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Abstract

This thesis makes some theoretical contributions towards mixed quantum feed-
back network synthesis, quantum optical realization of classical linear stochastic
systems and quantum feedback control designs.

A mixed quantum-classical feedback network is an interconnected system con-
sisting of a quantum system and a classical system connected by interfaces that
convert quantum signals to classical signal (using homodyne detectors), and vice-
versa (using electro-optic modulators). In the area of mixed quantum-classical
feedback networks, we present a network synthesis theory, which provides a nat-
ural framework for analysis and design for mixed linear systems. Physical realiz-
ability conditions are derived for linear stochastic differential equations to ensure
that mixed systems can correspond to physical systems. The mixed network syn-
thesis theory developed based on physical realizability conditions shows that how
a class of mixed quantum-classical systems described by linear stochastic differ-
ential equations can be built as an interconnection of linear quantum systems

and linear classical systems using quantum optical devices as well as electrical
and electric devices.

However, an important practical problem for the implementation of mixed
quantum-classical systems is the relatively slow speed of classical parts imple-
mented with standard electrical and electronic devices, since a mixed system
will not work correctly unless the electronic processing of classical devices is
fast enough. Therefore, another interesting work is to show how classical linear
stochastic systems built using electrical and electric devices can be physically im-
plemented using quantum optical components. A complete procedure is proposed
for a stable quantum linear stochastic system realizing a given stable classical lin-
ear stochastic system. The thesis also explains how it may be possible to realize
certain measurement-based feedback control loops fully at the quantum level.

In the area of quantum feedback control design, two numerical procedures
based on extended linear matrix inequality (LMI) approach are proposed to de-
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sign a coherent quantum controller in this thesis. The extended synthesis linear
matrix inequalities are, in addition to new analysis tools, less conservative in com-
parison to the conventional counterparts since the optimization variables related
to the system parameters in extended LMIs are independent of the symmetric
Lyapunov matrix. These features may be useful in the optimal design of quan-
tum optical networks. Time delays are frequently encountered in linear quantum
feedback control systems such as long transmission lines between quantum plants
and linear controllers, which may have an effect on the performance of closed-loop
plant-controller systems. Therefore, this thesis investigates the problem of linear
quantum measurement-based feedback control systems subject to feedback-loop
time delay described by linear stochastic differential equations. Several numeri-
cal procedures are proposed to design classical controllers which make quantum
measurement-based feedback control systems with time delay stable and also

guarantee that their desired control performance specifications are satisfied.
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If matrices M, - - - , M,, are square matrices, diag,,(My,--- , My,)
denotes a block diagonal matrix with matrices My, --- , M, on

the diagonal block.

diag,, (M) denotes a block diagonal matrix with a square ma-
trix M appearing n times on the diagonal block.
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I, denotes the n X n identity matrix.

0,.xm denotes the n X m zero matrix. n and m can be deter-
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Chapter 1

Introduction

1.1 Literature review

Generally speaking, quantum control is control for systems whose behavior fol-
lows the laws of quantum mechanics that describes and predicts the movement
and behavior of particles (such as atoms, electrons, protons, and photons) at the
atomic and subatomic levels, [1], [2], [3] and the references therein. Quantum
control theory, a combination of quantum mechanics and its related control theo-
ry, has more powerful capability than traditional control theory and brings about
a bright future for the development of science and technology in control field [4],
[5]. Initial developments in quantum control theory can trace back to the early
1980s, [6], [7]. With the development of quantum control theory, it has improved
people’s understanding of fundamental aspects of quantum mechanics [§8], [9].
Quantum control theory has been successfully applied to quantum network [10],
[11], [12], [13], [14], [15], physical chemistry [16], quantum optics [17], [18], and
quantum filtering [19], [20], [21]. Interested readers may refer to survey papers
[22], [23] and the references therein.

1.1.1 Motivation and challenge

In recent years, quantum control systems play a more and more important role
in control engineering, [24], [25]. However, as yet, relatively little is known about
linear quantum systems, and it is thus natural to push the development of new
quantum control techniques via theoretical exploration.

The behavior and movement of particles at these microscopic levels are quite
different from anything observed in everyday life [26], [27], which needs a theory
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2 CHAPTER 1. INTRODUCTION

like quantum mechanics in order to better describe the natural world. The main
difference between quantum and classical mechanics is non-commutativity, which
will allow us to highlight the essential features of the quantum problem that dis-
tinguish it from classical feedback control [28]. These features lead to the notation
of physical realizability [29], which require us to develop new analysis and synthe-
sis methods to exploit and deal with quantum systems. Physical realizability in
this thesis means that a linear system described by linear stochastic differential
equations should represent the dynamics of a meaningful physical system. This
issue of physical realizability has been analyzed in [29], [30], [31]. General physi-
cal realizability conditions are given in [32], which render the quantum feedback
control problem potentially more complex. These fundamental features of quan-
tum mechanics require a revolution of conventional methods and techniques from
control theory when developing the theory of quantum control. Therefore, the
major conceptual challenge is to develop the fundamental principles and tools
of linear systems theory that take into account the special features of quantum
mechanics.

1.1.2 Quantum feedback control

Feedback control of quantum systems is very important in a number of areas of
quantum technology, including quantum optical systems, nanomechanical system-
s, and circuit QED systems [1], [25], [33], [34], [35], [36], [37], [38], [39]. Quantum
feedback control can be simply considered as an interconnection of a quantum
plant and a controller, where the controller may be a quantum or classical con-
troller [2], [30], [39], [40]. In measurement-based feedback control (measurement
is involved in the feedback loop) as shown in Figure 1.1, the plant is a quan-
tum system, while the controller is a classical (i.e. non-quantum) system [3], [5],
[41], [42], [43], [44]. The classical controller processes the outcomes of a measure-
ment of an observable of the quantum system (e.g., the quadrature of an optical
field) to determine the classical control actions that are applied to control the
behavior of the quantum system. It is easy to monitor the feedback information
flow and get some information of the system state. The designers can design
the control law based on the estimation of the state. However, the weakness
of this method is that the measurement causes inevitable back action noise and
affects the states of measured quantum systems. If the controller is a quantum
system implemented by quantum devices without any interfaces (e.g., homodyne
detectors, modulators) involved in the feedback loop as shown Figure 1.2, this
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is known as coherent quantum feedback control [29], [30], which allows us not
to need to take into account the effects of the measurement on the evolution of
quantum systems. The quantum controller typically has much higher bandwidth
than electronics devices, meaning faster response and processing times and thus
would be much faster than classical signal processing. The coherent quantum
feedback control can accomplish some tasks which are not possible using classical
feedback. Therefore, there is a growing interest in the study of the strategy. The
mathematical theory of coherent quantum feedback control has recently been de-
veloped for general quantum dynamical systems [10], [11], [13], [15], [38], [45],
[46], [47]. There are interesting coherent control schemes for quantum systems
proposed in the literature [48], [49], [50], [51], [52], [53], [54], which have shown
that coherent feedback control is able to provide better performance. Several

studies have also presented the applications of coherent feedback control, such as
[2], [12], [45], [55], [56], [57], [58], [59).

D e v————

. field ] output 1
Suantum Quantum Quantum
Jfield2 plant outeut? 1o
——pl Mod ‘ Cl?ssflal
si
Quantum A i
vaccum noise Classical output < —
signal Classical

controller |g— Classical
input signal

Figure 1.1: A quantum plant with a classical controller.

Classical control theory and technique still play an important role in the
quantum technology field and have been successfully applied to a class of linear
quantum stochastic systems [14], [22], [29], [30], [31], [50], [54], [60], [61], [62],
[63], [64], [65], [66]. Stability, dissipation, passivity and gain are fundamental
to analysis and synthesis of feedback systems [67], [68], [69]. The stability of a
control system is often very important, which relates to its response to inputs
or disturbances. In engineering and stability theory, a square matrix A is called

stable matrix (or Hurwitz matrix) if every eigenvalue of A has strictly negative
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Figure 1.2: A quantum plant with a fully quantum controller.

real part, that is,
Re[)\i] <0,

for each eigenvalue \;. A linear system with a stable matrix A is known as a
Hurwitz stable system. This stability criterion is still suitable for linear quantum
systems; e.g. see Chapter 4. Quantum storage functions are system observables,
such as energy, and may be used as Lyapunov functions or Hamiltonian formalism
to also determine stability [70], where the total energy of the system is a con-
served quantity; e.g. see [71], [72]. Quantum dissipation is the branch of physics
that studies the quantum analogues of the process of irreversible loss of energy
observed at the classical level. The paper [73] extends theory of dissipative sys-
tems to open quantum systems. In [29], a general framework for the quantum
H® control is developed, where a quantum version of the Bounded Real Lemma
is proposed and applied to derive necessary and sufficient conditions for the H*
control of linear quantum stochastic systems. The problem of H* control has also
been discussed in [30], [50], [51], [56]. A quantum LQG problem with a classical
controller has been solved in [74]. A problem of applying Linear Quadratic Gaus-
sian (LQG) techniques to quantum systems with a quantum controller has been
addressed in [54], where a numerical procedure based on standard LMI approach
[75] is proposed for finding a quantum controller to achieve desired performance
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specifications with a given upper bound on the LQG cost. A time-varying co-
herent quantum LQG control problem has been considered in [76], which seeks
a physically realizable quantum controller to minimize the finite-horizon LQG
cost, and presents a novel approach towards its solution. The problem of quan-
tum LQG control has also been studied in papers such that [77], [78] and [79].
It is shown that the coherent LQG problem is more challenging than the coher-
ent H* quantum control since a property of separation of control and physical
realizability does not hold and the notion of physical realizability imposes some
linear and nonlinear constraints on the system matrices of a physically realizable
quantum controller, which may complicate quantum controller designs.

1.1.3 Quantum network synthesis and structure

With the development of quantum technologies, the integration of photonic de-
vices into electronic chips has been the subject of research for more than two
decades [2], [5], [80]. Since quantum optical devices have many advantages (e.g.
higher bandwidth and faster response and processing times), these devices can
solve many physical problems of interconnections, such as precise clock distribu-
tion, system synchronization, reduction of power dissipation and so on. There-
fore, there has been more and more interest in the structure of quantum sys-
tems and mixed quantum-classical systems; e.g., see [81], [82], [83]. The paper
[81] prescribes how an arbitrarily complex linear quantum stochastic system can
be decomposed into an interconnection of basic building blocks (such as cavi-
ties, beam splitters, modulators, phase shifters, amplifiers, fibres, and photon-
detectors, etc.) of one degree of freedom open quantum harmonic oscillators and
thus be systematically constructed from these building blocks. Synthesis and
structure of mixed quantum-classical linear systems have been studied in [32],
[84]. Mixed quantum-classical linear systems in this thesis means quantum sys-
tems interconnected with classical (non-quantum) devices. In quantum optics,
an optical cavity may be part of a mixed quantum-classical system involving
photodetectors, electronic amplifiers, piezoelectric actuators, feedback loops and
so on. Figure 1.3 illustrates an example of a mixed quantum-classical system,
where two Fabry-Perot optical cavities are connected to a classical controller via
a homodyne detector (HD) and an electro-optic modulator (MOD), respectively.
The classical controller processes the outcomes of a measurement of an observ-
able of the cavity on the left hand side (e.g. the quadrature of an optical field).
Modulating the quantum field with the classical controller output by MOD gen-
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erates another quantum field sent to the cavity on the right. The signals from
the classical controller also govern the behavior of the classical system, which can

be implemented by electrical and electronic devices.

Classical
output
<«—— Classical
system
Quantum Quantum
. input Classical output Cavity
Cavity signal
. Quantum
Classical field
signal
Classical
HD p—>i -] MOD
controller 0 Qu'antulm
Classical signa
control
signal

Figure 1.3: A mixed quantum-classical system.

1.1.4 Quantum non-Markovian system with time delay

The concatenated quantum or mixed systems in [32], [81], [82], [83], [84] can
be represented by a reduced Markov model, which ignores the effect of time de-
lay. Time delay in classical systems is quite easy to understand and is a generic
problem in the control systems, which arises naturally in connection with the sys-
tem process and information flow for different parts of dynamic system [85], [86].
Time delays are also frequently encountered in quantum feedback control systems
such as long transmission lines between quantum plants and classical controllers.
The non-Markovian quantum feedback with time delay is first studied in [87],
where the feedback controller is a classical controller. [88] and [89] investigate
optimal control problem of linear quantum systems with feedback-loop time de-
lay and analyze the effect caused by time delay on control performance. [90]
gives a delay-dependent stability criterion for a wide class of nonlinear stochastic
systems including quantum spin systems. Quantum non-Markovian models have
also been studied in [91], [92].
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1.2 Thesis contribution

The contributions of this thesis are as follows.

1. The notions of physical realizability are proposed for mixed quantum-classical
linear stochastic systems. Three physical realization constraints are derived
for a standard form and a general form, respectively. A network theory
is developed for synthesizing linear dynamical mixed quantum-classical s-
tochastic systems of the standard form in a systematic way. One feedback
architecture is presented for this realization.

2. A complete method is proposed in the thesis for a stable quantum linear
stochastic system that can realize a given stable classical subsystem, which
systematically shows how a classical linear stochastic system can be physi-
cally implemented using quantum optical components.

3. Two numerical procedures based on extended LMIs approach are proposed
to design quantum LQG controllers, which can provide more parameters
for the design of a physically realizable quantum controller and give less
conservative solutions to quantum LQG problem since the optimization
variables associated with the controller parameters are independent of the
symmetric Lyapunov matrix.

4. A numerical procedure is proposed for optimal controller designs for quan-
tum feedback control systems with time delay in the feedback-loop. To
this end, a quantum version of delay-independent stability criterion with
an upper bound on a cost function is derived.

5. A physical model of a quantum feedback control system with time delay is
presented for H* control. Fundamental properties of dissipation, gain and
stability for this class of linear models are presented and characterized using
linear matrix inequalities (LMIs). A numerical procedure is proposed for
feedback controller designs based on a quantum delay version of the Strict
Bounded Real Lemma.

1.3 Organization of the thesis

This thesis certainly covers some background materials that predate the research
carried out during the candidature; therefore the thesis is organized as follows.
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e Chapter 2 collects important preliminaries which will be used regularly in
other chapters to facilitate understanding of the main components of this thesis.

e Chapter 3 mainly investigates the synthesis and structure of mixed quantum-
classical linear systems. It is shown that a given physically realizable mixed
quantum-classical linear stochastic system can be systematically realized as a
feedback interconnection of a quantum subsystem and a classical subsystem, to-
gether with appropriate interfaces such that modulators and homodyne detectors
and so on.

e Chapter 4 mainly studies how a class of classical linear stochastic system-
s (having a certain form and satisfying certain technical assumptions) can be
realized by quantum linear stochastic systems.

e Chapter 5 formulates and solves a quantum LQG problem for quantum
coherent feedback control systems based on extended linear matrix inequality
(LMI). For comparison, the main results of this chapter is applied to the same
example given in [54].

e Chapter 6 investigates a problem of a quantum feedback control system
subject to feedback-loop time delay, where the controller is classical. The aim
of this chapter is to design dynamic feedback controllers to make not only the
closed-loop plant-controller systems stable but also the upper bound of the cost
function minimized.

e Chapter 7 formulates and solves the H* control problem of linear quantum
measurement-based feedback control systems with time delay in feedback control
loop.



Chapter 2

Preliminaries

In this chapter, basic mathematical tools and important preliminaries are col-
lected for use in subsequent chapters. This chapter assumes that the reader is
already familiar with various fundamental concepts about quantum mechanics.

2.1 Classical probability and quantum probabil-
ity
First, let us briefly look at classical probability theory. In the classical theory, a
classical probability model is given by (Q2, F, P),
1. € is the set of possible outcomes of some experiment;
2. F is a collection of events;
3. P is a probability measure.

However, classical probability theory is not suitable for quantum mechanics
due to non-commutativity. Quantum probability was thus developed in the 1980s
as a noncommutative analogue to the Kolmogorovian theory of stochastic pro-
cesses in which random variables are not assumed to commute; e.g., see [9], [93],
[94]. The mathematical ingredients of quantum probability theory derive from
the theory of operator algebras.

A quantum probability model (A, p) (or called a quantum probability space)
consists of

1. The collection of A($)) of projections on a Hilbert space §3;

2. a density operator p.
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The quantum probability model is a generalization of the classical probability
model in Kolmogorovian probability theory, in the sense that every (classical)
probability space gives rise to a quantum probability space if A is chosen as the
*_algebra of bounded complex-valued measurable functions on it. The projections
p C A are the events in A, and p(p) gives the probability of the event p.

2.2 Classical and quantum random variables

Recall that a classical random variable X is Gaussian if its probability distribution
P is Gaussian, i.e.

b
Pla< X <b) = / px(z)dz, (2.1)

where )

1 (z — p)
px(m)—-a\/%exp(— 572 ).

Here, u = E[X] is the mean, and 02 = E[(X — u)?] is the variance.

(2.2)

In quantum mechanics, observables are mathematical representations of phys-
ical quantities that can (in principle) be measured, and state vectors ¢ summarize
the status of physical systems and permit the calculation of expected values of
observables. State vectors may be described mathematically as elements of a
Hilbert space §3, while observables are self-adjoint operators A on §). The expect-
ed value of an observable A when in pure state v is given by the inner product
(¥, Ap) = [*°_1p(q)*Ay(q)dg. Observables are quantum random variables.

A basic example is the quantum harmonic oscillator, a model for a quantum
particle in a potential well; see [95, Chapter 14]. The position and momentum of
the particle are represented by observables @ and P (also called position quadra-
ture and momentum quadrature), respectively, defined by

(@)@ = (@), (PY)(g) = —i-&%w(q), (2.3)

for v € § = L>(R). Here, ¢ € R represents position values. The position
and momentum operators do not commute, and in fact satisfy the commutation
relation [@, P] = 4. In quantum mechanics, such non-commuting observables are
referred to as being incompatible. The state vector

¥() = (2m)hobexp(~ L) 24)

is an instance of what is known as a Gaussian state. For this particular Gaus-

sian state, the means of P and @ are given by ffooo ¥(9)*Q¥(q)dq = p, and

1
4029

ffooo ¥(q)* Py(q)dq = 0, and similarly the variances are o2 and respectively.
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2.3 General quantum linear stochastic models

In this section linear quantum stochastic systems are briefly introduced. For a
more detailed introduction, please see [29, Theorem 3.4].

Consider an open quantum harmonic oscillator consisting of n one degree of
freedom open quantum harmonic oscillators coupled to boson fields (e.g. optical
beams), [3], [96], [97]. Each oscillator may be represented by position g; and mo-
mentum p; operators (j = 1,...,n), while each field channel is described by anal-
ogous field operators wg, (t), wy, (t), (k =1,...,m) [98], [99]. The oscillator vari-
ables are canonical if they satisfy the canonical commutation relations [g;, px] =
2i6;x (4,k =1,...,n). In vector form, we write £ = [g1 P1 g2 P2 - ** Gn Pn)?, and
the commutation relations become

geh — (¢eM)" = 20, (2.5)
where in the canonical case, © = diag,(J). Similarly, the Ito products for the
fields w = [wy, Wp, W, Wp, *++ Wy, Wp,]T may be written as

dw(t)dw(t)T = F,dt, (2.6)

where in the canonical case F,, = Iy, + idiag,,(J). Commutation relations for
the noise components of w can be defined as:

[dw(t), dw(t)T] = (Fy — FT)dt = 2i0,dt.

The dynamical evolution of an open system is unitary (in the Hilbert space
consisting of the system and fields), and in the Heisenberg picture the system
variables and output field operators evolve according to equations of the form

de(t) = AE(t)dt + Bdw(t),
da(t) = CE(t)dt + Ddw(t), (2.7)

where A € R B ¢ R (C ¢ R**? D ¢ R™*™_  Here, n, = 2m and
n, is even. We see therefore that in the Heisenberg picture dynamical “state
space” equations (2.7) look formally like the familiar state space equations form
classical systems and control theory. However, for arbitrary matrices A, B, C
and D, equations (2.7) need not correspond to a canonical open oscillator. The
system (2.7) is said to be physically realizable if the equations (2.7) correspond
to an open quantum harmonic oscillator, [29, Definition 3.3]). The real constant
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matrices A, B, C and D satisfying

A6 +0AT + BO,BT =0, (2.8)
BDT = ecte,, (2.9)
D=1, or [I, 0. (2.10)

As shown in [29], the system (2.7) with D defined as in (2.10) is physically
realizable if and only if the matrices A, B, C and D satisfy conditions (2.8) and
(2.9). In general, we may take the commutation matrix © to be skew-symmetric,
while the Ito matrix F' is non-negative Hermitian. These generalizations, which
will be studied in Chapter 3, allow us to consider classical variables, characterized
by zero commutation relations, as well as classical noise processes, corresponding
to the absence of the imaginary part in the Ito products, [29], [30], [84].

2.4 Quantum network synthesis theory

We briefly review some definitions and results from [81]; see also [82] and [83]. The
quantum linear stochastic system (2.7) can be reparametrized in terms of three
parameters S, L, H called the scattering, coupling and Hamiltonian operators,
respectively. Here S is a complex unitary matrix STS = SSt = I, L = Az,
with A € C™*?" and H = Zzl Rxo with R = RT € R?™*?". Recall that there
is a one-to-one correspondence between the matrices A, B, C, D in (2.7) and
the triplet S, L, H or equivalently the triplet S, A, R; see [29] and [81]. Thus,
we can represent a quantum linear stochastic system G given by (2.7) with the
shorthand notation G = (S,L,H) or G = (S,A,R) [38]. Given two quantum
linear stochastic systems Gy = (S1, L1, H1) and Gy = (S2, Lo, Hs) with the same
number of field channels, the operation of cascading of G; and G, is represented
by the series product G3 < G defined by

1
G2 < Gl = <Sle, Lz + Sng, H + H2 + 2_1’(.[/;82[/1 — LIS;L2)> .

According to [81, Theorem 5.1] a linear quantum stochastic system with n degrees
of freedom can be decomposed into an unidirectional connection of n one degree
of freedom harmonic oscillators with a direct coupling between two adjacent one
degree of freedom quantum harmonic oscillators. Thus an arbitrary quantum
linear stochastic system can in principle be synthesized if:

1) Arbitrary one degree of freedom systems of the form (2.7) with n,, input
fields and n,, output fields can be synthesized.
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2) The bidirectional coupling H*=Y""} "¢_.; of (Rfk —L(ALA; —AfAf)) z;
can be synthesized, where A; denotes the jth row of the complex coupling matrix
A. The Hamiltonian matrix R is given by R = %Pg;(—Jn.A+ATJn)P2n and the
coupling matrix A is given by A =—2 [ Onyxny  Iny ]Pgmdiagm(M VPL BT J, P,

—1

1
where M = [ rat P,,, denotes a permutation matrix acting on a column
i

vector f = [f1 fo -+ fon|T 88 Ponf=[f1 fr4n fo foun == fa foul".

The work [81] then shows how one degree of freedom systems and the cou-
pling H? can be approximately implemented using certain linear and nonlinear
quantum optical components [34]. Thus in principle any system of the form (2.7)
can be constructed using these components.

2.5 Quantum non-demolition condition

The Belavkin’s nondemolition principle requires an observable X (t) at a time
instant ¢ to be compatible with the past output process Y (s) (s < t) [100], [101],
[102], that is:

[X(®),Y(s)T]=0, Vt>s>0. ' (2.11)

Condition (2.11) is known as a non-demolition condition. This notation will be
used in Chapter 3.
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Chapter 3

Network Synthesis for a Class of
Mixed Quantum-Classical Linear

Stochastic Systems

As introduced in Chapter 1, quantum control systems constructed using quan-
tum optical devices and standard analog or digital electronics have attracted more
and more attentions in recent years. This chapter mainly investigates a synthe-
sis problem for a class of linear quantum equations that may describe mixed
quantum-classical systems as shown in Figure 1.3. A general model and a stan-
dard model for mixed quantum-classical linear stochastic systems are proposed
for the design process. Furthermore, a network synthesis theory for a mixed
quantum-classical system of the standard form is developed.

3.1 Introduction

In classical engineering, many methods have been developed for designing con-
trollers and electronic systems. The design process begins with some form of
specification for the system, and concludes with a physical realization of the sys-
tem that meets the specifications. Often, mathematical models for the system
are used in the design process, such as state space equations for the system.
These state space equations may result from a mathematical optimization pro-
cedure, such as LQG, or some other procedure. The process of going from such
mathematical models to the desired physical systems is a process of synthesis
or physical realization, part of the design methodologies widely used in classical
engineering [103]. The nature of the physical components to be used may restrict

15
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the range of, say, the state space models that can be used. For instance, capaci-
tors, inductors and resistors cannot by themselves implement non-passive devices
like amplifiers. Analogous design issues are beginning to present themselves in
quantum technology. For example, linear quantum optics has been proposed as
a means of implementing quantum information systems, [35].

