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Abstract

The discovery of long-range spatial correlation in earthquake coda and ambient noise

records has had far-reaching impacts on modern seismology. This approach provides

a conceptual framework to extract information about the structure of the Earth from

stacked cross-correlations as a function of inter-receiver distance (i.e., correlograms)

using noisy seismic records. Early work concentrated on the retrieval of surface

waves travelling between receiver pairs from ambient noise and used measurements

of their dispersion in surface wave tomography applications. Later it was found

that body-wave-like signals also emerge in correlograms. Intriguingly, many feeble

signals that are sensitive to deep Earth structures can also be ‘extracted’ e�ciently

from late coda of large earthquakes. Yet, the nature of correlation features in coda

correlograms has remained a puzzle. Disentangling that puzzle is a key to open new

avenues for deep Earth studies.

This thesis presents a compilation of published works featuring methodological

and theoretical advances for exploiting correlation methods for earthquake coda.

The fundamental objectives include (i) improving data processing, (ii) understand-

ing of the nature and generation mechanism of body-wave-like correlation features,

(iii) applying new understanding to study Earth structures. In particular, the thesis

contributes to local, regional and global scale problems. At the local and regional

scales, contributions are made to the development of the teleseismic P wave coda

autocorrelation method for imaging near-surface structures. At the global scale, a

new concept the global correlation wavefield, which is relevant to studies of the deep

Earth, is introduced.

Seismic waves from distant earthquakes illuminate stratified structures beneath

a receiver in a nearly vertical fashion. Stacked autocorrelations of the portion of

ground motion records immediately after the P wave arrivals (i.e., the P wave coda)
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are constructed to extract reflection signals from shallow subsurface discontinuities

beneath individual stations. The processing incorporates a spectral whitening oper-

ation to enhance the quality of autocorrelation results. The feasibility of the method

is demonstrated through synthetic and field data. The improved procedure is then

applied to a large number of seismic receivers across Antarctica to obtain estimates

of the thickness and the ratio of P to S wave speed for the ice cover. These esti-

mates are in a good agreement with prior measurements mainly obtained from active

seismic and radar methods. This successful application for the Antarctic ice cover

proves the potential of the method for studying other shallow structures including

sediment, regolith or ice covers in other continents and on other planets in future

space missions.

Using the insights gained from the autocorrelation case study, the cross correla-

tion of the late coda of large earthquakes recorded at seismic receivers around the

globe is exploited. The global correlograms reveal a wealth of correlation features,

including correlation phases that have timing properties similar to regular seismic

phases from a surface source, and others that do not have counterparts in the direct

wavefield. All features in the correlation wavefield are produced from the similarity

of the waveforms of two regular seismic phases sharing a subset of propagation legs.

These novel insights are then used to identify the presence of J (shear) waves in the

Earth’s inner core. These shear wave signals are direct evidence to confirm the solid-

ity of the Earth deepest shell. To match the character of the observed correlograms

a 2.5% reduction of inner core shear wave speeds relative to spherically symmetric

models of the Earth is inferred. With further refinements, the correlation wave-

field approach could lead to improved structural constraints on the Earth interior,

especially for poorly sampled regions such as the lowermost mantle and core.

viii



Contents

Declaration ii

Acknowledgements iv

Abstract vi

1 General Introduction 1

1.1 Background and Motivation . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Principle of Seismic Interferometry for Surface Waves . . . . . . . . . 3

1.3 Puzzling Nature of Global Correlogram Features . . . . . . . . . . . . 4

1.4 Thesis Objectives and Outline . . . . . . . . . . . . . . . . . . . . . . 5

1.4.1 Part I: P wave coda autocorrelation . . . . . . . . . . . . . . . 6

1.4.2 Part II: Global correlation wavefield . . . . . . . . . . . . . . . 7

1.5 Summary and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5.1 P Wave Coda Autocorrelation . . . . . . . . . . . . . . . . . . 9

1.5.2 Global Correlation Wavefield . . . . . . . . . . . . . . . . . . 10

I P Wave Coda Autocorrelation 11

2 On the Feasibility and Use of P Wave Coda Autocorrelation for

Mapping Shallow Seismic Discontinuities 13

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 A Practical Interpretation of P Wave Coda Autocorrelation . . . . . 16

2.3 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3.1 Data Selection and Preprocessing . . . . . . . . . . . . . . . . 19

ix



Contents

2.3.2 Spectral Whitening . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.3 Computing Autocorrelation . . . . . . . . . . . . . . . . . . . 21

2.3.4 Phase-Weighted Stacking . . . . . . . . . . . . . . . . . . . . . 21

2.4 Design of Synthetic Experiments . . . . . . . . . . . . . . . . . . . . 22

2.5 Recovering Reflections from Ice-Rock Interface in Antarctica . . . . . 23

2.5.1 Synthetic Experiment . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.2 Results for ST01 . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6 Recovering Reflections from a Sharp Moho Discontinuity in South

Africa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6.1 Synthetic Experiment . . . . . . . . . . . . . . . . . . . . . . . 33

2.6.2 Results for BOSA . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.6.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.8 Supplementary Material . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Antarctic Ice Properties Revealed from Teleseismic P Wave Coda

Autocorrelation 43

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2 Data and Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Data Collection . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.2 Spectral Whitening and Autocorrelation . . . . . . . . . . . . 48

3.2.3 Selection of Spectral Whitening Width . . . . . . . . . . . . . 52

3.2.4 Oblique Move-Out . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3.1 Autocorrelation Results for Other Ice Stations . . . . . . . . . 54

3.3.2 P Wave Reflectivity and Ice Thickness Estimates . . . . . . . 58

3.3.3 S Wave Reflectivity and Estimating vP/vS Ratio . . . . . . . 58

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.6 Appendix: Analytical Reflection Responses in Stratified Media . . . . 66

3.7 Supplementary Material . . . . . . . . . . . . . . . . . . . . . . . . . 71

x



Contents

II Global Correlation Wavefield 77

4 Earth’s Correlation Wavefield: Late Coda Correlation 79

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Plain Language Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2 Global Waveform Coda Cross Correlogram . . . . . . . . . . . . . . . 82

4.3 Explanation of Phase cS-cP . . . . . . . . . . . . . . . . . . . . . . . 86

4.4 Earth’s Correlation Wavefield . . . . . . . . . . . . . . . . . . . . . . 89

4.5 Discussions and Concluding Remarks . . . . . . . . . . . . . . . . . . 90

4.6 Supplementary Material . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.6.1 Digital Cross-Correlation . . . . . . . . . . . . . . . . . . . . . 93

4.6.2 Data Collection . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.6.3 Synthetic Experiment . . . . . . . . . . . . . . . . . . . . . . . 94

4.6.4 Data Processing . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.6.5 Cross-correlation Stacking and Cross-Correlograms . . . . . . 95

4.6.6 Explanation of phase cS-cP . . . . . . . . . . . . . . . . . . . 96

5 The Nature of Earth’s Correlation Wavefield: Late Coda of Large

Earthquakes 103

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.2 Correlation of Late Event Coda . . . . . . . . . . . . . . . . . . . . . 105

5.3 Correlation Wavefield . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.3.1 Generalised Rays . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.3.2 Nature of Correlation Phases . . . . . . . . . . . . . . . . . . 112

5.3.3 Steeply Travelling Normal Modes . . . . . . . . . . . . . . . . 114

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6 Shear Properties of the Earth’s Inner Core Constrained by a De-

tection of J Waves in Global Correlation Wavefield 119

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.1 Main Text . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

xi



Contents

6.2 Supplementary Material . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.2.1 Construction of Global Correlograms . . . . . . . . . . . . . . 131

6.2.2 On the Observed and Predicted Features in Global Correlograms132

6.2.3 Systematic Search for PKJKP in the Earth’s Correlation Wave-

field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.2.4 Synthetic Experiments . . . . . . . . . . . . . . . . . . . . . . 134

6.2.5 Supplementary Information . . . . . . . . . . . . . . . . . . . 135

A Evolution of the Correlation Wavefield Extracted from Seismic

Event Coda 143

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

A.2 The Seismic Correlation Wavefield . . . . . . . . . . . . . . . . . . . . 147

A.2.1 Regime I: 1–4 hr after Event Initiation . . . . . . . . . . . . . 149

A.2.2 Regime II: 3–5 hr . . . . . . . . . . . . . . . . . . . . . . . . . 151

A.2.3 Regime III: 5 hr on . . . . . . . . . . . . . . . . . . . . . . . . 152

A.2.4 Effect of Normalization . . . . . . . . . . . . . . . . . . . . . . 153

A.3 Analysis of Correlation Wavefield . . . . . . . . . . . . . . . . . . . . 154

A.3.1 Generalised Rays . . . . . . . . . . . . . . . . . . . . . . . . . 157

A.3.2 Amplitude Considerations . . . . . . . . . . . . . . . . . . . . 158

A.4 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . . . . 160

A.5 Appendix - Kinematic and Dynamic Groups for Generalized Rays . . 163

A.6 Supplementary Material . . . . . . . . . . . . . . . . . . . . . . . . . 165

Bibliography 169

xii















Chapter 1

General Introduction

1.1 Background and Motivation

The current picture of the Earth’s interior has been built up by seismological inves-

tigations of waveform data produced by earthquakes and man-made sources. There

are three kinds of seismic data widely used in structural studies. The first is the

body waves that emanate from a seismic event, transverse through Earth’s internal

structures and encapsulate their information along the ray trajectories to the sur-

face (e.g., Kennett et al., 1995; Pachhai et al., 2014; Pejić et al., 2017, 2019; Tkalčić

et al., 2013; Young et al., 2013). Due to the high frequencies in the body wavefield,

this class of data provides the highest resolution of the Earth’s structure at depth.

The second class of information is in surface waves, which travel along the Earth’s

surface with slowly decaying amplitudes. Surface waves have great sensitivity to

near-surface structures, and they are often employed to produce horizontal maps

of the seismic velocity distribution (e.g., Aki and Richards , 2002; Forsyth, 1975;

Kanamori and Abe, 1968; Li and Detrick , 2006; Pilidou et al., 2005). Free oscilla-

tions (or normal modes), which are long-period standing waves triggered by large

earthquakes, are the third class of commonly used seismic constraints to Earth’s

structures (e.g., Aki and Richards , 2002; Deuss et al., 2010; Dziewonski and Gilbert ,

1971; Dziewonski and Anderson, 1981; Irving , 2018). Because their long-period

nature, the normal mode data have relatively poor resolution on Earth’s lateral

heterogeneities.

A good source-receiver path coverage is critical in the performance of body wave
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1.1. Background and Motivation

and surface wave studies to achieve a high resolution of the internal structures.

However, ray coverage is often far from perfect in many applications due to the

uneven distribution of both earthquakes and seismic receivers. Earthquakes are

confined to a small fraction of the Earth’s surface near tectonic plate boundaries.

Most of the world’s large earthquakes are located around major subduction zones in

the Pacific rim. On the receiver side, most seismic stations are deployed on land and

due to the biased distribution of land on Earth’s surface, there are more deployments

in the northern hemisphere than in the southern hemisphere. The distribution of

seismic deployments is also a↵ected by national economic and political states, that

there is a large fraction of world-wide seismic stations deployed in countries such as

the United States, China, and Japan.

A solution for the problem of poor ray path coverage needs to minimize the

dependence on earthquakes. This requires an industrious way to explore the ever-

growing volume of continuous seismic data being collected by the current configura-

tion of seismic stations worldwide. The advent of a new class of correlation methods

is promising because it provides a new conceptual framework to scrutinize previously

unexplored datasets.

The underlying rationale of correlation methods is the discovery of spatially long-

range correlation in ambient noise (Shapiro and Campillo, 2004; Shapiro et al., 2005)

and earthquake coda (Campillo and Paul , 2003). The pioneering studies empirically

showed that stacking cross-correlation of simultaneous records could reveal clear

signals hidden in noisy seismograms that are sensitive to media properties between

receiver pairs. These findings markedly improve ray-path coverage over a target

area by employing all pairs of stations in a dense seismic network. This has created

the foundation for a new research area of ambient noise surface wave tomography.

Further, the discovery is inspiring a new branch of seismological studies to look for

numerous signals in the “noise” with cross-correlation function.

2



1.2. Principle of Seismic Interferometry for Surface Waves

1.2 Principle of Seismic Interferometry for Sur-

face Waves

The emergence of surface waves in stacked correlograms of ambient noise is a real-

ization of the principle of seismic interferometry (Wapenaar et al., 2010) whereby

an approximation to the impulse response, or structural Green’s function, between

two receivers is retrieved by stacking cross-correlation of simultaneous records. The

stacked correlogram can be seen as the record of a “virtual” source placed at one

station by the other receiver station. For simple structures, the retrieved Green’s

function will be exact if the system satisfies the condition of equipartitioning, or

there is equal illumination from sources in all directions (Curtis et al., 2006; Snieder

and Larose, 2013; Wapenaar and Fokkema, 2006). The energy sources can be either

physical sources or secondary sources such as point scatters or reflectors in a het-

erogeneous medium (Snieder and Sens-Schönfelder , 2015). The gradients in seismic

wavespeed with depth in the Earth complicate the behavior and, in general, the

timing of the Green’s function is retrieved but the amplitudes are modified relative

to a homogeneous Earth case.

In practice, the surface wave component of the empirical structural Green’s

function can be obtained from ambient noise cross-correlation in a routine man-

ner (Bensen et al., 2007; Shapiro and Campillo, 2004; Shapiro et al., 2005). Noise

sources are ubiquitous on Earth’s surface, mainly due to the continuing interaction

of ocean and the solid Earth (e.g, Ardhuin et al., 2015; Gualtieri et al., 2013; Stehly

et al., 2006; Traer and Gerstoft , 2014). Receivers are also deployed on the Earth’s

surface. Thus, for waves travelling along the surface, the ambient noise field gen-

erally satisfies the condition of energy equipartitioning. This property has enabled

a wide range of successful applications of the method ranging from local scale (Lin

et al., 2007; Shapiro et al., 2005; Young et al., 2011) to continental scale (e.g., Lin

et al., 2008; Saygin and Kennett , 2010, 2012). Recently, the retrieved structural

Green’s function approach has been used in monitoring for temporal changes in vol-

canoes (e.g., Donaldson et al., 2017; Duputel et al., 2009; Yates et al., 2019), seismic

fault zones (e.g., Brenguier et al., 2008; Meier et al., 2010), or melting of ice sheets

(e.g., Mordret et al., 2016).

3



1.3. Puzzling Nature of Global Correlogram Features

When the condition of equipartitioning is not satisfied, stacked correlograms can

contain apparently spurious signals. The spurious signals, which emerge due to in-

complete cancelation of correlation peaks, are not parts of the structural Green’s

function between two receivers (e.g., Fichtner , 2014; Snieder et al., 2008). Misin-

terpretation of the signals could lead to wrong inference of the Earth’s structure.

Thus, there is a need for a generalized interferometry approach, which does not

automatically identify cross-correlation results with the structural Green’s function

(e.g., Ermert et al., 2017; Fichtner et al., 2017; Sager et al., 2018). In future, such

generalized interferometry approach could lead to the use of full correlation wave-

form tomography rather than just relying on surface wave dispersion measurements

as being done in current practice.

1.3 Puzzling Nature of Global Correlogram Fea-

tures

Later studies found that body-wave-like signals can also be extracted by correlating

ambient noise or earthquake coda, although it was thought to be more di�cult than

surface wave extraction (Forghani and Snieder , 2010). There is a wide diversity

of reported body wave signals ranging from Moho reflections (e.g., Gorbatov et al.,

2013; Ruigrok and Wapenaar , 2012; Tibuleac and von Seggern, 2012; Zhan et al.,

2010), mantle-related signals (e.g., Poli et al., 2012a, 2015; Feng et al., 2017) to

core-related signals (e.g., Boué et al., 2013, 2014; Huang et al., 2015; Lin et al.,

2013; Lin and Tsai , 2013; Nishida, 2013; Wang et al., 2015; Xia et al., 2016).

Intriguingly, it was found that the emergence of several types of signals that are

sensitive to deep Earth’s structure, such as the core, is closely related to the nature

of the late coda of large earthquakes (Boué et al., 2014; Huang et al., 2015; Lin et al.,

2013; Lin and Tsai , 2013; Wang et al., 2015; Xia et al., 2016). For example, Lin

and Tsai (2013) demonstrated that a correlation signal that has timing properties

similar to the PcPPKP phase emerges in coda correlation for a pair of antipodal

stations with a single earthquake. Because of the ability to reveal many exotic

seismic arrivals in the direct wavefield, the correlation technique to extract deep

Earth phases has great potential in deep Earth studies (Boué et al., 2013; Lin and

4



1.4. Thesis Objectives and Outline

Tsai , 2013; Tkalčić, 2017). Yet, the nature of body-wave-like correlation features

was a puzzle at the time the work on this PhD commenced. Understanding the

nature of correlation phases must be the key to release the potential to use the

datasets in future studies of the deep Earth structures.

In the past, the emergence of body-wave in stacked correlograms was commonly

thought to comprise the body-wave component of the structural Green’s function

between a receiver pair, as in the case of ambient-noise induced surface waves.

However, it was later confirmed by several studies that the emerging signals cannot

be directly equated to the structural response. Boué et al. (2014) showed evidence

for anomalous amplitudes of certain prominent correlation phases and the presence

of several “spurious” signals. Later, Sens-Schönfelder et al. (2015) showed that

the coda wavefield is not equipartitioned, which is an essential condition for the

accurate retrieval of structural response. Thus, the extracted signals in correlograms

are not directly part of the structural response between two receivers. One of the

fundamental goals of this thesis is to provide new insights to solve the puzzle relating

to body-wave like correlation features.

1.4 Thesis Objectives and Outline

This thesis presents a collection of works towards a deeper understanding of the

nature and formation mechanism of the global coda correlation wavefield. As one

of the key results of the thesis, it is argued that all features in global correlograms

are results of waveform similarity of two regular phases of the same ray parameter

and a shared subset of propagation legs. The text is organized in two parts that

feature problems at the local scale for a horizontally stratified medium and at the

global scale for a spherical Earth. In Part I, the new principle of correlation is

demonstrated through a case study to extract reflection signals from a significant

discontinuity beneath a receiver by autocorrelation of earthquake-based data. In

Part II, the principle of correlation is then generalized to explain the nature of

features in the global correlogram with the introduction of a new concept – Earth’s

correlation wavefield. In both cases, the thesis provides original contributions on the

following aspects: (i) improved data processing, (ii) new insights into the nature
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and generation mechanism of correlation features, (iii) applications of the insights

to study the Earth structures.

1.4.1 Part I: P wave coda autocorrelation

Body waves from distant earthquakes arriving in a near-vertical fashion provide

optimal illumination to resolve horizontally stratified structures beneath a seismic

receiver. Thus, the seismic records immediately following the first P arrival – the

P wave coda – are often used for crustal and upper mantle studies using the re-

ceiver function method (Langston, 1979; Vinnik , 1977). The P receiver function is

the resultant time series obtained by deconvolving vertical from radial P wave coda

seismograms. The deconvolution isolates the signals relating the energy conversion

from P to S at subsurface discontinuities (Ammon, 1991), which are used for crustal

imaging purposes. The cross-correlation of a P wave coda record with itself (au-

tocorrelation) can also be employed to study local stratified structures. Pioneering

theoretical works by Claerbout (1968) and Frasier (1970) showed that the one-side

autocorrelation of ground motion records of steeply incident wavefronts transmitted

to a free surface is equivalent to the reflectivity record from a virtual surface source.

Many previous workers on autocorrelation methods have used a large volume of

continuous ambient noise records to extract subsurface reflections (Gorbatov et al.,

2013; Nishitsuji et al., 2016; Saygin et al., 2017; Taylor et al., 2016; Tibuleac and

von Seggern, 2012). Here, we propose to use selective parts of earthquake-generated

waveforms with steep angles of incidence, i.e., the teleseismic P wave coda, to com-

pute the autocorrelograms. Note that the use of steeply incident P wave coda is

similar to the configuration described in the theoretical results of Claerbout (1968)

and Frasier (1970). The development and application of the teleseismic P wave

coda autocorrelation method is discussed in Part I of the thesis. This part consists

of two published papers:

• Pha.m, T.-S., & Tkalčić, H. (2017), On the feasibility and use of teleseismic P

wave coda autocorrelation for mapping shallow seismic discontinuities, Journal

of Geophysical Research: Solid Earth, 122(5), 3776–3791,

doi.org/10.1002/2017JB013975
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• Pha.m, T.-S., & Tkalčić, H. (2018), Antarctic Ice Properties Revealed from

Teleseismic P Wave Coda Autocorrelation, Journal of Geophysical Research:

Solid Earth, 123(9), 7896–7912, doi.org/10.1029/2018JB016115

Chapter 2 (Pha.m and Tkalčić, 2017) discusses the rationale for the method de-

velopment and its technical details. In data processing, we use a spectral whitening

operation to enhance the clarity of the reflection signals in real waveforms, where

the arrivals are masked by the complexity of source time function and attenuation

e↵ect. The nature of the emerging reflection signals is due to waveform similar-

ity of arrival pairs that share the ray parameter of the incident wave plane. For

example, the reflection signal in vertical stacked autocorrelation (2p) results from

waveform similarity of the direct arrival Pp and the reflection PpPp. The success of

the method for imaging shallow structures is demonstrated by field data collected

from an over-ice station in Antarctica and a bedrock station in South Africa, as well

as by sophisticated synthetized data.

Chapter 3 (Pha.m and Tkalčić, 2018) presents a successful application of the P

wave coda autocorrelation method to extract elastic properties of the Antarctic ice

sheet including the thickness and ratio of P to S wave speed for the ice sheet under-

neath individual receivers. A slight method development involves the selection of an

important controlling parameter – the spectral whitening width. Our estimated ice

thickness under 62 out of 70 stations processed are in a good agreement with a com-

prehensive gridded data set of ice thickness (Fretwell et al., 2013). We also report

in-situ measurements of the ratio of P to S wave speed at 32 stations. These mea-

surements, which are currently challenging to be obtained by active source methods

(Wittlinger and Farra, 2015), are relevant to the study of the internal structures of

the ice sheet.

1.4.2 Part II: Global correlation wavefield

Part II of the thesis is concerned with solving the puzzle of the formation of body

wave like signals in global stacked correlograms constructed from late coda of large

earthquakes. This part consists of four published papers:

• Pha.m, T.-S., Tkalčić, H., Sambridge, M., and Kennett, B. L. N. (2018), Earth’s
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correlation wavefield: Late coda correlation, Geophysical Research Letters,

45(7), 3035–3042, doi.org/10.1002/2018GL077244

• Kennett, B. L. N., and Pha.m, T.-S. (2018a), Evolution of the correlation wave-

field extracted from seismic event coda, Physics of the Earth and Planetary

Interiors, 282, 100–109. doi.org/10.1016/j.pepi.2018.07.004

• Tkalčić, H., and Pha.m, T.-S. (2018), Shear properties of Earth’s inner core

constrained by a detection of J waves in global correlation wavefield, Science,

362(6412), 329–332, doi.org/10.1126/science.aau7649

• Kennett, B. L. N., and Pha.m, T.-S. (2018b). The nature of Earth’s correla-

tion wavefield: late coda of large earthquakes, Proc. R. Soc. A, 474(2214),

20180082, doi.org/10.1098/rspa.2018.0082

Chapter 4 (Pha.m et al., 2018) presents data processing employed to construct

stacked correlograms from the coda of large earthquakes as a function of inter-

receiver separation. The spectral whitening operation introduced in Chapter 2 is

a crucial processing step for individual seismograms before cross-correlation. The

stacked correlograms reveal a wealth of correlation features, of which some have

timing properties similar to regular seismic phases originating from a surface source

and others that do not have counterparts in the direct seismic wavefield. Many of

the correlation features at large time lapse that are sensitive to deep Earth struc-

tures are hitherto unobserved. Regarding the nature of the correlation features, we

demonstrate that they are not directly part of the structural Green’s function be-

tween receiver pairs. Instead, we argue that these phases are results of the similarity

of waveforms of regular seismic phases having the same slowness but sharing only

a subset of propagation legs. This principle of correlation at the global scale for a

spherical Earth is generalized version of the principle for stratified layer model in

Chapter 2.

Chapter 5 (Kennett and Pha.m, 2018a) presents the derivation of mathemati-

cal formulation for correlated features based on the generalized ray representation

(Kennett , 1983). It aslo extends the discussion on the nature of correlation wavefield

from large earthquake coda.
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Chapter 6 (Tkalčić and Pha.m, 2018) applies the new theoretical insights to

identify the presence of J waves, shear waves in Earth’s inner core, in the global

correlograms. Firstly, we identify and confirm the presence of J waves in correlation

pairs of PKJKP with three compressional, inner-core phases, PKiKP, PKIKP and

PKIKPPKIKP (I2 ) in a series of synthetic experiments. Then, we successfully

identify the correlation phase I2-PKJKP in the observed correlogram to prove the

presence of shear waves in the inner core in a robust manner. The shear-wave signals

provide direct evidence to confirm the solidity of the Earth’s deepest shell that was

proposed more than 80 years ago. Our measurement points to a reduction of 2.5%

of shear wave speed in the whole bulk of the inner core compared with current

symmetrically spherical Earth models.

Appendix Chapter (Kennett and Pha.m, 2018b) further extends the mathematical

formulation based on generalized ray presentation to include the surface wave terms.

It also tracks the evolution of features in the correlation wavefield with a sliding coda

window from the origin using seismic coda.

1.5 Summary and Outlook

1.5.1 P Wave Coda Autocorrelation

The teleseismic P wave coda autocorrelation method presented in this thesis is

a new tool to be added to the existing seismological toolbox for imaging shallow

structures. In the ice environment where data were previously regarded as noisy, the

correlation method outperforms other common methods, such as receiver functions

(e.g., Hansen et al., 2010) and spectral ratio methods (e.g., Yan et al., 2018), to yield

high-resolution definition of the ice sheet. Thus, this autocorrelation method has

great potential to be applied to study other significant cover layers or underneath

structures in similar environments such as sedimentary basin, permafrost, or regolith

layer in future planetary missions. At the crustal scale, the method has already

been employed to provide constraints that are complementary to those from receiver

functions (Delph et al., 2019; Tauzin et al., 2019).
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1.5.2 Global Correlation Wavefield

We present a new concept of the global correlation wavefield where the Earth’s

interior is illuminated in a new and unexpected manner. The first application of

the original theory is a robust detection of J (shear) waves in the Earth’s inner

core (Tkalčić and Pha.m, 2018), which was referred to as “the Holy Grail of body

wave seismology” in seismological literature (Shearer , 2009) and it was showed to

be unlikely observed in the direct wavefield (Shearer et al., 2011). Thus, a complete

understanding of the global correlation wavefield is expected to be a powerful tool

in many studies of the Earth and other planets in near future.

Original insights into the nature of the correlation wavefield suggest that the

use of timing measurements of correlation features, assuming that they are parts

of the empirical Green’s function between receivers (e.g., Huang et al., 2015; Wang

et al., 2015), is problematic. For example, there are concerns about the reliability of

models inferred from coda-interferometry measurements (Wang et al., 2015; Wang

and Song , 2018) compared with those derived by measurements made on direct

waveforms (Romanowicz et al., 2016; Frost and Romanowicz , 2019). Future uses of

timing measurements of correlation features must carefully account for the real con-

figuration of sources and receivers, even though the dependence on the configuration

is somewhat less critical than for the direct wavefield.

Beside timing measurements, the amplitude information of correlation features

is also worth exploring in future research. Such amplitude information could po-

tentially provide unique constraints on attenuation profiles in places where current

sampling coverage by other methods is currently poor, such as in the Earth’s deep

interior.

With the light shed by the new understanding of correlation wavefield, it appears

that the formation of a correlation feature is, in general, rather complicated. How-

ever, further investigations of the identification of contributions to the formation of

specific features, for example an equivalent of PKIKPPKIKP (or I2* in our new

naming convention), is an interesting tool for probing the centre of the Earth by

itself. With further understanding on e↵ect of the physics of earthquake sources,

this could release a full potential to perform global tomography using the correlation

wavefield.
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P Wave Coda Autocorrelation
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Chapter 2

On the Feasibility and Use of P

Wave Coda Autocorrelation for

Mapping Shallow Seismic

Discontinuities

This chapter presents the rationale and technical details of P wave coda autocorrela-

tion method, which is dedicated to image shallow stratified structures. Its feasibility

and potential uses are demonstrated through carefully synthetized waveforms and

real data from selected seismic stations deployed in Antarctica and South Africa.

The nature of correlation signals and processing procedure presented in this local

case will be generalized to the global scale in Part II of the thesis. The content of

this chapter is reformatted from a published paper in JGR Solid Earth (Pha.m and

Tkalčić, 2017).

Abstract

Seismic body waves from distant earthquakes which propagate near-vertically be-

neath recording stations, provide tools for imaging shallow Earth structures with

high vertical resolution. The most commonly used techniques such as P and S

wave receiver functions utilize mode conversions from P to S waves or vice versa

to retrieve information on the gradients of elastic properties in the crust and upper
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mantle. Here we demonstrate the feasibility and advantage of utilizing reflection

signals through an improved method of teleseismic P wave coda autocorrelation.

We recover clear reflections independently on vertical and radial components, which

provides complementary constraints on the subsurface structures. Field data from

two stations from di↵erent geological settings are analyzed, one of which is an ice

station in Antarctica and the other is a bedrock station on the Kaapvaal craton in

South Africa. The results from both analyses show the feasibility of the method

to unveil P and S wave reflection signals from the ice-rock interface and the Moho

discontinuity. Extensive synthetic experiments are set up to corroborate our results.

2.1 Introduction

Seismic waves from distant earthquakes arriving at seismic stations, propagate near-

vertically and reflect from the free surface, propagate downwards, and, subsequently,

reflect back to the surface. Thus a single station can be used to convert a coda wave-

train to a reflectivity record by means of computing the autocorrelation. The theory

behind this idea was first proposed by Claerbout (1968) for the case of acoustic waves

at vertical incidence on a horizontally stratified media and subsequently expanded

to the case of elastic waves for inclined propagation by Frasier (1970).

The exploitation of the autocorrelation of records at a single station has recently

emerged as a powerful imaging tool for mapping crustal and upper mantle struc-

tures. Most studies have used stacked autocorrelation of ambient noise to extract

P wave reflectivity records to determine the Moho discontinuity (e.g., Tibuleac and

von Seggern, 2012; Gorbatov et al., 2013; Kennett et al., 2015; Taylor et al., 2016;

Oren and Nowack , 2017) or the lithosphere-asthenosphere boundary (e.g., Kennett ,

2015). The recent study by Oren and Nowack (2017) introduced several processing

steps to improve the ambient noise autocorrelation technique for selected USArray

Earthscope Transportable Array stations. Our study promotes the use of earthquake

signals having well defined incident angles (Ruigrok and Wapenaar , 2012; Sun and

Kennett , 2016). By concentrating on the coda of a seismic phase, such as the first P

arrival, the incoming energy can be confined to near-vertical incidence by selecting

sources in an appropriate epicentral distance range. This selection is fundamentally
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di↵erent from the approach utilizing ambient noise and requires a much smaller

amount of quality-controlled data and computational e↵ort to produce a compara-

ble reflectivity record (e.g., Lin and Tsai , 2013). Because ambient noise energy is

di↵use and has no specific directions, a large amount of data (months to years) has

to be employed with stacking to yield destructive interference of horizontal energy

and constructive interference of vertically reflecting energy.

In this study, we demonstrate the feasibility of exploiting the autocorrelation of

the coda of the first P arrival from distant earthquakes (having epicentral distance

larger than 30�). At those epicentral distances, the wavefront arriving at the recorder

can be approximated by a plane wave with a steep angle of incidence that illuminates

local structure from below. We confine ourselves to the P wave coda, which is the

first arrival in the seismic wave train and thus is free of contamination by the coda of

other phases (e.g., Rondenay , 2009). In principle, other primary phases (e.g., S and

PP) can be alternatively used with appropriate epicentral distance to the events.

