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Abstract
The primary purpose of this thesis is to present new results in the field of localization, coordination and control of multi-agent systems. In the first part of the thesis, initially, the
problem of localization in the presence of inter-agent noisy measurements is formalized
and it is established that approximate localizability, i.e. the ability to calculate the approximate positions of the agents, is a generic property and as long as the magnitude of noise
is smaller than an upper bound, one can solve the approximate localization problem.
Moreover, it is shown that the accuracy of the approximate localization solution using distance measurements of a formation depends on the choice of the nodes with the
known positions, anchors, in the formation. Additionally, a method to select these anchors in the network is introduced which minimizes some performance index associated
with the error in the approximate solution for the positions of the agents in the formation.
In the next chapter, some methods based on polynomial optimization are proposed
that can be employed to solve two important problems of cooperative target localization
and reference frame determination using different types of measurements. The first part
of the thesis is concluded by addressing another localization problem that arose in an experiment conducted by Australia Defence Science and Technology Organization (DSTO).
The problem of interest is to localize a formation of unmanned aerial vehicles (UAVs) capable of measuring the inter-agent distances or angles, and the angles subtended at each
of them by two landmarks at known positions. We tackle this problem using tools from
graph theory and linkage mechanism design.
In the second part of this thesis, we shift our focus to motion control of autonomous
agents. First, we address the problem of simultaneous localization and circumnavigation
of an initially stationary target at an unknown position by a single agent aware of its own
trajectory that is capable of measuring its distance to the target. We propose, a control
law and an estimator that achieves this objective exponentially fast. Later, we extend
our analysis to the case where the target is moving and calculate an upper bound for the
estimation error in terms of the target speed.
The last problem that we consider is the problem of forcing a set of agents inihally
at arbitrary positions subject to a constant speed constraint to rotate around a target at
a known position forming a prescribed formation shape while guaranteeing that no collision occurs. We show that our proposed algorithm achieves this objective under some
mild and realistic assumptions in finite time.
Keywords: Multi-agent Systems, Localization, Control, Optimization
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Chapter 1

Introduction
1.1

Background

Throughout history, studying the behaviour of animals has inspired engineers and scientist to devise new techniques and methodologies to accomplish tasks and solve problems
that were considered to be extremely challenging earlier. In recent years, a field that was
heavily influenced by the knowledge obtained from observing natural creatures is the
field of control and coordination of multi-agent systems. However, one can track the origins of this field to the late 1980s. In 1987 the behaviours of a flock of agents (boids) in
motion was modeled and simulated in [112]. The model relied on assuming local motion
strategies for each of the boids, where they had only local information. The local motion
strategy of each bird is comprised of three components:
1. Separation
2. Alignment
3. Cohesion
The separation component guarantees that the agents do not get too close together to
avoid possible collisions, the alignment component aim is to make sure that the whole
flock moves in a desired direction, and the cohesion component makes sure that the
agents do not get too far from each other and hence do not break the flock. Later this
work in the field of computer graphics attracted the attention of a group of physicists in
1995. In their work [141] the authors suggested a simple discrete-time model of n agents,
i.e. points or particles, that move in the plane with the same speed but in different directions. They further proposed that each agent's heading is changed in each time step in
order to makes it closer to that of its neighbour. The neighbours are the agents that whose
distances to this agent are smaller than a prescribed value. This was accomplished at each
agent through averaging the headings of its own heading and all the neighbour agents.
They established the performance of their results through several simulations.
In the late 1990s the first signs of using multi-agents, in the sense nowadays used in
control engineering, to perform different tasks in engineering systems started to emerge

Introduction

mainly in computer science circles. In [5] a control architecture is proposed to control a
group of robots:
1. An individual Behavior: a stimulus/response pair for a given environmental setting that is modulated by attention and determined by intention of the robotic
agent.
2. Attention: prioritizes tasks and focuses sensory resources and is determined by the
current environmental context as perceived by the robotic agent.
3. Intention: determines which set of behaviors should be active based on the robotic
agent's internal goals and objectives.
4. Emergent Behavior: the global behavior of the robotic agents as a consequence of
the interaction of the active individual behaviors.
Note that this architecture is consistent with the framework proposed in [112]. However,
it was not till the turn of the century that such a view of carrying out tasks attracted attention in mainstream engineering communities, in particular control engineering. One
of the first major piece of work with roots in the early works in [139] that considered such
a view was the work in [76] which in a way mathematically formalized the work introduced in [141]. The publication of this work resulted in a shift of paradigm in the control
engineering community and later in signal processing community from designing centralized control or communication structures to more distributed systems. Since then the
distributed way of accomplishing engineering tasks has attracted much attention and due
to this spike of attention and the knowledge that followed it, more and more engineering
problems are being addressed by the methodologies developed in this rather new field of
multi-agent systems. From an engineering point of view implementation of a multi-agent
system to accomplish a task has distinct advantages, e.g. the design engineer can replace a
complicated and expensive piece of equipment with simpler and possibly cheaper units,
it in turn results in having robustness through redundancy Even in some situations the
study of multi-agent systems gave birth to new application areas that previously had
been considered impossible, an example of such areas is the field of sensor networks
where a group of sensors are deployed to monitor a region of interest possibly of the area
of several hundred kilometer squares. To name a few of the newer application areas of
multi-agent systems one can mention, sensor deployment [91], distributed averaging and
consensus [77, 111], motion coordination via flocking behaviours [22,30,76,132], robotics
formation motion control and coordination [31,32,44,46], and clock synchronization in
wireless networks, see [126].

1.2

Noisy Localization

In many multi-agent applications it is desired to know the position of the agents. For example, in bushfire surveillance or search and rescue operations sensing the data without

1.2 Noisy Localization

knowing the position of the sensing agents is not enough to accomplish the task at hand.
A trivial solution to this problem is to install global positioning systems (GPS) on each of
the agents. However, still in the possible event of loss or corruption of GPS signals [142],
or when the agents are operating indoors, use of GPS for localization purposes may be
infeasible or limited [42]. Thus, it is imperative to have backup methods for estimating
the positions of the sensing agents, i.e. localize them, in the environment in the case of
loss of GPS signal. This problem is called the localization of multi-agent systems. The
task of localization is accomplished via access to some inter-agent measurements, and
some knowledge about the positions of some of the agents in the environment. These
agents with the known position are generally referred to as anchors. Most of the studies
carried out in the field of localization assume the availability of inter-agent distances as
the aforementioned inter-agent measurements. We recall the following four key questions posed in [3]. However, note that same sorts of questions can be posed for other
types of inter-agent measurements.
(i) How much distance data needs to be collected to localize a network, at least if the
data is free of noise?
(ii) What is the computational complexity of localization?
(iii) Can localization be carried out sequentially, sensor by sensor, or in some kind of
distributed fashion, or are central calculations required?
(iv) What is the effect of noise (i.e. errors in distance measurements) in the various
algorithms that might be advanced?
Questions (i) and (ii) have been addressed in the sensor network localization literature,
where it is typically assumed that a small fraction of sensors, called anchors, have a priori
information about their global coordinates. Exploiting the fact that the position of these
anchor nodes are known in a global coordinate system and that a number of inter-node
distances are known, all the other nodes in the network can be localized under a condition
which will be discussed later in this chapter, i.e. global rigidity of the underlying graph
of the network [6,53]. It is further noted that the network localization problem using
distances itself is, in general, NP-hard [6]. The third question has been discussed in [3,
6,54,56] where the network topologies that permit solving the localization problem in
a computationally efficient way were identified and some algorithms with polynomial
complexities to solve such a problem were introduced. Such networks are termed easily
localizable networks.
Regarding question (iv), note that almost in all engineering applications the assumption of having noiseless measurements is not realistic. While many computational algorithms are proposed to solve the localization problem, e.g. convex optimization based
algorithms [12,20,21,34,48,50], the algorithms using sum of squares relaxation [100,121],
graph connectivity based ones [84,123], the methods that use multidimensional scaling [38], or other methods described in [7,25,90,97], the formal analysis of the noisy
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distance-based localization problem is generally neglected. The first part of this thesis
mainly focuses on addressing this issue. First, we present an analysis formalizing the
theory of noisy localization in multi-agent systems in Chapter 2. In Chapter 3 we propose a method to reduce the effect of noise on the possible localization solutions via
choosing anchors from a set of already deployed agents considering the graphical properties of the formation in addition to its geometric properties. In the end of the first part,
we propose some computation localization methods for different localization scenarios
in Chapters 4 and 5. We look further into the literature related to each of the problems in
their corresponding chapters.