Linear quantum optical systems may be described by linear quantum differ-
ential equations in the Heisenberg picture of quantum mechanics [3], [38], [96].
These equations look superficially like the classical state space equations familiar
to engineering, but in fact are fundamentally different because they are equations
for quantum mechanical operators, not numerical variables. The purpose of this
chapter is to consider synthesis problems for a class of linear stochastic differen-
tial equations that may describe mixed quantum-classical systems. This class of
equations is usually presented in a general form given in Subsection 3.2.2 where
the quantum—classical'nature is captured in the matrices specifying the commu-
tation relations of the system and signal (e.g. boson field) variables. However,
the structure of a mixed quantum-classical system is not very clearly presented
in a general form and we thus show how a mixed system described in general for-
m can be linearly transformed into a standard form defined in Subsection 3.2.3,
which reveals in a standard (or canonical) way the internal structure of a mixed
quantum-classical system. Furthermore, arbitrary linear stochastic differential
equations for a general form or a standard form need not correspond to a phys-
ical system, and so we derive conditions ensuring that they do; that is, physical
realizability. This work generalizes and extends earlier work [29], [84].

This chapter is organized as follows. Section 3.2 proposes two models of mixed
quantum-classical linear stochastic systems for the design process and presents
a connection between these models. Section 3.3 presents physical realizability
definitions and constraints for the two models defined in Section 3.2, respectively.
Section 3.4 develops a network synthesis theory for a mixed quantum-classical
system of the standard form. Then two examples of the network synthesis theory
are presented in this section. Finally, Section 3.5 gives the conclusion of this
chapter.

3.2 Mixed quantum-classical linear models

In this section, we give two models (or forms) for mixed quantum-classical linear

stochastic systems and then derive relations between two models. We allow our
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models to consider classical inputs and outputs, which are not included in previous
models in [29], [84].

3.2.1 Review of mixed quantum-classical linear stochastic

systems with quantum inputs and quantum outputs

Before presenting our models of interest, we first review mixed quantum-classical
linear stochastic systems with quantum inputs and quantum outputs given in
[29], [84).

Now we let  have quantum and classical degrees of freedom, such that z =
[zI 2T]7, where classical variables z(t) commute with one another and with the
degrees of freedom in quantum variables z,(¢). Thus, the commutation relation
for x(t) satisfies

zr’ — (z27)T = 200,

where ©, = diag(©y,,0n,xn,) with ©, = diag, (J) is said to be degenerate
canonical by the terminology of [29].

Consider a mixed quantum-classical linear stochastic system in terms of x
given by ”

dz(t) = Az(t)dt+ Bdw(t),
dy,(t) = Cyz(t)dt + Dydw(t), (3.1)

where A € R, B € R™*™ (C, € R*™*™ and D, € R*a*¥™ (n = 2n, + n,).
w is a quantum noise defined as [dw(t), dw(t)T] = (F, — FL)dt = 2i0,dt. If
we are given a component of a vector of classical system variables z. denoted

by z.,, we may consider z., as one of the quadratures of a quantum harmonic

t
oscillator, say the position quadrature gx. The vector Zx(t) = QkEt; ] is called
Dk :

an augmentation of z. (t). That is, z(t) can be embedded in a larger vector
z(t) = [z()T n(t)T])T, where any element of n(t) = [n1(t) m2(t) -+ .. ()]
commute with any component of z,(t), and are conjugate to the components of

z.(t), satisfying [z ;(t), nk(t)] = 2i6,x, where §;; is the Kronecker delta function.
Then the commutation relation for Z(t) is defined as Zz7 — (£27)T = 2i©. So,
the augmented system of the system (3.1) in terms of Z can be defined as:

di(t) = AZ(t)dt+ Bdw(t), (3.2)
dj,(t) = Ci(t)dt + Ddw(t), (3.3)



18CHAPTER 3. SYNTHESIS OF MIXED QUANTUM-CLASSICAL SYSTEMS

A 0
AI AII

B
BI

~

where A =

~

= ’éz[Cq O]aBZDq’ngyq:éz

Y

0
Or [ I ] is a invertible matrix with ©0 = —J and © = —©7. The

[0 -1] o
matrices A’ A” and B’ will be given in the proof of Theorem 3.9.

The system (3.1) is said to be physically realizable if its corresponding aug-
mented system described by (3.2)-(3.3) can represent the dynamics of an open
quantum harmonic oscillator after a suitable relabeling of the components of the
variables Z(¢). Recalling the results of [29], we then have the following theorem.

Theorem 3.1. A mized quantum-classical system (3.1) with quantum inputs and
quantum outputs is physically realizable, where Dy = Ipy or Dy = [Io,, 0], if
and only if A, B, Cy and D, satisfy the following conditions

A®, +6,AT + BO,BT =0, (3.4)
BD] = ©,C]0,. (3.5)

3.2.2 A general form for mixed linear stochastic systems

with mixed inputs and mixed outputs

Consider a linear mixed quantum-classical stochastic system in a general form
given by

dx(t) = Ax(t)dt+ Bdv(t),
dy(t) = Cx(t)dt + Ddv(t), (3.6)

where A € R* B € R™™, C € R™*™ and D € R™»*™; z(t) includes quan-
tum and classical system variables satisfying the commutation relation, such that
xoX3 — (xox3)T = 2i®,, with a skew-symmetric matrix @, (x(0) = xo); the vec-
tor v(t) represents the input signals, which contains quantum and classical noises;
y(t) represents mixed quantum-classical outputs. F, and Fy are nonnegative def-
inite Hermitian matrices satisfying dv(¢)dv(t)T = F,dt and dy(t)dy(t)" = F,dt.
The transfer function Z(s) for a system of the form (3.6) is denoted by

A|B
Ea(s) = —*— (s) =C(sl,— A)"'B+D.
C|D
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3.2.3 A standard form for mixed linear stochastic systems

with quantum inputs and mixed'outputs

From the general form (3.6), it is not obvious which part corresponds to quantum
components while which part corresponds to classical components. Therefore,
we need to transform the system (3.6) into a form (called standard form), which
presents a clear structure of a mixed quantum-classical system.

Consider a standard form given by

dz(t) = Az(t)dt + Bdw(t),
dy(t) = Cuz(t)dt+ Ddw(t), (3.7)

where A € R™", B € R*?™, C € R™*" and D € R™**™. y = [y ¢I|T with
Yqg € R?™s and y. € R™e, w = [w{ wj|" with w; € R¥1 and w, € R*™2. Here
M = Ny, + Nuyyy Ny = Ny = 20y, + ny,. Let initial values 2(0) = zo satisfy the
commutation relations zozi — (zozl)T = 2i0,. We assume that O, = F—“’;fpz
with dw(t)dw(t)T = F,dt and ©, = F”;ipg with dy(t)dy(t)” = F,dt. The transfer
function for the system of the form (3.7) is given by

A\ B
Es(s) = [—‘—] (s)=C (s, — A" B+D.
C|D

Definition 3.1. A mixed quantum-classical linear stochastic system of the form
(3.7) is said to be standard if the following statements are satisfied:

1. ©, = diag(On,,0n xn,) With ©,, = diagnq(J) and 2n, +n. =n (n. > 0).
2. ©, =diag,,(J).
3. Fy = I,, + diag(©y,, 0s,_xn, ), Where ny, = 2n, +n, (ny, <m).

Let the matrices A, B, C, D be partitioned compatibly with partitioning of
Ay Age B C.
z(t) into z4(t) and z.(t) as A = [ . | 0= [ Cq } _

Ay A B.

c D . :

gqq Y and D = Dq . Let y(t) be partitioned into y,(t) and y.(t).
cq cc c

, B =
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Then, the system (3.7) can be rewritten as
drg(t) = | Ay Ay | 2(t)dt + Byduw(t), (3.8)
dz(t) = | A Aw | 2(t)dt + Bedw(t), (3.9)
dy(t) = [ Gy Cpe | 2(t)dt + Dyduw(t), (3.10)
dye(t) = | Coy Cio | (t)dt+ Doduw(t), (3.11)

where Aqq I= R2nqx2nq, ch = R2nqxnc, Acq c Rncx2nq, Acc I= Rncxnc, Bq = R2nqx2m’
Bc € Rncx2m, qu c RZnyqx2nq7 ch € R2nyqxnc, ch c Rnycx2nq, Ccc c Rnycxnc’
D € ]R2nyqx2m D. e Rnycx2m

q ? [ .

Remark 3.2. The first item of Definition 3.1 indicates that z(¢) has both quan-
tum and classical degrees of freedom, where ©,, corresponds to the quantum
degrees of freedom z, while 0,_x,, corresponds to the classical degrees of freedom
z.. The second item of Definition 3.1 shows that input signals of the system (3.7)
must be fully quantum. The third item of Definition 3.1 implies that

0, = DO, DT = diag(0y,, On,_ xn,, ), (3.12)

where ©,, = diagnyq (J) corresponds to quantum outputs while the matrix On,_xn,,
corresponds to classical outputs, which will be discussed further and proved under
suitable hypotheses in Section 3.3. So, the difference between the mixed linear
systems (3.1) and (3.7) is that the latter explicitly exhibits classical output sig-
nals, and the matrix D has a more general form satisfying condition (3.12), which
is equivalent to the following equations:

D©,DI = 9,, (3.13)
D,©,Df = o, (3.14)
D.©,DF = 0. (3.15)

3.2.4 Relations between the general and standard forms

The general form (3.6) and the standard form (3.7) can be related by Theorem
3.3 and 3.5 below.

Theorem 3.3. Given an arbitrary n X n real skew-symmetric matriz ©,, (n > 2),

there always exists a real nonsingular matriz P, and a block diagonal matrix
O, = diag(On,, On.xn.) such that

e, = P,0,P~. (3.16)
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The proof of Theorem 3.3 will use the following lemma.

Lemma 3.4. Given an arbitrary n X n real normal matriz Oy, (n > 2), there is
a real orthogonal matrix 13, such that

PTO®,P = O = diag(0y,0s, ...,0,), (3.17)

where each O; is either a real number denoted by \; or is a real 2 X 2 matriz of
the form

o=| @ B\ 3.18
o 319

Q;
with ,Bj > 0.

The proof of Lemma 3.4 can be found in [104], [105] and hence is omitted
here. The proof of Theorem 3.3 is given below.

Proof. Since ©,07=(-071)(-0,) = 810, ©, is normal. By Lemma 3.4, the
relation (3.17) holds. It can be easily verified that O is skew-symmetric, so each
A = —\; and each O; = —O7. Then, we can get all \; = 0 and all o; = 0. O,
can be written as

(-)n - I’Bdla'g(oh 021 st aoka 0(n—2k)x(n—2k))f)T

| 9 Bl _&s| 0 15 = | VA
with O; = 5 0 —S,[_l O]Sf,wheresz—[ 0 \/E}

that 4+i3; are the eigenvalues of ©,,. Now, we want to construct a n x n real non-
singular diagonal matrix S such that S = diag(gl, Sy, v+, Sk, I,_o). Then, we
get diag(Oy, ..., Ok, O(n—a{c)x(n—2k)) = Sdiag (Brnys Otn—2kyx(n—2k)) ST. Then, We
can obtain ©,, = PS5O, (PS)T(P;! = PS). This completes the proof. O

Note

Theorem 3.5. Given an arbitrary m X m nonnegative definite Hermitian matriz

F,, there ezists a 2m x 2m matric F,=Iom +idiag,, (J) and a m X 2m real matriz
W such that

F,=WF,W7T. (3.19)

Proof. Hermitian matrices F, and F,, can be diagonalized by unitary matrices
U, and U,, respectively, such that

F, = U,AU!, (3.20)
F, = U,AU}, (3.21)
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where A,=diag,, ( (2) }), Ay=diag(Ai, Az, -+, Am), (A; > 0 is an eigenvec-

tor of F,), U,=diag,, (-? [ 21 ; . Since A, and A,, are two real diagonal

matrices, there exists a m X 2m complex matrix @ = [q1 g2 - - gom] such that
Ay = QALQT. (3.22)

where A,=diag(A1, A2, -+, Am), (A; > 0 is an eigenvector of F,). In order to let
(3.22) hold, for simplicity we choose

- T
o= [ o0 0],
- T
Q4 = 0 % e 0 ] y
r Y T
q2m = L 0 e 0 _571 ]
and ¢1,4qs, - ,@2m—1 can be chosen to be arbitrary column vectors of length m

and are to be determined later. Combining (3.20), (3.21) and (3.22) gives
F, = U,QU! F,(UQUI)T. (3.23)

Next, we want to show that @} can be chosen to let W = U,QUJ be real. First,
we get

U,Q = [UvQI Uwgz - Uvq2m]- (3-24)

Observing the structure of U,=diagy, | %2 ’ . i ]), in order to let W be

real, we require that the following relations be satisfied

G = _UJ Uj& g2,
g3 = —UJ U# qa,
d2m-1 = —UJUf%m-
Since qs, 44, "+ , gom, and U, have already been determined, the matrix @ is
hence constructed as
Q= [ —UiU#q ¢ -UlU¥q a0 - -UlUf@n @om ] :

We can get the representation (3.19) with W = U, QU . O
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Let us look at an example applying Lemma 3.5.

Consider a nonnegative definite Hermitian matrix given by

8.9286 —0.2143 + 4.8107¢  0.1429 + 7.21613
F,=]-0.2143 — 4.8107  8.3571 + 0.0000¢  0.4286 — 2.4054i| .
0.1429 — 7.21617  0.4286 + 2.40541 8.7143

It is easily obtained that F, = U,A,U' with

0.6814 0.6814 0.2673
U, = |—-0.1572 — 0.39225 —0.1572+ 0.3922; 0.8018
0.1048 — 0.58837  0.1048 + 0.5883¢ —0.5345
and
18 0 0
A,b=10 00
0 08
Now following the construction in the proof of Lemma 3.5, we want to find a real

matrix W. First, we choose ¢, q4, g¢ as

=3 0 07,
a=1[0 0 0,
w=10 0 2.

Then g1, g3, g5 are obtained as
¢ = [0 -3 0,
@ = [0 0 0],
g = [0 0 —2T.
So the matrix @) can be constructed as
0 300 0 O

Q={-3000 0 O
0 000 =2 2

It follows from the above construction that W is obtained as

0 28909 0 0 0 0.7559
W=] —-1.6641 —0.6671 0 0 0 2.2678
—2.4962 0.4447 0 0 0 -1.5119

It is easily checked that F, = WF,W7T with F,=Is+idiags(J).
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Theorem 3.6. Given a mized quantum-classical stochastic system of the general
form (3.6), there exists a corresponding standard form (3.7).

Proof. By Lemma 3.3 and 3.5, there exist matrices P,, W and Py, such that

@n = Pn@npr?7 \
0, = We,WT,
y=Fy,
diag(Oy,, On,, xn,,) = PyOy P}, \ (3.25)

A= P,AP;",

B = P,BW,

C = P,CP;,

D = P,DW. J

Substituting relations (3.25) into (3.6) gives (3.7). Now, we verify the relation
between the standard Zg(s) and general Zg(s) transfer functions as follows:
Es(s) = C(sl,— A 'B+D

= P,CP;!(sP,P;' — P,AP;')™ P,BW + P,DW

= P, (C(sl,—A)"'B+D)W

= Pyag(S)W
Thus, the general system (3.6) can be related to its corresponding standard system
(3.7) by the above linear transformations. O

3.3 Physical realizability of mixed systems

In this section, we will introduce the definition of physical realizability of the
standard form and a theorem on necessary and sufficient conditions for physical
realizability. This is followed by the analogous definition, and necessary and
sufficient conditions for the physical realizability of the general form.

3.3.1 Physical realizability for the standard form

The following lemmas will be used for defining the physical realizability of the
system (3.7).

Lemma 3.7. Non-demolition condition [Z(t),y,(s)T] =0, V¢t > s > 0 for the
augmented system (3.2)-(3.3) of the system (3.1) holds, if and only if

Be, DI = -eCT. (3.26)
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Proof. First, we will argue that [Z(t), y; (s)] = 0 is equivalent to [Z(t), y,(t)"] = 0,
for all t > s > 0. Let g,(t) = [Z(t), y,(s)7], for all t > s > 0, where s is fixed.
From [%(t), y,(¢)T] = 0 for all t > s > 0, we can infer that gs(s) = 0 and then
have

dgs(t) = d[E(t),yq(s)"]
= [dz(t), yq(s)"]
= A, vl
= Ags(t)dt.

Solving the above equation gives
9s(t) = exp (Z(t - s)) gs(s) = 0.

Therefore, [Z(t),y (t)] = 0 implies [Z(t),yq(s)"] = 0, for all £ > s > 0. Con-
versely, it is trivial to verify that [Z(t),y,(s)T] = O for all ¢ > s > 0 implies
[Z(t), yq(t)T] = 0 for all ¢ > 0.

Thus, we just need to consider the case where t = s. Let g(t) = [Z(t), y,(t)T]
with ¢g(0) = 0 and then we have

dg(t) = diE(t), ye(t)"]
= [dZ(t), yqa(t)"] + [Z(t), dyq(t)T] + [dZ(t), dyq(t)"]
= Ag(t)dt +2i(6CT + BO, DT)dt.

Solving the above equation gives
¢ . - ‘
g(t) = exp(At)g(0) + 2i/ exp(A(t — 7)) (@CZ + B@ng) dr.

0

From the above equation, it can be easily verified that g(¢t) = 0 for all ¢ > 0, if
and only if

83T + B0, DT =0,
O

Lemma 3.8. Non-demolition condition [z(t),y(s)¥] = 0,V t > s > 0 for the
system (3.7) holds, if and only if

BO,DT = -06,C7. (3.27)
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The proof of Lemma 3.8 is similar to that of Lemma 3.7 and is thus omitted.

For better understanding Definition 3.2 and 3.3 below, a discussion regard-
ing the physical realizability of the standard form (3.7) will be given first. The
system (3.7) can be divided into two parts: one is the system (3.1) with D, sat-
isfying (3.13), or equivalently described by (3.8)-(3.10); the other is the output
equation (3.11). So, the system (3.7) is physically realizable if the two parts are
both physically realizable. First, we consider physical realizability conditions of
the system (3.1). From the structure of system matrices of the augmented sys-
tem (3.2)-(3.3), it is clear that the dynamics of z(t) of system (3.1) embedded in
system (3.2)-(3.3) are not affected by the augmentation, and matrices A’, A", B’
in system (3.2)-(3.3) can be chosen to preserve commutation relations for aug-
mented system variables Z shown in the proof of Theorem 3.9. Motivated by the
results in [29], we want to argue that the system (3.1) with D = D, satisfying
(3.13) is physically realizable if its augmented system (3.2)-(3.3) can be physically
realizable. However, the previous definition and theorem of physical realizabili-
ty in [29] are only suitable for an augmented system (3.2)-(3.3) with D = I or
D= [I 0] (no scattering processes involved). We hence need to transform the
augmented system (3.2)-(3.3) into a familiar form without scattering processes.
Suppose that non-demolition condition [Z(t),y,(s)T] =0, V ¢ > s > 0 holds. So,
we apply relation (3.26) in Lemma 3.7 to the output (3.3) to give y, = ﬁgq with
7, defined as df, = CZ(t)dt+dw(t) , where C' = ©,BTO. Then, a reduced system
for the augmented system (3.2)-(3.3) is defined as

di(t) = A#(t)dt + Bdw(t),
dj, = CZz(t)dt+ dw(t). (3.28)
It is straightforward to verify that the reduced system (3.28) is physically real-

izable in the sense of Theorem 3.1. The definition of physical realizability of an
augmented system of the system (3.1) is given below.

Definition 3.2. An augmented system (3.2)-(3.3) of the system (3.1) is said to
be physically realizable if the following statements hold:

1. The reduced system (3.28) is physically realizable in the sense of Theorem
3.1.

2. For the augmented system (3.2)-(3.3), non-demolition condition [Z(t), y,(s)T] =
0, Vt>s>0 holds.
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3. D = D, is of the form Uny, 0]V with V a symplectic matrix [45] or unitary
symplectic [81] such that relation (3.13) holds.

Then we consider physical realizability conditions of the system (3.11).'-3 Clas-
sical systems are always regarded as being physically realizable since they can
be approximately built via digital and analog circuits. Thus, we just need to
make sure that output equation (3.11) is classical. Now, we can present a formal
definition of physical realizability of the system (3.7). '

Definition 3.3. A system of the standard form (3.7) is said to be physically
realizable if the following statements hold:

1. There exists an augmented system (3.2)-(3.3) of the system (3.1) with D,
satisfying (3.13), which is physically realizable in the sense of Definition 3.2.

- 2. For the system (3.7), non-demolition condition [z(t),y(s)T] =0, Vt > s> 0
holds.

3. The output (3.11) and system variables z. both represent classical stochastic
processes in the sense of commutation relations

[ze(t), z¢ (s)] =0,

[e(t), 9 ()] = 0,
and
[e(t), v (5)] =0,
for all ¢, s> 0, where [z.(0),¥.(0)T] = 0 and [y.(0), y.(0)T] = 0.

Theorem 3.9. A system of the form (3.7) is physically realizable, if and only if
matrices A, B,C, and D satisfy the following constraints:

A0, +06,AT + B6,BT =0, (3.29)
BO,DT = -0,C7, (3.30)
DO, DT = diag(©,,,0n,, xn,, )- (3.31)

Proof. First, let conditions (3.29)-(3.31) hold. Multiplying both sides of (3.30)
I,
by [ 20"" } , we get

BO,D] = -6,C’. (3.32)
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It follows by inspection that under conditions (3.29) and (3.32), there exist ma-
trices ;4v, B , C , D and © defined in Subsection 3.2.1 satisfying the following con-
ditions

A6 + 64T + BO,BT =0, (3.33)
C = DO, B, (3.34)
D =D, (3.35)

where A', A", B’ satisfy the following relations:

B'®,D] =[0 I|C], (3.36)
[0 1]aT-a [ 2 — B'0, B, (3.37)
A" = (A'e,-[0 IIA" + B'©,B") ? ] : (3.38)

From (3.3) and (3.34), we get
¢ =0,B76. (3.39)

So, conditions (3.33) and (3.39) imply the reduced system (3.28) is physically
realizable in the sense of Theorem 3.1. By Lemma 3.7, condition (3.34) implies
that [Z(t),y,(s)T] =0, V ¢t > s > 0 holds, which satisfies the second condition

I
of Definition 3.2. Multiplying both sides of (3.31) by [/ 0] and ol we can

obtain (3.13). Thus, the augmented system (3.2)-(3.3) is physically realizable
in the sense of Definition 3.2. By Lemma 3.8, condition (3.30) implies that
[z(t),y(s)T] = 0, V¢t > s > 0 holds, which satisfies the second condition of
Definition 3.3. Combining conditions (3.15), (3.30) and using the same approach
as shown in the proof of Lemma 3.7, we get

dt[yc(t)a yc(s)T] = 07
dt[yc(s)a yc(t)T] = 07
d[yc(t),yc(t)T] =0,
for all t > s > 0 (here the symbol d; denotes the forward differential with respect

to t), which imply that [y.(t), y.(5)T] = 0 holds for all t, s > 0 under the fact that
[¥:(0), ¥.(0)T] = 0 given in Definition 3.3. Applying a similar trick, we have

[ze(t), ze(s)"] = 0,
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[yc(t)v xC(S)T] =0,

for all ¢, s > 0. We infer that output (3.11) and z. are both classical in the sense
of the third item of Definition 3.3. Therefore, we conclude that the system (3.7) is
physically realizable in the sense of Definition 3.3, which shows that (3.29)-(3.31)
are sufficient for realizability.

Conversely, now suppose that a system of the form (3.7) is physically real-
izable. It follows from Theorem 3.1 and the first item of Definition 4.1 that
condition (3.33) holds. Then, reading off the first n rows and columns of both
sides of (3.33) gives us condition (3.29). By the second item of Definition 3.3, we
have condition (3.30) in the sense of Lemma 3.8. Since the system (3.7) is a stan-
dard form, it follows from the third item of Definition 3.1 that condition (3.31)
holds. Therefore, constraints (3.29)-(3.31) are necessary for realizability. d

3.3.2 Physical realizability for the general form

Without loss of generality, we will also need to give the physical realizability
definition and constraints for the general form (3.6).

Definition 3.4. A system of the general form (3.6) is said to be physically real-
izable if its corresponding standard form (3.7) is physically realizable in the sense
of Definition 3.3.

Theorem 3.10. A system of the general form (3.6) is physically realizable, if
and only if the following constraints are satisfied:

A©, +06,AT + Bo,BT =0, (3.40)
Bo,D” = -©,C7, (3.41)
DO,D” = 0,. (3.42)

Proof. Suppose that equations (3.40)-(3.42) hold. It follows from Theorem 3.6
that the general system (3.6) can be transformed to its corresponding standard
system (3.7). Using relations (3.25) and equations (3.40)-(3.42), we get con-
straints (3.29)-(3.31). The corresponding standard system (3.7) is physically re-
alizable in the sense of Theorem 3.9. Therefore, we conclude that (3.40)-(3.42)
are sufficient for physical realizability.

Conversely, suppose that a system of the general form (3.6) is physically realiz-
able. It follows from Definition 3.4 and Theorem 3.9 that constraints (3.29)-(3.31)
hold. Conditions (3.40)-(3.42) can be obtained from constraints (3.29)-(3.31) by
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direct substitution using relations (3.25). Thus, constraints (3.40)-(3.42) are nec-
essary for realizability. O

3.4 Systematic synthesis of mixed systems

In this section, we will present our main results of this chapter, which are illus-
trated with two examples.