The choice of input data is similar to that used with the conventional P wave

receiver function technique (e.g., Vinnik , 1977; Langston, 1979). A receiver function

is generated by deconvolving radial by vertical components of the P wave coda,

in order to isolate the local structure e↵ect from the complexities of the source

time function and the raypath e↵ect between the source and the receiver. Receiver

functions can be exploited to extract the signal of P to S conversions at seismic

interfaces below the stations. On the other hand, our autocorrelation approach

exploits the time repetitions in the coda waveform recurrences to reveal and isolate

reflection signals from subsurface reflectors.

In principle, both methods can be used to invert for a 1D local seismic profile or

to produce 2-D or 3-D images of the local media with an imaging principle such as

the common conversion point stacking for receiver functions, or more generally, mi-

gration (e.g., Rondenay , 2009). Horizontal component records containing converted

energy can also be used in conjunction with the autocorrelation technique (e.g.,

Tibuleac and von Seggern, 2012; Sun and Kennett , 2016). The use of radial compo-

nents promises to provide independent information on the local structure from both

P and S waves.

In the next section, we focus on the practical interpretation of P wave coda
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autocorrelogram. We present some innovations in data processing to deal with the

source contributions. In the subsequent section, we set up a scheme of synthetic

experiments to guide the interpretation of results and then demonstrate the method

with data from two stations having their most prominent reflectors at di↵erent scales.

The first receiver is deployed over ice where the most prominent reflector is the ice-

rock interface. The second example reveals reflection signals from an exceptionally

sharp Moho discontinuity.

2.2 A Practical Interpretation of P Wave Coda

Autocorrelation

Figure 2-1: (a) Schematic representation of a plane wave (thick dashed line) ap-

proaching a receiver and its first-order reverberations for a homogeneous layer above

a half space (P and S wave legs are solid and dashed-dotted lines, respectively). We

follow Niu and James (2002) to use the notation npms for a ray having n P wave

and m S wave legs within the layer. This naming scheme focuses on the observed

delay time not the specific ordered combination of legs in its raypath. (b) Vertical

and radial components of the structure impulse response. (c) Comparison of (from

top to bottom) one-sided vertical autocorrelogram (ZAC), which is obtained by

cross correlating the vertical impulse response with itself; and one-sided horizontal

autocorrelogram (RAC); and P wave receiver function (PRF), which is obtained by

deconvolving the radial by vertical component. These autocorrelograms are tapered

to suppress the characteristic central peak at time 0. Reflection phases are named

after their delay time (refer to Section 2.2 in the main text).
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To facilitate the interpretation of P wave coda autocorrelograms, we consider

the simple configuration sketched in Figure 2-1a with a homogeneous layer over a

half space with di↵erent properties. A receiver at the surface records an impulsive

compressional plane wave arriving near vertically. In horizontally stratified media,

P-SV waves are decoupled from the SH component; thus, vertical and radial com-

ponents entirely account for the ground motion of the initial P wave arrival (Figure

2-1b). The transmitted ray P (1p — refer to the caption of Figure 2-1 for ray

naming convention) arrives first on the seismogram, and the following pulses are the

conversion P to S (1s) at the subsurface discontinuity, and multiple reflections of

transmitted P or converted S wave within the layer.

By cross correlating an impulsive seismogram with itself (autocorrelating), any

pair of original pulses collapse into a single pulse and its mirror reflection at time

zero. Due to this symmetry, we consider only the causal (positive o↵set), one-sided

autocorrelogram in our method. The large-amplitude central pulse, which is an

inherent feature of any autocorrelogram, is suppressed by a taper function. Then,

the most prominent pulse in the vertical one-sided autocorrelogram (Figure 2-1c),

indicated as 2p, is formed by the cumulative contributions of all pairs having the

same time di↵erence with the transmitted phase 1p and the reflection 3p:

�t2p = t3p � t1p = 2H

s
1

V 2
p

� �2 = 2H⌘p (2-1)

where H is the layer thickness, Vp is the P wave velocity, � is the ray parameter of

the plane wave, and ⌘p is the P wave vertical slowness (e.g., Zhu and Kanamori ,

2000) . We also refer to the phase as a P wave single reflection, meaning a down

reflection at the free surface and an up reflection from the interface. Each P wave leg

takes the time of H⌘p to transverse a vertical cross section of the layer. Moreover,

the phase has a negative polarity because one of its contributors experiences a phase

flip due to free surface reflection while the other does not.

Likewise, other reflection phases in Figure 2-1c can also be formed in a similar

fashion. For example, the S wave single reflection 2s in the radial autocorrelogram

is contributed by all phase pairs having the same time di↵erence with the 1p and

1p2s couple. The 2s delay time is also given by Equation 2-1 with Vp replaced by

shear wave velocity Vs, or 2H⌘s. The s-p phase is similar to the converted Ps phase

in the receiver function and is mainly contributed by the 1p and 1s pair and has
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a delay time of H(⌘s � ⌘p). Also, the 1p and 2p1s pair interacts to form the p+s

phase which has a delay time of H(⌘p + ⌘s).

Moreover, Figure 2-1c illustrates a fundamental di↵erence between the P wave

receiver function and the autocorrelation technique. The receiver function favors the

mode-conversions (s-p and p+s phases), while the autocorrelation emphasizes the

reflection phases (2p and 2s). The phase 2p is unique to the vertical autocorrelation

and thus does not occur in the receiver function. The autocorrelation approach

promises to provide new information on P wave structure of the shallow Earth’s

interior that is di↵erent from S wave structure recovered by receiver function. Hence,

the autocorrelation of P wave coda can be used in conjunction with the receiver

function technique in order to increase constraints on the crust.

The seismic wavefield from a distant event is initiated by a source and subse-

quently modulated and attenuated along its raypath before interacting with the

local structure and finally being recorded at a receiver on the surface. Due to atten-

uation in the Earth interior, most high-frequency signals dissipate along the path.

Hence, the recorded waveform is a temporal convolution of the local structure re-

sponse with source and path e↵ect whose frequency content is biased toward the

lower end of the spectrum. The autocorrelation of the recorded waveform convolves

the source and raypath autocorrelation with the autocorrelation of the impulse re-

sponse of the local structure. Consequently, the autocorrelation of the seismogram

is much more complicated than our simple impulsive illustrations. The influence of

the source and path e↵ects represents a fundamental challenge for autocorrelation

applications in high-resolution seismic imaging. In previous studies using earth-

quake signals, Ruigrok and Wapenaar (2012) exploited array stacking to suppress

the common term in individual station autocorrelograms, while Sun and Kennett

(2016) addressed the challenge with a high-frequency band-pass filter (i.e., 0.5–4

Hz). Here we attempt to address the issue by homogenizing the contribution of

frequency components in an appropriate band.

18



2.3. Method

2.3 Method

2.3.1 Data Selection and Preprocessing

We extract P wave coda of events with Mw  5.5 and epicentral distance larger than

30� from stations in the global centroid moment tensor catalog (GCMT) (Ekström

et al., 2012). Earthquakes in the distance range 95–120� are automatically rejected

to avoid the complication of P wave di↵raction at the core-mantle boundary. The

remaining events are separated into two data sets. The teleseismic data set includes

events in the epicentral distance range 30–95�, and the global teleseismic data set

includes events beyond 120�, which have raypaths sensitive to the Earth’s core. The

former data set has been used commonly in receiver function studies (e.g., Tkalčić

et al., 2011), because, in that epicentral distance range, P wave incident angles favor

e�cient energy conversion to S waves at discontinuities within the crust and upper

mantle, e.g., the Moho.

Seismograms from the selected events are manually inspected and preprocessed

for quality control purposes. Visual inspection identifies seismograms that contain a

clear P onset with a good signal-to-noise ratio and is uncontaminated by subsequent

primary phases such as the source-side surface reflection pP. Consequently, vertical

seismograms, typically characterized by higher signal-to-noise ratio onsets, are more

often selected than radial ones. In the following step, we select a window around

the first P onset. The window length is a generic parameter adapted to a particular

type of application. In general, deeper discontinuities need longer seismograms

to be resolved in the reflectivity records. Our examples in Sections 2.5 and 2.6

use records of 30 s, starting at 5 s before the P onset, for the ice-rock interface

(illustrative examples of the coda windows in use are in Figures 2-4 and 2-5) and 60

s, starting at 10 s before the P onset for application to the Moho. Lastly, we remove

the linear trend and the mean from the short seismogram segments and retain the

original sampling rate of 40 samples per second (or Nyquist frequency of 20 Hz)

after multiple tests with di↵erent values.

We do not need to make any instrument correction in our applications. The

autocorrelation retains the amplitude information of the response function but can-

cels the phase. Fortunately, in the frequency ranges considered in this study (i.e.,
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1.0–5.0 Hz for the ice-rock interface application and 0.25–1.0 Hz for the Moho dis-

continuity application), most broadband instruments have a response function with

flat amplitude. Thus, the instrument response only serves as a scaling factor and

does not perturb the autocorrelogram waveform (e.g., Gorbatov et al., 2013).

2.3.2 Spectral Whitening

To address the problem of the bias toward lower frequencies in the records, we use an

adaptive weighting function to normalize the complex spectrum of the original wave-

forms. Thus, we amplify the high-frequency content and reduce the low-frequency

content at the same time. The spectral whitening (or balancing) operation is de-

fined in a similar way to the running-absolute-mean normalization method in time

domain (Bensen et al., 2007), namely,

ŝn =
sn

1

2N + 1

Pn+N
j=n�N |sj|

(2-2)

where sn is the complex spectrum of the original waveform and ŝn is its whitened

complex spectrum. In the denominator, the amplitude spectrum |sn| is smoothed

by an averaging filter to define the adaptive weighting function. The averaging

window width (2N+1) controls the local information of the power spectrum retained

in the weighting function, which is inversely proportional to the global amplitude

information preserved in the whitened spectrum. For example, when N = 0, the

filtering window has only one element; thus, the local information of the power

spectrum is conserved completely, but the whitened amplitude is destroyed and

equals to 1 at all frequencies. In contrast, when N becomes very large, the weighting

function is virtually constant for all entries, and the relative importance of each

part of the spectrum does not change. For convenience, we use �W = 2N�!

(in Hz), where �! is the discrete frequency step of the complex spectrum, as an

interchangeable measurement for the averaging window width.

In this study, we have not performed a comprehensive search for an optimal

averaging window width �W . However, Figure 2-S1 in the supporting information

compares the performances of di↵erent window averaging widths applied to both

field and synthetic data (find more details in Section 2.6). In this study, we empiri-

cally use �W = 0.5 Hz in the examples presented in Sections 2.5 and 2.6 based on
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a visual comparison of the autocorrelation waveforms.

2.3.3 Computing Autocorrelation

We compute the autocorrelation of the whitened waveform in the frequency domain.

The Fourier transform of an autocorrelation is real and equal to the power spectrum

of its input waveform. In order to avoid aliasing e↵ect, the length of the original

trace is doubled with zero padding. Next, in the time domain, we retain a half

of the symmetric autocorrelogram having positive time lags and use a cosine taper

to suppress its characteristic zero-time peak. Then, we use a zero-phase band-pass

filter to improve the sharpness of the reflection signal (by removing the very long

period signals) and to avoid spurious e↵ects caused by the unexpected amplification

of very high frequency noise due to the spectral whitening. In Section 2.5, we use

a frequency band of 1.0–5.0 Hz for the ice-rock interface application and 0.25–1.0

Hz for the Moho discontinuity application in Section 2.6. Subsequently, the filtered

causal autocorrelograms are normalized by its maximum amplitude before stacking.

2.3.4 Phase-Weighted Stacking

We have elaborated on the principle of recovering and amplifying reflections in-

duced by subsurface discontinuities from a single event seismogram. However, in

practice, individual autocorrelograms are characterized by a significant amount of

noise. Thus, we stack the autocorrelograms of many events repeatedly illuminating

the structures at similar incident angles to obtain coherent reflection signals.

In this study, we use the phase-weighted stacking method (PWS) (Schimmel and

Paulssen, 1997). Given a number of N individual one-sided autocorrelograms sn(t),

their analytical signals are defined as:

Sn(t) = sn(t) + iHn(t) = An(t)e
i�n(t) (2-3)

where Hn(t) is the Hilbert transform of the original trace sn(t), and An(t), �n(t)

are the amplitude and phase components. The amplitude of the analytical phase

average, representing a measure of coherence among all signals in the stack, is used
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to weight their linear stack:

g(t) =
1

N

NX

n=1

sn(t)

�����
1

N

NX

n=1

e
i�n(t)

�����

⌘

(2-4)

where ⌘ � 0 is the PWS order and g(t) is the phase-weighted stack. The order

of PWS, ⌘, controls the contribution of the overall coherency measure in the final

stack. If ⌘ = 0, PWS becomes linear stacking while, ⌘ is large, the coherency

measure dominates the stack and makes it strongly distorted. We have found that

the second order PWS (⌘ = 2) gives the best results. Figure 2-S2 in the supporting

information illustrates the advantage of PWS against linear stacking in suppressing

noise.

2.4 Design of Synthetic Experiments

In this section, we describe the procedure we have adopted to conduct synthetic

experiments for di↵erent geological settings. The synthetic tests illustrate the ca-

pacity of the P wave coda autocorrelation technique to isolate reflection responses

from sharp and relatively shallow discontinuities. In particular, we wish to un-

derstand (i) which reflection phases can be practically recovered by P wave coda

autocorrelation and what are their polarities and (ii) how the dependence of reflec-

tion delay times on ray parameter, as characterized by Equation (2-1), influences

the final stack.

The experiments are designed to synthesize (both vertical and radial) complete

seismograms recorded for a receiver on top of a horizontally stratified media bounded

by a free surface. Since the distance to the events is much larger than the extent

of the local structure of interest, we simulate the teleseismic wavefronts as plane

waves, which illuminate the local structure from below at di↵erent incident angles.

There are two steps involved in the procedure. The first is to generate the temporal

impulse response of the local structure to a plane wave arrival, and the second is to

produce a randomized waveform that simulates the cumulative e↵ect of source and

traveling raypath being dominated by low- frequency content.

To generate the structure impulse response, we use the reflectivity code (respknt)

of Randall (1989), who implements the reflection and transmission matrix methods
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developed by Kennett (1983). The procedure is similar to Tkalčić et al. (2011), in

which the program is used to synthesize receiver functions for 1D Earth models.

Epicentral distances are converted to ray parameters, which are used as inputs to

control the incident direction of the incoming plane waves. We can thus simulate

the distance distributions of the real earthquakes for the two data sets used in the

subsequent sections.

Waveforms encompassing both the source and raypath e↵ects are synthesized in

a random manner to simulate P wave coda waveforms from di↵erent events used at

a single station. First, we generate an array of normally distributed random num-

bers with mean 0 and standard deviation 1. The time duration is chosen uniformly

between 8 and 12 s, which is approximately equivalent to a Mw 6.0 earthquake. This

time series is then low-pass filtered by a third-order Butterworth filter to introduce

low-frequency components and finally is tapered at both ends in the time domain.

The corner frequency has a uniformly random distribution between 0 and 0.5 Hz.

We find that the Butterworth filtering has a similar e↵ect to the Earth attenua-

tion because it does not sharply stop the signals beyond the frequency corner but

gradually weakens their energy.

We convolve the structure impulse response with the randomly generated time

series to produce a complete seismogram. This scheme is repeated for every epi-

central distance for vertical and radial components, if applicable. An example of

the components and a complete synthetic seismogram is given in Figure 2-S3 in the

supporting information.

2.5 Recovering Reflections from Ice-Rock Inter-

face in Antarctica

The setting with ice over bedrock, which is common in Antarctica, presents an inter-

esting case for applying the autocorrelation technique to map the ice-rock interface.

According to Kohnen (1974), the P wave velocity of the Antarctic ice sheet varies

slightly with temperature around 3.9 km/s, and the Poisson ratio is approximately

0.33 (equivalently Vp/Vs ⇡ 2). In general, the seismic properties are stable through-

out the whole ice column, except for a couple of hundred meters of unconsolidated
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snow at the top (also known as the firn layer) where there is a gradient in both veloc-

ity and density (e.g., Anandakrishnan and Winberry , 2004; Zhan et al., 2014). Thus,

for most seismological applications, the ice sheet can be reasonably approximated as

a homogeneous layer, with significantly lower seismic wave speeds and density than

the crustal rocks below. The sharp impedance contrast at the ice base reflects a

remarkable amount of precritical downgoing energy from the surface back to the ice

sheet. In one hand, the strong reverberations usually mask the conversion of energy

at deeper discontinuities, e.g., the Moho. Thus, the widely used technique of P wave

receiver function has limited use in studying Antarctic crustal structure, despite the

fact that it gained significant success in some regions (e.g., Hansen et al., 2009a,

2010; Ramirez et al., 2016). On the other hand, the presence of a sharp discontinu-

ity provides a favorable situation for the reflection-based autocorrelation techniques

(e.g., Gorbatov et al., 2013; Kennett , 2015). Because the method utilizes a single

station, precritical reflections play a vital role in the recurrence of energy in seismic

waveforms, which in turn is essential for the success of autocorrelation techniques.

At the same time, the relatively small thickness of the ice sheet also introduces

challenges for the use of autocorrelation techniques. The thickness fluctuates around

2 km and up to 5 km (Fretwell et al., 2013), and so a considerable amount of energy

concentrated in a high-frequency band is needed to resolve the ice base (Wittlinger

and Farra, 2012). The fundamental mode of reverberated waves presents a lower

limit for the frequency band that is sensitive to the ice base. In the vertical direction,

the ice sheet model can be simplified as an elastic band being bounded by a fixed end

at bottom (due to a significant impedance di↵erence between ice and basal bedrock)

and a free moving end on top. The longest wavelength that satisfies the boundary

condition is approximately 4 times larger than the ice thickness. For instance, for the

case of P wave (Vp ⇡ 4 km/s) reverberating in an ice layer of ⇠3 km, the wavelength

is ⇠12 km, and so the frequency threshold is ⇠0.33 Hz. However, the waveforms

must contain far higher frequency content in order to resolve the ice base sharply

(we will demonstrate this point with field data examples in Section 2.5.2). This

condition is not usually met when using seismograms of teleseismic earthquakes.

Hence, to isolate the reflection signals in a teleseismic P coda wavetrain is not a

trivial task. The situation is somewhat similar in basin regions where a pronounced
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sediment layer is present on top of crustal bedrock.

2.5.1 Synthetic Experiment

A typical Earth model for a station on an ice cap consists of an ice layer on top,

a layer of crustal bedrock in the middle, and a mantle half space below (e.g., Cho,

2011; Hansen et al., 2010; Ramirez et al., 2016) . In this synthetic experiment,

we use the parameters from model 1 of Wittlinger and Farra (2012, Figure 12).

The model has an ice layer of 3 km thickness, P wave velocity 3.90 km/s, S wave

velocity 1.95 km/s, and density 0.92 g/cm3. These values are in good agreement

with empirical measurements of the Antarctic ice cap (Kohnen, 1974).

Figure 2-2 shows synthetic autocorrelograms for the ice-over-bedrock model. To

capture the shallow ice-bedrock interface, we only show the first 8 s of the one-sided

autocorrelograms. There is a clear di↵erence in the reflection patterns in autocorrel-

ograms processed with spectral whitening or without (comparing Figures 2-2a and

2-2b and 2-2c and 2-2d). When spectral whitening is applied (Figures 2-2b and 2-

2d), negative phases at around 1.5 and 3.0 s are visually coherent on most individual

vertical and radial autocorrelograms. Consequently, they stack constructively into

the most pronounced negative phases, which are at the expected time of the (trans-

mitted) P and (converted) S wave single reflections (2p and 2s). Moreover, multiple

reflections (e.g., 2p2, 2p3, and 2s2) are also visible on the stacked autocorrelograms,

even though they do not appear in the noisy individual autocorrelograms. The

multiple phases have periodic delay times and alternative polarities as expected.

The negative reflection phases in both the vertical and radial autocorrelograms

(Figures 2-2b and 2-2d have almost perfect horizontal alignment. Thus, to a good

approximation, we can neglect the dependence of P and S wave reflection times

on the seismic ray parameter by omitting the term of ray parameter � in Equation

(2-1), since both wave speeds Vp, Vs, and the thickness H are small for ice. This

experiment shows that in the selected epicentral distance range (above 30�), the de-

pendence on ray parameter does not a↵ect the stack or the measurement of two-way

reflection times from the ice base and so the delay times measured in the stacks are

approximately the vertical two-way reflection times of corresponding waves. Conse-

quently, because the reflection times can be obtained separately from the stacks, we
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Figure 2-2: Synthetic experiment demonstrating the recovery of the ice-rock inter-

face for a homogeneous ice layer over bedrock half space (Wittlinger and Farra,

2012, model 1, Figure 12) . The left column shows the input 1D velocity profile of

(a and b) P or (c and d) S waves, from which the discontinuity depths are con-

verted to the vertical two-way reflection times of the corresponding waves. The

middle column displays the one-sided autocorrelograms of individual seismograms

as a function of their epicentral distances. The right column shows the stacked au-

tocorrelograms. See section 2.2 for the naming convention of the reflection phases.

The phases are marked at times predicted by ideally vertical incidence of both P

and S waves. Vertical autocorrelograms without spectral whitening (Figure 2-2a).

Vertical autocorrelograms with spectral whitening (Figure 2-2b). Radial autocor-

relograms without spectral whitening (Figure 2-2c). Radial autocorrelograms with

spectral whitening (Figure 2-2d).

26



2.5. Recovering Reflections from Ice-Rock Interface in Antarctica

can recover the gross Vp/Vs ratio of the ice layer by taking the ratio of their delay

times.

2.5.2 Results for ST01

Figure 2-3: (a) Location of the temporary ice station ST01 (the Polar Observation

Network) (Chaput et al., 2014) deployed in the West Antarctica Ice Sheet. The

inset shows the station location at a greater detail. Stars denote the earthquakes

contributing to the waveform data sets on this station. Gray and black events

belong to the teleseismic data set (epicentral distance from 30� to 95�) and the

global teleseismic data set (epicentral distance larger than 120�), respectively. The

labeled gray triangles mark the events shown in Figures 2-4 and 2-5. (b) Same as in

Figure 2-3a but for the permanent bedrock station BOSA in the Kaapvaal craton,

South Africa.

We use data from a pilot station ST01, situated on the West Antarctica Ice Sheet.

The station operated from 2011 to 2012 in a temporary seismic network that belongs

to a multidisciplinary research project named the Polar Earth Observation Network

(Chaput et al., 2014). Figure 2-3a shows a map of the station and the earthquakes

employed for its waveform data sets. Raw seismic data were downloaded from the

IRIS Data Management Center (IRIS DMC). The selection procedure (Section 2.3.1)

results in 50 vertical and 36 radial seismograms in the teleseismic data set and 12

vertical seismograms in the global teleseismic data set (see Section 2.3.1 for the
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definition of those data sets).

Figure 2-4: Data processing example for a single event. (a) Original vertical seis-

mogram recorded at the ice station ST01 after the Mb = 5.8 event on 13 September

2010 (14.7�S, 71.1�W, 171 km depth). The location of this earthquake is specified

in Figure 2-3a. (b) Original amplitude spectrum (gray line) and its smoothened

average (black line). (c) Whitened amplitude spectrum obtained by dividing origi-

nal complex spectrum by its smoothened trace shown in the previous column. The

trapezoid shape enveloping the spectrum is due to the filter. (d) Spectrally whitened

seismogram in time domain. (e) One-sided autocorrelogram of the original seismo-

gram. (f) One-sided autocorrelogram of the whitened seismogram. The central

peaks at time 0 are tapered by a cosine function.

We first consider the autocorrelation of two individual vertical seismograms to

provide insight into the application of our procedure. The ice thickness beneath sta-

tion ST01 is around 3 km (e.g., Hansen et al., 2010; Fretwell et al., 2013), which is
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Figure 2-5: Same as Figure 2-4, but for the Mb = 6.2 event from 15 February 2010

(7.4�S, 128.7�E, 136 km depth) recorded at the ice station ST01. The location of

this earthquake is specified in Figure 2-3a.

similar to the value set in the synthetic experiments. Therefore, the single-reflection

signals of P and S waves are expected to arrive at two-way times of approximately

1.5 and 3.0 s, given the “standard” seismic velocities in ice (3.95 km/s and 2.00

km/s) (Wittlinger and Farra, 2012). Figures 2-4 and 2-5 graphically summarize

the processing steps applied for a single seismogram and compare their e↵ects.

Specifically, Figure 2-4 shows an example of an original seismogram having rich

frequency content up to 2 Hz, which is far from the fundamental lower threshold of

⇠0.33 Hz. Consequently, the single and double P wave reflections appear clearly in

its autocorrelation as expected. Moreover, when the whitening operation amplifies

higher-frequency signals, the sharpness of those reflections improves significantly. In

a second example, the frequency content of the original seismogram concentrates be-
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low 0.5 Hz (Figure 2-5). Therefore, its autocorrelogram modulates slowly and shows

no clear signs of any reflected signal even though the autocorrelation waveform co-

incidently has a trough close to the expected reflection time. The whitening plays

a crucial role in this example since it unveils the buried reflection in the whitened

autocorrelogram.

Figure 2-6: One-sided whitened autocorrelograms of field data recorded at ice

station ST01, see Figure 2-3a for the geographical distribution of the events. (a)

Vertical and (b) radial autocorrelograms of the P wave teleseismic data set; (c) and

vertical autocorrelograms of the global teleseimic data set. For the explanation of

the individual autocorrelograms (left panels) and stacked autocorrelograms (right

panels), see the captions of Figure 2-2.

When we consider multiple events in Figures 2-6a and 2-6b, we get similar be-

havior on the influence of whitening as seen in the synthetic examples in Figure

2-2. There is a high level of similarity between both kinds of data. Both single and

double reflections of P waves are clear on the vertical autocorrelogram stacks, with

similar e↵ects for S waves on the radial stacks. The delay times of reflection signals
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Figure 2-7: Synthetic test in detecting the inner-ice reflection for the stratified ice

layer model (Wittlinger and Farra, 2012, model 2, Figure 12). Both vertical and

radial autocorrelograms are whitened. For the explanation of individual panels, see

Figure 2-2.

confirm the thickness of the ice sheet (⇠3 km) and the empirical ratio of Vp and

Vs velocities (⇠2). Moreover, in Figure 2-6c, we repeat the analysis for the global

teleseismic data set (events at epicentral distances above 120�). The resulting stack

is a comparable reflectivity record although many fewer events are involved.

The above examples demonstrate clearly the feasibility of recovering signals from

a shallow reflector recurring in the P wave coda wave trains.

2.5.3 Discussion

We have shown high-level agreement in reflection pattern for both synthetic and real

data for the ice-over-bedrock case given the assumption of a homogeneous ice layer.

However, this assumption has been scrutinized by previous workers. For example,

Wittlinger and Farra (2012) claim evidence for inner ice stratification due to the

change of anisotropy under pressure by the P wave receiver function technique at

high frequency and a grid search stacking technique. At several stations, they report

that while the compressional velocity remains almost constant, there is a decrease

of ⇠20% in the near-vertical shear wave speed at the bottommost third of the layer
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from the standard 1.95 km/s to ⇠1.6 km/s. Here we use synthetic experiments to

test the ability to detect inner-ice structure.

In our experiments, we use parameters from Model 2 of Wittlinger and Farra

(2012, Figure 12). The synthetic reflection results of the stratified ice layer model

are shown in Figure 2-7. Visually, the reflection patterns are highly similar between

this model and the homogeneous ice model presented in Figure 2-2, although the

S wave reflection is shifted downward. The observation means that our resolving

power is not su�cient to detect the inner stratification, but we are able to see the

change in the average Vs wave speed via the delayed S wave reflections.

The preservation of the reflection patterns is due to small shear wave impedance

contrast (product of density and velocity) at the inner interface in comparison with

the ice-bedrock interface. Indeed, although the reduction of the shear wave between

ice layers is significant, its corresponding impedance contrast is much smaller than at

the ice base because of small ice density (⇠0.9 g/cm3 versus ⇠2.7 g/cm3 in bedrock).

This example underscores the dominating e↵ect of impedance in comparison with

velocity contrast in the autocorrelation studies.

2.6 Recovering Reflections from a Sharp Moho

Discontinuity in South Africa

The Kaapvaal craton, South Africa, has a widely known diamondiferous region; thus,

many e↵orts to study its crustal structure have been conducted. Niu and James

(2002) and James et al. (2003) present evidence for an exceptionally sharp and flat

Moho discontinuity in a broad area beneath the craton. They use receiver function

studies conducted at the Kimberley array that covers an area of ⇠1000 km2, to show

that the Moho transition zone thickness is less than 0.5 km and the corresponding

depth variation is less than 1 km. This craton has been used as a laboratory site

for passive reflection studies. For instance, Zhan et al. (2010) demonstrated in a

pioneering work the existence of the body wave components of Green functions

recovered by ambient noise cross correlation. The cross correlograms between many

station pairs show clear shear wave postcritical reflections at the Moho (SmS) and

even their double multiples.
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2.6.1 Synthetic Experiment

Figure 2-8: Synthetic experiment demonstrating the recovery of autocorrelation

features associated with the Moho as in the Kaapvaal craton crustal model (James

et al., 2003), shown in the left column. For the explanation of the (middle column)

individual autocorrelograms and the (right column) stacks, see Figure 2-2.

We use the 1D crustal model of the Kaapvaal craton developed by James et al.

(2003) for our synthetic tests. The model provides the best fit to the empirical

receiver function obtained by stacking individual receiver functions of the Kimberley

array’s elements from the Welkom mine, Mb = 5.7 event that occurred on 22 April

1999. Since the array elements closely surround the permanent station BOSA, the

model should reasonably represent the crust and upper mantle structures beneath
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Figure 2-9: Synthetic experiment demonstrating the recovery of the autocorrelation

features associated with the Moho depth as in the Kaapvaal craton crustal model

(James et al., 2003). Both vertical and radial autocorrelograms are whitened. The

autocorrelograms are similar to those shown in Figures 2-8b and 2-8d, but they are

corrected for the dependence on ray parameters. For the explanation of individual

column, see Figure 2-2.

the station. The profile features a gradual increase in both P and S waves and

density from the surface down to the Moho discontinuity at ⇠35 km, where a sudden

jump of all parameters occurs (Figure 2-8, left column). The jump represents the

most prominent reflectors in the model. The average P and S wave velocities within

the crust are 6.37 km/s and 3.70 km/s.

The most conspicuous feature in the whitened autocorrelograms (Figures 2-8b

and 2-8d) for the synthetic experiment is the coherence of negative phases close to the

anticipated two-way reflection times of P and S waves (2p and 2s) in the vertical and

radial autocorrelograms, respectively. Additionally, in the vertical autocorrelograms,

a secondary converted phase p+s also clearly appears, and it is even clearer in the

radial autocorrelograms, which have a similar shape to classical receiver functions

(Figure 2-1c). Beside the S wave single reflection, there are clear s-p and p+s

phases, and a weak 2p phase in the radial autocorrelogram. The polarities of the

phases are well defined in both individual autocorrelograms as well as in the stack.
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The significant thickness of the crust (H) enlarges the dependence of reflection

delay times on ray parameter in Equation (2-1). Specifically, for a smaller epicentral

distance, the wave plane arrives at a larger angle of incidence from the vertical or

a larger ray parameter. Thus, delay times of the P and S wave reflections show a

clear decreasing trend in individual whitened autocorrelograms (Figures 2-8b and 2-

8d) toward closer epicentral distances. Consequently, there is a slight shift upward

of reflection signals in the final stacks in comparison with the expected two-way

reflection time of the absolute vertical direction (shown in the left column of the

model). In Figure 2-9, we make a correction for the slowness dependence using

Equation (2-1) for the phases. In practice, for the autocorrelogram of each event, we

convert its epicentral distance to ray parameter, then to the incident angle using the

average P and S wave velocities of the model, given that the crust is approximated

as a layer. With this single-layer treatment, the time steps of the autocorrelation

trace are expanded by dividing by the cosine of the incident angle; then the traces

are resampled to the original sampling rate before being stacked. In Figure 2-9,

both the P and S wave single reflections now align to the expected reflection times.