1.3

Motion Control

In recent years, the topics of cooperative control, control of multi-agent formations and
flocking have gained attention in parallel with interest in their real-life applications such
as search and rescue operations, surveillance, scientific data gathering, exploration, etc.
Many projects focused on multi-agent path planning, formation generation, formation
keeping, and formation control. These projects differ in factors such as the types of agent
dynamics, control strategies, formation control tasks and the information flow between
the agents [8,43,107,135].
Many of the real world applications mentioned above fall under a broader category
called "source localization". A source can be someone's cell-phone in need of rescuing emitting electi-o-magnetic waves, or a hostile radar station that requires surveillance.
There are two research thrusts in this area. In the first, networks of stationary agents
collaborate to localize a source; as mentioned earlier we study these situations in the first
part of this thesis. In the second thrust a single mobile agent (or sometimes more agents),
exploits its motion to localize the source [95,110]. In the second part of this thesis we
consider a problem in this second research category. However, we extend the problem to
the case, where in addition to computing the position of the source, we require the agent
to rotate around the source at a prescribed distance.
One can name many other applications that require the agent(s) to undergo a certain motion and achieve a certain conti-ol objective. A modified version of the problem
described above is where a group of agents in an environment should form a prescribed
formation shape while rotating around a target of interest taking into account design limitations, e.g. the agents might have constant speed, and operational limitations, e.g. the
agents should not collide with each other. We consider such a problem later in the second
part of this thesis.
We provide a more in depth review of the literatiire in each of the chapters in the
second part of this thesis.

1.4 Thesis Outline
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Thesis Outline

The thesis consists of eight chapters and is organized as follows:

Chapter 2: Formal Theory of Noisy Sensor Network Localization
Graph theory has been used to characterize the solvability of the noiseless sensor network
localization problem. If sensors correspond to vertices, and edges correspond to sensor
pairs between which the distance is known, a significant result in the theory of rangebased sensor network localization is that if the graph underlying the sensor network is
generically globally rigid and there is a suitable set of anchors at known positions, then
the network can be localized, i.e., a unique set of sensor positions can be determined
that is consistent with the data. In particular, for planar problems, provided the sensor
network has three or more noncollinear anchors at known points, all sensors are located
at generic points, and the inter-sensor distances corresponding to graph edges are precisely known rather than being subject to measurement noise, generic global rigidity of
the graph is necessary and sufficient for the network to be localizable (in the absence of
any further information). In practice however, distance measurements will never be exact
and the equations whose solutions deliver sensor positions in the noiseless case in general no longer have a solution. This chapter then argues that if the distance measurement
errors are not too great and otherwise the associated graph is generically globally rigid
and there are three or more noncollinear anchors, the network will be approximately localizable, in the sense that estimates can be found for the sensor positions which are near
the correct values; in particular, a bound on the position errors can be found in terms
of a bound on the distance errors. The sensor positions in this case can be found by
minimizing a cost function which, although nonconvex, does have a global minimum.

Chapter 3: Minimization of the Effect of Noisy Measurements on Localization
of Multi-Agent Autonomous Formations
This chapter considers the problem of reduction of self-localization errors in multi-agent
autonomous formations when only distance measurements are available to the agents in
a globally rigid formation through optimum choice of those agents to be anchors given
a constrain on the number of anchors. It is shown that there is a relationship between
different selections of anchors, agents with exactly known positions, and the error induced by measurement error on localization solution. This fact is exploited to develop a
mechanism to select anchors in order to minimize the effects of inter-agent distance measurement errors on localization solution. Finally, some simulation results are presented
to demonstrate the optimal anchor selection for a particular general class of formations,
the globally rigid formations.
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Chapter 4: Polynomial Optimization Methods in Noisy Network Localization
In this chapter we review a series of results obtained in the field of sensor networks localization that are based on polynomial optimization. First, we provide a review of a
set of polynomial function optimization tools including sum of squares (SOS). Then we
present several applications of these tools in various sensor network localization and
synchronization tasks. As the first application, we propose a method based on SOS relaxation for node localization using noisy measurements and describe the solution through
semi-definite programming (SDP). Later, we apply this method to address the problems
of cooperative target localization in the presence of noise and relative reference frame
determination based on range and bearing measurements. Some simulation and experiment results are provided to show the applicability of the methods proposed here.

Chapter 5: Self-Localization of UAV Formations Using Bearing Measurements
This chapter begins by treating a localization problem recently encountered in an operational context, of localizing three agents moving in the plane when the inter-agent
distances are known, and in addition, the angle subtended at each agent by lines drawn
from two landmarks at known positions is also known. It is shown as a key conclusion
that there are in general a finite number greater than one of possible sets of positions for
the three agents. Later, generalization of the result for more than three agents and more
landmarks is presented. The sensitivity of the localization solution to the noise for different geometric settings is presented as well. Some simulation and experiment results are
provided to show the applicability of the methods proposed here.

Chapter 6: Single-agent Circumnavigation Using Distance Measurements Under Slow Drift
Consider an agent A at an unknown location and a mobile agent B that must move to
the vicinity of and then circumnavigate A at a prescribed distance from A. In doing so,
B can only measure its distance from A, and knows its own position in some reference
frame. This chapter considers this problem, which has applications to surveillance and
orbit maintenance. In many of these applications it is difficult for B to directly sense the
location of A, e.g. when all that B can sense is the intensity of a signal emitted by A.
This intensity does, however provide a measure of the distance. We propose a nonlinear
periodic continuous time control law that achieves the objective. Fundamentally B must
exploit its motion to estimate the location of A, and use its best instantaneous estimate of
where A resides, to move itself to achieve the ultimate circumnavigation objective. The
control law we propose marries these dual goals and is globally exponentially convergent
in the case that A is stationary Further, we establish the fact that when A drifts with a
sufficiently small, unknown velocity B globally achieves its circumnavigation objective to
within a margin proportional to the drift velocity. We further test the control law through
simulations.

