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A b s tra c t
In this thesis an attem pt is made to formulate Schnabl’s analytic solution of the
string field theory equations in terms of the ß y CFT. Such background-dependent
solutions may be useful for the construction of tachyon lump solutions. Using the
Schnabl solution’s explicit description in terms of coordinate-transformed Virasoro and ghost operators to try to do this leads to severe difficulties. Possible
explanations for the cause of these problems are discussed, along with some sug
gestions for how to overcome them. This thesis also contains a review of the
construction of Schnabl’s solution as well as open string field theory more gener
ally.
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C h ap ter 1
In tro d u ctio n
Bosonic string theory was the first string theory to be formulated; however it has
long been known to have a serious problem since its lightest modes correspond
to tachyonic particles.
A tachyonic particle, if it existed, would be a particle with negative mass 2
which would travel faster than the speed of light. If we look at the tachyonic
particles from bosonic string theory from the perspective of quantum field theory,
they correspond to scalar fields.
A scalar field has a potential energy of \m 24>2, so the negative mass2 of a
tachyon means that the tachyon potential has a maximum at the origin. This
means that the standard perturbative vacuum of bosonic string theory is unstable,
as any small fluctuation of the tachyon field will cause the system to “roll” away
from this maximum to a state with lower potential energy.
Generally, when this situation occurs, it means that the choice of vacuum
is wrong. For a long time, it has been unknown whether or not bosonic string
theory has a stable vacuum at a local minimum of the tachyon potential.
The Sen conjectures [86] [87], formulated in 1999, provide part of a possible
answer to this question by looking at the properties of D-branes. In string theory,
a Dp-brane is an extended object with p spatial dimensions which is defined by
the behaviour of the strings in its vicinity. Bosonic string theory has both open
and closed strings, and while there are no restrictions on the location of the closed
strings, the open strings must have their end-points on a D-brane. In bosonic
string theory, a Dp-brane can have any dimension p, but since bosonic D-branes
have no conserved charge they are unstable.
Sen looked at the behaviour of a space-filling D25-brane in 26-dimensional
bosonic string theory and noted that the instability of the brane meant the spec-
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trum of the open strings propagating along the brane contained a tachyonic mode.
He suggested that the tachyonic mode for open strings in bosonic string theory is
actually the same as the tachyonic mode that comes from the D25-brane; in other
words, that the standard perturbative vacuum for this theory corresponds to a
system where there is a space-filling D25-brane, and that the tachyonic instability
in the open string sector of bosonic string theory comes from the instability of
the D-brane.
This means that if it was possible to find a background where this D-brane
disappeared, then the open-string tachyon instability in bosonic string theory
would disappear too. This background would be a vacuum in which (at least for
the open-string sector) bosonic string theory could be formulated as a consistent
theory.
Sen made three conjectures about this vacuum:
1. The potential of the tachyon field has a locally stable minimum, at which
the tension of the D25-brane and the negative value of the tachyon potential
cancel out. So the total energy density at the new minimum is zero.
2. Although there are no physical open string excitations around the tachyon
vacuum, there should exist tachyonic lump solutions which correspond to
lower-dimensional D-branes.
3. The locally stable minimum of the tachyon potential corresponds to a vac
uum without any D-brane. This means that there can be no physical per
turbative open string states around this vacuum (although there can be
closed string states), and so the cohomology of the kinetic operator around
this vacuum is vanishing. This is the true vacuum for the open string sector
of bosonic string theory and is often referred to as the tachyon vacuum or
the closed string vacuum.
Sen also made a very similar set of conjectures for Type II superstring theory
[85]. Type II superstring theory has both stable D-branes and unstable D-branes.
The situation for the unstable D-brane in Type II theory is directly analogous
to that for bosonic string theory; the D-brane has tachyonic modes and when it
disappears, once again a tachyon vacuum is reached in which there are no physical
open string states. A stable D-brane has no tachyonic modes, but in a system
which has two coincident D-branes with opposite conserved charges (i.e. a braneantibrane system) there are tachyonic modes which arise when an open string
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has one end on the D-brane and the other end on the D-antibrane. Once again,
when these two branes disappear, a tachyon vacuum results. Since the situation
is similar to th at for Type II string theory but easier to analyze, studying tachyon
condensation for the bosonic string will help in gaining an understanding of the
same process for Type II superstring theory.
Sen suggested th a t open string field theory (OSFT) would be useful for testing
these conjectures.
Open string field theory is a second-quantized theory which has roughly the
same relationship to ordinary first-quantized open string theory as quantum field
theory has to relativistic quantum mechanics. While first-quantized string theory
can only be used to describe on-shell string states or perturbative physical states
around the standard perturbative vacuum, open string field theory can potentially
be used to explore other vacua, meaning th at it could be used to test Sen’s
conjectures.
Some forms of string field theory have been around since the early days of
string theory when it was not yet being seriously considered as a theory of
quantum gravity [6] [42] [59].

After string theory became popular in the mid-

1980s a considerable amount of work was done in the area of string field theory
[7] [23] [29] [30] [53] [56] [57] [80] [90] [98]. It was always hoped th at formulating string
theory as a second-quantized theory would lead to being able to discover nonperturbative information about the theory, however until Sen’s conjectures were
proposed in 1999 there was little concrete evidence th at this was truly possible.
The simplest formulation of open string field theory, and the one in which most
progress has been made over the past few years, is W itten’s cubic open string
field theory [98], and this is the theory which I will be describing in Chapter 2.
In W itten’s formulation of open string field theory, the string fields are con
sidered to be elements of a noncommutative graded algebra. The action for this
theory is a great deal simpler than that for other versions of string field theory
(SFT) that also include interactions; for this reason W itten’s OSFT is the formu
lation of open string field theory which most research in the field has been based
on, and which is best understood.
In W itten’s original paper, the theory is described in an abstract and geo
metrical way which, although elegant, does not lend itself easily towards carrying
out concrete calculations. Two major approaches have been used to render W it
ten’s OSFT into a more convenient form: the operator or oscillator approach
[7] [29] [30] [80], in which W itten’s action is w ritten directly in terms of a Fock
space representation of its elements; and the conformal field theory (CFT) ap-
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proach [56] [57] [77] [87], in which the action is written in terms of correlation func
tions. Work began on these approaches shortly after W itten’s OSFT was first
proposed.
By the time th at Sen’s conjectures were first put forward, significant advances
had also been made in areas th a t would later become important. The method
of level truncation was developed in [53]. This would later be widely used in
attem pts to verify Sen’s conjectures numerically. In the paper [23], it was shown
that the string field action is invariant under twist sym m etry, thus narrowing
down the subspace of states th a t need to be taken into account when looking for
solutions of the string field theory equations of motion.
After Sen’s conjectures were proposed, a great deal of effort was made to try
to prove th at they were true. A great deal of progress was made by using the
method of level truncation to investigate the properties of an approximation to
the true tachyon vacuum.
In the papers [24] [61] [89] [92], level truncation was used to approximately cal
culate the value of the tachyon potential at its local minimum. It was found
that at this minimum the energy densities from the tachyon potential and the
D-brane tension approximately cancel out (as predicted by Sen’s first conjecture),
and that as the number of fields taken into account in the level truncation approx
imation increases, the approximation becomes better. In [8] [9] [33] [60]. the level
truncation method was used to find approximate tachyon lump solutions with
masses that were very close to those predicted for lower-dimensional D-branes, as
predicted by Sen’s second conjecture. Also, in the papers [16] [28] [36], W itten’s
OSFT was rewritten to define all string fields with respect to the tachyon vac
uum. Then the spectrum of a numerical approximation to the tachyon vacuum
solution was investigated to try to show th a t any physical states are exact and
thus th at the cohomology of the kinetic operator around this vacuum vanishes.
It was shown approximately th at the physical states investigated over the course
of this research were all exact, thus providing evidence for Sen’s third conjecture.
An alternative approach towards proving the third conjecture true was pro
posed in [14] and was also used to provide evidence supporting the conjecture.
After the first analytic solution to the string field theory equations of motion was
found [83], this method was used to prove Sen’s third conjecture conclusively [15].
Some details of this approach will be reviewed in Chapters 2.7 and 3.5.2.
These lines of research gave very strong evidence for all three of Sen’s conjec
tures. However, since the solution used was only an approximation, it was only
possible to get approximate results. Therefore it was not possible to prove Sen’s
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conjectures conclusively using level truncation methods.
Witten’s OSFT is not the only formulation of string field theory in which at
tempts have been made to prove Sen’s conjectures. The most important models
in which progress was made were vacuum string field theory (VSFT) and back
ground independent or boundary string field theory (BSFT). Vacuum string field
theory was originally proposed in [72]. In this approach Sen’s third conjecture
is true by construction, while it was also possible to find evidence supporting
Sen’s first and second conjectures [64] [69] [75]. VSFT is reviewed in the paper
[76]. Within boundary string field theory it was possible to prove Sen’s first and
second conjectures [26] [27] [54].
Although considerable progress was made using these models, there were un
satisfactory aspects to them. One of the reasons why it has been possible to
prove Sen’s first and second conjectures using boundary string field theory is
that within BSFT it is possible to decouple the tachyon mode of the open string
field and treat it separately, dramatically simplifying the calculations needed to
prove Sen’s conjectures directly and making it possible to do so analytically. On
the other hand, it is not known how to deal with the other modes of the string
field. Within VSFT it has been possible to make great progress without know
ing any analytic expression for the tachyon vacuum; but there are limits to the
amount of knowledge that can be obtained this way. For example it is possible,
without knowing an analytic solution, to use this theory to find solutions to the
string field theory equations of motion which describe D-branes, and to show that
the ratios between their tensions are as predicted by Sen’s conjectures, but the
tensions themselves are singular. It has been shown that an analytic solution
of the SFT equations of motion can be used to find solutions of VSFT that are
not singular in this way [65], therefore before the first such analytic solution was
found [83] there were areas of open string field theory which could never be fully
understood.
The task of trying to find such a solution was a major goal of the field during
this period, and most work in the area at the time was in some way relevant to
the task of trying to find such a solution. Many of the approaches taken were in
some way related to VSFT. Some papers directly relevant to the task of trying
to find an analytic solution describing the tachyon vacuum are described below.
In vacuum string field theory, the equations of motion simplify so that their
matter sector is satisfied by any string field which is a projector in the string
field algebra. (Projector states were first described in the papers [52][77].) At
tempts have been made to construct solutions of the equations of motion using
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projectors such as the sliver and butterfly projectors and the identity string field
34] [51] [66] [73] [75] [91] [99] (these projectors are also surface states; a definition of
surface states can be found in Chapter 3.2). An approach related to this is the
split string formalism [31] [32] [74] which can also be used to construct projectors.
There were also attem pts to recast open string field theory by writing the star
product from W itten’s OSFT as a Moyal star product [3] [4] [12]. This method
'inks open string field theory more firmly to noncommutative geometry and also
simplifies the theory in a way which may make finding solutions easier. Another
approach was to look for symmetries that the tachyon vacuum must satisfy in
order to narrow down the possible forms it can take [25][35][81][100].
The analytic solution found by Schnabl in 2005 [83] came about as a result of
several new ideas. Firstly, it was shown in [75] that the star product simplifies if
:he coordinate system used is transformed by a transformation associated with
:he sliver projector. If OSFT is rewritten in terms of this new coordinate system
and the standard Siegel gauge used in string field theory is replaced by a new
gauge more naturally suited to the new coordinates, then it becomes possible
:o solve the string field theory equations of motion recursively to arrive at an
analytic solution [83]. This solution can be described naturally in terms of a set
of states known as the wedge states with insertions [77] [82]. A simpler way of
writing the solution which has been useful for subsequent research was found in
67].
Schnabl’s solution satisfies the string field theory equations of motion even
when contracted with itself, which is a property th at would be expected of a
workable solution [21] [67]. It can also be used to prove Sen’s first [83] and third
15] conjectures.
More generally the Schnabl solution has generated a great deal of research
over the past few years. Generalizations of the Schnabl gauge [1] [48] and of the
solution itself [17] [18] [50] [68] [78] have been constructed. These generalizations
of the solution have led to an im portant new solution of the string field theory
equations of motion which is related to the old solution by an explicit gauge
transformation [19]. Evidence has also been found which supports the conjecture
that the Schnabl analytic solution is, as expected, gauge-equivalent to the nu
merical solution found earlier using level truncation [43] [44]. It has also recently
been found that all solutions of the string field theory equations of motion are
related to each other formally by gauge transformations, with nontrivial solutions
coming about when the gauge transformations are singular [13]. Also, there has
been some exciting recent progress on finding closed string physics from open
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string field theory using propagator strips in the Schnabl gauge [47].
One particular area of research that has attracted much interest is the con
struction of new solutions of the string field theory equations of motion which cor
respond to deformations of Schnabl’s solution for the tachyon vacuum by marginal
operators. By doing this it is possible to construct solutions which switch on vac
uum expectation values for massless fields. The first such marginal solutions
were constructed in [22] [46] [58] [84] and a general method which can be used to
construct these solutions was given in [45].
Schnabl’s solution, as it appears in the paper [83], is background independent;
it is formulated in a universal basis which does not depend on the m atter CFT
used. In this thesis an attem pt is made to formulate this solution in terms of
a specific m atter CFT, which is the /Fy CFT. This CFT is chosen due to its
similarity with the be CFT of the ghost sector in the hope th at this will lead to
a solution with more symmetry between the m atter and ghost sectors.
The method used in this attem pt is to substitute the Virasoro operator, for
mulated explicitly in terms of the combined m atter /Fy and ghost be conformal
field theories, into the solution. In the paper [83], Schnabl’s solution is given in
two different forms. For this thesis, most of the calculations have been devoted
to an attem pt to substitute the /Fy-be CFT into the more explicit of the two
forms. It was found that difficulties with transforming some operators to the now
coordinate system, finding operator product expansions for the shifted operators
and also unexpected divergences made the calculations intractable. These diffi
culties appear to come about partly because the coordinate transformation used,
z —■>z = a rc ta n 2 , is only locally holomorphic (not an S L (2,C) transformation),
and partly because for the more explicit form of the Schnabl solution, the coef
ficients of the eigenstates are likely to be defined by asymptotic series. Also, to
substitute the /Fy-be CFT into this solution, it is necessary to find the coefficients
of the eigenvalues for the solution in terms of th a t CFT, and th at is difficult to
do. Although the calculations in this paper only deal with the /Fy m atter CFT,
these difficulties are not specific to it; since some of these problems arise from the
ghost sector, they will occur for any CFT with a be ghost component.
In Chapter 4.3, it is found th a t it is trivially possible to substitute the ß'y-bc
CFT into the other, less explicit, form of the Schnabl solution from [83]. This
can be done without needing to find any coefficients of eigenvalues. However this
means th a t the difficulties th a t stopped the other form of the solution from being
written in terms of a specific CFT will reappear when doing any calculation which
involves finding such coefficients, although by analogy with some calculations from
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[83] there is reason to believe that the difficulties will be less severe (though still
significant). Nevertheless this substitution gives rise to a version of the Schnabl
analytic solution formulated in terms of a specific CFT th at may be useful for
future research.
There are some areas in string field theory where it is expected th at dealing
with solutions in specific backgrounds may be necessary. One of these is the
construction of the tachyon lump solutions predicted by Sen’s second conjecture.
It may be possible to obtain tachyon lump solutions by deforming the solution
for the tachyon vacuum, written in terms of a specific m atter CFT such as the
/Fy CFT, by a relevant operator.

This would switch on vacuum expectation

values for tachyonic fields; and would be likely to lead to solutions describing
D-branes. These relevant deformations would be more difficult to deal with than
the marginal deformations used in much recent research, but nevertheless this
method could be helpful for proving Sen’s second conjecture. It has so far been
possible to verify Sen’s second conjecture approximately using level truncation,
but it has not yet been possible to do so analytically using results following on
from Schnabl s solution. There has been relatively little progress on this recently,
apart from the recent paper by Ellwood [13], so any new approaches towards
proving Sen’s second conjecture analytically would be helpful.
The recent paper by Fuchs and Kroyter [11] gives a comprehensive review of
Schnabl’s solution and the research that has followed it. There are also many
reviews of open string field theory available. The review [94] focuses on W itten’s
OSFT and VSFT and gives details of the oscillator approach to calculating ver
tices, while the review by Olunori [63] also discusses BSFT and supersymmetric
string field theory. Other reviews of string field theory are [88] [93]. An older
review of string field theory, which came out shortly after W itten’s open string
field theory was put forward, is [95]
Chapter 2 of this thesis contains a general review of W itten’s open string field
theory, while Chapter 3 is a review of Schnabl’s solution, the framework used
to derive it, and how it can be used to prove Sen’s first and third conjectures.1
Chapter 4 contains the calculations in which 1 attem pt to substitute the ß'ybc CFT into the Schnabl analytic solution and some discussion of the problems
encountered while doing so. Chapter 5 contains my conclusions, and Appendices
A and B contain more detailed information on the calculations carried out in
Chapter 4.
1A num ber of the figures in C hapters 2 and 3 are adapted from [15] [63] [83] [98].

C h a p te r 2
O p en s trin g field th e o ry
2.1

B R S T q u a n tiz a tio n o f th e b o so n ic strin g

Before describing second-quantized string field theory proper, I will first discuss
the first-quantization of the bosonic string.
The basic object in open bosonic string theory is a one-dimensional string
propagating in 26-dimensional space-time. If we take the spacetime to have a flat
Minkowski metric, then the open string sweeps out a two-dimensional worldsheet
as it propagates which can be parameterized by the coordinates 0 < cj < it
and —oo < r < oo, where r is proper time. The set of functions X ß(r,a)
describe the position of a point (r, a) on the worldsheet with reference to the
larger 26-dimensional spacetime, where each direction in the spacetime is denoted
by /i = 0,.... 25. The Polyakov action for the bosonic string is
S

=

-

—

^ 7

J dr da y/^ggabdaX^dbX ^

where gab is a metric defined on the worldsheet.
After gauge-fixing by applying the conformal gauge and using the FaddeevPopov procedure, and then writing the result in terms of the lightcone coordinates,
= t ± <7, the action for the open bosonic string becomes
na' J

S=

/ d2C d+X“d - X u +

71 J

where b±± and
are Faddeev-Popov ghosts. These Faddeev-Popov ghosts are
anticommuting tensors.
For an open bosonic string with Neumann boundary conditions, the functions

- (6++9-C
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X ^( t :a) can be expanded in terms of modes as
AT(r, a) = x ß + 27T2pMr + i\Ploi,'K ' S '
'

n e ( Z —[0])

— e~inT cos no.
n

(2.1.1)

Here xMand pMdenote the position and momentum of the string’s centre of mass,
and a ' is the Regge slope, a constant related to the characteristic length scale l
of string theory by a' = l2. The momentum p11 is related to the aip m°de missing
from the above expansion by pß =
The mode expansions of b±± and c± are
b±± = Y ^ b ne - in{T±a).

c± = ^ c ne -in(T±a),
neZ

(2.1.2)

neZ

The fields b±± and are conformal primary fields, as are the derivatives <9±X m(t, a)
of the embedding function.
Each state of the open bosonic string can be represented by acting on the
oscillator vacuum |Q) with a linear combination of the modes a£, bn and from
the expansions (2.1.1) and (2.1.2) above. In open bosonic string theory, the state
(where n < 0) represents a string which is oscillating in the direction
/i. An oscillation in the time direction p = 0 is not physical, and neither is
a longitudinal oscillation along the string (by symmetry any spatial dimension
can be chosen to be parallel to the string). This leaves 24 dimensions for which
corresponds to a physical oscillation of the string in the dimension p.
The (unphysical) Faddeev-Popov ghosts bm and Cn are needed to cancel out the
unphysical a^ ’s.
The oscillator vacuum |Q) is related to the SL(2,R) vacuum by |fi) = ci|0)
[70]. The SL(2,M) vacuum satisfies
< |0 ) - 0,

n >0

M0) =0,

n>

-1

n > 1.

M 0 ) = 0,

In general, for modes An of a holomorphic field A(w) with conformal weight
the SL(2,R) vacuum satisfies
A n > —h j \

|0) = 0 .

The SL(2,E) vacuum mentioned here is the SL(2.M) vacuum state with zero
momentum. An SL(2,M) vacuum state with nonzero momentum is defined by
|0]k). In Polchinski’s notation [70], \il) can also be written as |0)m | |), where
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|0)m is the vacuum for the X Mmatter CFT and | |) is one of the two vacua for the
be ghost CFT. (The other vacuum for the be CFT is | j). When | |) is tensored
with |0)m, the result can be written as |0)m <S>| T) = coCi|0).)
The operators
satisfy the commutation relation
K , < ] = mrj^dm+n,

(2.1.3)

while the operators bm and cn satisfy the anticommutation relation
{^mi Ai}

^m+n-

(2.1.4)

The operator a%does not interact with bm or Cn as they belong to different CFTs,
so [afi^bn] = [a^.Cn] = 0. The operator a%belongs to the
matter CFT and
the operators bm and cn belong to the be ghost CFT. A description of bosonic
string theory in which the string states are built from the operators
bn and
cn. as mentioned here, is the result of formulating bosonic string theory in terms
of the X^1 — be CFT. This is the CFT which is most commonly used for bosonic
string theory, but it is also possible to replace the X^ CFT with a different CFT,
as will be seen later on.
The open bosonic string has a Fock space H associated with it which contains
all of the possible states that it can have. The basis of this space is the set of all
states of the form
1

a p i • • • Q p m b q i • • • b q n C r i • • • Ct s ^ )

where pu ... ,pm < 0, q i,. . . , qn < - 1 and n , ... ,r s < 1.
Because of the nonzero commutation relations (2.1.3) and (2.1.4), expressions
containing the operators a^, bn and cn often contain operator ordering ambi
guities. To get around the difficulties which this causes, it is necessary to use
a normal ordering convention. In this paper, the convention that will be used
is that all normal-ordering is done with respect to the SL(2,R) vacuum, |0). A
normally-ordered product of operators AnBmCp is denoted by : AnBmCp :. When
using the SL(2,M) normal-ordering convention, a general normally-ordered ex
pression : AnBmCp : |0) can be obtained from an unordered set of operators
AnBmCp by moving any operator modes which annihilate the SL(2,M) vacuum
to the right of the expression while moving creation operator modes to the left.
For example,
: bico : |0) = - c ^ O ) = 0.

The operators bn and cn both have ghost numbers associated with them. Any
operator of the form cn has a ghost number of +1, while any operator of the form
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in has a ghost number of —1. The operator
is not part of the ghost system
md so has a ghost number of 0.
We can define the SL(2, R) vacuum |0) to have a ghost number of 0. Then the
^liost number of a state in the string Fock space is equal to the sum of the ghost
lumbers of the operators which act upon the SL(2, R) vacuum. For example, the
oscillator vacuum |Q) has a ghost number of +1 because it contains a C\ ghost.
There are three different methods which are commonly used to quantize the
bosonic string: light-cone quantization, old covariant quantization (OCQ), and
BRST quantization. The quantization method which is most convenient for string
field theory is BRST quantization, which I will discuss here. For BRST quanti
sation, the condition for a state \ifi) e hi to be physical is
Qb \4>)= 0,

(2.1.5)

where Qb is the BRST operator,
OO

OO

Qb = J 2 C nU 'T" +
n = —oo

Z

: cmcn6_m_„ : .

(2.1.6)

n , r a = —oc

When the X n matter CFT is used, the matter Virasoro operator Jj™atter here is
equal to
1
OO
jmatter _
n
2

/

v

* ^ n -m ^ /x rn

• •

n = —oc

In order to proceed further with BRST quantization, an inner product is
needed. For the open string, the definition for the standard sesquilinear form
which gives the “inner product” of the oscillator vacuum |Q) = ci|0) with itself
is
(fl\n ) =

(0;/c|c_1coci|0;/c/) = (27r)26d'26(/c -

k ’)

(2.1.7)

(see [70] for more information on this inner product). This is a Hermitian form.
It is commonly referred to in the literature as an “inner product” even though it
is not positive definite. I will also refer to it from now on as an "inner product”,
although strictly it does not satisfy the conditions to be an inner product. Also,
the Fock space hi defined earlier is not strictly speaking a Hilbert space but
instead is a Hilbert space with an indefinite metric [37] . The Hermitian conjugates
of the operator modes oi\^ (for the
matter CFT), bm and cm are:
(a m)^

Q—m

^ln

^-m

cln

c-m■

(2.1.8)

Arbitrary “inner products” of states from the X ß and be CFTs can be found
by inserting their operator modes into (2.1.7). In (2.1.7), the ghost mode c0 is
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added in order to separate the modes c_i and c\ and allow the inner product to
be nonzero. This inner product can also be written in terms of operators (rather
than operator modes) as:
(0|c(zi) c(z2) c(z3)|0) = (2tt)26<$26(0)(zi - z2)(zx - z3)(z2 - z3).

(2.1.9)

Since the operators which comprise it are Hermitian, the BRST operator Qb
is also Hermitian. The ghost number gh(Qß) of the BRST operator is equal to
the sum of the ghost numbers of its component operators and is +1. Another
important property of the BRST operator is that it is nilpotent,
Qb = 0A state in the string Hilbert space is spurious if it is orthogonal to all physical
states. A state is null if it is both physical and spurious; in this case, the state is
orthogonal to all physical states including itself. The Hermiticity and nilpotency
of the BRST operator implies that any state of the form Qb \x ) is a null state.
Any such state is physical, since Q%\x) — 0, but also spurious because for any
physical state |-0),
W Q b \x ) = 0,
since Q b W) = 0.
For any physical state 1-0) and null state |y), we can identify the state |0) + |y)
with the state 10) because adding |y) to the physical state leaves its inner product
with any other physical state unchanged. We can write
W = W

+ lx)-

In the language of cohomology, a physical state 10) which has Qb \ip) = 0 is
referred to as closed and a null state of the form Q b \x ) is called exact. (It is
theoretically possible that there could be null states that are not exact. How
ever only the exact states will be quotiented out below in order to define the
cohomology of Qb -)
So the real physical Fock space in the BRST formalism can be found by
quotienting out the space of closed/physical states by the space of exact states.
y,

_ (Qb W —0) _ Hdosed
phys ~ m = Qb \x )) ~ nexact

This space is graded by ghost number and is called the cohomology of Q b -
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L4

2.2
2.2.1

W i t t e n ’s o p e n s tr in g field th e o r y
D efin itio n of a strin g field

When moving from a first-quantized string theory to a second-quantized theory,
we talk about fields rather than just states. So, in string field theory, rather than
string states we have string fields. One way to express a string field |d>) is to
vrite it as an infinite sum over all of the basis states of the string Fock space 7i,
$(x)) = {<t>{x) + A^i r)o£! + p(x)b- 2 + q(x)co + •. . + K ^ a t J - i C o + ...) ci|0>.
( 2 . 2 . 1)

The first basis state 4>(x)ci\0) in this sum corresponds to the tachyon state of
the string and the other terms in this sum correspond to other states with higher
energy levels. Because |<f>) is a field it can vary with the space-time position and
so can the coefficient fields of the basis states. The possible states described by
<F) are not restricted to physical or on-shell states.
Since the endpoints of an open string must be on a D-brane, open string field
theory must be defined on a D-brane. For the purposes of investigating Sen’s first
and third conjectures the theory is generally defined on a space-filling D25-brane.
(Lower-dimensional D-branes become useful when trying to prove Sen’s second
conjecture, but will not be discussed here.) The volume V2^ of a D25-brane is set
by convention to be

but for open string field theory the D25-brane is often compactified so that its
volume becomes finite. This simplifies some calculations considerably (such as
those used to define the function /('I') and provide evidence for Sen’s first conjec
ture in Chapter 2.6). The most common convention used for this compactification
is to parameterize all of the coordinates (including the time coordinate) on the
D-brane so that they can be described by circles of circumference 1, and the D25
brane has a volume of V2 5 = 1.
It is possible to describe BRST quantization using the language of string field
theory. If the string field theory with action
So = ($|<3b |$>
is examined, then this action can be varied to get the equation of motion
=

0.

( 2 . 2 . 2)
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This is the linearized string field equation. Also, the action S q is invariant under
the symmetry
= Qb lx)So the on-shell states from the linearized string theory, i.e. the states which
satisfy this theory’s equations of motion, are equivalent to the physical states
from ordinary BRST quantization, and this theory reproduces the behaviour of
a free bosonic string.
In order to consider string interactions, it will be necessary to add extra terms
to the action S q . It is possible to get different string theories by adding different
terms or sets of terms. The best known and the simplest of these is Witten’s
open string field theory [98].