However, as a side e↵ect, since the correction is designed for the reflection phases

2p and 2s, the other peaks are slightly shifted.

2.6.2 Results for BOSA

Station BOSA has been deployed on the Kaapvaal craton since 1993 and belongs

to the Global Seismological Network providing high-quality seismic data. We have

downloaded data from the IRIS DMC for the period 2010–2015. We have looked

for a moment magnitude threshold of Mw = 5.5 from the GCMT catalog. The

data selection results in around 80 vertical and 60 radial seismograms in the P wave

teleseismic data set and 65 vertical seismograms in the global teleseismic data set.

Figure 2-3b shows a map of the station and the selected earthquakes.

We show the autocorrelograms and stacks of seismic records from the teleseis-

mic data set of station BOSA in Figures 2-10a and 2-10b. The correction for ray

parameter dependence is made in the same way as for the synthetics. Apparently,

reflection patterns of the stacks show a high level of similarity to the synthetic tests

(Figure 2-9), even though the individual autocorrelograms are much noisier in the
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Figure 2-10: One-sided whitened autocorrelograms of field data recorded at the

bedrock station BOSA; see Figure 2-3b for the geographical distribution of the

events. (a) Vertical and (b) radial autocorrelograms of the P wave teleseismic data

set; (c) and vertical autocorrelograms of the global teleseimic data set. For the ex-

planation of the (left panels) individual autocorrelograms and (right panels) stacked

autocorrelograms, see the captions of Figure 2-2.

field data. After correction, the P wave single reflection in the vertically stacked

autocorrelograms of both synthetic and real data agree at ⇠11 s (Figures 2-9a and

2-10a). On the radial components, the presence of other phases (s-p, p+s, and 2s)

is similar to the P wave receiver function computed for this station (James et al.,

2003). Moreover, their delay times are also well predicted with the P wave reflection

time and the Vp/Vs ratio of 1.73. Thus, our reflection results reinforce the existence

of the Moho at ⇠35 km as the most prominent reflector given that the average P

wave velocity is 6.37 km/s.

Moreover, the vertical reflectivity records from the global teleseismic data set

are displayed in Figure 2-10c. The incident angles of the core-sensitive P wave
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planes from the events in this epicentral distance range are small enough so that

the epicentral corrections are not necessary. The small incident angles also explain

the absence of the p+s phase, which involves the converted S waves of inclined

incidence. In the stack, the appearance of the P wave single reflection is prominent

and its delay time shows good agreement with the teleseismic case shown in Figure

2-10a.

2.6.3 Discussion

In Figure 2-8, we compare the stacked synthetic autocorrelograms with and without

applying the spectral whitening. We note that the reflected phases are much more

prominent with whitening, even though they are present in both cases. Thus, even

for a recovery of the Moho depth, the whitening step is important, because it helps

reveal the reflections in almost all individual autocorrelograms, hence in the final

stack. In contrast, only few raw (without whitening) autocorrelograms generated

from seismograms with favorable frequency content have the reflection signals that

contribute to the stack. In practice when noise levels are high, the non-contributing

elements can significantly diminish the signals.

In both field and synthetic data, the existence of main reflection phases that

can be recovered by autocorrelation is unquestionable. Though one can infer the

existence and obtain the depth of the discontinuity from the delay times, the in-

volvement of nonlinear operations such as the spectral whitening or phase-weighted

stacking prohibits the use of the full waveforms to further inverse for the structure.

The reason is that the operations are highly sensitive to high noise levels and so

distort the shape and amplitude of the final waveforms.

A possible concern is related to the source-side arrivals of depth phases following

the initial P onset, which potentially encapsulates information of prominent reflec-

tors near the hypocenter and might cause ambiguities in the interpretation of the

discontinuities beneath the receiver. Though we roughly prevent this possibility by

rejecting coda waveforms with a visually recognizable surface reflection pP, hidden

signals can still elude our visual inspection and then be amplified by the whitening

in the same way the receiver-side signals do. However, the delay and polarity of the

source-side signals, if they exist, must vary as not only a function of hypocentral
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depths but also the source surrounding. Therefore, if earthquakes used in the stack

cover a wide diversity of depths and geological structures, the incoherent source-side

signals will cancel destructively, and the coherent receiver-side signals will emerge

from the noise. The source-side signals might be an issue only if one has a lim-

ited number of earthquakes that all concentrate to a specific region in such a way

that similar source-side signals are probably coherent in most individual autocor-

relograms. In our featured cases, most selected earthquakes originate from broad

and complex subduction zones in Southern Pacific and South America. They tend

to originate at much greater depths than the reflectors under consideration, so our

recovered signals are void of potentially hidden source side signals.

The two examples presented in this study are from the regions that share a

common feature of having a sharp discontinuity separating the basement with a

relatively simple layer above. The configuration favors e�cient reflections of down-

going energy to the interface and transmits most the bounced energy up to the free

surface without being scattered at intermediate interfaces along its way. Indeed, it is

a common requirement of recent studies that show a prominent body wave reflection

signals on a station stack (e.g., Zhan et al., 2010; Tibuleac and von Seggern, 2012;

Gorbatov et al., 2013). Therefore, we expect a comparable success of our method

at a range of stations having similar subsurface situations. On the other hand, less

favorable conditions, for example with the presence of a gradational discontinuity

(e.g., Kennett , 2015; Kennett et al., 2015) or a complex layer structure (e.g., Sun

and Kennett , 2016), generally require additional independent information to assist

the detection of the discontinuities.

2.7 Conclusions

The use of stacked autocorrelograms from distant events at individual stations pro-

vides an e↵ective means of extracting both P and S wave reflectivity. Resolution of

shallow discontinuities is enhanced by an e↵ective whitening procedure. By choice

of events, so that arriving signals travel steeply in the structure beneath a receiver,

we promote the constructive interference of vertical reflection signals.

We use carefully designed synthetic experiments and field data to demonstrate
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the feasibility of our approach. Both vertical and radial autocorrelograms are ex-

ploited to provide complementary information on the subsurface structure. With

sharp discontinuities, the reflection signals are clear and easy to interpret, but lesser

features can also be discerned in the reflectivity traces.

In the case of a station sitting on an ice cap, even though the ice is relatively thin,

we are able to successfully use the autocorrelation technique to mark the P wave

reflection from the ice-bedrock interface with a strong impedance contrast. This

suggests that the approach may help resolve issues with shallow, pronounced sedi-

ment layers that corrupt receiver functions with reverberations, yielding information

on Vp and Vs from the radial autocorrelograms.

The angular dependence of the P wave reflectivity extracted from the whitened

autocorrelograms has the potential for being used in migration methods, and thereby

imaging more complex structures where dense station deployments are available.
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2.8 Supplementary Material

Figure 2-S1: Visual comparison of the performance of several whitening-window

widths. Radially-stacked autocorrelograms produced for field and synthetic data

obtained from the bedrock station BOSA. The window widths are specified at the

top of each column. a) Field data (as shown in Figure 2-10b in the main text). b)

Synthetic data (as shown in Figures 2-8d and 2-9b).
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Figure 2-S2: Comparison of the performance of phase-weighted stacking on field

and synthetic data. In each row, the left panels show individual radial one-sided

autocorrelograms obtained at the bedrock station BOSA. The middle panels show

the second order phase-weighted stack (PWS) (Schimmel and Paulssen, 1997). The

right panel show the linear stack (DLS). a) Field data (as in Figure 2-10b). b)

Synthetic data (as in Figures 2-8d and 2-9b).

41



2.8. Supplementary Material

Figure 2-S3: Example of a synthetic seismogram. a) Impulsive response of a strati-

fied structure produced by the reflectivity code (respknt) (Randall , 1989). b) Ran-

domly synthesized waveform that simulate source and raypath e↵ects. c) A complete

synthetic seismogram (the convolution of the impulsive response and the randomly

synthesized waveform) used as an input for the autocorrelation method.
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Chapter 3

Antarctic Ice Properties Revealed

from Teleseismic P Wave Coda

Autocorrelation

In this chapter, the P wave coda autocorrelation method with slight improvement is

applied to data from a large number of seismic stations deployed over the grounded

ice in Antarctica to study thickness and P to S wave speed ratio of the ice cover.

The content of this chapter is reformatted from a paper published in JGR Solid

Earth (Pha.m and Tkalčić, 2018).

Abstract

Antarctica is largely covered by an ice cap of a variable thickness characterized by

relatively low density and seismic velocities. Passive seismological deployments have

a limited use in imaging a thin ice layer because of the dominance of a relatively

low-frequency content in the teleseismic wavefield. Here we use passive seismological

data and an improved autocorrelation method utilizing P wave coda to image the

ice cover. The resulting autocorrelograms are interpreted as reflectivity records from

a virtual source on the surface and reflection pulses at the ice base. We convert the

reflection delay of P waves to the ice thickness measurements using a homogeneous

P wave speed compatible with previous studies. Apart from P wave reflectivity,

we obtain S wave reflectivity from the autocorrelation of radial component. The
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ratio of S wave and P wave reflection times represents a measurement of the P

over S wave speed ratio (and Poisson’s ratio). The successful application to unveil

the Antarctic ice sheet properties presented here opens a way for future studies to

measure properties of the ice cover in Antarctica, other continents, and icy planets

in future space missions.

3.1 Introduction

In a horizontally stratified media, the autocorrelation of seismic records of near-

vertically arriving plane waves can be deployed to retrieve the structural reflection

response beneath a seismic station (Claerbout , 1968; Frasier , 1970). This principle

is appealing because it utilizes seismic data of just one recording component (e.g.,

vertical or radial). Thus, the autocorrelation analysis can be used to reprocess old

data archives of which only one, for example, only vertical, component is available

(Kennett et al., 2015) or in planetary seismology where each recording component

is invaluable due to the high cost of deploying a seismometer in space missions (e.g.,

Nishitsuji et al., 2016; Zhan et al., 2014). Three-component data enable the ex-

traction of reflection responses from each component independently, which provides

additional constraints on elastic structures beneath a station.

In this study, we apply an improved autocorrelation method (Pha.m and Tkalčić,

2017) that uses a part of earthquake seismograms following the P wave arrivals,

namely, the P wave coda (e.g., Paulssen et al., 1993), to image the ice sheet covering

the Antarctic continent. Although several authors have been utilizing the autocor-

relation principle to a large volume of continuous ambient noise records to extract

near-vertical reflections from subsurface discontinuities (Becker and Knapmeyer-

Endrun, 2018; Gorbatov et al., 2013; Kennett et al., 2015; Oren and Nowack , 2017;

Saygin et al., 2017), the approach relying on earthquakes introduces two main ad-

vantages. First, because the incidence of P waves arriving from distance earthquakes

is near vertical, it facilitates the extraction of desired vertical reflectivity (Ruigrok

and Wapenaar , 2012; Sun and Kennett , 2016). Consequently, the coda processing

requires significantly smaller data volume as well as computational resources. Sec-

ond, body waves from teleseismic earthquakes, for example, P or S waves, generally
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have richer content in high-frequency band than ambient noise data; thus, they en-

able the higher resolution of relatively shallow seismic discontinuities. Note that

the use of teleseismic P wave arrivals is similar to the use of core-sensitive phases,

for example, PKIKP in the method termed “global-phase seismic interferometry”

by Ruigrok and Wapenaar (2012), although here we employ a markedly di↵erent

data-processing procedure.

Antarctica is largely covered by a thick permanent glacier of ⇠2,000 m thickness

on average and up to ⇠5,000 m thickness (Fretwell et al., 2013), while bedrock out-

crops are limited to the coastal skirts or mountainous provinces of the continent.

Because the Antarctic ice sheet plays a vital role in the ecosystem as the largest fresh-

water reservoir on Earth, direct ice thickness measurements have been conducted

for several decades (Lythe et al., 2001). A popular method, radio-echo sounding,

employs very high frequency electromagnetic waves that are transparent to cold ice

and mainly get reflected (echoed) at the ice surface, the ice base, and other internal

discontinuities (Bingham and Siegert , 2007; Plewes and Hubbard , 2001). The ice

thickness can then be calculated from the delay time between echoes and nearly

constant electromagnetic wave speed in ice. The method provides a large database

of high-quality measurements for the ice thickness. The measurements alongside

minor contributions from other methods, such as seismic profiling and drilling, are

interpolated into regularly gridded data sets of the ice thickness over the entire con-

tinent to produce comprehensive maps, that is, BEDMAP (Lythe et al., 2001) and

BEDMAP2 (Fretwell et al., 2013).

Because of the ever-growing seismograph networks deployed over ice in Antarc-

tica for cryoseismic studies (Podolskiy and Walter , 2016), several passive seismolog-

ical methods widely used to study the crustal structures elsewhere have also been

deployed to estimate the ice thickness complementary to the active-source measure-

ments. Those methods provide local measurements to the recording sites with less

logistical support (Yan et al., 2018). For example, pioneering studies have demon-

strated the successful applications of the receiver function as well as the horizontal

versus vertical spectral ratio methods. Particularly, Hansen et al. (2010) used the

P wave receiver function technique (Langston, 1979) that relies on P to S wave

energy conversion at subsurface interfaces, to estimate ice thickness under a number
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of over-ice stations in the Gamburtsev Mountains. This technique was also used to

constrain an internal layer (Wittlinger and Farra, 2012, 2015) or a sedimentary layer

sandwiched between ice and crustal bedrock (Anandakrishnan and Winberry , 2004;

Chaput et al., 2014). The second class of methods use the spectral ratio between

vertical and horizontal wave forms to reveal resonance peaks of P or S waves rever-

berated within a thin layer of snow (e.g., Lévêque et al., 2010) or ice (e.g., Diez et al.,

2016) or a water layer beneath an ice shelf (Zhan et al., 2014). Most recently, Yan

et al. (2018) presented a successful application of the horizontal-to-vertical (H/V)

spectral ratio method to estimate the ice thickness beneath a large number of seis-

mic stations distributed over Antarctica. Because the method needed a relatively

short record of ambient noise of few days, this approach can be potentially used in

future temporary deployments.

However, both passive seismological methods mentioned above require all three

component recorders (one vertical and two horizontal) to generate either the re-

ceiver function or the spectral ratio. In the autocorrelation approach presented in

this study, we use, individually, vertical and horizontal records recorded on a sim-

ilar set of stations as in Yan et al. (2018), to construct the vertical and horizontal

autocorrelation stacks, which in turn feature reflection signals of P and S waves.

Consequently, we can estimate the ice thickness using only vertical stacked auto-

correlograms and the vP/vS ratio of the ice sheet at those recording sites when

horizontal autocorrelograms are incorporated.

3.2 Data and Method

3.2.1 Data Collection

We collected broadband data recorded in Antarctica from the IRIS Data Center

(Figure 3-1). There were 70 over-ice stations including two permanent stations

QSPA (South Pole) and CCD (Wittlinger and Farra, 2012, Concordia base;) whose

data are publicly available during our access time in April 2017. The remainder

belongs to three temporary experiments, that is, the Transantarctic Seismic Experi-

ment (Lawrence et al., 2006, TAMSEIS), the Gambursev Seismic Experiment (Lloyd

et al., 2013, GAMSEIS), and the Polar Observation Network (POLENET Chaput
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Figure 3-1: Map of Antarctica featuring data from BEDMAP2 ice thickness database

(Fretwell et al., 2013). All seismic stations are accessed through the IRIS Data

Center. Individual elements of network TAMSEIS (Lawrence et al., 2006) are marked

with yellow inverted triangles, those of GAMSEIS (Lloyd et al., 2013) are marked

with green hexagons, and those of POLENET (Chaput et al., 2014) are marked with

red triangles. Two stations, QSPA (South Pole) and CCD (Concordia Basement)

are permanently installed over ice (white diamonds). Autocorrelation results of the

pilot station, BYRD, are shown in Figures 3-2 and 3-4. Lines AB and CD show

seismic profiles featured in Figure 3-7. Stations denoted with gray circles are not

used in this study because either they are deployed on bedrock or their data are not

publically available.

et al., 2014, see Figure 3-1 for the location map). We retrieved three-component

broadband data of teleseismic events with a magnitude criteria Mw � 5.5 (Ekström

et al., 2012) in period 2001–2003 for TAMSEIS and 2008–2012 for GAMSEIS and

POLENET networks (see Table 3-S1 in the supporting information for a full list of

stations). We excluded earthquakes that have epicentral distance closer than 30�

to keep P wave incidences steep and ones that are in the distance range 95�–120�
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to avoid the di↵raction of P waves at the core-mantle boundary. However, there is

no selection criteria for earthquake depth. In practice, we used P waves propagat-

ing through the mantle in the epicentral distance range 30�–95� and PKIKP waves

propagating through the Earth’s core when the events are beyond 120�.

A visual inspection identifies seismograms with a high signal-to-noise ratio (SNR)

around the P onset. Because of the use of P wave coda, the SNR in vertical seismo-

grams is typically higher than on their horizontal counterparts. Thus, most stations

have more vertical seismograms qualified for further analysis than the horizontal

ones. Table 3-S1 provides the number of seismograms for each station after data

selection. We then concentrate on the time window of length 30 s starting 5 s ahead

of the first P arrival predicted by the reference model AK135 (Kennett et al., 1995).

All stations except CCD have the sampling rate at 40 samples per second; hence, we

resample records of this station to the same rate. Finally, all horizontal components

are rotated to the radial-transverse coordinate system. No prefiltering or instrument

correction are required in this data preparation stage.

3.2.2 Spectral Whitening and Autocorrelation

Detailed description and demonstrating examples of the P wave coda autocorrelation

can be found in Pha.m and Tkalčić (2017). First, the selected wave forms were

transformed to the spectral domain and then normalized by a spectral whitening

operation. This operation is of a particular importance because it helps to mitigate

the combined e↵ects of earthquake source and propagating raypath, which usually

cause a depletion of energy at the high end of the spectrum due to dissipation

through the Earth interior. The whitening operation balances the contribution of

all frequencies in the spectrum, so that it enhances high-frequency signals that are

sensitive to the local structure. If sn(!) is an original complex spectrum of an input

P wave coda record, the whitened spectrum ŝn is calculated as (Bensen et al., 2007),

ŝn =
sn

1

2N + 1

Pn+N
j=n�N |sj|

(3-1)

where N specifies the number of points in the averaging weight of the amplitude

spectrum sj in the denominator. The weight term, which is positive, is then divided

from the original spectrum to normalize its amplitude but still preserve the original
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Figure 3-2: Example of (a) vertical and (b) radial individual autocorrelations and

their linear (DLS) and phase-weighted stacks (PWS) (Schimmel and Paulssen,

1997), computed for the pilot station, BYRD (80.02�S, 119.47�E – the big red trian-

gle in Figure 3-1). Panels on the left show individual one-sided autocorrelations of

teleseismic P codas as a function of epicentral distance after a taper function and a

bandpass Butterworth filter of 1–5 Hz were applied. The spectral whitening width,

�W , is 1.0 Hz and 0.5 Hz for the vertical and radial autocorrelograms.

phase spectrum. For convenience, we can define the spectral whitening width �W =

2N�f (Hz) where �f = 1/L is the discrete frequency step in which the seismogram

length L is pre-fixed, for example, L = 30 s in this study.

Second, the autocorrelation in the spectral domain is the power of the whitened

spectrum, namely,

an = ŝn · ŝ⇤n = |ŝn|2 (3-2)

The autocorrelation spectrum, an, is a purely real quantity since the phase spectrum

is canceled by the self-conjugate multiplication. When returning to the time domain

by an inverse Fourier transform, we keep the half of the symmetric autocorrelation

function having positive delay time. This time series is then tapered with a cosine

function to suppress the inherent central peak at time 0 s and subsequently filtered

in an appropriate frequency band using a zero-phase Butterworth band-pass filter.

We empirically find that the frequency band 1–5 Hz is suitable for the ice-bedrock

system considered here. This frequency band corresponds to the wavelength 0.8–4.0
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km given P wave speed in ice is 4 km/s. Autocorrelation of individual events is

then stacked to enhance the SNR of the reflection signals and suppress incoherent

features such as the e↵ects of source time functions, earthquake depth phases, and

source side scatterings; see section 6.3 (Pha.m and Tkalčić, 2017) for more details.

Figure 3-2 presents autocorrelation results for the pilot station BYRD (see Figure

3-1) in West Antarctica, which was deployed on top of ⇠2.25-km-thick ice sheet (see

Chaput et al., 2014, for receiver function results for this station). On the left panels

are vertical and radial autocorrelations of P wave coda computed for individual

earthquakes and plotted as functions of epicentral distance. We can identify negative

signals (marked as 2p and 2s) prominent on most individual autocorrelograms at

around 1 s that are associated to reflections from the ice-rock interface beneath

the station. The signals align almost horizontally and do not show discernable

dependence on epicentral distance. Due to the alignment, the peaks are markedly

enhanced the autocorrelation stacks over all earthquakes. The middle and right

panels of Figure 3-2 show results of the linear stacking and phase-weighted stacking

methods. The latter stacking method is a nonlinear technique that utilizes the

average phase among input traces as a coherency measurement to weight the linear

stack (Schimmel and Paulssen, 1997); thus, it gives a better SNR to the reflection

signals than the linear one. We use the phase-weighted stacking technique of order

1 to produce resulting autocorrelations in this paper, unless otherwise specified.

To interpret the reflection signals observed in Figure 3-2, we consider a simplified

structure beneath a receiver with a homogeneous ice layer over a half-space bedrock

in Figure 3-3. A plane P wave propagates to the receiver in a nearly vertical fashion.

Because ground motions caused by the first P wave arrival (Pp) and its reverberating

arrivals (e.g., PpPp and PpPpPp) are in the direction of propagation, they are

dominant on the vertical component. Moreover, the arrivals are originated from a

common seismic source and have similar propagating paths; thus, they result in the

recurrence of similar wave form features in the vertical seismogram. Autocorrelation

function contains correlation peaks that are generated due to the similarity of wave

forms. A prominent peak, denoted as 2p (Figure 3-2a), is contributed by a number

of overlapping correlation peaks of arrival pairs that have other legs in common but

di↵er only in two P legs in the ice layer, one upward and another downward, for
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Figure 3-3: A schematic diagram illustrating the first-order approximation of seismic

structure beneath a receiver installed on ice, consisting of a horizontal ice layer over

a half-space bedrock. A plane P wavefront (gray thick line) illuminates the ice

structure in a nearly vertical fashion. Di↵erent ray paths from the plane wave

arrive to a receiver: Pp (black line) and PpPp and PpSs (gray lines). The naming

convention of the reverberating arrivals is taken from Ammon (1991). Except for the

first letter that indicates the initial P wave incidence to the ice-bedrock interface,

the following lowercase and uppercase letters denote upward and downward legs

reverberating in the ice layer. Solid and dashed lines represent P and S wave legs.

example, Pp and PpPp, or PpPp and PpPpPp. In the following, we will refer to this

peak as a single P wave reflection. It has negative amplitude because correlation

pairs have opposite phases due to an additional surface reflection.

The above principle also explains the emergence of other correlation phases on

vertical as well as on radial autocorrelations. A later correlation peak in the vertical

autocorrelation stack (Figure 3-2a), denoted as 2p2, is the correlation result of phase

pairs that have two upward and two downward P legs in di↵erence, for example, Pp

and PpPpPp. This peak, which is then referred to as a double P wave reflection, has

positive amplitude, because correlation pairs are in phase because of two additional

surface reflections.

Similarly, ground motions of shear waves that are converted from the oblique

incidence of the original plane P wave are perpendicular to the propagation direc-
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tion and so prominent in the radial component. A single reflection of shear waves,

denoted as 2s, is the correlation result of phase pairs that are di↵erent in two S wave

legs within the ice layer, for example, Pp and PpSs. The S wave reflection signal

also has negative amplitude (Figure 3-2b), as its compressional counterpart, due to

one surface reflection di↵erence between any contributing phase pair.

3.2.3 Selection of Spectral Whitening Width

Figure 3-4: E↵ect of tuning spectral whitening width, �W , (see Equation (3-1))

for the vertical-component autocorrelations, computed for the pilot station, BYRD.

The wave form data set is identical to that shown in Figure 3-2a. (a) Linear stacks

of power spectra and (b) corresponding temporal autocorrelations are computed for

di↵erent whitening widths indicated along horizontal axis. “None” means that the

autocorrelation is constructed without the spectral whitening. Results for the radial

data set used in Figure 3-2b are shown in Figure 3-S1.

It is noteworthy that the spectral whitening operation characterized in Equation

(3-1) is critical in the autocorrelation processing (Pha.m and Tkalčić, 2017). A

question arises on how we should choose its controlling parameter, the spectral

whitening width �W , in order to recover e↵ectively reflection signals. In a recent

study, Oren and Nowack (2017) defined a similar whitening operation in which

they used a Gaussian weighted filter rather than the unweighted averaging filter in
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this study to yield the weighting denominator. In that study, the Gaussian width,

which is a counterpart of this study’s spectral whitening width, is used to specify

the smoothness of the weighting factor and hence results in spectral undulations to

be recovered. Their study suggested that the Gaussian width that equals to the

reciprocal of the two-way reflection time in the crust would produce high-quality

autocorrelation results associated to the Moho discontinuity.

To provide insights on the selection of the whitening width �W , we consider

resonance patterns recovered in a linear stack of whitened power spectra that are

characterized in equation (3-2) as a function of di↵erent spectral widths (Figure

3-4a). The spectral stacks are equivalent to the temporal stacks in Figure 3-4b via

an inverse Fourier transform because the Fourier transform is an additive operation

(Stein and Wysession, 2003, ch. 6). When the whitening widths are larger than 0.4

Hz, regularly spacing resonance peaks up to ⇠3 Hz emerge in the whitened power

stacks (Figure 3-4a). The peaks correspond to the reverberation of P waves in the

ice. The spacing distance of the peaks (⇠0.85 Hz) is reciprocal to the vertical two-

way travel time in the ice layer ⌧ ⇡ 2H/vP ⇡ 1.13 s (where H ⇡ 2.25 km and

vP ⇡ 4 km/s). The spectral resonance pattern of a layer over a half-space configura-

tion is theoretically derived in Appendix 3.6. Figure 3-A1 shows the correspondence

between the spacing of resonance peaks in the theoretical and empirical spectral re-

sponses. In the radial component corresponding shear waves, the resonance pattern

can also be seen (see Figure 3-S1) and their spacing is approximately twice denser

than the vertical counterparts because the ratio between P wave and S wave speeds

is ⇠2.

The spectral whitening in Equation (3-1) is a mathematical function that fea-

tures local spectral maxima in the vicinity of the spectral whitening width �W .

Because the resonance peaks relating to the ice layer, Equation (3-A8), are of our

interest, the optimal width value should be chosen in correspondence to the spacing

distance. Empirically, the range between one and two resonance spacing distances

is the optimal range for the width value, which is practically 0.8–1.6 and 0.4–0.8 Hz

for the vertical and radial examples presented in Figures 3-4 and 3-S1. This range

is subjected to vary for other stations because it is inversely proportional to local

ice thickness.
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3.2.4 Oblique Move-Out

In a horizontal layer model, all reverberating ray paths retain the surface slowness

from the original plane wave, �. This slowness can be determined as a function of

epicentral distance and source depth. The delay time of the P wave reflection 2p is

(e.g., Sun and Kennett , 2016)

t2p = tPpPp � tPp = 2H

s
1

v
2
P

� �2 =
2H cos iP

vP
, (3-3)

where H and vP are the ice layer thickness and its compressional wave speed and

iP is the oblique angle of incidence at the surface. When the epicentral distance

decreases, the P wave incidence deviates more from the vertical (i.e., larger iP ) and

so the delay time t2p decreases monotonously. The delay time gets its maximum

at the vertical incidence, 2H/vP . Because we use the epicentral distance threshold

of 30� (see Section 3.2.1), which is equivalent to iP ⇡ 15�, the delay time has the

minimum of 95% of the vertical delay time for the P wave speed in ice ⇠4 km/s.

The double reflection 2p2 delays are twice as large as the single one. The delay

time for the shear wave reflection is also given by Equation (3-3), but P wave speed

and incident angle are replaced by the corresponding values for shear waves. Note

that, in Figure 3-2, the dependence on ray parameter (or equivalently epicentral

distance) of delay time (Equation (3-3)) is negligible in the thin ice, since the delay

time, 2H/vP , up to 4 s, is relatively small.

3.3 Results

3.3.1 Autocorrelation Results for Other Ice Stations

Single-component autocorrelation stacks for other stations are presented in Figures

3-5 and 3-S2. Table 3-1 lists the spectral whitening widths employed in the com-

putation of the autocorrelation stacks. They are results of the visual comparison

of autocorrelation wave forms for each station component that is similar to what is

done in Figure 3-4. Most processed autocorrelograms represent a consistent reflec-

tion pattern with a prominent negative peak corresponding to the single reflection

from the sharp ice-bedrock interface. The two-way reflection times in the vertical
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Figure 3-5: Autocorrelation stacks for 33 stations of which both components show

good signal-to-noise ratio (see section 3.3.1). In each station panel, the bottom and

top traces are vertical (Z) and radial (R) autocorrelograms. Red dots indicate time

picks of P or S reflections. Autocorrelation stacks for 29 stations that have only a

good-quality vertical component are shown in Figure 3-S2.

direction are then picked at the negative peaks. Component autocorrelations that

do not show the reflection pattern for the range of whitening widths under con-

sideration are rejected from further analysis and absent in Figures 3-5 and 3-S2.

Table 3-S1 provides a list of selected and discarded station components. Among

the discarded components, several have large numbers of utilized seismograms. For

those, the poor quality of the autocorrelation stacks is likely due to the structural
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complexity within the ice layer and/or near the interface with bedrock.

Subsequently, we use the bootstrap resampling method (Efron and Tibshirani ,

1991) to estimate the uncertainty of the time picks. The original collection of indi-

vidual autocorrelations of each station component is resampled with replacement.

Then reflection delays were automatically picked on the resampled stacks. The

mean and standard deviation of 100 resampled picks represents the estimates of the

two-way reflection time (t2x) and error bound (�t2x). When the estimated error

bounds are under the sampling interval �t = 0.025 s, we use the sampling step

as the error bound (i.e., �t2x = �t). Overall, the picking procedure results in 62

time picks of P wave reflections and 33 time picks of S wave reflections, which are

summarized in Table 3-1. In the next sections, we use the time picks to estimate ice

sheet properties.

The mathematical equivalence between temporal reflection delays and spectral

peaking spaces illustrated in Figures 3-4 and 3-S1 suggests that these measurements

in both domains can be used to infer the ice properties equivalently (Equations (3-3)

and (3-A8)). However, we prefer to measure time delays in practice because the time

peaks are typically better defined in comparison with spectral peaks in most cases.

Figure 3-S1 presents an example in which the quality of the spectral peaks is poorer

than in the temporal counterparts.

Table 3-1: Ice Thickness and vP /vS Results Obtained in This Study. Empiri-

cally chosen values of the spectral whitening width, �W , for each station are

listed in column 3. P and S wave reflection arrival times picked on vertical

and radial autocorrelation stacks are listed in columns 4 and 5. Ice thickness

data extracted from the BEDMAP2 database (Fretwell et al., 2013) are listed

in column 6 for reference. Estimated measurements of ice thickness and vP /vS

ratio in this study are listed in columns 7 and 8. Dashed lines in empty cells

mean that there are no available measurements.