3.4.1 Main synthesis theorem

By Definition 3.4 and Theorem 3.6, we know that a system of the general form
(3.6) can be physically realized, if its corresponding standard form (3.7) is phys-
ically realizable. Therefore, our purpose in this section is to develop a network
synthesis theory only for a mixed quantum-classical system of the standard form
(3.7) that generalizes the results in [84].

Lemma 3.11. The mized quantum-classical linear stochastic system (3.7) is
physically realizable if and only if conditions (3.13), (3.14), (3.15) and the con-
straints below are all satisfied

AgqOn, + O, Al + BO,B] =0, (3.43)
Aeg®On, + B0, Bl =0, (3.44)

B.©,BT =0, (3.45)

B.©,D! =0, (3.46)

B,©,D] = —-0,,CL, (3.47)

B.0,DF =0, (3.48)

By©,Df = -6,,CL. (3.49)

Proof. By Theorem 3.9, it is easily checked that conditions (3.13)-(3.15) are e-
quivalent to (3.31) while (3.43)-(3.49) are equivalent to (3.29)-(3.30). O

Lemma 3.12. If a matriz D, satisfies the following condition,

D©,D] = 0, (3.50)

T
D D
710, ? = Oy, so that D, can
N N

then there exists a matrizx N such that

~ T
be embedded into a symplectic matriz V = [ Dg NT ] .
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Proof. The matrix D, can be written in the form of

D
Dq = [I 02nyqx(2m—2nyq)] [ ]V?jl ) (351)

where N is a (2m — 2ny,) x 2m matrix. Let the rows of D, be denoted by
di,dz," - ,dan,,. Let P(a|by, by, - - - ,bi) denote the orthogonal projection of the
row vector a onto the subspace spanned by the row vectors by, by, - - - , bg.

Now, we want to build a (2m — 2n,,) X 2m matrix N, following analogously
the construction of the matrix V defined in [84, Lemma 6].

First, choose a row vector vgl) € R?™ linearly independent of dy,dy, - - - ,dznyq,
and set

v§2) = ‘Uil) _ P(v§1)|d1) d27 e 7d2n'yq)

and
v = v§2)@w.
Next, choose a row vector vgl) € R?™ linearly independent of d,dy, - - , dan,,, and
set
’U§2) — ’Ugl) _ P(’Uél)Idl, d2’ R ’d2nyq)
and
Vo = v.(;)@w.
Repeat this procedure analogously for £k = 3,---,m — n,, to obtain vectors
U3, Vg, avm—nyq-
Then, we choose a row vector wgl) € R?™ that is linearly independent of
di,ds, "+ ,dan,, and v2,v3,: ,Upm_n,, such that
1 1
(wg - P(’U)§ )‘d17d2a e )d2nyq:2)2)v3a e )’Um—'ng,,q))'v%1 7é 0.
We set
2 1
wg ) = ’U)§ - P(wgl)ldla d2: Tt >d2nyqav27v3) e avm—nyq)
and

wy = w?)@w / (v1w§2)T).

Next, we choose wgl) € R?™ that is linearly independent of dy,ds, - - -  dan,,, and

V1, W1, U3, V4, "+ Um—n,,, Such that

(wgl) - P(wgl)ldh d2a e 7d2nyq7'vla W1,V3,Vg, " avm—nyq))vg 7é 0.

Set

2 _ @0 (1)
Wy "™ = Wy —P('LU2 |d17d27"' 7d2nyqulawl7’v37v4a"' 7Um—nyq)
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and

Wy = wg‘))@w / (02w§2)T).

Repeat the procedure in an analogous manner to construct ws, wy, - - - s Win—ny, -
So the matrix N is defined as

T T T T T T T
N - [Ul wl 'U2 w2 A ’Um_,nyq wm_nyq] . (3.52)
By the above construction, we readily verify that the 2m x 2m matrix vV =
T ~
[ DI NT ] is a symplectic matrix ( VO,VT = ©,) using equations (3.50)
and (3.52). O

Suppose that the system (3.7) is physically realizable. We are now in a position
to explain how to realize the system (3.7) as an interconnection of a quantum

system GG; and a classical system G,. We define G; to be a fully quantum system

given by
dzy(t) = Agzq(t)dt + Bydw'(t) + Eu(t)dt, (3.53)
dy,(t) = Cuazy(t)dt + Dydw'(2), (3.54)
dy,(t) = Chzq(t)dt + Diduw'(t), (3.55)

where z,, yq, Agq, By, Cyq, D, are defined as in (3.8) and (3.10). Here D, = N

and C;, = D,©,Bl©,,, where N can be obtained from D, using Lemma 3.12.
T

D
Note in particular that D;@w(Dg)T = Oy and [ N } O. [ Dq =0,. Here

D, D,

/
t
w'(t) = wi(t) , where w/ (¢) and wj(t) are two vectors of independent vacuum

wj(t)
boson fields and will be defined later. The Hamiltonian of G, is given by H, =
3TT Rywg+xT Kqu(t) with a real matrix K, = —6,, E; u(t) a vector of real locally

square integrable functions, representing a classical control signal; see [12], [46]
for how to implement the linear part a::quu using classical devices. We then
define G be a classical system given by

dz.(t) = Alzx.(t)dt + Bldu.(t), (3.56)
dy.(t) = Cl.x(t)dt + D.du.(t), (3.57)
ya(t) = Chze(t), (3.58)
Ya(t) = CLze(t), (3.59)
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where z. and y. are defined as in (3.9) and (3.11). Here u.(t) is real locally
square-integrable classical signal satisfying

duc(t) = a.(t)dt + dw,(t),

where w,(t) is a vector of independent standard classical Wiener processes, and
a.(t) is a vector of real stochastic processes of locally bounded variation.

The rest undefined system matrices, input and output signals appearing in
(3.53)-(3.59) can be found in the following theorem, which presents a feedback
architecture for the realization of the system (3.7).

Theorem 3.13. Assume that the system (3.7) is physically realizable and its
!
system matrices are all already known. Let C = " | and there exist matrices

c2

C!, G, B., and D., such that

D,C. = Cj, (3.60)
BiGC,y = Aq, (3.61)
B.GD, = B, (3.62)
D.GC., = Cu, (3.63)
D/GD, = D. (3.64)

Then the feedback network shown in Figure 3.1, with the identification

u(t) = z(t),
duc(t) = Gdy; (t) )

GO = v+ | e (s)ds + wi (1),

t
wh(t) = y,0)+ / yla(8)ds + wa(t),
E = Ae- B,
Al, = A.—B/GD.C,

C!, = C,—-D.GD.C!

q-c

is a physical realization of the system (3.7) consisting of a quantum system G,
described by (3.53)-(3.55) and a classical system Gz described by (3.56)-(3.59),
where the network G can realize the matric G = KV to produce classical signals
u. = Gy (t) satisfying

[e(t), ue(s)"] = 0,



34CHAPTER 3. SYNTHESIS OF MIXED QUANTUM-CLASSICAL SYSTEMS

Vt,s > 0, where K = [k kI ---kF]T (kj =[00 --- 010 --- 0] € RI*(metnuc)
with the 1 in the (2j-1)-th position) and V is a symplectic matriz; the network S

. . . D,
realizes a symplectic transformation D
q
-t TT Tt T 1
|
: Gl I e
|
| Quantum p— < -=—>
| plant L e
| :
| I
IO, SO !
W 1 W’z
4 #, G
w=—pp{ MOD MOD jupme u
A
Yo Yo Classical | u.
system <
Ve —— G,

Figure 3.1: Feedback interconnection of a quantum system G; and a classical
system Go. The two sets of modulators (MODs) displace the vectors of vacuum
quantum fields w; and ws to produce the quantum signals w}(t) and wj(t) by the
classical vector signals y. (t) and y, (t), respectively. The network G corresponds
to measurement processes. |

Proof. First, we will show that under physical realization constraints (3.13)-(3.15)
and (3.43)-(3.49), we can build matrices C., G, B., and D/, to satisfy (3.60)-(3.64).
It follows from equations (3.13) with invertible ©,, that the wide matrix D, has
full row rank and rank(D,) = rank ([ D, Cg ]) So, the solution of equation
(3.60) is written as

Cé = Df(Dqu)"Ich + N(Dq)a

where N(D,) denotes a matrix of the same dimension as C, whose columns are
in the kernel space of D,. Let B, = B!G and D, = D.G. Now we will show
B,

c c

that the equation { ?C ] D, =
D

B,
has solutions for [ D j| Combining
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equations (3.14) and (3.46) gives

Dq Ogn, X(2m—2ny,)
Ou(Dy)" = | ™ o (3.65)
[sz ! | Oy
Dq [ 02ny X (nc+ny,)
O, |BT DT| = ! N , 3.66
[D;] |50 oF] D0, | BT DY | (3.66)

where Oy, = diag,,_,, )(J). From equations (3.65) and (3.66), we can infer that
rank ((D;)") = rank (©y,),

and
rank([ BT DT D = rank (D;@w [ BT DT ]) :

Given that ©, has full row rank, we can conclude that
rank (©,, ) = rank ([Gya D0, [ BT DT ”) ,

which implies that rank ((D})”) = rank ([ (D))t BI DI ]) So, there exist
B, and D, satisfying (3.62) and (3.64), respectively. From constraints (3.44),
(3.49), and Coq = D;@wB:{@nq, we conclude that equation (3.62) implies (3.61),
and (3.64) implies (3.63), respectively.

Then it is straightforward to verify from (3.60)-(3.64) that interconnecting
the system G; and the system Gq gives the standard form (3.7), or equivalently
described by (3.8)-(3.11). Now let us check that the system G; is a physical-
ly realizable fully quantum system. It follows from conditions (3.13) and (3.43)
that the system G, satisfies constraints (3.29) and (3.31) in the sense of Theorem
3.9 with matrices A, B, D, ©, and diag(©y,, On,, xn,,) replaced by corresponding
matrices Ayq, By, Dy, O, and O,,, respectively. The system G| also satisfies con-

straint (3.30) with its matrices replaced by corresponding matrices in equations
(3.56)-(3.59) with the proof below:

T T
D
_@nq ([ D‘/I @"”Bg@nq) = _@“q@z@qu@Z g(/] ]
q q
T

D

=B,0, Dj’

q

So, the system G| is a physically realizable quantum system, where y; is the input
to the network G. Given that D0, (D))" = Oy, = diag(m_nyq)(J ), we get from
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equations (3.15), (3.45), (3.48), (3.62) and (3.64) that

_ _ 9T
B B
_° | 2] =0 3.67
. | B. | _. B,
From equation (3.67), we know that the matrix b with rank D =r

can be decomposed as

Pz

2

B,

c

=PZKV = KV

(see [84, Lemma 6] for details), where P =

1. . . .
} is a permutation matrix; Z is
2

L |. :
a matrix of the form Z = x ] if r < n.+ny,, where X is some (n.+mn,, —r) xr
matrix, and Z = l(n 4n,,) if 7 = n. +ny,, and V is a symplectic matrix. So, we
can define
G=KV,
B, =P Z,
D.=PRZ,

and the symplectic transformation V' can be realized as a suitable static quantum
optical network. Applying K to Vi, (t) is to measure the first 7 amplitude quadra-
ture components of Vy;(t) to obtain the measurement result u.(t) = KVy,(t).
So, G represents measurement processes [84]. Then we can show that V¢, s > 0,

[uc(t), ue(s)"] = Glyj(t), vo(s)"1GT
= 0,Gdiag, , 12(J)GT
= (5,53 x 0= 0,
which implies that u,. is a classical signal. Thus G4 described by (3.56)-(3.59) is

a classical system, where the classical vector signals y;, (t) and y.,(t) are used to
produce the quantum signals w}(¢) and wj(¢) injected into Gj. O

3.4.2 Examples

In this subsection, two examples are presented to check our main results.



3.4. SYSTEMATIC SYNTHESIS OF MIXED SYSTEMS 37

Example 3.1

Consider a mixed quantum-classical system of the standard form with A, B,C, D
satisfying conditions (3.29)-(3.31), such that

0 01 -1
A=1|-01 0 -3},
| 04 0 -5
[0 0 0 0 0 0
B=|0 -02 0 -02 0 -02]/,
|4 0 4-5 0 3 0
(48 0 —42
o_| 0 003 |
0 0 —2
0 0 5
8 0 10 0 6 0
D 0 004 0 005 0 0.03
13 0 0 0 -4 0
| 0012 0 0 0 -—0.16

Following the construction in the proof of Theorem 3.13, we have the quantum
system G given by

da(t) = 0 0.1}$q(t)dt+[o 0O 0 0 0 0 Hdwl(t)}_

01 0 0 —02 0 —02 0 —02 || dws(?)
[ 1
du(t),
1} 0
[ 48 0 8 0 10 0 6 0
dy,(t)= £)dt + «
a(t) 0 o]x"() [0 004 0 005 0 0.03}
[ dw (¢)
d’wz(t) ’ )
C 004 0 04 0 —05 0 03 0
0 0 0 08 0 -1 0 06
dy' (t) = t)dt X
V) = | _gg o |[T@EF | o 0 o 4
0 o0 0 012 0 0 0 -016
[ dw!(¢)
| dwy(t)
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and the classical system G5 described by

dz.(t) = —34z.(t)+[0 10]duc(t),
-5 0 0

dye(t) = 5'6]xc(t)dt+ ; O}duc(t),
- T

va® = [1 3] @),

dalt) = [ =5 10 6] ().

It can be easily checked that the closed-loop system described by (3.7) with the
above matrices A, B, C, D is obtained by making the identification

u(t)’_"“"C(t)a

[ 0.04 0 04 0 —050 03 0
du.(t) = t)dt + X
ue(?) 0 0]%() [0 012 0 0 0 -016

[ dw! (t)

| dws(?) ’

r T
dw!(t) = | 1 3] o(t)dt+dw, (t),

T
duy(t) = [_5 10 6] o)+ dws(t),

where G = 1000.
0 001

Example 3.2

Consider a mixed quantum-classical system of the standard form with A, B,C, D
satisfying conditions (3.29)-(3.31), such that

-9 -3 -1
A=| 1 -1 -3/,
| —0.72 —06 —12

1 2 -7 0 -3 5
0012 0 0 0 -0.16
[ 38 46 —42

C=|031 04 035 |,
| 42 -6 5
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8 0 10 0 6 O
D=0 004 0 005 0 0.03
0 08 0 -1 0 06

Following the construction in the proof of Theorem 3.13, we have the quantum
system G given by

-9 -3 12 -7 0 =3 5 || dw(t)
d:cq(t)—[ ) _7]$q(t)dt+[2 5 1 -3 6 —8} [dw'z(t)}+
—30.4
[ 22.2 }du(t)’

38 46 8 0 10 0 6 0 || duw()
dy.(t) = t)dt + o |
bal) [0.31 0.4]$q() [o 0.04 0 005 0 0.03] [dwg(t)]

-1.1 23 04 0 -05 0 03 O
I —_— —
dy(6) = dy,, (t) _ 4.2 6 zo(8)dtr 0 08 0 1 0 06 o
dyg, (t) —-47 —14 3 0 0 0 -4 O
-0.72 —0.6 0 012 0 0 0 -0.16
dw (t)
dwp(t)
and the classical system G, described by
dzx.(t) = —12z.(t)+ [3.6836 — 0.4345]du.(t),
dy.(t) = 12z.(t)dt + [—0.2065 1.2388]du.(t),
yél(t) = Oa
Ye (1) T
Uo(t) = =|—-42 7 0 0| z(t).
’ [ Yeaa(t) [ ]

It can be easily checked that the closed-loop system described by (3.7) with
the above matrices A, B, C, D is obtained by making the identification
u(t) = z(t),

0.2086 —0.7489 0 0.1109 0 -0.0971 0 0.014
du.(t) = zq(t)dt+ X
3.4253 —4.9684 0 0.6643 0 —0.8235 0 0.4867

[ dwy (t) }
dwy(t) |’
dwi(t) = dwy (),

dw}, (t

2l = [ dwl22(t§ ] - [ 2Tl ]T%(t) * dwao(t)

dwas (t) ]
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due, dway (1) 0 0.0971 0 0.2769

du., dwas (t) 0 0.8235 0 0.0462 |
The realization of this mixed system is shown in Figure 3.2.

where du,(t)= , dwg =

andG=[

>

Mod2 >
| Wy

A 4

Classical system
GJ

Figure 3.2: A realization of the mixed quantum-classical system. Black rect-
angles denote fully reflecting mirrors. Mj, My, Mg and M3 represent trans-
mitting mirrors with coupling constants ki, ka1, ko2 and 7, respectively (v <
1,y < K1, K21, Ka2); BS1, BSa1, BSg2, BS3, BSy, BS; and BSg represent beam split-
ters; T'Sq, T'So; and T'Sas represent two-mode squeezers; PS;, PSy;, PSss represent
phase shifters; S; (¢ = 1,2- -, 8) represents a squeezer; DPA is short for degen-
erate parametric amplifier; Modi (i = 1,2,3,4) represents a modulator; HDi

(i = 1,2) represents a homodyne detector; A; is an amplifier with gain L. f can

_\/.-_Y
be realized using a computer. w;,ws;,wes, w3 are vacuum noises and the con-
tribution of ws to quantum system noise is negligible compared to that of other

vacuum noises.

3.5 Concluding remarks

In this chapter, two forms (a general form and a standard form) are presented for
the physical realization of the mixed quantum-classical linear stochastic system.
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We have shown the relation between these two forms. Three physical realization
constraints are derived for the standard form and the general form, respectively.
A network theory is developed for synthesizing linear dynamical mixed quantum-
classical stochastic systems of the standard form in a systematic way, and we then
propose one feedback architecture for this realization. Our results are illustrated
with several examples.
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Chapter 4

Quantum Optical Realization of
Classical Linear Stochastic

Systems

In Chapter 3, we have presented how a physically realizable mixed quantum-
classical linear stochastic system can be realized as a feedback interconnection
circuit consisting of a fully quantum linear system implemented by quantum op-
tical devices, and a classical linear system implemented by standard electrical and
electronic devices, together with modulators and homodyne detectors. However,
classical systems have the relatively slow processing speed while quantum optical
systems typically have much higher bandwidth than electronic devices, meaning
faster response and processing times, and have a potential for providing better
performance than classical systems. So, the performance of a mixed quantum-
classical system will be affected if the classical part is not fast enough. To solve
this problem, in this chapter, we develop a method that show how classical linear
stochastic systems can be physically implemented using quantum optical compo-
nents. A complete procedure is proposed for a stable quantum linear stochastic
system realizing a given stable classical linear stochastic system.

4.1 Introduction and motivation

Linear systems are of basic importance to control engineering, and also arise in
the modeling and control of quantum systems; see [3] and [27]. As is known to all,
the state space representation provides a convenient and compact way to model
and analyze systems with multiple inputs and outputs. A classical linear system

43
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described by the state space representation can be approximately realized using
electrical and electronic components by linear electrical network synthesis theory,
see [106]. For example, consider a classical system given by

§(t) = = &(t) + ui(),
y(t) =¢(t) + va(?), (4.1)

where £(t) is the state, v1(t) and wvy(t) are inputs, and y(t) is the output. Im-
plementation of the system (4.1) at the hardware level is shown in Figure 4.1.
Analogously to the electrical network synthesis theory of how to synthesize linear
analog circuits from basic electrical components, [81] have proposed a quantum
network synthesis theory (briefly introduced in Section 2.4 of Chapter 2), which
details how to realize a quantum system described by state space representations
using quantum optical devices.

— s

V,

1
° s A -W_

Figure 4.1: Classical hardware implementation of the system (4.1).

The purpose of this chapter is to address this issue of quantum physical re-
alization for a class of linear systems. For example, the quantum physical real-
ization of the system (4.1) is shown in Figure 4.2 (see Example 4.1 for more
details). The essential quantum optical components used in Figure 4.2 include
optical cavities, degenerate parametric amplifiers (DPA), phase shifters, beam
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Figure 4.2: Quantum hardware realization of the system (4.1).

splitters, and squeezers, etc; Interested readers may refer to (81], {107] for a more
detailed introduction to these optical devices. From the above introduction, it
can be easily seen that this issue of quantum physical realization can be solved by
seeking state space equations of a quantum linear system to replace (or realize)
state space equations of the classical linear system, where the classical and quan-
tum systems should satisfy some relation discussed in Section 4.3. However, [29]
and [32] point out that a linear system with arbitrary system matrices does not
correspond to a physically meaningful quantum system. Therefore, we propose
Theorem 4.2 to show how to construct state space representation matrices of a
physically meaningful quantum system according to state space equations of a
given classical linear system. The motivation of this work will be discussed below.

Compared with classical systems typically implemented using standard ana-
log or digital electronics, quantum mechanical systems can have better physical
properties, which may provide a bandwidth much higher than that of convention-
al electronics and thus increase processing times. For instance, quantum optical
systems can have frequencies up to 10'* Hz or higher. Furthermore, it is be-
coming feasible to implement quantum networks in semiconductor materials, for

example, photonic crystals are periodic optical nanostructures that are designed
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to affect the motion of photons in a similar way that periodicity of a semiconduc-
tor crystal affects the motion of electrons, and it may be desirable to implement
control networks on the same chip (rather than interfacing to a separate system);
see [33], [80].

This chapter is organized as follows. Section 4.2 formulates a problem of
quantum physical realization to be solved in this chapter. Section 4.3 presents
the main results of this chapter. Section 4.4 presents a potential application
of the main results of this chapter to measurement-based feedback control of
quantum systems. Some examples are also presented to illustrate the application
of the main results in this section. Section 4.5 study if a quantum realization
of a classical controller can improve the overall closed-loop control performance.
Finally, Section 4.6 gives the conclusion of this chapter.

4.2 Problem formulation

4.2.1 Classical linear systems

Consider a class of classical linear systems of the form
£(t) =AE(t) + Bui(2),
y(t) =C¢(t) + Duy(2), (4.2)
where A € R™*" B € R**™1, C € R™*™ and D € R™*™2 are real constant
matrices, v (t) and vs(t) are input signals and independent. The initial condition
€(0) = & is Gaussian, while y(0) = 0. The transfer function Z¢(s) from the noise
input channel v to the output channel y for the classical system (4.2) is denoted
by
Al B Oun, |
e 2]

~[cGnL-4"8B D] (4.3)

()

Ec(s) =

4.2.2 Quantum linear stochastic systems

Consider a quantum linear stochastic system of the form (see e.g. [3], [27], [30],
[54] and [108])

dz(t) =Az(t)dt + Bdw(t),

dz(t) =Cx(t)dt + Ddw(t), (4.4)
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where A € R B ¢ R (' ¢ R™*2" gnd D € R™*™ are real constant
matrices. We assume that n,, and n, are even (see [29, Section II] for details).
We refer to n as the degrees of freedom of systems of the form (4.4). Equation
(4.4) is a quantum stochastic differential equation (QSDE) [27], [109], [110] and
[111]. In equation (4.4), z(t) is a vector of self-adjoint possibly non-commuting
operators, with the initial value z(0) = z, satisfying the commutation relations

TojTok — TokToj = Qiéjk, (4.5)

where O is a skew-symmetric real matrix. The matrix © is said to be canonical if
it is the form © = J,. The components of the vector w(t) are quantum stochastic
processes with the non-zero Ito products

d'U}j (t)dwk(t) = E,kdt, (46)

where F is a non-negative definite Hermitian matrix. The matrix F' is said to be
canonical if it is the form F = I, + iJnw. In this chapter we will take 6 and F
to be canonical. The transfer function for the quantum linear stochastic system
(4.4) is given by

) i|B ) U
Zo(s) = P (s)=c(312n—,4) B+D. (4.7)

Here we mention that while the equations (4.4) look formally like the classical
equations (4.2), they are not classical equations, and in fact give the Heisenberg
dynamics of a system of coupled open quantum harmonic oscillators. The vari-
ables z(t), w(t) and z(t) are in fact vectors of quantum observables (self-adjoint
non-commuting operators, or quantum stochastic processes).

The quantum system (4.4) is (canonically) physically realizable (cf.[32]), if and
only if the matrices 4, B, C and D satisfy the following conditions:

AJy + Jo AT + BJs BT =0, (4.8)
BJusy D" = —J,C7, (4.9)
DJnw DT = Jnz (4.10)

2 2

where n,, > n,. In fact, under these conditions the quantum linear stochastic
system (4.4) corresponds to an open quantum harmonic oscillator [29, Theorem
3.4] consisting of n oscillators (satisfying canonical commutation relations) cou-
pled to n,, fields (with canonical Ito products and commutation relations). In
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particular, in the canonical case, zo = (q1 @2 ... @n P1 P2 --- Pn)T, where g; and
p; are the position and momentum operators of the oscillator j (which consti-
tutes the jth of degree of freedom of the system) that satisfy the commutation
relations [g;, px] = 290k, [g;, gx] = [pj, k) = 0 in accordance with (4.5). Hence by
the results of [81] the system can be implemented using standard quantum optics
components. It is also possible to consider other quantum physical implementa-
tions.