2.2.2

W i t t e n ’s a c tio n

Witten originally defined his open string field theory in an abstract way as a
graded algebra A, with the string fields <f> being elements of A and with some
operations on the algebra which satisfy various properties: a BRST operator
Qb : A I—» A, a multiplicative *-product * : A <S>A i—> A and an integration
f : A i—» C. The string field defined here is related to |$(a:)) from Chapter
2.2.1 by the state-operator correspondence [$(2 :)) = ^>(a:)ci[0).
The action of Witten’s string field theory can then be written as
(2.2.3)
where g is the open string coupling constant. The first term of this action will
turn out to be equivalent to the linearized action S q which was discussed in the
previous section.
The grading of the algebra A corresponds to ghost number; any element of A
has a degree associated with it which is the same as its ghost number. This degree
also corresponds to the Grassmann degree of the element; an element with even
degree is Grassmann even and an element with odd degree is Grassmann odd.
Under the *-product * : A A
A, this degree behaves additively; if a * b = c
for
A then
(2.2.4)
deg(a) + deg(b) = deg(c).
I.e., the *-product itself has a ghost number of zero. Also, the BRST operator
has a ghost number of +1, so for a £ A,
deg(QBa) = deg(QB) + deg (a) = 1 + deg(a).

(2.2.5)
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A physical string field $ has a ghost number of +1 [63].
The elements of the algebra which describes W itten’s open string field theory
(W itten’s OSFT) must also satisfy a set of axioms.
1. The BRST operator is nilpotent.
Q \a = 0

Va

eA

(2.2.6)

2. Q b is a derivation on the algebra A.
QB(a * b) = (QBa) * b + ( - 1 )deg{a)a * (QBb)

Va, b £ A

(2.2.7)

3. The integral over QBa for any string field a is zero.
QBa — 0

( 2 . 2 . 8)

Va e A

4. The integral also satisfies a cyclicity condition.
J a * b = (- 1 )*»(“)

deg(b) J V
a^b a,

(2.2.9)

Note th a t this does not imply th at a * b = ± b * a.
5. Also, the algebra A is associative.
(a * b) * c = a * (b * c)

Va, b, c( z A

(2.2.10)

It is possible to use these axioms to show that W itten’s action is invariant
under the gauge transformation
6$ = Qb A + $ * A - A *

(2.2.11)

if A is an element of A with deg{A) = 0 [63].
The ^-product of two string fields can be viewed in a pictorial way (see Fig
2.1) as the process of taking two strings, each parameterized by 0 < o < 7r,
and gluing the left hand side 0 < a < | of one string to the right hand side
f < a < 7T of the other, where a represents the distance of a point on one of the
strings from its left hand end. Then, if the original string fields representing the
possible states for each of the two original strings were 4>i and <f>2 , after gluing
the strings together the resulting string field can be called

* 4>2.

2.2 W it t e n ’s o p e n s tr in g field th e o r y
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Figure 2.1: The ^-product of two strings with their states described by the string
fields
and <f>2 The matter part of the *-product of two string fields ( $ 1 *
$x(a:(cr)) * T2(y(a)) can be represented explicitly by a functional integral,
($ 1

* $ 2)( z((t)) = f

dy(l)dx(ir - 1)
0< K f

=

S[x(l) - y(ir - l)]$i(x(l))$2(y{l))
f < t < 7T

( 2 . 2 . 12)

where l, l are dummy variables used in the integration. Here <f>i(:c), $ 2 (y), ( $ 1 *
<f>2 )(z) represent the dependence of the string fields on position, with x denoting
the position dependence of the field $ 1 (just as in the definition of a string
field (2.2.1)) and y denoting the position dependence of <f>2 etc. These position
variables are dependent on 0 < cr < 7r, the coordinate which describes the position
(relative to the left endpoint) of a point on one of these strings. The easiest way
to describe the ghost part of the ^-product in a similar functional integral form
is to bosonize the ghost fields b and c, expressing them by a single scalar field
G(z(a)). The ghost component (G\ * C?2)(<z(<r)) of the star product then has the
same form as (2.2.12), except that a ghost insertion of exp(3zG(7r/2)/2) must
be added within the integral. This insertion is needed to prevent a violation of
ghost number conservation caused by an anomaly which comes about because
the Riemann surface represented by the ^-product of two string fields is curved
[94] [98],
The ^-product is not commutative, however it is associative. The same gluing
process can be used to find the ^-product of an arbitrary number of string fields.

O p e n s tr in g field th e o r y
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No matter how many string fields are ^-multiplied together, the only parts of
the strings which are left unglued are the left hand side of the first string in the
product and the right hand side of the last string in the product.
The integration operator can be described in a similar way. For a single
string whose states are described by the string field 4>, the integration f can be
described by gluing the left and right sides of the string together. Star products
of multiple string fields can also be integrated over. The effect of integrating over
such a star product

/

$1

* <f >2 * • • • * $ n ,

is to glue together the two remaining half-strings which were left over after doing
the star-multiplication. (This kind of integration satisfies the cyclicity axiom
(2.2.9); for the fields a and b, the result of integrating a * b is the same, up to a
possible minus sign, as integrating b*a.) The result of this is something that looks
like an interaction vertex involving n strings and which can in fact be viewed that
way. This is called a Witten vertex.
The Witten vertices J <f>* Q b $ and f <f>* T * <f> appear in the action (2.2.3)
for Witten’s OSFT. When Witten’s action is varied, the equation of motion can
be found to be
(2.2.13)
Q b $ + p($ * $ ) = 0.
This is the string field theory equation of motion. If the open string coupling g
is set to zero before varying the action, the equation of motion becomes
Q b & = 0.

Except for a notational difference, this is just the same as the equation (2.2.2)
found for linearized string field theory in Chapter 2.2.1, which means that when
the coupling constant in this theory is set to zero we get, as should be expected,
the behaviour of the free bosonic string.
In order to make the action easier to work with, we redefine the string field
to be
T = 0$,
where g is again the open string coupling constant and is the expression for
the string field that has been used up until now. Now the string field action can
be written as
(2.2.14)
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enabling the two terms to be treated more symmetrically with respect to the
string coupling constant g.
Since the string field algebra and action outlined in this section are quite
formal, it is difficult to use them to carry out explicit calculations. There are
two major methods which can be used to make calculations in string field theory
easier to carry out. One method, which I will not go into in any detail, is to
write the Witten vertices directly in terms of their Fock representations. This
approach was taken in [29] [30] and a review of it appears in [94]. One thing that
1 will mention about this method is that in the Fock representation, the Witten
vertex J 4q * \k2 * T 3 is written in terms of a 3-point vertex |V3) as
(2.2.15)
where 471, T 2 and T 3 are elements of the string field algebra A and (U3| is the
dual of IU3) 6 A 0 A <S>A which, if identified with the string Fock space 7d, is a
member of the product Fock space of 3 strings. The other method is to rewrite
the theory in terms of conformal field theory (CFT), so that the Witten vertices
become correlation functions [56] [57]. This method will be discussed in the next
section.

2.3
2 .3 .1

C F T r e p r e se n ta tio n o f str in g field th e o r y
B o u n d a r y c o n fo r m a l field th e o r y

Unlike the closed string, the open string has endpoints. This means that the
worldsheet of an open string, which gives a description of the propagation of the
string as it moves through space-time, has boundaries.
If we look at the propagation of an open string as it moves through a flat 26dimensional space-time with a Minkowski metric, it sweeps out a two-dimensional
surface which can be parameterized by the coordinates 0 < a < tt and —00 <
t < 00, where r is proper time. This surface can be represented by an infinite
strip with width tt and boundaries at o — 0 and a = n (the ends of the string),
and any point on the diagram can be specified by a complex number uj = u + ir
(see Figure 2.2).
It is possible to apply conformal transformations to this coordinate system
so that the propagation of a string can be described in different ways; some
of which are more convenient when carrying out calculations in string theory.

O p en str in g field th eo ry
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Figure 2.2: The worldsheet of an open string with length 7r. The area below the
x-axis represents the area swept out by the moving string at proper time r = 0.
Whichever coordinate system is used, however, there will always be a boundary
which corresponds to the string endpoints.
For a standard CFT defined on a two-dimensional worldsheet with no bound
ary, all conformal transformations must be either holomorphic or antiholomorphic. There are also holomorphic and antiholomorphic conformal fields, and it is
possible in general to divide conformal fields into holomorphic and antiholomor
phic parts. For example, the energy-momentum tensor Tab has two components,
a holomorphic part Tzz and an antiholomorphic part Tzz, where
Tabdzadzb

=

Tzzd+ Tz,dz2.

On a worldsheet with a boundary, though, the doubling trick can be used to
simplify calculations. I will give an example of how this trick is used for a theory
defined on the upper half-plane with a boundary along the x-axis.
For a theory with a boundary, there must be no flow of energy or momentum
across the boundary, so the component of the energy-momentum tensor T(z)
which is perpendicular to this boundary must be zero, meaning th at Tzz(z ) =
Tzz(z) for real 2 . For such a theory, if we define Tzz(z ) for Irn(z) < 0 in the lower
half-plane to be equal to Tzz{z) for z’s complex conjugate on the upper half-plane,
Tzz(z) = Tzz(z),

2.3 C FT representation of string field theory
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Figure 2.3: The worldsheet of an open string in the upper-half-plane coordinate
system with a vertex operator T inserted at the origin. M marks the midpoint
of the string and R and L mark the right and left sides of the string respectively.
The origin of this diagram corresponds to the infinite past r — —oc.
then if we state that Tzz is holomorphic (on the entire complex plane), this will
be enough to specify the boundary condition Tzz(z) = Tzz{z) for real z.
This also means that, since Tzz and Tzz are now so closely related, only holo
morphic conformal operators need to be taken into account when doing calcula
tions on a two-dimensional worldsheet with boundary, which halves the number
of fields that have to be dealt with.

2.3.2

In tera ctio n v ertices

In the previous section, Witten’s OSFT was described algebraically, but for that
form of the theory it is awkward to do calculations. This problem can be solved
by rewriting the theory in terms of conformal field theory (CFT).
In CFT the most common coordinate system used to describe the propagation
of a string can be represented by z = e*(o--rr) _ e*<H-T^ wpere 0 < o < 7r and
—oo < t < oo, as opposed to the coordinate system defined in the previous
section which is described by u = cr + zr. In the new coordinate system z = eza+T,
the string worldsheet is mapped to the upper half-plane (see Figure 2.3). The
part of the worldsheet swept out by the open string for proper time —oo < r < 0
is then represented by the upper half-disk about the origin with radius 1. In the
new coordinates, the origin z = 0 corresponds to the infinite past of the string.
The upper-half boundary of the unit circle corresponds to the propagating string
at proper time r = 0.
By the state-operator correspondence, the state of a string can equivalently
be described by an operator insertion at the origin. So the state of a string can
in general be described by an upper half-disk diagram with an operator insertion
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Figure 2.4: The eonformal mapping g(z) maps an open string defined on the
upper half plane to a circular sector.
at the origin.
It is possible to use this conformal field theoretic picture of string theory to
rewrite the W itten vertices defined in Chapter 2.2.2 in a more practical way.
In Chapter 2.2.2, W itten vertices were defined by taking a group of n open
strings (with their associated string fields), and gluing the right hand side of each
string to the left hand side of the next. In order to write W itten vertices in the
language of conformal field theory, a way must be found to do the same thing
using the worldsheet description of a propagating string. It is in fact possible to
do this. Taking a string defined on an upper-half disk with an operator insertion
at the origin and applying the conformal transformation

(2.3.2)
maps the string to a circular segment (see Fig 2.4) with the operator insertion
now on the outside arc of the sector and the string midpoint mapped to the point
at the apex of the sector. The left and right sides of the string are mapped to
the two straight sides of the circular sector. The interior angle of the sector is pp
degrees.
If n such wedges are glued to each other along their sides then what results
will represent a W itten vertex, with the left hand side of each string being glued
to the right hand side of another.
Given n strings, with each string being defined on an upper-half disk param 
eterized by Zk where (1 < k < n), it is possible to define a set of n conformal
mappings
(2.3.3)

2.3 C F T re p r e se n ta tio n o f str in g field th e o r y
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Figure 2.5: Applying the maps (2.3.6), (2.3.7) and (2.3.8) to three strings, each
defined on the upper half plane, maps them to a 3-punctured disk which is a
representation of the Witten vertex f <1*1 * T 2 * 4>3.
which will map the string worldsheets to a disk which represents a Witten 72vertex. (This process is shown in Figure 2.5 for the case where n = 3.) This
disk is an n-punctured unit disk with n operator insertions on the boundary. The
CFT correlation function on this disk can be written as
<fll(4; (0)) (ftW O)) ••• flnW O)))*.*.

(2.3.4)

The process of taking these strings, conformally transforming their worldsheets and then gluing them together is the same as the procedure used in the
last section to find f Ti * T 2 * ... * \Pn except that in this case the string worldsheets are explicitly included. This means that the CFT correlation function
(2.3.4) is the same as f lEh * T 2 * ... * Tn.
In order to make these correlators easier to calculate, it is convenient to use
another conformal transformation to map them from the disk onto another upperhalf plane. The way to do this is to look at the inverse of g(z) for n = 2, which
is
, ^ H1 —w )
V ’

1+ W

This transformation will map the unit disk to the upper-half plane. Then in
the upper-half plane, the correlation function which corresponds to the general
72-string Witten vertex is
O'lW O)) j 2(^(0)) .. . jn(^(0)))[/ifP,

O pen strin g field th e o r y
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where the mappings j n are defined by
in = u(gn(z)).

(2.3.5)

(From here on Q u h p will denote a correlation function defined on the upper-half
plane.)
This method can be used to write W itten’s action in terms of CFT correlators.
In the special case of n = 3, a set of three conformal mappings
f t (*1) = e = f ‘ ( F t g ) 3 ,

92(22)=

(V1w- lZ2
^ yj .

53(^3) =

(2-3.6)

( 2 -3 -7)

( ( t Q ) 3.

(2-3.8)

can be used to map three strings defined on upper-half disks and parameterized
by Zu z 2 and z3 to a three-punctured disk with three operator insertions at the
boundary. This process is shown in Figure 2.5. This disk corresponds to the
W itten vertex f T * T * T from the W itten action. Then the mapping u can be
applied to map this disk to the upper-half plane, so that the correlation function
corresponding to f T * T * T can be written as
O'iW O)) j 2(*(0)) j 3( t f ( 0 ) ) W .

(2.3.9)

Using the same method, the term T * Q b T in the Witten action can be written
in terms of a CFT correlator as well.

O ' l W O ) ) j2(QBX&(0)))uHP
However, for the 2-string vertex, by (2.3.3)

j i(zi) = uigi^Zi)) = Id(zi),
j2(z2) = u{g2(z2))

=

-

—

=

Z2

T{ z2),

so this correlation function simplifies to
W O ) I ( Q e 1'(0))).
Now both terms in W itten’s action have been described in terms of CFT
correlators and the action can be rewritten as

5 = - T

T w o ) x (Q S t f ( o ) ) w + jO 'iW o ))

hmo)) h m m i w i ) .
(2.3.10)
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It is now possible to show why, given the algebra for OSFT described in
Chapter 2.2.2, the terms (T(0) X(Qb ^ ( 0))) and (ji(^(0)) ^(^(O)) j3(T(0))) are
included in the Witten action while no other terms are.
When a Witten vertex is written in terms of a correlation function, it is
possible to apply a version of the Riemann-Roch theorem to it. This version
of the theorem states that the correlation functions are zero unless the total
ghost number of the correlator is equal to three times the Euler number y of the
Riemann surface which the correlator is defined on.
gh(correlator) = 3y
The Euler number of a surface is given by
X= 2 -

2/7

- b - c,

where g is the genus of the surface, b is the number of boundaries, and c is the
number of cross-caps [70]. The unit disk and the upper-half plane both have genus
zero, one boundary and no cross-caps, so the Euler number of the surfaces on
which the Witten vertices are defined is \ — 1- This means that only correlators
with a total ghost number of 3 make sense in the action for Witten’s OSFT.
A string field 'k has a ghost number of 1 and so does the BRST opera
tor Q, so the only possible correlators which have a ghost number of 3 are
(T(0) J(QßT(0))) and (ji(T(0)) j2(T(0)) j 3(\I/(0))) from Witten’s action. So
these are the only possible correlators (within the algebra defined in Chapter
2.2.2) which make physical sense and can be included in an action.

2.3.3

B P Z p rod u ct

It should be possible to express the CFT correlation functions in the action
(2.3.10) in terms of “inner products” (sesquilinear forms) on the Hilbert space
(with indefinite metric) of states in the CFT. Open string field theory does have
an “inner product” called the BPZ inner product. It is defined as
(A,B) = (bpz(A)\B).

(2.3.11)

where the inner product ( | ) is the “inner product” (2.1.7) as defined in Chapter
2.1. Here bpz : 7i i—>7i* is BPZ conjugation, which maps a state in the string
Hilbert space to its dual in a way similar to Hermitian conjugation.
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For a primary field (j>(x) with a conformal dimension of h and a mode expan
sion of
A

°°

<Kz)= H -£h’
n = —oo

the BPZ conjugate of a mode (f)n of this field, bpz(cf)n), can be defined by applying
the inversion X = —-Z to
=

j >

^

~

z U

+

h ~

l ^

Z

^

giving
bpz(4>n) = j

Zn+h~l X{(j){z ) ) .

Using the fact that X = —7 is a conformal transformation satisfying X(0(x)) =
(l'(z))h(j)(l(z)), and then expanding (f>(T{z)) = 0 (—7) out in modes, we find
that
bpz((f)n) = (-1 )~n+h(j)_n.
The BPZ conjugate bpz{|0)) of the SL(2,M) vacuum is
bpz{ |0)) = <0 |,

so
bpz(<
t>
„0>)
| = (-l)-" + fc*(0|
The BPZ conjugate
bpz (0ni .. . 0njO))
of a product of multiple fields can also be defined [94]. When, for the set of
operators
all of the operators which have the same sign either commute or
anticommute, then the BPZ conjugate of the set of operators is:
bpz

...<f>nk\0)) = (0| bpz((j>ni) .. .bpz((f>nk).

(2.3.12)

However if this is not the case, then the order of the operators in the BPZ
conjugated expression is reversed.
bpz ((f)ni . ..0„JO)) = (0| bpz(<j>nk) .. .bpz(<j>ni)

(2.3.13)

An example of the first case (2.3.12) is finding the BPZ conjugate of c_2C_i|0).
The ghost operators cn always anticommute, so the BPZ conjugate of c_2C_i|0)
is
bpz(c-2C-i |0)) = (0\bpz(c-2)bpz(c_i))
= —(0|c2ci.
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An example of the second case (2.3.13) is finding the BPZ conjugate of a set of
Virasoro operators Ln. These Virasoro operators have the commutation relations
Q

[fmi -f^n]

{jYl

7l)L/m+n T — (m

71l)dmjrn

(where c is a central charge), and so do not always commute. For example L\
and L2 do not commute even though there is no difference in sign between the
two operators involved. So in general when taking the BPZ conjugate of a group
of Virasoro operators, the order of the expression is reversed:
bpz(Li... L„|0)) = (0|bpz(Ln) ... bpz(Li).

2.3.4

A lgebraic stru ctu re

In the last subsection, the BPZ “inner product” for open string field theory was
defined. This definition of the inner product can be related back to the Witten
vertices defined in Chapters 2.2.2 and 2.3.2, and can then be used to write the
Witten action in yet another form. The connection between the Witten vertices
and the BPZ product is most obvious in the algebraic representation described
in Chapter 2.2.2.
The correspondence between a Witten vertex written in terms of the algebraic
representation and the vertex written in terms of the BPZ product is, in general,
/

* 9<2 * ... *

={6pz('I'1)|'P2 ■- • * >I'„)

(2.3.14)

So the vertices / T * Qb ^ and / T * T * T from (2.2.14) can be written as
J T *Q

J

and

b

'Ü = (T,Qß T)

* \p = (\p, vp * ip).

Then the Witten action can be rewritten in terms of the BPZ product as
S=~

+ 1 ( 3 ', 4 ' * 4 >>

(2.3.15)

9

In Chapter 2.2.2, a set of properties were given which the elements of Witten’s
string field algebra must satisfy. These properties were originally given in terms
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of the oscillator description of OSFT. However, they can also be described in
terms of the CFT representation of OSFT and of the BPZ product.
For the oscillator description of OSFT, there are three operations which map
elements of the string field to each other, the BRST operator Qb , the star-product
* and the integration f . For the CFT representation, the three operations change
slightly. The BRST operator QB and the ^-product are unchanged, but the
integration f is replaced by the BPZ product (a, b) = (bpz(a)\b) i—>C.
In Chapter 2.2.2, equations (2.2.4) - (2.2.10) describe the properties of these
operators in terms of the oscillator representation. For the CFT representation,
the properties of the algebra which do not involve integration remain unchanged.
The algebra is still graded with respect to the ghost number/Grassmann degree
of its elements, and behaves additively with respect to ^-multiplication (2.2.4),
(2.2.5). Also the OSFT algebra is still associative (2.2.10), and the BRST oper
ator is still nilpotent and a derivation of the SFT algebra (2.2.6), (2.2.7).
However, there are some properties of the string field algebra which need to
be written in a different way when the CFT representation is used. For example,
the cyclicity property (2.2.9) of the integral becomes
(a, b)=

Va,6 6

Also, in the oscillator description, it is possible to use the associativity of the star
product (2.2.10) to write
J(a*b)*c =

J

a* (b*c)

\/a,b,c€A.

Translated into the CFT representation, this becomes
(a * 5, c) = (a, b * c)

Va, 6, c G A.

There is also another property,
(QBa,b) = - ( - l ) dc^ a'>(a,QBb)

V,a,beA,

(2.3.16)

which is a consequence of the properties (2.2.7) and (2.2.8) of the string field
algebra in the oscillator representation.
Finally, the property (2.2.8) from the oscillator description of the OSFT
Q b &— 0 ,
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only translates to the new representation if we postulate the existence of an
identity I for the string field algebra. By definition, I would have the property
/ * a = a * / = a,

where a £ A. Then

and by (2.3.16), writing this in terms of the CFT representation gives
(I,QBa) = ~ ( - l ) de^ ( a , Q BI ) = 0 ,

(2.3.17)

which, if I exists, is the equivalent of the property (2.2.8).
Both the oscillator and the CFT-BPZ representations of the string field alge
bra are useful in different situations. Either one can be used depending on which
calculations are to be done.

2.4

C a lc u la tio n o f s tr in g field v e r tic e s fo r t h e
ta c h y o n s t a t e

Now that the basic properties of the CFT representation of the string field algebra
have been discussed, an example can be given of how to calculate correlation
functions within this formalism. Here I will calculate (tPQßtl/) and
* T)
from (2.3.15) for the tachyon state
= (f)(x)c\\0), assuming that the state is
space-time independent.1
Firstly, by (2.3.11)
{i’uQB'i't) = (bpz(i't)\QB'ilt)Since the conformal dimension of c\ is —1,
bpz((pci |0)) = ((-1) 1 1(O|c_i)0 = 0((O|c_i).
Then, substituting

= </>(a:)ci|0) into (T,QßT) gives

('f'oQß'Pt) =

<P2{Q\c- i Q b Ci \Q)•

]The notation 4>{x) used here to denote the tachyon field function was also used in an
unrelated way in Chapter 2.3.3 to denote an arbitrary primary field.
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Using the definition of Q b in terms of modes (2.1.6), we see that all of the terms
in Q b cancel when substituted into the expression above except for cqL0. Then
{ ^ u Qß ^ t ) = <^2(0|c_ i CoL oc i |0) = -<^2(0|c_icoci|0).

Using the inner product (2.1.7)
= -</>2(27i-)26(5(0),
where (27r)26d(0) represents the volume of the D-brane which the string field
theory is defined on.

If this volume is normalized to 1 (something which is

justifiable if the D-brane is compactified in such a way that each of its coordinates
is defined on a circle of circumference 1), then
( % , Q b %) = -<I>2.

(2.4.1)

The easiest way to calculate the correlator (T*, Üb * \Efi) is to write it in the
form (ji(\Efi) j 2(^f) j3(%))uHP as used in (2.3.9). To calculate this correlator,
— 0ci|O) needs to be transformed using the state-operator correspondence so
that it can be written in terms of operators.
0ci|O) = (f) c(0)
The correlator then becomes

* *t) =

03(jl(c(O))) ) jl(c(0

Applying the transformations ji, j 2 and j 3 to the c(0) operators in the above
expression gives:
j M o))

=

^(x/3),

j 2(c(0)) - ^ c ( O ) ,

h(c(0)) = ^ c ( - \ / 3 ) .
Then the correlator is
<*«,

* %) = ^

3<c(V5) C(0) c(-V 3)> =

(2.4.2)

Substituting (2.4.1) and (2.4.2) into (2.3.15) gives an approximation
o

(4\ —

^approx { y )

^

2 I

^ g2 I ^ ^ g s ^

9 ^

96

^

j

(2.4.3)
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of the string field action (2.3.15) for which only the tachyon vacuum ground state
is used. This is in fact the simplest approximation possible using a method called
level truncation, in which only component states of a string field which are below
a certain energy level are used. The method of level truncation will be further
discussed in Chapter 2.6.
This approximate action has two critical points, at <f>= 0 and </>=

The

first critical point, at 0 = 0, corresponds to the trivial perturbative vacuum, for
which the coefficient of the tachyon vacuum state is set to zero.
The second critical point is more interesting, since for this point it can be
shown that the tachyon potential (which is a function of the string field action)
almost cancels the tension of the D-brane, suggesting th at this critical point gives
an approximation of the value of the tachyon field at the true tachyon vacuum.
More details on how this calculation can be carried out will be given in Chapter
2.6.

