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Abstract

This thesis investigates the role of algebroid geometries in string theory. Differential
geometry provides the framework for general relativity and point particle dynamics.
The dynamics of strings and higher dimensional branes are most naturally described
by algebroid geometry on vector bundles—with fluxes being incorporated as geometric
data describing twisted vector bundles. This thesis contains original results in two
areas: Firstly, twisted generalised contact structures and generalised coKé&hler struc-
tures are studied. Secondly, a non-isometric gauging proposal based on Lie algebroids
is studied from a geometric perspective. We study generalised contact structures from
the point of view of reduced generalised complex structures; naturally incorporating
non-coorientable structures as non-trivial fibering. The infinitesimal symmetries are
described in detail with a geometric description given in terms of gerbes. As an appli-
cation of the reduction procedure we define generalised coKéahler structures in a way
which extends the Kéhler/coKé&hler correspondence. An invariant geometric approach
to the Lie algebroid gauging proposal of Kotov and Strobl [114, 99, 89, 90] is presented.
The existing literature on Lie algebroid gauging is purely local. We consider global as-
pects through the integrability of a local algebroid action. The main result is that it is
always possible to provide a local non-isometric gauging for any arbitrary background.
The necessary and sufficient conditions to gauge with respect to a given choice of vector
fields are given. However, requiring a gauge invariant field strength term restricts to
Lie groupoids that are locally isomorphic to Lie groups. As an application of this work
the proposal of Chatzistavrakidis, Deser, and Jonke for “T-duality without isometry”
is studied. We show that this non-isometric T-duality proposal is in fact equivalent to

non-abelian T-duality by an appropriate field redefinition.
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Chapter 1

Introduction

This thesis investigates the role of algebroid geometries—with particular focus on sym-
metries associated to extended objects. Differential geometry provides the framework
for general relativity and point particle dynamics. The dynamics of strings and higher
dimensional branes are most naturally described by algebroid geometry on vector bun-
dles; fluxes are incorporated as geometric data.

Chapter 2 gives motivation for studing algebroids from both a geometric and physics
perspective. The chapter has three aims: Firstly, convince the reader of the ubiquitous
nature of algebroids in geometry and physics. Secondly, give an opportunity to present
material used throughout the rest of the thesis. Thirdly, the chapter explains how an
extension of differential geometric structures from the tangent bundle to more general
vector bundles arise naturally in physics models. The chapter bridges the gap between
algebroid geometry and the associated physics; hopefully making the thesis accessible
to mathematicians and physicists.

Chapter 3 provides the more technical background material for the rest of the thesis.
This material is intended to familiarise the reader with various aspects of algebroid
geometry. The Chapter provides a review of definitions and theorems on Lie groupoids
(and Lie algebroids) which are relevant for the remainder of the thesis. Many standard
constructions of differential geometry are generalised to the case of vector bundles
endowed with a Leibniz algebroid structure.

Chapter 4 studies generalised contact structures and contains original results. The
chapter is closely based on a paper written by the author of this thesis [127]. Generalised
contact structures are the odd-dimensional analogue of the well known generalised com-
plex structures of Hitchin and Gualtieri. We study generalised contact structures from
the perspective of reduced generalised complex structures. While generalised contact
structures have been studied in the literature before there are several new contributions:
The spinor description of generalised contact structures is modified to describe the full
set of infinitesimal symmetries (Definition 4.14 and the related Theorem 4.15). The
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symmetries are given a geometric description in terms of gerbes. This interpretation
allows us to use twisted algebroids to describe non-coorientable structures as non-trivial
fibering. We provide an application of the reduction procedure: generalised coKéahler
structures are defined in a way which extends the Ké&hler/coKahler correspondence.
It is shown that T-duality maps generalised coKéahler structures to other generalised
coKéhler structures (Proposition 4.19).

Chapter 5 gives an invariant Lie algebroid geometry approach to gauging non-
linear sigma models with respect to a Lie groupoid action. The results on T-duality (in
Section 5.5) are based on a collaboration with Peter Bouwknegt, Mark Bugden, and
Ctirad Kliméik [24]. The results on general Lie algebroid gauging—and discussions of
the associated Weinstein Lie groupoid—is an extension of this work containing new
results.

A class of non-linear sigma models describe the embedding of a closed string world-
sheet in an n-dimensional target space. Non-linear sigma models with isometries are of
particular importance; for each isometry there is a conserved quantity. Furthermore,
a non-linear sigma model with isometries can be ‘gauged’—promoting the global sym-
metry to a local symmetry. The vector fields generating the isometries describe a Lie
algebra. A recent proposal of Kotov and Strobl [114, 99, 89, 90] suggested a general-
isation of the gauging procedure. The non-linear sigma model is gauged with respect
to a set of vector fields which are not isometries. In general the vector fields define
a Lie algebroid. We study a non-isometric gauging proposal based on Lie groupoids.
This chapter discusses the integrability of the Lie algebroid action to a Lie groupoid
action—something that has not appeared in the physics literature on Lie algebroid
gauging.

The main results of Chapter 5 are Theorem 5.4 and Theorem 5.8. The theorems
give the necessary and sufficient conditions for carrying out the Lie groupoid procedure
with a particular choice of vector fields. Corollary 5.6 states that it is always possible
to locally gauge an action non-isometrically. The existence of a gauge invariant field
strength term restricts to Lie groupoids that are locally isomorphic to Lie groups.
The proposal of Chatzistavrakidis, Deser, and Jonke [31, 33] for “T-duality without
isometry” is studied; giving an appliaction of our work. We show that this non-isometric
T-duality proposal is equivalent to non-abelian T-duality (Theorem 5.9).

Finally, Chapter 6 provides a brief summary and conclusion of the work contained

in this thesis. An outlook on possible future avenues of research is given.



Chapter 2
Motivation

This chapter will provide motivation for the study of algebroids and vector bundle ge-
ometry through the study of Lagrangian formulations of particle, string, and higher
brane models. Section 2.1 outlines the Lagrangian formulation of physics models; high-
lighting the role of variational problems in physics. Section 2.2 describes the geometric
structure underlying Lagrangian mechanics. We show how Lie algebroids and contact
structures arise naturally in the context of Lagrangian mechanics. In Section 2.3 the
emergence of a Courant algebroid in the study of non-linear sigma models is demon-
strated. Section 2.4 briefly discusses the connection between groupoid actions and

symmetries.

2.1 Lagrangian formulation of physical models

Quantum field theory currently provides an excellent description of the physical pro-
cesses which govern our universe (with the exception of gravity). The most insightful
approach is based on Lagrangian mechanics. Central to the path integral formula-
tion of quantum field theory is the Lagrangian approach to classical field theory. Let
M be a closed D-dimensional manifold. We wish to describe the dynamics of a field
¢ € C°°(M). The manifold M may represent spacetime or a more general configuration

space. The dynamics of ¢ are encoded in an action
5= [ Lwela).0p(@))d"s, (21)
M

where x gives a parameterisation of M and L(z, p(x), p(x)) is the Lagrangian density.!
The theory should be independent of the choice of parameterisation of the manifold:
L(z,p(x),0¢(x)) must be invariant for any diffeomorphism = — 2/(z).

Of all the possible fields ¢ € C*°(M), it is the set of fields corresponding to station-

!The formalism can be extended to L(x, (), dp(x),...,0"p(z)) with little difficulty.

3
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ary points (usually minima) of the action S that are physically realised. The classical

physical fields are solutions to the Fuler—Lagrange equations:

S _ oL oL } o 22)

dp %_ : [@(8;1@)

where 4 = 0,1,...,D — 1. Examples will be given in Section 2.1.1. The choice of
Lagrangian density is not unique; the addition of a total derivative term, L — L4090, A",
results in the same Euler-Lagrange equations (using the divergence theorem). It is
the Euler-Lagrange equations which are fundamental, and not the Lagrangian density
itself. However, it is often more convenient to work with the Lagrangian and accepting
the ambiguity; rather than deal with Euler-Lagrange equations directly. Noether’s
theorem gives the relationship between symmetries and conserved quantities. Consider

an infinitesimal variation of ¢ given by
¢ =p+0p=p+el,,

where r = 1,...,k, &, € R and ¥, € C°°(M). If this variation induces a variation of

the Lagrangian density
L' =L +¢,0,A",

for some A} € C°(M), then the Euler-Lagrange equations are left unchanged. We
say that such a variation generates k symmetries. Associated to these symmetries are

conserved Noether currents:

JE = AE — é?(gf) A\ (2.3)

The Noether currents satisfy 0,,.J; ! = 0. When there is a symmetry associated to the

Lagrangian it is possible to use the conserved quantity to find a relation between the

fields ¢; reducing the dimension of the problem. If there are enough symmetries it may
be possible to solve the system exactly.

Classical field theory Lagrangians are at the heart of the path integral formulation

of quantum field theory.? The fundamental object in this case is the amplitude
A= [ etstipy,

where [ Dy denotes a path integral measure—the integration is taken over all possible

paths (a sum over histories). Each path generates a different phase and the accumu-

2To study the full quantum theory the classical Lagrangian must be quantised. There are standard
procedures for quantising which will not be covered here.
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lation of interfering paths gives the amplitude. The biggest contribution comes when
0S is small—paths which are ‘close’ to the classical paths. Path integrals have been
well studied and there are many applications in physics and other fields. A formal

introduction to path integrals and their role in physics can be found in [82].

The Lagrangian approach allows a description of classical limits, as well as per-
turbative analysis about classical limits. Some non-pertubative phenomena such as

solitons and instantons can also be captured.

2.1.1 Worldline dynamics

One-dimensional sigma models describe the geodesic flows on (pseudo-)Riemannian
manifolds (M,~). Geodesics are paths which have extremal length in (M,~). The
classical action is given by the pullback of the worldline length in M:

S[r] = —m/dT\/—(?Tx“(?TxVGW, (2.4)

where p = 0,1,...,D — 1 and = : R — M describes the embedding of the particle
worldline in the target manifold M. The action S[r] is the proper time along the

worldline.

The physical path is dependent on the choice of the embedded line, but not the
choice of parameterisation used to describe the line. The worldline itself should be
reparameterisation invariant—the same embedded line in M describes the same physics.
Diffeomorphism invariance of the world line means the model described by D fields,
z#, has D — 1 degrees of freedom. This diffeomorphism invariance of the action is an

example of a symmetry.

It is convenient to make this symmetry manifest by introducing a function n which
couples the system to the worldline metric n(dr)2. For a transformation 7/ = f(7), we

require that 7'(7") = (df /dr)~'n(7). The action is given by
Sylt] = —?/Gwﬁfa:“&-x”n_lde - ?/nlﬂdr (2.5)

Extremising the field n gives the action (2.4). Alternatively, fixing the field n = 1 is

equivalent to the action
m
Sp=1[7] = ) /GW&x“&x”dT. (2.6)

It is the latter form of the action which is most useful. This form of the action can be

quantised using the standard techniques.
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A particle worldline can be coupled naturally to a field A € Q(M):

Sir] = e/A#(?Tx“dT = e/a:*A. (2.7)
The associated Euler-Lagrange equation is given by
F=dA=0.

The solution to F' = 0 is not uniquely defined. The field A’ = A+df for any f € C*°(M)
satisfies dA" = dA = F. Transformations A — A+ df are called gauge transformations.
These gauge transformation are associated with diffeomorphism invariance. To see
how this works consider an infinitesimal diffeomorphism given by a pushforward z# —
xH + vte, where v € T'(T'M) and ¢ a small constant. The corresponding coordinate
transformation is z'# = z# — v#e (to first order in ¢). The induced transformation of
A is given by
! — dz” v v 2
Al (z) = Az + va)w =A,(z) + (v 0, Au(x) + Ay (x)0,0")e + O(e?),

=A, + (L, A) e + O(%).

To first order we have A — A+ eL,A = A+ edi, A, as dA = 0. Finally we identify
f =ceLA.

It is also possible to couple the worldline to a non-zero F. Consider

1 zh

Fl/)\ = §M€V)\NW'

This has the interpretation of the field of a monopole of magnetic charge p placed at

the origin of R3. For a closed trajectory one can consider

Smon () = e/ T*F,
D

where 7 : D — R3/{0} coincides with z on the boundary of the disk. Two different

extensions may give different results. The difference is given by

e / i*F, (2.8)
52

with the integral taken over the two-sphere S? obtained by gluing the two discs D
along the boundaries in opposite orientation. There is no globally defined one-form A
which satisfies dA = F. Carrying out the integral over the unit sphere gives 4mweu €

R. In quantum mechanics we require the amplitudes [ e"mon Dy to be single-valued.
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This imposes the constraint Spon € 27Z; implying that ey € %Z. This is the Dirac
quantisation condition.

In general we take the curvature to be a representative of [F] € H%(M,Z).> The
field A can be thought of as a choice of connection one-form associated to a principal
U(1)-bundle. For closed trajectories a general non-linear sigma model can be written

as

Sz/x*’y—ke/ IZ*F, (2.9)
S Sa

where S is a manifold with the topology of a circle and Ss is a manifold with boundary
0S3 = S. Oriented circle bundles are topologically classified by [F] € H?(M,Z); with

[F] # 0 corresponding to topologically non-trivial circle bundles (see for example [38]).

Example: Particle on a group manifold

In general we cannot explicitly solve the Euler-Lagrange equations arising from a
generic Lagrangian density. If there is a sufficient amount of symmetry the equations
of motion may be exactly solvable. An important example of solvable models comes
from the embedding of a worldline into a Lie group M = G. The importance of these
models come from fact that there is a natural left (and right) action of the group on
itself.

Consider the embedding of a particle worldline into a compact semi-simple Lie group

manifold ¢ : [0,7] — G into a model of the form

Sl =7 (579,57 D (2.10)

where g := %g, and (-, )¢ is a non-degenerate bilinear form. We have assumed that G
is a compact semi-simple Lie group, so that the integral (2.10) is well defined and (-, )¢
exists (the Killing form gives an example). The variation of S[g] under the infinitesimal

change dg gives
oS k -1 d, _q.
s dg, — dr.
=5 [0 0. 4 gedr
The Euler-Lagrange equation in this case is
d ([ _,d
il el =0
dr <g dTg>

3 A more sophisticated treatment suggests one should consider Deligne or Cheeger—Simons cohomol-
ogy classes [20].
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The trajectories solving the equations of motion are given by

g(r) = gie™* g, (2.11)

where g; and g, are fixed elements in G and A may be taken in the Cartan subalgebra*
t C g. The space of solutions form the phase space of the system. The phase space is

equipped with a time independent symplectic form

Q= —’id(p,g_lg)c, (212)
where p(1) = %g_l g. The Hamiltonian function is given by

1 k

H = %(p,p)c; = —1(9_1979_19)6'- (2.13)

The Hamiltonian function defines the Hamiltonian vector fields vy. The vector fields
vy are defined by the relation —dH = ¢,,,€?, and satisfy £,,,Q2 = 0.

There are two commuting actions of G on itself, given by
h O g(r) =hg(r), g(r) Oh=g(r)h™ !,

for h € G, and g € C*°([0,T],G). Both actions preserve the symplectic structure and
Hamiltonian. The left(right) action are generated by flowing along right(left)-invariant
vector fields (Xg1)q € I'(T'G), where a = 1,...,dim(G). Taking a basis for the right-
invariant vector fields (Xg), € TG, we can identify T.G = g:

[(XR)a (XRr)b) = Cw(XR)e & [Ta, Ty = CwTe,

where C¢;;, € R are the structure constants for the Lie algebra g := Lie(G). We see
that a Lie algebra structure naturally emerges in this case. In Section 2.2 we will see

how Lie algebroid structures emerge in more general Lagrangian mechanics scenarios.

2.1.2 Worldsheet dynamics

In string theory the fundamental structures are one-dimensional strings. The dynamics
of a string in a (pseudo-)Riemannian manifold (M, G) is given by embedding the string
worldsheet ¥ into a target space M, X : ¥ — M. The geodesic solutions for the

embedding of particle worldlines corresponds to minimising the length. The natural

1A Cartan subalgebra of a Lie algebra g is a maximal subalgebra b satisfying [X,Y] = 0 for all
X, Y €.
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analogue for strings are minimal surfaces; given by the pullback of the area

Sn[X] = -T / dodr /| det 9o X105 X" G,

by

where 0 = (7, 0) are coordinates on the worldsheet ¥. This is the Nambu-Goto action.
The embedding of the surface should be independent of the choice of parameterisation
of the the worldsheet.

This action contains a square-root which poses a problem for quantisation. It is
more useful to consider the Polyakov action—which is classically equivalent to the
Nambu action—but is in a form that is appropriate for path integral quantisation.
This is achieved by coupling the worldsheet to a dynamical metric h. The Polyakov

action is given by
T af v
SplX] = -3 dodr/—hh®" 0, X"0s X" G ),
b))
where h is the determinant of h,g. The Euler-Lagrange equations for X* give
Oa(V—hh*P O XH) = 0.

The variation of the Polyakov action with respect to h gives (see for example [101])

% = —g/ dUdTéhaﬂ\/jh(aaXﬂaﬁXV _ %haﬂhﬁva(qua’yXu)Guy —0.
by

The Euler-Lagrange equations are equivalent to the vanishing of the energy-momentum

tensor
Top = 06X 95X Gy — Shagh®05 X410, X" G,y = 0.

The general solution to T,z = 0 is given by hog = f flag, where h is the induced metric
Baﬁ = 0, X108 X"G)y, and f € C*°(M) is an arbitrary nowhere zero function.

The Polyakov action is invariant under diffeomorphisms generated by

dod Do
XMoo, 1) — XM, 1), h'aﬁ(al,T’) — WW}LM(J’ T).

The Polyakov action is invariant under an additional transformation; the additional

Weyl transformation is given by
hog(o, ) = QQ(O',T)haﬁ(O', 7) for Q(o,7) = 2?7,

for some ¢ € C*(X). Two worldsheet metrics which are related by a combination
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of a diffeomorphism and a Weyl transformation are considered physically equivalent.
The combination of diffeomorphisms and Weyl transformations gives enough gauge
freedom to (locally) fix the worldshhet metric to the flat Minkowski metric hqog = a3
(see for example [101]). There is a subgroup of the diffeomorphism and Weyl invariance
remaining after fixing the metric; the group of transformations which leave 7,3 invariant
are

dod Do

XH(o,7) = X', 7'), 77/045 - 92(07 T)WW%V'

Transformations of this form describe the conformal group.

Two-dimensional models exhibiting conformal invariance are extremely important.
Conformal invariance in two-dimensions is infinite dimensional and allows one to use the
powerful methods of Conformal Field Theory (CFT). The most rigorous mathematical
definition of string theory is via CFT.

Example: WZW model

An important example of non-linear sigma models associated to string theory are the
Wess—Zumino—Witten (WZW) models. Let g : ¥ — G, be the embedding of a string
worldsheet into a Lie group G with Lie algebra g = Lie(G). Let (-,-)g and (-, ) denote
two G-invariant bilinear forms, symmetric and skew-symmetric respectively. The WZW

model is described by

1 _ _ _ _
Swzwlg] = 2/2(9 Ydg xg7'dg)g + (g7 dg " g7 dg) B, (2.14)

where g~!'dg € Q'(3, g) denotes the left-invariant Maurer—Cartan form and

[(a(sﬁ, b(SQ))G — (a(s2), b(sl))G} ,

N

(@’ b)g(s1,s2) =

for s1,s0 € T(TY), a,b € QY(, g).

This model is studied in detail in Section 5.2. The two-dimensional worldsheet
naturally couples to the pullback of a differential form B € Q2(G). In order to preserve
the group action we consider a bi-invariant two-form. In the case that dB = H = 0,
B € Q2 (G) is defined up to gauge transformations given by a G-invariant closed one-

form. A more general model can be given by replacing the (-, )p term with

1 - - _
H= 6/ (97 'dg, [g~dg, g~ dglg)c,
DI DI

where X3 is a three-dimensional manifold with boundary 03 = 3. If H is non-trivial

in cohomology then B is not a globally defined two-form; instead B forms part of a
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U(1)-gerbe structure (see Section 4.1.1). The gerbe structure is naturally associated
with a Courant algebroid structure.

WZW models provide a rare example of a string theory which can be solved exactly.
A review of the construction of the exact solution of the model from the path integral
point of view can be found in the introductory lecture notes by Gawedzki [50].

It is possible to consider a more general non-linear sigma model given by

SIX] = / GdX" AxdX” + | X7H. (2.15)
by X3
for a (pseudo-)Riemannian manifold (M,G) and a choice of H € Q2 (M). This model
is studied in Chapter 5 from the perspective of Lie algebroid gauging.

2.2 Geometry of Lagrangian Mechanics

In Section 2.1 it was shown that the Lagrangian is a the heart of fundamental physics
theories—allowing the calculation of equations of motion and conserved quantities. In
this section we look at Lagrangian mechanics from a geometric perspective; it will be
shown that symmetries are naturally associated to Lie algebroids. In addition, it will
be shown that a Lie algebroid structure underlies the Euler-Lagrange equations.

We will consider the dynamics of a point particle in some manifold, just as we did
in Section 2.1. Take = : [0,7] — M, and

S = LL(T,x,ax)dT. (2.16)

For simplicity we consider Lagrangian densities of the form L(7,z,0x) = L(x) €

C*°(M). In this case we can make the identification
L(z(r))dr = z*a, o€ QY(M).

The Euler—Lagrange equations for x are

8—L =dz*a =z"da = 0.

ox

The problem is reduced to

S:/:c*a,

and the FKuler—Lagrange equations are satisfied by closed a. The physical models we
have studied are required to be invariant under diffeomorphisms. Diffeomorphisms are

generated infinitesimally by flowing along vector fields. A diffeomorphism—described
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by a* — x* + v#—induces a transformation on a tensor T’; with the infinitesimal

transformation given by 7' — T+ L, T. A vector field v € I'(T'M ) generates a symmetry

if L, = 0. If a vector field v generates a symmetry on an extremal surface (da = 0)

08 = /x*(ﬁva) =0= /x*(d%a + tpda) = /a:*dbva.

When v generates a symmetry on an extremal surface z*(di, ) = 0; we conclude that

we have

Ly is a closed one form in the image of = (giving a conserved quantity). The Euler—
Lagrange equations remain unchanged if an exact term df (where f € C*°(M) is any

choice of function) is added to the Lagrangian. In general we require that
Lya+df =d(tpa+ f) =0, (2.17)

giving the conserved quantity t,a + f. A pair (v, f) is said to generate a symmetry
if Eq. (2.17) holds. Consider the vector bundle E = TM & R, with sections (v, f) €
[(TM)® C>®(M) =T (E). Define a subbundle C' C E as follows

C = graph(a) :={(v, f) e (E) : f = —pa}.

There is a natural flow that preserves C'. A pair (v, f) € C if and only if f = —¢,«. The
flow of a section (v1, f1) € T'(E) preserves the pair (v, —i, ) if it flows to (v/, —i,y ) for

some v’ € T'(T'M). The required flow is given by

L 11) (2, f2) = ([v1,v2], v1(f2) — v2(f1))- (2.18)

The fact that this flow preserves C' is easily verified:

=([v1, 0], =01 (10) = 0(f1))

([Ulv ] UIL’U _Lvdfl)

(['Ulv ]7 oy ] Lv(ﬁma + df1))
=(

[Uh ]7 Loy, v]a)

”g’p(vl,fl)(v’ )

where the last line follows from the fact that (v1, f1) generates a symmetry and therefore
satisfies Eq. (2.17). This flow defines a bracket

[(v1, f1), (va, f2)] = ([v1,v2],v1(f2) — v2(f1)). (2.19)

This bracket defines an Atiyah algebroid on £ = TM & R. The Atiyah algebroid

provides an example of a Lie algebroid structure (see Definition 3.8). In Section 2.2.2
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we shall see that this is associated to a principal G-bundle and contact structure.

Following the discussion of Section 2.1.1 an additional term (representing a monopole)

can be added to the action. In this case

S:/a—l—/F,
S So

for some closed two-form F € Q2 (M). We can repeat the analysis above to calculate
the variation for extremal surfaces—remembering that the variation only has to vanish

up to a closed form df:

5S:/£va+df+/ ,CUF:/dLva—i-df—l-/ di, F
s Sy s S

:/Sd(ava+f)+/SLvF=0-

This means that ¢, + f is no longer closed but satisfies
d(twa+ f) 4+ 1, F =0. (2.20)
The modified flow which preserves the subspace C' under this condition is

[(v1, f1); (v2, fo)lF = ([v1, v2], 01(f2) = v2(f1) + Loy o, F).- (2.21)

This is verified as before

_([vh U}v —U1 (Lva) - v(fl) + by LvF)

([v1,v], = Loy toax — tp(dfs + 1o, F))

=([v1,v], L[y 0] — t(d(tyya+ f1) + 1y F))
([

V1, U}, —L[m’v]a).

The bracket (2.21) also defines a Lie algebroid. This is the twisted Atiyah algebroid.

In Section 2.2.2 we will see that this is associated to a non-trivial principal U(1)-bundle.

The above argument shows that Lie algebroid structures arises naturally in the
context of variational problems. In general we expect that the Lagrangian density
is a function of variables on the target M and higher derivatives of the variables
L(t,2,0x,...,0"z). In this case there is still an algebroid structure underlying La-
grangian mechanics. It possible to extend the geometric description by replacing
TM @& R with another vector bundle £ — M. In particular, it is possible to in-
clude k-th order derivative terms by passing to the k-jet bundle. Such a generalisation

requires a desciption of Lagrangian mechanics on vector bundles. Briefly outlining this



14 CHAPTER 2. MOTIVATION

development is the topic of the next section. We will see that a Lie algebroid plays an

important role.

2.2.1 Lagrangian mechanics on vector bundles

Lagrangian mechanics can be formulated on a vector bundle £ — M endowed with
a Lie algebroid structure. The dynamics can be encoded by geometric structures on
the vector bundles TE,T*E, TE* and T*E*. The Euler-Lagrange equations are con-

5

structed using a Lie algebroid structure.® Originally this vector bundle construction

was done for £ =TM.

The treatment here is based on references [55] and [80]. The reader is invited
to consult these papers for further details. There are two approaches to describing
Lagrangian (and Hamiltonian) mechanics geometrically via algebroids. One approach
studies algebroids on the tangent space of a vector bundle £ — M, while the other
involves the prolongation of E. The former approach is more natural for our purposes
and will be outlined here. The prolongation approach can be found in [41].

Consider a vector bundle (E,x, M) where 7 : E — M is a projection map. There
is a dual bundle 7* : E* — M. A core concept in the construction is that of a double
vector bundle. A double vector bundle is a pair of naturally compatible vector bundles
sharing the same total space (the reader is referred to [56] for more details). The
relevant vector bundles associated to Lagrangian mechanics are TFE, T*E,TE* and

T*E*. There are three natural maps:
7g:TE - E, dr:TE—-TM, xg:T'E — E.

In addition there is another map vg : T*E — E* that can be interpreted as the vertical
derivative. The image under vg evaluated on an element e’ € E; () is the derivative of
f € C>®(E,R) in the direction of a vertical vector v¢ € V,E := Te(Er)) C T.E. The

vertical derivative is defined as follows:

!

(e (df(€)), ) = v () = % Fle+ 1) imo (222)

where df(e) € TE and (-,-) : E X3y E* — R is the canonical pairing. Henceforth we
denote the vertical derivative by dy f := vg(df).

The spaces T*E and T*E* are canonically isomorphic as double vector bundles.
The isomorphism by Rg : T*E — T*E* can be explicitly constructed. First note
that the kernel K := {(e,§) € E xpr E* : {(e,§) = 0} is a smooth submanifold in
E xj E*. The isomorphism Rp is defined (through its graph) as the annihilator of

5Technically only an almost Lie algebroid structure is required—the Jacobi identity plays no role in
the local construction. The Jacobi identity is required when integrating local solutions.
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TK C T(E xu E*), i.e.
graph(Rg) := Ann(TK) C T*(E xp E*) 2 T*E xp«pg T*E”.

In fact, graph(Rg) is a Lagrangian submanifold with respect to the canonical symplectic
structure on the cotangent bundle T*(E x py E*). The isomorphism R is also an anti-

symplectomorphism; Rp intertwines the ‘legs’ of double vector bundles T*E and T E*:
vp«  Rp=xg:T'E — FE, and xg«-Rgp=vg:T'E — E*.

Take a manifold M with a choice of local coordinates {z*}, and choose local coor-

dinates

(:L‘M7p1/) € T*M7 (xuvyi) € E> ($Ma£i) € E*7
($M7yi7pua7rj) € T*E7 <$M,§i,py,§0j) € T*E*.

The anti-symplectomorphism Rg can be described locally as
Rg : (:Eua yiaplh 7Tj) — (wli’ Qpiv —Dv, gj)

In order to define Lagrangian (and Hamiltonian) mechanics on the vector bundle
E — M a Lie algebroid structure must be defined on E. If E = TM a Lie algebroid
bracket is given by the commutator of vector fields. A Lie algebroid structure on F
can be encoded in a bivector Ag« : [(A2TE*) (see Section 3.3.3). In the rest of this
section we will assume that a Lie algebroid structure—or equivalently Ag+—has been
specified.

Given a Hamiltonian function H € C*°(E*) we define the associated Hamiltonian
vector field Xy € I'(TE*) by

XH = KE*(dH) = LdHAE*-

In the special case that E = T'M the bivector Ag« is dual to a symplectic form on the
phase space.b Integral curves of X are trajectories of the system. A curve ¢ : [0,7] —

E* is a Hamiltonian trajectory if
d ~
6 = Rp-(H(EW), te[0,T]

The Lagrangian dynamics on an algebroid can also be understood in the language

of natural double vector bundle morphisms. By composing the canonical double vector

SCompare (H,) to Equations (2.12) and (2.13).
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bundle isomorphism Rg : T*E — T*E* with A g+ . T"E* — TE* one obtains a double
vector bundle morphism &g = KE -Rg : T*E — TFE*. Explicit expressions for a
choice of Ag- in local coordinates can be found in [55].

Consider a Lagrangian on L € C*°(FE) describing some physical system. The dy-
namics are encoded in solutions to the Euler-Lagrange equations. The constructions
of this section give a geometric formulation of the Lagrangian dynamics. A curve

~v:[0,7] — E is a solution of the Euler-Lagrange equations if

L onLr(7) = Ep(dLO(T)), T (0,T). (2.23)

This equation should be compared to (2.2).

We see the importance of the vertical derivative (and Lie algebroid structure) in
determining the dynamics in Lagrangian mechanics.”
Equation (2.23) guarantees that a trajectory v : [0,7] — E is automatically an

admissible curve,

p0(r)) = Er((r)), r e (0.T),

This follows from the fact that the morphism £ projects to a map p : £ — T M under

xe and dn*. The dynamics can be encoded in the following diagram

R =
m

T°E TE* T E*
vE
dL(iXE\ J/TE* xE*inH
E B = E*
(Lagrangian) (Dynamics) (Hamiltonian)

The phase dynamics are described by the Euler—Lagrange equations on an algebroid
and are described by Equation (2.23). The trajectories «y are critical trajectories of a
naturally defined action functional.

When the legendre map is a local diffeomorphism the trajectories described by
(2.23) are determined by the image of a Lagrangian submanifold dL(E) C T*E under
Eg. If the Legendre map is not a local diffeomorphism the conditions on the trajectories
4 ~(r) are implicit and cannot be written explicitly.

Lagrangian mechanics is described by a geometric structure which is richer than

"In addition to the equations of motion, the map vy gives the Legendre map. The Legendre map
E — E* is given by vg(dL) =dvL: E — E*.
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just Lie algebroids. The various double vector bundle morphisms encode additional
structure. It was noted that the Atiyah algebroids (2.19) and (2.21) are associated with
principal U(1)-bundles. Principal U(1)-bundles come with a natural contact structure.

Expanding on this relationship is the topic of the next section.

2.2.2 Contact geometry and physics

A Lagrangian on a spacetime (or configuration space) M can be viewed as a section of
the trivial line bundle M x R. It is more natural to consider the slightly more general
case of a principal G-bundle with Lie group G = R or U(1).® The principal G-bundle
structure naturally incorporates the ambiguities in the Lagrangian construction and
allows for non-trivial topology. There is a gauge freedom associated to the addition of an
exact term to the Lagrangian. Principal U(1)-bundles are classified topologically by the
first Chern class ¢; € H%(M,Z). Given a principal bundle P(M,n,U(1)) and a choice
of principal connection, A € Q'(M, g), the curvature F = dA gives a representative of
the first Chern class of P. We will now outline the construction. Let & = {U,} denote
a good cover of M and 71 (U,) = U, x S' a cover for P. Take local coordinates (x, 0, ),
z € Uy, 0, € S'. We have two sets of coordinates on 7= (U, N Up) given by (z,04)
and (z,603). The coordinates are related by

0, = gag(x)elg, x €Uy NUg, (2.24)

where gop(z) € C*°(Us,NUg, U(1)) are the transition functions. The transition functions

are required to satisfy the cocycle conditions

gaa(x) =1 x€U,,
ga,@(x)gﬁa(ili) =1 z€U,N Uﬁ,
9ap ()98 () gra(x) =1 & € Us NUgNU,.

Equation (2.24) implies that
dlog 0, = dlog gop + dlogfs, xcU,NU;g. (2.25)

While log is a multi-valued function dlog is single valued. Every term in (2.25) is pure
imaginary since 0,03, gos all have absolute value 1.

Consider a connection one-form (given locally by A, € Q'(U,,R)) satisfying

(514)045 = Aﬂ - Aa = —idlog Jops- (2.26)

8When considering quantisation we require G = U(1).
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It follows from (2.25) and (2.26) that

Ay —idlog b, = Ag — idlog 03,
and A is independent of the choice of cover. The curvature F' = dA satisfies

F=dA, =dAg, x€U,NUsg,

and gives a globally defined two-form F' € Q2(M,Z). The Chern class of P is given by
[F] € H*(M, 7).
The cocycle conditions on A associated with non-zero F' give exactly the correct

behaviour to describe a monopole (see Section 2.1.1). We see that the charge can be

encoded geometrically.

Gauge transformations

There is an ambiguity in the description of the transition functions g,g. This ambiguity
corresponds to gauge transformations A — A + db, where b € C*(M). Let z(t) be
a curve in M, with ¢ € [0,1]. To each point = we associate a point of the circle
7 1(t), defining a section. The section is described locally by 6, (z(t)) for z(t) € U,. If
z(t) € Uy NUg, 8, and 6g are related by (2.24). The section is called parallel if

dlogf, —iAy(x) =0,

where A, (x(t)) is the restriction of A, to x(t). Integrating the differential equation

O = exp (z / Aa(t)> . (2.27)

Up to a constant factor [ A, is the phase and the right hand side of (2.27) is the phase

factor. For questions of quantisation it is the phase factor that is meaningful and not

gives

the phase itself. This leads to gauge transformations

Al = Aq —idlogha, ghs = hagaphy', ha € Q°(Ua).

o

Writing ho = exp(2mib,), we have A/ = A, + 2wdb,. The fields A, and A/, give the

same phase factor when

| = exp (z /7 (A, — A;)(t)> — exp (m A dba(t)> .
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The requirement that db, = 0 implies that b, is locally constant and hence b, €
QO(M, 7).