No. Station Whitening P-wave S-wave BEDMAP2 Estimated vP /vS

width(Hz) reflection(s) reflection(s) (m) thickness(m)

1 BYRD 0.75 1.15±0.03 2.36±0.03 2185 2242±106 2.05±0.09

2 CCD 0.75 1.65±0.03 3.35±0.03 3177 3217±131 2.03±0.13

3 E014 0.75 1.27±0.03 2.71±0.03 693 2476±112 2.13±0.10

4 E026 0.75 1.58±0.03 3.15±0.03 1382 3081±127 1.99±0.12

5 GM01 0.50 1.56±0.03 3.21±0.03 3096 3042±126 2.06±0.12

6 GM02 0.50 1.54±0.03 3.13±0.03 2810 3003±125 2.03±0.12

7 GM05 0.50 1.45±0.03 3.00±0.03 3460 2827±121 2.07±0.11

8 N060 0.75 1.58±0.03 3.01±0.05 2833 3081±127 1.91±0.15

9 N076 0.75 1.28±0.03 2.6±0.03 2455 2496±112 2.03±0.10
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10 N084 0.75 1.28±0.03 2.56±0.03 2473 2496±112 2.00±0.10

11 N092 0.75 1.33±0.03 2.71±0.03 2634 2593±115 2.04±0.11

12 N100 0.50 1.3±0.03 2.68±0.03 2691 2535±113 2.06±0.10

13 N108 0.50 1.33±0.03 2.77±0.03 2443 2593±115 2.08±0.10

14 N116 0.75 1.1±0.03 2.19±0.03 2491 2145±103 1.99±0.08

15 N124 0.50 1.27±0.03 2.62±0.03 2409 2476±112 2.06±0.10

16 N132 0.50 1.73±0.03 3.48±0.04 3238 3373±135 2.01±0.16

17 N140 0.75 1.17±0.03 2.39±0.03 2806 2281±107 2.04±0.09

18 N156 1.00 1.15±0.03 2.42±0.03 2539 2242±106 2.10±0.09

19 N206 1.00 1.15±0.03 2.61±0.03 2970 2242±106 2.27±0.09

20 N215 0.50 1.52±0.03 3.06±0.03 3470 2964±124 2.01±0.11

21 P080 0.50 1.33±0.03 2.69±0.03 2500 2593±115 2.02±0.10

22 P116 1.00 0.93±0.03 1.83±0.04 1995 1813±95 1.97±0.08

23 P124 1.00 0.9±0.03 1.81±0.03 1496 1755±93 2.01±0.07

24 SIPL 1.25 0.76±0.03 1.68±0.03 990 1482±86 2.21±0.06

25 ST01 0.50 1.53±0.03 3.06±0.03 2943 2983±125 2.00±0.11

26 ST03 1.00 0.98±0.03 2.01±0.03 1951 1911±97 2.05±0.07

27 ST07 0.75 1.27±0.03 2.64±0.03 2489 2476±112 2.08±0.10

28 ST08 0.75 1.28±0.03 2.6±0.03 2187 2496±112 2.03±0.10

29 ST09 0.75 1.56±0.03 3.19±0.03 2317 3042±126 2.04±0.12

30 ST10 0.75 0.95±0.03 1.92±0.03 1243 1852±96 2.02±0.07

31 ST13 0.75 1.23±0.03 2.41±0.03 1940 2398±110 1.96±0.09

32 ST14 1.25 0.78±0.03 1.57±0.03 1549 1521±87 2.01±0.06

33 TIMW 0.50 1.33±0.03 2.74±0.03 2572 2593±115 2.06±0.10

34 BENN 1.50 0.82±0.03 — 1552 1599±89 —

35 DNTW 0.75 1.18±0.03 — 2144 2301±107 —

36 E020 0.75 1.02±0.03 — 1742 1989±99 —

37 E024 1.25 0.9±0.03 — 1904 1755±93 —

38 E028 1.25 0.73±0.03 — 1640 1423±85 —

39 GM03 0.50 1.64±0.03 — 2529 3198±130 —

40 GM04 0.50 1.65±0.03 — 2803 3217±131 —

41 GM06 0.50 1.65±0.03 — 3456 3217±131 —

42 GM07 0.50 1.53±0.03 — 3051 2983±125 —

43 KOLR 0.75 1.22±0.03 — 2350 2379±109 —

44 N020 1.00 1.02±0.03 — 1788 1989±99 —

45 N044 1.00 1.09±0.03 — 2242 2125±103 —

46 N068 0.50 1.65±0.03 — 2890 3217±131 —

47 N148 0.50 1.61±0.03 — 2901 3139±129 —

48 N165 0.75 1.34±0.03 — 2810 2613±115 —

49 N173 0.75 1.28±0.03 — 2407 2496±112 —

50 N182 0.50 1.4±0.03 — 2413 2730±118 —

51 N190 0.50 1.61±0.03 — 3007 3139±129 —

52 N198 0.50 1.39±0.03 — 3322 2710±118 —

53 P061 0.50 1.52±0.03 — 3158 2964±124 —

54 P071 0.75 1.05±0.03 — 2279 2047±101 —

55 P090 0.50 1.33±0.03 — 2343 2593±115 —

56 QSPA 1.00 1.48±0.03 — 2815 2886±122 —

57 ST02 0.75 1.28±0.03 — 2126 2496±112 —

58 ST04 0.50 1.77±0.03 — 3140 3451±137 —

57



3.3. Results

59 ST06 0.50 1.48±0.03 — 2668 2886±122 —

60 SWEI 0.50 2.33±0.03 — 2840 4543±165 —

61 UPTW 0.50 1.48±0.03 — 2650 2886±122 —

62 WAIS 0.50 1.68±0.03 — 3311 3276±132 —

3.3.2 P Wave Reflectivity and Ice Thickness Estimates

Firstly, we convert the time picks of P wave reflections t2p to ice thickness estimates,

H ⇡ t2pvP

2
. (3-4)

The conversion is performed using an approximation of a homogeneous P wave

speed of vP = 3, 900 m/s (Kohnen, 1974). This empirical value is consistent with

what is derived from elastic parameters of single ice crystals (Gagnon et al., 1988;

Wittlinger and Farra, 2012). Because the speed also depends on temperature and

pressure applied on the ice column, we set the velocity uncertainty of �vP = 100 m/s

(Kohnen, 1974). As a consequence, the error bound �H of the thickness estimate is

propagated from the error bounds of the time pick, �t2P , and P wave speed, �vP ,

�H ⇡ vP �t2p + t2p�vP

2
(3-5)

Figure 3-6 shows the match of these measurements along two profiles (lines AB and

CD in Figure 3-1), and Figure 3-7 shows a comparison of the whole set of estimates.

Our thickness estimates utilizing passive seismic data show an excellent agreement

with the BEDMAP2 (Fretwell et al., 2013), which corroborates the autocorrelation

results. However, large di↵erences (� 1,500 m) can be seen at the locations of

three stations: E014, E026, and SWEI (three dark blue dots in Figure 3-7). We

speculate that because the first two stations are located in a mountainous area of

the Transantarctic Mountains (Hansen et al., 2009b), the thickness of the ice cover

could possibly vary significantly at short distances due to sub-ice topography. Thus,

the interpolation over a number of directly measured points as implemented in the

BEDMAP2 data set may underestimate the true ice thickness.

3.3.3 S Wave Reflectivity and Estimating vP/vS Ratio

The autocorrelation method has so far been applied widely to vertical records to

extract the P wave reflectivity of the local structure beneath a seismic station (e.g.,
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Figure 3-6: Linear profiles AB and CD (see Figure 3-1) of vertical autocorrelation

stacks. (a) Line AB consists of temporary deployments of the POLENET. (b)

Line CD consists of stations of the GAMSEIS and TAMSEIS networks. Vertical

autocorrelation stacks (gray traces) are arranged by their relative distances from

the beginning of each line. Blue solid and dashed lines represent the ice thickness

extracted from the BEDMAP2 database (Fretwell et al., 2013) and its uncertainty

bound along the profiles. Red dots indicate the P wave reflection arrival picks on

the vertical autocorrelations. The conversion between the reflection time and the

ice thickness is performed using a homogeneous P wave speed in ice of 3.9 km/s

(Kohnen, 1974).

Kennett et al., 2015; Kennett and Saygin, 2015; Saygin et al., 2017). However, there

are limited studies reporting on extracting S wave reflections by the same technique.

In one of the pioneering autocorrelation works, Tibuleac and von Seggern (2012) con-
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Figure 3-7: A comparison of the estimated ice thickness in this study with the

BEDMAP2 results (Fretwell et al., 2013). (a) Location maps of stations used in

this study. Colors show the di↵erence between the estimates and the BEDMAP2

ice thickness. Stations in white had noisy autocorrelation stacks and were rejected.

(b) A comparison of the estimated ice thickness on the horizontal axis and the

BEDMAP2 ice thickness on the vertical axis. A conversion from the travel time to

the ice thickness uses a homogeneous P wave velocity of 3.9 km/s (Kohnen, 1974).

structed daily stacked autocorrelograms of all three broadband components. They

demonstrated observations of P and S wave reflections on each recording compo-

nent (i.e., BHZ, BHN, and BHE) from a sharp Moho discontinuity in central United

States. Recently, Oren and Nowack (2017) confirmed the observation with an im-

proved data processing applied to vertical data of several stations in the same region.

The use of nearly vertical plane waves results in the separation of direct P and

converted S waves recorded on vertical and horizontal components. By using radial

seismograms, we obtain S wave reflectivity records for 33 stations (Figure 3-5).

Assuming that the ice is well represented by a homogeneous layer, the ratio of P

and S delay times represents the wave speed ratio, vP/vS,

 =
t2s

t2p
. (3-6)

It is noteworthy that considering S wave reflections is a novel way to estimate S

wave velocity, or the vP/vS ratio, of ice in the field. These measurements have been
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Figure 3-8: Point measurements of vP/vS ratio. (a) Location map of the stations

used. Colors show the estimated values. Stations for which the measurements were

not reliable are shown in white. (b) vP/vS ratios against estimated ice thickness.

Error bars show the uncertainties of the measurements, which are propagated from

the time-pick uncertainties. Red line shows “standard” value of vP/vS ⇡ 2 in ice

(Kohnen, 1974).

rarely obtained from acoustic sources in active experiments (Wittlinger and Farra,

2015). The error bound of the vP/vS ratio is propagated from the time pick error

bounds as

� = t2s�t2p + t2p�t2s (3-7)

The estimated vP/vS ratios, shown in Figure 3-8, are consistent with empirical values

of ⇠2 for the ratio in ice (Kohnen, 1974) except for the two outliers at stations SIPL

and N206 (⇠2.2). The abnormal values of vS at the two stations can also be seen

in the autocorrelation stacks of the transverse component (Figures 3-S3 and 3-S4).

Further insights in explaining the abnormal values for these two stations are beyond

the scope of this study.
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Figure 3-9: E↵ect of “a transparent” subglacial sedimentary layer on (a) vertical and

(b) radial autocorrelation stacks. Velocity (left) and impedance profiles (middle) are

plotted against the two-way vertical reflection delays. Right panels show synthetic

autocorrelation stacks.

3.4 Discussion

The recurrence of energy due to reflection is crucial in extracting body waves via

correlation techniques (Wapenaar et al., 2010); however, we consider a possibility

that some boundaries will stay hidden to teleseismic frequencies. Zhan et al. (2010)

explained the observation of the Moho-reflected shear waves (SmS ) beneath the

Kimberley craton in South Africa in terms of postcritical reflections in their appli-

cation of ambient noise cross-correlation. When the interstation distance vanishes, a

cross-correlation becomes an autocorrelation, and the emergence of reflected signals

relies on precritical reflection due to the fact that the angle of incidence is close to a

normal incidence on an interface (Gorbatov et al., 2013). For a precritical reflection

regime, it is the acoustic impedance contrast, the product of density and velocity,

rather than just the velocity jump that determines the reflectivity e�ciency of a

discontinuity. Thus, an interface between two materials that have similar acoustic
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impedance contrast is transparent to incident waves (see Appendix 3.6).

To demonstrate the e↵ect of “transparency”, we consider a configuration of two

seismic media with similar acoustic impedances that can be encountered in the

subglacial contexts (Figure 3-9). Several studies have shown the existence of a

sedimentary layer sandwiched in between the ice cover and the rocky basement in

several places in Antarctica (Anandakrishnan and Winberry , 2004; Chaput et al.,

2014). Those studies suggested that sedimentary rocks can have P wave velocity

varying from 2 to 2.5 km/s, density of ⇠2 g/cm3, and the Poisson’s ratio varying

from 0.2 to 0.4. Such a low P wave velocity is hypothesized to facilitate fast ice

flows (Anandakrishnan and Winberry , 2004). Figure 3-9 shows synthetic vertical

and radial autocorrelograms computed for the ice/sediment/rock model where the

Poisson’s ratio is fixed to 0.33 (or equivalently vP/vS ⇡ 2) as in the studies mentioned

above. For details of the synthetic experiment setup we refer the reader to Section

4 (Pha.m and Tkalčić, 2017). Although the sedimentary layer is a pronounced low-

velocity zone having ⇠50% velocity reduction relative to ice, the autocorrelograms

show no evidence for the ice-sediment interface due to its “transparency”. Thus, the

reflections undertake prominently at the sediment base instead of the ice base. This

ambiguity would cause the deviation of the estimated ice thickness (and vP/vS ratio)

from the true values of the ice sheet. In particular, the potential discrepancy can

be up to two times of the sediment thickness since P wave speed is approximately

twice faster in ice than in the sediment. This e↵ect could possibly explain three

outliers seen as three dark blue dots in Figure 3-7.

It is interesting to comment on the similarity between the autocorrelation and

the spectral ratio (H/V) methods (e.g., Seht and Wohlenberg , 1999), both of which

can be used to characterize site e↵ects of thin ice or sediment layers (e.g., Yan et al.,

2018). Spectral ratios are constructed by dividing horizontal to vertical amplitude

spectra of ambient noise and stacking over multiple record segments. The spectral

ratio stack features resonance peaks of near-vertically reverberating S wave energy

contained in the noise (e.g., Seht and Wohlenberg , 1999). In a similar way, the spec-

tral whitening operation (Equation (3-1)) presents an e↵ective means of revealing

not only the fundamental mode but also several overtones of reverberating energy

from teleseismic earthquakes (Figures 3-4 and 3-S1), which are then equivalent to
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the reflection signals seen in the time domain. Furthermore, autocorrelations reveal

resonance peaks relating to P and S waves for vertical and horizontal components

separately.

In this study, we use relatively short wave forms of 30 s that include the P wave

arrival itself. This particular portion of earthquake wave forms, which is termed P

wave coda (e.g., Paulssen et al., 1993), contains the P onset and its following rever-

berations at the subsurface discontinuities. The autocorrelation function reveals the

recurrence of the first arrival through its similarity with the reverberated arrivals.

Thus, the inclusion of P wave signal is essential in our method. This di↵ers from

other kinds of coda studies, such as ambient noise applications that consider the

direct arrivals as “contaminated signals” (e.g., Snieder and Larose, 2013).

We speculate that the P wave coda window length of 30 s could be expanded to

obtain more robust autocorrelation stacks. The source-side reflections, for example,

pP or sP, which have similar ray parameters to the main arrival could also be

included. On the one hand, the source side e↵ects are likely to be destructively

canceled in autocorrelation stacks of earthquakes originating at various depths and

in di↵erent geological settings (Pha.m and Tkalčić, 2017). On the other hand, the

receiver-side signals induced by the main arrival and the source reflections will be

constructively enhanced due to the fact that they have similar oblique move-outs

(see section 3.2.4 and equation (3-3)). However, the mentioned P wave coda window

cannot be too long in order to avoid the interference of later primary phases arriving

with di↵erent ray parameters, for example, PP and PS, because of the di↵erence in

oblique move-outs outs can deteriorate the constructive stack.

In this study, we rely on a working assumption that ice is isotropic. This as-

sumption is not always valid given that a single ice crystal is anisotropic with S

wave 17% slower and P wave 7% faster in the c-axis direction relative to the per-

pendicular direction (e.g., Gagnon et al., 1988; Wittlinger and Farra, 2012). At

the macroscopic scale, ice is generally considered isotropic because the c-axes are

randomly oriented. However, the anisotropic properties can be significant if there

is a preferential orientation of the c-axes. The preferential orientation can be forced

by long-term pressure caused by self-gravity of the ice layer (e.g. Wittlinger and

Farra, 2012) or by flow of ice (e.g. Anandakrishnan and Winberry , 2004), which can
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align the c-axes vertically or horizontally, respectively. With further refinement of

the autocorrelation method, the anisotropic properties, especially S wave anisotropy

which is more significant than that of P waves, can be investigated in future studies.

The main limitation of the autocorrelation method presented in this study stems

from the use of wave forms generated by major earthquakes (Mw � 5.5). In order

to have enough data for analyses, seismic stations need to be deployed long enough

(in order of several months to years). However, long deployments are not always

available in a remote area such as Antarctica due to problems of logistics and mainte-

nance. To overcome the problem related to a small population of major earthquakes,

a possible approach could be to utilize continuous ambient seismic noise (Diez et al.,

2016; Saygin et al., 2017; Zhan et al., 2014) or coda wave forms of other primary

phases, rather than the first P arrival, such as PP, PcP, or S waves. An alternative

possibility is to exploit wave form data of many smaller earthquakes, which occurs

more frequently around the globe, because the stacking procedure over a large num-

ber of autocorrelations could enhance weak signals to the same quality as using

several large events.

3.5 Concluding Remarks

In summary, we have presented a successful application of the autocorrelation tech-

nique utilizing P wave coda wave forms (Pha.m and Tkalčić, 2017) to map the

shallow ice-bedrock interface beneath a large number of ice stations in Antarctica.

Wave forms of teleseismic earthquakes are used to provide nearly vertical illumi-

nation of the structures. The data processing employs the spectral whitening on

individual wave forms before computing the autocorrelations. Vertical and radial

stacked autocorrelograms represent the reflectivity of P and S waves. Results of

thickness and vP/vS ratio are in a good agreement with the current knowledge of

the Antarctic ice sheet from independent studies.

The autocorrelation method relying passive seismic data could have a wide-range

potential in seismological studies of the polar regions. First, the method provides

another source of reliable estimates of ice properties in a high resolution that can

complement active source studies, which are often more expensive measurements
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(e.g., radio-echo sounding). Potential applications may be explored in Antarctica,

Arctic, Greenland, and in future space missions to icy planets (e.g., Schenk , 2002).

More importantly, a local seismic structure of ice beneath a recording station is

a parameter of interest in seismological applications that target subglacial crustal

imaging (e.g., Hansen et al., 2009b, 2010; Ramirez et al., 2016) and is complementary

to the values available in comprehensive ice thickness databases (Fretwell et al.,

2013; Lythe et al., 2001). Furthermore, the ability to extract both P and S wave

reflectivity and derive the speed ratio vP/vS is of a broad interest for future glacial

studies because it overcomes the lack of field measurements that are sensitive to

shear properties of ice.

The successful application in the ice environment presented here opens up a way

to resolve other extreme geological settings where a shallow, distinguished seismic

layer is present, such as sediments or permafrost. The autocorrelation method im-

proves the resolution on the layer thickness and provides new constraints on the

bulk wave speed ratio in the layer.

3.6 Appendix: Analytical Reflection Responses

in Stratified Media

A1. A Layer over a Half Space

We present an explicit solution for a simplified acoustic structure of the reflection

problem in the original work by Claerbout (1968). A stratified media beneath a

recording station consists of a layer over a half space, as in Figure 3-A1a. An

impulsive plane wave is incident to the base of the layer and propagates vertically

upward to the station on the surface. In the spectral domain, the impulsive wave

is represented by a unity function. The reflection coe�cient r at the interface of a

wave propagating downward from the medium 1 to the medium 2 is given by(Stein

and Wysession, 2003, p. 76)

r =
(⇢1v1 � ⇢2v2)

(⇢1v1 + ⇢2v2)
(3-A1)

where (⇢1, v1) and (⇢2, v2) are the densities and the wave speed parameters corre-

sponding to the layer and the half-space, respectively. The corresponding transmis-
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Figure 3-A1: Setup of the reflection problem. (a) Simplified acoustic structure,

characterized by density, ⇢, and wave speed, v, consisting of a layer over a half

space. Bold arrows indicate direction of wave vectors in the layered medium. An

impulse that is incident beneath the interface is a unity function in the frequency

domain, and P represents the wave vector that propagates downward to the half

space. U and D represent the spectra of upward and downward waves at the free

surface. (b) A comparison of theoretical spectral response (black line) and empirical

spectral response (gray line) computed for the vertical seismograms of the pilot

station, BYRD. The theoretical response is given by equation 3-A6 for the case of

ice thickness, H = 2.24 km (see Table 3-1) and the wave speed, v1 = 3.9 km/s.

The empirical response is constructed using the whitening width value, �W = 1 Hz

(equation 3-1), as shown in Figure 3-4a.

sion coe�cient t is

t = 1 + r. (3-A2)

Let U,D represent the spectra of upward and downward waves at the free surface in

induced by the impulse and P is the wave propagating downward in the half space.

A transfer function that relates their counterparts at the interface (see Figure 3-A1)

(Claerbout , 1968) is given by
2

4U

D

3

5 =
1

wt

2

4z zr

r 1

3

5

2

41

P

3

5 (3-A3)

in which z = e
i!(⌧+i·Q) and w = z

1/2 represent the propagation in time, where

⌧ = 2H/v1 is two-way travel time in the layer and Q is the attenuation quality
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factor in the layer. Multiplying with w or z in the frequency domain is equivalent

to delaying the signals by ⌧/2 and ⌧ in the time domain.

At the free surface the reflection is perfect, so the upward and downward re-

sponses, U,D are equal. Let X = U = D be the response recorded by the surface

recorder. Equation 3-A3 becomes

2

4X

X

3

5 =
1
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2

4z zr
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2

41
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3

5 (3-A4)

To solve for X, we compute the inverse of the transfer matrix

1 + r

1� r

2

4 1 �zr

�r z
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41
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5 (3-A5)

and thus

X =
1� r

1 + r
· 1

1� zr
=

1� r

1 + r
· 1

1� rei!(⌧+i·Q)
(3-A6)

The autocorrelation cancels the phase spectrum and retains the square of the am-

plitude spectrum,

|X| = 1� r

1 + r
· 1p

1 + (re�!Q)2 � 2re�!Q cos!⌧
(3-A7)

The amplitude spectrum peaks at angular frequencies, !n, that minimize the de-

nominator. In case of an ice layer over a half space considered in this study, provided

r < 0, the peak angular frequencies satisfy cos!n⌧ = �1 or !n⌧ = ⇡ + 2n⇡ (n =

0, 1, 2, . . . ). The resonance frequencies are

fn =
!n

2⇡
=

✓
n+

1

2

◆
· 1
⌧

(3-A8)

Figure 3-A1b graphically illustrates the amplitude spectrum |X| in the frequency

domain with the resonance peaks identified by Equation 3-A8. The spacing between

peaks is inversely proportional to the two-way travel time within the layer.

The spacing of the peak is due to the positive jump of acoustic impedance down-

ward. In case the acoustic impedance is negative, the reflection coe�cient is positive,

the spacing of the frequency resonance peaks are then arranged by fn = n/⌧ and

the polarity of the first reflection is positive.
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A2. Two Layers over a Half Space

Let us consider a model consisting of multiple layers over a half space. As in Equation

3-A1, the reflection coe�cient, ri, of a downward wave at the interface between

medium i and medium i+ 1 is

ri =
⇢ivi � ⇢i+1vi+1

⇢ivi + ⇢i+1vi+1
(3-A9)

where ⇢i and vi are density and wave speed in the i
th layer and the transmission

coe�cient is given by ti = 1 + ri. The generalized transfer function between two

consecutive interfaces, similarly to Equation 3-A3, is
2

4Ui

Di

3
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witi

2
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3
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2
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3

5 (3-A10)

where wi and zi also represent the temporal propagation terms.

In a model having two layers over a half space, the spectral response at surface,

X, induced by an impulse that is incident at the half space, solves the following

matrix equation,
2
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3
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By computing the inverse of the transfer matrices as in Equation 3-A5, we have

X =
1� r1

1 + r1

1� r2

1 + r2

1

1� r1z1 + r1r2z2 � r2z1z2
. (3-A12)

The response consists of terms that represent the reverberations in layer 1: �r1z1,

in layer 2: r1r2z2, and over the interface of both layers: �r2z1z2. When the acoustic

impedances over the intermediate interface are equal, r1 = 0, the spectral response

at surface, X, is identical to the case of only a layer over a half space (Equation

3-A6), in which the propagation term represents the total travel time in both layers,

X =
1� r2

1 + r2

1

1� r2z1z2
. (3-A13)
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3.7 Supplementary Material

Figure 3-S1: E↵ect of tuning spectral whitening width, �W , in radial autocor-

relation stacks computed for the pilot station BYRD (see Figure 3-4 for detailed

description of each panel). Radial waveforms, from the dataset used in Figure 3-2b,

are analyzed in an identical manner to their vertical counterparts (Figure 3-4 in the

main text). Note that the applied spectral whitening widths, �W , are twice smaller

than those used for the vertical autocorrelation stacks due to the twice denser spac-

ing between resonance peaks in the radial spectral autocorrelations.

Table 3-S1: Number of seismograms used in the computation of the autocor-

relation stacks for all station components after the visual qualification control

(Section 3.2.1). Autocorrelation components showing clear reflection signals in

Figures 3-5 and 3-S2 are in bold fonts, while rejected components are in white.

Number Network Station Vertical Radial Number Network Station Vertical Radial

1 GSN QSPA 293 184 36 GAMSEIS N173 88 36

2 GEOSCOPE CCD 270 192 37 GAMSEIS N182 62 20

3 POLENET BENN 146 78 38 GAMSEIS N190 62 28

4 POLENET BYRD 110 42 39 GAMSEIS N198 109 34

5 POLENET DNTW 93 37 40 GAMSEIS N206 57 20

6 POLENET KOLR 69 40 41 GAMSEIS N215 169 54

7 POLENET SIPL 214 101 42 GAMSEIS P061 271 65

8 POLENET ST01 62 36 43 GAMSEIS P071 54 12

9 POLENET ST02 94 80 44 GAMSEIS P080 98 35

10 POLENET ST03 127 44 45 GAMSEIS P090 33 1

71



3.7. Supplementary Material

11 POLENET ST04 78 52 46 GAMSEIS P116 64 23

12 POLENET ST06 96 36 47 GAMSEIS P124 71 49

13 POLENET ST07 104 50 48 TAMSEIS E012 30 22

14 POLENET ST08 89 57 49 TAMSEIS E014 42 33

15 POLENET ST09 79 34 50 TAMSEIS E018 31 45

16 POLENET ST10 45 39 51 TAMSEIS E020 26 41

17 POLENET ST12 101 40 52 TAMSEIS E024 29 37

18 POLENET ST13 106 42 53 TAMSEIS E026 9 8

19 POLENET ST14 131 65 54 TAMSEIS E028 30 25

20 POLENET SWEI 55 36 55 TAMSEIS E030 20 18

21 POLENET UPTW 50 20 56 TAMSEIS JNCT 31 25

22 POLENET WAIS 92 74 57 TAMSEIS N020 34 29

23 GAMSEIS GM01 108 38 58 TAMSEIS N028 21 14

24 GAMSEIS GM02 172 46 59 TAMSEIS N036 30 21

25 GAMSEIS GM03 63 16 60 TAMSEIS N044 19 18

26 GAMSEIS GM04 78 43 61 TAMSEIS N052 7 5

27 GAMSEIS GM05 212 75 62 TAMSEIS N060 17 14

28 GAMSEIS GM06 31 0 63 TAMSEIS N068 10 8

29 GAMSEIS GM07 53 7 64 TAMSEIS N076 33 27

30 GAMSEIS N124 114 43 65 TAMSEIS N084 21 14

31 GAMSEIS N132 64 16 66 TAMSEIS N092 18 12

32 GAMSEIS N140 299 91 67 TAMSEIS N100 196 108

33 GAMSEIS N148 42 21 68 TAMSEIS N108 37 22

34 GAMSEIS N156 116 32 69 TAMSEIS N116 25 18

35 GAMSEIS N165 62 18 70 TAMSEIS TIMW 31 26
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Figure 3-S2: Vertical autocorrelation stacks for the 29 stations at which only vertical

components display good signal to noise ratio. Red dots indicate the picks of the

P-wave reflection arrivals.
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Figure 3-S3: (a) Vertical, (b) radial and (c) transverse autocorrelation waveforms

computed for station SIPL. We refer to Figure 3-2 in the main text for the details

of each panel.
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Figure 3-S4: (a) Vertical, (b) radial and (c) transverse autocorrelation waveforms

computed for station N206. We refer to Figure 3-2 in the main text for the details

of each panel.
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Chapter 4

Earth’s Correlation Wavefield:

Late Coda Correlation

This chapter presents the concept of global correlation wavefield, which is the foun-

dation for following chapters presented in this second part of this thesis. Partic-

ularly, it contains data processing to construct a stacked correlogram as function

of inter-receiver distances – a realization of Earth’s correlation wavefield, and novel

understanding on the nature of features seen in the global correlogram. The content

of this chapter is reformatted from a published paper in Geophysical Research Letter

(Pha.m et al., 2018).

Abstract

Cross correlation of seismograms provides new information on the Earth both through

the exploitation of ambient noise and specific components of earthquake records.

Here we cross-correlate recordings of large earthquakes on a planetary scale and

identify a range of hitherto unobserved seismic phases in Earth’s correlation wave-

field. We show that both arrivals with the timing expected for the regular seismic

wavefield and previously unexplained phases are produced by interference between

seismic paths having the same ray parameter but with only a subset of propagation

legs in common. This insight explains the origin and generation mechanism of the

features of Earth’s correlation wavefield and opens up new ways of addressing issues

in global seismology. Strong similarity between observed and synthesized correlation
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wavefields indicates that the Earth’s radial structure is remarkably well constrained

in the intermediate period range.

Plain Language Summary

We investigate the nature of earthquake coda waveform cross-correlations and pro-

vide an explanation for the origin of, what we term here, the Earth’s correlation

wavefield. This consists of numerous correlated signals some that appear similar to

regular seismic phases and others not apparent in the conventional seismic wavefield.

The nature of the correlation wavefield described here has far-reaching implications

for the field of seismology. In particular we show that the correlated wavefield il-

luminates the Earth’s interior in an entirely new and unexpected manner. With

further method developments we expect this to lead to improved structural con-

straints on the Earth interior, especially in the poorly sampled regions such as the

Earth’s lowermost mantle and core.

4.1 Introduction

The discovery and exploitation of long distance-range correlation in the ambient seis-

mic wavefield (Campillo and Paul , 2003; Shapiro et al., 2005) has created new forms

of subsurface tomographic imaging. Previously, noisy data sets had simply been

discarded in earthquake seismology. However, by stacking multiple cross-correlation

functions of ambient noise or seismic coda recorded on a pair of recorders, an approx-

imation to the elastic response of the Earth between these two recorders (Green’s

functions or Earth structure kernels) can be routinely retrieved. Because this ap-

proach is nearly independent of precise earthquake source parameters, the impact

of all uncertainties associated with the seismic source can be avoided. Early studies

focused on extracting surface wave dispersion and its use in tomographic inversion

for structure at depth (e.g., Bensen et al., 2007; Lin et al., 2007). Later studies

showed it was possible to retrieve signals of body waves sensitive to the seismic

discontinuities in the Earth’s lithosphere (Zhan et al., 2010; Poli et al., 2012b).