2.5

S ieg el g a u g e, u n iv ersa l su b sp a c e an d tw ist
in varian ce

The action for W itten’s OSFT has the gauge invariance (2.2.11). Physical states
related to each other by this gauge invariance are physically equivalent. In order
to deal with physical states in OSFT, the gauge invariance needs to be fixed
so that only one physical state from each equivalence class is used. The most
common gauge used is the Feynman-Siegel gauge

bom = o,
where T is a string field. When this gauge is used, only states which satisfy the
above equation are taken into account during calculations.
It can be shown that this is a good gauge at the linearized level, where the
string coupling g is zero and the gauge invariance is
S* = Q b A ,

(2.5.1)

where T is a string field with ghost number +1 and A is an element of the string
field algebra with ghost number zero [63] [94].
There is some evidence th at the Feynman-Siegel gauge is also a good gauge
near the tachyon vacuum solution to the string field equations. In the paper [35],
this evidence was obtained by showing th at a level truncated approximation of
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the tachyon vacuum solution (which satisfies the Feynman-Siegel gauge) tends
towards solving the string field equations (which the Feynman-Siegel gauge has
not been applied to) as the accuracy of the approximation is increased.
However, the Feynman-Siegel gauge does not work globally, but only on some
region of parameter space which includes the trivial vacuum. The boundary of
this region is investigated in the paper [16]. The Feynman-Siegel gauge has been
widely used, though, since it appears to be applicable in the region of the string
field parameter space in which there is most interest.
If a string field is viewed as an infinite sum over the basis states of the string
Hilbert space as in (2.2.1) then the string field equations
Qb ^ + T * T = 0

(2.5.2)

can be thought of a set of infinitely many coupled equations. In the representation
(2.2.1) of a string field, a solution of the string field equations would be a string
field where the coefficients of the basis fields had particular values such that
the string field described by the infinite sum of these basis fields satisfied the
equations.
The string field equations are coupled because of the star-product term T * T.
For example, if \ipi) and l ^ ) are both basis states of the string Hilbert space,
then when expanding out T * T it may be possible to find a term j'j/q) * [t/^) which
couples these basis states together. This means that in general, it is not possible
to substitute an individual basis state into the SFT equations of motion without
having to take into account all of the other possible basis states which can be
coupled to it. This is one reason why the string field equations have in the past
been so difficult to solve.
For example, this is true for the tachyon field (f)(x)c\ 10), which corresponds to
the oscillator vacuum and should be a part of any solution to the SFT equations
of motion. Because the equations are coupled, then if the tachyon field is given
a nonzero expectation value, this implies that the other basis states of the string
Hilbert space will potentially also have to acquire nonzero values.
However, it turns out that this is not true for all of the basis states of the
string Hilbert space. It is possible to restrict the set of basis states that must be
taken into account in any solution of the equations of motion to a subset of the
string Hilbert space [87].
To see why this is true, let us look again at the string field action (2.3.15).
If a particular basis state |V>i) in the string Hilbert space H appears in this
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action either quadratically or cubically (i.e it appears twice or more within either
(T,Q b T) or
^ * ^)), then every term in the string field equation of motion
for Iipi) contains |-0i), since this equation of motion was obtained by varying the
action with respect to |?/q). Then the equation of motion for |?/q) can be trivially
satisfied by setting |V>i) = 0.
However, if \ipi) appears linearly in one of the terms in the action, then this
is not possible. This means that the set of basis states which only ever appear
in the action quadratically or cubically can all be set to zero without needing to
worry about any problems which might arise from couplings with other states. It
is only the states which can appear linearly within the string field theory action
for which giving the tachyon field a nonzero expectation value may imply that
they also may need to become nonzero in order for the total string field |T) to
satisfy the equations of motion. These linear states constitute a subspace of the
string Hilbert space within which it is possible to find a solution or solutions to
the string field theory equations without needing to take into account outside
states.
To see what this subspace is, we split the string Hilbert space into three
subspaces Hi, H2 and H3. Here Hi contains the SL( 2 ,R) vacuum |0) and also
all of the descendants of |0) which can be obtained by acting on it with linear
combinations of the Virasoro operators Lm and the ghost operators 6m, cm. The
subspace H2 is similar to Hi except that the states contained in it have nonzero
momentum k, so that H2 contains the state |k) and its descendants. The subspace
H3 contains all of the other states which are part of the string Hilbert space. The
primary states in this subspace can in general be obtained from the SL(2 , I R )
vacuum |0) by multiplying it by conformally invariant operators with conformal
weights > 1. The other states in this subspace are the descendants of these
primary states.
1 will now argue that states from the subspaces H2 and H3 cannot appear
linearly in the string field theory action.
For H2' If a state |ipk) with nonzero momentum appears linearly in either the
vertex
or the vertex (T,T * T) where the other states in the vertex
have zero momentum, for example if we have
('tpolQßli’k),

ipo ^ H i,,0 /c £ H2,

then by conservation of momentum the vertex must be zero, so states from H2
cannot appear linearly in the string field theory action.
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For H 3: For the case of the vertex
<'F; 4'*4'),

(2.5.3)

the easiest way to show that a state 17r) from H 3 cannot appear in it linearly is
to consider the explicit Fock space representation (2.2.15) of the vertex. Here
only the matter states within the spaces 771 and H 3 will be considered. A vertex
(2.5.3) containing two states from 77i and one from H 3 then looks like
(V3ILn ... Lm17T) ® Lp ... Lq|0) ® Lr ... Ls|0),
where the L’s are arbitrary matter Virasoro operators. It is then possible to
shift the Virasoro operators from their original positions so that they now all
act on the 773 state, 17r). This can be done using the Virasoro conservation
laws, which will not be discussed here, but which were derived in the paper [77]
by Rastelli and Zwiebach. Once all of the Virasoro operators have been moved
so that they act upon 17r), then if (after normal ordering) any positively moded
Virasoro operators act upon 17r) they will annihilate it. But if none of the Virasoro
modes are positively moded, the vertex will still cancel because of the positive
conformal dimension of 17r) [63]. Therefore no states from H 3 can appear linearly
in the vertex (2.5.3).
For the case of the vertex
(2-5.4)
the method is similar. The operator Qb is comprised of Virasoro and ghost
operators so that when it is applied to a state in 771 or 773, the resulting state
stays in the subspace that it was originally in. As for the vertex (2.5.3), only the
matter sector will be considered here. Then the vertex (2.5.4) which contains a
state from 7Y3 looks like
(0 i |l 6. . . l c|03),

'ipi e

0 -1 ^ 3

e n 3.

(2.5 .5)

Then the Virasoro conservation laws can be used to move the Virasoro operators
to act upon ip\ and 03. Again, if any of the Virasoro operators annihilate xjj\
or 0 3 then the correlator (2.5.5) disappears, and if none of them do, then the
correlator also vanishes because 0 i and -03 have different conformal weights.
So, out of the subspaces 77i, H 2 and H 3 of the string Hilbert space 77, only
states from 77i can appear linearly in the string field action. This means that it
is plausible to find a solution to the string field equations of motion for which the
coefficients of all of the basis states from H 2 and H 3 are set to zero.
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So it is plausible to look for a solution to the SFT equations of motion which
only contains basis states from H\. The subspace Hi provides a consistent basis
of states within which solutions to the string field theory equations of motion can
be found. This basis of states is universal; it does not depend on which CFT the
string field theory is formulated in.
Whichever CFT is used, the string field can always be truncated to incorporate
only those basis states which are linear combinations of the matter Virasoro
operators Lm (the exact form of which depends on the CFT) and ghost operators
bn, cm, applied to the SL(2,M) vacuum 10), and it will still be possible to find
solutions to the SFT equations of motion within this truncated basis of states.
This also means that if a solution to the string field theory equations of motion
is constructed within this basis for a given CFT, it should also be a solution to
the SFT equations of motion for any other CFT.
The space of the basis states that need to be taken into account when finding
solutions of the equations of motion can be reduced still further by looking at the
twist operator 0 [23]. This operator reverses the parametrization of a string and
so also the parametrization of any string field associated with it.
When this operator is applied to a string state |T), its eigenvalue is (—1)7V|T),
where TV is the number operator which describes the energy level of the state,
taken with respect to the tachyon state ci[0), which is defined to have TV = 0.
Where the level TV of a string field state is even, the state is referred to as a
twist even state and where TV is odd, the state is twist odd. So for the twist
even tachyon state, flci|0) = Ci|0), while for the twist odd SL(2,R) vacuum,

m

= -io>.

The twist operator has a set of properties which describes how it acts upon
general elements of the string field algebra:
1. The BRST operator QB has zero twist, so if it is applied to a string field,
it will not affect the field’s properties with respect to the twist operator.
Q(Qb A)\0) = Q ß (O 4)|0)

2. The BPZ product of two string fields A and B is invariant under the twist
operator.
(QA,CIB) = (A, B)
3. Applying the twist operator to the star product of two string fields A and
B is equivalent to reversing the order of the fields in the multiplication (up
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to a minus sign).
Q
(A
*

|B
)0) = ( - 1 )<fes(-4)<ie9(B)+l(n(ß) * n

By using these properties and the fact that the string field T has a ghost
number of 1, it can be shown that the string field action (2.3.15) is twist-invariant
under the transformation T h- >UT. This twist invariance means that twist-odd
fields can only appear in pairs; as if an odd number of twist-odd fields appeared in
either the quadratic or cubic parts of the string field action, then since flT = —T
for an odd field T, the string field would transform as
S(QV) = - S( V)
under T » flT, and would not be twist-invariant.
Using the same reasoning as earlier in this section, if a term in the SFT
action contains a pair of twist-odd fields, then every term in the corresponding
SFT equations of motion will contain a twist-odd field, and so the equations can
be trivially satisfied by setting all odd fields to be zero. So when trying to find
solutions to the string field theory equations of motion, it is possible to look for
solutions in the subspace spanned by only twist even basis states with even energy
level N, since these states need not couple to the odd states.
Interestingly, omitting the twist-odd states from the equation of motion solu
tion corresponds to making the string itself an unoriented string. While for an
oriented open string there is a specified direction in which its parametrization
must take place, an unoriented string must be invariant under a reversal of the
parametrization used to describe it, and thus must be invariant under the twist
operator, meaning that only twist-even string fields could be associated with an
unoriented string.

2.6

L ev el t r u n c a t i o n

Since for a considerable period of time before the publication of Schnabl’s paper
[83] there was no analytic solution of the string field equations corresponding to
the tachyon vacuum, approximate methods of finding this solution were devel
oped. The most common of these was level truncation, which was first developed
in the paper [53]. Level truncation can be used to approximate string fields while
using only a finite number of terms, making it possible to easily do numerical cal
culations in string field theory to get approximate answers to questions about the
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theory. It is possible to use level truncation to provide strong evidence, although
not outright proof, th a t Sen’s conjectures are true.
The equation (2.2.1) from Chapter 2.2.1 describes a string field as an infinite
sum over basis states. In Chapter 2.1, the Fock space basis was described. All of
the states in this basis are eigenstates of the Virasoro operator Lo, where
oo

Lo = d ? + I r " " + LS
ahoSt = d p 2 + Y ,
n= 1

oo

+

( - " ) : C~nbn •
n = —oo

For open strings, the eigenvalue of a state with respect to the operator L q is
the same as its eigenvalue with respect to the Hamiltonian H [41]. This means
that the L q eigenvalue of a state represents the energy level of th a t state.
The operator L q can also be written as L q = p2 + A, where N is the number
operator that was first mentioned in the previous section. For the purposes of
trying to find a solution to the SFT equations of motion within the subspace H
of the string Hilbert space, the momentum p = 0 and so the eigenvalue of the
number operator N corresponds to the state ’s energy level.
The particular versions of the Fock space basis and of the Virasoro operator
L q mentioned above are the ones used when string field theory is formulated in
the standard X ß —be CFT. If a different m atter CFT is used, the m atter terms in
the Fock space basis and the m atter part Loiatter of the Virasoro operator L0 will
change, but this will not change the fact th a t the Fock space basis terms will still
be eigenstates of L0, and th at their eigenvalues will correspond to their energy
levels.
(It should also be possible to describe a string field by a sum over eigenstates
of a different operator entirely if th a t set of eigenstates also provides a basis for
the string Hilbert space. In the recent work by Schnabl [83], he formulates string
field theory in a new basis which is related to the standard one given above by a
coordinate transformation. A review of Schnabl’s work is in Chapter 3.)
Since it is now possible to associate an energy level to any of the states in
the basis state expansion (2.2.1) for a string field, this can be used to define
an approximation scheme which can be helpful for doing numerical calculations
in string field theory. In this scheme, called level truncation, a string field is
approximated by taking into account only string field basis states below a certain
energy level L.
For example, truncating the string field to level 0 means including only the
tachyon state ci|0), giving
W n =o = 0(z)ci|O)
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and truncating the string field to level 2 gives a somewhat more accurate approx
imation of the string field:
\V) n = 2 = ( Hx ) + BpvfäotfL ro ll + q2(x)b_2c0 + q3(x)b-iC-i
+ K ^ o tib -ico )^ ).

Level truncation can be used to approximately evaluate the string field action
(2.3.15). In this case, the level (L, M) approximation to the string field action
involves truncating the string field to level L and substituting it into the action
while disregarding all terms in the action which have a total level greater than
M.
This method for approximating the string field theory action can be used to
provide evidence which suggests that Sen's first conjecture is true. Sen’s first con
jecture states that there exists a locally stable minimum U(Tmin) of the tachyon
potential at which it cancels the tension t25 of the unstable space-filling D25-brane
which is the source of the instability in open bosonic string theory
=

— T25.

(2.6 .1)

This minimum corresponds to the tachyon vacuum solution of the string field
theory equations.
The tachyon vacuum solution to the string field equations will satisfy the
conditions of universality and twist invariance from the previous section. This
solution will only include states from the Hilbert subspace 7di, which all have
zero momentum, so it must be space-time independent.
Then, looking at string field theory defined upon the D25-brane, the string
field action will be S(ty) = VD_6rane£(d/), where £(T) is the Lagrangian of the
string field theory and Vö-brane is the volume of the D-brane. The tachyon
potential is defined as minus the Lagrangian, or t/(T) = —£(T).
For the sake of simplifying the calculation, the volume of the D-brane can
be set to 1. This can be justified if the D-25 brane is compactified along all
26 dimensions in such a way that each of its dimensions has unit length. Then
the mass of the D-brane is equal to its tension, and the tachyon potential is
U(V) = - S( V) .
The tension tp of a D-brane of any dimension p can then be found to be
Tp

2 ttV ’

(2'6 '2)

where g is the open string coupling constant. This can be found by considering
a field '\\)x which represents a small displacement of a D-brane in a direction
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i = 1 ,...,2 5 —p normal to the brane, then finding the corresponding string
field <E> and calculating the corresponding kinetic term of the string field action
—2^2 (3>, Q b $)- This can be interpreted as the kinetic energy of the D-brane,
so the expression for it can be compared to \ m v 2 to find an expression for the
m ass/tension of the D-brane in terms of the derivative of the displacement field
with respect to the actual physical displacement 6xz of the brane.

p

1 / <70* \
g 2 \S x zJ

2

(Here the i indices are summed over.)
This derivative can be found by considering a string stretched between two
branes, the original one and a different one some distance away, and finding out
how the mass of the string changes when one of the branes is displaced by the field
<f>. Then since the tension of an open string is already known, the actual change
in the displacement of the string can be found and hence the derivative can be
found. Substituting the derivative into the expression for the D-brane mass gives
the mass/tension (2.6.2) of the D-brane. The details of these calculations were
originally published in the paper [87] and are also given in the reviews [63] and
[94].
The relation (2.6.2) can be substituted into the string field action (2.3.15) so
th a t it is written in terms of the brane tension t25 for a D-25 brane.
S”(T) = —27t2t25
Sen’s first conjecture states that there exists a minimum of the tachyon potential
U(T) at which it cancels out the tension r 25 , in other words, th at U(T mjn) = —r 25 .
This means that it is possible to define a function

m um
T25

such that fi^rnin) = —1. The tachyon potential is f/(T ) = —S'(T), so

fm

=

-

2 2
t t

Since this is proportional to the string field theory action, it can be approxi
mated by level truncation. After choosing to truncate the calculations to a given
energy level (L, M ), it will be possible to write /( T ) as a function of the string
field coefficients of the string field. Then the local minimum of this function can
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be found. It turns out th at as the number of levels included in the approxima
tion increases the value of / ( T mjn) at this minimum tends, in general, to become
closer to —1; which provides strong evidence that at this minimum of the tachyon
potential, the energy density from the tachyon potential does indeed cancel out
the energy density from the D-brane tension as Sen’s first conjecture predicts.
As an example of this method, for the string field action (2.4.3) truncated to
level (0,0), the function /( T ) is

The critical points (ft — 0 and 0 =

are the same ones th at were found in

Chapter 2.4. The critical point at (f) — 0 is unstable, but the critical point at
cj) =

is stable and a local minimum of the function /(T ). Substituting this

back into / ( T) gives

(to 2 significant figures), so 68% of the expected result has already been obtained
at level 0.
These calculations were carried to a level of (4,8) by Sen and Zwiebach [89]
in 1999 and to a level of (10,20) in 2000 by Moeller and Taylor [61]. They
showed that up to level (10, 20), /(4 /mjn) approaches —1 monotonically, reaching
— —0.986 at a level truncation of level (4,8) and / ( T m^n) = —0.99912
at level (10,20). Then in 2002 Gaiotto and Rastelli [24] calculated / ( T mjn) up
to level (18.54). They found th at above a truncation level of (18,54), / ( T mjn)
drops below —1. This was resolved by Taylor in 2002 [92], who used Pade approximants to calculate / ( T m*n) at higher levels than would be possible using
direct computation. He was able to show th at above level 20, / ( T min) begins to
increase again and also th at / ( T m*n) does appear to converge to —1 at very high
levels.
This suggests that the minimum of the tachyon potential f/(T ) is in fact at
the stable tachyon vacuum and th at the string field

at this minimum is the

solution of the string field equations which corresponds to this vacuum.
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uum

Since the string field
which corresponds to the minimum of the tachyon
potential appears to be the tachyon vacuum, it would be a good idea to see what
open bosonic string field theory looks like when expanded around this vacuum.
According to Sen’s third conjecture, there should be no open string excitations
around this vacuum, as an open string needs to have its endpoints on a D-brane
and the space-filling D25-brane should effectively disappear at the tachyon vac
uum.
To investigate open string field theory about the tachyon vacuum, the value
of a string field with respect to
needs to be defined with respect to
rather than the perturbative vacuum. This can be done by defining the string
field as T = T —Tm*n. Rewriting the action in terms of the tachyon vacuum
string field Tmjn and the general string field measured with respect to it, T, gives
s(*)

=s(vmin+ i)

= S ^ min) + s ( i 0,

where, according to Sen’s first conjecture, the action S(\I/min) at the tachyon
vacuum is equal to the tension of the space-filling D25 brane T2 5 multiplied by its
volume (which has been set to 1 ); and S(S£) is a shifted action

s(i) =- - 2
r

*q>>

written in terms of T. Here Q is a shifted version of the BRST operator Q b . It
is defined by
QÜ = Q B V + «'mm* 'I' + 4 '* *min-

(2.7.1)

This shifted BRST operator satisfies the same properties as the original BRST
operator does in Chapter 2.2.2 and Chapter 2.3.4. The shifted action S(9) is
identical in form to (2.3.15), except for the change in BRST operator.
This shifted action can in theory be used to investigate the string excitations
around the tachyon vacuum, but it is not possible to do this exactly without
having an exact algebraic description of the tachyon vacuum string field 4/min, so
this will have to wait until after this description is introduced in the next chapter.
It is possible to do so approximately though, and to find evidence which supports
Sen’s third conjecture.
Three methods have been used to do this. The first is to directly attempt to
show that Sen’s third conjecture is true using level truncation [16] [28] [36]. The
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second method has been put forward by Rastelli, Sen and Zwiebach [72] [76]. In
[72], they make a guess that the shifted kinetic operator Q will be comprised
only of ghost operators and formulate a theory ( Vacuum String Field Theory
or VSFT) which is based on that assumption. This theory satisfies Sen’s third
conjecture by construction.
The third method, which I will outline here, has been put forward by Ellwood,
Feng, He and Moeller in [14]. In their paper, they show th at the cohomology of
the shifted BRST operator Q is vanishing, and thus that Sen’s third conjecture
is true, if the identity \T) of the *-algebra is exact with respect to Q , in other
words that Sen’s third conjecture is true if \T) — Q\A) for some state |A). I will
revisit the reasoning for this when discussing the paper [15] in Chapter 3.5.2.
In [14], Ellwood et al use level truncation to try to find a state |A) for which
Q\A) —> 11) as the accuracy of the level truncation calculations improves. They
derive an expression
\T) = |0> + L_2|0) + - ( ^ - 2 ~

+ •• •

for the string field algebra identity and then use level truncation to determine,
at each level (L, M). which values for the coefficients of an arbitrary string field
IA) best satisfy the relation Q\A) = \T), if both |X) and |.4) are truncated to
the level (L, AT). In their paper, Ellwood et al carry out these calculations up to
level 9 and find that the accuracy of the approximation increases with each level,
suggesting th at Sen’s third conjecture is true.

C h a p te r 3
S c h n a b l’s so lu tio n to th e s trin g
field th e o ry e q u a tio n s o f m o tio n
In this chapter, I will give a review of work by Schnabl in which an analytic
solution to the string field theory equations of motion is found by formulating
SFT in a new coordinate system. He found that formulating string field theory in
the coordinate system associated with a projection operator corresponding to a
state called the sliver state and using a new gauge appropriate to that coordinate
system meant that the string field theory equations of motion simplified in such a
way that they became solvable using a recursive method. It was then possible to
find an analytic solution to the equations of motion which describes the tachyon
vacuum.
This enabled Schnabl and Ell wood to prove the first and third Sen conjectures
[15], [83]. Previously it had been shown by [16], [89], using the method of level
truncation that these conjectures were approximately true, but it had not been
possible to prove them analytically until an exact solution for the tachyon vacuum
was found.
In this chapter I will first describe the new coordinate system introduced by
Schnabl [83] and how SFT can be formulated in it. Then I will introduce wedge
states with insertions, which become extremely important and useful in this new
basis. Then I will describe how the SFT equations of motion simplify in this basis
and how they can be solved. Finally I will show how the analytic solution for the
tachyon vacuum can be used to prove Sen’s first and third conjectures.
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Figure 3.1: The worldsheet of an open string in the Schnabl coordinate system.
The dashed lines are identified, forming a cylinder.

3.1
3.1.1

A n ew b a sis for str in g field th e o r y
N ew coord in ates

Many different coordinate systems can be used when describing the propagation
of an open string. In Chapter 2.3.1, I described the system parameterized by
0 < er < 7T, —oo < r < oo, in which a string sweeps out an infinite strip as
the value of r, the proper time, increases. In Chapter 2.3.2, the more commonly
used system described by z = et(°'_tr) was introduced. In this system, the state
of a string is represented on the upper half-plane. From now on, I will assume
for each string state that the value of the proper time is set to r = 0. In this
coordinate system, such a state will be represented by a unit upper-half circle on
the upper-half plane (UHP).
However, it is possible to describe the propagation of a string by any coordi
nate system which is related to the two systems just mentioned by a conformal
transformation. In [83], the transformation 2 —>• arctan 2 = 5 is used to map
the standard UHP description of a string’s worldsheet into a new coordinate
system (see Figure 3.1). The manifold described by this coordinate system is a
semi-infinite cylinder with a circumference of it.
A t < 0 string state (defined on the UHP by a half-disk with radius 1), is
mapped to an infinite strip with width | , while the rest of the cylinder corresponds
to those parts of the upper half-plane which are outside the unit half-disk. The
r < 0 infinite strip without operator insertions then represents the SL(2,M)
vacuum. Later on in this chapter, a group of important states known as the wedge
states will be constructed by gluing together multiple copies of these SL(2,R)

3.1 A n ew b a sis for str in g field th eo ry
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strips.
States and operators from the UHP coordinate system can be conformally
transformed into the new Schnabl coordinates. For example, the Virasoro oper
ator modes in standard UHP coordinates are given by

Lm=L

Zm+lT(z)’

where T(z) is the energy-momentum tensor and the contour is a circle of any
radius about the origin. The Virasoro operators Lm in Schnabl coordinates are:
Lm = (f
zm+lT(z) = (f
(1 + z2)(arctanz)m+1T(z)i
JZ=0 ^l7rl
jz- 0 27T?,

(3.1.1)

where in the last expression z = arctan z was used to write Lm in terms of
the original z coordinates. Due to the branch cuts of arctan z on the intervals
(—oo, —i\ and [+i, +oo), this integral is only defined when its contour crosses the
imaginary axis within the interval (— -1-z).
In the above expression a passive coordinate transformation was used to trans
form the Virasoro operators into the new coordinate system. The central charge
c of the total matter plus ghost CFT is taken to be zero, so the Schwarzian
derivative {z,z} has no effect on the form of the transformed Virasoro operator
[io ].

Similarly, the modes bm and cn of the ghost operators b(z) and c(z) can be
written in the Schnabl coordinates as
bm =
LÄ |n "2c(5) =

/

7^—: zm+1b(z) = (f
(1 + z2)(arctanz)m+16(z),
Jz=0 27TZ
Jz=0 27T2

(3.1.2)

LÄ (

(3.1.3)

T

Once more, due to the branch cut of arctan z, the integrals for bm and cn are only
defined in the z-coordinates if their contours cross the imaginary axis within the
interval (—i,-H).
In general, Schnabl’s calculations take place in an arbitrary matter CFT plus
the ghost be CFT. In Chapter 4, I will formulate Schnabl’s solution in terms of a
specific CFT.
In [83], Schnabl uses a new gauge, the Schnabl gauge, instead of the usual
Siegel gauge b0\ip) = 0. The Schnabl gauge can be imposed by requiring that all
physical states satisfy b0[ip) = 0. Its form is analogous to that of the Siegel gauge.
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The operator L q can be written in terms of an infinite sum of Virasoro oper
ators in the original 2 coordinate system:
00 o f —l j fc+1

L0 = l 0 +

k=1

4A;2 _ i L™-

(3-L4)

Each individual Virasoro mode in this sum satisfies the relation Üm = L_m, hence
the Hermitian conjugate of L q is
00 o f —1jfc+l

4

= Lo +

k=1

4^.2 _ i

L

(3-L5)

~ 2 k ■

The Hermitian conjugate of a general Virasoro operator Lm in the 5 coordinates
is

11 = j S i * m+lT (* ~ f ) = / S (1 + z2)(arcc° t z)m+1T(z).
The operators Lm and

(3.1.6)

both obey the Virasoro algebra:
[-f'm ^-Jm\

T/i)

,

[•^ni -^m]
In general, the commutation relation between Ln and
there is an interesting special case for [L0, L q],
[Z0,ZJ] = Z0 + ZJ.

is complicated, but

(3.1.7)

Also, the commutators of Lq and V0 with the operator K\ = L_i = Li + L_ 1
are interesting:
[Lo,ATi] = ^ i ,

(3.1.8)

[L {,if1] = - A '1,

(3.1.9)

[Lo + L q, A,] = 0 .

(3.1.10)

These commutators can be derived in several different ways. Standard operator
product expansion (OPE) methods involving contour integrals can be used, al
though there are often complications involving the branch cuts of arctan 2 and
arccotz. It is also possible just to use the expansions (3.1.4) and (3.1.5) of L q
and Lq in terms of the upper half-plane Virasoro modes to directly calculate the
commutators (3.1.7), (3.1.8), (3.1.9) and (3.1.10).

47

3.1 A n ew b a sis for s tr in g field th e o r y

In general the commutation relation between Ln and
will be some linear
combination of Virasoro modes in the Schnabl coordinates and their Hermitian
conjugates. In Chapter 4, I will also calculate commutators of modes of the ghost
operators b(z) and c(z).
There are some other identities and operators, described here, which will be
useful for finding the solution to the SFT equations of motion and for doing
calculations involving Schnabl’s solution. As mentioned above, the ü-coordinate
Virasoro operator L_i can be written as
= L_i = L\ + L_i. It is also possible
to similarly define an operator B\ = b\ + 6_i for the 6-ghosts. These operators
are graded derivations of the star-algebra
Ai(4)i * $ 2 ) — ( A i^ i) * $ 2 + 4>i * ( A

i

4>2),

Bi ($! * $ 2 ) = ( B A ) * $ 2 + (-!)*»<*')$! * (J3A ).

(3.1.11)
(3.1.12)

The operator K\ can be defined as an integral over a path which is the union
of two lines, one from (f,0) to (|,+ o c ) and the other one from (—|,+ o o ) to
(—f , 0)- I will denote this path by T. The operator B\ can also be defined as an
integral over the path T.

The path T is obtained by transforming the path of integration over the upper-half
unit circle to the 5 coordinates using z —>5.
The path T can be split into two parts, the left part TL and the right part VR.
These are shown in Figure 3.2. (Here I am using the opposite convention to that
used by Schnabl in [83]. There left and right are defined with respect to infinity,
whereas here they are defined with respect to the origin.) The operators K\ and
Bi can be split into left and right parts over these subpaths. Their integrals are

Two very important identities relate K\ and B\ back to the Virasoro and 6
operators in the Schnabl coordinates,
(3.1.13)
(3.1.14)
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Kt . B\

K ?t B?

Figure 3.2: The paths of the integrals K R,R and B R,R.
These two identities will prove to be extremely im portant for later calculations
in this paper. The operators K \ and B\ are also graded derivations of the string
field algebra
K i(& ! * <I>2) = ( t f f S j ) * $ 2,

(3.1.15)

t f f ( $ i * $ 2 ) = 3>i * (A'1i $ 2),

(3.1.16)

ß f ( $ i * $ 2) = (B f$ i) * $ 2,

(3.1.17)
(3.1.18)

* $ 2) = ( - i ) de!,(''>1,$ i * ( B f $ 2).
Also, some more identities involving Ad and B\ are:
+

II

£

Bi =

(3.1.19)

+ B f,

(3.1.20)
(3.1.21)

= A fC C - f'tR) = A ? * -!,
ß f ß f = B f(B ! - B f) = B fB i.

(3.1.22)

The explicit expansions of the operators K R,R, B [' r in terms of modes are:
i

R
-

-

v

2( - i r + >

i

.
7Tm *L=—'
4m2
—oo

L 2m +

, E
2 ± ^ L im + *
7r m ^= —oo
' 4m2 — 1
ßi

1 y - 2 ( - i\rm ++11
7r

L

—

*— '
47U 2 — 1
m = —oo

l
7T

E

^

1

+ ö (6i +

2(—l ) m+1
^2m + l ( 6 ,+ 6 _ ,) .
4m2 — 1
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3.1.2

E ig en sta tes w ith resp ect to th e new coord in ates

To formulate string field theory in the Schnabl coordinates, it is important to
find states written in terms of these coordinates which are eigenstates of the
new Virasoro operator L 0. These new states will play the same role in the new
formulation of SFT as the L0-eigenstates did in the standard ^-coordinate system;
the set of such eigenstates will form a new basis of the set of string states.
In the Schnabl coordinate system, there are two different kinds of L0-eigenstates.
The first group of eigenstates are those which are simply conformal transforma
tions of the L0-eigenstates from the standard UHP formulation of string theory.
For example, the states 6m|0) and cn|0) are just conformally transformed versions
of the modes bm |0) and c„|0) which were eigenstates of L0. Similarly, 6m|0) and
cn|0) are eigenstates of L q.
The L0-eigenvalues of these transformed operator modes are the same as the
Lo-eigenvalues of the original imtransformed operator modes in the UHP coor
dinate system.

