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Abstract

This dissertation attempts to present a formal analysis of the problem of identifiability
and robustness in cases of non-response and self selection in surveys. This analysis is
undertaken with a view to assessing the idea of self selective surveying as a viable
statistical tool and in order to elucidate problems of publication bias.

Using the Bayesian statistical paradigm and the theory of identifiability we embark on
an analysis of the problem in an attempt to show the extent of the problems inherent
in self selective surveys.

This dissertation extends the theory of identifiability to

describe a particularly severe form of non-identifiability which applies to self
selective surveys; we call models with this form of non-identiflability
models.

vacuous

We examine the effect of covariate information on the identifiability of

parameters of interest in surveys that are subject to non-response and self selection.

We examine the relationship between identifiability and robustness and show that the
absence of identifiability leads to inferences that are highly sensitive to prior
assumptions.

For vacuous models this sensitivity is particularly severe, with

inferences being essentially determined by prior assumptions.

This problem makes

reliable inference from self selective surveys impossible without some means of
overcoming the identifiability problem.

We show that restrictions on response

propensities are required to alleviate the identifiability problem and that additional
covariate information gained from follow up surveys may provide such restrictions.
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Chapter 1

SURVEY NON-RESPONSE AND SELF SELECTION

During the 1985 Statistics Day of the Educational Testing Service on the topic of
Drawing Inferences from Self-Selected

Samples the eminent statistician John Tukey

remarked that there are two kinds of lawyers and two corresponding kinds of
statisticians: those who tell you that you can't do something and those who tell you
how you can do it (see Wainer 1986, p. 24). The remark was apt praise for those with
the drive to create solutions in the face of obstacles. However, to the extent that the
remark implies the necessary existence of a solution in statistical problems or any
reproach to the naysayer I must respectfully retort (even if it is some twenty-two years
late), for I will contend in this dissertation that certain forms of self selective data may
indeed be utterly useless in rational inference.

In a legal context, it is a legitimate and indeed obligatory fiinction of a lawyer to
advise their client that they can't do some things. Unfortunately, many a naive client
has been lured away by the promises of a shyster that tells them how they can avoid
paying tax, how they can renege on their contractual obligations or how they can
disobey the edicts of the local council, notwithstanding the apparent law to the
contrary.

Such clients may be less inspired by this creative spirit when they incur

judgement debts against them or, worse still, when they find themselves facing the
inside walls of a prison cell. So too, the user of statistical advice also seeks only
genuine solutions, where they exist.
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Statistics is the study of uncertainty (see Lindley 2000, p. 294). It is the disciphne of
rational inference from limited information. This necessitates an attitude of careful
restraint. Since we deal by trade with situations where the truth cannot be deduced
with certainty we must be mindful of the possibility that the information given is
sufficiently limited so that there is no 'how you can do it'. Indeed, an important part
of statistics is to determine the limits of the information that we can rationally obtain
from data.

Bartholemew

(1995) states that "[s]tatistics

understanding the real world

through

classification and measurement.

is concerned

with

the information that we derive from

Its distinctive characteristic is that it deals with

variability and uncertainty which is everywhere" (p. 5).

While it may seem trite, it is important to note that, in this endeavour to understand
the real world, there are no points to the statistician that declares at the outset that
there are no limits to the information in our data, that there simply must be a way to
squeeze information out of the data.

Rather, in any application of statistics, the

ultimate arbiter between the naysayer and the doer must always be the proper use of
philosophy and mathematics.

In this conflict, mathematicians have been satisfied

with nothing short of logical proof of any negative assertion made. Thus, it may be
incumbent upon the naysayer to demonstrate any alleged limitation in some clearly
defined mathematical sense, through logical proof of the limitation, rather than the
mere absence of any known solution.

However, until a solution to a problem is

demonstrated, or a proof of its impossibility is given, there is nothing to be gained in
taking the position that there simply must be a solution. This is an attempt to dictate
reality.
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In this endeavour to find inherent Hmitations in data it is worth noting that, although
the absence of a known solution does not constitute a proof of impossibility, it is
nonetheless useful as an indication that enquiry into the existence of an inherent
limitation in the problem may be warranted. Indeed, certain problems, such as nonresponse and self selection problems are natural candidates for such an inquiry, since
they often lead to serious difficulties in estimation and inference.

It is important to determine the limits that are inherent in these forms of 'dirty data'
since they are nonetheless commonly used for inference. Finney (1974) stresses the
importance of proper attention by statisticians to such data when he says:
Most o f us doubtless wish we could escape the need to handle dirty data. In an environment o f
pure research, this may be permissible and even commendable: new methodology often develops
first under the assumption that it is to be used under ideal conditions. Where an existing body o f
data is relevant to a question o f policy, those data are going to be used whether we like them or
not. I f statisticians refuse, others will attempt inference. Should we not accept a responsibility
to apply our skills to data that exist, with due regard to limitations and potentialities, in addition
to trying to improve future data?

I am not suggesting a relaxation of scientific standards; 1 am

urging that we examine carefully how different kinds o f breakdown in idealized assumptions
about inference, and that we seek a form of reporting able to combine rigour and caution with
useable conclusions, (p. 3)

O f course, this kind of enquiry leads us to a crucial question: could our data is so
'dirty' that useable conclusions are not at all compatible with rigour and caution? Is it
possible that scientific standards render our dirty data of no value? In other words, is
it possible that there is no information that can be rationally obtained from our data,
such that it is essentially useless?
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We have already seen that Tukey's remarks above falsely imply that there must be
some way to squeeze useful inferences from our data (though this probably was not
what he intended). Finney (1974) also ignores the possibility of useless data when he
concludes his enquiry by saying "I hope I have satisfied you that limited but useful
statistical inference is possible even where the data are unclean" (p. 18). Even the
eminent statistician Ronald Fisher implicitly makes the same error when he says
"[w]hen a biologist believes there is information in an observation, it is up to the
statistician to get it out" (see Finney 1974, p. 2) — f o r why should the biologist's
belief ensure that there is anything to get out?

These remarks are understandable in their context, since statisticians rarely deal with
self selective data or other data that are so 'dirty' as to be useless. However, Tukey's
remarks were made directly in the context of self selective surveys where there is a
real possibility that the data may indeed be entirely useless. Moreover, regardless of
the context, the fact that the possibility of useless data is occasionally ignored and the
fact that self selective data is often rejected on intuitive rather than formal grounds
makes it a worthwhile subject for research and formalisation. This research has so far
been lacking, with little analysis on the robustness and reliability of inferences from
self selective data. Indeed, there are few papers on the subject of non-response which
mention the issue of 'identifiability' which we will show is crucial in determining the
limits of the information we can obtain from our data (some notable exceptions are
the series of papers Paulino 1991; Paulino and Pereira 1992; and Paulino and Pereira
1995).

This dissertation will therefore attempt to provide some analysis of the

problems of identifiability and robustness in the context of self selective surveying,
with a view to determining whether such data are of any value in inference.
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1.1. Survey non-response and self selection

Non-response to sui-veys is a widespread statistical problem.

As statistical methods

improve and become more useful, the resulting proliferation of surveys has led to an
increased resentment of the unsolicited contact involved (see Rubin 1969). Ironically,
such resentment could even lead to increases in intentionally incorrect responses
(lying) and non-response undermining the statistical methods that have led to surveys
being regarded as such an important scientific tool in the first place.

Rubin is

particularly critical of the effects of this proliferation of surveys in academia:
Statisticians at universities are particularly aware of the vast numbers of surveys relentlessly
pursued by a host of faculty and student researchers.

Too often, such surveys are poorly

planned, inappropriate, limited in scope; in addition, they are often unnecessary, in that the data
are available elsewhere. Data are analyzed by the tireless and uncritical electronic computer; the
ultimate seemingly harmless result is a report or a doctoral dissertation which gathers dust on a
shelf But what about the hidden and pernicious results of all this survey activity? (p. 46)

These hidden costs may well include a decrease in response rates.

Indeed, Rubin

elaborates as follows:
The results 1 perceive to be of two types.

In surveys of households or other adult groups, the

result m a y be one more "random sample" beginning to harbor resentments about the invasion of
privacy, and fears about the confidentiality of honest responses.

...

Younger groups, on the

other hand, high school and college students, having been probed and measured since early
childhood, increasingly tend to regard the survey or questionnaire as a joke, a sort of game that
must be played to pacify their elders.

...

The danger of this pattern is apparent.

Sound

statistical information is increasingly necessary to understand, to plan, to monitor our social and
economic welfare.

But a sort of G r e s h a m ' s Law of population data collection may begin to

operate, where the well-conceived, necessary, and carefully planned and executed survey is
driven out or at least hampered by the worthless counterfeits, (pp. 46-47)
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Indeed, such is the level of antipathy towards rampant surveying that some critics
explicitly advocate lying in surveys as a method of counterattack to those agencies that
they find intrusive (see for example LaRue 1998 and McClaren 2002).

Regardless of the causes of the phenomenon, it is clear that whenever we undertake
any survey it is often the case that one or more of the would-be participants will not
respond. Unfortunately, in many surveys it is at least plausible that the response rates
may be dependent upon the characteristics of interest to the surveyor. Indeed, in some
political polling surveys this has been found to be the case (see Jowell et al. 1993). In
this case, respondents will differ systematically from non-respondents so that a
superficial assessment, ignoring non-respondents, will exhibit bias. The extent of this
bias will generally depend, among other things, upon the proportion of participants
that respond to the survey —the smaller the proportion of participants that respond,
the greater the potential for bias and the greater the importance of proper modelling
techniques. In practice, the proportion of participants that are respondents will vary
according to the nature of the survey and the sampling frame used. In some cases, the
proportion of respondents can be very low indeed (see for example, Kemsley and
Nicholson I960, p. 312; see also Sheehan 2001).

1.1.1. Self selective surveys

In dealing with non-response, we will need to distinguish between surveys which
involve regular non-response

and surveys which involve self selective

non-response.

Of course, all non-response is self selective in the sense that the surveyor cannot force
those in the sampling frame to respond to the questions on the survey (although, in the
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case of a census, people may be legally obliged to respond). The survey subject is the
one who chooses whether or not to respond. However, this is not what we refer to
when we talk about self selection in surveys. What we refer to is the choice as to
whether a person in the sampling frame is included in the sample itself This may be
determined by the surveyor or it may be self selected by the members of the sampling
frame themselves.

Regular surveys involve the surveyor drawing a known sample of participants from a
sampling frame and inviting them to participate in the survey.

In this case the

surveyor is able to distinguish non-respondent participants from non-participants in
the sampling frame.

This allows the surveyor to determine the proportion of

participants that are respondents. Examples of regular surveys include mail surveys
and face to face surveys where the surveyor invites a specific sample people in the
sampling frame to participate in the survey. In both of these cases non-respondent
participants can easily be distinguished from non-participants by the surveyor.

Contrarily, self selective surveys involve the surveyor drawing an unknown sample of
participants from a sampling frame and inviting them to participate in the survey. In
this case the surveyor is unable to distinguish non-respondent participants from nonparticipants in the sampling frame.

This means that the surveyor is unable to

determine the proportion of participants that are respondents.

Examples of self

selective surveys include television, radio or Internet surveys where participants are
invited (via television or radio broadcasts or via websites) to contact the surveyor and
respond to a survey question. In these cases the surveyor is unable to know who did
or did not receive the broadcast and is therefore unable to distinguish between those
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that receive the broadcast but do not respond and those that do not receive the
broadcast and therefore also do not respond.

The fundamental problem with self selective surveying is that the proportion of nonrespondent participants is unknown, so that we are unable to assess the extent to
which non-response will affect our analysis.

In this case, not only do we lack

information on the characteristics of non-respondents, but we also lack information on
the proportion of these non-respondents in the population.

Given the substantial problems involved with self selective surveying, we may
legitimately wonder whether there are inherent limitations —perhaps insurmountable
limitations— on our ability to make inferences from such surveys. Indeed, we may
even wonder what reason there is for undertaking self selective surveys at all. Often
self selective surveys are used simply because they involve minimal effort in data
collection (see discussion in Wainer 1986). Self selection effects are also embedded
in the scientific literature by virtue of publication selection effects (see Begg and
Berlin 1988). However, the very problem of resentment from unsolicited contact may
provide a more sound rationale for self selective surveying.

Self selective surveys

involve minimal invasion of privacy and minimal or no unsolicited contact. They are
therefore unlikely to invoke antipathy and the consequent attempts to undermine
results highlighted by Rubin (1969). Particularly in surveys which do not serve any
obvious benefit to the participants, it is at least conceivable that well conducted self
selective surveys — i f there is such a thing— may avoid problems with intentional
incorrect reporting. For it would be a person of unusual malevolence who would go
to the effort of initiating contact with the surveyor only to lie on the survey.
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1.1.2. Secondary data analysis and follow up surveys

The possibility of systematic disparities between the respondent population and the
non-respondent population has led some practitioners to undertake follow
(also called secondary

data analysis)

up surveys

where non-respondents are surveyed again,

often using more persuasive methods of contact (see for example Glynn, Laird and
Rubin 1986; Wang, Sedransk and Jinn 1992). In some cases of initial non-response,
surveyors may attempt to 'squeeze' an answer from non-respondents through more
vigorous questioning (see Heath et at. 1993 and Jowell el al. 1993, p. 241).

This kind of analysis is often used as a means of obtaining more data.

However,

secondary data analysis can also be used to try to establish the characteristics of the
non-respondent population in order give the surveyor some basis for inference
regarding this population.

Of course, the same problems that occur in the original

survey can occur again —namely, the failure of the participants to respond,
notwithstanding the greater effort on the part of the surveyor. Follow up surveys can
therefore occur several times in an effort to obtain reliable information regarding nonrespondents to the initial survey.

Attempts to 'squeeze' a response from a survey

participant can fail similarly.

In meta-analysis conducted on published scientific literature, where self selective
effects may exist due to publication selection decisions, follow up surveying may take
the form of attempts to obtain information about the total sampling frame of all
studies, including unpublished studies (as in Smith 1980, Glass, McGaw and Smith
1981 and White 1982).

Chapter 1

Survey Non-Response and Self Selection

1.1.3. Covariates and demographic information

Secondary, and indeed primary data analysis, often concerns itself with covariates
such as demographic characteristics or other information related to the characteristic
of interest, even when these are not the characteristics of primary interest to the
surveyor.

It is often plausible that demographic characteristics may have some

bearing on the propensity to respond to a particular survey so that the ability to
estimate the demography of the respondent population and non-respondent population
would give a basis for inference regarding the probability of non-response (for
example, see Smith, Skinner and Clarke 1999).

However, as we have discussed above, our most challenging concern regarding nonresponse is the possibility that the characteristic of interest may itself be related to the
response directly. This may be the case even when we condition upon demographic
information and other covariate information.

1.1.4. Survey non-response versus item non-response

In order to understand the problem of self-selection, non-response to the survey itself
must be differentiated from non-response to particular questions within the survey.
When a participant responds to the survey but does not respond to a particular item on
the survey, we call this item non-response.

Item non-response can give rise to a

variety of missing data patterns which appear as gaps in our matrix of observed
responses on the survey questions (for discussion of missing data pattems from item
non-response see Little and Rubin 2002, pp. 4-11).

10
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In cases of item non-response, we are already dealing with a person that we know is
responding to the survey itself. If they have responded to the survey at all then they
will have responded to at least one question, which means that we are aware that the
person was included in our sample. Thus, there is no real scope for self selective item
non-response in the sense that there is no way that we could be unaware of the
number of survey participants that responded to a particular item on the survey.

Because we are interested in the phenomenon oi survey non-response and particularly
with the phenomenon of self selective

non-response, we will omit any general

mathematical treatment of item non-response from this dissertation. Thus, throughout
this dissertation, unless the contrary intention is clear, when we refer to 'nonresponse' it should be understood that we are referring to survey non-response, not
item non-response.

The problem of item non-response is discussed at length in Little and Rubin (2002)
for those readers who are interested in a general mathematical treatment. Although
we will not give a general treatment of item non-response, such a treatment follows
along the same lines as the treatment of survey non-response contained in this
dissertation. Thus the results in this dissertation can be extended to include item nonresponse as well as survey non-response without too much difficulty.

Although we will not deal here with item non-response, when we formulate models
for non-response in Chapter 4 we will discuss how item non-response could be
incorporated into the model and explain how it would manifest in the missing data
pattern.

II
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1.2. Methods of dealing with non-response

One simple technique used in practice to deal with non-response has been to ignore
the problem by treating non-respondent participants as non-participants, so that the
respondents are treated as a complete sample (for example, see Nie et al. 1975). This
method is called complete

case analysis (for a discussion of this method, see Little

and Rubin 2002, pp. 41-44). Complete case analysis is a very simple method, but can
lead to serious error if the response is dependant upon the characteristic of interest,
especially when the proportion of respondents is small. Of course, in the case of self
selective surveys, it is impossible to determine this proportion so that we are unable to
assess this error. In such cases, this technique is very unreliable.

Other simple techniques for dealing with non-response have also been used for simple
cases. Where the probabilities of response are known, some practitioners have used
weighting-based

procedures

2002, pp. 44-53).

(for a discussion of this method, see Little and Rubin

In this case the respondent values are weighted by the inverse

probability of response to avoid bias in the resulting estimators. This technique was
used in the prominent work of Horvitz and Thompson (1952) which became the basis
for common techniques of estimation in surveying. Of course, the technique is not
always available since it relies on knowledge of the probabilities of response.

The formal model based study of non-response in surveys appears to begin with
Rubin (1976). This paper sets up a formal mathematical framework for dealing with
non-response

and

considers

the problem

of

finding

"...the

weakest

conditions..." where a complete case analysis is appropriate (p. 582).

simple

Because a

12
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complete case analysis ignores the missing data, such conditions are referred to as
conditions for ignorability.

In cases where the sampling mechanism is ignorable, such that a complete case
analysis is appropriate, the data can be taken essentially at face value —they are
representative of the sampling frame under consideration. However, in cases where
the sampling mechanism is not ignorable, using the respondent data as a complete
sample will lead to bias —this is because the respondents are not representative of the
sampling frame under consideration. Nor can this bias be overcome simply by taking
large numbers of observations.

Because the sampling mechanism itself is non-

ignorable, even a large number of respondents will still exhibit properties which may
be systematically different from the sampling frame.

The advent of conditions for ignorability of the missing data mechanism was an
important advance. This discovery gave a clear demarcation of when a complete case
analysis would be appropriate and when more elaborate techniques would be required
to avoid biased inferences.

To deal with the latter case, new methods had to be

developed. For instance, where it is meaningful to imagine that the would-be sample
values for non-respondents actually exist, imputation based procedures can be used to
impute missing values for these non-respondents (see Little and Rubin 2002, p. 8).
The practitioner is then able to proceed with a complete case analysis with the
resulting data, part of which is actually observed data, and part of which is imputed
according to the imputation technique being used.
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Single imputation methods involve imputation of a single value for each missing value
(for a discussion of this method, see Little and Rubin 2002, pp. 59-96). Generally,
this approach can be constructed so as to avoid bias in resulting estimates, but will
underestimate the error variance, since it ignores the uncertainty in missing values.
To deal with this problem, multiple imputation methods impute several values for
each missing value (for a discussion of this method, see Little and Rubin 2002, pp.
209-220).

This allows the proper simulation of the uncertainty involved in these

missing values.

Multiple imputation methods effectively seek to model the missing data mechanism
using multiple imputations of missing values as a surrogate for the distribution of
these values. This approach is similar to another class of methods known as model
based procedures,

which expressly model the missing data mechanism and make

inferences and estimators according to the results (for a discussion of these methods,
see Little and Rubin 2002, pp. 97-209). These procedures work particularly well in
the Bayesian paradigm, where techniques for posterior inference are well known.
Frequently, such models are complex and analytically intractable so that Monte-Carlo
Markov Chain (MCMC) methods or other numerical methods are required to
undertake the computations.

In this case, model based methods are indeed very

similar to multiple imputation methods and may even be identical since the MCMC
simulations themselves generate multiple values of the missing quantities which are
imputed for the purposes of approximating the various distributions and estimates.
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1.3. A review of the literature regarding non-response methods

Non-response has long been a well known problem in statistics and there is a vast
literature dealing with the problem. Indeed, we will barely scratch the surface of the
immense literature on the subject, concerning ourselves mainly with those influential
papers that have advanced the general understanding of the problem, rather than those
concerned with applications to particular models. Over three decades ago Hartley and
Hocking (1971) observed that, "[s]o frequent is the occurrence of incomplete data that
it has become one of the more important problems in statistical analysis" (p. 783).
This observation may be even more applicable today as the literature on the subject
has substantially increased with greater understanding of the problem (see Little and
Rubin 2002, p. xv). Indeed, as at the time of writing this dissertation, a search on the
scholarly journal archive JSTOR finds more than 2,500 statistics papers containing
the terms "non response" or "missing data".

Historically, mathematical consideration of the problem can be found at least as far
back as Wilks (1932).

Other early work is given in Yates (1933), Comish (1940),

Anderson (1946) and Wilkinson (1958). Afifi and Elashoff (1966) give an overview
of the early literature.

In accordance with the dominant statistical methods of the

time, this early literature was concerned with establishing methods for least squares
estimation and maximum likelihood estimation with incomplete data.

The 1970s brought fresh interest to the problem of non-response.

Hartley and

Hocking (1971) and Orchard and Woodbury (1972) discussed general principles for
dealing with non-response in certain wide classes of situations.

However, the
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formalisation of the general problem began with Rubin (1976) and Rubin (1977).
These papers set out the mathematical framework for model based consideration of
the problem. The problem of non-response received further attention with the advent
of powerful computational methods in the late 1970s.

Indeed, the E M algorithm

expounded in Dempster, Laird and Rubin (1977) deals directly with the problem of
missing data and provides a solution to the maximum likelihood problem of interest in
the early literature. This paper put to rest many of the problems involved in the early
literature cited in Afifi and Elashoff (1966).

In addition to solving many of the problems involved in the early literature, the advent
of more powerful computational methods also advanced the use of imputation
methods. Imputation methods go back at least as far as Yates (1933) which dealt with
imputation in least squares analysis.
imputation methods.

Wilkinson (1958) considers more general

The literature on multiple imputation is extensive and papers

can be found applying the technique to many classes of models.

Rubin (1978)

discusses multiple imputation with a view to approximating a full model based
solution of the problem.
multiple imputation.

Reilly (1993) explains a simple technique called hot deck

Glynn, Laird and Rubin (1993) use multiple imputation in

models involving follow up surveys. Meng (1994) and Gelman, King and Liu (1998)
also apply the problem to wide classes of models. Wang and Robins (1998) derive
asymptotic results for multiple imputation procedures.

Rubin (1996) reflects on

advances in multiple imputation techniques over the preceding two decades.

Probably the most useful reference regarding non-response methods available today is
the seminal text of Little and Rubin (2002) which gives a detailed analysis of the
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problem and the various classes of methods available, including important references.
This text provides an overview of the problem from both the Bayesian and frequentist
perspectives and summarises current likelihood based approaches and Bayesian
approaches for dealing with the problem.
1.4. The identification problem and robustness
The concept of identification

initially appeared in econometric literature where

researchers were interested in modelling economic phenomena through structural
equations with unknown latent parameters. The problem involved the recognition that
certain mathematical structures give rise to identical probabilistic behaviour of the
observable values under different parameter values. This meant that the data could
give no information distinguishing these parameter values.
The problem of identification was formalised by researchers working for the Cowles
Commission for Research in Economics. Although solutions for wide classes of
identifiability problems were not developed until later, the problem was already very
well understood even at this early stage. Koopmans and Reiersol (1950) sum up the
problem admirably:
As a result of [the formulation of the identifiability problem], a new problem of inference arises,
which logically precedes all problems of estimation or of testing hypotheses

[S]tatistical

inference from any number of observations can relate only to characteristics of the distribution of
the observed variables.

The limit of statistical inference is an exact knowledge of this

distribution function, a limit not attainable but approachable if very large samples can be taken.
Anything not implied in this distribution is not a possible object of statistical inference, (p. 169)
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Thus, if the value of a parameter of interest is not implied by the distribution of
observables, then it is not a possible object of statistical inference, regardless of the
amount of data taken —it is not identifiable.

We will see that identifiability can be

defined equivalently in several different ways, each of which elucidates a different
aspect of the problem and provides a different means for testing. Aside from
formulation in terms of observational equivalence, we will see that identifiability can
also be defined in terms of sufficiency of the parameters or in terms of divergence
functions operating on the likelihood function.
The identifiability problem is intimately related to the problem of robustness (see
Daniels and Hogan 2000, pp. 1241-1242). Indeed, since the non-identifiability of a
parameter means that the surveyor is unable to distinguish between different values of
this parameter regardless of the amount of data available, this will have adverse
consequences on the robustness of any resulting inferences.
Identifiability in the context of missing data can be a serious problem. Fitzmaurice,
Laird and Zahner (1996) note that "the consideration of identification is an issue that
should generally be resolved prior to estimation, because it does not make any sense
to talk of an estimator of a parameter that is not statistically identifiable." Daniels and
Hogan (2000) give an even more dire warning, noting that "...models that incorporate
[non-ignorable] missingness can be identified only through untestable parameter
restrictions or distributional assumptions." However, despite these problems, analysis
of identifiability is often ignored in the analysis of survey data and a general treatment
of identifiability in self selective models is currently absent. Indeed, even the detailed
text of Little and Rubin (2002) gives no discussion of the concept of identifiability.
18
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1.5. A review of the literature regarding identification methods

As stated above, the problem of identification was first formalised by researchers
working for the Cowles Commission for Research in Economics. Koopmans (1949)
gives a formal definition for the concept based on the concept of
equivalence.

observational

Rothenberg (1971) and Bowden (1973) test for identifiability using

information measures such as the Kullback-Liebler divergence function. The results
in Bowden can also easily be applied with other divergence functions. Dawid (1979)
formulates the identification problems in terms of statistical independence and also
states the problem in terms of sufficient parameters following Barankin (1961). In the
Bayesian setting the identification problem is well described by Kadane (1976) and,
more formally, in Florens, Mouchart and Rolin (1990).

