(f)), L).

Step (ii): = € max(max(max(B, P),r(f)),L) = z € ¢(B, f).

Suppose that 2 € max(max(max(B, P),r(f)),L). Thus z € max(B, P). So Vy € B\{z}, not yPz.
Thus, Vy € B\{z}, there exists an f' € F such that = € c({z,y}, /). Also, Vy € max(B, P)\{z},
not yr(f)z and Yy € max(max(B, P),r(f))\{z}, not yLz. Given the former conjunct and claim
1, Vy € Ng\{z}, not yr(f)z Given the latter conjunct, the definitions of L and Np, imply that
Vy € Np ¢\{z}, there is a frame f” € F that is neutral between = and y such that z € c({z,y}, f").
So by r-Expansion®, x € ¢(B, f).

Claim 3: (P, L) r-rationalises* c.

Given Claim 2, it remains to show that the second clause in the definition of r-rationalisation* is
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satisfied. The second clause specifies that (-, ¢) r-rationalises® ¢ only if: if zfy, then xI,y. So we
need to show that if a:ﬁy, then xlpy. But this follows immediately from the definition of L.

Claim 4: P is acyclic.

Suppose, for contradiction, that there exists a cycle in P. So for some T1,T9,...,Tm € X,
21 PzoP ... Px,, Pzy. Thus max({z1,...,Tm}, ]5) is empty. So for all f € F,
max(max(max({z1,...,znm}, P),7(f)),L) is empty. But it is assumed that there exists an f’ € F
such that ({z1,...,zm}, f’) € D. So Claim 3 implies that c¢({z1,...,2Zm}, f') is empty. Contradic-
tion.

(=): Suppose that there exists an asymmetric, acyclic relation > and an asymmetric relation ¢ such
that (>, ¢) r-rationalises* c. That is, for all (B, f) € D, ¢(B, f) = max(max(max(B, >),r(f)), ).
Claim 5: == P

That is, for any z,y € X (a) 2 = y = 2Py; and (b) zPy = z = y.

Proof of (a): Suppose that z > y. So, given that (>, /) r-rationalises® ¢, it follows that, for all f €
F such that ({z,y}, f) € D, c({z,y}, f) = max(max(max({x,y}, >),r(f)),£) = max(max({z},r(f)),¢) =
{z}. So, by definition of P, zPy.

Proof of (b): Suppose that zPy. It follows that, for all f € F such that ({z,y}, f) € D,c({z,y}, f) =
{z}. Given that (>, ¢) r-rationalises c, thus, for all f € F such that ({z,y}, f) € D, max(max(max({z,y}, >
),7(f)),£) = {x}. Therefore z € max({x,y}, ). Thus either x = y or xl,y. Suppose, for con-
tradiction, that xI,y. Then {z,y} = max({z,y},>). But, as r is rich* in ¢, there exists a frame
[ € F such that ({z,y}, f') € D and yr(f’)x. So x ¢ max(max({x,y},>),r(f")). Contradiction.
Claim 6: ¢ = L

That is, for any x,y € X (a) 2y = xLy and (b) zLy = xly.

Proof of (a): Suppose xfy. As r is rich* in ¢, there is at least one frame f that satisfies the fol-
lowing property: ({z,y},f) € D and f is neutral between x and y. Let f’ denote an arbitrary
frame with this property. As (>=,¢) r-rationalises*, we know, in particular, that c({z,y}, f’) =
max(max(max({z,y}, ), r(f)),£). But from clause (2) in the definition of r-rationalisation®, we
have zl,y. So c({z,y}, f') = max(max({z,y},r(f’)), ). Moreover, as f’ is neutral between z and
y, thus c({z, y}, ') = max({z,y},¢). So as zly, thus c({z,y}, f’) = {x}. Moreover, from Claim 5,
—= P, so xlpy. So by definition of L, xf;y

Proof of (b): Suppose that xLy. As 7 is rich* in ¢, there is at least one frame f that sat-
isfies the following property: ({z,y},f) € D and f is neutral between x and y. Let f’ de-
note an arbitrary frame with this property. So by definition of L, rlpy and c({z,y}, f) =
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{z}. But as (>,¢) r-rationalises* ¢, we have c({z,y}, f') = max(max(max({x,y},>),r(f")), ).
From Claim 5, ¢({z,y}, f') = max(max(max({z,y}, P),r(f’)),£). But as zlpy, c{z,y} f) =
max(max({z,y},7(f’)),£). Moreover as f’ is neutral between z and y, thus c({z, v}, f') = max({z, y}, ¢).
But given c({z,y}, f') = {z}, it follows that xly.

Claim 7: c satisfies Framing contraction.

Consider any (B, f) € D and any z,y € B. Suppose that = € ¢(B, f). As (>,{) r-rationalises* ¢
and == P, thus z € ¢(B, f) = max(max(max(B, P),r(f)),£). So not yPz. Thus, by definition of
P, there is an f’ € F such that ({z,y}, f’) € D and = € c({z,y}, ).

Claim 8: c satisfies r-Expansion*.

Consider any (B, f') € D. Suppose that, for all y € B\{z}, there exists an f € F such that
z € c({z,y}, f). We want to show that € ¢(B, f’) <= (i) not yr(f')z for y € Np\{z} and
(ii) for y € Np p/\{z} there exists a frame f” € F such that f” is neutral between z and y and
© € c({x,y}, f"). First, note that, for all y € B\{z}, not yPz. That is, 2 € max(B, P). Thus
z € ¢(B,f) < z € max(max(max(B,>),r(f)),{) <= =z € max(max(max(B,P),r(f')),L)
<~ (i) not yr(f")x for y € max(B, P)\{z} and (ii) for all y € max(max(B, P),r(f"))\{z}, there is
a frame f” € F such that f” is neutral between x and y and = € c({z,y}, f") <= (i) not yr(f')x
for y € Np\{z} and (ii) for all y € Np p\{z}, there is a frame f” € F such that f” is neutral
between = and y and z € c({z,y}, ).

The first equivalence holds because (>, ¢) r-rationalises* ¢. The second equivalence holds because,
from Claims 5 and 6, == P and ¢ = L. The third equivalence holds because z € max(B,P),
together with the definition of L. The fourth equivalence follows from the definitions of Nz and
Ng.s.

PROOF (b): Clause (b) is proven in the course of the proof of (a).

Theorem 3B

PROOF (a) («<): Suppose that c satisfies Framing contraction, r-Expansion®* and Framing weak
ITA. Applying the reasoning in the proof of Theorem 3A, it follows that (P, L) r-rationalises*
c. It remains to show that P is transitive. Suppose, for any z,y,z € X, xf?y and yf?z. That
is, suppose Vf € F,{z} = c({z,y},f) and Vf € F,{y} = c({y,z},f). We want to show that
Vi e F,{z} = c({x,z}, f), which would entail that zPz. But given Vf € F, {z} = c({z,y}, f),
the contrapositive of Framing contraction entails Vf € F,y ¢ c({z,y,2},f). Moreover, given
that Vf € F,{y} = c({y,z}, f), the contrapositive of Framing contraction entails that Vf €
F,z & c({z,y,z},f). So Vf € F,c({x,y,z},f) = {z}. So Framing weak IIA implies that
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vfeF,c{x, 2}, f) = {x}.

(=): Suppose that there exists an asymmetric, transitive relation > and asymmetric relation ¢ such
that (>-,¢) r-rationalises™ ¢. That is, for all (B, f) € D, ¢(B, f) = max(max(max(B, >),r(f)), ).
Applying the reasoning in the proof of Theorem 3A, it follows that ¢ satisfies Framing contraction,
and r-Expansion®. It remains to show that c¢ satisfies Framing weak ITA. Consider any z,y,z € X
such that, for all f € F, c¢({x,y, z}, f) = {x}. We want to show that for all f € F, c({z,y}, f) = {z}.
Suppose, for contradiction, that there exists a frame f' € F such that y € ¢({z,y}, f’). But given

that (>, ¢) r-rationalises™ ¢, we have:
Vfe F {z} = c({z,y,z}, f) = max(max(max({z,y, 2z}, =), 7(f)),£) (3.8)

y € c({z, y}, f') = max(max(max({z, y}, -), 7(f')), €) (3.9)

From (3.8) it follows that

ytaw (3.10)

z ¥ (3.11)
From (3.9) it follows that

Ty (3.12)
So from (3.10) and (3.12), we have

xl y (3.13)
But (3.8) and (3.13) imply

zZ-y (3.14)

To see why (3.14) must hold, suppose, for contradiction z 3 y. From (3.13), y € max({x,y, 2z}, >).
As r is rich* in ¢, there is a frame f” € F such that yr(f”)z. So x ¢ max(max({z,y, z}, =), r(f")).
But this contradicts (3.8). But (3.14) and (3.13) then imply

Tz (3.15)

To see why (3.15) holds, suppose, for contradiction x > z. Then (3.14), given the assumed transi-
tivity of >, entails « > y, which contradicts (3.13). But (3.15) and (3.11) yield

xl, z (3.16)

(3.16) and (3.14) then entail that z € max({z,y, 2z}, >). But as r is rich* in ¢, there exists a frame
f" € F such that zr(f")z. So x ¢ max(max({z,y, z},>),7(f")). But this contradicts (3.8).
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PROOF (b): This is proved in the course of proving (a).

Lemma 1

Suppose that ¢ satisfies Framing contraction. We want to show that, for any xz,y € X (a) zP*y =
2Py and (b) xPy = zP*y.

Proof of (a): Suppose that zP*y. Then, by definition of P*, for all (B, f) € D such that z,y €
B,y ¢ ¢(B, f)}. But this holds, in particular, for B = {z,y}. So, by definition of P, zPy.

Proof of (b): Suppose that zPy. So for all f € F such that ({z,y}, f) € D, c({z,y}, f) = {z}.
Thus for all f € F such that ({z,y}, f) € D, y ¢ c({z,y}, f). So, by the contrapositive of Framing
contraction, for any (B, f) € D such that z,y € B, y ¢ ¢(B, f). So zP*y.
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Chapter 4

Structural econometric models of

ordered online search

4.1 Introduction

In recent years, online retail sales have been expanding rapidly, with e-commerce accounting for
approximately 8 per cent of US retail trade sales in 2016, which is about double the ratio seen
in 2009." Accordingly, in both economics and marketing, researchers are showing an increasing
interest in modelling purchases made by consumers in ordered online search. We say that search
is “ordered” if search alternatives are presented to the decision maker (DM) in a particular order,
which occurs, for example, on the websites amazon.com and expedia.com. We assume that DMs
search in the order in which the alternatives are presented. A stylised fact about ordered online
search is that, for alternatives with a lower position in the search results, DMs have a lower propen-
sity to purchase. We will refer to this stylised fact as the “falling purchase rate”. Plausibly, the
falling purchase rate is partly explained by the operation of ranking algorithms — the algorithms
that determine the position of alternatives in the search results. Online retailers design ranking
algorithms to ensure that more “relevant” alternatives are assigned a higher position in the search
results. In our paper, however, we use a dataset where the positions of alternatives in the search
were generated randomly — it is a dataset of searches for hotels on Expedia.? In our dataset, despite
the random rankings, lower ranked alternatives have substantially lower purchase rates. So there is

a need to consider other candidate explanations for the falling purchase rate. Our paper estimates

!See United States Census Bureau (2018), Table 4.
2This dataset was first used in academic research by Ursu (2018).
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a structural econometric model to explain the fall in the purchase rate.

A natural way of modelling ordered online search, we suggest, is to adapt the labour search model
developed in McCall (1970). In McCall’s model, the DM makes the following trade-off: if she
continues the search then, on the one hand, there is a possibility of obtaining a superior outcome,
but, on the other hand, searching is costly. The optimal strategy for an unemployed worker is to
continue searching until she receives a wage in excess of a certain reservation wage. When this
model is adapted to ordered online search, the optimal policy of a consumer is to continue searching

until she encounters an alternative yielding a utility in excess of a threshold reservation utility.

We develop a version of the McCall model in which DMs have “declining expectations”. That
is, for search alternatives that the DM has not yet browsed, she expects lower ranked alternatives
to be worse. Even though the DM’s belief is incorrect in our dataset (because rankings are ran-
dom), it is plausible that a DM would have such a belief on the basis of her previous experience of
searching online. Section 4.2 presents a theoretical result entailing that, for a DM with declining
expectations, her threshold utility — the minimum utility required to make a purchase — is lower at
lower positions in the search. Intuitively, at lower positions in the search, the value of continuing
the search is less, because the value of the remaining alternatives is believed to be relatively poor.

We refer to models with this property as “declining expectations models”.

Our model also includes an unobserved outside option, which is understood to be the option of
either abandoning the search, or shifting to a different search on another platform. The inclusion of
an outside option, together with the assumption of declining expectations, is the principal driver of
the falling purchase rate in our model. At early positions in the search, when the value of continuing
the search is high, relatively few DMs will depart the search for the outside option. However, as the
search progresses, the value of continuing falls, ensuring that many DMs depart the search part-way
through to take the outside option. So a considerable fraction of DMs never reach later positions in
the search, giving rise to a relatively low purchase rate later in the search. Section 4.5 of the paper
shows that our model generates a substantial fall in the purchase rate, which is of a magnitude

similar to that observed in the data.

In the literature, there are broadly two kinds of structural econometric models of ordered online
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choice: (i) those based on McCall’s theory; and (ii) those based on the model of search in Weitzman
(1979).3 Other than our paper, as far as we are aware, Chan and Park (2015) is the only paper
that presents a structural econometric model of ordered online search that is based on McCall’s
theory of search. Our model has two principal advantages over that in Chan and Park (2015).
First, the theoretical foundation for Chan and Park (2015) is a version of the McCall model in
which the DM’s beliefs about the probabilities of the value of unbrowsed alternatives do not change
with position. We refer to this type of theory as a “constant expectations model”, which is to be
contrasted with a “declining expectations model”. Before estimating our declining expectations
model, we first estimate a constant expectations model. The fundamental problem with this type
of model is revealed by a comparison of Figures 4.2 and 4.3 in Sections 4.4 and 4.5: whereas the
declining expectations model yields a substantial fall in the purchase rate, which is similar to the
magnitude observed in the data, the constant expectations model generates only a very slight fall
in the purchase rate. The reason why the pair of models generate such different results is as follows.
In our declining expectations model, there are two drivers of the falling purchase rate. Low-rank
alternatives are less likely to be purchased, because:

(A) a DM may leave the search before reaching low-rank alternatives if she purchases an alternative;
(B) a DM may leave the search before reaching low-rank alternatives if she takes the outside option.
By way of contrast, in the constant expectations model, (A) is the only driver the falling purchase
rate. But typically for ordered online search — and certainly for our dataset — driver (A) only gen-
erates a very slight fall in the purchase rate. So if the actual fall in the purchase rate is substantial,
constant expectations models provide a poor explanation of the falling purchase rate. We regard
this as a major problem with assuming constant expectations models in McCall models of ordered
online choice. After all, a central task of any model of ordered online search is to explain the falling

purchase rate.

The second advantage of our model over Chan and Park (2015) is that ours is a fully structural
model. In contrast, when estimating the McCall model, Chan and Park (2015) introduce a “reduced
form” specification of the utility threshold that does not explicitly depend upon an information cost.

So the empirical implementation of their model does not incorporate the relationship — implied by

3De los Santos et al. (2012) estimates a structural econometric model of online search that fits into neither of these
categories, but it is not a model of ordered online search. There is also a considerable literature on reduced-form

econometric models of ordered online choice — see, for example, Ghose et al. (2014).

156



McCall’s theory of search — between the threshold, the information cost and the believed distribu-
tion of the product attributes. In contrast, we estimate a value for the information cost, as well as

all of the other deep structural parameters.

Over the past decade, a number of papers have presented structural econometric models of ordered
online search that are based not on McCall’s theory of search but rather on the theory presented by
Weitzman (1979). In Weitzman’s model, the DM is assumed, before beginning the search, to have a
belief, for each alternative, regarding (i) the distribution of the value of that alternative and (ii) the
cost of discovering the actual value of that alternative. Weitzman shows that the optimal strategy
is to assign a reservation price to each alternative, which determines the order of the search: the
DM first searches the alternative with the highest reservation price, and moves downwards. Search
is terminated when the actual value of an alternative exceeds its reservation price. The Weitzman
model is the basis of the structural models of ordered online choice in Kim et al. (2010), Kim et al.

(2017), Chen and Yao (2017), Ghose et al. (2019) and Ursu (2018).