For example L0ci|0) = —ci|0) and L0c_3|0) = 3c_3|0).

The

L0-eigenvalue of the S L (2,M) vacuum is zero: Lo|0) = 0.
A second set of eigenstates are those of the form
(L0 +

.(3.1.23)
lm
L

By the commutation relation (3.1.7), a state of this form is an eigenstate of L0
with an eigenvalue of n. So
Lo(Zo + ^ r | 0 ) = n ( L 0 + Z S r|0 ).
States of the form (60 + &o)|0) or (60 + &o)(Z0 + ZJ)n|0) are also eigenstates of L0.
The Zo-eigenvalue of (bo + fej)|0) is equal to l:1
L0(bo + ^o)|0) = (^o + Zd)|0).

3.2

W ed g e s ta te s w ith in se r tio n s

Wedge states were first introduced in the paper [77] by Rastelli and Zwiebach,
who defined them in terms of the standard ^-coordinate system. The set of wedge
states is a subset of the set of surface states |/) . The set of surface states has
an injective correspondence with the set of holomorphic conformal maps on the
1Note here that the Zo-eigenvalue of (bo + &J) is only nonzero because of the L q term since
L o'b o lO ).
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unit disk, so each map f ( z) corresponds to a surface state |/) . Surface states are
defined by this correspondence, which is

</i*> = i f ( m ) ) c y i
where (f($(0)))Cyi is a correlation function defined on the manifold cyl describing
a string worldsheet in the ^-coordinates (a semi-infinite cylinder with circumfer
ence 7r, as described in Chapter 3.1.1).
It is possible to write a surface state |/) in terms of an operator Uj applied
to the SL( 2,M) vacuum:2
l/> = tj|0 }

(3.2.1)

( / I = <0|f7/.

(3.2.2)

or alternatively,

Here the operator Uf can be written as
Uf = exp 1 ^ 2 v nLn J ,

(3.2.3)

J

\n> 0

where the vn's are modes of a field v(z) which is related to the map f ( z ) by the
Julia equation
v(z)dzf ( z) = v{f(z)).
A wedge state is a surface state defined by a conformal mapping

/2
f r(z) = tan I - arctan z
where r is any positive real number. It is denoted by

ISr) = |r) =

|0),

or alternatively

Ur I = (rl = (0|f/r.
The mappings f r(z) are in fact equal to the mappings j n from (2.3.5). So, for
example,
f 2 {z) = ta n (a rc ta n 2 ) = z,
so

t4lo> = Ih )

=

|o>,

2Here the convention used in [77] is used in which the operator Uf acts on the left on (0| to
define the surface state (/|.
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Figure 3.3: The wedge state |4).
therefore the wedge state that is rather confusingly denoted by |2) = U\ |0) is the
S L ( 2,R) vacuum.
In the Schnabl coordinates, a wedge state \n + 1) corresponds to n copies of
the SL(2,M) vacuum |0) glued together along their sides. Each copy of |0) is a
strip of width
To construct the world-sheet corresponding to a given wedge state |n), the
method is to take the worldsheet description of the S L ( 2, R) vacuum described in
Chapter 3.1.1 (and shown in Figure 3.1), cut out the inner strip of width | which
corresponds to the upper-half unit circle in the UHP description, and replace it
with (n — 1) copies of the same strip, all glued together by star-multiplication
as in (3.2.5). This gives a semi-infinite strip of width 7Jf . Then the left and
right ends of this strip must be glued together to get a cylinder. The gluing here
is analogous to the integration in Chapter 2.2.2 and also to the process used in
Chapter 2.3.2 to glue together a set of n upper half-disks describing physical states
in the UHP coordinates into a W itten n-vertex. Since a cylindrical “worldsheet”
has no centre, the origin on the boundary of the worldsheet can be arbitrarily
defined and can be set at the centre of one of the |0) strips or the boundary of
two of them etc. An example of a wedge state is given in Figure 3.3.
The wedge states |n) are annihilated by the operators K\ and B\ defined in
Chapter 3.1.1.
K\\n) = B \\n ) = 0

(3.2.4)

In the Schnabl coordinates, the behaviour of the star-product for wedge states
is very simple. The ^-product of two wedge states can be obtained by gluing their
sides together. Algebraically, the rule governing the behaviour of the star product
is
\n) * |ra) = Iin -P n — 1).
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These properties mean that any wedge state |n) is equal to the star product of
n —1 copies of the SL(2,R) vacuum |0).
I

n)= (I0)*)"-1

(3.2.5)

Another interesting and important example of a wedge state is the sliver state
|oo). This wedge state is obtained by star-multiplying an infinite number of strips
together. The sliver state is a projector under star-multiplication.
oo) * |oo) = |oo)
The algebra whose product is the star-product has a state \T) = |1) which
can formally be regarded as an identity. The identity \T) = |1) corresponds to
a strip of zero width, since by (3.2.5), the wedge state |1) is equivalent to zero
copies of the strip representing the vacuum |0). Since adding a strip of zero width
to a wedge state |n) does not change it, then within the set of wedge states |n),
\X) = |1) behaves as an identity of the star-product algebra
11) * |n) — In) * \T) = |n).
In [77], a recursive method was used to find the first few coefficients vn of
(3.2.3) for the function fi = tan(2 arctan z) which corresponds to 11) = |1),
giving an explicit expression for \T) :
|2 ) = exp(L _ 2 — ~ F -4

2 ^ -6 ~ 12 ^ -8

^ _1°

The state |2) also formally satisfies the identity
(3.2.6)

y|i> = y t |i> = i ( y + y t)|2:>;
for any arbitrary operator Y [15].
For wedge states, the relation (3.2.3) takes a particular form:
t
U\ |0) = exp I ^ v nLn j |0>
\n > 0

/
1

—exp 2 In

OO

(-1 )'

- ^ o + E ^ (2k — l)(2k

+ 1)

L .,

|

0> .

The sum of Virasoro operators within the brackets in the last term is in fact equal
to —(Zq/2) from (3.1.5), so
)=

2 \ it
|0 ).
Ul\0)= exp ( 2 In ^ ( - \ V a ) ) |0) = (

(3.2.7)
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This result was first derived in [82]. It shows th at the expressions describing
wedge states simplify considerably when they are written in terms of operators
in the Schnabl basis rather than operators from the standard UHP theory.
Similarly,
£/n|°) = ( A

U|0) = |0)

(3.2.8)

since the expansion (3.1.4) for L0 is made up of only those Virasoro modes Ln
for which n > 0 and Ln|0) = 0.
A general wedge state can be described by the equations (3.2.1) and (3.2.2),
but since Un|0) = 0 , it is also true that

\n) = UlUJfS).
There are several important identities involving wedge states wdiich can be shown
relatively easily when a wedge state is written in this way. One of these is an
identity which relates wedge states to eigenstates of the Virasoro operator L0 in
Schnabl coordinates. This identity is

k=0

v

'

It follows on from the relation
eß(Lo+LÜ = u l 2ßU2_2ßt

(3.2.9)

which is derived in [83].
So a general wedge state can be described by a linear combination of the
eigenstates of L q which were described in (3.1.23). This identity and (3.2.7)
together suggest that the study of wedge states will be very important when
trying to find solutions of the string field theory equations of motion in the basis
of eigenstates of L 0.
The space of wedge states is interesting to study by itself, but it is also possible
to extend the set of wedge states by inserting vertex operators at the worldsheet
boundary.
In the standard upper half-plane CFT, a given physical state |T) can be de
scribed using the state-operator correspondence as T(0)|0), an operator inserted
at the origin of the upper half-circle worldsheet which describes the vacuum |0).
Similarly, when the vacuum |0) is mapped to a strip of width f by the transfor
mation

2

—>■2 = arctan 2 , then it is still possible to describe a state T written
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in terms of these new coordinates as an operator T(0)|0) inserted at the origin

z = 0 of the strip, (since z —» z maps the origin of the original worldsheet to the
origin of the new strip).
When several of these strips are glued together to form a wedge state it is
still possible to insert operators at the origins of any of the component strips.
For example, if two copies of the SL( 2. M) vacuum are glued together to form the
wedge state |3) = U\U^|0) = |0) * |0) we have a new worldsheet, and if we define
the origin to be in between the glued-together strips, then it is possible to define
some physical state |T i) * |T 2) on the worldsheet as

I'i? i) * |«-2 > = 'i'i(o)io) * 4 2( o)| o> =

j) |o ) .

Using the same method, a general member of the set of wedge states with inser
tions at the origins can be described by

i*.> «■...* i*»> = ui+1un+^ ( - < ^ ) *, ( - ^ h ) X...
x

( + ^ h )

10).

The operator insertions do not really have to be inserted between the compo
nent strips. They can actually be inserted at any point on the boundary of the
cylinder which is within one of the strips th a t correspond to wedge states. So
a member of the most general set of wedge states with insertions will be of the
form

UlU„i!l(zl) y 2(z2) . . . ’i!n(zn)\0),
where the points zn can be anywhere on the boundaries of the copies of the

SL( 2, M) vacua which when glued together make up the wedge state. An example
of this is shown in Figure 3.4.
These general wedge states can be star-multiplied by the rule

ulur

■■•) |o> * u\us ( M v) M v) ■■•) |o)
=

ul+s_iur+a-1(i\(x +T
v

x

(My -

4

-

i))Mv -

- l))V’s(5 + j ( s - !)) ■■■) X
4
'

(3.2.10)

- ! ) ) • • •) 1°)

This way of describing wedge states with insertions can be used to help describe
the W itten 3-vertex in terms of the z coordinates.
In (2.3.9), the W itten 3-vertex is described by
(ji(^ i(0 )), j2(4/2(0)), j3(d;3(0)))t///p,

3.3 S c h n a b l’s L em m a
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Figure 3.4: Operator insertions can be added at any point on the boundary of the
cylinder, as shown in this diagram showing the wedge state U\U$$\(z\)fa(z2 )\Q).
where j i, j 2 and j 3 are conformal mappings which take the three separate upperhalf unit circles describing the states 4'i(0)|0), \P2(0)|0) and ^3(0)|0), and trans
form them in such a way that they all fit on the UHP in terms of the standard
coordinate system. If instead of using the maps j n to map the states from three
separate UHP coordinate systems to a single UHP system, a different map mn
is used to transform the upper half unit-circle states to strips of width | in the
Schnabl coordinates (the |0) strips with insertions), then the Witten 3-vertex still
makes sense and can be written as:
(?77,i(\Pi(0)),ra2(\I/2(0 )),m 3(^/s(0)))uHP = (4;i ( —2’) 4/2(0) ^ 3 ( + ^ ) ) c 3-

(3.2.11)
Here the operator T inserted at the origin of each upper half-plane state has been
mapped to the origin of each |0) strip in the Schnabl coordinates.
The Witten 3-vertex can be described in terms of the 5 coordinates by taking
the three worldsheets describing three different states which are each obtained
by taking the SL(2, M) vacuum and applying an operator insertion at the origin;
then gluing them together into a semi-infinite cylinder and setting the origin to
be at a specific point on the cylinder’s boundary. C3 in (3.2.11) denotes that the
correlator is defined on this cylinder (constructed by gluing together 3 copies of
the SL(2,M) vacuum).

3.3

S c h n a b l’s L e m m a

From Chapter 3.1.2, it is possible to construct a set of eigenstates of L0 which
will be sufficiently large to contain Schnabl’s solution to the string field equations
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of motion. This set can be written as:
(^Lq + L0) c_pi ... C_J0)

(3.3.1)

bo + %) (Lo + Ll'j c-qi ... c_9fc|0)

(3.3.2)

In [83], a lemma about the states within this subspace was derived which will
become very important when deriving Schnabl’s equation of motion solution.
Schnabl’s Lemma. Let ipi and
be two string fields with eigenvalues h\ and
h2 respectively within the space of states S spanned by (3.3.1), (3.3.2). Then
the star product of these two states, yd * fi>2 will in general be an infinite linear
combination of L q-eigenstates from S with eigenvalues h > h\ + h2.

To show that Schnabl’s Lemma is true, the states from (3.3.1) and (3.3.2)
need to be written in terms of the wedge state formalism so that star-product
multiplication can be used on them. Firstly, I will look at individual members of
this set and rewrite them in terms of the wedge formalism. Then these will be
combined to find the general case.
Firstly, the state
( l o + ii>)n |0)
(3.3.3)
can be written in terms of the wedge state formalism by using the relation (3.2.9)
for ß = — ■and then taking the nth derivative of U}Ur\0) (where r = 2). Then,
dn
drn

yttyo)i

e

2 —r
2

r= 2

(Zo + L t) n |0),

so (3.3.3) is proportional to the nth derivative of U^Ur|0).
Using the state-operator correspondence, the states c_Plc_P2... |0) can simi
larly be written using
^ (P l+ 1 ) + (P2 + 1)+ ...

dxfa+Vdxfa+V .. .c(" ) l- o a c- pic-P2

In 

putting these together, we find that the space spanned by the states (3.3.1)
is

^fn+(pi+l)+... + (pfc+ l)

“

W A X ,).. . c(*t ) k - 0 (3-3.4)

This is a member of the set of derivatives of wedge states with insertions.
The eigenvalue h of this state is related to the number of derivatives / = n +
(pi + l ) + .. .+(pfc+1) applied to the state above by h = / —(number o f c insertions).
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If two states ipi, ip2 of the form (3.3.4) with eigenvalues h\, h2 are ^-multiplied
together to get a new state, then the number of derivatives applied to each side
must be the same, for example
ipi * ^2 — (Lo + Z/o)c_i|0) * (Lo + l J)2c_2|0)

=

io> i« +
rß

=

7T

drds^dxH y3 U r + s - l Ur +

s-A x

r

+ - ) c ( y - i )|0>|,=„

(where r = s = 2).
The eigenvalue of the third line of the above expression is related to the
derivative number / in almost the same way as before, but since for r = s = 2,
1

=

it does not behave in quite the same way.
If the third line term included U\U2 rather than U\Uz, then th at would imply
that its eigenvalue was the same as the combined eigenvalues of the terms on the
first line. But because the third line contains U\U3, some of the derivatives will
be applied to 7/31/3 rather than to the rest of the expression, where they will have
no effect on the eigenvalue. So this has only proven th at the eigenvalue of the
third line term is > h\ + h2. This same reasoning works for all states in (3.3.1),
showing that Schnabl’s Lemma is true for these states.
For the (3.3.2) states, it is possible to use (3.1.14) and then the derivation
properties (3.1.12), (3.1.17) and (3.1.18) as well as the fact th at the eigenvalues
of (60 + bo) and B\ are equal to 1 to show th at Schnabl’s Lemma holds for these
states too.

3.4

S o lu tio n o f S F T e q u a tio n s o f m o tio n

The basis of L0 states in the Schnabl coordinate system has been found and then
rewritten in terms of wedge states with insertions so th at the star product of
these basis states can be easily determined.
It will now be possible to look for a solution of the SFT equations of motion
in terms of the new coordinate system. The first thing to do is to define an ansatz
within which to look for solutions. The ansatz th at will be used here is the space
of states described in (3.3.1), (3.3.2).
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This ansatz can be arrived at by thinking about solving the string field theory
equations of motion recursively. Left-multiplying the string field equations by 60,
using {Qß,b 0 } —L0 and applying the Schnabl gauge b0 gives
Z0T = 60(T * T),
or, formally,
T - --^(T*T).
Lo

Starting with the ground state T(0) = ci|0) and applying T(n+i) = —|^(T(„) *
T(n)) iteratively will give rise to the ansatz
^

fn,P{L0 + Lo)ncp|0) + ^
n ,p

fn,p,q(b0 + bl)(L0 + Ll)ncpcq\0),

(3.4.1)

n,p,q

where f n)P and f n ,P,q are constants and n > 0, p. q < +1 (n, p, q € Z). The
obvious problems with invertibility of L0 can be ignored here, since this is a
formal calculation whose only purpose is to suggest an ansatz in which to look
for solutions to the string field equations.
This ansatz can now be substituted into the equation of motion
+
=
0 to attempt to find a solution.
It is relatively easy to apply Q b to the ansatz (3.4.1) by using commutation
and anticommutation relations to bring Q b through the expression until it hits
|0). The commutation relations between Q b and the operators (L0+ Tq), (&0+ ^o)
are
(Lo+ L\) n] = 0,

[Qb ,

(3.4.2)

[Qbi (fco + bl)} = Lo + L l

(3.4.3)

The anticommutator,
(3.4.4)

{ Q b , c( z )}

between Q b and cp is a little more complicated to work with and for the purposes
of these calculations the easiest way to deal with it is to write Q b in terms of an
infinite sum of modes. The BRST operator in terms of the Schnabl coordinates
is the same as (2.1.6) except that all of the operator modes have been expressed
in terms of the Schnabl coordinates
Qb =

£

C r,L ^ +

m —n
2

_
CmC,

(3.4.5)
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(Here the normal ordering is carried out with respect to the S L (2,M) vacuum.)
Using these relations, a general expression for Q b 4/ can be derived. Finding
a general expression for 4/ * 4b where T is the ansatz (3.4.1) is rather more
difficult, but still possible. The result is a complex-looking expression with many
combinatorial factors. Once expressions for Q b ^ and T * T have been found,
it is then possible to, with computational aid, derive an infinite set of coupled
equations for the coefficients / n,p and f n ,p,q from the ansatz (3.4.1).
The twist symmetry conditions introduced in Chapter 2.5 apply to the c
operators in this ansatz and mean th at some of the coefficients in the set of
equations just mentioned can be set to zero, simplifying them considerably. If
the difference in L0-eigenvalue levels between cp|0) or cpcq|0) and the term Ci|0)
is odd, then the coefficients of these terms can be set to zero. So the coefficients
/ n,p and

fn,p ,q

in the ansatz (3.4.1) are zero when p is even or when p + q is even.

After using the twist symmetry conditions to simplify the set of equations for
the ansatz coefficients, the first few of these equations are
(3.4.6)

(3.4.7)
+

+ 271/1,1/0,1,0 + 27t/ o,i ( / 2,1 4- /l,l,o ) — 0

The equations are listed in order of the L0-eigenvalue levels of the states cor
responding to the coefficients in the ansatz, with earlier equations describing
relationships between the coefficients of lower-level terms.
Applying the Schnabl gauge bo^ = 0 simplifies these equations further. In
general, the condition 6oT = 0 implies the following relationship between the
ansatz coefficients:
(3.4.8)
When this is substituted into the above equations, the terms within the round
brackets cancel out. Then (3.4.6) can be solved very easily for / 0,i to find that
either / 0,i = 0 or / 0)1 = A The first possible value of this coefficient, /o,i = 0, will
give a pure gauge solution of the string field equations. If the coefficient instead
has the value / 0,i = | , then this leads to Schnabl’s solution, as will be discussed
here.
Substituting / 0,i = f and / u + 2 /0,i,0 = 0 into (3.4.7) gives / M = ^ (and
once fax is known, by (3.4.8) we also know th at /o,i,o — — 9 / 1 , 1 — —47) • This is
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quite surprising as one would not expect in general that knowing the solution to
one of a set of coupled equations would give enough information to solve another
equation from the set.
Similarly, substituting the values of / 0)i and / i ;i that have just been calculated,
as well as the relations (3.4.8) that follow from imposing the Schnabl gauge upon
the ansatz coefficients, into the next equation in the series ( (3.4.6), (3.4.7) ...),
will give enough information to solve that equation and find the coefficients / 2 ;i =
247 a n (^ / i , i , o — — 247'

In fact, it turns out that all of the equations for the ansatz conditions can be
solved this way, with the solution of each equation providing enough information
to solve the next. In [83] it was proven, as a consequence of Schnabbs Lemma,
that this is true for all levels.
In [83], the ansatz coefficients for the first 12 Lo-eigenvalue level terms were
found, and the results were extrapolated to find Schnabbs solution to the string
field theory equations of motion:

=E E

2n+2p+ln J(—l)nBn+p+i ( L q+ L q) c_p|0)

oo

+q

n = 0 p= —1,1,3,5,..

oo

+E E ^

2 n.+ 2(p+ g)+ 3pj I (

L q “7 -Lq j c_pC_y[0)

-

n = 0 p,q= —1

p+<7 odd
(3.4.9)

Using the Euler-Maclaurin formula, it is possible to write this solution in a
much simpler way
'i'soi = lim

N —>oo

^ -E ^

(3.4.10)

71=0

where
Z

t

VTi — ~ 2 Ln_)_2Ln+2

+ b'o 1c ( — 7 n ) c ( - n ) + —( c ( ——n ) + c ( —n

|0).

(3.4.11)
The general method used to show this is to use the fact that states within the
basis (3.3.1), (3.3.2) can be written in terms of derivatives of wedge states with
insertions as in Schnabl’s Lemma to write Schnabbs equation of motion solution
as a sum over states of this type. Then for example, all of the entries from the
first term of Schnabbs solution will be proportional to
^n+p+l
■U}UTc(x)\0)\ r = 2
drndxp+1
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where x is set to zero.
The next step is to add a term of the form
lim (V>n) - hm (ipn) = 0
71—XX)

(3.4.12)

71—XX)

to Schnabl’s solution. When the second term of the above expression is added to
the Schnabl solution, a version of the Euler-Maclaurin theorem can be used
oo

6—1

^ [ / (n)( 6 ) - / ln)(a)] = ] T / m
n —0

k= a

where f(k) = — , a = 0 and b = N + 1 (and N —>oo). After applying this, the
sum of (3.4.12) and the Schnabl solution (written in terms of derivatives of wedge
states with insertions) is equal to (3.4.10), showing that the two solutions (3.4.9)
and (3.4.10) are equivalent. The form (3.4.10) of the solution is very useful when
trying to prove that (3.4.9) is indeed a solution to the SFT equations of motion.
The expression for ipn can be simplified further to
V>n =

- c 1|0 ) * ß f |n ) * c 1|0),

(3.4.13)

7T

(for n > 1). By (3.1.14), this can also be written as
ipn

= -^Ci|0) * (b0 + bl)\n) * Ci|0).

(3.4.14)

One of the easiest ways to prove that (3.4.10) is a solution of the string field
equations is to directly substitute it into
+ T * T = 0. Since it can be shown
that the first term, \ i m N - ^ 0o ' lp N is orthogonal to any state in the string Fock
space, it will not have any affect on the results and can be ignored. The term
Qb ^ soI can then be found relatively easily by using the relations (3.4.2), (3.4.3)
and (3.4.4) to commute Q b past the operators in the second term of (3.4.10)

=4

£ In
n=0

+ Lire (= 51) c ( f ) ) |0)
k

\

/

/

62

S c h n a b l’s s o lu tio n to t h e s tr in g field th e o r y e q u a tio n s o f m o tio n

The fysoi * T so/ term is a little more difficult

\

- e=00 £*
_.
/

\

n

m =0

/

It is possible to find the ^-product of ipn * xpm for general n, m by using identities
involving (b0 + SJ) and B\ — B ( + B ( to write ipn in terms of B ( instead of
(bo + bo). Star multiplying this with another state ipm which has similarly been
expressed in terms of B ( gives the expression
'Pn

* Pm :

(

J

Uq
-l-2 U iq+Z
q+2u

- 2 1c [ ' ^ ] + c

(bl + bo)c^)c

qir

-qn

7r(r + 1 )\

/ 7i(r + 1)

c' 5 y cv 4

|0)

(3.4.16)

where q = n + m + 1 and r = m — n. A general term from T so/ * T so/ will then
be of the form

E

n ,m —0

d
Pn
dndm

* Pm-

Writing this in terms of q and r rather than n and m
oo

q—1

E

E

d2
2 ( 0n * P m )

9=1 r = —9 + 1 ,—9 + 3 + ...

d2
d r2

,-,9 ( 0 n * P m )

greatly simplifies the sum. In fact, the only terms from the ^2r sum th at do not
cancel are r = —q + 1 and r = q —1. Then, using the identity (d2A )B —A d 2B =
d ( A ( d — d ) B ) gives

After a few calculations, this becomes equal to —(Q b ^ soi) with n replaced by
q. This cancels out Q b ^ , showing that (3.4.10) is indeed a solution to the string
field equation of motion,

3.5
3 .5 .1

+

= 0.

A p p lic a tio n : P r o v in g S e n ’s c o n je c tu r e s
S e n ’s first c o n je c tu r e

Now that an analytic solution describing the tachyon vacuum is known, Sen’s first
conjecture can be proven directly. The simpler expression (3.4.10) for Schnabl’s
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solution of the string field equations of motion can be used to do this, as was
described in Schnabl’s original paper [83].
We want to show that the energy density which comes from the Schnabl
solution tysoi for the tachyon vacuum cancels out the energy density from the
space-filling brane that, according to Schnabl’s conjectures, is the source of the
instability in bosonic open string theory.
As in Chapter 2.6, the volume of the space-filling D25 brane is set to be equal
to 1 in order to simplify the calculations, meaning that the tachyon potential
U(ty) = —S(\E) and the energy density of the space-filling brane is E 25 = T25. By
(2.6.2), t25= d v Sen’s first conjecture will be true if U ( ^ soi) = —r 25 and hence £/(\Eso/) =
-S^soi) = 2^2~2 or, by (2.3.15),
U ^ so l) = + - 1

1

1

^ ( ^ s o h Q B ^ so l ) +

^

1
2ir2g2

s o l ^ s o l * V s o l)

(3.5.1)

Because \Eso/ is a solution of the string field equation (2.5.2), it must be true that
{Qb ^ soI, V,ol) =

-{^sol *

Substituting this into (3.5.1) gives the requirement
{Qb ^ m ^

soi)

=- j j l j .

(3-5.2)

Now Schnabl’s solution needs to be substituted into the left hand side of this
equation to check if it is true. The solution is
N
'Esol =

lim
TV— >00

~

d n lp n

^

■

n= 0

When dealing with the
term in the above, it is best not to take N —> 00
right away. Then, substituting this into (3.5.2) will result in terms of the form
( ”0Ti)

QB ^ P m ) )

{^Pni

Qß^m^m)5 ä ü d

(d n & m

Q

•

N

fäsoh Qb ^ soi)

lim
AT— >00

(ipNi Qb 'iPn ) —2

N, QB^rn^rn)
m =0

N

N

T ^ ^

Qß^m^m)

(3.5.3)

n=0 m =0

Each individual term of this can be calculated by substituting in (3.4.11) and
calculating the correlators.
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This is a fairly complex calculation. In the paper [83], the correlators are con
structed by transforming the operators c(x) —> c(x) etc into the new coordinate
system, while noting that since the theory is defined on a cylinder,

(This identity is true because the manifold which describes the worldsheet of a
string in Schnabl coordinates is a cylinder for which the real axis is wrapped
around a circle with radius tt. Therefore any point 5 on the cylinder is identified
with the points 5 + n7r for n G Z.) For the second and third terms, which involve
sums, the sum are split into parts and rearranged so th at they can be evaluated.
After doing this, the first term becomes
lim (ijjN, Q b 'iPn ) = t + -Ö >

N —>oo

Z

7r

the second term becomes
N

lim y^i'lpNiQBdm'lpm)

TV—>oc z '
m —0

and the third term becomes
N

l\m \

N

^ \dny n i

N —>oo ^
^
'
n= 0 m = 0

QB^m^prn)

1
2

1
2"
7T

Substituting these into (3.5.3) gives
sol, Q

b

^

soi )

=

—

3
7T2 ’

which shows that Sen’s first conjecture is true.

