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Using the standard Hartree-Fock approximation on the basis of the random-phase approximation,
we calculate the self-energy induced by exchange scattering due to electron-electron interaction in
a spin-polarized two-dimensional electron gas �2DEG� system. Applying the exchange self-energy
to a Green’s function approach, we examine how the exchange interaction affects the spin-splitting
in a 2DEG with the Rashba spin-orbit interaction and Zeeman spin-splitting in the presence of
quantizing magnetic fields. It is demonstrated that such a many-body interaction can lower the
energy levels of the system and enhance significantly the spin-splitting around the Fermi level. We
also find that the exchange-enhanced spin-splitting is achieved mainly via intra-Landau-level
scattering channels and the spin energy oscillates with the magnetic fields. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2828175�

I. INTRODUCTION

In recent years, the investigation of two-dimensional
electron gas �2DEG� systems with the Rashba spin-orbit in-
teraction �RSOI� has become an important field of research
in condensed matter physics and semiconductor electronics.
The spin-polarized electronic �or spintronic� systems have
been proposed as advanced electronic devices to be used in
future quantum communication and information. It is known
that a spin-polarized 2DEG can be realized on the basis of
narrow-gap semiconductor heterojunctions or quantum
wells, such as those realized from InAlAs/InGaAs
heterostructures.1 When such systems are subjected to static
magnetic fields, a strong RSOI can be observed on top of the
Zeeman spin-splitting, due to the inversion asymmetry of the
microscopic confining potential achieved by the presence of
the heterojunction.2 At present, the magnetotransport mea-
surement via Shubnikov–de Haas �SdH� oscillations is one
of the most popularly used experimental techniques to iden-
tify the RSOI in InGaAs-based spintronic systems.3 From the
periodicity of the SdH oscillations, the electron densities in
different spin branches can be determined and, from these
results, the Rashba parameter of the system can be obtained.
The Rashba parameter � is an important coefficient that mea-
sures the strength of the RSOI in a spintronic device. It was
found experimentally that the Rashba parameter in InGaAs-
based spintronic systems varies from ��5�10−12 eV m in
Ref. 5 to ��10−11 eV m in Ref. 4 and to ���3−4�
�10−11 eV m in Ref. 3.

Theoretically, the Rashba parameter can be calculated on
the basis of the k ·p band-structure calculations4 and self-
consistent calculations on the basis of the k ·p results.5 Al-

though in some cases a good agreement between experimen-
tal and theoretical results for the Rashba parameter can be
reached �e.g., in Ref. 4�, it is also found that � obtained
theoretically is much smaller �at least a factor of 2 in Refs. 3
and 5� than those measured experimentally. It should be
noted that the k ·p band-structure calculation is basically a
single-particle approach. In the self-consistent calculation us-
ing the k ·p results, only the Hartree potential along the
growth direction is considered and, therefore, such a calcu-
lation cannot include fully the many-body effects in the sys-
tem. Recently published experimental results6 have indicated
that the electron-electron �e-e� interaction can play an impor-
tant role in spin-splitting in the Rashba spintronic systems.
Hence, it is important and necessary to investigate the many-
body effects in spin-split 2DEG systems in the presence of
quantizing magnetic fields, and this is the prime motivation
of the present theoretical work.

It is well known that in an electron gas system, many-
body effect such as the exchange scattering induced by e-e
interaction and electron interactions with scattering centers
can enhance the spin-splitting in the device system.7 The
exchange-enhanced spin-splitting in a 2DEG with the RSOI
was studied successfully by Chen and Raikh8 using a Fermi
liquid theory. In their work, the effect of Landau quantization
was not included. They found that for the case of a weak
magnetic field, the exchange interaction affects more
strongly the Zeeman splitting than the Rashba splitting. It is
known that in the presence of quantizing magnetic fields, a
much stronger exchange interaction can be achieved because
in such a case the Fermi level can be in between the energy
levels with different spin orientations. Theoretical work has
demonstrated previously that in the absence of the RSOI, the
spin-splitting �induced by the Zeeman effect alone� in a
2DEG in the presence of quantizing magnetic fields can be
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enhanced significantly by the many-body effect such as ex-
change interaction induced by e-e interaction9 and/or by
electron interactions with impurities and phonons.10 In this
study, we generalize these well developed theoretical ap-
proaches to the case of a 2DEG with the RSOI. When a
quantizing magnetic field is applied to a 2DEG with the
RSOI, the Landau level �LL� structure has some unique fea-
tures such as the LL mixing and shifting. Thus, the exchange
scattering via e-e interaction in a spin-polarized 2DEG in the
presence of quantizing magnetic fields can have some fea-
tures different from those observed in a spin-degenerate
2DEG or in the absence of the quantizing magnetic fields. In
this study, we apply the standard Hartree-Fock approxima-
tion and Green’s function approach to examine the effect of
the exchange interaction via e-e interaction on the energy
spectrum of a spin-polarized 2DEG. We intend to examine
how spin-splitting in a Rashba spintronic system is affected
by the many-body effects in the presence of quantizing mag-
netic fields. The article is organized as follows. The theoret-
ical approach of this study is developed in Sec. II. The nu-
merical results are presented and discussed in Sec. III and the
main conclusions obtained from the present study are sum-
marized in Sec. IV.

