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Abstract

A controller design method is pro-
posed to control quadrotors with six
degrees of freedom. The vehicle sys-
tem is divided into four subsystems:
the longitudinal, lateral, yaw, and
height subsystems. A linear and de-
coupled nominal model is obtained for
each subsystem, while coupling and
nonlinear dynamics, parametric per-
turbations, and external disturbances
are considered as uncertainties. For
each subsystem, a decoupled robust
controller is proposed. Although there
exist couplings between each channel,
the output tracking errors of the four
subsystems are proven to ultimately
converge into a-priori set neighbor-
hood of the origin. Real-time im-
plementation results of the decoupled
controller are given to demonstrate its
viability.

1 Introduction

In the two decades, there has been an increasing
interest in unmanned helicopters for various ap-
plications as shown in [Gadewadikar et al., 2009;
Liu et al., 2012; Godbolt et al., 2013; Raptis et
al., 2011]. The helicopters have several advan-
tages over the fixed wing aircrafts as shown in
[Das et al., 2009].

Compared to conventional helicopters, multi-
rotor aircrafts are more maneuverable and have
simpler mechanism, thus attracting more inter-
ests. The quadrotor, which possesses four ro-
tors and is shown in Fig.1, is regarded as one
kind of typical multirotor aircrafts and exten-
sive studies have been made to achieve their
automatic flight. The quadrotor is a nonlin-
ear dynamic system with six degrees of free-
dom (6 DOF). Full dynamic system incorpo-
rating 6 DOF was considered in [Hamel and
Mahony, 2002], and a Lyapunov-based control
algorithm was derived based on the backstep-
ping techniques for a small model autonomous
helicopter to stabilize over a marked landing
pad. In [Das et al., 2004], a dynamic model
of the quadrotor was obtained by applying the
Lagrange modeling method, and a nested sat-
uration control was used for the quadrotor to
perform autonomous missions of taking-off and
landing vertically. A two-camera method was
introduced to estimate the pose information
in [Altug et al., 2005], and a controller us-
ing the feedback linearization and backstepping-
based approach was proposed for the quadro-
tor. In [Hoffmann et al., 2011] and [Pounds
et al., 2010], the classic proportional-integral-
derivative (PID) controller was investigated to
control a quadrotor robot. A partial state feed-
back control law was designed via the singular
perturbation theory for a miniature quadrotor
UAV as shown in [Bertrand et al., 2011]. How-



Figure 1: The quadrotor in hover.

ever, generally, the quadrotor system is subject
to various uncertainties such as parameter per-
turbations, unmodeled uncertainties, and exter-
nal disturbances. Therefore, recently, research
has been focused extensively on robust con-
trol of quadrotors (see, e.g. [Zuo, 2010; Zhang
et al., 2011; Guerrero-Castellanos et al., 2011;
Zhong, 2002]). However, many of these works
have addressed uncertainties involved in the ro-
tational dynamics of the quadrotors, whereas
designing robust controllers against the uncer-
tainties in the full 6-DOF dynamics of these ve-
hicles is still challenging.

In the current paper, the robust position con-
trol problem of the quadrotor is investigated.
The influence of uncertainties existing in the 6-
DOF motion of the vehicle is required to be re-
strained. Instead of directly dealing with the
full nonlinearity, a robust and quite practical
decoupled approach is proposed. The quadrotor
system is firstly divided into four subsystems:
the height subsystem, the longitudinal subsys-
tem, the lateral subsystem, and the yaw sub-
system. A linear and decoupled nominal model
is then obtained through a system identification
for each subsystem, and all uncertainties are in-
cluded as the equivalent disturbances. Finally,
a linear time-invariant and robust controller is
proposed for each subsystem. Compared to the
existing works on quadrotor control, the uncer-
tainties involved in the 6-DOF dynamics can be
restrained. Second, although there exists cou-
pling between each subsystem, a decoupled con-
trol is achieved for the quadrotor. In addition,
the resulted controller has a form of linear time-
invariant and decoupled structure, which is easy
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Figure 2: Schematic of quadrotor.

to implement in practical applications.