3.5.2

S e n ’s th ir d c o n je c tu re

Sen’s third conjecture states that there are no physical open string states around
the tachyon vacuum. As for Sen’s first conjecture, knowing an analytic expression
for the string field describing the tachyon vacuum provides enough information
to show that it is true.
Sen’s third conjecture is true if the cohomology of the shifted BRST operator
Q vanishes around the tachyon vacuum T so/, as this means th at there are no
physical states around the vacuum except for ones th at are null. This has been
shown in the paper [15] by Ellwood and Schnabl, and I will go over the method
here.
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The shifted operator Q was defined in Chapter 2.7 by the relation (2.7.1)
Q T = QBi> + T so/ * T + T * ^ sol.
This relation applies only to string fields which are Grassmann odd and have
a ghost number of +1 (i.e.
deg(ip) = +1).

they have a Grassmann/ghost number degree of

A more general relation for an element F of the string field

algebra which can have any degree is
QA

=

Qb A

+

'ipsoi

*A

-

( ~ ) de^ A

* ip s o l 

lt can be proven that the cohomology of a BRST operator such as Q is empty
if and only if there exists some string field A such that
QA = 1 ,
where 1 is the “identity” of the string field algebra, \X) = 11), a wedge state
representing a strip of zero width. First, let us assume th at the cohomology of Q
is empty. By the definition of Q,
QX = QbX + 'Fsoi * 1 - 1 * tysd
(the identity X has a ghost number of zero). Since X is the identity, QX = Q b X.
In two papers by Gross and Jevicki, [29] [30], it was shown th at Q b X — 0, so
therefore QX = 0. So, with respect to Q, X is a physical state. Since Q has no
cohomology, X must be an exact state. Therefore X = QA for some string held
A.
Secondly, let us assume that QA = X for some string held A. Now, let us take
an arbitrary physical state P. Then Q P = 0 and it is possible to write:
Q{A * P) = (Q A ) * P + A * (QP)
= X * P = P,
therefore P = Q(A * P) is an exact state. Since this is true for all physical states,
the cohomology of Q must be empty. This concludes the proof.
So if a state A such that
QA = Q b A + T so/ * A + A * T so/ = X
can be found, then Sen’s third conjecture is true.

(3.5.4)
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It is possible to guess a potential string field by analogy to a string field Aps

in the Feynman-Siegel gauge, which was calculated approximately in [14]:
A fs

~

y-b o T .

M)

This nearly satisfies the relation Q b ^ fs = T, giving
Q b A fs

= Z —|0).

Then a good guess is th at the string field
A = ~ b 01
L0
in the Schnabl gauge may satisfy the condition (3.5.4), or at least come near to
it.
The inverse of L0 is not defined when applied to states with L0-eigenvalues
of zero. This can often cause problems with calculations th at use it which need
to be solved via regularization. In general this can be rather subtle. In [46] and
[84], counterterms need to be added under certain circumstances to solutions of
the string field equations which represent marginal deformations, and in [79] a
description is given of how to regularize the propagator in Schnabl gauge |
which contains
To test whether A satisfies (3.5.4), it is necessary to calculate A * T so/, T so/*A
and Q b A. First, though, the field A should be rewritten in a form that will make
the calculations easier.
The field A can be written using (3.2.6) as

A=i( ho+J^I=^J,0+h^
By (3.2.8),
1

[ l dz z h = f dz U 2 .
Jo
Substituting this back into A and using (3.2.10) on U g l gives
Lq + 1

.^o
Jo

z

A = ^(b0+

dr |2 - r) = i (b0 +

dr |r).

Then, using (3.1.14), (ö0 + ^o) ~ f (-Bf —B±). The operators (F?f — ) then act
on a wedge state \r) and then by (3.2.4), B^\r) + B^\r) = 0 => B^\r) = — |r),
and the operator A can be written as
■2

dr |r).
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Now this can be used to find A * T so/, 'I's o /

*
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A and Q b A. The term Q b A is

equal to
Qb A

=

‘- Q b B *

dr |r) = 7}k i

dr lr )-

Using the identity dn\n) = —|A ^ |n ) from [15], this becomes

Qb A = - J

dr\r)=J-\0).

(3.5.5)

To calculate T so/ * A, the terms ?/>n * A and —X^=o dn'ipn * A which come from
(3.4.10) need to be found, and to calculate A * T soz the corresponding reversed
terms are needed.
For !pn * A, substituting in the expression (3.4.13) for i/jn gives
ipn * A =

J

dr Ci|0) *

|n) * ci|0) * /lf |r ) .

Using identities involving B f and ß f gives

,ipn * A =
Similarly,

A * ip n =

dr

J

(ci|0) * \n + r)).

(3.5.6)

dr B± (|n + r) * Ci|0)).

(3.5.7)

Now —5Zn=o dri'tpn * A can be found by inserting dn into (3.5.6).
N
N
~ y ^ a n^ n *A = y ^ l
n= 0

n=0

2

N -2
dr Bf;(ci\0)*dr\n+r)) = y~] / dr ß f(c i|0 ) *dn\n+r)).

^

ti= 0

^

Evaluating the integral gives
TV

v

- ^ d n 'i p n * A = ^
71=0

ßiL(ci|0) * [|n + 1) - |n + 2)]).

71=0

This is a telescoping sum that sums to

T — \ N + 2).
Substituting this back into —

^ and rearranging gives:

N
~ Y . d^ * A = ß f'(c i|0 )* [I-|J V + 2 )]) = B fc 1|0 > -B f(c 1|0>*|JV+2)), (3.5.8)
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and similarly,
N

-A =Bfcj|0> -

+ 2) * Cl|0>).

(3.5.9)

n= 0

Now, substituting (3.5.6), (3.5.7), (3.5.8) and (3.5.9) back into A * T soz and
tE'sol * 71 gives
'I'soz * A + A * T so/ = |0) - a,
where o is a state th at tends to zero as TV —> oo.
Now the expressions which have just been calculated for fysoi * A + A * T so/
and Q b A can be substituted into (2.7.1) to get
QA = Qb A +

soi * A + A * fysoi = {X — |0)) + |0) = X.

To summarize, since we have found an A that satisfies QA = X, this implies that
the cohomology of Q is zero and that Sen’s third conjecture is true.
I have so far discussed how Schnabl’s solution can be used to prove Sen’s first
and third conjectures. So far there has been little progress on using this solution
to prove Sen’s second conjecture, which posits the existence of lower-dimensional
D-brane solutions of the string field equations. However, many papers have been
written recently in which marginal deformations of Schnabl’s solution are used to
generate new solutions to the string field equations (see the papers [46], [84] and
the papers which cite them). It is likely that any proof of Sen’s second conjecture
will follow from this work.

C h a p te r 4
S c h n a b l’s so lu tio n in th e
c o o rd in a te sy ste m
In this chapter I will summarize my attempts to write Schnabl’s solution to the
string field theory equations of motion in terms of a specific CFT, the ß'y-bc CFT.
In Schnabl’s paper [83] the equation of motion solution (3.4.9) is given in terms
of the Virasoro operator of a general CFT and the ghost operators b and c. This
solution as written does not depend on any specific matter CFT.
It would be interesting to rewrite this solution explicitly in terms of a specific
CFT.
The ß'y-be CFT would be particularly interesting because it is more symmet
ric than the standard X^-bc CFT, since the ß'y matter CFT is very similar to
the be ghost CFT, except that the /Ty fields are commuting while the be fields
are anticommuting. This extra symmetry makes it more likely that writing the
Schnabl solution in terms of the ß'y-be CFT may give a simpler result than if
another CFT was used. Being able to write the solution explicitly in terms of
this CFT will help in attempts to check certain claims more explicitly and also
to be clearer about its convergence.
To write Schnabl’s solution in terms of this CFT, the Virasoro operator of
the combined matter ß'y and ghost be systems must be substituted into Schnabl’s
solution. There are two different equivalent ways of writing the solution given in
Chapter 3, (3.4.9) and (3.4.10). Out of these, the first seems at first to be more
promising, since it explicitly contains the Virasoro operator L. This is a rather
unwieldy expression, though, so it would be a good idea to first look at just the
first few terms of Schnabl’s solution and try to write them in terms of the ß^-bc
CFT.
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In C hapter 4.1, I will write th e first few term s in the expansion of Schnabl’s

solution in term s of the ß'y-bc C F T and give a sum m ary of the m ethod used
to obtain it. In C hapter 4.2, I will write about my attem p ts to extend these
calculations so th a t th e full solution can be w ritten in term s of th e ß'y-bc C FT.
Finally in C hapter 4.3 I will w rite about some divergences which appear in th e
calculations and attem p t to explain where they come from and w hat they say
about Schnabl’s form ulation of string field theory.
I will also show why (3.4.10) may be an easier startin g point for attem p ts to
write the equation of m otion solution in term s of a specific C FT. It is in fact
trivial to find, from (3.4.10), a way to write Schnabl’s solution in term s of th e
ß'y-bc CFT. However, th e same problem s th a t have prevented a similar expression
being found from (3.4.9) may cause difficulties when trying to use this expression
for certain calculations.

4.1

T h e firs t few te r m s o f S c h n a b l’s s o lu tio n in
t h e ß^-bc C F T

In Schnabl’s paper [83] an explicit expression is given for th e first few term s from
the full solution (3.4.9) of th e string field equations of motion; the term s which
have Lo-eigenvalues of 2 or less. This is:

^ sol =

1
247T

lm +h (Lo
L0 + L0

+

L^j Ci|0)

ci|0) —2

+

—

(l0+ bßj

Lo

+ Lq

+

- M

0 )

+

...

(4.1.1)
As practice for su b stituting the ß'y-bc C F T into the full Schnabl solution, the
C F T can be su b stituted into this shortened expression.
Before doing this, here is a quick review of the properties of the ß'y-bc C F T
The ß'y-bc C F T is the sum of two parts, the m atter ß'y C F T and the ghost be C F T
The operators ß and 7 from the ß'y C F T are commuting, while th e operators l
and c from the be C F T are anticom m uting. The conformal dimensions of ß and 7
are given by A and (1 —A) respectively, where A is some real constant. Similarly
the conformal dimensions of b and c are k and (1 — k ) for some constant /c. The
normal-ordering products between the operators ß(zi)'y(z 2 ) from the ß'y system
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and between b(z\)c(z2) from the be system, are:
: ß(z1)'y(z2) := ß{zl)-r{z2) -

^ ^

for |zi| < |z2|,

(4.1.2)

• ß(z!)y(z2) := ß(zi) 7 ( 2 2 ) + T— ----- 7
for \z2\ < |zi|,
\zi ~ z2|
(where \z\ — z2\ represents the distance between z\ and z2), and
: b(zi)c(z2) := b{zi)c(z2) - — — -

for zu z2 e C.

(4.1.3)

The commutation relations between modes of these operators are:
(4.1.4)
(4.1.5)
Operators from the be and ß'y systems do not interact with each other, so oper
ators from different systems will always commute eg. [ßn:cn] = 0.
The energy-momentum tensor for the ß'y system is
T g ( z ) = (1 - A) : (3/3)7 =-A : (/3(37))
and for the be system it is
Tll(z) = (1 - A) : (db)c: -A : (6(3c)) : .
Adding these together will give the total energy-momentum tensor for the ß'y-bc
CFT.
The central charges of the ß'y and be CFTs are dependent on A and k:
= +3(2A - l)2 - 1.
Ck = -3 (2 k - l)2 + 1.
Following the convention used in Polchinski [70] for Faddeev-Popov ghosts, we
will use n — A2 here. Therefore cf,c = —26. In order for the Weyl invariance
of a theory based upon the ß'y-be CFT to be preserved, its total central charge
Ctot — cp1 + Cbc must be zero, therefore
= +26. Since Schnabl’s solution only
applies to open strings propagating on a world sheet with boundaries, only the
holomorphic part of the central charge is given here.
The Virasoro operators for the combined system can then be found by sub
stituting the total energy-momentum tensor into
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to get
OO

Lm

^

OO

^ ( 77IA

. ßn^m—n ■"h

77,)

^

^ ( t Yi \

Tl) . b n Cm —n .,

n=—oc

n = —00

or, for A = +2,
OO

Lm

OO

^ ^ (2t77

77,)

. ßn'Ym—n • T ^ ^ (2772

n = —oo

77,)

. bnCjn—n • •

(4.1.6)

7 i= —oc

To write the first few terms of the Schnabl equation of motion solution in terms
of the ß'y-bc CFT, this operator needs to be substituted into (4.1.1). However,
(4.1.1) is written in terms of the z-coordinate system while the Virasoro operator
(4.1.6) is written in terms of the z-coordinate system.
There are two ways to deal with this; either the Virasoro operator can be
rewritten in terms of the z-coordinates before being substituted into Schnabl’s
solution, or the terms in Schnabl’s solution can be rewritten in the z-coordinates
before the Virasoro operator is substituted in. The latter approach will be taken
in this section. This means finding the z-coordinate analogues of ^Z/0 + L ^ ,
+
ci|0), Cic010) and c_i|0).
The c-modes listed above can easily be expressed in terms of the z-coordinates
and are:
2i|0) = cj|0),

(4.1.7)

co|0) = co|0),

(4.1.8)
(4.1.9)

C—1 10) = (c_j —Ci)|0).

By (3.1.1) and (3.1.6), p o 4- LqJ can be written in terms of
integral, giving

2

as a contour

f dz
+ Uq^J = j) ^A (l + z2)(arctanz + arccot z)Tzz(z)

\/

6+

e('Re z'>Tz^ z')'

where
e(Re z) =

+f x >0
—I x < 0.

Substituting z = el6 into the above integral enables it to be split into two parts,
avoiding any problems associated with the discontinuity of the function e(R,e z).
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Then this integral can be easily evaluated, giving ^L0 + V0j in terms of an infinite
sum of Virasoro modes in the z-coordinates

-1

'-v /

p -4- _

/ 2 d0Lm
L q + L'0 = - V
4 m —~ oo I —
7T
2
^

oo

/>+ —

- - y
/
4 m = —oo 2
00

n /

=E

+ e-'(m+1)e)

i

d6Lm (e-i(™-D9 + e-i(m+l)»)

(4.1.10)

\rn-)-l

2(~1)’ -L
2m)
4m2 —1

where the energy momentum tensor Tzz(z) has been split into its component
Virasoro modes.
The working for writing ybo
and gives an analogous result:

in terms of z-coordinate modes is identical

OO

(*>+$)= E

m = —oo

2(_l)m+i

4m2 —1

^2m-

(4.1.11)

Now, (4.1.7) - (4.1.11) can be substituted into the first few terms (4.1.1) of the
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Schnabl solution to arrive at an expression:

=

- C i|0 ) +

7r

Z7T z

z

V

'

R { k , v ) : ß n l 2 k - n ■ci\0)

fc< —1 n = 2 k —\

2

^ 2f —l) fc+1

+ÖZ E E R( k’”):bnC2k-n :Cll°)- 2 i E Ak2- 1^fc^lf-olO)
fc< —1 n = 2 k

^

/

oo

k< 0

oo

h 24^ I ^

\

S

Ä(fc’n) 1ß 'n '^ 2 k —n

\ k = —oc n = —oc
oo

~b 9 ^ -

24tt

1
+
2H?

(^

oo
^

^

R{k,fl)

oo

\

^

/

/

^

■

I Ci|0)

/

R{l,Tfl) . b m C2l—m

■

j

C i|0 )

J
\

122 7?(Z,?n) : /5m^2Z-rrz : ) ci|0)
\ l < —1 m —2l —1

R(k,n) : bnc2k-n ■) f ^
00

^ ^

ß (^ m) 1ß m l 2 l - m

—2

y : R(k,n) : bnc2k- n ■)

\k = —00 n = —00

\

\ l < —1 m = 2l

/

oo n = —oo

+ ^

+

jf

. ß n l2 k -n •

oo

y:

—2

■} ( ^
S
J \ l < —l m = 2 l —1

\ f c = —oo n = —oo

'

/

^

/

R(l, m) : bmc2i-m ■] ci|0)

/ < —1 m = 2l

. \fe+i

-2

( E ir^ T fe2fc) (E E «(/.mJttoi-mMcoCilO)
\ k ——oo

J

\ / < —1 m = 2l —l

J

\ k = —00

/

\ / < —1 m = 2 / + l

/

+ ^ _ 1| ° ) - ^ c 1|0>, (4.1.12)
where the function it*(/c, n) stands for
7?(/c, n) =

2( —l ) fc+1(4/c —n)
4 A:2 - 1

(4.1.13)

We now have an expression for the first few terms of Schnabl’s solution in
terms of operator modes from the ß'y-bc CFT in the z-coordinate system. How
ever, some of these terms involve multiplying two infinite series of normal-ordered
terms together. For these terms, it will be necessary to reorder the operators so
th at after the multiplication they can again be put into normal-ordered form.
I will introduce some new notation here. In the following calculation, each of
the terms from (4.1.12) is in general an infinite series with each of its terms being
a set of operator modes from the ß'y and be CFTs applied to the SL (2, M) vacuum
|0). This can lead to confusion when referring to “terms” of the ß'y-bc solution
as it may not be obvious whether the word refers to the terms of the Schnabl
solution (4.1.12) (each of which is an infinite sum over operator expressions) or
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to the operator terms which comprise each of these infinite sums. To avoid this
problem, in the following sections I will refer to the former as “terms” of the
Schnabl solution and to the latter as “entries” of the solution.
Each of the entries from (4.1.12) which need normal re-ordering involve a
group of operator modes from either or both of the ß'y and be systems applied to
either the vacuum ci|0) or the vacuum coCi|0).
The operators ß(z), 7 (z), b(z) and c(z) are free fields; their operator products
with each other all contain at most one singular term, with a constant coeffi
cient (see (4.1.2) and (4.1.3)). This means that a modified version of creationannihilation normal-ordering, in which operators that annihilate the vacuum are
placed at the rightmost part of a group of operators, can be used to reorder the
terms and entries of Schnabl’s solution
For the ß'y and be systems, the operators which annihilate the £X(2,1R) vac
uum are given by
ßn\0) = 0

for 71 > —1

7n|0) = 0

for n > 1,

and
6n|0) = 0 for n > —1

cn| 0) = 0 for n > 1.
However, the c-modes in the vacua ci|0) and coCi|0) interact with operator
modes from the be system in the entries of Schnabl’s solution, affecting which
modes annihilate the SL(2,M) vacuum. This will cause an asymmetry between
the ß'y and be sectors in the following calculation’s results.
The operator modes in each entry of Schnabl’s solution can now be reordered
by using the commutation relations (4.1.4) and (4.1.5) to move any annihilating
modes so that they act on the vacuum and to put the modes in each entry into
a creation-annihilation ordered form.
Each of the terms from (4.1.12) that needs reordering is made of two infinite
series of groups of normally-ordered operators. For each term, these series are
multiplied together and then applied to a vacuum (in this case, either ci|0) or
coci|0))- The total energy level of each entry in each of these infinite series is
given by —2k for the left hand side series and by —21 for the right hand side
series. After the two infinite series are multiplied together the energy level of the
entry that is produced is defined to be
2E = —2k

-

21

(4.1.14)
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which must always be nonnegative. The energy level —21 for any nonzero en
try from the right hand side series must always be positive or otherwise it will
annihilate the vacuum.
If all of the operators from the left hand side series commute or anticommute
with the operators from the right hand side series, then the same restriction
applies; the energy level —2k must always be positive. For those terms from
(4.1.12) for which the left hand side operators are from a different CFT to the
right hand side operators, this is always the case.
This is the case for the sixth, seventh and ninth terms from (4.1.12) and for
these terms, the task of normal reordering is trivial, giving eg. for the sixth term:
-1
(

—

24tr \ ^k——oc n ——oc

1
= 24z

/

R( k, n) : ßn^k-n : I Y 2
R( L rn) : bmC-2l-m ■] Ci|0)
/ \/<-lm=2Z
/

-2

£ E E 4(~ )(4A:2
l ! r (4^
" )(4f,7
- 1)h(4Z2
- 1)

-

zw» : 1Cl|o).

■

\l,k< —1 n = 2 k —1 m —21

(4.1.15)
The entries of these terms will be referred to here as “noninteracting” entries.
However, the fifth, eighth, and tenth terms contain operators which have
nonzero (anti)commutation relations with each other, and this makes dealing
with them more complex. When, within a particular entry, an operator from
the left hand side series does not commute with one from the right hand side
series, for example in the case where k = +1, n = —2, / = —2 and m = —4 are
substituted into term five of (4.1.12) and all coefficients are disregarded, we get
an extra term in which the noncommuting operators appear to have “cancelled
out” :
: ,3-274 :: /3-47o : c,|0) = ß - 2 {liß-i)loC i\ü)

(4.1.16)

= /3_2(1+/?_474)7 oCi |0)

(4.1.17)

= /3_27oC1|0).

(4.1.18)

This means that itispossible foran entry from the lefthand side series not
to annihilate the vacuum even if its total energy level is —2k < 0; the operator
mode from the left hand side entry th at would have annihilated the vacuum
is “cancelled” by the operator mode from the right hand side th a t it does not
commute with. In the rest of this chapter, entries which contribute to Schnabl’s
solution despite having —2k < 0 wall be referred to as “extra” entries.
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Cancellations between modes as in (4.1.16)-(4.1.18) can also take place where
the total energy level of entries from the left hand side series is —2k > 0. Since the
interactions between these modes makes normal-ordering nontrivial, the entries
for which this takes place also need to be dealt with separately. These entries
will be referred to as “normal” entries. Both “extra” and “normal” entries have
-21 > 0
The “extra” and “normal” entries in general only come about for specific
values of A:, /, m and n. Most of the entries from the terms which contain “extra”
and “normal” entries do not contain operators which interact with each other
and so are instead “noninteracting” entries such as the ones from (4.1.15), which
are easy to evaluate.
In this section I will find expressions which characterize the “extra” and “nor
mal” entries, starting with the “extra” entries. I will not give a detailed descrip
tion of the calculations here; these will be given at greater length in Appendix
A. The terms from which “extra” and “normal” entries can be obtained are:
.

oo
Iß

24tt

oo

(

Ä(A:, n ) : ß n l 2 k - n

j

•

.fc= —oo n = —oo

/

(

: ß m l2 l-m

\ Z < — 1 m = 2 l—l

’ ] C i|0 )

J

(4.1.19)
oo

y.

24tr

oo

y : R{k,n) : bn c 2k - n : ) I

<k=—oo n = —oo

/

R(l,m) : bm c 2i - m ■) ci|0)

\ Z < - 1 m=2l

)

(4.1.20)
+

(

i t ,

\ k = —oo

1

b

) (

J

R (L m )

J

: b m C 2 l - m : CQClIO)

V < —1 m =2Z + l

J

(4.1.21)

I will first discuss the “extra” entries that can be obtained from these terms and
then move on to the “normal” entries.
The “extra” entries from the terms (4.1.19)-(4.1.21) at a given energy level
2E < 0 can be defined by setting l = —k —E b y (4.1.14) (where l is negative), and
then finding the values of m and n which give rise to operator modes that interact
with each other to give “extra” entries. Then substituting these values back into
the terms (4.1.19)-(4.1.21) gives expressions which characterize the ground level
“extra” entries. (More details of the method used are in Appendix A.)
The results are simplest for (4.1.21). For this term, the “extra” entries sum
to

g e .S +i)6-2^ 10^

(4.1.22)
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For (4.1.19) and (4.1.20) the “extra” entries sum to
~2

yJ y^

£> 0p = -2E -l

(

i\E + l

i-il—
127r

/4 E + p \
\2E+l)

A > 7 -(p + 2 £ )C l|0 )

(4.1.23)

' 7'—( p + 2 E ) b p • n | 0 )

(4.1.24)

and
v V ( - ! ) E+1 ( *E + P\
^
^
127r \v2 E + l 7)
E>0p=-2E

respectively. For the special case of the ground level E — 0, the entries from
(4.1.23) cancel out entirely, the entries from (4.1.24) sum to
1
1277

ci|0),

(4.1.25)

and for (4.1.22), an infinite series is obtained for E — 0 which sums to
4-CilO).

(4.1.26)
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In total, all of the “extra” terms at ground level which come from the truncated
solution (4.1.12) sum to
+ i ^ c , |0 ) .

(4.1.27)

These results were obtained by substituting E = 0 into the expressions
(4.1.22)-(4.1.24). Curiously, when performing the calculations independently and
from first principles for E — 0 (as is done in Appendix A), the results from the in
dividual terms (4.1.19)-(4.1.21) are not the same, although when the results from
all three terms are added they still lead to the same final result (4.1.27). When
substituting E — 0 into (4.1.22)-(4.1.24), the contribution from (4.1.19) cancels
out entirely and the full contribution to (4.1.20) comes from (4.1.24); while the
calculations from first principles which were performed in Appendix A produces
what appears to be two infinite series, (A. 1.8) and (A. 1.10), one for each of the
terms (4.1.19) and (4.1.20) respectively, which seems to suggest that there is a
nonzero contribution from both (4.1.19) and (4.1.20) (the results from (4.1.21)
were the same as those found using the other method).
As mentioned above, there are also “normal” entries which can be obtained
from the terms (4.1.19)-(4.1.21). These entries occur when an entry from the
right hand series (which must have a positive total energy level (—2/ > 0)) of one
of the terms interacts with an entry from the left hand series which also has a
positive total energy level (—2k > 0). The total energy level of a “normal” entry
is the sum of the energy levels of the left and right hand side entries involved.

4.2 A ttem p ts to w rite th e full Schnabl solution in th e
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The method for finding the “normal” entries is the same in principle to that used
for the “extra” entries, although the results are quite different.
The “normal” entries from (4.1.19) can be characterized by the expression
2E+1 / f ( l -P)

£ £

£

k = \-E

E > 0 p=2
2E+1

-EE

-1

(

4 ( - l )E+1(p - 2k - AE)(Ak + p)
\
(2k - l)(2k + 1)(2E + 2k - 1)(2E + 2k + 1) I

4 ( - l )E+1(p - 2k - 4E)(4k + p)
\
' (2k - 1)(2k + 1)(2E + 2k - 1)(2E + 2k + 1) I

E

E > 0 p = 2 \fc=i(2 - p )

/^-p7p-2E C l|0),

/_

and the “normal” entries from (4.1.20) are characterized by
2e

(

-f

EE £

E>0p=l

2E /

\ k = - lE

4 ( - l ) £+1(p - 2k - 4E)(4k + p)
)
(2k - 1)(2k + 1)(2E + 2 k - 1)(2E + 2k + 1) ]I

0

4(—l)E+1(p - 4E)(4k + p)
\
(2k
~
\)(2k
+
\)(2E
+
2k
l)(2E
+
2k
+
1)
I
E > 0 p —1 yfc= i ( i _ p )

EE E

• b —pCp—2 E - C i | 0 ) .

For (4.1.21), “normal” entries only exist for the case where the entries from
the left hand series have an energy level of —2k = 0. Then the “normal” entries
from (4.1.21) after normal reordering will have a total energy level of 2E = —21
and can be characterized by
2^_,> 4 ( - l )l+E( p - 4 E )
67T

2 -^ /
E > 0 p= 0

4^2 _

l

: b —pCp—2 E • Ci|0).

All of the entries which result from the normal-reordering of the truncated
Schnabl solution are given in detail in Appendix A. 1.3. The normally-reordered
truncated solution is quite unwieldy, but will prove useful as a starting point
when trying to calculate the full solution.

4.2

A ttem p ts to w rite the full Schnabl solution
in the

-be CFT

In the previous section, the ß ' y - b c CFT was substituted into just a small part
(4.1.1) of Schnabl’s solution. This part contains all of the terms from Schnabl’s
solution which have an L0-eigenvalue of less than 2. The next step is to try to
write the whole Schnabl solution (3.4.9) in terms of the ß ' y - b e CFT.
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As with the the truncated version of Schnabhs equation of motion solution,
there are two possible methods for doing this. The full Schnabl solution is written
in terms of operators defined in the 5-coordinates. When substituting the ß'y be Virasoro operator into this solution, the operators in the expression for the
solution can be transformed into the 2-coordinate system, or they can stay in
terms of the 5-coordinate system.
In this section 1 will attempt to rewrite the Schnabl solution using both meth
ods. In the form (3.4.9) the Schnabl solution consists of a sum of two infinite
series. I will start by trying to evaluate the first of these; but it will be found in
this section that attempts to evaluate even this first series in terms of the ß'y be CFT run into some serious difficulties, whichever method is chosen.