4.2.3 Quantum physical realization

We have briefly reviewed some notations and concepts about classical probabil-
ity and quantum probability as well as classical and quantum random variables
introduced in Chapter 2. If we are given a classical vector-valued random variable

X=[X1 X, - X7,

we may realize (or represent) it using a quantum vector-valued random variable
X with associated state v in a suitable Hilbert space in the sense that the
distribution of X is the same as the distribution of XQ with respect to the state
1. For instance, if the variable X have a multivariate Gaussian distribution with
its probability density function given by

£(&) = (2r) F |2 Fexp (—%(fc _pTEE - ﬂ)) (4.11)

with mean i € R™ and covariance matrix X € R™*", we may realize this classical
random variable X using an open harmonic oscillator. Indeed, we can take the
realization to be the position quadrature Xg = [QT QT --- Q] (for example),
with the state 1 selected so that (fi, £2) = (fig, £3). So statistically X = Xo.
The quantum vector X = [X2 XZ|T is called an augmentation of X, where
Xp = [PI' PT --- PT|T is the momentum quadrature. The quantum realization
of the classical random variable may be expressed as

. X

X = [ I, Onxn] [ @ ] . (4.12)
Xp

As is well known, for a linear system, its state space representation can be

associated to a unique transfer function representation. Then, we will show how

the transfer function matrix Z¢(s) can be realized (in a sense to be defined more

precisely below) using linear guantum components. In general, the dimension of
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vectors in (4.4) is greater than the vector dimension in (4.2), and so to obtain a
quantum realization of the classical system (4.2) using the quantum system (4.4)
we require that the transfer functions be related by

Ec(s) = MOEQ(S)M,;, (413)

as illustrated in Figure 4.3. Here, the matrix M; and M, correspond to operation
of selecting elements of the input vector w(t) and the output vector z(t) of the
quantum realization that correspond to quantum representation of v(t) and y(t),
respectively (as discussed in Section 4.2). In Figure 4.3, the unlabeled box on the
left indicates that v(t) is represented as an element of w(t) (e.g. modulation*)
[49], whereas the unlabeled box on the right indicates that y(t) corresponds to
some element of z(t) (quadrature measurement).

; quantum ;
e —»| system f—» >
v w z Py
: =Q E
2c

Figure 4.3: Quantum realization of classical system Z¢ : v — .

Then we have the following definition.

Definition 4.1. The classical linear stochastic system (4.2) is said to be canon-
ically realized by the quantum linear stochastic system (4.4) provided:

1. The dimension of the quantum vectors z(t), w(t) and z(¢) are twice the
lengths of the corresponding classical vectors £(t), v(t) = [vi(t)T va(£)F]T
and y(t), where w(t) = [vi(£)T va(t)T w1 ()T ua()T)T, z(t)=[€@®)T 6(t)T]T
with £(t) = [q1(t) @2(t) -+ @ ()]" and 6(t) = [p1(t) p2(t) -+~ Pa(t)]"

2. The classical =¢(s) and quantum Zq(s) transfer functions are related by
equation (4.13) for the choice

My =] I, Oppn, |,

*Modulation is the process of merging two signals to form a third signal with desirable
characteristics of both in a manner suitable for transmission.
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and T
Mi=[ L, Onpn, | -

3. The quantum linear stochastic system (4.4) is canonically physically real-
izable (as described in Subsection 4.2.2) with the system matrices A, B,C
and D having the special structure:

A= |40 Do | (4.14)
LAl A,

B — BO O'n,x'nu2 Onxnul Onxnv27
B, B Bs By |’

C”, _ I CO Onwxn ’
G

D _ Onyxnu1 DO Onyxnvl On.yxm,2 (415)

D, Dy Dy Dy

with A9 € R™", A; € R™", A; € R*™" By € R"™™1, B, € R"*"1,
Bg S Rnxnvz’ B3 € Rnxnn’ B4 & Rnxn,,z’ Oo € Rnyxn’ 01 € Rnyxn, Cg c
R™w*™ Dy € Rw*™2 D) € RWX™1, Dy € RWw*™2 Di € R™*™1, and
Dy € RMwXMvz,

Remark 4.1. According to the structure of matrices A and B, C and D, it can be
verified directly that commutation relations for £(t), 8(¢) satisfy [£(2),£(s)T] =0,
[€(t),0(s5)T] # 0 and [0(t), 0(t)T] # 0 ( for all t, s), which mean that the subvector
€(t) in z(t) acts with respect to £(t) itself like a classical random vector while
the subvector £(t) in z(t) behaves with respect to the vector z(t) as a quantum

random vector. So, the quantum realization of the classical variable £(t) may

10)

matrices A, B,C and D in the above definition ensure that the classical system

be expressed as £(t) = [ Io ] x(t) = [ Io ] [ &®) ] The structures of the

(4.2) can be embedded as an invariant commutative subsystem of the quantum
system (4.4), as discussed in [29], [32] and [38]. Here, the classical variables and
the classical signals are represented within an invariant commutative subspace
of the full quantum feedback system, and the additional quantum degrees of
freedom introduced in the quantum controller have no influence on the behavior
of the feedback system; see [29] for details. In fact, D represents static Bogoliubov
transformations or symplectic transformations, which can be realized as a suitable

static quantum optical network (eg. ideal squeezers), [45], [81], [84].
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4.3 Main results

In this section we will present our results concerning the quantum physical real-
ization of classical linear systems.

In what follows we restrict our attention to stable classical systems, since it
may not be desirable to attempt to implement an unstable quantum system. By
a stable quantum system (4.4) we mean that the A is Hurwitz. We will seek sta-
ble quantum realizations. Furthermore, given the quantum physical realizability
conditions (4.8)-(4.10), we cannot do the quantum realizations for an arbitrary
classical system (4.2). For these reasons we make the following assumptions re-
garding the classical linear stochastic system (4.2).

Assumption 4.3.1. Assume the following conditions hold:
1. The matrix A is a Hurwitz matrix.
2. The pair (—A, B) is stabilizable.
3. The matrix D is of full row rank.

Theorem 4.2. Under Assumption 4.3.1, there exists a stable quantum linear s-
tochastic system (4.4) realizing the given classical linear stochastic system (4.2) in

the sense of Definition 4.1, where the matrices A, B,C and D can be constructed
according to the following steps:

1. Ay = A, By=B, Cy=C and Dy = D, with A B, C and D as given in
(4.2).

2. By, By are arbitrary matrices of suitable dimensions.
8. The matrices Ay and Bs can be fized simultaneously by
Ay = —AT — B3BT, (4.16)
where Bz is chosen to let Ay be a Hurwitz matriz.

4. The matrices By and D4 are given by

By = -CT(DD™)™'D + Ny (D)7, (4.17)
Dy = (DDT)™'D + No(D)7, (4.18)

where Ny(D) (resp., Na(D)) denotes a matriz of the same dimension as BT

(resp., DT ) whose columns are in the kernel space of D.
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5. For a given Dy, there always exist matrices Dy, Dy, D3 satisfying
-D;Df - D,DT + D, DY + D,D] =0. (4.19)
The simplest choice is Dy =0, Dy =0, and D3 = 0.

6. The remaining matrices can be constructed as

Cy = —D3B7, (4.20)
C, = DB + D;BT — D,BT — D, BT, (4.21)
1
A =E+ §(Bng — B,BT — By,BT + B4BY), (4.22)

where = is an arbitrary n X n real symmetric matriz.

Proof. The idea of the proof is to represent the classical stochastic processes &(t)
and v(t) as quadratures of quantum stochastic processes z(t) and w(t) respec-
tively, and then determine the matrices A, B, C and D in such a way that the
requirements of Definition 4.1 and the Hurwitz property of A are fulfilled. To this
end, we set the number of oscillators to be n = n., the number of field channels
as Ny, = 2n, = 2(ny, + Ny,) and the number of output field channels as n, = 2n,,.

Equations (4.16)-(4.22) can be obtained from the physical realizability con-
straints (4.8)-(4.10). According to the second assumption of Assumption 4.3.1,
we can choose Bj such that Ay = —AT — B3 BT is a Hurwitz matrix. From the
first assumption of Assumption 4.3.1, we can conclude that A is a Hurwitz ma-
trix, which means the quantum linear stochastic system (4.4) is stable. Using
M; and M, as defined in Definition 4.1 and then combining these with equations
(4.14)-(4.22), we can verify the relation between the classical Z¢(s) and quantum
Eg(s) transfer functions, such that

MOEQ(S)M

:[Iny Onyxny]{l:gl Og:n] (3I2n_

A onan_l
A Ay
X [Inv Onvxnu]T

[C 0 ] (SIn B A)—l Onxn
M| (5T, — Ag) " Ay (sIn — A)7L (sIn—Ag) L

O, D)

[C sl,— A)"'B D]
=Zc(s).
This completes the proof. O

B 0n><n,,2 Onxnv1 0'n,><'n,,2

By By Bs By

+f>}

B 0n><n,,2
B: By

+
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4.4 Application and examples

4.4.1 Application

Quantum
output

™| Quantum > HD

> plant
Quantum Quantum
vacuum noise control signal
———{Mod
Classical
control signal .
& Classical |
controller Classical
measurement
signal

Figure 4.4: Measurement-based feedback control of a quantum system, where HD
represents the homodyne detector and Mod represents the optical modulator.

The main results of this chapter may have a practical application in measurement-
based feedback control of quantum systems, which is important in a number of
areas of quantum technology, including quantum optical systems, nanomechani-
cal systems, and circuit QED systems; see [3], [4], [5], [25]. In measurement-based
feedback control, the plant is a quantum system, while the controller is a classical
(i.e. non-quantum) system [3]. The classical controller processes the outcomes of
a measurement of an observable of the quantum system (e.g. the quadrature of
an optical field) to determine the classical control actions that are applied to con-
trol the behavior of the quantum system. The closed-loop system involves both
quantum and classical components, such as an electronic device for measuring a
quantum signal, as shown in Figure 4.4. However, the state of quantum systems
is easily affected by interaction with measurement devices, which causes the loss
of quantum information. This thus motivates the replacement of the classical
controller in measurement-based feedback control system as shown in Figure 4.4
by a coherent quantum controller, which is directly interconnected with a quan-
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—* Quantum
. plant .
Quantum
control signal
A Quantum
output
Quantum [*

«— | controller |

Figure 4.5: Quantum realization of a measurement-based feedback control sys-
tem.

tum plant without any interfaces (eg. homodyne detectors, modulators) involved
[5], (35].

According to the main results of Section 4.3, it may be possible to realize the
measurement-based feedback loop illustrated in Figure 4.4 fully at the quantum
level. For instance, if the plant is a quantum optical system where the classical
control is a signal modulating a laser beam, and if the measurement of the plant
output (a quantum field) is a quadrature measurement (implemented by a ho-
modyne detection scheme), then the closed-loop system might be implemented
fully using quantum optics, Figure 4.5. The functions of the modulator and the
measurement device are built into the couplings between the quantum controller
device (a quantum system) and the quantum fields used to carry signals in the
feedback loop. In other words, the role of the quantum controller in the feedback
loop is equivalent to that of a combination of the classical controller, the modula-
tor and the measurement devices in the feedback loop as shown in Figure 4.6. In
Subsection 4.4.2, Example 4.3 will be provided to illustrate the application of

our main results to the measurement-based feedback control of quantum systems.

4.4.2 Examples

In this subsection, we will provide three explicit examples of the application of
the main result to the implementation of classical systems as quantum systems,
where we will also detail the construction of the quantum system G using various
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Figure 4.6: Relations between classical and quantum controllers. The function of
the quantum controller shown in Figure 4.6b is equivalent to that of the combina-
tion of the classical controller together with the homodyne detector and optical
modulator shown in Figure 4.6a.

linear and nonlinear quantum optical devices. Before continuing to read, please
briefly review some definitions and results introduced in Section 2.4 of Chapter 2.
In the following we will use the construction proposed in [81] to realize systems
of the form (4.4) without further comment. The details of the construction can
be found in [81] and the references therein.

Example 4.1

Let us realize the classical system (4.1) introduced in Section 4.1. The classical
transfer function is E¢(s) = [ 5 1 ] By Theorem 4.2, we can construct a
quantum system G given by

dr, = —rdt+ d'Ula
d$2 = —xgdt + 2dU1 - d’LL2,
dzy = x1dt + dvs,
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The quantum transfer function is given by

1100
= = | s+l .
Za(s) [0 001}

Since in this case M, = [ 10 ], M; = [ Iy 0ox2 ]T, we see that Zq(s) =
M,Eq(s)M;. The commutative subsystem dz; = —z1dt + dvy, dz; = x1dt + dv,
can clearly be seen in these equations, with the identifications y = 27, £ = z;. It
can be seen that A, B, C and D satisfy the physically realizable constraints (4.8)
and (4.9). .

Let us realize this classical system. The parameter R for G is given by R = 0,
which means no Degenerate Parametric Amplifier (DPA) is required to implement
R; see [81, section 6.1.2]. The coupling matrix A for G is given by

A = -AI}

Ay
[ -1 —os
los o0 |°
From the above equation, we can get A; = [ —1 —0.5¢ ] and A, = [ 0.5 0 ].
The coupling matrix L; = Az for G is given by
L = A |2
| P
11
- Al J . } [ a/* ]
—i 1 a
= —1.5a —0.5a",

where a = 1(g + ip) is the oscillator annihilation operator and a* = (g — ip) is

the creation operator of the system G with position and momentum operators
q and p, respectively. L; can be approximately realized by the combination of
a two-mode squeezer Y¢,,, a beam splitter Bg,,, and an auxiliary cavity G;. If
the dynamics of GG; evolve on a much faster time scale than that of G then the

coupling operator L, is approximately given by L, = —€l5a + €110*), where

1
el
1 is the coupling coefficient of the only partially transmitting mirror of Gy, €13
is the effective pump intensity of Y¢,, and €5 is the coefficient of the effective

Hamiltonian for Bg,, given by €15 = 201,712 where O, is the mixing angle of
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Bg,, and @5 is the relative phase between the input fields introduced by Bg,,;
see [81]. To be a good approximation for adiabatic elimination, we require that
V1 1], [e12] be sufficiently large. So assuming that the coupling coefficient of
the mirror M; is y; = 100, we then can get €;; = —5, €15 = 15, &5 = 0 and
©15 = 7.5. The scattering matrix for G, is €™ = —1 and all other parameters are
set to be 0. In a similar way, the coupling operator Ly = Asxp can be realized
by the combination of Yg¢,,, Bg,,, and G2. In this case, if we set the coupling
coeflicient of the partially transmitting mirror M, of G5 to v = 100, we find the
effective pump intensity es; of T¢,, given by e3; = 5, the relative phase @99 of
Bg,, given by ®5; = 7, the mixing angle O, of Bg,, given by O = 2.5, the
scattering matrix for G5 to be €™ = —1. All other parameters are set to be 0.
The implementation of the quantum system G is shown in Figure 4.2.

Example 4.2

Consider a classical system of the form (4.2) with matrices
a [ -3 1 -3 ] |
2

2 =2
By Theorem 4.2, we can construct a quantum system G, an augmentation of the
above classical system, with the following matrices

, B=

C=[2 5], D=1

-3 1 0 0
i_ |2 200
1 0 3 -2
0 1 8 —4
300 0 ]
F_ | 2000
0 00 —2
| 0 03 -5
0 -3 0 0 ]
. 92
P 5.0 0 |
0 0 3 —2
(000 0 0
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1000
p - 0100
0010
0001

Since M, = [ 0100 }, M; = | I, 05x9 ]T, it can be easily checked that
Ec(s) = M,Eg(s)M;. )

The system G has two degrees of freedom, which can be realized as an inter-
connection of two one degree of freedom systems (G; and G5. The parameter R
for G is given by

R — Rl R12
R, Ry |’

where R; is for the subsystem Gi, Rj is for the subsystem G,, and R, is for a
direct interaction between G; and G,. We can realize R, and R, as two DPAs
with detuning parameters Ag, and Ag, and effective pump intensities e, and eg,,
respectively. These parameters are Ag, = —0.5, ¢, = —3 + 0.5¢, Ag, = —0.5,
and €g, = 1+ 0.5:.

The coupling matrix Ag for the quantum system G is given by

Ag = [ Ag,

AGZ],

A A
where Ag, = [ AGM ] for the subsystem G, Ag, = [ AG“ jl for the subsystem
G1,2 G2,2

2.

Defining the coupling operators Lg,, = Ag,, [g;,p;]T for j,k = 1,2, we can
realize these coupling operators with the construction employed in Example
4.1. That is, for the coupling operator Lg,, we will need an auxiliary cavity
mode Gjx, a two-mode squeezer with effective pump intensity eg, 1 and a beam
splitter with mixing angle ©¢,, and relative phase Vg, ,, giving the coefficient
€G 02 = 2@Gj,ke_i%z‘,k, and a partially transmitting mirror of G, with coupling
coefficient g, . These values are given by

€cia1 = —15; O¢,, = —71.5;
\IIGL1 = 0 €G11,2 = —15;
Y6, = 100; €Gy2,1 = 10;

eGl,z = _5; lIIG'1,2 - 07
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€02 = —10; Y6, = 100;
€611 = 5 O¢,, = 12.5;
Vg, = 0 €Gy 1,2 = 255
YG,, = 100; €Gaa1 = 25;
Og,, = —12.5 Ue,, =0;
€G22 = —25 Y6, = 100.

We now consider the implementation of the direct interaction Hamiltonian
HE o, between Gy and Gs given by

1
Hbo, = o (Rh~ (0 Ae, - A5A8)) o

= 0.5a;03 — 1.5ta a2 + 1.5%a7a5 — 0.5ajay

* * * * *k %
€G,G,,10102 T €5, G, 20109 + €3,G5,20102 + €G,G,,101 Q3.

Define Hg_laz,l = —1.51a1a3 + 1.5%aja; and Héle,2 = 0.5¢a1a5 — 0.5%a7az so
that H g, = H ¢,1 + Hé, q,o The first part HE ,, can be implemented by
a two-mode squeezer Y¢,G,,1. The two modes a; of G; and ay of G, interact in
a suitable x? nonlinear crystal with a classical pump beam of effective intensity
€61G5,1 = 3. On the other hand, the second part H& g, , can be simply imple-
mented as a beam splitter Bg, g, 2 with a mixing angle O¢, g, 2 = —0.5. All other
parameters are set to be 0. The implementation of G is shown in Figure 4.7.

Example 4.3

Consider a closed-loop system which consists of a quantum plant G and a real
classical controller K shown in Figure 4.4. The quantum plant G, an optical
cavity, is of the form (4.4) and is given in quadrature form by the equations

dg = (—-%q +wp)dt — /7 dw, (4.24)
dp = (—3p—wo)dt — 7 duy, (4.25)
dm = /vqdt+du, (4.26)

where w is the detuning parameter, and v is a coupling constant. The output
of the homodyne detector (Figure 4.4) is ( = 1,. The quantum control signal
(w1, ws) is the output of a modulator corresponding to the equations dw; =
€dt + dy, dwy = diby, where (W, W) is a quantum Wiener process, and € is a
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<

Figure 4.7: Realization of G.

classical state variable associated with the classical controller K, with dynamics
d§ = —&dt + d¢. The combined hybrid quantum-classical system G-K is given
by the equations

dg — (—%q-l—wp—ﬁg)dt—ﬁdu”}l,

dp = (—%p — wq)dt — /7 dig,
dE = \/yqdt + diby,
d¢ = (Vyq+&)dt+ div,. (4.28)

Note that this hybrid system is an open system, and consequently the e-
quations are driven by quantum noise. The quantum realization of the system
d§ = ~&dt+-d¢, dw; = {dt+dwn, denoted here by Kg is, from Example 4.1, giv-
en by equations (4.23) (with the appropriate notational correspondences). The
combined quantum plant and quantum controller system G-K is specified by
Figure 4.5, with corresponding closed-loop equations

dq = (“%q+wp—ﬁ$1)dt—ﬁdvz,

dp = (—%P—WQ)dt—ﬁduz,
dzy = /yqdt+ dv,,
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d.’EQ = (—1‘2 + 2ﬁp)dt + dUQ. (429)

The hybrid dynamics (4.28) can be seen in these equations (with z1, vy and us
replacing £, Ww; and s, respectively). By the structure of the equations, joint
expectations involving variables in the hybrid quantum plant-classical controller
system equal the corresponding expectations for the combined quantum plant
and quantum controller. For example, Elq(t)¢(t)] = E[q(t)z:(t)]. A physical
implementation of the new closed-loop quantum feedback system is shown in
Figure 4.8.

We consider now the conditional dynamics for the cavity, [3], [9]. Let ¢(¢)
and p(t) denote the conditional expectations of ¢(t) and p(¢) given the classical
quantities ((s),£&(s), 0 < s <t. Then

dj = (—%q +wh — AE)dt + K,dv, (4.30)
dp = (—%ﬁ — wg)dt + Kdv, (4.31)

where K, = c}\"’ —(§)*+ 1 and K, = gp — §p are the Kalman gains for the two
quadratures, and v is the measurement noise (the innovations process, itself a
Wiener process). The output also has the representation

d¢ = (7§ + £)dt + dv.

The conditional cavity dynamics combined with the classical controller dynamics
leads to the feedback equations

dj = (—%(j +wp — \AE)dt + K,dv, (4.32)
dp = (—%p — wg)dt + K,dv, (4.33)
dé = \/gdt +dv, (4.34)
d¢ = (V7d+&)dt+dv. (4.35)

Here we can see the measurement noise v(t) explicitly in the feedback equations.
By properties of conditional expectation, we can relate expectations involving the
conditional closed-loop system with the hybrid quantum plant classical controller
system, e.g. E[§(t)€(t)] = Elq(t)é(t)]. We therefore see that the expectations
involving the hybrid system, the conditional system, and the quantum plant
quantum controller system are all consistent.
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Figure 4.8: Quantum realization of the closed-loop system shown in Figure 4.5.

4.5 Performance analysis

As discussed in the previous sections, we have shown that a class of classical
linear stochastic systems (having a certain form and satisfying certain technical
assumptions) can be realized by quantum linear stochastic systems. However,
the structure of the closed-loop system has changed, which may affect the closed-
loop control performance. Therefore, the purpose of this section is to investigate
conditions under which such quantum realization can preserve the original closed-
loop control performance, such as LQG performance. Given a quantum plant and
some control performance specifications, we can first design a classical controller
by means of measurement-based quantum feedback methods. Then the classical
controller is realized using quantum optical devices so that a quantum controller
is obtained.

Consider a quantum plant G to be controlled described by non-commutative
stochastic models of the following form

dz,(t) =Apz,(t)dt + Bpydu(t) + Bpy,dw(t),
dy(t) =Cpz,(t)dt + Dpydw(t), (4.36)
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where z,, represents a vector of plant variables satisfying
Tyl — (xpxz;)T = 2i0,.

w is a quantum noise satisfying

[dw(t),dw(t)T] = F, — FT = 2i0,,dt.
u is the control signal satisfying

[du(t), du(t)T] = F, — FT = 2i0,dt.
Quantum output y satisfies

[dy(t), dy(t)"] = F, — F,| = 2i0,dt,

which can be represented by position y, and momentum y,,.
Construct a classical controller for the quantum plant (4.36) as

de(t) =AE(8)dt + Bdvi (8),
yc(t) =C£(t)’ (437)

where . is a classical output. Here v; is the measurement signal of the position
quadrature of the output y of the quantum plant, such that

vy =[I Oly.

Note that our controller is not exactly of the form (4.2), but we can relate it to
another system which is of the form (4.4). So, consider Figure 4.4. Note that
the output yx () of the classical controller K feeds a modulator. Since &(t) is
real, modulation here means that the signal yx(¢) modulates a quantum noise
with quadratures (v, uz) to produce a quantum signal y“(t) at the output of the
modulator of the form

dyf() = [ C%(t) } dt + [ EZZ ] .

Note that the first component of dy®(t) is C&(t)dt + dvy(t). Now we define
another classical system K that extends the controller K with equations given
by

d§(t) =Ag(t)dt + Bdu(2),
Ye(t) =CE(t) + Ddus(t). (4.38)
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Note that the output of K is the first component of y?(t), and it is a classical
system of the form (4.2). We may consider this as the system that we will realize
using a quantum system, say, G'z. By the construction, this quantum realization
of K will have as output the quantum signal y9(t) and thus will replace the
combination of K together with the homodyne detector (that measures v;(t))
and the modulator that will produce y?(t).

The plant and controller can be connected by modulators and homodyne
detectors. y“(t) can be considered as to be produced by displacing the vectors
of vacuum quantum fields wy = ZQ via modulators. If the quantum output

2
signals y(t) are measured by homodyne detectors (HD), classical signals v;(¢) =
Gy(t) are produced during measurement processes G defined as in Chapter 3
that satisfies the condition

GO,GT =0 (4.39)

with rank(G) < Z. Thus interconnecting systems (4.36) and (4.38) by setting
u(t) = y9(t) and v (t) = Gy(t) gives

d:ccl(t) = Ad.’L'd(t)dt + Bcld’wcl(t) (4.40)
B,.C

A pu

where £ = [ mgp ] y Wel = Or ] with wp = [v7 u3]", Ag= ’ [ 0 } )
w
2 BGC A
By = [ Bui Bu ] with Bay = | oo | and Bas =
Define a LQG performance variable for (4.40) as

Zl(t) = C’zla;p(t) + Dzlﬁ(t) = C’zlmcl(t), (441)

o . . ~ C

where B(t) = 0 £(t) is the signal part of u = y9; C,; = |Cy Dy 0

Along the line of [54], the infinite-horizon LQG cost for (4.40) can be defined
as

t
Jo = lim sup%/(zl(s)Tzl(s))ds
0

t—+00

¢
= lim supE/ Tr(CLC..5(t))ds
0

t—+o0

= Tr(C%C.9), (4.42)
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- - ~ t
where S = lim;+0 S(t) and the symmetric matrix S = [ e ByB] AaTdr
solves the following Lyapunov equation

and the solution is unique.