More recent studies applying cross correlation to the late coda of seismic records

of major earthquakes (Lin et al., 2013; Lin and Tsai , 2013; Sens-Schönfelder et al.,
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2015) have observed signals sensitive to the Earth’s deepest interior, in the core

(Boué et al., 2013; Nishida, 2013). The properties of such phases, particularly travel

times, have been used to infer physical properties of the deep Earth (e.g., Huang

et al., 2015; Wang et al., 2015). A range of terms have been coined to describe these

new methods including global interferometry and global cross correlation. Applica-

tion of such approaches to the ever-growing volume of digital seismic data is likely

to significantly advance studies of the Earth’s deep interior, especially for the poorly

sampled inner core (Tkalčić, 2017).

In these global coda cross-correlation studies, some apparent phases have the

character of seismic body waves (e.g., ScS, PKIKP, and PcPPKP waves). However,

Boué et al. (2014) showed that main signals seen in earthquake-related cross correl-

ogram have anomalous amplitudes and contain unexplained arrivals. More recently,

it has been found that the coda wavefield does not have the energy equipartition

property that is a prerequisite for accurate retrieval of the Green’s function (Sens-

Schönfelder et al., 2015). Poli et al. (2017) have proposed a normal mode framework

to explain the existence of the arrivals similar to ScS (on the vertical component

in stacked coda autocorrelations). We note that there are many other prominent

signals from the late coda cross correlations that are not the standard seismic phases

recognized in the seismic wavefield (as can be seen in Figures 4-2 and 4-S1 in the

supporting information). Our work demonstrates that these additional phases can-

not be interpreted to be part of the surface focus Green’s function in a comparable

way to the surface waves obtained from ambient noise (Campillo and Paul , 2003;

Shapiro et al., 2005). The interpretation of correlation results as resulting from a

surface focus source (e.g., Huang et al., 2015; Wang et al., 2015; Xia et al., 2016)

is thus incomplete.

Here we provide an alternate explanation of the complete range of body wave

phase arrivals seen in the correlation wavefield that does not invoke an interpretation

in terms of a Green’s function. Rather, we argue that all the observed correlation

wavefield arrivals for the late coda are produced by interferences between phases

with the same ray parameter but with only a subset of propagation legs in common.
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4.2 Global Waveform Coda Cross Correlogram

Figure 4-1: (a) Map of stations and earthquakes used in this study. Stations origi-

nate from three networks, the Australian National Seismograph Network (network

code AU), the Global Seismographic Networks administrated through Incorporated

Research Institutions for Seismology (network code IU and II).Mw 6.8+ earthquakes

from the time interval 2010–2016, cataloged in the global centroid moment tensor

catalogue, are marked by red stars. (b) Histogram of interstation distances with 1�

bin size. The frequency histogram of interstation distances of the combined IU and

II global networks is in blue, and the frequency histogram determined from the AU

network is in yellow.

We use digital waveform data from the Global Seismographic Network (marked

by triangles in Figure 4-1a) to construct global cross correlograms of all available
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waveform pairs (Figure 4-1b) in the intermediate period band 15–50 s. The data

processing employs the temporal normalization (Lin et al., 2007) to suppress domi-

nating contribution of high-amplitude surface waves or aftershocks, then the spectral

whitening normalization (Pha.m and Tkalčić, 2017) to balance contribution of all fre-

quencies (see Methods section in the supporting information). We exploit vertical

component seismograms of earthquakes with Mw � 6.8 according to the global cen-

troid moment tensor catalog (Ekström et al., 2012) and extract the coda waveforms

for the time interval 10,000–35,000 s (⇠3–10 hr) after the origin time. The time

window and the magnitude threshold we have employed are those recommended in

previous studies that analyzed the emergence of few individual correlation phases

that are sensitive to the core (e.g., Lin and Tsai , 2013; Wang et al., 2015; Xia et al.,

2016). We find that this window does indeed produce results of high quality. The

stack of the cross-correlogram results can be thought of as a realization of part of

the Earth’s correlation wavefield. Figure 4-2a shows the observed cross-correlogram

field as a function of the angular distance between stations and the correlation lapse

time, which contains pronounced correlated peaks with lapse times of up to 2 hr.

At first glance, a number of correlated features appear to represent conventional

seismic phases. In an interferometric framework, these phases would be explained

as the Earth’s response after a signal has been initiated by a virtual source collo-

cated with one station and recorded on the other station of each pair. Indeed, the

delay times of many of the correlated peaks match well with theoretical travel time

curves for a source at the Earth’s surface (Kennett et al., 1995). The most obvious

observed seismic phases in the early time part of the cross correlograms (Figure

4-2) are proxies for PcP and PKP waves and their combinations. At later times

in the cross-correlogram field, the dominant features are proxies for PKIKP multi-

ples representing up to five passages through the Earth’s inner core. Such phases

have not previously been observed in the earthquake wavefield, and their compli-

cated raypaths render the standard phase name convention used in seismology rather

cumbersome. Here we adopt a simplified convention in which only the central part

of the standard phase’s standard name is retained, to indicate the deepest Earth

layer traversed by the raypath. With this convention, PcP is abbreviated as c,

PKPPcP is abbreviated as Kc, PKIKP is abbreviated as I, and PKIKPPKIKPP-
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KIKP becomes I3. Among other prominently observed phases in the correlation

field with large lapse times (Figure 4-2) are Kc, KcK, cKKc, I2, I3, I4, and I5. To

our knowledge, several of these phases have never previously been identified in any

earthquake record nor in cross-correlation studies (e.g., cKKc, I3, I4, and I5 ).

We also observe several prominent phases that appear to be noncausal in nature

in that they precede the direct P arrivals and thus have no counterparts in the

conventional seismic wavefield. For example, five such phases, marked in Figure

4-S1, are clearly seen arriving ahead of the P waves. One of them, which we refer

to below as cS-cP, was previously noted but not further analyzed nor explained

by Boué et al. (2014). It is worth noting that these additional arrivals appear in

the stack of continuous seismograms for days containing big earthquakes (see Boué

et al., 2014, Figure 4b), while they are absent in the stack of the seismically quiet

days. This suggests that the origin of the noncausal arrivals must be closely related

to the nature of the seismic wavefield in the later parts of the coda. We argue that

any complete understanding of the observed correlation wavefield must by necessity

also explain these phases.

In Figure 4-2b we compare the Earth’s observed correlation wavefield to a syn-

thetically generated one. We use a numerical simulation in a spherical Earth to

generate synthetic coda waveforms based on the actual configuration of earthquakes

and seismic recorders. We use the axisymmetric spectral element method, AxiSEM

(Nissen-Meyer et al., 2014), with a dominant period of 10 s. The velocity and den-

sity meshes are taken from the ak135 reference model (Kennett et al., 1995) with the

elastic attenuation model of Montagner and Kennett (1996). Explosive sources and

seismic stations are located at their actual geographic coordinates (as in Figure 4-1).

Ten-hour-long vertical-component synthetic seismograms were calculated to include

the coda window used in this study (see Methods in the supporting information).

These synthetic data were processed in an identical way to the observed data.

The similarity between the observed and synthetic cross correlograms is strong,

which we consider quite remarkable. It is clear that almost all features detected in

the observed cross correlogram can be identified in the synthetic cross correlogram

and vice versa. This similarity confirms that in the 15–50-s period range all the

observed features are predominantly a result of interactions of seismic waves with the
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Figure 4-2: The Earth’s correlation wavefield. (a) Observed and (b) synthetic cross-

correlograms for the binned interstation distance with bin size of 1� (see Methods

section). Cross-correlograms are pre-filtered in the period band of 15–50 s. Red

and blue colors show the positive and negative amplitudes. Dashed travel time

curves with corresponding phase names are predicted using the reference model

ak135 (Kennett et al., 1995) (see the main text for the explanation of the naming

convention). See Methods sections for the derivation of travel time curves of non-

causal phases.

85



4.3. Explanation of Phase cS-cP

Earth’s radial structure and not due to scattering from Earth’s lateral heterogeneities

(Sens-Schönfelder et al., 2015) since we use just a radial (1-D) model.

4.3 Explanation of Phase cS-cP

Figure 4-3: Explanation based on the stationary point principle for the corre-

lated phase cS-cP. (a) Hypothetical Huygens’ sources on the core-mantle boundary

(CMB) radiate seismic waves to receivers R1, R2 on the Earth’s surface. (b) Red

curves show di↵erential travel time of cS and cP (tcS � tcP ) as a function of angular

o↵set between the CMB source and the midpoint of two receivers. The background

shows synthetic correlation waveforms of two stations from an explosive source lo-

cated at the corresponding CMB location. (c) Stacked cross-correlation waveform

for all CMB sources demonstrates the emergence of a peak around the stationary

point of the di↵erential travel time curves.

The cS-cP phase is a prominent signal in the Earth’s correlation wavefield (Fig-

ures 4-2 and 4-S1). This phase arrives in the 3–4-min range of lapse time with

a negative moveout. The delay time diminishes with increase of interstation dis-

tance, behavior that is not observed for regular seismic phases. The cS-cP phase

has remained mysterious since the first observation (Boué et al., 2014) and is men-

tioned in passing in a recent study that focused on the explanation of ScS arrivals

at near-vertical incidence (Poli et al., 2017).
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We now show how such a novel phase can arise in the process of waveform

correlation, and thereby provide the basis for explaining the full range of other

anomalous arrivals in both the observed and synthetic cross correlograms (see Figure

4-S1 for 4 other phases).

The origin of the phase cS-cP is closely linked to the core-mantle boundary

(CMB), a major internal discontinuity within the Earth with a pronounced seismic

contrast between the solid mantle and the liquid outer core comparable to that of

the Earth’s free surface. When a seismic wavefront reaches the CMB, any point

on the CMB can be thought of as a secondary source (i.e., via Huygens’ principle

— see Figure 4-3a). Such a virtual source radiates P and S waves that travel

along di↵erent geometrical raypaths to receivers on the Earth surface. A recorded

seismogram can be thought of as a superposition of an infinite number of individual-

source seismograms corresponding to those secondary sources. The resulting cross

correlogram is a stack of individual-source cross correlations (Wapenaar et al., 2010).

Consider the cross correlation of S and P waves that are simultaneously radiated

from a single CMB source through a 1-D Earth to be recorded by two receivers R1

and R2 located at an arbitrary interstation distance (Figure 4-3a). The di↵erential

travel time (tcS � tcP ) varies as a function of the angular o↵set of the CMB source

from the receiver R1. The nearly parabolic di↵erential travel time curve (Figure

4-3b) has a saddle point at its minimum, with a symmetrically equivalent one on

the other side of the midpoint of the receiver pair. When contributions from dif-

ferent CMB sources are stacked, constructive interference occurs around the saddle

point, with destructive interference elsewhere. As a result, a strong correlated phase

emerges in the resulting stacked cross correlations (Figure 4-3c). The resulting cross

correlogram has a negative moveout, which corresponds directly to the observed and

synthetic results (Figures 4-2a and 4-2b). We refer to this correlated phase as cS-cP,

indicating the travel time di↵erence of P and S arrivals from a common origin at

the CMB “c”.

The concept of constructive interference corresponding to the stationary phase

principle (Snieder , 2004) has been widely used (e.g., Wapenaar et al., 2010; Boschi

and Weemstra, 2015). We do not observe similar signals between two P and two S

waves because their minimum di↵erential time vanishes.
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Figure 4-4: Geometrical raypaths contributing to two correlation phases: (a) cS-cP

and (b) PKP. All legs including P and S legs from the mantle and K (P wave)

leg from the outer core have the same ray parameter. P wave legs are shown with

solid lines and S wave legs with dashed lines. The darker paths represent rays that

contribute more directly to the correlation phases (see the text for more details).

When the two stations coalesce, the cross correlation becomes the autocorrela-

tion, and the stationary source at the CMB lies directly beneath the recorder. This

situation provides a unique probe through the mantle for measuring the di↵erential

travel time of P and S waves in the radial direction. In general, the angular o↵set

of the stationary point from R1 increases with the interstation distance (see Figure

4-S2).

The existence of a stationary point location on the CMB as a function of the

interstation distance between R1 and R2 is equivalent to the requirement that the

P and S waves have the same ray parameter, p, a value that can be specified for a

given interstation distance. We can provide an alternative description in terms of the

compressional P wavefield, reaching the CMB with the incoming energy partitioned

to P and vertically polarized shear waves. The partitioned energy of P and shear

waves then yields two similar waveforms recorded at the stations R1 and R2. The

similarity is manifested through the data processing and cross correlation as the

phase cS-cP in the Earth’s correlation wavefield. Figure 4-4a shows four levels

of reverberation legs (i.e., reflection or transmission) of seismic rays from major
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discontinuities in the Earth’s interior before reaching the stationary point. All these

path combinations have the same ray parameter p. An earthquake that occurs

near the intersections of these raypaths with the surface along the great circle can

contribute to the formation of cS-cP, even though this contribution may be small.

Each of the contributions to cS-cP comes from a single earthquake. We sum all

contributions with a common station separation to produce the correlated phase and

so build on many small contributions for pairs of regular phase combinations with

all other legs in common. The number of possible combinations grows exponentially

as a function of the number of reverberation levels, and thus, when correlations are

made along an extended coda window, there are many possible ways of producing the

phase pairs. Contributions from paths with high numbers of legs are more attenuated

through reverberations within the Earth, and so it is reasonable to assume that the

main contributions come from paths with a relatively small number of reverberative

legs.

4.4 Earth’s Correlation Wavefield

Guided by this explanation of the formation of the correlation phase cS-cP, we can

explain other anomalous phases that emerge in Earth’s correlation wavefield (see

Figure 4-S1). Consider cPPcP-cS, cKS-cP, cKS-cS, and PKP-ScS, whose stationary

phase results are shown in Figure 4-S3. In all cases, a stationary source for the

di↵erential travel times lies either on the CMB or on the Earth’s surface. The

stationary point of the di↵erential travel time curves is maximal in these cases,

rather than a minimum as for cS-cP. In all cases the raypaths from the stationary

sources always arrive at the receivers with the same ray parameter. In consequence,

there is a good fit of the predicted di↵erential travel time curves to the anomalous

phases in the observed and synthetic cross correlograms (Figures 4-2a, 4-2b, and

4-S1).

If our assertion is correct that all observed arrivals are generated by interference

between rays with common ray parameter and reverberation legs, then the question

is “How then can the same physical mechanism be used to explain the observations

of other arrivals that resemble the regular phases of the conventional seismic wave-

89



4.5. Discussions and Concluding Remarks

field?” Here we consider the formation of the core phase PKP, but the arguments

can be generalized for any conventional phase in the correlation wavefield. The way

in which PKP stationary point is formed is shown in Figure 4-S4. A correlation

phase with the travel time properties of PKP can be formed from the interaction

of two other phase pairs, namely, PcPPKP-PcP and PKPPcP-PcP. In general, the

PcP part that is in common can be replaced by any other suite of raypaths (e.g.,

ScS, PKIKP, or PKiKP). Similar to the case of cS-cP phase, Figure 4-4b illustrates

a number of possible raypaths that can contribute to the formation of the correlated

phase PKP (excluding the contributions from the inner core for simplicity). Conse-

quently, the phase with the timing of PKP that emerges on the cross correlograms

in Figure 4-2 not only encapsulates the information of the structure described by the

geometric raypath corresponding to PKP waves but includes a multitude of phases

that di↵er only in a leg corresponding to PKP.

In summary, the cross correlograms illustrated in Figure 4-2 are the observed

and synthesized representations of the Earth’s correlation wavefield. All phases

seen in the correlation wavefield are the result of di↵erences of pairs of seismic

phases with amplitudes controlled by relative excitation in the coda field. The cross

correlation and stacking of waveforms promotes di↵erential phases that have the

same ray parameter at the two stations (see Figure 4-S5).

4.5 Discussions and Concluding Remarks

Ruigrok et al. (2008) undertook a theoretical study of the correlation of seismo-

grams at the global scale. Their work with acoustic waves points out the way that

correlation of a pair of seismic phases can isolate specific seismic phases, with an

equivalence to virtual internal sources. Our results confirm their insight. A full

theory for all the observable phases produced by correlation can be developed with

a generalized ray representation of the late coda wavefield.

We present observations of the Earth’s correlation wavefield using the coda of

large earthquakes in the window of ⇠3–10 hr after their origin time, for the in-

termediate frequency band of 15–50 s. The results reveal a number of hitherto

unobserved seismic phases such as high order inner core multiples I3–I5. The ob-
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servations match well with comparable processing of synthetic waveforms based on

a radially symmetric Earth model. The new phases should allow refinement of aver-

age Earth structure at depth. In this study we use the same late coda window and

magnitude threshold as employed in earlier studies that analyzed the emergence of

few correlation phases. With improved understanding of the correlation field we can

now look to tune these parameters for future specific studies.

Since a correlation phase can be formed from the di↵erence of any pair of reg-

ular seismic phases, the population of correlated phases is significantly larger than

those in the regular seismic wavefield. Especially at large delay times, there are

many correlated phases that have not yet been explicitly identified. The method of

computing di↵erential travel times with common ray parameter, which uses exist-

ing travel-time calculation tools (Buland and Chapman, 1983; Crotwell et al., 1999;

Stein and Wysession, 2003) (see Figure 4-S5 and Methods section in the supporting

information), provides the key to phase identification in future studies. In Figure

4-S1a, the presence of two correlation phases, which have not been identified, over-

lapping with the phase PKP in distance range ⇠120�–160� explains the poor fit with

the predicted time curve.

In the late coda window, the main contribution to the correlation wavefield

comes from waves that reverberate nearly vertically (as shown in a recent study

by Sens-Schönfelder et al. (2015)) so that surface waves are largely suppressed.

All phases identified in the correlation wavefield correspond to di↵erences between

seismic arrivals with the same ray parameter and a subset of propagation legs in

common. Huygen’s principle can be used to predict the timing of all arrivals using a

virtual source positioned at major seismic boundaries in the Earth. This mechanism

explains both features with the time behavior of regular seismic phases and those

previously unexplained di↵erential phases.

The correlation procedure provides a new view of the seismic wavefield and allows

e�cient extraction of seismic signals that might lie below the typical noise level in

conventional seismology.
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4.6 Supplementary Material

4.6.1 Digital Cross-Correlation

Cross-correlation is a mathematical process that is often used to measure the simi-

larity between two time series (Stein and Wysession, 2003, p.383). For two discrete

time series (seismograms) consisting ofN points, x(n);n = 0, N � 1, y(n);n = 0, N � 1,

the cross-correlation function v(m) has 2N+1 points v(m);m = �N + 1, N � 1 and

is defined as

v(m) =
X

0n<N & 0m+n<N

x(n) · y(m+ n) (4-S1)

The discrete variablem connects a point in time series x with a point in time series y.

The cross-correlation is then the inner product in the overlap of the two time-series.

When x and y are identical, the cross-correlation becomes the auto-correlation.

As well as computing a sliding summation in the time domain, cross-correlation

can also be computed using the frequency domain. Let x̂ and ŷ be the discrete

Fourier transforms (Stein and Wysession, 2003, p.385–391) of two input time signals

x, y. In the frequency domain, the temporal cross-correlation function (as expressed

in Equation 4-S1) is equivalent to the inverse Fourier transform of the point-wise

multiplication, of one transform with the complex conjugate of the other

v̂(n) = x̂
⇤(n) · ŷ(n). (4-S2)

When cross-correlating time series with large N (such as seismograms), a spectral

operation is more e�cient than its temporal counterpart due to the existence of

Fast Fourier Transform (FFT) which allows rapid computation of Fourier transforms

(Cooley and Tukey , 1965).

To obtain an identical result as in the temporal cross-correlation (Equation 4-S1),

one must increase the size of input signals x, y to (2N + 1) by padding zeros before

the Fourier transform is applied. This zero-padding is used in our data analysis.

4.6.2 Data Collection

Our analysis is based on seismic waveforms recorded, at 165 stations belonging

to three seismic networks available from the IRIS DMC, for the period 2010 to

2016. The waveforms used are vertical component seismograms of earthquakes with
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Mw�6.8 in the Global CMT catalogue (Ekström et al., 2012) (see Figure 1 for the

stations and earthquakes location map). The coda waveforms are windowed in the

time interval 10,000–35,000 s (⇠3–10 hr) after the origin time. This time interval is

found to be su�cient to retrieve a number of global correlation signals in previous

studies (Lin et al., 2013; Lin and Tsai , 2013; Xia et al., 2016) . The mean and

linear trends of input seismograms are removed and the instrumental response is

also corrected.

4.6.3 Synthetic Experiment

To synthesize a global cross-correlogram through a simulation of the seismic wave-

field in a spherical Earth, we use the axisymmetric spectral element method, AxiSEM

(Nissen-Meyer et al., 2014). The computational mesh is set for the dominant period

10 s. Background velocity and density meshes use parameters from the reference

model of the Earth, ak135 (Kennett et al., 1995) and the elastic attenuation model

of Montagner and Kennett (1996). Lateral heterogeneities are not included. Seismic

sources, which are explosive in this experiment, and seismic recorders, are located

at their actual geographic coordinates (as in Figure 1). We generated 10-hour long

vertical component synthetic seismograms to include the coda window used in this

study. The choice of explosive sources was initially made on the basis of computa-

tional expenses. (AxiSEM code requires four independent simulation runs to simu-

late the wavefield of a moment tensor, while needing a single run for an explosive

source). However, the excellent correspondence between synthetic and observations

indicates that focal mechanism e↵ects are largely mitigated in the normalizing and

stacking processes.

4.6.4 Data Processing

We apply an identical data processing procedure for both real and synthetic wave-

form data. The pre-processing steps include di↵erent types of normalization applied

on individual seismogram before computing cross- or auto-correlations. The nor-

malizations play a crucial role in extracting signals in the resulting correlations.

Bensen et al. (2007) provided a comprehensive review of pre-processing steps used

in ambient noise studies, which were later found to work e↵ectively for earthquake
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coda (Lin et al., 2013; Lin and Tsai , 2013; Huang et al., 2015; Wang et al., 2015;

Xia et al., 2016). We adopt their general processing flow with some amendments in

data analysis. No pre-filtering is required in the pre-processing.

Firstly, we use the running absolute-mean as for a temporal normalization to

suppress unwanted arrivals or other energetic signals remaining from the main shock

or aftershocks. The details of the temporal normalization are reported in the work of

(Lin et al., 2007). Then, we normalize the complex spectrum by a spectral whitening

operation (Pha.m and Tkalčić, 2017) to mitigate dominant contributions from any

specific frequency. Let sn(!) be the complex spectrum of a temporally normalized

input seismogram. The whitened complex spectrum, ŝn(!) is defined as

ŝn =
sn

1

2N + 1

PN
j=�N |sn|

. (4-S3)

In this expression, the amplitude spectrum |sn| is smoothened using an averaging

filter of (2N+1) points, which is then used to weight the original complex spectrum.

The number of points in the averaging window, 2N+1 can be alternatively referred to

as spectral whitening width �W = 2N�! (Hz) where the frequency step �! = 1/L

and L is the (time) length of the input seismogram. We find empirically that �W

= 2 mHz works well for the seismograms processed in this study.

After pre-processing, the cross-correlation is computed in the spectral domain

(see Digital Cross-correlation section) and then converted to the time domain. The

temporal cross-correlation is then folded at time 0 to yield the symmetric cross-

correlation function and thus we retain only the causal part (positive lag time) of the

cross-correlation function for further processing. The symmetric cross-correlation is

(zero-phase) bandpass filtered in the period band 15–50 s before stacking.

4.6.5 Cross-correlation Stacking and Cross-Correlograms

In most cases, correlated signals in individual cross-correlations are weak, and stack-

ing across multiple earthquakes and station pairs is required to enhance the signals

and suppress incoherent noise (Lin et al., 2013). First, we stack individual cross-

correlations over earthquakes for each station pair. They then are further stacked

in interstation distance bins with size of 1�. Figure 2b shows a frequency histogram

of all interstation distance pairs used in this study. The stacked cross-correlations
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or the global cross-correlograms are plotted as functions of interstation distances in

Figures 2a and 2b.

4.6.6 Explanation of phase cS-cP

The theoretical travel time curve of the phase cS-cP represents predicted arrival

time as a function of interstation distance and can be calculated from two regular

seismic phases, i.e. PcS and PcP (see Figure S5). The cS and cP legs have the same

slowness, and the theoretical travel time prediction of cS-cP involves subtractions

of travel times (t) and epicentral distances (d) in the slowness domain, p,

tcS�cP (p) = tPcS(p)� tPcP (p)

dcS�cP (p) = dPcS(p)� dPcP (p)
(4-S4)

Note that in the subtraction, the additional leg P (that can be replaced by other

possible ray-path combinations), is cancelled out because both cS and cP legs have

the same slowness and so the travel times and distances travelled before they reach

the core-mantle boundary (CMB) are identical. Thus, the resulting di↵erence is

accounted for through the correlation of cS and cP arrivals from a common virtual

source on the CMB.

In the calculation scheme proposed by Buland and Chapman (1983), the travel

time and epicentral distance of a regular seismic phase are pre-computed as func-

tions of ray parameter (Stein and Wysession, 2003, p. 159). In practice, we use

a module (SeismicPhase) that implements the Buland & Chapman’s scheme in the

Taup Toolkit (Crotwell et al., 1999) to obtain the travel times, epicentral distances

and ray parameters (as a dependent variable) of a regular seismic phase. They are

in form of three arrays of discrete values. The travel times and epicentral distances

are linearly interpolated to a common set of ray parameters. The di↵erences as in

Equation 4-S4 are computed for the resampled values.

A similar di↵erential calculation is applied to compute the travel time curves

for other non-causal phases. In Figures 2a and 2b, these phases include PKP -ScS,

cPPcP -cS (by means of, e.g., PcPPcP -PcS), cKS-cS (by means of, e.g., PKS-

PcS), cKS-cP (by means of, e.g., PKS-PcP ). The derived travel time curves are

plotted in Figure 2 and Figure S5. This calculation scheme in the slowness domain
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can be used to compute travel times for any pair of regular seismic phases that form

other correlation phases.

Figure 4-S1: Observation of non-causative correlated phases in the Earth’s correla-

tion wavefield. (a) The first 20 minutes of the observed cross-correlogram zoomed

from Figure 4-1a. The cross-correlation phases: (b) cS-cP , (c) PKP -ScS, (d)

cPPcP -cS, (e) cKS-cP and cKS-cS. In figure (c), the predicted branch that fits

the features well is PKP (bc)-ScS while the (ab) branch can be only barely discerned

in the context in (a). The predictions of P , PcP , ScS and PKP waves from the

seismic wavefield are plotted in blue for reference.
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Figure 4-S2: Illustration of the stationary point principle for the phase cS-cP at the

interstation distance of (a) 10�, (b) 20�, (c) 30�. Left panels show the geometrical

ray path from the stationary source to two receivers on the Earth’s surface. Gray

shaded regions are the locations of hypothetical Huygens’ sources from which the ray

paths of P and S waves can reach both receivers. Right panels show the di↵erential

travel time (tcS � tcP ) curve as function of the angular o↵sets of the CMB source to

receiver R1. Open red circles mark the minima of the di↵erential travel time curves.

(d) Angular o↵set of the stationary source corresponding to cS-cP phase as function

of interstation distance.
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Figure 4-S3: Explanation based on the stationary-phase principle for other non-

causal correlated phases (a) PKP -ScS (b) cPPcP -cS (c) cKS-cS (d) cKS-cP .

Their travel time curves are plotted in Figures 4-2 and 4-S1. For these phases,

the stationary sources are at their maximum rather than the minimum for cS-cP

(Figure 4-S2). For details of each panels see the caption of Figure 4-S2.
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Figure 4-S4: Explanation based on the stationary-phase principle for a conventional

correlated phase, PKIKP . Examples of di↵erential couples (a) PcPPKIKP -PcP

and (b) PKIKPPcP -PcP . For details of each panels see the caption of Figure

4-S2.
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Figure 4-S5: Derivation of the travel time curve of the correlated phase cS-cP . (a)

Travel time (blue) of PcS phase as a function of epicentral distance. Ray parameter

(p) at an epicentral distance is the slope of the curve at that point (equals 3 s/� in the

example above and is shown by a black line). (b) Travel time (blue) and epicentral

distance (red) as functions of ray parameter of the PcS phase. Shaded areas labeled

by IC and OC show slowness regimes in which seismic phases that reach the inner

and outer core exist. (c) and (d) similar to (a) and (b) but for the PcP phase.

(e) Di↵erential travel time (blue) of the correlated phase cS-cP as a function of

di↵erential epicentral (or interstation) distance. (f) Di↵erential travel time (blue)

and di↵erential inter-station distance (red) of PcS and PcP (from (b) and (d)) as

functions of ray parameter. All curves are computed by the TauP toolkit (Crotwell

et al., 1999) for a source at depth 0 km in the reference model ak135 (Kennett et al.,

1995).
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Chapter 5

The Nature of Earth’s Correlation

Wavefield: Late Coda of Large

Earthquakes

This chapter further illustrates the nature of Earth’s correlation wavefield, a concept

established in the previous chapter, using a generalized ray description. Its content is

reformatted from a published paper in Proceedings of the Royal Society A (Kennett

and Pha.m, 2018a).

Abstract

The seismic correlation wavefield constructed from the stacked cross-correlograms

of the late coda of earthquake signals at stations across the globe provides a wealth

of observed pulses as a function of inter-station distance. The interval from 3 to 10

hr after the onset of major earthquakes is employed for the period range from 15 to

50 s. The observations can be well matched by synthetic seismograms for a radially

stratified Earth. Many of the correlation phases have similar time behaviour to those

in the regular wavefield, but others have no correspondence. All such correlation

phases can be explained by the interaction of arrivals with a common slowness at

the each of the stations being correlated. Using a generalized ray description of the

seismic wavefield, the time-distance behaviour of these correlation phases arises from

di↵erences in accumulated phase on di↵erent propagation paths through the Earth.
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Distinct arrivals emerge from the correlation field when there are many ways in which

combinations of seismic phases can arise with the same di↵erence in propagation legs.

The constituents of the late coda are dominated by steeply travelling waves, and

in consequence features associated with multiple passages through the whole Earth

emerge distinctly, such as high-order multiples of PKIKP.

5.1 Introduction

Stacked cross-correlation of ambient seismic noise at pairs of seismic stations provide

an estimate of Green’s function between the stations with virtual sources at each

station (Campillo and Paul , 2003). The main contribution comes from the large

amplitude surface waves (Campillo and Paul , 2003; Shapiro and Campillo, 2004),

and the dispersion of such waves was first exploited in structural studies in Cali-

fornia. Subsequently, seismic tomography based on such inter-station correlations

of ambient noise has developed into a standard tool for exploring and monitoring

the Earth’s interior (e.g., Sabra et al., 2005; Shapiro et al., 2005; Lin et al., 2007;

Brenguier et al., 2008; Duputel et al., 2009; Saygin and Kennett , 2012), because it

avoids uncertainties associated with seismic source parameters.

In favourable circumstances, with dense arrays of stations, it is also possible

to extract body waves from stacked cross-correlograms of ambient noise such as

reflections from the base of the crust (Zhan et al., 2010) and from the upper man-

tle transition zone (Poli et al., 2012a). A global study by Boué et al. (2013) has

demonstrated that information on body wave paths that probe the deepest parts

of the Earth, such the core and inner-core, can be extracted from stacked cross-

correlograms. Particular attention has been paid to the late coda of major earth-

quakes, i.e. the records some hours after the initiation of the event where there

is useful amplitude but no detectable systematics in the direct wavefield from the

events. Correlations of such late coda records yield a rich store of body wave ar-

rivals (Lin et al., 2013; Lin and Tsai , 2013; Sens-Schönfelder et al., 2015), but with

an amplitude distribution somewhat di↵erent from the regular wavefield, e.g. large

vertical arrivals of S waves reflected from the core-mantle boundary (ScS ) at short

distances (Lin et al., 2013). In addition, a number of apparent arrivals appear that
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have no counterpart in the wavefield from an earthquake source. Such arrivals have

been termed ”spurious” (Boué et al., 2014), and have been demonstrated to appear

more strongly in processing of records from days with large earthquakes.