4.2.1

In term s o f

z coord in ates

In this section an attempt will be made to write the full Schnabl solution
°o

p

2n+2p+bd (~ 1)n^+P+1 (^0 + I'o)

^ s o l= ^ 2
n = 0 p = —1,1,3,5,...
°o

oo

p+q

2«+2(p+g)+3n !(- 1 )n+<7Bn+p+q+2 (}o + &o) (^o + £ j) c_pc_910),

+
n = 0 p,q= —1
p+q odd

(4.2.1)
in terms of the ß'y - be CFT. For these calculations the operators from (4.2.1) will
be written in terms of the 2-coordinate system, so the first task will be to rewrite
the operators in SchnabPs full solution in terms of the 2-coordinates. After that,
the Virasoro operator (4.1.6) can be substituted in and the full solution can be
evaluated.
The operator expressions (i0+
and ^L0 +
from (4.2.1) have al
ready been rewritten in terms of operator modes defined with respect to the
2-coordinates; the 2-coordinate versions of these expressions are given in (4.1.10)
and (4.1.11).
In Chapter 4.1, the expansions of the operator modes ci, c0, c_i in terms of
2-coordinate modes were given in (4.1.7)-(4.1.9), but in order to deal with the
full solution, the same must be done for a general cn, where n < 1. This is
important because the cm modes will affect the normal-ordering process that will
be used to evaluate the terms of the Schnabl solution which contain infinite series
of operator modes multiplied together.
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To do this, the mode cn will be written in terms of a contour integral in the
c o o rd in a te s, and then an attem pt will be made to evaluate the integral. Since
cn is a primary field with a conformal dimension of h = —1, the contour integral
fo: it is:
=

./

ar.d also
c(z) = X

c “" +1-

(4.2.2)

n

There are two possible ways to rewrite this integral th at could be useful for
the purpose of expanding cn as a series of ^-coordinate modes cm. The first is to
use the same method as for the integral for (L0 + To) and write it directly as an
integral in z, substituting in (4.2.2). This gives
dz
1
(arctan z)n 2z m+1.
2iri (1 + z 2)2

Cn

The second way is to use
1
(c(tanz)) = (cos2 z)c(tanz)
1 + tan 2 5

to write the integral with respect to 5, but including the z-coordinate modes
dz
C71

=

Cm j )

2 ( C° S 2 5 ) ( t & n 5 )

(4.2.3)

To evaluate either of these integrals, the method will be to expand the inte
grand as an infinite series and then use residues to evaluate the integral. This will
mean working out the series either for

(1+* 2)2 (arctan

z)n~2 or for (cos2 z)(tan z)~m+1,

where n, m < 1. (The modes Cm for m > 1 will not be im portant when evaluating
the Schnabl solution as they will annihilate the S L {2,M) vacuum.)
For the former case, since n < 1, the exponent of (arctan z)n_2 will be nega
tive, which means that, since
(arCtanz)"" 2 = (arceot z)n~2 = (arccot2)2' " ’
the integrand will effectively be
(1 + ^)2 (arCCOtZ)°’
for some positive a. This would cause serious problems when evaluating the
integral, as there is no well-defined series expansion for arccot z at the origin.

S c h n a b l’s so lu tio n in th e ß y -be c o o rd in a te s y ste m

82

So instead I will attem pt to evaluate the integral (4.2.3) by expanding its
integrand as an infinite series. The series for (cos2 5) is, using cos2 5 = \(1 +
cos2^),
) 2fc—1 ~2 k

w

cos2 5 = 1 + J Y i - i y
+=l

The series for tan z is:
°°

r\2k ( r\2k

1 A

tan 5 = Y , ---- 7+7+i---- \B 2 k\z2k~
(21b)!
k= 1
(where |5| < f and B 2k refers to the Bernoulli numbers).
Knowing the expansions for these two series is enough to be able to indepen
dently verify that
ci|0) = ci|0),
co|0) = cq|0),
c_i|0) = (c_i - ci)|0),
and also that
c_2|0>

+ )

2- 3|0>

1

|0>’
1

\

3 '- 1+ 3 /

0 ),

as was stated in Schnabl’s paper [83]. However, in order to be able to evaluate
the integral for cn in the general case, a general series expansion must be found
for (tan5)m+1.
A series for tan2 z was found (on the interval —1 < 5 < 1), by calculating the
coefficients of the Taylor series for tan2 5 about 5 = 0 numerically using MATLAB
and then fitting a pattern of coefficients to it. The series is:
OO

tan2 5 = Y
k= 1

(2k + i)2 2fc+2(22fc+2 - 1)
\ B 2k + 2\~z2k.
(21b+ 2)!

However, it was not possible to use the same method to calculate similar series
for (tan 5 )fc for k > 2. It seems probable th at there is no closed form formula
for the series expansion of tan 5 taken to an arbitrary power. This would mean
that it is not possible to find a general expression for the operator mode cm in
terms of 2-coordinate modes, which means th at the effect of the modes cm on the
normal-reordering of operators within terms such as (bo + bo)(Lo + Lo)nC-pc_q|0)
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is not known in closed form. This means that it is not possible to evaluate the
full Schnabl solution in terms of the ß'y-bc CFT by simple direct substitution of
the ^-coordinate versions of the ß j -be operators into the solution.
There is one more possible way to rewrite the solution, though. It may not be
possible to write a cn as a sum of 2-coordinate modes Cm for all n, but it is always
possible to find the coefficients of the specific modes c_i, c0 and C\ (m, = —1, 0 , 1)
in the expansion of cn, although in general the coefficients of the other modes are
not known [83].
In general, where n is even,
22k
C„ = C_2ic = ( - 1)*'(2 t + 1)jcti + • • ■ >

(4-2-4)

and where n is odd,
/

1

^ = c-2*+i = (- 1 ) (2fc)!

Ci — C _ i

2

Ci + C _ i

+ 4*.°—

, . n

+" ■•

v

l4-2-5)

In the rest of this section, these relations will be used to attempt to evaluate, in
terms of the ß'y-bc CFT, a larger part of the Schnabl solution than was evaluated
in Chapter 4.1. The reasoning behind this is that, once more of the terms in the
Schnabl solution can be expressed in terms of the ß'y-bc sector, a pattern may
emerge which gives information about the terms of the Schnabl solution which it
has not been possible to evaluate directly.
The subset of terms from the full solution which will be investigated is the set
of all terms which contain no cp modes except for those with p = —1,0,1. This
will include the set of terms dealt with in Chapter 4.1 and it will also include
terms such as (Z0 + ZJ)nci|0), (Z0 + ZJ)nc_i|0) and (bo + 6q)(Z0 + L j)nc0Ci|0) etc
for general n > 0 .
In the following calculations I will start with trying to evaluate the term
(To + Zo)nCi|0) . In terms of modes of the operators ß, 7 , b and c, (L0 + ZJ) is:
y ] y ; R(k, n) : ß n ^ 2 k - n ■+
/cGZ nGZ

R(K n) : bnc2k-n :
fcGZ n £ Z

A general term in (Z0 + ZJ)nci|0) for arbitrary n will be of the form (omitting
coefficients)
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where a and b are nonnegative.
I will focus on the /Fy sector first here and try to find the “extra” terms. The
“extra” terms which only contain operator modes from the /Fy sector will all come
from:
\k e z

: ß n l2 k -n : j
/

nez

Cl

|0)

(4.2.7)

for a > 1.
For the case where a = 1, the term which comes from this needs no evaluation
and is

22 22 ^ l\k2
-

:^nl2k~n

1

k< —1 n = 2 k —1

=221 22—1R (k i n )

1

: ß n l2 k -n

: Ci|0).

k< — n = 2 k

(4.2.8)
For the case where a = 2, the corresponding term (4.1.23) has already been
evaluated in Chapter 4.1. After removing a numerical factor
which came from
(4.1.1), this term is

E

E

2{“ 1)£+1 ( S r i ) ^ 7 - (p+2E)Ci I°).

(4.2.9)

Interestingly, this is quite similar to the result for a — 1.
The similarity becomes even more obvious when the notation used in (4.2.9)
is changed. Here p will be changed to m. Also the variable E in Chapter 4.1
refers to the total energy level of each entry and if kept will be very confusing,
so a change of variables E i—> l = —E will be done, where l is the same variable
that was used for the energy level of the right hand side terms when calculating
(L0 + Vo)2Ci\0) in Chapter 4.1.
After the change of variables, (4.2.9) becomes
) m (4l - p )
22 vA
22 2(—l7Ö7
(21 77
1

K —1 p=2Z—1

-

)

n
’ ß p l 2 i - p : ci|0 ).

(4.2.10)

This expression is almost identical to the result (4.2.8) for a = 1 apart from the
denominator. This similarity will enable us to take a shortcut when calculating
the next term up, a — 3.
When calculating (4.2.7) for a > 2, it will be useful to remember that in
Chapter 4.1, (4.1.23) was calculated for a = 2 by finding a set of relations between
the variables n, 7n, / and k which give rise to “extra” terms and then substituting
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these back into (4.2.7) for a = 2 in order to get an expression
-2

( - l ) E8{4E + p){2k + E)
ß p l - ( p + 2 E ) C \ \ t i ),
l)(4(/c + E ) 2 - 1)

E E E (4k2 -

E > 0 p = —2 E —l k > 1

(4.2.11)

(see (A. 1.19) in Appendix A) which describes the coefficient for each term (here
a factor of ^ coming from (4.1.1) has again been removed). This expression was
then summed over to get (4.1.23). The factor (A(k + E )2 —1) in the denominator
of (4.2.11) has been obtained by substituting l = —E —k (see (4.1.14)) into the
denominator factor (412 — 1) from the right hand side series of (4.1.19). Knowing
where these denominators come from will become im portant when calculating
(4.2.7) for a > 2.
For a = 3, (4.2.7) can be calculated by taking (4.1.19) and replacing the
original right hand series with the result (4.2.10) found for a = 2.

(

2 ( - i y +i(4i - p )
(21 - 1)

Y Y R(k' : ßnl2k-i

\ k £Z nGZ

■ß p l 2 i - p

: Ci|0).
" (4.2.12)

This is still very similar to (4.1.19). Due to the similarities in the expressions,
the calculation used to find (4.2.7) for a = 3 will be very similar to the one used
to find it for a■— 2. The operator modes will interact with each other in exactly
the same way and only the coefficients will be different.
The only difference in the coefficients is th at one of the denominator factors
from (4.1.19), 21 + 1 = —(2k + 2E — 1), is missing in (4.2.12). This can be used
as a shortcut to quickly find the analogue of (4.2.11) for the case where a = 3.
Since everything else in the calculations is the same, the analogue of (4.2.11) can
be found simply by removing the —(2k + 2E — 1) from it to get
-2

E E E

E > 0 p = - 2 E - 1 k> 1

( - 1 ) e 8{4E + p)(2k + E)
' ß p l - ( p + 2 E ) c l |0) •
(4fc2 — l)(2k + 2E + 1)

(4.2.13)

This expression, when summed over A;, will give the a — 3 term from (4.2.7). The
sum from this expression th at needs to be evaluated is

E (2k k> 1

(2k + E)
1)(2k + 1)(2k + 2E + 1)
= —
AR E
Z -/
fc>l

2k — 1

2k + 1

+

1
2k E l

1
2k + 2 E + l
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Substituting this back into (4.2.13) gives the term for a = 3:

E E 8(~1)£r r +p) (e+E^ ti) ^

E>lp=-2E -1

\

L=

- (p+2£)Ci|0).

(4.2.14)

/

1

The pattern here is th at as a increases, more factors from the denominator
vanish. It would be interesting to see what will happen when all of the denom
inator factors have vanished. So, an attem pt will be made now to calculate the
a = 4 term from (4.2.7) to see what happens at that level.
Once more, the variables in the

<2

= 3 term (4.2.14) will be changed from

E I—» / = —E and from p i—>m and, once more, this term will replace the right
hand side series in the expression for (4.1.19). This gives the expression that
needs to be evaluated in order to find the

Y, Y

R(k, n) : ß n l 2 k - n

<2

= 4 term:

■] X

\ k = —oo n= —oo

/

/

g

\l<-lm =2l-l

8( - l ) H l (4, _ m)
L= 1

^

2L + 1

ß m r)2 l—rn \

^-

1 10 )

.

Even though this expression does not look very similar to (4.2.12), the same
method as for the a = 3 case can still be used to find an expression for the <2 = 4
term. In this case the denominator of (4.2.11), ( 2k— l)(2/c + l)(2k + 2 E — 1)(2A: +
2E + 1) needs to be replaced by
4(k2 - 1 ) ( - E - k)
E + k + Y ,E
L+
J lik i'
This gives an expression for the

E E E

E > 1 p = —2E—l k> 1

<2

= 4 term:

8(—1)e +1(4E + p)(2k + E)
( 2 k - l)(2k + 1)

ß p ' l —{p-\-2E)C\

|0) •

This is again an infinite sum which would need to be summed over to get the
a = 4 term, but this time the sum diverges, since the part of it which needs to
be summed over is

(2k + E)

E (2k — l)(2k + 1) ’
k> 1

which clearly does not converge. Therefore (4.2.7) converges for a = 1. . . 3 and
diverges for a = 4. It is not possible using this method to determine what happens
for

<2

> 5, although I suspect that (4.2.7) diverges for higher a. This is extremely
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puzzling, as it implies that it makes no sense to write the term (L0 + Lo)nCi|0)
in terms of the ß'y - be CFT for general n. The “normal” terms will not be able
to cancel out this infinity, as for them only a finite number of entries contribute
to each /?p7 _(p+2£)Ci |0 ).
To sum up the results of this section, when attempting to evaluate the full
Schnabl solution (4.2.1) in terms of the ß'y-bc CFT, two serious problems are
encountered.
Firstly, we are not able to find a general expression (for all m) of the mode
Cm (defined in terms of the z-coordinate system) in terms of operator modes cm
in the z-coordinate system, due to being unable to find a series expansion for
(tan z)n about the origin for general n. This means that we are unable to rewrite
(4.2.1) in terms of the z-coordinate system simply by substituting in z-coordinate
expressions for the operators, since these expressions are not available.
There is a subset of terms from the full Schnabl solution (which includes,
among others, the terms from the truncated solution discussed in Chapter 4.1)
for which this problem does not impede their evaluation. However, when taking
a small part of this subset and attempting to substitute the ß'y-bc CFT into it,
we find that a divergence appears. Since the process used to evaluate this part
is iterative, this means that it is not possible to complete the evaluation of this
part of the solution. This also means that it is not possible to use the results for
this part of the solution to establish a pattern which will help in the evaluation
of the remaining parts of the Schnabl solution, except to say that if this part
of the solution diverges then it is likely that there will be other divergences in
those parts of the Schnabl solution which have not yet been evaluated, including
those which cannot be directly evaluated in terms of the z-coordinates due to the
problem mentioned in the previous paragraph.
The divergence found here is a worrying sign, however it does not necessarily
mean that writing the Schnabl solution in terms of the ß'y-bc CFT cannot make
sense. This infinity was found for just a small part of the Schnabl solution. Since
the full Schnabl solution has not been evaluated (in fact it seems impossible to
do so using this method), it is entirely possible that if the full Schnabl solution
could be evaluated, one would find that any divergences from terms such as
(4.2.7) would cancel out, leading to a finite and sensible result. Even if this were
not immediately found to be the case, any remaining infinities could yield to
regularization techniques.
These problems will be returned to in Chapter 4.3, in which the connections
between these calculations and those described in Chapter 4.2.2 will be discussed,
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along with speculations about what causes these problems and how they might
be dealt with.

4.2.2

In term s o f 5 coord in ates

In the previous section, we found that when an attempt is made to evaluate
Schnabl’s full solution in terms of the ß'y-bc CFT where the operators ß, 7 , b and
c are defined in terms of the 2-coordinate system, this leads to serious difficulties
including infinities. In this section, details will be given of another attempt to
write Schnabl’s solution in terms of this CFT; this time, though, all operators
and modes will be defined with respect to the 5-coordinate system.
Schnabl’s full solution is, once more,
p

00

2n+2P+\n \ (~ 1)rijBn+P+1 (^° + ^ 0) 2-p|0)
n = 0 p ——1, 1,3 ,5 ,...
p

00

Ig

+E I 2n+2L)+3„!(-1)’1+,-£W*+2(bo + bl) ( to + L l )

2_pc_,|0).

n = 0 p ,q = —1
p + q odd

I will start with the first term of this solution and ignore the coefficients, as they
can be substituted in later. The first task to be done when attempting to rewrite
Schnabl’s solution will be to put
OO

E E (io+d ) " c _ p|0>

(4.2.15)

71=0 p = —1, 1 ,3 , 5 ,...

in terms of the ß'y - be CFT for all n and p. The Virasoro operator Lm in terms
of the ß'y - be CFT is already known in the z-coordinate system, but to evaluate
(4.2.15) in terms of the 5-coordinates, a way must be found to write L0 and L\
in terms of the ß'y-bc CFT while remaining in the 5-coordinate system.
In the 2-coordinates, the Virasoro operator is Hermitian,

Lm ~ L-mIn the 5-coordinates, though, this is not necessarily the case, and L0 and Lj
are treated as being a priori unrelated operators. This is also the case for the
operators /l, 7 , b and c in the ß'y - be system, when they are defined with respect
to the 5-coordinates. The conjugates ß \ 7 ^, V and (ß must be considered as well
in any calculations.
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From (3.1.1) and (3.1.6), Lm and Um are
Lm ~ /

2

The form of the expression for Lm is identical to that for Lm in the 2-coordinates,
therefore so will its expression in terms of modes:
Lm = ^

^(2?7l

n£Z

1T.)

. ß n ß m —n

•

T ^ ^(2 Tfl

71)

. bn C m —n

• •

n6Z

(Again, the normal ordering is carried out here with respect to the SL(2,M)
vacuum.)
The expression for
is similar, but it is written in terms of the conjugate
modes ß \ 7t, Iß and cL
Lin = E ( 2 m ” n ) : Ä 7 m - n : +
nEZ

“ U) 1^ n 4 - n '

(To + X/q)c_p 10) can be written in terms of 2-coordinate operator modes by sub
stituting the above two expressions into it.
(Lo + Lj)c_p|0)= I E ( - m )(:Än7-rn: + -ßlnl-m- + -K C-m - +
\m £ Z

:) ) C-p|0)
/

(4.2.16)
To calculate (Lo+Vo)nc_p\0) for n > 1 it will be necessary to find the commutation
and anticommutation relations between the operator modes /?, 7 , 6, c and their
conjugates.
The (anti)commutation relations [ßmlm], {bn,cm} etc between the operator
modes /?, 7 , b and c in the 2-coordinates are likely to be very similar to those for
/?, 7 , b and c in the standard 2-coordinates. This will also be the case for the
conjugate operator modes / r , 7^, ß and cb The 2-coordinate (anti)commutation
relations which are likely to differ most from the standard ones which hold for
operators from the standard ß'y-bc CFT in the 2-coordinates will be the “mixed”
ones such as [ß]n,ß m\ or {b]n,cm}.
For this reason, it is these “mixed” (anti)commutators which should be cal
culated first. If these can be satisfactorily evaluated it will then be easy to find
the other (anti)commutators whereas if there are problems with evaluating com
mutators or anticommutators in the 2-coordinates they will be uncovered right
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Figure 4.1: This diagram shows the locations of the branch cuts of the functions
arctan z and arccot z. The solid lines mark the locations of the cuts.
away. It will be shown in this section that there are indeed problems with the
evaluation of these “mixed” (anti)commutators in the 5-coordinate system.
As an example I will discuss and attempt to evaluate the anticommutator
{fcjj, cm}. (The operators involved in the (anti)commutators {6n, c^}, pyj, ßm\ and
\ l n , ßlri\ are similar enough so that they will be affected by the same problems.)
The modes fe* and cm from {&*, cm] can be written as contour integrals in the
2 -plane, and are:
bj = <1 -^— {1 + 2 2)(arccot z)n+lb(z),
1 2m

(14^2)2 (aretenz)"-2^ ) .

(4.2.17)
(4.2.18)

Care must be taken with the contours of these integrals due to the branch cuts
of the functions arctan 2 and arccot 2 (see Figure 4.1). Due to these branch cuts,
the contour around the origin for b\ must cross the imaginary axis at y > 11 1 and
the contour for cm must pass the origin at y < | 11.
The integrands of (4.2.17) and (4.2.18) are then not entirely holomorphic. The
function arctan 2 and arccot 2 are defined respectively 011 the sets C\{Re(2 ) —
0. |Im( 2 )| > 1} and C\{Re(2 ) = 0, |Im ( 2 )| < 1 }. They are analytic on these
sets, but not on the whole complex plane; they are not in fact defined on the
whole complex plane. This means that the mapping 2 —» 2 = arctan 2 used to
map operators into the Schnabl coordinates is not globally analytic. It is a local
conformal transformation rather than a global coordinate transformation since it
does not belong to the set of SL( 2 , C) mappings which are the only mappings
that map the entire complex plane into itself analytically [10].
This means that the operators ß, 7 , b and c from the /Fy-be CFT in the Schnabl

4.2 Attempts to write the full Schnabl solution in the ß'y-kc CFT

91

coordinate system, although they are still officially holomorphic, do not have all
of the properties of analytic operators since they are not defined on the entire
complex plane. Therefore the operator modes 6^ and cm are not conserved charges
since the value of the integrals (4.2.17) and (4.2.18) depends on the contours
used. This is what leads to the problems which appear when trying to evaluate
(anti)commutators such as {b^.Cm}.
The standard method used to evaluate the (anti)commutator of two operator
modes An and Bm depends on being able to deform the paths of the contour
integrals for An and Bm freely. Expanding out the anticommutator {An, Bm}
(where the calculation takes place in the standard ^-coordinate system and the
conformal weights of A and B are h,A and h^) gives
I = AnBm + BmAn

The restrictions \z\ > |ru| and \z\ < |iu| on the integrals above come about because
the operators A(z) and B(w) must be radially ordered in order to be properly
defined. The usual procedure is then (choosing z as the variable to integrate
over first) to deform the contours of the ch-integrals above so that they coincide
everywhere but in the neighbourhood of w and next to add the contour integrals
together. Then by the radial ordering prescription the contours cancel every
where but in the neighbourhood of w and the result is a double contour integral
<
f>dz j>dw where the <fdz integral is defined on a circular anticlockwise path of
small radius about z = w (j> dw is defined on a standard anticlockwise path
about the origin) and in the integrand A(z)B(w) and B(w)A(z) are replaced by
the radially ordered product R(A(z)B(w)) of A(z) and B{w), which is equivalent
to the operator product expansion of the two fields. The integral

{An,B m} = < f
Jz= w

p - i

p - z n+^ ~ 1'>wrn+{hB- 1'>R(A(z)B(w))

(4.2.19)

J u;=0 ^‘7Tl

can then be evaluated to find the anticommutator.
By beginning a naive attempt to evaluate {6^, cm} using the above reasoning,
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it is possible to see why this will not work. The anticommutator expands out as
{

}—

= ( £ aw
(4.2.20)
+ ( / f i( r r W

(a rC ta n tt,r" 2c(W)) ( i | < | H f i (1 + ^ ( a r e c c ^ r 1^ ) ) .
(4.2.21)

Due to the branch cuts of arctan w and arccot z, the dre-integrals here must cross
the y-axis at |ie| < 1 and the dz-integrals must cross it at \z\ > 1. This causes no
problems for the first term (4.2.20) of this anticommutator since having z cross
the y-axis at > 1 does not contradict the restriction z > w. The second term
(4.2.21) is troublesome though, since for w = ± iC (where C is a real number
such that \C\ < 1) it is impossible to find a contour § dz which satisfies \z\ < \w\
without hitting the branch cut for arccot z.
Since the integral expression above for {6^, cm} does not make sense for the
case where w = ± i C , this means th a t due to the branch cuts there exist some
possible contours from this expression that cannot be smoothly deformed into the
anticlockwise path about z = w which has been described earlier while discussing
the general case.
The only way to get around this problem and evaluate an integral such as
this using the standard OPE method is to choose paths for the integrals j> dz
and § dw so th at they cross the y-axis at ± i. This is the only possible way to
satisfy both \z\ > |ie| and \z\ < \w\ for an integral with these branch cuts. If the
integral of the form (4.2.19) th at results from using the standard OPE method
for this integral is integrable at ± i, then this method will work and give rise to
an expression for the anticommutator. This method was in fact used by Schnabl
in [83] to calculate the commutator [lJn, Lm\ for any general matter-ghost CFT.
However it does not succeed for the anticommutator {6^, cm} and the reasons for
this are illustrated here.
Using the standard OPE method outlined above, the expression
{~t>l, Cm} = y

(arctan w)m~2(arccot z)n+1 R(b(z)c(w))
(4.2.22)

can be reached (formally). This is the analogue of the generalized expression
(4.2.19) for the specific case of the anticommutator { ^ , cm}. The operator prod-
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Substituting this into

terms about z = w and evaluating the j>dz

integral using the residue theorem gives
{P ,cm} = (f

— -—- (arctan a;)™“2(arccot ?c)n+1.
w1

J w= n 2 ttz 1 +

(4.2.23)

Now this contour integral must be evaluated over a contour which crosses the
y-axis at ± 7 . If it gives a sensible answer, this will give the value of the anticom
mutator {b^Cm}. If it is ill-defined, though, this will mean th at the standard
OPE method breaks down and cannot be used to calculate this anticommutator
since if the contour does not cross the y-axis at

±7

then where the contours do

cross the y-axis it must be the case that either \z\ > \w\ or \z\ < |rc| and if this
is true the integrals cannot be evaluated without hitting the branch cuts.
If the integrand of (4.2.23) does not shoot off to infinity at any point on the
contour it is evaluated over, then (4.2.23) will be well-defined. An inspection
of (4.2.23) reveals problems at w = ±z, though, since ly y ^l —> 0 0 as w —>■± 7
and (arctan w)m~2 and (arccot w)n+1 also shoot off to infinity as w —> ±z for
some values of m and n. The integrand of (4.2.23) clearly shoots off to infinity
as w —> ± 7 when rn > 2 and n > 0. However, when m < 2 or n < 0 the
integrand becomes an indeterminate form. The behaviour in this case can be
resolved by using repeated applications of L’Hopitals rule to show th at as w —>±z,
(1 + w2)(arctan w)a and (1 + w2)(arccot w)b converge to zero for all a, b £ R;
therefore

1
(1 + ic2)(arctanic)a

------- —(arctan w) a
1 + wz

and
(l + iw2)(arccot

w)b= ^ + ^ 2 (a r c c o t b

diverge to infinity as w —> ± i for all a and b. This means th at the integrand of
(4.2.23) will always diverge as w —> ± 7 and thus (4.2.23) is an improper integral.
For the general case of an (anti)commutator of two operator modes An, B m in
the ^-coordinates, whether or not the integral which results from it is integrable
over a contour crossing the y-axis at

±7

will depend on the exponent c of the

(1 + w2)c factor in the integrand once the

2

terms have been Taylor expanded

about z = w and the § dz integral evaluated. The exponent c depends on two
things, the conformal weights of the operators A n and B m and their operator
product R(A(z)B(w)). If c > 1 the integral will be integrable, but if c < —1 then
the integrand will go to infinity at

±7

and the integral is improper and may be
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ill-defined. In the case where c — 0, whether or not the integrand shoots off to
infinity will depend on the mode numbers of the operator modes An and Bm.
The above chain of reasoning suggests that the anticommutator {6^, cm} may
not give a finite answer but it does not prove that this is the case. It is entirely
possible that an integral may converge even when its integrand shoots off to
infinity at some points on its path of integration. It is also possible that any
singular contributions from the point w = +i may cancel any contributions from
w = —i. It is also clear from the above that the operator product expansion
method for calculating anticommutators breaks down for {öjj,cm}.
It is important to know whether {6j,,cm} converges because without knowing
the (anti)commutation relations between operators in the 5-coordinates it is im
possible to normally-order these operators. If it is not possible to do this then
operator expressions involving products of normally-ordered operator expressions
cannot be dealt with. Such products of operator expressions are evident in the
full Schnabl solution when Virasoro operators corresponding to a specific CFT
are used.
Since the operator product expansion method breaks down, any further at
tempts to evaluate this anticommutator must be carried out some other way. In
the absence of a standard method for doing this calculations a good starting point
is to return to the expression for
in terms of contour integrals, (4.2.20)(4.2.21). Then an attempt can be made to evaluate these integrals using contour
integration. As mentioned before, the first line (4.2.20) of this expression is not
problematic, so any infinities which disrupt the calculation of the anticommutator
will not come from there. The second line (4.2.21) is the one which appears to
contain a contradiction which may lead to infinities, so it is the one that needs
to be investigated further.
The second line (4.2.21) is the product of two integrals,
( (f

——--------— (arctanw)m~2c(w)\

(4.2.24)

prC i + z2)(aiccotz)n+1b{z)] .