Atiyah algebroid and U(1)-bundles

In Section 2.2 it was claimed that the Atiyah algebroid (2.19) is the infinitesimal object
associated to P(M,7,U(1)). In this section we elaborate on this construction for the
G = U(1) Atiyah algebroid. For a summary of the general case see Section 3.2. Consider
the trivial principal bundle P(M, 7, U(1)), given by P = M x S!, with the U(1)-action
being translation on S'. An Atiyah algebroid has an associated exact sequence of vector
bundles

0 —>PxR—> TP/U(l) —= TM 0,

where g = Lie(U(1)) = R. This gives an induced map on sections

T

0 — C®(P,R)VM) ~ C®°(M) — Xg(P) —= X(M) —= 0,

where X(M) := T'(TM) and Xg(P) denotes the space of G-invariant vector fields. If
TP/U(1) is a trivial bundle there exists an isomorphism X¢g(P) = X(M)® C>*°(M). To
see this explicitly let {z} describe coordinates on M, 6 a parameterisation of S!, and
{z,0} gives coordinates for P. The U(1)-action is given by translation on the circle

and generated infinitesimally by dy. Sections v € I'(T'P) are given by
U:Ui(ﬂ§79)ai—|—f(ﬂj79)ag, Uiaf GCOO(P)a

with the bracket on T'P given by the commutator of vector fields. Elements of Xg, the

space of U(1)-invariant vector fields, are of the form
ve = v'(2)0; + f(x)dp, o', f € CP(M). (2.28)
The bracket on X¢ is given by

[(Ula fl)v (1)27]02)] = ([vlvv?}7vl(f2) - UQ(fl))v (2'29)

where vy, v2 € I'(T'M) and f1, fo € C°°(M). In this way we can see that the Atiyah
algebroid (2.19) arises naturally as the Lie bracket of U(1)-invariant fields on a U(1)-
bundle. It is natural to ask how global information about the principal bundle P can
be encoded in the Atiyah algebroid. This information is incorporated in the twisted
Atiyah algebroid (2.21), with F' being a representative of the first Chern class. A choice

of F' determines a principal U(1)-bundle up to a choice of flat connection as described
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in Section 2.2.2.

2.2.3 Contact structures and Lagrangian mechanics

In this section we outline the contact structures underlying Lagrangian mechanics.
The following discussion on the connection between contact geometry and Lagrangian
mechanics is based on the short survey by Severa [110]. A description of contact
quantisation is given in [65].

A contact structure on a manifold M is a field of hyperplanes defining a subbundle
of codimension 1, HM C T M, satisfying a maximal nonintegrability condition. Con-
tact structures are introduced and discussed in Chapter 4. Contact structures can be
described by a one-form 6 on the line bundle TM — HM, i.e., € QY (TM/HM).

A contact vector field has a flow which preserves the contact structure. There is a
one-to-one correspondence between contact vector fields and sections of the line bundle
TM/HM. For any w € C°(TM/HDM) there is a unique v that is equal to w mod
HM.

There are two natural examples which are relevant to our discussion of Lagrangian

mechanics:

Ezample 2.1. Consider a symplectic manifold (N,w). Let P(N,7,G) be a principal
G-bundle, with G = R or U(1). Choose a connection A € Q(NV,g), such that the
curvature dA = w. The horizontal distribution makes P into a contact manifold. The
local flow generated by a contact field R preserves the contact structure if and only if
it is G-invariant. The contact field is invariant if the contact Hamiltonian A defined by

the constraint
trdA = —dh

is the pullback of a function on V.

Ezample 2.2. A classic example of a contact manifold is the space of contact elements
(CM, M, ) given by hyperplanes in the tangent space of a manifold M. The distri-
bution H(CM) can be described pointwise. Each point x € CM corresponds to a
hyperplane H in T,y M and H,(CM) is given by (dm,) " (H).

Contact geometry on C'M gives a geometric interpretation of first order partial
differential equations and the Lagrange method of characteristics. Let £ C CM be
a hypersurface representing the equation. A hypersurface on X C M can be lifted to
CM via the tangent functor. For a point x € 3 take the hyperplane T,.Y to be a point
of the lift 3. ¥ is a Legendre submanifold of CM. The hypersurface ¥ solves the
equation if ¥ C E. Taking 2 € M the enveloping cone of the hyperplanes 771 (z) N E

in T, M defines a field of cones in M. X solves the equation if it is tangent to the cones
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everywhere.

The construction on C'M is central to the method of characteristics. The hyperplane
field H(C' M) cuts a hyperplane field HE. The form 6 becomes degenerate when we re-
strict from H,(CM) to HyE. Thus at any = € E there appears a direction along which
0 is degenerate. The integral curves of this direction field are called characteristics. In
this way we see that Lagrangian mechanics is naturally associated to contact geometry.

The solutions of the Euler-Lagrange equations are associated to characteristic curves.

2.3 Higher geometry

In Section 2.2 it was shown that Lagrangian mechanics describing the embedding of
worldlines in a target space has a geometric intrepretation in terms of contact structures
and Lie algebroids.

The construction of Lagrangian mechanics associated to worldline embeddings can
be generalised to describe string dynamics. This involves embedding a two-dimensional
worldsheet into a target manifold M, via X : 3 — M. We will be particularly interested
in non-linear sigma models. An example of such a model was given by (2.15). These
models are the subject of Chapter 5. We will see that the structure of a Courant
algebroid naturally emerges on the vector bundle E =TM ® T*M.

Courant algebroids arise natually in two-dimensional variational problems. Con-
sider the mapping X : ¥ — M describing the embedding of a two-dimensional manifold

(worldsheet) in a target manifold M. The Lagrangian theory is given by an action

5= [ x

with 8 € Q2(M).° Typically 8 can describe the tension of the worldsheet or a non-
linear sigma model describing the motion of a string in a fixed background. Extremal
surfaces are given by dg = 0.

Suppose we have a vector field v € T'(TM) and an extremal surface 8 € Q?(M)
satisfying

Lof = diyf = 0.

We conclude that ¢,8 is closed and hence gives a conserved quantity. Following Section
2.2, the ambiguity of the Lagrangian allows us to add an exact term d¢, where £ €
QY(M), satisfying

Lyf +d§ = d(uf +€) =0, (2.30)

9As in the one-dimensional case we can generalise this construction to the Jet space to incorporate
derivatives of fields.



22 CHAPTER 2. MOTIVATION

on extremal surfaces (the quantity ¢,8 + £ is conserved). In this case we see that
the pair (v,&) generates a symmetry. Take £ = TM & T*M =: TM and consider
e=(v,€) eT(E) =T(TM). Let C C E be given by

C = graph(B) := {(v,£) € (TM) : § = =13}

There is a natural flow which preserves C' when L,8 + d¢ = 0. This flow is given by

L e (V2,82) = (Lo v2, Loy §2 — 16, dE1).

The preservation of C' is easily verified

Lo 1) (V2,&2) =(Loyv2, Loy €2 — Ly, d1)
[U17 /UQ]) _‘C”U1 [’Ugﬁ - [/’Uzdé-l)
[V1, V2], —L[p) 2] B — twy (Lo, B+ dE1))

(1, V2], Lo 09 B);

(
(
(
(

where the last line follows as (v1,&1) generates a symmetry and hence satisfies (2.30).

This flow defines a natural product

(v1,81) © (v2,62) = ([v1,v2], Lo, &2 — L, dE1). (2.31)

This product combined with the pairing

((01,60), (02,) = 5 (a2 + tunba),

defines a Courant algebroid structure (see Definition 3.21).

In Section 2.2 it was possible to introduce a curvature term F, which results in
a twisted Atiyah algebroid. In the two-dimensional case one can add a term f23 H
where 0%3 = ¥ and H € Q3(M). Section 4.1.1 describes how H € Q3(M,Z) can be
interpreted as the curvature of a U(1)-gerbe structure. Following the argument used

for the twisted Atiyah algebroid the twisted Courant algebroid product emerges

(Ulyfl) oH (U27 52) = ([Ulv UQ]’ 'Cv1§2 - vadgl + LvlbvzH)' (2'32)

The two-form 3 is not unique. In fact any closed B € Q2(M) can be added to j3
without changing anything; it is dB that is important. This is simply the statement
that a total derivative term can be added to a Langrangian without changing the

Euler—Lagrange equations. So instead of considering C' defined by  we should really
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be looking at an equivalence class of structures given by
Cp = graph(f + B) = {(v,£) € I(TM) : § = 1,3 + 1, B}
for B € Q%(M). This is associated to an automorphism e? € End(TM) given by
B —
€ (/Uvg) - (U’€+ LUB)'

Two structures C and C'5 should be considered equivalent if they are related by such a
B-transformation. Differential geometry on TM & T* M is called generalised geometry
and naturally incorporates B-transformations. Generalised geometry was introduced
in the physics literature and later formalised by Hitchin and Gualtieri [64, 59].

The arguments of this section can be repeated for 5, € (M), with twists Hpq €
QPHL(M), describing the embedding of a p-dimensional worldvolume (a p — 1-brane) in
a target space of dimension n > p. The calculations are formally the same and give
a higher algebroid product defined on E = TM @ APT*M with a AP~'T*M valued
pairing (-, ).

In this way we can see how variational problems naturally lead to algebroid struc-
tures and ‘higher’ geometry. Geometric structures associated to the vector bundle
E=2TMeR®&RGT*M are the subject of Chapter 4.

Example: Loop space model

The twisted Courant algebroid product (2.32) arises naturally in the study of closed
strings and sigma models on loop space [3, 46]. Consider the embedding of a closed
string worldsheet ¥ = S' x R. The phase space can be described locally using local
coordinates X*(o) and canonical momenta p,(c). The phase space can be identified
with T*LM, via (X*,p,) € T*LM, where LM := {X : S' — M} is the loop space.

The system is described by a Hamiltonian
HIX.p) = /S G Dy + G dXMOX”.
The standard symplectic form on T*LM is given by
w= /Sl dod X" A dopy,

where 0 : A*T*LM — A*T*LM is the de Rham differential. This symplectic form can

be twisted to give

wi = /S  do(3X™ A op,. + TH \OXHIXY N SXN).
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The symplectic structure is preserved under the transformation
(X*,pp) = (X*, pp + B 0X")

when dB = 0. This construction can be identified with geometry on the bundle E =
TM = TM @ T*M. A section (v,§) € I'(TM) is identified with a current J. €
C>®(T*LM):

Je(v,€&) = /51 dos(vt'p, + £,0X"),

for test function ¢ € C°°(S'). These currents obey a Poisson algebra structure based

on the twisted Courant algebroid:

{Jer (v1,61), Jey (v2,62) } = —Jere, (1, &1) om (v2,€2)) — /sl doe10e2((v1, &), (v2,€2)).
For more details the reader is referred to [3, 46] and references within.

String theory inspired examples

The study of target space models in string theory and supergravity lead to Leibniz
algebroid structures on vector bundles. Models corresponding to Type II supergravity
[39], Heterotic supergravity [48, 10], and M-theory/11-dimensional supergavity [74]
can be constructed. A list of supergravity models and the associated algebroid vector
bundles is given in Table 2.1.19 Tt is also possible to consider quantum corrections in the
framework of generalised geometries. First loop o/-corrections have been incorporated

in the generalised geometry description of string theory [40].

Vector bundle Supergravity model
TM & T*M Type I (& Type II without RR-flux)
TM @ ST T*M Type II with RR-flux
TM ¢adGeT*M Heterotic
TM @ N°T*M & N°T*M M-theory (11-dim supergravity)

Table 2.1: List of supergravity theories and associated algebroid vector bundles.

2.3.1 Higher Noether’s theorem and Poisson—Lie T-duality

Poisson-Lie T-duality, introduced by Kliméfk and Severa [84, 83], describes an equiv-

alence'! between two non-linear sigma models. There is a Courant algebroid structure

Tn Table 2.1 ST denote the positive and negative irreducible representations of the group
Spin(T"M):
ST — AVT* M = Z’I;ld:lgﬂ(]\/[)/QJ /\27L1-v*]\47 and S~ = /\oddT*M — E’\I_Ld:iBn(NI)/Zflj /\2n+1T*M.

" The equivalence here is a symplectomorphism between the phase spaces of both models.
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underlying Poisson-Lie T-duality (a description of Poisson-Lie T-duality from this
perspective is given by Severa in [112]). The non-linear sigma models described by

Poisson—Lie T-duality are of the form
SIX] = /dzdz(GW + B, )0XHOXY =: /dzdzEuan“(?X”. (2.33)

Suppose that there is a right-action of a Lie group G on the closed target manifold M.
Choosing a basis of left-invariant vector fields v, € I'(TM), a = 1,...,dim(G), the Lie
algebra g = Lie(G) is realised by

[Uay Ub] = CcabUCa

where C¢,; € R are structure constants. The associated conserved Noether forms,
J, € QY(X), are given by

Jo = VWE,,0X"dz — v} E,,0X"dz.
We consider the variation 6.5 with respect to € = €%y, for e* € C*>°(X):
5.5 = S[X + £%04] — S[X] :/gacvaE + /daa A
—/5“(£UGE —dJy,).

Requiring that 6.5 = 0 for arbitrary ¢* € C*°(X) implies L,, FE = dJ,. When v, are
Killing vectors for E (satisfying £,, F = 0) we conclude that J, is closed and hence a

Noether current. More generally we may require that J, satisfies
dJ —[J " J]g =0, (2.34)

where

I8Nt 52) 1= 5 (10s0), T (s2)]g = [T 52), T (1))

for J,.J' € QY(X, g) and 51,52 € [(TY). It follows that J = dgg—' is a Maurer—Cartan
form for some §: ¥ — G with g = Lie(G).

There is a pair (vg, J,) associated to a non-linear sigma model (M, F) exhibiting
Poisson—Lie symmetry. The left-invariant vector fields v, correspond to the right action
of G and J, are the associated Noetherian currents (as well as right-invariant Maurer—
Cartan forms for G). Poisson-Lie T-duality takes a non-linear sigma model (M, E) with
(va, Ja) and identifies it with a dual non-linear sigma model (]\7, E) with (¥q, Jy). The
dual model interchanges the role of G and G. The vector fields 7, € F(T]T/f ) correspond
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to a basis of left-invariant vector fields for G with associated Noetherian currents ja

If we consider a target manifold M = G the Poisson—Lie pair is constructed out of a
Drinfeld double D. A Drinfeld double is a Lie group D which satisfies Lie(D) == g@®g.!2

There is an integral surface f € C°°(D) defined via the relations

Of =%y +€%Jy = €%g — E(-,e%y,),
d0f =0g + E(dg, -).

Central to the procedure is the fact that f € C°°(D) admits two decompositions:

f(z,2) = g(2,2)j(2,2) = h(z, 2)h(z, 2). (2.35)

The dual model requires the definition of a dual tensor E = G+ B. This is done via an

identification of a subspace of Lie(D) = g&g. Define the graph of E to give a subspace

& :=graph(E) ={(v,{) € gD g" : { = E(,v)}.

Given a choice of dual tensor E € ['(g* ® g*) there is a second subspace

£ := graph(E) = {(8,€) € @ §" : £ = E(,0)}.

The Lie algebra associated to a Drinfeld double is endowed with an inner product. The
inner product gives an identification g ® g* = g* & g. Taking the canonical pairing of
g and g* gives an identification g = g*. The tensors £ and E are mutually determined
by the requirement that & = E.

The difficult part of Poisson—Lie T-duality is determining the necessary and suffi-
cient conditions on the pair (G, é) to ensure that all the necessary parts of the con-
struction above exist—in particular the decomposition (2.35). This construction exists
and is unique precisely when the pair (G, 6) defines a Drinfeld double. A pair of Lie
groups (G, G) form a Drinfeld double if the Lie algebras (g = Lie(G), § = Lie(G)) are
compatible:

dsl-,-]g = [dg-,-]g + [, dg-]g  (or equivalently dgy[-, |5 = [dg-, 5 + [, dg-])-
where dj is the Chevalley-Eilenberg differential on I'(A®g*) = I'(A®g), and [, ]4 is the
Schouten bracket extension of the Lie bracket on g (see Section 3.4.1). The existence
of the Drinfeld double structure is enough to guarantee that both (G, E) and (G, E)
are integrable non-linear sigma models. Poisson-Lie T-duality provides a symplecto-

morphism between the phase spaces of both models. The relevant Courant algebroid

2For more information on Drinfeld doubles and Lie bialgebras see for example [87].
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structure associated to Poisson—Lie T-duality is a Lie bialgebroid constructed on the
Drinfeld double Lie(D) (see [112]).

2.4 Classifying Lie algebroids and Lie groupoid gauging

It was seen in Section 2.1 (see also Chapter 5) that WZW models play an important
role in the study of non-linear sigma models. Lie group manifolds come with natural
left /right actions and geometric structures which are compatible with these actions, e.g.,
Maurer—Cartan forms and Killing forms. This allows a rather explicit construction of
WZW non-linear sigma models for compact semi-simple Lie groups G.

Smooth symmetries are not restricted to group manifolds. Principal G-bundles,
defined on a generic base manifold M, have a natural Lie group action. Symmetries
are not restricted to group actions. In fact, groupoids provide the most natural setting
for discussing symmetries [126]. Smooth symmetries correspond to Lie groupoids. With
this in mind, it is of interest to realise geometric structures associated to Lie groupoids
in a manner that closely follows that of group manifolds. It turns out that a certain
class of transitive Lie algebroids (classifying algebroids) provide a solution to Cartan’s
realisation problem. The details of the construction are given in [113, 47]. This is
an interesting application as it allows us to give an intuitive and explicit method for
constructing manifolds with Lie algebroid symmetries.

Classifying Lie algebroids are the infinitesimal generators of a Lie groupoid action.
There are invariant Maurer—Cartan forms and vector fields tangent to groupoid orbits.
The Lie groupoid symmetry can be generated from flows defining foliations which do
not produce a Lie group structure. This allows the construction of non-linear sigma
models which are gauged using Lie groupoid actions. Global structure is determined
by Lie algebroid cohomology.

The use of Lie groupoid gauging in the study non-linear sigma models is the subject
of Chapter 5. It is possible to find an analogue of the WZW model given a Lie groupoid
by lifting the geometry to a vector bundle.
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Chapter 3
Background

This chapter contains background material required for the rest of the thesis. Lie
groupoids, Lie algebroids, and more general vector bundle geometry (based on local
Leibniz algebroids) are discussed, along with numerous examples. The chapter does
not contain new results and readers familiar with these topics may wish to skim the

chapter for notation.

3.1 Lie Groupoids

This section defines Lie groupoids and gives some of their properties. The presentation
and examples here are based primarily on the notes by Crainic and Fernandes [43]. A
comprehensive introduction to Lie groupoids and Lie algebroids can be found in the
textbook by Mackenzie [97].

Definition 3.1. A groupoid (G, M, s,t,m,u,i) consists of a set of arrows, G, a set of
objects M, and maps s,t, m,u, 1, satisfying the laws of composition, associativity, and

inverses:

e The source and target maps: s,t: G — M, associating to each arrow h its source
object s(h) and target object t(h). We write h : z A y for h € G satisfying
s(h) =z and t(h) = y.

e The set of composable arrows is denoted by Gs:
g2 = {(hg,hl) egxg: S(hg) = t(hl)}. (31)

For a pair of composable arrows (ha, h1) the composition map m : G — G is the

composition m(hg, h1) = hg o hy (typically denoted hoh; for simplicity).

e The unit and inverse maps: u: M — G, i : G — G, where u sends © € M to the

identity arrow 1, € G at x, and 4 sends an arrow h to its inverse h™!.

29
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We will often denote a groupoid by (G, M) or even simply G if there is no risk of

confusion.
Remark. The definition of a groupoid given here can be succinctly phrased is as follows:

A groupoid G is a small category in which every arrow is invertible.

Definition 3.2. A topological groupoid is a groupoid G whose set of arrows and set of
objects are both topological spaces, and the structure maps (s, t,u, m, ) are continuous

with s and ¢ open.

Definition 3.3. A Lie groupoid is a groupoid G whose set of arrows and set of objects
are both manifolds, and the structure maps (s,¢,m,u,) are all smooth with s and ¢

are submersions.

Not all objects in a groupoid need to be composable. Given an object x € M it is
important to keep track of the possible precomposable and postcomposable objects. If
x € M then the sets

Gz,)=s"'(z), G(,2)=t"'(z)

are called the s-fiber and t-fiber at . The inverse map induces a bijection i : G(z,-) —
G(-,x). Multiplication is only defined on the s-fiber, and an arrow g : x — y induces a

bijection
Rg : g(y7 ) - g(,CC)

The set of objects which can be both precomposed and postcomposed with a fixed
x € M define a group; the intersection of the s and t-fiber at x € M

G, =s Hz)Nnt Y (z) =G(z, ) NG(-,x)

is called the isotropy group at z.!

We can define an equivalence of two objects z,y € M, denoted x ~ y, if there exists
an arrow h € G whose source is # and target is y. The equivalence class of x € Mg is
called the orbit through x

O, = {t(h) : h € s }(z)}.
The quotient set

M/G:=M) ~g={0,:x € M}

LIf we consider the transformation groupoid associated to the action of a Lie group G on a manifold
M (Example 3.3), the isotropy group defined here coincides with the notion of an isotropy subgroup
appearing in the physics literature: For a fixed x € M, the isotropy group G, = {g € G : gz = z}.
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is called the orbit set of G.

Definition 3.4. Given a groupoid G over M a G-space F is defined by a map pu: E —

M, called the moment map, together with a map

GxmuE={(g.¢):5(g) =ple)} = E, (g,¢) = ge,
satisfying the following identities

L p(ge) = t(g);
2. g(he) = (gh)e, for all g, h € G and e € E for which the composition is well defined;

3. 1,e=c¢, foralle € E.

p(e)

An action of G on F, with moment map u : E — M, associates to each arrow

g : x — y an isomorphism
E, — E,, e— ge,

where E, = p~!(z), such that the action identities are satisfied. Each fiber E, is a
representation of the isotropy group G,.

If we have a topological groupoid G we might want E to be a topological space in
order to describe a continuous action. If M is a manifold we might want E to be a

manifold to describe a smooth action.

3.1.1 Lie groupoid examples

In this section we give examples of groupoids. The examples of Lie groupoids are
of particular relevance to Lie groupoid gauging discussed in Chapter 5. Many more

examples exist in the literature (see for example [125, 63, 97, 43]).

Ezample 3.1 (Lie group). Every Lie group G can be viewed as a Lie groupoid over a
point (G, M) = (G, pt).
Ezample 3.2 (Fundamental Groupoid). Let M be a manifold and let II;(M) denote

the manifold consisting of all homotopy classes (with fixed end points) of curves in M.
Then (IT; (M), M) can be endowed with the structure of a Lie groupoid. Let v : I — M
be a curve in M and denote its homotopy class by [y]. The source and target maps
associate to [y] are its end points i.e., s([7]) = v(0), and t([y]) = v(1). If y1 and 72 are
two curves such that (1) = 72(0) then we define their product to be concatenation
of curves, [y2][v1] = [v2 - 71]- The identity element at a point z € M is the class
of homotopically trivial paths passing through z. The inverse of [v] is the class of
v : I — M, where ¥(t) = v(1 — t). Note that the orbits of the fundamental groupoid
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are the connected components of M the isotropy group at x is the fundamental group

of M with base point x.

Ezample 3.3 (Transformation groupoid). Let G be a group acting on a manifold M.
We define the transformation groupoid (G, M) = (G x M, M) to be the Lie groupoid

whose structure maps are given by

s(g,z) =z, t(g,x) =gz, (h,gx)(g,2) = (hg,z), 1.=(e,x), (g,2)"" = (97" g2),
where e is the identity of G.
The orbits of the groupoid coincide with those of the action G. The isotropy groups

of G coincide with those of the action.

Ezample 3.4 (Gauge Groupoid). Let P(M,m,G) be a principal G-bundle. The gauge
groupoid of P, denoted (G(P), M), is defined as

_P><P

G(P) = o~

where the quotient refers to the diagonal action of G on P x P ((p,q) - g = (pg,q9)).
Let us denote by [p, ¢] the class of (p,q). The structure of G(P) is given by:

slp,q] =n(q), tlp,ql =7(p), [p1,@1]lqr,p2] = [p1,p2l;
1, =[p,p] for some p € 771 (z),  [p.q]" = [q,p].

Ezample 3.5 (Symplectic groupoid on T*G). Given a Lie group G, with g = Lie(G), we
can define a Lie groupoid (G, M) = (T*G, g*), equipped with its canonical symplectic
structure. If we identify 7"G = G x g* the Lie groupoid structure on T*G is simply
that of the transformation groupoid associated to the coadjoint action of G on g*. For

more details see [125].

Many more examples of groupoids are known, including manifolds with boundary,
convolutions of functions, and more general symplectic groupoids (see for example
[43, 63, 125]).

3.1.2 The Lie algebroid of a Lie groupoid

The infinitesimal objects associated to Lie groupoids are Lie algebroids. Lie algebroids
are a linearisation of Lie groupoids, retaining most of the structure of the Lie groupoid,
but are easier to study.

There are two notable differences between the Lie groupoid case and the Lie group
case. Firstly there is a unit for each point in M suggesting a representation on a

vector bundle as opposed to a vector space. Secondly, when considering right-invariant
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sections on G we must restrict our attention to the sub-bundle T°G = ker(ds) C TG—

those sections which are tangent to the s-fibers.

Definition 3.5. Given a Lie Groupoid (G, M) we can define a vector bundle A — M.
For each «x € M the fiber A, coincides with the tangent space at the unit 1, of the
s-fiber at z. In short A := T°G|y and will often denote it simply as A = Lie(G).

The vector bundle A — M is endowed with a bracket on the space of right-invariant
sections on G. To describe this we need to know the induced action from the composition

of arrows g : x — y and h : y — z. For an arrow h : y — z we define
T;G := ThG(y, ),

and any arrow ¢ : x — y induces a map
Ry : TG — T30,

the differential of the right multiplication by g. The space of right-invariant sections
on G is given by the set

Xin(9) = {X € I(T°G) : Xng = Ry(Xn),Y(h, g) € Ga},

where G is the set of composable arrows defined by (3.1). Given a € I'(A) a right-

invariant section is given by a, = Rg(ay4)). The invariance of X € X (G) shows that

mv

X is determined by its values at the points in M
Xy =Ry(Xy), Vg:z—uy.
Defining a := X |y € I'(A) we have X = a. This establishes an isomorphism
I(A) = X5,(G), a—a. (3.2)

Definition 3.6. The Lie algebroid bracket on A is the bracket obtained from the

isomorphism (3.2) and defined as

[a1, az] 4 := a1, Go]. (3.3)
Definition 3.7. The anchor map of A is the bundle map
p:A—=TM

obtained by restricting dt : TG — TM to A C TG.

The anchor map gives sections of I'(A) a derivation property. For all a1, as € T'(A),



34 CHAPTER 3. BACKGROUND
and all f € C°°(M) the Lie algebroid bracket satisfies

la1, fazla = fla1, a2]a + (p(ar) f)az,

where p(a1)f = L,@q,)f- This follows from the identification of I'(4) = X,y (G) and p
with dt. Details can be found in [43].

The Lie groupoid action can (partially) be recovered from the infinitesimal Lie
algebroid action. This is a generalisation of the relationship between Lie algebras and
Lie groups. The action is recovered by flowing along the right-invariant sections a. For

x € M, we set

Pa(@) = ¢5(1s) € G,

where ¢% is the flow of the right-invariant section @ induced by a. This flow defines an

exponential map much like the in the case of Lie algebras:
exp(ta)(z) = ¢q(2).

Examples of Lie algebroids are given in Section 3.2.1.

3.2 Lie algebroids

In Section 3.1.2 the Lie algebroid associated to a Lie groupoid was given by taking
a bracket structure on right-invariant sections of a vector bundle. The properties of
this Lie algebroid can be axiomatised to give a general definition of a Lie algebroid.
A natural question arises: Given a Lie algebroid on a vector bundle A, can this be
integrated to a Lie groupoid action for some G?7 In contrast to the case of Lie algebras,

this is not true for general Lie algebroids (see Section 3.2.2).

Definition 3.8. A Lie algebroid (A, M, p,|- ,-]4) consists of a vector bundle A over a
manifold M equipped with a bundle map p : A — T'M and a bracket [-,-]4 : ['(4) X
I'(A) — I'(A) satisfying:

la1, [a2, a3]ala =[[a1,a2)a,a3]a + [az, [a1,a3)4]a, (3.4a)
a1, fas]a =f[a1, a2]a + ((p(ar) f))az, (3.4b)
[a1, az]a = — [a2, a1] a, (3.4¢)

for ai,az,a3 € I'(A) and f € C®(M).

Identities (3.4a) and (3.4c) imply that [-,-] 4 is a Lie bracket. The first two identities
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imply that the anchor map p is a bracket homomorphism:

p(lar, az]a) = [p(ar), plaz)lTm (3.5)

where [- , |72/ is the bracket defined by the commutator of vector fields.?
A transitive Lie algebroid is a Lie algebroid with a surjective anchor. we say that A

is a reqular Lie algebroid if the image of the anchor Im(p,) C T, M has constant rank.

Remark. At any point x € M the Lie algebra g,(A) := ker(p,) is the isotropy Lie
algebra at x. Given a Lie groupoid G the isotropy Lie algebra g, is isomorphic to the

Lie algebra of the isotropy group G,.

Generically a bundle morphism p: A — T'M defines a distribution Im(p,) C T, M.
The distribution Im(p) is smooth if Im(p,) is spanned by smooth sections a(z) € Im(ps)
for all z € M. The rank of a smooth distribution is a lower semi-continuous function.
A smooth distribution is called a regular distribution if its rank is locally constant.

The anchor homomorphism property (3.5) is quite strong and gives an integrability
condition for regular Lie algebroids. A distribution K C T'M is integrable if every point
of M is contained in a plaque (a connected, immersed submanifold O such that TO =
K|p). An integrable distribution K determines a foliation F of M into leaves given by
the maximal plaques. The foliation F is called the integral foliation of K. We call K
the tangent distribution to F, denoted by T'F. The Stefan—Sussman theorem asserts
that a smooth distribution K C TM is integrable if and only if it is involutive® and
rank(K) is constant along the flow lines of sections of K [115]. A regular distribution
in T'M is integrable iff it is involutive. The anchor homomorphism property states that
Im(p) is involutive.

In conclusion: If A is a regular Lie algebroid, property (3.5) shows that the resulting
distribution is integrable and M is foliated by immersed submanifolds O defined by
orbits 7,0 = Im(p;) for all x € O.

Remark. While it is true that every regular Lie algebroid defines a foliation the converse
is not expected to be true. To the best of the author’s knowledge it is an open question
whether or not all foliations can be generated by Lie algebroids (see for example [6] and
references within). It has recently been shown that all foliations must by generated by
Lie-algebroids [92, 91].

3.2.1 Examples

Here we present some standard examples of Lie algebroids. These examples (along with
the associated Lie groupoids) will form the basis of examples of Lie groupoid gauging
in Chapter 5.

2This is shown in a more general setting in Section 3.4.
3 A distribution K C TM is involutive if [X,Y] € T(K) for each X,Y € I'(K).
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Ezample 3.6 (Lie algebra). A Lie algebra g defines a Lie algebroid with A = g, M = pt,
p = 0. This is the infinitesimal object corresponding to a Lie groupoid (G, M) = (G, pt),
where g = Lie(G).

Ezample 3.7 (Tangent bundle). Given a manifold M, there is Lie algebroid on T'M
with the bracket given by commutator of vector fields, and the anchor given by the

identity map p = Idryy,.

Ezample 3.8 (Foliations). Let F be a regular foliation on M, so that TF C TM is
an involutive distribution of constant rank. The distribution T'F has a Lie algebroid
structure, with the bracket given by the commutator of vector fields, and the anchor
given by the inclusion ¢ : T/F — T'M. The orbits of this Lie algebroid are the leaves of
F.

Ezample 3.9 (Infinitesimal g-action). Let ¢ : g — I'(T'M) be an infinitesimal action of
a Lie algebra g on TM. The transformation Lie algebroid is defined on A = M X g,
where p(z, X) = ¢¥(X)|, and

(X1, Xo|mxg(®) = [X1, Xolg + ((X1) - X2)(2) — (¥(X2) - X1)(2).

This is the Lie algebroid associated to the transformation groupoid (Example 3.3).

Ezample 3.10 (Atiyah algebroid). Let P(M,m,G) be a principal G-bundle. The Atiyah
algebroid is defined on A = TP/G as part of the exact sequence

0 —> (Pxg)/G —>TP/G L~ TM 0.

~

(e

Sections of A are identified with right-invariant vector fields on P. The bracket is given
by the commutator of right-invariant vector fields; the anchor is m.|rp/q : A — TM
induced by m,. A short exact sequence of vector bundles gives a short exact sequence
of the C*°(M)-modules of sections:

s

0 —> C®°(P,g)¢ — Xg(P) —= X —= 0,

where C™ (P, g)© is the module of G-equivariant smooth functions from P to g. If TP/G
is a trivial bundle there is an isomorphism C*(P, g)¢ = C>(M, g). A choice of splitting
is given by a choice of one-form connection o € Q'(M,TP/G). The corresponding
curvature F, € Q*(M,TP/G) is given by

Fo(v1,v2) = o([vr, vo]) = [o(v1), 0 (v2)]7p/6-
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Letting (v,v) € T'(A) = X ® C*°(M, g) the Atiyah algebroid bracket is given by

[(v1,71), (v2,72)|F =([v1,v2], [71,72]a + Vo, 72 — Vo,71 — Fo(v1,v2)).

The Atiyah algebroid is the Lie algebroid associated to the Gauge groupoid (Example
3.4).
The integrability of the Lie algebroid T'P/G can be deduced from the properties of

the curvature F,. See Example 3.15 for a special case and [42, 43] for the general case.

Ezample 3.11 (Generalised Atiyah sequence). Locally any Lie algebroid can be associ-

ated to a generalised Atiyah sequence:

P
0 go Qlo TO 0,
~_

o

where go = ker(p) denotes the isotropy algebra of O and TO = Im(p).

Example 3.12 (Poisson cotangent Lie algebroid). Given a Poisson manifold* (M, )
there is a cotangent Lie algebroid: A =T*M, p(§) = w(§,-) for £ € I'(T*M), and the
bracket is given by

(€1, &2 m = Lr(er,)62 — La(er )62 — d(7(&1,62))- (3.6)

This is the Lie algebroid associated to a symplectic groupoid on T*M (Example 3.5).

3.2.2 Integrability

All Lie algebras arise as the tangent of some (not necessarily unique) Lie group. How-

ever, not all Lie algebroids arise as the tangent of a Lie groupoid.

Definition 3.9. A Lie algebroid A is called integrable if it is isomorphic to the Lie
algebroid of a Lie groupoid G. We say that G integrates A.

There are obstructions to the integrability of Lie algebroids. The general conditions

for the integrability of Lie algebroids were established by Crainic and Fernandes [42, 43].

Theorem 3.10 (Lie I). Let G be a Lie groupoid with Lie algebroid A. There exists a

unique s-simply connected® Lie groupoid G whose Lie algebroid is also A.