There exist various equivalent definitions for identifiability, some based on the
concept of observational equivalence and others based on sufficiency of parameters
(these will be discussed in Chapter 3). While these are mathematically equivalent, the
different formulations of the definition provide various different methods for testing
identifiability. Moreover, more specific conditions for identifiability have also been
discovered for many classes of models.

In econometrics, researchers were mainly

concerned with linear models, in which economic variables were explained as linear
functions of various parameters, plus an error variable (this problem was set out in
Koopmans 1949 and was generalised in Fisher 1959).

In these cases, researchers

showed that a necessary and sufficient criterion for identifiability of the parameters
was a rank condition on the matrix of such equations (see Fisher 1959). Identifiability
in non-linear models was discussed in Fisher (1961).

Identifiability of mixture
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models, involving conditioning on an unknown parameter, was discussed in Teicher
(1961) and Teicher (1963).

Deistler and Seifert (1978) consider the relationship

between consistency and identifiability.

1.6. Scope of this dissertation

In this dissertation, we will endeavour to fill a gap in the literature by examining
whether identifiability problems due to survey non-response and self selection can be
overcome at all, and to what extent, by appropriate surveying and inferential methods.
In examining this problem we will apply the theory of identifiability to basic models
involving survey non-response and self selection.

We will develop inferential

methods for these models and examine the robustness of these models to prior
assumptions.

In doing so we will show that there are many cases where our

inferences are so dependant on prior assumptions that we may accurately say that the
data does not give any relevant information in a specific mathematical sense.

In our analysis, we will follow the work of Berger (1994) and Walley (1991)
regarding robustness and imprecise probabilities.

We will extend these results and

introduce the original notion of a vacuous model which will be used to show the
inherent problems with self selective surveys. The formulation of the vacuous model
as a means for assessing the usefulness of data is an original idea (at least, as far as the
author is aware from extensive literature reviews conducted during research) and is
the main insight in the theory presented in this dissertation, though the analysis will
also endeavour to find ways to avoid such models through additional assumptions or
data.
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In particular, the dissertation will look at what information is needed in order to
ensure identifiability and thereby salvage our data wherever possible.

In particular,

the analysis will look at the effect of having covariate information, including
demographic information and information obtained from follow up surveys. We will
ultimately be interested in properly defining and understanding the problem of
robustness and identifiability in surveys subject to survey non-response and in
overcoming this problem (if possible) through the gathering of additional data or
through inferential methods. We will also be interested in assessing the viability of
self selective surveying as a useful statistical method, and will ultimately argue that
self selective data is essentially useless in the absence of restrictive assumptions
regarding the propensity of different respondents to respond to the survey.

The work in this paper is necessarily of a very narrow scope. We are not concerned
with the general problem of missing data, but rather, with the particular problem of
self selective data and vacuous models.

This is not a widely applicable theory.

Indeed, part of the purpose of the theory is to advocate that it not be applied, in the
sense that any data collection mechanism that is found to conform to a vacuous model
should be rejected as essentially useless. The theory is nonetheless valuable in that it
allows us to formalise and better understand the intuitive objections that many
statisticians already have to self selective data. Hopefully, this will assist practitioners
in understanding this topic at a deeper level and satisfy them that their intuitive
objecfion to self selective data is well grounded in formal statistical theory.

While

intuifive objections to self selective data are already widespread in the statistical
profession, and are a comforting reflection of the good sense of statisticians, it is
unsatisfactory to have to rely on intuitive rather than formal arguments in such cases.
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In this Chapter 1 we have outlined the problem and given an introduction to the basic
literature on the subject.

This Chapter will also introduce the basic statistical

paradigm that will run through this paper and will introduce basic notation as well as
an example that will be used to illustrate the methods presented.

In Chapter 2 we will briefly describe the Bayesian paradigm and the mathematical
structure for Bayesian statistics that we will adopt in defining our models. Following
Ericson (1969) we set up a basic modelling framework based on a population of
observable values embedded in a hypothetical superpopulation.

We then introduce

the notion of exchangeability and show how this leads to the standard Bayesian
decomposition of beliefs into likelihood and prior based on an unobservable
'parameter' which is the empirical distribution function.

We then introduce the

concept of robustness and explain the techniques of global sensitivity analysis and
prior sensitivity analysis. Following Walley (1991) we will introduce the notion of
vacuous prior beliefs for robust analysis.

In Chapter 3 we will discuss the problem of determining the class of prior measures to
be used for sensitivity analysis and we will introduce the notion of posterior
consistency as a means of testing for robustness. We will then introduce the concepts
of sufficient and minimal sufficient parameters

(as opposed to sufficient and minimal

sufficient statistics) and we will also introduce the sufficiency distribution, which is
determined by our prior beliefs. We will show the significance of minimal sufficient
parameters and the sufficiency distribution to inference and we will show that such
parameters are posterior consistent.
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We will then introduce the notion of identifiability and give several equivalent
definitions and tests based on different works within the relevant literature. We will
expand on this notion to introduce the idea of equivalence sets and we will show the
significance of these sets to robustness and posterior consistency.

Using these

equivalence sets we will consider a particularly severe form of non-identifiability
which, if present, renders our model vacuous in the sense that any data are essentially
useless for robust inference. We will explain the significance of vacuous models and
their poor prior sensitivity properties.

In Chapter 4 we will introduce notation and a basic model for surveys subject to nonresponse and self selection. We will introduce important parameters within the model
and show the relationship between these various parameters. We will then use these
relationships to derive equivalence sets for the various parameters of interest and we
will discuss the identifiability or non-identifiability of these parameters in the basic
model. We will show that identifiability is crucially dependent on the range of the
response propensities,

which represent the probabilities of response, conditional on

each possible observable value in the survey. We will show that the identifiability of
the parameters of interest is related to the identifiability of the response propensities.
We will consider several possible ranges for the response propensities and derive
identifiability results for each of these.
ignorant a priori

We find that, in the case where we are

about the response propensity, the identifiability situation is

generally rather dire, particularly for self selective models.

In Chapter 5 we will consider the effects of covariate information in surveys subject
to non-response and self selection.

We will discuss the effects of such covariate
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information, in general terms, on the equivalence sets and identifiabiiity of the various
parameters. We will then consider two particular kinds of covariate information that
are sometimes considered as a means of gaining information concerning the response
propensities: demographic information on the respondents; and information on the
time to response (including information gained using follow up surveys).

We find

that the former is unlikely to alleviate the identifiabiiity problem but that the latter
may solve the problem, under certain assumptions.

We will consider some of the

assumptions that would be required to reduce the problem of identifiabiiity.

In Chapter 6 we will apply our analysis to political polling about the Australian flag
conducted in a self selective Internet survey. We will expand on previous analysis of
this data by Puza and O'Neill (2006) and use it to illustrate the identifiabiiity problem
discussed throughout this dissertation.

In order to analyse this example, we will

formulate an objective class of prior beliefs for the parameters in our model based on
the discussion of vacuous prior beliefs in Chapter 2. Using this class of prior beliefs
we will derive the sufficiency distribution and demonstrate the inherent limits of the
self selective sampling mechanism by showing that this leads to inferential results
which are vacuous.

To avoid these vacuous results, we will also analyse our data under restrictive
assumptions about the response propensities, taken from the analysis in Puza and
O'Neill (2006).

Since these lead us to results which are analytically intractable we

will use M C M C methods to assess the robustness of our inferences by approximating
the upper and lower prevision for the parameter of interest as we vary the prior
distribution over the objective class of priors.

W e will discuss the results of this
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sensitivity analysis and its bearing on the relationship between robustness and
identifiability. We will also discuss the relationship between the upper and lower
previsions and the equivalence sets.
In Chapter 7 we apply our analysis to the problem of publication bias. We review the
relevant literature on the subject and consider how publication decisions induce a self
selective effect in the published scientific literature. We examine some existing
attempts to deal with this problem and show why they necessarily depend on dubious
prior assumptions which cannot be tested with the data at hand. We consider the
implications of our analysis for prospective methods for avoiding publication bias due
to selection effects.
In Chapter 8 we will summarise and discuss our findings and explain the significance
of our results. We will explain the relevance of our results to surveying and wam of
possible pitfalls for practitioners. We will assess the viability of self selection as a
means of objective and reliable research. Perhaps unsurprisingly, we find that its
prospects are not good and will generally lead us to vacuous models in the absence of,
often dubious, prior assumptions. Finally, we will speculate more generally on the
relationship between robustness and identifiability and consider avenues for future
research on this matter.
In the end we hope to have presented a formal explanation of the identifiability
problem for surveys subject to survey non-response and self selection and use this
explanation to formalise the existing intuitive misgivings that statisticians have about
self selective data. Hopefully, this will give some greater insight into the reasons for
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these intuitive misgivings.

In particular, we hope that this paper provides a new

perspective on the problem of self selection which have not been considered in the
existing literature.

1.7. Statistical paradigm and notation

Throughout this dissertation we will work within the operational epistemic Bayesian
paradigm advocated by de Finetti (1974) and later by Bernardo and Smith (1994) and
derived from Bayes (1763). In particular, we will adopt the robust Bayesian approach
explained in Berger (1994) which is similar to the imprecise probability approach of
Walley(1991).

In this Chapter we will introduce basic notation for probability, sets and vectors that
should be easily understood by readers with a background in mathematics or basic
probability theory. Throughout this work we introduce more specific notation as it is
required.

However, for convenience, the reader with also find a glossary of all

notation used in this paper set out in Appendix A.

Throughout this work we will follow the probability notation of Bemardo and Smith
(1994). This notation is ideal for the operational epistemic Bayesian paradigm that is
used throughout this work. In particular, we will not make any notational distinction
between known values (constants) and unknown values (random variables) and all
such values will appear as lower case italics. Whether a value is treated as known or
unknown will depend upon whether it appears in the argument of a probability
function, or as a conditioning value.

Because we will work within the epistemic
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Bayesian paradigm, which regards probability as a concept pertaining to our own
beliefs rather than to some outside metaphysical property, we do not recognize the
possibility of conditioning on an unknown constant.

We will generally refer to

observable values with lower case English letters and unobservable parameters with
lower case Greek letters.

We will use probability notation in the generic sense. That is, we will refer to all
probability measures with the upper case P or P , we will refer to all distribution
functions with the upper case F and we will refer to all mass and density functions
using the lower case p . We will not make any notational distinction between mass
functions and density functions' and we will not usually make any notational
distinction between different

distribution functions, different

mass functions or

different density functions. The distinction between different distribution, mass and
density functions should always be obvious from the argument of the function.

In presenting the mathematical results of this analysis, we will endeavour to minimise
excessive notation and explanation when the intention is clear from the context. As
such, we will avoid the full rigour of a measure theoretic analysis in favour of a
simpler presentation of results.

As such, we will not refer to the measurability of

mass and density functions or the inclusion of events in any relevant sigma field on
the relevant probability space. We will instead take this as obvious from the context.

' Both functions are Radon-Nikodym derivatives of the distribution function; the former is taken with
respect to counting measure and the latter with respect to Lebesgue measure.
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1.7.1. Set notation

We denote the natural numbers by N

={1,2,3,...}, the non-negative

Z . ={0,1,2,...j and the extended

numbers

natural

by N = N u { ° ° } .

integers by
To facilitate

work with discrete random variables we then define

N

\{\,2,...,m}
={«eN:«</wj = <

ifweN

for any w e N so that c a r d ) = m . Moreover, we denote the real numbers by IR ,
the positive real numbers by l R ^ = { r e K : r > 0 } and the non-negative
by K . = { r G l R : r > 0 ) .

We also define the real intervals

real

numbers

= {re R :a< r

< ,

= { r G R : o < r < Z ) } and so on. We also define the special set R . = M u { » } to
include the non-response value • which will be of use in non-response problems.

Since we will be working in probability theory, we will occasionally denote abstract
sets of possible experimental outcomes and sigma fields of events on these sets.
Given any set, we will denote a sigma field on this set by using an upper case sigma,
with the set as a subscript. So,

would be a sigma field on S and so on. For sigma

fields on the product space of sets we will denote the indicy as a superscript to the
sigma symbol rather than the set. So,

would be a sigma field on S",

a sigma field on £" and so on.. Although we will take

would be

to be the class of Borel

subsets on R" we will generally not go into any detail as to the content of sigma
fields.

It should simply be presumed that we will only refer to probabilities of events

where those events fall within an appropriate sigma field.
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1.7.2. Vector and matrix notation

We denote vectors (including enumerable sequences) in boldface type and we denote
the length of a vector a by ^(a) = length(a)6 N u { 0 } so that n =

0=

a =

j,

so o"- We denote the sum of the elements of a vector a by

• To facilitate work with mass functions over discrete spaces we define

for m e N .

We will sometimes compare the elements of vectors according to various relations.
For brevity, vectors of equivalent length are compared according to relations that
usually apply only to scalars. In this case we mean that the corresponding elements of
the vectors each bear that scalar relation. So, for example, if a and b are vectors of
equivalent length we use a > b to mean that a, > b, for all / e

.

1.7.3. Specific probability notation

In introducing the methodology of Bayesian statistics we will introduce probability
notation as required. We will generally denote the likelihood function for a parameter
by L^ (if say, x is the observation) and the posterior measure for a parameter, given
n observations, by 'P„ (with

being the prior). The parameters in question will be

obvious from the argument and the context.
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1.8. A working example in Internet surveying

In order to illustrate the techniques discussed in this dissertation, we will have
persistent recourse to an example of a survey involving non-response. Since we will
progress systematically from very general model forms to more specific forms with
our assumptions being made gradually, we will use a single continuing example,
rather than a host of isolated examples.

A fitting example to illustrate the problems of non-response and self selection is that
of political polling.

Historically, this type of surveying has often suffered from

serious problems of non-response and has sometimes been notoriously inaccurate (see
discussion in Achen 1975).

This is not surprising.

It is well known that political

preference is correlated with attitudes and demographic factors that may in turn be
correlated with the tendency to report political views and to be generally politically
proactive (for attitudinal correlates see Cryns and Finn 1973 and Muller 1977).
Moreover, there may even be more direct links between response and political views,
especially where the survey is conducted by a surveyor (such as a newspaper or
television program) that may itself have a particular political slant and thereby attract
an audience with similar views. In political surveys it is therefore plausible that the
propensity to respond may be causally influenced or at least correlated (for whatever
reason) with the response itself (see Heath et al. 1993 and Jowell et al. 1993).
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EXAMPLE 1.1 (Surveys about the Australian flag): For the purposes of our analysis
w e will use survey data which was the subject of analysis in Puza and O ' N e i l l (2006).
O n 28 January 2000 an Internet poll on the popular website w w w . n i n e m s n . c o m . a u
asked viewers the question "Should the Australian flag be replaced with a new o n e ? "
O f the 9453 respondents, 4941 answered ' Y e s ' and the remaining 4 5 1 2 answered
' N o ' . A similar question w a s asked in the Australian Constitution R e f e r e n d u m Study
in 1999 where — a f t e r an appropriate w e i g h t i n g — of the 2223 respondents, 829
answered ' Y e s ' and the remaining 1394 answered ' N o ' . T h e results are summarised
in tabular form as follows:

Response

^ Internet
Survey

Normal
Survey ^

ST-'Yes*--

4941

, 'No"

4512

1394

9453

2223

TOTAL

829

For the purposes of comparability with Puza and O ' N e i l l (2006) w e will proceed
according to the same basic approximating assumptions. That is, we will assume that
the sampling f r a m e for both studies was the entire population of Australia and w e will
a s s u m e that all the respondents were f r o m Australia with no respondent voting more
than once in the Internet survey (Intemet surveys generally prevent multiple voting
f r o m the same computer but are not able to prevent multiple voting by the s a m e user
using a different computer).

•

W e will deal with this e x a m p l e throughout the paper in order to illustrate the m e t h o d s
used. A s w e progress w e will consider the effect of using additional information on
the responses. T o illustrate self selection w e will suppose in these cases that w e are
not privy to the sample size or the n u m b e r o f non respondents.
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In this Chapter we outline the basic theory of robustness testing of prior assumptions
within the context of a Bayesian model based on an assumption of exchangeability of
our observed data.

Standard robustness testing methodology is discussed and

shortcomings of this approach are identified.

A case is made for an objective

robustness test involving inferences made over a wide class of priors.

2.1. The basic Bayesian model

In developing our basic model we follow the experimental structure of Ericson (1969)
in which we make observations f r o m a sample of elements of some finite population
that can be embedded within an enumerable

superpopulation.

DEFINITION 2.1 (Population and superpopulation): W e will suppose that we have a
sample of k people, each with q observable characteristics.
X,.

We define the vector

to be the c/zarac/em//c vector for person i where x^j

is the value of characteristic j for that person. For all A:e N we then define

^2,1

^2,2

•

=

32

Chapter 2

Bayesian M o d e l l i n g and R o b u s t n e s s

We will suppose that our population is embedded in a hypothetical

superpopulation

which is the enumerable array
/

\

f
'^l.l

^1.2

"'

2,1

^2.2

•"

-"-Ig

EXAMPLE 2.1 (Internet survey about the Australian flag): Continuing Example 1.1,
we will let the characteristic x,. = (x.,) = (x^) be the indicator that person / in the
sampling frame desires replacement of the Australian flag. In the regular survey we
are able to observe these characteristics directly, whereas in the Internet survey we are
not able to observe this characteristic vector directly because of non-response.
However, for the moment we will ignore the actual response given on the survey as
this complication will be introduced when we introduce our models for non-response.
We will suppose, as an approximating assumption, that we could continue sampling
indefinitely from a hypothetically enumerable superpopulation of Australians.

We

will later make assumptions about the structure of this superpopulation so that we will
in effect make assumptions about the behaviour of a population of arbitrary size. •

In our analysis we may be interested in characteristics of the limited population or we
may be interested in making inferences about so-called parameters

which are

characteristics of the superpopulation (or equivalently, limiting quantities of larger
and larger populations). Even if our only interest is in the actual population, we may
still make assumptions that extend to the superpopulation since such assumptions will
have consequences for the limited population.
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It is pertinent to note that it is not necessary to assume the actual existence of the
superpopulation — w e need assume only that the limited population is structured in
such a way that it could be embedded in a hypothetical
particular structure.

superpopulation with a

This may be done by means o f assuming that whatever

assumptions we make regarding our beliefs about the limited population, these
assumptions would still hold regardless o f the size o f the population.

W e begin by decomposing our predictive beliefs into a sampling distribution and prior
belief Let F^ be XhQ empirical sampling distribution of

defined by

F , ( t ) = l i m ^ | j / ( x , < t , ) for all t e R ' .

W e let

be the space o f possible empirical sampling distributions and we let Z^j be

a sigma field o f events on this space. We let Pg: Zjj - > IK|o i] be the prior measure for
the parameter F^. From the law o f total probability it then follows that for all A:e N
we have
< t„...,x, < t , ) = j / ' ( x , < t„...,x, <

dV, {F^) for all t „ . . . , t , e K ' .

so that we can decompose our beliefs into a sampling measure and a prior distribution
Vf, about the parameter F^.

In fact, the law o f total probability allows this kind o f decomposition to be done for
any conditioning quantity, not merely the empirical sampling distribution. The reason
for choosing to condition on the distribution F^ will become evident below.
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2.1.1. Exchangeability and the representation theorem

If the process of interest is such that we have the same probabilistic beliefs regarding
each of the elements of the observable sequence then this implies an important
invariance condition called

DEFINITION 2 . 2

exchangeability.

(Exchangeability): The characteristic vectors in the population x are

said to be exchangeable

if and only if the probability distribution of x is invariant

under permutations of these characteristic vectors. The superpopulation x^ is then
said to be exchangeable if and only if x^ ^ is exchangeable for all Are N . •

Belief in the exchangeability of a superpopulation of values amounts, quite literally,
to belief that the values of the characteristic vectors are all probabilistically the same.
Despite the simplicity and wide applicability of exchangeability, the concept gives us
a powerful result that forms the basis of the mathematical structure of Bayesian
statistics.

THEOREM 2.1

(Representation theorem): If the characteristic vectors (rows) of

X^

are exchangeable and are from a separable complete metric space then rows of
are independent with P ( x j < t) = f ; ( t ) , so that for all ^ e N we have

/>(x,<t„...,x,<t,)= j n F , ( t , ) ^ P „ ( F j f o r a l l t„...,t,eR'.
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PROOF: This is an expression of the celebrated representation theorem of de Finetti
(1980) (see also Fortini, Ladelli and Regazzini 2000). Proof is omitted. •

The representation theorem shows that if

is exchangeable then the characteristic

vectors of x are IID given the empirical sampling distribution.
decompose our predictive beliefs into a sampling

distribution

This allows us to

for the characteristic

vector (which is equivalent to this empirical sampling distribution) and a prior

belief

about this sampling distribution (or equivalently, the empirical sampling measure).
By formulating further invariance conditions we may further narrow the possible
structure of the sampling distribution.

We assume that the measures induced by the possible empirical sampling distributions
are dominated by some dominating measure so that we have a sampling density p for
the value of the characteristic vector, conditional on the empirical

sampling

distribution. We will also assume that the prior measure for the empirical sampling
distribution is dominated by some dominating measure so that we have a prior density
Pfj for the empirical sampling distribution. We then have

likelihoodfunction

i j ^ j - p o l ^ j f l i . l ^ x ) for all
i=i
where L^ (^x)"^

and we have

t/ewi/Yy

P M . ) - f o r a l l F . e Q .

We noted above that it is not necessary to assume the actual existence of the
superpopulation. We need assume only that the actual population is structured in such
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a way that it could be embedded in an exchangeable population of arbitrary size, or
rather, that our belief in exchangeability would hold regardless of the size of the
population; this is sometimes referred to as infinitely extendable exchangeability.

We

note also that Diaconis and Freedman (1980) provide a useful approximation to this
general result under an assumption of finite exchangeability. This is useful when an
assumption of exchangeability of the superpopulation is not warranted.

Before proceeding beyond the basic model form that follows from exchangeability we
note that in the case of observations of discrete values, such as indicators, the
assumption of exchangeability is sufficient to give us a useful statistical model.

THEOREM 2.2

(Representation theorem for discrete values): If

X^

is exchangeable

and the elements of the characteristic vector x^ are discrete then for any possible
value t € A' of the characteristic vector we define the count

for that value by

i=l

We then define the long-run proportion

for that value by

k-^
We define the statistic n = n(x) =
possible

values

^ = ^(x^) =

of

the

n

(x): t e A'} to be the counts for each of the

characteristic

vector

and

we

( ) : t G A" j to be the long run proportions

define the

parameter

for each of the possible

values of the characteristic vector.
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The parameter 6 is an injective function of F^ so that, for all ^ e N we have
likelihood function

KX
and marginal density

where the density is taken with respect to counting measure.

We can see that the

counts n is a sufficient statistic for inference about 6 .

PROOF: Follows easily from Theorem 3.1 using the strong laws of large numbers (see
Bernardo and Smith 1994, pp. 172-181).

•

The reader should recognise this model as the standard Bayesian multinomial model
with unknown long-run proportions of outcomes.

The fact that the counts are a

sufficient statistic for inference should come as no surprise, since the essence of
exchangeability is that we can ignore information regarding the sampling order.

We can see that the assumption of exchangeability is itself sufficient to lead to a
useful statistical model in one simple instance. In general of course, the model form
implied by the representation theorem is too general to be of much use.

To add

further structure we make further invariance assumptions that narrow the form of the
sampling distribution (see Chapter 4.4 of Bernardo and Smith 1994 for some
examples).
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We have already seen from Theorem 3.2 that we are able to index the empirical
sampling distribution by an alternative parameter. In fact, we can index the sampling
distribution by any parameter so long as the sampling distribution can be determined
uniquely from the value of the altemative parameter.

When further invariance

assumptions are present so as to narrow down the possible forms of this sampling
distribution we can often index the sampling distribution by a scalar or vector
parameter.

This may appear to simplify our models since such parameters take

values over simple spaces rather than over the more abstract function space.
However, so long as we are comfortable with thinking of the empirical sampling
distribution as a parameter itself, albeit over a more intimidating space, the above
method should provide no additional conceptual difficulty. In fact, parameterisation
directly in terms of the empirical sampling distribution will be more useful when we
discuss identifiability and consistency in Chapter 3.

2.2. Robustness with respect to prior beliefs

It is clear from the preceding modelling that the kind of invariance conditions that
underlie the Bayesian paradigm lead to very general model forms. To reach the stage
of prescribing a decision in any specific problem, it is often the case that assumptions
are required which may go beyond the manifestly reasonable, giving rise to legitimate
debate.

As with any application of mathematics this is quite natural.

After all,

mathematics only tells us the logical consequences of our own assumptions. In any
case, we are led naturally to enquire as to the sensitivity of our analysis to those
assumptions that we believe are open to debate.
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This question of sensitivity should not be viewed as an afterthought.

Indeed, Rios

Insua and Rugged (2000) set out a large collection of material on robust
analysis,

Bayesian

based on foundational arguments which reject the strict measurability

inherent in the basic quantitative coherence axioms of Bayesian statistics.

Walley

(1991) also provides such a derivation. Berger (1994) explains the situation:
There is a common perception that foundational arguments lead to subjective Bayesian analysis
as the only coherent method of behaviour. ... Subjective Bayesian analysis is, indeed, the only
coherent mode of behaviour, but only if il is assumed
discriminations

in judgement

about unknowns

that one can make

and utilities.