(4.2.25)

Uh>w2^(i +^2)2V

7

and
( <f

In order to avoid the branch cuts the integral (4.2.24) must cross the y-axis
at |ic| < 1 and the integral (4.2.25) must cross it at \z\ > 1. The integral
contours cannot cross the y-axis at ±z due to the singularities there, though, so
the crossings must take place at \w\ < 1 and \z\ > 1. However this contradicts
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This problem can potentially be circumvented by

defining these integrals over paths which satisfy \z\ < \w\ over most of their
length but which, in the neighbourhood of ±z, are deformed infinitesimally (by a
deformation proportional to an infinitesimal parameter e) so th at they avoid the
branch cuts. Then the limit as £ —> 0 can be taken to see if the integrals converge.
In the immediate neighbourhood of ± i \z\ < |ie| is no longer satisfied, but since
the deformation is infinitesimal and depends on the infinitesimal parameter e,
this will cease to be a problem once the limit e —> 0 is taken.
To deform the contours of these integrals in the specific way th at is needed,
it will be necessary to split the contour used for each integral into four pieces,
which will need to be evaluated separately. This will mean, though, th at it is not
possible to use the theory of residues here. The contour for the integral (4.2.24)
will be split into the parts:
/

r+ i+ e

Ihn ( /
£ ~

r - i —e

dw + /

\ J —i+E

r + i —e

dw + /

J + i —e

r —i + e

dw + /

J + i+ £

\

dw ) .

J —i —E

(4.2.26)

)

These contours will be referred to respectively as the contours a, 5, i and ii. The
contour for the integral (4.2.25) will be split into the parts:
' + i —e

' —i —E

lim
E— > 0

dz +
—i+ E

dz +
+ i —E

dz +

(4.2.27)

+ i+ E

These contours will be referred to respectively as the contours c, d, in and iv.
All of the contours introduced in (4.2.26) and (4.2.27) are shown in Figure 4.2.
The integral expression (4.2.21) will diverge if and only if the product of the
contour integrals described in (4.2.26) with those from (4.2.27) diverges. For this
reason it is very im portant that if any divergences are found when evaluating a
contour integral that their dependence on e be determined, since it is possible that
an infinity from one of the contour integrals could be cancelled by an equal and
opposite term from another of the integrals. Only after all possible divergences
th at could arise from the integrals have been characterized and shown not to
cancel with each other will it be possible to state rigorously th at the integral
diverges.
For the contour integrals labelled by i-iv these calculations have been carried
out and their dependence on e as e —> 0 has been determined. However the
corresponding calculations for a-d have proven to be more difficult and it has not
so far been possible to complete them. 1 will give the details and results of the
calculations for the contour integrals i-iv here, and then move on to discuss the
contour integrals a-d, describing why they are so difficult to evaluate.
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Figure 4.2: This diagram shows the contours used in the attem pt to evaluate the
integrals (4.2.24) and (4.2.25). Here the dotted circles represent the unit circle
in the complex plane and the dashed lines represent the branch cuts as shown in
Figure 4.1.
The four integrals i-iv are, respectively,

(4.2.28)
when written out in full. The contours used to evaluate these integrals are semi
circular paths of radius £ about i and —z, as seen in Figure 4.2. A change of
variables can make use of the radial symmetry of the semicircular contours to
simplify the integrals and make them easier to evaluate. The change of variables
will be sightly different for each integral.
• For the integral z, the change of variables is defined by w —> +z + eel° over
a clockwise (with respect to 0) path from 0 = 2n to 6 = 7r.
• For the integral zz, the change of variables is defined by w —>—i + ee10 over
a clockwise path from 6 — it to 9 = 2n.
• For the integral zzz, the change of variables is defined by

2

—>+i + eel6 over

an anticlockwise path from 6 = 0 to 9 = tt.
• For the integral za, the change of variables is defined by z —» —i + eel6 over
an anticlockwise path from 0 = n to 0 = 2ir.
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Applying these changes of variables will decouple the param eter e from the pa
ram eter 0 which the integrals will be evaluated over. This will make it easier
to determ ine the dependence of these integrals on e as e —> 0 and thus to find
whether they converge or diverge.
Each of the integrals i-iv from (4.2.28) will then include a term of th e form
(a rc ta n (± i+ e e tö))a or (arccot(± z-K e?ö))6 where a and b are real integer exponents.
These term s are problem atic since as e —>0 they tend to infinity in a way which
dees not give much inform ation about their dependence on e.
The power series expansions (B.2.1)-(B.2.4) of arctan w and arccot z about ±z
can be used to help deal w ith this. S ubstituting (B.2.1)-(B.2.4) into the integrals
(42.28) and applying a change of variables for each integral as shown above leads
to a group of integrals for which th e ^-dependence can be separated out using
the (generalized) binomial theorem. An example of how this m ethod is applied
is given in Appendix B .l for the case of the integral z.
The results of these calculations for the integral i-iv are as follows:
• For the integral z, applying th e above m ethod leads to

/l\y

Cfc(m —2)!(j)"*—fc~1

\ej)

2m+17r(zzz —p —2)!p!

dOe~ie (\n(—2i)—\n(ei6))m~p~2
(4.2.29)

For the integral zz, th e result is
( - l ) 1-fccfc(m - 2)!(z) rrtr-k—l
- cd r o ~
p — 2 )\p \
2m+17 r(raV

rzH p
/r.—
kU £Z
= n0

m —p-

d0e~,ei \ n ( ~ ^

- ln (e")

JO

(4.2.30)

• For the integral zzz, th e result is
OO

n —p + l

bk(n + l)!(z)n k
2n+17r(n —p -f- l)!p!

k£TL p= 0

(4.2.31)
For the integral zu, th e result is

feez p =

0

^

^

r

l( - l ) 1~fc6fc(n + l)!(z)n~fc
dde2i0(ln (—2z)—ln(eil9))n_p+1.
2n+17r(rz —p + l)!p! J 7r
(4.2.32)

As mentioned in A ppendix B .l, the J d6 integrals from th e above results are
difficult to evaluate analytically, b u t a numerical inspection of th e integrals using
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Mathematica suggests that they converge to a finite result for finite m. Therefore,
for finite m, any infinities for these integrals will come from their e-dependence.
The anticommutator {&£ cm} will only converge if the product of the contour
integrals from (4.2.26) (i, ii, a and b) with those from (4.2.27) (m, in, c and d)
converges. For this reason it will be helpful to sum the e-dependences of i and
ii together, and also to do the same with the e-dependences of Hi and iv. The
e-dependence of the sum of the integrals i and ii is proportional to
<*1

( ( ln ( 7 ) )

feez

p

+ ( - l ) 1_A:(lne)pV

=0 ^ V V V / /

(4.2.33)

/

and the sum of the e-dependences of Hi and iv is
(( ln s )p -I- (—l ) 1_fc (in ( A ) V

E -o E ^ E E
e

kez

'

p= 0

\

\

/

/

(4.2.34)

/

The e-dependence of each individual term from the double sums (4.2.33) and
(4.2.34) depends on whether k and p are even or odd.
By the identity ln Q) = —In z [62], which is applicable for any z E C except
for the negative reals, the terms from (4.2.33) and (4.2.34) for which k and p are
both even or both odd cancel out. After using this identity to put the remaining
terms from (4.2.33) and (4.2.34) in the form ln Q ), the sums can be rewritten in
the form
lim

£—*0

lim

e—>0

E E f H 9 +E E f H i
E E -2^(ln(T)"+ £ £ 2^(ln(i

:= o d d p = 0 , 2 ,...

_k~odd p —0,2...

'

\

/

/

k —e v e n p = 1 , 3 ,...

'

(4.2.35)

'

k = even p = 1, 3 ,.

(4.2.36)
These results are applicable for all real integer values of m and n, but for m > 2
and n > —1, they simplify somewhat as the sums over p become finite rather than
infinite sums. This is because the binomial theorem was used in the derivation of
these results (see Appendix B.l for more details) and for these values of m and
n the simplest version of the theorem (which leads to a finite series) can be used.
If m > 2 the upper bound of the sums
over p from (4.2.35) becomes m — 2
and for the case where n > —1 the upper bound of the sums over p from (4.2.36)
becomes n + 1.
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By inspection of (4.2.35) and (4.2.36), a general term from the sum of the i
and ii integrals is proportional to
P

oc lim E —>0

£

which diverges, and a general term from the sum of the in and iv integrals is
proportional to
-

which converges. (Here p is a nonnegative integer.) From this it can be concluded
th a t the sum of the i and ii integrals diverges as £ —» 6 and the sum of the in
and iv integrals converges.
Since the anticommutator {6^, Cm} is equal to the product of the contour
integral described in (4.2.26) with those from (4.2.27), it will not be possible
to determine whether the anticommutator converges or diverges unless the edependence of the integrals a-d can be found.
If the integrals a-d had no dependence on £ as e —> 0, then the ^-dependence
of the anticommutator (found by multiplying (4.2.26) with (4.2.27)) would have
the form

P

oc lime
e—*0

(where p > 0) which would converge as e —>0. This means th at the anticommu
tator
can only diverge if at least one of the integrals a-d diverges.
The integrals a-d are, respectively,
d w w lm
2 « (1 + ^ ) 4 “

lim

e —>0

oo

Y [
1‘is Y 6- J

«—i —e

lim

£->0

...

_

OO

n = —oo
oo

dw

—i —e

lim J ]
J + i-e

»)

w l~m

./ “+f"2—€ 2 « ( 1 + WT (
p+ i + £
i+ £

2
2
}

(4.2.38)

’

J 22+J(“ *)n+I<
2J,2+J(“ Z)"+1>

2

(4.2.37)

(4.2.39)

(4.2.40)

when written out in full with the fields c(w) and b(z) expanded out in terms of
modes. To find, rigorously, whether these integrals converge or not, it will be
necessary to find the dependence of each one on e in the same way as for the
integrals i-iv. To do this, first a change of variables must be performed so that
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the endpoints of the integrals a-d no longer depend on e. Then a way must be
found to decouple e from the integrands so th at all terms containing e can be
taken outside the integral and the t-dependence can clearly be observed.
A wide variety of paths can be chosen over which to integrate these integrals
since the paths can be deformed continuously as long as they do not hit the
branch cuts or the singularities at ±z\ It seems sensible to choose a path which
is semicircular (as shown in Figure 4.2) since then the integration variable is an
angle and the endpoints of the integral do not depend on e.
Taking the example of the integral a (as given in (4.2.37)), one possible change
of variables which would lead to such a path would be the transformation
w ^ e a + e,

(4.2.41)

(where —f < 9 < |) . This would result in the integral a becoming
{el° + e)1 k
(arctan(e10 -f- e))m 2.
(l + (ei0 + e)2)2

(4.2.42)

It can be seen here that there are problems with using the same method
that was used for the integrals i-iv to evaluate this integral. The power series
expansion (B.2.1) that is used to begin the decoupling process within the integral
by expressing the arctan(e10 + s) term in terms of logarithms does not apply over
the whole contour of the integral because most of the path is not close enough
to the point +z. Even if the expansion did apply, it would not help decouple the
variables e and 0 because while, in the calculations for the integrals z-zu, the e and
0 components of the arctan function’s argument were multiplied together, making
it easy to decouple them once the function was written in terms of logarithms,
for the integral (4.2.42) the e and 0 components add in the argument of arctan,
meaning that writing the arctan function in terms of logarithms does not help.
These problems are not specific to this particular choice of path. The power
series expansions (B.2.1)-(B.2.4) about ±z which were used for the i-iv integrals
can never hold over the entire contour of integration for an integral such as a
because the contour must always stretch from the neighbourhood of —z to the
neighbourhood of +z\ Also the other problem mentioned above, where the e and
^-components behave additively within the argument of the arctan function from
(4.2.42) rather than multiplicatively, is also not specific to the particular choice
of variables (4.2.41); it is the case for most choices of variables that within the
argument of arctan the e component adds to, rather than multiplies with, the
component which depends on the parameter of integration.
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These problems will also apply to the integrals 6, c and d and have been the
major reason why it not been possible so far to determine the e-dependence of
the integrals a-d. W ithout knowing the e-dependence, it is not possible to deter
mine whether the anticom m utator

converges using the contour integral

representation of the operator modes 6* and cm. This means it is not possible
to normally-reorder operator products involving

and cm (and, since it is likely

that the other “mixed” (anti)commutators behave the same way, this will also be
the case for other operator modes such as ßn and

As a consequence of this,

unless these problems can be resolved it will not be possible to evaluate Schnabl’s
full solution (4.2.1) by substituting in the Virasoro operator in the 2-coordinates,
since the operators within the Virasoro operator and its conjugate are normally
ordered and the Schnabl solution involves multiplying together products of these
operators.
(Note here that one similarity between the problems encountered in Chapter
4.2.1 and here is th at in both cases divergences are encountered when trying
to evaluate the solution (4.2.1) but it is not possible to determine whether the
solution itself is divergent; this is because in both cases the problems encountered
mean th at there are some sectors of the expressions to be calculated th at cannot
be accessed and could contain expressions th a t cancel the divergences.)
It is still unknown whether the problems with the anticommutator
can be resolved. It still has not been ruled out th at a path of integration could
exist for each of the integrals a-d such that the e-dependences for each of them can
be separated out from the integrands. To do this a special change of variables
th at could somehow circumvent the problems above would need to be found
and applied, and then very probably some alternative identity or combination
of identities would need to be used to simplify the integrand and decouple the
variables. If this turns out to be possible, and if it could be replicated for all
“mixed” (anti)commutators involving operators from the 2-coordinate version of
the ß'y-bc CFT, then this would make it possible in theory to evaluate Schnabl’s
solution (4.2.1) after substituting in (4.2.16), although it is still possible that
problems such as those encountered in Chapter 4.2.1 could make it difficult to
evaluate in practice.
It is also possible th at there is no way to find the ^-dependence of the integrals
a-d as £ —>0 without directly integrating over the integrands. This would make
it very difficult indeed to evaluate these integrals; as seen in Chapter 4.2.1 the
method of residues cannot be used since there appears to be no general series
expansion for powers of arctan and arccot, and direct integration also fails since
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the integrands of a-d (4.2.37)-(4.2.40) do not appear to have simple antiderivatives
for general m and n. If this is the case, the problems described above may be
symptoms of some underlying problem with the definition of the anticommutator
{ilCm}In the paper [20] by Evans, Giannakis and Nanopoulos it is shown that many
(anti)commutators of operators used in string theory are singular and thus illdefined; this occurs if the operators are not holomorphic. The operators b\ and
cm are locally holomorphic, however they are not defined holomorphically over
the entire complex plane. To evaluate the anticommutator
one or more
contour integrals (depending on the method being used) must be evaluated over
contours for which the integrands are not defined holomorphically; therefore it is
quite possible that the anticommutator {b^.Cm} could be ill-defined.

4.3

D iv e rg e n c e s in c a lc u la tio n s

Two attempts have been made here to write the Schnabl solution (4.2.1) in terms
of the ß'y-bc CFT by substituting the Virasoro operator (written explicitly in
terms of operators belonging to the ßy-bc CFT) into it. For both methods,
serious difficulties prevent their completion.
Before discussing these difficulties and why they come about, I will first discuss
a completely different method which does in fact result in a version of the Schnabl
solution which is written explicitly in terms of the /Fy CFT.
If, instead of substituting the ßy-bc CFT into the form (4.2.1) of the Schnabl
solution, the wedge state representation (3.4.10) of the solution is used, the sub
stitution becomes easy. The operators U^+2Un + 2 from (3.4.11) are the only parts
of this representation of the solution which depend directly on the CFT being
used. By (3.2.7) and (3.2.8), these operators can be written explicitly in terms
of Virasoro operators in the 5-coordinate system,

U l+2U „+ 2

= (-)

■

(4.3.1)

Since it is easy to write (L q + VQ) in terms of operators from the ß y -be CFT in
either the 2 -coordinate system (by (4.1.6) and (4.1.10)) or the 5-coordinate system
(by (4.2.16)), substituting (4.3.1) into (3.4.10) and (3.4.11) will lead immediately
to a representation of the Schnabl solution in terms of the ß y -be CFT. The 5coordinates are the most useful ones here, as using the 2-coordinates would lead
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to a solution containing a mixture of operators from both coordinate systems.
The solution obtained by this method is

^ sol

= lim
i V —+ 0 0

^

(4.3.2)

where

(4.3.4)
This is a solution of the string field theory equations of motion which is written
explicitly in terms of the ß'y-bc CFT and could be useful for further research. This
solution may still be difficult to work with though as not being able to characterize
the commutation and anticommutation relations for all of the operator modes in
(4.3.4) may cause problems with some calculations.
This version of the equation of motion solution is by far the easiest one to
obtain, and since all attem pts to calculate a similar solution from (4.2.1) have
failed, (4.3.2) will be the version th at is likely to be more useful as a tool for future
research. However the difficulties which prevented (4.2.1) from being written in
terms of a specific CFT have not yet been explained. I will now move on to discuss
the difficulties encountered during the attem pts made in Chapters 4.2.1 and 4.2.2
to substitute the ß'y-bc CFT into the form (4.2.1) of the Schnabl solution. It is
natural to ask what the root cause of these problems is and also whether or not
the difficulties with the calculations from Chapter 4.2.1 have the same cause as
those with the calculation from Chapter 4.2.2.
There are two serious problems with the 2 -coordinate calculations in Chapter
4.2.1. The first is a problem with evaluating the contour integral for cn which
means th a t it is not possible in general to write it in terms of c-modes in the
standard ^-coordinates, making it impossible to calculate parts of (4.2.1) in terms
of the 2 -coordinate system. Secondly, at least one infinity is produced when trying
to evaluate those parts of (4.2.1) which are not affected by the above problem.
There is also a serious problem with the 2 -coordinate calculations in Chapter
4.2.2; to evaluate the solution (4.2.1) the (anti)commutators between all of the

S ch n a b l’s so lu tio n in th e ß ^ -be co o rd in a te s y ste m

104

operators in the ß j -be CFT and their conjugates must be found, but the contour
integrals for the operators are very difficult and it has not even been possible yet
to determine whether or not all of the (anti)commutators are well-defined.
Out of the three problems mentioned in the previous two paragraphs, the two
problems involving contour integrals are clearly related and will be discussed here,
while the remaining problem will be discussed later in this section. In Chapter
4.2.1 it has been found not to be possible to write cm as a sum of 2-coordinate
modes because it is not possible to analytically evaluate the contour integral
representation

^

r dz
Cfc J

l

m —2 —/c+l
(arctan z)m
z

Ck (h -^-—z 171 2(cos2 z )(tan z) - k + 1

=

(4.3.5)

27T7 (1 + 22)2

(4.3.6)

k=m

of cm so that the coefficients of the modes c can be found, while in Chapter 4.2.2
an attem pt to calculate the anticommutator
difficulties with calculating the very same integral.

fails, partly due to serious

(The integral for 6^,
oo

«

f 27ri

——2

=

k=n
oo

2 k(l + 22)(arccot z)n+l

(4.3.7)

„

=Y.bk

sec4

± I ) (ta n

± | ) ) * *,

(4.3.8)

k=n

which is similarly difficult to evaluate, is also im portant in Chapter 4.2.2 and is
also partially responsible for the problems with evaluating the anticommutator.)
Although the integral (4.3.6) does not appear to have a particularly complex
integrand, it is not surprising that it is difficult to evaluate, since very often inte
grals which appear to be quite simple cannot be evaluated in terms of elementary
functions. The integrals J d x ^ - and f d x - ^ are two examples of integrals which
cannot be written in terms of elementary functions [97].
If M athematica is used to try to find the antiderivative of (4.3.6), we find
that for some values of rn and k it is possible to find antiderivatives in terms
of nonelementary functions, although for many values of m and k these are pro
hibitively complicated, but many other values of m and k exist for which no such
antiderivatives can be found. Also, there is no easily discernible general formula
for the antiderivative of (4.3.6). (There are similar problems with the integral
(4.3.8).)
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This adds some weight to the conclusions reached in Chapters 4.2.1 and 4.2.2,
where it has been stated that the problem of evaluating these integrals analytically
appears to be intractable. It appears unlikely th at it will ever be possible to do
so. Therefore it is highly unlikely that any analytic results can be found from
attem pts to calculate the anticommutator {bn,cm} from Chapter 4.2.2 by directly
evaluating (using contour integration) the integral representations of the operator
modes bn and cm.
Similarly, because (4.3.6) cannot be evaluated analytically and, as described
in Chapter 4.2.1, no general expression can be found for the Taylor expansion of
the integrand, it is not possible to find a general expression which describes the
coefficients of the 2-modes Ck from (4.3.6) when an attem pt is made to write the
operator cm in terms of the 2-coordinate system. It may be possible, though, to
use numerical methods to find approximate values for specific coefficients.
Taylor series can be used to do this. The terms of (4.3.6) can be evaluated
analytically for —1 < k < +1 because for these values of k there are known
analytic expressions for the Taylor series of (ta n 2)~fc+1. For |A:| > 2 there are no
known such analytic expressions, but it is still possible (and not difficult) to find
Taylor series numerically. For instance, the Taylor series for (tan z)3 (about zero)
is
,
-v3 ~3
11 ~7
88 _9 1282
( ta n ,) = , + , + - z + — z + — z +
These numerical Taylor series can be used to calculate coefficients from (4.3.6),
but the number of coefficients that can be calculated depends on how many terms
of the numerical Taylor series are being used. For high values of m more terms
of the Taylor series need to be known in order to complete the calculation; the
number of terms needed increases linearly with m. The coefficients found using
this method can be substituted back into the expression (4.2.1) to help with
evaluating some terms from the full Schnabl solution (where p and q are not
too large), but since only a finite number of coefficients can be evaluated this
way, any results found will only be approximate, not analytic. (Due to the other
major problem found in Chapter 4.2.1, using this method to evaluate (4.2.1) is
also likely to run into difficulties due to infinities found when n = 4.)
It has been stated above that, due to the intractability of the integrals (4.3.6)
and (4.3.8), it is very unlikely th at the method used in Chapter 4.2.2 (direct
evaluation by contour integration of the integral representations for the modes bt
and Cm) can ever lead to an analytic evaluation of the anticommutator {6n, Cm} or
others like it (though numerical methods could be used to calculate the values of
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(4.3.6) and (4.3.8), leading to an approximate result). This does not necessarily
mean that evaluating such anticommutators is impossible, as this does not rule
out finding them by other methods.
The standard operator product expansion (OPE) method cannot be used
because the integrands of (4.3.6) and (4.3.8) are only locally holomorphic, not
globally holomorphic. Since for {bn,Cm} (and for any other commutator or anticommutator, defined in the ^-coordinates, between an operator mode from the
ß 'j-be CFT and a conjugate operator mode from that same CFT) the freedom to
choose the contour of integration is lost, the integral for {bn, cm] would need to be
evaluated over a contour for which the integrand is not defined holomorphically.
If an alternative method could be found which would be applicable to these
commutators and anticommutators, this would be extremely useful. The work of
[5] may be helpful here, in which an alternative way to evaluate (anti)commutators
of operators using operator products is described which does not rely on those
operators being holomorphic. In the context of [5], the method is primarily
used for operators which are completely nonholomorphic (neither locally or glob
ally holomorphic), but it may also be useful for operators such as bt and cm,
(as well as for the other operators from the ß j -be CFT in the 5-coordinates),
which, though they are locally holomorphic, are not holomorphic over the con
tour they need to be evaluated over. If a way can be found to apply this method
to (anti)commutators of operators in the 5-coordinates, this would dramatically
simplify their calculation in a way analogous to the simplification produced by
the standard OPE method, leading to a single integral which would probably
be much easier to deal with than either (4.3.6) or (4.3.8). Determining whether
or not an (anti)commutator in the 5-coordinates is well-defined would be much
easier using this integral than it would be to do so by using the method from
Chapter 4.2.2.
To summarize, although it would be necessary to use differential Galois the
ory [71] or the full Risch algorithm to determine with certainty that the integrals
(4.3.6) and (4.3.8) cannot be evaluated analytically in terms of elementary func
tions, it appears that attem pting to evaluate these integrals analytically is an
intractable problem. This means that the full Schnabl solution (4.2.1) cannot
be written analytically in terms of the ß'y-bc CFT where the CFT operators are
defined in terms of the ^-coordinate system. The integral (4.3.6) can be evaluated
approximately using Taylor series, and this could potentially lead to an expres
sion for (4.2.1) in terms of the ß'y-bc CFT defined in the ^-coordinate system,
but this expression would be approximate and not analytic. The consequences of
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the intractability of the integrals (4.3.6) and (4.3.8) upon the calculations in the
5-coordinates are a little more subtle. The difficulties encountered with these cal
culations came about due to a combination of two factors; firstly th at operators
defined in terms of the Schnabl 5-coordinates are not defined holomorphically on
the whole complex plane, meaning that the standard operator product expansion
method used to evaluate (anti)commutators does not work; secondly th at it is
then necessary to try to evaluate the (anti)commutator by direct contour inte
gration, which will not work due to the intractability of (4.3.6) and (4.3.8). It
may be possible to find a way through these difficulties by finding an alternative
prescription for evaluating (anti)commutators, for which the work of [5] may be
helpful.
The problems which make the calculations described in Chapters 4.2.1 and
4.2.2 intractable have now been discussed, but nothing has been said so far about
the divergence found in Chapter 4.2.1.
In that chapter, an attem pt is made to evaluate part of a specific term, (L q -f
Lo)aCi|0), from the Schnabl solution (4.2.1). This term is part of a subset of
terms from (4.2.1) for which the problems caused by the intractability of (4.3.6)
can be avoided. When the ßy-bc CFT is substituted into (V0 + To)°£i|0), we get

(i0+ io)“ci|o> =
= (

55

n) : ßn'i'2* -" : +

TT

™):

ci 1°) (4.3.9)

(for a G N). Each term of this is in general comprised of a mixture of m atter and
ghost modes, but for a given a G N there will exist one term comprised only of
m atter modes (as well as one with only ghost modes) and in Chapter 4.2.1 this
term is shown to diverge for a = 4.
(As demonstrated in Chapter 4.1, the ghost sector operators bn and cm behave
very similarly to the m atter sector operators ßn and 7m when calculating terms
from the Schnabl solution, so the ghost-only term from (Lj + Lo)a5i|0) should
also diverge for a = 4. Mixed terms involving both m atter and ghost operators
will not diverge for a = 4 since the m atter and ghost sectors within these terms
do not interact, but for a > 4 some mixed terms will diverge and for a > 6 all
mixed terms will diverge. Therefore it can be stated th at the divergence found in
Chapter 4.2.1 is not specific to a particular subterm of

(V0 + Lo)aCi|0)

but occurs

in general for a above a certain value.)
Here some attem pts will be made to understand how this divergence comes
about and how it might be circumvented. (It would also be good to know, since
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it is still possible th at many (anti)commutators between operators in the ß'y-bc
CFT may be ill-defined, if there is some connection between the divergence from
(4.3.9) and the problems with the definitions of these (anti)commutators.) Firstly,
since it is possible to write (LQ + Lo)aCi|0) in terms of either the z or 5-coordinate
systems, comparing the expressions for this term in each of the coordinate systems
could potentially give insight into the divergence of (4.3.9) for a = 4.
The expression for (Lj + Lo)aCi|0) in terms of the ^-coordinate system is given
in (4.3.9) and in terms of the 5-coordinate system, (ZJ + Fo)a^i|0) is equal to
(L0 + iJ)°ci|0 ) =
= ( ] T ( - m ) ( :/? m7 -m : +

'ß m i-m - + -bmC-m:

\m E Z

+^ c l * , : ) ) Ci|0).