By Theorem 4.2, we can construct a quantum realization of the classical con-
troller (4.37) as

dag(t) =Azi(t)dt + B [dun (1) dws(t)7]"

dyr(t) =Czi(t)dt + Dduw,(t), (4.44)
T ™T T T T T\T A [ A O"X"'
where z;(t) = [£@)T 0@)T]T, wy = [u] o], wo =[ul of]7, A= ,
A A
.. ~ o o =~ [c o
B=|B, B,| with B; = dB, = ,C = :
[ 1 2] VERSL= g B, | 72T | B, B, C, G

D, D3 Dy D,
The new closed-loop plant-controller system can be obtained by setting u(t) =
yk(t) and w;(t) = y(t). So interconnecting systems (4.36) and (4.44) gives

oopo]

dig(t) = AqZa(t)dt + Badiby(t), (4.45)
where &y =[z7  }]T, g = [w] w]]". The matrices A= B?Z‘ ] Bp};C
C
A AP BN
B 0]C 4 0 | Be=| 1B 0D 0
; [Bi Bs|Dpw [B: B
[B1 Bs|Cp A Ay
Define a LQG performance variable for (4.45) as
zl(t) zlmcl(t) (4.46)
where C,y = | C; Dy c Dy °
Ch C,

We also associate a infinite-horizon LQG cost for (4.45), such that

J, = hmsupl/( (5)T2(s))ds

t—+4o00

= limsup — / Tr(CEC.5(t))ds

t—+o00

= Tr(C4C.S), (4.47)
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where the symmetric matrix S = hmt_,+oo f eAar B lB 2€ AZ7dr solves the
Lyapunov equation

AyS+ SAY + B4BY =0, (4.48)
and the solution is unique.
Theorem 4.3. Assume that D, =0, D, =0, D3 =0, B, =0, G =[I 0],
and Ay, A are both Hurwitz matrices. The closed-loop system (4.45) with the
quantum realization controller (4.44) can provide the same LQG performance
specifications as the closed-loop system (4.40) with the classical controller (4.37)
for the plant (4.36) to be controlled.
Proof. By Theorem 4.2, if D; =0, Dy =0, D3 = 0, By = 0, then C; = 0 and
Cy =0. So Acl, Bcla (., can be rewritten as

1 | Acl 0

Ay = _ 4.49
a= B0 ] (4.49)
. [ B,

Ba= |5 (4.50)
) [ C 3

Czl = Czl Dzl |: 0 } 0 jl = [ Czl 0 ] ) (451)

where Ay and B, are defined as before with G = [ 0], A; = [[B) Bs|C, A
and B = [B,D,, BsD,, By Byl

Now we will show these two closed-loop systems have the same LQG perfor-
mance. Under assumptions of Theorem 4.3, we then have

1[4 A A A
Jg = limsup — Tr (C’zlS (T)C;"Z) dr

tro+oo tf Jo
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5 T
el ) dr
B

o (/ Z (k' A (AuT) Bcz)i (;' zl(AczT)chl)TdT)

=0

k
([

- (Czlscz,) = J.

This completes the proof. O

4.6 Concluding remarks

In this chapter, we have developed theories and methods of how to construct quan-
tum optical systems equivalent to classical systems. Our results are illustrated
with examples from quantum optics. We also study if a quantum realization of a
classical controller can improve the overall closed-loop control performance. It is
hoped that the main results of the work will help the implementation of classical
linear systems using quantum optical devices.
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Chapter 5

Extended LMI Approach to

Coherent Quantum LQG Control
Design

As mentioned in Chapter 1, in quantum coherent feedback control loop, a designed
linear controller is itself a quantum system that is required to be physically real-
izable. Thus, additional non-linear and linear constraints must be imposed on the
coefficients of a physically realizable quantum controller, which differs the quan-
tum Linear Quadratic Gaussian (LQG) design from the standard LQG problem.
This chapter proposes numerical procedures based on extended linear matrix in-
equality (LMI) approach and new physical realizability conditions proposed in
[32] to design a coherent quantum controller. The extended LMI approach is not
only a new analysis tool but also less conservative in comparison to the conven-
tional counterpart, which may be useful in the optimal design of quantum optical
networks.

5.1 Introduction

In previous works [113], [114], [115], extended LMI technique has been applied
to designs of classical controllers, which characterize stability and performance
specifications. Recalling some knowledge about extended LMIs approach: A
linear system with system matrices A, B, C' (assume that D = 0) is Hurwitz
stable and the squared Hy-norm of its transfer function T satisfies |T||2 =
L [T Ty(T(w)T(T(iw)) < «y if and only if there exists a general matrix F,

2w J—00

69
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symmetric matrices P > 0 and @ such that

FA+ ATFT P_F 4+ ATFT FB |
P-FT+FA —-F-FT FB | <0, (5.1)
BTFT BTFT =
P CT ]
> 0, 5.2
c Q| (5.2)
Tr(Q) < 7. (5.3)

It can be seen from (5.1) that the extra instrumental variable F' introduced
in extended LMIs gives a suitable structure in which the system matrices are
completely independent from the Lyapunov matrix and provides a more positive
impact on the design of quantum controllers compared with standard LMI con-
ditions used in [54], [75]. In a significant way, the problem of minimizing the
norm on one channel, subject to some moderate H* performance requirement on
another channel can be addressed with employing different Lyapunov matrices to
test all the objectives, which gives us less conservative solutions.

Therefore, the purpose of this chapter is to propose two new numerical proce-
dures based on extended LMI approach and new physical realizability conditions
presented in [32] to design quantum controllers. We may optimize over extra pa-
rameters in extended LMIs and new physical realizability conditions to improve
the LQG control performance of a closed-loop plant-controller system.

This chapter is organized as follows. Section 5.2 formulates the set-up of a
closed-loop quantum system with a physically realizable quantum controller, and
then we present a quantum LQG problem to be solved in this section. Section 5.3
proposes two numerical procedures based on extended LMIs approach to solve the
quantum LQG problem. Section 5.4 applies the numerical procedures proposed
in Section 5.3 to the same example given in [54] for comparison. Finally, Section
5.5 gives the conclusion of this chapter.

5.2 Problem formulation

Consider a quantum plant described by non-commutative stochastic models of
the following form
dz,(t) = Apzp(t)dt + Bpudw,(t) + Bpdu(t),
dy(t) = Cpzp(t)dt + Dpydwy(t),
z2(t) = Cpuzp(t) + Dp.Bu(t), (5.4)
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where A, € R™", B, € R™"» B, € R C, € R™*" D,, € R X"
(n,ny, are even). x, represents a vector of plant variables and w, is a quantum
noise. u is a control input and S3,(t) = C.z.(t) is the signal part of u(t). z(t) is
the performance output. Let initial values z,(0) = zp, satisfy the commutation

relations Zp L — (225 )’ = 2i0,,. We assume that ©,, = pr;ing with
dwy(t)dw,(t)T = F,,dt.
Construct a quantum controller given by
dz.(t) = Acz.(t)dt+ Be,dw,, (t)
+ B, dwe, (t) + Be,dy,(t), (5.5)
du(t) = C.x.(t)dt+ D.dw,,(t), (5.6)

where A, € R B, € R"™a B, € R""™e B, € R""™as C, € R™*",
D, € R™XMwe ( Mg, = My e, = Ty Mg, = Ty, TE even). x. represents a vector
of controller variables of the same order as z,(t). The commutation relation for
z(t) satisfies
' T T\T :
zx, — (Tcx, )" = 2iO,,,
where O, is an arbitrary anti-symmetric matrix. The quantum Wiener distur-

bance vectors w,, , W.,, w, are independent of each other and satisfy the following
relations

[dwe, (8), dwe, (8)T] = (Fu,, — Fy, )dt = 2i0,,, dt,
[dwe, (1), dwe, ()] = (Fu, — Fy,, )dt = 200y, dt,
[duwe, (t), dwe, ()] = (Fuey — Fy, )dt = 200y, dt,

where Fy, , Fy,,, ch3 are nonnegative definite Hermitian matrices and their cor-
responding Oy, , Ou,,, Ou,, are skew-symmetric matrices. A physically realizable
quantum controller (5.5) should require its system matrices A., Be,, Be,, Bes, Ce
to satisfy the following conditions:

AOn, + O AL + B, Oy, Bl + B0y, B + Be,0u, By, =0, (5.7)
B, O, DZ = _@ncCZ= (5.8)
DOy, DI = 0,,,. (5.9)

Interconnecting systems (5.4) and (5.5) gives

dz(t) = Ax(t)dt+ Bdw(t),
z(t) = Cz(t), (5.10)
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A B,.C.
where © = [z zI]T,w = [w, wl wI], A = P pee
Lo B..C A

c3p c

, B =

By, BpD. 0
B.D,, B, B,
infinite-horizon LQG cost can be defined as

Jo = lim Sup%/o(z(s)Tz(s))ds

, C = [sz Dpoc_]. Along the line of [54], the

t—+oc0

¢
= lim sup%/ Tr(CTCS(t))ds
0

t—+4o00

= Tr(C*CS), (5.11)

where the symmetric matrix S solves the following Lyapunov equation and the
solution is unique.

AS + SAT + BBT =0, (5.12)

where S < P~! and the symmetric matrix P is shown in (5.1)-(5.2).
In the next section, we will focus our attention to solve the following problem:
Problem 5.1: Given a cost bound parameter v > 0, and design a quantum
controller of the form (5.5) satisfying the following statements:

1. There exist symmetric matrices P > 0 and @) as well as a general matrix F
satisfying (5.1)-(5.3).

2. Joo < 7.

3. The conditions (5.7)-(5.9) should be satisfied.

5.3 Quantum controller synthesis

In this section, we will propose numerical procedures based on extended LMI
approach to design coherent quantum controllers, which can solve Problem 5.1.

5.3.1 Controller parametrization

In order to fit Problem 5.1 into extended LMIs frame, let us redefine our plant
below without changing the structure of the closed-loop system (5.10)
dz,(t) = Apzp(t)dt + BpuBu(t) + Bpudp(t),
dij(t) = Cpxy(t)dt + Dpydiby(t),
2(t) = Cpuzp(t)dt + Dy, Lu(t), (5.13)



5.3. QUANTUM CONTROLLER SYNTHESIS 73

0 I 0
where W, =w, Bpw=[Bpw BpuDe 0,Cp=[0 0 CIT,andDp,=| 0 0 I
D,, 0 0
Let us redefine our controller as
dz.(t) = Acz.(t)dt + B.dy(t),
ﬁu(t) = Ccmc(t)> (5.14)

where B, = [B,, B, Bgl-

To remove the nonlinear terms in (5.1) and (5.2), we now follow the ideas of
[114], [115] by introducing n x n general matrices X,Y,U, V.

i T T
Let K = A B , F = X and F~! = Y 1. F Y =
C. 0 U x VT « vT
I [ I X . _1
0 and F 0 = U can be inferred from F~"F = I. Then, we have
FT1 =Ty,
T
where 77 = LY and Ty = X I . Define the following nonlinear
0 VT U 0
transformation

A. B.| |V YB, U 0
C. 0| |0 I CoX I
Y
+ O}Ap[x 0], (5.15)
N J
{JT H} = TIPTy, (5.16)
S = YX+VU, (5.17)

where A, = YA, X + B.C,X + YB,,C.U + VA.U,B. = VB,,C. = C.U.
N, H are symmetric matrices and J is a general n X n matrix. Performing con-
gruence transformations on inequalities (5.1) and (5.2) with diag(Ty, T3, I,) and
diag(T1, I,), respectively, we obtain new inequalities
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A, X + By, Ce 0 0 0 0
0 Y 4, +B:C, ()F ()* ()*
0 A, —ST+J -X - X7 ()T ()T |+
0 YA, +BC,~YT+H —I,-S -Y ()T
] 0 (Y Bpy+BeDpy)T Bl,  (YBp+BcDp)" 0
(ApX+BpuCe)” ()" GOF OF OF
A +AT (YA, +B.Cp)T 0 0 0
AX+B,,Cc—XT+ N 0 -X-XT 0 0 [<0, (5.18)
Ac— L,+J7 0 0 ~-YT 0
] B, 0 0 0 —In
N OF OF
JT H ()T [>0, (5.19)
| Cp X+ Dp,Ce Cpe Q
Q) < 7. (5.20)

Multiplying both sides of the left hand side of (5.7) with V and VT produces
new variables ®,, = VO, , B, = VB,, (i = 1,2, 3). Then, conditions (5.7)-(5.9)
become

(=AU + (Be,Cp + YA)XU™ + YB,,C.)0,. T
405 (AU — (BeyCp + YA) XU — YB,,C.)T

3
+ B0, BT =0, (5.21)

=1
B., 04, DI = —0,,C7, (5.22)
DOy, DI = 6,,,. (5.23)

If there exists a upper-bound v and matrices A, B, C¢, D, X, Y, S, N, J,
H, V, U, @ satisfying conditions (5.15)-(5.23), then matrices A, B. and C. of a
quantum controller of the form (5.5) can be obtained as

C.=C. U™, (5.24)
B.= VB, (5.25)
A=V YA, ~YAX-B.CX)U' -V 'YB,C.. (5.26)
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5.3.2 Numerical optimization procedures

Our Problem 5.1 can be formulated as minimization of the LQG cost subject to
constraints including LMIs and additional nonlinear constraints which are related
to rank conditions [54], [119]. In the following we present numerical algorithms
based on extended LMI approach. The nonlinear constraints (5.7)-(5.9) make
proposing numerical algorithms for solving Problem 5.1 very challenging, which
differs quantum LQG problem from that of conventional LQG.

Numerical Procedure 5.1: To seek a fully quantum controller, we will allow
matrices ©,,, to be arbitrary skew-symmetric matrices but invertible. Let D, = I
and Oy, = dia.g"_;uL (J), i = 1,2,3. For simplicity, we choose U = I and hence
V =S — YX. Then, suppose Z;, = A¢, Zy, = Be,, Zz; = Bey, 2z, = By, Z25 =
Ce, Z2g = On,, 2oy = X%, Zpy = Y, Z,, = S. Introducing appropriate matrix
lifting variables Z,,, Z,,, -+ , Zy, can linearize conditions (5.21) and (5.22). De-
fine a symmetric matrix Z of dimension 26n x 26n as Z = VV7T, where V =
vz ... zLX zI - ZT 7, Zy =YX, Z,, =V, Zy; = VO, = Vi,
Zwe = YA, +BeyCh, Zus = Y Bpu, Zg = VaCeT, Zy, = (YA, +Be,Cp)X, Zyy =
A VYT, Zyy = YBu(VaC)T, Zyy = (YA, + Be,Cp) XV, Z,,, = Be, Ou.,
Ly = BclgwcchlT, va = Bczgwcza Ly = Bcze‘wczBCzT, Z'UIS = Bcsewcsa
Zinyg = BegOuy, BcaT. Then, we have the following set of additional constraints

Z > 0; Zog — Z0y 2L, = 0;
ZO,O - I’nX’n = 07 Z 9 Z’Usz'z; = 01

Zoo + ZE =0;
Zv1 - stZa:7 = O; Zvu - Zl‘zdla’g"—'gl(']) = 0;

Zoo — Zuy Zy = 0;
Zy — Zigg + Zyy, = 0; Zy — L, ZE = 0;
Z

w1 Lz,
Zuy + Zy 22 = 0; s — Zaydiagne, (J) = 0; (5.27)
Zos—Zg Ap=Z5,Cp=0;  Zypy — Ly 2% = 0;
Zons — ZiogBpu = 0; Zuys — Zsydiagrus (J) = 0;
Zoy — Zoy 2L = 0; Z — Znyg Ze, = 0;
Zoy — Zyy 2} =0 (5.28)
and a rank constraint
rank(Z) < n. (5.29)

Conditions (5.21)-(5.22) for physical realizability can be expressed as

—Zog+ Z + Ty + Zo + Zung + L+ Zny + Zyy + Zuys =0, (5.30)
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Zny + Zgg = 0. (5.31)

If we can employ a semidefinite programming to solve the feasibility problem
with constraints (5.3), (5.18), (5.19) and (5.32)-(5.35) in which decision variables
are Z and (), Problem 5.1 is solvable. Then controller matrices can be built as
(5.24)-(5.26).

Numerical Procedure 5.2: To achieve better optimal control performance
and seek a fully quantum controller, we will set ©,, to be an arbitrary invert-
ible skew-symmetric matrices and allow D, to be an arbitrary symplectic ma-
trix. Let Oy, = diagn_«;i(J), 1 = 1,2,3. For simplicity, we choose U = I and
hence V = S — YX. Then, suppose Z,, = A¢,Z;, = Be,, Zzs = Beyy 22y =
Bes, Zoy = Cey Zog = Onyy Zoy = X1, Z,, = Y, Zy, = D,. Introducing appro-
priate matrix lifting variables Z,,, Z,,,- - , Zy, can linearize conditions (5.21)-
(5.23) as well as nonlinear terms Y B, D. and (Y B, D.)7 in inequality (5.18).
Define a symmetric matrix Z of dimension 32n x 32n as Z = VV7T, where
v=1 2zt ... zL zI ... Zr|" Z, =YX, Z,=V, Z,,=VO,, =
Vi, Zu=YAp, + BeyCpy Zys=YBpy, Zus=VinCe', Zy, = (YA, + Be,Cp)X,
Zwg=AcV1", Zoy=Y Bpu(VeCc")T, Zuo=(YAp + Be;Cp)X V', Zy,,=B¢, O,
Zns =BeyOu, Be,”s Zuyy = BeyOueys Zuny = Be;Ou,Bes”s Zuys = BegOuy,s
Zune = BesOu,Bes' s Zuoyy = DOues Zuyy = DcOu, DY, Zyyy = Be,Ou,, DT,
Zy = DTBL,, Z,,, = YB,,D.. Then, we have the following set of additional
constraints:

Z>0; Zng = Zoy Zy =0

Zo0 ~ Inxn = 0; Zon — Zaydiagre (J) =0;
Zng + ZL =0 Zivss =iy Z2y =0;

Zoy = ZogZigy = 0; Zyyy — Zaydiagre, (J) =0;
Zoy — S+ Zy, =0; Zvrs—Zny Zgy =0;

Zoy + 2o, 2L =05 Z s~ Zo,diagrus (J) =0; (5.32)
Zroi—Zag AT, Cp=0; s — Zos 2L =0;

Zus — ZogBypu = 0; Zyy = Zaygdiagre (J)=0;
Ty — Zoy 2L, = 0 Zng— By Zgy =0;

Ty = Zny 2L, = 0 Zsg—Zn, 2ty =0;

Fog — Zay ZE = 0 Zgy— 2, BE, =0;

Ty — Zny 2L = 0; Zoy, — Brag Zy = 0;
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and a rank constraint
rank(Z) < n. (5.33)
Conditions (5.21)-(5.23) for physical realizability can be expressed as
~Zog + Zo + Ziog + Zg + Zig + Zogy + Zigy + Zng + Zuyg =0, (5.34)

Zyyo + Zyg =0, (5.35)
Zgg — diagn_agl(J) = 0. (5.36)
Extended LMI constraints (5.3), (5.18), (5.19) can be reexpressed as
(4,27, + BpuZs,)" ()" ()" () Ol
A7 (ZogAp + Z2,Cp)T ()T N ()T
~Z +N J —Zy, ()T O)F |+
JT -zl +H -S -Z% ()T
| 0 ((Z2; Zas Zx4]Dpw)T 0 ([Zey Zas Zz4]DPM)T 0 ]
[ Ay 25, + By, (" ()" () ()]
Zz‘l Z-’BsAp + Zx4cp ()T ()T ()T
ApZL + BpZs, A, — ST -ZT ()T ()T <0, (5.37)
Zy — I, ZpAp+ Z2;,C, —1I, —Z g ()T
| ng ([Z:csBpw sz1 0])T ng ([stBpw va 0])T _In_
[ N OF OF
JT H ()T | >0, (5.38)
| CpaZT + DpuZoy Cpe Q
Tr(Q) < 1. (5.39)

If we can employ a semidefinite programming to solve the feasibility problem
with constraints (5.32)-(5.39) in which decision variables are Z, N, J, S, H and Q,
Problem 5.1 is solvable. Then controller matrices can be built as (5.24)-(5.26).

Our numerical procedures can be solved based on Yalmip [116], SeDuMi [117],
and LMIRank [118], [119]. The LMIRank solver can only solve feasibility prob-
lems and uses a local approach to address the non-convex rank constraints, hence
it is essential to find proper starting points for our algorithms [118], [119].

In our two procedures, 6, is allowed to be arbitrary antisymmetric matrices.
However, as pointed out in [32], [81], [84], we cannot build a linear quantum
stochastic controller as a suitable network of basic quantum devices if it is not in
a standard form in the sense of Definition 3.1 proposed in Chapter 3. Thus, we
need to transform the quantum controller into a standard form once it does not
satisfy conditions in Definition 3.1.
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Theorem 5.1. Given an arbitrary real skew-symmetric matriz ©,, (n. > 2),
there ezists a real nonsingular matrices Sy, such that

Oy, = Sn.diagn: (J)S,.. (5.40)
Then we have
A = S,1ASn., (5.41)
B, = S;!'B., (5.42)
2y = C.Sh.. (5.43)
D. = D.. (5.44)

Furthermore, if the original closed-loop system (5.10) is asymptotically stable, the
closed-loop system of the form (5.10) with a new quantum controller built by A.,
B., C., D, is still asymptotically stable and its LQG cost is the same as original
one.

Proof. The similar proofs of relations (5.40)-(5.43) can be found in [104] and
hence is omitted here. Substituting (5.40)-(5.43) into conditions (5.7)-(5.8) with
some algebraic manipulations gives

Acdiagng (J) + diagng (J) A7 + Be,diagnue, (J)B7 +
0,

Bczdiagn_zuzcz(J)sz + Bc3diagn_u;1(,])l§£ = | (5.45)
B.,diagrue (J)DT = —diagne (J)CT. (5.46)
2

By applying similarity transformation I' = diag(I, S;!) to A, B and C, we have

B.,Cp, Ac B.,C, A

~ B,, B,,D B,, B,.D.

Ber| B BuDe 00 | B BuDe 04 g g
BCSDp’w Bcl Bcz BC3Dp’w BC] BC2

¢=] G DpC. [T =[G DG (5.49)

From (5.47), we can see that the new closed-loop system of the form (5.10)
with 4, B, C, z and z replaced by A, B, C, # = I'z and 2 = C7 is asymptotically
stable. Multiplying the left and right hand sides of each term in (5.12) with T
and I'T gives

TAT'TSTT + TSTIT-TATTT + TBBTTT =0,
AS + SAT + BBT=0,
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where S = I'STT.
The LQG cost for the new closed-loop system of the form (5.10) is given by

t—+4o0

Jo = Jim sup; /0 (3(s)T3(s))ds

t
= lim supl/ Te(CTCS(t))ds
0

t—+o00 t

~ TS

= Tr(CTCSY) = Jw. (5.50)
This completes the proof. O

5.4 An example

The linear quantum plant below is studied in [54, Section 8].
0 01 0 O
dz,(t) = t du(t
(1) [—0.1 O]x”(H{o —0.2} u(t)

0O 0 0 0
duw, (1),
0 —02 0 —0.2} wp(t)

dy(t) = {0'2 O}xp(t)+[1 090 O]dwp(t). (5.51)

+

0 O 0100

For comparison with results in [54, Section 8], we work in Matlab using the
same Yalmip prototyping environment and the same semi-definite program solver.
Then applying our Numerical Procedure 5.1 with v = 5.4 proposed in the
Section 5.3 to the plant (5.51), we get the following solutions:

¢ 0.0665 —0.1558
B [0.0835 —0.5259]
c1 ?

a [—0.0265 —0.2471 ]

0.1740 —0.0578

5 _10_12[—0.1212 —0.0865]
c2 — ’

—0.0785 —0.0100

_ [0.7786 —0.1680 |
@ 0.7468 —0.0383 |’

[ 0.0578 —0.5259 |
° | 01740 —0.0835 |’
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10
01

Cc

Let us first check if the above results solve Problem 5.1. The right hand sides of

0 0.6040] and 10~

(5.7) and (5.8) take the numerical values 10713
—0.6040 0

0.3064 —0.4412 . C e .
, respectively, which indicate the quantum controller is
-0.1275 —-0.1837

physically realizable. The eigenvalues of the closed-loop system are —0.0281 +
0.1030z, —0.0281 — 0.1030z, —0.0631 + 0.0901%, —0.0631 — 0.0901¢, so the plant-
controller system is Hurwitz stable. The resulting LQG performance is 4.1651,
which is a little better than the LQG cost 4.1793 in [54].