2 Model Description

In this section, the inertial frame and the
body fixed frame are introduced. Let E =
{Ex, Ey, Ez} denote the inertial frame, which
is considered fixed to the Earth. As depicted
in Fig.2, let Eb = {Ebx, Eby, Ebz} be the body
fixed frame linked to the quadrotor, which is
considered as a rigid body. The origin of the
body fixed frame is the mass center of the ve-
hicle. Denote ξ =

[
ξx ξy ξz

]T the posi-
tion of the vehicle expressed in the frame E

and η =
[

φ θ ψ
]T the three Euler angles,

which determine the quadrotor orientation from
E to Eb [Zhong, 2002]. φ is the roll angle, θ the
pitch angle, and ψ the yaw angle as shown in
Fig.2. The quadrotor has four rotors: the front
rotor, the back rotor, the left rotor, and the
right rotor. By changing the lift forces produced
by the four rotors, the quadrotor can achieve
various maneuvers. The vertical motion can be
achieved by changing the total thrust generated
by the four rotors. The quadrotor has four con-
trol inputs ui(i = 1, 2, 3, 4) to change the exter-
nal torques around the axes Eby, Ebx, and Ebz

and the total lift force produced by the four ro-
tors respectively.

The quadrotor system thus consists of four
subsystems: the longitudinal subsystem, the
lateral subsystem, the yaw subsystem, and the



height (vertical) subsystem. Corresponding in-
puts and outputs for the four subsystems are
u1 and ξx, u2 and ξy, u3 and ψ, and u4 and
ξz, respectively. The dynamics of the longitudi-
nal and lateral subsystems are modeled as the
following systems:

ξ̈x = a0xξx + a1xξ̇x + b1xθ,

θ̈ = a2xθ + a3xθ̇ + b2xu1,

ξ̈y = a0yξy + a1y ξ̇y + b1yφ,

φ̈ = a2yφ + a3yφ̇ + b2yu2,

(1)

and the yaw and height subsystems as

ψ̈ = a0ψψ + a1ψψ̇ + bψu3,

ξ̈z = a0zξz + a1z ξ̇z + bzu4,
(2)

where ai and bi are nominal parameters deter-
mined from the system identification. From (1)
and (2), one can see that for each subsystem,
only a linear time-invariant and single-input
single-output (SISO) model is required, which
can be obtained easily.

Let ri(i = x, y, ψ, z) be the desired references
for ξx, ξy, ψ, and ξz respectively. Then the
models can be rewritten in terms of error vari-
ables which are defined as ex = [ex,j ]4×1, ey =
[ey,j ]4×1, eψ = [eψ,j ]2×1, and ez = [ez,j ]2×1,
where ei,1 = ξi − ri(i = x, y, z), eψ,1 = ψ − rψ,
ex,3 = θ + (a0xrx + a1xṙx − r̈x)/bx, ey,3 =
φ + (a0yry + a1y ṙy − r̈y)/by, ei,j = ėi,j−1(i =
x, y; j = 2, 4), and ek,2 = ėk,1(k = ψ, z). Let

Ai =




0 1 0 0
a0i a1i b1i 0
0 0 0 1
0 0 a2i a3i


 , Bi =




0
0
0
b2i


 ,

i = x, y, (3)

and

Aj =
[

0 1
a0j a1j

]
, Bj =

[
0
bj

]
, j = ψ, z.

Then, the error dynamic model for a single sub-
system becomes

ėi = Aiei + Bi(ui + ∆i), i = x, y, ψ, z, (4)

where ∆i(i = θ, φ, ψ, z) are the named equiv-
alent disturbances which involve uncertain-
ties such as coupling and nonlinear dynamics,
parametric perturbations, and external distur-
bances.