Theorem 3.11 (Lie II). Let Ay — My and Ay — My be integrable Lie algebroids.
Denote by G(A1) the s-simply connected Lie groupoid integrating Ay and H(A2) any
Lie groupoid integrating As. If ® : Ay — Ao is a morphism of Lie algebroids® covering

4A Poisson structure is a non-degenerate m € 1"(/\2TM) satisfying [, 7]schouten = 0.
"We say that G is s-simply connected if the s-fibers s~!(z) are 1-connected for every x € M.
SLie algebroid/groupoid morphisms are defined in Section 3.3.1.
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¢ : My — My, then there exists a unique morphism of Lie groupoids F : G(A1) —
H(Az), also covering ¢, such that di, F(v) = ®(v) for all x € My and v € T} G(A1).

In this case we say that F integrates ®.

In order to state the integrability condition for a general Lie algebroid A, we need to
introduce the Weinstein groupoid. The Weinstein groupoid will appear as the groupoid

associated to the Lie algebroid gauging procedure discussed in Chapter 5.

Definition 3.12. Fix a Lie algebroid structure on A — M. An A-path consists of a
pair (a,~y) where 7 : [0,1] — M is a path in M, and a : [0,1] — A is a path in A, where

e a is a path above y: a(t) € A, for all ¢t € [0, 1];
o pla(t)) = D (t) for all t € [0,1].

The base map can be recovered from a using the anchor p, so we will often just
refer to a as the covering map with the induced base map implied. The space of paths
associated to a Lie algebroid A will be denoted P(A).

The notion of an A-path is the Lie algebroid generalisation of flow lines associated
to vector fields.

An A-homotopy between A-paths ag and a; is a Lie algebroid morphism T'(I x I) —
A which covers a (standard) homotopy with fixed end-points between the base paths
Y(ai(t))-

Remark. If we start with a Lie groupoid G and consider a path g(¢) : I — G which stays

within an s-fiber and starts at 1., then a(t) = (dLg—l(t))g(t)d'ZliEf) defines an A-path.

Definition 3.13. The Weinstein groupoid of A is the topological groupoid

where ~ denotes the equivalence of A-homotopy paths. The multiplication on G(A) is
given by concatenation of paths. The source and target maps are the projection to the

start and end points of the A-paths.

The obstruction to integrating a Lie algebroid is described using the Monodromy

groupoid.

Definition 3.14. The monodromy group of A at x € M 1is the set
Nz (A) ={v € Z(g,) : v is A-homotopic to the constant zero path} C A,,

where g, is the isotropy algebra of A at z, and Z(g,) is its center. The monodromy
group consists of the subset of v € Z(g,) which A-homotopic to the trivial path. Each
v € Z(g,) can be viewed as a constant A-path. If there exists a homotopy between the

constant A-path and the trivial path we have v € A.
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Let G(g:) = G, (g) denote the simply connected Lie group integrating the Lie algebra
ge. Define NV, (A) as the subgroup of G(g,) consisting of equivalence classes [a] € G(gz)
of g,-paths that equivalent to the trivial A-path. The group Nisa subgroup contained
in Z(G(g.)), and its intersection with the connected component Z(G(g,))° is isomorphic
to Nz (A).

Let L, be the leaf of A through . There is a monodromy map 0 : m2(Lz, x) — G(gz)
whose image is N, (A).

We present two examples which provide tools to discuss integrability of Lie alge-

broids which could be used in relation to Lie groupoid gauging in Chapter 5.

Ezample 3.13 (Monodromy Groupoid of a foliation). Let F be a regular foliation of
M. The monodromy groupoid of the foliation is the unique Lie groupoid (II1(F), M)
whose Lie algebroid is T'F and s-fibers are connected and simply connected. It can
be described as the space of homotopy classes of curves contained in the leaves of F,
where we only allow homotopies which are also contained in the leaves. Multiplication is
given by concatenation of paths, the identity elements are given by the class of constant
paths, and inversion is given by reversing the direction of the curve. The orbits of the
monodromy groupoid of F are precisely the leafs of the foliation. The isotropy Lie
group of a point x is the fundamental group of the leaf through z, with base point x,
ie., m(Ly;x).

Ezample 3.14 (Holonomy Groupoid of a foliation). Taking Example 3.13 but replacing
homotopy classes of curves with holonomy classes of curves, gives another Lie groupoid,
called the holonomy groupoid of the foliation (Hol(F), M). The associated Lie algebroid
is also T'F. This Lie groupoid has the property that any Lie groupoid G whose Lie

algebroid is T'F fits into the exact sequence of groupoid covering maps
0 — IIj(F) —= G —— Hol(F) —= 0 .

In this exact sequence a groupoid covering map is a Lie groupoid morphism whose

restriction to each s-fiber is a covering map.

Remark. The previous example mentioned holonomy classes of curves. We give the
definition of the holonomy of a curve in a foliated manifold (following [45]). Take some
d-dimensional manifold M and a k-dimensional foliation F C M. Choose a curve
lying in a single leaf of the foliation v : [0,1] — L with v(0) = a and (1) = b. We
can choose small neighbourhoods U,, U, of a and b which consist of plaques. Take
(d — k)-dimensional disks D4~% Dg_k at @ and b which are transversal to the leaves
and parameterise the plaques of U, and U,. The path v can be subdivided such that it
consists of paths which lie within the neighbourhood of plaques U; (where i = 0,...,n,
Uo = U,, and U, = Up) which intersect uniquely with U;_; and U;;;. This chain of
plaques defines a diffeomorphism of a neighbourhood Dg_k to a neighbourhood Dl‘f*k .
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This diffeomorphism gives the holonomy of the curve. The holonomy of the curve is

independent of choices of Uj.

Theorem 3.15 (Lie 111 [42]). Let A — M be a Lie algebroid. The following statements

are equivalent:
e A is integrable.
e The Weinstein groupoid G(A) is a Lie groupoid.
o The monodromy groups are uniformly discrete.
It is useful to consider several corollaries of this theorem:
e Any transitive Lie algebroid on a contractible base is integrable.
e Any Lie algebroid with an injective anchor is integrable.

e Let g be a Lie algebra and let g* be its dual Lie-Poisson manifold. The cotangent
Lie algebroid is integrable.

These integrability conditions will be sufficient for most examples of interest in Chapter

5 when considering Lie algebroid gauging of sigma models.

Ezample 3.15 (Integrability). Consider the Lie algebroid A, defined by the short exact

sequence

0 L A—LorMmM — 0,

N—
o

where L — M is a line bundle. A choice of splitting can be encoded in a choice of
connection one-form o € Q! (M, A). Let F € Q2 (M) be the curvature of the connection
o. A choice of splitting induces a local map on modules I'(4) = I'(T'M) & C*(M).
The bracket is defined on sections (v, f) € I'(T'M) & C*°(M):

[(v1, f1), (v2, f2)]F = ([v1,v2]TM, Loy fo — Loy f1 — F(v1,v2)).

If M is simply connected and integral, [F/2n] € H?(M,Z), and we have a prequan-
tisation principal U(1)-bundle. In this case the Lie algebroid integrates to the gauge
groupoid G(P) associated to P(M,w,U(1)) (Example 3.4). The groupoid G(P) is tran-
sitive and the isotropy Lie groups are all isomorphic to each other and to R/T , where

I'r is the group of spherical periods of F':

FF:{/F: fyem(M)}CR.
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The group I'r is the monodromy group. When F' is not integral, we don’t have a
prequantization bundle, and the construction of the groupoid fails. It is still possible
for the Lie algebroid A to integrate to a simply connected Lie groupoid if the isotropy
groups are isomorphic to R/T'r. In this case A is integrable if I'r C R is a discreet
subgroup. Let us take, for example, M = S? x S? with F = dS ® \dS, where dS is
the standard area form on S?. Taking A to be irrational the group of spherical periods
is 'p = Z & M\Z, so that R/T'p is non-discrete, and the corresponding Lie algebroid is

non-integrable.

3.3 Lie algebroid geometry

In the previous section we introduced Lie algebroids and saw that they formed a gener-
alisation of Lie algebras. A standard example of a Lie algebroid comes from the tangent
bundle of a manifold (Example 3.7). The tangent bundle comes equipped with addi-
tonal structure of interest in differential geometry ,e.g, a Lie derivative £ defining the
flow of tensors along a vector field, and the de Rham differential d defining de Rham
cohomology on the complex Q°®(M). The presence of a Lie algebroid A — M allows
the study of differential geometry on the vector bundle A. This section outlines Lie

algebroid geometry.
Given a Lie algebroid (A, [-,-]4, p) one can define d : I'(AFA*) — T(AFFLA%):

k
(daw)(ag, a1, ... ,ax) = Z(—l)ip(ai)(w(ao, a1y Ay, ag)) (3.7)
=0
+ Z(—I)ij([ai, aj]A, AQy e vy di, ce ,dj, e ,ak),
1<j

where a; € T(A), w € T'(AFA*), and a; denotes omission. A lengthy but straightforward
calculation shows that the operator d4 satisfies d% = 0 if and only if the Lie algebroid
axioms are satisfied. This can be recovered from the more general expression for d2E
(3.37) given in Section 3.4.3.

There is a one-to-one correspondence between Lie algebroids (A, [, |4, p) and Lie
algebroid differentials da. It is clear from the definition of d4 that a Lie algebroid
(A, [, -]a, p) uniquely defines a differential d4. Conversely, given a differential dy4, the
Lie algebroid (A, [-, -] 4, p) can be recovered as follows: The anchor is given by the action
of differentiation on a function p(a)f = (daf)(a); the bracket can then be recovered by
considering the differential on a € T'(ALA*):

(dac)(a1, a2) = plar)a(az) — plaz)a(ar) — a(lar, az]a).
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The Lie algebroid cohomology of A is the cohomology H®(A) groups associated to
the complex (da,'(A®AY)).
Ezample 3.16 (de Rham cohomology). Take A = T'M, and the Tangent Lie algebroid.
In this case 3.7 defines the de Rham differential, d, and I'(A*A*) = T'(A*T*M).
Ezample 3.17 (Lie algebra cohomology). Take A = g, with the Lie algebroid defined
by the Lie algebra [-,-]4. In this case 3.7 defines the Chevalley-Eilenberg differential dj

on the complex A®g*.

Ezample 3.18 (Foliated cohomology). Take a manifold M and foliation 7 C M. The fo-
liated Lie algebroid (Example 3.8) defines foliated cohomology with (dz, I'(A®(T*F))).

Given a Lie algebroid A — M, and the canonical pairing (-,-) : A x A* — R, a Lie

derivative can be defined which satisfies
Lo (a2, a) = (L a9, a) + (ag, Lo, ).
Defining 2, f := p(a)f for f € C*°(M) and £, a2 := [a1,a2]4, we define
(Zara, a) := plar)(ev, az) — ([ay, az]a; a), (3.8)

for any a € I'(A*). This definition can be extended in the natural way to general
tensors T € I'((®PA) ® (®94*)).” This gives a notion of flowing tensors along sections
of a vector bundle endowed with a Lie algebroid. These definitions satisfy the Cartan
calculus on I'(A®A*) :

[da,da] = 2d% = 0; (3.9a)
[da, ta] = tada + data = Za; (3.9b)
[da, L) = d Ly — Lod = 0; (3.9¢)
(Lors Lay) = Loy Loy — LayZoy = Loy as) a5 (3.9d)
[Zars tas] = Laytay — tazZLay = Laya)a’ (3.9¢)
[tass tas] = tartas + Lagtay = 0. (3.91)

Equations (3.9) use the graded bracket [dy,ds] = dido — (—1)I%11%2ldyd; with weights
lta| = —1, |[da| = 1, and |L4] = 0.
Additional geometric structure can be defined using the notion of a Lie algebroid

connection.

Definition 3.16. Given a Lie algebroid A — M, and a vector bundle £ — M, an
A-connection on E is a bilinear map V : I'(A) x I'(E) — I'(F) which satisfies the

7Taking £, to act as a derivation on T.
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following conditions:
o Vise = fVge;
o Vofe= fVae+ (pla)f)e;
where a € I'(A), e € T'(E), and f € C>®(M).

Ezample 3.19 (Affine connection). When A = E = T'M we recover the notion of an

affine connection.

Ezample 3.20 (Vector bundle connection). Given a vector bundle £ — M, and the
Tangent Lie algebroid on T'M, a T'M-connection on E coincides with the definition of

a vector bundle connection.

Ezample 3.21. Given a vector bundle connection V (7' M-connection on A), it is possible

to construct a number of Lie algebroid connections:
1. An A-connection on A: Vg, as := V p(ar)@2-

2. An A-connection on A, called the adjoint connection:

Ava1a2 e vp(ag)al + a1, az)a. (3.10)

3. An A-connection on TM: V,, p(as) := p(4V4, a9).

The adjoint connection plays an important role in the integrability of path groupoids,
and is central in understanding Lie groupoid gauging (Chapter 5).

Given an A-connection on E, denoted by V, there is a natural definition of curvature
Ry € T(A2A* ® End(E)):

Rv(al, ag)(e) = Valva26 — VaQVale — V[ah@]Ae, (3.11)

for a;,as € T(A) and e € T'(e).
Given an A-connection on A, denoted V, we can define the Lie algebroid torsion
Ty € T(A2A* @ A):

Tv(al, G,Q) = Valag - Va2a1 - [al, CLQ}A. (3.12)

Given an A-connection on F, and Lie algebroid differential d4, we can define a
modified differential dY : [(A*A* ® E) — T(A*1A* ® E) given by:

k
(dYw)(ag, a1, ... ar) =Y (=1)'Va,(wlag, a1, i, ... ax)) (3.13)
=0
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z+ ~ ~
+ E jw (lai,ajla, a0, .. Gi, ... a5, ..., ak),
1<j

where w € T'(AFA* ® E). A straightforward calculation gives (dY)?w = Ry A w and
hence dx defines a differential if and only if V is flat.

Definition 3.17. A representation of a Lie algebroid A over M on a vector bundle
E — M is a choice of flat connection V : T'(A) x T'(E) — I'(E).

Given a representation of a Lie algebroid (a choice of flat connection V : T'(A4) x
I'(E) — I'(F)) we can construct a representation of the associated groupoid. The
correct groupoid is the Weinstein groupoid and is constructed using an A-path. Choose
an A-path a : [0,1] — A covering 7 : [0, 1] — M. The derivative of a path e : [0,1] — E
(over «) along a, denoted V, e, is defined as follows: choose a time dependent section
& € T(E) such that £'(¢,y(t)) = e(t), then

Vaelt) = Vall () + (@), 2 =(0).

The derivative is independent of the choice of &' used to parameterise e.

3.3.1 Lie algebroid morphisms

Let A — M; and B — M5 be two vector bundles, and endow each with a Lie algebroid

structure. Consider a bundle map

M1—>M2

There is an induced pullback map ®* : I'(B*) — I'(A*) defined by

(@7B)as az) = (B0 §)(x), ®(a)),

where x € My, 8 € I'(B*), and a € T'(A). This maps extends to ®* : T'(A*B*) —
[(A®A*) (we define ®*(f) = fo ¢ for f € C®(My)).

Definition 3.18. A bundle map (P, ¢) from A — M; to B — My is a Lie algebroid

morphism if the map

" (D(A*BY),dp) — (D(A®AY), da) (3.14)
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is a chain map.

Let A — M and B — M be vector bundles over the same base M. A morphism
® : A — B induces a map of smooth sections I'(A) — I'(B), given by a — ® o a, which
is a linear map of C°°(M )-modules. In this case the notion of a Lie algebroid morphism
is equivalent to the existence of a morphism ® between the vector bundles preserving
the bracket

P olar,azla =[Poar,Poasp,

for a1,ae € T'(A). However, for vector bundles A — M; and B — M over different
bases, a morphism ® : A — B and ¢ : My — M>, does not induce a map between
modules of sections. It is necessary to consider the pullback bundle ¢*B. Sections
a € I'(A) can be pushed forward to sections ®(a) € I'(¢*B), and sections b € I'(B) can
be pulled back to ¢*b € I'(¢*B). Given a section a € I'(A4), there is a decomposition

o*(a) = f @b,

for some suitable f@ € C°°(Mjy), and b; € I'(B). However this decomposition is not

unique. Choose a connection V : I'(T'M3) x I'(B) — I'(B) and define V : I'(T'M;) x
I'(¢*B) = I'(¢"B) by

vv(fz & bi) = v(fl) ® b + fi® VT(d))(v)bi, (3.15)

where v € T(TM), f; € C*°(M;), and b* € I'(B). The definition of V is not dependent

on the choice of decomposition. Define the torsion of the pullback connection V by
To(fi @V, fj @ 7) := fifjd* Ty (bi,b),
and curvature Fp € I'(A?A* ® ¢*B) by
Fy(a1,a2) = Vo) ®(a2) = Vya)P(a1) — ([a1, az]a) — Ty (P(a1), P(az)).  (3.16)

The definition of Fg is independent of the choice of connection V. The pair (®,¢)
defines a Lie algebroid morphism if and only if Fp = 0. This flatness condition is closely
related to the original definition of a Lie algebroid morphism [63]. The definition given
in this thesis was shown to be equivalent by Vaintrob [117].

There is a convenient description of certain Lie algebroid morphisms in terms of a

Maurer—Cartan form. This interpretation is due to Fernandes and Struchiner [47].

Consider a Lie algebroid morphism (®, ¢) where ® : TM; — B, and ¢ : My — Ms.
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The key observation is to consider ® : I'(T'M;) — I'(B) as n € I'(T*M; ® B):

for v € T'(T'M;). The maps (P, ¢) define a Lie algebroid morphism if and only if 1 can

be interpreted as a Maurer—Cartan form.

The setup can be described with the following commutative diagrams:

n n

TM1 B TMI

B
such that O P2

M1 — M2 TM2

bl

where the second diagram expresses the anchor compatibility condition. Given a choice
of T'M7-connection on B, denoted V, define

(dvn)(v1,v2) ==V n(v2) = Vi,n(v1) — n(vr, valrar ), (3.17)
50w (v1,02) =5 (T (n(v1), 7' (v2)) + Tw (n(v2), 7 (v1))) » (3.18)

where vy,vy € T(TM;) and 1,7’ € T'(T*M; ® B). The expression

Fy(v1,v2) =(dvn — [ nlv)(v1,v2), (3.19)

defines an element F,, € I'(A?T*M; ® B) which is independent of the choice of V.

An element n € I'(T*M; ® B) = QY(M;, B) satisfies F;, = 0 if and only if it defines
a Lie algebroid morphism between T'M; and B. In this case n can be interpreted as a
Maurer—Cartan form as follows: Let G be a Lie groupoid with Lie algebroid B. Left
translation by an element h € G is a diffeomorphism between s-fibres Ly, : s~ (s(h)) —
s~Y(t(h)). A left-invariant one-form on G is an s-foliated one-form 7 on G such that
forallhe g

n(X) = n(dgLn(X)), Vg€ s (s(h), X € T,G.

This is also denoted (Lp)*n = n. A Maurer-Cartan form on a Lie groupoid G is the

B-valued s-foliated left-invariant one-form defined by
n(X) = (dLp-1)n(X),

for X € Tj)G. The Maurer-Cartan form 7 : TG — B covers the target map ¢ : G — M.
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Theorem 3.19 ([47]). Let G be a Lie groupoid with Lie algebroid B and let n be its left
invariant Maurer—Cartan form. If ' : TMy — B is a solution of the Maurer—Cartan
equation covering a map ¢ : My — Mo, then for each x € My and h € G such that
¢(x) = s(h), there exists a unique locally defined diffeomorphism ¢' : My — s~ 1(¢(x))
satisfying:

¢'(x)=h, ¢"n="1"

Ezample 3.22. Choose a manifold M and a Lie algebra g. A Lie algebroid morphism
TM — g is the same thing as a one-form n € Q!(M, g) satisfying the Maurer-Cartan
equation dn — [ n]g = 0.

Example: Pullback of a Lie algebroid

In this subsection we consider the pullback of a Lie algebroid structure. This will be of
particular interest in Section 5.3 when discussing Lie algebroid gauging of non-linear

sigma models.

Consider a Lie algebroid B — M, and a smooth map ¢ : My — Ms. There is no
natural induced Lie algebroid on ¢*B, due to the fact that a vector bundle morphism
does not induce a map between the modules of sections. However, there may be an

induced Lie algebroid structure. This construction is due Higgins and Mackenzie [63].

Consider the following bundle map:
B

P2
o

TM; T Mo

The aim is to construct a Lie algebroid structure on A — M7, using the bundle maps

@*
A ¢*B
p1 ¢ p2
TM, (¢-) &*T Mo,

Sections of A are of the form v @ 3, where v € I'(T'M7) and 8 € T'(¢*B). The induced
Lie algebroid ¢** B exists whenever ¢ is a surjective submersion, or B is transitive, or

if T(¢) and py are transversal. In these cases there is a Lie algebroid structure on A
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described as follows: define p;(v @ ) = v and

la1,a2)a = [v1 @ B1,v2 ® Ba)a := [v1,v2] @ (vvlﬁ2 — V1 — T (B, 52)), (3.20)

for vi,ve € T(T'M1) and (1, 52 € I'(¢*B).

Ezxample 3.23. Take M, to be a point, and hence B = g is a Lie algebra. The inverse
image connection in Mj x g is the standard flat connection V,(X) = v(X), and the

above formula reduces to the standard expression of the bracket in TM; @& (M; X g).

It is of interest to consider the existence of the groupoid ¢**G. Given a Lie groupoid
G on M5 and a smooth map ¢ : My — Mo, such that ¢ x ¢ : My x My — My x My and
(s,t) : G — Ms x My are transversal, the pullback

(s,t)

M1><M1

MQXMQ
¢ x ¢

is a manifold and has a groupoid structure. However, it is not necessarily true that the
source or target maps are submersions, meaning ¢**G may not be a Lie groupoid. If

the composition

¢G> G — ' My,

is a submersion then ¢**G will be a Lie groupoid. Here ¢*G denotes the pullback of ¢

and s:
¢*G :={(X,x) € G x M : s(X) = ¢(x)}.

The double pullback construction will be essential in defining true Lie algebroid gauging
in Chapter 5.

3.3.2 Superspace description of Lie algebroids

There is a description of Lie algebroids given by a homological vector field ) on a
super manifold M. The description is due to Vaintrob [117]. The correspondence is
reasonably straightforward. Take a supermanifold M described locally by coordinates
(x#,¢?). There is an isomorphism between the supermanifold M and a vector bundle
A — M. The even coordinates z* give local coordinates on the base manifold M. The

odd coordinates (* give a local basis for the fibers A*, which can then be identified with
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a basis for A. The degree-1 homological vector field is given by
Q= C* ¢ IOk + pl!C Onn,

where p!' are identified as the components of the anchor p : A — TM, and C’kij are
identified with the structure functions given by [e;,ej]a = Ckijek (taking e; to be a

basis for A dual to ¢*). Homological vector fields are those which satisfy

[Q.Q =2Q° =0.

The condition Q? = 0 is equivalent to the axioms of a Lie algebroid:

QF =(200,, 00l — Canpt)C*C),
+ (2Cd[a|kckb]c + 20{%@101%6 - Ckabcdkc + pgaucgb)cagbgcacd.

It is clear that the operator d4 and homological vector fields () are in a direct
correspondence. Throughout this thesis we will concentrate on the description in terms
of the operator d4. Equivalent statements in terms of homological vector fields will be
left unstated.

3.3.3 Bivector description of almost Lie algebroids

A Lie algebroid structure (A = M,p,[-,-]4) can be equivalently characterised as a
bivector A4« € T(A?2TA*). The construction presented here is from [54], and we refer
the reader to this paper for details. The Lie algebroid anchor and bracket are recovered

from the bivector as follows:

Ag(date, (7%) daf) = (7")"(p(a) f), Aa-(date,datar) = tjga, (3.21)

where (g, tq and [, 41), are linear functionals on A* induced by sections a, a,la,a]a €

I'(A), and (a, a) = (4.

3.4 Leibniz algebroid geometry

The concept of a Lie algebroid naturally unifies Lie algebras and differential geometry.
There are further useful generalisations that can be made. There are two core properties
in the definition of a Lie algebroid. The first is the derivation property for [a, -] 4, giving
the Jacobi identity (3.4a). The second is the anchor homomorphism property (3.5). It
is possible to relax one or other of these requirements and get interesting structures.

A pre-Lie algebroid structure is a quadruple (A, M, p, [-, -] 4) satisfying (3.4b)-(3.5).
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Pre-Lie algebroids are relevant in the study of local structures where integrability is not
guaranteed. Integrability of pre-Lie structures are intimately connected to the Jacobi
identity (3.4a).

It is possible to incorporate the derivation property and the anchor homomorphism
property—whilst still generalising Lie algebroids—by considering brackets which are
not skew-symmetric. This leads us to a Leibniz algebroid. Of particular interest are Loo-
algebroids, giving a natural generalisation of closure up to homotopy (see for example
[111, 124, 16]). Leibniz algebroids (in particular Lo-algebroids) form the basis of higher
gauge theory (see for example [8, 106, 81]).

3.4.1 Lie bialgebroids and Courant algebroids

A concrete motivation for studying higher algebroids are Lie bialgebroids and Courant
algebroids. A Lie bialgebroid is a notion of doubling for Lie algebroids, and was first
introduced by Mackenzie and Xu [96]. A Lie bialgebroid consists of a Lie algebroid
(A,d4) and another Lie algebroid (A*,da~) satisfying a compatibility condition de-
scribed below by (3.22).

In order to describe the compatibility condition we need to extend the Lie bracket
[,-]a from a map T'(A) ® T'(A) — T'(A) to a map T(A'A) @ T(AA) — T(AVTA).
The generalised Schouten bracket is the unique extension [-,-]4 of the Lie bracket on

I'(A) satisfying the following conditions:
L [0, fla = (p(a)f) for a € T(A), f € C(M);
2. For a € T'(A\'A) [a,]4 is a derivation of degree i — 1 on I'(A®A);
3. [a1,a2]a = _(_1)(%1)(]'71)[&27@1]%1 for a; € I‘(/\iA) and ay € F(/\jA).

The Lie algebroid differential d 4 has a natural action on the complex I'(A®*A*) and d 4~
has a natural action on I'(A*A).

A Lie bialgebroid is a pair of Lie algebroids (d4,da~) satisfying a compatibility
relation. Compatibility requires that d4- is a derivation of the Schouten bracket [-, -] 4
on T'(A*A):

da=[a1,a2]a = [daxa1,a2]a + [a1,daxa2) 4, (3.22)

for aj,as € T'(A).

Remark. We note that it is possible to generalise this by considering ‘twisted’ differ-
entials dy := da + HA, and dg := da- + RA, for H € T(A2A*), and R € T'(A3A) (for
details see [85]).

Proposition 3.20 ([96]). If the pair (da,da~) is a Lie bialgebroid, then (da~,dy) is
also a Lie bialgebroid ,i.e., If dy is a derivation of [-,-|a=, then da~ is a derivation of

[‘,']A-



3.4. LEIBNIZ ALGEBROID GEOMETRY ol

Definition 3.21. A Courant algebroid is a quadruple (E, o, (-,-), p) where E — M is
a vector bundle, o : I'(E) x I'(E) — I'(E) is a Dorfman product, (-,-) a non-degenerate
bilinear form, and p : I'(EF) — I'(T'M) is an anchor satisfying:

e1o(ez0e3) =(epoeg)oes+ezo(e10e3); (3.23a)
p(es)(er, e2) =(ez o e, ea) + (e1, €3 0 e2); (3.23b)
e10e1 =5d(er, e1); (3.23¢)

for e; € T'(F) and d is defined by (df,e1) = p(e1)f.

The notion of a Lie bialgebroid led to the axiomatic definition of Courant algebroids
[94]. Given a Lie bialgebroid (d4,da~) there is a Courant algebroid on £ = A @ A*

defined as follows:

(a1, 1) o (ag, ) = <[a1,a2],4 + ftfl*ag — Laydaxay, (3.24a)
[, ao)ax + fa’?ag — LGQdAOq),

((a1, 1), (ag, 2)) =5 (tay 02 + tay1), (3.24b)

pila,a) =pa(a) + pa- (@), (3.24¢)

where aj,a2 € I'(A), and oy, ag € I'(A¥).

The Lie bialgebroid (3.24) satisfies the Courant algebroid axioms if and only if
(da,da~) form a Lie bialgebroid. Conversely, a Courant algebroid defined on E =
L1 @ Lo, where Ly, Ly are Dirac structures (maximal subbundles which are isotropic®
and involutive with respect to o), defines a Lie bialgebroid with the Lie algebroid

structures coming from the restriction of the fields to sections of L and L.

Example 3.24 (Lie bialgebra). Take (da,da~) = (dg,dq+) where dy is the Chevalley—
Eilenberg differential associated to a Lie algebra g. The Lie algebroid compatibility
condition (3.22) is satisfied if and only if g and g* form a Lie bialgebra. The reader is

referred to [87] for an introduction to Lie bialgebras.

Ezample 3.25 (Standard Courant bracket). Take (A, da,da~) = (T'M,d,0), where d is
the de Rham differential. This defines a Lie bialgebroid given by the exact Courant
algebroid. The Courant algebroid is given explicitly by (4.2) (in this case H = 0).

Ezample 3.26 (Poisson bialgebroid). Take (A, da,da~) = (T'M,d,d;), where d is the de
Rham differential, and d is the Poisson algebroid differential associated to the Poisson
cotangent Lie algebroid (Example 3.12). The compatibility condition is equivalent to
[, w]7ar = 0 (for the Schouten extension of [-,-]7pr) which is satisfied by definition for

any Poisson structure 7.

8 A subbundle L is isotropic if (a1,a2) =0 for all a1,as € I'(L).
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3.4.2 Leibniz algebroids

A Leibniz algebroid on a vector bundle E — M is a triple (E, o, p), where the product
o:T'(F) xT'(E) —» I'(F), and anchor p : I'(E) — I'(T'M) satisfy

e1o(egoeg) =(ejoeg)oes+ego (e 0es), (3.25a)

e10 fea =f(e10e2) + (p(e1)f)ea. (3.25b)

The two axioms state that e o - acts as a derivation on f € C*°(M) and ¢; € T'(E).

The lack of skew-symmetry doesn’t restrict the first entry to behave as a first order
differential operator or even be local. We will be interested in local Leibniz algebroids

which have nice geometric structure.

A local Leibniz algebroid (E,o,p) is a Leibniz algebroid which satisfies

(fer)oea = feroea) — (ple2)fler + L(dAf, e1,ea), (3.26)

where L is viewed as a C°°(M)-trilinear map L : I'(E*) x I'(E) x I'(E) — I'(E), and
d: C®(M)— I'(E*) is defined by (df,e) = p(e) f. The map L measures the failure of
the product to be skew-symmetric. For all f € C*>°(M), e1,e2,e3 € I'(E) we have

L(df,e1,ea)0e3 = (p(es)f)(eroea+es0er) — L(df,e3,e1 0ea+e30eq),

and in particular L(df,ej,e2) 0o es = L(df, ez, e1) o e3.

Ezample 3.27 (Lie algebroid). A Lie algebroid (A4, [-,-]4, p) is a Leibniz algebroid with
L(df,e1,ez) =0.

Ezample 3.28 (Courant algebroid). A Courant algebroid (E,o,(-,-),p) is a Leibniz
algebroid with L(df,e1,es) = df(e1,e2).

Ezample 3.29 (Higher Courant algebroid). Consider a vector bundle E — M with
E =TM & NPT*M, for some p > 1. Denoting sections (v,&) € I'(T'M) & I'(APT*M)
the Higher Courant algebroid? is given by:

(Ulafl) 0 (U2a£2) :([Ulva]a ‘CU1§2 - LUQdé-l)’ p(vaf) = 0.

In this case L(df,e1,e2) =df A (v, &2 + t,&1)-

Ezample 3.30 (Eg algebroid). Consider a vector bundle £ — M, with E = TM @
A2T* M @ AST* M. Denoting sections (v, o,7) € I(TM)@®T(A?*T*M)®T(AST* M), the

9The Higher Courant algebroid structure is not a Courant algebroid, as there is no compatible
pairing (-,-) : E X E — R.
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E¢ algebroid is given by:

(v1,01,71) 0 (v2, 02, T2) =([v1, V2], Loy 02 — tyydor, Loy, Ta — ty,dT1 + doy A 02),

p(v,0,7) =v.

In this case L(df,e1,e2) = df A (tp,02 + tp,01) + df A (Lo, T2 + Loy T1)-

Remark. The Eg algebroid is related to 11-dimensional supergravity [74, 9]. The name
comes from the fact that the symmetries of this algebroid can be identified the Lie
group Eg when dim(M) = 6 (see [9] for details).

Ezample 3.31 (Closed form Leibniz algebroid). A local Leibniz algebroid structure can

be constructed on a vector bundle £ — M of the form
n .
E=TME@V; o N'T*M),
i=1
where V; is a graded vector space of weight —i. The construction is due to Baraglia
and can be found in [9]. The algebroid is constructed as a derived bracket using the de
Rham differential.
For sections v € T(TM) and ¢ € T(@}_,(V; ® A""'T*M)) the Leibniz algebroid is
given by
(v1,&1) 0 (v2,&2) =([v1, v2]Tm, Loy §2 — Lo, dS1 + [dE1, &2]), (3.27a)
p(v,€) =v, (3.27D)

where we refer the reader to [9] for the definition of £,¢£,d§ and [d&1, &s].

Remark. The derived bracket construction can be used to show that the local closed
form Leibniz algebroids are L,-algebroids. This is a result based on the work of Getzler
[51], and further details can be found in [9].

The axioms of a Leibniz algebroid imply that the anchor homomorphism property
holds:

p(e1 o e2) = [p(er), plea)rm- (3.28)
To prove this identity we expand (ej o e3) o fes in two ways: First we note that
(e10eg) o fes =ep 0 (eg0 feg) —eg o (€10 fes).
Alternatively, we have

(e1oez)o fes = f((e10ez)oe3) + p((eroea)f)es.
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We compare these expansions to e; o (es o fes), which is given by

ero(e20 feg) =e1 o (f(e20e3) + (ple2) f)es)

=f(ero(e20e3)) + pler)(p(e2) f)es + (pe1) fea o e3 + (pe2) f)er o es,
and the result follows from (3.25a). As a consequence we find that the discussion follow-
ing Equation (3.5) for regular Lie algebroids (Section 3.2) holds for Leibniz algebroids

as well. If the anchor of a Leibniz algebroid is regular then M is foliated by immersed
submanifolds O, which are defined by orbits 7,0 = Im(p;), for all x € O.

We note that for Local Leibniz algebroids the anchor homomorphism property im-

plies that
p(L(df,e1,e2)) =0, Vei,ea € T'(E), f e C®(M). (3.29)
To see this we expand p((fe1) o ea) and use the bracket homomorphism property:

p((fe1) o ea) =fp((e10e2)) — (plea) f)pler) + p(L(df, e, e2)),
=flple1), p(e2)lrar — (ple2) fpler) + p(L(df, e1, e2)),

and note that [p(fe1), p(e2)lrar = flp(e1), p(e2)]rar — (p(e2) f)p(e1). The result follows
by equating the two expressions.