Applying Numerical Procedure 5.2 with v = 5.4 proposed in the Section
5.3 to the plant (5.51), we get the following solutions:

0.0665 —0.1558
[0.0835 —0.5259]

4 [ —0.0265 —0.2471 ] |

C1

0.1740 -0.0578

B _1 0_12[ —0.1212 —0.()865]
c2 )

—-0.0785 —0.0100

_ [0.7786 —0.1680 |
“10.7468 —0.0383 |’

c =

0.1740 —0.0835 |’
10
01|

The right hand sides of (5.7) and (5.8) take the values 10713 [

l 0.0578 —0.5259 |
D, |

0 0.6040
—0.6040 0
0.3064 —0.4412

—0.1275 —0.1837
troller is physically realizable. The eigenvalues of the closed-loop system are

—0.0281 + 0.10307, —0.0281 — 0.10307, —0.0631 + 0.0901%, —0.0631 — 0.0901%, so
the plant-controller system is Hurwitz stable. The resulting LQG performance is
4.1601, which is a little better than that of Numerical Procedure 5.1.

and 10713 , respectively, which indicate the quantum con-
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5.5 Concluding remarks

In this chapter, we propose two new numerical procedures based on extended
LMIs approach and new physical realizability conditions, which can provide more
parameters for the design of a physically realizable quantum controller of the
standard form and give less conservative solutions to quantum LQG problem.
For comparison, we reinvestigate the example given in [54]. It turns out that our
optimization procedures proposed in this chapter may be useful in the optimal
design of quantum optical networks.
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Chapter 6

Optimal Controller Design for
Quantum Measurement-based
Feedback Control Systems with
Feedback-loop Time Delay

One is often confronted with time delay mainly originated from the transition
delay of signals in a quantum feedback control loop, which may cause quantum
feedback control systems unstable. The effect of time delay on the control per-
formance plays a peculiar role in quantum mechanics. It has been shown that
time delay is often a source of instability of feedback control systems, which has
received considerable attention in the past years [88], [90], [112]. This chapter for-
mulates a problem of quantum feedback control of linear stochastic systems with
feedback-loop time delay and then proposes a numerical procedure for optimal
controller designs to solve this problem.

6.1 Introduction

Although the time delay required in quantum feedback control loops as shown
in Figure 6.1 is vanishingly small and thus often neglected in previous works
[29], [54], [81], [83], it can have an effect on system performance in real experi-
ments. So ignoring the time delay may lead to design flaws and incorrect analysis
conclusions. Furthermore, as shown in [32] and [84], mixed quantum-classical
linear stochastic systems are, in general, represented by Linear Stochastic Differ-
ential Equations (LSDEs) which have Markov property (the memoryless property

83
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of a stochastic process), where the quantum-classical nature is captured in the
matrices specifying the commutation relations of the system and signal (e.g. bo-
son field) variables. As mentioned in Chapter 1, the problem of H* control
of mixed quantum-classical linear stochastic systems has been discussed in [29];
the problem of LQG control of mixed systems described by LSDEs has been
investigated in [74]. However, theoretical ways to study the problem of quan-
tum measurement-based feedback control systems with feedback-loop time delay
described by LSDEs have not been addressed so far. In this chapter, we shall
investigate this problem in a systematic way.

— >
quantum
plant measurement
classical -
input
signal
classical
controller classical
measurement
signal

Figure 6.1: Quantum measurement-based feedback control.

The stability criteria in classical control field are often classified into two types:
delay-independent criteria and delay-dependent criteria [86], [120], [121], [122],
[123]. In the first case the stability property is irreverent to the size of the delay,
whereas in the second one the stability property is a function of the delay size, seen
as a parameter. Generally speaking, the latter ones are less conservative than the
former ones, while the former ones are also useful when the effect of time delay is
small. However, the developed delay-independent (or delay-dependent) stability
criteria in classical control theory cannot be directly applied to quantum feedback
control systems, so a quantum version of delay-independent stability criterion
with an upper bound on a cost function is derived based on quantum Ito rules
in this chapter. Moreover, controller designs based on the quantum version of
delay-independent stability criterion suffers from severe limitations since some
nonlinear and non-convex conditions, and many decision variables are involved

in design procedures. We thus propose one numerical procedure for classical
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controller designs to overcome the limitations.

This chapter is organized as follows. Section 6.2 presents a model of closed-
loop plant-controller systems with time delay. Section 6.3 develops a sufficient
condition for the stability of quantum measurement-based feedback control sys-
tems subject to feedback-loop time delay, and an upper bound on a quadratic
cost function is derived. Section 6.4 proposes one numerical procedure for quan-
tum feedback controller designs. Section 6.5 presents an example to illustrate our
numerical procedure. Finally, Section 6.6 gives the conclusion of this chapter.

6.2 Closed-loop plant-controller systems

This section presents our plant and controller models as well as the set-up of a
closed-loop plant-controller system with time delay.

Consider a quantum plant to be controlled described by non-commutative
stochastic models of the following form

dz,(t) = Apzy(t)dt + Bpywdwy(t) + Bpudu(t),
dyp(t) = Cpzp(t)dt + Dpydw,(t), (6.1)

where A, € R™*", By, € R"*™»? B, € R C, € R™*" D, € R™*™» (n,
Nw,, Ny a0d Ny, are even). The plant matrices should satisfy physical realizability
conditions. x, represents a vector of plant variables and w, is a quantum noise.

_pT
Suppose that ©,, = Fy”—mFﬂ‘l = diagry, (J) with dy,(t)dy,(t)T = F,, dt. The signal
2
u(t) is a control input of the form

du(t) = Bu(t)dt + da(t), (6.2)

where (,(t) and @ are the signal and noise parts of u(t), respectively. If the
quantum output signals y,(t) are measured by homodyne detectors (HD), classical

signals ym(t) = Guy,(t) are produced during these processes. The matrix G
defined as before satisfies the following condition

GO,,GT =0 (6.3)

with rank(G) < n%, which corresponds to measurement processes.
Consider a classical controller given by

dz.(t) = Acz(t)dt + Beduc(t),
ye(t) = Coz.(t), (6.4)
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where A, € R™*"* B, € R (., € R™*". z.(t) represents a vector of classical
controller variables. Assume that the quantum plant and the classical controller
are initially decoupled such that z,(0)z.(0)T — (z,(0)z.(0)")T = 0, and w, and
w, are independent with each other.

Since time delay often happens in a feedback loop, a closed-loop system with
a classical controller as shown in Figure 6.2 can be obtained by making the
identiﬁcation u(t) = yu(t) and uc(t) = ym(t), where quantum time-delay signals
Yu(t) = y.(0) + f Ye(8)ds + w(t) are produced by displacing the vectors of
vacuum quantum fields w,. via modulators. Interconnecting systems (6.1) and
(6.4), we have

dz(t) = Az(t)dt + Agz(t — 7)dt + Bdw(t), (6.5)
where z = [z 277, w = [w?] wI]” and its dimension is 2m, ©,, = Tt A
A 0
diag, (J) with dw(t)dw(t)T = F,dt. The matrices A = P I Ay =
) with du(B)du(t) b, | Al
Onxn BpuCc o Bpw BP“
Onxn OnX'n. ’ BCGDpw Onxn
Quantum
noise W)
Quantum
noise W(?) l
Quantum
l 20 )
“’| Quantum _ .| Classical
1 Mod [P » HD >
[y plant - t controller
signals
Ynl®)
Classical
o output
B2U)

Delay | y

Figure 6.2: A closed-loop system with a classical controller. HD represents a
homodyne detector for measurements; Mod represents a modulator.

6.3 Delay-independent stability criterion

So far we have presented a description of the plant-controller system (6.5) to be
used for controller designs. In this section, we derive a delay-independent stability
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criterion as well as an upper bound on a cost function below for (6.5), suitably
adapted to the quantum context.
The following lemma and definition will be used in the proof of Theorem 6.2.

Lemma 6.1. If there exists a real valued function S(t) of time t satisfying the
differential inequality

450) | sy < A, (6.6)
dt

where ¢ and X\ are positive real numbers, then inequality
S(t) < e 5(0) + 2 (6.7

holds, which implies that S(t) is bounded for all t > 0.

Proof. Integrating the both sides of (6.6), we obtain

t+h

S@+h%mﬂﬂ+c/S@Ms§Mu (h>0).

From the above inequality, we can infer that

ds(t)
—_ < —
= < —eS() + 2,

which implies that S(¢) is bounded for all ¢ > 0. Suppose that é%—gﬁ +cS(t)=r
(r < X). Solving the above equation, we have S(t) = e~*S(0) + £ < e™*5(0) +
A

A O

Definition 6.1. A linear system is said to be bounded stable if there exists a real
valued function S(t) = (V(t)) satisfying inequality (6.6), where V'(t) represents
an abstract internal energy for the system at time ¢.

Assume that system (6.5) is bounded stable in the sense of Definition 6.1.
Then we can associate a infinite-horizon quadratic cost function
Jo = lim 1 /tf ([z(s)T z(s—7)T|R[z(s)" =z(s—7)"]")ds (6.8)
*© tf—+o00 tf to )
with R > 0 as a performance measure for (6.5). Later we will find a minimum

upper bound for the cost function (6.8).

The following theorem relates the stability of the system (6.5) to certain linear
matrix inequalities.
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Theorem 6.2. The system (6.5) is bounded stable in the sense of Definition 6.1
with
t
S(t) =(V(t)) = <e‘“m(t)TPx(t) + e"Ct/ z(s)TQx(s)ds> (6.9)
t—r
if there exist real matrices P,Q > 0, satisfying the following linear matriz in-
equality

ATP4+ PA+Q PAy

<0 6.10
e o (6.10)

Furthermore, suppose all quantum noises are canonical (hence F, =I5, +idiag,,(J)
and then the cost function (6.8) should satisfy

Jw < Tr(BTPB). (6.11)

Proof. We construct a Lyapunov-Krasovskii functional defined as in (6.9). Ap-
plying quantum Ito rule to (6.9), we have
d(V ()
=e % (dz(t)T Pz(t) + z(t)T Pdz(t) + dz(t)T Pdz(t) — cz(t)T Pz(t)dt) +
e <:v(t)TQx(t) —2(t—7)TQx(t —T) - c/lt :c(s)TQx(s)ds> dt
=e N z)TTAT P+ PAlz(t)+22(t)T PAgz(t— 1) +2()TQx(t) —cx(t) Pz (t) ) dt—
e <c /tx(s)TQx(s)ds—x(t—T)TQx(t—'r)dt—i-Tr (dw(t)TBTPBdw(t))> dt

T

=e~(x(t) AT P+ PAlz(t)+2x(t)T PAgz(t—7)+2(t) Qx(t) —ca(t) Px(t)) dt +

e <Zdwj(t) [BT PBrdwi(t) —z(t—7)" Q(t—7)+c t x(s)TQa:(s)ds>dt

t—1

= e~ Nz(t) AT PP Alz(t)+2z(t) PAgz(t—7) —cz(t) Pz (t)+ Te(BT PBF,))dt+
e <a:(t)TQ:c(t) —c/lt x(s)TQx(s)ds—x(t—T)TQ:c(t—T)> dt, (6.12)

where (dw(t)) = 0 and (dw(t)dw(t)T) = F,dt.
From (6.12), we get that

a4V (1)
v

=(e™®(z(t)[AT P+ PAz(t)+2x(t)" PAgz(t—7)+ () Qx(t)) ) +
<e“’t (Tr(BTPBFw) —cz(t)TPx(t)+ cz” (t) Px(t)—c /t_ x(s)TQx(s)ds)> +

<e‘°tc /t (67 Q(s)ds — :v(t—T)TQa:(t—'r)> T

—r
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=@ (z(t)[A" P+ PA + Qlz(t)+2z(t)" PAz(t—7)— z(t — 7)"Qz(t—7)+X)) +

=<e—ct ([a:(t)T a:(t—T)T][A F ;; ;‘*Q d AQd ()" x(t—T)T]T+/\)>, (6.13)

where A = Tr(BT PBF,).
Now suppose that (6.10) holds. Then, we get

ATP + PA PA
<e-“[m<t>T e—ry | T
d

<eIA< N, (6.14)

[z(t)T z(t —7)T)" + e‘“/\>

where ¢ > 0 and 0 < e™® < 1. Therefore, the system (6.5) is bounded stable in
the sense of Definition 6.1.
R, R,

From (6.13), we can infer that there exists a positive symmetric R= T R
2 3

defined as in (6.8) such that

ATP+ PA+Q PA4

i g |EOT st

LV t)< e alt)” 2l — 7))

| +e N\

<O (e~ {ATP e
d
ATP+PA+Q PAy
ATP —Q
—-R, —Ry
_RT _R,

} T z(t —7)TT+

< <[m(t)T z(t —7)7]

()T z(t— T)T]T+)\>

< <[»’v(t)T ot — )]

[z(t)T z(t - T)T]T+)\> . (6.15)

Integrating both sides of the inequality (6.15) from ¢, to ts, we obtain
(V(t5) — V(o)) < tif (X —[z(s)T (s —7)T|R[z(s)" z(s —7)T]") ds. (6.16)

Combining the above proof with Lemma 6.1, we know that (V' (¢)) is bounded
VYVt > 0. So, We can conclude that @ = 0 and (-Vt(fL)) = 0 as ty goes to +oo0.
From (6.8) and (6.16), we thus have the following relation by dividing the both
sides of (6.16) by t; and then taking the limit as t; — oo

Jo <X = To(BTPB(I,, + idiag,,(J)))

= Tr(BTPB) + iTr(B” PBdiag,,(J))
— Ty(BTPB),
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where the last equality follows from the fact that diag,,(J) is a antisymmetric
matrix with [diag,,(J)];x = —1,1,0 and the matrix BT PB is symmetric, which
implies that Tr(BT PBdiag,,(J)) = 0. Therefore, the corresponding guaranteed
cost controller in the form of (6.4) is an optimal guaranteed cost controller in the
sense that under this controller the upper bound on the closed-loop cost function
(6.8) is minimized. O

In subsequent sections, we will focus our attention to solve the problem below.

Problem 6.1: Given a cost bound parameter A > 0, find a classical controller
of the form (6.4) with controller matrices A., B., C. such that the following
conditions hold.

1. Condition (6.3) should be satisfied.
2. There exist symmetric matrices P > 0, @ > 0 satisfying (6.10).
3. An upper bound condition (6.11) should be satisfied.

Problem 6.1 can be transformed into a rank constrained LMI problem [54],
[119], which can be solved based on Yalmip [116], SeDuMi [117], and LMIRank
[118]. The details of rank constrained LMI problems for classical controller de-
signs will be solved in Section 6.4.

6.4 Controller designs

In this section, we will present a numerical procedure for classical controller de-
signs to solve Problem 6.1.

It should be noted that matrices A and A, contain plant and controller ma-
trices. So the terms PA and PA,; as well as their corresponding symmetric
matrices in inequality (6.10) make plant and controller matrices mixed together,
which causes difficulties in controller designs. In order to separate the former
from the later, we now extend the method proposed in [75] by introducing aux-
iliary variables N, M, X, Y7, Y,, where MNT + XY, = I,, N X, + YoMT = 0;

Y1 N
N and M are invertible and X7, Y7, Y2 are symmetric. Let P = N}T v and
2
I, Y , X1 I
PIl = , | withIl=| =7 .
Onxn M Onxn
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Performing congruence transformations on inequality (6.10) with transforma-
tion matrix diag(Il, I5,), we have

[ 7 Opuuan | | ATP+PA+Q PAy T Oyxon
I O2nxon  Ion ATP O2nx2n Oonx2n  Ion
[ nTATP + PATI+ F TITPA, —0
| AT PTI -Q
[ A X, + X1 AT A, 0 0
_ AT Yid+ATY; 0 0 N
0 0 0 —Q2
(BpuCo)™  (iBpCo)t —Q7 0
3! AT+ F 0 BpC.
A.+FT B, B.C,)T Y,B,,C.
+ i Cp+(Belh)” +Qv 0 V1BpC <0, (6.17)
0 0 -1 0
|0 0 0 —Qs

where A, = Y14,X; + NB.GCp X, + NA-MT, B, = NB.G, Q = [ g; gz }
2 3

F, F
L2 :\ with Fy = X, Q1 Xh+MQT X1+ X1Q:MT + MQsMT,

F=T7QI =
¢ [Fg Q

Fy = X,Q, + MQY. The upper bound condition (6.11) can be rewritten as

Tr (BpwBr,Y1 + BpuBp Y1 + B.GDpu(B.GD,) Y2) +
Tr (Bpw(NB.GDpy)" + B:GDpuBL,N) <. (6.18)

For simplicity, we choose M = I, and hence N = I, — V1 X;, XiN+ Y, =0
and A, = Y14, X, + NB.GC,X; + NA.. Introducing appropriate matrix lifting
variables and the associated equality constraints can linearize nonlinear condition
(6.3) and nonlinear entries in inequality (6.17). Introducing appropriate matrix
lifting variables and the associated equality constraints can linearize nonlinear
condition (6.3) and nonlinear entries in (6.17)-(6.18).

Let Zy, = Be, Zgy =CF, Zpy = Xy, Zpy = Y1, Zpy = Yo, Zps = N, Zp, = NT,
Zoe = G, Zyg = GT, Z, . = Q1, Z,,, = QF. Define a symmetric matrix Z of
dimension 25n x 25n as Z = VVT, where V. = [I, ZL --- ZL zT ... ZL |,
Zy, = Y1X1, Zy, = YiBpu, Zy, = ViBuCe, Z,, = GO, Z,, = GO, GT, Z,, =
GTBY, Z,, = GTBYY,, Z,, = Zw 2L, Zoy = NB.G, Zy, = X1Q2, Zy,, = X1N,
Zyy, = X1, Zy,, = X1@1X1. The symmetric matrix Z should satisfy the
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following conditions:

Z 20;

Zoy — ZL =0;
Zz5—ZZ’5=0;
Zgo — 25 =0

T10 Z10

Zgy — I+ Zgy =0

bl

Zoo — Inxn = 0;
Zy— ZE =0
Zoy — 7T = 0;
oy — Zoy 2T =0

Zyy — ZigsBpy = 0;

Zyy — szng =0; Zyy — 2240y, = 0;
Lys — Z,,4Zg; = 0; Zys = 0; (6.19)
Ly — chng1 = 0; Ly, — ZvﬁZ;{5 = 0;
Ly — ZwZZ; = 0; Zyy — Z%Z;;'; =0;
Lo — szZ;fu =0, Ly — chsZ;f7 = 0;
Zyyy — stzg‘m =0; Zyyg — ZmZxT3 =0;
Z'v13 + st =0 Z'vu + st =0;
Zyy— ZL =0;
and a rank constraint
rank(Z) < n. (6.20)
Stability conditions are given as
[ A,,ZM+Z:,4A;~’;+Zv13 Ap+AZ Onxn Bpng;,
AT+A, Zo Mg+ AT 2o+ 2y, 0 Zoys 4
0 0 0 —qu
(BpuZ;fz)T fo; —Zgy, 0
[ Z'vlo +Z3;o + Q3 Z’v12+Z:B11 0 0
(Z'UIZ + ZEII)T ZvQCP+(ZUQCp)T 0 0 < 0, (621)
0 0 —Zz, O
0 0 0 —Q3
nrpI = Zag  In > 0, (6.22)
I, Zg
/A
Q= Tm 1 } > 0, (6.23)
Zy, Qs

where ()3 is a symmetric matrix.
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An upper bound condition is given as

Tr (BpuwBiy Zos + BpuBiy Zzs + Zug + 2Bpu Dy Zo) < 7. (6.24)

pw™vg

If we can employ a semi-definite programming to solve the feasibility problem
with constraints (6.19)-(6.24) in which decision variables are Z, A, and @3, we
have

A. =7, YA — Zoy ApZny — ZoyCpZysy),
Bc = Z:cl;
C.= 7,

Remark 6.3. It should be noted that the above procedure with some v may
give ill-conditioned solutions. Thus 7 has to be chosen carefully to generate a
meaningful controller. Furthermore, the LMIRank solver can only solve feasibility
problems and uses a local approach to address the non-convex rank constraints,
so it is essential to find proper starting points for our numerical procedures [119).
Otherwise improper ones may also return ill-conditioned solutions. Sometimes
imposing some additional conditions on the decision variables which lead to ill-
conditioned solutions can help us quickly find proper starting points. When
reasonable results are obtained by applying our procedure with new constraints,
we remove the additional conditions, set the results as our starting points Vj
and then use the procedure again with the original conditions to get final results.
This fact will be illustrated by an example given in Section 6.5.

6.5 An example

In this section, we present an example to test our numerical procedure developed
in Section 6.5.

Consider a quantum plant to be controlled

-1 0 0 0
dz, = 5 1 zp(t)dt + } dwp [ 5 _1 } du(t),
e ]
dy, = 4 9 T,(t)dt + dwy, (6.25)

where the quantum plant matrices satisfy physical realizability conditions (3.30).
Applying our numerical procedure to the quantum plant (6.25) with v = 2, we
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get the following solutions:

3.7122 —0.1574 —1.3860 0.9239

[ —0.0691 —0.0210 G 1ot | 0-0708 —0.5507
| —0.1115 —0.0469 |’ a 0.1626 —0.0860 |

[ _12.7262 —1.8521 —5.7952 3.864
4 726 85 ] Bc=[ 5.795 3860],

Gu G
Ga1 G
ingful). So an extra condition should be added to the original conditions such

Clearly, the matrix G =

] is ill-conditioned (not physically mean-

that Z,,(1,1) = Gy; > 1. Then we employ a semi-definite programming to solve
the feasibility problem with constraints (6.19)-(6.24) as well as the additional
condition G;; > 1 and obtain reasonable solutions, which are set as starting
points Vj. Applying our procedure again with constraints (6.19)-(6.24) and V;,
we can get the following solutions:

[ _545.8124 —552.1781 B —1.2601 3.0471
| 130.8006  113.9618 e —5.3781 0.9453 |’

o _ [ —1.2055 —0.0643 o | —0.7362 0.4323
°7 | —2.4110 —0.1286 |’ ~ | —2.8301 1.6618 |’

13.9188 11.7573 1.0000 0
11.7573 52.8529 0 1.0000

HTPH = )
1.0000 0 0.0886 —0.0197
0 1.0000 —-0.0197 0.0235
0.3315 —0.0927 —0.5801 —1.5521
Q= —0.0927 0.0261 0.1623 0.4344

—0.5801 0.1623 1.0155  2.7169
—1.5521 0.4344  2.7169  7.2697

Now we check that if the resulting solutions satisfy the constraints listed in

Problem 6.1. The eigenvalues of (6.21) are —16.5055, —8.6424, —0.3882, —0.0001,

—0.0001, —0.0001, —0.0001, —0.0001 and thus condition (6.21) is negative. It is

easily checked that P and () are positive symmetric matrices, and Gdiagnu, GT =
2

1012 0 (;521 0'7(?21 } . Furthermore, the upper bound is 1.9760 < 2. There-

fore, the resulting solutions are reasonable for the classical controller designs.
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6.6 Concluding remarks

In this chapter, we investigate a quantum measurement-based feedback control
system subject to feedback-loop time delay. A delay-independent stability criteri-
on and an upper bound on a cost function are derived for such quantum feedback
control systems with time delay. One numerical procedure is proposed for clas-
sical controller designs. An example is presented to test our procedure. These
results are expected to give useful guidelines for the future quantum feedback
control experiments with time delay.
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Chapter 7

H®° Control of Quantum
Feedback Control Systems with
Feedback-loop Time Delay

In Chapter 6, we have proposed a numerical procedure to design a linear feedback
controller that not only makes a quantum feedback control system stable but also
guarantees an upper bound for the performance functional. In modern control
theory, H* control technique can also solve the problem of linear classical time-
delay systems. This chapter deals with the H* controller synthesis problem
for a quantum measurement-based feedback control system with time delay in a
feedback control loop.

7.1 Introduction

The last decade has witnessed the emergence of a fully developed theory for
robust control in the form of H* optimal control [124], [125], [126], [127]. The
backbone of H* synthesis is the small gain theorem [128], [129], [130]. The most
promising feature of the H* controller is the guaranteed stability margin that it
provides in the face of a norm bounded perturbation [124], [125]. The problem
of H* optimal control of classical time-delay systems is studied in [131], [132].
As mentioned in Chapter 1, the H* technique generalized from modern control
theory has already been successfully applied to the area of quantum feedback
control systems without time delay in recent years. An H* synthesis problem for
a class of linear quantum stochastic systems has been formulated and solved in

[29]. The paper [56] presents an experimental realization of a coherent quantum

97
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feedback control system using H* control theory. In [50], a coherent H* control
problem has been considered for a class of linear quantum systems described
by complex quantum stochastic differential equations in terms of annihilation
operators only. However, the problem of the H* control for quantum feedback
control systems subject to feedback-loop time delay has not been solved so far,
where the plant is quantum and the designed controller is classical.