...

arbitrarily

fine

It is less well known that

realistic foundational systems exist, based on axiomatics of behaviour which acknowledge that
arbitrarily fine discrimination is impossible. ... The conclusion of these foundational systems is
that a type of robust Bayesian

analysis

is the coherent behaviour. Roughly, coherent behaviour

corresponds to having classes

of models, priors, and utilities, which yield a range of possible

Bayesian answers (corresponding to the answers obtained through combination of all modelprior-utility triples from the classes). If this range of answers is too large, the question of interest
may not, of course, be settled, but that is only realistic... (p. 2)

2.2.1. Global sensitivity analysis

The determination of this range of possible Bayesian answers referred to by Berger
(1994) is called global sensitivity analysis.

According to Berger (1986):

The robust Bayesian position can be roughly stated as follows: An answer to a statistical problem
is a good answer only if there is substantial reason to believe that the answer

would

approximately equal the posterior Bayes answer for any reasonable sampling model and prior
distribution (and loss function in a decision problem) entertained. ...
The most natural way to investigate Bayesian robustness is through what Leamer (1978) calls
global sensitivity

analysis:

vary the model, prior, and loss over reasonable ranges and see what

happens to the posterior Bayesian answer, (p. 33, emphasis removed)
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Under the above modelling assumptions (of an exchangeable superpopulation with the
empirical sampling distribution as parameter) the posterior distribution

of the

empirical sampling distribution with k observations is given by

for all
e V 1=1
To test the robustness of this posterior inference we may wish to determine the range
of this posterior probability for different likelihoods and prior beliefs. If we index the
likelihood function by a parameter g and we index the prior distribution by a
parameter r then we have posterior distribution

(f,^") given by

Under the global robustness approach we would vary the likelihood function over
some reasonable range f e A and vary the prior over some reasonable range r e F to
obtain the range of possible posterior measures A( A , r ) defined by

A(A,r)^
In this case we could be satisfied that V^. e A ( A , r ) even though we are not confident
of specifying our likelihood or prior with any greater certainty.

Similarly we may wish to investigate the range of possible probabilities of a
hypothesis of interest. Varying the likelihood over f e A and varying the prior over
r e r we obtain the range of possible posterior probabilities A^ ( A , r ) defined by
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'^10,11 •

In this case we could be satisfied that

A ^ ( A , r ) c K | „ | | even though we are

not confident of specifying our iii<elihood or prior with any greater certainty.

This range of possible probabilities is called an imprecise probability.

Moreover,

Walley (1991) shows that, under basic foundational assumptions of consistency, these
imprecise beliefs form a convex hull, so that if we consider two specifications of such
a value to be reasonable then we must consider any point between them to be
reasonable. Thus A^ ( A , r ) will be a single connected interval with lower bound

^ (£:) = inf A^ (A, r ) = mf inf V,{£\g,t)
and upper bound

P, ( f ) = sup A, (A, r ) = sup sup
^QA

rer

n{S\g,r).

Walley (1996) argues that this imprecise approach to prior formulation is required to
accurately reflect prior beliefs that are non-informative.

We should expect that we are more adept at making judgements about the form of the
sampling density than the form of the prior. This is because our sampling beliefs are
determined by invariance conditions on observables while our prior beliefs involve
judgements about limiting quantities that are unobservable. In fact, it is commonly
the case that we are entirely confident with the invariance assumptions leading to our
sampling beliefs in the sense that we consider any denial of these assumptions to be
unreasonable.

This leads us to instead consider only variation in our prior beliefs

using a prior sensitivity

analysis.
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2.2.2. Prior sensitivity analysis

Under the prior robustness approach we vary the prior over some reasonable range F
to obtain the range of possible posterior measures A ( r ) defined by

n(r):rer

.

It is important to note that in such a case a prior sensitivity analysis is our global
robustness analysis; the reasonable range of the sampling density in the latter being a
single point.

Since we are not confident of our ability to make judgements about quantities that are
not observable we may consider any prior belief to be reasonable. Unfortunately, in a
certain sense, our inferences are always highly sensitive to our prior beliefs.

T H E O R E M 2.3

belief

(Prior sensitivity theorem): For any / : G N and for any posterior

on the support supp(Z,j) c Q there exists a sigma finite measure V^ (that is,

a prior measure, which may be improper) satisfying
(f)

jl, (FJ

( F J for all f G

.

£

PROOF: Follows easily from the rules of conditional probability (see Billingsley 1995,
pp. 427-429). •

Although it is not of much mathematical importance, the prior sensitivity theorem has
important philosophical implications for robustness testing in Bayesian statistics. The
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prior sensitivity theorem shows that, if we have a finite amount of data, then by
appropriate choice of prior belief we can obtain any posterior belief on a range that is
not contradicted by the data. Thus, in this sense every inferential problem is highly
sensitive to prior assumptions; so much so that we can obtain any conclusion we want
by appropriate choice of prior belief. This would seem to hamper discussion of prior
sensitivity. The prior sensitivity theorem shows that in order to have any precision in
our probability assertions we must restrict our attention to a class of prior beliefs that
is smaller than the class of all priors.

It may appear from the generality of the basic Bayesian model that we will inevitably
be required to make strong prior assumptions (that go beyond the manifestly
reasonable) in order to have a prescriptive discipline; that is, in order to make
probabilistic assertions that are precise enough to prescribe a particular course of
action in a decision problem. In fact, this is not the case. Following the work of
Kingman (1978), O'Neill (2009b) shows that exchangeability implies non-negative
correlation, and will lead to positive correlation under wide conditions.

Moreover,

O'Neill and Puza (2005) show that, in problems involving discrete sequences, the
dual exchangeability of both the observable sequence and the underlying long run
proportions of outcomes is sufficient to solve a common decision problem faced by
gamblers (see also O'Neill and Puza 2004). This is a useful example of how very
wide prior invariance conditions involving exchangeability and leading to a vacuous
prior belief can still lead to a precise enough probability specification to make a
decision.
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2.2.3. Vacuous prior beliefs

The most commori means of ensuring objectivity in our analysis is to take a prior
belief that represents ignorance about the parameters, suitably defined. Clearly the
class of all priors represents complete ignorance about the parameters. However, in
order to obtain some meaningful inferences we must restrict our attention to a smaller
class of prior beliefs.

One means of representing ignorance as to a particular hypothesis is to ensure that the
class of prior beliefs used for robustness testing is such that the prior probability of
that hypothesis can vary between zero and one.
beliefs about the hypothesis are vacuous.
used in Walley (1991).

In this case we say that our prior

This definition is of similar spirit to that

However, in that work the author defines vacuousness for

prevision only —that is, as a comment regarding the upper and lower bounds of the
expectation of an unknown value.

To obtain a vacuous prior we will generally take the prior measure V^ to be of some
known form (such as the conjugate prior) by virtue of invariance conditions and take
r such that we have the vacuous probability bounds

and

reP
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Clearly the class of all priors is vacuous for any non trivial hypothesis (that is, any
hypothesis that does not assert a condition that holds by assumption). We have seen
that this class of priors is useless for statistical analysis. However, it is important to
note — a n d perhaps not obvious— that a vacuous prior belief does not in general
imply a vacuous posterior, so that inference using vacuous priors may sometimes be a
useful and objective method of statistical analysis.

Walley (1991) gives several

examples where this is the case.

46

Chapter 3

CONSISTENCY, IDENTIFIABILITY AND ROBUSTNESS

In this Chapter we introduce the notion of identifiabilty and examine its relationship
to consistency and robustness. The notion of posterior consistency is introduced and
its importance in the robustness of statistical analysis is examined.

The notion of

sufficient and minimal sufficient parameters is introduced and important consistency
results for such parameters are derived. We see that minimal sufficient parameters are
fundamental in characterising the relationship between data and parameters.

The

concept of identifiability is then introduced and the relationship between consistency
and identifiability is examined.

Means of establishing identifiability are examined

with a view to finding useful practical tests of identifiability.

We then go beyond the existing statistical literature to look at the identifiability
problem more widely. We create a new means of analysing identifiability based on
the idea of equivalence

sets.

We see that these sets allow us to look at the

identifiability problem more generally, and consider strict identifiability as a special
case.

Finally, we introduce the concept of a vacuous model, which is based on a

particularly severe form of non-identifiability.

We discuss the implications of

vacuous models and their identifiability properties with a view to future discussion on
self selective surveys.
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3.1. Indexing the sampling measure and posterior consistency

We have so far worked directly with the empirical sampling distribution F^ as our
parameter. We will now revert to the more familiar case where the possible sampling
measures are indexed by a parameter
n

so that F^ = f[6,K).

of interest

6'e 9

and a nuisance

parameter

Thus, we see that each value of the indexing leads to a

particular sampling distribution. The reader should note that we will not require that
different values of the indexing parameters lead to different sampling distributions.
Indeed, this point is fundamental to our analysis of consistency, identifiability and
robustness, since it allows parameter redundancy (for a general analysis on detecting
parameter redundancy see Catchpole and Morgan 1997).

The issue of robustness of our parameter estimates is critical to Bayesian analysis.
Indeed, the most common criticism of the Bayesian paradigm from frequentist
practitioners is the subjectivity inherent in making precise —and often fairly
arbitrary— prior judgements (see Bernardo and Smith 1994, pp. 236 for a discussion
of the subjectivity of prior beliefs).

These criticisms can be answered by using

sensitivity analysis to test the robustness of inferences and predictions and by using
vacuous priors to represent ignorance.

We have seen in Chapter 2 that Bayesian sensitivity analysis is used to ensure that our
inferences and predictions are not sensitive to unreliable model

assumptions.

However, we are not able to obtain useful results unless we restrict our attention to
some class of priors that is smaller than the class of all possible prior beliefs. Thus,
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instead of considering all possible prior beliefs, we instead specify some narrower
class of prior beliefs (which may still be extremely wide if we consider ourselves
completely ignorant) and analyse how our inferences change for these different priors.
If our inferences are fairly similar regardless of which prior belief we use, then we
may be confident in our analysis regardless of our confidence in our prior beliefs. If
our inferences are very different under different prior beliefs then we may not be so
confident. In general we determine the class of reasonable prior beliefs by reference
to available prior evidence, or, in the absence of such evidence (as in an objective
analysis) according to some restriction which yields vacuous prior beliefs.

While

helpful, this method has one important shortcoming in that it may invite further
questions of sensitivity. After all, did our robustness analysis depend heavily on the
chosen class of priors, leading us to wonder about the robustness of our robustness
analysis, and so on, ad

infinitum?

This shortcoming of sensitivity analysis invites us to pursue other methods of testing
the sensitivity of our inferences to our prior beliefs —that is, methods that do not
require

any

further assumptions,

which may themselves

induce questions

of

sensitivity. Since the existence of a prior belief inducing a particular posterior belief
is ensured only for finite observations it should already be evident that perfect
information may hold the key. To explore this line of thought further we introduce
the notion of posterior consistency (for detailed analysis on posterior consistency,
including analysis of situations in which the sampling model is incorrectly specified,
see Berk 1966 and Berk 1970; see also Diaconis and Freedman 1986).
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DEFINITION 3.1

(Consistency): Given a parameter

<!) = A[0,7T)&<$>

and letting

be

the posterior measure for this parameter, we say that our beliefs about the parameter
are consistent if and only if

= I {<!>& A)

almost surely with respect to

the probability measure of x for all possible parameter events ^ G

. •

Consistency asserts that our belief about the parameter converges (in probability) to
certain belief in the true value of the parameter as we gain more and more data. At
this point it is prudent to raise and rebut a common and flawed objection to the above
analysis and to remind the reader of the correct approach. The objection in question is
that, within the Bayesian paradigm, there is no such thing as a 'true parameter'; that
the parameter is not an actual existent but rather an abstraction, an 'index', 'construct'
or some such other thing which has no true value.

The operational approach to statistics used by Bernardo and Smith (1994) and adopted
in this dissertation renders this argument invalid. Under the operational approach all
parameters

are

functions

of

the

empirical

distribution

of

the

appropriate

superpopulations (or equivalently, limiting values of statistics that are functions of the
population) and are thereby reducible to some aspect of reality (at least insofar as we
admit the superpopulation as an aspect of reality). Parameters are not merely some
abstract index to a probabilistic belief

They are a function of the superpopulation.

Indeed, to talk of beliefs about a parameter that cannot be reduced to some aspect of
reality is arbitrary

in the sense expounded by Peikoff (1993) (pp. 163-170) and

therefore inadmissable.
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3.2. Minimal sufficient parameters

In order to determine a useful test of consistency we analyze the way in which data
provides us with information regarding the parameters.

It is well known that

statistical models provide us with information from the data only through the value of
the minimal sufficient statistic (with respect to our likelihood and the parameters of
interest).

However, it is not always appreciated that this property also applies to

parameters; that is, statistical models provide us with information about the
parameters only through the minimal sufficient parameter.

To see this we introduce

the notions of the sufficient and minimal sufficient parameter following Barankin
(1961), Kadane (1974) and Florens, Mouchart and Rolin (1990) (for a simple
explanation see §1.2.1 of San Martin and Boeck 2002).

DEFINITION 3 . 2

(Sufficient and minimal sufficient parameters): Given a parameter

{6,7t) and a family of probability measures [ P g ^ \ ( 9 , 7 t ) ] the parameter
is sufficient

= K{0'implies

that

and is minimal

=
sufficient

in addition, Pg„=Pffjc' implies that h [ 9 , K ) - h [ 9 ' , J t ' ) . m

Sufficient and minimal sufficient parameters are almost analogous to sufficient and
minimal sufficient statistics'". In particular, that there is always a minimal sufficient
parameter and therefore a sufficient parameter since the sampling measure is itself a
minimal sufficient parameter.

In fact, proceeding analogously to Lehmann and

Indeed, the only d i f f e r e n c e is that the likelihood function — c o n s i d e r e d as a function of the
p a r a m e t e r s — induces only a sigma finite measure rather than a probability measure on the parameter
space; this property is not needed for most theorems involving sufficiency and minimal sufficiency so
that the same properties generally apply.
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Scheffe (1951) it can easily be shown that any minimal sufficient parameter (j) is an
injective (that is, one to one) transformation of the sampling measure.

For

exchangeable sequences we have the following result.

THEOREM

3.1

(Exchangeability and minimal sufflcient parameters): If

is

exchangeable then the parameter (j) is minimal sufficient in the family of sampling
measures if and only if it is an injective function of F,.

PROOF: Since x^ is exchangeable it follows from Theorem 2.1 that the parameter F^
is the sampling distribution.

It then follows trivially from Definition 3.2 that (p is

minimal sufficient if and only if it is an injective function of

. •

We therefore see that the sampling distribution F^ plays a fundamental role in the
analysis of exchangeable values.

We now discuss the significance of minimal

sufficient parameters in inference more widely.

3.2.1. Minimal sufflcient parameters and inference

Sufficient parameters have certain useful informatory properties which ensure that, in
a useful sense, they completely characterize the likelihood function.
parameter and (f) is any sufficient parameter then we have \Ld

If 9 is any
^.

That is,

regardless of the model form, the data are independent of the parameters given
knowledge of any sufficient parameter. Indeed, Dawid (1979) defines sufficiency and
minimal sufficiency directly in terms of conditional independence.
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This conditional independence relation has three important consequences. Firstly, if
{d,n:)

is any parameter and (p = \{e,n:)

is any sufficient parameter then P^^

That is, the sampling distribution depends upon the parameters only through sufficient
parameters. This means that the likelihood function can be written in terms of any
sufficient parameter.

Secondly, if ^ is a sufficient parameter then the predictive

distribution of the observable values depends upon the parameters
through any sufficient parameters. Finally, if
P{9e£\\)=
where

only

is a sufficient parameter we have

\Q,{£)dV,{(l))

for all

K^j || is the sufficiency measure for

Sel.^,
given by

Q^{S) = P{ee8\(t)) for all
This shows us that the inferential distribution of the parameter of interest depends
upon the data only through sufficient parameters.

Since these properties hold for all sufficient parameters, it follows that the sampling
distribution and inferential distribution depend upon the parameters only through
minimal sufficient parameters. Thus, regardless of the form of the sampling measure
—and thus regardless of our model assumptions— we know that the data provides us
with information about the parameter of interest only through the minimal sufficient
parameter. Because of this property of inference, the distribution of the parameter of
interest conditional upon the minimal sufficient parameter is particularly important for
the purposes of identifiability analysis. For want of a better term we will call this the
sufficiency

distribution.
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DEFINITION 3.3 (Sufficiency distribution): If ^ is a minimal sufficient parameter in
the likelihood fiinction and 6 is the parameter of interest then we will refer to the
family of measures Q = {q^:

g

as the sufficiency

distribution.

It is pertinent to note that Q = /(-Po) so that the sufficiency distribution is an aspect
of our prior beliefs and is not dependant upon the observed data. This property is of
fiindamental importance in considering robustness.

3.2.2. Minimal sufficient parameters and consistency

In addition to characterizing the likelihood function, minimal sufficient parameters
have an important asymptotic property that is of fundamental importance in
considering robustness to prior beliefs.

This property is an extension of widely

known asymptotic results for Bayesian statistics.

THEOREM 3.2 (Consistency of minimal sufficient parameters): If the rows of
are exchangeable and the parameter (p is minimal sufficient then it is consistent.

PROOF: Since the parameter F^ is a function of x^ it follows from Doob's
Martingale Convergence Theorem that F^ is consistent (see Lijoi, Pruenster and
Walker 2003; for a statement of Doob's Theorem see Chung 2001, p. 351). Now, if
(Z) is a minimal sufficient parameter then it is a function of F^ and is therefore also a
function of

. It follows again from Doob's Theorem that (Z> is consistent. •
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Theorem 3.2 shows that our posterior belief about any minimal sufficient parameter
converges (in probability) to certain belief in the true value of that parameter as we
obtain more and more data. We note again that the operational approach to statistics
ensures

that

the

minimal

sufficient

parameter

exists

superpopulation and therefore does have a true value.

as

a

function

of

the

We have now seen the

relationship between consistency, sufficiency and minimal sufficiency for parameters.
We can now proceed to consider the notion of identifiability

that seeks to determine

whether the data gives information regarding the parameter of interest.

3.3. Identifiability

W e have seen that, regardless of our model assumptions, the data provides us with
information about the parameter of interest only through the minimal sufficient
parameter. W e have also seen that our beliefs about the minimal sufficient parameter
will converge (in probability) to certain belief in the true value of that parameter as we
obtain more and more data. Whether this information about the minimal sufficient
parameter in turn determines the true value of the parameter of interest is determined
by the concept of identifiability
theory, see Qin 1989).

(for a comprehensive discussion of identification

W e first introduce the definition in the Bayesian context,

following Kadane (1976).

DEFINITION 3.4 (Identifiability): A parameter 9 is said to be identifiable

if and only

if there exists a fiinction g such that 9 = g[(l)) where ^ is a minimal sufficient
parameter.

•
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Thus, if 9 is identifiable then we may determine the parameter of interest from our
minimal sufficient parameter and so, in a sense, the data provides information directly
about 9. Conversely, if 9 is unidentifiable then we cannot determine the parameter
of interest from any minimal sufficient parameter and so the only information about 9
provided by the data is through the relationship between the minimal sufficient
parameter and the parameter of interest (which is determined solely by our prior
beliefs). We note finally that the choice of minimal sufficient parameter (p in the
definition of identifiability is immaterial since all minimal sufficient parameters are
injective transformations of one another.

The notion of identifiability is expressed somewhat differently in the econometric
literature.

Rothenberg (1971) and Bowden (1973) define global identifiability

in

terms of observational equivalence of parameters.

DEFINITION

{9',n')

3.5

(Observational equivalence): The parameter values {9,7i)

are said to be observationally equivalent if

DEFINITION 3 . 6

and

^ = Pg,^ . •

(Identifiability): The parameter 9 is said to be globally

identifiable

if and only if all observationally equivalent parameter values have the same value of
9. That is, if Pg ^ = Pg.

implies that 9 = 9' for all ;r,;r'E n . •

We have seen that, in the case where the superpopulation is exchangeable, the
parameters index the minimal sufficient parameter F,. In the case where we index by
a parameter of interest 9 and a nuisance parameter 7r we have F^ = f[9,n).

We
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now see that 0 is identifiable only in the case where 0 = f{F^).

This is why we did

not assume that the indexing parameter was in one to one correspondence with the
sampling measure to start with.

Halmos and Savage (1949) and Bahadur (1954) show that sufficiency is equivalent to
pairwise sufficiency for dominated sampling measures; even for measures that are not
dominated, sufficiency implies pairwise sufficiency.

It follows that all parameter

values that correspond to the same value of a sufficient parameter are observationally
equivalent.

Thus we see that, for dominated sampling measures, the definition of

identifiability in Definition 3.4 is equivalent to the definition of global identifiability
in Definition 3.6, used by Rothenberg (1971), Bowden (1973) and others. In practice
we generally deal only with sampling measures using a density or mass function so
that we are always dealing with dominated sampling measures.
take Definitions 3.4 and 3.6 as equivalent definitions of

We will therefore

identifiability.

3.3.1. Identifiability and consistency

Using the above posterior convergence results, the concept of identifiability leads us
easily to another useful asymptotic result regarding the parameter of interest.

THEOREM 3.3 (Identifiability and consistency): If x^ is exchangeable then if a
parameter is identifiable it is also consistent.

PROOF: Follows trivially from Definition 3.4 using Theorem 3.2. •
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Theorem 3.3 shows that, if the parameter of interest is identifiable then our posterior
belief about the parameter of interest converges (in probability) to certain belief in the
true value of that parameter as we obtain more and more data.
identifiability is an important property of a statistical model.

We can see that

If the parameter of

interest is identifiable then we know that the data is providing us with information
about this parameter via the minimal sufficient parameter. However, if the parameter
of interest is unidentifiable then the data is providing us with information that
determines only the value of the minimal sufficient parameter, which may potentially
correspond with several possible values of the parameter of interest.

3.3.2. Tests for identiflability

An obvious test of identifiability is suggested by Definition 3.4. Namely, determine a
minimal sufficient parameter and then determine whether the parameter of interest is a
function of that parameter. However, it may be difficult to find a minimal sufficient
parameter (for a good algorithm see Johnson 1974) and it may also be difficult to
decide whether the minimal sufficient parameter can be inverted to obtain the
parameter of interest.

Alternatively, we may wish to test identifiability according to Definition 3.6.

An

obvious test of identifiability is again suggested; namely, determine the conditions
under which parameter values are observationally equivalent and then determine
whether these conditions imply the equivalence of the parameter of

interest.

Following the work of Rothenberg (1971) and Bowden (1973) we can further simplify
this test by using a divergence function that measures the divergence between two
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probability densities.

B o w d e n (1973) tests for identifiability using the Kullback-

Liebler divergence function H defined by

H[e,7i\e',7i') = 'E In

e,K

jln

It can easily be shown that / / is a divergence fiinction in the sense that it is nonnegative with H[e,7t\9',K') = Q if and only if
1951).

(see Kullback and Leibler

This function — o r indeed any other divergence f u n c t i o n — can be used to

simplify the test of identifiability based on Definition 3.6 as follows.

THEOREM 3.4 (Identifiability using divergence functions): Given a divergence
function H the parameter 6 is identifiable if and only if H [0,;t\0',K') = O implies
that e = e ' for all

PROOF: Follows trivially f r o m Definition 3.6.

•

Thus, w e have at our disposal, several equivalent definitions leading to m e t h o d s of
testing for identifiability.

T h e utility of these particular tests will depend u p o n the

f o r m of the likelihood function and, in particular, whether it is easier to determine a
m i n i m a l sufficient parameter or a closed form divergence function. A more detailed
analysis of the conditions required for identifiability in particular model forms is
given in Roehrig (1988).

W e will not have need for a detailed discussion of these

conditions since w e will be concerned solely with the identifiability of models for
surveys subject to non-response and self selection.

'Mn the case when H is divergent we will—by convention—say that //(6',;r|S',;r') = ~ > 0 •
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The reader may have noticed that the concept of identifiability gives a very strong
form of identification of the parameter of interest. Namely, a form where we are able
to establish the actual value of the parameter of interest from the minimal sufficient
parameter.

W e now extend this result beyond what is to be found in the statistical

literature by looking more generally at whether knowledge of the minimal sufficient
parameter allows us to narrow down the

range of the parameter

of interest, even if not

to the level of identifiability.

3.4. Identifiability and robustness

We have so far been concerned only with whether the parameter of interest is
identifiable or not; that is, whether it is uniquely determined by the minimal sufficient
parameter or not.

However, in the case where it is not, it may nonetheless be

restricted by the value of the minimal sufficient parameter so some smaller set of
values. W e identify these sets of values using

DEFINITION 3.7

(Equivalence

sets):

equivalence sets.

Given

a

minimal

<l) = h { e , K ) , let S{<l)) = \ e & R & n g Q { e ) : A { e , T [ ) = <p

associated

with

£{(!>) = s u p f

each

possible

value

of

<p and

sufficient

parameter

be the possible range of 0

let

£[(())

='miand

be the lower and upper bounds on this range respectively.

We can now give a result more general than Theorem 3.3 that demonstrates the
convergence properties of the parameter of interest even when this parameter is not
identifiable.
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(Convergence to equivalence sets): If

parameter then lim,^^

= 1[d^

is a minimal sufficient

almost surely with respect to the

distribution of x .

PROOF: Follows easily from Theorem 3.2 and Definition 3.7. •

In the special case where the parameter of interest is identifiable, the equivalence set
consists of a single point. In this case Theorem 3.5 reduces to Theorem 3.3. In cases
where the parameter of interest is a scalar we can see the relationship between the
parameter of interest and the minimal sufficient parameter graphically by plotting
£{<!)) and S {(p) as functions of the minimal sufficient parameter. We will call this
an equivalence plot.

This gives us a clear sense of the degree to which knowledge of

the minimal sufficient parameter restricts the range of the parameter of interest.