We here show that using a generalized ray expansion for components of the

wavefield (Kennett , 1983), all the observed features of the correlation wavefield from

the late coda of earthquakes can be explained by the interaction of seismic body-

wave phases with a common ray parameter and some propagation legs in common.

Thus, the so-called ”spurious” phases and the phases whose travel time corresponds

to recognized features of the seismic wavefield have a common origin.

The travel times for the arrivals seen in the correlation wavefield are the di↵erence

of those of the original seismic phases. The timing behaviour is consistent with a

model of virtual sources: either at the Earth’s surface or at major internal boundaries

as proposed by Pha.m et al. (2018).

5.2 Correlation of Late Event Coda

We illustrate the correlation of late coda from seismic events by using the time

window from 3 to 10 hr after event initiation for both observed and synthetic data

(Figure 5-1). The observed correlation wavefield (Pha.m et al., 2018) has been con-

structed by using data from 165 seismic stations in the Global Seismographic Net-

work (network code II and IU) and the Australian National Seismograph Network

(network code AU) for earthquakes with magnitude Mw � 6.8 in the period 2010–

2016 (169 events). The vertical component waveforms for the late coda of each

event are cross-correlated and filtered in an intermediate period band from 15 to 50

s (20–67 mHz), and stacked into 1� bins in inter-station separation. Almost 2h of

correlation lapse time are displayed in Figure 5-1a, and a wide variety of correla-

tion phases can be recognized including features with many internal reverberations

through the whole Earth (e.g. I4, I5 ).

We have carried out the same procedure using 10 hr long synthetic seismograms

calculated by numerical simulation in a spherical Earth, using the axisymmetric

spectral element method, AxiSEM (Nissen-Meyer et al., 2014). The isotropic seis-

mic velocities and density as a function of radius are taken from the ak135 reference
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Figure 5-1: The correlation wavefield for the late coda of seismic events. (a) Ob-

served and (b) synthetic cross-correlograms for the binned interstation distance with

bin size of 1�. Cross-correlograms are pre-filtered in the period band from 15 to 50

s. (c) The regular seismic wavefield for a surface source. Travel time curves with

corresponding phase names are predicted using the reference model ak135 (Kennett

et al., 1995).

model (Kennett et al., 1995) with the elastic attenuation model (Montagner and

Kennett , 1996). The synthetic coda waveforms are calculated for the actual config-

uration of earthquakes and seismic stations, using a dominant period of 10 s. For

simplicity, we used explosive sources placed at each of the source coordinates and a

fixed depth of 50 km. The synthetic correlation field based on this synthetic data

is displayed in Figure 5-1b and shows a very strong similarity to the observations.

Thus in the 15–50 s period range, all the features of the correlation wavefield are

dominated by interactions of seismic waves with the Earth’s radial structure.
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Nevertheless, the correlation wavefield is substantially di↵erent to the Earth’s

response to a surface source (Figure 5-1c), calculated using the same numerical

simulation used in the correlation work. The very large surface wave arrivals, the

largest feature in Figure 5-1c, decay steadily in their multiple circuits of the globe

and so have rather weak energy in the 3–10 hr coda window. There is just a hint of

such surface wave energy in the correlations for the observations (Figure 5-1a) and

slightly more in the synthetics (Figure 5-1b). The travel times of a large number

of the correlation phases correspond to conventional seismic body-wave phases, but

there are also a number of prominent correlation features in Figure 5-1a, b that

have no counterpart in Figure 5-1c. In particular, correlation phases appear at

lapse times shorter than the P wave propagation time for that distance, and also

with unlikely negative move-out so that the lapse time decrease with the separation

of the stations. Such arrivals were noted in Boué et al. (2014), but not explained.

In the synthetics, because we have used explosive sources, all S waves are gener-

ated by conversion. The attenuation of S is significantly greater than for P in the

mantle so that phases with only a few S legs will be favoured. This means that the

late coda is much richer in phases with dominantly P wave legs, notably those with

multiple near-vertical reverberations. As a result, the S waves from the earthquake

sources used to create the correlation field in Figure 5-1a are largely lost, and hence

there is a good match to the synthetics with the simpler explosive sources.

5.3 Correlation Wavefield

The correlation wavefield results as a function of epicentral distance shown in Figure

5-1 have been obtained by summation of the cross-correlation of a large number of

station pairs for di↵erent seismic sources. We can examine the structure of this

correlation field by developing the theory for the correlation of seismic waveforms

from a single event in a radial earth model. When combined with a generalized ray

expansion (Kennett , 1983), appropriate to steeply travelling waves, we will see that

we can recognize how correlation phases appear from contributions with common

horizontal slowness.

We employ asymptotic representations for seismic wavefield propagation on a
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sphere (Dahlen and Tromp, 1998), which are suitable for periods less than 1 min

(as used in the correlation wavefield analysis). For an individual source, with source

spectrum S(!), we represent the wavefield for stations at epicentral distances �1

and �2 as a superposition of frequency (!) – slowness (p) components:

w0(t,�1) =

Z 1

�1
d! !

1/2
S(!)e�i!t

Z p0

�p0

dp p1/2f(�1)G(p,!)ei(!p�1��1⇡/2) (5-1)

and

w0(t,�2) =

Z 1

�1
d! !

1/2
S(!)e�i!t

Z p0

�p0

dq q1/2f(�2)G(q,!)ei(!q�2��2⇡/2). (5-2)

Here, G(p,!) represents the response of the radially stratified Earth to excitation by

the source, and the limits of the slowness integral have to be taken su�ciently large

to include all significant arrivals. For the late coda, it is su�cient to take p0 = ↵
�1
M ,

where ↵M is the P wavespeed at the top of the mantle.

Equations (5-1) and (5-2) are based on the travelling wave forms of Legendre

functions, and these asymptotic representations are suitable for use away from the

poles of the sphere (� = 0� and 180�), but require !p� � 1. For simplicity, we

concentrate attention on the m = 0 component with no zonal variation, as would

be expected for the explosions used in the synthetic modelling. The asymptotic

distance-dependent term for the sphere is f(�) = (1/ sin�)1/2. In each passage

through the poles, an extra phase increment of ⇡/2 is acquired. This phase contri-

bution to the seismograms is included through the KMAH indices �1, �2 for each

station.

We can then construct the cross-correlation of these two seismograms at di↵erent

epicentral distances from the same source,

W0(t,�1,�2) =

Z 1

�1
dsw0(s+ t,�1)w0(s,�2) =

Z 1

�1
d! w̄0(!,�1)w̄

⇤
0(!,�2)e

�i!t
,

(5-3)

in terms of the frequency domain Fourier transforms w̄ , where ⇤ denotes the complex

conjugate. The cross-correlation of the seismograms (5-1) and (5-2) can thus itself
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be formulated in the frequency-slowness domain as

W0(t,�1,�2) =

Z 1

�1
d! !S(!)2e�i(!t�[�1��2]⇡/2) (5-4)

⇥
Z p0

�p0

dp p1/2f(�1)G(p,!)ei!p�1

Z p0

�p0

dq q1/2f(�2)G
⇤(q,!)e�i!q�2 ,

=

Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2

Z p0

�p0

dp p1/2f(�1)

Z p0

�p0

dq q1/2f(�2) (5-5)

⇥G(p,!)G⇤(q,!)e�i!(t�p�1+q�2).

In order to organize the results in the same way as the observations, we employ

the station separation � = �1 � �2. We also introduce the slowness di↵erence

⇣ = p � q, so that q = p � ⇣. With these changes of variable, the expression for

the correlation field W0(t,�1,�2) between two stations from the same source (5-5)

becomes

W0(t,�1,�2) =

Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2

Z p0

�p0

dp p1/2f(�1) (5-6)

⇥
Z 2p0

�2p0

d⇣ (p� ⇣)1/2f(�2)G(p,!)G⇤(p� ⇣,!)e�i!(t�p�)ei⇣�2 ,

=

Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2

Z p0

�p0

dp p1/2e�i!(t�p�) (5-7)

⇥
Z 2p0

�2p0

d⇣ f(�1)f(�2)(p� ⇣)1/2G(p,!)G⇤(p� ⇣,!)ei⇣�2 .

Now consider summing the correlation results (5-6) and (5-7) over the full range

of available sources, with a broad span of values for both �1 and �2. For simplicity,

we assume a common source spectrum S(!) for all sources. The summed correlation

field for station separation � is then

hW0(t,�)i =
X

�1

X

�2

W0(t,�1,�2), subject to �1 ��2 = �. (5-8)

From (5-7), the dependence on�1 and�2 in the summed correlation field hW0(t,�)i

enters in two places: the first is in the product of the distance dependencies f(�1)f(�2);

the second in the integral over ⇣. Consider making the summation over the second

station position �2 for this di↵erential slowness integral:

I2 =
X

�2

Z 2p0

�2p0

d⇣ f(�+�2)f(�2)(p� ⇣)1/2G(p,!)G⇤(p� ⇣,!)ei⇣�2 . (5-9)
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Constructive interference will occur in the neighbourhood of ⇣ = 0, since then the

phase term in (5-9) is nearly constant and independent of the specific value of �2,

so that

I2 ⇠
"
X

�2

f(�+�2)f(�2)

#
p
1/2

G(p,!)G⇤(p,!). (5-10)

This constructive interference condition is equivalent to the stationary phase treat-

ment employed by Snieder (2004) in discussing surface waves.

The slowness contributions to the summed correlation field hW0(t,�)i are thus

such that all the di↵erent stations share the same surface slowness p, i.e. an extended

version of Snell’s Law. Hence

hW0(t,�)i ⇠
Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2 F (�)

Z p0

�p0

dp pG(p,!)G⇤(p,!)e�i!(t�p�)
.

(5-11)

The integral representation (5-11) of the summed correlation field is in a similar form

to that for the original seismogram (5-1). Now we have a source term !S(!)2 so

that there is a stronger dependence on the source spectrum S(!), and the spectrum

of the medium response G(p,!)G⇤(p,!) replaces G(p,!). This means that we can

readily use representations for the response of the medium to look at the behaviour

of the correlation wavefield.

The dependence of the summed correlation field (5-11) on the angular separation

� between stations,

F (�) ⇠
X

�2

f(�+�2)f(�2) (5-12)

will not be simple, and will depend to some extent on the specific distribution of

stations employed.

A special case of the stacked correlation field is when we consider just a single sta-

tion so that �1 = �2 and � = 0. In this case, we recover a summed autocorrelation

of the form

hW0(t, 0)i ⇠
Z 1

�1
d! !S(!)2 F (0) e�i!t

Z p0

�p0

dp pG(p,!)G⇤(p,!). (5-13)

Contributions come from a full range of slowness, not just from p = 0, but rein-

forcement by the stacking process is most likely for steeply travelling phases. Such

behaviour with a range of incident slownesses has been observed by Poli et al. (2017)

in autocorrelations of late coda from the very deepMw8.3 Sea of Okhotsk earthquake

in 2013 across an array of stations in the central USA
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5.3.1 Generalised Rays

In the late coda of a seismic event, the dominant contributions come from steeply

travelling body-waves, so that we can gain insight into the contribution of the slow-

ness terms in the summed correlation field (5-11) by making a generalized ray ex-

pansion for the slowness-frequency response for each source–receiver pair:

G(p,!) =
X

I

gI(p)e
i[!⌧I(p)��I⇡/2], (5-14)

For each generalized ray, ⌧I(p) includes the delay-time contributions for propagation

on all the di↵erent legs encompassed in the definition of the particular generalized

ray, and the amplitude term gI(p) is composed of the product of all reflection and

transmission coe�cients at the interfaces along the Ith path modulated by the

slowness dependence of source radiation and displacement response at the receiver.

�I is the KMAH index for the Ith generalized ray, which acquires a half integer from

each caustic arising from any turning points.

When we construct the spectral product appearing in (5-11), using the gener-

alised ray expansion (5-14) we obtain

G(p,!)G⇤(p,!) =
X

I

X

J

gI(p)g
⇤
J(p)e

i[!(⌧I(p)�⌧J (p))�(�I��J )⇡/2], (5-15)

so that the correlation process will extract the di↵erence in the delay-time contri-

butions between the various pairs of generalised rays. Thus the summed correlation

field

hW0(t,�)i ⇠
Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2 F (�)e�i!t (5-16)

⇥
Z p0

�p0

dp p
X

I

X

J

gI(p)g
⇤
J(p)e

i[!(⌧I(p)�⌧J (p))+p�]
.

For clarity we have dropped the di↵erence in the KMAH indices for the generalized

rays.

The properties of the summed correlation field (5-16) become clearer when we

switch the order of summation and integration

hW0(t,�)i ⇠
Z 1

�1
d! !S(!)2 ei[�1��2]⇡/2 F (�)e�i!t (5-17)

⇥
X

I

X

J

Z p0

�p0

dp p gI(p)g
⇤
J(p) e

i[!(⌧I(p)�⌧J (p))+p�]
.
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The slowness integral is then simply the contribution from an arrival at range �

with a di↵erential propagation contribution of !(⌧I(p)� ⌧J(p)).

We can therefore expect that all discrete phases appearing in the stacked corre-

lation results will arise from a suite of contributions whose apparent travel times will

be the di↵erence of those associated with the various pairs of generalized rays. The

travel times of the di↵erential phases in the correlation wavefield will correspond to

the di↵erence of the times of actual seismic phases arriving at the original station

locations �1 and �2 with the same surface slowness p.

A slight complication is that we may be comparing seismic phases with di↵erent

numbers of circuits of the globe or interaction with other caustics so that �1 6= �2,

this will give some distortion of the apparent waveform of the di↵erential phase.

Attenuation can be included in the generalized ray treatment by including an

attenuation operator for each path combination (Kennett , 1983). Commonly this is

done using the assumption that the product of the travel time and the overall loss

factor is a constant: t
⇤. The net amplitude loss is then exp{�1

2 |!|t
⇤}. For mantle

legs, t⇤P ⇠ 1.0 for P waves, whereas t⇤S ⇠ 3.0 and so the attenuation e↵ect is much

larger for S.

5.3.2 Nature of Correlation Phases

In both the summed auto- and cross-correlation fields the dominant contributions

come from the correlation of phases that share the same surface slowness p. With the

generalized ray expansion, all combinations of rays that have the same di↵erential

phase delay ⌧C(p) will have the same lapse time behaviour as a function of inter-

station distance.

An important class of correlation phases emerges from a situation where some

element of propagation is in common between the di↵erent generalized rays. For

example, consider the suite of seismic phases YcP and YcS, where Y represents an

arbitrary combination of legitimate phase legs. The only di↵erence is then in the

final leg from the core–mantle boundary to the surface. The di↵erential phase for

YcS-YcP is just the same as for PcS-PcP, or equivalently ScS-ScP. Many possible

combinations of regular seismic phases will thus contribute to a single correlation

phase arrival, whose time characteristics will match PcP-ScP but with an amplitude
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behaviour built from all the constituents with di↵erent style of phase element Y. We

can designate this combination cS-cP and this is the notation used in Figure 5-1.

The correlation phase cS-cP is thus equivalent to having a virtual source at the

core-mantle boundary that sends a P wave for station 1 with the same slowness as

an S wave at station 2. This concept has been developed by Pha.m et al. (2018),

who demonstrate the stationary phase property directly by numerical simulation.

Equally, it is possible for the subtraction of generalized ray phases to emphasize

a combination of regular seismic phases where no propagation element is in common.

An example is PKP-ScS, which is the di↵erence of the suite of seismic phase YPKP

and YScS. For this correlation phase, the virtual source would lie at the surface.

Given that the generalized ray representation of the stack correlation field (5-16)

implies that all correlation phases emerge from di↵erences, how then do the standard

seismic phases emerge from the correlation wavefield? To extract a feature with the

travel time properties of a regular seismic phases from a phase di↵erence we require

that both the Ith and Jth generalized rays include the same suite of legs, say Y,

but that one of them has an additional contribution corresponding to the legs in the

regular phase, e.g. PKS. Subtraction of Y from YPKS or PKSY leaves the PKS

contribution isolated.

In the portion of the late coda of seismic events that is being correlated to

produce the results in Figure 5-1, much of the seismic energy will be composed of

steeply travelling reverberations and in consequence a very complex suite of di↵er-

ence phases can arise that are not observed in the direct earthquake wavefield. The

standard phase name convention used in seismology rapidly becomes unwieldy for

large numbers of propagation legs. We, therefore, use in Figure 5-1 a simplified

convention retaining only the parts of the phase name that indicates the signifi-

cant parts of the Earth that are traversed. Thus, PcP is written as c, PKPPcP as

Kc. We abbreviate PKIKP as I, so that PKIKPPKIKPPKIKP becomes I3. Other

prominent phases in the correlation field (Figure 5-1) include Kc, KcK, cKKc, I2,

I4 and I5.

Although, where appropriate, we apply a similar notation for correlation phases

as for the regular wavefield, we need to stress that the origin of these features

with travel times appropriate to a particular suite of propagation legs comes from
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the correlation of more complex arrivals with these phase legs in common. The

”spurious” correlation phases are those where the combinations do not correspond

directly to regular propagation paths.

Snieder and Sens-Schönfelder (2015) show that the stationary phase zone is

larger in the neighbourhood of a caustic, and that this will enhance the recovery of

signals. Indeed in Figure 5-1a,b, we see strong contributions near the caustics of

core-related correlation phases.

For the correlation of late coda, the dominant generalized rays will be those with

many near vertical legs, so that the portions of regular phases that can couple into

steep propagation will be favoured. This is why we see PcP, ScS restricted to a

limited distance span and ceasing once their slowness is too high to link to the core

phases. Thus in the correlation fields of Figure 5-1a,b, ScS stops at around 27�

and PcP around 67� once their slowness exceeds 4.45 s/deg. In a similar way, the

combination cS-cP is restricted to inter-station separations of less than 32�.

In the intermediate frequency band (20–67mHz) used to construct Figure 5-1,

the stacking procedure across the many stations and sources is tolerant to small

time shifts due to three-dimensional heterogeneity within the Earth. As a result,

constructive interference emphasizes the dependence on radial structure and so gives

a good tie between the stacked correlation from the observations (Figure 5-1a) and

synthetic seismograms (Figure 5-1b).

5.3.3 Steeply Travelling Normal Modes

An alternative representation of the seismic wavefield is in terms of the normal

modes of the Earth. For the correlation field we have established in (5-10) that the

principal contribution after summation of sources will be such that the slowness is

the same at each of the pair of stations being correlated. It is, therefore, useful to

organize the high-frequency normal modes corresponding to steeply travelling waves

in terms of slowness p = (l + 1/2)/! rather than angular order l. In Figure 5-2, we

can recognize ScS -equivalent modes by their arcuate move-out in frequency across

the entire slowness span. The other major groups of asymptotic modes involve

propagation in the core: these are the PKIKP -equivalent modes and the inner core

modes (Dahlen and Tromp, 1998). The PKiKP modes display the least attenuation,
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Figure 2. Normal modes of the Earth as a function of slowness p, for the frequency range 30–50mHz contained in the
construction of figure 1, compared with a representation of the Earth model ak135 in the slowness domain. Mantle S waves
lie outside the plot interval for slowness. Both spheroidal and toroidal modes are displayed, with light grey for the toroidal
modes and open symbols for the toroidal inner core modes.

Snieder & Sens-Schönfelder [24] show that the stationary phase zone is larger in the
neighbourhood of a caustic, and that this will enhance the recovery of signals. Indeed in
figure 1a,b, we see strong contributions near the caustics of core-related correlation phases.

For the correlation of late coda, the dominant generalized rays will be those with many near
vertical legs, so that the portions of regular phases that can couple into steep propagation will
be favoured. This is why we see PcP, ScS restricted to a limited distance span and ceasing once
their slowness is too high to link to the core phases. Thus in the correlation fields of figure 1a,b,
ScS stops at around 27◦ and PcP around 67◦ once their slowness exceeds 4.45 s deg.− 1. In a similar
way, the combination cS–cP is restricted to inter-station separations of less than 32◦.

 on June 21, 2018http://rspa.royalsocietypublishing.org/Downloaded from 

Figure 5-2: Normal modes of the Earth as a function of slowness p, for the frequency

range 30–50 mHz contained in the construction of Figure 5-1, compared with a

representation of the Earth model ak135 in the slowness domain. Mantle S waves

lie outside the plot interval for slowness. Both spheroidal and toroidal modes are

displayed, with light grey for the toroidal modes and open symbols for the toroidal

inner core modes.
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followed by ScS modes so that these can couple at constant slowness through the

correlation and stacking processes.

For constructive interference in the correlation wavefield, groups of modes with

common slowness need to have consistent properties over a range of frequencies

(Nolet and Kennett , 1978). The behaviour will be controlled by the di↵erences in

eigenfrequency between modes. Asympotically, the eigenfrequencies have a strong

dependence on the phase delays for passage through the mantle and core (Dahlen

and Tromp, 1998). Their di↵erences again emphasize features of the wavefield with

time relations that are the di↵erence between those of regular seismic phases.

Coupling between PKIKP modes and ScS modes will be strong at small slow-

nesses, and so lead to apparent ScS arrivals on the vertical component for short

epicentral distances as pointed out by Poli et al. (2017). The enhanced attenua-

tion in ScS modes compared with P wave-dominated modes means that multiple

ScS -type phases will be suppressed, as is indeed shown in Figure 5-1a,b.

5.4 Discussion

Our results for the full span of inter-station distance (�) confirm the insights gained

by Poli et al. (2017) from teleseismic autocorrelations (� = 0). As can be seen from

(5-13) a range of slownesses contribute to such autocorrelations; the main e↵ect will

come from steep paths with small slowness.

With the generalized ray development, we can directly recognize the contributors

to particular arrivals in the correlation field. Thus, Pha.m et al. (2018) have shown

the range of path configurations that have the potential to contribute to the di↵er-

ence phase cS-sP and the apparent PKP arrival. By contrast, it is rather hard to

disentangle the complex interactions embedded in the modal results as demonstrated

by the ray path developments for single modes shown by Poli et al. (2017).

If we concentrate on just using a pair of stations, then the correlation phases

that have the same time behaviour as in the regular wavefield will correspond to

a virtual source at one of the stations with a receiver at the other. Stacking over

many events will emphasis the specific path between the stations, but the presence

of three-dimensional heterogeneity in the Earth will mean that there is less than
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perfect cancellation of nominally equivalent propagation legs and so some influence

from other parts of the Earth. Thus, the dominant contribution is path specific,

but heterogeneity e↵ects will produce some spread in the waveform and so make

timing estimates more di�cult. Nevertheless, this approach opens the possibility of

obtaining new information on the Earth structure, notably for paths that are not

sampled with the normal earthquake distribution.

As we have seen the correlation field associated with the late coda of large events

has a complex structure with many discrete phases, and as a result of phase interac-

tions displays an amplitude distribution distinctly di↵erent from the direct wavefield

from a seismic source (Figure 5-1). Using a set of stations in the southern USA,

Mexico and the Caribbean, Spica et al. (2017) have shown that when correlations

are made of the stacked correlation field (C1) the resulting pattern of the apparent

ScS arrival is closer to that in the direct wavefield. The second pass of correlation

(C3) suppresses the presence of vertical component ScS at short distances.

5.5 Conclusion

The stacked correlation of the late signals from earthquake sources across a broad

span of distances yields a rich array of correlation phases. Many of these phases

have a similar time behaviour to those in the regular wavefield, but others have

no correspondence. All such correlation phases can be explained by the interaction

of arrivals with a common slowness at the correlated station pair. A consistent

viewpoint emerges from either a normal-mode or a generalized ray treatment of

the steeply travelling waves in the late coda of earthquake sources. The lapse time

characteristics of the full suite of correlation phases are determined by the di↵erences

in accumulated phase on di↵erent propagation paths associated with generalized

rays.

Distinct arrivals will only emerge from the correlation field when there are many

ways in which combinations of seismic phases can arise with the appropriate propa-

gation legs. This produces a situation where there are a large number of kinematic

analogues, which generate the same composite delay-time ⌧C(p). Yet the combina-

tions may well have such propagation legs in di↵erent order, and hence di↵erent
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physical significance. The average of many di↵erent seismic phase combinations

appears in the stacked correlation pulse. Because the amplitude terms are squared

the slowness dependence for a correlation phase is rather di↵erent from the regu-

lar wavefield, and so the pattern of distance dependence is also modified but this

will not be very obvious for steeply travelling phases. As very large numbers of

kinematic analogues are possible for many classes of reverberations, such features

with multiple passages through the whole earth, e.g. I4, I5 become visible in the

correlation wavefield.

Many combinations of regular phases produce new di↵erence phases that do not

themselves occur in the direct excitation by earthquake sources, such ”spurious”

phases such as cS-cP carry new information about the Earth and can be interpreted

as corresponding to virtual sources on the major interfaces within the Earth or at

the Earth’s surface.
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Chapter 6

Shear Properties of the Earth’s

Inner Core Constrained by a

Detection of J Waves in Global

Correlation Wavefield

This chapter presents the first application of novel insights of the global correlation

wavefield (Pha.m et al., 2018; Kennett and Pha.m, 2018a) to identify robustly the

presence of J (shear) waves in Earth’s inner core. The detection is then used to

infer shear properties of the deepest shell of the Earth. The content is reformatted

from a published paper in Science (Tkalčić and Pha.m, 2018).

Abstract

Seismic J waves, shear waves that traverse Earth’s inner core, provide direct con-

straints on the inner core’s solidity and shear properties. However, these waves have

been elusive in the direct seismic wavefield because of their small amplitudes. We

devised a new method to detect J waves in the earthquake coda correlation wave-

field. They manifest through the similarity with other compressional core-sensitive

signals. The inner core is solid, but relatively soft, with shear-wave speeds and shear

moduli of 3.42± 0.02 kilometers per second and 149.0± 1.6 gigapascals (GPa) near

the inner core boundary and 3.58± 0.02 kilometers per second and 167.4± 1.6 GPa
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in Earth’s center. The values are 2.5% lower than the widely used Preliminary Earth

Reference Model. This provides new constraints on the dynamical interpretation of

Earth’s inner core.

6.1 Main Text

Earth’s inner core was proposed more than 80 years ago to explain the arrival of

compressional waves in places that were impossible to predict on the basis of the as-

sumption of single-layered core (Lehman, 1936). The hypothesis of a solid inner core

is the result of the liquid-solid phase change in iron at high pressure (Birch, 1940),

which implies the existence of shear waves in the inner core (seismic J phase). Pre-

vious claims of body-wave observations (Julian et al., 1972; Okal and Cansi , 1998;

Deuss et al., 2000; Cao et al., 2005; Wookey and Hel↵rich, 2008) featured bursts of

energy around the time predicted by the spherically symmetric Preliminary Refer-

ence Earth Model (PREM, Dziewonski and Anderson, 1981). The rigidity of the

inner core in PREM is mainly constrained by Earth’s free oscillations (Dziewon-

ski and Gilbert , 1971). However, J waves have remained elusive, because it was

demonstrated that routine observations of PKJKP waves are extremely unlikely in

the seismic wavefield at periods greater than 10 s (Shearer et al., 2011). We used

advances in earthquake coda cross-correlation (Pha.m et al., 2018) and identified the

presence of the J phase. We identified arrivals of PKJKP waves in a correlation

pair with another core phase, PKIKPPKIKP (hereafter referred to as I2 ), over a

range of angular distances. This allowed us to determine, with high precision, the

shear-wave speed reduction of 2.5 ± 0.5% relative to the reference model PREM,

which corresponds to a shear-wave speed of 3.42± 0.02 km/s and shear modulus of

149.0± 1.6 GPa near the inner core boundary and 3.58± 0.02 km/s and 167.4± 1.6

GPa in Earth’s center. This is evidence for a soft inner core and explains the absence

of PKJKP waves in the seismic wavefield. Thus, our findings have a range of im-

plications for the structure and dynamics of the inner core (Deguen, 2012; Tkalčić,

2017).

We have recently shown that the features emerging in the stacked cross-correlations

(also known as Earth’s cross-correlogram or global correlogram) do not correspond
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to structural Green’s functions (response of Earth’s structure between two receivers)

but rather emerge owing to similarities of two or more seismic phases that arrive at

recorders with the same slowness and share a common subset of propagation legs

(Pha.m et al., 2018). Earth’s correlation wavefield is thus a manifestation of similar-

ity among seismic phases in the direct seismic wavefield (supplementary material).

The similarity between the weak signals is a more e�cient mechanism of detection

than the identification of weak signals in the noisy seismic wavefield. Consequently,

the correlation wavefield features “exotic seismic phases” that traverse Earth’s inner

core and deep parts of Earth, for example, multiple inner-core phases: I3, I4, and

I5. Additionally, there are correlation phases that do not have correspondences in

the direct seismic wavefield, for example, the phase cS-cP, which provides additional

insights into the seismic wavefield (Pha.m et al., 2018, and supplementary material).

We applied the above principles using global data (Fig. 6-S1) to conduct a sys-

tematic search for the presence of a PKJKP signal over a number of correlation pairs

of seismic phases in which one of the phases is PKJKP (Figs. 6-S3 and 6-S4). The

rationale for this search is that the similarity of the reticent PKJKP signals with

other, more prominent phases such as PKiKP, PKIKP, or PKIKPPKIKP (Fig. 6-1)

will manifest itself as one of the features in the global correlogram. We successfully

fit the travel-time prediction of three correlation phases: PKIKPPKIKP-PKJKP

(I2-PKJKP), PKIKP-PKJKP, and PKiKP-PKJKP, with features in the global cor-

relogram synthesized by the same Earth model (supplementary material). Because

we observed I2-PKJKP near the angular distance 0�, the prominence occurs because

of contributions from all azimuths (Sens-Schönfelder et al., 2015). PKIKP-PKJKP

and PKiKP-PKJKP are weaker because there is no such focusing e↵ect in the 120�

to 150� angular distance range (Fig. 6-2C).

We computed synthetic global correlograms for a crude parameter-space search

over a range of shear-wave speed in the inner core (Fig. 6-2). Our synthesized

global correlograms (Fig. 6-2) are, overall, insensitive to forced changes in the inner

core shear-wave speed. We detected a number of prominent and stable features

that correspond to the correlation phases (light blue curves). However, a clear

move out (a shift in the time–angular distance domain) of PKIKP-PKJKP, PKiKP-

PKJKP, and I2-PKJKP is evident with the changing inner core shear-wave speed.
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Figure 6-1: Seismic phases, ray paths, and receiver geometry. (A to D)

Cross sections of Earth illustrating the geometry of PKJKP waves and other com-

pressional waves used to detect PKJKP in Earth’s correlation wavefield. Shear-wave

leg through the inner core is shown with a dashed line in all panels. The arrow

indicates the direction of seismic waves. In (A), PKJKP is shown in black and

PKIKPPKIKP in gray. PKIKPPKIKP is also referred to as I2. R1 is the receiver

at the angular distance � = 0� used to perform a cross-correlation. (B) is the same

as (A), but the receivers are now separated by an angular distance � 6= 0�. In (C),

the two receivers are now separated by the angular distance � = 120�. PKJKP is

shown in black and PKIKP in gray. (D) is similar to (C), but instead of PKIKP

waves that traverse the inner core, the waves that correlate with PKJKP (black)

are PKiKP waves that reflect from the inner core (gray). PKJKP is shown in black

and PKiKP in gray.