While, in general, Weitzman’s theory is a useful model of the process of information gathering,
there are a number of concerns with applying it to model the type of ordered online search that
takes place on, say, amazon.com or expedia.com. First, in the Weitzman model, it is assumed that,
in advance of the search, the consumer has knowledge, for each alternative, of a distribution of
values specific to that alternative. So, for example, when Ursu (2018) applies the Weitzman model
to online search for hotels on expedia.com, she is assuming, in effect, that the consumer knows, in
advance of the search, for each hotel, the attributes (price, star rating and so forth) that appear on
the search results page. We suggest, however, that it is inappropriate to attribute this knowledge
to the consumer in advance of the search. In our model, the consumer gains such information in
the course of her search; moreover, in the majority of searches, the DM departs the search part-way
through and thus, for alternatives that are sufficiently low in the search results, the DM never
obtains this information. A second concern arises from the fact that, in the Weitzman model, the
order of the search is endogenous. It was not designed to model ordered online search (such as
searches on amazon.com or expedia.com) where, arguably, the task of the model is to explain how
the propensity to purchase is affected by the given search order. We suggest, therefore, that McCall

models of search — such as ours and the model in Chan and Park (2015) — are, perhaps, more
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appropriate for modelling ordered online search, in comparison with the model of Weitzman.*

Whereas, in a number of respects, our declining expectations model introduces complexities that
are not present Chan and Park (2015) and the Weitzman models discussed above, in one important
respect our model is simpler. While we model the decision to purchase as optimising behaviour,
we do not model “clicking” as optimising behaviour. Our model can be interpreted as making the
simplifying assumption that most of the information relevant to choice is present on the search
results page; little additional information is obtained by clicking on a hotel to obtain more photos,
reviews and so forth. We adopt this simplification because (i) in other respects, our model is rela-
tively complicated and (ii) as discussed in Section 4.5.1, an attempt to provide a single optimising
model of both clicking and purchasing behaviour gives rise to a risk of a certain type of specification
error.” That said, one possible extension of our declining expectations model is to incorporate an

optimising model of clicking behaviour.

Our paper is structured as follows. Section 4.2 presents two theorems describing the optimal strategy
in the constant expectations and declining expectations models. Section 4.3 describes the Expedia
dataset. Then Sections 4.4 and 4.5 present estimates, respectively, of the constant expectations and

declining expectations models.

4.2 Two theoretical models of falling purchase rates

4.2.1 Constant expectations model

In our paper, search is modelled as an optimal stopping problem. After the DM initiates a search,
she is presented with search results in the form of a list. Initially, the DM browses information
relating to the first item that appears on the list. Having browsed it, the DM is said to have “con-

sidered” this alternative; this alternative is now the unique item in her “consideration set”. Havin
b

4This is not a criticism of the application of the Weitzman model to searches which are not ordered search, such as
the application to the auto insurance industry by Honka and Chintagunta (2017). Note also that, whereas Ursu (2018,
p-543) defends her use of the Weitzman theory to model ordered online search, she acknowledges the attractions of

using a McCall model, such as that of Chan and Park (2015).
SWhile the model in Chan and Park (2015) incorporates both optimising clicking and purchasing behaviour, their

dataset does not include data on purchases but only on clicks. So they cannot assess the fit of the model in relation

to actual purchasing decisions.
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considered the alternative, the DM faces the choice of whether or not to purchase. If she purchases
the first alternative, the search stops then. If she does not, she incurs an information cost of x > 0
in order to consider the second alternative. In this case, the DM’s consideration set now comprises
both the first and second alternatives, and she faces the choice of whether to purchase one of these
two alternatives. And so forth. For simplicity, it is assumed that the search list includes an infinite

number of alternatives.

If the DM purchases the alternative in position i = 1,2,..., she obtains a utility of U?. In ad-
vance of incurring the information cost of x for considering an alternative, the DM does not know
the value of the utility yielded by the alternative, but she knows that the utilities of the various
alternatives are generated by independent and identical random variables U?,i = 1,2,..., with a
distribution F'. As the random variables are identical, we refer to this model as the “constant expec-
tations model” — the DM’s expectation of the utility is the same for each position i = 1,2,.... The
decision problem is precisely analogous to a model of labour search that was developed in McCall

(1970). Accordingly, the value function for the optimal stopping problem has the same form as the

value function in McCall’s infinite horizon model without discounting. If, for ¢ = 1,2, ..., we define
u' :=max{U?,..., U’} , we can write the value function as follows:
vi(u) =  max  {u’, —x + E[vin (max{u’, U]}, i=1,2,... (4.1)

stop, continue

That is, the DM stops after browsing alternative ¢ if and only if the maximum utility she has en-
countered up to and including position i, u?, exceeds the continuation value at position i, which is
given by c;(u!) = —x + E[v;41(max{u’, U*1})]. In McCall’s model of job search, the solution to
the optimal stopping problem is that an unemployed worker continues to search until she receives
a wage in excess of a certain reservation wage. Similarly, in the constant expectations model of
consumer search, the optimal strategy is that the DM continues to search until she obtains a utility
in excess of a certain threshold 7, which can be referred to as her reservation utility. The follow-
ing theorem formalises this well-known result: it says that the condition that the DM’s utility is in

excess of T is equivalent to the condition that the DM’s utility is in excess of the value of continuing.

THEOREM 1 (Solution to constant expectations model)
Suppose that the DM believes that her utilities at positions ¢ = 1,2, ... are generated by indepen-

dent and identical variables U', U?, ..., with a distribution function F that is strictly increasing
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and continuously differentiable, and where —oco < E(U?) < oo for i = 1,2,.... Then there exists a

unique 7 € R such that for i =1,2,...
U > T = ul>c(uh)

where T satisfies

Y= /T (U — T)dF (4.2)

In this model, the DM faces the following tradeoff: if she continues the search then, on the one
hand, there is a possibility of obtaining a superior outcome, but, on the other hand, searching is
costly. Equation (4.2) says that the threshold 7 will be such that the marginal cost of searching,

X, equals the marginal benefit.

Note that the DM’s decision rule in the constant expectations model bears some similarity to
Herbert Simon’s account of satisficing behaviour. According to Simon, a DM is said to satisfice
if her criterion for selecting an alternative is that it yields utility in excess of a certain threshold,
which Simon terms her “aspiration level”.5 Whereas Simon presents satisficing behaviour in oppo-
sition to maximising behaviour, the constant expectations model implies that such a decision rule
is consistent with optimisation. That is, it is consistent with optimisation that has regard not only

to the utilities of the alternatives but also to search costs.

4.2.2 Declining expectations model

As is established in Section 4.4, the constant expectations model provides a poor fit for our data
— in particular, it generates only a slight fall in the purchase rate, which is at odds with the sub-
stantial falls seen in the data. The central problem with the model is that the only way the DM
can end the search is by purchasing. That is, the only reason why the propensity to purchase is
high for alternatives that are high in the search ordering is that, at such a position, it is less likely
that someone will have purchased a more highly ranked alternative. But given that, in our dataset,
only about 5 percent of searches have a purchase on the first page of search results, it follows that,
in the constant expectations model, the position of an alternative should only have a small effect
on observed purchasing rates. But this is at odds with the data, in which the purchase rate falls

substantially.

6See, for example Simon (1959).
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While this is the principal concern with the constant expectations model, a second concern is
that model imposes an implausible restriction that DMs never “backtrack” — that is, DMs do not
return to purchase an earlier alternative after browsing a later alternative. Arguably, this feature
of the model is intuitively unappealing, and, moreover, there is at least some evidence against it. In
our dataset, of the searches with purchases that also include clicks at other positions, clicks fall after
purchases about as frequently as they occur before purchases. A third concern with the constant
expectations models is that it is implausible given the DMs’ past experience with online search.
Typically, for online searches, the search engine ranks alternatives according to some criterion of
relevance. While this does not occur in our dataset, for which the rankings are random, DMs pre-
sumably would expect, on the basis of evidence from previous online searches, that the utility of

alternatives falls with position.

In response to these three problems with the constant expectations model, we develop a “declin-
ing expectations model”, in which the DM believes that, for alternatives that have not yet been
browsed, later alternatives will tend to be worse than earlier alternatives. In contrast to the constant
expectations model, the declining expectations model assumes that the search is of finite length —
there are M alternatives that are searched. Furthermore, the DM has available an outside option
and she knows its utility throughout the search. (Henceforth, the term “alternative” will be used
to refer only to the DM’s M options other than the outside option). Accordingly, we introduce a
“position 07, at which the DM undertakes a decision in advance of the search. Let U° denote the
utility from the outside option, which the DM knows. The DM commences the search if and only if
the expected value of searching exceeds UY. As the DM’s expectations are declining, she does not
believe that utilities from the M alternatives are generated by identical random variables, but she
does believe that the random variables are independent. Suppose that the DM believes that, for
positions i = 1,..., M, her utility from the alternative at that position, U’, is generated by a ran-
dom variable U’ with a distribution Fj. In order to capture the idea that the DM expects utilities
of earlier alternatives to be be better than utilities of later alternatives, we assume that there is a
vector of M — 1 positive real numbers (dy,...,dp-1) € Rﬂ‘:ﬂr_l such that, for any i =1,..., M — 1

and for any U € R, F;(U + ;) = F;;1(U).” The assumption ensures that, in advance of browsing

"Intuitively, the vector of utilities ut,...,U M ) can be thought of as generated by the following process. From
the distribution Fjs, obtain M independent draws (Dl,...,DM). Set UM = DM and for i = 1,....M — 1, set
U'=D'+ 300065
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position ¢, the expected utility of alternative ¢ is §; more than the expected utility of the subsequent

alternative i + 1. That is, E(U?) — E(U*!) = ;.

After the DM browses position ¢, the utility level that governs the DM’s decision of whether to stop is
the maximum of the utilities that the DM has observed, which is denoted u* := max{U°, U*,..., U’}
fori=0,1,..., M. Accordingly, the value function for the optimal stopping problem can be defined

recursively as follows:

opr(u) = u (4.3)
vi(u') =  max {u’, —x + E[vjy1 (max{u’, U]}, i=0,1,,...,M —1 (4.4)
stop,continue
where the continuation value at position i is ¢;(u’) = —x +E[v;41(max{u’, U1})]. Whereas, in the

constant expectations model, there is a single threshold 7 that defines the optimal policy, in the
declining expectations model, the policy is defined by a vector of thresholds (70,77, ..., 7M~1),

The following theorem summarises the solution to the optimum stopping problem.

THEOREM 2 (Solution to declining expectations model)®

Suppose that, for ¢ = 1,..., M, the DM believes that her utility at position i is generated by a
random variable U’ with distribution function Fj that is strictly increasing and continuously dif-
ferentiable and —oo < E(U?) < oo. Suppose that Ul,..., UM are independent and, for some
(01,...,00p-1) € Rﬂr_l, fori=1,...,M — 1, for any U € R, F;(U + §;) = F;4+1(U). Then there
exists a unique vector (7°,77,...,TM=1) € RM such that, for i =0,..., M — 1:

u > T = ut > cz(uz)
where TM~1 satisfies

X = /To;_l(U — T NdFy (4.5)

and for i =0,..., M — 2, T satisfies
7~i = 7-i+1 + di11 (4.6)

In Sections 4.4 and 4.5, we estimate constant and declining expectations models. There are, however,

a number of other candidate models that might explain the falling purchase rate. First, the falling

8While we are not aware of research that presents this specific result, there is a large literature that builds upon
the McCall labour search model, and, in particular, a number of models have been developed that depart from an

assumption that workers have constant expectations about wages. (See, for example, Sant (1977)).
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purchase rate might be explained by a model with learning. In such a model, the DM uses Bayesian
updating to alter her assessment of the utility distribution in the course of the search. In a model
with learning, the DM may depart the search in advance of a purchase if she learns that the
distribution is such that the likelihood of high utilities is relatively poor. A second candidate model
is as follows. After a DM browses an alternative, she may assign it a higher utility than she would
if it were lower ranked, on the grounds that, given her previous experience with online searching,
higher ranked alternatives tend to have higher utilities. This second explanation is distinct from the
declining expectations model, which assumes that the DM’s previous experience with online search
only affects her evaluation of alternatives that have not yet been browsed. In future research, both
of these explanations warrant further investigation. Regarding the second explanation, however,
there is at least some preliminary evidence that it is not a major cause of the fall in purchase rate
in the Expedia dataset. In particular, Ursu (2018, p.535) shows that the conversion rate — the ratio

of purchases to clicks — does not appear to be substantially less at lower ranked positions.

4.3 Description of the data

The data analysed in this paper was provided by the online travel agency Expedia to a data-science
competition on Kaggle.com. It pertains to hotel searches on the Expedia website between Novem-
ber 1, 2012 and June 30, 2013. For each search, the data include the selected destination, as well
as the following information for each hotel that appeared on the first page of search results: (i)
the position of the hotel in the search results (ii) an indicator of whether it was clicked on (iii) an
indicator of whether it was booked (iv) its price (v) the number of stars (vi) its review score (vii)
a score for the desirability of its location (viii) an indicator of whether it was offering a promotion
(xi) an indicator of whether it has a “brand” (whether it is a major chain). Expedia provided data
on two kinds of searches. The first kind we term “random searches”, where the ordering of the
hotels was generated randomly, for experimental purposes. For the second kind, the ordering was

generated by Expedia’s relevance algorithm. The data indicate whether a search is random.

For random searches, the ranking of a hotel can be treated as exogenous in econometric analysis;
accordingly, our dataset is restricted to random searches. Appendix 6 describes our data cleaning
process. The resulting dataset comprises 6,044 searches, which include 176,263 observations of ho-

tels. After the data cleaning process, the maximum search length (that is, the number of hotels on
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the first page of search results) is 33, and the average search length is 29.2. The number of bookings

is 304, so approximately 5.03 per cent of searches lead to a booking on the first page of search results.

While the availability of random searches is a particularly attractive feature of the Expedia dataset,
there are several limitations of the data. First, the dataset only includes searches for which there is
at least one click. Accordingly, the results can be interpreted as applicable to the class of consumers
who click, and may not be applicable to the broader class of consumers. The second limitation
of the data is that searches resulting in purchases were oversampled. While the oversampling is
substantial for the non-random searches, the oversampling for random searches appears to be con-
siderably less substantial. In our dataset, which only includes random searches, a fraction of about
5 per cent of searches result in a purchase, which is of a broadly similar magnitude to the fraction
in another comparable dataset for an online travel agency.? Given that our dataset includes only

random searches, this mitigates concerns arising from this second limitation.

To estimate a random utility model, we need to specify the attributes that appear in the util-
ity function. We use the six attributes in Table 1. The final two columns show that the mean
price in the overall dataset is somewhat higher than the mean price for observations with bookings.
Conversely, for the other attributes, the mean in the overall dataset was lower than the mean for

observations with bookings, although for review scores and brand this difference was small.

Table 1: Hotel attributes

Attribute | Minimum | Maximum | Median | Mean (Overall) | Mean (Booking)
Price (US$) 11.54 1000 167 196.140 159.815
Stars 2 ) 4 3.533 3.740
Location 1 ) ) 3.723 4.125
Promotion 0 1 0 0.341 0.549
Review score 0 5 4 3.923 3.985
Brand 0 1 1 0.690 0.697

As noted in Appendix 6, we restrict our dataset to searches involving the “top ten” destinations —
that is, the ten destinations with the most searches. Appendix 5 assesses the sensitivity of our re-

sults to this restriction, estimating the model on datasets for the “top five” destinations and for the

9The online appendix to Ursu (2018) describes a dataset of online hotel searches for a major online travel agent

for a time period in 2009. Of the 3,560 searches with at least one click, approximately 3 percent result in a purchase.
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most popular destination. We do not know what these destinations are, as the data are anonymised.

Figure 4.1 depicts how the decision to purchase depends upon the position of the hotel. The
“purchase rate” for a given position is the percentage of the hotels appearing at that position which
are booked. As noted above, in our dataset, about 5 per cent of searches lead to a purchase; more-
over, as Figure 4.1 shows, at any given position, the purchase rate is less than one per cent. Clearly,
there is a greater propensity to purchase earlier alternatives. For example, the average purchase
rate for the first 17 positions is 0.21 per cent , whereas the average for the last 17 positions is 0.12
per cent. The central task of the next two sections to model econometrically this fall in the purchase
rate with position. The next section will show that the constant expectations model cannot account
for the magnitude of the fall in the purchase rate. Section 4.5 will then argue that the declining

expectations model performs considerably better in modelling the fall in the purchase rate.

Figure 4.1: Average purchase rate by position
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4.4 Econometric model: Constant expectations

4.4.1 Set up

Consider a dataset of searches s = 1,...,.5. Each search is assumed to be undertaken by a different
DM. For any search s, the dataset includes observations on the first M alternatives. For the alterna-
tive at position ¢ in search s, there is data on J attributes of the alternative, which is denoted by the
attribute vector % = (xiz, e ,xsjl) For example, in the Expedia dataset, there are six attributes,
which are specified in Table 1. For s = 1,...,S5,i =1,..., My, the vectors x% are generated by i.i.d.
random variables with a distribution Fj(z; A), where A = (A1, ..., Ak) is a vector of the parameters.
Appendix 2 specifies a particular functional form of F, for the Expedia data. Let X denote the

values of the attributes for search s; more precisely, X is the J x Mg matrix such that column 4 of

the matrix is the transpose of the attribute vector #i. X denotes the vector of matrices (X71,. .., Xs).