THEOREM 3 . 6

(Equivalence sets and robustness): If (Z) is a minimal sufficient

parameter then for all A:EN we have

(0)|x) < E(6'|x) <

PROOF: Since (Z> is sufficient we have 6'-Lx|^

x).

so that from the law of total

expectation we have E(6'|X) = E ( E ( 6 ' | ^ ) | X ) . Since ^ < E ( ( 9 | ^ ) < 5 ((Z>) we then

have E ( g ( ( ^ ) | x ) < E ( 6 ' | x ) < E ( 5 ( ^ ) | x ) which was to be shown.

•
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If the parameter in question is identifiable then

=

for all (p. This will be

evident from the equivalence plot. Thus, the equivalence plot can also serve as a
useful means of establishing identifiability.

Moreover, unlike the tests of strict

identifiability, the identity plot also gives us a clear graphical illustration of the range
of parameter combinations that are observationally equivalent.

This allows us to

assess the degree to which knowledge of the minimal sufficient parameter gives us
information regarding the parameter of interest.

3.4.1. Vacuous models

In this paper, we will be interested in assessing the usefulness and robustness of nonresponse and self selection models by determining whether the parameters of interest
are identifiable or not. We have already seen that the absence of identifiability does
not necessarily mean that we are unable to obtain useful information. We may after
all be able to restrict the value of the parameter of interest to some useful equivalence
set. This alone may be valuable information.

Yet, we are concerned in this paper with the possibility that certain models may yield
no useful information about the parameters of interest. As such, we will introduce a
special property which is a particularly severe form of non-identifiability.

DEFINITION 3.8 (Vacuous models): Given a parameter of interest
parameter

and a minimal sufficient parameter (/> = A{0,7r)e

0 , a nuisance
^ we say that a

model is vacuous for 6 if and only if f ((Z>) = 0 for all (^e <J). •
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We have seen that our data only gives us information about parameters through the
minimal sufficient parameter.

When we have a vacuous model, any value of the

parameter of interest is consistent with any value of the minimal sufficient parameter.
This means that, even with perfect information we are not able to restrict the possible
values of the parameter of interest. Again, we note that the relationship between the
parameter of interest and the minimal sufficient parameter is determined entirely by
our prior beliefs.

At this point we make an important observation. Namely, that the use of a vacuous
model does not imply that our beliefs about the parameter of interest do not change
with observation, as might be incorrectly supposed.
generally will change.

In fact, our posterior beliefs

As we obtain more and more data our beliefs about the

minimal sufficient parameter converge (in probability) to certain belief in the true
value and our belief about the parameter of interest converges to the conditional
measure given knowledge of the minimal sufficient parameter.

Thus, even under a vacuous model there is an updating process as we gain more data.
Our posterior beliefs do change from our prior beliefs. The point is that under a
vacuous model, this updating process is critically dependant upon our prior beliefs
about the parameters.

In a regular identifiable model, the relationship between the

minimal sufficient parameter and the parameter of interest is deterministic —
knowledge of the former implies knowledge of the latter.

A vacuous model

represents the other end of the spectrum, where knowledge of the former does not
even narrow the range of the latter. In this case, the relationship is governed entirely
by our prior beliefs.
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Thus we see that, in some sense, data from a vacuous model do not give us any usefiil
information. The updating of our beliefs is proceeding entirely according to our prior
assumptions. Suffice to say, this is extremely unsatisfactory in an objective analysis
where our prior beliefs are supposed to represent a priori ignorance.

3.4.2. Is identifiability really all that i m p o r t a n t ?

We saw in Chapter 2 that Bayesian analysis is predicated on certain criteria for
rational assessment of uncertainty and that, within this paradigm, updating our beliefs
from prior belief to posterior belief according to Bayes Theorem meets these
rationality criteria. It is clear that, even in a problem that is unidentifiable we are able
to formulate a prior belief and update this belief according to the data observed. If the
parameter of interest to us is unidentifiable then this will show up as a ridge in the
likelihood function. If the parameter is vacuous then this ridge will span the entire
range of possible values of the parameter of interest.

While this certainly causes

problems if one is looking for a unique maximum likelihood estimator, one might be
tempted to believe that the problem is irrelevant, or at least unimportant, for Bayesian
analysis where the posterior captures our rational beliefs.

However, while it is true that a posterior belief obtained from an unidentifiable model
—or even a vacuous model— is still rational in the sense of having met the rationality
criteria for Bayesian analysis, it is nonetheless an updating of beliefs which is entirely
dependant on the prior belief rather than the data. A posterior belief from such an
analysis is as rational, but no more rational, than the prior belief

It represents a

coherent belief about the parameter based essentially on no relevant evidence.
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In this Chapter we apply the theory of identifiability to surveys involving nonresponse and self selection. Having discussed the general theory of identifiability in
Chapter 3 we first derive basic models for surveying subject to non-response or self
selection.

We determine the minimal sufficient parameters for these models and

discuss the relationship between the minimal sufficient parameters and the parameters
of interest.

Having established the relationships between the various parameters, we analyse the
identifiability of the parameter of interest in these models.

We find that the

identifiability of the parameter of interest is crucially dependant upon the range of the
response propensity.

In the case where this range is not restricted we find that the

parameter of interest is not identifiable and, in the case of self selective non-response,
the model is vacuous for the parameter of interest.

Finally, we consider the effect of certain restrictions on the range of the response
propensity.

We find that drastic restrictions are required in order to obtain strict

identifiability but that certain useful results can be obtained without any restrictions in
the case of regular non-response. W e consider some common restrictive assumptions
about the response propensities that lead to obvious and intuitive solutions.
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4.1. Bavesian models for observations subject to non-response

To facilitate our analysis we now introduce some new definitions of our observations
subject to survey non-response (we do not deal with item non-response as this is
beyond the scope of the dissertation). Instead of observing the elements of x directly
by standard random sampling, we are interested in the case where we observe these
values subject to survey non-response.

In the case of a survey subject to standard

survey non-response we observe the reports x defined as follows.

DEFINITION 4.1

(Survey responses subject to non-response): We define the vector

nij =

) to be the non-response

vector consisting of the survey non-

response indicators

{

0

1

if person i responds to the survey
.

if person / does not respond to the survey

We then let x,. =

corresponding characteristic vector subject to

non-response for person i defined by

X. J

if w, = 0
if w, = I

so that the observed sample with non-response is given by

X,

^2,1

^1,2

•

^2,2

•

=

We then define

(*) = X t /

~

number of people in the sample with

characteristic vector r (subject to non-response). We let ^ = ^ ( m ^ ) = ^^^^ m. be the
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overall number of non-respondents and we let ^

=

be the overall

number of respondents. •

It is worth noting the missing data pattern that is induced by survey non-response. It
is clear from the above definition that our observed sample x will consist of observed
characteristic vectors, where all of the values of the characteristic vector are present,
and unobserved characteristic vectors, where none of the values of the characteristic
vectors are present. Thus the missing data pattern will be one in which entire rows of
the matrix x are missing. This is a special case of the general missing data patterns
that are discussed in Little and Rubin (2002) (see pp. 4-11). More general patterns
occur only when we deal with item non-response which is beyond the scope of this
dissertation.

Observation of x allows us to determine the number of respondents and nonrespondents in the sample. However, in the case of a survey subject to self-selective
non-response we are not able to determine the number of non-respondents and
therefore determine the sample size. In this case we observe the reports x defined as
follows.

DEFINITION 4 . 2

#.

(Survey responses subject to self selective non-response): We let
be the number of the /th respondent and we define

X, = X- as the characteristic vector for the / th respondent. The observed sample is
then given by
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To facilitate our analysis we also let #,. = 1+

')

'^e number of the

i th non-respondent and we define x. = x- as the characteristic vector for the i th nonrespondent. The unobserved sample is then given by

k.q

It should be clear from the above definition that observation of x does not allow us to
determine the number of non-respondents or the overall sample size surveyed which
is the fundamental problem of self selective non-response.

EXAMPLE 4.1 (Internet survey about the Australian flag): Continuing Example 2.1,
we will let m. be the indicator that person i fails to respond to the Internet survey
when sampled.

To see the relationship between the various vectors of interest,

suppose that the first five voters in the population are such that nij = (0,1,0,0,1) and
that x;, =(1,1,0,1,1). This gives us x' = ( I , . , 0 , l , » ) , x' = (I,0,l) and x' = ( I , l ) . If we
survey these first five voters by a survey subject to regular non-response we observe
X and if we survey them by self selective survey we observe x . •
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It is clear that if we observe x then we are able to determine x and k so that regular
surveying with non-response gives us at least as much information as self selective
surveying. Moreover, we will see below (when we derive our basic model) that if x
is exchangeable then observation of x is equivalent to observation of ( x , ^ ) in the
sense that the latter is a sufficient statistic for the empirical sampling distribution.
This should not be surprising given that exchangeability means that the order of the
elements in x is of no importance.

Thus, we will see that the sole relevant difference between standard non-response and
self selective non-response is the absence of knowledge of the number of nonrespondents, or equivalently, the absence of knowledge of the total number of
participants that were surveyed.

This is in accordance with our discussion of non-

response and self selection in Chapter 1. It should also be intuitively clear from our
initial examples of surveys subject to regular non-response such as mail surveys and
face-to-face surveys, and our initial examples of surveys subject to self selective nonresponse such as polls conducted by radio and television stations.

4.1.1. Important parameters

Before proceeding to formulate our basic model for non-response and self selection,
we introduce the following parameters which will be critical to our analysis.
Understanding the interaction between these parameters will help us to understand the
identifiability problem inherent in self selective surveying.
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(Important parameters): We define the response proportion by
T^T,=p{m,={)).

We define the characteristic density p by
=

=

= t ) for all t e R '

We define the respondent characteristic density p by
r ( t ) = ;f;.(t) = p(x, =t|w, = 0 ) for all t e
We define the non-respondent characteristic density p by
=

=

=t|w, = l ) for all t e K * .

We define the response propensity X by
/l(t) = A.(t) = /7(w. =0|x. = t ) for all t e R \
Finally, we define j7' = Range(/l) as the response propensity range and we define
M as the set of all possible values of the response propensity (i.e. all possible
functions that are measurable with respect to the distribution of the characteristic
vector) so that J ^ M . u
In all of our models, we will work with the case where the observations of different
people in the superpopulation are exchangeable. In particular, we will assume that the
rows of X are exchangeable and the elements of m are partially exchangeable with
respect to the corresponding rows of x. Under this assumption it follows that the
various marginal and conditional densities above are the same for each person. This
allows us to drop the subscript and refer simply to the parameters k k , k and A.
Under this assumption of exchangeability of the rows of x it also follows that the
characteristic density K is the density corresponding to the empirical distribution
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function F^ which is the parameter of interest to the surveyor. Since these parameters
are almost surely injective, we will hereafter regard K as the relevant parameter of
interest.

4.1.2. Modelling observations subject to non-response

W e will base each of our models on the belief that the rows of x are exchangeable
and that the elements of

m

are partially exchangeable

with respect to the

corresponding rows of x . Belief in exchangeability is reasonable in cases where we
take our sample in a way that ensures that the responses are not dependent upon the
order in which participants were sampled. Where this is not the case we may obtain
the result by randomization of the responses (though this involves a loss of
information).

From these basic exchangeability assumptions the Representation

Theorem ensures that the characteristic vectors in x (i.e. the rows) are conditionally
independent given F^ and the rows of m are conditionally independent given the
associated value of the characteristic vector in x and the response propensity.

We

now derive a basic model for non-response and self selection using these conditions
and basic conditional independence assumptions regarding the empirical sampling
measure and the response propensity.

MODEL 4.1 (Basic model for non-response and self selection): If the rows of x are
exchangeable and the elements of m are partially exchangeable with respect to the
corresponding rows of

x with

F^

and

then we have

likelihood functions
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so that ( r , r ) is a minimal sufficient parameter in 4 , and

so that r is a minimal sufficient parameter in Z,^. •

PROOF: We assume throughout the dissertation that X, tn and any other sequence of
observable values introduced are from a separable complete metric space so that the
Representation Theorem holds.

Since the rows of x are exchangeable and the

elements of m are partially exchangeable with respect to the corresponding rows of
X it follows from the Representation Theorem of de Finetti (1980) that

Since F^ ± m^

P (m*.

and / I J . x^ ^ F^ we then have

I .

= P (m J X,,, A) p (x, J F J

=1
nA(x,.)p(x,|FjYn(i-A(xj)p(x,|/=;)

=

r
V, '=1

J \ '=!

This gives us sampling density
f k
^ -=i

J

\ /=]

y

= r
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It follows that w e have ^ ( r , ^ ) = r* ( l - r ) *

^ ^(x,.) so that ( r , ^ ) is minimal

sufficient. Since x is exchangeable and m is partially exchangeable with respect to
X it follows that x is exchangeable SO that w e have sampling density

M
It follows that w e have likelihood function

/=i
so that ic is minimal sufficient. •

This model gives us a general form for surveys subject to non-response including self
selective non-response. It is the most general f o r m of model which w e can obtain by
considering exchangeable observations with partially exchangeable missing data
indicators subject only to survey non-response. M o r e general models can of course be
obtained by relaxing the assumptions of exchangeability or by also considering item
non-response.

T h e latter would merely require an additional matrix of missing data

indicators for individual items rather than for response to the survey and could be
formulated in a similar m a n n e r to the mathematical formulation above.

While such

models would be useful for data analysis (particularly models which allow for item
non-response) these are beyond the scope of this dissertation since w e are primarily
interested here in the identifiability problems that arise f r o m survey non-response and
self selection.

W e see in either case (that is, in either regular non-response or self selective nonresponse) that the respondent empirical measure is fiindamental to the analysis. Since
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this measure is a function of the minimal sufficient parameter in both cases, it follows
from the results of Chapter 3 that it is identifiable. In fact, we will also show that this
measure has a crucial role to play in determining whether or not the parameter of
interest is identifiable.

Before discussing identifiability we need to examine the

relationships between the various parameters.

THEOREM 4.1 (Relationship between p a r a m e t e r s ) : If R > 0 and if the rows of x are
exchangeable and the elements of m are partially exchangeable with respect to the
corresponding rows of x then the parameters [T,X,K,k) are related by the equation
k{t)

i(t)

/i-(t)

r

It follows that

/c=/(k,A)

A(t)
f^A(r)/c(r)dr

almost surely (with respect to /r).

over the support of A and that

A = f[k,K).

PROOF: From Definition 4.3 we have

almost surely.
x-(x)

p(x,=t)

p{m,=0)

T

W e also have r = j ^ A ( r ) / r ( r ) < i r so that
y(x)_/l(x)_
/r(x)

The fact that

r

/l(x)

almost surely.

lA[r)K{r)dr

k= f{k,X) over the support of

A and that

X = f{k,K)

then follows

from the rules of conditional probability (see Billingsley 1995, pp. 427-429).

•

Theorem 4.1 gives us a crucial link between the parameter of interest and the minimal
sufficient parameters in the model.

Understanding the relationships between these

74

Chapter 4

Non-Response and Identifiability

parameters is crucial to understanding the information given by surveys subject to
non-response. Indeed, the relationships between these parameters will lead us to our
analysis of identifiability by allowing us to determine which values of the parameter
of interest are consistent with values of the minimal sufficient parameter in our
sampling model. Before proceeding to this analysis we consider the case where the
elements of x are discrete.

MODEL 4.2 (Discrete values subject to non-response and self selection): Under
Model 4.1, if the characteristic vector is discrete then we have response

we have sampling

propensity

density
1 *
/r(t) = l i m - ^ / ( x , . = t ) for all t £ A'
•^TR

and we have the respondent sampling

y t) = lim"^'=' ,

density

^

for all te

X.

We also have likelihood functions

teX

leA^

This model can be applied directly to our voting intention data since this involves the
sampling of discrete values.
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EXAMPLE 4.2

(Internet survey about the Australian flag): Continuing Example 4.1,

we will assume, in accordance with Model 4.1, that x is exchangeable and that m is
partially exchangeable with respect to x . We have parameter of interest

K=\im-fl(x^=\)
which, under the assumptions of Model 4.1, is the probability that a person in the
sampling frame desires replacement of the Australian flag. We also have response
propensities

and A, = l i m ^ ' - '

Ag = l i m ^ ' '

.

,

which, under the assumptions of Model 4.1, are (respectively) the probabilities of
response to the Internet survey for a person in the sampling frame does not desire
replacement of the Australian flag, and for a person in the sampling frame that does
desire replacement of the Australian flag. Finally, we have

y=lim^''

,

which, under the assumptions of Model 4.1, is the probability that a respondent to the
Internet survey desires replacement of the Australian flag. In our Internet survey we
have counts n ( x ) = (4941,4512) and an unknown number of non-responses so that
we have likelihood function

In addition to simplifying our basic model, the case of discrete values also allows us
to simplify the relationship between the various parameters of interest.
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(Relationship between parameters for discrete model): Under the

conditions of Theorem 4.1, if

is discrete then the parameters {T,A,ic,ic) are related

by the equation
^(t)

A(t)

A(t)

\

If ^ > 0 then the parameter ic= f{ic,A)

.

and A =

X

for all t e - ^ -

f{ic,K).

PROOF: The equation follows easily from the fact that x, is discrete. If r > 0 then it
follows that h:>0 and A>0.
and X-f[k,K).

It then follows from Theorem 4.1 that ic =

f{K,A)

•

The reader should note that we are generally only interested in the case where

k>Q

and i > 0 so that ^ > 0. In other cases we will generally reduce the range of the
various observables in our model so that we have / r > 0 and A > 0 over the new
range.

We have seen from Theorem 4.1 that, given knowledge of the respondent empirical
sampling measure, the empirical sampling measure and the response propensities are
almost uniquely related. We now see from Theorem 4.2 that, in the discrete case, they
are uniquely related. It should already be obvious that this result will be important in
establishing the value of the empirical sampling measure under our basic model. In
fact, this fact will lead us to a crucial observation in discussing identifiability.
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4.2. Identifiability and equivalence sets

W e saw in Chapter 3 that the empirical sampling measure forms the basis of models
based on an exchangeable superpopulation.

We therefore begin by considering the

identifiability or non-identifiability of the empirical sampling measure.

THEOREM 4.3 (Equivalence sets for the empirical sampling measure): Given
K, r e Q. we have the equivalence sets

=

A

and £ , { k , X ) =

and

and £,{>c,A) = Ken:-

=

If x-e Q and

J

K

=

Mr)K{r)dr

then conditional on 0 < r < 1 the parameter k has range
-te J

SO that the parameter K therefore has equivalence set

for any k&Cl(p.,r,J).

K

A

K

T

Unconditional on T the parameter K has range

ire !! As J-

so that the parameter K therefore has equivalence set

hi J

A{r)K{r)dr

for any

PROOF: Follows easily from Theorem 4.1.
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The reader should note that in the discrete case the equation relating the various
parameters reduces to the equation in Theorem 4.2 so that the various equivalence sets
are simplified accordingly.

We saw in Model 4.1 that, in the case of surveys subject to regular non-response, we
have minimal sufficient parameter ( r , ^ ) so that the data give us information about
the characteristic density /c only through this parameter. Theorem 4.3 then shows us
that any possible densities /c^/c^e

can be made to be observationally

equivalent by appropriate choice of A e J/ . As we observe more and more data from
the sequence x our beliefs about the value of ( r , ^ ) converge to certain belief in the
true value. This narrows our beliefs about /c to certain belief in the set

.

However, we are unable to distinguish between values in this set on the basis of the
observed data. Rather, our beliefs about xr, within this set, are essentially determined
by our prior assumptions.

Similarly, we saw in Model 4.1 that, in the case of surveys subject to self selective
non-response, we have minimal sufficient parameter /c so that the data give us
information about the characteristic density /c only through this parameter. Theorem
4.3 then shows us that any possible densities K',K"e £ ^ [ k , J ) can be made to be
observationally equivalent by appropriate choice of A and r .

As we observe more

and more data from the sequence x our beliefs about the value of it converge to
certain belief in the true value. This narrows our beliefs about K to certain belief in
the set £ ^ [ K , J ) .

However, we are unable to distinguish between values in this set
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on the basis of the observed data. Rather, our beliefs about k, within this set, are
essentially determined by our prior assumptions.

We have already seen that non-response involves a loss of information compared to
direct observation and that self selective non-response involves a further loss of
information compared to regular non-response. We can now see from Theorem 4.3
that each loss of information may restrict our ability to identify the characteristic
density K. The degree to which this occurs (if at all) will depend upon the range J
which will generally form part of our model assumptions. We therefore see that the
range J

is fundamental to the question of identifiability. This leads us to the main

identifiability theorem that relates the identifiability of the empirical sampling
measure and the identifiability of the response propensities.

THEOREM 4.4 (Identiflability of the empirical sampling measure): Given ^E Q , if
r > 0 then:
(a)

if X is identifiable then a kernel of k is identifiable on the support of X ; and

(b)

if K is identifiable then X is identifiable almost surely with respect to k .

PROOF: Follows easily from Theorems 4.1 and 4.3. •

Thus, we see that the identifiability of the characteristic density depends crucially
upon the identifiability of the response propensity. Where the latter is identifiable, we
see that a kernel of the former will also be identifiable on the support of the response
propensity. Of course, it will often be the case that the response propensity is strictly
positive over the possible range of our observable values so that the support
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encompasses the entire range of these values. Indeed, we generally simplify the
categories in our model so that the response propensities for the various values are
strictly positive. In this case we see that there is a strict one to one relationship
between the identiflability of the response propensity and the identiflability of the
empirical sampling measure.
Considering the strong relationship between the identiflability of the response
propensity and the characteristic density, we now look at the identiflability
consequences of some common assumptions about the range of the former.

T H E O R E M 4.5

(Conditions for identiflability): If /re Q then we have the following

identiflability conditions:
(a)

if J =M

(b)

\f J = J^={X\A = a,0<a<\

(c)

if J T ' ^ i / l e

PROOF:

ihQn £^{T,k,J)

and S ^ { k , J ) = a-,

= \K&Q:K>rk

then

and

T=a

j l then

Follows easily from Theorems 4 . 1 and 4 . 3 .

£^{k,J)

= {k]-,znd

=

•

From Theorem 4.5(a) we see that at least some restriction on the range of the response
propensity is required to ensure identiflability in surveys subject to non-response. In
fact, if we are completely ignorant as to the form of the response propensity then our
model for self selective sampling is vacuous. This is indeed alarming since we are
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often in a position of ignorance about the range of the response propensity. Thus, we
will be interested in finding some way to restrict the range of the response propensity.

The restriction that is required to ensure identifiability will depend upon the form of
the characteristic density for x and we will usually have to proceed on a case by case
basis.

However, Theorem 4.5(b) gives us a restriction that will work for any

underlying characteristic density —namely, when the probability of response is not
dependent upon the response in question. It should be intuitively obvious that this
restriction eliminates the problem of identifiability since it means that the empirical
sampling measure for the overall superpopulation and the empirical sampling measure
for the respondent superpopulation are the same.

In such a case the sampling

mechanism leading to non-response is ignorable in the sense expounded by Rubin
(1976).

Theorem 4.5(c) shows us that, in determining identifiability in the case of self
selective surveys, we may reduce the set J

to the set j '

of the largest values that

are proportional to values in J . Thus, any restriction on the range of the response
propensities that fails to reduce this underlying generating range will fail to reduce the
equivalence sets for the characteristic density, and therefore will not allow greater
identification of this density.

4.2.1. Restrictions on the response propensities

We can see from the above theorems that restrictions on the range of possible
response propensities may be sufficient to avoid vacuousness in our model and allow
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US to restrict the equivalence sets for the parameter of interest. While this may not
lead to full identifiability, it will nonetheless mean that our data is of some use in
drawing inferences about the parameter of interest.

There is no real limit to the kinds of restrictions that we may impose on the range of
the response propensities so long as our assumptions about these restrictions can be
justified —i.e., so long as the restriction are grounded in some good reason. In some
cases our previous understanding of the process under study may be such that we are
able to confidently impose some a priori restriction on the range of the response
propensities. This may occur when we are willing to specify some upper bound in the
difference between different response propensities or the ratio of the response
propensities.

In some models (see Chambers and Welsh 1993) this is done by

imposing some a priori restriction on the range of the log-response ratio defined by

= l n ( / l , ( t ) ) - l n ( ^ , (t')) for all t e R * and t ' e K * .

For example, in Puza and O'Neill (2006) the authors model the Internet survey data in
Example 1.1 by assuming that the ratio of the response propensities is known.

We have seen that a complete case analysis will lead to a biased inference when the
sampling mechanism is non-ignorable.

However, just as with a complete case

analysis (which essentially assumes that the response propensities are equal), model
assumptions which impose bounds on the response propensities may be incorrect and
may therefore also lead to bias. In particular, if the true response propensities are
outside the bounds imposed under the assumptions of the model then the model may
be biased even when one undertakes a sensitivity analysis over the relevant bounds.
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4.2.3. Identiflability with nuisance parameters

More generally, we may suppose that we are interested in some aspect of the
superpopulation x which we will define by a parameter of interest 9 = / ( x ) € 0 .
Without loss of generality, we can index the characteristic density K = g[d,7i)
parameter {9,7r) where n: = f[x)&Yl

by the

is some nuisance parameter ^.

Given the characteristic density, the equivalence set for the parameter of interest is
given by £g[K) = - &e © : ( 3 ; r e n ) : A r = g ( 6 ' , ; r ) | . Given our above models we then

have the equivalence sets for the parameter of interest given by

= U
and

= U
We again see that, in terms of narrowing down the range of the parameter of interest
via equivalence sets, the fact of non-response or self selection involves a strict loss of
information. The reader should find this intuitively obvious.

Before proceeding with an analysis of identifiability of the parameter of interest, we
must deal with a preliminary issue.