1.4 Thesis Outline

Chapter 7: Close Target Reconnaissance with Guaranteed Collision Avoidance
In this chapter the problem of close target reconnaissance by a group of autonomous
agents is considered. The overall close target reconnaissance (CTR) involves subtasks of
avoiding inter-agent collisions, reaching a close vicinity of a specific target position, and
forming an equilateral polygon formation around the target. The agents performing the
task fly at constant speed to mimic the velocity behaviour of small fixed-wing unmanned
aerial vehicles (UAVs). A decentralized control scheme is developed for this overall task
and the finite-time convergence of the system under the proposed control law is established. Furthermore, it is guaranteed that no collision occurs among the agent. Relevant
analysis and simulation test results are provided.
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Noisy Localization

Chapter 2

Formal Theory of Noisy Localization
Consider a two-dimensional sensor network containing a set of nodes S = {si, S2, • • •, sn},
and let distances dij between certain pairs of nodes Sj, Sj be given. Suppose further that
the coordinates of certain nodes (termed the anchor nodes) are given. The localization
problem is one of finding a map p: S

which assigns coordinates p{si) e M^ to each

node Si such that, firstly, the assignments are consistent with the anchor node position
data, and secondly, ||p(st) -p(sj)|| = dij holds for all pairs i,j for which dij is given. One
way localization can be thought about is in terms of solving multivariable polynomial
equations. Let us write pi as shorthand for p{si). In particular, if pj is used to denote a
variable or unknown position for the node s,, the values p; for i = 1 , 2 , . . . , A'^, which are
the true positions of the sensors are the solutions of the set of equations |\pi - Pj\\ = d^j
when the dij are known data, with the additional constraints that pk = Pk whenever s^ is
designated as an anchor node, (for which pk is known a priori).
In this chapter, we focus on the question of what happens when the distance data
are noisy, i.e. subject to some error, presumably on account of the measurement process:
instead of having available the true values dij associated with certain node pairs, we have
quantities which are perturbations of these values. Now in the noiseless case when the
relevant graph theoretic conditions are fulfilled which guarantee (unique) localizability,
the set of equations |\pi - Pj\\ = dij reflecting the edge lengths (and with the anchor
constraints pk = Pk whenever Sk is designated as an anchor node) turns out to be an overdetermined set of equations (a fact which will be established in a later section below) i.e.
there are fewer scalar unknowns to be found than there are equations. Hence, when the
quantities dij are perturbed from their true values, there will in general be no solution to
the equations for the unknown p,. This is a complication to the problem of determining
the Pi. It raises the question of what is meant by localization in the noisy case, and to what
extent can one hope to obtain some kind of estimates for the sensor positions which are
close to the true values, at least if the noise in the distance measurements is small. These
are the central problems this chapter considers.
Although, recently many chapters have considered the problem of localization using
distance measurements in the presence of noise and proposed algorithmic solutions to
solve the localization problem, see e.g. [7,25,90,97], none of them has formally studied
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when and how the problem of localization continues to be well-posed in the presence of
noise.
In this chapter, we will argue that, given the graph theoretic conditions that would
guarantee unique localizability in the noiseless case, localization in the noisy case can be
posed as a minimization problem, the solution of which has several properties. First, if
the data is noiseless, the correct sensor positions are returned. Second, when the noise is
not great, the solution of the minimization problem is unique and returns sensor position
estimates which are not far from the correct values. Third, the errors between the true
sensor positions and the estimates returned by solving the minimization problem go to
zero continuously as the noise perturbations in the true distances go to zero. On the other
hand, the minimization problem is not guaranteed to have just one local minimum, and
the determination of an effective robust algorithm or numerical procedure for actually
solving the problem to achieve localization, as for the noiseless case, is a separate and
challenging task. While these results are not especially surprising, they serve to fill a
logical gap between the formal treatment of noiseless localization, and typical practical
approaches to sensor localization in nonideal circumstances.
The next section provides background on the graph theoretic issues which underpin
examination of the various equations and associated minimization problem. The third
section states and proves the main result, while the fourth section contains brief concluding remarks.

2.1

Global rigidity and rigidity

2.1.1

Combinatoric characterizations and properties

We associate a graph Q = (V, £ ) with a two-dimensional sensor network in the usual
wayEach vertex of the graph corresponds to one sensor, and there is an edge in the graph
joining two vertices just when the distance between the corresponding nodes of the sensor network is known.
In other work [6,53], it has been shown that the (noiseless version of the) sensor network localization problem in M^ jg in principle solvable if and only if the graph Q has
the property oi generic global rigidity [75] and there are at least three noncollinear anchor
nodes. [The property of generic global rigidity, and the associated concept of global rigidity of a network or formation, will be explained in greater detail below]. The qualifying
words 'in principle' imply that no consideration is being given at this point to the nature
of a particular algorithmic procedure for carrying out the localization calculation. The
word 'generic' also deserves comment. Throughout this thesis when we refer to generic
values of a parameter, we mean the values of this parameter except for a closed nowhere
dense set of parameter values. Others sometimes remove the word generic from the term
generic global rigidity with mild abuse of nomenclature, as for example in [75], where
the term 'global rigidity' is used instead of 'generic global rigidity' as a descriptor of certain graphs. The term 'uniquely realizable' has also been used for generic global rigidity.
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see [37,75]. It turns out that there can be special networks which have at least three noncollinear anchors but which are not localizable though the associated graphs are globally
rigid. They are exceptional, and in them, special relationships exist among the sensor positions, e.g. groups of sensors may be collinear. Thus the reason for using the term generic
is to highlight the need to exclude the problems arising from such networks. For further
discussion on the use of the word generic in the terminology generic global rigidity and
generic rigidity one may refer to [68,89,136].
Much of what follows depends on an understanding of the global rigidity concept and
also the concept of rigidity. Therefore, before going further, we include some background
information on these graph theory concepts. Let us call a framework a graph Q = (V,^)
together with a map p : V h^

Then p{vi), written with mild abuse of notation as pi,

denotes the coordinate vector associated with vertex Vi e V. Suppose a set of positive
real numbers (representing intersensor distances) D — {dij : {i,j}
framework is a realization if it results in

e £] is defined. The

- pj|| = dij for any {i,j}

£ £. The two

frameworks {G, p) and (Q, p) are equivalent if \ \pi-pj\ \ = |\pi -pj\ \ for any {i, j} e £. The
two frameworks (Q, p) and {Q, p) are congruent if \\pi - Pj\\ — \\pi - Pj\ \ for all pairs i,j
whether or not {i,j}

G

This is equivalent to saying that {Q, p) can be obtained from

{G. p) by an isometry of R^, i.e. a combination of translation, rotation and reflection.
A framework is rigid when it cannot flex, i.e. it cannot via continuous motions respecting the edge constraints become noncongruent to its starting position. More precisely, {Q, p) is rigid if there exists some positive e such that if {G, p) and {G, p) are equivalent and I Ik — Pi 11 < e for all i £ V, then the two frameworks are congruent. It is
important to understand, and we will use this fact below, that there exist rigid frameworks {G, p) and {G, p) which are equivalent but not congruent [75]. In more detail, call
a framework minimally rigid when the framework is rigid but the deletion of any single
edge from the associated graph results in a nonrigid framework. Then any minimally
rigid framework with more than three vertices is equivalent to another such framework
to which it is not congruent. [Many rigid frameworks which are not minimally rigid have
this property also]. Processes using concepts termed flip ambiguity and (discontinuous) flex
ambiguity can always be used to construct from any given minimally rigid framework
with four or more vertices an equivalent but non-congruent framework [67], see Figure 1
for an illustration.
A framework {G, p) is globally rigid when every framework equivalent to {G, p) is also
congruent to it.
Rigidity and global rigidity for a framework in M^ are generic properties, in the sense
that if a framework (G- p) has either of these properties, then the framework