II. THEORETICAL APPROACH

Here we consider a 2DEG formed in the xy plane and a
static magnetic field with a strength B is applied along the z
axis �growth direction of the 2DEG�. Including the Zeeman
spin-splitting and the lowest-order of the RSOI obtained
from a k ·p band-structure calculation, the corresponding
Schrödinger equation in the absence of e-e interaction can be
solved analytically11 and the corresponding electron wave
function and energy spectrum are obtained, respectively, as

���R� = eikyy�n�z���N�X�cos �N
s ,− �N−1�X�sin �N

s � �1�

in the form of a row matrix, and

E� = EN,s + �n = N	
c + s	�N/2 + �n, �2�

where the Landau gauge is taken for the vector potential of
the magnetic field, R= �x ,y ,z�, �= �N ,ky ,n ,s� refers to quan-
tum numbers, N is the LL index, ky is a good quantum num-
ber along the y direction, s= ±1 refers to the up or down spin
state, X= �x−x0� / lB with lB= �	 /eB�1/2 being the radius of the
ground cyclotron orbit and x0=kylB

2 , 	�N

=��	
c−EZ�2+8N�� / lB�2 with EZ=g�BB being the energy
of Zeeman splitting and g the bare g factor, � is the Rashba
parameter, �N

s =�N+ �1−s� /4 with tg�N=�8N�� / lB� / �	
c

−EZ+	�N�, 
c=eB /m* is the cyclotron frequency with m*

being the electron effective mass, and �N�x�
= ��lB2NN!�−1/2e−x2/2HN�x� with HN�x� being the Hermite
polynomials. Moreover, the wave function �n�z� and elec-
tronic subband energy �n are determined by a Schrödinger
equation along the growth direction, which is independent of
spin and magnetic field applied in this configuration. For the
case of N=0, only the s= +1 state exists and the lowest
energy level of the system is E0,+1=	
c /2−EZ /2 with a
wave function �0,ky,n,+1�R�=eikyy�n�z���0�X� ,0�. These re-
sults indicate that in the presence of RSOI, LL shifting and

mixing can occur. We note that the wave function shown in
Eq. �1� looks much simpler than those obtained previously.11

With the single-electron wave function and correspond-
ing electronic energy spectrum, we can calculate the electro-
static energy induced by bare e-e interaction and the electron
density-density correlation function �or pair bubble�. On the
basis of these results, we can calculate the effective e-e in-
teraction and derive the dielectric function matrix induced by
e-e interaction using the standard random-phase approxima-
tion �RPA�.12 For a strongly confined 2DEG in which only
the lowest electronic subband is occupied by electrons, we
take n=0 and measure the energy from �0=0. The RPA dy-
namical dielectric function is then obtained as

���,q� = 1 − VqF�q����,q� , �3�

where � is the excitation frequency, q= �qx ,qy� is the change
of electron wave vector during an e-e scattering event, Vq

=2e2 /�q with � being the dielectric constant of the mate-
rial, F�q�=�dz1�dz2��0�z1��2��0�z2��2e−q�z1−z2� is a form factor
for e-e interaction along the growth direction in a 2DEG, and

���,q� =
1

2lB
2 	

N�,N,s�,s

CN�N
s�s �lB

2q2/2�

�
f�EN�,s�� − f�EN,s�

	� + EN�,s� − EN,s + i�

is the density-density correlation function with f�x� being

the Fermi-Dirac function. Moreover, CN�N
s�s �u�= �M! / �M

+J�!�e−uuJIN�,N
s�,s �u� is the form factor for e-e interaction in the

2D plane of a 2DEG, M =min�N� ,N�, J= �N�−N�, and

IN�,N
s�,s �u�= �LM

J �u�cos �N�
s� cos �N

s + �1−�M,0���M +J� /MLM−1
J

��u�sin �N�
s� sin �N

s �2 with LN
J �x� being the Laguerre polyno-

mials. In a narrow-gap semiconductor heterostructure such as
that realized from an InAlAs/InGaAs heterojunction, because
of small electron effective mass �m* /me�0.042�, large di-
electric constant ���13�, and relatively high electron den-
sity �ne�5�1011 cm−2�, the interaction parameter rs

=e2m* / �4�	2�ne��0.03�1 can often be satisfied.
Hence, for an InAlAs/InGaAs-based spintronic system, the
usual RPA approximation can be employed to evaluate the
dielectric response induced by e-e interaction.