(4.3.10)

/

For a > 1, since many of the (anti)commutation relations between the component
operators of (4.3.10) are not known, the precise form of this expression after it
is expanded out is not known. When comparing (4.3.9) and (4.3.10), taking into
account only subterms which depend solely on operators from the ß'y CFT will
give useful results while avoiding this problem. Comparing the ß'y sectors of
(4.3.9) and (4.3.10) gives rise to the relation

\k e z nez

/

= (
VmeZ

( : ßrnl-m- + : Mnl-m :) ) Cl |0)- (4-3.11)
)

From this relation we can state that the form of the commutator [/^ ,7 m] must
be such that the above will converge for 1 < a < 3 and diverge for a = 4. It can
also be seen from the comparison of (4.3.9) to (4.3.10) th at the divergence which
appears in the ^-coordinate calculations must correspond to a divergence in the zcoordinates, but this approach does not give sufficient information to determine
whether or not the divergence in the 5-coordinates is due to the commutator
[ßlvlm\ being ill-defined.
Since it does not seem likely th at this approach will lead to any more new
information, other methods must be used in order to learn more about the diver
gence found in Chapter 4.2.1.
It is useful here to refer to some calculations from the Schnabl paper [83] in
which an attem pt is made to calculate the coefficients of states from the equation
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of motion solution in terms of the universal basis H \ (a subspace of the string
“Hilbert space” comprised only of linear combinations of Virasoro and ghost
operators and independent of the m atter CFT, as described in Chapter 2.5).
Trying to simplify (4.2.1) is effectively the same as trying to find the coefficients
of all terms of the equation of motion solution in terms of the basis of states
corresponding to the ß'y-bc CFT, so the goal of the calculations from [83] is very
similar to that of the calculations in Chapters 4.1 and 4.2.1, except th at in those
chapters the aim is to do this in terms of a specific m atter CFT (the ß 7 CFT).
In [83] these calculations are performed twice, first using (3.4.10) as the start
ing point and then using (4.2.1). For the calculations from (4.2.1) only the result
for the tachyon coefficient 4> (of the tachyon state </>ci]0)) is given. The tachyon
state (f)Ci\0) contains no Virasoro operators, so the results of this calculation are
the same as those that would be obtained if the ß'y m atter CFT were being used.
In my own calculations in Chapter 4.2.1, an attem pt is made to find all of the
coefficients, but only the contributions to (4.2.1) from terms with —1 < p < +1
are analyzed due to an inability to write cn as a sum of ^-coordinate modes for
general n. Therefore for the coefficient of any given state (including the tachyon
state) these calculations do not lead to the full result.
In [83], the relation (4.2.5) is used to pick out from (4.2.1) all of the contri
butions to the tachyon coefficient, leading to a complete expression for it. This
expression does not converge, though, meaning th a t even for the case where a
general CFT is being used, attem pting to find the coefficients leads to diver
gences. In light of this it is not at all surprising th at divergences were found in
the Chapter 4.2.1 calculations, since trying to do this for a specific CFT should
be more challenging than for the general case. This also confirms th a t the diver
gence in Chapter 4.2.1 is a symptom of a general problem which occurs for all
CFTs.
The divergence in the calculation of the tachyon coefficient is dealt with in
[83] by using an informal “regularization” (using aV°Tso/ rather than T so; and
then taking x —* 1) when finding an expression for the tachyon coefficient and
then summing the resulting series using Borel summation.
Similar calculations are also performed in [83] with (3.4.10) as the starting
point. There coefficients of several states from the universal basis are found. The
calculations used to obtain these are considerably simpler than those which follow
from (4.2.1) and lead to results which, though not analytic since they are defined
in terms of infinite series, do not diverge. The form (3.4.10) of the solution is
already regularized (as shown in [83]) whereas this is not the case for (4.2.1)
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so any calculations using that form of the solution will in general need to be
regularized.
This suggests th at the solution (4.3.2) may be the best starting point for
an attem pt to find the coefficients of the equation of motion solution in the
basis of states associated with the ß'y-be CFT. One can expect th at there will be
difficulties with this, but that they will be less severe than if (4.2.1) were used.
In order to get this to work, it would be necessary to reorganize (4.3.2) into a
form convenient for performing the calculation of the coefficients.
The solution (4.3.2) may also be useful for other research.

For example,

it could be deformed by a relevant deformation (the ß 7 CFT does not support
marginal deformations) in order to obtain other solutions of the string field theory
equations of motion, such as tachyon lump solutions.

C h a p te r 5
C o n clu sio n s
Now that an analytic solution to the string field theory equations of motion is
known, it has been possible to directly prove Sen’s first and third conjectures
[15] [83]. This confirms that for open bosonic string theory there exists a stable
vacuum.
In this thesis an attempt has been made to write Schnabl’s analytic solution
to the string field theory equations of motion in terms of a specific CFT, the
ß^-bc CFT. This particular CFT was chosen in the hope that the similarity of
the ß'y and be CFTs would lead to an analytic solution of the string field theory
equations of motion which was more symmetric than the solution in terms of the
universal basis and thus simpler, if less general in scope than the original Schnabl
solution which is background-independent.
The form of the solution used for this has been the most explicit version
(3.4.9), which is written directly in terms of an ansatz of L0-eigenstates. Working
with this form of the solution has been difficult as attempting to re-evaluate
the solution after substituting in the appropriate Virasoro operators has been
problematic. Two different methods have been used to try to normally-reorder the
operators in the solution after the ß'y-bc Virasoro operators have been substituted
in. Neither of these have been successful, due to several problems.
Firstly, in general it is not possible to find an analytic expression for a zcoordinate operator mode An in terms of a sum of 2-coordinate operator modes
An. To find such an expression it would be necessary to evaluate the contour
integral representation of An in the 2-coordinate system, and that is in general
intractable. This problem, coupled with the lack of holomorphicity of the trans
formation 2 —» 2 = arctan 2 on the entire complex plane (the transformation is
holomorphic on the unit circle in the complex plane but not on the entire com-
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plex plane), has made it extremely difficult to write the solution (3.4.9) in terms
of the ß j -be CFT without losing analyticity. (This problem is in fact a general
problem for any CFT that includes a ghost sector, as the ghost sector operators
are by no means exempt from these problems.) These problems could potentially
be circumvented if a method can be found to calculate commutation relations
that will work even for commutators for which the component operators are not
defined holomorphically over the region th at they need to be integrated over. The
method described in [5], which can apply to nonholomorphic operators, could be
a starting part for finding a way to carry out this calculation. Secondly, when
attem pting to evaluate parts of Schnabl’s solution (3.4.9), worrying divergences
have appeared which have hampered the calculations.
These problems do not immediately occur if the ß j -be CFT is instead substi
tuted into the simpler but less explicit form of the solution (3.4.10), and doing
so results in a relatively concise expression (4.3.2) for Schnabl’s solution in terms
of that CFT. It can be concluded that the real problem behind the difficulties
with writing the solution (3.4.9) in terms of a specific CFT was caused by the
fact th at attem pting to do this is effectively the same as attem pting to find the
coefficients of the solution in the basis of its eigenstates, which is difficult (and
particularly so for the solution (3.4.9)).
For (3.4.9) the problem of not being able to find a general expression for an
operator mode A n in terms of ^-coordinate modes A n severely limits the number
of coefficients of the solution which can be found analytically; only the coefficients
associated with eigenstates th at do not include operator modes of the form Cm
for m < —2 can be found this way. Also for those coefficients which can be
found, the expressions for them are in general divergent and must be regularized
(resummation by Borel summation works for this) before sensible results can be
obtained. In [83] the coefficient for the tachyon state was found this way.
The relative simplicity of (3.4.10) means th at a CFT can be substituted in
without needing to normally reorder the operators or find the coefficients of each
individual state in the basis of states associated with the CFT, which explains
why it is so easy to write this solution in terms of the ß j -be CFT.
It also appears that finding the coefficients of each eigenstate of the solution
in the form (3.4.10) may be easier than for (3.4.9). In [83], several coefficients
of eigenstates in the universal basis of the string field algebra were found; the
calculations were less involved than the equivalents for (3.4.9), the intractability
of the integral expressions for operator modes A n no longer limited the coefficients
that could be found, and the resulting expressions were not divergent, although
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they were not analytic as they were still in the form of infinite sums. Trying to
find the coefficients of (4.3.2) in terms of the basis of eigenstates associated with
the ß j -be CFT will be more difficult than the universal basis calculations in [83];
however it is likely to be easier than trying to find the coefficients using the form
(3.4.9) of the solution. To do this it would first be necessary to reorganize (4.3.2)
so th at it would be in a form more convenient for finding these coefficients. One
potential problem here is that until a general method can be found to evaluate
commutators of operators in the 2 -coordinates, there is still a possibility th at not
being able to find these commutators will disrupt any calculations th at involve
reordering of operators.
As a viable solution of the string field theory equation of motion in the /Fybc CFT, (4.3.2) could be useful for future research. Over recent years, many
papers have focused on finding new solutions to the string field theory equations
of motion by deforming Schnabl’s solution by marginal operators [2] [22] [38] [45]
[46] [49] [55] [58] [84]. By doing this it is possible to find solutions which involve
switching on vacuum expectation values for massless fields, or solutions describing
certain configurations of D-branes.
The ß') m atter CFT does not contain any marginal operators which could be
used to deform the solution (4.3.2) in this way. It does however contain relevant
operators, which could also be used to find interesting new solutions. Deform
ing Schnabl’s solution by a relevant operator would correspond to switching on
vacuum expectation values of tachyonie fields. This is interesting because accord
ing to Sen’s conjectures, the instability of the standard perturbative vacuum of
bosonic open string theory is caused by tachyonie fields which have their end
points on a space-filling D25-brane. Therefore deforming Schnabl’s solution by
relevant operators should lead to solutions which describe D-branes.
One particular goal that may be achievable by deforming (4.3.2) by relevant
operators is that of finding a tachyon lump solution. Tachyon lump solutions are
solitonic solutions to the string field theory equations of motion th at are predicted
by Sen’s second conjecture. They are excitations about the tachyon vacuum which
correspond to D-branes of dimension D < 25. To do this it wall be necessary to
work out a method for finding new solutions of the string field theory equations
by deforming Schnabl’s solution which will work for relevant operators. Such a
method would need to account for the loss of conformal invariance caused by
adding a relevant operator, which will mean dealing with renormalization group
flow. In finding such a method the framework used by Kiermaier and Okawa
[45] to find solutions corresponding to marginal deformations could be a useful
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starting point.
If a tachyon lump solution could be found using this method, then this would
prove Sen’s second conjecture, meaning that all three Sen conjectures would be
proven for open bosonic string theory. (Sen’s first and third conjectures were
proven in the papers [15] and [83].) If all of Sen’s conjectures can be proven this
would confirm the recent advances made in understanding open string field theory
and its uses as a nonperturbative way of finding new solutions of string theory
in many different backgrounds. A proof of Sen’s second conjecture for bosonic
open string field theory would also be a useful model for attem pts to prove Sen’s
second conjecture for superstring theory.

A p p e n d ix A
N o rm al re o rd e rin g o f th e
tr u n c a te d so lu tio n
A .l

D e ta ils o f n o rm a l o rd erin g for th e tr u n 
ca ted s o lu tio n

In this appendix details will be given of the norm al reordering calculations used
to evaluate term s from th e tru n cated equation of m otion solution (4.1.1). All
operators in these calculations are defined in term s of th e stan d ard ^-coordinate
system.
The truncated equation of motion solution (4.1.1) was originally defined in
term s of the S-coordinate system . W hen rew ritten in term s of th e

2 -coordinate

system, it takes the form (4.1.12).
Most of the term s from this require norm al reordering in order to be fully
evaluated. For some of these (the sixth, seventh and ninth term s), doing this is
trivial. The results of th e norm al reordering for these term s are given here:
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where R ( k ,n ) is defined by (4.1.13).
There are also some term s (the fifth, eighth and tenth) from (4.1.12), though,
for which the task of norm al-ordering is more difficult. These term s are:
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/

These are more difficult to deal w ith because they contain operators which inter
act with each other, as described in C hapter 4.1. W hen th e operators interact
w ith each other, the net result is th a t the two interacting operators appear to
“cancel out” due to the (anti)com m utation relation between them . The entries of
the term s above for which this happens can be split into two groups, the “ex tra”
entries for th e case where A: > 0 and the “norm al” entries where k < 0. For
both “extra” and “norm al” entries, the to tal energy of each entry is given by
2E EE —2k - 21.
Here the “ex tra” entries will be discussed first.
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“E x tra ” en tries

For each of the terms (A. 1.4), (A. 1.5) and (A. 1.6) there will be an infinite number
of “extra” entries at any given energy level 2E, because for each entry from the
right hand series with an energy level of —2/ > 0 there will be a matching entry
from the left hand series with an energy level of 21 + 2E such th at (21 + 2E) —21 =
2E. These entries will be evaluated here, starting with the case where E — 0 (the
ground-level entries) and then moving on to the results for higher energy levels.
The ground level entries for the first term (A. 1.4) can be observed by setting
l = —k (where l is negative). To find the “extra” ground-level entries for this
term, it will be necessary to find out for which values of k = — m and n the
nonzero commutation relations which give rise to the “extra” entries occur. Once
a set of relations can be found describing the values of the variables k , m and n
which give the “extra” entries, then these can be substituted back into (A. 1.4)
to get an expression for all of its “extra” ground-level entries.
The method used here is to substitute in particular values of k > 0 and then
find out which values of n and m give “extra” entries. This can be done by
expanding out the left and right hand series and noticing which entries contain
operators which interact with each other. Then, (for all k — —l > 0) each entry
from the right hand series interacts with one entry from the left hand side series,
causing a nonzero commutation relation, and, potentially, an extra term. This
occurs for the entries from the series which satisfy the relation n = m + 2k. If
m is within the range —2 — 2k < rn < —2, then the entry which results from
th at interaction is not annihilated by the vacuum and thus will contribute to
any expression for all of the “extra” entries which come from the term (A. 1.4).
Omitting the coefficients, we see th at for the “extra” entries, the operators from
(A. 1.4) behave in the following way:
•

ß n ^ k —n •• ß m r) 2 l—m

•

^l|0)

Ci|0).

(A.1.7)

Here each operator interacts with a counterpart and is removed from the final
expression, leaving only a term proportional to —ci|0).
Substituting (A. 1.7) and n = m + 2k into (A. 1.4) and doing a change of
variables m —> —p gives the following expression for all of the ground level “extra”
terms from (A. 1.4):

(A.1.8)
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The ground level “extra” entries from the second term (A. 1.5) can be found
in a very similar way. In fact, the calculations are almost identical. As for the
(A. 1.4) calculations, the entries which give rise to “extra” terms are those which
satisfy the relation n — ra + 2k. However, since the 6n, cn operator modes in this
term interact with the mode C\ from the vacuum Ci|0), this changes which entries
annihilate the vacuum.

This means that the range of values of m for which

an entry will make a nonzero contribution is now —1 — 2A: < m < —1. Also,
since b and c are anticommuting operators rather than commuting operators, the
normal-reordering calculations among the operator modes give a slightly different
result to those for (A. 1.4):
• b m + 2 kC —m •• b m C—(m+2fc) • ^ i | 0 ) — T C i | 0 ) .

(A.1.9)

Substituting n = m + 2k and (A. 1.9) into (A. 1.5) (and once more changing the
variable m to p = —m) gives an expression for the ground level “extra” terms for
(A.1.5):
(A.1.10)
When the two expressions (A. 1.8) and (A. 1.10) are added, they very nearly cancel
each other out, leaving only one state,

Before moving on to find “extra” terms at higher levels, I will also give the
results for the ground level “extra” terms from the third term (A. 1.6). For (A. 1.6),
the ground level terms again have l = —k. The entries giving rise to “extra” terms
are those for which m = 0. For m = 0, the reordering calculations among the
operator modes give rise to
5—2/ : b0c2i ■ci|0) = —ci|0).

(A.1.11)

Substituting l = —k, m = 0, and (A. 1.11) into (A. 1.6) gives

This contains an infinite series which needs to be summed over before the results
from (A. 1.6) can be compared to those from (A. 1.4) and (A. 1.5). The sum of
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this series can be found by using partial fractions to split it into two. It is then
revealed to be a telescoping series which can be evaluated very easily.
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-
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= ^ Ci|0).

(A.1.14)

When the contributions from all three terms are added, it is found th at al
though each individual term gives rise to an infinite number of nonzero contribut
ing entries, these can be summed to find th at all of the ground level “extra” terms
sum to

1
127t

For “extra” entries at higher energy levels, the calculations are more compli
cated as the interactions between the operators are different. I will start here
with the entries from (A. 1.6), as these are simplest.
For (A. 1.6), the results at higher energy levels are not very different from
those at the ground level. To investigate the entries at a particular energy level
2E, the relation l = —k — E can be substituted into (A. 1.6). Then, using the
same method as for the ground level entries (expanding out the left and right
hand side series of operators from (A. 1.6) and finding out the values of m for
which the operators interact), the “extra” terms can be shown to occur when
m = —2E. Substituting this value into the operators from (A.1.6) gives
^2k • b-2EC2k+E '■CQCi|0) = —b^2E<^)C\ |0) ,

(A.1.15)

and substituting it into (A. 1.6) itself gives
1
37r

EE

E >0 A:>0

(—l ) E(4fc + 2 ß )
6_2EC(>Ci |0 ) .
(4fc2 - l)(4(jfc + E )2 - 1)

(A .l.16)

Again, this needs to be summed over k in order to get the final expression for all
of the “extra” terms from (A. 1.6).
As in the case of the ground state, partial fractions can be used to split the
series (A. 1.16) into two parts and show th at it is a telescoping series, which can
then be summed. The results of this summation will be shown here for the special
cases where E = 1 and E = 2, and also for general E. For E = 1, summing the
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series gives
1 ^

4(4 k + 2)

/;_2eoci|0) =

6_2CoCi |0).

For E = 2 the result is

Finally, summing the series for general E gives
6 _ 2 e Cq Ci | 0 ) .

This expression describes the “extra” terms coming from (A. 1.6) for all energy
levels 2E.
Characterizing the “extra” terms which come from (A. 1.4) and (A. 1.5) for
energy levels 2E > 0 is a little more complicated. The calculations for the higher
level entries of these terms differ more from the ground level calculations than
those for (A. 1.6), but the method used is still basically the same. First, to look at
the entries for a particular energy level 2E, the relation / = —k —E is substituted
into (A.1.4) and (A.1.5). Then the next step is to determine for which values
of m and n there are interactions between the operator modes from the left and
right hand series. Then any values of m and n which correspond to entries which
annihilate the vacuum are cut out and the remaining terms are the “extra” terms
for which an expression must be found. Then finally the relation l = —k —E and
the relations between m and n are substituted into the terms (A. 1.4) and (A. 1.5)
and the expressions found are evaluated, taking special care with the normal
ordering of the operators.
When looking for entries with an energy level of 2E > 0, each entry from
the right hand series now contains operators which, when normal reordering is
attempted, can interact with two different entries from the left hand side series.
Also, only one operator mode from each of the right hand side entries now in
teracts with another mode from a left hand side entry. Since the effect of an
interaction between two modes is to remove them from the “extra” entry pro
duced this means that in general the “extra” entries from the terms (A. 1.4) and
(A. 1.5) will be of the forms /3P7gCi|0) or bpcqci\0).
Some details will be given here of how the expression for the “extra” entries
from (A. 1.4) can be found.
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All “extra” entries from (A.1.4) are of the form /3P7qCi|0), where p < —2 and
q < +1. By looking at how the entries from the left and right hand side series
from the term (A. 1.4) interact with each other, it is possible to find th at each
“extra” entry in the final expression characterizing all of the “extra” entries will
be the sum of an entry of (A. 1.4) with
n=p

m = —2k + p,

(A.1.17)

m =p

n = —2k — q.

(A .l.18)

and an entry with

Each of the sets (A. 1.17) and (A. 1.18) of relations, when substituted into (A. 1.4),
gives a series. Adding these two series together gives an expression describing all
of the “extra” terms which come from (A. 1.4):
— V
\ " ( - 1 ) e +1(4E ^ p ) ( 2 k -f E)
3n p=^E - 1
(4k2 - 1)(4(* + ß )2 - !) '3p7- (!,+2B) l|0 ^-

( • • 9)

Once more, this is an infinite series which needs to be summed over to find the
final expression for all of the “extra” terms from (A. 1.4) for all energy levels:
" 2
„
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(A.1.21)
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(SttI

(A.1.22)

v

The method for finding the “extra” terms from (A. 1.5) is almost, identical, except
that care must be taken with the sign changes th at occur when the anticommuting
bn Cn modes are reordered.
The final expression describing all of the “extra” terms which come from
(A.1.5) for energy levels 2E > 0 is:

E > 0 p = —2E

x

7
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This result is very similar to that for (A. 1.4), except that the allowed values for p
are different because of how the mode C\ interacts with the other operator modes.

A . 1.2

“N o rm a l” en tries

In this section the calculations used to find the “normal" entries for the tru n 
cated equation of motion solution are outlined. “Normal” entries occur when the
operators in a term interact with each other and the energy level —2k of the left
hand series is nonnegative.
The calculations used to find the “normal” terms from (A. 1.4) will be given
here as an example.
For (A. 1.4), a “normal” entry with an energy level of 2E > 0, after nor
mal reordering, will be of the form /3_p7p_2e Ci |0).

The total energy level of

/3_p7p_2£Ci |0) is 2E = —2k — 21, but for a “normal” term k and l are less than
or equal to zero, so for a term of any given energy level 2E > 0, there are only a
finite combination of entries from the left and right hand series with energy levels
2k and 21 such th at the total entry found by multiplying them together has an
energy level of 2E. So, in the final expression characterizing the “normal” terms,
/3_p7p_2e Ci |0) will be the sum of finitely many entries.
After expanding out some of the entries from the left and right hand series of
(A. 1.4) for various energy levels and looking for operator modes which interact
with each other, it is possible to see that, for a given energy level 2E > 0, all of
the “normal” entries at th at level will be proportional to one of the terms of the
series below:
2E + 1

Each of the terms in this series is contributed to by E — 1 different combinations
of entries from (A. 1.4), and each of these entries is defined by its own unique
values of A:, /, m and n.
There are two different groups of combinations of entries which produce the
“normal” entries.
The first group, which I will call the upper group, is comprised of those entries
which satisfy the relations k = —(E -I- /), m = —p and n = —{21 + p). Then,
omitting the coefficients, the contribution to any given term /l_P7 P_2E<h|0 ) from
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the upper group is:
l(i -p)
ß —p i p —2 E & 1 10)

OC

^

^

.

ß —( 2 l + p ) l p —2 E

ß —p'~i(2l+p)

•

^ i | 0 ) .

l= l-E

The second group, which I will call the lower group, is comprised of the entries
which satisfy the relations l = —(k + E), m = —{2k + p) and n = —p. Its
contribution to the term /3- p7p-2 e Ci |0) is given (without the coefficients) by
-l
ß —p'Yp—2

£ T l

| 0 )

^

^

•

ß —p ') 2 k —n
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ß —(2k—n)'yp_2E ’

k=\{2-p)

If, for each of the two groups above, the relations between A:, Z, m and n arc
substituted into the full term (A. 1.4) and the coefficients are not omitted, then
adding the results for the two groups will give a full expression for the “normal”
entries which come from (A. 1.4),
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For each finite energy level 2E : this is a finite sum. Unlike the infinite series
which were found earlier in the course of calculating the “extra” entries, this
series does not appear to be telescoping and writing the summand in terms of
partial fractions does not lead to any simplification of the sum.
For the term (A. 1.5), the calculations and results are very similar. The “nor
mal” entries from (A. 1.5) can be characterized by
2E

/

—f
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E E E ü(£-fc-p)- E
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\k= -E
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For the term (A. 1.6), “normal” entries only exist for the case where the entries
from the left hand series have an energy level of —2k = 0. Then the “normal”
entries from (A. 1.6) after normal reordering will have a total energy level of
2E = —21 and can be characterized by
2E -1

r , L L
E > 0 p=0

4 ( - l ) 1+E( p - 4 : E )
: b —pCp—2 E
4 E2- 1

'•

ci|0).
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A. 1.3

N orm ally reordered tru n ca ted solu tion

In this section the truncated solution of the string field theory equations after
normal reordering is given.
The terms of the equation of motion solution can be split into three parts,
the “noninteracting” terms for which there are no nontrivial interactions between
the operators (as in (A.1.1)-(A.1.3)), the “extra” terms, and the “normal” terms.
The terms of the solution that belong to each of these three groups will be given
together.
The “noninteracting” terms of the truncated solution are:
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(A.1.23)
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w here th e functions R( k, n) an d S ( k , l , m , n ) sta n d for
2 (—l ) fc+1(4 k - n )

R(k, n)
S ( k , m , n) =
T(/c, /, m ) =

4 k2 - 1
4 (—l ) k+l(4:k — n )(4 / — m)
(4 k2 - 1)(4 l2 - 1)
4 ( - l ) fc+/(4 l - m )
(4 k2 - 1)(4 l2 - 1 )'

T h e “e x tra ” term s are:
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(A .1.24)

Finally, th e “n o rm al” term s are:
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126

N o rm a l reo rd erin g o f th e tr u n c a te d so lu tio n

A p p e n d ix B
C a lc u la tio n o f ^ -d ep en d en ce for
c o n to u r in teg rals
B .l

C a lc u la tio n o f ^ -d e p e n d e n c e fo r t h e c o n to u r
in te g ra li

In this appendix, the details of the method used to determine the dependence
of the integral i from (4.2.28) upon the parameter £ (as z —*■0) are given. The
e-dependence of the integrals ii-iv from (4.2.28) can be found using the same
method. Finding the dependence upon z of these four integrals is a step towards
determining whether the anticommutator {b^Cm} is convergent or divergent.
The integral i is:
r+ i-e

lim

e —>0

*+i+£

dw (arctan w)m 2 , .
2ttI

(1 + w *)*

C{W)

(B.1.1)

This integral is to be evaluated over a clockwise semicircular path with endpoints
at +i + z and +z —z. When the transformation w —> i + zeld is applied to this
integral, the endpoints of the path of integration become 6 — 2n and 0 = tt and
the integral becomes
dO e~i6(+i + zeidy ~ k
(arctan(?‘ + £eld)) m —2
27r z(zei0 + 2i)2

(B.1.2)

where c(w) has been expanded as a series of modes.
The next step is to use the power series expansion (B.2.1) of arctan w about
z = i to expand out (arctan(z + zeie))m~2 and replace it with an expression in
terms of logarithms, which will be easier to work with. (The expansion (B.2.1)
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is listed in Appendix B.2 with several other similar series expansions which are
used for the evaluation of the integrals ii-iv.) Applying this expansion to (B.1.2)
and then taking the limit as e —■>0 gives the result
o2— m

f

-\m — k

—

1

/“27r

/

/ 1 \ \ m —^

lim j^c/e------—------- / d6e~%
0 fln(—2i) —ln(e?ö) + ln ( - j J
keZ
718
J it
\
\ £J J

. (B.1.3)

In this expression the parameters e and 6 are still coupled to each other within
the integral. The binomial theorem can be used to complete the decoupling by
expanding out the mixed term in the integral.
Since the exponent of this term, (m —2), is not always positive, we need to
use a more general version of the theorem which will work for both positive and
negative integers [96],

(x + yT

n!

xkyn~k.
E
k\(n —k)\
fc

(B.1.4)

=0

This version of the binomial theorem is usable for any real n. For the case where
the exponent n is a positive integer, this reduces to the standard version of the
theorem

(*+^=e
as the terms from (B.1.4) then cancel for k > n.
The more general version of the theorem, (B.1.4), converges for |^| < 1. For
the case where x = ln(—2i) —ln(e10) and y = In ( 7), this condition holds since
ln(—2i) —ln(eiö)

n

as e —> 0. The theorem (B.1.4) can be applied to expand the mixed term from
(B.1.3) in the following way:
m —2

ln(-2i)-ln(e") + l n f i A

- g p,l,l: - y !2)!iM -^)- M

e « ))--

( i.

q

))'-

(For the case where m > 2, the series over p is YlpLo rather than YI^Lqi as f^e
terms for p > rn — 2 cancel.) Substituting this result back into (B.1.3), we find
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that the variables e and 6 have been decoupled:
/>27T

/ <iöe-ie(ln(—2i)—ln(e‘9))"*~p~2.
V6/ / 2m+1?r(m —p — 2)!p! J 7T
(B.1.5)
The J d# integral is difficult to evaluate analytically. A cursory attempt to eval
uate it numerically using Mathematica suggests that the value of the integral in
creases with m at a greater than polynomial rate and tends to infinity as nn —>oo.
It has been verified that the integral converges numerically to a finite answer for
all m < 30 and it seems likely that the integral will converge for all finite m. For
the anticommutator {b^Cm}, then, the d-component of this integral is not likely
to contribute to any divergences unless m —» oo.
Therefore any divergence of the integral (B.1.5) is due to its dependence on e.
From (B.1.5) we see that the e-dependence of the integral (B.1.1) is proportional
to
p
1

£ \

\£J )

as e —>0. This means that the integral z given in (B.1.1) diverges.
This method can also be used to find the e-dependence of the integrals ii-iv
from (4.2.28). The results of these calculations can be found in Chapter 4.2.2.

B .2

P o w er series e x p a n sio n s o f a rcta n an d arcco t a b o u t ± i

In this section the power series expansions [40] of arctan z and arccot z about ±z
are listed.
The power series expansions of arctan z and arccot z about z ~ i are:
arctan z= - (in 2 —ln(i(2 —i)) + 0(z —i)2) ,

(B.2.1)

arccot z= - (—In 2 + ln(—i(z —i)) + 0( z —z)2) .

(B.2.2)

The power series expansions of arctan z and arccot z about

2

~ —i are:

arctan 2 = ^ (—In 2 + ln(—i(z + z)) + 0(z + z)2) ,

(B.2.3)

arccot 2 = - (in 2 —ln(z(2 + z)) + 0(z + z)2) .

(B.2.4)
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