From the above relations we can see that

£ g { K : ) Q £ g { t , K - , J ) ' ^ £ g { ' C , J ) . That is, by sampling subject to non-response under

To see that this parameterisation does not involve a loss of generality we note that we can take ;r = x
and g ( a , x ) = P,-
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Model 4.1, the equivalence sets for the parameter of interest cannot be narrowed any
more that by direct observation without non-response.

It therefore follows that the

parameter of interest cannot be identifiable in a survey subject to non-response unless
it would have been identifiable in a survey without non-response. The reader should
again find this intuitively obvious. It follows from the fact that non-response results
strictly in a loss of information.

Of course, we are interested here in the identifiability and robustness consequences of
non-response per se. That is, we are interested in the consequences of non-response
in situations where the data, observed directly, would allow us to identify the
parameter of interest. We will therefore assume that, but for the possibility of nonresponse, our model would be identifiable. That is, we assume that 0 is identifiable
in L^^ so that

is a singleton for all ice D.. This allows us to focus on the

problem imposed by the fact of non-response. In cases where this assumption is not
warranted it is clear that the addition of non-response into the model cannot improve
the situation.

Although we have looked at the effect of restrictions to the set J

which would allow

us to identify the parameter of interest, it is usually the case that we are ignorant about
the possible values of the response propensity (at least within M ). This is especially
so where we are undertaking an objective analysis with our prior beliefs representing
ignorance.

Thus, in the usual case we would prefer to gather additional covariate

information which would allow us to identify the parameter of interest even given our
ignorance regarding the response propensities.
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In this Chapter we examine the effect of covariate information by developing more
specific models that apply where our observable information includes both attributes
of direct interest and some kind of covariate information.

We begin by deriving a

basic model for surveying subjcct to non-response or self selection with covariates.
W e determine the minimal sufficient parameters for these models and discuss the
relationship between the minimal sufficient parameters and the parameters of interest.

Having established the relationships between the various parameters, we analyse the
identifiability of the parameter of interest in these models. This time we find that the
identifiability of the parameter of interest is crucially dependant upon the range of the
covariate response propensity. In the case where this range is not restricted we find
that the parameter of interest is not identifiable and, in the case of self selective nonresponse, the model is again vacuous for the parameter of interest.

W e again consider the effect of certain restrictions on the range of the response
propensity. In particular, we find that we can obtain an identifiable model in the case
where the (general) response propensity can be determined from the conditional
density of the covariate values of respondents given their characteristic values.
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Having established this general criterion we consider two specific types of covariate
information. W e discuss covariate information on demographic factors and find that
this is unhkely to be useful in identifying the parameter of interest. We then consider
covariate information on the time to response and find that such information does
indeed have the potential to allow us to identify the parameter of interest. We develop
a general model for surveys with information on the time to response and we also
develop models based on particular structural assumptions about the response rates.

5.1. The effect of covariate information

Investigations of surveys subject to non-response and self selection often suggest
taking covariate information in order to gain information regarding the propensity to
respond.

In this way, it is sometimes supposed that we may be able to correct for

deficiencies inherent in non-response and self selection. But can we?

W e first note that Model 4.1 is sufficiently general to accommodate covariate
information. We have made no assumptions within that model to restrict the range of
the observable values. We may therefore consider covariate information within this
model by considering the characteristic vectors to be made up of both an attribute that
bears directly on the parameter of interest and some covariates.

By proceeding in this way it is clear that the same basic conclusions follow. Namely,
the identifiability or non-identifiability of the parameter of interest and, more
generally, the equivalence sets involved, will depend upon the range of the response
propensities.

In particular, w e saw in Theorem 4.4 that the identifiability of the
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empirical sampling density (and therefore the parameter of interest) is related to the
identifiability of the response propensities.

It is therefore crucial that our covariate information gives us some greater means with
which to identify, or at least restrict the range of, the response propensities. Or to put
the point negatively, unless the addition of covariate information leads to a change in
the range of the response propensities, we will gain nothing, in terms of identifiability
of the parameter of interest, from this additional information. The reader should note
that this is a very useful discovery; it provides us with a necessary requirement for
useful covariate information to overcome the identifiability problem.

Nevertheless, despite this general observation, which we can obtain from the general
model in Chapter 4, it will be useful for the purposes of later modelling to look at the
contrast between the basic model already discussed, and the addition of extra
covariate information. We therefore introduce notation for this additional covariate
information.

DEFINITION 5 . 1

(Covariates): Suppose that the characteristic vector

attributes of direct interest and q

X^

consists of q,

covariates such that it has q = q. + q. total

elements. We will decompose the characteristic vector into x^ = (x',x°) where

is the vector of attributes of direct interest and

is the vector of covariates, with X = X'

xX\
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We then define the observed attributes in the sample by
^1,2
•

"2•

•

—

and the observed covariates by
( X I.9.+1

X,

^1.9.+9

=

^k.q.-H
To deal with observations subject to non-response and self selection we define x ' ,
and X,:, X;,

,

analogously to x^, x,. and x,. •

In order to separate the observable characteristics bearing directly on the parameters
of interest from this covariate information we will need to decompose the joint
sampling density for this information into two parts: the sampling density for the
attributes of interest to us; and the conditional densities (given these attributes) for the
covariates themselves.

We can do this according to the standard rules for

decomposing joint probability into marginal and conditional probability.

DEFINITION

5.2 (Decomposition

using covariates): We will decompose the

characteristic density k into the attribute density K defined by
=

=

for all f e K ' - ,

and the covariate conditional density K defined by
X- (t | f ) = < ( t | f ) = p(x; = t | x ; = f ) for all f s M ' - and t e K'-.
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From this definition we have the decomposition
x-(f,t ) =

W e then define k ' , k

(t | f ) / £ - ' ( t ' ) for ail t ' e R ' - and t e K ' .

and k , k

analogously to k , k . •

As with our definitions of the basic sampling densities, if we assume that the rows of
are exchangeable and the elements of m are partially exchangeable with respect
to the corresponding rows of

then it follows that the various marginal and

conditional densities above are the same for each person. This allows us to drop the
subscript and refer simply to the parameters K , K , k', k

k' and k'.

The rules of conditional probability mean that we can work directly with the joint
measure for the covariates and the characteristics or we can decompose this measure
into the family of conditional measures for the covariates given the characteristics and
the marginal measure for the characteristics in accordance with Definition 5.2.

In

particular, it should be clear from the basic rules of conditional probability that K and
are related by an injective mapping (with r

respect to

and that k and

being unique almost surely with

) are related by an injective mapping (again,

with k being unique almost surely with respect to k).

Since the characteristic vectors in x^ are exchangeable and since our interest is in
some aspect of x^ we already know that 0 = / ( / c ) =

However, without loss

of generality we will assume that our interest is in some aspect of the attributes x^ so
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that e = fi^K'Y

That is, we will assume that our interest is in some aspect of the

attributes of interest and not the covariates.

DEFINITION 5 . 3

(Response propensities with and without covariates): We define

the attribute response propensity

A' by

r ( r ) = /?(/w. = 0 | x ; = f ) forall f e A " ,
and the covariate response propensity
^ (t ) =

) = A(f,t ) =

X by
= t ) forall f e A " and i GX

.

We define J' = Range (/I') as the attribute response propensity range and we define
J' = Range (A ) as the covariate response propensity range. We then define M'
the set of all possible values of the attribute response propensities so that J' c
and we define M

as
M'

as the set of all possible values of the covariate response

propensities so that J' c M°.

•

In all our models with covariates, we will assume that the elements of m are partially
exchangeable with respect to the corresponding rows of x^ so that the non-response
indicator is dependant upon the characteristic vector only through the covariate
values. Under this assumption it follows that the covariate response propensity does
not depend upon the attribute so that we may drop the subscript and refer simply to
the parameter X°.

From the decomposition into attributes of interest and covariates, we are now able to
establish a more specific model with covariates information.
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MODEL 5.1 (Basic model for non-response and self selection with covariates): If
the rows of x^ are exchangeable and the elements of ni are partially exchangeable
with respect to the corresponding rows of
partially

exchangeable

/c±mj|x,/l

so that

SO that

with

respect

to

(so that the elements of m are also
the

corresponding

rows

of

x)

with

and A ± x A" then we have likelihood function

, k ) is a sufficient parameter in I - , and

is a sufficient parameter in L^.

PROOF: Follows analogously to the proof of Model 4.1.

From the definitions of the various response propensities it follows that

and

This gives us the following relationship between the conditional measures.
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THEOREM 5.1 (Relationship between parameters): If A' >0

then the parameters

) are related by the equation

A- ( f | f )

r ( f )

(r

It follows that, for any given t' e X',

and A

(r|f)jr

almost surely (with respect to /c).

we have K = f [ i c , A ) over the support o f A

).

PROOF: Follows from Definition 5.3 by proceeding analogously to Theorem 4.1. •

W e can now consider whether the addition of covariate information x
x'

attribute information

to existing

allows greater identifiability o f the empirical sampling

density fc' and therefore greater identifiability o f the parameter o f interest. Clearly,
since the addition o f covariate information cannot result in a loss in information (in
that

implies

( F , K , J" ) c

F )

(K , J

we must have

and

) for all ( r , F , F ) .

However, the question of interest is

whether there is any strict narrowing of these equivalence sets. That is, whether or
not

it

£ .{^K , K

is

the

case

that

for some

£^.{t,k',k

,J°)cz£^.(r,K

or

I f our covariate information

results in a strict narrowing o f this range then we obtain some benefit in terms of
identifiability.
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From Theorem 4.1 we know that the identifiability of K is strongly related to the
identifiability of the response propensities. In particular, we have seen that, in order
for covariate information to be useful in overcoming the identifiability problem, we
require that the covariate information allows us to better identify the response
propensity.

As with the identifiability of the empirical sampling measure we have

S^.[T,k\K

,J

Now,
£^.[T,K

again
,k

) and
if

,T)C:£^.[T,K

our

covariate

,J

) or Z^\k\k

,J

) for all ( r , F ) .

information
,J

is
,J

such

that

) for some ( r , r )

then it is clear that our covariate information allows for greater identifiability of the
response propensity for that particular value of (r,

).

In fact, we can frame our equivalence sets with covariate information in terms of our
original equivalence sets without covariate information as follows.

THEOREM 5.2 (Relationship between equivalence sets): We have

and

PROOF: From the relationships in Theorem 5.1 we have
r ( f )
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From the fact that A ' ( t ' ) = £

|f)c/t

=

we also have

J - ) : r ( f ) = £ /I (t

(t | f

So, from Theorem 5.1 we have

x-(t|f)
K

f)

K

f)

f)

K

f)

£ A (t

(t | f ) t / t '

f

K EQ'
< K

2(t)

. / N O

K'&q:

Xej):
t']dt.

fjfl't )/r'(f)d/f

K e£2*
• K

f)

K

f)

r ( f )

which is the latter equivalence set with r unknown. We can proceed analogously for
the former equivalence set when t is known.

•

W e can see from Theorems 5.2 that one way of ensuring identifiability in surveys
subject to non-response is to obtain some covariate information that definitely
determines the response propensities.
that /l° = / ( r ' ) .

That is, to obtain covariate information such

If this is the case then it is clear that knowledge of K identifies the

parameter /I . Since K is part of the sufficient parameter in our basic model with
covariates this means that we obtain information directly on the response propensity.
Thus, from Theorem 5.2 we have the following identifiability results.
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THEOREM 5 . 3

(Identifiability with covariates): Under Model 5.1, if A.

=F{'C)

then a kernel of K' is identifiable over the support of A°. In particular, if the support
of A is the whole range X' then ic' is identifiable.

PROOF: Follows from Theorem 5.2 using the rules of conditional probability.

THEOREM 5 . 4

(Other conditions for identifiability): If

K

•

e D. then we have the

following identifiability conditions:

(a)

if

J

=M

£^.[K,K,J

then

we

have

,K

k > T k ' > and

) = Q;

(b)

\I J°

R -.A' =a,0<a<\\

(c)

i f j ' = | / l E X :{ya>\):aX

then r = <2' and

,K \ J ' ) = [K]-,

=

PROOF: The reader should recall the results of Theorem 4.5.

We will use the

relationship between equivalence sets in Theorem 5.2 to show that these results
essentially degenerate into these results.
(a)

Let E be the space of all families of conditional densities for the covariates
given the attributes so that K ,K &

From the rules of conditional

probability (and in particular, from the prior sensitivity theorem presented as
Theorem 2.3) we clearly have

[K\J

= M°) = 'E for any

e H and we
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also have

[k ^Z^J

=M ) =M .

The resuh then follows using

Theorem 5.2 and Theorem 4.5(a).
(b)

For/I €

we clearly have k / k =ala

also have

with

= \ so \hat

,J

) = { ; ? } . We

as in Theorem 4.5(b). The result then

follows using Theorem 5.2 and Theorem 4.5(b).

(c)

Since

, .
^aX{r)K[r)dr

K

S^. [k

=

[k ,M

for

all

« e K^

we

have

) . The result then follows from Theorem 5.2.

This Theorem gives results that are essentially the same as those in Chapter 4 (in
particular, in Theorem 4.5) except for our model with covariate information.

This

should not be surprising since the current model is in fact a special case of the general
model presented in Chapter 4.

From Theorem 5.4(a) we see that at least some restriction on the range of the
covariate response propensity is required to ensure identifiability in surveys subject to
non-response. As in the case without covariates, if we are completely ignorant as to
the form of the response propensity then our model for self selective sampling is
vacuous.

As in Chapter 4, Theorem 5.4(b) gives us a restriction that will work for any
underlying sampling measure.

Namely, when the probability of responding is not

dependent upon the covariate value of the response in question. Again, it should be
intuitively obvious that this restriction eliminates the problem of identifiability since it
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means that the conditional covariate measure for the overall superpopulation and the
conditional covariate measure for the respondent superpopulation are the same.

Theorem 5.4(c) shows us that, in determining identifiability in the case of self
selective surveys with covariate information, we may reduce the set M
M'

of the largest values that are proportional to values in M'.

to the set

Thus, any restriction

on the range of the response propensities that fails to reduce this underiying
generating range will fail to reduce the equivalence sets for the empirical sampling
measure, and therefore will not allow greater identification of this measure.

Having considered the effects on covariate information in general, we now consider
two specific types of covariate information that are sometimes used as a means of
making inferences about the response propensity in an effort to avoid problems with
non-response and self selection.

Following our discussion in §1.1.3 we will first

consider the effect of covariate information such as information on age, race, sex, etc.
We will then consider information on the time to response, including information
obtained from follow up surveys.

5.1.1. The effect of demographic information

It is sometimes supposed that the propensity to respond to a survey may be dependant
upon demographic

factors such as sex, age or race. In this case, it may be claimed

that obtaining covariate information on these factors would allow us to inform
ourselves as to the response propensities. We have seen that whether or not this is the
case will depend on whether this information allows us to narrow the range of the
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That is, a demographic factor such as sex will impact

identifiability of the parameter of interest only if a priori we have reason to restrict
the range of possible covariate response propensities for at least one sex. We also saw
in Theorem 5.4(a) that, if we are completely ignorant about the range of the covariate
response propensity (in the sense that we cannot restrict it beyond the set of all
measurable response propensities) then we obtain a vacuous model for self selection.

It is certainly plausible (and indeed quite likely) that demographic factors may affect
the propensity to respond to a survey. This is the case a fortiori

where the subject of

the survey is likely to be of greater interest to people of a certain demographic group.
However, our analysis of identifiability show us that, unless we can restrict the range
of the possible response propensities, any inferences we make about the effect of
these factors will be crucially contingent on prior assumptions and will not be able to
be tested by our data. Unfortunately, while we may have some a priori beliefs about
the effects of demographic factors, we will rarely be confident in these beliefs (in the
sense that we will usually regard ourselves as having a wide range of 'reasonable'
prior measures in any prior sensitivity analysis). As such, demographic information
will rarely be of any real assistance for obtaining identification or robustness.

5.2. Modelling using the time to response

Aside from demographic information, we may also consider covariate information
directly regarding the response, such as the time to response. For example, we may
invite responses to a survey for a limited time so that any time to response less than
this time results in a response and any time to response greater than this time results in
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In this case the non-response indicator is determined directly by the

time to response so that the range of the response propensity is greatly restricted. It
should be clear that missing data information which is an extension of the nonresponse indicator may provide useful covariate information and may solve our
identifiability problems.

After all, under certain structural assumptions,

such

information may allow us to identify the response propensity so that Theorem 5.2
would apply to allow us to identify the parameter of interest.

We will consider the case where x^ = x,: = x, ^

represents the time to response

and

w is some known cut off time so that x, e M^ and X (x -) = / (x^ < w ) . That is, the
participants are given some set time to respond to the survey. If they do not respond
within this time, they are non-respondents.

Obviously, this structure occurs when we measure the time to response on a single
survey. In this case x° is generally continuous and we observe x,° if and only if it is
less than the cut off time w . However, this structure also occurs in the discrete case
where we measure the time to response in discrete increments or when we conduct
follow up surveys, so that the participants are given multiple opportunities to respond.
If we conduct w surveys on the participants (that is we conduct an initial survey plus
a fiirther w - l follow up surveys given to non-respondents) and we take as covariate
information the survey on which each participant responded then we have time to
response x,' e N c R ^ .
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MODEL 5.2 (Basic model for observations with time to response): Under Model
5.1, suppose that x^ = x- e M^ and that
For

all

x' e X'

we

A^. (/) = - l n | F ( x , : > / x ' , x - ) )

(x,) = /(x^ < w) for some known we

define

the

cumulative

and the response

rates

R^.

response

rates

7i^.[t) = A'^.{t)

so that

/i, ( x ; ) = l-exp(-A_^. ( w ) j . It follows that

and

4(r,A)=

1 - Jexp(-A,(w))x--(t)^/t
V AJ

n;r.(i:)exp(-A^.(i;))A--(i;).
'=1

Model 5.2 frames the likelihood in terms of easily interpreted response rates.

For

those readers familiar with the literature on survival models (see Elandt-Johnson and
Johnson 1999 or Klein and Moeschberger 2003 for a general treatment) the time to
response can be thought of as the survival time and the response rate then corresponds
directly to the hazard function. Thus, the response rate is given by
(t) = A'. (r) = l i m — P f ? < x <t + dt X >/,x" /r"),
'
«/ ^ ' d/io J/ V
'
'
'
/
so that K^.{t)dt-=P{t<x]<t

+ dt\x.>t,x',K^)

for £// = 0 .

Thus, intuitively, the

response rate is proportional to the instantaneous probability of response.

Before proceeding, we should deal briefly with a pragmatic issue that bears on the use
of follow-up surveys. In cases of self selection the surveyor is unable to distinguish
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non-respondent participants from non-participants. It is therefore highly difficult for
the surveyor to target the non-respondent participants for follow up surveying'^.
Thus, it is highly unlikely that self selective surveys with follow up surveys to the
same participants would occur as a matter of practice. Nevertheless, this does not
mean that the self-selective model above will never involve discrete values for the
time to response.

Rather, this model can be applied when there is a single survey

invitation but the time to response is nonetheless measured in discrete increments.

Given some constraints on the structure of these response rates (such as would induce
a more specific form) we may be able to obtain an identifiable model.

We will

consider two such restrictions that will allow us to obtain useful models. The first is
the highly restrictive case where the response rates are constant over time for
participants with a given characteristic.

The second is the wider case where the

response rates over time are proportional for people of different characteristics.

It is clear that any structural assumption about the response rates for the various
characteristics will be built on some assessment of the sampling process. That is, it
will depend upon the means by which the surveyor invites participants in the survey
to respond and upon whether these methods change over the course of the survey.

In considering this issue it is worth noting that, in an effort to maximise the overall
number of respondents in their surveys, many surveyors will make increasingly
" ...though not necessarily impossible. Indeed, in some cases it may be possible (though problematic)
to send an invitation to the population at large (or to any population known to contain all the nonrespondent participants), inviting them to participate in the survey but asking them to ignore the
invitation if they did not receive the initial survey invitation (or alternatively, asking any respondents
on the follow up survey whether they received the initial survey invitation). This method is highly
problematic since it relies on the fact that follow up survey respondents will only respond if they were
invited to the initial survey.
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vigilant attempts to entice non-respondents to respond to their survey as the time
allowed for surveying elapses so that, ceteris paribus, we may expect increasing the
response rates over time. For example, many surveys involve an initial invitation to
respond (often by mail) followed by a more frequent or insistent follow ups for nonrespondents (such as a phone calls or even a face to face surveys).

Aside from the obvious problem of creating antipathy to surveys (already discussed in
Chapter 1) it is clear that, in such cases, formulating an appropriate assumption to
model the response rates will be highly speculative, as the means of surveying is
changing over time.

Thus we see that, in an effort to maximize the number of

respondents in a survey, the surveyor may prejudice his ability to formulate any
reasonable belief about the rate of response that would allow him to identify the
parameter of interest in surveying.

Unfortunately, even where the sampling method is constant over time, it may also be
plausible for survey participants to exhibit changing response rates. This could be due
to apathy or even to increasing antipathy to the surveyor if the participant is annoyed
by being contacted.

These unknown effects mean that it will generally be very

difficult to formulate assumptions about the form of the response rate.

5.2.1. Modelling using constant response rates

One situation of particular interest occurs when the response rates are constant for
each observable characteristic. In this case we have the following basic models.
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MODEL 5 . 3 ( C o n s t a n t response rates for continuous time to response): Under
Model 5 . 2 , suppose that x.

is continuous and that /r^.

Then we have ic (x^" x ' j =

is constant for each XJG X ' .

so that

(

Y

*

VA"

y

'='

so that ( f ' , ^ ) is a sufficient parameter in L- and

e x p ( - w ; r , ) A - ' (t)(at

1-

so that

is a sufficient parameter in L^.

MODEL 5 . 4 ( C o n s t a n t response rates for discrete time to response): Under Model
5.2, suppose that x, e N is discrete and that

we have ic' (x,' x ' ) =

|l -

j

is constant for each

*

U-

so that

J

is a sufficient parameter in L.

L,{K,K)=

1

Then

so that

f

so that

e X'.

'
and

\-\{\-7tjK[t)dt
A-

n^v \-7r.
'=1

is a sufficient parameter in Z,,. •
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THEOREM 5.5 (Identifiability with constant response rates): Under Models 5.3 or
5.4, if F ( x , ; < w ) > 0

then we have

/l°=/(r')

so that, if A. > 0

then

k ' is

identifiable.

PROOF: Since we are able to observe x,. if and only if x, < W w e are able to identify
A over 0 < x, < w . The identifiability of fc' then follows from Theorem 5.3.

This is an important result.

•

It shows us that, with the addition of covariate

information about the time to response (whether by discrete follow up surveys or a
single continuous time to response) and an assumption of constant response rates for
each possible observable characteristic, we are able to identify the empirical sampling
measure for the characteristic of interest in a survey subject to non-response or self
selection. Thus we have found a means to overcome the identifiability problem.

Despite its usefulness in terms of identifiability, it is obvious that an assumption of
constant response rates is highly restrictive. In practice, such an assumption may not
be warranted by our knowledge of the response process. Indeed, in practice we would
rarely be satisfied with such an assumption.

In fact, in order for this assumption to

apply w e would probably require (at the very least) that the surveyor conducts the
follow up surveys using the same method as the original survey.

Where the initial

survey is, say, a mail survey and the follow up survey is a more aggressive means of
surveying such as a phone call or face to face survey, an assumption of constant
response rates would not be appropriate.
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Despite this difficulty, it is heartening to note that we can use the observed values to
run a diagnostic test of this assumption and thereby test whether the assumption is
plausible on the basis of our data^". Unlike the initial identifiability problem, this
involves a situation where our suppositions about the structure of the problem can be
tested against the observable data.

Thus, despite the restrictive nature of the

assumption of constant response rates, it is nonetheless a useful assumption that can
be applied and tested against the observed data.

In lieu of our analysis in later Chapters we now introduce a model for constant
response rates that can be applied to discrete data with discrete follow ups such as in
our voting intention data.

MODEL 5.5 (Constant response rates for discrete characteristics and response):
Under Model 5.4, if the elements of x have range \,2,...,m

with w e N then (with

other notation as in Model 4.2) we have

VteA"

y teA"

and

V

Where

KX'

KX"
•

Deriving such a test is beyond the scope of this paper. However, it should not be difficult to
construct a hypothesis test or Bayesian test to test such an assumption. The reader should be able to see
from the graph of the voting intention responses in Chapter I that the relative decreases in responses
for each characteristic would give information that would allow us to test whether the probability of
response in each survey is the same for a voter with a particular intention.
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5.2.2. Modelling using proportional response rates

We have already seen that the assumption of constant response rates is highly
restrictive and would rarely apply in practice.

It is therefore useful to relax this

assumption in a way that still gives us some reasonable structure to the response rate
function that would allow us to identify the parameter of interest.

In particular, we will relax the assumption of constant response rates to consider the
case where the response rates are proportional for different values of the observable
characteristic (it is worth noting that this assumption encompasses the assumption of
constant response rates as a special case). Under proportional response rates we have
the following basic models.

MODEL 5.6 (Proportional response rates for continuous time to response): Under
Model 5.2, suppose that x; is continuous and that
Y^ 3 y, [r) = n:,

=

for all t , t ' e A".

('') for some base value t^ e Af' so that ;r, ( r ) =

Let

(r) and

Then we have
/

/

VA-

V

0

k
X

so that

-n-

K

{'•)dr K

) is a sufficient parameter in i , and
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/

1-

(

exp -7,
V

V

\

7

{r)dr

K{t)dt

0
/

k
(x,)exp
1=1

so that

V

»

) is a sufficient parameter in L^.

MODEL 5.7 (Proportional response rates for discrete time to response): Under
Model 5.2, suppose that x- g N is discrete and that /r^
t,t'e X'.