p) will

also have the property for generic values of the position coordinates p, i.e. for all values
save possibly for those contained in a set involving an algebraic dependence over the
rationals of the coordinates. Hence, not surprisingly, the properties of rigidity and global
rigidity can be cast purely in terms of properties of the underlying graph G, to which the
terms generic rigidity and generic global rigidity can be applied.
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Figure 2.1: Illustration of (a) Flip ambiguity: Vertex D can be flipped over the edge {A, B)
to a symmetric position D' and the distance constraints remain the same, (b) Discontinuous flex ambiguity: Temporarily removing the edge (C, D), the edge triple (Z), A), {D, £),
{£, B) can be flexed to obtain positions £ ' and D', such that the edge length (C, D) equals
the edge length (C, D'), and then all the distance constraints are the same.
A combinatoric necessary and sufficient condition for generic rigidity is encapsulated
in Laman's theorem [83].
Theorem 2.1.1 (Laman's Theorem). A graph Q = (V, £) modeling a framework in R^ of | V|
vertices and \£\ edges is generically rigid if and only if there exists a subgraph Q' = (V, £') with
2|V| - 3 edges such that for any subset V" ofV, the induced subgraph Q" = (V", £") ofQ' obeys
\£"\ < 2|V"| - 3 .
A necessary condition for generic rigidity is evidenfly that there are at least 2|V| - 3
edge constraints. A necessary and sufficient condition for generic global rigidity is that Q
remains generically rigid when any edge is removed, and that between any two vertices,
there exist at least three paths which are nonintersecting except at the two vertices in
question, i.e Q is 3-connected [45]. Hence in a generically global rigid graph there are
necessarily at least 2|V| - 2 edges.
It is clear that a framework is an abstraction of a sensor network. However, even given the
graph and distance set of a globally rigid framework, there is not enough information to
position the framework absolutely in M^. in fact, as noted above, the framework can only
be positioned to within a translation, rotation or reflection. To eliminate this nonuniqueness requires further knowledge, typically the absolute position of at least three vertices.
In a physical sensor network, this information is either derived from global position sensing (GPS) measurements or other form of independent measurements. The vertices in
question must not be collinear; for if they were, there would be ambiguity up to a reflection in the position of all other vertices.

2.1.2

Linear algebra characterization and properties

There is a different straightforward characterization of rigidity for a framework in linear
algebra terms, using the concept of the rigidity matrix.
Consider a graph g = (V,
Let the coordinate vector

modeling a framework in R^ of |y, vertices and
of vertex

be

edges

The rigidity matrix is defined with

an arbitrary ordering of the vertices and edges, and has 2| V| columns and

rows Each

edge gives rise to a row, and if the edge links vertices , and k, the nonzero entries of the
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row of the matrix are in columns 2j - I, 2j, 2k - 1 and 2k, and are respectively xj - Xk,
Vj - Vk, Xk - Xj, yk - Vj. For example, for the graphs of Figure 2.2(a) and 2.2(d), the rigidity
matrices are

R =

y i - y 2 X2-XI y 2 - y i
0
0
0
0
0
0
X2 - xs y2 - ys X3 - X2 ys - y2
0
0
0
0
0
0
X3-XA y 3 - y 4 X4-X3 y i - y 3
Xi-XA y i ~ y i
0
0
0
0
x^-xi y^-yi

and
x\ - X2 y\ - y2 X2 - XI y2 - y\
R =

0

0

0

0

X2 - X3 y2 - y3
0

X1-X4 y i - y 4

x\ - X3 yi - yz
0

0

X2

0
0
- X2 ys - y2

0

0

0

2:3 - X4

0
-

0
-

x^ - xx yi - yx

X4 y2

0

yi

2/3 - 1 / 4

0

0
0

0
0

0
0

X4 - X3

2/4 - ys

0

0

x^-xi

y^-yi

X4 - X2 y4 -112

The key result connecting generic rigidity of a graph and the rigidity matrix is [136]:
Theorem 2.1.2. A graph g = (V, £) modeling a framework in

of\V\ vertices and \£\ edges is
generically rigid if and only iffor generic vertex positions (or at least one set of vertex positions),
the rigidity matrix has rank 2|V| - 3.

It is easy to verify this result for the first example at least. With generic vertex position,
the rank for the rigidity matrix R of Figure 2.2(a) is 4 and for Figure 2.2(c) and 2.2(d) it
is 5. At some special positions for the vertices of a framework, the rigidity of the latter
graph may be lost, often when vertices are collinear in
If all vertices are collinear in
Figure 2.2(d) for example, column 2j of i? is a multiple of column 2j - 1 for each j and
so the rank of R is at most 4. Such situations are non-generic.
There is intuitive content associated with the kernel of the rigidity matrix. In case the
rigidity matrix has rank 2| V| - 3 , the dimension of the kernel is 3. Any vector in the kernel
then corresponds to velocities for the vertices of the framework when the framework is
translating and/or rotating. (In two dimensions, there are two independent translations
and one rotation that are always possible). When the kernel dimension is greater than 3,
independent motions in addition to translation and rotation are possible, corresponding
to some kind of flexing. In more detail, suppose that {i, j} e £, so that the coordinates of
vertices Vi, vj in the framework obey for all time
m i , t ) - p U , t ) \ f = dl

(2.1)

This equation captures the notion that the distance between the two vertices takes a fixed
value, the square of the value being dfy Assuming motion is smooth, it follows that
\p{i, t) - PU, i)]^ ^

t) - p{j, t)] = 0

(2.2)

a
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1

1

(a)

2

(b)

2

(c)

1

2

(d)

Figure 2.2: Rigid and nonrigid formations. The formation represented in (a) is not rigid.
It can be deformed by a smooth motion without affecting the distance between the agents
connected by edges, as shown in (b). The formations represented in (c) and (d) are rigid,
as they cannot be deformed by any such move. In addition, the formation represented in
(c) is minimally rigid, because the removal of any edge would render it non-rigid. That
of (d) is not minimally rigid; any edge may be removed without losing rigidity.

and by stacking together \£\ such equations there results

^^P(^) = 0

(2.3)

where p{t) denotes the 2|V|-vector obtained by stacking thep(i, t).
There is a second useful consequence of (2.1). Suppose that vertex posihons are initially fixed, but then a small displacement <5p is made to the 2|V[-vector of vertex positions without respecting the length constraints. There will of course be a corresponding
change in the lengths corresponding to the edges of the graph. To first order, this change
is described by

= 2RSp

(2.4)

where ^d is the vector of changes in the squares of the lengths, ordered in the same way as
the edges are ordered in defining R.
Because R is not square, it is not invertible. Therefore, it does not immediately make
sense to contemplate the change in vertex positions that would flow from an arbitrary,
even small, change in lengths, at least without some kind of constraint. One can however
contemplate constraining some of the vertices not to move, and some of the lengths not
to change. Then a submatrix of R will map small changes in some of the vertex positions
to small changes in some of the squares of the lengths, and if the matrix should be square
and nonsingular, the inverse of this matrix will map small changes in some of the squares
of the lengths to small changes in some of the vertex positions.
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2.2

Equation sets and minimization problems for localization

2.2.1

The overdetermined property of the equation set

Regarding p, as a 2-vector corresponding to the unknown position of vertex Vi, the equations which apply to a framework are, in terms of the notation above,
\\p^-PJ\\' = d l y { i J } e £

(2.5)

One such equation is associated with each prescribed intersensor distance. [Of course,
we could have written the equations without the squares, but then they would no longer
be polynomial in the variables]. A particular set of values pi,i = 1 , 2 , . . . , |V| satisfying
these equations provides a particular set of vertex coordinates for the framework vertices
consistent with the distance constraint set.
A modified set of equations applies when the framework is derived from a sensor
network where there are anchor nodes, since some of the node positions are now known.
Write the set of vertices of the associated graph as V = Vo U V^i where Va comprises
precisely vertices corresponding to the anchor nodes, of which there must be at least
three, and Vo is the set of (ordinary) vertices which do not correspond to anchor nodes.
Let the coordinate values for the anchor nodes be pi for i G V^. Between any two anchor
nodes of the network, the distance is necessarily known. Denote by £ a the subset of £
comprising those edges joining two vertices which correspond to anchor nodes.
Then the equations which apply to the framework after using the anchor node information include distance information and coordinate information, and are of the form

\\Pr-Pj\? = d l y { i . j } e £ \ £ A

(2.6)

Pi ^ pi\fi £ Va
[Note that we have discarded the equations corresponding to the length constraint
applying to the distance between two anchor nodes in formulating this equation set, i.e.
the edges £ a , since such equations involve no unknown quantities.] Determining a set
of values pi for all i G Vo satisfying these equations is the localization problem, at least
when measurement data are exact.
We shall now establish that for a globally rigid framework, the number of independent equations actually exceeds the number of (scalar) unknowns we are seeking to determine, i.e. the set is overdetermined.
Lemma 2.2.1. Consider a globally rigid framework F = ( a , p ) with Q ^ {V,£).
vertex set V can be partitioned as V = Vo U

where \VA\ > ^ and the values

for all Vi G VA and unknown for all Vi e V \ VA- Then the number of edge-length

Suppose the
are knoivn
constraint

equations in the equation set (2.6) exceeds 2|Vo|.
Proof

Since the framework is globally rigid, we can drop any edge and it remains rigid.