Using the single-electron wave function, given by Eq.
�1� to form the two-particle Slater wave function, the elec-
trostatic scattering energy induced by e-e interaction via the
Coulomb potential can be calculated on the basis of the
Hartree-Fock approximation.13 In doing so, we can obtain
the self-energy induced by bare e-e interaction Ess��N� via
Hartree �H� and exchange �ex� or Fock scattering events:
Ess��N�=Ess�

H �N�+Ess�
ex �N�. With the RPA dielectric function

given by Eq. �3�, the self-energy in the presence of e-e

screening can then be calculated through �s
s��N�

=�−1�q�Ess��N�, where ��q�=lim�→o��� ,q� is the static di-
electric function. Thus, in the presence of e-e screening, the
self-energy induced by the Hartree scattering provides only a
constant energy background,14 and the self-energy induced
by exchange scattering via e-e interaction is obtained as
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�s
s��N� = − 	

N�,q

2e2

�q − 2e2F�q���q�
CN,N�

s,s� 
 lB
2q2

2
� , �4�

with ��q�=lim�→0��� ,q� being the static density-density
correlation function.

Applying the self-energy induced by the exchange inter-
action to the diagrammatic techniques,13 the Green’s function
for a spin-polarized 2DEG in the presence of the RSOI and
quantizing magnetic field can be written as

GN
ss��E� = �GNs

−1�E� − �s
s��N��−1, �5�

where E is the electron energy, GNs�E�= �E−EN,s+ i��−1 is
the diagonal Green’s function for a spin-split 2DEG in the
absence of e-e interaction, and the off-diagonal components
are induced by exchange self-energy due to e-e interaction.
In the form of a matrix, we have

GN
ss��E� =

1

�0 + i�1�
�E−�N� + i� − �+

−�N�
− �−

+�N� E+�N� + i�
 . �6�

Here, E±�N�=E−EN,±−�±
±, �0=E+�N�E−�N�−�+

−�N��−
+�N�,

and �1=E+�N�+E−�N�. Thus, we obtain a live many-body
quasiparticle with a lifetime �N=1 /�=� and the effective
energy spectrum determined by �0=0, which reads

EN,s
* = N	
c + AN

+ + s��	�N/2 + AN
−�2 + �2, �7�

with AN
± = ��+

+�N�±�−
−�N�� /2, �2=�−

+�N��+
−�N�, and, again,

s= ±1. Comparing EN,s
* with EN,s, we see immediately that

EN,s
* in the presence of e-e interaction is always smaller than

EN,s because the exchange self-energy �s
s��N��0. When e-e

interaction is considered, an energy-gap � is present within
the effective energy spectrum. This energy-gap enhances the
energy difference between two spin branches at a fixed LL
index N.

III. NUMERICAL RESULTS AND DISCUSSIONS

In the numerical calculation, we take the typical sample
and material parameters for a spin-polarized 2DEG based on
an InAlAs/InGaAs heterostructure. For InGaAs, the electron
effective mass is m*=0.042me, with me being the rest elec-
tron mass, and the static dielectric constant is �=12.9. In
such systems, the electron density ne�5�1011 cm−2 and
the Rashba parameter ��1.5�10−11 eV m obtained
experimentally.3 In the calculation, the filling of electrons to
the energy levels is determined by the condition of electron
number conservation, which reads for the filling factor �
=2lB

2ne=	N,sf�EN,s�. In the present study, we limit our-
selves to the case of low temperatures �i.e., T→0� where the
strongest many-body effect, especially the exchange interac-
tion, can be observed.

In Fig. 1, we show energy levels for a 2DEG subjected
to a quantizing magnetic field in different situations: �I� only
the Zeeman splitting is present where the Rashba parameter
�=0; �II� both the Zeeman splitting and the RSOI are in-
cluded; and �III� the Zeeman splitting, the RSOI, and the
exchange interaction are all considered. In the presence of
the RSOI, LL mixing and shifting can occur �see II in Fig. 1�
and these effects are more pronounced with increasing the

Rashba parameter �. When e-e interaction is included �see
III�, the energy levels below the Fermi energy are lowered,
which is consistent with the well known consequence that
the exchange interaction lowers the energy of an electronic
system.14 For the case �=5.17, the Fermi energy is in be-
tween the �2, +1� and �3,−1� states. As a result, a pro-
nounced enhancement of the energy difference between
spin-up and spin-down states can be observed around the
Fermi level for the case of III, which implies an enhanced
spin-splitting in the system by exchange interaction.