Let 0 =

with (p^

n^, for all n^

rc^, for all

(r)for some base value t^e X' so that

^ r x - 'Yx'Pr • Then we have

so that

is a sufficient parameter in i j and

V

A" V

'J

;

i=l V

--'I

so that («•', y,^) is a sufficient parameter in 4 . •

THEOREM 5.6 (Identifiability with constant response rates): Under Models 5.6 or
5.7, if

< w ) > 0 then we have

so that, if A'>0

then k'

is

identifiable.
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PROOF: Since we are able to observe x, if and only if x. ^
identify A
5.3.

over 0 <

< w we are able to

< w . The identifiability of K then follows from Theorem

•

Theorem 6.6 shows us that, with the addition of covariate information about the time
to response and an assumption of proportional response rates for each possible
observable characteristic, we are able to identify the empirical sampling measure in a
survey subject to regular non-response but not in a self selective survey (for a more
general discussion of identifiability in proportional hazard models, see Heckman and
Singer 1984).

The assumption of proportional response rates is much more useful than the
assumption of constant response rates. Unlike the assumption of constant response
rates this assumption may be reasonable even when there is reason to believe that the
rate of response may change over time. We have already noted that this may occur
due to the surveying practices of the surveyor so that the weaker assumption of
proportional response rates gives the surveyor greater freedom to change their method
of surveying as the survey time elapses.

It is again heartening to note that we can use the observed values to run a diagnostic
test of this assumption and thereby test whether the assumption is plausible on the
basis of our data. Unlike the initial identifiability problem, this involves a situation
where our suppositions about the structure of the problem can be tested against the
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observable data. Finally, we introduce a model for constant response rates that can be
applied to discrete data with discrete follow ups such as in our voting intention data.

MODEL 5.8 (Constant response rates for discrete characteristics and response):
Under Model 5.7, if the elements of x have range \,2,...,m

with me N then (with

other notation as in Model 4.2) we have

and

V
where

(z) ^

m

H'

x=\

r=l

y

m

w

x=]

r=l

.,,

.

, -%

(z) • •
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N O N - R E S P O N S E AND INFERENCE

In this Chapter we endeavour to develop objective prior beliefs reflecting a priori
ignorance as to the various parameters of interest in our analysis. Using these prior
beliefs we derive posterior inferences based on the limited self selective data in our
example and based on perfect information from self selective sampling.

Using prior sensitivity analysis we will consider the robustness of our posterior
inferences. In particular, we will derive posterior inferences under various different
prior beliefs that are within our objective class of prior beliefs. We will compare our
posterior inferences under these differing prior beliefs in order to see how sensitive
our inferences are to prior assumptions. This will allow us to see the robustness of
our inferences in self selective surveying.

Finally, we will discuss the implications of these robustness results and their
relationship to the identifiability of the empirical sampling density. We will see that
the robustness of our analysis is closely related to the degree to which we can identify
the parameter of interest in our analysis.
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6.1. An objective analysis of self selective surveys

We have seen that there are serious identifiability problems with our basic nonresponse model in Model 4.1. Indeed, in the case of self selective non-response we
have seen that the model is vacuous for the empirical sampling measure and therefore
for any parameter of interest based on this measure.

It follows that our posterior

beliefs are essentially determined by our prior beliefs insofar as the prior determines
our beliefs about the parameter of interest conditional upon any possible value of the
minimal sufficient parameter.

We should therefore expect that our posterior

inferences will be highly sensitive to prior assumptions under this model.

So far however, we have dealt only with rather abstract discussion in Chapters 4-5.
To see this phenomenon in practice we will formulate objective prior beliefs and
conduct inference and robustness testing for the Australian flag survey data. We will
also conduct inference and robustness testing for the case where we have perfect
information from self selective sampling.

In particular, following the method of prior sensitivity analysis described in §2.2 we
will formulate a wide set of prior measures designed to represent a priori ignorance
about the parameters and we will look at the range of posterior inferences that is
generated from this set of prior beliefs. To do this we will formulate rather extreme
prior beliefs that will show us essentially where the upper and lower bounds on our
inferences will be. We have already noted that this method is akin to the imprecise
probability method in Walley (1991).
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6.1.1. Formulating objective prior beliefs

We will formulate our prior beliefs by using the class of conjugate priors for regular
surveying of categorical data.

MODEL 6.1 (Imprecise prior): Suppose that our prior beliefs about the empirical
sampling density and the response propensities are such that we have prior density

x^^-'ri-x-)""""'-'

0

where

A=
e

otherwise

)

is some known hyper-parameter with

and

. The parameters r] and S represent the strength of our prior beliefs

about the empirical sampling density and the response propensities respectively. We
have E(/C]A) = a and Var(;v^A) = CIR(l-a)/(H-77) and we have E(/1,.|A) =
Var(/l, | a ) = y, ( l - y , ) / ( l +

and

so that higher values of the strength of our prior beliefs

corresponds to less variance in our prior beliefs. Following the method described in
§2.2 we consider the class of prior beliefs corresponding to the set T of values of the
parameter A given by
r = r ( ^ ) = I(?7, a , ' J ,

where

and SeM.^

> ) : 0 < 77 ^ , 0 <

are known.

< ^ , « 6 K (0,,), Wo e ® (0.1)' t^i e ® (0,1)

Here the values f j and 5 represent the

strength of the class of prior beliefs corresponding to T . •
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It is easy to see that the set of prior beliefs corresponding to T in Model 6.1 is
vacuous for K, X^ and /l, in the sense corresponding to the notion of vacuous
previsions used in Walley (1991).

THEOREM 6.1 (Vacuousness of the prior distribution): The prior density in Model

6.1 is vacuous for k ,

PROOF: For any

and A, over A e T for all f j and J .

e Kj^,) choose A such that a < t ,

and f, <V|. Then

E ( A i A ) < / , E(AO1a)<V„ and E(/1,|A)<V, so that m p ( / r | A ) = 0 , infE(AO|A) = 0

and i n f E ( / l , | A ) = 0. Proof that the supremum is unity follows analogously. •

From Theorem 6.1, we see that by considering the class of prior beliefs corresponding
to the set F we ensure that a priori we are completely ignorant as to the expectation
of the various parameters (in that these expectations could be any value in the range of
possible values). The above form of the prior density was chosen because the beta
density is the conjugate density to the binomial density which arises under ordinary
sampling and because it is flexible enough to accommodate a vacuous class of prior
beliefs. Moreover, the set F of values of the parameter A was chosen as the set of all
values with prior strengths for A" and A less than or equal to rj and S respectively.

This is similar to the widely used imprecise Dirichlet

model described in Walley

(1996) and Bernard (2005) and applied in Hutter (2003) and Zaffalon and Hutter
(2005), except that the latter uses a specific prior strength, rather than an upper bound
on the prior strength.
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W e saw in Chapter 3 that the prior belief induces a sufficiency distribution which
determines our beliefs about the parameters of interest in our analysis, conditional on
the minimal sufficient parameter for s o m e likelihood function. In the case of surveys
subject to non-response w e are interested in determining the sufficiency distribution
conditional u p o n the minimal sufficient parameters ( r , r ) for regular non-response
and conditional upon the minimal sufficient parameter K for self selective nonresponse.

THEOREM 6.2 (Sufficiency distributions): Under the prior beliefs formulated in
M o d e l 6.1 the sufficiency density for sufficient parameter ( r , r ) is given by

K

—

-'(i-i^)-'
r

for 0 < r < l and

1

- - T

X-K

Otherwise

and the sufficiency density for sufficient parameter K is given by
r,(\-a)-S

K

—

x j r '
0

r

k

\-K

for 0 < x - < l
--r

dT

\ - k

otherwise

r^
w h e r e f («-) = r ( / r , r ) = min

1-x-

k ' \ - k

PROOF: See Appendix.
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We saw in Chapter 3 that the sufficiency density allows us to see the results of our
inferences under perfect information. As we obtain more and more data, our belief in
the minimal sufficient parameter converges in probability to certain belief in the true
parameter, so that our posterior belief converges to the sufficiency distribution for the
true value of the minimal sufficient parameter. It can be shown that the set of prior
beliefs corresponding to F

in Model 6.1 is vacuous for K in the sufficiency

distribution for sufficient parameter k .

THEOREM 6.3 (Vacuousness of sufficiency distribution): Under the prior beliefs in
Model 6.1 with any prior strengths F] and S it follows that for all £" > 0 :
(a)

there exists some A e T such that E(/cj

(b)

there exists some AG r such that

PROOF: See Appendix.

A) < f for all 0 < r < 1; and

forallO<^<l.

•

COROLLARY: The sufficiency density for sufficient parameter k in Theorem 6.2 is
vacuous for IC over A e F for all r j and 5 .

From Theorem 6.3, we see that by considering the class of prior beliefs corresponding
to the set F we ensure that, conditional on the minimal sufficient parameter for self
selective surveying, we are completely ignorant as to the expectation of the empirical
sampling density parameter (in that the expectation of this parameter could be any
value in the range of possible values). This is the case regardless of the actual value
of the minimal sufficient parameter.

116

Chapter 6

Non-Response and Inference

6.2. Inferences under self selective sampling

Under self selective surveying in Model 4.1 we will determine the upper and lower
posterior prevision for the parameter of interest over the vacuous class of prior beliefs
formulated above. This will allow us to see how our posterior inferences vary as we
vary our prior beliefs over a non-informative (i.e., vacuous) class of prior beliefs.

From Model 4.1 for self selective surveying we have likelihood function

W e are interested in finding the expected value of the parameter of interest K under
different prior beliefs. For any specific A e F this expected value is given by

E ( A ) = E(A:|X,A) =

We will be interested in finding the upper and lower previsions of the parameter of
interest over the range of prior beliefs used for our sensitivity analysis. These upper
and lower bounds are given respectively by
E = E(x-|x) = s u p E ( x j x , A ) and E = E(Ar|x) = inf E ( x j x , A ) .

In our above analysis of the chosen class of prior beliefs we have seen that we have a
vacuous prior belief about the parameter of interest.

We have also seen that the

sufficiency distribution for self selective sampling induced by this prior belief also
leads us to strongly vacuous inferences about the parameter of interest (in the sense
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described in Theorem 6.3).

The consequence of this is that any data from self

selective sampling must lead us to vacuous posterior beliefs.

THEOREM 6.4 (Vacuous posterior inferences): Under the prior beliefs in Model 6.1
with any prior strengths f j and S we have E = 1 and E = 0 for all possible x so that
our posterior beliefs about K under self selective sampling are vacuous.

PROOF: From Theorem 6.3 we know that for all f > 0 there exists some A e T such
that

for all 0 < ^ < 1 .

Since K is the minimal sufficient parameter in

we then have E(AF|X,A) = E E ( / c j A ) X , A j < E(£'|X,A) = £• which proves that

E = 0 . Proof that the supremum is unity follows analogously.

•

W e therefore see that under the prior beliefs set out in Model 6.2, which were vacuous
for the unknown parameters involved, we have vacuous posterior beliefs from self
selective sampling. This means that, regardless of the actual data we obtain from self
selective sampling, the expected value of the parameter of interest may still be
anywhere within its original range.

Although our posterior beliefs will not be identical to our prior beliefs —because we
have obtained information about the value of the minimal sufficient parameter— we
are still unable to reduce the possible range of the expected value of the parameter of
interest over our chosen class of prior beliefs. In this sense, our posterior inferences
are vacuous and our data is useless. In short, self selective data of this kind are of no
value in inferring the empirical sampling density of interest.
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Observe that this wide divergence in inferences under our robustness analysis is not a
matter of the limited amounts of data involved in any specific example. In fact, in our
Internet surveying example we have a large number of respondents, and even despite
these large amounts of data, we are not able to obtain a reliable inference about the
parameter of interest. This is what we would expcct when our sampling mechanism is
vacuous, so that any value of the parameter of interest is consistent with any value of
the minimal sufficient parameter.

6.2.1. Inferences under restrictions on the response propensities

In order to make meaningful inferences from the self selective Intemet survey on the
Australian flag, Puza and O'Neill (2006) restrict the range of the response
propensities by first assuming that the ratio of these response propensities is known.
This is a special case of the log-linear models considered in Chambers and Welsh
(1993) and allows us to avoid the identifiability problems inherent in the self selective
sampling mechanism.

To relax this assumption, they then compare the results of the self selective survey
with the results of a similar question in the Australian Constitutional Referendum
Study 1999 in order to estimate the ratio of the response propensities (the results of
this study is found in Gow, Bean and McAllister 2000). On the basis of their analysis
they formulate a point estimate and confidence interval for the ratio r = / l „ / / l | . They
obtain the point estimate r = 1.84 and the 95% confidence interval (1.663,2.018).
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MODEL 6.2 (Restricting the response propensity ratio): In order to see the effects
of restricting the range of the response propensities involved, we will suppose that a
priori we are willing to restrict the range of the hyper-parameters such that the ratio of
the response propensities has a 95% chance of falling within the confidence interval
obtained in Puza and O'Neill (2006).

In this case we consider the class of prior

beliefs corresponding to the set F ' of values of the parameter A given by

Ae r : 0 ( A ) < O . 9 5 L

where we will take // =

= 10 and where

1.663<-^<2.018
A,,
1/1.663 (

min(l,2.018j)

Be{y\Sv„,S{l-v„))dy

Be{x\Sv„S{l-v,))dx.

Thus, we will be interested in finding the upper and lower previsions of the parameter
of interest over the range of prior beliefs F ' used for our sensitivity analysis. These
upper and lower bounds are given respectively by
E = E(K-|x) = s u p E ( A r | x , A ) and E = E ( / r | x ) = i n f E ( x j x , A ) ,
AeF'

^

where

Unfortunately, the integral expression for the posterior expectation is intractable and
we are unable to obtain these bounds analytically. We will instead approximate these
values using the importance sampling technique in O'Neill (2009a). This technique
proceeds as follows.
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First we generate values

from the

likelihood function L,

(or rather, from the distribution with kernel equal to

the likelihood function).

Since this distribution is not easily amenable to direct

generation we will use the Metropolis-Hastings algorithm to generate these values and
we will discard the first k lead in values in order to ensure that generated values
converge to the distribution. We will then approximate E(A) by

It can easily be shown that lim^^^E^ „ (A) = E(A) so that for large n we have
Ej„(A) = E(A)

(see

O'Neill

2009a

for

details

on

the

accuracy

of

this

approximation). Thus, for large n we then approximate the upper and lower bounds
E and E respectively by the estimated upper and lower bounds
E = s u p E , „ ( A ) and E = i n f E , „ ( A ) .
AEF

6.2.2. Generating values from the likelihood function

In order to approximately

sample from the generating density having kernel equal to

the likelihood function we will use the Metropolis-Hastings algorithm to simulate a
Markov chain with a stationary density with kernel equal to the likelihood function
(see Chib, Siddhartha and Greenberg 1995). By simulating a large number of values
from this algorithm we will then obtain values that are approximately generated from
the stationary density.
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In order to generate values of (r''*,/!',;',^','') using the Metropolis-Hastings sampler
we proceed as follows. We select

arbitrarily from the support of

and then we generate proposed values for the generated variable and
accept these values with acceptance probability determined by the MetropolisHastings algorithm. For each / e N „ , we generate

A*,'') according to the

following three recurring steps.

Step 1: Generate the proposed value
X-''

and set

with p r o b a b i l i t y a ' ; -

A-''-" with probability

where the acceptance probability is given by

IC

f

^

r

Step 2: Generate the proposed value

^

~

with probability K

''

j and set
/t^;-'*, A'r'')

with probabihty

where the acceptance probability is given by
r i l l

"o(i)

i(i-i)
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Step 3: Generate the proposed value
i';'

~ N (i'/"'' cr,^ j and set

with probability

/I'r" with probability

where the acceptance probability is given by

f i',"

v^'r"

It can be shown that the sequence of iterations generated by this algorithm is a
Markov chain with stationary distribution L^ so that, after a large number of
iterations, we expect the elements of this sequence to be distributed according to this
stationary distribution. We program this algorithm in R or S-Plus (see Becker,
Chambers and Wilks 1988; see also Chambers 2004 and Dalgaard 2004) and generate
a large number of iterations.
Convergence to this stationary distribution generally occurs more quickly and reliably
when the rates of acceptance of the proposed values are reasonably high and when the
iterations are able to change by a reasonable amount. By altering the precision
parameters we can alter these acceptance rates. So, if the precision is high then the
acceptance rate will be high but the successive iterations are likely to be small. In
altering the precision parameters, we will be guided by graphical techniques such as
trace plots of the iterations. Under these conditions, for a large number of lead in
iterations k , the remaining iterations will be approximately distributed by the
stationary distribution (the iterations will not be independent).
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W e vary the variance parameters cr^, a l and cr,^ to obtain reasonable coverage over
the support of the distribution and reasonable acceptance rates, defined by

4 =

—
n+k

Generating

,

n+k

;

and A, =

= 10^ lead in iterations and an additional n-k

= 2x\0''

.

n+k

iterations from

the starting value (0.5,0.5,0.5) and with variance parameters a l = cr^ = a f =

we

obtain acceptance rates ^ ^ = 0 . 4 5 5 6 1 0 ,

= 0 . 6 3 6 2 7 2 and ^ , = 0 . 6 5 5 4 6 6 .

yields the following trace plots for x"'*""',

, /l'*^'' and /r'*^'' respectively

T r a c e plot for L a m b d a O
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It also yields density histograms for

and

Density Histogram of K a p p a

given by

Density Histogram of LamdaO
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We know that this Metropolis-Hasting algorithm produces a Markov chain with
stationary distribution I - . It follows that, with a large number of iterations, the
iterations will closely approximate values generated from this stationary distribution.
Because this is a relatively simple example where the likelihood function L^ ( r ) is
known to be the kernel of a Beta distribution, quantitative tests for convergence to the
stationary distribution are unnecessary, and we can instead verify convergence by the
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'visual method'. That is, we simply observed that the iterations in the trace plots
converge to a clear long run pattern of variation over the support of the distribution.
Given that a Markov chain has no 'memory' of its previous path (in the sense that all
iterations are conditionally independent of any iteration prior to a conditioning
iteration), the fact that the trace plots for the iterations of K,

and /l, all vary

widely over the support many times demonstrates that the initially selected value has
had no substantial influence on the iterations used. We can also observe that the
distribution of the iterations of ii converges to a Beta distribution around the mean
value E(V]X) = ^/A:= 4941/9453 = 0.522691 as we would expect.

Of course, these factors do not ensure that the distribution of the iterations will
approximate the stationary distribution. In fact, the Metropolis-Hastings sampler is
something of a black box, and an analysis of the properties of the sampler would be at
least as analytical intractable as an analysis of the upper and lower previsions
themselves.
These plots demonstrate the nature of the identifiability problem with our likelihood
function. As we would expect for a distribution based on a lot of data where K is the
minimal sufficient parameter, the trace plot and histogram for generated values of K
conforms to a quite narrow distribution, whereas the trace plots and histograms for the
unidentifiable parameters K, Ag and A, show that these vary widely and arbitrarily
over their entire range.
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6.2.3. Approximating the upper and lower previsions

We use the nlm function in R or S-Plus to minimise the approximating prevision E^ „
over the range A e T ' . This function uses a variant of the Newton-Raphson method
and is fully described in Dennis and Schnabel (1983) and in Schnabel, Koontz and
Weiss (1985).

Using thirty-three iterations of this method (until the gradient of the function is
essentially flat^^) we obtain the approximate lower prevision
E = E,„ (A) = 0.1297098,
where

A = (l.000000, 6.116219x10'", 0.435909, 9.638597x10"®, 5.635069x10"').

Using thirty-three iterations of this method (until the gradient of the functions in
essentially flat) we also obtain the approximating upper prevision
E = E,„ (A) = 0.9114523,
where A = (l.000000, 1.000000, 1.962238, 9.786680x10"', 4.856289x10"').

We can see from these results that despite the restriction on the response propensities,
our inferences under self selective sampling are still very volatile, depending to a very
large degree on our prior beliefs. In particular, as we vary the hyper-parameters of
our prior distribution over the range of our sensitivity analysis, we obtain widely
diverging estimates of the posterior expectation of the parameter of interest.

^^ T h e n l m f u n c t i o n a l l o w s the u s e r to s p e c i f y c o n d i t i o n s u n d e r w h i c h the iteration to the m i n i m u m will
b e c o m p l e t e . T h e c o n d i t i o n u s e d w a s w h e n the gradient o f the function had a slope of less than 10 ' .
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6.2.4. Inferences under more strict restrictions on the response propensities

In order to see the inferences that can be obtained with greater restrictions the range of
the response propensities, we will further restrict their range so as to assume that the
point estimate for r obtained in Puza and O'Neill (2006) is correct. That is, we will
assume that r = r = 1.84. In this case we have
rK

1.84/r

l-^(l-r)

l + 0.84;r

K =-

so that the parameter of interest is identifiable.

Repeating our analysis in §6.2.2 subject to this restriction we have the following trace
plot and histogram from the likelihood function:
Trace plot of Kappa, witti r = 1.t

Density Histogram of Kappa, wttfi r = 1.84
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Repeating the posterior estimation method in O'Neill (2009a) we then have
E = E , „ (A) = 0.6676436 and E = E , „ ( a ) = 0.6686864.
Clearly this is a far more robust outcome, with upper and lower previsions which are
very close together. This is what we would expect in the case where the parameter of
interest is identifiable and we have a large amount of data.
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6.2.5. The effect of misspecification - bias in our inferences

We noted in §1.1 that a superficial assessment of surveys subject to non-response can
lead to bias, such as in the case of a complete case analysis, where the actual response
propensities differ depending upon the characteristic value. We also noted in §4.2.1
that bias will occur even in more sophisticated analysis when the acUaal response
propensities differ from those specified in our model assumptions. In particular, if we
overestimate the relative response propensity for a particular outcome then we will
underestimate the empirical sampling density for that outcome, and vice versa.

In the case where our prior beliefs are vacuous and we are unwilling to impose any
restriction on the response propensities bias will not be a problem. This is because the
wide model assumptions will include the actual response propensities of interest.
However, whenever we restrict the response propensities in our model assumptions in
order to alleviate the identifiability problem, we run the risk that the actual response
propensities will fall outside the range specified in our analysis. In this case, bias may
occur due to over or underestimation of the relative response propensities.

For example, suppose that the ratio of the response propensities in our analysis falls
far outside the range considered in §6.2.3. In particular, suppose that r = r,,, = 0.02 .
In this case we have
K=

r,.K

0.02ic
1-0.98X-'
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Repeating our analysis in §6.2.2 subject to this restriction we have the following trace
plot and histogram from the likelihood function
Trace plot of Kappa, with r = 0.02

Density Histogram of Kappa, witti r = 0.02
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Repeating the estimation method in O'Neill (2009a) we then have
E=

(A) = 0.02142572 and E = Ej„ ( a ) = 0.0215246.

These results are outside of the upper and lower previsions determined in §6.2.1
which was determined using the confidence interval for the response propensity ratio
in Puza and O'Neill (2006). We can see that if the actual response propensity ratio is
outside model restrictions are as in §6.2.1 then we will obtain biased inferences.
We have so far talked about restrictions on the response propensities in positive terms,
since they allow us to alleviate the identifiability problem highlighted in this
dissertation. However, we should not impose such restrictions purely to avoid
vacuous results. We must obviously bear in mind that, in order to avoid errors in our
inference, we should tolerate restrictions on the ratio of the response propensities only
if we belief that these assumptions are actually justified by the available evidence. If
such assumptions are not justified, then our inferences may be vacuous, but they will
nonetheless reflect the rational application of available evidence.
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In this Chapter we examine the problem of publication bias in scientific literature and
consider how our results pertaining to self selection models can elucidate this
problem. We first review the relevant literature, which suggests that publication bias
exists and is a significant problem in meta-analysis. We review retrospective methods
used to adjust for publication bias as well as prospective methods for avoiding biasing
selection effects.

We model the publication bias problem as an example of self selective surveying and
show how the identifiability problem arises in this context.

We examine the

identifiability problems inherent in meta-analysis from published studies and examine
attempts to model and adjust for publication bias at the inferential stage. We consider
the kinds of assumptions that researchers have made to attempt to avoid serious
identification problems and consider whether these model assumptions are justifiable
on the basis of the problems in which they have been applied.

Finally, we examine a technique for meta-analysis conducted by researchers Dear and
Begg, and assess whether they are successful in their attempt to formulate a model
without recourse to restrictive or arbitrary prior assumptions. We find that they are
unsuccessful in this endeavour and demonstrate how the identifiability problem in
their meta-analysis forces them to adopt arbitrary prior assumptions.
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7.1. The problem of publication bias (the file drawer problem)

Not all scientific studies proceed all the way from their initial formulation, through
the process of design to final execution. Those studies which are completed may be
submitted to scientific journals or other forums for publication, or they may remain in
relative obscurity, such as in the researchers' possession.

Even studies which are

submitted for publication may be declined and thereby remain in obscurity in
dissertations, working papers, or the personal notes of researchers. At each stage of
this process the decision to proceed towards completion and publication of the study
may be statistically dependant on the results of the analysis.

In particular, it is

possible that 'strong' statistical results, such as positive findings of causal effects, or
strong quantitative associations between the objects of study are more likely to spur
researchers on to pursue publication and more likely to induce journal editors to
accept papers for publication.

Rosenthal (1979) coined this phenomenon the 'file

drawer problem,' meaning that research papers which do not contain

'strong'

statistical results tend to remain hidden away in the file drawers of researchers.

Unfortunately, the file drawer problem can lead to a systematic disparity between the
statistical findings in published research and the aggregate findings of all studies
conducted on a particular subject matter (both published and unpublished). By taking
the results of published research at face value, this leads to 'publication bias'. Begg
and Berlin (1988) define this bias as "...the systematic error induced in a statisfical
inference by conditioning on the achievement of publication status" (p. 422).
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Publication Bias

Conditioning on

publication status occurs implicitly whenever researchers use statistical findings in
published scientific literature as their sole source of information. This is extremely
common, since it is very difficult to identify and obtain unpublished studies; by their
very nature they are obscure and difficult to get hold of. Researchers are unlikely to
know that such studies exist, and may also have difficulty obtaining the results of such
studies, even when they are known to exist.