Choose the dropped edge to be one of those in the edge-length constraint set appearing
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in (2.6), i.e. not in £A. Since the associated graph is now rigid, there exists by Laman's
theorem a minimally rigid subgraph Q' = {V,£'),

and thus one with \£'\ = 2|V| - 3

edges, such that any induced subgraph of Q' defined using any subset V " of V has at
most 2|V"| - 3 edges. Choose for V" the set VA- Then in g', there are at most 2\VA\ - ^
edges joining vertex pairs in VA and so at least [2|V| - 3] - [2|V^| - 3] = 2|Vo| other
edges. Hence, apart from the edge that was dropped from the edge constraint set

£\SA

before constructing g', there are necessarily at least 2|Vo| distance constraint equations
in (2.6), i.e. at least 2|Vo| + 1 distance constraint equations in all. There are also precisely
2|Vo| unknowns to be determined from the equation set (2.6), taking the coordinates of
the anchor nodes as known. Therefore, the unknown coordinates are the solutions of an
overdetermined

set of equations.

•

The equation set (2.6) constitutes a set of simultaneous polynomial equations in the
position coordinates of the nonanchor nodes. In general, simultaneous polynomial equations have multiple solutions (unless the equations are linear); however, an overdetermined set, if it has a solution, can be such that the solution is unique.
A very simple example of the above formulation arises in considering the localization
of one sensor given its distance from each of three anchors, when these have known positions and are not collinear. Using two of the distance measurements, the sensor with
unknown position can be determined to within a binary ambiguity, given by the intersection of two circles. The binary ambiguity is resolved using the third distance measurement; the sensor with unknown position is at the single common point of intersection of
three circles with known centres and radii. (The fact that there is a single common point
of intersection is a consequence of the noncollinearity of the anchors). The number of
scalar unknowns is two, being the two coordinates of the sensor with unknown position.
The number of distance equations is three.

2.2.2

Posing a noisy localization problem

Another feature of the overdetermined nature of the equations becomes evident when
we postulate errors in the (squares of the) distance measurements. Suppose that each
squared distance 4

in (2.6) is replaced by 4

+

the quantity Sd.^ being a (typically

small) error in the squared distance (rather than in the distance itself); thus

remains

the actual distance and Sd^j constitutes the measurement noise effect. Then in the absence
of any knowledge of the noise, it is natural to consider the following set

I \vi - Pj 11^ = 4

+ ^dij

Pi =PZYIE

j}e£\£A
VA

This equation set is still overdetermined, but in general will have no solution. The fact
that it has no solution underpins the motivation for the chapter.
The simplest example of this problem involves localizing a single sensor given noisy
measurements of its distance from three anchor sensors, as treated in [29]. As already
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noted, there are two unknowns, the coordinates of the single sensor to be localized. There
are three scalar equations perturbed by noise, and there is generically no solution. The
obvious remedy is to try for an approximate solution, and that is what is done in general.
Despite the inability to solve the noisy equation set (2.7), the notion of localization,
albeit approximate localization, still makes sense: clearly, it would be appropriate to seek
those coordinate values of p^, call them p*{i), for i G Vo = V \ V^ solving the following
minimization problem:

subject to
Pi = Pi "IIE

(2.8)
VA

(Of course, other measures for the error between | \pi

and {df^ + 6dij) could be used.

There will be no essential difference in the results.) Now we know that if all 6dij are zero,
there is generically a unique solution to the minimization problem, namely the solution
of the usual localization problem, which yields a zero value for the cost function. Let
(5d denote the vector of 6dij, corresponding to some arbitrary ordering of the subset of
edges £ \ £A, i.e. edges incident on at least one ordinary (nonanchor) vertex. Let ||(5d||
denote the Euclidean norm, so that ||(5d||2 =

The question of interest to

us here is: Is it guaranteed that, at least for suitably small ||(^d||, there ivill still be a solution to
the minimization problem, and that its distance from the solution of the localization problem with
zero measurement noise will go continuously to zero as the value of \\5d\\ goes to zero? A further
question is: Under what circumstances will the solution of the (noisy) minimization problem be
unique?
Before stating the main result, let us motivate the need to limit ||(5d||, or equivalently
the magnitude of the \ddij\. Consider Figure 2.3, which represents a sensor network with
4 nodes in two configurations, one corresponding to nodes 1,2,3 and 4 and the other
corresponding to nodes l',2,3 and 4. Suppose that nodes 2,3 and 4 are anchors, and regard 1 as being in a true position. It is quite apparent from the figure that the distances
di2,di3,di4 are close to the distances di>2,di'3,di'4. If there are noisy measurements of
di2,di3,di4 and the measurement error magnitudes are comparable to the differences
between d\2, dy2, etc., i.e. if the noisy measurements of di2, du, du yield values approximately equal to di>2, c^i's, c?i'4/ then the solution of the minimization problem could well
give a point in the vicinity of 1', rather than in the vicinity of 1. On the other hand, there
will be a value of measurement error such that if it is not exceeded, there could be no
possibility of this occurring.

2.2.3

Main result

The central result of this chapter is the following.
Theorem 2.2.1. Consider a globally rigid and generic framework F defined by a graph Q = ( V , f )
and vertex positions Pi,i = 1 , 2 , . . . , |V|. Denote the formation as F = F{V, £, p). Let V^i C V
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Figure 2.3: A 4-node sensor network in two configurations, one corresponding to n o d e s
1.2.3 and 4 and the otiier corresponding to nodes l',2,3 and 4.

denote vertices ofQ corresponding to anchor nodes, of which there are at least three and for which
the value of pi is known, and let 8a C £ denote those edges incident on tivo vertices ofVA, loith
the graph QA = {VA,£A)

then forming a complete subgraph of Q. Let d^j denote the distance

between nodes i and j when ij is an edge of Q. Consider the minimization problem (2.8) and
denote the solution of the minimization problem by p*. Then there exists a suitably small positive
A and an associated positive constant c such that if the measurement errors in the squares of the
distances obey ||(^d|| < A , the solution of the minimization problem is unique and there holds
\\p*-p\\<c\\6d\\.
The issue of what determines A and c, and whether they are readily c o m p u t e d or
estimated will b e dealt with subsequently.
We shall use several L e m m a s in proving the theorem. S o m e of these appear to b e of
independent interest.

2.2.4

Background lemmas

For convenience, assume that the vertices in the set V \ V^ = Vq are indexed from 1 to
K

|Vo|- Recall that w e are seeking to minimize the following cost function:
P\Pi.P2....PK]=

Y.