By combining all subsystems, one can see
that the whole quadrotor error system in a
matrix-vector form can be described as

ė = Ae + B(u + ∆), (5)

where e =
[

eT
x eT

y eT
ψ eT

z

]T
,

u =
[

ux uy uψ uz

]T , ∆ =[
∆x ∆y ∆ψ ∆z

]T , and

A = diag(Ax, Ay, Aψ, Az),
B = diag(Bx, By, Bψ, Bz).

Assumption 1 For the equivalent disturbances
∆i(i = 1, 2, 3, 4), there exist positive constants
ςei, δi < 1, and ςci such that ‖∆i‖∞ ≤ ςei‖e‖∞+
δi‖ui‖∞ + ςci.

This assumption means that the equivalent
disturbances are norm bounded. This is a rea-
sonable assumption in many practical systems.

3 Decoupled Controller Design

In this paper, the goal of the designed controller
is to achieve the desired tracking properties of
the closed-loop control system: for a-priori set
constants ε and a given bounded initial state
e(0), there exists a positive constant T , such
that the state of the whole quadrotor system is
bounded and satisfies that |e(t)| ≤ ε,∀t ≥ T .

If the uncertainties ∆ is ignored, the error
model (5) is the nominal model. The control
inputs ui(i = x, y, ψ, z) consists of two parts:
the nominal part uN

i (i = x, y, ψ, z) and the ro-
bust compensating part uR

i (i = x, y, ψ, z) as

ui = uN
i + uR

i , i = x, y, ψ, z. (6)

The nominal inputs are designed for each
nominal system to achieve the desired tracking,
while the robust compensating inputs are intro-
duced to restrain the effects of the uncertainties
∆.



The nominal feedback control laws for the
four subsystems are designed based on the static
feedback control approach as follows

uN
i = −Kiei, i = x, y, ψ, z. (7)

Denote AiH = Ai − BiKi(i = x, y, ψ, z), where
the parameters of the matrix Ki are selected
such that AiH is Hurwitz. Then the closed-loop
system dynamics becomes

ėi = AiHei + Bi(uR
i + ∆i), i = x, y, ψ, z. (8)

The robust compensating inputs uR
i (i =

x, y, ψ, z) are to be designed to restrain the ef-
fects of the equivalent disturbances ∆i, such
that the closed-loop control system could re-
spond as the nominal system ėi = AiHei. How-
ever, ∆i(i = x, y, ψ, z) cannot be measured di-
rectly, and therefore robust filters are intro-
duced (see also in [Liu et al., 2013]). The robust
filters have the following forms

Fi(p) = f4
i /(fi + p)4, i = x, y,

Fj(p) = f2
j /(fj + p)2, j = ψ, z,

(9)

where p is the Laplace operator and fi(i =
x, y, ψ, z) are positive constants. If fi(i =
x, y, ψ, z) are sufficiently large, one can expect
that these robust filters have sufficiently wide
frequency bandwidths and thereby the gains
of the filters would approximate to 1. The
compensator control outputs are chosen as the
lowpass-filtered disturbances as

uR
i (p) = −Fi(p)∆i(p), i = x, y, ψ, z. (10)

From (4) and (10), one can obtain the following
state-space realization of the robust compensat-
ing input in the yaw subsystem

żψ1 = −fψzψ1 − (f2
ψ + a1ψfψ − a0ψ)eψ,1

+ bψuψ,
żψ2 = −fψzψ2 + (2fψ − a1ψ)eψ,1 + zψ1,
uR

ψ = f2
ψ(zψ2 − eψ,1)/bψ.

(11)

From the above equations, one can see that
the robust compensating input uR

ψ does not de-
pend on the uncertainties ∆ψ. The realization
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Figure 3: The schematic diagram of the closed-
loop robust control system. It consists of four
subsystems: the longitudinal subsystem (i =
x), the lateral subsystem (i = y), the yaw
subsystem (i = ψ), and the height subsystem
(i = z).

of the robust compensating inputs in other sub-
systems can be achieved in similar ways. The
whole schematic diagram of the robust and de-
coupled control system is depicted in Fig.3.