For the DM engaging in search s, her utility from alternative i € {1,..., M} is assumed to be

given by a conventional random utility specification:
Ul =Vi+e =aif+e (4.7)

where €% is an ii.d. error term with a standard logistic distribution F.. V! is the “observed”
component of utility, which is given by V! = x3, where 3 is a J-dimensional vector of attribute
coefficients. Suppose that the DM has considered alternative ¢. In this case, we adopt the assump-
tion that is typically made in random utility models — that, while £% is unknown to the researcher,

it is known to the DM. In contrast, 2% is known to both the researcher and the DM.

As discussed in Appendix 2, the distribution function of the random utility U’ satisfies the condi-
tions in Theorem 1. Accordingly, Theorem 1 entails that the DM’s optimal strategy is to purchase
the first alternative with a utility in excess of the threshold 7, which is determined by equation

(4.2). Given our random utility model, equation (4.2) in Theorem 1 becomes the following:

X = //:rﬁ+a>7'(xﬁ +e—T) dF.(e)dFy(z|\) (4.8)

Equation (4.8) determines an implicit function that yields the value of the threshold 7 as a function

of the information cost x, attribute parameters 8 and the parameters of F;,, A\, which we will write

as (B, A, x)-
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For any search s, the DM’s choices can lead to M, + 1 distinct observable outcomes: she may
purchase one of the My observable alternatives, or she may fail to purchase any of them, continuing
to search after alternative M. So the dependent variable y; is specified as taking M, 4 1 possible
values: for i =1,..., M, ys = 7 indicates a purchase of alternative i, whereas ys; = 0 indicates no

observed purchase. Let y denote the vector (yi,...,ys). Then for s =1, .., S, ys will be such that:
0 fUR<T, k=1,..., M,
ys = 1 if U >T
ie{2,.... M} fU'>T&UNST, k=1,...,i—1
4.4.2 Likelihood functions

Given €% has an i.i.d logistic distribution, the conditional probabilities of the various outcomes can

be written as follows:

M 1 . .
=1 reo@Er—vEa0 if ys =0
P(yS’XéHB’)\?X) = 1+eXp(w(5IA X)*QUIB) lf yS — 1 (49)
1+6XP(¢(5, X)— )Hk 1 14-exp( zk/g’ DBAX)) ifys =ie{2,..., M}

These conditional probabilities only depend on A and y through the function 7 = ¥(3, A, x). As will
be shown below, it will therefore prove useful to define the following specification of the conditional

probabilities which are conditionalised not on A and x but instead on the threshold 7.

ify; =0

Hk 1 14exp( ’“B—T)

P(yS’XS’/67 T) = m

W)Hk 1m ifys=ie€{2,..., Mg}

The full likelihood function L for this model can be written as the product of two partial likelihood

functions LY and L*:

L(B, A x|y, X) = LY(B, A, x|y, X) L*(A|X) (4.11)
where LY is given by
S
Y8, A xly, X) = ] Pysl Xe, 8,4 %) (4.12)
s=1
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and P was defined in equation (4.9). The likelihood function L? is given by

S Ms

L*\X) = [TI] fa (i) (4.13)

s=1i=1
where f, is the density function associated with the distribution F, that generates the attribute

vectors. A particular functional form for f, is specified in Appendix 2.1°

We now demonstrate that maximum likelihood estimates can be obtained not only by maximis-

ing the full likelihood function L, but also by maximising certain partial likelihood functions.

PROPOSITION 1

Let 8*, A* and x* denote the values that yield a unique maximum for the full likelihood function
L, and let T* := (6%, A", x*).

(a) Suppose A maximises the partial likelihood function L*(A|X). Then A = \*.

(b) Suppose that 3 and 7 maximise the partial likelihood function LY(8, T |y, X) that is defined as

follows:

S
LY(83, Ty, X) = [ [ P(ys|Xs, 8, T) (4.14)

s=1

Then 8 = B* and T = T*.

Part (a) of this proposition says that, even though X is a parameter in the partial likelihood function
LY, we can obtain maximum likelihood estimates of A for the full likelihood function L simply by
maximising the partial likelihood function L*. Part (b) says that, in order to obtain maximum
likelihood estimates of 5 and 7T for the full likelihood function L, we can restrict our attention to
maximising the partial likelihood function LY. One implication is that the maximum likelihood
estimates of 8 and T do not depend on assumptions about the particular functional form of the dis-
tribution of attributes F,. Relying on Proposition 1, we will adopt the following three step approach
to estimating the parameters in the model. First, in Section 4.4.3, we will maximise Iuﬂ(ﬁ, Tly, X) to
obtain maximum likelihood estimates of S and 7. Second, we maximise L* to obtain the maximum
likelihood estimate of A. The second step is presented in Appendix 2, because the approach used

to estimate the distribution of attributes is specific to our dataset, and uses standard statistical

10This paper assumes that the attribute vector is exogenous, and, in particular, does not explore issues relating to
the potential endogeneity of price. Ursu (2018, p.546) provides some reassurance that price endogeneity may not be

a major concern in the Expedia dataset. But, in any event, this topic should be pursued in future research.
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methods. Third, we use equation (4.8) to obtain a maximum likelihood estimate of x. The third
step is also presented in Appendix 2, because the simulation results below do not depend upon x —

they are generated using the maximum likelihood estimates of 5, 7 and A.

4.4.3 Estimating the random utility coefficients § and threshold 7T

Substituting the conditional probabilities in (4.10) into likelihood function L¥ in (4.14), and taking

logarithms, we obtain we obtain the following log likelihood function:

S
log LY(8, Ty, X) = Y log P(ys|Xs, 8, T) (4.15)
s=1
where for s =1,...,5"
— YorL log(1 + exp(aff — 7)) if ys = 0
log P(ys| Xs, 8.T) = { sl (T =) o=t (4.16)

—log(1 + exp(T — xL3))

— S log(1+exp(zhp = T)) ifyo=i€{2,..., M}

Maximizing log LY yields the maximum likelihood estimates of 3 and T reported in Table 2.1

Table 2: Estimates of random utility coefficients and threshold

Estimate of: Estimate Standard Error Estimate Standard Error
(6 attributes) (4 attributes)
threshold, T 5.1051** 0.5769 4.8227** 0.5146

coefficient of:

log price, 51 -0.8991** 0.1205 -0.8528** 0.1162
stars, [ 0.4270** 0.0993 0.4845** 0.0915
location, 33 0.2056** 0.0507 0.2014** 0.0504
promotion, (4 0.4716** 0.1252 0.4717** 0.1232
review score, (s 0.1827 0.1225
brand, S -0.0243 0.1301

(* p < 0.05, ¥ p < 0.01)

The first column reports estimates for the model with six attributes. The coefficients on log price,

' Standard errors are obtained from the outer products of gradients, using the BHHH estimator. See Greene (2017,

p-550). Expressions for the gradient are presented in Appendix 4.
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stars, location score, promotions and review score all have the expected signs.!? (It is not obvious
what is the expected sign on brand). Moreover, the coefficients on log price, stars, location and
promotion are significantly different from zero, whereas those on review score and brand are not.
Note that this is consistent with our finding in Table 1 that the means for booked hotels of price,
stars, location and promotion are all substantially different than the overall means, whereas the
means of review score and brand for booked hotels are close to their overall means. For the purpose
of estimating the distribution F} of attributes in Appendix 2, it is helpful to reduce the number of
attributes. So we drop from our regression the two insignificant attributes, review score and brand.

The third column of Table 2 reports estimates for the four-attribute version of the model.

4.4.4 Simulation and identification

Using our estimates of the joint distribution of attributes in Appendix 2, together with the estimates
of 8 and T from the previous section, we generate a simulated dataset of 100,000 searches, each
with a length of My = 33 positions. In order to assess whether our method of estimating 8 and
T is identified, we maximise the log likelihood function log LY for the simulated dataset to obtain
another set of estimates. The new estimates for the simulated data are reported in the first column
of Table 3. The third column records the parameters used to generate the data, which are the
original estimates from Table 2. All of the estimates are within a 95 per cent confidence interval of

the underlying parameters, indicating that the estimators are identified.

Table 3: Estimates from simulated data for constant expectations model

Estimate of: Estimate | Standard Error | Parameter

threshold, T 4.8907** 0.0766 4.8227

coefficient of:

log price, 51 -0.8513** 0.0143 -0.8528
stars, (2 0.5070** 0.0170 0.4845
location, 3 0.1997** 0.0107 0.2014
promotion, 84 | 0.4533** 0.0259 0.4717

(* p < 0.05, ** p < 0.01)

20ur dataset encompasses a considerable range of prices, from 11 to a 1000 U.S. dollars. Intuitively, the use of
log price rather than price embodies an assumption that an increase in price from, say, 20 to 30 dollars has a greater

impact on the probability of purchase than an increase from 900 to 910 dollars.
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We can use simulated data to assess how well the fall in the purchase rate, depicted in Figure
4.1, is modelled by the constant expectations model. In order to ensure that we obtain a relatively
smooth average purchase rate (average purchases per position), we simulate the model for a larger
dataset of 1,000,000 searches, each with a length of My = 33 positions. The result is depicted in

Figure 4.2. As foreshadowed in Section 4.2, the constant expectations model predicts a very slight

Figure 4.2: Purchase rate: Actual versus simulation in constant expectation model
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decline in the purchase rate. The average purchase rate is approximately flat, sloping downwards
only slightly. (The average of the first five positions is 0.187 percent, whereas the average of the last
five positions is 0.178 percent). In contrast, average purchase rates in the actual data tend to fall
substantially with position. The reason why, in the simulated model, the decline in the purchase
rate is so modest is that (1) the only driver of a falling purchase rate is the propensity for DMs
to depart searches after making a purchase and (2) only about 5 per cent of searches result in a
purchase on the first page of search results. This shortcoming of the constant expectations model
is the principal motivation for developing the declining expectations model, which, as we will show,

generates a far more substantial decline in the purchase rate.
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4.5 Econometric model: Declining expectations

4.5.1 Set up

In the declining expectations model, we assume that all DMs undertake a search comprising M
alternatives but, for any given search s, we only have observations on the first M, < M alternatives,
which is the number of alternatives that appear on the first page of search results. Asin the constant
expectations model, attribute vectors x are generated by i.i.d. random variables with a distribution
F.(z;\) that is specified in Appendix 2. The DM’s random utility is given by an equation of the
same form as equation (4.7) in the constant expectations model, except that now the error terms

¢! are assumed to be i.i.d. with standard Gumbel distributions rather than logistic distributions.!3

Ul =Vi+ =2+ (4.17)

In the constant expectations model, we made an assumption about the DMs’ beliefs in order to solve
for the threshold 7. The assumption, in effect, was that DMs have rational expectations. That is,
the DMs’ beliefs about the random variables that determine the utilities of alternatives are correct
— DMs believe these utilities are determined by the true random utility equation (4.7) and the true
distribution of alternatives F,. But in the declining expectations model, by definition, DMs do not
have rational expectations — they do not have correct beliefs. Whereas, in reality, alternatives are
generated randomly for experimental purposes, DMs believe that, for unbrowsed alternatives, the
alternatives will become worse, on average, as the DM moves further down the search results (as is
typically the case in online search). In a rational expectations model, there is only one way, broadly
speaking, of specifying the DMs’ beliefs — they have true beliefs. Given that we are dropping the
rational expectations assumption, the question then arises: how, precisely, should we specify the

incorrect beliefs of DMs?

We will, in effect, present two versions of the model: one which makes a relatively weak assumption
about the DMs’ beliefs, and one which makes a stronger assumption. The weak assumption will be
denoted “Assumption W”. Assumption W has been designed to ensure that the distribution of the

DMs’ beliefs satisfy the condition in Theorem 2.

13The assumption that utility has a Gumbel distribution allows us to obtain analytic expressions for choice proba-

bilities.
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ASSUMPTION W

For i =1,..., M, the DM believes that her utility at position ¢ is generated by a random variable
W' with distribution function F;(U; (3,4, \) that is strictly increasing and continuously differen-
tiable, and —oo < E(W?) < oo, where W1 ..., WM are independent, and, for some § € R, for

i=1,...,M —1,and for any U € R, F;(U + §) = F;1(U).**

The assumption about the DM’s beliefs in Theorem 2 differs from Assumption W in one key respect:
whereas Theorem 2 allows that the fall in expectation §; may differ across positionsi =0,..., M —1,
Assumption W assumes the fall is constant — that is, fori = 0,...,M —1,6; = §. Given Assumption
W, Theorem 2 allows us to conclude that there is a vector of thresholds 7 = (79, 7%, ..., 7TM~1)
such that the DM continues her search when the threshold associated with her current position is
above the maximum utility for any alternative observed thus far and for the outside option. Fur-
ther, this vector of thresholds satisfies the property that, for i =0,...,M — 2, T¢ = T 4 6. Tt
turns out that, simply on the basis of this weak assumption, we can make considerable headway
in estimating the model. In particular, as we will prove below, Assumption W allows us to obtain
maximum likelihood estimators for the threshold vector, as well as all the structural parameters in
the model except for the information cost y. As the parameter x is not required to generate the
simulations presented in this paper, we relegate its estimation to Appendix 2. In order to estimate
X, we need to introduce a stronger assumption than W, which is specified in Appendix 2. The
stronger assumption is, in effect, that the distributions F;(U;3,0,A),i = 1,..., M in Assumption

W have a particular functional form.

In the declining expectations model, we assume that the DM has an outside option. While the
random utility equation (4.17) specifies how utilities are determined for alternatives at positions
1,..., M, we have not yet specified how the utility of the outside option is determined. DMs are
assumed to have heterogenous outside options: the utilities of the DMs’ outside options UY, ..., U g
are generated by i.i.d. random variables UY, ... ,UOS with a distribution Fy. At position 0, a DM

is assumed to know the utility of her outside option, while the researcher, of course, does not.

MWhy are 3, § and X specified as parameters in the distributions of utility F;, ¢ = 1,..., M? The distribution
depends upon A because utility depends upon the attributes. The distribution depends upon 3 because this determines
how the attributes affect utility. The distribution depends upon § because this is a measure of the fall in expected
utility with position. Further, the motivation for specifying A, 5 and ¢ as parameters is apparent from inspecting the

particular examples of F; that are presented in Appendix 2.
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Whereas DMs who assign a relatively high utility to their outside option tend to leave the search
early, DMs who place a lower value on their outside option tend to stay on the search for longer.
Accordingly, the assumption about the functional form of the distribution of utilities of the outside
option, Fy, has a crucial effect on the manner in which the purchase rate declines with position.
For simplicity, we assume that, roughly speaking, the distribution is uniform. In further research,

it would be instructive to consider alternative specifications of the distribution.

For the distribution of utilities of the outside option, we assume that the lower bound is given
by a parameter w < 733. (If the lower bound exceeded 733, then all of the DMs in our dataset
would have departed the search before the end of the first page of search results when M, = 33).
Regarding the upper bound, a DM will only commence a search if 70 is greater than the utility
from her outside option, so we assume that the utility of the outside option, conditional on the DM
beginning the search, is distributed uniformly from w to 79. More accurately, we assume that this
distribution of the utility of the outside option is a specific discretization of the uniform distribution
from w to 7. In particular, we assume that the probability mass function of Ug, fo, is given as
follows. Let p be defined as /(7% — w) and H be defined as the least integer that is greater than

or equal to 1/p. Then UY has the following probability mass function:

P if U0 =TV — k6, for ke {1,...,H—1}
foUN)=q1-H-1)p iU =uw (4.18)
0 otherwise

If H = 1/p, then this distribution is exactly a uniform discrete distribution, in which the utilities
TO—6,T0—265,...,T°— (H —1)8,w are all assigned a probability p. If H > 1/p, then this distribu-
tion is approximately a uniform discrete distribution, in which the utilities 79 —4,7° —26,..., 7" —
(H —1)6 are assigned a probability p, but w is assigned a somewhat lower probability. The motiva-
tion for choosing this particular discretization of the uniform distribution is that Pr(U? = T¢) = p
for i = 1,...,33. This means that, in the absence of purchasing an alternative, for any given posi-

tion, p is the probability that a DM departs the search by taking the outside option at that position.

The next question is: how should data on clicks be incorporated in the model? Broadly speak-
ing, given a declining expectations model of searching, click data could potentially provide the

researcher with two types of information about DMs:
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(i) Information about the utility of alternatives

If a DM clicks on an alternative, this suggests that, on the basis of browsing the attributes, the
DM expects that it will be worth incurring the cost of learning more about the alternative, by
looking at additional photos, reviews and so forth. Thus clicking data provide information about
the coefficients in the utility function, over and above the information provided by purchase data.
(ii) Information about the utility of the outside option

Suppose that a substantial fraction of searches have clicks at relatively low positions in the search.
This would provide evidence that many DMs tend to persist with searching rather than departing
the search for the outside option, which indicates that DMs, on average, tend to have a low valua-
tion of the outside option. More generally, clicking data provide information relevant to assessing

the distribution of DMs’ valuations of the outside option.