We compare these to the theoretically predicted arrivals that are based on the model

PREM (orange curves). At the 10% reduction with respect to PREM (Fig. 6-2A),

the I2-PKJKP cusp is visible, but there is a negative time o↵set with respect to

the PREM prediction and the prominent phase PcP* (supplementary material)

122



6.1. Main Text

that starts about a minute later at 15� of angular distance. With increased inner

core shear-wave speed, the cusp shifted toward later times because PKJKP waves

arrived earlier at the receiver, so that the time di↵erence between PKJKP and

later I2 arrivals increases. At the 5% increase, the cusp is more pronounced and is

positioned upward with respect to the PREM prediction and the prominent phase

PcP* (Fig. 6-2D).

Our observed correlation wavefield is generally depleted in detail in comparison

with the simulated correlation wavefield (Pha.m et al., 2018; Boué et al., 2014) (Fig.

6-3). However, the level of similarity that we reproduced through the seismic wave-

field propagation in the spherically symmetric Earth model PREM in this frequency

range (15 to 50 s) is notable. This attests to the generally well-constrained radial

Earth model from long-period seismic observations. The I2-PKJKP cusp is a promi-

nent feature that we identified in the observed correlation wavefield, whereas we can-

not discern the PKIKP-PKJKP and PKiKP-PKJKP. We compared the I2-PKJKP

cusp o↵set toward early times to the PREM prediction corrected by the dispersion

relationship for the central period T = 23.1 s (Kanamori and Anderson, 1977). Our

fine parameter-space search simulations (supplementary material) yielded the best

Earth model that fit the observed correlation wavefield, in which the inner core has

a 2.5 ± 0.5% reduced shear-wave speed relative to the PREM values. We based

our estimate on visual comparisons of the cusp positions and of negative peaks in

the slant stacks produced from our observed and synthesized correlation wavefield

(Fig. 6-3D). The width of the fringes of the features in the correlograms prevents a

better estimate of their position at the present time. More-quantitative approaches

included the computation of the di↵erence between the observed and synthesized

correlograms but did not yield a more conclusive result or a better resolution.

We compared our estimated shear-wave parameters with some previous estimates

(Table 6-1). At the period T = 1 s and using the PREM parametric form, the shear-

wave speed is 3.42± 0.02 km/s at the inner core boundary and 3.58± 0.02 km/s in

the center of Earth. These values are in reasonable agreement with normal mode

estimates and with some previous estimates from body-wave observations (Table 6-

1). From these values and the relationship between the shear-wave speed and shear

modulus and density, we derived the shear modulus of 149.0± 1.6 GPa at the inner
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Table 6-1: Summary of previous and current results. Shear-wave speed and

rigidity of the inner core from di↵erent seismological studies. “ICB” indicates mea-

surements at the inner core boundary, and “center” indicates measurements at the

center of Earth. For the shear-wave speed data, values that do not have these labels

are average values for the inner core in which the shear-wave speed was not explic-

itly parameterized in terms of Earth’s radius. Blank cells indicate that shear-wave

speed and rigidity were not explicitly determined in those studies.

Study and method Shear-wave speed Rigidity (shear

at T = 1 s (km/s) modulus) (GPa)

Dziewonski and Anderson (1981) ICB: 3.4629 ICB: 156.7

Global Earth model PREM Center: 3.6245 Center: 176.1

Kennett et al. (1995) ICB: 3.504 ICB: 156.0

Global Earth model ak135 Centre: 3.668 Center: 175.1

Julian et al. (1972) 2.95 ± 0.1

Short period body waves 3.62 (reinterpreted)1

Wookey and Hel↵rich (2008) Comparable to PREM

Short period body waves

Okal and Cansi (1998) 3.65

Intermediate period body waves

Cao et al. (2005) ⇠1.5% faster than

Intermediate period body waves that for the PREM

Deuss et al. (2000) 3.6

Long period body waves

This study ICB: 3.42 ± 0.02 Center: 3.58 ± 0.02

Earthquake coda cross-correlation ICB: 149.0 ± 1.6 Center: 167.4 ± 1.6

1Okal and Cansi (1998)
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Figure 6-2: Detection of PKJKP in synthetic correlation wavefield. (A

to F) Synthetic global correlograms for di↵erent assumptions of shear-wave speed

in Earth’s inner core relative to the spherically symmetric Earth model PREM

(Dziewonski and Anderson, 1981) (A) 10% reduction, (B) 5% reduction, (C) the

PREM value (0% change), and (D) 5% increase. Windows 1 and 2 (indicated

by the black rectangles) in (A) to (D) focus on the correlation phases of interest

(indicated by yellow numbers 1, 2, and 3) and are enlarged in sections (E) and

(F). Positive amplitudes are in white shades, and negative amplitudes are in black

shades; the intensity of the black or white indicates the strength. Blue lines represent

theoretically predicted features in the correlation wavefield that are insensitive to

the inner core shear-wave speed; for clarity, they are labeled in (C) and omitted

elsewhere. To enhance the clarity of all features, the theoretical curves are not

shown in (A). Orange lines are theoretical predictions of PKIKPPKIKP-PKJKP

(also called I2-PKJKP), PKiKP-PKJKP, and PKIKP-PKJKP according to the

model PREM. For the ray geometry of these phases, see Fig. 6-1. Black arrows in

(E) and (F) indicate the changing position of the features sensitive to the inner core

shear-wave speed.
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Figure 6-3: Observed and synthetic correlograms and the I2-PKJKP cusp. (A and

B) A comparison between (A) the observed global correlogram and (B) the best-fit

simulated global correlogram for the central period of 23.1 s. The best-fit simulation

uses the PREM model with shear-wave speed in the bulk of the inner core reduced

by 2.5% [we used a smooth parameter-space search, best viewed as an animation

(supplementary information)]. Compare with the cusp positions in Fig. 6-2. (C)

Enlargements of windows O (observed) and T (theoretical) in (A) and (B), focused

on the I2-PKJKP cusp. (D) The observed and simulated (theoretical) slant stacks.

The yellow circle corresponds to the lower branch of the I2-PKJKP cusp in the

slowness-time domain, and the yellow dotted line corresponds to the same in the

travel-time domain. The red star in (D) and red dotted line in (C) are the values

based on the best-fit Earth model with the 2.5% reduction of shear-wave speed in

the inner core.

core boundary and 167.4±1.6 GPa in the center of Earth. If the compressional speed

is taken from PREM (Dziewonski and Anderson, 1981), we can infer the inner core

Poisson’s ratio of about 0.45. The reduction from the inner core boundary (0.449) to

the center (0.444) is smaller than what we can reliably determine with our current

precision. In addition, we simulated the amplitudes in the observed correlogram
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by changing the shear attenuation or the quality factor (Qµ, an inverse of shear

attenuation) in the inner core (Fig. 6-S3). This yielded an interval of values for Qµ,

ranging from the PREM values down to the 50% reduction relative to PREM for

the idealized and unrealistic extreme case in which the synthetic experiment does

not capture the true e↵ects of attenuation. The e↵ect of changing the shear-wave

speed and Q structure of the inner core on the inner-core sensitive modes (when the

full coupling theory is considered) can be substantial and must be accounted for in

resolving the existing normal mode theory-observation misfits. This is in addition

to Earth’s heterogeneous structure and anisotropy. Eigenfrequencies and Q values

of the modes can be strongly a↵ected, and some modes can even exchange their

identity (Andrews et al., 2006). Our newly estimated shear-wave speed reduction of

2.5% with respect to the PREM model and a hypothetical reduction of 25% in Qµ

would lower the eigenfrequency of the 10S2 mode by about 3%.

One hypothesis proposed to explain the high attenuation and low shear-wave

speed is inner core melt pockets (Doornbos , 1974; Fearn et al., 1981; Singh et al.,

2000). However, although compaction during solidification constrains the upper

limit of volume fraction (Sumita et al., 1996), theoretical considerations otherwise

leave this value unconstrained. A melt volume fraction of more than 10% (Vočadlo,

2009) explains the inner core seismological parameters reported in PREM (Dziewon-

ski and Anderson, 1981). Following the same line of argument, our values likely

require an even higher portion of melt. Thin films of melt might be consistent with

our parameters as the geometry and distribution of melt also a↵ects the shear and

attenuation properties.

The hypothesis that premelting e↵ects are prominent near the inner core bound-

ary (Martorell et al., 2013) makes determining whether the shear-wave speed reduc-

tion occurs only in the top or in the bulk of the inner core relevant. We experimented

with the shear-wave speed profiles in Earth’s inner core to determine whether we

could simulate the timing of the I2-PKJKP cusp equally well by reducing the shear-

wave speed only in the uppermost part of the inner core. We found that a shear-wave

speed reduction of ⇠35% with respect to the PREM model confined to the upper-

most 50 km of the inner core can explain the timing of the I2-PKJKP cusp (sup-

plementary material). However, apart from making the I2-PKJKP cusp too weak,
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this substantial reduction in shear-wave speed cannot predict the correlation phase

PKIIKP-PKIKP (labeled in supplementary animation S3 and in Fig. 6-2C), which

is a prominent feature in our observed and the best-fit simulated correlograms (Fig.

6-3). Additionally, PKIIKP waves have been observed and their amplitudes studied

in conjunction with the shear-wave speed properties of the inner core (Cormier ,

2015). On the basis of this simulation, we thus eliminated the possibility that the

shear-wave speed reduction is necessary only in the uppermost inner core. The bulk

of the inner core is required to have a reduced shear-wave speed of 2.5% on average.

A radial variation of the shear-wave speed is possible, but the exact distribution is

hampered by the resolution combined with the non-uniqueness of the problem.

In contrast to the hypotheses above, intrinsic properties of polycrystalline iron at

high pressures and temperatures have been proposed to explain the properties of the

inner core (Jackson et al., 2000; Belonoshko et al., 2007). The ab initio estimates of

inner core shear-wave speed (Vočadlo, 2009) are 30% larger than the seismological

observations. However, when ab initio molecular dynamics calculations account for

the shear-wave reducing e↵ects of polycrystallinity, defects, and grain boundaries,

they become much more similar to the seismological values. The di↵usion of body-

centered cubic phase of iron atoms in solid state has been proposed to explain low

shear modulus (Belonoshko et al., 2017). Although this study is based on calcula-

tions for pure iron, the di↵usion mechanism makes the inner core soft with a very

low resistance to shear without requiring the existence of trapped melt to explain

seismological observations. Although our study does not exclude any of the above

possibilities, it provides seismological evidence for a soft inner core (a less sti↵ inner

core, in terms of its elastic behavior) from a di↵erent class of observations.

The relationship between our seismically obtained shear-wave speed and the

viscosity is not straightforward. Viscosity depends both on material properties and

the dynamics. The mineral physics estimates of viscosity (van Orman, 2004) are

lower than the geodynamic ones (Bu↵ett , 1997). The mineralogical models generally

do not include the e↵ects of microstructures (Bergman et al., 2018), which may

account for the discrepancy. Our values are consistent with a soft inner core. A

dynamically soft core helps explain the lack of gravitational torque-driven length-of-

day changes that would be expected with a rigid core combined with the fluctuation
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in rotation speed inferred from core flow and seismological detection of core rotation

(Tkalčić, 2017). Moreover, a soft inner core allows for deformation in both the polar

and equatorial directions, consistent with observations related to polar motion or

nutations (Koot and Dumberry , 2011).

Addition of data from local and regional networks will increase the number of

station pairs at short angular distances and thus improve the quality of the global

correlogram (Fig. 6-S1B). Further proliferation of seismic recorders in remote areas

of Earth will increase the number of station pairs at antipodal distances. This,

in turn, will improve the estimates of the time and amplitude of J -phase-related

features. Determining the frequency dependence of shear wave speeds will also place

more constraints on attenuation and viscosity in the inner core. We expect that a

shift toward higher frequencies is possible by considering early coda time windows

in which the seismic phases are relatively less attenuated owing to their shorter

paths through Earth. Detection of J waves confirms that Earth’s inner core is solid,

although elastically less sti↵ than previous estimates. This inference represents an

advance in our understanding of structure and dynamics of the inner core — Earth’s

deepest time capsule that has been probed by the global correlation wavefield.
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6.2 Supplementary Material

Note that the recently published work (Pha.m and Tkalčić, 2018) gives a detailed

description of the data preparation and processing methods utilized to construct

the Earth’s correlation wavefield (from both the synthetic and observed waveforms).

That paper also explains the mechanism responsible for the generation of all major

features in the observed and synthesized cross-correlograms (correlograms).

6.2.1 Construction of Global Correlograms

We analyzed broadband digital seismograms of about 170 large earthquakes recorded

on vertical components of 165 global seismographs (Fig. 6-S1). The earthquakes in

the time interval from 2010 to 2016 were selected with the following moment magni-

tude criterion: Mw � 6.8 (Ekström et al., 2012). The seismographs are distributed

globally (the network codes II and IU), but we supplement our global data with

the data from the regional network operated by Geoscience Australia (network code

AU). All data were accessed through the IRIS Data Management Centre. Retrieved

data were corrected for instrumental responses to retain solely the ground motion

induced by the earthquakes, and down-sampled to 10 samples per second. The data

were analyzed in the time interval ⇠3 to 10 h after the origin time (this portion of

the seismogram is referred to as earthquake coda (Wang et al., 2015; Huang et al.,

2015)). The magnitude threshold and the coda window are based on empirical rec-

ommendations of previous researches (Wang et al., 2015; Huang et al., 2015; Lin

and Tsai , 2013).

Waveform data for each event were systematically processed in two steps. Ini-

tially, coda seismograms of all stations were normalized in the time domain using the

running absolute mean method (Lin et al., 2007; Bensen et al., 2007). The tempo-

ral normalization suppresses the contribution of dominating high-amplitude surface

waves or aftershocks in the selected time window in the period band from 15 to 50 s.

The data were then normalized in the spectral domain using the spectral whitening

method (Bensen et al., 2007; Pha.m and Tkalčić, 2017) to balance the contribution

of all frequencies. The whitened spectra were used to compute cross-correlations

by multiplying the spectrum of one station with the complex conjugate spectrum of
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another. Then, the spectral cross-correlations were inversely transformed and folded

at the time zero to yield symmetric cross-correlation functions in the time domain.

The temporal cross-correlations of station pairs having angular interstation distance

within a bin of size 1� were summed (stacked) to form a strip in a single-event correl-

ogram. Each single-event correlogram thus contains 180 binned-strips. Finally, we

stacked correlograms of all earthquakes in the dataset and filtered the binned strips

in the period band from 15 to 50 s to yield the cumulative ”global correlogram” as

shown in Figs. 6-2 and 6-3 in the main text.

6.2.2 On the Observed and Predicted Features in Global

Correlograms

Several prominent features had been observed previously in the global cross-correlation

works, but were regarded as spurious or unexplained (Boué et al., 2014). We ex-

plained these features by means of the seismic wavefield emanating from virtual

sources across the core mantle boundary (denoted by the symbol ‘c’ in our newly

proposed phase nomenclature) according to the Huygens-Fresnel and the stationary-

phase principles (Pha.m et al., 2018). Cross-correlation of two given seismograms

recorded on the Earth’s surface contains a prominent correlation peak correspond-

ing to the arrivals of the mantle legs of P and S waves (i.e., cS and cP), for which

the delay time is a di↵erence of these legs’ propagation times. Contribution from

numerous virtual sources constructively stack at the stationary (saddle) point of the

di↵erential travel time as function of the virtual source location, while destructively

stack elsewhere. Furthermore, from the stationary source location, the mantle legs

cS and cP have the same surface slowness. Thus, in general, a prominent feature,

termed cS-cP (Pha.m et al., 2018), can be formed by cross-correlating phases with

the same ray parameter and a subset of propagation legs in common, which di↵er

only in cS and cP, e.g., PcS-PcP, or PKS-PKP.

As with the phase cS-cP, other features appear in the correlation wavefield as

a result of di↵erential travel times with an appearance similar to ordinary seismic

phases (Fig. 6-2A–D). For example, ScS* — a phase that looks like ScS phase

in the direct seismic wavefield, can be formed by the correlation of many pairs of

phases, including (but not limited to) PKPScS-PKP or ScSPKP- PKP (Fig. 6-S2).
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From this insight, we argue that the delay time of the correlation phase ScS* is

not just sensitive to the ray path connecting two recorders but to other parts of the

Earth’s interior. Thus, we propose a notation with ‘*’ to distinguish between the

correlation wavefield phases and ordinary phases in the direct seismic wavefield. A

similar principle can be applied to the pairs PcP and PcP*, ScS and ScS*, P and

P* (Fig. 6-2A), etc.

6.2.3 Systematic Search for PKJKP in the Earth’s Corre-

lation Wavefield

Each prominent feature in the correlation wavefield consists of the correlation peaks

resulting from similarities between pairs of regular seismic phases (e.g. the phases

X and Y ) that are recorded on receivers A and B with a common ray parameter,

p. Thus, the delay time and the angular distance of the cross-correlation peak

correspond to the di↵erences in travel times tX(p) � tY (p) and angular distance

�X(p) � �Y (p) as functions of a common ray parameter, p. In practice, we use

the SeismicPhase module of the TauP Toolkit (Crotwell et al., 1999) to generate

three arrays: the ray parameter, p, the travel time, t, and the epicentral distance,

�, for two regular seismic phases, which are then resampled in a common set of

discrete ray parameters. The di↵erences are computed over the overlapping range

of ray parameters of two phases. Plotting the di↵erential travel time against the

di↵erential angular distance gives the theoretically predicted travel time curve (Figs.

6-S3 and 6-S4).

We overlap the theoretical di↵erential travel time curves (with respect to the

reference model PREM (Dziewonski and Anderson, 1981)) of various correlation

phases containing the component PKJKP over the synthetized and observed corre-

lation wavefields in Figs. 6-S3 and 6-S4. In the synthetic global correlogram, this

search identifies the correlation phases I2-PKJKP, PKIKP-PKJKP and PKiKP-

PKJKP (predicted curves 4, 7, 19 in Fig. 6-S3) that fit pronounced features in the

synthesized correlation wavefield. To unequivocally characterize each phase, we run

a series of synthetic experiments with forced variations in the inner core shear-wave

speed and attenuation quality factor, as presented in the main text.
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6.2.4 Synthetic Experiments

We used the axisymmetric spectral element method AxiSEM (Nissen-Meyer et al.,

2014) to numerically simulate the propagation of seismic wavefield in di↵erent 1D

Earth models by varying (i) shear-wave speeds and (ii) attenuation in the inner core,

while keeping other values in the Earth model fixed to the reference model PREM

(Dziewonski and Anderson, 1981). For a customized Earth model, computational

mesh sizes were adapted according to the input model to retain the dominant period

of 10 s. An explosive seismic source was fixed at 50 km depth and 360 recorders

were regularly spaced along a great circle path containing the source to maintain

the computational time feasible. We generated 10-hour long synthesized records of

the seismic wavefield. The synthetic data were resampled to 10 samples per second

and then processed in an identical manner as the recorded data.

A regular distribution of recorders in the synthetic experiments due to compu-

tational time consideration results in a uniform number of station pairs in each

interstation distance bin, which di↵ers from the real distribution of stations on

Earth. Consequently, the resulting synthetic correlograms are simpler visually and

less noisy than the synthetic correlograms generated for the realistic geographical

distribution of stations.

In the first series of synthetic experiments, we varied the shear-wave speed in

the bulk of the inner core while all other parameters were fixed with respect to

the reference model PREM (Dziewonski and Anderson, 1981). The percentage of

variation was from -15% to 20% with 5% step in the crude parameter-space search.

The range for the fine parameter-space search was from -5% to 5% with 0.5% step.

Selected snapshots corresponding to the crude and fine parameter-space search ware

presented in Figs. 6-2 and 6-3, and the complete parameter-space search is presented

via moving images in Supplementary Information. The I2-PKJKP cusp move out

in the time domain is most clearly seen in the moving images.

The second batch of synthetic experiments involved the variation of attenuation

in the inner core (Fig. 6-S5). Initially, the inner core shear-wave speeds were

reduced by 2.5% relative to the PREM values. The inner core attenuation was then

multiplied by a factor of 0.25. 0.75, 1.0 and 2.0 with respect to the PREM values,

i.e. Q = 1328 and Qµ = 85 for the whole inner core. Fig. 6-S5 shows the results
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of varying Qµ (inverse of shear attenuation) in the inner core through a comparison

of the observed and theoretical cross-correlations in the angular distance bins 0–3�

and the times where the I2-PKJKP cusp occurs (grey shaded area). The PREM

values of Qµ overpredict the amplitude of the cusp. The best results in this idealized

experiment are obtained if the quality factor Qµ is reduced by 50 per cent relative

to the PREM value. The counterpart of the ScS phase that is prominent in the

Earth correlogram, ScS* (Fig. 6-S2) is taken as a reference, assuming that PREM

values are constrained better by the mantle-sensitive long period waves. It is evident

that the changes in inner core attenuation properties a↵ect the cross-correlations

corresponding to the cusp I2-PKJKP, while other parts of the cross-correlation are

much less sensitive to the change. However, as we conclude in the main text, due

to the nature of this idealized experiment that overestimates Qµ, the best fit here

should not be taken as a definitive value of Qµ for the inner core. We anticipate that

more realistic Qµ (higher) values for the inner core from the correlation wavefield

data will be within the reach of our computational capability in near future.

6.2.5 Supplementary Information

This section consists of three moving images files (animations) demonstrating (i) a

crude, (ii) a fine variation of the shear-wave speed in the bulk of the inner core,

and (iii) a fine variation of shear-wave speed confined to the uppermost 50 km of

the inner core. All variations are relative to the spherically symmetric Earth model

PREM (Dziewonski and Anderson, 1981) and are expressed in percentages. The

files are best viewed with PDF viewers enabling the user to shift back and forth

through the images at their own pace. This should reveal a clear move-out of the

PKJKP -related features in the time-angular distance domain as explained in the

main text.

Captions for the Supplementary Animations:

Supplementary Animation 1 — A crude variation of inner core shear-wave

speed relative to PREM (Dziewonski and Anderson, 1981). (a) Synthetic correlation

wavefield. (b) and (c) are enlargements of the corresponding windows marked in

panel (a). The triangle marker on the scale bar indicates the variation in percentages

of the shear-wave speed model in the IC relative to the values in the reference model
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PREM (Dziewonski and Anderson, 1981) corrected to the central period T = 23.1

s.

Supplementary Animation 2 — A fine variation of inner core shear-wave

speed relative to PREM (Dziewonski and Anderson, 1981). (a) Synthetic correlation

wavefield. (b) and (c) are enlargements of the corresponding windows marked in

panel (a). The triangle marker on the scale bar indicates the variation in percentages

of the shear-wave speed model in the IC relative to the values in the reference model

PREM (Dziewonski and Anderson, 1981) corrected to the central period T = 23.1

s.

Supplementary Animation 3 — A fine variation of shear-wave speed relative

to PREM (Dziewonski and Anderson, 1981) confined only to the uppermost 50 km

of the inner core. (a) Synthetic correlation wavefield. (b) and (c) are enlargements

of the corresponding windows marked in panel (a). The triangle marker on the

scale bar indicates the variation in percentages of the shear-wave speed model in the

IC relative to the values in the reference model PREM (Dziewonski and Anderson,

1981) corrected to the central period T = 23.1 s. Predicted di↵erential travel time

curve for the feature PKIIKP-PKIKP is added as a reference.
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Figure 6-S1: (A) Map of receivers (stations) and earthquakes used in this study.

Seismic networks include the Global Seismic Networks administrated through Incor-

porated Research Institution for Seismology (blue inverted triangles, network codes

IU and II) (34, 35) and the Australian National Seismograph Network (orange tri-

angles, network code AU) (35). Mw � 6.8 earthquakes that occurred during the

time interval 2010–2016 were used in the study and are marked by yellow stars. (B)

A histogram of the number of station pairs as a function of the interstation distance

(in bins of 1�) corresponding to the station locations and the network color scheme

shown in (A).
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Figure 6-S2: Geometrical raypaths from the source (S) to the receivers (R1 and R2)

of: (A) ScS waves and (B) the waves of di↵erential couple PKPScS-PKP and (C)

the waves of di↵erential couple ScSPKP-PKP. Di↵erential couples shown in (B) and

(C) contribute to the correlation phase ScS*. All legs including P and S legs from

the mantle and K (also a P wave) leg from the outer core have the identical ray

parameter. P wave legs are shown with solid lines and S wave legs with dashed

lines.
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Figure 6-S3: The first stage of a systematic search for the PKJKP signal in the syn-

thesized correlation wavefield using the PREMmodel. In all panels, the theoretically

predicted di↵erential travel time curves based on the proposed generation mechanism

(Pha.m et al., 2018) are color-coded after the names of the used phases (see panel

(C)). (A) Di↵erential travel time for a given phase, X, is computed by subtracting

the predicted time of PKJKP from the predicted time of X, tX(p) � tPKJKP (p),

as a function of surface slowness, p. (B) Predicted di↵erential travel time curves,

defined by tX � tPKJKP vs. the receiver angular distance, �X � �PKJKP , are su-

perimposed on the synthesized correlation wavefield from the Earth model PREM

(Dziewonski and Anderson, 1981). Black curves correspond to the features that are

insensitive to the inner core (see labels in Fig. 6-2C). (C) Color code for all consid-

ered di↵erential travel time pairs of phases X-PKJKP. (D) The angular distance,

�X(p)��PKJKP (p) – surface slowness, p domain. The representation in panels (A)

and (D) is needed to compute travel time predictions in (B). All predicted curves

are computed for the reference model PREM (Dziewonski and Anderson, 1981).
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Figure 6-S4: The first stage of a systematic search for the PKJKP signal in the

observed correlation wavefield. In all panels, the theoretically predicted di↵erential

travel time curves based on the proposed generation mechanism (Pha.m et al., 2018)

are color-coded after the names of the used phases (see panel (C)). (A), (C) and

(D) are identical to Fig. 6-S3. (B) Predicted di↵erential travel time curves, defined

by tX(p) � tPKJKP (p) vs. the receiver angular distance, �X(p) � �PKJKP (p), are

superimposed on the observed correlation wavefield. Black curves correspond to the

features that are insensitive to the inner core (see labels in Fig. 6-2C).
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Figure 6-S5: Comparison of observed and synthetic cross-correlations for the angular

distance bins 0–3� and varying attenuation quality factor Qµ in the inner core. The

observed cross-correlations are plotted in grey lines; the simulated cross-correlations

are in black. The values of Qµ are varied as follows: (A) 75 per cent reduction, (B)

50 per cent reduction, (C) the PREM value and (D) 100 per cent increase. The part

between 15 and 16 minutes where the phase ScS* dominates the Earth’s correlation

wavefield is shown as a point of reference because the stacked global amplitude of

cross-correlation in this distance range is almost una↵ected by the change in the

inner core attenuation. The part between about 8 and 9 minutes where the e↵ect

of inner core attenuation a↵ects the amplitude of the I2-PKJKP cusp is indicated

with a shaded grey area (see the enlargement (E) of Fig. 6-2 in the main text). We

found that the polarity and waveform of this phase are persistent over a range of

Qµ from 50% reduction with respect to the PREM to the PREM value.
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Appendix A

Evolution of the Correlation

Wavefield Extracted from Seismic

Event Coda

This appendix investigates the evolution of features in the global correlation wave-

field when coda window employed progresses from the event origin time. The gen-

eralized ray description (Kennett and Pha.m, 2018a) for the correlation wavefield is

further developed to include the surface wave terms. The content of this chapper is

reformatted from a published paper in Physics of the Earth and Planetary Interiors

(Kennett and Pha.m, 2018b).

Abstract

The seismic correlation wavefield constructed from stacked cross-correlograms of

event signals displays a wide range of features as a function of interstation distance.

The character of such correlation arrivals changes markedly with the segment of the

wavefield employed. All such correlation arrivals arise from the interaction of seismic

phases that have a common slowness at the pair of the stations being correlated. It

takes some time before a clear correlation field is established, but after 1 hour from

event initiation a weak version of the regular wavefield emerges accompanied by

many phases that have no counterpart in the direct source excitation. Such arrivals

are produced by the interaction of seismic phases with common propagation legs, and
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have time–distance behaviour controlled by the di↵erences in accumulated phase.

The regular phases fade with time and then the distinct arrivals in the correlation

field arise when there are many ways in which combinations of seismic phases have

the same di↵erence in propagation legs. There are many more such possibilities for

steeply travelling waves in the late coda, so that a relatively stable correlation field

develops. The properties of the correlation field as a function of time can be well

described by using a representation in terms of generalized rays supplemented by

the contribution from the fundamental mode Rayleigh wave.

A.1 Introduction

The normal representation of the seismic wavefield is derived from direct excitation

by a source recorded at a suite of seismic stations across the globe (Fig. A-1). For

all but the deepest sources, a very prominent train of surface waves forms a major

part of the field, and for very large events can be tracked for multiple circuits of the

globe. There is also a rich store of body wave phases that spread out through the

interior of the Earth, as time progresses waves that have steep traveling paths are

favored.

An alternative viewpoint on seismic waves comes from the cross-correlation of

earthquake signals, particularly the late coda some hours after event initiation. Boué

et al. (2014) have shown that stacked cross-correlograms from late event coda, using

globally distributed stations, include information on body wave paths that probe

the deepest parts of the Earth, such the core and inner-core. A rich set of phases

emerge, but the amplitude distribution is rather di↵erent from the regular wavefield

and there are many arrivals that have no counterpart in the field directly excited by

a surface source (‘spurious’ phases).

Pha.m et al. (2018) have demonstrated a close correspondence between the corre-

lation wavefield constructed from the late coda of large events and from comparable

synthetic seismograms for events and stations at the same locations. Thus for the

15–50 s period range all the features of the correlation wavefield are dominated by

interactions of seismic waves with the Earth’s radial structure (see also Fig. A-8).

Pha.m et al. (2018) used vertical component waveforms from 165 seismic stations
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A.1. Introduction

Figure A-1: The first 2 hr of the direct seismic wavefield (filtered in the 15–50

s period band) from an explosive source at 50 km depth, with the corresponding

travel time curves for the major seismic body wave phases below. P phases are

shown in red, S phases in green and converted phases in blue. Fundamental mode

surface waves are shown by a greenish strip. We refer the reader to Section A.2.1

for the naming convention with contracted phase labels used in this figure, and

throughout this paper.

in the Global Seismographic Network and the Australian National Seismograph

Network for the late coda of earthquakes with magnitude Mw � 6.8 in the period

2010 to 2016 (169 events). The cross-correlations for the 3–10 hr portion of the

coda were filtered in the intermediate period band from 15 to 50 s (20–67 mHz),

and stacked into 1� bins in inter-station separation. An equivalent set of results was

created from 10 hr long synthetic seismograms calculated by numerical simulation in

a spherical Earth, using the AxiSEM program (Nissen-Meyer et al., 2014) and the

ak135 reference model (Kennett et al., 1995; Montagner and Kennett , 1996). The
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synthetic coda waveforms were calculated for the actual configuration of earthquakes

and seismic stations, using a dominant period of 10 s.

The close equivalence of the observed correlation field with the synthetic results

means that the character of the correlation field can be explored using the prop-

erties of radial earth models. With the aid of a generalized ray expansion for the

components of the wavefield (see e.g. Kennett , 1983), all the observed features of

the correlation wavefield from the late coda of earthquakes can be explained by the

interaction of seismic body-wave phases with a common ray parameter and some

propagation legs in common (Kennett and Pha.m, 2018a). The travel times for the

arrivals seen in the correlation wavefield are the di↵erence of those of the original

seismic phases. Thus, the so-called ‘spurious’ phases and the phases whose travel

times correspond to recognized features of the seismic wavefield have a common

origin. This generalized ray treatment confirms the insight of Pha.m et al. (2018)

that the correlation phases are consistent with a model of virtual sources: either at

the Earth’s surface or at major internal boundaries.

This subtractive property for the correlation phases also explains their amplitude

distribution. For example, the large arrivals of S waves reflected from the core-

mantle boundary (ScS ) at short distances when cross- or auto-correlating vertical

component seismograms (Sens-Schönfelder et al., 2015; Poli et al., 2017), arise from

the combination of steeply travelling paths with S to P conversion at the surface

with only an ScS leg di↵erence, e.g., Kn and ScS.Kn (see Fig. A-1).