Given an T M-connection on a vector bundle V' — M, denoted by V, and a local
Leibniz algebroid (E, o, p), there is a natural definition of curvature Ry € I'(E* ® E* ®
End(V)):

Rv(el, 62)(V) = Vp(el)vp(eg)l/ — Vp(€2)vp(el)u — vp(qo@)”» (3.30)

for e1,e2 € I'(E) and v € I'(V'). This definition of the curvature differs from the form of
the Lie algebroid curvature (3.11), due to the presence of the anchor p. This is required

in order to ensure that Ry is a tensor: The condition

Ry(fe1,e2) = Ry(e1, fea) = fRv(e1, e2),

holds because p(L(df,e1,ez)) = 0.

The curvature Ry is not skew-symmetric. It is possible to define R, € I'(A2E* ®
End(V)) by

Ry(e1,e2)(V) = Vi) Vo)V = Voten) VeV = V(lerea)) Vs (3.31)

where [e1, e2] = %(el 0ey—€eg0e€]) =e€10€y — %d(el, e2). In the case of closed form
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Leibniz algebroids p([e1, e2]) = p(e1 o e2) and the two definitions agree.

There is another notion of generalised curvature that can be defined for a Leibniz
algebroid. Take an E-connection on E, denoted V, and define GRy : I'(E) x I'(E) —
End(E):

GRv(el, 62) = V@V@ - VeQ Vel - V61062. (3.32)
A straightforward calculation shows that

GRy(e1, fe2) = fGRy(e1,e2), GRy(fer,e2) = fGRy(e1,e2) + Viafe, en)-

It is clear that GRy is not a tensor for all e;,es € I'(E). The generalised curvature is
a tensor when e; and ey are chosen from a subspace such that L(df,e1,es) = 0. The
generalised curvature was introduced by Gualtieri for the special case of the standard
Courant algebroid on TM [60]. This provides the Courant analogue of curvature when

e;1 € I'(Cy) and ez € I'(Cx) (where Cy are defined by a choice of generalised metric
(4.7)).

Given a Courant algebroid (F, p, o, (-, -)) and an E-connection on F, denoted by V,
the Gualtieri torsion GTy € T'(A3E*) is given by

GTv(el, €2, 63) = <v61€2 — v62€1 — [[61, 62]], €3> + <Ve361, €2> — <V63€2, €1>. (3.33)

This modified notion of torsion is valid for all eq, es,e3 € T'(E).

The construction of a generalised Lie derivative on a vector bundle A — M endowed
with a Lie algebroid, discussed in Section 3.3, can be generalised to the case of a
local Leibniz algebroid: Given a local Leibniz algebroid (E, o, p), and a non-degenerate
pairing (-,-) : E x E* — R, a Lie derivative can be constructed. Define .Z,f := p(e) f
for f € C*°(M), and .Z,,es := e; 0 ez, and

(L €,e2) := pler){e, eq) — (e1 0 eg, €), (3.34)

where € € I'(E*). This definition can be extended in the natural way to general tensors
T e I'((®PF) @ (®1E*)). This gives a notion flowing tensors along sections of a vector

bundle endowed with a Leibniz algebroid.

Ezample 3.32 (Generalised Killing equation). Consider the vector bundle E = T'M &
T*M, with a Courant algebroid product

((Ulaé-l) o (U27§2) = ([vlv 7)2]7£v1§2 - Lv2d§1 - L’Ull/vzH)a P(Uag) =,
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where (v,£) € T(TM & T*M) and H € Q3(M). Consider a generalised metric!”
G € End(T'M @ T*M), defined by

G(X1,X2) = G(v1,v2) + G (& + B(v1), & — B(wa)),

where X = (v,€) € T(TM ® T*M), G is a Riemannian metric, and B € Q?(M).
Identifying G € T'(E* ® E*), we can consider the generalised Killing equation:

(ZG) (X1, X2) = p(X)(G(X1,Xg)) — G(ZXy, Xg) — G(Xy, ZX2) = 0.

Letting X; = (v1,0), and Xy = (0, {&2) we can calculate the component ZxG((v1,0), (0,&2))
and get the result:

ZxG((v1,0),(0,&2))
= 0(GH(B(v1),&)) — G (B(v1), Lo&2) = G (tp,0,)B = twn d€ — toto, H, £2)
= v(GTH(B(n),&)) — GHB(01), Lo€2) = G H(Lotwy B — 10 LoB — 1o, d€ — 1yt H, &)
= (G (B(n),&)) - G*l( B(v1),&) — G (B(v1), Lo&2)

+G IMA&B+%—wméﬁ

= (LGN (B(v1),&2) + G (1o (Lo B + dé — 1, H), &)

Similarly we have

ZG((0,61), (0,&)) =(L,G71) (&1, &),
ZG((0,61), (v2,0)) = = (LG (€1, B(va)) = G ew (Lo B + d€ — 1, H), &1),
Z5G((v1,0), (v2,0)) =(L,G) (v1,v2) = (LG (B(v1), B(va))
+ G ey (Lo B+ dE — 1, H), B(v2))
+GTHB(v1), by (Lo B + dE — 1, H)).

It follows that
4%G=0 & L,G=0, ,H=L,B+dE. (3.35)

The generalised Killing equation for G reproduces the gauging constraints associated
to non-linear sigma models describing string theory (studied in Chapter 5). In the
generalised geometry picture the fields B and H are naturally incorporated in the
geometric data describing the vector bundle E = TM @ T*M (for details see Section
4.1.1).

10Generalised metrics on TM @ T* M are defined and discussed in Section 4.1.2.
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3.4.3 Leibniz algebroids: dg and (D°®, )

In the previous section we have seen how a Lie algebroid (A, [, -] 4, p) can be equivalently
described by a differential operator d4. There is a similar definition of a derivation for
general Leibniz algebroids described in [58]. The Leibniz algebroid is encoded in dg act-
ing on a complex (D®,M): Consider an operator dg defined on w € Lin?(I'(E), C>*(M))

as follows

k
dpw(eg,e1,...,ep) = Z(—l)ip(ei)w(eo, s €y, €p) (3.36)

where é denotes omission, and e € I'(E). This satisfies

dZw(e, - epr1) =

D (=1 ([p(es), plej)] — plei o ej))wleo, - - iy oy byyen s eprn)+ (3.37)
1<j

Z (=)™ w(egy .oy iy sy reio(ejoer) —ejo(ejoe) — (€,0€)0 ek ... epi1).
i<j<k

We see that d% = 0 if the bracket (E, o) satisfies the axioms of a Leibniz algebroid.

Taking & € I'(E*) we have dg&(ep,e1) + dgé(e1,e0) = —§(epoer +e10ep) # 0 in
general. For a local Leibniz algebroid!! dpé(eg, fe1) = fdpé(eo, e1) and dgé(feo,e1) =
fdgp&(eo,e1) — E(L(df,ep,e1)). Tt is clear that dg is not a chain map for T'(A*E*) or
even I'(®°*E*). We should consider Lin®*(I'(E), C*°(M)). In particular we consider

DF(E) := D¥T(E),C™(M)) C Lin*(T'(E), C>®(M)),

consisting of all multidifferential operators of total order at most k.

As a special case we can consider D¥(E) C DF(E) the subset of multidifferential
operators D (E) which are order 0 with respect to the last variable, with total degree

<k —1, and set D*(E) = @7, D*(E). We define D°(E) = C*°(M).
A simple calculation shows that dg : D¥(E) — D*T(E), and we see that D*(E) :=
D;°,D'(E) is the appropriate complex when dealing with the Leibniz differential d.

Definition 3.22. For any w € DP(E) and W’ € DI(E), p,q € N, we denote the shuffle

11f (E, o, p) is not a Local Leibniz algebroid then we do not necessarily have a locally defined complex.
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product

whw(er,... eprq) = Z sign(o)w(eq(1y; - - - ,ea(p))w’(e(,(pﬂ), e Co(q))s
o€sh(p,q)

where sh(p, ¢) is the subset of the symmetric group made up of all (p, ¢)-shuffles.

The complex D*(E), with the shuffle product M, is a graded algebra, the reduced
shuffle algebra.

If w,w’ are skew-symmetric this coincides with the wedge product. The shuffle
product is graded symmetric w o’ = (—1)¥I'lw’ th w for w,w’ € D*(E).

The differential dg defines a derivation of degree +1 on the reduced shuffle algebra.

We can also define a degree -1 derivation given by the interior product,
tew(er,...,ex) =wl(e e, ... ex)

where e; € T'(E), w € DF*t1 and t.w € DF. The derivation property means we have the

following identities
dp(wh o) =dpwh ' + (=1)*w h dpw’, te(whw) = tew M 4+ (=1)Fw M e’

Using our +1 and -1 derivations we can define Cartan relations on D*(E) using

graded commutators:

[d,d] = (3.384)

[d, te] = die + ted = £; (3.38D)
[d, £e] = dLe — Led = 0; (3.38¢)
[€e1s Lea] = Loy Ly — LenLey = Legoes; (3.38d)
[Le1sten] = — ley Loy = Lejoes; (3.38¢)
[ters tes] = teytes + Lester 7 0 (3.38f)

We conclude with an alternative characterisation of Leibniz algebroids:

Theorem 3.23 ([57]). Let E be a vector bundle. There exists a one-to-one correspon-

dence between equivalence classes of differentials
dp € Deri(D*(E),M), d% =0

and Leibniz algebroid structures on E.

There is a superpace inspired description of Courant algebroids using a homological

vector field Q which plays the same role as the operator dg. A nice description can
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be found in Roytenberg’s thesis [104]. More generally, L.-algebroids (a subset of local
Leibniz algebroids) can be associated to a homological vector field @, defined on certain

N-graded vector bundles referred to as NQ manifolds (see for example [4, 111, 105]).
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Chapter 4
Generalised contact geometry

This chapter describes generalised contact geometry, an extension of contact geometry,

associated to a Courant algebroid structure on the vector bundle
EZTMa®RERBT M.

Generalised geometry on the generalised tangent bundle £ = T'M & T* M is reviewed
in Section 4.1. Generalised geometry, introduced by Hitchin [64] and developed by
Gualtieri [59], has proven to be a very successful extension of differential geometry on
the generalised tangent bundle TM @& T*M. Generalised complex structures (defined
on even dimensional manifolds) unify and interpolate between symplectic and complex
structures. Much of the interest in generalised geometry—particularly in relation to
T-duality in string theory—is due to the enlarged symmetry group of the structures on
TM ©T*M.

Section 4.2 introduces generalised contact geometry, the odd-dimensional counter-
part to generalised complex geometry. Generalised contact geometry is defined on the
vector bundle £ =2 TM ® R ® R & T*M. While generalised contact geometry has
been studied before it is not as well developed as generalised complex geometry (see
[118, 119, 102]). The description of the symmetries associated to generalised contact
structures was incomplete. This chapter presents generalised contact structures as S'-
invariant reductions of generalised complex structures. A geometric interpretation of
twisted generalised contact structures is given through bundle gerbes classifying the
splitting of the vector bundle £ — M.

This chapter modifies the definition of generalised contact structures given in [78]
(as well as the mixed pair description [57]) to include the full set of symmetries. Gener-
alised contact structures are described as S'-invariant reductions of generalised complex
structures in Section 4.3. The extended k-symmetries noted by Sekiya [108] correspond

to reductions of non-trivial S'-bundles. In Section 4.4 twisted generalised coKihler

61



62 CHAPTER 4. GENERALISED CONTACT GEOMETRY

structures are described as reductions of generalised Kéahler structures. This gives a
generalised analogue of the correspondence between coKahler structures on M and
Kihler structures on a principal circle bundle S! <+ P — M. The role of the extended
symmetries are discussed in the context of T-duality in Section 4.5. The main result
being that generalised coKé&hler structures are mapped to other generalised coKahler
structures under T-duality. Finally, in Section 4.6, the relationship between the twisted
contact structures in this chapter and geometry on the generalised derivation bundle
DL = DL @ J'L (introduced in [123)) is given.

The twisted coKéhler structures may be of interest to physics when conisdering the
Kaluza—Klein reduction of generalised complex structures with respect to non-trivial

circle bundles.

4.1 Generalised tangent spaces and Courant algebroids

Generalised geometry is the study of geometric structures on a vector bundle equipped
with an algebroid structure. Courant algebroids underly the generalised geometries
associated with both generalised complex structures and generalised contact structures.

Standard generalised geometry is the study of geometric structures on the gener-

alised tangent bundle £ — M given by the following exact sequence:

L Y S S ) V) 0. (4.1)
~—0 ~N~—0r0u —
s* s

Courant algebroids on E, specified by (4.1), are called exzact Courant algebroids. Every
exact Courant algebroid admits a splitting s : T'M — FE, which satisfies ps = Id, and
is isotropic ((s(v1),s(v2)) = 0 for all v1,ve € T'(T'M)). Two exact Courant algebroids
are equivalent if they differ by a choice of isotropic splitting.

A choice of splitting defines an isomorphism E = s(T'M) @ p*(T*M) := TM. Using
the identification I'(e) = s(v) + p*(§) = (v,€), for v € I'(T'M) and § € I'(T*M) the

standard Courant algebroid is given by

(v1,81) om (v2,82) =<[U1,U2], Ly1&2 — 1p,61 — Ly LvQH); (4.2a)
<(U17 51)7 (1}2, 62)> :%(meQ + Lv2§1)§ (4'2b)
p(v,§) =v; (4.2¢)

where H € Q3 (M), is given by

H(vi,v2) = s*(s(v1) o s(v2)).



4.1. GENERALISED TANGENT SPACES AND COURANT ALGEBROIDS 63

For further details see [20]. The Leibniz identity for oy (4.2a) gives the Bianchi identity
dH = 0. The Dorfman product, og, is natural in the sense that it is the derived bracket
of dg :== d+ HA (with d the de Rham differential) acting on I'(A*T* M) [86].
Consider splitting (4.1) with two different isotropic splittings s; : TM — E,i = 1,2,
satisfying p(s; — s2) = 0. Exactness implies that there exists a unique B € Q?(M)
satisfying s1(v) — sa(v) = p*(B(v)) for all v € I'(T'M). It can be shown that

H, — Hy =dB.

Exact Courant algebroids are classified by [H] € H?(M,R); a point first noted by
Severa [109].

The equivalence of the exact Courant algebroid under isotropic splittings (corre-
sponding to some B € Q2(M)) is closely related to the concepts of symmetries in

generalised geometry structures.

4.1.1 Courant algebroid symmetries

Perhaps the most interesting aspect of generalised geometry is the enhanced symmetry
group. The symmetry group of the Tangent Lie algebroid (given by the commutator
of vector fields on T'M) is Diff(M). Exact Courant algebroids have a symmetry group
given by Diff(M) x Q4 (M) if H = 0.

Definition 4.1. A Courant algebroid symmetry is a bundle automorphism S : £ — F
such that

<S(€1), S(€Q)> = <€1, 62>, S(el) o 5(62) = S(el (e} 62). (4.3)

Given a diffeomorphism f : M — M, the induced action on a section (v, ) € I'(TM)

is given by

Up + gp - (Tpf)(vp) + (Tf(p)f_l)*(gp)-

There is an infinitesimal action of B € Q?(M) on (v,&) € T(TM), given by B(v,§) =

(0,1,B). The corresponding finite action is called a B-transformation:
B —
e’ (v,§) = (,§ + wB).
A B-transformation satisfies

(eP(v1,£1), €% (v2, &)) =((v1,&1), (v2,&2));

eP(v1,&1) on € (va, &) =eP((v1,£1) o yap (v2,&2)).

When H = 0 the vector bundle TM is trivial and a B-transformation is a Courant
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algebroid symmetry if and only if B € Q2 (M). The Lie group composition of closed

two forms is
! 11 i 1
eBeB” = B +B , B'-B"=B+B".

The H-twisted exact Courant algebroid and the B-transformations have a close con-
nection to U(1)-gerbes. If one requires that H has integral periods, [H/27] € H3(M,Z),
there is a gerbe describing the patching of T*M to T'M constructing TM [64].

Consider a good cover of M, denoted U = UyUy, with Uyg.. , := U, NUg---NU,.
A gerbe is described by the cocycle go3, = exp(iAa,) € U(1), a connection given by
Anp € QY (Uap), and B, € Q*(U,) satisfying

Bg — B, =dA.3 on Uyg,
AB’Y - Aa'y + Aaﬁ :dAag,y on Uaﬁ'y-

H = dB, = dBg on U,g is independent of the cover and is a globally defined 3-form.

Given a representative of a class [H] € H3(M,R) it is possible to reconstruct the
bundle . Choose an open cover U and a representative H € H, 3R(M ,R), which consists
of a 4-tuple (Aagy, Aag, Ba, H) in the Cech-de Rham complex (over R). The bundle

FE is constructed by the clutching construction

E=||TU, 0T Us)/ ~,
[e%

identifying (va,&a) € T(TUL) ®T(T*U,) with (v, &) € T'(TUq) @I (T*U,) on overlaps
if and only if vg = v, and &g = o + Ly, dAns. Consistency on triple overlaps Uyg,
follows from dAg, — dAay + dAap = (d0A)apy = (d*A)ap, = 0, where § is the Cech
differential. On T'M |y, the splitting is given by

slu, @ Vo — Vo + ty, Bas

and consistency on overlaps follows from Bg — B, = dAg.

A closed B-field such that B/2m has integral periods should be considered a gauge
transformation. This means that the notion of equivalence of generalised structures
should not be just the diffeomorphisms connected to the identity, but extended by
@2,

The importance of the H-twist appearing in the exact Courant algebroid (4.2a) is
in identifying it as H(v1,v2) = s*(s(v1), s(v2)) for some non-trivial bundle £ — M.

Remark. In string theory applications the requirement that [H/27] € H3(M,Z) arises

naturally as the requirement ensuring a single valued path-integral. The three-form H
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giving a representative [H/2r] € H3(M,Z) is interpreted as the Neveu-Schwarz flux,
arising from a local two-form potential B satisfying H|y, = dB,. B-transformations
in Q4(M) are viewed as gauge transformations and should be quotiented out when
considering physically distinct states. Generalised geometry can be seen as a way of

encoding flux geometrically.

4.1.2 Generalised geometric structures

Almost all differential geometry structures have a counterpart on the vector bundle TM
in generalised geometry. Of most interest are generalised complex structures, gener-
alised metric structures, and generalised Kéhler structures. The standard introductory
reference being Gualtieri’s Ph.D. thesis [59].

The generalised tangent bundle admits a Clifford action of sections (v, &) € I'(TM)
on differential forms ¢ € Q°*(M) given by

(v,€) o=t +ENQ. (4.4)

The Clifford action satisfies (v,£)% - ¢ = ((v,€), (v,€))p = ||(v,&)|[>p. Forms ¢ €
I‘((/\mT*)% ® Q°4/¢¥(M)), where m = dim(M), describe spinors [59]. Associated to

each spinor is the annihilator bundle

L, = Ann(p) = {(v,€) € I(TM) : (1,€) - = 0}.

A complex pure spinor is a ¢ € T'(Q°Y/*V (M) @ C) that is non-degenerate with respect
to the Mukai pairing, that is (¢, ¢)ar # 0 where

(P1,p2)mr = (1) A 2)m, (4.5)

a is the Clifford anti-automorphism a(dz' ®dz?®- - ®@dz*) = def @ de* 1@ - - @ d2!,
m = dim(M), and (-),, denotes the projection onto Q™(M). The non-degeneracy
condition (p, p)a # 0 implies that L, is a maximal isotropic subbundle. Given a pure

spinor ¢ and a function f € C°°(M) we have

(0,5)-f<p=f(v,§)'<,0, (fsoafsp)M:]d((PvSD)M

If f is nowhere zero, then fy describes the same maximal isotropic subspace as ¢. The
class ¢ ~ fo is called a conformal class. There is a local one-to-one correspondence

between maximally isotropic subspaces of TM and conformal classes of pure spinors.

Definition 4.2. A generalised almost complex structure on TM is given by J €
End(TM) satisfying J* = —J and J? = —Id.
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A generalised almost complex structure can be equivalently described by a maximal
isotropic complex subbundle Ly C TM ® C, satisfying Ly N Ly = {0}, for

Ly={eeT(TM ®C) : J(e) = ie}.

There is a local one-to-one correspondence between generalised almost complex struc-
tures and conformal classes of complex pure spinors (where a complex pure spinor
satisfies the non-degeneracy condition (@, @)y # 0).

A generalised almost complex structure J, is H-involutive if all sections e of the

+i-eigenbundle Lj are involutive with respect to op: e1,e3 € Ly = ej o eg € L.

Definition 4.3. A generalised complex structure is an H-involutive generalised almost

complex structure.

The H-involutive property of a maximal isotropic subbundle L, can be encoded as
a constraint on the pure spinor ¢: A pure spinor ¢ is H-involutive if and only if there
exists some e € I'(TM ® C) such that

dp+HNp=c¢€-¢. (4.6)

A proof of this fact can be found in [59]. Given an H-involutive pure spinor ¢ and a

nowhere zero complex function f € C°°(M) we have

dfe+HA fo=fldp+HNp)+df No=fe-o+df No:=¢€ - fo,

where ¢/ = e + f~ldf.
There is a local one-to-one correspondence between Generalised complex structures

and conformal classes of H-involutive pure spinors.

Ezample 4.1. Given an (almost) symplectic structure w € Q?(M), we can define a
generalised (almost) complex structure with the spinor ¢, = €. The symplectic

m/2

structure is non-degenerate so (Qw, Pw)yr = W™= # 0. The +i-eigenbundle is given by

Lo ={(X,6) e (TM ® C) : £ = iw(X,)}.

Ezample 4.2. Given an (almost) complex structure J € End(T'M) (satisfying, J* = —J
and J? = —Id) we can define a generalised (almost) complex structure with the spinor
0y = Q, where Q € QU9 (M) is a locally defined generator of the (m,0)-forms for the
complex structure J. The non-degeneracy condition is (07, @s)y = QA Q # 0. The
+i-eigenbundle is given by

LQ — T(O,I)M ® T*(LO)M



4.1. GENERALISED TANGENT SPACES AND COURANT ALGEBROIDS 67

The tangent bundle has a structure group GL(m). A reduction of the structure
group GL(m) to its maximal compact subgroup O(m) defines a choice of Riemannian
metric. The generalised tangent bundle TM equipped with metric (-,-) has structure

group O(m,m).

Definition 4.4. A generalised metric G is a positive definite metric on TM, corre-

sponding to a choice of reduction of the structure group from O(m,m) to O(m) x O(m).

The inner product (-,-) determines a splitting TM = C; & C_, where C is pos-
itive definite with respect to (-,-) and C_ is negative definite. The generalised metric

structure is defined by

G(e1,e2) := <€1»€2>|C+ — (e1,e2)|c_. (4.7)

Using the metric (-, ) to identify TM with T*M, a generalised metric can be iden-
tified with G € End(TM) satisfying G* = G, and G* = Id. It follows from (4.7) that
C+ correspond to the +1-eigenbundles of G.

Given a Riemannian metric G a generalised metric G can be defined by the identi-

fication
Cr={(v,§) e TM : £ = +G(v,-)}.

Definition 4.5. A generalised almost Kdhler structure is a pair of almost generalised

structures satisfying J1Jo = JoJ1 and —J1Jo = G for some generalised metric G.

The role of extended symmetry is important as it provides deformations of gen-
eralised metric and generalised complex structures. This provides a way to generate

examples and gives a notion of equivalence which goes beyond diffeomorphisms.

Ezample 4.3 (Twisted generalised metric). A generalised metric, defined by a Rieman-

nian metric G can be twisted by a 2-form B to give another generalised metric
CY ={(v,§) € TM : £ = £G(v,") + B(v, )}

Ezample 4.4 (Twisted generalised complex structure). Take a pure spinor ¢ defining
an (almost) complex structure. We can define p? = e=B A ¢, for some B € Q2(M),

satisfying

", 6% ) = (0, @), d(ePAnp)—€ (e Pnp)=eP(dup—e- ),

where H' = H +dB and ¢/ = eP - e = eB(v,€) = (v,& + 1,B).
A generalised H-involutive complex structure ¢ can be deformed to a (H + dB)-

involutive complex structure e BA ©.
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A generalised (almost) complex structure is said to be of geometric type-k, if ty(x) :=

codime(p(L;)) = k. Generically the type can change at each point z € M.

Ezample 4.5. Locally every generalised (almost) complex structure of type-k can be
associated (non-canonically) to a pure spinor p; = Q A eB% where w € Q?(M), Q is

a complex decomposable form of degree k, and w2 F AQ A Q #£ 0.

In Section 4.4 generalised coKé&hler structures will be defined in a way that mirrors
the definition in terms of Kéahler structures. This Section concludes with the definition

of generalised Calabi—Yau structures and hyperKéahler structures.

Definition 4.6. A generalised almost Calabi—Yau structure consists of two pure spinors
(¢1,p2) which describing two generalised almost complex structures (Ji,J2) which
define a generalised almost Kéahler structure. In addition, the lengths of these sections

are related by a constant

(1, P1) M = c(p2, P2)u,
where ¢ € R can be scaled to either +1 or —1 by rescaling ;.

A generalised Calabi-Yau structure is a generalised almost Calabi—Yau structure

where (¢1, ¢2) are both H-involutive.

Ezample 4.6 (Calabi-Yau). A Calabi-Yau manifold is a K&hler manifold of complex
dimension m with symplectic form w and holomorphic volume form € satisfying w™ =
27mmm!IQ A Q. This gives a generalised Calabi-Yau structure with ¢; = €™ and
o = (Q satisfying

m(m—1)

(e e ™)y = (=1)" 2 (2, .

Ezample 4.7 (hyperKahler). Given a hyperKéhler structure (M, g, I, J, K) a generalised

Kahler structure can be constructed:

_ €B+zw17 _ e—B-‘r’ng’

P1 2

where B = wg, W =Wy —wyj, Wy = Wy + wj.

4.2 Generalised contact geometry

The exact Courant algebroid and Dirac structures play a fundamental role in generalised
complex geometry. The corresponding objects in generalised contact geometry are the

contact Courant algebroid and contact Dirac structures.
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For sections V' = (v, f,9,£) e (TM) ® C*(M) & C*(M) ® I'(T*M), the contact
Courant algebroid is given by [20]:

Viows, vy rp Vo = ([U1,U2], v1(f2) —v2(f1) = tor Lo Fyv1(g2) — v2(91) — Lo Lo Ha,
Loy &2 — Ly d€1 — Ly, Ly, H3 + godft + fadg (4.8a)
+ fitw,Ho — fotw, H2 + g1, F' — gQLmF);
Vi, Va) =3 (1o, &2 + to,€1 + f192 + 91.f2); (4.8b)
p(V) =p((v, f,9.8)) = v; (4.8¢)

where the twists (Hs, Hy, F) € Q3(M) @ Q?*(M) @ Q*(M) are globally defined forms

required to satisfy the Bianchi identities:
dHs + HyANF =0, dHy; =0, dF =0. (49)

This is a twisted version of the contact Courant algebroid that has appeared previously
in the generalised contact literature [78, 79, 57]. The twists (Hs, Ha, F) play an essential

role in describing symmetries and deformations of generalised contact structures.

First consider the case that Hy = Hy = F = 0. There is an action of B € Q?(M),
a,be QY (M) onV = (v, f,g,&) € T(E):

eB1 (v, £,9,€) = (v, f +2(v,a), 9+ 2(0,b),€ + 1B — fb— ga— (v, a)b — (v,b)a).
(4.10)

This action satisfies
<€(B’b’a)V1, e(B,b7a)V2> —_ <‘/17 ‘/'2>7 €(B’b’a)‘/1 0(070,0) 6(B,b,a)v2 — e(B,b,a) (Vl OHé,Hé,F’ ‘/2)7

where

Hy=dB+i(danb+andb), Hy=db, F' =da.

We conclude that when Hs = Hy = F = 0 the bracket (4.8a) has the symmetry group
Diff (M) x Q4 (M) @ Q4 (M) & Q4 (M).
The group action is generated by the algebra action

(B,b,a) - (v, f,9,&) = (0, 1pa, tyb, 1, B — fb— ga).
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The algebra composition is given by

(B2, ba,a2) - (B1,b1,a1) = (B1 + By — 3(b1 A ag + a1 A ba), by + ba, a1 + az).
The group action can be recovered from the algebra action by exponentiation

1
e(BLa) :V1+(B,b,a)-‘/1+§(B,b,a)2~vl+---'

For non-trivial (Hs, Ho, F') the symmetries are described by a gerbe structure. The
construction follows from Baraglia’s general argument for twisting closed form Leibniz

algebroids [9]. The twists are constructed from
(Hs, Hy, F) = (dBq — 300 A dbg — 3daq A bg, dba, dag), (4.11)

where (Bg,ba,aq) € Q2(Uy) ® QY (Uy) @ QY (U,,) are required to satisfy (4.9) and the

cocycle conditions

(Bags bag, @ap) - (Bgysbsy, agy) - (Bya, bya, Gya) =0 on Uygy, (4.12)

where (Bog, bag, @ap) = (Ba — Bg + %ba Nag+ %aa Nbg,by — bg,aq — ag). The gerbe

structure defines a twisted bundle with sections patched together on U,z using

(Vas fas Gas o) = eBasbastas) (yg f5 g4 €5)

to define a global section (v, f,g,&) € T'(E). The twists do not define (B, b, a) uniquely
and it is possible to make a different choice (B’,V',a’) as long as (Bag, bag, @ag) =
(Bl Yyp ap5). This gives the relation

(Bl by, al) = (Ba+ B” — 1ba A" — Lag AV bo + V", a0 + "), (4.13)

ar o) o

where (B” V" a") are globally defined forms satisfying

(dB” + Hs — tda’ AV — La" Adb', db + Ha,da" + Fy) = 0. (4.14)

Definition 4.7. Consider a choice of twists (Hz, Hz, F) € Q3(M)®Q?*(M)D0% (M) sat-
isfying (4.9). A (B, b, a)-transformation corresponds to a choice of triple (B, by, o) €
D2(U,) @ QY (U,) @ QY(U,) which generate the twists (Hs, Ho, F), i.e., satisfying con-
ditions (4.11) and (4.12). The choice of (B, b, a)-transformation is not unique. Two
transformations (B, b, a) and (B, ¥, a’) will produce the same twists (Hs, Ha, F') if they
are related by a set (B”,b",a") € Q*(M) @ QY (M) & Q1(M) satisfying (4.14). A trans-

formation (B”, V", a") satisfying (4.14) defines a (B”,b",a")-gauge transformation.
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The description above shows that the twisted contact Courant algebroid can be seen
as a bracket on a twisted vector bundle F via a clutching function construction. The
insight here is to interpret the contact Courant algebroid bracket as an S'-reduction of
the standard twisted Courant algebroid. The identification is made as follows: Consider

a Courant algebroid associated to the vector bundle E given as

*

PB PB
0 T*P E TP 0,
~ — ~—

(sB)* SB

with the standard H-twisted Courant algebroid structure (4.2), identifying
H(X1,X2) :SE(SB(X1),SB(X2)), Xl,XQ EP(TP).

If P(M,m,U(1)) is a principal U(1)-bundle, then there are Atiyah algebroids associated
to TP and (TP)* =T*P:

0 —> PxR — TP/U(1) —> TM 0,
~— ~
ta Sa

t s
0 —> P*xR —> T*P/U(1) —> T*M — 0.
~_ -
(r)* (mp)*

The Atiyah algebroid constructed from the reduction of P(M,w,U(1)) is described in
detail in Section 2.2.2 (page 19) and the general case of P(M,w,G) is described in
Example 3.10. The reduction gives a decomposition of the three-form H € Q3(P).
First recall that the splitting s, : TM — TP/U(1) can be defined by a choice of
principal connection on P, which we denote A, with curvature F' = dA € Q*(M,Z).
The decomposition of H is given by

H =n"Hs+ Hy A A,

where Hy € Q3(M,Z) and Hy € Q?(M,Z). The reader is referred to [25] for more

details on Courant algebroid reduction. Equivalently we can identify

Ha(vi,v2) = tp(sp(v1), s6(v2)),  F(v1,v2) = ta(sa(v1), sa(v2)),
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for v1, vy € T'(T'M). The induced map on sections is

T

0 —= C®°(P,R)VD) ~ C=°(M) — = X¢(P) ~ X(M) ® C®(M) —= X(M) —= 0 ,
allowing the local identification
I(E)=T(TP/U(L) @ T((TP/U1))") =T(TM) ® C*(M) & C*(M) © I(T"M).

The reduction of the U(1)-invariant exact Courant algebroid on P gives (4.8). In this

way the twisted contact Courant algebroid can be identified with
0 — (TP/VU(1)* —= FE —— TP/U(1l) —— 0 .

The twisted contact Courant algebroid is constructed out of (Hs, Hy, F') and makes no
reference to (Bg, by, o). Another choice (B!, b, al) giving the same (Hs, Ho, F') will
give an isomorphic twisted contact Courant algebroid. Any two choices (Bg, by, a) and
(B.,,b.,,a)) give the same twists if and only if they are related by a (B”, V", a”)-gauge
transformation. The notion of equivalence of generalised contact geometry should be
extended to include to the full set of symmetries—diffeomorphisms and (B”,b",a”)-
gauge transformations. Geometrically the gauge transformations can be interpreted as
a change in splitting of the bundle E = TM &R PR P T*M. Geometry on the bundle

FE should not be dependent on the choice of splitting.

Remark. Sekiya note k-symmetries when studying generalised contact structures as-
sociated to the trivial line bundle L = M x R [108]. This corresponds to (0,b,a)-
transformations for globally defined forms not subject to periodicity constraints. This
clarifies the geometric origin of Sekiya’s k-symmetries. The (0, b, a)-transformations
correspond to a choice of connection for a circle/line-bundle P — M. The non-abelian
composition law for B with (0,b, a) reflects the fact that there is choice in which order

one splits the sequences.

4.3 Generalised contact structures

This section describes the mixed pair description of generalised contact structures,
the odd-dimensional analogue of the pure spinor description in generalised complex
geometry. Aldi and Grandini [2] gave a proposal for mixed pairs which were compat-
ible with B-transformations; but mixed pairs were not compatible with the full set of
(B, b, a)-transformations. The original definition cannot incorporate non-coorientable
structures.

There is a Clifford action of sections (v, f,g,£) € T(TM) & C*(M) & C*(M) &
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['(T*M) on pairs of differential forms (¢, ) € Q*(M):

(qu»gag) ’ (%@Z}) = ((’Uag) TP+ f¢7990 - (U,f) : w)v (415)

where (v,€) - @ = 1y + & A ¢ is the Clifford product on TM. This product satisfies

(vvf7ga§)2 ’ (@,¢) :(ng + fg)(%w) = <(U7fvg7£)’ (Uaﬂg,f»(@aw
=I(v, f, 9, )P (0, ).

It is interesting to consider the annihilator bundles of a pair (¢, ):

Ann((p,9)) == {(v, f,9,§) € EQC: (v, f,9,) - (¢, ¢) = O}

When f = g = 0, (1,0,0,) - (9,%) = 0 implies that (v,€) - = 0 and (v,€) -9 = 0,
the same annihilator condition as Section 4.1. For some pairs (¢,%), there may be

solutions for non-zero f or g. In this case

fo=—&) ¢, gp=(v,§)- 7,

indicating that there exist sections (v,§) € TM which relate ¢ and . Pure spinors
play an important role in describing Dirac structures in TM ® C; mixed pairs describe

the odd-dimensional analogue of Dirac structures.