In a complete model of online choice, the researcher would use click data to obtain both (i) and (ii).
In the McCall model of Chan and Park (2015), DMs make optimising decisions not only about pur-
chasing but also about clicking, so their model uses click data to obtain (i). Their model does not,
however, use click data to obtain (ii), as there is no outside option. By way of contrast, our model
uses click data to obtain (ii), but not (i). Clicking is not modelled as the outcome of an optimising
decision. Rather, clicks are assumed to be determined by a very simple process: if a DM decides
to purchase, she must by necessity click; and if a DM decides not to purchase and also has not de-

parted the search for an outside option, there is nevertheless a fixed probability « that she will click.

We defend this simple model of clicking as follows. In our model, the principal explanation of
the falling purchase rate is that DMs leave the search to take the outside option. Moreover, clicking
data provide crucial evidence of whether a DM has departed the search for the outside option.
So it is important that our model makes use of clicking data to obtain information about DMs’
valuations of the outside option. On the other hand, for two reasons, we don’t follow Chan and
Park (2015) in explaining the decision to click as optimising behaviour. First, it would make an
already complicated model more complicated. Second, there is a risk that the estimated model
would be poor at explaining purchasing behaviour. After all, in our dataset, the ratio of clicks
to purchases is approximately 22. Accordingly, if not only purchases but also clicks are modelled
as utility maximising, then, when the parameters in the utility function are estimated to provide

the best fit to the data, there is a risk (if the model is imperfectly specified) that the estimated
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model would be good at explaining clicks but poor at explaining purchases. Our focus is on the
explanation of purchases, so we use a model that avoids the risk of this kind of specification error.'®
Nevertheless, one promising topic for future research is to develop an extension of the declining

expectations model that makes use of both of the two types of information described in (i) and (ii).

In the declining expectations model, the dependent variable incorporates data both on purchases
and clicks. For any search s € {1,...,S}, the dependent variable y, consists of a pair (i, N), where
i denotes the position at which a purchase takes place; if no purchase occurs, ¢ = 0. N denotes the
set of positions at which clicks takes place, excluding any click on a purchased alternative. If the

DM clicks on no alternatives other than a purchased alternative, then NN is the empty set.

4.5.2 Likelihood functions

In contrast to the constant expectations model, the declining expectations model allows “back-
tracking”. Backtracking occurs when a DM decides, after browsing alternative k, to go back and
purchase an earlier alternative ¢ < k, because, in the period between browsing ¢ and k, the DM’s
purchase threshold has fallen. The notation Pi* denotes the probability that the DM in search s
purchases the alternative at position i when browsing position k, conditional on U? < TE. Pﬁ’k is
a function of X, 8, as well as the threshold vector 7; Appendix 3 specifies an expression for that
function. For example, in search s, PL? is the probability that the DM purchases the alternative
at position 1 when browsing at position 2, conditional on U < T2. This is the probability that:
(1) Ul < T (otherwise the DM would have purchased alternative 1 at position 1); and

(2) Ul > T2 (the DM purchases an alternative only if its utility is exceeds the threshold); and

(3) Ul > U2 (otherwise the DM would purchase alternative 2 at position 2).

Note that, as we only have data for the first page of search results, we cannot obtain the probability
PE¥ if (1) position i is on the first page of search results (i < M) but (2) position k is on a later
page (k > M;). So we make the simplifying assumption that for i < M, < k, Pi* = 0. That is,
while DMs can backtrack, they tend not to backtrack across search pages. For a dataset that is not

restricted to the first page of search results, however, this assumption is not required.

15 As noted in the introduction, whereas the model of Chan and Park (2015) incorporates optimising decisions about
both clicking and purchasing, the dataset to which they apply their model only includes data on clicking and not on

purchasing. So they are unable to evaluate the fit of their model in relation to actual purchasing decisions.
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Three more pieces of notation must be introduced in order to specify the probabilities in the like-
lihood functions. First, /\/;k denotes the probability of not purchasing an alternative in the first &
positions, conditional on U9 < T*. It is given by N* = Pr(max{U},..., U} < T*). Like PI* N
is a function of X, 5 and 7. An expression for this function is provided in Appendix 3. Second, the
probability of clicking on a set N of non-purchased alternatives, given that m > |N| non-purchased
alternatives have been browsed, is denoted by Cn|,, = R‘N|(1 — m)m*‘m. Third, let ny denote the

highest position in N; if IV is empty, ny is specified to be 1.

The conditional probability of the dependent variable ys is then given as follows:

PYN (X, 8,6, k,w,T0) ifys = (0,N),N C {1,..., M}
P(ys|Xs, 8,6,5,w0, T%) = S PUN (X, 8,6, k0, TO)  if ys = (i, N),i € {1,..., M)}, (4.19)

N {1,..., M\ {3}

where Mot
PN = Z PNI'Cn | + (1 — (Mg — 1)p)NMC vy (4.20)
m=npy
. M,—1 m . Ms .
PPN= Y Y PCnea (- (Mo—1)p) D PO (421)
m=max{i,ny} k=max{i,ny} k=max{i,nxN}

In equation (4.20), if ny = M, the equation is interpreted as reducing just to the second term, and

in (4.21), if max{i,ny} = Mj, again the equation is interpreted as reducing to the second term.

To illustrate equation (4.21), consider the probability that, for a search s with observations My = 33,
a purchase occurs at position 32, and the only click occurs at that position. This probability is
written P§2’®. First, note that such an outcome is inconsistent with the utility of the DM’s outside
option being UV = Tk for k € {1,...,31}, otherwise the DM would have departed the search before
position 32. The outcome can be seen as the union of the following three mutually exclusive events.
(a) The utility of the outside option is U? = 732; the DM purchases alternative 32 at position 32;
and the DM clicks on no non-purchased alternatives of the 31 non-purchased alternatives that she
browsed. This event has a probability of ,0735’ 2’32(30,31.

(b) The utility of the outside option is U? < 733; the DM purchases alternative 32 at position 32;
and the DM clicks on no non-purchased alternatives of the 31 non-purchased alternatives that she

browsed. This event has a probability of (1 — 32p) 3 2’3260,31.
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(c) The utility of the outside option is U? < T33; the DM purchases alternative 32 at position 33;
and the DM clicks on no non-purchased alternatives of the 32 non-purchased alternatives that she

browsed. This event has a probability of (1 — 32p) P2 2’3360732.

P?2? is the sum of the probabilities of events (a),(b) and (c).

Accordingly,
To illustrate equation (4.20), consider the probability that, for search s with observations My = 33,
there are no purchases and there is only one click, at position 32. The probability of this outcome
is written Pg’{SQ}. The outcome is the union of the following two mutually exclusive events.

(a) The utility of the outside option is U? = 732; the DM does not purchase any of the 32 browsed
alternatives, but takes the outside option at position 32; the DM clicks on one non-purchased al-
ternative, alternative 32, of the 32 browsed alternatives. This event has probability pN; §2C1732.

(b) The utility of the outside option is U? < 733; the DM does not purchase any of the 33 alter-
natives that she browsed; and the DM clicks on one non-purchased alternative, namely alternative
32, of the 33 alternatives that she browsed. This event has probability (1 — 32p)N23Cy 33.

So P21 is the sum of the probabilities of events (a) and (b).

Note that the probability in equation (4.19) is conditional on Xj, 3,0, #,w and T° because (1)
Cm,n is a function of x (2) PF and NE are functions of X, 8,79 and ¢ and (3) p is a function of
70, w and 6. Equation (4.19) is the counterpart of equation (4.10) for the constant expectations
model. For the constant expectations model, however, we also specified, in equation (4.9), the
conditional probability conditional on A and x instead of conditional on the threshold, because the
threshold is a function ¢ of 5, A and x. Analogously, in the declining expectations model, the
threshold 70 is a function of 3, §, A and x. Let us refer to this function as ¢, which is the implicit
function defined by the following pair of equations: first, 70 = TM~1 4+ (M —1)§ and, second, from

Theorem 2:

Y= / T U= T AE (U 8,8.0) (4.22)
7'1\/[71

The first equation specifies 70 as a function of 7 ~! and §, while, according to Theorem 2, the
second equation yields 7M~! as a function of 3,5, A and x. Accordingly, 79 is a function ¢ of
8,0, A and x. Thus, in the declining expectations model, we can write the conditional probability

as conditional on X\ and y instead of 70, where

P(ys|X375757 R, W, )\7X) = p(y8|XS,675a /{,w,T{) = Cb(ﬁ, 5a )\aX)) (423)
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We are now in a position to write the full likelihood function for the declining expectations model,

which is the counterpart of equation (4.11) in the constant expectations model:
L(B? 67 Kj? w? >\’ X|y7 X) = Ly(ﬁ’ 5’ K‘/? U.), A? X|y7 X) Lz()\|X) (4'24)

where LY is given by

S
LZ/(B?& K,W, )‘a X|y7X) = H P(yS|X87Ba 5’ R, W, )‘7 X) (425)

s=1
and P was defined in equation (4.23). The likelihood function L* has the same specification as in
the constant expectations model, and so is given by equation (4.13). In the constant expectations
model, our method for estimating the parameters relied on Proposition 1. We will now present an

analogous proposition for the declining expectations model.

PROPOSITION 2

Let 5%, §*, k*, w*, A* and x* denote the values that yield a unique maximum for the full likelihood
function L, and let 7% := ¢(B8*, 6%, \*, x*)

(a) Suppose A maximises the partial likelihood function L#(A|X). Then A = A*.

(b) Suppose that B, 8, &, & and 70 maximise the partial likelihood function f/y(ﬂ, S, k,w, TCly, X)
that is defined as follows:

S
LY (8,6, 5,0, Ty, X) = [ [ P(yslXs, B, .6, 5,0, T°) (4.26)
s=1
ThenB:6*78:5*7 I%:/Q*,(;):w* and720:7'0*.

Part (a) states that, despite the fact that LY depends on A, maximum likelihood estimates of A
for the full likelihood function L can be obtained by maximising the partial likelihood function
L*. Part (b) states that we can obtain maximum likelihood estimates of 3,4, x,w and T° for the
full likelihood function L by simply maximising the partial likelihood function LY. Based on this
proposition we will adopt a recursive approach to obtaining estimates analogous to the three-step
approach in the constant expectations model. First, as described in the Section 4.5.3, we maximise
f}y(ﬁ, 8, k,w, Ty, X) to obtain maximum likelihood estimates of 3,4, k,w, and T°. Second, L* is
maximised to obtain an estimate of A. For this second step, we can use the results for the constant
expectations model presented in Appendix 2. Third, we use equation (4.22) to obtain an estimate

of x; the third step is also presented in Appendix 2, as the simulation results below do not depend
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upon the estimate of .

While the method specified above provides a general approach for estimating a model of ordered
online search, a minor adjustment must be made to accommodate a feature specific to our dataset.
As noted in Section 4.3, Expedia excluded from the data all searches that lacked a click. Accord-
ingly, the probabilities in equation (4.19) must be made conditional on the event that there is at
least one click in the search. But the probability of this event is one minus the probability that there
are no clicks in the search, which, in our terminology, is written 1 — IP’g’Q). So, in equation (4.19),
which determines the conditional probability ]5, we replace POy by PO /(1 — PS’@) and P4 by
PeN /(1 — ]P)B’“’). Let us denote this new conditional probability Pr, where the T indicates that this
is the conditional probability when the data are truncated. So in expression (4.26), which specifies
the partial likelihood function, we replace P by Pr. Let us denote the resulting partial likelihood

function by LY.

4.5.3 Estimating £, J, k, w and T°

The maximum likelihood estimates of the parameters presented in Table 4 are obtained by maxi-
mizing the log of the partial likelihood function Iu/% Column 1 contains the estimates for the model
with all six attributes. First, note that the estimates of the utility parameters g are of a broadly
similar magnitude to those in the constant expectations model, so the comments made in Section
4.4.3 about the interpretation of those parameters also apply here. Moreover, as in the constant ex-
pectation model, all of the parameters are significantly different from zero except for two attributes
— review score and brand. Accordingly, for the reasons given in Section 4.4.3, we drop these two
attributes from the model. For the rest of the paper, our discussion of the declining expectations

model will be restricted to the four-attribute version.
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Table 4: Estimates of 3, 6, x, w and T

Estimate of: Estimate Standard Error Estimate Standard Error
(6 attributes) (4 attributes)

initial threshold, 7° 6.8883** 0.5482 6.5946** 0.5106

expectation fall, § 0.02284** 0.006384 0.02299** 0.006360

click probability, 0.01076** 0.0001650 0.01076** 0.0001642

lower bound, w 5.9749** 0.5483 5.6753** 0.4958

coefficient of:

log price, (1 -0.9204** 0.1192 -0.8700** 0.1137
stars, [ 0.4310** 0.0999 0.4920** 0.0921
location, (3 0.2103** 0.0510 0.2057** 0.0507
promotion, B4 0.4648** 0.1242 0.4647** 0.1225
review score, (s 0.1945 0.1221
brand, B -0.0244 0.1299

(* p <0.05, ¥ p < 0.01)

The estimate of k is approximately 0.01, which means that, for any position that DM browses
without purchasing, the probability that the DM clicks on the alternative is about one percent.
Recall also that p is defined as §/(7° — w), so, from Table 4, the estimate of p is approximately
0.0250. This means that, for each position that the DM browses without making a purchase, there
is about a 2.5 per cent probability that the DM will depart the search to take the outside option.
So, for a search with 33 positions on the first page of results that does not lead to a purchase, there
is around an 83 per cent probability that the DM will have left the search at some point on the first

page, and thus does not continue the search on the second page.

To interpret the coefficients in the random utility function in the four-attribute model, it is help-
ful to calculate some partial effects, which are recorded in Table 5. Line 1 in the table says that
the average, across all observations, of the elasticity of the purchase probability to price (not log
price) is -0.87. Line 2 is obtained as follows: (i) for each observed hotel, replace the value for the
attribute stars by 4, and obtain the purchase probability for the observation that is implied by the
model; (ii) do the same as step (i), but replacing instead the attribute stars by 3; (iii) find, for

each observation, the proportional change in the purchase probabilities obtained in (i) and (ii); and
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(iv) take the average of this proportional change across observations. Lines 3 and 4 in the table
are obtained by undertaking an analogous exercise for location scores and promotions.'® Line 5 is
obtained by first finding the average purchase probability at each position, and then calculating the

average proportional change between average purchase probabilities at adjacent positions.

Table 5: Average partial effects in four-attribute model

Partial effect Estimate

Elasticity of purchase probability to price -0.870

Proportional increase in purchase probability from:

Increasing stars from 3 to 4 0.620
Increasing location score from 3 to 5 0.498
Introducing a promotion 0.578
Moving one position higher in the ranking 0.037

4.5.4 Simulation and identification

Using the estimated parameters in Section 4.5.3 and the distribution of attributes estimated in
Appendix 2, we generate a simulated dataset of 300,000 searches, each with 33 positions. Applying
the same truncation as Expedia, we delete all searches with no clicks, yielding a truncated dataset
of 58,432 searches. In order to evaluate whether our estimator is identified, we apply the estimator
to the simulated dataset. The first column of Table 6 reports the new estimates. The parameters
used to generate the data (the original estimates from Table 4) are presented in column 3. All of
the estimates are within a 95 per cent confidence interval of the parameter, except for the estimate
of the click probability «, which is within a 99 per cent confidence interval of the parameter. This

provides evidence that our estimator of the parameters is identified.