In this work we look at the evolution of the correlation wavefield as a function of

time after event initiation, since the character of the correlation field depends on the

nature of the seismic wavefield in the segment of the wavefield that is being cross-

correlated. We consider 2 hr segments and show how the correlation field evolves

and how this can be described in terms of a combination of a generalized ray and

modal representation. This approach di↵ers markedly from previous studies (Lin

and Tsai , 2013; Wang et al., 2015; Xia et al., 2016), which investigate empirical

windows in the coda that favour the emergence of targeted body phases, e.g., PKP,

PcPPKP, PKIKPPKIKP (I2).
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A.2 The Seismic Correlation Wavefield

−60˚ −60˚

−30˚ −30˚

0˚ 0˚

30˚ 30˚

60˚ 60˚

Stations (II/IU/AU) Earthquakes (Mw 7.5+)

Figure A-2: The configuration of the sources and receivers employed in the simu-

lations, similar to that used by Pha.m et al. (2018). Explosive sources, marked by

yellow stars, are put at the location of 43 earthquakes with Mw�7.5 in the 7 year

period from 2010 to 2016. Receivers, marked by red triangles, are placed at the

location of 165 stations from the two global seismograph networks (network code II

and IU) and the Australian National Seismograph Network (network code AU).

In earlier studies of coda correlations (Boué et al., 2014; Poli et al., 2017; Pha.m

et al., 2018) substantial lengths of record, e.g. 3–10 hr after source initiation were

employed, so that is di�cult to work out where the specific contributions to the

correlation wavefield arise. Fortunately we do not need such long segments to be

able to produce a stable correlation result with reasonable signal to noise ratio.

We have found that it is adequate to use 2 hr windows for the correlation between

stations. We can therefore track the evolution of the correlation wavefield from the

commencement of the records through into the late coda, and provide insights into

the nature of the wavefield.

We simulate the event and receiver configuration used by Pha.m et al. (2018) (Fig.

A-2) using 10 hr of synthetics calculated for the ak135 model using the AxiSEM

spectral element technique (Nissen-Meyer et al., 2014). Explosive sources were set

at 50 km depth at each of the event locations. The cross-correlation results are

stacked in 1� bins in inter-station separation. We are therefore able to look at
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the changes in the nature of the seismic wavefield arrivals in the segment of the

wavefield being cross-correlated, and see how these are reflected in the distribution

of correlation phases. The variation in the nature of the correlation field with time

links to the narrowing of the e↵ective slowness range in successive coda segments

(e.g. Sens-Schönfelder et al., 2015).

The construction of the correlation wavefield was carried out in exactly the same

way for both real and synthetic waveforms (Pha.m et al., 2018). We use temporal and

spectral normalization for all input seismograms. Firstly, we use running-absolute

mean normalization (Bensen et al., 2007) to suppress surface waves which are domi-

nant in the period range 15–50 s (Lin et al., 2007). Then, we use a spectral whitening

operation (Pha.m et al., 2018) to balance the contribution of individual frequencies

in the spectral domain. The appearance of the correlation field is influenced quite

strongly by the classes of normalization applied during the practical construction

of the correlation field. Here we work with the fully normalized case, with both

temporal and spectral normalization, for which the correlation phases are recovered

with the greatest clarity. We recognize that the data processing operations have

the e↵ect of modifying the results away from simple cross-correlations, but for the

intermediate frequency band we employ distortion of the timing should be small

(Hanasoge and Branicki , 2013; Fichtner , 2014; Fichtner et al., 2017).

We use 2 hr windows for correlation between stations, so that time separations

of up to 100 min between di↵erent seismic phases are well represented. For the 50

km deep explosive sources used to create the synthetic field there are no radiation

pattern e↵ects. S waves will be generated by near-source conversion and so will

be weaker than P waves. 50 km is the median depth among the 169 events used

by Pha.m et al. (2018), and for the later parts of the coda the wavefield will be

dominated by steeply traveling P waves.

The behavior of the correlation field can be broken up in a number of di↵erent

regimes as a function of the start time of the window after event initiation, and hence

the nature of the direct wavefield in that window. For any window, the clarity of any

particular correlation phase will depend on how many ways are available to extract

the same time di↵erence at a particular station separation.

We here display specific windows of the direct and correlation fields and look at
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the nature of the correlation arrivals and the way in which they might be generated.

In the supporting information, we show the full direct wavefield out to 8 hr, with

consecutive 2 hr correlation field windows to provide a broader overview of the

evolution.

A.2.1 Regime I: 1–4 hr after Event Initiation

Figure A-3: The segment of the direct wavefield from 1–3 hr after event initiation,

in Regime I, together with the correlation wavefield constructed for this segment.

The main correlation phases are identified using the compressed notation introduced

by Pha.m et al. (2018).

In Fig. A-3 we display the segment of the synthetic wavefield from 1–3 hr after

event initiation together with the correlation wavefield constructed for this coda

segment. The most prominent feature in the direct wavefield is the fundamental

mode surface-wave train that continues to circle the globe. This is accompanied by
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a multitude of distinct body wave phases, with both P and S wave components.

With the temporal and spectral normalization we have employed, the surface

waves have little expression in the correlation field for this time window. Instead we

see a wide variety of body wave features. The most prominent correlation phases

are associated with steep propagation through the Earth with interaction with both

mantle and core: e.g., PKP, PKPPKP (K2), PKPPcP (c.K), SKP, and SKPPKP

(SKP.K) are all visible particularly near their caustics. In these tight triplications

there is an interference of contributions with both the original source waveform and

its Hilbert transform with little time separation, which tends to further enhance

the response. SKS is present, but weak near the cross-over with S. We also note a

number of di↵erence phases associated with deep propagation, e.g., PKP-ScS which

arrives apparently before P. SP can be seen near 120� where it is reinforced by

di↵erences of core phases.

In the later part of the correlation window we find many complex phases for which

the traditional phase naming convention becomes cumbersome. To identify these

late arrivals in Fig. A-3, and other figures in this study, we adapt the compressed

notation introduced by Pha.m et al. (2018) for multiple-segments of P waves. We

retain just the parts of the phase name that indicate the deepest layers of the ray

path through the Earth. Thus PKP is reduced to K or K1 because the ray path

transverses the core and PKPPKP reduces to K2, with a comparable development

for higher order interactions. Similarly PKIKP is reduced to I or I1, PKIKPPKIKP

is reduced to I2. Thus PKIKPPKIKPPKIKP is represented by I3.

For complex converted phase, the compressed parts of the P paths are designated

by a dot, for example ScSPKP becomes ScS.K. The core reflection leg, PcP, is

contracted to c; for instance, prominent phases in the correlation field (Fig. A-

3) include c.K, c.K2, c2.K2. Analogues of these combinations of reflections from

the core mantle boundary are deep propagation are found for the higher order core

phases I2, I3 and I4 in Fig. A-3.

In contrast, aspects of the correlation wavefield associated with propagation in

the mantle appear as a weak ‘ghost’ of the regular wavefield, even though many

phase contributions can be identified: P > 35�, PcP > 15�, PP > 95�, PPP 180–

260�; S 35–70�, ScS < 25�, SS 85–120�, SSS > 140� (rather weak). The distance
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ranges for the P phases require slownesses less than 9 s/�, and for the S phases the

slownesses are less than 15 s/�. So in each case we are looking at propagation that

is turning back from below the mantle transition zone. There is a distinct shift to

smaller slowness for the window commencing at 2 hr, (illustrated in the supporting

information, Fig. A-S1) for which P starts to be visible at 60� whereas PcP extends

to 10�. Similar e↵ects are seen for S phases. This arises because there are fewer

large slowness contributions present in the direct wavefield after 120 min.

The restrictions on the slowness from the correlation of the synthetic field corre-

spond closely to the empirical observations made by Sens-Schönfelder et al. (2015)

for the very deep Sea of Okhotsk earthquake in 2013 observed at USArray stations

in the eastern part of the United States, for the 32–48 s period band. Progressive

attenuation of waves propagating in the shallow parts of the Earth coupled with

strong geometrical spreading leads to progressive and rapid loss of amplitude. The

surviving stronger contributions come from steep propagation paths in the mantle

and core with lower attenuation.

The correlation field for the window from 2–4 hr after event initiation is dis-

played in Fig. A-S1 of the supporting information. The correlated features with

the timing of the body wave phases propagating through the mantle are now rather

weak compared with those involving the core. Thus it is the early part of the coda

that allows access to the mantle contributions.

A.2.2 Regime II: 3–5 hr

At this point in the direct wavefield coda, the surface waves can still be discerned as

a coherent arrival, but specific body waves hardly rise above the general background

(Fig. A-4). In the correlation wavefield, the surface waves can be traced out to 30�

inter-station separation. There is little evidence of shallower propagating regular

phases, though core-related phases are apparent. Compared with the preceding

time window, the di↵erence phases in the correlation field show increased strength.

Indeed after the 3 hr point in the coda, there is a strong general resemblance

to the correlation wavefield for 2 hr time windows, though subtle di↵erences occur

associated with the content of the correlation windows and the progressive narrowing

of the e↵ective slowness window.
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Figure A-4: The segment of the direct wavefield from 3–5 hr after event initiation,

in Regime II, together with the correlation wavefield constructed for this segment.

The main correlation phases are identified.

A.2.3 Regime III: 5 hr on

After 5 hr there is very little distinctive character to the coda. The fundamental

mode of the Rayleigh waves is barely evident for the synthetics after 2 complete

circuits of the globe. Yet, is still probably the largest single feature on the records.

In consequence many individual correlations can be made out over a significant span

of inter-station distance, which give rise to a distinctive fundamental-mode surface

wave contribution to the correlation wavefield out to ⇠70�.

The main features of the correlation field continue to be associated with steep

propagation (slowness <4.5 s/�), with concentration of amplitude near caustics.

The blurring of the correlation phase contributions compared with the earlier coda

segments can be associated with the relatively small amplitudes of all features of the
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Figure A-5: The segment of the direct wavefield from 5–7 hr after event initiation,

in Regime III, together with the correlation wavefield constructed for this segment.

The main correlation phases are identified.

direct wavefield, and some influence of numerical dispersion in the synthetics that

tends to build at these late times.

A.2.4 E↵ect of Normalization

In the illustrations we have used both temporal and spectral normalization to

broaden the spectrum and reduce the influence of the strongest phases.

(a) in the absence of temporal normalisation

Without normalisation the surface waves dominate the correlation process. A

strong surface wave signal out to 200 is extracted from the coda in the 0–4 hr

span. For later time windows in the coda the surface waves are confined to

<90. The body waves are clearly present, but the features with long correlation
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legs are reduced in amplitude.

(b) in the absence of spectral normalisation

In the 1–3h window there is some enhancement of body-wave phases, but little

general benefit compared with the fully normalised case.

A.3 Analysis of Correlation Wavefield

We here show the way in which the evolution behaviour of the correlation phases can

be understood in terms of the properties of seismic wave propagation in a radially

stratified Earth model. We employ the direct cross-correlation of results from di↵er-

ent stations, whilst recognising that this is an over-simplification of the procedure

used to generate Figs. A-3, A-4, A-5.

We start from the asymptotic representation of seismic wave propagation on

a sphere as a superposition of frequency and slowness components. The surface

displacement w0(t,�1) at an epicentral distance �1 from a source takes the form:

w0(t,�1) = f(�1)

Z 1

�1
d! S(!)!1/2e�i!t

Z p0

�p0

dp p1/2G(p,!)ei(!p�1). (A-1)

Here, the source spectrum is given by S(!), and G(p,!) represents the response

of the spherically stratified model, including source radiation e↵ects. The limit in

the slowness integral p0 is to be taken somewhat larger than pR0, the slowness of

the fundamental mode Rayleigh wave, i.e. p0 > 1.25��1
0 , where �0 is the surface

S wavespeed. For the sphere, the spreading factor f(�1) = (1/sin�1)1/2. The

asymptotic form (A-1) provides a good representation of behaviour except close to

the poles (�1 = 0� and 180�). For simplicity, we do not include the KMAH index

indicating the number of passages through the poles in Eq. (A-1), for more details

on the role of the KMAH index see Kennett and Pha.m (2018a).

For the intermediate frequency band we have used for the analysis above (20–67

mHz) pR0 ⇠ �
�1
0 , and the fundamental mode branch is well separated from the higher

modes. We can distort the slowness integral away from the real axis into the upper

quadrant so as to pick up the contribution from the fundamental mode Rayleigh

wave (Fig. A-6). We can break away from the real axis at pc ⇠ �
�1
m+ , i.e. the

inverse of the uppermost mantle S wavespeed. Then crustal S contributions come
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Figure A-6: Deformation of contour path in slowness do- main, at fixed frequency

!, to pick up the fundamental mode Rayleigh pole.

from the fundamental mode Rayleigh wave, with some ‘leaking-mode’ additions from

the contour D+, that will decay rapidly with increasing �1. All mantle propagation

will be contained in the real-axis contribution out to pc.

The slowness integral in (A-1) can then be written as (concentrating on positive

slowness)

w0(!,�1) = !
1/2

S(!)f(�1)

⇢Z pc

�p0

dp p1/2G(p,!)ei(!p�1) (A-2)

+H(pR0(!),!)e
i(!pR0(!)�1)

+

Z

D+

dp p1/2G(p,!)ei(!p�1)

�

H(pR0(!),!) represents the residue contribution from the fundamental Rayleigh

wave pole pR0(!), which for a spherically stratified model depends solely on the

frequency ! and the Earth model.

When we perform the cross correlation between two seismograms at di↵erent

epicentral distances via the frequency domain, we construct the inverse transform of

the combination w0(!,�1)w⇤
0(!,�), where ⇤ denotes the complex conjugate. With

the representation (A-2), the spectrum of the cross-correlation will comprise 6 terms.

The dominant contribution will come from combinations with similar character, i.e.,

the correlation of the body-wave terms with body waves and the surface-wave terms

with surface waves.

Further, on the global scale, the ‘leaking mode’ integrals along D+ will not be

significant except for very small epicentral distances. The spectral result can thus
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be written as

w0(!,�1)w
⇤
0(!,�2) = !S

2(!)f(�1)f(�2) ·⇢Z pc

�p0

dp p1/2
Z pc

�p0

dq q1/2G(p,!)G⇤(q,!)ei[!(p�1�q�2)]

+H(pR0(!),!)H
⇤(pR0(!),!)e

i[!pR0(!)(�1��2)]

+ . . .

�
(A-3)

In the construction of the correlation wavefield we sum the correlation results

over the full range of available sources, with a broad span of values for both �1 and

�2. For simplicity we assume a common source spectrum S(!) for all sources. The

summed correlation field in the spectral domain for station separation � is then

hW0(!,�)i =
X

�1

X

�2

w0(!,�1)w
⇤
0(!,�2), subject to �1 ��2 = �, (A-4)

We can use a similar treatment to that employed by Kennett and Pha.m (2018a)

to demonstrate that the principal contribution to the slowness integral comes when

the contributions at the di↵erent stations share the same surface slowness, both

for the body waves and the surface waves. This result depends on a stationary

phase condition at the point of slowness equality, and is equivalent to the condition

used by Snieder (2004) for just the surface wave part of the wavefield. Snieder and

Sens-Schönfelder (2015) have shown that the stationary phase zone is larger in the

neighbourhood of a caustic, which will tend to enhance the recovery of signals.

Using the stationary phase result, the summed correlation results can be ex-

pressed as:

hW0(!,�)i ⇠ !S
2(!)F (�)

Z pc

�p0

dp pG(p,!)G⇤(p,!)ei!p�

+!S
2(!)F (�)H(pR0(!),!)H

⇤(pR0(!),!)e
i!pR0(!)� (A-5)

The dependence of the summed correlation field (A-4) on the angular separation �

between stations,

F (�) ⇠
X

�2

f(�+�2)f(�2) (A-6)

will not be simple, and depends on the specific distribution of available stations,

relative to the sources employed.

The theoretical results take their simplest form in terms of the di↵erence in

epicentral distances �, but with considerably more algebraic labour can be cast in
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terms of the interstation distance �12 in a similar treatment to that employed by

Snieder (2004) in Cartesian coordinates. The interstations distance �12 is related

to � by the spherical trigonometric expression

cos�12 = cos(�1 ��2) + sin�1 sin�2(cos�� 1), (A-7)

where � is the di↵erence between the azimuth to the stations from the source

A.3.1 Generalised Rays

A suitable form for the slowness-frequency response G(p,!) is to work with a gen-

eralised ray expansion, as used by Kennett and Pha.m (2018a), since this allows

attention to be directly focussed on the interaction of seismic phases. In the gener-

alised ray expansion

G(p,!) =
X

I

gI(p)e
i!⌧I(p), (A-8)

⌧I(p) includes the delay-time contributions for propagation on all the di↵erent legs

encountered along the Ith path. The amplitude term gI(p) is composed of the

product of all reflection and transmission coe�cients at interfaces, modulated by

the slowness dependence of the source radiation and the displacement response at

the receiver. The spectral product in the slowness integral of (A-5) then takes the

form

G(p,!)G⇤(p,!) =
X

I

X

J

gI(p)g
⇤
J(p)e

i![⌧I(p)�⌧J (p)], (A-9)

with the result that the correlation process will extract the di↵erence in the delay-

time contributions between pairs of generalised rays

The stacked correlation field takes the form

hW0(!,�)i ⇠ !S
2(!)F (�)

X

I

X

J

Z pc

�p0

dp p gI(p)g
⇤
J(p) e

i[!(⌧I(p)�⌧J (p))+p�]
. (A-10)

The slowness integral is then simply the contribution from an arrival at range �

with a di↵erential propagation contribution of !(⌧I(p)� ⌧J(p)).

We can therefore expect that all discrete phases appearing in the stacked cor-

relation results will arise from a suite of contributions whose apparent travel times

will correspond to the di↵erence of the times of actual seismic phases arriving at

the original station locations �1 and �2 with the same surface slowness p. A slight
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complication is that we may be comparing seismic phases with di↵erent numbers

of circuits of the globe or interaction with other caustics that introduce additional

phase e↵ects, which will produce some distortion of the apparent waveform of a

di↵erential phase.

The generalised ray representation of the stack correlation field (A-10) implies

that all correlation phases emerge from di↵erences. Yet, we see apparently standard

seismic phases. To extract a feature with the travel time properties of a regular seis-

mic phase from a phase di↵erence, we require that both the I th and J th generalised

rays include the same suite of legs, say Y, but that one of them has an additional

contribution corresponding to the legs in the regular phase, e.g. SKS. Subtraction

of Y from Y.SKS or SKS.Y leaves the SKS contribution isolated.

A similar situation prevails for non-standard arrivals. In each case they are

built from a situation where some element of propagation is in common between

the di↵erent generalised rays. For example, the suite of seismic phases Y.PKP and

Y.ScS, arriving at stations with a common slowness, yield a correlation phase with

the di↵erential time corresponding to PKP-ScS. In a similar way, the combination

Y.cS-Y.cP with just a di↵erence in the final leg from the core-mantle boundary to

the surface produces cS-cP, that is equivalent to a virtual source at the core-mantle

boundary (Pha.m et al., 2018).

A.3.2 Amplitude Considerations

We can describe the general behaviour of propagation in an Earth model by working

with a three layer configuration of mantle, outer core and inner core, which mirrors

seismological notation. This enables us to describe the character of generalised rays

in terms of a ray symbol derived from the nature of the propagation legs in each

layer. All rays with the same number of legs of a particular wave type in each layer

will have the same travel time ⌧I(p) for a specific slowness. All such configurations

are kinematic analogues, and within this set there will be groups with the same

common product of reflection and transmission coe�cients gI(p) – these are dynamic

analogues. We illustrate the behaviour in Fig. A-7 for a simple configuration with

six elements in the kinematic group divided into two dynamic subgroups of two

and four with the same amplitude behaviour. In the Appendix we summarise the
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Ray symbol {2,2,1} M

OC

IC

Figure A-7: Illustration of kinematic and dynamic groups for a specific generalised

ray described by code {2, 2, 1} in a three-layer model. All the illustrated paths will

have the same travel time, but separate into two groups with common amplitude

behaviour.

properties of the analogues and how the number of elements can be evaluated for a

given ray symbol. An important result (A-16) is that the sum over generalised rays

can be reduced to an outer sum over the di↵erent phase terms associated with the

various kinematic groups, with an inner sum over their constituent dynamic groups.

Suppose now we consider a seismic phase Y , without conversions, described by

nY 1 legs in the top layer, nY 2 legs in the middle layer and nY 3 legs in the bottom

layer so the ray symbol is {nY 1, nY 2, nY 3}. From (A-13), the number of elements in

the kinematic group is given by

NY =
(nY 1 + nY 2 � 1)!

nY 2! (nY 1 � 1)!
· (nY 2 + nY 3 � 1)!

nY 3! (nY 2 � 1)!
. (A-11)

If then Y is combined with another phase X to produce YX we now have a new

symbol {nY 1 + nX1, nY 2 + nX2, nY 3 + nX3}, and the number of elements in the

combined phase NY X can be obtained by analogy with (A-10).

When we create a di↵erence phase X by correlating YX with Y, all kinematic

analogues of Y can combine with X and so contribute. There is also the possibility

that X itself has a multiplicity of manifestations. The number of possibilities for

extracting phase X from the combination YX is then NY X/NY and grows rapidly

with the number of legs in phase X. Thus, for example, consider combining core

reflections with the phase I3. We can produce a phase with the timing of I3 in 100

ways, this increases to 200 for c.I3, ScS.I3 and 350 for c2.I3. The most important

dynamic analogues will be those with the fewest reflections, but the shear number
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of the remainder will help to compensate for their reduced individual contributions.

If we add an extra double leg in both layers 1 and 2, the number of kinematic

equivalents rises to 700, and more complex phases can have a very large number of

possibilities.

The multiplicity of ways in which phase combinations can occur explains the

occurrence of exotic features such as c2.I3 in the correlation field. In the complex of

low amplitude contributions in the coda, there are a many ways to build contribu-

tions. The amplitudes are largest near the caustics associated with the correlating

phases, and so the arrivals appear at the slowness and inter-station separation dic-

tated by the caustics.

For any particular window used for correlation, the clarity of the correlation

arrivals depends on how many ways are available to extract the same time di↵erence

at a particular station separation. Thus the kinematic and dynamic analogues are

modulated by the specific time window employed. For example if we use 2 hr

windows, five core multiples of the type In will fall within the window. This means

that the number of options for extracting phases such as I2, I3 are limited, and

similar for successive time windows. The modest changes in the steeply travelling

correlation arrivals from window to window seen between Figs. A-5 and A-6 relate

directly to this truncation of possibilities by the choice of the two hour window.

A.4 Discussion and Conclusions

When we look at the evolution of the correlation wavefield, we consider distinct

2 hr time segments of the seismic wavefield, and so there is a restricted range of

phases available in each window. The process of producing the di↵erence phases

remains the same for each window, but the summations over generalized ray types

are restricted. The distinction between the di↵erent regimes identified above can

then be related to the slowness ranges associated with the arrivals in the direct field.

In each case we cannot get correlations for lags larger than about 110 min since

we run out of phases that can be cross-correlated. At earlier times larger slownesses

are present, though there will be only a limited number of ways in which correlation

phase combinations can be constructed. This means that we can see a broad range
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Figure A-8: Comparison of observed correlation field constructed using the time

interval from 3–10 hr after event initiation, and the synthesised field using explosive

sources at 50 km depth at the event locations used by Pha.m et al. (2018).

of mantle phases and those associated with shallow ingress into the core, e.g. SKS,

in the correlation results (Fig. A-3). As time progresses the slowness range narrows

to much smaller values emphasising e↵ects from steep propagation paths, including

core multiples.

Out to 3 hr from event initiation the slowness range corresponds to propagation in

the mantle beneath the transition zone (<9 s/� for P and <15 s/� for S ). By 5 hr the

dominant e↵ects come from phases that penetrate the core, i.e., slowness less than

4.45 s/�. The more rapid attenuation of S body waves than P waves means that they

make progressively less contribution to the correlation field with time. The presence

of steeply travelling ScS energy as a correlation phase in all the time windows we

have considered, can be explained by conversion linked to deep propagation, e.g.,

161



A.4. Discussion and Conclusions

ScS.Kn correlated with the original propagation group Kn. Such combinations

can construct very large kinematic groups, with consequently significant amplitude

contribution. The increased attenuation associated with the mantle S legs and

the relative ine�ciency of surface conversion precludes combinations with multiple

mantle S legs. A further significant style of correlation phases is SKP.Kn where

only a single mantle passage by S is involved.

We have undertaken the analysis of the evolution of the correlation field using the

synthetics calculated for the ak135 model, since this enables us to directly identify

the various correlation phases. Yet, as can be seen from Fig. A-8 there is indeed

a close correspondence between the correlation wavefield constructed from larger

earthquakes and the synthetic field using explosive sources. The stacking procedure

over the 169 events has homogenised the radiation pattern e↵ects. The observations

show a slight broadening of phases, associated with the timing di↵erences imposed

by 3-D heterogeneity within the Earth. In Fig. A-8 we use a longer correlation

window starting 3 hr after the event, and so the direct comparison can be made

with Fig. A-5. With the longer time interval there are more potential contributions

to the stacks for each correlation phase, but the dominant contributions can be

expected from earlier times were amplitudes in the direct wavefield are stronger.

The later core multiples I2 and I3 are more prominent in the observed section

than in the simulations with 50 km explosive sources. This di↵erence is likely to

be due to the richer seismic wavefield available when diverse focal mechanisms and

depths are being sampled for the di↵erent events. Additional possibilities of correla-

tion for deeper sources come from p.In phases, reflected near the source, in addition

to In. There may also be some contribution from steeply travelling S coupling to

core multiples.

For the 1–3 hr window we have noted the extraction of a weak image of the

regular wavefield by the correlation process. The presence of the phase contributions

depends only the distribution of stations not sources, though the amplitudes will

depend on source excitation. The use of the early coda therefore o↵ers the possibility

of examining aspects of the wavefield that fall in epicentral distance ranges that

otherwise have only limited geographic sampling.
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A.5 Appendix - Kinematic and Dynamic Groups

for Generalized Rays

An individual generalized ray path within a multilayered medium can be described

by a code indicating the nature of the ray. The layer number and wave type may

be described by assigning an ordered pair of integers to each layer {Cj, ij} where ij

is the layer number and Cj indicates the wave type in that layer (Cj = 1, P waves;

Cj = 2, S waves). For n ray segments there will be n ordered pairs {Cj, ij}. Rays

which do not include conversions of wave type are completely described by a ray

symbol composed of the layer indices {ij}.

The properties of such ray codes have been extensively studied by eastern Euro-

pean seismologists, and a convenient summary of results and algorithms is presented

by Hron (1972). When we consider a class of rays with permutations of the same

ray codes we may divide these into: kinematic groups, for which the phase term

⌧I will be the same; and dynamic groups, which form subclasses of the kinematic

groups and have the same products of interface coe�cients gI(p).

For generalized rays for which all legs are in a single wave type it is possible

to enumerate all the possible kinematic and dynamic groups. For a surface source

and receiver, there will be an even number of ray segments. For a ray without

conversions, the time characteristics ⌧I can be described by the set

{n1, n2, ....., nJ}, J � 2, (A-12)

where nj is half the number of segments in the jth layer since each downgoing leg

is matched by an upgoing. All ray numbers of a kinematic group will share the

same code (A-12) and the number of members can be determined by combinatorial

considerations (Hron, 1972). The number of rays in a kinematic group is given by

a product of combinatorial terms

Nk(n1, n2, ...., nJ) =
J�1Y

j=1

(nj + nj+1 � 1)!

nj+1!(nj � 1)!
. (A-13)

The members of a dynamic group can be specified by the numbers of reflections

from interfaces. We define mj as the number of reflections from the jth interface

when the ray is in the jth layer. The set of 2j � 1 integers

{n1, n2, ....., nj;m1,m2, .....,mj�1}, (A-14)
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then completely describes the amplitude function gI(p) for all the members of the

same dynamic group, since mj ⌘ nj. The number of members in each dynamic

group is (Hron, 1972)

Ndk(n1, ..., nj;m1, ...,mj�1) =
J�1Y

j=1


nj!

mj!(nj �mj)!

� 
(nj+1 � 1)!

(nj �mj � 1)!(nj � nj+1 +mj)!

�
.

(A-15)

When consider the properties of the sum of generalised rays we only need to take

one ray from each dynamic group and can then use the multiplicity factor Ndk to

account for all the other rays.

We may thus organise a generalised ray sum such as to exploit the benefits of

the kinematic and dynamic groupings by writing the slowness integral as

Z
dp p

X

k

(
X

d

Ndkgd(p)g
⇤
d(p)

)
ei![⌧k(p)+p�)]. (A-16)

The frequency dependent portions are then the same for each kinematic group k,

and the inner sum over dynamic groups accounts for di↵erent reflection processes

with the same phase delays.

The concepts of dynamic and kinematic groups are just as useful for rays with

converted legs, but the combinatorial mathematics becomes very di�cult for more

than a single conversion leg (Hron, 1972; Vered and Ben-Menahem, 1974).
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A.6 Supplementary Material

S1. Evolution of the wavefield

In the main paper we have concentrated on the nature of the correlation field for a

suite of 2 hour segments of the event wavefield, and look in detail at the character

of the correlation phases that appear for these time windows. We here display the

direct seismic wavefield out to 8 hours after source initiation, together with 2 hour

windows for the correlation wavefield constructed from consecutive 2 hour windows

of the event wavefield. This provides a more direct impression of the way in which

the correlation wavefield changes with the time window employed.

Fig. A-S1 shows the interval from 0–4 hours after source excitation, where the

multiple passages of the Rayleigh waves around the globe are very evident. When

correlations are made for the first 2 hour segment of the wavefield, there is only a

relatively weak representation of the main body wave phases, and little evidence of

correlated surface waves. A much richer correlation field emerges with a delay of

2 hours in start time. there are still some faint traces of the features seen in the

earlier window, but these are accompanied by relatively strong correlation phases

largely corresponding to relatively steep propagation paths. A weak fundamental

mode surface wave contribution can be tracked out to nearly 180�, together with

indications of the higher modes to around 150�.

Fig. A-S2 shows the interval from 4–8 hours. Even with mild exponential scaling

with time to enhance small arrivals, there is very little obvious character in the event

wavefield at late times. Yet there are a multitude of steeply travelling seismic phases

that constructively interfere in the construction of the correlation wavefield. There

are notable shifts in the amplitude distribution from the results for the 2–4 hour

window, but only a modest change between the 4–6 and 6–8 hour windows even

though there is little apparent organisation in the direct wavefield. The contribution

from the surface waves is somewhat stronger in the 6–8 hour window with distinct

correlations extending to around 70�.
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Pachhai, S., H. Tkalčić, and J. Dettmer (2014), Bayesian inference for ultralow

velocity zones in the Earth’s lowermost mantle: Complex ULVZ beneath the

east of the Philippines, Journal of Geophysical Research: Solid Earth, 119 (11),

2014JB011,067, doi:10.1002/2014JB011067.

Paulssen, H., J. Visser, and G. Nolet (1993), The crustal structure from teleseismic

179



Bibliography

P-wave coda—I. Method, Geophysical Journal International, 112 (1), 15–25, doi:

10.1111/j.1365-246X.1993.tb01433.x.
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Tkalčić, H., Y. Chen, R. Liu, H. Zhibin, L. Sun, and W. Chan (2011), Multistep

modelling of teleseismic receiver functions combined with constraints from seis-

mic tomography: crustal structure beneath southeast China, Geophysical Journal

International, 187 (1), 303–326, doi:10.1111/j.1365-246X.2011.05132.x.
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