Definition 4.8. Let M be an odd-dimensional manifold (m = dim(M)). A contact

Dirac structure is a decomposition of a vector bundle £ ® C into isotropic subspaces
E®C=L®L®Ce; @ Cey, LNL=0,
where dimg (L) = m —1, and e, ea € I'(TM). A contact Dirac structure is specified by

a triple (L, e1, e2).

The pairing (- ,-)as for two pairs of differential forms (;, ;) (i = 1,2) is given by

((p1,91): (92, ¥2))ar = (=19 (a(or) A2)m—1 + (1) a(¥1) A p2)m-1, (4.16)
where a(dz! ® dr? ® --- @ da*) = daF @ d2b ' ®@ - @ dwt, m = dim(M), |p| = k for
@ € QF(M), and (- )1 is the projection to Q™~1(M).

Definition 4.9. A Dirac pair consists of two differential forms p, ¢ € I'(Q¢¥/°4(M)®C)
satisfying

(a(@) A@)m-1#0, (@) A)m—1#0, ((0,9), (@, ¥))ar #0
e =1, e =g,



74 CHAPTER 4. GENERALISED CONTACT GEOMETRY

for some e, es € I'(TM).

The second condition implies that ¢ € T'(Q®(M) ® C) and v € I'(Q°4(M) @ C),
or p € I'(Q°4(M) ® C) and ¢ € T'(Q*V (M) ® C).

Given two nowhere-zero functions fi, fo € C°°(M) and a Dirac pair (¢, 1), the pair
(f1, f210) satisfy the non-degeneracy condition and

e1- fip— fob = falel o =) =0, e for — frp = fi(eh - — ) =0,

for some €| = fa/fie1 and €, = f1/ faea. Thus (¢, ) and (f1p, f21)) describe the same
contact Dirac structure (L, e1, e2).

To motivate the definition of generalised contact structures it is helpful to briefly
consider the relationship between contact structures and symplectic structures. A con-
tact structure is a maximally non-integrable codimension-1 hyperplane distribution
D C TM. This can be described by the line bundle TM/D. Letting n be a TM/D-
valued one-form; the distribution is given by D = ker(n). The non-integrability condi-
tion can be given as n A (dn)™ # 0, where dim(M) = 2m + 1. There is a transverse
symplectic structure on D: wp = dn. In addition, there is another symplectic structure
associated with the manifold N := M x R;. Take a = dt + 7 and set w; = d(e'a).
When T'M/D is a non-trivial line bundle there is no globally defined contact form 7.
It is possible to consider the same construction with S' «— P’ — M. In this case
there is an Atiyah algebroid structure and the contact structure can be associated with
an Sl-invariant reduction. In the non-trivial case 1 is no longer globally defined but
describes a connection one-form with a globally defined curvature two-form F = dn.

The ability to construct two symplectic structures from a contact structure is the
guiding principle of generalised contact structures. A generalised contact structure
should be able to be viewed as a (possibly non-trivial) S'-reduction of a generalised
complex structure (see Examples 4.8 and 4.9). In addition the definition should be

compatible with (B, b, a)-transformations.

Remark. Contact structures are usually associated to symplectic structures defined
on line bundles TM/D and N = M x R. Throughout this chapter S'-bundles will
be considered primarily. The motivation for this is the fact that [Hy/27|, [F/2x] €
H?(M;Z) have a nice interpretation in terms of gerbes (as outlined in Section 4.2).
The corresponding Courant algebroid description applicable to non-trivial line bundles

was given by Vitagliano and Wade [123] and is briefly described in Section 4.6.

Generalised contact structures have been studied in a number of papers [79, 102, 2].
However, the (0, b, a)-twists (which allow the description of non-coorientable structures

when Hs, F' # 0) have received little attention.
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Definition 4.10 ([108]). A Sekiya quadruple on an odd-dimensional manifold M is
given by the quadruple (®,e1,e2,\) € End(TM )BT (TM)®T(TM)BC*> (M), satisfying

the following conditions:

(e1,e1) =0 = (e, ea), (e1,€9) = %; 4.17a

(
>* = — B (4.17b

)
)
D(e1) = Ney, P(ez) = —Aeg; (4.17¢)
)

P(e) = — e+ 2(1 + X ((e,ea)er + (e, e1)er), for e € T(TM). (4.17d

Generalised contact structures coming from Sekiya quadruples with A = 0 have been
well studied and are often referred to as Poon-Wade triples [102]. The importance
of considering A # 0 is the inclusion of the (B,b,a)-symmetries, which should be

considered on an equal footing to B-transformations, a fundamental part of the theory.

Definition 4.11. Let M be an odd-dimensional manifold of dimension m. A gener-
alised almost contact structure is a quadruple (L,eq, ez, \), where L C TM ® C is a

maximal isotropic subspace dimg (L) = m — 1, eq, ey € T'(TM), satisfy

<€1,€1> = 07 <€2a82> = 07 <61>62> = %7

and \ € C(M).

A Sekiya quadruple can be associated to a generalised almost contact structure: Let

L represent the +i-eigenbundle of ®, and ey, e specify the £ eigenbundles respectively.

It is clear that the pairs (ej, ez, A) and (e2,e1, —A) describe the same generalised
almost contact structure. When A = 0 it follows that dim(ker(®)) = 2 and there is a
O(1,1) freedom in the choice of ey, es.

A generalised almost contact structure on M can be constructed from an S!-
invariant generalised almost complex structure on a principal circle bundle P(M, w, U(1)).
Consider a principal bundle P(M,7,U(1)) over an odd-dimensional manifold M. Let
U = {U,} denote a good cover of M, and 7=*(U,) = U, x S' a cover for P. Take
local coordinates (x,t,), = € U,, to € S'. We have two set of coordinates on
7~ YU, N Ug) denoted (z,t,) and (z,tg). The coordinates are related by to = gasts,
where gog € C*(M,U(1)) are transition functions. Choose an Sl-invariant connec-
tion A, given locally by A, = dt, + A(z), where A € QY(M). On z € U,z we have
Ao = Ag — idlog gos. Assume that there is an Sl-invariant generalised almost com-
plex structure Jiny € End(TP). A choice of connection induces a decomposition of
Sl-invariant sections T'(TP) = I'(TM) & C®(M) & C®°(M): v+ & + f0; + gA, for
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vel(TM), f,g e C®°(M), and £ € T'(T*M). This gives the decomposition:

¢ per  fpieg
Jiv = | —2plez,-) A 0 |, (4.18)
—2,u<€1, > 0 A

where ® € End(TM), = V1 + X2, A € C®(M), and ey, ep € T(TM). The properties
of a Sekiya quadruple (®,e1,es,\) follow from J2, = —Id and Jf,, = —Jiny. The
clutching construction for global sections (X, f, g,£) involve transition functions g.g €
C>®(Us NUB,U(1)). The global sections can be viewed as a (B, b, a)-transformation
with B = b = 0, a = A, generating twists H3 = Hy = 0, and F' = dA. The choice
of transition functions g, are not unique; gog can be replaced with g/, 5= hagagh_l,
for any ho € C*°(Uqs,U(1)). Replacing gog with g:lﬁ corresponds to a (0,0, a)-gauge
transformation, describing the decomposition with respect a connection A" = A + a
satisfying da = 0.

A generalised almost contact structure (L, ey, e2, \) is (Hs, Ha, F)-involutive if all
sections V' of the +i-eigenbundle Ly, = (defined by (4.18)) are involutive with respect

to opy m,,p Vi,V € Ly, = Viony m, p Va € Ly,

Definition 4.12. An (Hs, Ha, F')-generalised contact structure is an (Hs, Ha, F')-involutive

generalised almost contact structure.

Generalised (almost) contact structures can be encoded in differential forms in a
relationship analogous to that of pure spinors and generalised (almost) complex struc-

tures.

Definition 4.13 ([2]). A mized pair (¢,1,e1,es) consists of two differential forms
@, € T(Q/°d4(M) @ C) and a choice of two sections ey, e € T'(TM) satisfying

(@, @)m-1#0, (0, 0)m-1#0, ((¢,9),(?,9))m-1 #0, (4.19a)
er =0, per-p=(1+iN, e-9=0, pex-1h=(1—i\g, (4.19b)

where = V14 A2, and A € C™(M).

Remark. The definition of mixed pair given here differs slightly from that given in [2],
which is valid for A = 0 only.

Given a nowhere zero function f € C°°(M) the pair (f¢, f1) satisfies the equations
(4.19) for fixed (e, ez, \).

A generalised almost contact structure can be described using a mixed pair. Fix a
generalised almost contact structure (L, e, e2, A), and identify Ann(¢)) = L @ Ce; and
Ann(p) = L @ Cey. The isotropic subbundle L can be recovered as the intersection of
the annihilator bundles of (¢, ).
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There is a local correspondence between generalised almost contact structures given
by (L,e1, ez, \) and a conformal class of mixed pairs (¢, ).

The definition of mixed pairs is motivated by the decomposition of a pure spinor
py (associated to an S'-invariant generalised complex structure Ji,, on M x S' see [2])
into a mixed pair (¢,1)) associated to a Sekiya quadruple on M: py — ¢ + idt A .
The pure spinor condition (py, py)arxst 7 0 gives (4.19a). Note that J|si(e;) = ie()
(j = 1,2) for e1y = (pe1,i—A,0), ey = (uez, 0,7+ A\)—this implies that e(;) - pyls1 = 0
and gives (4.19b).

Definition 4.14. A mixed pair (¢, 1) is said to be (Hs, Ha, F')-involutive if there exists
aV=(v,f g& €T (F) such that

Ay, a7 (0, ) =V - (0, 9), (4.20)

where

Atis, o, 7 (9, 0) ==(d + H3 Ao+ F N, Hy N p — dip — Hz A1),
V(@ad)) :(va,gaf)(%@b): (LUSD+§/\¢+f¢7g¢7LU¢7§/\¢)a

and (Hs, Hy, F') satisfy the Bianchi identities (4.9).

Remark. The terminology (Hs, Ha, F')-involutive is justified by Theorem 4.15.

Given a non-zero function h € C*°(M) and mixed pair (¢,v,e1,e2), satisfying
ity 11,7 (9,0) = V - (9,), the quadruple (hg, b, e1, e5) satisfies

ng,HQ,F(hS()? hw) =V (th, h¢)> V' = (Ua fa gag - h_ldh)

Thus the (Hs, Ha, F)-involutive property is not dependent on the choice of (¢, 1) chosen
to represent the almost contact structure (L, e, e2, A).

Let us briefly recall the Clifford product on U C A*T*M ® C on the generalised
tangent bundle TM:

(0,8) - p=top+ENp, (0,8 : T(AYNT*M @ C) — D(AYT* M ® C),

for (v,§) e T(TM)® T(T*M), and p € T'(U), where U C AN*T*M ® C. By Clifford
multiplication on U we obtain filtrations of the even and odd exterior forms (here 2n

is the real dimension of the manifold):

U=Uj< U< - < Usp=AYNT*N ®C,
L* U =U <Us< -+ < U1 =NWT* M & C,
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where ev/odd is chosen according to the parity of U itself, Uy, is defined as CLF-U, and
CLF is spanned by products of not more than k elements of TM [59]. Note that we have
the canonical isomorphism L* @ U = (T'M & T*M) ® C)/L (using the inner product)
and hence U is isomorphic to L* ®Uy. Theorem 3.38 of [59] shows that an almost Dirac
structure defined by Ann(p) is Courant involutive if and only if d(C*°(Uy)) € C*(Uy),
ie., dp=1,p+ &N p for some (v,§) e (TM) @ I'(T*M).

A similar statement holds in the almost contact case. Consider a mixed pair (¢, ).
The definition requires that (p, 1) € T(A®/°T* M @ C) @ T\(A°/¥T* M @ C).

(,Uafv.g7€) : (8077/)) = (LU()O+€/\SO+fwvg¢_LU¢_§/\w)7
(v, f,9,€)- T((AY/°NT*M @ C) @ (A T*M @ C))
N F((/\Odd/evT*M Q (C) @ (/\ev/oddT*M ® (C))

This gives a filtration:

174 :WO <Wy< - < Wm+1 _ (/\ev/oddT*M ® (C) ® (/\odd/evT*M ® C),
LW =W, < W5 < - < Wy, = (AT M @ C) @ (AY/°MT* M @ C),

where dim(M) = m is odd-dimensional and ¢, 1 are being viewed as pure spinors on a

local trivialisation of M x St.

Theorem 4.15. The annihilator bundle Ann(p,v) of a (Hs, Ha, F')-involutive pair
(p, 1) is involutive under the (Hs, Ho, F')-contact Courant algebroid product.

Proof. Let (L,e1,e2, \) be the generalised almost contact structure and let (¢, ) be a

trivialisation of representative of (L, e1,es, A) over some open set.

We show below that

Viory vy b Vo - (0,0) = =Va - Vi - duy 1y, 7 (9, 7),

for any sections V1,Va € Ann(p,1). The subbundle Ann(p,1)) is involutive if and
only if for any Vi, Va € Ann(p, ) the condition Vi - Va - dp, H,, 7 (¢, 1) = 0 holds. This
condition holds if and only if dy, m, (¢, 1) is in C*° (W) (elements of W, are precisely
those which are annihilated by k + 1 elements in Ann(y,v)).

A section V = (v, f, 9,£) € Ann(p, 1) satisfies
(v>f797£) (@7¢) = (LUSO+£/\SO+f¢7gSO_LU¢_§/\w) =0.

Rearranging we have 1,0 = =A@ — f1, 1,0 = gp —E A Y.
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Lo wa)® =Ly Loa) @ = Loy bog® — bog iy, @ = Loy Ly, dp
=Ly (=& N @ — fo10) = to, (=& N p = f11)) — LuyLo, dip
==Lyl Np =S Nd(=& Ao — i) = & N wwdp — (Lo f2)Y
— f2Lo ) — Loy (=d&a Ao + & Ndop — dfy N — frdd)) — LuyLo, dip
=(—=Lov, &2 + L, d1 + & N d&) N — &2 A (Lo, + E1N)dp
+ (&2 ANdft — toydfa + wydfi) ANb + fi&o AdY — fad(gip — & A YD)
— f2d(g1p — &1 A V)
— Ly (§1 N dp + o dp) — dft A(gap — E2 A Y) + friw,dip
== (Lo,&2 — 10, d&1 + g2df1 — fadgr) N @ — (Lo dfa — Lo, dfy) Ao
+ fi(tw, + EN)dp + fo(& A dip + grdyp)
= (tvy + &) A (o1 + E1A)dp.

A similar calculation holds for ¢[,, ,,)%. Combining the results gives

Wiovs (0 ¥) =
(= (toy + EM) (to, + E1A)dp — fagrdp — fa(ve, + ELA)AY + f1(te, + E2N)dD,
(tog + E2N) (Lo, + &NV + g2 f1d + g1 (Luy + E2A)dp — oLy, + E1A)dY)
= — (v2, f2,92,82) - (o, + &N )dop — frdip, grdp + (vo, + E1A)dr))
=—(v2, f2,92,&2) - (v1, f1,91,&) - (dop, —dyp) = =V2 - Vi - d(,¢)).

So the annihilator bundle Ann(y, %) corresponds to an involutive subbundle. A similar

argument holds for the twisted case tvioy, 4, pva (%) = =Vo - Vi dpy m, r(0,9). O

Let us consider a generalised almost contact structure generated by a cosymplec-
tic structure on M and examine the integrability condition. An almost cosymplectic
structure is a pair (0,7) € Q?(M)® Q! (M) satisfying n A0™ # 0. From standard results
in contact geometry there exists a Reeb vector field R € I'(T'M) such that tgpn = 1 and
trf = 0. A mixed pair (p,1,e1,es) can be given by

@:eiea ?f):UAeiey €L =1, 62:R'

We have dp = idf A ¢, and dp = dn A @ +idf A, If df = dn = 0 (a cosymplectic
structure) then doo0(p,%) = 0. If dn = 0 (a contact 1-form 7)) then dg 4,0(¢,) = 0.
In fact the pair (0, n) will form a (0, dn, 0)-generalised contact structure if df = 0. We
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conclude the following:
e A cosymplectic structure defines a (0,0, 0)-generalised contact structure.
e A contact 1-form 7 defines a (0, dn, 0)-generalised contact structure.

It is possible to describe a non-coorientable contact structure arising from a 7'M /D-
valued 1-form 7. In the case of a non-trivial line bundle 7'M/ D, 7 is not globally defined.
Local trivialisations 7, and 73 are related using transition functions g,g. If the line
bundle on a compact manifold is of the form TM/D = TS!, for an S'-foliation then
n satisfies the conditions of a (0,0, n)-transformation ((4.11) and (4.12)) with twists
(0,0, dn).

Remark. In [102] an almost generalised contact structure (defined with e; € I'(T'M),
e2 € I'(T*M), A = 0) is called a generalised contact structure if L @ Ce; is involutive.
A strong generalised contact structure is a generalised contact structure where L @ Ces
is involutive. In [2] a generalised normal contact structure is a generalised contact
structure arising from an invariant generalised complex structure J on M x R. In both

cases a contact form n with dn # 0 does not give a strong generalised contact structure.

An essential property of the definition of a generalised (almost) contact structure is
that it is compatible with the (B, b, a)-symmetries. The action on a Dirac pair (¢, )

is:
e(B’b’“)(gD, p) = (e_Bgo +ae By — %abe_Bcp, e By — be_Bgo — %bae_Bw) . (4.21)
where A has been omitted. The action preserves the pairing,

(eB2D (o1 ah1), e B2 (0o, o)) ar = ((1,%1), (02, ¥2))ar,

and satisfies

dgy i1y, 0 (PP (0,10)) = V! - (P09 (0,40)) = PPN (dpy g, p(0,0) = V- (0,1))),
(4.22)

where

1
H} :H3+dB+a/\H2+b/\F+§(da/\b+a/\db),

H) =Hy+db, F' =F+da, V' =eBbay,

This shows that given a (Hs, Ho, F)-involutive mixed pair (p, ¢) there exists a (H%, H)), F”)-
involutive Dirac pair e(B:b:®) (¢, 1)).
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Below two standard examples of generalised contact structures (first appearing in
[79] for M x R) are presented from the perspective of reduced generalised complex

structures on St < P — M.

Example 4.8 (Almost symplectic to almost cosymplectic structure). Let w € T'(A2T*P)
be a symplectic form, where S < P — M, and dim(M) = m = 2n + 1. Consider a
connection specified by locally by A, = dty + Ay € QY(P,) (with 77 1(U,) = U, x S
defining a cover of P) with curvature F' = dA € H?(M,Z). The symplectic form is

Sl-invariant if it admits the decomposition
Wa = 04 + Aa A Mo € 92(]304)7

where w is globally defined, but 7 is not if the bundle is not trivial (n satisfies the usual

cocycle conditions).

n+1
1
o#wM1=(0+AAnW+h:§:<nZ )mHWAAnV=4”+1W"AAA”
k=0

giving n A ™ # 0. There exists a Reeb vector field R € T'(T'M) such that tgpn = 1
and tgf = 0. 0 is non-degenerate on ker(n). The generalised complex structure J, is

reduced to a generalised contact structure (P, e, ez, A):

0 —w! 0 —61
q]]w: = (D: 5 e =1, e :R, )\:07
(w 0 > (9 0 ) L= 2

pro=e¢¥ = p=¢’ Y=nnre’

where J,, is written in the splitting TP & TP, ® in the splitting ker(n) & Ann(R), and

p1,, 18 a pure spinor associated to J,,.
Let us look at the integrability conditions:
dp=1d0 N @, d=dnAe+idd A\.

If d0 = 0 then dogno(e,v) = 0. Noting that w = 6 + A A7, we see that dw =
df+dAANn+ AAdn is not necessarily zero. So a generalised (0, dn, 0)-contact structure

can arise from a pre-symplectic structure.

Ezample 4.9 (almost complex to almost contact structure). Consider an almost complex
structure J € End(TP) on S! < P — M, where dim M = 2n + 1, and the S!-bundle
is specified by the choice of connection A (given locally by A, = dt, + As € QY(P,)).

Given local coordinates = for M and t for S', the almost complex structure is S'-
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invariant if there exists a decomposition
JLor @ dz® = (¢}l — R'A})0; ® da® + R'0; @ A + ok @ da.
Setting ¢ := ¢ — R ® A the conditions J* = —J and J? = —1 give
tra=1, ®(R)=0=¢"(a), ¢*(v)=—v+ (La)R.

The generalised almost complex structure J; reduces to a generalised almost contact

structure (®, e, e2,\):

J 0 0
J;= = &= ¢ , e1=a, e=R A=0,
0o —J* 0 —o*

pr = = ¢=8Q PY=aAQy,
where Q7 € Q?"720(P) is the decomposable top form giving the pure spinor describing
Jyand a A Qy = Q.

Let us look at the integrability conditions:
dp =dQy, dip=da e+ addy.

We require that d€2, = 0. In this case we have dy g 0(p, %) = 0.

4.3.1 Deformations of generalised contact structures

The (B, b, a)-transformations described in Section 4.1.1 provide deformations of gen-
eralised contact structures. While B-transformations have been studied before, the
(b, a)-transformations have not been incorporated. The K4 (k) (k € T'(T*M)) symme-
tries introduced by Sekiya in [108] are equivalent to the more geometrically natural
(b, a)-transformations.

A Sekiya quadruple (®, ey, e2, A), can be deformed to give another Sekiya quadruple
(D, €l e5, N):

d'(e) =ePDe B (e) — (e,a)D(b) — (e,b)D(a) + 2ule, a)er + 2ule, bley
(eBd(a),e)b — 2uler, a)le, a)b — 2ules, a)(e, b)b — 2uleBey,e)b  (4.23a)

- - -

(
(eBd(b), e)a — 2ules, b) (e, bya — 2uler, b) (e, a)a — 2ulePer, e)a.
a,®(b))(a,e)b+ (b, ®(a))(b, e)a.

p'ey =peBe; — Nb+ pler,b)a + pler, a)b — eBd(b) (4.23D)
p'ey =peBey + Na+ ples, a)b+ pules, ba — e d(a) (4.23c)
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N =X+ 2(b,®(a)) + 2ule1, a) — 2ules, b) (4.23d)

where e = (v,€) € I'(TM).

This follows immediately from considering e(B:4.9) transformation on Jinv, via

o’ pey wey
e(B7b’a)a]]inve(_B’_b7_a) = _2N/<6,27 > _A, 0 )
ol 0 N
where Ji,y is the S'-invariant generalised complex structure associated to (®, ey, ez, \)
by (4.18), noting that e(B:b:@)e(=B=b=a)yy — /7,

Proposition 4.16. The transformation eB% given by (4.10) maps a (Hsz, Ha, F)-
generalised contact structure (P, ey, e2, \) to a (Hs, Hy, F')-generalised contact structure
(D', €}, e, N') given by (4.23), where

Hy=Hsy+dB+aNHy+bAF+3(danb+andb), Hy=Hy,+db, F' =F + da.

Proof. This follows directly from the mixed pair description and the fact that the

(B,b,a)

transformation e preserves the pairing and (4.22). O

Ezample 4.10 (Symmetries). Any generalised almost contact structure gives a family
of generalised almost contact structures using (B, b, a)-transformations. Deforming

Example 4.8 gives

¢ =(1+ann—Fanb) Ne BT = (n—b—3brann) ne PP

w'e) :eB/\n—)\'b—i—Lp*(b)G_l—i—L g-1B

Lp* ()
p'ey =R+ 1gB+Na+ 5(tra)b+ 5(trb)a + Ly~ + 1, 61 B,
N = trb — Lp*(b)bp*(a)efl,

where p*(a) : T*M — Ann(R) is the dual anchor combined projection onto the Anni-

hilator of R.
Deforming Example 4.9 we get

o = (1+a/\a—%a/\b) /\e*B/\Q¢, Y = (a—b—%b/\a) /\e*B/\Qd>7
pley = a+Na+¢*(p(a)),
p'ey = R+ pB — Nb+ 5(trb)a + 5(era)b + ¢* (p(b)),

N = pa.

Remark. These examples show that (b, a)-transformations can change A. The (b, a)-
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transformation can be interpreted geometrically as twisting the S'-bundle. The corre-
spondence between a-transformations and twisting comes from the discussion preced-
ing Definition 4.10. The description following Defintion 4.7 shows that the splitting
of invariant sections of T'P and TP correspond to an a-transformation and a dual

b-transformation.

Ezample 4.11 (Products [52]). Let M = M; x My with projections pr; : M — M,;.
If (L1,e1,e2) is a generalised almost contact structure on M; and Lo is a generalised
almost complex structure on My, then (priLi @ priLa,priei,pries) is a generalised

almost contact structure on M.

There are manifolds which admit generalised contact structures but not contact
structures. A class of examples come from S'-bundles of nilmanifolds. A nilmanifold
is a homogeneous space M = G/I', where G is a simply connected nilpotent real Lie
group and I is a lattice of maximal rank in G. For the associated generalised complex
structures on nilmanifolds see [29]. The structure of a particular nilpotent Lie algebra
can be given by specified by listing exterior derivatives of the elements of a Malcev
basis, as an n-tuple of two-forms de;, = Zczjeiej, (henceforth A is omitted, so that

€ NeEj= eiej).

Ezample 4.12 ((0,0,12,13,14 4 23,34 + 52) x S'). Specify a 6-dimensional nilmanifold

via the coframe {¢;}, i = 1,...,6 satisfying:
der1 =0, deg =0, des = €162, deg = €1€3, des = €1€4 + €3€3, deg = €3€4 + €5€9.

Let E = M x S, where M is the nilmanifold specified by (0,0,12,13,14 + 23, 34 + 52),
and S' is parameterised by ¢. The one-form dt gives a flat connection on S'. Define
n = 7w*dt where 7 : M x S' — M is the projection. Let R = 7*0; be the corresponding

Reeb vector field. The generalised almost contact structure is given by

Q) =e€1 + i€,
B =e9eg — €365 + €366 — €4€5,
W = €3€¢ + €4€5,

o =Bt p=neBTQ. e1=n, ea=R, A=0.

Ezample 4.13 (S'-bundles on nilmanifolds). There are manifolds which have no sym-
plectic or complex structures but do have generalised complex structures. In [29]
generalised complex structures are constructed on nilmanifolds which do not admit
symplectic or complex structures. Each of these examples define a generalised com-
plex structure via a pure spinor p = Q A eBt%_ This construction can be modified

to find generalised contact structures which do not admit contact structures. Take
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S' < E — M. Choose an S'-invariant connection A. Define a vector field R such
that tg A = 1. Take the generalised complex structure described by the pure spinor
p=QAe“TB. The corresponding mixed pair is

o =BT Y =APTQ, e1=A, ea=r, A=0.

Example 4.14. Consider R®, described using coordinates {t, 21, z2 } where 21, 25 are stan-
dard coordinates in C? =2 R*. A generalised complex structure is defined by the pure
spinor p = z1 + dz1dzo. When 21 = 0, ¢ = dz1dzs defines a standard complex struc-
ture, whereas z; # 0, ¢ defines a B-symplectic structure since p = z; exp(dz1dza/21).

A generalised contact structure is given by

o =2z +dzdze, Y =dt(z1 +dzdze), e =dt, es = 0.

4.4 Generalised coKahler geometry

Generalised geometric structures are of great interest in string theory due to the fact
that T-duality is associated to so(T ® T*) = End(T) @ A2T* & A?T. The generalised
metric incorporates the Riemannian metric G and B-field associated with the Neveu—
Schwarz flux H in the bosonic sector of supergravity. Generalised Kéhler structures
are equivalent to bi-hermitian structures and are the most general geometry associated
to two-dimensional target space models with N = (2,2) supersymmetry [49].

CoKaébhler structures are the odd-dimensional counterpart to Kéhler structures. The
relationship between Kéhler and coKé&hler structures is described in [93, 11]. Li gave a
structure result for compact coKéhler manifolds stating that such a manifold is always
a Kahler mapping torus. The coKéhler structure on an odd-dimensional manifold M
can be associated to a Kihler structure on an S'-bundle (using a symplectomorphism)
[93]. Further results on coKé&hler structures were given in [11].

Generalised coKéahler structures have appeared in the literature before [53]. The
definition given in [53] deals with generalised Kéhler structures on M; x Ms, and the def-
inition is compatible with B-transformations. In this section we will consider the case
where My = S!, but will not restrict to product manifolds, instead considering princi-
pal circle bundles. The definition is compatible with the full (B, b, a)-transformations.
Generalised coKihler structures will be presented as S'-invariant reductions of gener-

alised Kahler structures.

Remark. Generalised Kéhler structures play an important role in string theory. In
[49] generalised Kéahler structures (written as a bi-Hermitian structures) appear in the
study of N' = (2,2) non-linear sigma models with torsion. The torsion arises from the
connections V¥ = VIC 4 g1 H, where VC is the Levi-Civita connection. Abelian
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T-duality can be carried out when the metric has an S'-isometry, and the T-duality
procedure involves Kaluza—Klein reduction. T-duality is most interesting when the
Sl-isometry corresponds to a topologically non-trivial S'-bundle. In this case there
is an interesting relationship between topology and H-flux [17, 18]. The study of S'-

reductions of generalised K&hler structures is interesting in this context.

4.4.1 Generalised metric structure

The inner product (4.8b) is non-degenerate and a generalised contact metric can be

constructed using maximally isotropic subspaces
G(‘/la VQ) - <V17 VY2>|C+ - <V1> ‘/2>|C_7

where V1,Vo e I'(E) 2T (TM) & C*(M) & C>®(M) & I'(T* M ); mirroring the case of

generalised geometry on TM described in Section 4.1.2. In the present case we have
Or ={(v.f,9,6) €T(E) : g = £fh% & ==G(v,)} (4.24)
for some h € C°°(M) and Riemannian metric G. This satisfies
((v, f,£fh* £G(v,")), (v, f, £fh* £G(v,"))) = £G(v,v) £ 212,

verifying that Cy describe the maximal positive/negative definite subbundles.
As (-,-) is invariant under (B, b, a)-transformations the subbundles C, defining a
generalised metric G, can be transformed to e(B2®C, defining a generalised metric

G = eBba)Ge(B:ba)  The maximal subspaces are given by

Cy ={(v,& f,9) £ =+G(v,-)+ B(v,") — fb— fh%a — 2(v, b)a, (4.25)
g = £+ fh% 4+ 2(v,b) + 2h* (v, a) + (v,b)(v,a)}.

All subspaces C+ can be described in the form (4.25) for some choice of (G, h, B, b, a).

Definition 4.17. A generalised coKdhler structure on an odd-dimensional manifold

M, consists of two generalised (Hs, Ho, F')-contact structures (Ll,egl),egl),)\l) and

(Lo, 6&2), 652), A2) whose associated Sekiya quadruples J; = {®q, egl), egl), A1} and Jy =

{Pg, 652), 6’52), A2} give a generalised K&hler structure.

The commuting condition J1Jo = JoJ1 places the restrictions on the Sekiya quadru-
ples (4, egl), egl), A1) and (Po, 652), eéQ), A2). The Sekiya quadruples are required to
satisfy

(Cegl) @ (Cegl) :(Ce?) @ (Ceg) =&,
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D1 Py(v) =Po®1(v) Ywe &L

egl) = 652), egl) = eg), when \{ = Ay or egl) = eg), egl) = 652), VA1, A2 € R.

Remark. If A\ = Ay = 0 then there is a O(1,1)-freedom in the description and it is

1 2 1 2
(D _ o2 ang o) = ).

possible to choose e;’ = e, and e

Ezample 4.15 (coKé&hler). A coKdhler structure on an odd-dimensional manifold M,
is given by the quadruple (J, R,n,G), where (J, R,n) is an almost contact structure
and G is a Riemannian metric satisfying G(Jvy, Jv2) = G(v1,v2) — n(v1)n(ve) for all
vi,va € I(T'M). The integrability conditions are [J, J] = 0, and dw = dn = 0, where
w(vy,v2) 1= G(Jui,ve) € Q2(M). This defines a generalised coKihler structure (with
AN=Hs=Hy=F =0);

Y1 = eiwv 1/}1 :77/\6iw7 egl) =1, egl) :R7 Y2 = QJ7 1/}2 :77/\QJ; egz) =1, 652) = R.

Ezample 4.16 (Generalised Kéhler to generalised coKéahler). We will reduce a gener-
alised Kéhler structure to produce a generalised coKéahler structure. It was shown in
Example 4.8 (Example 4.9) that the reduction of a symplectic (complex) structure (over

the same S!'-bundle) gives

0 —wt 0 -J 0 -R 0
w 0 R 0 0 J* 0 n
Jwinv = ’ q:U‘]inv = ’
0 —2(n,-) 0 0 2(R,-) 0 0 0
—2(R, ) 0 0 0 0 -2(n,-) 0 0
where w and J are non-degenerate on D. The condition that —J, Jj, = G for
0 Gt 0o
G 0 00
G= ,
0 0 01
0O 0 10

requires that w(Jvy,va) = G(v1,v2), giving a transverse Kéhler structure, (R,n) = %,
(R,R) =0=(n,m).
The almost generalised complex structures J.,  and Jj; 6 will define a generalised

coKahler structure when Hy = da = dn (see Examples 4.8 and 4.9 for notation).

Ezample 4.17 (Twisted generalised coKé&hler). It is clear from Example 4.16 that the
reduction of a generalised Kahler structure can produce a generalised coK&hler struc-
ture. It is possible to deform any generalised coKéhler structure (J,, .,Jq,.., G) to get

inv?
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another:

(e(B,b,a)JJinve—(B,b,a)’ e(B7b’a)Jwim,€_(B’b7a)a e(B,b,a)Ge—(B,b,a))‘

Definition 4.18. A generalised almost coKdhler—FEinstein structure on an odd-dimensional
manifold M (with m = dim(M)) is described by two mixed pairs (p1,11) and (p2, 1)
satisfying

((p1,91), (21, 01)) s = c((p2, ¥2), (P2, ¥2))

where ¢ € R can be scaled to +1 or —1 by scaling (¢1,%1). A generalised almost

coKahler-Einstein structure is a generalised coKéahler—Einstein structure if (o1, 1, egl), eél))

and (p2, Y2, 652), 652)) are generalised (Hs, Hy, F)-contact structures.

Ezample 4.18 (S'-invariant generalised Calabi-Yau). Let N = M x S! be an even
dimensional manifold with an Sl-invariant generalised Calabi—Yau structure (pi, p2).
The decompositions p; = ¢; +idty; (j = 1,2) defines a generalised coKahler-Einstein
structure: (gal,wl,egl) = Bt,egl) = dt) and (gpg,(/}g,eg?) = 8t,eg2) = dt), where \ =
Hs=Hy=F =0.