16 As noted in Appendix 6, the location score is discretised to three values, 1, 3 and 5, which is why Table 5 reports

the increase from 3 to 5.
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Table 6: Estimates from simulated data for declining expectations model

Estimate of: Estimate Standard Error | Parameter
initial threshold, 7° | 6.6797* 0.1221 6.5946
expectation fall, & 0.02445** 0.002481 0.02299
click probability, x | 0.01061** 0.0000660 0.01076
lower bound, w 5.7824** 0.1053 5.6753

coefficient of:

log price, 51 -0.8696** 0.01921 -0.8700
stars, (o 0.4946** 0.02245 0.4920
location, B3 0.2189** 0.01450 0.2057
promotion, (34 0.4818** 0.03474 0.4647

(* p < 0.05, ** p < 0.01)

We also use simulated data to evaluate how well the fall in the purchase rate is modelled by the
declining expectations model. To do this, we generate a simulated dataset of 3,000,000 searches.
After truncating the dataset by eliminating searches without clicks, we are left with a dataset of
586,282 searches. Figure 4.3 compares, for each position, the purchase rates in the simulated data
with the purchase rates in the actual data. A comparison of Figure 4.3 and Figure 4.2 reveals the
key motivation for developing the declining expectations model. Whereas the constant expectations
model only yields a slight fall in the purchase rate with position, the declining expectations model
generates a substantial fall in the purchase rate, which is of a magnitude similar to that observed
in the data. The explanation for this difference is that, while, in the constant expectations model,
the only source of the falling purchase rate is departures from searching caused by purchases, in the

declining expectations model, DMs also depart searches when they choose the outside option.
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Figure 4.3: Purchase rate: Actual versus simulation in declining expectation model

0.45 T T T T

+ actual
0.4 - —— declining expectations model | -

0.3 - + J

purchase rate (per cent)

011

0 | I I | | I
0 5 10 15 20 25 30 35

position

4.6 Conclusions and future research

When estimating models of ordered online search, a central task of the model is to explain the
stylised fact that the propensity to purchase is lower at lower positions in the search results. While,
in general, the falling purchase rate may be explained partly by the operation of ranking algorithms,
in our dataset, the purchase rate falls substantially with position despite the fact that search or-
derings are randomly generated. In order to explain the falling purchase rate in our dataset, we
develop a McCall search model in which DMs expect that alternatives at lower positions are worse
— that is, DMs have “declining expectations”. In this model, there are two reasons for the falling
purchase rate. In particular, low alternatives are less likely to be purchased because:

(i) DMs may leave a search before reaching lower alternatives to purchase a higher alternative;

(ii) DMs may leave a search before reaching lower alternatives to take the outside option.

If the fraction of searches with a purchase is relatively low (it is around 5 per cent in our dataset),
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then reason (i) can only explain a very slight fall in the purchase rate. Accordingly, in our dataset,

reason (ii) is by far the more important explanation of the falling purchase rate.

By way of contrast, in the version of our model where DMs have constant expectations, the only
reason for the falling purchase rate is (i). So, at least in datasets where only a small fraction
of searches result in a purchase, the constant expectations model may be inadequate to explain
substantial falls in the purchase rate. In our dataset, whereas Figure 4.2 shows that the constant
expectations model implies only a slight fall in the purchase rate, Figure 4.3 shows that the declining
expectations model generates a substantial fall in the purchase rate, which is of a magnitude similar

to that observed in the data.

While declining expectations provide one explanation for why a DM may abandon a search for
the outside option, there are other candidate explanations. One promising avenue for future re-
search is to develop models in which the DM learns, during the search, about the probabilities of
the utilities of unbrowsed alternatives. In the literature on job search, there are models in which
the DM updates her belief about the wage distribution as she observes outcomes of the distribution
in the course of her search.'” It would be potentially fruitful to explore whether such models of
job search can be applied to ordered search by consumers. A second promising avenue for future
research is to adapt the declining expectations model so that it can be applied to datasets where
the search positions are generated by ranking algorithms. A third promising extension would be
incorporate into our declining expectations model a utility-maximizing decision to click. The result
would be an approach that combines features of our declining expectations model with the model
in Chan and Park (2015). While such an approach is theoretically appealing, it does come with a
risk, described in Section 4.5.1, that any specification errors may lead to a model that provides a

good fit for clicks and a poor fit for purchases.

Appendix 1: Proofs

THEOREM 1

This is a standard result. See, for example, McCall (1970) and McCall and McCall (2008, p.73-74).

"For an early contribution to this literature, see Sant (1977); for a textbook treatment, see Ljungqvist and Sargent

(2012, p.179).
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THEOREM 2
For i =1,..., M, as F; is continuously differentiable and strictly increasing, then U’ has a contin-
uous probability density function with support R, which will be denoted f;. From equation (4.4),
fori=0,...,M —1:

vi(u') = max{u’, —x + E[viy 1 (max{u’, U]}

o0

= max{ui,—x+vz’+1(ui)/_u fz'+1(U)dU+/, vi11(U) fir (U)dU}

7

Decision at position M — 1

M-—-1

o () = max{u o [ @0+ [ @) fu)an)
= max{uM =1, —y + M1 /u _ fM(U)dU+/j:1 Ufyu(U)dU}

The second equality follows from equation (4.3). So:

erra(3) = —X—|—m/j fM(U)dU+/OO U fag (U)dU

Define the function sp;—1 : R — R such that

[e.9]

spy-1(x) = —cpy—1(x) = x — / (U — ) fp(U)AU

X
Intuitively, sps—1 is a “stopping function” for position M — 1: a DM stops at position M — 1 if the
maximum utility obtained thus far, z, renders this function positive. We can rewrite sj;_1 in terms

of the function gp;_1 : R — R such that

gt (z) = / S0 = ) (U)AU

So
sm-1(x) =x —cy—1(w) = x — gu—1(x)

Claim 1: gnr—1 is differentiable and strictly decreasing, with gy, ,(z) = — [ far(U)dU .
Proof: As fjs is assumed to be continuous, the fundamental theorem of calculus implies that the

function [7° far(U)dU is differentiable and
oo [ I =~ futa)
oz ), M =—fu
(See Rudin (1976, p.133-4)). As U fu(U) is continuous, [>° U fa(U)dU is differentiable and
a/OOUf (U)AU = —afur(a)
oz /. M = M
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Therefore gp;_1 is differentiable and

0

o IM-1(2) = —efu(z / fu(U)AU =z fu(x / (U
But this is negative because Fj; is assumed to be strictly increasing.

Claim 1 immediately implies the following claim:

Claim 2: sp;—1 is differentiable and strictly increasing.

Claim 3: limy_o0 Spr—1(2) = x > 0.

lim sy (2) = lim [x — gar1 ()] = x — lim ’ (U —2) fu(U)dU = x
Claim 4: limy_,_ o spr—1(z) = —00.
im sy-a(z) = lim [x = gar-1(2)] = x — xgmoo (U =) fu(U)dU

= x — E(UM) + lim / fu(U)dU] =

relying on the assumption in Theorem 2 that —oco < E(UM) < 0.
Claims 2, 3 and 4 then imply:

Claim 5: There is a unique = € R such that sy;—1(z) = 0.

Denote this value of z by 7M1, That is, TM~! satisfies sp;_1(7M~1) = 0, which immediately

implies equation (4.5) in Theorem 2. Moreover, by definition of the stopping function sp;—1 and

the fact that it is strictly increasing:

w1 > TV e sy (MY >0 = WM > e (WM

In other words, at position M — 1, the DM will stop if and only if the maximum observed utility at

that position u™~! exceeds the threshold 7M1,
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Decision at position M — 2

From equation (4.4):

M—2

u [o.9]

oara(uM2) = max{uM =2, —y + g1 (M) / Far 1 (U)AU + / M) fag 1 (U)T)

—00 uM—2

But by definition of vas_1, for any x € R, vpr—1(x) = max{z, cpr—1(x)}. So

u]W*Z
vpr—2(uM™?) = max{u™ 2, —x + max{uM 2, cM_l(uM_Q)}/ fr—1(U)AU

+ /OO max{U, cpr—1(U)} faur—1(U)dU} (4.28)

M—2

So the function describing the value of continuing at M — 2, cpr—9 : R — R, is such that

cv—2(x) = —x + max{:v,ch(:c)}/_m fu—1(U)AU

+ [ " (U, exr 1 (U)} far 1 (U)AU (4.29)

The “stopping function” for M — 2, sp;_9 : R — R, is the function such that the DM stops so long

as it is positive, which satisfies:

syp—2(x) = — epr—a(x)

Suppose the DM is at position M —2 and has observed a maximum of x. Let c}w_z(:n) be interpreted
as the value of the strategy of continuing for one more period and then stopping. Then C}W_Q R—>R
is the function such that

0o

Cir—a(®) = —x + »’C/z fr—1(U)dU +/ Ufy—1(U)dU (4.30)

xT
The following claim about C}w—z is the key to the remainder of the proof:

Claim 6:

o0

Far(U)dU + / (U + 83r—1) far (U)AU (4.31)

T—06p -1

x—0np—1

chrala) = —x+a |

—0o0
Proof
The substitution rule says that for real-valued functions g and h, if U = g(y) is an invertible

function, then
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Suppose we specify the function g to be such that U = g(y) = y + dp—1, noting that ¢'(y) = 1, and

we apply the substitution rule to the pair of integrals in equation (4.30). This yields:

. g7 (x) . 00 )
chrate) = x| fualo@)d Wy + [ ) fua(o)g o)y
—c0 g~ (z)
x—0p—1 00
=—x+ 33/ Jav—1(y +0n—1)dy + / S (Y +onm—1)fm—1(y + dnr—1)dy (4.32)

But Theorem 2 assumes that, for any y € R, Fay—1(y + dpr—1) = Far(y).
So far—1(y + 0p—1) = far(y). Substituting this equality into equation (4.32) yields Claim 6.

Claim 6 is then used to establish the following claim, which says, intuitively, that if there is a

threshold for the decision at M — 2, it cannot be less than the threshold for the decision at M — 1.

Claim 7: For all x < TM=1 sy, o(z) < 0.

Proof

Suppose, for contradiction, there exists z* < T™~! such that sy;_s(z*) > 0.

As spr_o(x*) > 0, thus x* > cpr_o(x*). But cpy_o(z*) > 0}472(@'*). (It is intuitively clear that the
continuation value cannot be less than the value of continuing for one period; it is also clear from

inspection of equations (4.29) and (4.30)). Thus:
7 > epa(5) > chy_o(e”)

T* =01 0o
- —x+w*/ fM(U)dU+/ (U +6nm-1)fu(U)dU

—00 T*—0pr—1

o0

= —x+a* /m fM(U)dU+/ U fa(U)dU

*

*

S U6 b + 8 [ ()0

*—0p—1

[e.9]

> x+at /_ " fa(U)aU + / (U) far(U) AU

*

— caroa(a”)

The first equality follows from Claim 6. In the second equality, the right hand side is simply a rear-
rangement of the left hand side. Given that x* > cjr—1(2*) and given that sp;—1(x) = v —cpr—1(x),
it follows that sjy;_1(z*) > 0. But as sp/_; is strictly increasing, and sy (7M~!) = 0, thus

z* > TM-1 Contradiction.
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The following claim says that if, at position M — 2, the maximum observed utility is not less
than the threshold at M —1, then the stopping problem at position M — 2 reduces to the one-period
stopping problem. Intuitively, this is because the DM knows that if she continues at M — 2 but
does not purchase at position M — 2, she will stop at M — 1.

Claim 8: For all x > TM=1 sy, o(z) =2 — ¢l o(x).

Proof

Suppose z > TM=1 Tt follows that sp;_1(z) > 0 (by definition of 7M~1 and the fact that sp;_1
is increasing). So x > cyr_1(x), For similar reasons, if U > x > TM~1 we have U > cpr_1(U).
Then, from inspection of equations (4.29) and (4.30)), it is apparent that cpr—2(x) = ci;_o(x). So

sp—2(x) =2 — cp—a() = 2 — ;o (7).

Claim 9: For all x > TM=1, sy o(x) is differentiable and strictly increasing.

Proof

Given Claim 8, when the domain of sp;_s(z) is restricted to 2 > 7™~ the function has a similar
form to spr—1(x), so the reasoning used to establish, in Claim 2, that sp;—; is differentiable and

strictly increasing also applies to spsr_o.

Claim 10: spr—o(TM=1 4+ 63-1) = 0.
Proof

From Claims 6 and 8&:

SM_Q(TM_l + 5M—1) = TM_l +0p—1 — C}\/[_Q(TM_l + (5M—1)

7—M—1

=T o+ x— (TY " +6m1) / fur(U)dU = /7-]\/11 (U 0-1) e (U)dU
T]VI—I o0
:TM1+X_TM1/ fM(U)dU—/ Ufu(U)dU
PN 7‘]\/1—1

= TV (TMY) = sy (T = 0

Claims 7 and 9 imply that if there exists a value 7M~2 € R such that sy/—o(772) = 0, then
that value is unique. Claim 10 then establishes that that value is TM =2 = 7M~-1 4 §,,_,. TM—2

serves as the threshold for the optimal policy at position M — 2 for the following reason. Given (i)
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sp_o is strictly increasing for z > TM~1 (i) spr_o(z) < 0 for z < TM~1 and (iii) 7™ ~2 renders
spr—a zero, it follows that uM =2 > TM=2 «— 531 H(uM2) >0 <= uM2 > cpr o (uM2).
Continuing in this fashion, we can show, in addition, that for any i € {0,1,..., M =2}, u* > T" <=

u® > c;(u?), where T/ = T 4+ 6, 1.

PROOF OF PROPOSITION 1(a)

Equation (4.8) can be used to define x as a function g of 3, 7 and A. That is:

=g = [ [ B T) ARGl (4.33)

Suppose, for contradiction, that A # A*. Then L*(A\|X) > L*(\*|X). Define { = g(8*,T* \).
Then 7* = ¢(8*,\, %) = ¥(B*, \*, x*). But it is clear from inspection of equations (4.9) and (4.12)

that for any 3, A\, N, x and x/, if (3, A, x) = (8, N, X'), then LY(B,\, x|y, X) = LY(B, N, x|y, X).
Thus LY(8*,\, X|y, X) = LY(B8*, X\*, x*|y, X). Thus

L(B* A\ Xy, X) = LY(B%, A, Xy, X)LE (A X) > LY(B*, A", x* |y, X)LE(\*|X) = L(B*, X", x*|y, X)

which contradicts the assumption that g*, A* and x* maximise the likelihood function L.

PROOF OF PROPOSITION 1(b)

Suppose, for contradiction, that it’s not the case that both B = (* and 7 = T*. Then
LY(B, Ty, X) > LY(B", Ty, X) = LY (6", A", X[y, X)

Define y = g(@,j’, A*). Then T = w(ﬁ,)\*,ﬁ) and so

LY(B X Xy, X) = LY (B, Tly, X) > LY(B*, Ty, X) = LY(5%, M, X[y, X)
So

L(B, X, Rly, X) = LY (B, A, Xy, X)L* (X' X) > LY(B7, X%, x|y, X)L (V| X) = L(B*, X", X[y, X)

which contradicts the assumption that g*, A* and x* maximise the likelihood function L.
PROOF OF PROPOSITION 2(a)

Note that the proof of Proposition 2 is parallel to the proof of Proposition 1. Suppose, for
contradiction, that A # X*. Then L*(AX) > L*(\*|X). Rearranging 7° = TM-1 4 (M —
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1)8, we obtain 7M1 = 79 — (M — 1)§. If we substitute this into equation (4.22), we can de-
fine x as a function of 3,6, 7Y and X. Let us refer to this function as g. Then define ¥ =
g(B*, 6%, T%, X). Then T% = ¢(8*,6*, A\, %) = &(8*,6%,A*,x*). But clearly, for any 8,0,\, N, x
a'nd X/7 if ¢(IB’ 67 A? X) = ¢(/8’ 57 A,’ X/)’ then Ly(/B’ 67 ,{7 w’ )\7X|y’ X) = Ly(/B’ 57 l{’ w? >\/7X/|y7 X)' Thus
LY(B*,6%, k", w", A, Rly, X) = LY(B*, 6%, 1%, w*, A%, x*|y, X). Thus
L(B*, 8", k" w", A, Rly, X) = LY(8%, 6", k", w", X, Ry, X)L (A|X) >
Ly<5*76*7K*7w*7A*7X*’y7X>Lx(A*|X) = L(B*75*7H*7w*7A*7x*‘y7X)

which contradicts the assumption that 8*, §*, k*, w*, A* and x* maximise the likelihood function L.

PROOF OF PROPOSITION 2(b)

Suppose, for contradiction, that one or more of the following are false: B = pB% 5 = 0% k= K"

& =w*; TO = T, Then

~

Define ¥ = g(j3,5, 7% A*). Then T° = (3,4, A*, %) and so
LY(B,8, 7,0, N, Rly, X) = LY(B,8, #, 0, TOly, X) >
f;y(IB*7 5*7 ﬁ*7w*7’7—0*|y7 X) == Ly(/B*7 5*7 "q‘*7w*7 A*7 X*’y7 X)

But this implies L(B,g,/%,cb,)\*,f(\y,X) > L(5*, 6% k", w*, \*, x*|y, X), which contradicts the as-

sumption that 5*,0*, k*,w*, \* and x* maximise the likelihood function L.

PROOF OF PROPOSITION 3

Proposition 3 is presented in Appendix 2. The inner integral of equation (4.53) is given by

| @+e-T)ar (434)
T—z8

Let v denote T — x3. To establish Proposition 3, it suffices to show

/UOO(E —v)dFe = —v /UOO dF. + /Uooe dF. = log(1 + exp(—v)) (4.35)

To show this, we need to obtain the two integrals in (4.35), fvoo dF. and fvoo e dF;. Given that ¢

has a standard logistic distribution, the first integral is clearly as follows:

&0 1
e 4.
/v d 1 + exp(v) (4.36)
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We will now show that the second integral is given as follows.