This is a particular problem in meta-analysis, where researchers attempt to combine
all existing research on some topic of interest into a single analysis of the overall
strength of evidence. In order to accomplish this kind of analysis, researchers attempt
to obtain all relevant studies on the issue of concern, and this invariably involves
searching scientific journals for published articles.

7.1.1. A Review of the literature regarding meta-analysis and publication bias

Meta-analysis and the file drawer problem have a long history in statistical science.
An early attempt to discuss the methodology for conducting meta-analysis of separate
studies is given by Fisher (1932). While Fisher (1934) recognises that the method of
ascertaining the data can affect the estimation conducted in such a meta-analysis,
specific recognition of the file drawer problem was first considered by Sterling (1959)
who looked at whether published inferences were representative of the overall results
of studies in their field. The problem was formalised by Rao (1965), leading to the
development of selection models.
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There is now a substantial literature on meta-analysis and the problem of publication
bias.

There are several books on the subject, such as Glass, McGaw and Smith

(1981), Hunter, Schmidt and Jackson (1982), Cooper (1984), Light and Pillemer
(1984), Rosenthal (1984), Hedges and Olkin (1985), Wolf (1986) and Hunter and
Schmidt (1990).

Several studies have been conducted comparing scientific studies published in
academic or scientific journals with studies which have remained unpublished.

In

their treatment of meta-analysis in social research. Glass, McGaw and Smith (1981)
find systematic differences in results between published and unpublished studies in a
variety of topics. Smith (1980) reviews studies on educational innovations, finding
effect sizes to be markedly larger in the published literature than in unpublished
studies. Similarly, White (1982) reviews research on the relationship between socioeconomic status and academic achievement, finding high correlation reported in
books, lower correlation reported in journals, and still lower correlation reported in
unpublished studies.

Coursal and Wagner (1986) analyse studies of outcomes of

psychological therapies, and find that positive statistical results are favoured both in
the decision to submit an article for publication and in the decision whether to accept
or reject a submitted article. Begg and Berlin (1988) review publication bias in the
context of medical studies, finding serious problems of bias in the published literature.
Studies by Greenwald (1975) and Chase and Chase (1976) also confirm the existence
of publication bias towards statistically significant results. Although the general trend
is clearly one of bias towards significant statistical results, there may be some cases in
which publication bias towards statistically insignificant results occurs (for example,
see Kotelchuck 1975).
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While it is often referred to as 'publication bias,' it is important to note that this bias
arises from the favouring of 'strong' statistical results throughout the entire research
process, not just in publication decisions.

Begg and Berlin (1988) and Greenwald

(1975) stress that the problem of bias can occur all through the study process, not just
in the publication decisions of academic and scientific journals, with statistically
significant results being a positive inducement to proceed with a study at each stage of
its development. In fact, the course of a study may be affected very early on in its
implementation, as soon as results begin to emerge (see Armitage, McPherson and
Rowe 1969, and McPherson 1974).

Even assuming that a research project is completed regardless of the results obtained,
publication bias can occur because researchers fail to submit their results to journals
for publication or because editors decline to publish them. With respect to the former
source of bias, Greenwald (1975) and Dickersin et al. (1987) both find that
researchers are much more likely to submit research reports for publication in cases
where the results are statistically significant.

With respect to the latter, Sidman

(1960), Bakan (1966) and Greenwald (1975) all find evidence that journal editors
intentionally

discourage the publication of statistically insignificant results.

In

commenting on the reluctance of a prestigious psychology journal to publish findings
that were not statistically significant at the 0.01 level, its editor stated that "...it was
believed that such findings do not deserve a place in an archival journal, even though
they may be proper fare for symposia, scientific meetings and dittoed handouts" (see
Melton 1962). While both sources of bias exist, these are unlikely to be independent.
After all, researchers are less likely to put in effort to publish statistically insignificant
research when they know that these articles are likely to be declined by editors.
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Even where statistically insignificant results are published, another problem which
can occur in publication is the failure of the author to report the details of statistical
analysis where the results are statistically insignificant.

While authors generally

report the value of test statistics or /^-values for statistically significant results, they
may simply report that no significant relationship is found whenever this is the case,
leaving the test statistics out of the article. Meta-analyses conducted by Eagly and
Carli (1981) and Strube (1981) found that 40% of estimates could not be calculated
because of the failure to report the details of statistically insignificant results.

Begg and Berlin (1988) suggest several factors that are associated with publication
bias (see also Dickersin, Min and Meinert 1992). They suggest that the nature of the
experimental design and study protocols plays an important role, with systematic
differences in published results having been attributed to the absence of blinding in
design (Chalmers et al. 1983) and the selective withdrawal of research subjects during
the course of the study (Bhaskar et al. 1986). They also suggest that the additional
effort involved in randomising the experimental design will lead to greater effort and
likelihood of publication.

Financial incentives may also affect the likelihood of publication. Hemminki (1980)
reviewed reports submitted by Scandinavian drug companies to their government, and
found that the proportion of studies which found adverse drug effects was higher
among unpublished research than among reports which were published. This is not
surprising, since such companies have a financial incentive to withhold publication of
research which shows adverse effects in their experimental drugs.
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Publication bias can be especially pronounced when there are substantial amounts of
data in unpublished works. For example, Hemminki (1980) finds that 44% of study
subjects in controlled trials of psychotropic drugs were in studies which were
unpublished.

The problem of publication bias is exacerbated when there is a poor standard of
statistical design and analysis in a particular field. Poor design and analysis will
generally lead to results which are more variable, which will exacerbate the effects of
any publication bias favouring outlier results. This has been a problem in medical
studies, with Gore, Jones and Rytter (1977) and DerSimonian et al. (1982) both being
critical of the poor standard of statistical design and analysis in medical research.

The problem of publication bias has also been addressed by Pocock (1983), Hedges
(1984), Begg (1985), Miettinen (1985), Simes (1987a), Simes (1987b), Light (1987),
Furberg and Morgan (1987), Chalmers et al. (1987), Green, Fleming and Emerson
(1987), Hedges (1992a) and Hedges (1992b). Field (2003) gives a brief summary of
the problem of meta-analysis using published research.

Of course, we must be careful with taking even the literature on publicafion bias at
face value. For, as Begg and Berlin (1988) point out, "...there is a distinct possibility
that the articles we cite are themselves subject to publication bias, in that such articles
are likely to emphasize the magnitude of the problem" (p. 421). Nevertheless, for the
purposes of this analysis we are concerned not so much with an assessment of the
magnitude of publication bias as with an analysis of the identification problem
involved in such data.
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7.1.2. Statistical methods to test and correct for publication bias

There are several approaches suggested in the statistical literature to test for and
correct publication bias. These methods generally use covariate information such as
the sample size or journal quality, or the p-value or effect size of statistical tests to
estimate the response propensity for various studies.

A simple test for publication bias is proposed by Light and Pillemer (1984) using
sample size as the relevant covariate. All other things being equal, studies involving
small samples will generally yield greater variability in results than studies involving
large samples. This means that the studies most likely to substantially overestimate or
underestimate the effect size of interest will be small sample studies. In the absence
of publication bias, we would expect to observe higher variability in small sample
studies but would expect these results to oscillate around the results of the large
sample studies, which will be more accurate. However, in the presence of publication
bias which favours statistically significant outcomes and high effect sizes, we would
expect the small sample studies which underestimate the effect to be removed. Thus,
Light and Pillemer (1984) suggest plotting the effect size against the sample size in a
'funnel plot' in order to identify whether this is the case (pp. 63-72).

Rosenthal (1979) attempts to measure the danger of publication bias by calculating
the minimum amount of data supporting the null hypothesis that would be required to
outweigh statistically significant results in the published literature (for modifications
of this method see Orwin 1983 and Ivengar and Greenhouse 1988). Cooper (1979)
refers to this amount of data as the 'fail-safe' sample size.
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While these methods are certainly useful, formal analysis of publication bias usually
involves attempts to correct for differing response propensities by modelling them
directly. In the context of the literature on selection models and publication bias the
response propensity function is usually called the weight function.

There is a large

literature on selection models using these weight functions, including the works of
Rao (1965), Patil and Rao (1977), Hedges (1984), Iyengar and Greenhouse (1988) and
Hedges (1992a), among others.

Formal modelling of selection models will generally involve a priori assumptions
about the general form of the weight function and some attempt to infer its particular
shape from the results of the published literature.

Vevea and Hedges (1995) use

generalised linear modelling to attempt to gain information about the form of the
weight function and adjust their inferences to correct for publication bias. Duval and
Tweedie (2000) use a nonparametric model to adjust for publication bias in metaanalysis.

Givens, Smith and Tweedie (1997) use Bayesian analysis to attempt to

make posterior inferences about unpublished studies and thereby adjust for
publication bias. Further models are set out in Glesler and OIkin (1996).

We will see below that the self selective nature of the publication problem means that
modelling the weight function to correct for publication bias requires some kind of
covariate information.

Various kinds of covariate information have been used in

attempts to model the weight fiinction, most commonly the sample size.

However,

Murtaugh (2002) has suggested using covariate information about the eminence of the
various journals in which published studies are found.

Reasoning that positive

publication bias would lead studies with significant and conclusive results to be
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published in highly cited journals, he suggests that the statistical results (f-value or
effect size) of each study be plotted against the quality of the journal in which the
study appeared, as measured by the journal's citations. If weaker statistical results are
published in lower quality journals then one may infer that the results in unpublished
studies may be weaker still.

7.1.3. Prospective attempts to avoid publication bias

Despite the large array of statistical methods proposed for testing and dealing with
publication bias retrospectively, these methods do not command a high opinion most
among commentators. This is mainly due to the precarious assumptions that need to
be made in order to model the response process. For this reason, commentators such
as Begg and Berlin (1988) have suggested that prospective improvement of reporting
procedures is preferable to attempts to correct biases retrospectively. They state:
W e k n o w that p u b l i c a t i o n bias exists, and that it is a serious p r o b l e m .
b a s e d on empirical e v i d e n c e as well as i n f o r m e d j u d g m e n t .

T h i s point of v i e w is

There are m a n y m e t h o d s available

f o r e x p l o r i n g the p r o b l e m and a t t e m p t i n g to rectify it in a retrospective m a n n e r . H o w e v e r , these
m e t h o d s are neither v e r y robust n o r entirely credible.

A m u c h better w a y o f dealing with the

p r o b l e m is prospectively, b y taking policy m e a s u r e s w h i c h will i m p r o v e the quality of the
literature data in the future, (pp. 4 4 0 - 4 4 1 )

DerSimion et al. (1982) and Bailar and Patterson (1986) critically assess the peer
review process and offer advice to editors to improve the quality of statistical analysis
in their journals by avoiding publication bias.

Kochar (1986) even suggests that

studies submitted for publication should be editorially assessed on their methodology
only, without any regard for their actual results.

Zelen (1983) has suggested that
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authors who publish interim results of studies in scientific journals should be required
to agree to provide final results at the completion of the study.

In order to diminish the reluctance of journal editors to publish studies with negative
or inconclusive results, Higginson (1987) suggests that journals could be provided
with financial incentives to publish such results, though it is not clear who would have
an incentive to provide such funding. Maxwell (1981) suggests that journals should at
least report the existence of such studies by mentioning them by title, rather than
ignoring them from publication completely. Begg and Berlin (1988) suggest that:
T o a d d r e s s the issue of p u b l i c a t i o n bias, it w o u l d s i m p l y be a matter for editors to insist on
clarification of those key a s p e c t s of the study w h i c h w e k n o w can influence publication bias,
such as p r o o f of s t u d y registration (if carried out) or ethics c o m m i t t e e approval, clarification o f
w h e t h e r the study is c o n f i r m a t o r y , the p r e s e n c e or a b s e n c e o f randomization (if relevant) and a n y
o t h e r k n o w n correlates o f p u b l i c a t i o n bias. (p. 4 4 1 )

In certain fields, such as in areas of medical science like cancer research, registries of
studies exist which list all studies conducted within the relevant field. Even where
registers like this do not exist, resources such as ethics committee documents could
potentially be used to determine a complete listing of all studies within a particular
field.

Begg and Berlin (1988) stress that registries of studies are of enormous value

for the purposes of meta-analysis. In fact, these registries have been used not only to
conduct reliable meta-analysis, without publication bias, but also to research the
incidence of publication bias in the published literature, by assessing whether the
results of published studies are representative of the results of all research catalogued
in the registry.
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Notwithstanding the steps that can be taicen to alleviate publication bias through better
editorial policies, it may be that scientific journals are not an adequate means of
propagating research results to the academic community. Begg and Berlin (1988) find
that, "...whereas many clinical studies are designed and conducted in a rigorous
scientific manner, the manner of dissemination of the results via journal articles is
primitive" (pp. 441-442).

1.2. Self selection and the publication problem

The problem of publication bias is an archetypal example of the problem of self
selective sampling.

Researchers consulting the published literature on a topic of

interest are confronted with a number of published studies. They are aware that there
may be other studies which are unpublished and therefore unobserved. Moreover, in
the absence of some registry of studies within the relevant field, they are unable to
determine how many unpublished studies exist.

Using the notation from previous sections, we consider the situation in which there
exist k studies on a particular research topic, each of which involves formal stadstical
analysis of some hypothesis. We suppose that this analysis results in a test statistic or
p-value being reported in each study and we let x =

each study. We suppose that only k<k

be the values for

studies are published and that we observe the

data from these studies only, without being able to determine how many studies are
missing. That is, we observe the self selective data vector x =

).

142

Chapter 7

Publication Bias

7.2.1. An attempt to model publication selection effects - Dear and Begg

The tension between the problem of identifiability and the objectionable nature of
arbitrary model assumptions is recognised implicitly by some researchers who have
endeavoured to assess and deal with the problem of publication bias. Dear and Begg
(1992) describe their attempt to model publication selection effects without resorting
to arbitrary model assumptions, saying "...it is desirable that we should not predefine
the shape of the weight function in any way, but rather should permit the data to
dictate this.

Our goal in this paper is to develop an approach which achieves this

objective, by allowing the shape of the weight function to vary in as unconstrained

a

manner as possible" (p. 238, emphasis added). Despite this laudable goal, the authors
get less than a page into their analysis before they are forced to do exactly what they
have said they are trying to avoid, making model assumptions which have no
justification in the nature of the phenomena under study, and which are instead
included explicitly for the purpose of avoiding identifiability problems.

To see

exactly how these researchers proceed, and why they are forced to make arbitrary
model assumptions to avoid non-identification, we will consider this model in detail.

MODEL 7.1: Dear and Begg (1992) consider the case of a meta-analysis for assessing
differences in treatment effects, in which there are several observed studies of
differences between two treatments. In each study, they observe the mean difference
in treatment effects and the sampling variance of this mean difference (which takes
account of the sample size of the study). Formally, they consider the case where there
are k studies which report

which are the mean differences in treatment
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effects, and u f , u l , . . . , u l , which are the sampling vainances of these mean differences.
They consider the case where X|,X2,...,Xj are independent and normally distributed
study outcomes (conditional on the relevant parameters) with expectation E{y^) = 0
and variance yar{y^) = uf + ( 7 \

The parameter 0 is the unknown treatment effect

that is the characteristic of interest and the subject of the meta-analysis.

The

parameter cr^ is an unknown random effects component representing the degree of
heterogeneity in the variance of the studies.

They consider the null hypothesis

which obtains if there is no systematic difference in treatment effects,
against the alternative hypothesis
results

They consider k observed studies with

and they calculate the p-values

obtain the ordered p-values

from which they

> p^^^ >... > p^^^. m

It is easy to see that, absent the possibility of missing data from non-publication, this
would be an identifiable model where we could easily make legitimate inferences
about 0 on the basis of the outcomes of the various studies. We could therefore
aggregate these studies into a usefiil meta-analysis of the hypothesis in question.

To deal with the presence of publication selection, Dear and Begg (1992) suppose that
the weight function for the selection is a step function determined by the /7-value of
the study. They use the ordered sequence ofp-values from their observed study data
as the basis for estimating this step fianction. However, even restricting the weight
function to a step function of some kind, this still presents them with a basic difficulty
which we have seen is unavoidable in self selective problems of this kind. Namely,
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they are forced to place further restrictions on the weight function to ensure that they
are able to identify the parameter of interest. As they put it, "[sjince the estimation of
such a function using each observed p-value separately leads to nonidentifiability, we
have arbitrarily

grouped them into batches of two, after ordering them" (p. 238,

emphasis added). The result is a weight function which is arbitrarily restricted in its
basic shape (to a step function) and then fitted using an arbitrary grouping of data
points.

If we recall again that the explicit goal of their analysis was to avoid

predetermining the shape of the weight function and allowing it to vary in as
unconstrained a manner as possible, then we must conclude that this effort has failed.

MODEL 7.2: To deal with the presence of publication selection. Dear and Begg (1992)
suppose that the weight function is given by the step function
A ,

i f l > / 7 > / ? , j )

i f

P ( 2 ) ^ P > P ( 4 )

with m =
A3

k/l^.

if

where /l|,/l2,...,/l„+| are the weights
at each of the various steps. That is, the step
if
function for the weights is determined by grouping the ordered set of ;?-values into
groups of two and taking the steps at every second p-value.

This weight function

leads to a biased MLE estimator which the authors adjust to obtain partial likelihood
equations from which they can estimate the weights in the weight function and the
parameters

and cr. The authors note that their estimation procedure estimates the

relative values of the weights in the weight function, thereby allowing them to adjust
for publication bias. •
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Dear and Begg (1992) apply their model to data from various meta-analyses published
in the medical and social science literature, including data analysed by Iyengar and
Greenhouse (1988) and Berlin et al. (1989).

They also apply their model to a self

generated sample of p-values to test whether it can differentiate publication bias from
falsity of the null hypothesis, finding that they are able to achieve such differentiation
to some degree because of their model assumptions.

Dear and Begg explain that their estimation method makes use of the pattern of
observed p-values relative to their expectation under the normal sampling model,
which is the assumed model in their analysis. However, they also note that the chosen
sampling model is an unverifiable methodological assumption, rather than one which
can be determined from the data at hand.

7.2.2. Potential errors in meta-analysis due to identifiability problems

Unfortunately, the comparison of the shape of the actual data pattem to the presumed
sampling model is an inherent part of making inferences from self selective data.
Because the results of the observed studies used in meta-analysis are affected by the
true value of the parameter of interest and also the presence of publication selection
effects, it is not possible to assess one without assumptions about the other. Because
of the self selective nature of the data, we have seen that the data itself gives no
grounds for distinguishing between pairs of parameter values that would
observationally equivalent in the absence of arbitrary modelling assumptions.

be
The

pattem of the p-values observed in the meta-analysis cannot be attributed either to
genuine falsity of the null hypothesis or the presence of selection effects without some

146

Chapter 7

Publication Bias

model assumption which allows us to exploit the particular shape of the pattern of pvalues.

It is important to note that under the operational approach to Bayesian analysis used in
this dissertation, the model forms for the sampling model and the selection model are
intended to reflect actual long-run pattems that occur in the data.

That is, the

parameters and model forms involved represent our assumptions about long-run
relative frequencies in a hypothetically infinite superpopulation. It is therefore not
correct to suppose that we may merely assume whatever it is that we need to in order
to obtain identifiable parameters and useful inferences.

Certainly we will make

assumptions about model forms and so forth, but the test of their appropriateness is
not how valuable they are for obtaining identifiable inferences, but how well they
represent or approximate reality.

With this in mind, it is clear that there may be serious difficulties in separating
genuine effects of interest from selection effects. Since we cannot use the data to
determine assumptions about the shape of our data, we are left speculating on the
shape solely from knowledge of the process generating the data. This leads to several
problems and can potentially lead us into serious error, especially if our model
assumptions do not accord with the real long-run pattern of data values. The most
obvious problem is that, in cases where the sampling model and the selection model
are of the same form, we are unable to differentiate between them at all. To see this,
we consider the following model form, which is an alternative to the one used by Dear
and Begg(1992).
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MODEL 7.3: Suppose that we have observations from a normal process as described in
Model 7.1 with o b u t with selection according to the weight function

A(x)ocexp

f I
--(x-a)
V ^

,

where a is known. Then, under our self selective model we have

V

^

so that we are unable to distinguish between inferences about 6 and a.

•

This above example is rather contrived, in that the model forms for two completely
different processes are modelled as having the same exact model form. It is therefore
open to the objection that it is unrealistic; the vast majority of actual cases of self
selection will have different patterns for the sampling effect and the selection effect,
meaning that they can, in principle, be differentiated if we are aware of these model
forms a priori (they cannot generally be differentiated on the basis of the data alone).

However, this leads us to a far more pernicious problem, which is capable of leading
us into serious errors in judgement, masquerading as reliable inferences. If we are
unable to correctly specify the model forms of the sampling model and the selection
model a priori, then we may end up mistaking patterns in our data as being from one
source, when in fact it is from the other. We may model the sampling effect using a
model which is actually similar to the long-run pattern in the selection effect, and we
may model the selection effect using a model which is acnially similar to the long-run
pattern in the sampling effect. In short, we may end up attributing genuine evidence
of the alternative hypothesis to publication bias, and vice versa.
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MODEL 7.4: Dear and Begg (1992) generate p-values from Model 7.1 and determine
which of these p-values is observed using a selection model with the weight function
A[p) = e x p ( - 4 / 3 ' ) . They then apply their analysis to this data to try to differentiate
treatment effects which occur under the alternative hypothesis from selection effects
which skew the data in a similar way even when the null hypothesis is true.

Their

attempt to distinguish these effects is successful, which is not surprising, given that
the sampling model they posit is the same one they use to generate their data.
However, suppose that we instead generate outcomes from the sampling modeP^

p i y x \ 0 , a ) - Laplace

so that E ( x | 0 , ( t ) = 0

e,a

,

and Var(x|0,<T) =

-exp
2o^

<7

Suppose that we also impose a

selection effect according to the weight function

fI

A(x|or) = exp - — ( x - o r )

.

In this case, we see that the resultant model has the selection parameter a in the place
occupied by the parameter of interest ff under the model form assumed in Dear and
Begg (i.e.. Model 7.1). •

If we generate values from Model 7.4 and apply an inferential procedure which
proceeds on the basis of assumptions leading to Model 7.1 then this should end up
misdiagnosing the selection parameter as the parameter of interest, since the assumed
sampling model actually reflects the long-run pattem in the selection effect. To test
this, w e generate values and repeat the analysis conducted in Dear and Begg (1992).

" T h e particular f o r m of the sampling distribution is not terribly important, so long as it is of a different
form to the w e i g h t function.
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EXAMPLE 7.1: We consider the case where 6 = 6, a = 2 and CI' = 0 so that the null
hypothesis is false and there is a selection effect towards non-significant findings. We
generate 1000 study outcomes and apply the selection process described in Model 7.4.
This leaves us with twenty-five observed studies, with outcomes x =
shown as follows:
Figure 7.1: Observed study outcomes

Figure 7.2: Histogratn of observed outcomes
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We also have the ordered/7-values p =

shown as follows:

Figure 7.3: Histogram of p-values

Figure 7.4: Ordered p-values from observed studies
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On the face of it —i.e., without considering the selection effect— this data would
clearly lead to acceptance of the null hypothesis. The fact that the observed p-values
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are close to uniform is consistent witii the null hypothesis being true. In order to see
whether the method described in Dear and Begg (1992) is able to differentiate the
parameter of interest and the selection effects, we repeat their analysis with the above
data. Following this analysis, we have the adjusted log-likelihood function
m

k

f

/

m+l

/I) = 2X In (A,) + X \n[p{x\e, a)) - In I

Pr (A, (x,) = Aj\0, a, A)

where
A,
Aj

if 0 < 2 0 ( - | x | ) < p , , ,
i f < 2 c D ( - | x | ) < .
if<2cl>(-|x|)<l

Maximising this function numerically we obtain the maximum likelihood estimates
=0-3751599 and o-^^le = 1.016472 which give us the/?-value

= 0.7120677

for our meta-analysis. Our maximum likelihood estimate of the weight function looks
like this:
Figure 7.5; Estimated wetgtits

The result is that we erroneously accept the null hypothesis (Type II error), mistaking
the selection parameter a for the parameter of interest 0 , as was expected. •
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7.2.3. How to deal with publication bias

The analysis on identifiability and self selection conducted in this dissertation gives us
a basis for assessing the adequacy of attempts to deal with publication bias in a
retrospective manner, through inferential techniques.

From our basic results in

Chapter 4 we saw that self selective data introduces an identifiability problem in
which the response propensity (or weight function) is crucial to determining the extent
to which we can identify the parameter of interest to us. If this response propensity is
unconstrained by any a priori

assumptions, then this leads us to a vacuous model,

meaning that our data is essentially useless for inferences about the parameter of
interest. We are therefore forced to make restrictive assumptions about this response
propensity if we are to obtain any meaningful inferences about the parameter of
interest from our analysis.

W e saw in Chapter 5 that we can potentially use covariate information in self
selective data to restrict the response propensity (or weight function). Thus, we can
conclude that the attempt by many researchers to use covariate information to make
inferences about the weight function, and thereby correct for publication bias, is a
worthwhile one.

However, we also know from our analysis in Chapter 5 that our

covariate information will not assist us in avoiding the identification problems
inherent in self selective data unless it allows us to restrict the allowable range of the
response propensities. In the context of the literature on publication bias, this means
that any attempt to model the weight function by "letting the data speak for
themselves" is doomed to failure. If we wish to avoid a vacuous model, we must
restrict the form of the weight function by a priori assumption.
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By doing this, it is possible that we may be able to use the particular patterns in our
data to differentiate between effects pertaining to the parameter of interest and
selection effects. This is only possible where the sampling model and the selection
model have different mathematical forms, so that the pattem manifest in our data will
give us some basis for differentiating between the two.