Ezample 4.19 (coKéhler-Einstein). A coKéhler-Einstein structure on an odd-dimensional
manifold M is a Ricci-flat coKéahler structure. A coKahler structure has an associated
cosymplectic structure (n,0). Consider N = M x S', with S' parameterised by t,
and pri(N) = M. Let w = dt A prin + prif, and Gy = priG + (dt)?. This defines
a Calabi—Yau structure on N. A Calabi—Yau structure defines a generalised Calabi—
Yau structure (Example 4.6). Using the reduction procedure (Example 4.18) we get a

generalised (0,0, 0)-coK&hler-Einstein structure.

Ezample 4.20. A (B, b, a)-transformation maps an involutive mixed pair to another
involutive mixed pair, preserving the length. It follows that a generalised coK&hler(—
Einstein) structure, ((¢1,%1), (¢2,%2)), is mapped to another coKahler(-Einstein) struc-
ture by a (B,b,a)-transformation, ((e(B0®p, e(B:ba)yy) (eB:0a) g, e(Bba)yy)) A
generalised (Hs, Ho, F')-contact structure is mapped to generalised (H3 + dB, Hy +
db, F' + da)-contact structure.

4.5 T-duality

T-duality provides an isomorphism between Courant algebroids defined on two torus
bundles T < E — M and T* < E — M. The topological description of T-duality
is described in [17, 18]. The isomorphism of Courant algebroid structures in [30]. The



4.5. T-DUALITY 89

situation is described by the following diagram:

E x M E
D p
E E
T T
M
where
Tk E Tk E
™ and T
M M

A torus T* can be viewed as an abelian group with lie algebra t. Principal torus bundles
E(M,m, TF) are classified by H?(M,Z*). A representative can be found by choosing a
principal torus connection A € Q'(M, t) and taking the curvature F = dA € Q%(M, t).
A choice of connection determines an isomorphism of T* invariant vector fields on E:
TE/TF =2 TM @ t (see Example 3.10). The isomorphism allows us to identify the
curvature with a T* invariant two-form F € Q2. (E) (in fact F € Q*(M)). We can
similarly identify F € Q%k (E). The relevant fluxes are H € Q%k(E) and H € Q%k (E).

The bundles E and E are T-dual if
wH=F, #H=F pH-pH=dF,

for some T?*-invariant 2-form on the correspondence space F € Q?(E x E) such that

F :t®1t— R is non-degenerate.

H is admissible if it satisfies [30]:
H(Xl,XQ,'):O, VX1,Xo€te FE.

The requirement that H is admissible ensures that the T-dual bundle E is in fact a
principal torus bundle. If H is not admissible the T-dual is not a principal torus bundle,
although it may still admit an interpretation in terms of a non-commutative/non-

associative space [98, 19]. We will assume that H and H are admissible.
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If we have admissible T-dual pairs (H, F) and (H, F') we have the decomposition
H=FANA+hy, H=FAA+hs,

where h3 € Q3(M).
The T-duality map 77 : (Q3.(M),dy) — (Q%k(]\/f\),dﬁ) gives an isomorphism of

chain complexes and is defined by the formula

TFW := e’ pw,
Tk

for T*-invariant differential forms w € Q% (M). In that case that k = 1, the T-duality

map gives an isomorphism of mixed pairs:
Tr(p +iAY) = /A1 TP (p +iAY) = ¢+ iy,
S

where (p,1) is a mixed pair, and F = —AA. The map 7r can be seen as the com-
bination of a pullback from E to the correspondence space E X s E’, followed by a
B-transformation e’ , and then the pushforward to E. This can be viewed as a type of
geometric Fourier transform.

The complexes (Q%,(M),dy) and (Q%k(l\? ),dg) determine the T-dual Courant
algebroids op and op. The exact Courant algebroid oy can be viewed as a derived
bracket on TM generated by the twisted differential dy := d + HA (for details see
(86, 9]). The T-dual Courant algebroid oz is a derived bracket on TM generated by
dg -

The description of T-duality for generalised (almost) contact structures on the triv-
ial bundle E = M x R is given in [2].

Given the interpretation of generalised contact structures as S'-reduced generalised
complex structures, T*-duality of generalised contact structures is T**1-duality of the
corresponding generalised complex structure. T-duality for a circle bundle is considered
as an example in [30]. The killing vector generates an S'-foliation and—considering S*-
invariant fields—the Courant bracket (4.2a) is reduced to (4.8a). T-duality corresponds
to the interchange (F,f) ¢+ (Ha,g). Contact geometry corresponds to an extra S!-
invariant reduction without the interchange and pushforward.

T-duality in the cone direction, denoted t, is considered in [2] . In this case the
mixed pair (@, 1) is mapped to the mixed pair (¢, ). A b-transformation is interpreted
as a change in connection for the S'-bundle defining the generalised contact structure.

An a-transformation corresponds to a choice of connection in the T-dual direction.

Proposition 4.19. T-duality maps a generalised coKdhler(—Einstein) structure to an-

other generalised coKdhler(—FEinstein) structure.
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Proof. T-duality preserves the pairing, and maps a mixed pair to another mixed pair.
O

4.6 Contact line bundles versus reduction

It has recently been shown that generalised contact geometry has a conceptually nice
description as generalised geometry on the generalised derivation bundle DL = DL ¢
JLL for a (possibly non-trivial) line bundle L [122, 123]. This section briefly outlines
the description and relates this to the current chapter. A generalised contact structure
viewed as a reduced generalised complex structure J|g1 is the Sl bundle version of the
generalised complex structure Z € End(IDL). A mixed pair (p,1)) is associated to a
pure spinor w € ['(A*J'L, L).

Many interesting examples of contact structures are in fact non-coorientable and
not defined by a globally defined contact one-form. Contact structures are determined
by a line bundle L = TM/D (as described in Section 4.3). It is of interest to have
a formalism that allows the description of non-trivial line bundles while making the
symmetries explicit.

The description of generalised contact bundles is given via the Atiyah (or gauge)
algebroid, defined on DL = DL & J'L, where sections of ®L are derivations of L,
and J'L is the first jet bundle of L. A derivation V € ©F has a unique symbol
o :®OFE — TM such that, for f € C*°(M) and X € I'(E),

V(fA) = (eV)(H)A+ VA= X(f)A+ fVA,

where X = ¢(V). This makes it clear that ®F is part of the exact sequence

[

0 —— gl(E) DF T™M —=0 .

There is a natural Lie algebroid structure associated with ® E': the Lie bracket is given
by the commutator of derivations and the anchor given by o. In the case of a line

bundle the induced map on sections gives:
0 —— I'(gl(L)) 2 C®(M) —= I'(DL) —= T'(TM) —= 0 . (4.26)

If the bundle D L is trivial there is an isomorphism I'(OL) X T(TM)®C>®(M). f D is a
non-trivial bundle there are local isomorphisms I'(D L|y, ) 2 T'(TU,)®C*(U,) patched
globally using transition function (in a manner analogous U(1)-bundles described in
Section 2.2.2). Sections (v, f) € I'(T'M) @ C*°(M) are the line bundle version of the
Sl-invariant sections of TP for S' < P — M.
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The 1-jet bundle J'E can be defined, at a point p € M, by the equivalence relation
in ['(E):

e1 ~ ez < e1(p) =eap), dler,() =d(ez, (), VCeTl'(E").

There exists p : J'E — E, such that ker(p) = Hom(T'M, E), giving

0 —— Hom(TM, E) JE 2. E 0.

In the case of a line bundle the induced map on sections gives:

0 —— I'(Hom(TM, L)) 2 T(T*M) — I'(J'L) —= (L) 2 C®(M) —= 0 .
(4.27)

If the bundle J'L is trivial there is an isomorphism T'(J'L) = ['(T*M) @ C®(M).
Sections (£,g) € T(T*M) @ C*°(M) are the line bundle version of the S!-invariant

sections of T*P.

It is shown in [36] that ®E is F-dual to J'F, there is a non-degenerate E-valued
pairing (-,-)g : OF x J'E — E. For sections V € I'(DE) and x = Y fjle € I(J'E)
the pairing is given by (V,x)r = > fV(e). The pairing between DF and J'E has a
geometric interpretation: (V,x)g can be viewed as the covariant derivation of x with

respect to V.
Given the E-valued pairing between ®F and JLE there is a natural E-Courant

(more specifically an omni-Lie) algebroid defined on the generalised derivation bundle

DFE given by:

0—> 3'E DE — > DF 0.

The definition and properties of omni-Lie and E-Courant algebroids can be found in
[36] and [37] respectively. The E-Courant algebroid can be viewed as a derived bracket
for the differential dop acting on the complex Q% = I'(AFJLE, E):

k

dopw@(Vo,Vi,..., Vi) =Y (-=1)'Vi(@(Vo,...,Vi,..., Vi)
=0

+) (D) o([Vi, V5], Vo, Vi, Vi, Vi),

i<j

for V; € I(DE), w € Ok, and * denoting omission. The action of £yw := dopiyw +
tvdprw gives a Lie derivative on I'(A*J'E, F) satisfying an analogue of the Cartan

relations.

From this construction the omni-Lie algebroid on a line bundle . — M is given as:



4.6. CONTACT LINE BUNDLES VERSUS REDUCTION 93

(V1,v1) oF (Va, 1) =([V1, V2, Lv, 2 — Lv2d@L@ZJ1); (4.28a)
((V1,91), (Va,42))) =(Vi,¥2)L + (Va, ¢1) 13 (4.28b)
p(V, ) =V, (4.28¢)

for V.€ T(DL) and v € T'(J'L). The bracket (4.28a) can be identified with (4.8a)
when H3 = 0. In the case of a trivial line bundle, Hy = F = 0, this has already been
noted [122]. If the line bundle is non-trivial then F' = Hj is given by the curvature of
a connection specifying the bundle.

Having identified the Courant algebroids (4.28a) with (4.8a) the identification of
generalised contact structures as generalised complex structures is straightforward.
The generalised complex structure J|s1 € End(TP @ T*P) can be identified with
T € End(DL) (satisfying Z? = —Id and Z* = —Z) by splitting the sequences (4.26)
and (4.27). The generalised complex structure Z is identified with a Dirac structure
Lz C DL and described by a pure spinor @ € TI'(A®*J'L,L). A choice of decom-
position I'(J1L) = C°(M) @ I'(T*M) coming from (4.27), induces a decomposition
w € T(A*JLL, L) into a mixed pair (¢,9) € T(A*T*M) @ T(A*~1T*M).
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Chapter 5

Lie algebroid gauging of

non-linear sigma models

This chapter describes the underlying Lie algebroid geometry associated to the non-
isometric gauging proposal by Kotov and Strobl [114, 88, 89, 99]. The main results
are Theorem 5.4 and Theorem 5.8 which give the necessary and sufficient conditions
for carrying out the non-isometric gauging procedure with a particular choice of vector
fields. Corollary 5.6 states that it is always possible to locally gauge an action non-
isometrically. Lie algebroid structures underpin the non-isometric gauging procedure.
This chapter discusses the integrability of the Lie algebroid action to a Lie groupoid
action—something that has not appeared in the Lie algebroid gauging literature. In
contrast to the isometric case, non-isometric gauging does not necessarily represent
an underlying symmetry with a Noether charge. Applications of gauging (such as T-
duality or Yang—Mills theory) involve adding a field strength term to the action. The
existence of a field strength with desirable gauge transformation properties provides an
obstruction to gauging.

An interesting application of Lie algebroid gauging is non-isometric T-duality. A
proposal for non-isometric T-duality was given by Chatzistavrakidis, Deser, and Jonke
(CDJ) [31, 33]. The existence of a gauge invariant field strength term in the action
gives Theorem 5.9: The non-isometric T-duality proposal is in fact equivalent to the

standard non-abelian T-duality procedure through a change of Lie algebroid frame.

5.1 Non-linear sigma models

Non-linear sigma models play an important role in the study of physical theories. This
chapter will consider non-linear sigma models which describe the motion of closed
strings in a fixed background. A study of the massless sector of bosonic string theory

gives two rank two-tensors, G which is symmetric, and B which is skew-symmetric;

95
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there is an additional scalar field called the dilaton. The field G is a Riemannian
metric describing the geometry of the fixed background in which the string propagates.
The field B is the Kalb—Ramond field and is the stringy analogue of electromagnetic
potential. The dilaton will play no role in Lie algebroid gauging and will be omitted
for convenience.
A two-dimensional non-linear sigma model consists of the data (X, X, h, M, G, B, S[X]):

where X : ¥ — M describes the embedding of a two-dimensional (pseudo-)Riemannian
surface (X, h) (the string worldsheet) in an n-dimensional (pseudo-)Riemannian mani-

fold (M, G) (the target space). The dynamics of the string are encoded in an action
1
SIX) =5 / X*GdXP A xdX" + X*B,dX" A dXY,
by

where % is the Hodge star on the worldsheet, and B € Q2(M).! The equations of motion
for the string are given by the Euler—Lagrange equations specifying the stationary points
of S[X].

Symmetries of the physical theory are encoded in symmetries of the action S[X].
A non-linear sigma model has a smooth symmetry group G (a Lie group) if the action
of h € G on the fields X satisfy S[h- X] = S[X].2 The continuous symmetries are
diffeomorphisms and the infinitesimal symmetries are generated by vector fields. There
exist a set of right-invariant vector fields which can be associated to g = Lie(G). The
set of right-invariant vector fields form a Lie algebra g, with the bracket given by the
commutator of vector fields, and a choice of a linearly independent spanning set of
right-invariant vector fields give a frame for the Lie algebra g.

Symmetries play an important role in the study of physical theories. For every
continuous symmetry Noether’s theorem tells us there is a conserved quantity. Suppose
we have some S[X] which is invariant under the action of a fixed group element h € G.
It is possible to introduce a field A € Q(X, g) (which transforms in a particular way)
to produce an action S[X, A] which is invariant under any position dependent element
h € C*(%,G). This procedure is called ‘gauging’ the action and will be described in
detail for the case of a group manifold in Section 5.2. The gauging procedure originated
in particle physics to describe Yang—Mills theories. The field A is called a gauge field and
describes the mediation of forces between particles. In the case of electromagnetism,
A is the four-potential. From the mathematical perspective the gauging procedure
is associated to lifting the action S[X] to the total space of the associated principal
G-bundle (see for example [12]).

The focus of this Chapter is generalising the gauging of non-linear sigma model

ITechnically B is not required to be a globally defined two-form, and should really be thought of as
a U(1)-gerbe satisfying dB = H € H*(M,Z) as described in Section 4.1.1
*It is enough that S[h- X] = S[X] + [ d¢, for € € Q' (M), as discussed in Section 2.1
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actions to include Lie groupoid actions. Kotov and Strobl have given a local description
of Lie algebroid gauging in [114, 88, 89, 99]. The description given there is only valid for
Lie algebroids which are bundles of Lie algebras (Theorem 5.1). An invariant geometric
description applicable to general Lie algebroids—as well as a discussion of associated
groupoid actions—is new. Conceptually the gauging process is captured in the following

diagram:

Global action ——— Local action —— Identify gauge transformations

Sih- X] = S[X] S[X, A] SIX, Al = S[h- X,h O A

fixed h € G h e C>®(%,G) quotient G/ ~

An action S[X] with a global symmetry (corresponding to a fixed element h € G) is
gauged to produce S[X, A]; invariant under the action of h € C*(X, G). Any two fields
related by a gauge transformation are considered physically equivalent. The space of
physically distinct fields is given by identifying gauge equivalent fields C* (X, G)/ ~.

The Lie group action on S[X] is generated by the right-invariant vector fields p, =
P, € T(TM) (a=1,...,dim(G)) satisfying

[pav Pb] = CCaprv

where C¢,;, € R are the structure constants for the Lie algebra g = Lie(G). The induced

infinitesimal action on the fields X is generated by
0. X = p(e)(XH) = %0, XH = €%ph,.

The infinitesimal variation 6.S[X] (for constant ¢) is required to vanish; giving the

constraint

1
.50X] = /E (£, @)udX* A xdX" 4 (£, B)wdX" N dX") =0,

which is satisfied by?
L, G=0, L, B=0.

This establishes a correspondence between Lie group symmetries and isometries. The

3Tt is sufficient that £,, B = d¢ for some locally defined 1-form ¢. This is included in the general
considerations in Section 5.3, but does not play an important role in the current discussion.
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above discussion shows that the set of right-invariant vector fields, associated to a
Lie algebra g, are required to generate isometries. Geometrically this corresponds to
the existence of flowlines—integrating the vector fields—along which the metric G is
preserved. Conversely, associated to a smooth one-parameter group of diffeomorphisms
preserving a metric is a Killing vector field given by differentiation.

The existence of isometries is a rather special property; a generic metric would not
be expected to have any isometries. Section 5.3 describes a proposal of Kotov and
Strobl to gauge non-linear sigma models with a Lie algebroid action. The formalism
presented there suggests it is sometimes possible to gauge models without isometries.
A rather exciting proposal indeed! The new results contained in this chapter show that
all metrics can be gauged non-isometrically (at least locally). The precise statement
is given by Theorem 5.4. The real constraint of the gauging procedure comes from
attempting to construct a field strength which imposes a flatness condition on the
gauge fields. In the case of non-isometric T-duality the gauge transformation of the
field strength imposes a constraint so strong that we conclude that non-isometric T-

duality is locally equivalent to non-abelian T-duality (Theorem 5.9).

5.2 G manifolds and the WZW model

Before considering the local Lie algebroid gauging procedure it is instructive to detail
the gauging procedure for a non-linear sigma model on a Lie group manifold. This
case provides the motivation and intuition for the more general case of Lie algebroid
gauging.

A standard example of a non-linear sigma model is given by the Wess—Zumino—
Witten (WZW) model. In this case the target manifold is a Lie group, G, with the group

action coming from composition. We denote the corresponding Lie algebra g := Lie(G).

Let g : ¥ — G, be the embedding of a string worldsheet into a Lie group G. The

non-linear sigma model is given by the action

1 _ _ _ _
Swzwlg] = 2/2(9 Ydg xg7'dg)g + (g7 dg " g7 dg)p, (5.1)

where (-,)¢ and (+,-)p denote two G-invariant bilinear forms, symmetric and skew-
symmetric respectively; g~ 'dg € Q'(X,g) denotes the left-invariant Maurer-Cartan

form,  is the worldsheet Hodge star, and

(a’y b)a(s1,s2) = %((a(31),b(32))0 — (a(SQ),b(sl))G>,

for s1,s0 € D(TY), a,b € QY(2, g).



5.2. G MANIFOLDS AND THE WZW MODEL 99
The action (5.1) is manifestly invariant under the left action of a constant h € G:

(hg)~td(hg) = g~*h"'hdg = g dg.

It is possible to promote the left-invariant symmetry for a constant h € G to h €
C>(%,G) through the introduction of a gauge field A € Q'(X,g). The gauged action

is given by

1 [ - _ _
Swzwlg, A] = /Z(g 'Dg" g 'Dg)c + (97 Dg % g ' Dg)p, (5.2)

2

where g~ 'Dg = g~'dg — g~ Ag. The left action of h € C*°(X%, G) is defined to be
ho (g, A) = ("g,"A) := (hg, hAh™" + dhh™1).
This left group action leaves ¢~ Dg invariant:

h © g 'Dg =(hg)~'d(hg) — (hg)"'hAh™'(hg) — (hg)~'dhh~(hg)
=g '"h'(dh)g+ g 'dg— g Ag— g~ 'h (dh)g

=g 'dg— g 'Ag =g 'Dg.

It follows immediately that Swzwlg, A] is invariant under the action of h € C* (%, G).

The original action Swzwlg] can be recovered from the gauged action Swzwlg, 4]

if there exists a global gauge transformation which sets A = 0:
hA=0=hAr"t+dhh™' = A= —h"tdh, for some h € C°(%,G).

The gauge field A € QY(%, g) satisfies A = —h~'dh for some h € C*(X,G) if and
only if A is equal to the left-invariant Maurer—Cartan form (up to diffeomorphism).
It is well known that the Maurer—Cartan form is locally the unique solution (up to

diffeomorphism) to the zero field strength condition F' = 0, where

F=dA—[A) A, (5.3)
and
!/ 1 !/ /
(A% Aly(s1,52) = 5 (A1), A'(s2)]g — [A(s2), A'(s0)]g):

for A, A’ € Q1(%, g) and s1, so € T'(TY). The flatness condition can be imposed on the
model in two ways: One option is to impose the condition on solutions ‘by hand’ as an

extra constraint. Alternatively, it is possible to introduce an extra term to Lagrangian



100 CHAPTER 5. LIE ALGEBROID GAUGING

such that the constraint follows from the Euler-Lagrange equations. Taking the latter

option the gauged Lagrangian is:

. 1 _ _ 1 _ _ S
Swowlo 4. X1 = 5 [ (67Da% g7 Dode+ 5 [ (67 Dot g™ Do)+ [ (X,
(5.4)

where X € g* is a Lagrange multiplier, and (- ,-) is the canonical pairing between g
and g*.

Imposing the flatness condition via a Lagrange multiplier is necessary for T-duality
and will be discussed in Section 5.5. For the purposes of general gauging the flatness
condition shall be viewed as an extra constraint.

Finally, it is worth noting that in the physics literature the gauging is often described
by an infinitesimal Lie algebra action generated by € € C*™° (%, g):

5&(9714) = (Egvd€ + [EvA}g)‘ (55)

The infinitesimal action can be generated from the group action 6. A := % (exP(t) A)|—g.

5.A :% ( exp(te) A exp(—te) + (dexp(te)) eXp(—t€)> |t=0
=[e, Alg + %(tda exp(te) exp(—te))|i=o
=de + [e, Al,.

5.2.1 Geometric interpretation

The above discussion of gauging the WZW model was largely algebraic. There is an
associated geometric description which generalises to the Lie algebroid case and will
serve as intuition for the geometric interpretation of Lie algebroid gauging in Section
5.4.

A Lie algebra g := Lie(G) can be identified with the set of right-invariant vector
fields on G; which we denote Xi,,(G). The vector space g can be identified with the
tangent space at the identity g = T.G. A basis for the Lie algebra T, (a = 1,...,dim(g))
can be constructed from evaluating a chosen basis of right-invariant vector fields v, €

Xinv(G) at the identity. The Lie bracket is given by the commutator of vector fields
Vg, 0] = Cwve & [Ta, Tplg := CupTe.

This gives a well defined Lie algebra: the space of right-invariant vector fields is closed
under the usual Lie bracket of vector fields, [Xiny(G), Xinv(G)] C Xiny(G), and the

commutator bracket automatically satisfies the Jacobi identity.
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The structure constants C'%,. corresponding to a Lie algebra g can be associated to

an orthonormal coframe n® € I'(T*G). The coframe is defined by the relation
a 1 a b c
dn® = 50 bl A 1S

The coframe {n®} is dual to the frame specified by a basis of right-invariant vector fields
{v,} (with the pairing satisfying (v,,n°) = 6%). The Lie algebra g specifies the coframe
at T)G. Lie Groups are in fact parallelisable, and the frame defined at the identity can
be extended to give a global trivialisation. The frame is globalised by pushing forward
the frame at the identity by the group action (Rp).T,, for h € G. Geometrically the

frame is transported by flowing along the right-invariant vector fields.

Using the coframe {1} it is possible to construct (-,-)¢ and (-,-)p which are in-
variant under the left action, as required for gauging. Define E = En® ® n°, where
E,, € R. This is manifestly left-invariant. Symmetrising Fy, defines (-,)g (if it is
non-degenerate); skew-symmetrising defines (-, ) p.

There is a similar construction for Lie groupoids G. The notation here follows the
introduction to Lie groupoids and Lie algebroids given in Section 3.1. Locally a Lie
algebroid defined on a vector bundle Q — M can be identified with right-invariant
sections at the unit 1, in @) = T*G (see Section 3.1.2). It is possible to construct an
orthonormal coframe and left-invariant Riemannian metric using the left-invariant Lie
algebroid generalisation of the Maurer—Cartan form (Section 3.3.1). In general this
construction cannot be extended to the entire manifold as there are obstructions to
integrating a Lie algebroid (see for example [43]). Explicitly, the fibre of T%(G) at an

arrow g 1y — z is
Tgsg = ng(y7 ')7

where G(z,-) = s71(x), and T*G = ker(ds) C TG. The left action by an arrow h : z — y

is only defined on the s-fibre at y and induces a bijection
Rp:G(y,") = G(z,:), and (Rp)«:T,G— T,0.
The set of right-invariant sections on G is defined as:

X (G) ={X € T(T7G) : Xng = (Bn)+(Xy),V(g,h) € Ga}.

The Lie algebroid (groupoid) proposal, described in this chapter, has a geometric in-
terpretation. The action of the Lie algebroid is described in terms of the right-invariant
$ . The connections ®V* (Given by Equation 5.29) define representations
of Lie algebroids on Q. If the Lie algebroids are integrable Q* = T°G* (where Q7

sections X?
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and @~ are isomorphic as vector bundles and may be simply denoted Q). The Lie al-
gebroid actions are generated infinitesimally by the right-invariant sections Z{mv(Qi).
The Lie groupoid actions can be partially recovered from sections %mv(Qi) using the
flow ¢xfmv(Qi) (see Section 3.1.2). This flow defines the Q*-paths and the associated
Weinstein groupoids (described in Section 3.2.2). The Lie groupoid actions associated

to Lie algebroid gauging are given by the flows <]5’;€§ (@)

5.2.2 Comments on the gauge algebra and integrability

Closure of the gauge algebra (and later gauge algebroid) is of fundamental importance.
The set of physical fields in a non-linear sigma model is given by a quotient: the set
of smooth fields identified by an equivalence relation where any two fields related by
a gauge transformation are identified. In order for the quotient to be well defined
the set of gauge transformations must form a group (or groupoid). In particular, the

composition of any two gauge transformations must itself be a gauge transformation:
("2("g),"2 (M A)) = ("9, A), (5.6)

where hg is a gauge transformation generated from h; and ho. The corresponding

infinitesimal version of this constraint is

[5827581](97A) = 583(97‘4)7 (5'7>

where €3 is a Lie algebra (algebroid) element generated from e; and e2. These identities
will not hold for arbitrary field transformations. In the case of WZW model the group

action can be verified directly:

hah1g, ha(h1 AhT 4 dhihi1)hy b + dhohyt)

("2(Mg)," (" 4)) =(
(hah1g, hahi A(hahy) ™ + hadhy (hohy) ™" 4 dhahihi hyt)
(
=(

hahi1g, hah1A(hahy) ™" 4 d(hohy)(hehy) ")

h2h1 h2h1 A)
M

giving hs = hgh; the group composition of hy with h;. The infinitesimal action (5.5)
was shown to be generated from the group action. It follows automatically that (5.7)
holds and e3 = [e2,€1]4 is generated by the Lie algebra bracket on g = Lie(G).

The Lie algebroid gauging proposal of Kotov and Strobl involves ‘exotic’ gauge
transformations which do not correspond to infinitesimal algebroid actions in general.
Closure of the gauge algebroid will impose an important constraint on Lie algebroid
gauging; ultimately leading to flat connections which define representations of the Lie

algebroids generating the gauging action.
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Not all gauge transformations must be composable when considering Lie Groupoid
gauging. For example the dimension of Im(p), and the associated leaf space, may change
at different points of the manifold M. In this case different leaves will have different
dimensions and there is clearly no well defined composition of gauge transformations
for all points. However, when the composition of two gauge transformations is well
defined the composition must be a gauge transformation. If the gauge transformations
do generate a Lie groupoid G the groupoid action corresponds to flowing along smooth
paths in the Weinstein groupoid. It is important to note that in order to have a well
defined notion of a gauge groupoid it is necessary for the gauge algebroid to close at

all points on M.

In the physics literature non-linear sigma models are often analysed locally using an
infinitesimal action d.. Given a Lie group action, denoted G there is a unique Lie algebra
given by g = Lie(G). However, an infinitesimal action generated by a Lie algebra g does
not correspond to a unique Lie group. Lie groups that are related by covering maps or
quotients of discrete subgroups have isomorphic algebras and cannot be distinguished
by local considerations alone. Local considerations of infinitesimal algebra actions are

not enough to determine the topology.*

The Lie algebroid proposal of Kotov and Strobl is a local gauging theory—global
issues have not considered. An integrable Lie algebroid is isomorphic to the tangent
Lie algebroid of some s-connected Lie groupoid. However, several Lie groupoids may
produce the same tangent Lie algebroid. The situation is complicated by the fact that
not all Lie algebroids are integrable. For a discussion of Lie algebroid integrability
see Section 3.2.2 and references within. In this thesis we will consider examples of

integrable Lie algebroids and consider the associated Lie groupoids.

5.3 Kotov—Strobl Lie algebroid gauging

This section outlines the local coordinate description of Lie algebroid gauging devel-
oped by Kotov and Strobl [114, 88], Mayer and Strobl [99], and further studied with
Chatzistavrakidis, Deser, and Jonke (CDJ) [32].

The general proposal for Lie algebroid gauging can be found in [32]. Consider a
map X : ¥ — M, embedding a string worldsheet into a target space M. This map can
be described locally by X*, for u = 1,...,dim(M). The key generalisation associated

to Lie algebroid gauging is the ability to gauge with respect to a set of involutive vector

4Non-abelian T-duality is described by a local gauging procedure and an associated topological
description is still unknown [5, 116].
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fields p, € TM, a =1,...,d satisfying®
[P, p] = CCap(X)pe,  CCap(X) € CF(M), (5.8)

defining a Lie algebroid. A Lie algebroid structure can be defined as follows: Let
@ — M be a vector bundle, specified locally by a frame {e,}, a = 1,...,d = dim(Q),
satisfying

[eq, ep]Q = C (X )ec. (5.9)

The anchor p : Q — T'M is defined by p(eq) := pq. The description is not invariant;
given a change of frame &, = K%e;, K?, € C°°(M), the description becomes

[€a, @) =CCu(X)ée,

where

Cou = (K1) 4K KT yC%p + K ph 8, K — K0, K%,). (5.10)

The choice of frame has a drastic effect on the coefficients écab, and it may happen that
there exists a frame in which they particularly nice (or nasty). An invariant description

is clearly preferred to avoid confusion arising from a poor choice of frame for Q.

The gauged action given in [32] is
1 1
Sks[X, 4] = / G DX" A xDX" + / H+ / (A" Ao + Sy A® AA), - (5.11)
b 3 b

where DXH := dX* — ph A®, H € Q3(M), X3 is a three manifold with boundary ¥,
A e QX X*Q), a € T(Q*), and v € T(A%Q*).

The infinitesimal gauge transformations are of the form

S XM =ph(X)e® (5.12a)
0. A" =de® + C%(X) AP 4+ w5 (X)e? DXH 4 ¢ (X )e® « DXH, (5.12b)

where w®p, % € C*°(M) are a priori undetermined fields, and * denotes the Hodge
star on the worldsheet. It is noted that there are implied pullbacks in the action and
(5.12). Closure of the gauge algebroid requires that the Lie algebroid structure can be
pulled back. In general this is not possible. This represents a serious restriction on the
allowable Lie algebroids described by this method (see Section 5.3.1).

5The integer d need not be equal dim(M).
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Under a change of frame é, = K%,e; the fields w® ub and ¢®,y transform as
O = (K1) ua K — KGO, (K )%, 0% = (K71)%0%aK . (5.13)

Thus w : I'(Q) — T(Q®T*M) defines a T M-connection on Q, and ¢ € Q' (M, End(Q)).
The action Sks[X, A] is invariant under the gauge transformations (5.12) if the

following constraints hold:

Ly, G =’V 1, G+ ¢ V ay, (5.14a)
Ly, H =do, — W Ay £ qubaLpr, (5.14b)

Yab =Lp, by (5.14c)
Ly o0 =Cpoe + Ly, (dag — tp, H), (5.14d)

where (wbaVLpr)W = wb“apb/\GA,, +vaapl))\Gu)\, and the choice =+ is given by the choice
of Lorentzian (x* = 1) or Euclidean (x> = —1) signature on the worldsheet.

There are two natural questions:

1. For a given choice of G and H, do there exist (pq, otq,w® p, 9% ) satisfying the
constraints (5.14)7

2. If (pa, va, W, 9% up) satisfying (5.14) can be found is the choice unique?

An answer to the existence question is given for special cases in [32, 35]. The results of
this thesis give a more complete answer: Corollary 5.6 states that for any choice of G and
H there exist (pq, atq, w®up, % up) which satisfy the constraints (5.14) for some U C M.
Necessary and sufficient conditions to gauge with respect to a chosen set of vector
fields p, € I'(T'M) are determined (Theorem 5.4 and Theorem 5.8). If p, € I'(T'M) do
satisfy the necessary and sufficient conditions a (not necessarily unique) solution for

(Cta, W by ¢aub) is given.

5.3.1 Pullback constraint of Kotov—Strobl gauging

The variation of the gauge fields for the Kotov—Strobl gauging proposal is given by
(5.12). The closure of the gauge algebroid requires that

[5817562]XM - 663XM7 [5517652]Aa = 653Aa7

for some e3 = o(e1,62) = —0o(eg,e1) € I'(X*Q). The field e3 € I'(X*Q) can be written
using the pullback of a basis for Q: e3 = ¢§X*e, € I'(X*Q). The following expression
for €4 is given in the literature (Eq. (10) in [99]):

£ = he50Y,. (5.15)
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Consider the Lie algebroid structure (@, [, ], p) restricted to the image (X (¥), Q| x(x)) C
(M, Q). Denote the restricted algebroid structure (Q|x(x), [ ]x(x), px(x))- Take a

change of frame on Q|x(x) given by
o = K(X(0)) 46
Invariance of sections gives the transformation of the coefficients:
e =e"X"e, = 89X%¢, = K (0)°a X" ey, = &%= (K H)%eb.
This gives a constraint on the transformation of the structure functions on X (X):
e3 = e}e5C X ey = 83850 X 80 = ele3 (K1) (K 1)°.CL K X e,
so that
C%e = (K™H2,C%,. KV, K?,. (5.16)

However, it follows from (5.10) that the structure functions (restricted to X (X)) trans-

form as

Clup = (KKK ,Cp + K0 (X p)e(KY) — Ko (X ' 0)e(K%)),  (5.17)

where (X !p), denotes the pushforward of the map X! (which exists as X is a
diffeomorphism when restricted to X (X) C M). It is clear that the requirement (5.16)
places a tight constraint on the allowable Lie algebroids for gauging. In particular, the
requirement that (5.16) and (5.17) hold simultaneously, mean that the Lie algebroid
bracket [+, -] x(x) is C°°(X (X)) linear.

Theorem 5.1. The Lie algebroid gauging procedure outlined by Kotov, Mayer, Strobl
and CDJ [114, 99, 88, 89, 32] is only valid when (Q|x (), [, | x(x), Px(x)) —the restric-
tion of (Q,[-,-]g,p) to the image of X —is a bundle of Lie algebras.

Remark. The vector fields p, must vanish on T'(X (X)) if we require that the definition
of e3 be invariant under arbitrary invertible changes of frame K (X (0))%, € C*(X(X)).
In this case the gauged action is equivalent to the ungauged action over X (X). The
usual procedure of Lie algebra gauging takes a set of non-zero vector fields v, € I'(T'M)
satisfying [vq,vs] = C¢wve for C%; € R defining a Lie algebra. The Lie algebra
structure is defined on the R-span of the vectors spang{vi,...,v4} (a Lie algebroid is
defined on spanges( M){Ul, ...,vq}). In this case the allowable frame transformations
are given by K%, € R, and (5.16) is equal to (5.17). In all frames the structure functions

are constant, and there is really only a Lie algebra structure on Q.
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5.4 General Lie algebroid sigma models

This section describes a general construction for considering non-linear sigma models
which are gauged with respect to a Lie algebroid action. This construction is valid for
any integrable Lie algebroid, @ = Lie(G).