Y edr = [T e P oe(1 4 explo) - L)
/vadFa—/v 6(1+exp(5))2 de = log(1 + exp(v)) T+ oxp(0) (4.37)

The first equality holds because the probability density function of the logistic distribution is f(g) =
exp(e)/(1+exp(g))?. It remains to show that the second equality in (4.37) holds. Define z = exp(e),

so dz = exp(e)de. Then by substitution

0 exp(e) Y log z
| =arener e Ly, wi 3%

The integration by parts formula can be written [ ¢'(z)f(z)dz = f(2)g(z) — [ f'(2)g(z)dz. Suppose
we set f(z) =log(z) so f'(2) =1/z,and g(z) = —1/(1 + 2) so ¢'(2) = 1/(1 + z) . Then

o log z —log z7o /OO 1
_OBZ g, [Z98% - S S
/exp(v) (1 + Z)2 |:(1 + Z)}QXP(U) exp(v) Z(l + Z)

But lim,_, log z/(14 2) = 0 by I'Hopital’s rule, because lim, (14 z) = oo and taking derivatives

of the numerator and denominator, lim, ,(1/2)/1 =1lim, o, 1/2 = 0. So

/°° log z v . /‘X’ 1 &
7=———
exp(v) (1 + 2)2 (1 + eXp(U)) exp(v) Z(l + Z)

1 _ _2+1 z _ 1 1
But 2(z+1) — z(z+1)  2(z+1) — =z z+1° So
o° log z v /°° 1 1 v oo
dz = ————-—+ —-— dz = + | log |z| —log|z+1
Joo TP = o o =7 % gy * el
But as lim, o log|z| —log|z + 1| = 0, and exp(v) > 0, it follows:
o0 log z v vexp(v)
dz = — v+ log(l 4+ exp(v)) =log(l + exp(v)) — ————~ 4.39
/exp(y) (1+2)2 1+ exp(v) &l () & ) 1+ exp(v) ( )
Equations (4.38) and (4.39) establish (4.37). Then (4.36) and (4.37) entail:
0 o —v vexp(v)
— F. F.=———+41log(l - 4.40
o[ TR [T edr - s el pesp(e) - (R0 (440)
= log(1 + exp(v)) — v = log(1 + exp(—v)) (4.41)

This establishes equation (4.35), which is what we were required to show.

PrROOF OF PROPOSITION 4
Proposition 4 is presented in Appendix 2. As specified in Appendix 2, Assumption S is that an

arbitrary DM believes that her utility at position M is determined as follows
WM = 28+ ¢~ M +175 — 7 (4.42)
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where subscripts and superscripts have been dropped for ease of exposition. Let v denote a random
variable with a standard Gumbel distribution. As 7 is assumed to have a zero expectation and a

scale parameter of 1, we can replace n by v — =y, where v is the Euler-Mascheroni constant.
WM =284+ C—6M+176+~—v

But ¢ — v then has a standard logistic distribution. If we let € denote a random variable with a

standard logistic distribution, then we can write
WM =28 - 6M + 175 + v +¢ (4.43)

Assumption S implies that the distribution Fjs in equation (4.22) is the distribution of the random

variable W specified in (4.43). Equation (4.22) can then be rewritten

Y= / / @B+~ — (M =175+ — TV ) dFL()dFu(a]))  (4.44)
—co0 JTM-1_gB—y+(M~—17)5

where F. is the standard logistic distribution function. But from Theorem 2, 70 = TM =14 (M —1)4.

If we substitute this into (4.44), we obtain

X / ) / § (2B +7+166 +& = T°) dFe(e)dFu(z|)) (4.45)
—00 JTO—z28—166—v

Using equation (4.45), equation (4.58) in Proposition 4 can be obtained using a proof exactly anal-

ogous to the proof of Proposition 3.

PRrROOF OF PROPOSITION 5

Proposition 5 is presented in Appendix 2. We give the proof for F;; the proof for GG; is similar.
Dropping the superscripts and subscripts, the random utility equation for the constant expectations
model can be written U = V+¢, where V = 28 = S12' + Boa® + B323 4 B42*. As the error term e has
a logistic distribution, its distribution function is strictly increasing and continuously differentiable,
and the expectation of € is finite. So it remains to show that the distribution function Fy of V is
strictly increasing and continuously differentiable, and the expectation of V is finite. As specified in
equation (4.50), h(z;a,b) is the probability density function of the negative Gumbel. Let H(z;a,b)
denote its distribution function. Given that 1 # 0, there are two cases to consider: (3 is positive

and (7 is negative. Consider first the case where (; is positive. Then

Fy(v) = Pr(V < v) = Pr(Bra! + fox? + B3> + Baz? < ) (4.46)
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= Z Pr(f1a! + Boz? + B3z + fyzt < v|z? =m, 23 =n, 2t = k)qkpm.n (4.47)
ke{0,1} (m,n)eD

= > > Prla' < (v—Bam— Bsn — Buk)/B)@Pimn (4.48)
ke{0,1} (m,n)eD
- Z Z H((U — Pam — fB3n — B4k>/51; Am,n, b)Qkpm,n (449)

ke{0,1} (m,n)eD
As the distribution function for the negative Gumbel, H, is strictly increasing and continuously
differentiable, it follows that Fy, is. Also as a negative Gumbel random variable has a finite expec-

tation, so does V. The argument is analogous for the case where /31 is negative.

Appendix 2: Estimating the information cost and the distribution

of attributes

A2.1 Estimating the parameters )\ in the distribution of attributes

This section presents estimates of the joint distribution of the four attributes log price, stars, lo-
cation score and promotion. We might expect price, stars and location to be positively correlated
with one another. This expectation is borne out by the estimates of correlation coefficients: the
coefficient for log price and stars is 0.551, for log price and location is 0.310, and for stars and
location is 0.335. In contrast, it is not obvious what would be the correlation, if any, between
the appearance of a promotion, and the variables of price, stars and location. It turns out that
promotion has relatively low correlation coefficients with log price, stars and location — respectively
-0.148, 0.117 and 0.171. According, in order to reduce the number of parameters in the specification
of the distribution of attribute vectors, we will assume that promotion is independent of the other

three variables. On the other hand, we will allow for correlation between log price, stars and location.

Promotion, stars and location are discrete variables: promotion is a dummy variable; stars is
categorical, taking on values 2, 3, 4 and 5; and location is categorical, taking on values 1, 3 and
5. In contrast, price is continuous. We assume that price has a Weibull distribution, for which the
support is the positive reals. Figure 4.4 displays the histogram of prices together with the probabil-
ity density function of the Weibull distribution estimated for the price data. The assumption that

price is Weibull entails that the log of price has a negative Gumbell distribution.!® The probability

18See Forbes et al. (2011). We will say that a random variable Y has a “negative Gumbell distribution” if it has

the same distribution as —Z, where Z is a random variable with a Gumbell distribution.
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Figure 4.4: Histogram of prices and a fitted Weibull pdf
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density function for a negative Gumbell distribution is given as follows, where a is the location

parameter and b is the scale parameter.

h(z:a,) = & exp((= — a)/b) exp(~ exp((= — a)/b)) (4.50)

Denote the variables log price, stars, location and promotion by, respectively, LOGP, STAR, LOC
and PRO. The attribute vectors are then assumed to be generated by the following process. Given
the assumption that PRO is independent of the other variables, we assume it is generated by
Bernoulli trials, where ¢; represents the probability that PRO = 1, and g9 the probability that
PRO = 0. STAR and LOC have a joint probability distribution such that, for m = 2,3,4,5, n =
1,3,5, Pr(STAR = m,LOC = n) = py . Finally, for m = 2,3,4,5, n = 1,3,5, we specify
that, conditional on STAR = m and LOC = n, LOGP has a negative Gumbell distribution with
probability density function h(z;aym,n,b). That is, the location parameter a,,, in the conditional
distribution depends on STAR and LOC, allowing for correlation between price and these two

variables. For parsimony, however, we assume that the location variable b is constant across these
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conditional density functions. Consider an arbitrary attribute vector given by x = (LOGP =
z,STAR = m,LOC = n,PRO = k). Then the density function for the distribution F, that

generates the attribute vectors is given by
fa:(x§ A) = fa?((za m,n, k)a >\) = 4k Pm.n h(z7 Qm,n, b) (451)

The vector of parameters A will be specified as follows. First ¢ is not in A, because it will be given by
go = 1—qi1. Second, ps 5 is not in A because, if we define D := {(m,n)|m € {2,3,4,5},n € {1,3,5}},
P55 can be given by:

P55 = 1-— Z Pm,n (452)
(m,n)€D\{(5,5)}
Accordingly, we define the vector A of parameters for the density function as follows:

A = (baz1,a23,a25,a31 .. .,051,053,055,P2,1,P2,.3,P2,5, P31 - - -, P51,P53,q1) . The vector A has
dimension K = 25. If we substitute the expression for the density function (4.51) into (4.13), we
obtain the partial likelihood function L*. We obtain an estimate of A by maximising the log of
L*, which, as Proposition 1 states, is also the maximum likelihood estimator of the full likelihood

function L. The resulting estimates are reported in Table A1l.

Table Al: Estimates of the parameters A in the distribution of attributes

Parameter | Estimate | Standard Error | Parameter | Estimate | Standard Error
(x1073) (x1072) (x107%)

a1 4.6856** 3.705 D21 3.8051** 4.559
as,1 5.0129** 4.024 D31 7.2494** 6.190
4,1 5.4368** 3.716 D41 3.6899** 4.493
as.1 6.0111* 14.47 D51 0.86689** 2.208
ass 4.6893** 3.248 D2,3 5.1996** 5.292
as.3 4.9972** 2.229 D33 15.330** 8.592
as3 5.3916** 2.792 D43 9.8353** 7.094
as 3 5.7303** 6.791 D53 2.2495** 3.533
ass 4.9903 ** 3.980 D25 3.4772%* 4.365
ass 5.3089** 2.730 D35 12.583** 7.903
ass 5.5955** 2.116 Das5 25.431* 10.38
as s 5.9308** 3.107 a1 34.128** 11.36
b 0.47486** 0.6315

(* p < 0.05, ** p < 0.01)
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All estimates are significantly different from zero at a one percent level. Note that the estimates
of the parameters a,,,, in the conditional distributions of log price have the following property: for
any given value of LOC = n, a, , is increasing in m, the number of stars. This reflects the strong
positive correlation between price and stars. The maximum likelihood estimates of ¢; and the py, »,
parameters, correspond to the empirical frequencies in the data. That is, the estimate of ¢; is the
fraction of observations with a promotion, and the estimate of p,, , is the fraction of observations
with m stars and a location of n. We now use the estimates of A to obtain the information cost in

the constant expectations model.

A2.2 Estimating the information cost for the constant expectations model

Equation (4.8), which determines the threshold, can be rewritten as follows:

_ / - / T aBte—T) dE()AF(zN) (4.53)
—oo JT—zp

Appendix 1 establishes the following proposition, which says that, if we obtain the inner integral in

equation (4.53), the equation simplifies to equation (4.54).

PROPOSITION 3
The relationship between x, 7, 8 and A can be characterised as follows:
oo
x = / log(1 + exp(xf — T))dFx(z]) (4.54)
—o0
Suppose, again, that we write an arbitrary attribute vector as x = (LOGP = z, STAR = m,LOC =
n,PRO = k). For (m,n) € D, let d(m,n) denote an indicator variable that has value 1 if STAR
= m and LOC = n, and is zero otherwise. For k € {0,1}, let ¢(k) be an indicator variable with
value 1 if PRO = k and zero otherwise. Then we can rewrite equation (4.54) as follows:
X = Z Z d(m,n / log(1 4+ exp((z,m,n, k)3 —T))fz((z,m,n,k)|\) dz  (4.55)
ke{0,1} (m n)eD
If we substitute into this equation the expression for the density f, in equation (4.51), we obtain
X = Z Z d(m,n pmn/ log(1 + exp((z,m,n, k)3 —T))h(z;ammn,b) dz  (4.56)
ke{0,1} (m n)eD
where h is the density of the negative Gumbell distribution, given by equation (4.50). There does not
appear to be a closed form for the integral in equation (4.56), but it is straightforward to calculate

it numerically. Accordingly, we obtain the maximal likelihood estimate of the information cost x by
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substituting into equation (4.56) the maximum likelihood estimates, obtained above, of 3, T and .
In order to obtain its standard error, define the vector 6 as follows 8 = (T, 81, ..., 87, A\, AK)".
Equation (4.56) determines x as a function of 6; we will denote this function by g. So equation (4.56)
can be rewritten x = g(#), and we will denote the derivative of this function with respect to 6 by gs.
If the delta method is employed, an estimate of the variance of x is given by (ga())’ CO\A/(G) 90(0),
where Cofo(G) is obtained using the BHHH method. Appendix 4 presents expressions for the ele-
ments of gg(6). In this fashion, we obtain an estimate for y of 1.880 x 1073, and its standard error

of 0.121 x 1073, Accordingly, x is significantly different from zero at a one percent significance level.

Whereas equation (4.56) depends on the specific parametric assumptions made about the attribute
distribution, equation (4.54) holds for any arbitrary distribution of attributes. So the technique of

obtaining x that is specified above can be seen as an instance of a more general methodology.

A2.3 Estimating the information cost for the declining expectations model

As discussed in Section 4.5.1, in order to estimate parameters 7°, 6, s, w and f3, it is sufficient
to make weak assumption W about the DM’s beliefs. In order to estimate the information cost,
however, we need to introduce a stronger assumption about DMs beliefs which, in effect, specifies

a particular functional form for the distributions F; (i =1,..., M) defined in assumption W.

For the constant expectations model, we assumed that the DM believes that the distribution of
the utilities for unbrowsed alternatives is given by the equation generating the random utilities
(4.7). For the declining expectations model, we cannot assume similarly that the DM believes
the distribution is given by the equation generating the random utilities (4.17), because this is
inconsistent with assumption W, which entails that the DM has declining expectations. Instead, we
assume that the DM believes that the distribution is given by equation (4.57) below, which is a vari-

ant of (4.17), but adjusted to ensure that the expected value of the utility falls as position ¢ increases.

ASSUMPTION S
For any search s, the DM believes that, for any unbrowsed alternatives, her utilities at positions

1,..., M are generated by random variables W}, ..., WSM such that

Wi =2+ ¢~ [0 —17) + 1] (4.57)
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where attributes z are generated by Fy(x;\) and 7! is an error term with a Gumbel distribution

whose scale parameter is 1 and expected value is zero.

The error term 7% can be interpreted as reflecting the DM’s uncertainty about the decline in util-
ity.!® The assumption is labelled “Assumption S” to indicate that it is stronger than Assumption
W. Note, in particular, that the distributions of random variables W1, ..., WM gatisfy the con-
ditions on distributions F7,..., Fjs in Assumption W: Proposition 5 below establishes that F; is
strictly increasing, continuously differentiable and W* has a finite expectation; moreover, clearly,
for any U € R, F;(U +0) = F;.1(U); and W,..., WM are independent. Accordingly, the specifi-
cation of the random variables in Assumption S provides a particular functional form for the class

of distributions specified in Assumption W.

Given that the DM’s utilities are, in fact, generated by equation (4.17), thus the beliefs speci-
fied in equation (4.57) represent a departure from rational expectations. Note, however, that at
position i = 17, the expected value of the random variable W17 (given by equation (4.57)), which
the DM believes is generating the utility of alternative 17, is equal to the expected value of the
random variable U7 (given by equation (4.17)), which is actually generating the utility of alter-
native 17. In this sense, the DM has the correct expectation about the alternative at position 17.
This position was chosen because it was mid-way down the first-page of results for the maximum
first-page length of 33 positions. Intuitively, we have made a specific assumption about the char-
acter of the DM’s departure from rational expectations: roughly speaking, we are assuming that,
for alternatives in the first half of the first-page search results, the DM tends to overestimate the
utility of alternatives; and for the alternatives in the second half, the DM tends to underestimate.
Accordingly, we will refer to position 17 as the “switching position” — the position where the DM
switches from overestimating to underestimating. Clearly, it is somewhat arbitrary to select posi-
tion 17 as the switching position. So it is reassuring that Proposition 2 proves that, for all of the
parameters in the model other than x, the estimators simply depend upon the weaker assumption
W. Moreover, we will evaluate the sensitivity of our estimate of x to this assumption, calculating

how our estimate would change if instead of selecting position 17 as the switching position, we had

19 As 1! has a scale parameter of 1 and expected value of zero, it follows that its location parameter is —v, where  is
the Euler-Mascheroni constant, with a value of approximately 0.5772. The motivation for introducing the disturbance
term n¢ with a Gumbel distribution is that ¢ — n’ has a logistic distribution with a scale parameter 1 and location

parameter 7, which will allow us to obtain Proposition 4.
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selected (i) position 7 or (ii) position 27.