To see more clearly the enhancement of spin-splitting by
exchange interaction in a 2DEG in the presence of the RSOI,
the spin energy is shown in Fig. 2 as a function of magnetic
field at the fixed Rashba parameter � and electron density ne

for cases with and without inclusion of e-e interaction. Due
to LL mixing and shifting by the RSOI �see Fig. 1�, the spin
energy around the Fermi level is defined as Es= �EN,+1

−EN+1,−1� or Es
*= �EN,+1

* −EN+1,−1
* � for the case of the absence

or presence of e-e interaction, respectively. With increasing
magnetic field B, the Fermi energy decreases and the filling
factor � lowers. In the absence of e-e interaction �solid curve
in Fig. 2�, with increasing B a step decrease in Es can be
observed when � is around an even integer number and, oth-
erwise, Es decreases slightly. In sharp contrast, in the pres-

FIG. 1. Energy levels in the presence of �I� the Zeeman splitting alone �i.e.,
�=0�; �II� the Zeeman splitting and RSOI; and �III� the Zeeman splitting,
RSOI, and exchange interaction at the fixed electron density ne, magnetic
field B, and Rashba parameter � as indicated. Here, � is the filling factor, EF

is the Fermi energy �thick solid lines�, and the solid �dotted� lines are for
spin-up �-down� states. The energy level �N ,s� corresponds to an energy EN,s

in II and EN,s
* in III.

FIG. 2. Spin energy around the Fermi level as a function of magnetic field
at the fixed Rashba parameter � and electron density ne as indicated. Here
the spin energy is defined as Es= �EN,+1−EN+1,−1� or Es

*= �EN,+1
* −EN+1,−1

* � for
the case of the absence �solid curve� or presence of e-e interaction �dotted
curve induced by intra-LL scattering alone and dashed curve induced by the
sum of intra- and inter-LL scattering events�.
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ence of exchange interaction �dashed and dotted curves in
Fig. 2�, with increasing magnetic field B the spin-energy Es

*

first increases when 2n−1���2n �with n�1 being an in-
teger number�, then has a peak value at �=2n−1, then de-
creases when 2n−2���2n−1, and has a step decrease at
�=2n−2. Generally, Es

* is much larger than Es especially at
��2n+1. ��2n is a case in which both spin-up and -down
states are occupied by electrons. In such a case, the weakest
exchange interaction occurs and the step decrease in the spin
energy can take place. On the other hand, ��2n+1 is a case
in which the Fermi level is in between the spin-up and spin-
down states so that the strongest exchange effect can be ob-
served and the peak value of the spin energy can be
achieved. This picture is very similar to that for a 2DEG in
the absence of the RSOI, where the oscillations of the
exchange-induced g-factor with the magnetic field can be
observed both experimentally and theoretically.10 Further-
more, the obtained results �dashed and dotted curves in Fig.
2� show that the exchange interaction is mainly achieved via
intra-LL scattering �i.e., N�=N in Eq. �4��, similar to a spin-
degenerate 2DEG.10

In this study, we have considered that the exchange scat-
tering is induced only by e-e interaction through the Cou-
lomb potential. It is known that the exchange interaction can
also be achieved via electron interactions with scattering cen-
ters such as impurities and phonons.10 The inclusion of the
self-energy induced by electron-impurity and electron-
phonon interaction needs considerable further analytical and
numerical calculations, and we do not attempt this in the
present study. However, from the fact that the electron inter-
action with scattering mechanisms is also an important
source for exchange-enhanced spin-splitting in a 2DEG with-
out the RSOI, it can be expected that the exchange interac-
tion via electronic scattering with impurities and phonons
can enhance further the spin-energy in a 2DEG in the pres-
ence of the RSOI.

IV. CONCLUDING REMARKS

The results obtained from this theoretical work have
demonstrated that a many-body effect such as the exchange

interaction induced by e-e interaction is an important source
for the enhancement of the spin-splitting in a 2DEG in the
presence of the RSOI and quantizing magnetic fields. This
can interpret at least partly why the values of the Rashba
parameter determined from high-field magnetotransport mea-
surements are much larger than those obtained theoretically
from the k ·p calculation4 �single-particle approach� and the
self-consistent calculation on the basis of the k ·p results5

�exchange interaction in the xy plane is not included�. We
hope this work can achieve an in-depth understanding of the
physics mechanisms responsible for the enhanced spin-
splitting observed experimentally in InGaAs-based spin-
tronic systems.
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