Therefore, this chapter is concerned with applying the H* control technique
to quantum measurement-based feedback control systems with feedback-loop time
delay. The main contributions of this chapter are as follows. Firstly, we develop
a linear model for a quantum measurement-based feedback control system with
time delay. This model is a mixed quantum-classical system, which contains time-
delay system variables. Secondly, the properties of our model such as stability,
dissipation and gain are characterized in algebraic terms, which then lead to a
new quantum version of the Bounded Real Lemma (BRL). Finally, we present a
numerical procedure for H* controller designs based on the new version of the
Strict BRL developed in this chapter.

This chapter is organized as follows. Section 7.2 presents the set-up of closed-
loop plant-controller systems with time delay. Section 7.3 investigates basic per-
formance characteristics such as dissipativity, gain, stability, etc for the model
developed in Section 7.2. Section 7.4 proposes a numerical procedure to build
a quantum feedback controller, which is illustrated with an example. Finally,
Section 7.5 gives the conclusion of this chapter.

7.2 Closed-loop systems

In this section, we develop a model for a quantum measurement-based feedback
control system with time delay, which will be used in the following sections.

Consider a quantum plant described by non-commutative stochastic models
of the following form

dry(t) = Apzy(t)dt + Byudw(t) + B,,dv,(t) + Budu(t),
dz(t) = C,zp(t)dt + Dydu(t) + Dydw(t),
dy,(t) = Cpzp(t)dt + Dy, dup(t), (7.1)

where A, € R™", B, € R™", B, € R"™"», B, € R™™ (, ¢ R*»*",
D, € R**™ D, € Rw™ C, € R"*" D, € R"™ ™ (n,n,, ng, ny,

and n,, are even). x, represents a vector of plant variables. w(t) represents a



7.2. CLOSED-LOOP SYSTEMS 99
disturbance signal of the form
dw(t) = By (t)dt + dw(t), (7.2)

where f3,,(t) and W are the signal and noise parts of w(t), respectively; ©45 =
it 21F‘" = JJL Wlth dw(t)dw(t)T = Fydt. v, represents additional quantum noises

and O, = =5 J"vp with du,(t)dv,(t)T = F,dt. The signal u(t) represents a
control input of the form

du(t) = Bu(t)dt + di(t), (7.3)

where (,(t) and @ are the signal and noise parts of u(t), respectively. z(t) rep-
resents a performance output. Classical signals y,,(t) = Gy,(t) are produced by
the quantum output signals y,(t) being measured via homodyne detectors (HD)
where the matrix G has been defined in Chapter 6, which satisfies the following
condition

GO,,G" =0 (7.4)

With rank(G) < =2,

Consider a classical controller given by

dz.(t) = Az.(t)dt + B.du.(t),
yc(t) = chc(t)y (75)

where A, € R"*" B, € R, C, € R™*™. z.(t) represents a vector of classical
controller variables. Assume that the quantum plant and the classical controller
are initially decoupled such that z,(0)z.(0)T — (z,(0)z.(0)T)T =0

The closed-loop system with a classical controller as shown in Figure 7.1 is
obtained by making the identification u(t) = yu(t) and u.(t) = ym(t), where
quantum time-delay signals y,(¢) = y.(0) + f ye(8)ds + w,(t) are produced by
displacing the vectors of vacuum quantum fields w,. via modulators. Intercon-
necting systems (7.1) and (7.5), we have

dz(t) = Ax(t)dt + Aqz(t — 7)dt + Bdw’(t) +B,dv(t),
dz(t) = Cz(t)dt+Cyz(t — T)dt+ Ddw(t)+ D,dv(t), (7.6)

where © = [z]  2]]" represents a vector of closed-loop system variables; w is de-
fined as in (7.2); v(t) = [vp(£)T w.(t)T]" represents additional noise sources. As-

sume that w, v,, w, are independent with each other. We define 8,(t) = Cz(t) +
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Ap  Onxn
Cyx(t — 1) + DBy(t). The closed-loop system matrices A = P ,
s(t = 1) + DAu(1) Py Bac, Ac]
0 BuCc Bw B’U B'LL
Ad= 7B= ) v — ® 70=[Cz O]aCd:
0 0 0 B.GD,, 0
o b,GCJ,D=D, D,=[0 DG
Disturbance
Quantum quantum
noise W(1) noise W(f)
Quantum
l Yilt) output y,()
N oy Quantum o o ,| Classical | _
A plant controller
Measurement
signal
Y49 T L Classical
Additional quantum output
noise V,(f) p20)]

Delay A

A

Figure 7.1: The closed-loop system with a classical controller. HD represents a
homodyne detector for measurements; Mod represents a modulator.

7.3 Performance characteristics

The purpose of this section is to discuss basic performance characteristics such
as dissipativity, gain, stability, etc., for a quantum measurement-based feedback
control system with feedback-loop time delay of the form (7.6) developed in Sec-
tion 7.2.

7.3.1 Dissipativity of time-delay closed-loop systems

Since a supply rate is a function of input and output and the output z(t) of
the system (7.6) contains time-delay system variables, the delay terms should be
considered as an argument of supply rate. In order to define dissipation for the
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system (7.6), we use the quadratic supply rate below

z(t)
r(B:(t), Bu(t) = [2(®)" a(t — 1) Bu(®)TIW | z(t—7) |, (7.7)
Bu(t)
where W is a symmetric matrix of the form
Wi Wi Wi
W = ng Wy Was | . (7-8)

WL WL Wa
For the system (7.6), we define a candidate storage function as
V(t) = z(t)T Px(t), (7.9)
where symmetric matrices P is positive definite.

Definition 7.1. (Dissipation) The quantum measurement-based feedback control
system with feedback-loop time delay is said to be dissipative with respect to the

supply rate (7.7) if there exists a nonnegative-definite functional V'(¢) defined as
in (7.9) such that

t
V() - (v(0)) +/0 (r(B:(t), Bu(t)))ds < Xt, (7.10)
for all t > 0. Also, the system (7.6) is said to be strictly dissipative if there exists
Wi 0 0
a matrix W = 0 Wy 0 with Wiy > 0, Wag, Was > 0, such that
0 0 Was

inequality (7.10) holds with the matrix W replaced by matrix W + w.

Theorem 7.1. The quantum measurement-based feedback control system with
feedback-loop time delay is dissipative with respect to the supply rate (7.7) if and

only if there exists a real positive definite matrix P such that the following matriz
inequality is satisfied

ATP+ PA+ Wy PAs+Wy, PB4+ Wi
ATP + WL Was Woas <0. (7.11)
BTP + WL WL Was

Furthermore, the system (7.6) is strictly dissipative with respect to the supply rate
(7.7) if and only if there exists a real positive definite symmetric matriz P such
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that the following matriz inequality is satisfied

ATP + PA+ Wy + Wy PAy+ Wi, PB+ Wi
ATP+WE Way + Wy Was <0. (7.12)
BTP +W§ Wi Wis + Wi

Proof. Applying quantum Ité rule to (7.9), we have

d(V(t)) = (dz(t)T Px(t) + z(t)" Pdz(t) + dz(t)" Pdz(t))
= (z(t)TATP+ PAlz(t) + z(t)"PAgz(t — 7) + z(t)T PBBy(t)) dt +
(z(t — 7)TAT Pz(t) + Bu(t) BT Pz(t) + M)dt, (7.13)
where A = Tr(BT PBF3) + Tr(BI PB,F,) > 0.

The rest proof of this theorem is similar to that in ([29, Theorem 4.2]), so it
is omitted. O

7.3.2 Stability and Bounded Real Lemma

In this subsection, we study stability and the Bounded Real Lemma for quantum
measurement-based feedback control systems with feedback-loop time delay of
the form (7.6).

Using Definition 6.1 presented in Chapter 6, we obtain the following theorem.

Theorem 7.2. The quantum measurement-based feedback control system with
feedback-loop time delay is bounded stable in the sense of Definition 6.1 with
S(t) = (V(t)) = (z(t)T Pz(t)) if the system (7.6) is dissipative with respect to the
supply rate (7.7) with matrices W = diag(X,0,0) and X > cP >0 (c>0).

Proof. From (7.13), we get

(V(t)> (V)
=(z( T[ATP+PA]z(t)+2x( )P Az (t—7)+22(t)"PBp,(t)) +
(A cz(t)"Pz(t))
ATP+ PA+X PA, PB z(t)
< )T Bu(®)T] ATP 0 0 z(t—T) >+
BTP 0 0 Bu(t)
A (7.14)

If (7.11) with the matrix W = diag(X,0,0) holds, then we can infer from (7.14)
that the inequality £V V(t» +¢(V(t)) < X holds, which implies that the system (7.6)
is bounded stable in the sense of Definition 6.1. This completes the proof. d
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Definition 7.2. The quantum measurement-based feedback control system with
feedback-loop time delay is said to be bounded real with disturbance attenuation

g > 0 if the system (7.6) is dissipative in the sense of Definition 7.1 with the
supply rate

r(B:(t), Bu(t))
=B.(1)7B.(t) — ¢*Bu(t)" Bu(?)
ctc Cctcy CTD z(t)
=) 2zt —7)T B.(O)T]| CTC CFC, cTD z(t—7)|. (7.15)
DTC DTCy, DTD - g¢%I Bu (%)
Furthermore, the system (7.6) is said to be strictly bounded real with distur-

bance attenuation g > 0 if the system (7.6) is strictly dissipative in the sense of
Definition 7.1 with the supply rate (7.15).

Now combining Theorem 7.1 with Definition 7.2, we obtain the following
Theorem. (e.g., see also [29], [130] for the similar proof.)

Theorem 7.3. (Bounded Real Lemma) The quantum measurement-based feed-
back control system with feedback-loop time delay is bounded real with finite L?
gain from By, to B, less than g > 0 with respect to supply the rate (7.15) if and
only if there exists a non-negative symmetric matric P such that
ATP+PA+CTC PA;+CTCy PB+CTD
ATP+CTC crc, CTD <0 (7.16)
BTP 4+ DTC DTCy DTD — ¢?I
or, equivalently

ATP+PA PA; PB C7T

ATp T
d 0 0 G <0. (7.17)
BTP 0 —gI DT
C Cd D —gI

Furthermore, the system (7.6) is strictly bounded real with finite L? gain from (3,
to B, less than g > 0 with respect to the supply rate (7.15) if and only if there
Q 00
exists non-negative symmetric matrices P, W= 0 0 0| and Q > cP >0
0 00
(c>0), such that
ATP+ PA+CTC+Q PA;+CTC, PB+CTD
ATP 4 CTC cre, c’p | <0 (718)
BTpP 4+ DTC DTCy DTD — g1
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or, equivalently

ATP+PA+Q PA; PB CT

TP T
Ay 00 G <0. (7.19)
BTP 0 —gI DT

C Cd D —gI

We are now in a position to present our main result concerning H* controller
synthesis for the model (7.6).

Theorem 7.4. The quantum measurement-based feedback control system with
feedback-loop time delay is bounded stable in the sense of Definition 6.1 with
S(t) = (V(t)) = (z(t)T Pz(t)), and also satisfies the following relation

[ (B06178.05) + 2(6)7 Qa9 ds <6 [ (Bu(e) Bulol)ds + -+ st (720

with t, py, p2, ¢ > 0 and Q > cP, if the system (7.6) is strictly bounded real with
disturbance attenuation g > 0.

Proof. Consider the following index:

Jouo(t)
=,32(t)T,3z(t) - 92:3w(t)Tﬂw (t) + x(t)TQx(t)
cTC+Q cTc, CTD z(t)
=z@®)T zt-1)T B®)T)| CTCc CTc, CTD || a(t-7)|.(7.21)
DTC  DTC; DTD-gI || Bu(®)

From (7.13) and (7.21), we have

IN

n <sz(3>) ds+ (V(0))

t z(s)
= / <[x(s)T z(s —7)7 Bu(s)T|Z | z(s —7) > ds+ Xt + (V(0)), (7.22)
i Bu(s)

ATP+ PA+CTC+Q PAs+CTC; PB+CTD
ATP +CFC crey CTD
BTP + DTC DTC;  DTD—g¢?]
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By Theorem 7.4, we know that the system (7.6) is strictly bounded real with
disturbance attenuation g > 0 if and only if = < 0. From (7.21) and (7.22), we
can get (7.20) with g1 = (V(0)) and pg = A.

From Z < 0, we can get the following relation by taking the derivative of both
sides of (7.22) with respect of .

2\40)
(ault)) + =

= (.07 8.0l Bu(t) + 2 Qu(0)) + L <

for all ¢ > 0, which implies 2Y®) 4 ¢ (V(¢)) < X 4 (3(#)TQx(t)) < A when
Bw = 0 and Q > cP. So, the system (7.6) is bounded stable in the sense of
Definition 6.1. This completes the proof. O

7.4 H* controller synthesis

In this section, we consider the problem of H* controller design for quantum
measurement-based feedback control systems with time delay. The problem of
H® controller design is first formulated in Subsection 7.4.1 and then in Subsec-
tion 7.4.2 we propose a numerical procedure to solve the problem using LMIs
technique. An example is given to illustrate our procedure in Subsection 7.4.3.

7.4.1 H® controller synthesis objective

Now we formulate our H* controller synthesis objective as follows:

Problem 7.1: (H controller synthesis) Given a disturbance attenuation
parameter g > 0 and a parameter ¢ > 0, the aim of H* controller design for The
quantum measurement-based feedback control system with feedback-loop time
delay is to find a classical controller of the form (7.5), such that the following

conditions hold:

1. The nonlinear condition (7.4) should be satisfied.

2. The closed-loop plant-controller system (7.6) is bounded stable in the sense
of Definition 6.1.

3. The closed-loop plant-controller system (7.6) satisfies the relation (7.20).
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7.4.2 H® controller designs

According to Theorem 7.4, Problem 7.1 can be solved if (7.19) holds. It can be
seen that plant and controller matrices are mixed together in terms PA, PAy, PB
and PBy as well as their corresponding symmetric matrices in inequality (7.19),
which complexes controller designs. In order to separate the former from the later,
we now extend the method proposed in [75] by introducing auxiliary variables N,
M, X, Y, where MN” + XY = I,; N and M are invertible and X, Y are
N I ¥ with II = X I"].
* NT MT 0

Performing congruence transformations on inequality (7.19) with transforma-

symmetric. Let P = and PII =

NT

tion matrix I' = diag(I1, I, Ion, I2,), we have

ATP+ PA+cP PA; PB CT

[ ATP o o0 CF r
BTP 0 —gI DT
C Cy D —gI
N7 (ATP + PA+cP)II TI'PA, TITPB TITCT
B ATPII 0 0 cr
B BTPII 0 —gI DT
cn Cd D —gI
[ A, X+XAT A, 0 BC. B, XCT]
AT YA,+B.C, 0 YB,C., YB, CT
B 0 0 0 0 0 0
| CTBT (YB,C)T 0 0 0 CIDT *
BT BTY 0 0 0o DT
| CX C, 0 DGy D 0 |
[ R AT+ Ry 00 0 0]
A.+R] ATY+CIB."+R; 0 0 0 0
0 0 00 0 0 <0, (7.23)
0 0 00 0 0
0 0 00 —gI 0
|0 0 00 0 —gI]

where A, = NAM” + YA, XMT + NB.GC,X, B, = NB.G, R = II"QII =
R R,

RY Rs |

Nonlinear conditions (7.4) and nonlinear entries in inequality (7.23) can be
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linearized by introducing appropriate matrix lifting variables and associated e-
quality constraints. For simplicity, we choose M = I,,, so A = NA. + YA, X +
NB.GC,X and N =1,-YX. Let Z,, =Y, Z,, =X, Z,, = CF, Z,, = B,
Zw =N, Z,, = G, Z;, = GT. Define a symmetric matrix Z of dimension
15n x 15n as Z = VVT, where V = [I, 2L ... ZI ZT ... ZI|T,
Zy, =YBy, Zy, =YB,(C,, Z,, =YX, Z,, = NB,, Z,; = NB.G, Z,, = GO,,,
Zy, = GOy, GT. Then, we have the following set of additional constraints

Z >0 20,0 — Inxn = 0;

Zy — ZL =0; Zy, — ZL =0

Zyy — Ly, By = 0; Ly, — ZvIZg; =0

Lyy — ZzIZZ; =0; Ly — 1+ 7, =0 (7.24)
Ly, — ZzSZ_,’;’; = 0; Ly — Ly, Logy = 0;

Zing — L1260y, = 0; Ly — ZUGZ;f:5 = 0;

Zy, = 0;

and a rank constraint

rank(Z) < n. (7.25)

Stability conditions are given as

[ AyZ, + Z5,AT A, 0 Bu.ZI B, Z,CT]
AT Zp Ay +2,,C, 0 Zy, ZyB, CT
0 0 0 0 0 0 N
Z., BT zr 0 0 0 Z,DT
BT BTZ,, 0 0 0 DT
C.Zy, C., 0 D,ZL D 0 |
Ry AT+ R, 00 0 0
Ac+RY ATZ, +(Z,C)"+Rs 00 0 O
00 0 0
0 0 <0, (7.26)
0 0 00 0 0
0 0 00 —gI 0O
0 0 00 0 —gI|
Zy, I,
7 PII = ' >0, (7.27)
I, Z,
—cZ, —cl,
RlT o o=l | (7.28)
R5; —cl, R3—cZ,,
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For a given disturbance attenuation parameter g > 0 and a parameter ¢ > 0, if
we can employ a semi-definite programming to solve the feasibility problem with
constraints (7.24)-(7.28) in which decision variables are Z, A, and R, Problem
7.1 is solvable, see [54], [116], [118], [119]. Then the designed controller matrices
can be built as

C. = ZF
B, = ZF
Ac = Z (Ac— 24, ApZyy — Z0yCpZy,).

7.4.3 An example

In this subsection, we present an example to test our numerical procedure devel-
oped in subsection 7.4.2.
Consider a quantum plant to be controlled

dx(t) = ‘31 _Ol]m(t)dt—l- [Z Hdwﬁ {g é]dvp(t)+
:0 1
o e
dy(t) = _43 _12 } 2(8)dt + duy(2),
da(t) = _02 é]x(t)dt+du(t), (7.29)

where system matrices satisfy physical realizability conditions.
Applying our method proposed in Subsection 7.4.2 to the quantum plant
(7.29) with g = 7,¢ = 0.01, we get the following solutions:

4 | 07079 05772 5 _ | 00050 00507
| 1.0946 —0.0970 |7 T° | —0.3360 —0.3194 |’
o _ | 3104 0507 G| 10209 0.2065
© | -3.360 —0.59 |’ | —0.0035 —0.0007 |’

0.8205 1.7504 1.0000 0

1.7504 17.0245 0 1.0000

1.0000 0 6.9585 —2.6406 |’
0 1.0000 —2.6406 1.8490

7 PII =
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1.2919 —4.2307 0.0100  0.0000
—-4.2307 14.9839 —0.0000 0.0100
0.0100 —0.0000 15.2019 -0.0264
0.0000 0.0100 —0.0264 15.1508

Now we check that if the resulting solutions satisfy the constraints listed
in Problem 7.1. The eigenvalues of (7.26) are —16.7443, —8.1605, —7.6262,
—17.0943, —7.0001, —6.0220, —2.4694, —0.0835, —0.0313, —0.0001, —0.0377, 0, 0,
0, which indicate condition (7.26) is non-positive. It is easily checked that R >
cIIT PIT > 0 holds. Therefore, the resulting solutions satisfy all the conditions,
which are reasonable for the classical controller designs.

7.5 Concluding remarks

In this chapter, we present a linear model for the H* control of quantum measurement-
based feedback control system subject to feedback-loop time delay, which is the
main concern of this chapter. Stability and dissipation theory is developed for
this model and from this a new quantum version of the Bounded Real Lemma is
derived for our model. The H* controller synthesis problem is also investigated
in this chapter. An example is given to present our controller design procedure.
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Chapter 8

Conclusions and Future Research

8.1 Conclusions

The work of this thesis can be grouped into two parts. The first part including
Chapter 3 and 4 is devoted to mixed quantum-classical feedback network synthesis
and a quantum realization of a linear classical stochastic system. The second
part consisting of Chapter 5-7 focuses on controller designs for quantum feedback
control systems with or without time delay. The main contributions of this work
can be summarized as follows.

For the first part, Chapter 3 has developed a network theory for synthesizing
linear dynamical mixed quantum-classical stochastic systems of the standard form
in a systematic way based on three new physical realization constraints. Then
one feedback architecture is proposed for this realization. Chapter 4 has shown
that under certain technical assumptions, a class of classical linear stochastic
systems in a certain form can be realized by quantum linear stochastic systems.
It is anticipated that the main results of the work will aid in facilitating the
implementation of classical linear systems with fast quantum optical devices (eg.
measurement-based feedback control), especially in miniature platforms such as
nanophotonic circuits.

For the second part, Chapter 5 has presented two numerical procedures based
on extended LMIs approach to solve a quantum LQG problem, which can provide
more parameters for the design of a physically realizable quantum controller of
the standard form and give less conservative solutions to quantum LQG prob-
lem. For comparison, we reinvestigate the example given in [54]. It turns out
that our optimization procedure proposed in this chapter can be used to improve
overall the closed-loop control performance. Chapter 6 and Chapter 7 have con-
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cerned the influences of time delay in quantum feedback control systems. Chap-
ter 6 has investigated classical controller designs for quantum feedback control
systems with feedback-loop time delay. A delay-independent stability criterion
as well as an upper bound on a cost function has been derived for a quantum
measurement-based feedback control system, and from this we proposed one nu-
merical procedure for classical controller designs. Chapter 7 has investigated H*
controller synthesis problems for quantum feedback control of linear stochastic
systems with feedback-loop time delays. The dissipation property is character-
ized in linear matrix inequality forms, which can lead to a quantum version of the
Bounded Real Lemma for quantum measurement-based feedback control systems
subject to feedback-loop time delay. A numerical procedure is proposed for a
quantum feedback control system with time delay based on this version of the
Strict Bounded Real Lemma.

8.2 Future research

Here we indicate the area of future research that follows naturally from this thesis.

It is well-known in the control community that there are intrinsic conflicts be-
tween achievable performance and system robustness. A well thought controller
design is to make some suitable tradeoffs between performance and system ro-
bustness. It is therefore desirable to develop design techniques that can optimally
and systematically perform such performance and robustness tradeoffs. In Chap-
ter 5 we have considered an extended LMI approach to coherent quantum LQG
control design, which only addresses the issue of performance in the presence of
quantum noise processes using LMI technique to calculate the dynamic controller
parameters. H* control is to minimize the disturbance effect on the output of
the plant, which also plays an important role in the quantum controller design.
The mixed multi-objective LQG and H* optimal control problem for classical
systems has been widely studied in previous works [133], [134], etc. The designed
controller not only can guarantee the resulting closed-loop system satisfying a
pre-specified H* disturbance attenuation level for all admissible parameter un-
certainties, but also provides an upper bound for the LQG cost function, which
is minimized using a strict LMI convex optimization approach. However, the
problem of multi-objective LQG and H* optimal quantum controller design has
not been solved so far. In our future work, we will apply the multi-objective
optimization control technique to the quantum linear stochastic systems setting.
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As mentioned in Chapter 6, the stability criteria can be classified into two cat-
egories, namely delay-independent and delay-dependent. In Chapter 6 and 7, we
have derived delay-independent stability conditions for quantum measurement-
based feedback control systems subject to feedback-loop time delays. In the
future work, we will plan to theoretically develop delay-dependent stability con-
ditions for quantum measurement-based feedback control systems described by
linear stochastic differential equations. We also plan to extend multi-objective
control technique to the quantum measurement-based feedback control systems
with feedback-loop time delay.



114 CHAPTER 8. CONCLUSIONS AND FUTURE RESEARCH



Bibliography

[1] J. L. O’Brien, A. Furusawa, and J. Vuckovic, “Photonic quantum technolo-
gies,” Nature Photonics, vol. 3, pp. 687-695, 2009.

[2] H. M. Wiseman, and G. J. Milburn, “All-optical versus electro-optical
quantum-limited feedback,” Phys. Rev. A, vol. 49(5), pp. 4110-4125, 1994.

[3] HW. Wiseman, and G.J. Milburn, Quantum Measurement and Control,
Cambridge University Press, Cambridge, UK, 2009.

[4] M. A. Armen, J. K. Au, J. K. Stockton, A. C. Doherty, and H. Mabuchi,
“Adaptive homodyne measurement of optical phase,” Phys. Rev. A,
89(13):133602, 2002.

[5] H. M. Wiseman, and G. J. Milburn, “Quantum theory of optical feedback
via homodyne detection,” Phys. Rev. Lett., vol. 70, pp. 548-551, 1993.

6] G. M. Huang, T. J. Tarn, and J. W. Clark, “On the controllability of
quantum-mechanical systems,” J. Math. Phys., 24(11): 2608-2618, 1984.

[7] C. K. Ong, G. M. Huang, T. J. Tarn, etal, “Invertibility of quantum-
mechanical systems,” Mathematical Systems Theory., 17: 335-350, 1984.

[8] H. Mabuchi, and N. Khaneja, “Principles and applications of control in
quantum systems,” I. J. Robust Nonlinear Control, vol. 15(15), pp. 647-
667, 2005.