As noted above, the estimator for the parameters A are identical to that for the constant expecta-
tions model. So, to obtain the estimate of the information cost x, we can use the estimates for A
presented in Table Al. Asis proven in Appendix 1, Assumption S implies the following proposition,

which is the counterpart to Proposition 3 in the constant expectations model.

PRrRoOPOSITION 4

Given Assumption S, the relationship between y, 7°, §, 3 and A can be characterised as follows:

Y= / " log(1+ exp(af + 7 + 166 — TO)dFs(z|\) (4.58)

—0o0

where v /= 0.5772 is the Euler-Mascheroni constant.

Using equation (4.58), the maximum likelihood estimate of y and its standard error are obtained
in a parallel fashion to the estimates for the constant expectations model. The estimate of x is
7.927 x 10~* and its standard error its 6.961 x 107°. So the estimate of y is significantly different
from zero at a 5 per cent significance level. Note that if, instead of assuming the switching position
is 17, we had assumed it were position 7, then the estimate of x would be slightly lower, equal to
6.301 x 10~4. If we had assumed the switching position were 27, the estimate of x would be higher,
equal to 9.974 x 10~4.20

Note that, throughout this Appendix, it has been assumed that the distribution functions asso-
ciated with random variable U’ defined in equation (4.7) satisfy the conditions in Theorem 1, and
the distribution functions associated with random variable W* defined in equation (4.57) satisfy
the conditions in Theorem 2. But we have not yet established that these distribution functions are
strictly increasing and continuously differentiable and the random variables have finite expectations.

In order to discharge that debt, Appendix 1 presents a proof of the following proposition.

PROPOSITION 5
Let F' denote the distribution function of the random variable U’ defined in equation (4.7). Let

G* denote the distribution function for the random variable W* defined in equation (4.57). Assume

20Tf the switching position were 7 or 27, then in equation (4.57), 17 is, respectively, replaced by 7 or 27, and in
equation (4.58), 16 is replaced by 6 or 26.
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that 81 # 0. Then F" and G* are strictly increasing and continuously differentiable, and U? and

W' have finite expectations.

Appendix 3: Choice probabilities in the declining expectations model

A3.1 Probability of purchasing

For s € {1,...,S},i,k € {1,..., M}, Pi* denotes the probability that in search s the DM pur-
chases the alternative at position ¢ when browsing position k, conditional on U? < T*. In ob-
taining expression for these probabilities, the following notation will be used: V! = z%p; Vit =
10g > e, kpgiy &PV UP = max({UL, ..., UF\{U}); and Sk = Zﬁl:l exp(VI"). There are

four cases to consider. We will show that the probabilities in these four cases are given as follows:

Case 1: i >k
Pk =o.
Case 2: i < k A
ik _ exp(V;) _ Sk _ _ Sk
P = Sk [exp ( exp(Tk—l)) P ( exp(T’f)>] (4.59)

Case 3: 1 <i=k

exp(T*-! exp(T*
k—1 k k
—S§§ [e P ( expf]s'kl)) P ( ex;(%Tk))}
Slcfl
+(1 — exp(—exp(VF — T%))) exp < - exps(77'k)> (4.60)

Case4: i=k=1
7351’1 = Pr(U;l > T =1 — exp(—exp(Vi — Tl))

The result for case 1 follows from the fact that the DM cannot purchase alternative i if she has only
browsed alternatives up to the earlier position k. The result for case 4 follows immediately from
the fact that U! has a Gumbel distribution with location parameter V! and scale parameter 1. The
expressions in Cases 2 and 3 will be obtained using the following three properties of the Gumbel
distribution.

1. The maximum property

Suppose that €1, ...,es are independent random variables with Gumbel distributions with param-

eters (a1, 1),..,(ays, 1) respectively. Then € := max(ei,...,es) has a Gumbel distribution with
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parameters (log Z}le exp(aj), 1).

2. The logistic property

Suppose that €1 and 9 are independent random variables with Gumbel distributions with parame-
ters (a1, 1), (ag, 1) respectively. Define the difference e* = g9 —e1. Then €* is logistically distributed;

it has the distribution function

1

Fl) =13 exp(=[z — (a2 —a1)))

Moreover, as Pr(e; = max(e1,e2)) = Pr(e; > e2) = Pr(e2 — &1 < 0) = F(0), it follows that:

1
Pr(e; = max(e1, £2)) = 1+ exp(az — a1)

3. The generalised logistic property
Suppose that €; and €2 are independent random variables with Gumbel distributions with param-

eters (a1, 1), (ag, 1) respectively. Suppose s,t € R are such that s > ¢. Then

1
Pr(t <e1 <s & e1 =max(er,&)) = 1+ exp(az — a1) *

[exp ( —exp(a1 — s)(1 + exp(ag — al))> — exp < —exp(a; —t)(1 + exp(az — al)))}

The first two properties are standard properties of the Gumbel distribution (see, for example Gar-
row (2010, pp.28-32)). The third property is proven at the end of this appendix. We call it the
“generalised” logistic property, because, as s approaches oo and t approaches —oo, the expression
for Pr(t < e1 < s & €1 = max(e1,e2)) approaches the expression, in the logistic property, for

Pr(e; = max(e1,€2)).
We now prove the expressions for PFin equations (4.59) and (4.60) for cases 2 and 3.
Case 2: i < k

Pik = Pr(TH < Ui < TH1, U = max{U},..., UF})

=Pr(TF < Ul < TF 1 Ul = max{U!,UF})
B 1
1+ exp(V5" —

—exp (= exp(V] = TH)[1+ exp(VEd — V)| )]

D [exp ( —exp(V! — TF 1 [1 + exp(VEi — V;)D
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ex (V;) ex (V;) Sf ex (V;) Sf
N i‘f [ex <‘exp?’rk*1>exp<v;>>‘ex (‘ex&’rk)exp(v;‘)ﬂ

exp(Vi : :
_ ZEV)[eXp<_exp(ST’fl)>_exp<_‘mim)}

The third equality follows from the generalised logistic property, together with the fact that the

maximum property implies that U has a Gumbel distribution with location parameter VB The
fourth equality holds because exp(VE") = SF—exp(Vi), so exp(VE —Vi) = [SF—exp(Vi)]/ exp(Vi) =
[S¥/ exp(Vi)] - 1.
Case 3: 1 <i=k
PEF = Pr(TF < UMF < T UF = max{U},...,UF}) + Pr(UF > THPr(UFF < TF)
The first term is obtained as follows.
Pr(T* < UPF < TF1 UF = max{U},...,U*}) = Pr(T* < UP* < TF71 UF = max{UF* UFY})

= Pr(T* < UPF < TF 1) — Pr(T* < UMK < TFL UFF = max{UF*, UFY)

where
Pr(Tk < Uf’k < Tk_l) = exp(— exp(Vf’k — Tk_l)) — exp(— eXp(Vf’k — Tk))
B SF —exp(VF) SF —exp(VF)
=P ( B exp(TF+-1) ) T exP ( B exp(Tk) )
St st
- P ( B exp(Tk*1)> - XP ( B exp(Tk))
and

Pr(TF < UFF < 71 URF = max{UF* UF})

1
1+ exp(VEk — ka)

— exp ( — exp(VFF — TF) {1 +exp(V{ — ka)} )]

k _ k K
_ % {exp ( - Ssexpf;li)plj;) [ng - ‘:;p(Vé“)D

S

St—exp(VF)

e (— exp(Vh¥ 7511 4 exp(vt — 5]

Sk —exp(Wp) Sk
exp(’ﬁk;}k [8§ — exp(Vk)D]
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= s;cp(v )[e"p<‘expffﬂm)> ‘exp(‘m‘,s(mﬂ
skt st st
=g o0 (— i) o (- )]

The first equality relies on the generalised logistic property. The second equality holds because

exp(Vy) . ep() _ Si—ep(W)+en) S

Yk Sk — exp(VF) Sk — exp(VF) Sk — exp(VF)

1+exp(VE - VPR =14
The second term is obtained as follows.

Pr(UE > THPH(UI < T%) = (1 — exp(— exp(—(T* = V) exp (= exp(—(T* - Vi4))

= [1—exp (—exp(Vf—Tk))} exp (—exp(Vf’k—Tk)) = {l—exp <—exp(V§—Tk)>} exp (—@ii,];))

A3.2 Probability of no purchase

NE denotes the probability not purchasing an alternative conditional on U? < T, and is given by
N = Pr(max{U},...,U"} < T™) = exp(— exp(—(T™ — log SI)))

= exp(—exp(log S —T™)) = exp(=S." exp(—=T™))

The second equality holds because, by the maximum property, max{U},..., U™} has a Gumbel

distribution with location parameter log SI" and scale parameter 1.

A3.3 Proof of the generalised logistic property

We can write €1 = a1 + 11,62 = as + 12, where 71 and 7y are two standard Gumbel distributions.
It will be helpful to introduce the following notation: let £ := exp(—t); § := exp(—s); for i = 1,2,
7; == exp(—mn;); d; := exp(—a;). For i = 1,2, as n; have standard Gumbell distributions, it follows
that 7); each have the exponential pdf f(x) = exp(—x) (see Forbes et al. (2011)). So:

Pr(t<ei <s & e =max{e1,ea}) =Pr(t<e1 <s & ey <ey)

:Pr(t—a1<n1<s—a1 &a2+772<a1+771)
=Prlag—s<-m<a—t & —mne>ay—a;—mn)
5 t i
—Pr(= <<+ & > i)
al al a9

£ o
al o o o o
=/ /1 exp(—7j1) exp(—ijz) dipdin

ar gﬁl
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:/:1 exp(—ﬁl){exp( dlﬁl)}dﬁl

as

= /S exp(—ﬁl |:1+Z;:|)dﬁ1

)]

) [exp ( —exp(a; — s) [1 + exp(az — al)D
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Appendix 4: Gradients

A4.1 Gradient vectors for the likelihood functions

For s = 1,...,S, if we define (8, T|ys, Xs) := log P(ys|Xs, 8, T), then we can rewrite equation
(4.15) as log LY(8, Ty, X) = Zle 0Y(B, Tlys, Xs). Let us call & the “log likelihood for observation
s”. To apply the BHHH method for estimating standard errors of estimates, it is necessary to
obtain, for each observation, a vector of partial derivatives of the log likelihood for that observation
with respect to the parameters (see Greene (2017, p.550)). The first section below specifies, for an
arbitrary observation in the constant expectations model, the partial derivatives of the log likelihood
function with respect to the parameters. The second section does the same, but for the declining
expectations model. The third section then provides such expressions for the likelihood function of

the attribute distribution.
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1.1 Partial likelihood function LV in the constant expectations model

For each observation s = 1,...,5, the partial derivatives of the log likelihood for that observation

with respect to the parameters are given as follows:

M kj _exp(zfB—T) e
— k=1 Ts W lf ys == 0

Lj _exp(T—x1B) : _

0 i U ) if y = 1

55108 P(ys] X, 5.T) = T trew(Tn) ’ (4.61)
B; i _exp(T—ap)

$ 1+exp(T—zL8)

il gk e BT) gy~ e (2,0, M)

\ T Luk=1"5 Tqexp(zkB-T)
and
exp(zkB—T) . _
S Tre if ys =0
exp(T —z3) e
9 T Trexp(T—z13) ifys =1
log P(ys| X, 8,T) =4 Hor7—d) ’ (4.62)
o1 —exp(T—zf)
14exp(T —z%8)
X —T . .
+ 25 1#53_%)) ifys=1€{2,..., Mg}

1.2 Partial likelihood function [v/% in the declining expectations model

The log of the partial likelihood function LY., which is defined in Section 4.5.2, can be written as

follows

S
log LY => ¢ (4.63)

where the log likelihood function for observations s, ZZ, is defined as follows. For a search s with no

purchase and with clicks at positions in the set IV, it is given by

0,N

Y =log —>—
1

s Po,@ = log ]P)SJV - log(l - ]P)S’(D)
— s

For a search s with a purchase at position ¢ > 0 and with clicks at positions in the set IV, " is given

by:
Y i, N

B = log — s — log i — log(1 — P29)
1—Ps
where if ny < M,
Ms—1
PON = 37 pNTC N + (1= (M — D)p)NMCpy s,
m=npn

if ny = M
PON = (1 — (M, — 1)p)NMCiy  aa
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if i > 0 and max{i,ny} < M;

Ms—1 m M
PPN = > p DY PN+ (L= (M= 1)p) D PICN
m=max{i,ny} k=max{i,ny} k=max{i,ny}

and if ¢ > 0 and max{i,ny} = M;
PN = (1= (My = D)p)Pe""Clvy a1

To implement the BHHH method, we need to obtain, for observations s = 1,...,5, the partial
derivatives with respect to the parameters of the log likelihood function 7 for that observation. If
we let € denote the vector of parameters, therefore, the task is to obtain the following. For a search

s with no purchase, the required vector of partial derivatives is:

o 1 8IPS’N+ 1 oY
00— p>N 99 1 _po0 90

and a search s with a purchase at position 7 > 0, the required vector of partial derivatives is:

o _ 1 or 1 ort
90— piN 00 1 _pod o0

The remaining task, then, is to obtain the partial derivatives, with respect to the parameters, of

N ., N
PoY and PLY.

1. Derivatives with respect to w

9
P00

Idp _ 4]

ow  (TY—w)?
Derivatives for searches with no purchases:
If npyr < M:

RN op RS M
ow - (97(,0[ Z NS C|N|,m_(Ms_1)Ns SC|N\,MS
m=ny
If nyy = Msy: N
a]P)s7 8p M,
o —%(Ms — DN C vy,

Derivatives for searches with purchases:

If max{i,ny} < Ms:

8]}DZ,N ap Ms—1 m ) M )
aZ; = %[ > > PN - (M —1) > P?kclN\,k:—l}
m=max{i,ny } k=max{i,ny} k=max{i,nN}
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If max{i,ny} = Ms: ‘
opyY  ap ML
C —%(Ms — )P Cin|Mu—1

2. Derivatives with respect to

Derivatives for searches with no purchases:

If npr < Ms:
opN A ONM:
95 Z P C|N| + (1= (Ms —1)p) a5, Cn|, M,
m=ny
where
N = exp(—=Siexp(=T" Z exp(V")
0SSt
2 = 2™ exp(Vy"
55, mzl p(V")
8/\/2' 881
—exp(—T")N?
98, p(=T") 95,
If npy = Mg:
P ONMs

Derivatives for searches with purchases:

If max{i,nn} < Mj:

opLN et U Jy opit
—= > p > gt (0-(Mi—1p) > ECpt
0B; : : ap; , 9B,
m=max{i,ny} k=max{i,nn} k=max{i,ny}
If max{i,nn} = M,:
opy opo™e
8/@] - (1 - (MS - l)p) 8/@] C‘N|,Ms—l
Expressions for the ik probabilities are given in Appendix 3. Taking derivatives:
Case 2: i < k
OPY*  exp(Vi)(r ., 1 08k Sk Sk
08, S ([m TSk aﬂj] [eXp ( exp(TF~ 1)) P < N exp('Tk)ﬂ

i k
5o [exnt=Texn (- Ifm) “ee-T e (- e )])

where
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Case 3: 1 <i=k

If we define:

R Ao (_ Sk - exp(Vé“)) B (_ Sk — exp(Vé“))
= &P exp(TF-1) xp exp(TF)

b exp(VF 4 :
B= W[GXP<—@(p(87w—1)> _eXp(_ eXI;S(T’“))}

S¥
k— exp(VF
C = (1= exp(— exp(VE = TH)) exp ( — ‘W)

Then we can write
Phk—A_B+C

So

0A oSk SF — exp(VF SF — exp(VF
o5, = (‘%’j —xlk exp(Vf)} [exp(—Tk) exp (—Smipe(x,ﬁlg)S)) —exp(—T ') exp (‘pr(e;fi)(l)s))}

5 = o [T () e T e (- )]
k , k y ;
22 ([t - 5o (- ) -0 (- )
L TP ST G S g—_ ),

oC ~ Sk — exp(VF)
_ gk k Tk . k__ Tk _ Ys S
= 22" exp(Vy — T") exp(—exp(VS — T")) exp ( —exp(Tk) )+

aB;
osk Sk — exp(V¥)
~altesp(Vh) esp(~TH) exp (= = RS ) (1 - exp(— exp(VE ~ T4))))

(—(873,

Sk — exp(VF)
k Tk _ Ys s
=exp(Vy — T") exp ( —eXp(Tk) ) X

(i expl—exp(Vt = T4) = (555 exp( V) = 24)(1 —exp(—exp(V = 7))

OPCt _0A 0B 0C
o8, 08, 0B 0B,

Cased: i=k=1

orst
85 =2l exp(V} — T") exp(—exp(V} = T1))
J
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3. Derivatives with respect to k

Com =K"(1—r)™"

)

S0
acazm =n" N1 = k)™ — (m—n)(1 — k)™ L
Derivatives for searches with no purchases:
If npr < Ms:
U STy Cin |
s _ m AV 1—(Ms—1 M, VY IN|,Ms
= 2 AT 1= (M, = DA
If npr = Ms: N
8IP’S’ GC‘M M
=(1— (Ms—1)p)NM s
5 = (1= )N —o
Derivatives for searches with purchases:
If max{i,ny} < Mj:
PN et = ik OCIN| k=1 M
== > e Y PAEEESLa-0n-1p) Y
m=max{i,ny} k=max{i,ny} k=max{i,ny}
If max{i,ny} = Mj:
opy" . OCIN| -1
= (1 (Ms—1)p)PoMs e
= (1= (M, — 1)pypie L
4. Derivatives with respect to 70
0
S S —
op 0
oT  (TV'—w)?
TE=70 k8, fork=1,..., M,
oT*
877_0:1, fork‘:1,...,Ms
Derivatives for searches with no purchases:
If ny < M;:
an,N Bp Ms—1 . Ms—1 3/\/sm
970 — 970 Z N CiNjm + 1 Z 970 CIN|m
m=npy m=nn
op ONMs

211

pik

1 OC|N| k-1
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where

k
Nsk = exp(—Sf exp(—Tk)), Sf = Z exp(Vy")

570 = (—TTO)(—SS exp(—=T7)) exp(=S¢ exp(=T")) = S exp(=T") exp(—S exp(=T"))
If nN — MSZ
PN o ONMs
77 = g (Ms = DNClan, + (1= (M = 1)p) S225-Ciava,

Derivatives for searches with purchases:

If max{i,nn} < Ms:

apl,N 8p Ms—1 m Ms—1 m apl k
il i,k s
970 — 970 Z Z Pt CiN k-1 + Z P Z 970 770 CINLE-1
m=max{i,ny } k=max{i,nn} m=max{i,ny} k=max{i,ny}
Ms Ms Z k
op ; OPs
—(M; — 1)787_0 Z 'Ps’kC|N|7k,1 + (1= (Ms —1)p) Z 970 C|N| k-1
k=max{i,ny} k=max{i,ny}
If max{i,ny} = Ms:
oreN ape dp

70 (1—(Ms—1)p)—F—— 570 Cin| -1 — (Ms — )87’07)1 MSC|N| M,—1

To calculate the derivatives of Psi’k, there are three cases to consider.