\\\Pr-P3\?-{d%

(2.9)

+ 5dij)f

ije£\£A
subject to
Pi=Pifori

= K + 1,K +

2,...,\V\

(2.10)

For fixed Sd, P is a function of the vector p , or equivalently X i , y i , x 2 , y 2 , . . . ,yn.
For the first l e m m a , w e require some additional notation. Define the reduced

rigid-

ity matrix Rr to be the submatrix of R containing those columns corresponding to vertices 1 , 2 , . . . ,

and those edges joining vertex pairs of which at least o n e is in the set

l , 2 , . . . , K . Note that the enhries of Rr depend in an affine w a y on each of the Xi,y^. Let e
denote the vector of quantities e,, = \\p, -

_ d,, -

w h e n {^,J}

e £ and w k

the
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same ordering as the rows of the rigidity matrix; the entries depend on the Xj,
6dij. Define e^ = 0 when ij ^ £ and let T denote the square K xK
ei2

ei3

eiK

- Ej e2j

623

e2K

ei3

623

- E e3j

eiK

e2K

e3A-

-Eei,

j

en
r

=

• ••

and the

matrix with

e^K

j

(2.11)

/

Now using a straightforward calculation, we have:
Lemma 2.2.2. Ado\)t the same notation as above. Then the column vector V P ivhose {2i and 2i-th entries are ^

and

l)-th

is given by
VP = 2P7e

(2.12)

where the reduced rigidity matrix Rr is evaluated at thepi,i

^ 1 , 2 , . . . | V|. Further, the Hessian

matrix V^P is given by
V^P = 2[BjRr

+

r^l2]

(2.13)

The matrix Rj. plays a crucial role in the above formulas, and in the material to come.
As already recorded, see Theorem 2.1.2, for a rigid framework, the rigidity matrix R must
have rank 2| V| - 3. We will need the rank of Rr rather than R. Its rank is given as follows,
also see [120]:
Lemma 2.2.3. Adopt the notation above, with the assumption that the framework F{V, £, p) is
globally rigid, and that a subset V^ C V of vertices are designated as anchor vertices, with an edge
existing betiveen every pair of vertices in V^i. Then the reduced rigidity matrix Rr (evaluated at
p) has generically fidl column rank.
Proof

The rigidity matrix R has \£\ rows, 2|V| columns and is of rank 2|V| - 3. Suppose

that the vertices are ordered so that the last numbered vertices correspond to V^ and the
edges are ordered so that the edges joining vertices both in Va appear last. [There are
^IV^KIV^I - 1) such edges, and since \VA\ > 3, there are necessarily at least 3.] Then it
is straightforward to see that for some matrices X and Y with 2Va columns and with Y
with at least

- 1) rows, there holds
R =

Rr

X

0

Y

(2.14)

Now if Rr were not of full column rank, there would be a nonzero vector, call it a, such
that Rra = 0. We shall obtain a contradiction. Define /3 = [aT 0]"^. Then R^ = 0.
Now it is known from [136] that because R is the rigidity matrix of a rigid framework,
its kernel is three-dimensional and the following three vectors are a basis of the kernel:
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Ai = [1 0 1 0 ...]T,A2 = [ 0 1 0 1

= [yi - X I ys -

Here, [x, yt]^

denotes the coordinate vector of the i-th vertex. Hence /3 must be a linear combination of
Ai, A2 and A3, i.e. for some scalar a, h and c, not all zero
(5 = aXi + h\2 + cAa

(2.15)

The last ^IV^KIV^I - 1) rows give the equation
aXi + 6A2 + cAa = 0

(2.16)

where Ai,A2 and Aa are subvectors formed from the last

- 1) > 3 entries of

Ai, A2 and A3 respectively. However, inspection of the subvectors formed from the last
three entries of Ai, A2 and A3 shows they are generically independent. Hence nonzero a, b
and c cannot exist, i.e. there is no nonzero a that lies in the kernel of Rr-

•

The preceding two lemmas will now provide the basis for using the implicit function
theorem to show that the noisy minimization problem has a locally minimizing solution
when the noise is small enough.
Lemma 2.2.4. Assume the hypotheses of Theorem 2.2.1. Consider the set of equations V P = 0,
which are necessarily satisfied at a minimum of the index (2.9). Then
1. These equations have the solution PI ^ PI,I = 1,2,...,

K when the 5DIJ for [i, j) e S\£A

are all zero.
2. There exists a suitably small positive Ai and a positive constant a depending on Ai such
that for any fixed Sd lying in the ball of radius Ai around the origin, there is a unique
solution pi,i = l,2,...,K

of the equations V P = 0 satisfying the constraint ||p - p|| <

c||<5d||
3. For the fixed (5d, this solution is a local minimizer (with respect to p) of P(p, <5d).
Proof The first conclusion of the lemma is trivial, amounting to the conclusion that because the network is globally rigid, the actual vertex positions will be recovered when
measurements are noiseless.
To establish the second claim of the lemma, one can apply the implicit function theorem to the equation V P ( p , n) = 0. The second claim of the lemma will hold true provided
the Jacobian of V P is nonsingular at the solution point of V P = 0 defined by the pair
(p, Sd) = 0. The Jacobian is precisely V^P which is evaluated in Lemma 2.2.2. Because by
Lemma 2.2.3, Rr has full column rank, the matrix RJR,

is positive definite, and certainly

nonsingular. Also, the matrix T is zero at this point. Hence the second formula of Lemma
2.2.2 yields that V^P is nonsingular, as required. For the third part, since at Sd = 0, V^P
is positive definite, the continuity of this expression in <5d guarantees it is positive definite
for \\Sd\\ suitably small, which means that the stationary point p is minimizing.

•

Lemma 2.2.4 shows that under the hypothesis of Theorem 2.2.1, with sufficiently
small noise so that the inverse function theorem becomes applicable, a local minimum
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for P ( p . (^d) is achieved with p = p. To prove the theorem, it remains to show that this
minimum is also a global minimum, i.e. that p coincides with p*.

2.2.5

Proof of the Theorem

Let B denote the ball around p defined by ||p - p|| < cAi and let B" denote the complementary set Hp - p|I > cAi. Observe that for all 6d with ||(5d|| < Ai, the immediately
preceding lemma guarantees that p G i?. Let Pi be defined by

subject to
Pi

=

pi^ie

(2.17)

VA

The unique localizability property with zero noise, i.e. there exist unique pi and pj
such that \\pi -

= dij, i,j G {1, • • • ,

guarantees that Pi is positive. Also, Pi is

overbounded by the minimum value of P computed on ||p - p|| = cAi.
Consider also a collection of minimization problems, parameterized by a nonnegative
constant A2, with variables p and (5d:

P2

=

inf

E

[\\Pi -

- {dl

+ Sd^j]^

subject to
Pi

=

ptVie

VA

There is an infimum as opposed to minimum used in (2.18) because the set over which
the extremization is performed is unbounded. Let us now argue that a bounded set can
be used, with a minimum resulting. With A j fixed, we claim that the value of P in (2.9)
computed on the set {(p,(5d) : ||p - p|| = P and ||^d|| < A2} for large enough P
will go to infinity as P -)• 00: for suppose that for a fixed 5d obeying the constraint, pR
achieves the minimum of P on ||p - p|| = P, and suppose that for a particular P, the
2-vector position of, say, the /-th vertex pr{I)

is of order P. Since the underlying graph

is connected, there will be a path from any anchor node to node I , and so the length of at
least one edge along this path will be of order P. Therefore the corresponding summand
in (2.9) will be of order R^.
It follows that the infimum P2 of the index P over the set
to be attained over the intersection of the set

fl

< A2 is going

I I P " P l l < ^ for some suitably

large P and ||(5d|| < A2, and because this is a bounded and closed set, there will be at
least one point in it achieving the minimum.
We shall now choose A2. First note that when A2 = 0, there holds P2 = Pi. Because
P depends continuously on the Sdij, P2 will depend continuously on A2 as A2 increases
from 0. If P2 > (l/2)Pi for all A2 < Ai, choose A2 = AiElse choose A2 so that P2 =
(1/2)Pi, which requires A2 < Ai.
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By the argument above, the global minimum of P over the set B'^ for a fixed M obeying ||^d|! < A2 is at least (l/2)Pi. By Lemma 2.2.4, there is a single local, and therefore
global, minimum of P in the closure of the set B for any fixed (5d obeying ||(5d|| < Ai
and a fortiori ||()'d|| < A2. If this minimum is less than (l/2)Pi, it is necessarily the global
minimum with no restriction on the set of allowed p. Define A by
A = min{A2,[(l/2)Pi]i/2|