Unfortunately, we have seen that even this endeavour is fraught with danger, insofar
as it often involves making model assumptions that are arbitrary and which have a
strong effect on the results of our analysis.

In such cases, the failure to properly

specify the correct model form (bearing in mind that under the operational approach
there does indeed exist a correct model form) can lead us to misdiagnose genuine
effects as selection bias or misdiagnose selection bias as a genuine effect.

With these results in mind, it seems clear that retrospective efforts to correct for
publication bias are only likely to be reliable in cases where we have some good a
priori reason to impose restrictive assumptions on our sampling mechanism and
weight function, such that the two can be differentiated with our data. Even where
this is the case, it is likely that we would require large amounts of observed data in
order to be able to reliably differentiate between similar model forms.

These

considerations lead the author to agree with the opinion of Begg and Berlin (1988),
who state that retrospective methods to correct for publication bias "...are neither
very robust nor entirely credible" (p. 441).
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In this Chapter we summarise the results of each of the previous Chapters of this
dissertation and we consider the imphcations of these results.

In particular, we

endeavour to compare our theoretical results in the early Chapters with the results of
the example using our Internet survey data on the Australian flag.

In considering the implications of this research we pay particular regard to assessing
the reliability of self selective surveying as well as assessing the reliability of surveys
subject to regular non-response.

We endeavour to offer some assessment of the

potential viability of self selective surveying as a statistical tool with a view to
allowing the reader to consider whether this method of surveying may be a fruitful
avenue for further consideration.

Although the prospects are not good, we see that

there is some potential in limited cases where restrictive assumptions are warranted.

Finally, we consider avenues for further research which might follow from the results
in this dissertation.

We identify several potential areas of research, from general

research on extending the theory of identifiability, to more specific research on the
properties of self selective models and models subject to regular non-response.
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8.1. Summary of foundational results

In Chapter 2 we developed basic Bayesian modelling methodology based on the
notion of exchangeability within the context of the operational epistemic paradigm
presented in Bernardo and Smith (1994).

We showed how this leads us to the

standard decomposition of our predictive model into observable values that are
conditionally independent given knowledge of the empirical sampling measure. We
showed that this measure can itself be considered as the 'parameter' in our analysis
with its own prior belief, although for convenience it is often indexed by parameters
taking simpler spaces.

Indeed, we saw in our later work on identifiability that the

empirical sampling measure is a minimal sufficient parameter in our analysis so that
the indexation of this parameter by other parameters of interest is what leads us to the
identifiability problem in the first place.

In addition to basic modelling methodology we also discussed the importance of
robustness in objective analysis and we examined the technique of sensitivity analysis
and the notion of vacuous classes of beliefs. We saw that vacuous prior beliefs could
form a sound basis for objective analysis of data.

8.2. Summary of identifiability results

In Chapter 3 we considered the theory of identifiability and showed that statistical
models are be unable to distinguish between observationalfy

equivalent

values of

parameters. In particular, we showed that any statistical model gives information on
the parameters only through the minimal sufficient parameter.

Consequently, any
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aspect of a parameter of interest which is not implied by, or at least restricted by,
knowledge of the minimal sufficient parameter, cannot rationally be an object to
statistical inference.

In such cases, data from these models, regardless of how numerous, gives us no basis
with which to distinguish these parameter values. Our posterior inferences about the
parameter of interest become essentially determined by our prior beliefs, with the data
merely acting to give us information on the minimal sufficient parameter. Because
our beliefs about the parameter of interest conditional on the minimal sufficient
parameter are solely determined by our prior beliefs —through the sufficiency
distribution— we see that, in cases where the parameter of interest is not identifiable,
our ability to distinguish between observationally equivalent values is entirely
dependent on our prior beliefs, not on the data.

We also saw that identifiability is crucially related to consistency. In particular, as we
gain more and more data, our beliefs about the minimal sufficient parameter converge
(in probability) to certain belief in the true value so that our beliefs about any
identifiable parameter also converge (in probability) to certain belief in the true value.

It is crucial to note that a lack of identifiability does not imply independence of the
parameter of interest from our data. Thus, our posterior inferences may still change
(and usually will change) as we gain more information. This is because our data does
give us more information on the minimal sufficient parameter which will usually be
related to the parameter of interest. Practitioners should therefore not assume that
simply because their posterior beliefs change with more and more data, that this

156

Chapter 8

Summary and Discussion

means that there is any genuine information regarding the parameters of interest in the
data. To determine this, an analysis of identifiability is required.

In addition to presenting the basic idea of identifiability that is already present in the
statistical literature (see §1.5 for references) we extended the concept of identifiability
to consider equivalence sets, which determine the set of values of the parameter of
interest that is consistent with a particular value of the minimal sufficient parameter.
We saw that the concept of equivalence sets provides an extension to the theory of
strict identifiability, with the latter corresponding to the case where the equivalence
set is a singleton for each value of the minimal sufficient parameter; that is, the case
where the value of the parameter of interest can be uniquely determined from the
value of the minimal sufficient parameter.

By dealing with equivalence sets, rather than with the more narrow theory of
identifiability, we were able to distinguish between two important cases of nonidentifiability.

We saw that, in some cases, knowledge of the minimal sufficient

parameter failed to determine the parameter of interest but nonetheless restricted its
value to a smaller set than its initial range. In such cases, even where the parameter of
interest was not strictly identifiable, the data gave us direct information about the
minimal sufficient parameter and therefore about the range of the parameter of
interest. In fact, we saw that in some cases, this range could be significantly narrowed
so that we would still gain usefiil information about the parameter of interest
notwithstanding that it was not strictly identifiable.
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We also saw that the contrary case of non-identifiability occurs when knowledge of
the value of the minimal sufficient parameter not only does not allow us to determine
the parameter of interest uniquely, but does not even allow us to narrow the range of
this parameter from its initial range.

In such a case we showed that the data

essentially gives us no information about the parameter of interest and our model is
therefore vacuous.

It is again crucial to note that even a vacuous model does not imply independence of
the parameter of interest from our data.

Thus, our posterior inferences may still

change (and usually will change) as we gain more information.

Under vacuous models, any possible value of the parameter of interest is consistent
with any possible value of the minimal sufficient parameter so that, for any values of
the parameter of interest, there exist nuisance parameters which make these parameter
combinations observationally equivalent.

We are therefore completely unable to

distinguish between different values of the parameter of interest on the basis of our
data, no matter how numerous. Thus, vacuous models represent the most completely
uninformative form of statistical model and are useless for objective analysis based on
prior assumptions which are intended to reflect a priori ignorance (see §3.4.1).

8.3. Non-response models and identifiability

Chapters 4 and 5 developed models for surveys subject to non-response and self
selection.

We examined the identifiability of the empirical sampling measure and

developed identifiability conditions for these models.
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In Model 5.1 we developed a basic model for observations from such a survey. This
led us to a model for surveys subject to regular non-response in which the minimal
sufficient parameter was composed of the overall response proportion and the
respondent empirical sampling measure.

These were related to the empirical

sampling measure in Theorem 4.1.

Theorem 4.4 and Theorem 4.5 then showed that the identifiability of the empirical
sampling measure was crucially dependant upon the range of the response propensity.
In the latter Theorem we saw that knowledge of the response propensity (as is used in
the Horwitz-Thompson

estimator) was enough to obtain identifiability of the

empirical sampling measure as was an assumption of constant response propensities.
This confirmed what should have been our intuition to begin with.

However, more importantly, when the range of the response propensity

was

unrestricted (as it generally would be for objective analysis) it led us to the situation
where the empirical sampling measure was non-identifiable. For surveys subject to
regular non-response we obtained a lower bound on our equivalence sets so that we
could at least restrict the range of the empirical sampling measure under perfect
information.

However, for self selective surveys we saw that this left us with a

vacuous model.

In Model 5.1 we developed a basic model for surveying with covariate information.
This led us to a model which was analogous to that in Model 4.1 with similar results
in Theorem 5.3 and Theorem 5.4.

Under this model, the identifiability of the

empirical sampling measure was again crucially dependant upon the range of the
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Theorem 5.3 showed that covariate information could, in

principle, lead us to an identifiable model if the covariates bear directly on the
response propensity in such a way that the response propensity could be determined
by the family of conditional measures for the respondent's covariate information
conditional on their base characteristic values.

We discussed the effectiveness of demographic information in the identifiability
problem and concluded that such information was unlikely to make any difference to
the identifiability of the parameters of our model. Although such information is often
related to the response propensity it rarely allows us to restrict the range of the
response propensity.

Thus, where we obtain covariate information on demographic

factors the basic identifiability problem will usually still remain as it was for each
class of people determined by such factors.

We then discussed the effectiveness of covariate information conceming the time to
response and found that such information could be useful in reducing or eliminating
the identifiability problem. In particular we saw that if we were confident enough to
make some structural assumption about the time to response then this could allow us
to determine the response propensity from the conditional measure of the respondent
times to response conditional on the base characteristic values. We developed a basic
model for surveys with information on the time to response which we framed in terms
of response rates using the mathematics of survival models.

These models considered two structural assumptions conceming response rates.

An

assumption of constant response rates for each possible characteristic value led us to a
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model in which the empirical sampling measure could indeed be identified for both
regular non-response and self selection.

We noted that this assumption was highly

restrictive and would rarely hold in practice.

We relaxed the restrictive assumption of constant response rates to consider the case
where the response rates for people with different characteristics were proportional
with respect to time.

This assumption led us to a model in which the empirical

sampling measure could be identified for regular non-response but not for self
selection.

Although the use of information on the time to response to gain identifiabilty requires
structural assumptions about the response rates, we noted that these assumptions can,
in principle, be the subject of diagnostic tests.

Thus, unlike the identifiability

problem, such a situation at least allows us to test our assumptions on the basis of
observed information. In practice such diagnostic tests would probably require large
amounts of data to allow us to confidently model the form of the response rates for
every characteristic value.

8.4. Application to Internet survey data and publication bias problems

In Chapter 6 we applied our basic self selection model to the Internet survey data in
Chapter 1. This exercise allowed us to see the relationship between identifiability and
robustness by using highly disparate prior densities from a vacuous class of prior
beliefs for our inferences. The results confirmed our assessment that our inferences
from vacuous models would be essentially determined by our prior beliefs.
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This analysis began by formulating an objective class prior beliefs which was vacuous
in the sense of Walley (1991) (and discussed in §2.2). We then considered the effect
of perfect information by deriving the sufficiency distributions which conditions on
knowledge of the minimal sufficient parameters.

Theorem 6.3 showed that our

inferences under self selective sampling were indeed highly sensitive to prior
information with our inferences varying over the entire range of the parameter of
interest.

Theorem 6.3 and its corollary showed that our sufficiency distribution was vacuous
for all possible values of the minimal sufficient parameter so that our posterior
distribution for any amount of data was also vacuous. This meant that our Internet
survey data was essentially useless for robust analysis without some form of
restrictive assumption about the response propensities.

This example demonstrated

that once we have determined the equivalence set for the parameter of interest, our
inferences regarding where in this equivalence set the parameter actually lies is
essentially determined by our prior beliefs and is therefore highly sensitive to these
beliefs.

To test the effect of restrictive assumptions in our example, we imposed restrictions
on the range of the response propensities taken from the analysis in Puza and O'Neill
(2006). We found that under a restriction based on a confidence interval for the ratio
of the response propensities, we were able to obtain non-vacuous posterior inferences,
but these were still very sensitive to our prior beliefs.
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We also imposed a more strict restriction by assuming that the ratio of the response
propensities was exactly equal to value estimated in Puza and O'Neill (2006). On the
basis of this assumption we determined that the parameter of interest was identifiable
and we obtained very robust posterior inferences. These examples demonstrated that,
even in this simple case, the assumptions required to obtain reasonable robustness are
very restrictive indeed, consisting of knowledge of the ratio of the response
propensities, which was sufficient to uniquely identify the parameter of interest.

Chapter 7 discussed the problem of publication bias in meta-analysis (also known as
the file drawer problem) as a manifestation of self selective sampling. We examined
some of the means that researchers in this field have used to try to test and correct for
publication bias by differentiating selection effects from genuine effects pertaining to
the parameter of interest. We looked in detail at an attempt by Dear and Begg (1992)
to undertake a reliable meta-analysis and correct for any selection effect present,
while avoiding restrictive model assumptions pertaining to the weight function for
selection.

We found that their initial goal was somewhat overstated, since some

restrictive assumption is required in order to obtain identifiability in cases of self
selection. We examined some of the problems that could arise in the formulation of
restrictive assumptions to differentiate the sampling model from the selection model.

In Chapter 7 we also saw that many researchers have shared the scepticism of the
present author over the capacity of statisticians to correct self selective problems
using retrospective statistical methods. We saw that prospective methods of avoiding
publication bias have been suggested as a possible alternative to avoid what amount to
serious and often insoluble identifiability problems.
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8.5. The prospects for self selective surveying

Serious statistical practitioners iiave always been rightly suspicious or even dismissive
of self selective data. Although systematic research on the topic has rarely involved
serious analysis of the identifiability problems involves, most statisticians have
intuitively sensed that something serious is wrong with self selective data. Indeed, it
may be the case that systematic research has not existed precisely because the
conclusion was considered too intuitively obvious^'' to be worthy of serious attention.

Indeed, the identifiabilty results of Chapter 4 demonstrate that, in the normal case,
without special kinds of covariate information, information from self selective surveys
is essentially useless, not merely in an intuitive sense, but in a strict mathematical
sense defined with respect to equivalence sets. These results give a serious theoretical
basis for the rejection of self selective data and impose a large hurdle on any
practitioner that would seek to draw meaningful conclusions from such data.

These results may give us cause to entirely discard and disdain the practice of self
selective surveying. Indeed, one might legitimately wonder why we should go to any
great intellectual effort to try to squeeze some small sliver of information from such
an inherently problematic sampling mechanism, when other reliable methods of
surveying abound.

However, we noted in §1.1.1 that self selective surveying does

have some advantages over other sampling methods in that it is often relatively simple
and inexpensive compared to other methods of sampling and does not involve any
unsolicited contact with participants. This latter consideration is no light matter since.

^^ ...a claim which is notoriously easy to make after seeing the conclusion from a systematic analysis.
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as we noted in §1.1, unsolicited or intrusive contact with participants may, in the long
run, result in decreasing response rates for all sorts of surveys as the population is
gradually anaesthetised or even antagonised by unnecessary surveys.

Of course, there is another reason we may wish to deal with self selective data. We
saw in Chapter 7 that meta-analysis of studies published in academic or scientific
journals involve self selective data.

It would be rash indeed to discard the

accumulated knowledge of such rich sources of information. However, this confronts
us with a serious problem, since we cannot avoid the fact that inferences from such
sources may be biased in a way which may not be amenable to correction.

In order to salvage self selective sampling as a viable method for legitimate statistical
inference we have seen that we will generally require either restrictive prior
assumptions or covariate information that is directly related to the response
propensities, such as information on the time to response. Even when we obtain such
information, our ability to identify the response propensities and therefore the
parameter of interest will be contingent on some kind of structural assumption about
the response rates that allows us to infer the number of non-respondents from patterns
in the time to response from the respondents.

We have seen in our results in Chapter 5 that there is no mathematical impediment to
such a project. However, we have also seen from our example that highly restrictive
prior assumptions may be required.

Moreover, we saw in Chapter 7 that serious

problems in our inferences can arise if we fail to correctly specify the proper model
form for the sampling mechanism or the selection mechanism.
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Despite the difficulties in formulating structural assumptions to restrict the response
propensities, as we have noted in §6.2.1, it is possible to test our structural
assumptions about covariate information on time to response using diagnostic tests.
For example, an assumption of constant response rates should yield a certain pattern
of times to response for each characteristic (even when the actual response rate is
unknown).

If this pattern is absent (in a statistically significant sense) then the

assumption may be rejected. This leaves us with a method which, in some cases may
allow us to obtain identifiable (or at least non-vacuous) inferences from self selective
data with information on the time to response.

This method may be tested via

diagnostic tests and, if structurally sound, could potentially produce reliable and
robust inferences. This would probably require extremely large amounts of data.

8.6. Possible avenues for further research

There are a few avenues for further research naturally suggested by this dissertation.
Since the initial theoretical results of this paper involved an extension of the theory of
identification to consider more general equivalence sets, it is certainly plausible that
this extension could develop into a more systematic and useful general theory.
Indeed, we have seen in this dissertation that equivalence sets can be related
according to certain set operations.

Although our concern here was limited to

deriving relationships relevant to the surveying problem at hand, it appears that
general rules emerge that would lead us to a calculus of equivalence sets. This could
potentially allow us to derive a general theory of equivalence sets, with identification
theory as a special case.
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One of our principle concerns in tiiis dissertation was with avoiding a particularly
severe form of non-identifiability which occurs when our model is vacuous. We saw
in our example in Chapter 6 that, under our vacuous prior, our vacuous sampling
model for self selection led us to inferences that were themselves vacuous. This is not
a general property of such prior-sampling model combinations. Indeed, it is simple to
construct an example of a vacuous prior and vacuous sampling model that does not
lead to vacuous posterior beliefs, so that this would preclude the idea that models are
'closed under vacuousness'.

Nevertheless, it may be the case that certain simple

additional conditions on the vacuous prior exist such that any vacuous prior with
such-and-such a condition leads to a vacuous posterior under a vacuous model. It
seems likely that some kind of topological or measurement condition on the prior
measure would suffice, though this is an area that would require further research.

Aside from research on the general properties of equivalence sets or vacuous models,
another potential avenue for further research is in the development of self selective
models based on the time to response and identifiability conditions related to these
models. In this dissertation we have sketched only very simple models for the time to
response involving discrete characteristics and discrete times to response. However,
such models could potentially become far more complex and may involve GLMs or
other well known and widely applicable modelling techniques.

Finally, rather than dealing with the more problematic situation of self selective data,
we should not ignore the fact that smaller identifiability problems exist even in regular
surveying where we have regular non-response. Especially in cases where the overall
proportion of respondents is low, we still require some means to identify the
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parameter of interest, whether this is by some assumption about the range of the
response propensities or through covariate information on the time to response. In the
enormous literature on non-response there is likely to be substantial room for research
which seeks to highlight the extent of indentifiability problems.

To conclude, we note that this dissertation has barely scratched the surface of the
general theory of identifiability and its application to self selective surveying. In this
dissertation we have introduced a few new ideas to analyse this problem —in
particular, the concept of equivalence sets and the concept of the vacuous model.
These concepts have allowed us to diagnose and formalise the basic problem with self
selective surveying, which was the main aim of the dissertation. It has also given us
some sense of the inherent robustness problems in self selective data. Whether or not
this leads to more extensive research on overcoming the identifiability problem in this
context, it is the author's hope that this formalisation of the basic problem will stand
us in a better position to understand and convincingly explain why self selective data
is often useless.
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In this Appendix we give provide a summary of the notation used in this dissertation.
More detail on the definitions of the various notation involved can be found in the
definitions throughout the dissertation.

For a list of all the definitions used in the

dissertation, see the contents pages.

A . l . Basic variable notation

a,b,c,...

and other lower case English letters generally refer to observable values.

a , l 3 , x , — and other lower case Greek letters generally refer to unobservable values.

We use V to refer generically to a probability measure (the same symbol may refer to
many different probability measures, which should be obvious from the argument and
the context). We use p to refer generically to a mass or density function which is the
Radon-Nikodym derivative of an associated probability measure (the same symbol
may refer to many different mass or density functions, which should be obvious from
the argument and the context).
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A.2. Set notation

W e u s e the f o l l o w i n g set notation:

N =

={1,2,3,...} d e n o t e s the set of

N = N u{°°}

N^ ={«e

d e n o t e s the set o f

N:«<w}

extended natural numbers',

dcnoies ihs sci oi natural numbers bounded by w;

Z ={...,-2,-1,0,1,2,...]

d e n o t e s the set of

Z . = { 0 , 1 , 2 , 3 , . . . } d e n o t e s the set o f

E

d e n o t e s the set of

IR^.={reIR:/->0}

natural numbers',

integers',

non-negative

real numbers',
d e n o t e s the set of

E . = { r e K : r > 0} d e n o t e s the set o f

IR|^jj={re]R:a<r<i}

positive real numbers',
non-negative real numbers',

d e n o t e s the set o f

R : o < r < 5} d e n o t e s the set of

real numbers bounded by [a, b\;
real numbers bounded by

(a, 6);

< r < 6} d e n o t e s the set of

real numbers bounded by {a,b\',

= { r e R : a < r < Z)} d e n o t e s t h e s e t o f

real numbers bounded by [a,b)',

K j ^ jj = { r E K

K j j

integers',

K . = R u { • } d e n o t e s the set of

denote

real numbers extended to include
on the sets

d e n o t e 5/gw<7y?eW5 o n t h e sets

1.1 d e n o t e s t h e

sigma field

S,S,A,...
S",S",A",...

o f all B o r e l s u b s e t s o f

non-response',

respectively;

respectively; and

R".
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A.3. Vectors

W e use the following vector notation:
^ ( a ) e N u { 0 } denotes t h e o f

a =

the vector a , with / ( a ) = 00 i f a is a secjueyice\

denotes a vector o f values, with

a = X,!/''/

=

i f ^ ( a ) = oo;

denotes the sum o f the elements o f a vector a ; and

= l ^ e Kj"(|,]:

~ ' 1 denotes the non-negative orthant with dimension w g N .

W e will use scalar relations on vectors o f equivalent length so that, i f a and b are
vectors with t ( a ) = ^ ( b ) and i f ~ is a scalar relation then we use a ~ b to mean that
forall

A.4. Probability notation

W e use the following probability notation:
denotes a probability space with sample space S , event space

and

probability measure P r ;
L^ denotes the likelihood function given observation x ;
"P^ denotes the posterior measure for a parameter given k observed values (with
denoting the prior measure); and
Q usually denotes the range o f a posterior or prior.
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A.5. Observable and missing values

x_ is our superpopulation

of characteristic values given by:
/

\

X is our population of characteristic values given by:
x,,

X

•^2,1 ^2.2

F^ is the empirical sampling distribution of

given by:

for a n t e

mJ = (w,, Wj,...,OTj)is the non-response vector.
X is our observed sample with non-response given by
/ ~ \
X,

f~

X is our observed sample given by:
^1,2

k.lj
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A.6. Parameters

We use the following notation for our main parameters:

X is the response proportion-,
K is the characteristic density;
K is the respondent characteristic density;
k is the non-respondent characteristic density;
/I is the response propensity;
J is the response propensity range; and
A4 is the set of all possible values of the response propensity.
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In this Appendix we give proofs of some of the Theorems that were not proved in the
main part of the dissertation.

Unlike the proofs contained in the body of the

dissertation, these proofs were left for the Appendix because they do not elucidate the
subject of our analysis and are only relevant to the example used. As such they have
been relegated to this Appendix to avoid distraction from the flow of argument.

P R O O F OF THEOREM 6 . 2 : W e h a v e
/dn

so that

This gives us Jacobian \T'\ =

P[T,K,K\A)

=

dT

^

/C

\

K

dT

\ - K
\-K

SO that we have joint density
/r(l-Ar)

p(>c,iA„A,)

=

T{ic,T\>c)\A)

d{ic,T)

(1 - r ) " " - " ' ^ '
/

/c

— r

\

(\-K
[ l - K

r

\

(1 - r )

S-2

for 0 < r < l ,

0<r<l

and r r < /r < 1

j
otherwise

The density fiinctions in Theorem 6.2 follow trivially from this.
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P R O O F OF T H E O R E M

such that

6.3: We will show that for all

there exists some A e T

£ > 0

for all 0 < i c < ] . This is equivalent to showing that for all

£>0 and all g>0 there exists some A e F such that
,

,

P ( i c > £ i c , A )
P { K - < £ \ K , A )

To do this, we define
f(v)
T{>c,A\ic)=

J / ' " " "

— r

\ - K

k

- - T

d r

1 IC

1 1-x-

- - M
t { K - ) K:

U

\ - K

K

\ - K

K

1-r
vl-^y
We also let /C, (A) = r

K

(

<

y

(

^o(A)

y

,

+

-A
dji

\ - K

k < k :

d/J.

K > k

and define
K < k

l-K-^

<y(l+Ui,)-I / JC Nj<5(1-u„)-1
K

if K> k

and
^o(A)

K

/1\ ~ K

K

\

k j/

\ - k j

^ k

\ - k J

if

K < k

if

K > K

It can easily be shown that R (R, A| ^) < 7(A| K") < F (X", A| R). It follows that
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RM) = i

.

0

0

Letting C, (A) = K , (A)/^''"^''-''-' (l

it can easily be shown tiiat

This means that for all v > 0 there exists some £-(k) > 0 such that

- C „ ( A ) < v for all K - < e ( y ) .
K

For all 0 < f < m i n ( r , £ - ( v ) ) it follows that

(1 -

f ( A | JC) dK+

(1 - K f - " ^ - ' f { K , ^ \ K) dK

(A).
•

(X-Kf'"^-'

T[KA\K)dK

0

C„ (A)

(1 -

d K + C, (A)

It can also be shown that limlimC, ( A ) / Q ( A ) = 0 .
UpTi U] io

(1 -

^ f

dK

This means that for all ^ > 0

there exists some j ( ^ ) > 0 such that
C,(A)

CM)
For all

Q<£<mm{K,£{v)),

for all

and

and

v,<zi<^) it follows that

Co (A)
C„(A)-F
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where

IVJA)^^

It can also be shown that l i m l i m l i m f F f A ) = 0 and l i m l i m C , , ( A ) / ( C „ ( A ) - K ) = l so

that h m l i m H m ^ ( A ) = 0 .

R^{A)<g

This implies that there exists some A G T

such that

which was to be shown. Proof o f the upper bound follows analogously.

•
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