Case 2: 1 < k

OPY*  exp(Vi) [67"“1

570 = gk 570 SFexp(—=T* 1) exp ( — Sk exp(—Tk_l))

oTk
970

A [OT
= exp(Vs) [ 970

g,;_-z exp(—T%) exp ( - Sk exp(—Tk))}

= exp(Vi) [exp(=T* ) exp (= SEexp(~T1)) = exp(~T ) exp (- SEexp(~T%)) |

——SPexp(=T") exp ( — sk exp(—Tk))}

k—1

exp(—Tk_l) exp ( — Sf exp(—Tk_l))

Case 3: 1 <i=%k
aPkr 94 9B aC

o970 979 970 ' a70
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where

dA  oTk!

_ Sk — exp(VF
970 677’0[55 — exp(VF)] exp(—=T" 1) exp ( - exp(Ti)(l)))
oT* Sk — exp(VF)
T 970 [Sf - exp(Vf)] exp(—Tk) €xXp ( - W)
, Sk — exp(VF
= [SF — exp(VF)] [exp(—”f’“ ") exp ( — eXp('TE(l)))

—exp(—T*) exp ( _ W)}

exp(TF)
OB exp(VF)1 roT+1 _ Sk
a7 = [1- Z5r ] [t et e (- )
oT* St
_877_085 exp(—T%) exp ( - W)]
k
= Sf - exp(Vf)} [exp(—Tk_l) exp ( - exp(%'k—l)>
S¥
—exp(=T%) exp < — Wﬂ
k k_ ex k
575 = g (1~ expl= exp(V = T exp(-THISE - exp(Vh]exp (- = _Z2)
k ex k
— exp(Vf — Tk) exp(— eXp(VéC — 7)) exp ( — WH
k ex k
= (1= exp(— exp(VE = ) expl~TH[SE — exp(Vh)]exp (- 2 —E2))
k ex k
—exp(VE = T exp(- exp(f ~ 7)) exp (- 2 —SH))

Cased: i=k=1

oPyt aT! V7! Vi 7)) = yl 7l Vi-T!
g0 = 70 Vs = T)exp(=exp(Vs = T7)) = —exp(Vy = T") exp(=exp(Vy = T7))
5. Derivatives with respect to §
0
p - 7-0 —w
op 1
95 TO—w
TF=T%—ks, for k=1,..., M,
oT"
W__k’ for k=1,...,M;
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Derivatives for searches with no purchases:

If nyy < Msy:
oPIN  9p & Me1 g nrm
5 =25 2 MCnm e Y S5 Cim
m=ny m=nn
) ONMs
_87§(M5 - 1)NSMSC\N|,MS + (1 = (Ms —1)p) 9 CiN|, M,
where )
Ny = exp(=8fexp(=T")), Si =) exp(V]")
oNE  oT*
95 — (— 95 )(—S¥ exp(—T")) exp(—SE exp(—T")) = —kSE exp(—T") exp(—S¥F exp(—T"))
If nyr = MSZ
opoY ) ONMs
0 = 8§(M DNMC iy i, + (1= (M —1)p) 95 CiN|, M,

Derivatives for searches with purchases:

If max{i,nn} < Mj:

8Pi,N 8p Ms—1 m Ms—1 m

s i 677§’k
%~ 95 Z Z PRC N o1 + Z P Z 95

m=max{i,ny } k=max{i,ny} m=max{i,ny} k=max{i,ny}

M ‘ M a,Pi,k
~(M;=V)zs >, PO+ (=M =1p) >

k=max{i,nN} k=max{i,ny}

If max{i,ny} = Mj:

Py opLMs dp_;.
% (1= (Ms;—1)p) 2% Cinpm—1 — (Ms — )86P Mo i ar,—1

To calculate the derivatives of Psi’k, there are three cases to consider.

Case 2: 1 < k

8P§’k B exp(Vg)[ o7k 1

55 = ok Y SF exp(— Tk_l)exp(—Sfexp(—Tk_l))

_oT*

a0

A [OT
= eXp(Vs){ 95
oTF
a6

——SFexp(=T*) exp ( — sk exp(—Tk))}

k—1

exp(=T" 1) exp (= Skexp(-T471))

(=T*)exp ( - Sk exp(—Tk)ﬂ
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Case 3: 1 <i=k
oPE* 04 o oc
a5 9 06 06

where
08— 15— ) [T o -7+ (- W)
22 = [t - em0] [T ep- T e (- )
_637: exp(—=T"*) exp ( - e)qf(;;k)ﬂ
% = %7; (1= exp(— exp(VF = 7)) exp(~T)[SF — exp(V¥] exp ( - W)

Si - exp(Vf)ﬂ

_ k_ Tk _ k Tk _
exp(Vy — T7) exp(—exp(Vy — T ))exp( oxp(TH)

Cased: i=k=1

11 1
87832 - _887; exp(Vy — T') exp(—exp(V; = T1)) = exp(Vy — T') exp(—exp(Vs = T))

1.3 Likelihood function L* for the distribution of attributes

Consider an arbitrary observation of attributes = given by x = (LOGP = z,STAR = m,LOC =
n, PRO = k). Taking logarithms of the density function f, in (4.51) yields the following expression
for the log of the likelihood for observation x

log (2. m. m. K)|) = e(1)log(ar) + (0) log(1 —a1) + 3 d(m, n)( 108 () +logh(z:a0.b))

(m,n)eD
(4.64)

where ps 5 is understood to be given by equation (4.52). Then the partial derivatives with respect

to the parameters of the log likelihood for observation x are given as follows:

0log frz(z; \) 1 1
O8I A (1) = — ¢(0
oq i )Q1 07~ ¢
For (m,n) € D\{5,5}
1 z\ T3 1 1
dlog fu(z;A) _ d(m,n)—— — d(5,5)
apm,n Pmn 1- Z(k7l)eD\{(575)}pk,l

810gfac(x§)\) . ol .
ob - ( Z):GD d(m’ n) ob log h(z7 Qmn s b)
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For (m,n) € D

dlog fu(z; ) 9 _
T Oamn d(m,n) Famn log h(2; G, b)
where
log h(z; a,b) = —log(b) + ~— — exp(——)
So
0 1 1 z—a
1 . -4
8(1 Ogh<z7a‘? b) b + b eXp( b )
and
810 h(za,b) = z—a+e (z—a)z—a 1[ z—a(l o (z—a))]
— X = —= —ex
a8 R P2 b P

A4.2 Gradient vectors for estimating the variance of the estimator of yx

In Appendix 2, the delta method is used to obtain an estimate of the variance of the estimator
of x, both for the constant expectation and declining expectation models. This section provides

expressions for the partial derivatives required to apply the delta method in the two models.

A4.2.1 Constant expectations model

Equation (4.56) determines the relationship between x and the other parameters. In order to use
the delta method to obtain the standard error of the estimate of y, we use this equation to obtain

the derivative of x with respect to the other parameters. These derivatives are given as follows:

aq Z d(m,n pmn[/ log(1 4+ exp((z,m,n,1)3 —T))h(%; amn,b) dz
1 _

(m,n)eD

_ /oo log(1 + exp((2,m,n,0)8 — T))h(2; amn,b) dz]

—00

For (m,n) € D\{(5,5)}:

aﬁx — Z c(k)qy [/ log(1 + exp((z,m,n, k)3 — T))h(z; amn,b) dz
Prm.n ke{0,1} -
= [ tog(1 4 exp(2,5,5,008 — T)h(zia55,b) ds
For (m,n) € D:
O _ Z c(k) /OO log(1 + exp((z,m,n, k)3 —T)) 0 h(z; amm,b) dz
8amn - qkPm,n o g p s 1Ty T, aam,n s Amyn

’ ke{0,1}
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o= [~ e el ep(5) - 4 (- e(C ) expl(— exp(* ) exp(S )
= e Y exp(- exp(C ) [exp (7Y 1] = MELD [y 22 ]
?{j = Z c(k)qx Z d(m, n)pm.n - log(1 + exp((z,m,n, k) - 8 — ’T))gbh(z;am’n,b) dz
ke{0,1} (m,n)eD >
o=~ em(-en(C TN + 5[ - T (ST expl(- ep(C )
S (— oS5 exp(— exp(*) exp(<) |
= e en(-en( ) [F en( ) - T -]
h(z;a,b)

_ ; [z;aexp(z;a>_z;a_1]

Forj=1,...,J
Ox _ > 2lexp((z,m,n, k)8 —T) .
95, Z c(k)qr Z d(m, n)pm.n /_OO 1T exp((z.mon. B)B —T) h(z; amn,b) dz

ke{0,1} (m,n)€D

(where J = 4,21 = 2,22 = m, a8 = n,a* = k).

aX _ * —eXp((Z,’I’)’L,’I’L, k)B_T) .
= X dba X dimp, [ R i) d

ke{0,1} (m,n)eD

A4.2.2 Declining expectations model

The threshold equation for the declining expectations is obtained by replacing —7 in the threshold
equation for the constant expectation model (4.56) by 165 4+ v — 7°. The gradient of the threshold
equation is obtained by taking the derivative of y in this equation with respect to the parameters
To,0, A and 5. These derivatives are the same as in the constant expectations model, except that,
in the expressions for the derivatives (1) g—%‘- is replaced by ;—7)50 (2) instances of —7 are replaced by

160 +~v — T°. Also we need to include an expression for %‘, which is given as follows:

%: Z c(k)qr Z d(m,n)pm,n/

ke{0,1} (m,n)eD -

* 16 exp((z,m,n, k)3 + 166 +~v — TY)

h ; mn,b d
o L +exp((z,m,n, k)3 + 165+ — TY) (2; amn,b) dz
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Appendix 5: Destinations

Thus far we have omitted from the analysis any effect of destination on observed choices. For a given
destination, it may be that DMs who select that destination tend to have a systematically different
preferences than those who select a distinct destination. Given the potential for self-selection, we
cannot simply include destination dummies alongside the other attributes in the random utility
model. The simplest way of incorporating destination into the analysis is to estimate different
models for different destinations, or at least different classes of destinations. The results in our
paper were obtained from a dataset comprising the top ten destinations (the ten destinations with

the most searches). Table A2 compares these results to the results of estimating the model for (i)

a dataset for the top five destinations and (ii) a dataset for the most popular destination.

Table A2: Estimates by destination class

Top Ten  Standard | Top Five  Standard Most Standard
Error Error Popular Error
number of:
searches 6044 3774 1299
observations 176263 111378 38475
purchases 304 228 101
estimate of:
initial threshold, 70 | 6.5946** 0.5106 6.2427** 0.5946 5.5750** 0.9041
expectation fall, & 0.02299**  0.006360 | 0.02358** 0.00710 0.01783 0.01036
click probability, 0.01076**  0.000164 | 0.01151 **  0.000220 | 0.01352** 0.000402
lower bound, w 5.6753** 0.4958 5.2747** 0.5671 4.6656** 0.8958
information cost, x | 0.000793** 0.0000696 | 0.000976** 0.0000982 | 0.00134**  0.000371
coefficient of:
log price, 51 -0.8700** 0.1137 -0.8060** 0.1251 -0.9504** 0.2092
stars, (2 0.4920** 0.0921 0.3936™* 0.1092 0.4590* 0.2133
location, 3 0.2057** 0.0507 0.1716** 0.0618 0.0647 0.1191
promotion, B4 0.4647* 0.1225 0.4097** 0.1422 0.7182** 0.2519

(* p < 0.05, ** p < 0.01)

The signs of the parameters are aligned across the three sets of results. Further, like the estimates

for the top-ten dataset, the estimates for the top-five dataset are significantly different from zero at
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a one percent level. When we turn to the dataset for the most popular destination, however, the
standard errors are notably higher than those for the top-ten dataset. This is because the number
of searches for the most popular destination is less than a quarter of that in the top-ten dataset;
and the number of purchases is less than a third of that in the top-ten dataset. For the dataset for
the most popular destination, the estimates of #3 and J are no longer significant at a five per cent
level. The situation is worse for other destinations; for example, moving from the dataset for the
most popular destination to the second most popular, the number of searches falls from 1299 to 872,
and the number of purchases from 101 to 35. Accordingly, the model becomes insufficiently precise
when applied to individual destinations. Nevertheless, our paper can be interpreted as illustrating
how we could model online choice for individual destinations if there were more data available for

those destinations.

Appendix 6: Data cleaning

The steps in the data cleaning process were as follows:

(1) We follow Ursu (2018) regarding the removal of data based on price and tax. There are some
very low and very high prices. There are also prices inconsistent with observed gross payments
made to a hotel. So we eliminate searches with a hotel whose price exceeds US$1000 or is less than
US$10. We also eliminate searches with an observation with implausibly low or implausibly high
implied hotel taxes. That is, we eliminate searches with observations such that either: (i) 0.3 <
implied tax rate = [gross bookings /(price X length of stay x number of rooms)] — 1; or (ii) US$1
> implied tax on price = [gross bookings/(length of stay x number of rooms)| — price.

(2) We then remove all searches with at least one of the following properties.

(i) The search includes an “opaque position” 5, 11, 17, 23. These positions include “opaque offers”
which, typically, are discounted offers for which the customer is not provided with the name of the
hotel, but is given some information about it. For a discussion of opaque positions, see Ursu (2018,

“th” position strictly speaking means the it non-opaque position.

p.540). In our paper, the
(ii) The search is not “consecutive”. A search is said to be “consecutive” if it (a) includes an
observation in position 1 and (b) includes an observation at position k—1 if it includes an observation

“ith? position means the i non-opaque position).

in position k > 1 (where the
(iii) The search includes an observation where the star rating is 0 or 1. Star ratings of 0 are removed

because this value may be assigned when the rating is unknown or cannot be publicised. Star ratings
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of 1 are removed because only a small proportion of observations have a star rating of 1, so removing
these data points simplifies the estimation of the attribute distribution in Appendix 2.

(iv) The search includes an observation where the review score is NULL.

(3) We then remove all searches where the first page of search results is unusually long or short.
That is, we eliminate all searches where the final position on the search page is (i) 9 or less (fewer
than 10 non-opaque observations), or (ii) 34 or more (more than 33 non-opaque observations).

(4) We then remove all searches with non-random rankings.

(5) We discretise the location score, assigning it a value of 1 for values less than 2, 5 for values more
than 4, and 3 otherwise. This simplifies the estimation of the attribute distribution in Appendix 2.
(6) Using the data resulting from steps (1)-(5) , we ascertain, for each destination, how many
searches there are for that destination. We then eliminate all searches except those for the ten

“most popular” destinations - that is, the ten destinations with the most searches.
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