The Lie algebroid gauged model takes a non-linear sigma model (X, 3, h, M, G, S[X])
(defined on page 94) and constructs a ‘gauged’ action Sg[X, A] using p, and (QF)%,p,
where the vector fields p, € I'(T'M) define a Lie algebroid

[Paapb] = Ccabpm Ccab c COO(M)7

and (QF)® ub define T'M-connections on a vector bundle ). The T'M-connections on Q
will be denoted V*. Let {e,} be a local frame for . The connections V* are defined

as
VEeq := (), @ e (5.18)

The fields (pq, (2F)?) determine (pq, 2%sp) which are defined in Section 5.4.1.

Let {o®} be local coordinates on the worldsheet . Consider the following action

(for 2 = 1 Lorentzian worldsheet):

SqlX, A] =/

(X*E)agD_0% A Do’ — / X*C+ | X*H, (5.19)
b)) % X3

where, E = G + C for some C € Q*(M), Do = do — p(A), A € QY(Z, X**Q), and
Dyo = 3(Do +Do).
The infinitesimal variation is given by

0: X =p(e)(X), (5.20a)
0. A" =de’ + Cljp AR + (V) ;' Dyo® + () nje’ D_a®, (5.20b)

and 0. Sq[X, A] = 0 if the following conditions are met:
(Loa B = MAP?)\(Q—F)bua + EAVPI/;\(Q_)bum (5.21a)
L C :Lp(g)H. (5.21b)

p(e)

We will refer to (5.21a) as the generalised Killing equation.

When %2 = —1 (Euclidean worldsheet), the corresponding action is
SolX, A] = /(X*E)OéﬁD+O-a AD_oP — / X C+ X"H, (5.22)
b b 3
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where, F = iG + C, Do = do — p(A), and Dio = %(Da + i % Do). In this case the

infinitesimal variation is given by

5. X =p(e)(X), (5.23a)
5. A" =de’ + Cljp ATeP + (V) 06" Do + (V) n e’ D_o®. (5.23b)

and 0:Sg[X, A] = 0 if (5.21) holds.

5.4.1 Non-isometric gauge algebroid

It was shown in Section 5.3.1 that taking ¢ € I'(X*@Q) and setting
I XH = X" p(e)(XH)

leads to a strong restriction on the class of Lie algebroids that can be used to gauge. This
is a consequence of the fact that a Lie algebroid structure does not naturally pullback
in general. However, there may be a natural Lie algebroid structure defined on X**Q.
The construction of the double pullback algebroid is due to Higgins and Mackenzie
[63] and reviewed in Section 3.3.1. The induced Lie algebroid exists whenever the map
¢ : M1 — Ms is a surjective submersion. The induced Lie algebroid X**() always exists
when considering Lie algebroid gauging as X : ¥ — M is an embedding. If there is
a Lie groupoid G(Q) such that @ = Lie(G), it follows that G(X** Q) will give a well
defined Lie groupoid.

The Lie algebroid bracket [-, -] x+«¢g is induced from [, ]o (defined via (3.20)) and
in a local frame {é,} for X**Q determines the Lie algebroid structure functions Cj, €
C™(%):

(6, ¢j]xq = C¥ijén,

where 7,5,k = 1,...,dim(X**Q). Sections of X**@Q are given by ¢ = (0,¢) € ['(TX @
X*@). The anchor p: X**@Q — T3 is given by

p(e) = p(o,€) := 0.
The variation 0. X = p(e)(X) is now a well defined quantity, and
[5517562]()() = 5[81,82]()() = [ﬁ(51)7ﬁ(52)]TE(X) = pv([51,52]X**Q)(X).

We conclude that [d:,, ¢, ](X) = 0[¢, ,)(X) is equivalent to the anchor homomorphism
property of the Lie algebroid (X**Q,[-,-]x+q,p). The variation ;X is generated by
infinitesimal diffeomorphisms on ¥ generated by p(e) € I'(T'Y).
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The fields (%)%, (a,b=1,...,dim(Q) and = 1,...,dim(M)) define connections
via V¥e, == (QF)°, ® e,. We define (X*Q%)?,;, by writing the connections X*V+
(defined via (3.15)) in the basis {X*e,}. We define a T3-connection on X**@Q as

follows:
Vf,a ®e:=plo)o)De+od X*Vf,e. (5.24)

In the basis &; = 0, ® X*e,, we get the connection coefficients:

With these definitions the variation of the gauge fields A € Q1(X, X**Q) is a well
defined quantity.

Remark. Having established the correct gauge algebroid structure, we will henceforth
omit the * with the relevant double pullback maps implied. This will allow a more

direct comparison to the formulae appearing in the literature on Lie algebroid gauging.

5.4.2 Examples

The action Sg[X, A] includes the non-linear sigma models described by Sks[X, A] and
Swzw|X, A] as well as allowing the possibility of gauging the standard non-linear sigma
model with any integrable Lie algebroid.

Example 5.1 (WZW). Swzw[X, A] can be described using Sg[X, A] by taking M = G,
Q = TG = G x g. Choose the coframe dX =7 = g~ 'dg and identify

(E,p,C,H) = ((G+ B)un" ®n”’,Ady-1, B, H),

where H = (g7 'dg, [ 'dg, g dg]s)c is given by H = dyB.

Ezample 5.2 (Poisson sigma model). Define B, := A,(m(A,-)), ! where 7 is a Poisson

bivector; the action is given by
1 1
S[X, Al = 3 GuwDX" NxDX"Y + AHAdX“+§7rWAN/\Ay,
b b

where DX = dX — mw(A,-). The Lie algebroid structure on @) = T*M is given by the
Poisson cotangent Lie algebroid (Example 3.12). Integrable Poisson Lie algebroids are

associated to symplectic groupoids [125, 28].

Ezample 5.3 (Universal). The ‘universal’ action of Kotov—Strobl [35] is given by

1 1
<§gw,DX“ A*DXY + W, A (dXH — 5w)) + [ m

Suniv[X7 ‘/7 W] = /
pIES

%
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where DX* = dX* — VH* V € QYX, X*TY) and W € QY(3, X**T*Y). This is
equivalent to Sg[X, A] through the identification V# = g A® and W), = C},, o4 A%

The Kotov—Strobl action and Poisson sigma model are special cases of the universal
action. The Kotov—Strobl action is found by identifying V#* = ph A%, and W, = a0 A”.
The Poisson sigma model (for Q = T*M) is identified via V# = 7"#A,, and W, = A,,.
The universal action naturally interpolates between the Poisson sigma model and the
Kotov—Strobl model. The Lie algebroid is found by restricting the Lie bialgebroid con-
structed from [+, -], [+, -]» to a (small) Dirac® structure (see Section 3.4.1 for a description
of Lie bialgebroids).

The universal title refers to the fact each different choice of small Dirac structure
on T'M & T*M gives a different model. This gives a class of examples, but not all Lie
algebroids arise as subbundles of TM & T*M.

Ezample 5.4 (Foliation). Let @ C T'M be an involutive subbundle (a constant rank
subbundle closed under the Lie bracket). This defines a Lie algebroid (Example 3.8).

An involutive linearly independent set of vector fields v, will satisfy (by definition)
[Uaa Ub] =Cwve, C € COO(M)7

but in general C¢,;, will not be constant. Involutive foliated vector fields Q = TF C TM
are not generated by group actions in general. The integrability of smooth distributions

is given by the Steffan-Sussmann conditions, see [115].

Ezample 5.5 (Lie Groupoid). Take any Lie groupoid (G, M), and take the Lie algebroid
@ = Lie(G). The action Sg[X, A] provides a sigma model action.

It is possible to consider sigma models for all the examples of Lie algebroids con-
sidered in Section 3.2.1 (Examples (3.6)—(3.12)). Integrability is guaranteed when you
start with a Lie groupoid. Examples of Lie groupoids can be found in Section 3.1.1
(Examples (3.1)—(3.5)).

Remark. We can consider topologically non-trivial examples by considering the gauge
groupoid G(P) (Example 3.4) corresponding to a topologically non-trivial principal
bundle P(M,r,G).

Remark. It is entirely consistent to consider a Lie algebroid with an anchor with a
non-trivial kernel, ker(p) # 0. Such an algebroid has an associated isotropy Lie algebra
at each point x € M which corresponds to a gauge symmetry that is not generated by
a vector field in 7M. This possibility was considered in [34]. This would correspond to
symmetries not generated by vector fields on M. In string theory M is spacetime and
the dimension is fixed for quantisation consistency. A non-zero isotropy Lie algebra

would correspond to introducing extra degrees of freedom to gauge theories on M.

A small Dirac structure is an involutive and isotropic subbundle. A Dirac structure is a small Dirac
structure of maximal dimension.
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It is clear that many natural examples of non-linear sigma models can be described
using the action Sg[X, A]. The task remaining is to understand when such models can

be gauged.

5.4.3 Closure constraint

As emphasised in Section 5.2.2 it is necessary for the gauge algebroid to be closed.
There is another way to see the importance of closure of the gauge algebroid from
the perspective of gauged sigma models. The gauged model will be equivalent to the
original model if there exists a finite gauge transformation which sets the gauge fields
to zero. The infinitesimal gauge transformations (5.20) (or (5.23)) will only integrate to
finite gauge transformations when the gauge algebroid is closed. Closure of the gauge
algebroid does not follow automatically from (5.20) (or (5.23)). We will see that closure
of the gauge algebroid imposes important constraints. We note that the formulas in
this section have been calculated using the Lie algebroid ([, ] x++qg, p); we have left the
pullback maps implied throughout in order to better connect to the literature.

The first constraint gives

[6817582])( = 6[61,52]QX A [p(51)7p(52)]X = p([51752]Q)X7

the anchor homomorphism property of a Lie algebroid. Closure on the gauge field A is
more involved. It is convenient to define D1 X := %(DX +xDX). A straightforward

computation gives

6. DL XF =e“(Dyplt — p(QF),0) DL X", ifx? =1
5D XH =" (Dypl — p} (A7) a) D2 X", if % = —1.

A lengthy calculation for the x> = 1 case gives:

([5817562] - 5[51,52}Q)Aa :8?85(—V; (TV*>gc + 2pl[jb| (RV*)aVMC])D—XM

_H':ll)e;(_v: (TV+)ZC + 2pl[/b| (RV+)auu|C})D+Xuv
and for the x2 = —1 case:

([581,682] - 5[61,62}@)"4& :sl{sg(_v; (TV*)gc + 2pl[?7|(RV*)al/,u,|c])D+X“

+5?55(—Vz (TV+)gc + 2p[Vb| (RV+>auu|c})D—Xua
where

(To+)be =pp ()% e = pE () 1y — C%; (5.25)
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(Rvi)a,uub :Qa[u(9i>au]b + Z(Qi)a[Mc(Qi)ch; (5'26>

(Vi T9)he =0u(T9)be + (T9)5( Q%) ud = (T9)3e(5) 1 — (T9)5a () e

The closure constraints for ¢ = 0 (or equivalently Ot = Q~) have appeared in the
literature before [99].7

Closure of the gauge algebroid requires that either D+ X = 0 or fo(T vi)E. =
2pl[jb|(Rvi)aVH|C]. If D4+ X = 0 then the gauged terms disappear from the Lagrangian.
While it may be possible to consider D3 X = 0 as an ‘on-shell’ condition it is not clear
that this is a natural constraint physically. In addition, quantisation requires ‘off-shell’
closure of the gauge algebroid. It makes sense to require closure for all X : ¥ — M,
including D+ X # 0. With this assumption it follows that

([5517662] - 6[61,52]Q)Aa =0 < V?L: (TVi)abc = QPE‘(RVi)aV,LL‘C}' (5'27)

The closure constraint on the curvatures V*, given by (5.27), is a curious constraint
and is not readily interpreted. When V¥ are flat connections, the closure of the gauge
algebra acquires a nice interpretation: V+ (Ty+ )% = 0, which is equivalent to the fact

that covariantly constant sections are closed on [- ,-]q:
(Vi =0& Vi =0 = Vin el =0) & V,(Ty)s =0,

for g1,q2 € T'(Q). The constraint for Ry+ # 0 is best understood by ‘lifting’ the

T M-connections on @ to Q-connections on @ using the adjoint connections (3.10):

@VEg =V

p(qg)QI + [QLQQ]Q- (5-28)

The adjoint connection is well known in the mathematics literature and plays an im-
portant role in integrating @-paths in a Lie groupoid [43]. In the local frame specified

by {e,} the components of the adjoint connections are given by
(P0F) e = P (5 + Ce (5.29)

The torsion Toy+ and curvature Roy+ can be calculated in terms of the induced

. =
connections V g2 := vE

p(a) 12> using (5.28), with the following results:

Tov=+(q1,2) = — To= (a1, 42), (5.30)
Raoy=+(q1,92)(g3) =Rg=(q1,93)q2 — Ro+ (a2, 43)m (5.31)
=t =+ _—
+ Vg Iy (a1, q2) — To+ (Vo015 02) — To= (a1, Vg, @2).-

"We replace the Lie bracket [e1, 2] x*@ with the Lie algebroid bracket [e1, £2] x =g but the expression
is formally the same.



5.4. GENERAL LIE ALGEBROID SIGMA MODELS 113

Calculating Roy=+ in local coordinates produces the closure constraint (5.27). In

conclusion:
([(551,(552] — (5[51,52]Q)A =0 = RQVi =0. (532)

If p has a non-trivial kernel then Roy+ = 0 does not necessarily imply closure of the
gauge algebroid. If {p,} are linearly independent we can define Q = TF C T'M to be
the span of {p,}. In this case p has no kernel and Rqy+ = 0 implies the closure of the
gauge algebroid.

Remark. In the case that ¢ = 0 (2t = Q7) it has been noted in [89] that closure of
the gauge algebra is equivalent to the @-flat condition.

Closure of the gauge algebra implies the existence of two flat ()-connections on Q.
These connections define representations of Lie algebroids on ). The Lie algebroids de-
fine @-paths associated to the Weinstein groupoid (as outlined in Section 3.2.2). The
Q-paths define the orbits describing our gauge symmetry. It follows from Theorem
3.19 that ¥ "9V* will define representations of Lie algebroids corresponding to Lie
groupoids G (X**Q) if @V* define a representation of G*(Q). Thus it is sufficient to
study the flatness of the connections ®V*. Alternatively we come to the same conclu-
sion by noting that Rqy+ are tensors, so Ry«—oy+ = X Roy+, and it is sufficient to
check the flatness of @V+,

The flatness condition Roy+ = 0 implies that @0O* are Maurer—Cartan forms for
the frame bundle B(Q) over M. It follows that

QOF = KI'dgKy, (90%) % = (K2 apfou(Ke)™, (5.33)

for some Ky € C*°(M,GL(d)) where d = dim(Q).
Remark. Another way to see that YQF have the form (5.33) is by looking at the trans-

formation properties: Take
V32 = (410, 0ud5 + 4165(PQ5) sec)ea = (a1, 05 + G5 (P0) "bc)ea,  (5.34)

where {e,} is a choice of frame for @, and é, = (K+)%e;. The change of frame
induces the transformations ¢ = (K;')%q’, and p, = (K1)%pp. This induces the

transformation
(QOF) % = (KZ") " 0u(K)™e + (K21 (QQF) "y (K1) V(K t)e. (5.35)

A flat connection is one that can be set to zero by an appropriate choice of frame. If
QOF is zero is the frame {e,} then it follows from (5.35) that in a generic frame {é,},

the connection coefficients are of the form (5.33).
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5.4.4 Solving the Gauge constraints

Closure of the gauge algebra implies that Roy+ = 0. This constraint is much easier
understood than (5.27) and allows an explicit construction of solutions to the gauging
constraints (5.21). Equation (5.21b) can be used to determine a choice of field C' €

Q2(M) and does not pose a constraint to gauging.

Our first task is to find the general solution to the generalised Killing equation
(5.21a). Written in matrix form the generalised Killing condition is given by a system

of matrix equations

L, E=EpQ} + ETpQ;. (5.36)

For each a = 1,...,k this is a linear matrix equation and a solution for Q} exists if
and only if

Ly, E— ETpQ, = Ep(Ep)* (L, E — ETpQy), (5.37)

for each a, where (Ep)™ denotes the Moore-Penrose pseudo-inverse of Ep. If this

constraint is satisfied the solution Q} is given by
OF =(Ep)* (L, B — BT pQy) + (I — (Ep)* Ep) Xa, (5.38)

where I is the k x k identity matrix, and X, € C°°(M, R¥*") is arbitrary.® In explicit

index notation we have

()" =((Ep) ") A(Lpu B = (Ep) ") AEarpe(07) a
+ (0% — (Bp)")’A(Ep)2) (Xa) s

Theorem 5.2. Given a field E € T(T*M®T*M) and a choice of involutive vector fields
pa € T(TM) (a =1,...,k) defining a Lie algebroid [pg, pp] = CCappe, the generalised

Killing equation
(Lpu E) :Eu/\PZ\(Q—F)bua + E/\Vpb)\(ﬂ_)blﬂla
has solutions for QF € T'(T*M ® Q) if and only if
Lo E—E"pQ, = Ep(Ep)*(L,,E — ETpQ,) (5.39)

holds for some set {2, }. If there exists a set {pq, 2, }, satisfying the stated conditions,

8Remember that a,b,c=1,...,k and p, v, A\ =1,...,n = dim(M).
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then solutions are given by
OF =(Ep)H(Lp B — ETp07) + (I — (Ep)*Ep) X, (5.40)

where X, € C®°(M,R¥*") is arbitrary. In addition, any solution QF satisfies (5.40).

Remark. Theorem 5.2 is a new result. The necessary and sufficient conditions for the
generalised Killing equation to have solutions, as well as the form of the general solution
has not appeared before. In [32] a solution was found in the special case that (a*+p)~!
exists.? In particular Eq. (3.17) and Eq. (3.18) of [32] give

* — * 1
whyn =TH 5 — ¢Fon + [(aF = p) 1k, (Vfc(oé + )\ — 510; r/\ﬁ> ;

* - * — * 1
S =l = ) P (T = gl = o (VEC (@ 4 o = St )
where VL€ denotes the Levi-Civita connection of G, with connection coefficients T'*,,.
It follows from Theorem 5.2 that a family of solutions exist in this case, with the above
being a particular solution. No statement was made about the closure of the gauge

algebroid for this choice, nor the existence of solutions when (a* + p)~! does not exist.

Having found the general solution to the generalised Killing equation (5.21a) we
now turn our attention to those which result in a closed gauge algebroid. These are
gaugings which are at least locally integrable. As shown in Section 5.4.3 the task now
is to find QF such that @QF define flat connections @V,

First we will consider the case of gauging with respect to a set of linearly indepen-
dent independent vector fields {p,}, a = 1,...,k where k < dim(M). In such a case
rank(Im(p)) = k and corresponds to gauging with respect to a regular Lie algebroid.
The general case, allowing rank(Im(p)) to vary at different points in M, is treated
separately. An example of the non-isometric gauging, demonstrating the results of this

chapter, is given in Example 5.8.

Gauging with linearly independent vector fields

Here we consider the case of gauging with respect to a set of linearly independent vector
fields {p,} where a = 1,...,k and k < dim(M). This allows us to describe gauging
with respect to regular Lie algebroids [ps, pp] = C€wpc. The components p*, define a
n X k matrix. As a consequence of the linear independence of {p,}, the columns of p

are linearly independent and p”p is invertible. In this case we have an explicit formula

9The notation follows Section 5.3, and we refer the reader to the paper [32] for details.
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for the pseudo-inverse

pt=(p"p)p".

It follows that p™ is a left-inverse for p: explicitly p™p = I the k x k identity matrix.

Throughout this chapter we assume that F is invertible (this is true for almost all
physical models) and hence satisfies rank(F) = n. As E defines an endomorphism it
follows that rank(FEp) = rank(p). Ep is a n x k matrix, and has linearly independent

columns
(Ep)* = (p"E"Ep)~'p"E"
and (Ep)" is a left-inverse for Ep
(Ep)tEp=1. (5.41)

Assuming that {p,} are linearly independent simplifies the general solution to the

generalised Killing equation (5.21a):
O =(Ep)* (L, B — ETpQ;). (5.42)

When condition (5.37) holds, the generalised Killing equation has solutions, and they
are given by (5.42).

In order to impose the Q-flatness condition on ®V* it is useful to get an expression
for the components (?QF)?.. Using (5.29) we have:

() e =(Q5) ot + CL.

Ep) (Lo E = E" pQ) uplt + CPuc

(Ep) ) AL E)aupl — (Ep) ) aEaxpi(20) okt + Clac

(Ep) )\ (Loe E)rupt — (Ep) )ABap5 (P07 ) ae — C%e) + CPc.

This expression can be simplified.

Lemma 5.3. The following identity holds:
(Loa E)rupe = (p+)§pga;g(p§Ewpg) - (P+)§\CdaCPSEnuplg - E/\,ucdacpg- (5.43)
Proof. Recall that [pg, pp] := Cppe. By direct computation

(Loa E)aupl =pa(OxEr,) pl + (0rpn) Erpplt + (0upy) Excpl
=04 (O Exupl) — Exu(pgOxpti — peOxplh) + (Oapy) Esppl
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:PZ(aHEAng) - EA;L([Pa: Pc])“ + (8APZ)Ewpg
=p5(OxExupt) — ExyCcpli + (02pE) Ercpupl. (5.44)

Next we use the fact that pTp = I,

a0k (Exupt) =p0k((pM)Sp5 Eupp) = pi0k((07)D) P Evppt + p5(p )50k (0 Evpptt).
(5.45)

Using d(p™p) = dI = 0 to conclude that (dp™)p = —pTdp, we have

a0 (0 D)) PaBuprt = = (0) 8050w P Bt

d
* “daPe uupff - (PJF),\PQ&-@PZEWP?

CdcanErwpc (Oxpa)Evpupl.- (5.46)

=(p
e

)5C
=(p")5

Combining (5.44), (5.45) and (5.46) gives the desired result (5.43). O

Substituting (5.43) in the expression for @Q gives

(PO e =((Bp) ) A0 )3050x (0 Buppl) + (8% — (Ep) T Ep)°a) Cac
- ((Ep)+) )\ENAPS(QQ_) ac
=((0"Ep) ") xpi0x(p" Ep) e — (Ep) T ET p(?Q; )P
This can be written more succinctly as

QO = (p"Ep)Tpa(p” Ep) — (Ep)TET p20,. (5.47)

Whenever (5.37) holds there exist solutions to the gauging constraint (5.21a); the gen-
eral solution is given by (5.47).

Closure of the gauge algebroid imposes the Q-flatness condition Rog+ = 0. If 9V~
is flat there exists a choice of frame &, such that (YQ7)%, = 0. Take M € End(Q),
such that &, = M%e,. Now pp, = M%,p, and in this frame

QO = (3"Ep)t a5 Ep). (5.48)

Recall that the coefficients 2QF define flat connections V* if and only if they are of

the form

COF = (Ku) 'pa(Ky) = (Ky) ' pho Ky, (5.49)
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for some Ky € C*°(M,GL(k)). We require that
QO = (K1) pa(Ky) = (5" Ep)t pa(p Ep),

which is satisfied if I~(+ = pTEp and pTEp is invertible. This provides a necessary

condition for 2Q;} to be flat. Furthermore we note that
rank(p! Ep) = rank(p” Ep),

as pq and py, are related by M € End(Q). If VT is flat then (p” Ep) is invertible, and
(pTEp)*t = (pT Ep)~!. Returning to (5.47) we find

Ot = (p"Ep) 'palp" Ep) — (Ep)"ET p?Q,, (5.50)

and have a solution for ?Q; = 0, ?Q* = (K, )" 'phd, K, with K, = pTEp. In local

coordinates

(P =0=(Q7) ol + C%; = (27) " w = —(p)5C%

Let us define ¥, €e I(T*"M @ T*M)
(\I/a)/“, = ('CpaE)uV - E)\z/pg\cbac(/o+)z- (5.51)

Taking ®Q; = 0 modifies Eq. (5.38) (the necessary condition for the existence of Q)

so that consistency requires

U, = Ep(Ep)t¥,. (5.52)

We are now ready to state the main result for gauging with respect to linearly

independent vector fields.

Theorem 5.4. Given an invertible field E € T'(T*M @T* M) and a choice of involutive
linearly independent vector fields p, € T'(TM), a = 1,...,k, defining a reqular Lie
algebroid [pa, pp] = CCappe, the generalised Killing equation

(LpaE)NV :Eukpli\(QJr)bVa =+ Ekupb)\(Qi)bua’
has solutions for QF € T(T*M ® Q) if and only if

U, = Ep(Ep)*¥,, det(p” Ep) # 0, (5.53)
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where

(\Ija),ul/ = (ﬁpaE),ul/ - E/\VpbACbac(p-i_)Zv (Ep)+ = (pTETEp)_lpTET' (5'54)

If these conditions are satisfied then a solution is given by
Q)% =—(p)iC% ()% = (Ep) ) A(¥o)rus (5.55)

where (Qi)aub are connection coefficients defining V*. The corresponding flat adjoint

connections CV* are defined by
0, =0,  2Qf = (p"Ep) T puox(p" Ep). (5.56)

Definition 5.5. A non-linear sigma model (X, 3, h, E, H, Sq[X]) can be locally gauged
when there exists some U C M such that p, € T'(TU) and ®Q* € I'(Q}; ® End(Qr))
satisfy the requirements of Theorem 5.4. The local non-linear sigma model is given by
the restriction of (X, %, h, E, H, Sg[X]) to U C M. The adjoint connections YV* give
representations of local algebroid actions. If U = M, and the Lie algebroid actions can
be integrated to Lie groupoid actions G(Y V™), we say that the non-linear sigma model

can be gauged.

Corollary 5.6. All non-linear sigma models (X, 3, h, E, H, Sq[X]) can be locally gauged
when E € I'(T*M ® T*M) is invertible.

Proof. Choose a local trivialisation of M, denoted U C R", and a set of linearly inde-
pendent {p,} € T'(TM), a =1,...,n = dim(M) (such a set of vector fields exists see
for Example 5.6). These vector fields define a local frame for Quy = TU and define a
Lie algebroid [pg, pp) = CCappe. The associated matrix p is square and invertible, giving
pt = p~L. If E is invertible then Ep and p” Ep have rank(n) and (Ep)* = (Ep)~!. The

compatibility conditions (5.53) are satisfied. The construction of Theorem 5.4 gives a

choice of V* (or equivalently Qv V*). O
Ezample 5.6 (Local gauging). Take a manifold M, and some U C M with local
coordinates {x1,x2,...,zn}. It is always possible to take Qu = TU and {p,} =

{001, 00gy -, 0r, } giving p = L xn.

Corollary 5.7 (Global gauging). If there exists a global frame (the manifold M is
parallelisable) the non-linear sigma model (X, %, h, E, H, Sq[X]) can be gauged.

Proof. Take a set of globally defined non-zero linearly independent vector fields which
span T'M. These exist by the definition of a parallelisable manifold. The construction
of Corollary 5.6 can be extended globally using this choice of vector fields. O
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Examples of parallelisable manifolds include Lie groups, St, S3, S7, and all oriented
three-manifolds.

We see that the notion of local gauging allows us to get a local understanding of
gauging with respect to regular smooth distributions. A regular smooth distribution
has locally constant rank by definition. Fix some U C M such that dim(Im(p)) = k
is constant. We can construct a local gauging using the procedure described above
(by definition there is a local set of linearly independent vector fields spanning the
distribution). The local gaugings may be of different dimensions for different choices
of U C M.

Consider rescaling a set of vectorfields {p,} by f € C*(M) to give {fps}. Suppose
that {ps} satisfies the generalised Killing condition

(‘CPaE)MV = lMpb)\(Q—F)bua + EAVP?(Q_)b/w'
It follows that
(EfpaE);w = Eu)\fpl/;\(glﬂbua + EAufPl);(Qli)buw

for ()00 = (QF)4a+6%f 10, f. If f > 0t is possible rescale any set {p,} of vector
fields whilst still satisfying the generalised Killing equations (5.21a) by modifying the
connection. The generalised Killing equation is satisfied trivially if the vector fields {p,}
are identically zero. We note that we cannot use a partition of unity type construction
to globalise the vector fields used in the local gauged solutions by setting {p,} to zero
outside of U. It is clear that in the limit f — 0 we have f~18,f = 8, In(f) — oo and
'+ is unbounded. There is no straightforward way to extend local gaugings to the

entire manifold.

Gauging general vector fields

In this section we consider Lie algebroid gauging for a general set of involutive vector
fields {p,}—dropping the linear independence requirement. A different perspective is
taken from the last section. If the generalised Killing equation holds, then a projected
version of the equation holds (5.57). This projected form can be ‘lifted’ to an equation
on the vector bundle ) using Lie algebroid geometry. An expression defining the flat
adjoint connections YV* can be found in terms of objects on the vector bundle Q.

A general set of involutive vector fields may become linearly dependent for some set
of points in M. There are a fixed number of vector fields k& < dim(M ), but the image
of the distribution spanned by the vector fields is allowed to change dimension. A set
of involutive vector fields describes a generalised distribution and defines a singular

foliation. Not all singular foliations are generated by vector fields in this way and we
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restrict ourselves to those which do. As a concrete example of the type of vector fields

we are interested in consider the following:

Example 5.7 (Generalised distribution). Let M = R? with coordinates {x,y}. Consider
the vector fields

0 0 3}

X=—, Y=— —
where f(z) € C*°(M) satisfies f(z) = 0 for z < 0, and f(z) > 0 for z > 0. Let A be
the distribution given by the span of X and Y. At each point z € M, A, C TM, is
the vector space given by the linear span of X (x) and Y (z). For z > 0 dim(A) = 2,

and for x <0 dim(A) = 1.
(X, Y] = f'(2)0.

At each point g € M we have that [X,Y](x) is in the span of {X (z9),Y (x0)} and
the distribution is involutive. To be explicit, when z > 0 [X,Y](zo) = In(f)'Y (zo) —
In(f)' X (x0) and when = < 0 [X,Y] = 0. By the Stefan-Sussman theorem the distri-
bution A describes a singular foliation, with A giving the partition into leaves. For an

enlightening discussion of this example see [115].

Theorem 5.2 does not assume that {p,} are linearly independent and still applies as
a necessary condition on solving the generalised Killing equation (5.21a) in the general
case. The issue remaining is the possible construction of flat connections ®V+ to ensure
closure of the gauge algebroid. If a set of vector fields { p, } satisfy the generalised Killing

equation
(Lo E)pw = Eu/\/)l))\(9+)bua + EAuPl;\(Qi)buav
it follows that
P08 (Lo B) = P0Y Eunpy () v + 002 Erupy (07 - (5.57)

The converse is not true in general, Eq. (5.57) does not imply that the generalised
Killing equation is satisfied. It is instructive to ‘lift” Equation 5.57 to the vector bundle
Q. By ‘lift’ we mean replacing QF (which define the T'M-connections on @) with YQ*
(which define the @-connections on @), and replacing the field F € I'(T'M ® T M) with
E:T(Q® Q); where

Noting that (5.29) gives pk(QF)%, = (20QF)%. — C%,, it follows that (5.57) is
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equivalent to

PZLPZ (Epa E);w :PZEMAP?)\((QQ+)I)&C - Cbat:) + pl/y\E/\upZ((QQ_)bad - Obad)>
:Edb((QQ+)bac - Cbac) + Ebc((QQ_)bad - Cbad)- (5'58>

The Lie algebroid defined by [pa,ps] = CCwpe can be lifted to a Lie algebroid on
Q@ as follows: Choose a frame for @), denoted {e,}, and define a Lie algebroid by

lea, ep]g = Cpec, and p(e,) := pq.
Recall from Section 3.3 that we can define a Lie derivative on @,
(Z4E) (a1, a2) = p(a)(E(q1, q2)) — E([g, a1l@, a2) — E(a1, [¢: ¢2]o),
where ¢,q1,¢2 € T'(Q) and E € T'(Q* ® Q*). The expression in the local basis {e,} is
(ZE) (a1, a2) = 41a5(a°pEOuEap — CYaBang® — CbEaaq” + Ecvph0uq” + Eacply 0ua”),
and it follows that
(Ze,E)de = plOuEac — CPaaBre — CPacEa. (5.59)

The Lie algebroid Lie derivative acting on E can be related to the standard Lie derivative
on E:

(ZeuE)ae =PaON(Epuplypl) — CPaaply Euwp — Clacply B,
=020\ (B )Pl 0% + Eu (p2050l) 0 + Byl pa0rpl,
= ([pa> pa)* Epwp? = ([Pa> pe])” Py By
=200 (B plpt + (0a0alt) Ewpl + (02 0xP%) ply Epuw
:Pgﬁ’z (Lpo E) -

Combining (5.58) and (5.59) gives
pga,uEdc = Edb(QQ+)bac + Ebc(QQ_)bad' (560)
We conclude that (5.60) holds if {p,} satisfy the generalised Killing condition (5.21a).

We would like to choose a frame in which (?Q7)%,; = 0 (such a frame exists as
QO is flat). In this case (5.60) simplifies to

pgau Edc = Edb (QQJr)bac-
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As YQ7 is flat we can use (5.33) to conclude that
dgE =EK 'dgK, K € C™(M,GL(k)). (5.61)

Now we wish to construct a K satisfying Equation (5.61). If rank(E) = k we can simply

choose K = E. If rank(E) = j < k, we can still construct K. There exists a frame

E X’
(2 ), .

where E' € C°°(M,R7*J) has rank j, and X’ € C*°(M,R/**=7)). Let us denote such a
frame by {€,} where &, = N?;e, for some N € C®°(M,GL(k)) and {e,} is the original
frame defined by p(e,) = po. We can now take

K E X' L Qqot _ E’*ld’QE E-ldoX’ ‘
0 I 0 0

A straightforward calculation shows that this choice satisfies (5.61). After this choice

is made it is possible to change back to the original frame.

where E is in the form

The construction given above will produce a valid choice 2Q+ with 2Q = 0 (when
Theorem 5.2 holds) in the frame where E is of the form (5.62). Transforming back to the
original frame will give (9Q)%,. = N p}'0,(N~1)%.. So we need to find a set of vector
fields {p, } which satisfy Theorem 5.2 when Q™ satisfies pf (7). = C% +90%,.. We

are now ready to state the gauging theorem for arbitrary involutive vector fields.

Theorem 5.8. Given an invertible field E € T(T*M @ T*M) and arbitrary involutive
vector fields p, € T(TM), a = 1,...,k, defining a Lie algebroid [pg, pp] = CCappe, the

generalised Killing equation
(Lo B)pw = MAPI/)\(QJr)bva + E/\Vlol/;\(Q_)b,Uﬂ7
has solutions defining flat adjoint connections QV* if
U, = Ep(Ep)* ¥y, (5.63)
where

(\IIZL)NV = (Lo B)pw — EAuP?(Qi)Zaa (5.64)

for some (Q_)Za which satisfies p’c‘(Q_)Za = %, + (PQ)°uc (where YO0, is given by

(5.65)). Let N € C®(M,GL(k)) be such that the frame é, = N°.e, brings E to the
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form (5.62). If these conditions are satisfied then there exist V* defined by
(PQ7) % = N%phou (N1 %, (PQ7) e = (KNTY) %00 (KN, (5.65)

where K € C*°(M,GL(k)) is constructed following the discussion preceding this theo-

rem.