(2.19)

Observe that for any fixed (fd, there holds
P*

=

min

J]

+

(2.20)

{i.j}e£\£A

<

E

=

ll-^^dlp

+

(2.21)
(2.22)

Now require ||^d|| < A. Then this formula ensures that P* < (l/2)Pi. Such a minimum
cannot be achieved in the set B'^. Hence it is achieved
in the set B. Within this set, there
is at most one minimum. Therefore the minimum in this set is the global minimum with
no restriction on the set of allowed p. This proves the theorem.
2.2.6

Remarks on the constants in the Theorem

The main theorem involves two constants c and A. This subsection makes some remarks
on these constants.
The constant c arises in a more or less standard way in applying the inverse function
theorem. Indeed, it is standard that in a small neighborhood around p with an error order
term in 6d, (5d = 0, there holds
V^Pip* -p)

=

'r(VP)

=

(2.23)

Noting the expression for V^P in (2.13) and that at p, one has <f = 0, we see that
infinitesimally,
=

(2.24)

so that
(2.25)
In this equation, Rr is evaluated at p. As noted, the value of c applies for infinitesimally small perturbations of Sd around zero. It is of course a guide for larger perturbations. For infinitesimally small perturbations around a nonzero value of Sd, there holds,
using (2.23),

C = [XmaARAV'Pr'Rjr' = l^maAi^'Pr'RjR^f/^

(2.26)

2.3 Summary
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In this equation, the various quantities are evaluated at the nominal value of (5d and the
corresponding value of p. For larger perturbations with

restricted by ||^d|| < A, it

then follows that

T h e value of (2.25) is a lower bound to the value just obtained. If A is small it may be a
good approximation to the correct value of c.
N o w w e turn to explaining the value of A. There are two reasons w h y this quantity
m a y b e limited. First, the set over which the inverse function theorem is valid is necessarily one where V ^ P is positive definite. This property holds at the point where (5d = 0. It
m a y cease to hold well away from this point. It is this phenomenon which limits the size
of A i . There is a second independent limiting factor. In the noiseless case, there may be a
local m i n i m u m for the function P differing from zero by a small amount. The coordinate
values corresponding to this local but nonglobal minimum will necessarily be different
from those corresponding to the global minimum. Then it is likely that as noise levels
are slowly increased from zero the coordinates yielding the global minimum could jump
at some noise level from the vicinity of those applicable in the noiseless case to coordinates corresponding to a point in the vicinity of that associated in the noiseless case with
the local but nonglobal minimum. To stop this happening, it may be necessary to take
||^d|| < A2 < A i , (this in particular ensures that the minimum value of the cost function
in the vicinity of any differing local minimum does not get too small, in particular not
smaller than ( l / 2 ) P i and also to take ||M|| < [(l/2)Pi]i/2, to ensure that the value of the
noisy cost function at the minimum in the vicinity of the noiseless global minimum does
not get too large, in particular not greater than (1/2)Pi.

2.3

Summary

Sensor network localization in the noiseless case is a matter of finding a unique solution
of some overdetermined equations. Because of the overdetermined property, the equations cannot b e expected to have any solutions if noise perturbs a number of the quantities appearing in the equations. This chapter has indicated how to replace the problem of
solving equations b y one of minimizing a performance index, in a consistent way. That
is, in the noiseless case, minimization of the performance index should recover the same
result as solving the equations, and in a low noise case, the result should be close to the
noiseless result, with the perturbation continuous in the noise magnitude.
There are m a n y other localization problems than those relying on just range, using for
example bearings and time differences of arrival (TDOA) [105,117] in which, again in the
noiseless case, an overdetermined set of equations determines the solution. For example
in T D O A localization in two dimensions, typically three or more hyperbola branches
have a c o m m o n point of intersection. The same issue will arise in the presence of noise,
and this chapter gives some of the formal machinery for dealing with it.
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Chapter 3

Minimization of the Effect of Noisy
Measurements on Localization of
Multi-Agent Autonomous
Formations
In order to be able to accomplish most of the tasks associated with multigent autonomous
formations, such as reconnaissance and surveillance, the formation should be able to determine its position in a known global coordinate system. For example in surveying an
unknown territory, the formation should be able to localize itself in a known global coordinate system in order to successfully record the acquired data in the mission (such as the
location of emitters, sensed perhaps using angle of arrival or time-difference-of arrival,
see [4], [117] schemes) and make it possible for the data to be used when the formation
has returned to the base. A trivial solution for this problem might be obtained by installing a Global Positioning System (GPS) sensor on each of the agents in the formation.
But due to the fact that a precise GPS sensor is expensive and/or conshtutes a weight
burden, this solution may be impractical. In order to solve the aforementioned problem
of determining position information of the agents within the formation, the tools used in
the field of multiagent system localization can be employed. Localization problems have
been well-studied in the context of wireless sensor networks. In sensor network localization, it is typically assumed that a small fraction of sensors, called anchors, have a priori
information about their global coordinates [89]. Exploiting the fact that the position of
these anchor nodes are known in a global coordinate system and that a number of internode distances are known, all the other nodes in the network can be localized under a
condition which will be discussed later in this chapter, i.e. global rigidity of the underlying graph of the network. We can carry over this idea to a formation of mobile agents. We
designate some agents as anchor agents, and use them (together with inter-agent range
measurements, typically obtained from timing information in inter-agent communications) to localize other agents in the formation. In this way one can perform localization
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with a smaller number of accurate GPS sensors.
While in principle, any choice of at least three noncollinear agents in a two-dimensional
formation or four non-coplanar agents in a three-dimensional formation can be made for
anchors (given also enough inter-agent distance measurements), in fact there is a nontrivial choice to be made. This is because, when agent distances are not exactly known but
rather measured with some error, the localization algorithm for the non-anchor agents
will inevitably give erroneous positions, with the error depending on the inter-agent distance errors and also the choice of agents to serve as anchors. While there exist many studies
addressing noisy localization, e.g. [11,106], none has considered the effect of the different
choices for selection of the anchors on localization accuracy. However, there exist other
related studies which consider different types of sensor selection problem; for more information see [15,78] and the references therein.
The main contributions of this chapter are, firstly, to introduce a criterion to measure
the effect of distance measurement error on the localization of agents, and, second, to
introduce a methodology (including an algorithm) for selection of anchors among a formation of agents with a view to minimizing that error. For the time being, only planar
formations are taken into consideration. In addition, the current study only deals with
errors originating from inter-agent distance measurements.
The chapter is organized as follows. In the next section graph theoretic preliminaries
relevant to the localization problem are described. In the third section calculation of error
statistics given a set of anchors and a criterion for selection of anchors are presented. The
fourth section contains a method for choosing a pre-fixed number of anchors to minimize
the errors; some simulation results are presented in this section as well. In Section 5 the
application of convex optimization in anchor selection is presented and two numerical
examples using the proposed algorithm are presented later in that section. In the last
section some concluding remarks are presented.

3.1

Anchor Agents and Localization Accuracy in Autonomous
Formations

For the rest of this chapter we consider a formation as described in the following assumption.
Assumption 3.1.1. Consider a formation,
{V,£).

T = {Q, p), with the underlying sensing graph G =

Suppose a subset of the agents are anchor agents, i.e. we know their global position.

the corresponding subset ofV by V^. Adopt the standard convention that two anchor agents

Denote
know

their inter-agent distance, and let £A C £ denote the set of edges in g joining vertices in V^. In
addition, suppose that the graph Q is generically globally rigid.
The noiseless/ormflhon localization

problem as defined in the following is fully ad-

dressed in [53]. In this chapter we will address a follow-on problem postulating noisy
measurements that will be introduced in Section 3.2.