From (7) and (11), one can see that, actually,
a decoupled control is achieved for the four sub-
systems. Furthermore, the resulted controller is
a linear time-invariant one, which is easily im-
plementable in practical applications.

4 Robustness Property Analysis

In this section, the robust tracking properties
of the whole closed-loop control system are an-
alyzed.

Theorem 1 : If the assumption presented in
the second section can be met, then, for a-
priori set constant ε > 0 and bounded ini-
tial state, there exist a constant T > 0 and
parameters fi > 0(i = x, y, ψ, z) with suffi-
ciently large values, such that e is bounded and
|e(t)| ≤ ε,∀t ≥ T .

This theorem can be proven based on the
small gain theory.

5 Real-time Implementation of
Decoupled Controller

Using the quadrotor systems as shown in Fig.1,
real-time position control is experimented. The



Table 1: HELICOPTER PARAMETERS
Parameter Value Parameter Value

a0x 0 a1x 0

a2x 0 a3x 0

a0y 0 a1y 0

a2y 0 a3y 0

a0ψ 0 a1ψ 0

a0z 0 a1z 0

b1x 9.81 b2x 9.7

b1y 9.81 b2y 9.2

bψ 9.81 bz 9.81

nominal values of the helicopter parameters are
shown as in Table 1. Moreover, the nomi-
nal controller parameters are chosen as: Kx =[

1 3 6 2
]
, Ky =

[
1 3 6 2

]
, Kψ =[

5 3
]
, and Kz =

[
2.5 45

]
by trial and

error. The robust compensator parameters for
each subsystem are selected as: fx = 1, fy = 1,
fψ = 1, and fz = 1 by tuning on-line.

5.1 Case 1: Step responses
Then, the proposed closed-loop system is eval-
uated by step tracking missions. The longitu-
dinal position is firstly needed to follow a step
signal with the amplitude of 2 m, whereas the
lateral and height positions are required to be
stabilized at 0 m and 0.5 m respectively. Then,
the lateral position is also required to track this
signal and longitudinal and height positions are
required to be stabilized at 0 m and 0.5 m re-
spectively. Responses are shown in Fig.4 and
Fig.5, respectively. From the figures, it can
be observed that desired step responses were
tracked robustly and consistently by the pro-
posed decoupled control method.

5.2 Case 2: Trajectory tracking
In this case, the quadrotor is required to follow
a horizontal circle with a radius of 1 m. The
references of the height position and the yaw
angle are set to be 1 m and 0 deg, respectively.
Corresponding position responses and attitude
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Figure 4: Step responses for the longitudinal
position.
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Figure 5: Step responses for the lateral position.



0 50 100 150 200
−2

−1

0

1

Time (s)
(a) Longitudinal response

Lo
ng

itu
di

na
l p

os
iti

on
 (

m
)

 

 
Reference signal
Longitudinal position

0 50 100 150 200
−1

0

1

2

Time (s)
(b) Lateral response

La
te

ra
l p

os
iti

on
 (

m
)

 

 
Reference signal
Lateral position

0 50 100 150 200
0.95

1

1.05

1.1

Time (s)
(c) Vertical response

H
ei

gh
t p

os
iti

on
 (

m
)

 

 
Reference signal
Height position

Figure 6: Responses of the three positions.

angle responses are presented in Fig.6 and Fig.7
respectively. Good automatic flight results have
been achieved.

6 Conclusions

A robust and decoupled controller was proposed
for a six degrees of freedom quadrotor to achieve
the automatic hovering and trajectory follow-
ing. The quadrotor system was divided into
four subsystems and a robust controller includ-
ing a nominal controller and a robust compen-
sator was designed for each subsystem. Theo-
retical analysis was provided showing the con-
vergence property of the closed-loop system and
real-time experimental results demonstrate the
viability and applicability of the proposed de-
coupled controller. Currently this method is be-
ing applied to more general multicopter models
and tested under outdoor environments where
wind disturbances are more severe.
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