[9] L. Bouten, R. V. Handel, and M. R. James, “An introduction to quantum
filtering,” SIAM J. Control and Optimization, 46(6), pp. 2199-2241, 2007.

[10] B. Yurke, and J. S. Denker, “Quantum network theory,” Phys. Rev. A, vol.
29, pp. 1419-1437, 1984.

115



116

[11]

[12]

[13]

14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

BIBLIOGRAPHY

H. Mabuchi, “Coherent-feedback control strategy to suppress sponta-
neous switching in ultralow power optical bistability,” Appl. Phys. Lett.,
98:193109, 2011.

N. Yamamoto, H. I. Nurdin, M. R. James, and I. R. Petersen, “Avoiding
entanglement sudden death via measurement feedback control in a quantum
network,” Phys. Rev. A, vol. 78, pp. 042339(1)-042339(11), 2008.

H. I. Nurdin, and J. E. Gough, “On structure-preserving transformations
of the Ito generator matrix for model reduction of quantum feedback net-
works,” Phil. Trans. R. Soc. A, vol. 370, pp. 5422-5436, 2012.

J. E. Gough, M. R. James, H. I. Nurdin, and J. Combes, “Quantum filter-
ing for systems driven by fields in single-photon states or superposition of
coherent states,” Phys. Rev. A, vol. 86(4), pp. 043819-1-043819-14, 2012.

J. E. Gough, and M. R. James, “Quantum feedback networks: Hamiltonian
formulation,” Commun. Math. Phys., vol. 287, pp. 1109-1132, 2009.

H. Rabitz, “The role of theory in the laboratory control of quantum dy-
namics phenomena,” Theor. Chem. Acc., 109, pp. 64-70, 2003.

F. Fagnola, F. Rebolledo, and C. Saavedra, “Quantum flows associated to
a master equation in quantum optics,” J. Math. Phys. vol. 35(1), 1994.

R. van Handel, J. K. Stockton, and H. Mabuchi, “Modeling and feed-
back control design for quantum state preparation,” J. Opt. B: Quantum
Semiclass. Opt., vol. 7, S179, 2005.

L. Bouten, R. van Handel, and M. R. James, “A discrete invitation to
quantum filtering and feedback control,” SIAM Review, 51, pp. 239-316,
2009.

S. C. Edwards, and V. P. Belavkin, “Optimal quantum filter-
ing and quantum feedback control,” August 2005. [Online]. Available:
http://arxiv.org/pdf/quant-ph/0506018.

V. P. Belavkin, “Quantum demolition filtering and optimal control of un-
stable systems,” Phil. Trans. R. Soc. A 370, 5396-5407, 2012.

D. Dong, and I. R. Petersen, “Quantum control theory and applications: a
survey,” IET Control Theory Appl. 4, 2651-2671, 2010.


http://arxiv.org/pdf/quant-ph/0506018

BIBLIOGRAPHY 117

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

G. Zhang, and M. R. James “Quantum feedback networks and control: a
brief survey,” Chin. Sci. Bull, 57, pp. 2200-2214, 2012.

J. P. Dowling, and G. J. Milburn, “Quantum technology: the second quan-
tum revolution,” Philosophical Transactions of The Royal Society A Math-
ematical Physical and Engineering Sciences, vol. 361(1809), pp. 1655-1674,
August 2003.

A. C. Doherty, and H. M Wiseman, “Feedback control of linear quantum

systems,” Quantum Electronics and Laser Science Conference, vol. 1, pp.
41-43, 2005.

M. Nielsen, and I. Chuang, Quantum Computation and Quantum Informa-
tion, Cambridge: Cambridge University Press, 2000.

C. Gardiner, and P. Zoller, Quantum Noise, 3rd ed., Springer, Berlin, 2004.

A. C. Doherty, and K. Jacobs, “Feedback-control of quantum systems using
continuous state-estimation,” Phys. Rev. A, vol. 60, pp. 2700-2711, 1999.

M. R. James, H. I. Nurdin, and I. R. Petersen, “H® control of linear

quantum stochastic systems,” IEEFE Trans. Automat. Control, vol. 53, pp.
1787-1803, 2008.

G. Zhang, and M. R. James, “Direct and indirect couplings in coherent
feedback control of linear quantum systems,” IEFE Trans. Automat. Con-
trol, vol. 56(7), pp. 1535-1550, 2011.

S. Shaiju, and I. R. Petersen, “On the physical realizability of general
linear quantum stochastic differential equations with complex coefficients,”
in Proceedings of the 48th IEEE CDC, pp. 1422-1427, 2009.

S. Wang, H. I. Nurdin, G. Zhang, and M. R. James, “Synthesis and struc-
ture of mixed quantum-classical linear systems,” in Proceedings of the 51st

IEEE Conference on Decision and Control (CDC), pp. 1093-1098, Maui,
Hawaii, USA, 2012.

D. A. B. Miller, “Rationale and challenges for optical interconnects to
electronic chips,” in Proceedings of the IEEE, vol. 88, pp. 728-749, 2000.

U. Leonhardt, “Quantum physics of simple optical instruments,” Rep.
Prog. Phys., vol. 66, pp. 1207-1249, 2003.



118

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

(4]

BIBLIOGRAPHY

E. Knill, R. Laflamme, and G.J. Milburn, “A scheme for efficient quantum
computation with linear optics,” Nature, vol. 409, pp. 46-52, 2001.

M. Mirrahimi, and R. van Handel, “Stabilizing feedback controls for quan-
tum system,” SIAM J. control and Optimization, vol. 46(2), pp. 445-467,
2007.

K. Jacobs, and A. Shabani, “Quantum feedback control: how to use veri-
fication theorems and viscosity solutions to find optimal protocols,” Con-
temporary Physics, vol. 49, pp. 435-448, 2008.

J. E. Gough, and M. R. James, “The series product and its application
to quantum feedforward and feedback networks,” IFEE Trans. Automatic
Control, vol. 54(11), pp. 2530-2544, 2009.

S. Wang, H. I. Nurdin, G. Zhang, and M. R. James, “Implementation of
classical linear stochastic systems using quantum optical components,” in
Proceedings of the 2011 Australian Control Conference (AUCC), Engineers
Australia, Australia, pp. 351-356, 2011.

S. Wang, H. I. Nurdin, G. Zhang, and M.R. James, “Quantum optical
realization of classical linear stochastic systems” Automatica, vol. 49(10),
pp. 3090-3096, 2013.

J. Combes, H. M. Wiseman, and K. Jacobs, “Rapid measurement of quan-
tum systems using feedback control,” Phys. Rev. Lett., vol. 100, 160503,
2008.

V. P. Belavkin, “Optimal measurement and control in quantum dynamical
systems,” Rep. Math. Phys., vol. 43, pp. 405-425, 1999.

H. Wiseman, and G. Milburn, “Quantum theory of field-quadrature mea-
surements,” Phys. Rev. A (8), vol. 47, pp. 642-663, 1993.

S. S. Szigeti, M. R. Hush, A. R. R. Carvalho, and J. J. Hope, “Continuous
measurement feedback control of a Bose-Einstein condensate using phase-
contrast imaging,” Phys. Rev. A, vol. 80, 013614, 20009.

J. E. Gough, M. R. James, and H. I. Nurdin, “Squeezing components in
linear quantum feedback networks,” Phys. Rev. A, vol. 81, pp. 023 804-1-
023 804-15, 2010.



BIBLIOGRAPHY 119

[46]

[47)

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

J. E. Gough, “Construction of bilinear control Hamiltonians using the series
product and quantum feedback,” Phys. Rev. A, vol. 78, 052311, 2008.

J. E. Gough, H. I. Nurdin, and S. Wildfeuer, “Commutativity of the adia-
batic elimination limit of fast oscillatory components and the instantaneous
feedback limit in quantum feedback networks,” J. Math. Phys., vol. 51(2),
pp. 123518-1-123518-25, 2010.

S. Lloyd, “Coherent quantum feedback,” Phys. Rev. A, vol. 62, 022108,
2000.

J. Capmany, and C. R. Fernandez-Pousa, “Quantum model for electro-

optical phase modulation,” J. Opt. Soc.Am. B, vol. 27(6), A119-A129,
2010.

A. Maalouf, and I. R. Petersen, “Coherent H* control for a class of linear

complex quantum systems,” in Proceedings of American Control Confer-
ence, pp. 1472-1479, 2009.

H. I. Nurdin, “Topics in classical and quantum linear stochastic systems,”
Ph.D. dissertation, The Australian National University, April 2007.

G. Zhang, H. W. J. Lee, B. Huang, and H. Zhang “Coherent Feedback
Control of Linear Quantum Optical Systems via Squeezing and Phase Shift”
SIAM J. on Control and Optim., vol. 50(4), pp. 2130-2150, 2012.

J. K. Stockton, J. M. Geremia, A. C. Doherty, and H. Mabuchi, “Robust
quantum parameter estimation: Coherent magnetometry with feedback,”
Phys. Rev. A (8), vol. 69, pp. 032109-1-032109-16, 2004.

H. I. Nurdin, M. R. James, and I. R. Petersen, “Coherent quantum LQG
control,” Automatica, vol. 45, pp. 1837-1846, 2009.

M. Yanagisawa, and H. Kimura, “Transfer function approach to quantum
control-part II: Control concepts and applications,” IEEE Trans. Automatic
Control, vol. 48, pp. 2121-2132, 2003.

H. Mabuchi, “Coherent-feedback quantum control with a dynamic com-
pensator,” Phys. Rev. A, vol. 78, 032323, 2008.

J. F. Sherson, and K. Molmer, “Polarization squeezing by optical Faraday
rotation,” Phys. Rev. Lett., vol. 97, 143602, 2006.



120 BIBLIOGRAPHY

[58] L. Tornberg, M. Wallquist, G. Johansson, V. S. Shumeiko, and G. Wendin,
“Implementation of the three-qubit phase-flip error correction code with
superconducting qubits,” Phys. Rev. B, vol. 77, 214528, 2008.

[69] J. Kerckhoff, H. I. Nurdin, D. Pavlichin, and H. Mabuchi, “Designing quan-
tum memories with embedded control: photonic circuits for autonomous
quantum error correction,” Phys. Rev. Lett., vol. 105, 040502, 2010.

[60] H.I. Nurdin, I. R. Petersen, and M. R. James, “On the infeasibility of en-
tanglement generation in Gaussian quantum systems via classical control,”
IEEFE Trans. Automat. Control, vol. 57(1), pp. 198-203, 2012.

[61] V.P. Belavkin, “On the theory of controlling observable quantum systems,”
Automation and Remote Control, vol. 44(2), pp. 178-188, 1983.

[62] J. E. Gough, M. I. Guta, M. R. James, and H. I. Nurdin, “Quantum filtering
for systems driven by fermion fields,” Communications in Information and
Systems, vol. 11(3), pp. 237-268, 2011.

[63] H. I. Nurdin, M. R. James, and I. R. Petersen, “Quantum LQG control
with quantum mechanical controllers,” in Proceedings of the 17th IFAC
World Congress, Seoul, South Korea, pp. 9922-9927, 2008.

[64] J. C. Willems, “On interconnections, control and feedback,” IEEE Trans.
Autom. Control vol. 42, pp. 326-339, 1997.

[65] J. C. Willems, “The behavioral approach to open and interconnected sys-
tems,” IEEFE Control Systems Magazine, vol. 27(6), pp. 46-99, 2007.

[66] J. B. Lasserre, “Global optimization with polynomials and the problem of
moments,” SIAM J. Optimization, vol. 11(3), pp. 796-817, 2001.

[67] J. C. Willems, and H.L. Trentelman, “Synthesis of dissipative systems using
quadratic differential forms: Part 1,” IEEE Trans. Automatic Control, vol.
47(1), pp. 53-69, 2002.

[68] C.I. Byrnes, A. Isidori, and J. C. Willems, “Passivity, feedback equivalence,
and the global stabilization of minimum phase nonlinear systems,” IEEFE
Transactions on Automatic Control, vol. 37(6), pp. 770-784, 1992.



BIBLIOGRAPHY 121

[69]

[70]

[71]

[72]

[74]

[75]

[76]

[77]

[78]

[79]

A. A. Moelja, and G. Meinsma, “Hs-optimal control of systems with mul-

tiple i/o delays: time domain approach,” Automatica, vol. 41(7), pp. 1229-
1238, Jul. 2005.

S. Boyd, and Q. Yang, “Structured and simultaneous Lyapunov functions
for system stability problems,” Int. J. Contr., vol. 49, pp. 2215-2240, 1989.

H. Berghuis, and H. Nijmeijer, “A passivity approach to controller-ob-
server design for robots,” IEEFE Trans. Robot. Automat., vol. 9, pp. 740-
754, 1993.

J. H. Ryu, D. S. Kwon, and B. Hannaford, “Stability guaranteed control:
time domain passivity approach,” IEEE Transactions on Control Systems
Technology, vol. 12, pp. 860 - 868, 2004.

M. R. James, and J. E. Gough, “Quantum dissipative systems and feedback
control design by interconnection,” IEEE TAC, vol. 55, pp.1806 - 1821,
2010.

A. J. Shaiju, I. R. Petersen, and M. R. James, “Guaranteed cost LQG
control of uncertain linear stochastic quantum systems,” in Proceedings of
the 2007 American Control Conference, New York, July, 2007.

C. Scherer, P. Gahinet, and M. Chilali, “Multiobjective output-feedback
control via LMI optimization,” IEEE Trans. Automatic Control vol. 42(7),
pp. 896-911, 1997.

I. G. Vladimirov, and I. R. Petersen, “A quasi-separation principle and
Newton-like scheme for coherent quantum LQG control,” 18th IFAC World
Congress, Milan, Italy, 2011.

A. C. Doherty, S. Habib, K. Jacobs, H. Mabuchi, and S. M. Tan, “Quantum
feedback control and classical control theory,” Phys. Rev. A, vol. 62, 012105,
2000.

H. M. Wiseman, and A. C. Doherty, “Optimal unravellings for feedback
control in linear quantum systems,” Phys. Rev. Lett., vol. 94, 070405, 2005.

C. D’Helon, A. C. Doherty, M. R. James, and S. D. Wilson, “Quantum risk-

sensitive control,” in Proceedings of the 45th IEEE CDC, pp. 3132-3137,
2006.



122

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

BIBLIOGRAPHY

R. G. Beausoleil, P. J. Keukes, G. S. Snider, S. Y. Wang, and R. S. Williams,
“Nanoelectronic and nanophotonic interconnect,” in Proceedings of the
IEFEE, vol. 96, pp. 230-247, 2007.

H. I. Nurdin, M. R. James, and A. C. Doherty, “Network synthesis of linear
dynamical quantum stochastic systems,” SIAM J. Control and Optim., vol.
48, pp. 2686-2718, 20009.

H. I. Nurdin, “Synthesis of linear quantum stochastic systems via quantum
feedback networks,” IEEE Trans. Automat. Contr., vol. 55(4), pp. 1008-
1013, 2010.

H. I. Nurdin, “On synthesis of linear quantum stochastic systems by pure
cascading,” IEEE Trans. Autom. Control, vol. 55(10), pp. 2439-2444, Oct.
2010.

H. I. Nurdin, “Network synthesis of mixed quantum-classical linear stochas-
tic systems,” in Proceedings of the 2011 Australian Control Conference
(AUCC), Engineers Australia, Australia, pp. 68-75, 2011.

Z. Yan, G. Zhang, and X. Qi, “Robust stabilization for stochastic systems
with time-delay and nonlinear uncertainties,” Mathematical Problems in
Engineering, vol. 2012, ID 291624, 2012.

J. P. Richard, “Time-delay systems: an overview of some recent advances
and open problems,” Automatica, vol. 39(10), pp. 1667-1694, Oct, 2003.

V. Giovannetti, P. Tombesi, and D. Vitali, “Non-Markovian quantum feed-
back from homodyne measurements: The effect of a nonzero feedback delay
time,” Phys. Rev. A, vol. 60, pp. 1549-1561, 1999.

K. Nishio, K. Kashima, and J. Imura, “Effects of time delay in feedback
control of linear quantum systems,” Physical Review A, vol. 79(6), 062105,
2008.

K. Nishio, K. Kashima, and J. Imura, “Optimal control of linear quantum
systems despite feedback delay,” in Proceedings of the 47th IEEE Confer-
ence on Deciston and Control, Cancun, Mexico, pp. 835-840, Dec., 2008.

K. Kashima, and N. Yamamoto, “Control of quantum systems despite
feedback delay,” IEEFE Trans. Automatic Control, vol. 54, pp. 876-881,
2009.



BIBLIOGRAPHY ’ 123

[91] R. Xu, Y. Yan, Y. Ohtsuki, Y. Fujimura, and H. Rabitz, “Optimal control
of quantum non-markovian dissipation: Reduced liouville-space theory,” J.
Chem. Phys., vol. 120, pp. 6600-6608, 2004.

[92] J. Wang, H. M. Wiseman, and G. J. Milburn, “Non-Markovian homodyne-
mediated feedback on a two-level atom: a quantum trajectory treatment,”
Chem. Phys., 268, pp. 221-235, 2001.

[93] L. Accardi, A. Frigerio, and J. T. Lewis, “Quantum stochastic processes,”
Publ. Res. Inst. Math. Sci., vol. 18(1), pp. 97-133, 1982.

[94] R. L. Hudson, and K. R. Parthasarathy, “Quantum Ito’s formula and
stochastic evolutions,” Comm. Math. Phys., vol. 93(3), pp. 301-323, 1984.

[95] E. Merzbacher, Quantum mechanics, 3rd. NewYork, Wiley, 1998.

[96] D. F. Walls and G. J. Milburn, Quantum Optics, 2nd edition, Springer,
2008.

[97] C. Gardiner, and M. Collett, “Input and output in damped quantum sys-
tems: Quantum stochastic differential equations and the master equation,”
Phys. Rev. A, vol. 31, pp. 3761-3774, 1985.

[98] C. W. Gardiner, “Driving a quantum system with the output field from
another driven quantum system,” Phys. Rev. Lett., vol. 70, 2269, 1993.

[99] L. Accardi, J. Gough, and Y. Lu, “On the stochastic limit of quantum field
theory,” Rep. Math. Phys., vol. 36(2-3), pp. 155-187, 1995.

[100] V. P. Belavkin, “Nondemolition stochastic calculus in Fock space and non-
linear filtering and control in quantum systems,” in Proceedings XXIV
Karpacz winter school, ser. Stochastic methods in mathematics and physic-
s, R. Guelerak and W. Karwowski, Eds. World Scientific, Singapore, 1988,
pp. 310-324. '

[101] V. P. Belavkin, “Stochastic calculus of quantum input-output processes
and quantum nondemolition filtering,” Journal of Soviet Mathematics, vol.
56(5), pp. 2625-2647, 1991.

[102] V. P. Belavkin, “Nondemolition principle of quantum measurement theory,”
Foundation of Physics, vol. 24(5), pp. 685-714, 1994.



124 BIBLIOGRAPHY

[103] B. D. O. Anderson, and S. Vongpanitlerd, Network Analysis and Synthesis,
Prentice-Hall, Englewood Cliffs, NJ, 1973.

[104] R. A. Horn, and C. R. Johnson, Matriz Analysis, Cambridge University
Press, 1985.

[105] D. S. Bernstein, Matriz Mathematics: Theory, Facts,and Formulas with

Application to Linear Systems Theory, Second ed., Princeton University
Press, 2009.

[106] B. Anderson, and S. Vongpanitlerd, Network Analysis and Synthesis,
Prentice-Hall, Englewood Cliffs, NJ (also, Dover edition, 2006), 1973.

[107] H. A. Bachor, and T. C. Ralph A Guide to Ezxperiments in Quantum Optics,
2nd ed., Weinheim, Germany: Wiley-VCH, 2004.

[108] M. Yanagisawa, and H. Kimura, “Transfer function approach to quantum
control-part I: Dynamics of quantum feedback systems,” IEEE Trans. Au-
tomatic Control, vol. 48, pp. 2107-2120, 2003.

[109] V. P. Belavkin, “Quantum stochastic calculus and quantum nonlinear fil-
tering,” J. Multivariate Anal., vol. 42(2), pp. 171-201, 1992.

[110] K. Parthasarathy, An Introduction to Quantum Stochastic Calculus, Berlin,
Germany: Birkhauser, 1992.

[111] F. Fagnola, “On quantum stochastic differential equations with unbounded
coefficients,” Probab. Th. Rel. Fields, vol. 86, 501-516, 1990.

[112] M. Basin, and J. Rodriguez-Gonzalez, “Optimal control for linear systems
with time delay in control input based on the duality principle,” in Pro-
ceedings of the 2003 American Control Conference, vol. 3, pp. 2144 - 2148,
2003.

[113] G. E. Dullerud, and F. Paganini, A Course in Robust Control Theory: A
conver Approach, New York: Springer-Verlag, 2000.

[114] M. Farhoodi, and M. T. H. Beheshti, “Extended linear matrix inequality
approach to multiobjective output feedback controller design,” Proceedings
of IEEE India Conference, Math, Science, Engineering, India, vol. 2, pp.
542-547, 2008.



BIBLIOGRAPHY 125

[115] M. C. De Oliveira, J. C. Geromel, and J. Bernussou, “Extended H, and
H®* norm characterizations and controller parametrizations for discrete-

time systems,” International Journal of Control, vol. 75(9), pp. 666-679,
2002.

[116] J. Lofberg, “Yalmip: A toolbox for modeling and optimization in MAT-
LAB,” in Proceedings of the CACSD conference, 2004.

[117] “Computational Optimization Research at Lehigh (COR@L),” Lehigh U-
niversity, SeDuMi v1.1R3, 2006. http://sedumi.ie.lehigh.edu/.

[118] R. Orsi, “LMIRank: Software for rank constrained LMI problems,” 2005.
http://rsise.anu.edu.au/ robert/lmirank.

[119] R. Orsi, U. Helmke, and J. B. Moore, “A Newton-like method for solving
rank constrained linear matrix inequalities,” Automatica Journal of IFAC,
vol. 42(11), pp. 1875-1882, 2006.

[120] K. Uchida, E. Shimemura, T. Kubo and N. Abe, “The linear-quadratic
optimal control approach to feedback control design for systems with de-

lay,” International Federation of Automatic Control, vol. 24(6), pp. 773-780,
1988.

[121] S. Xu, and J. Lam, “Improved delay-dependent stability criteria for time-
delay systems,” IEEFE Trans. Automat. Contr., vol. 50(3), pp.384-387, 2005.

[122] Y. Gong, and S. Xu, “Guaranteed cost control for uncertain stochastic sys-
tems with state and input delays,” in Proceedings of the First International

Conference on Innovative Computing, Information and Control, vol. 3, pp.
508-511, 2006.

[123] E. I. Verriest, and P. Florchinger, “Stability of stochastic systems with
uncertain time delays,” Systems & Control Letters, vol. 24(1), pp. 41-47,
Jan., 1995.

[124] T. Iwasaki, and R. E. Skelton, “All Controllers for the General H* Control
Problem: LMI Existence Conditions and State-Space Formulas,” Automat-
ica, vol. 30, pp. 1307-1317, 1994.

[125] P. Gahinet, and P. Apkarian, “A Linear Matrix Inequality Approach to
H®*> Control,” Int. J. Robust and Nonlinear Contr., vol. 4, pp. 421-448,
1994.


http://sedunii.ie.lehigh.edu/
http://rsise.anu.edu.au/

126 BIBLIOGRAPHY

[126] M. Chilali, and P. Gahinet, “H* Design with Pole Placement Constraints:
an LMI Approach,” in Proceedings of Conf. Dec. Contr., pp. 553-558, 1994.

[127] P. Apkarian, P. Gahinet, and G. Becker, “Self-Scheduled H* Control of
Linear Parameter-Varying Systems,” in Proceedings of American Control
Conference, pp. 856-860, 1994.

[128] C. A. Desoer, and M. Vidyasagar, Feedback Systems: Input-Output Prop-
erties, second edition, SIAM, 2009.

[129] K. Zhou, and P. Khargonekar, “An algebraic Riccati equation approach to
H®* optimization,” Systems and Control Letters, vol. 11, pp. 85-91, 1988.

[130] K. Zhou, and J. C. Doyle, Essentials of Robust Control, Prentice Eaglewood
Cliffs, Hall, NJ, 1998.

[131] X. Ji, H. Su, and J. Chu, “An LMI approach to robust H* control for
uncertain singular time-delay systems,” Journal of Control Theory and
Applications, vol. 4(4), pp. 361-366, 2006.

[132] Y. S. Leea, Y. S. Moon, W. H. Kwon, and P. G. Park, “Delay-dependent
robust H* control for uncertain systems with a state-delay,” Automatica,
vol. 40, pp. 65-72, 2004.

[133] R. Bambang, E. Shimemura, and K. Uchida, “Mixed Hy /H* Control
with Pole Placement,” State-Feedback Case,” in Proceedings of American
Control Conference, pp. 2777-2779, 1993.

[134] D. U. Campos-Delgado, and K. Zhou, “Mixed L,/H>/H® control design:
numerical optimization approaches,” Int. J. Control, vol. 76(7), pp. 687-
697, 2003.