Remark. 1t appears that lifting the field E, and the generalised Killing equation, from
the tangent bundle T'M to the vector bundle () has not been considered before. Instead
the projection of geometric structures on the base has been considered in [90]. Algebroid
geometry is usually more natural when considered on the vector bundle and becomes
less natural when the geometry is projected onto the base. This is familiar in generalised
geometry, where the definition of generalised Kahler structures is more natural than

the equivalent definition of bi-hermitian structures.

Non-isometric gauging example

We conclude the discussion of non-isometric gauging with an original example. The
results of this chapter give a methodical procedure for determining whether a set of vec-
tor fields can be used to gauge an action—as well as constructing a choice of connection

coefficients when gauging is possible.

Ezample 5.8. Let M = R3 with coordinates {x,y, z}. Take

G = (dx)* + (dy)* + (1 + ) (dz)?, C = 2zxdx Adz,

giving
1 0 T
E=l0 1 0 |, H=dC=o.
—z 0 1422

The field E € T(T*M ® T*M) is invertible as det(E) = 1 + 222 # 0.
Consider the possibility of gauging with respect to {p,} = {0z, 9y }.

0O 0 1 1 0 10 0
Lo,E=[0 0 0|, Ls,E=0, p=]0 1], p+:<0 ) O>.
-1 0 2z 0 0

We note that L5, E' # 0 so 0, is not a Killing vector field. The vector fields {0, 9, } are

linearly independent—so we apply Theorem 5.4. In this case the necessary consistency
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condition (5.52) is not satisfied:

0 1—222
. 1 xr T N
(Ep)(Ep) =1ia.:2|0 0 0 = L5, E+# Ep(Ep)* Ly, E.
—x 0 2231

We conclude that it is not possible to gauge F non-isometrically using the vector fields
{0z, 0y}
Now consider the possibility of gauging with respect to {p},} = {0s,0.}.

0O 0 1 1 0 10 0
Lo,E=|0 0 0|, LoE=0, pJ=]0 0], ”/+:<o 0 1>’
-1 0 2z 0 1

In this case the necessary consistency conditions are satisfied, with the only non-trivial

part being
0 0 1 1 00 0 0 1
Lo,E=]10 0 0]=]00 0 0 0 0| =FEpE)) Ly FE.
-1 0 2z 00 1/ \-1 0 2z

We conclude that we can gauge with respect to {0,,0,}. Explictly, using (5.55), we
find

1 d 1—2%)dz 0
0O =0, QF (“““L( z7)dz > ~ Qo =0, Q0 =E"19,Edz,

1+ 222 —dx +3zdz 0

where

1
E—pTEp—< 1f 2), det(E) = 14 222 # 0.
—x x

Example 5.8 provides us with an explicit example of gauging where Ry+ # 0 but
the gauge algebroid closes (Roy+ = 0). A direct calculation gives

1 —2z(5+2%) 0
. dz A dz.
Rv+ 2(1 n 21’2)2 ( 5 g2 0) xr N\ dz

In this case VT doesn’t define a representation of a Lie algebroid on Q = T'F (where the
leaves of F are the zz-planes). The local gauging data is given by {pa, QT}. However,
from a geometric perspective the gauging symmetry should not be viewed as arising
from V*. The vector fields {p,} generate the action of the gauging symmetry on
TM. The connections YQF describe the lifted action on sections of . The gauging is
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associated to the flow of the Lie algebroid actions defined by ®V*. The flat connections
QV* define representations of two Lie algebroids (Q,?V™). The infinitesimal action
is generated by (Q,9V*). The finite groupoid action comes from the Weinstein Lie
groupoids G(?V*).

The choice of gauging in Example 5.8 is not unique. Example 5.8 can also be gauged
with respect to the vector fields {p”} = {0., 0y, 0, }. In this case one can take ¥Q~ = 0
and ?Qt = E719,Edx.

5.4.5 Alternative choice of gauging: Poisson—Lie

The necessary and sufficient conditions for gauging Sg[X], given a choice of E €
I(T*M ® T*M) and vector fields {p,}, were described in the previous section. An
explicit construction of ®QF was given when {p,} satisfy the consistency conditions.
The choice of connection coefficients (?Q%)%,, is not unique. It is possible to consider
gaugings where Q™ is not set to zero in the {e,} frame if one desires. If the choice
of vector fields {p,} correspond to isometries of E, then for that particular choice of
vector fields we have QF = 0. Even if E admits no isometries there may still be multiple
gaugings. In this section we show if E satisfies the conditions for Poisson—Lie T-duality
then there is a non-isometric gauging which differs from that described in Section 5.4.4.

Poisson—Lie T-duality is a proposal for non-isometric T-duality in the presence of a
Lie bialgebra structure. Poisson-Lie T-duality was introduced by Kliméik and Severa
[84, 83] and we refer the reader to those papers for details. An overview of Poisson—Lie
T-duality is given in Section 2.3.1, and we refer the reader there for notation. Poisson—

Lie data consists of
(E,pa,Jo) eD(T"M QT*M) @ T(TM) & T'(T*Y),

where a = 1,...,d = dim(g), {pa} define a Lie algebra g, and {J,} define a dual Lie
algebra g*, specified locally by:

1~ _
[pm Pb] = Ccabpa dJa = ichan A Jc; Ccabu Cbca cR.

The Lie algebras are required to form a Lie bialgebra (see Section 3.4.1) satisfying the

compatibility conditions:
QCd[a|g|Cglb} + 2Cdg[bcfa]g - Cgabcdlg =0.
The metric compatibility condition is given by

(Lpo B = éklapgperAVEm- (5.66)
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We claim that a sigma model satisfying the Poisson—Lie gauging conditions can be
gauged for a choice QQO*F that differs from that of Section 5.4.4. This highlights the
lack of uniqueness of the Lie groupoid gauging procedure.

Choose the frame where p, := p(e,) coincides with the vector fields for Poisson—Lie

gauging. Take
(QQN) e = C%,  (9Q7)%c = C™Ecq + C%,

where E = E(p(-), p(-)). The Lie algebroid gauging condition (5.21a) can be directly

verified. Calculating the QQ-curvatures we find:

(R ape =010, Cpceas (5.67a)
(RQV_)abc = <Péfaucdbc + 2/7“ 8|p,| (édlb] Ea) + Q(Cd[a|g|6'glb] — Cgabédlg)Ecl (5.67b)

[a

+ 25’dl[acgb}cEgl + 26’dk[a|Egkégl|b] Ecl) €d-

It is clear that Roy+ = 0, as C%,. € R. To see that Roy- vanishes requires a little bit

more work. Using the definition of the Lie derivative, and (5.66), we have
Pc)z\a/\E;w = éclflpgﬂlTEkvEm - (aupé)EAu - (8VP2)E/M‘
Multiplying by pj'p¥ (which are invertible):

P PePaONEw =Ci'ErcEu — (0} 0upa) Exvpe — (04 0upy) Burpy
=CMEEy + Clup) Exvp + (p10,00) Exvp

+ CacpiEunply + (040002 Eunpl,
so that phd,Ep. = CHE.Ey 4+ C%yEge + C%4cEpg. Substituting this into (5.67b), gives
Q — ~ ~ ~
(R v )abc = (QCd[a‘nglb] + chg[bcfa]g - Cgabcdlg)Ecled.

We conclude that Roy_ = 0 as C%, and 5’“% define a Lie bialgebra.

5.5 Application: T-duality

As an application of non-isometric Lie algebroid gauging we consider non-isometric
T-duality. A proposal for non-isometric T-duality was given by CDJ in [31, 33]. The
constraints for non-isometric T-duality are slightly different than those of Lie algebroid
gauging. In order to clarify the difference we briefly review the case of non-abelian
T-duality for a WZW model.
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Recall from Section 5.2 that a gauged WZW model is described by

~ 1
Swzwlg, A, X] = 2/

E(g’ngG *ngg)GJr/Z(nggﬁg1D9)B+/<)?,F>,

p)
where X is a Lagrange multiplier whose equations of motion impose the flatness con-
dition F' = 0. When F = 0 there exists a gauge transformation which allows us to set

A = 0 and recover the ungauged action.

The first two terms were shown to be invariant in Section 5.2. The left group action

on the field strength gives

h O F =d(hAh™' + dhh™1) — [(hAR™Y + dhh ™) 2 (hAR™! + dhh™1)),
=h(dA — [A) Aly)h~! = Ad,F,

where we have used the identities dhh~! = —hdh~! (which follows from d(hh~!) =
d(e) =0) and [A) A']g = [A" ) A,.

The final term in the Lagrangian will be invariant under the left action of h €
C>(%,G) if and only if

ho X =Adl X,

where Ad; _, is the coadjoint action <Ad2)?,X) = (X, Adj, X )for Xegand X €g.
The importance of this standard calculation is that the invariance of the action with
the additional field strength term does not follow automatically from invariance of the

other terms.

The full left gauging action is given by

h© (9,4, X) = (hg, hAh™" + dhh ™ Ad;_, X). (5.68)

The introduction of the curvature term is an essential part of the non-abelian T-
duality procedure. For each invariant action S[X] (invariant under the action of a Lie
algebra g) a gauged action S[X, A, X] can be constructed. The original action can be
recovered by solving the equations of motion for X and fixing the gauge fields A = 0.
Alternatively, solving the equations of motion for A and gauge fixing X gives an action
S [)A( | describing a dual model. In the dual model the fields X are interpreted as local

coordinates on some dual manifold M.
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The procedure can be summarised by the following diagram:!°

The construction of the dual model was given in [103, 44] and is described in Section
5.5.4. We note that the T-dual pair (S[X], S[X]) are uniquely determined by the choice
of gauged action S[X, A, X ]. If two gauging proposals produce the same gauged action

they must describe the same T-duality pair.

5.5.1 Non-isometric T-duality proposal

A proposal to carry out T-duality with respect to a set of vector fields which do not
generate isometries has recently appeared in the literature [31, 33]. This ‘non-isometric
T-duality’ is based on the formalism of Lie algebroid gauging developed in [32, 99, 88].
The non-linear sigma model is specified by the data (X,3,h, M,G, H, S[X]), where
X : ¥ — M is a map embedding a (pseudo-)Riemannian string worldsheet (X, h) into
a (pseudo-)Riemannian manifold (M, G), and H € T'(A*T*M). The action is given by
(Eq. 2.1 in [31]):

1 1
S[X]:2/EGWdX“/\*dX”—i—6/Z H#Z,AdX”/\dX”/\dX’\, (5.69)
3

where Y3 is a three manifold with boundary 023 = 3.

The action S[X] is gauged with respect to a set of vector fields p, € T'(T'M),
satisfying [pa, pp] = CCappe, for C%. € C(M).

The gauged action is (Eq 2.8 in [31]):

1 1
Sganged = 5 /E GuDX" ANxDX" + 2 /2 H)dX" A dXY AdXA (5.70)
3
~ 1 ~ ~
- / (O + dX,) N A" + 3 / (tpraly) + Che Xa) A® N AC — / w® X, AY N DXH,
P P P

where DX# = dX*" — piy A* and 0, = 0, dX".

The infinitesimal gauge transformations are of the following form:

d XH =cph, (5.71a)

10This TikZ picture is modified from a presentation by Mark Bugden.
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5 A" =de” + O, A% + Wiy (dXH — pltA°), (5.71b)
555\% =— Lp(aeb)sb — chasb)?c + prd#bdeb. (5.71¢)
The gauged action is invariant under the gauge transformations if the following non-

isometric gauging conditions hold:

L,,G =wb, V 1,,G, (5.72a)
Lo H =df, + 0y A’y — XyRY,. (5.72b)

There are additional consistency conditions required to carry out non-isometric T-

duality:

Ep[aé?b] :Cdabed — Lde[awdb] — Lp[awdb]ed — cha)?w (5.73&)

1 -~
SlpalpytpH =tp Cdbdﬂd - 2Lp[awdprc] 04 — 2D peXe, (5.73Db)

3

[a

where

D¢y =dCC + CCup®e + QCed[awff] + 2Lpdwe[bwda} + 2£p[bwea] + Lp[aReb}, (5.73¢)

Deabc :Lp[a Lpy, Rec} 5 (573d)
0 =C%uC%a + p}0uC - (5.73e)

In local coordinates these form a formidable set of equations. It is not clear when these
equations have non-trivial solutions.

The gauging procedure can be immediately recognised as Lie algebroid gauging
(described in Section 5.4 with ¢ = 0) with the action:

Syauged = / ED_X'D, X" — / X*C+ | X*H+ / (X, Fgw),
¥ Y 33 Y
where F'= G + C, C is defined by L,\C = 1, H, 0 :=1,C, and
(Fgw)eq = (dA* + 3CAY N A° 4wl A" A DX )e,. (5.74)

Equation (5.74) is the field strength of V¥, a T'M-connection on @, defined locally by
Ve, = wly @ ep.

The constraints (5.73) are solved if and only if we have a Lie algebroid (p, [, -]g, @)
coming from a (small) Dirac structure of the H-twisted standard Courant algebroid.
For details see Example 5.3. It is the existence of Lie algebroid that is of importance
to the procedure not a Courant algebroid.

The first three terms of Sgayged are invariant under the gauge transformations (5.20).
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The curvature term is invariant under the action d¢ if and only if
5.(X, Fyo) =0 = (6.X, Fyw) 4+ (X, 6. Fyw). (5.75)

As 6.X must be independent of A it follows that J. Fyw o« Fyw is required for (5.75) to
hold.

The infinitesimal variation can be calculated directly:
0c(Fye)™ = (C% — plweu)e(Fye)? + (Ryw ) pune’ DX* A DXY + D%, e°DX" A AP,
It follows immediately that we require Ryw = D%, = 0. A calculation shows that
Doy = (Vi Tv) e — 291, (R ) dups

so D%, = 0 is simply the closure of the gauge algebroid. The flatness condition
Rye = 0 implies that w is a Maurer—Cartan form for the frame bundle B(M) (viewing
B(M) as a principal GL(M) bundle over M). Hence

w=K K, w"p= (K 1)"0.(K)%,

for some K € C*°(M, GL(d)), where there are d vector fields {pg}.

There exists a field redefinition such that @ = 0. Take &, = (K~')’,e; and use
(5.13):

‘:fapb :Kacwcud(K_l)db _ (K_l)cbau,Kac
:Kac(Kfl)ceaMKed(Kfl)db . (Kfl)cbaHKac
=0.

In this frame the non-isometric gauging conditions (5.72) and the infinitesimal gauge

transformations (5.71) become:

LG =0, 1 H = db,,

0c(XH, g“, )?a) =(epl, de® + CN’“bcgbsc, —éabcsbf(c).
In this frame the gauged action is given by
1 1
Sganged =3 / DX* N (G *DXY + C,yDXV) + 6 / Hy dX* N dXY A dx?
b)) 3

- ; / CludXP A dXY + / Xo(dA® + oy, At A°),
b b
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The closure of gauge algebroid gives the constraint
VE(Too)%e = 0 = 0,C%,
indicating that éabc € R. Thus,
[Pas o] = CCappe;  CCa € R,

defines a Lie algebra g. It is clear that in this frame we recover the gauged action of
non-abelian T-duality (in the presence of a WZW term) corresponding to the Roc¢ek—
Verlinde intermediate gauge theory [103, 44].

Theorem 5.9 ([24]). Infinitesimal gauge invariance of the non-isometrically gauged Lie
algebroid sigma model (5.70) implies that V¥ is flat, and there exists a field redefinition
(given by changing the Lie algebroid frame) such that g(Q,w) has constant structure

functions C%. and defines a Lie algebra.

Corollary 5.10. The Non-isometric T-duality proposal of CDJ is equivalent to non-
abelian T-duality.

It was noted in [89] that the flat condition on w implied that there existed a frame
such that @ = 0. The necessity of the flatness condition for T-duality—and the fact
that it renders non-isometric T-duality equivalent to non-abelian T-duality—seems not

to have been realised before the publication of [24].

Remark. The change of Lie algebroid frame can be interpreted simply as an alternative
choice of vector fields {p,}. The above result can then be stated as follows: Whenever
a non-isometric T-dual gauging exists for vector fields {p,}, it is always possible to
choose a set of Killing vector fields {5,} which give an equivalent gauged action (and

hence T-duality pair).

The above result implies that the non-isometric proposal of CDJ is locally equivalent
to non-abelian T-duality. It is possible that there may exist admissible Lie algebroids
(Q,V*¥) for which the corresponding Lie algebra g(Q,w) acts locally on the target
manifold M but does not integrate to a global action. A possible scenario in which
this may occur is given by the quotient of a Lie group by its discreet subgroups. The
physical interpretation could be that of strings winding around non-contractible cycles
of M.

A model with winding modes wrapped around non-contractible cycles of M would
correspond to a Lie algebroid action. The integrability of such an algebroid would be
determined by the associated monodromy and holonomy groupoid (see Examples 3.13

and 3.14 for the monodromy and holonomy groupoids).
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5.5.2 Field strength Fy.

The field strength term associated with non-isometric T-duality (5.74) can be written

invariantly in the following form:!!

Fyo =dywA — [A) Alye.
This can be verified by an explicit calculation in local coordinates:

(dye A)(v1,v2) =V5, (A(v2)) — Vi, (A(v1)) — A([v1, va]7m)
20?052(8[‘&1‘13] + waMbAlby])ea,
[A A Alve (v1,v2) =5 (Tgw (A(v1), A(va)) + Ty (A(v2), A(v1)))

:v’l‘ngl[’u lc,}(Qp[}gﬂwaMc] — C%¢)eq.

Taking v{' = dX* and v§ = dX", we have

Fow =(dA" 4+ w® 3, A" N dXP — wi AP A ph A + S0 AP A A%)eq
:(dAa + waubAb ANDXH + %CabcAb AN Ac)ea,

which matches the local coordinate formula given in [99].

The condition Fy« = 0 is equivalent to the statement that A : TS — X**@Q is a Lie
algebroid morphism (see Section 3.3.1). In particular, we can interpret A € Q(X, X**Q)
as a Maurer—Cartan form for the Lie groupoid G(X**Q*“) (where Q“ denotes the Lie
algebroid defined by the representation V*). The groupoid is specified by flowing along
Q@-paths defined on the Lie algebroid Q“. It follows from Theorem 5.9 that G(Q¥) is
isomorphic to a Lie group G. In the frame where w®,;, = 0 the Q-paths coincide with

the flowlines along the right-invariant sections Xiny(G).

The invariant curvature formula can also be used to provide a nice description of
the variation of A:
0:A = dywe + [g, Alyw. (5.76)

To understand and justify this statement recall that ¢ = 0, so that QF = w and

Ayr = A. We explicitly calculate the expression in local coordinates:

(dywe)(v) =V = (19, (e) + vMebw® ip)eq = (de® + w? pe?d X ™)eq,

"Here we ignore issues regarding pullbacks (discussed in Section 5.4.1) to compare with the expres-
sion given in the literature.
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if v#* = dX*".

e, A(v)]ge =T (e, A(v)) = " A" (P ue — pLw iy — Che)ea

=(C%e A% + p()Fw® e AC — w el p(A)H)eq.

dywe + [g, Alge =(de® + O A%® + w® el (dXF — phA®) + p(e)Hw® . A)eq
=0: A%, + AP (p(e)'w® peq) = 6 A4 + Ab(vp(g)eb)
=0.A%q + A%ceq = 0:(A%,) = I A.

This gives the correct coordinate variation (5.71b)
A = de® 4 C%eAPe” + w e (dXH — pht A%),

as well as naturally incorporating the variation of the basis d.e, := V() €a- The
variation J.A involves comparing the value of the field A at some point z € M with
the value at some point 2’ = x + 7(p(e)) found by flowing along the vector field p(e).

In order to compare A, to A|,s it is necessary to parallel transport e,|, to e4|,s using

ea\z/ = Vp(g)ea]x.

T-duality and Ry« # 0

It is not possible to perform T-duality for non-flat w. The action Sgauged X, A,)A( ] is
not invariant under the gauge transformations (5.71) if Ryw # 0.

One may wonder if it is possible to introduce a modified curvature, which would
transform covariantly without requiring Ry~ = 0. In [89] Kotov and Strobl introduced

a different curvature
(Gyw)® = dA® + %C“bcAb A AC 4wy DX A AP+ %BGWDX” ADXY,  (5.77)
which satisfies
0:(Gyw)® = (C%e — phwue) (Gw ),
under the assumption that the gauge algebroid closes and
(Ryw)y + Ly, B* —w A1, B + 1w B¢ + (Tyw)p. B¢ = 0.

This curvature is not appropriate for T-duality. The condition Gy~ = 0 does not
imply A = 0, and there is an extra field B € T'(A?T*M ® Q) which has no clear

interpretation in the context of T-duality. The point of introducing the curvature term
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Fye in the standard gauging is to ensure that A = 0 can achieved globally, and the
ungauged action can recovered from the original. The curvature Gy« was introduced

for a different purpose in [89].

Remark. The curvature Gy« may be related to the ‘fake-curvature’ associated to two-
connections and higher gauge theory (see for example [107]). However, this possible

interpretation was not discussed in [89].

The curvature term Fy« has the interpretation as the field strength for a Maurer—
Cartan field A. The gauge field A can be interpreted as a Lie algebroid morphism. This
suggests that a curvature term for Lie groupoid gauging would be based on gauge fields
AT € T((X*™Q)* ® Q) describing a Lie algebroid morphism between Lie algebroids
on the vector bundles X**@Q and Q. The flat connections V* define Lie algebroids,
however the gauging procedure does not define any fields which could be interpreted as
the required Maurer-Cartan forms A*. This suggests that it is not possible to add a
gauge invariant curvature term to the action when considering Lie algebroid gauging.

This limits the usefulness of the Lie algebroid gauging procedure.

5.5.3 Example of non-isometric T-duality

We present an example of non-isometric gauging in order to better understand the
connection between ‘non-isometric T-duality’ and non-abelian T-duality. We show how
an explicit change of frame gives the standard non-abelian gauged action. Consider a
group manifold G. The WZW action Swzw is invariant under the left action, but not
under the right action. It is possible to gauge Swzw non-isometrically with respect to
the right action. We will see that the non-isometric gauging with respect to the right
action is in fact isomorphic to the standard gauging of the left action.

Recall a WZW group target model g : 3 — G given by,

1 [ - 1 [ _
Swzwl(g] = 2/E(g Ydg xg 1dg)chQ/Z(g Ydg g~'dg)s,

repeated here for convenience. The Lie algebroid () is the tangent bundle T'G. The
standard non-abelian gauging (described in Section 5.2) written in the CDJ formalism
corresponds to defining the connection V¥ by declaring that the right-invariant vector
fields on G are covariantly constant.

The purpose of this example is to consider non-isometric gauging with respect to a
basis of left-invariant vector fields. The right action of the group G on the left-invariant

Maurer—Cartan form gives:

g 'dg O h = (gh)"'d(gh) = h™'g 'dgh = Ad,-19"dg,
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and

1
Swzwlgh] =5 / (Ady-1g7'dg ) * Ady-197"dg)e + (Ady-197'dg ) Ady-1g7 ' dg) .
>

The action is not invariant under the right action.

There is a non-isometric gauging of the WZW action with respect to the right

action:

~ 1
Swzwlg, A, X] 22/

_ _ 1 _ _
E(g 'Dg A xg 1D9)G+2/(9 'Dgng'Dg)p (5.78)

3

+/<X,dA+AAA+nggAA+AAgng>,

X

where g7'Dg = g~ 'dg — A. The associated gauge transformations are given by
(9,4, X) O h:= (g, 4, X)" = (gh, A — g~ dg + (gh)"'d(gh), X).

In order to check that this corresponds to a well defined groupoid action it is sufficient
(in this case) to check that

(9,4, X)")"= = (9,4, XY=,
This follows by direct calculation:

(9,4, X)'yh2 = (ghy, A — g7 Ydg + (gh1) " d(ghi), X)"2
=(ghiha, A — g~ tdg + (gh1) "td(gh1) — (gh1) " d(gh1) + (ghih2)td(ghihs), X)
=(ghiha, A — g~ *dg + (ghihe) " d(ghih2), )A() = (9,4, )A()hth‘

To connect this to the CDJ proposal it is necessary to consider the corresponding

infinitesimal gauge transformations
3:(9, A, X) = (ge,de + [A, el + Ady-1pgye, 0).
It follows immediately that w = adg-14,-

We wish to show that the non-isometric gauging with respect to the right action is
equivalent to the standard left action gauging. It is enough to find the change of frame
K which gives the field redefinition relating them. To convert the right action to a left
action take K = Ad, giving the field redefinitions

h=ghg™', A=gAg™', X= Ad;)?.



5.5. APPLICATION: T-DUALITY 137

Taking these field redefinitions we have the action

~ =X 1 - _ 1 _ _
Swzwlg, A, X] —2/2(9 'Dg’ *g 1Dg)c;+2/2(g 'Dg"g7'Dg)p

+/E<X,dA—[AcA1g>,

where g7 'Dg = g~ 'dg — g_lﬁg and gauge transformations are given by

~ '~

(9, A, X) — (hg, hAh™" + dhh ™', Ad;_, X).

This describes the standard gauged action of non-abelian T-duality.

We conclude that whenever a Lie group manifold can be gauged non-isometrically,
there must exist a choice of frame for () which gives a standard isometric action. This
is in accordance with Theorem 5.9. This example gives the intuition of the general
case: whenever there is a non-isometric action (generated by a set of vector fields pg)
there exists another set of vector fields p, which generate a Lie algebra describing an

equivalent gauged action.

5.5.4 Constructing the Non-Abelian T-dual background

In the final section of this chapter we will describe how to construct the T-dual back-
ground E given a non-linear sigma model F with a group of isometries associated to a
compact semi-simple Lie group G.

Consider a principal G-bundle P(M, 7, G) and a non-linear sigma model S[X] gauged
with a set of vector fields {p,}, a = 1,...,d = dim(G), satisfying [pa, pp] = Cuppe Where
C®up are the structure constants of g = Lie(G). We consider the action, defined on a

Euclidean worldsheet!'? ¥, given by
1 _
SIX] = | / X*G +iX*B = / d=dz(E,,dX"5X"),
b b

where X = 0.X, 0X = 0:X, and n = nydz + n_dz. The set {p,} are assumed to be

isometries of E:
L, E=0.

Locally the decomposition P = M x G induces a decomposition of £ € P*® P*: Choose
the set of coordinates described by the frame {dX?} = {dX',...,dX" ¢ pl ... n%}.

2Here we choose the flat worldsheet metric h = (do)? + (d7)?.
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Let u=1,...,n —d. The field F decomposes, in this frame, as

E = E,,0X"0X" + Eunti0X” + Ep0X"n" + Eugnin’.

We can gauge the action S[X] with gauge fields A* = A% dz+ A% dz. The covariant

derivatives are defined by
DXM =9X*, DX*=0X" Dni=n%— AY.
The gauged action becomes
S = /E dzdz (B 0XPOX” + oy (ot — ADIX" + BgdX*(l — A2)  (5.79)
+ Eap(n® — A2) (" — AY) 4+ X, (0A® — A% + C AL A )).

In order to recover the original metric S[X] we integrate out X and gauge fix A = 0.
We are interested in finding the dual background by integrating out the gauge field A
and gauge fixing n°.

Denoting the Lagrangian density by L (S := fz dzdzL) the equations of motion for
A split into A4:

5S oL —a< oL )_5< oL )
5A,  0A, 9(0A,) 9(0A,)

=C1 XpA® — Eg0X” — Eg(n? — AY) + 80X, =0,

and

58 = -
S =C* p XpAG — Ep0X" — Egp(nS — A%) — 0X, = 0.

This system of first order equations can be solved for A4 giving

A% =(Bay 4 C°uyXe) " (EpdX* + Eyenl. + 0Xy),
A(i :(Eab + Ccab)?c)_l(Ebngy + Ebc’l’]i - é)?b)

Substituting into the action (5.79) and using [ X,(0A% —DA%) = [9X,A% — X A®

we have
S = / dzdz (EwaX“z?X” + B 0X,0XY + EpdX"0Xy + Ep9X,0X, (5.80)
3

+ Nopif%0XY + N0 X 0% + Napnin® + Nin20X, + N;ba)?anﬁ)

a
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where E is given by the non-abelian Buscher rules:

EMV E/w, _ Euu - E,ub(Ebc + Cdbc)?d)_le E,ub(Eba + cha)?c)_l (5 81)
Ew Ea ~(Eap + CwXc) ™' By, (Bap + Ca X))

and My, := Eg + Ccab)?c,

Nau = Lav — EalezlEcua N,uzz = E,LLa - ,ube_ClEcaa Nab = Eab - EacMc_dlEdba
N =E,.M,', N, =-M,'Eq.

The first line of (5.80) describes a dual ungauged sigma model. The second line contains
terms involving n = nydz+n_dz. Remember that 7 is the left-invariant Maurer—Cartan
form for G and can be set to zero by an appropriate choice of gauge. Choosing a gauge

where 7 = 0 we produce the dual sigma model
5= / dzdz(Bu0X X" + BdR,0X" + Bu0Xt0%, + BudR,0%,). (5.5
by

Given E with an isometry group G the T-dual metric Eis given by the non-abelian
Buscher rules. In this dual model the coordinates associated to the coframe n® are
integrated out and the Lagrange multipliers )?a play the role of dual coordinates. The
dual field E is defined on a space with local coordinates {X “,X' € U C R". The
topology of the non-abelian T-dual space is an open problem. A discussion on the
difficulties in establishing the topology of the non-abelian T-dual can be found in [5,
116].
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Chapter 6

Conclusion and Outlook

This thesis highlights the role of algebroid geometry in mathematics and physics. Lie
algebroids and associated geometric structures (such as contact structures) form the
basis of the mathematical structure describing the dynamics of point particles. The
dynamics of strings and higher dimensional branes are most naturally described by
more general Leibniz algebroid geometry.

Symmetry plays a central role in mathematics and physics. In differential geometry
two objects related by a diffeomorphism are considered equivalent. In the presence
of a Lie group symmetry all structures should be invariant under the group action
and the geometry is governed by an Atiyah algebroid. Differential geometry provides
the appropriate mathematical framework for general relativity and principal G-bundles
play a crucial role in describing Yang-Mills gauge theory.

Symmetry in string theory leads to a different notion of equivalence resulting in
exotic ‘stringy geometry’. Abelian T-duality is an exact symmetry of string theory
[26, 27] which establishes an equivalence of string theories described on geometrically
(and even topologically) different target spaces. Consider a compact manifold defined
by a principal torus bundle with fibers T¢. Take a model with d Killing vectors (cor-
responding to the torus action). The appropriate framework for invariant structures
is not based on the group O(d), but rather the T-duality group O(d,d).! The most
general backgrounds will be constructed out of spaces called T-folds. T-folds are de-
scribed using charts U = | |, U, where U, C R? are patched together using O(d, d)
valued transition functions.

The notion of extended symmetry motivates much of this thesis. In Chapter 4 the
extended symmetry group of the generalised contact algebroid—generated by (B, b, a)-
gauge transformations—was taken to be the starting point of generalised contact ge-

ometry. The drive to construct geometric structures which are invariant under this

'The T-duality group is O(d, d,Z) but when considering the associated geometry we take the sym-
metry group O(d,d,R).
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group led to a modification of the definitions previously appearing in the literature on
generalised contact structures. This modification allows the use of twisted algebroids
to describe non-coorientable structures. All structures were defined in a way that is
compatible with an extended notion of equivalence. Thiese structures are suitable to
describe a geometric subgroup of string geometry on odd-dimensional manifolds.

Extended symmetry, in the guise of gauge symmetry, was studied in Chapter 5.
The notion of gauging an action was extended from symmetries arising from Lie groups
to those arising from Lie groupoids. Elucidating the underlying Lie groupoid structure
was crucial to understanding the global properties of the local proposal appearing in the
literature. The invariant Lie algebroid geometry was key to establishing the equivalence
of ‘non-isometric T-duality’ and non-abelian T-duality; as well as the necessary and
sufficient conditions to undertake the general Lie algebroid gauging proposal.

We close this thesis with a few remarks on extensions of this work and possible
future directions of research. Hitchin’s generalised geometry provides a mathemati-
cal background to describe a parabolic subgroup of the T-duality group O(d, d)—the
so called ‘geometric subgroup’. In the physics literature there is evidence of ‘non-
geometric’ backgrounds, which display non-commutative and non-associative behaviour
[72, 73, 75, 7, 95]. Double field theory (DFT) [76, 66, 1] is a proposal which makes
T-duality manifest and is based on doubling the degrees of freedom (physically inter-
preted as adding winding modes). For a geometric perspective on DFT we refer the
reader to [120]. A section constraint projects the theory to some physical subspace
which halves the doubled degrees of freedom. In this framework non-geometric back-
grounds correspond to a choice of the section constraint which describes a dual space
dependent on the winding modes. Exceptional Field Theory (EFT) [68, 69, 70] is a
closely related theory which aims to make U-duality manifest. EFT is an extension
of exceptional generalised geometry relevant to M-theory based on a Leibniz algebroid
with a symmetry group related to the exceptional lie groups.

Global aspects of DFT (and EFT) have been considered [67, 77, 100]. Ques-
tions relating to integrability and global properties on the doubled space remain. The
approaches are very computational and an invariant approach especially in the non-
geometric frames would be conceptually important.

Spherical T-duality is a topological theory for S* <+ P — M bundles (viewed as
principal SU(2) bundles) [21, 22, 23]. Spherical T-duality gives a well defined topolog-
ical duality (at least when the base space has dim(M) < 4) but the local geometric
structure is missing. Fluxes appearing in spherical T-duality can be associated with
twisted Leibniz algebroids related to exceptional generalised geometry. However, an
appropriate geometric version remains elusive.

I believe the best prospect to explore global aspects of DFT is through Poisson—
Lie T-duality. There exists a generalisation of DFT which is based on doubling Lie
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group manifolds [121, 13, 14, 61]. Recently Poisson-Lie T-duality has been described
in this doubled formalism [62]. In Poisson—Lie T-duality the doubled space is given by
a Drinfeld double. These Lie groups are well studied in the mathematical literature,
and provide a well defined example of a doubled space. The existence and uniqueness
of the Poisson—Lie dual relies crucially on the special properties of Drinfeld doubles.
Looking at integrability properties of the dual models in DFT for group manifolds is
likely to impose tight constraints on the structure of general doubled group spaces. The
original Poisson—Lie construction is not based on a Rocek—Verlinde intermediate gauge
theory; the doubled group proposal suggests would suggest that such a description
might exist. I expect that if a gauging construction exists for Poisson—Lie T-duality
it will be based on Courant algebroid gauging. It would be interesting to see if this
is possible. More generally one could consider L ,-algebroid gauging proposals, which

may have applications in string theory [71, 15].
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