3.1 Anchor Agents and Localization Accuracy in Autonomous Formations
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Problem 3.1.1 (Formation Localization Problem). Let T he a network in R^, consisting

of

m > 3 noncollinear

anchor agents located at known positions

ordinary agents located at unknown positions

pi,p2,

• • • ,Pm

and n - m > 0

and let Q = (V, £) be the

•••

underlying

graph of J^. For each {i, j} e E, let the distance between agents i and j be given as \\pi-pj\\ = dij
, • • • , p„ G

Find locations

satisfying

\\pi - pj || = dij, V{i, j} E E subject to the constraint

that pk = Pkfor A; e {1, • • • , m } .
Remark 3.1.1. The full determination

of Q requires nomination of anchors; before choice of an-

chors, not all agents which end up being nominated as anchors may be able to sense one another.
We would like to characterize errors in localization {Spi = pi -pi,

j = l,---,|V|) which

occur when noise perturbs inter-agent distance measurements {dij), apart from distances
between anchor agent pairs.
Recall the set of equations (2.7) from Chapter 2 for which describes the noisy localization situation:
\\Pi - Pj IP = 4

+

'

Pi = Pi , Vvj € VA
which results in an overdetermined system of simultaneous equations, and therefore now
there will generally be no solution (There are at least 2|V \ V^l -h 1 equations and exactly
2|V \ VA\ unknowns.). Nevertheless, the notion of approximate localization makes sense.
Instead of solving (3.1), we seek those position values for pi, call them p*, for

e V \ V^

which solve the following minimization problem:
min

E
{ij}e£\£A

subject to

+

Pi — Pi , ^Vi e

(3.2)

Va

As shown in Chapter 2 the solution of the minimization problem stated in (3.2), p*, for
g V \ Vyi, will be close to the solution of (2.6), and in fact the error in the position
will depend continuously on the error in the vector of squared distance. We can use this
fact and rewrite the minimization problem in (3.2) in terms of the rigidity matrix. The
following theorem deals with this issue.
Theorem 3.1.1. Consider a formation
ically globally

rigid.

with the underlying graph Q = Q{V,S)

Suppose that a subset Va of V corresponds

are precisely knoxvn. Let SA C £ correspond
sponding

edge lengths in the formation

the edge length d^J corresponding
bounded in magnitude

to vertices xuhose

gener-

coordinates

to edges joining vertices in VA, SO that the corre-

are precisely knoivn.

to each edge in £\£A

Suppose that the measurement

is available with a measurement

error

by some fixed A > 0. Let Sd denote the vector of errors in the squares of

the edge length measurements,

ordered in the same way as the edges are ordered in defining

the rigidity matrix ofG evaluated at p. Note that pi is the correct position of the i-th agent.
p* for Vi eV\VA
sufficiently

solve the approximate

R,
Let

localization problem (3.2). Moreover, suppose that A is

small that there is a unique solution to (3.2) whose distance from pfor Vi

depends continuously

of

on the Sdij. Define 5p* =p*-p.

eV\VA

Then the vector 5p* is the solution to the
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following minimization problem neglecting higher order terms in Scf:
mill
sp
subject to

\\R6p-Sd/2f.
II ^
/
Spi = 0\/vi € Va

(33)

Proof. We only need to show that (3.2) and (3.3) are the same for the particular summand
in (3.2) and the corresponding summand in the above minimization problem. (Obviously
the result then holds after summation of all of these summands as well.) Replacing pi and
Pj by Pi + Spi and pj + Spj, where Spi is the perturbation of the position of z-th node from
its real positions, in (3.2) respectively, for the summand associated with the edge

{i,j},

Sij, we obtain,
Sij = \\Pi - Pj + Spi - Spj f - ( 4 + 6d^j)
Replacing Pi, Pj, 6p^, and Spj with

(3.4)

{6xi,Syi)'^ and {Sxj,Syj)'^ in (3.4)

respectively, we obtain,
Sij = {x^ - Xjf + {yi - yjf
(dXi -

+

-

4 +

- 5yjY -

(3.5)

2{xi - xj){5xi - 6xj) + 2{yi - yj){6yi -

%)

On the other hand, one can rewrite (3.3) as
min

^ {Rk6p -

subject to

5dk/2f.

5pi = 0 Vv, G Va

where Rk and dd^ are the k-th rows of R and 6d, respectively. Considering the summand
associated with the edge {i,j},

s'^ we obtain,

s'i^ = {Xi - Xj){Sx^ - 6xj) + {y, - yj){6yi - dy^) - dd^j/2

(3.7)

The two summands (3.5) and (3.7) are the same for a particular edge (z, j) (neglecting the
factor of 2 and the second order term (Sxi - Sxj)"^ + {Syi - Syj)"^).
For considering the norm presented in (3.3), viz.

||i?<)> - 5d/2f,

•
one can delete

those columns from R relating to anchors to study the effect of perturbation, since these
columns correspond to positions of anchors that are already known so no perturbation
may happen. We can also delete any row corresponding to an edge between two anchors
(such an edge may or may not be present before designation of certain nodes as anchors,
but in any case the corresponding entry of RSp - 6d/2 will be zero.). After doing this
deletion process, the norm presented in (3.3) will transform to
mm
Here

" Sdr/2f

(33)

the reduced rigidity matrix, is constructed by deletion of columns of R corre-

sponding to anchor positions and rows of R corresponding to edges between two anchors, respectively. Furthermore,

is the perturbation in non-anchor positions and

'It is effectively finding the critical points and their indices of the cost function constructed by the sum of
terms up to degree 2.
^

3.2 Selection of Anchors in the Formation
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is the error vector in the square of the length of edges connecting those edges with at least
one non-anchor end.
The minimization problem stated in (3.8) can be solved for deterministic values of 8d.
For deterministic values of 5d, Sp* is computed by,

Sp* = El5dr/2

(3.9)

where i^J = { R j R r ) - ^ R j is the Penrose pseudoinverse of Rr, see [73], However, in
general the error in the square of the length measurement, 6dr, is not known and it is not
possible to accurately compute the error in the localization. The measurement error can
be more realistically modeled by random variables, with specific covariance and mean
value. One is much more likely to be interested in translating statistics of 6dr to statistics
of the agent position errors, 6pr, when Sdr is a random variable. This can be done using
the following equation:

cov{6p*) = Rl coviSdr){Rl)^/4.

(3.10)

where dp* is the solution to the minimization problem in (3.8), and cov(.) denotes the
covariance matrix of its argument. If 6dr is a normal random variable with zero mean
and I as its covariance we have

coy{Sp*) = Rl{Riy/A.

(3.11)

One might also reasonably postulate that each distance measurement, rather than its
square, is subject to additive zero mean Gaussian noise, of variance cr^, say. Then 8dr
will be zero mean, with covariance matrix diag{dfj)a'^, and (3.11) will be replaced by;

cov{Sp*) = Rl{diag{dl)a^){Rl)^/4.

(3.12)

Equations (3.11) and (3.12) address the task of characterizing localization errors posed in
the beginning of Section 3.1. Note that, as is common in characterizing mean square errors arising out of algorithms using noisy data, the characterization involves the solution
of the corresponding noiseless problem-in this case Rr involves the true agent positions.
We comment on this further in Section 3.2.2.
Note that Lemma 2.2.3 guarantees that Rr is of full column rank and the minimization
problem stated in (3.8) has a unique solution.
In the next section we discuss which nodes are the best candidates for being selected
as anchors.

3.2

Selection of Anchors in the Formation

In this section, we present a performance index to be used in selection of a pre-specified
number (m > 3) of anchor agents for globally rigid formations in order to minimize the
overall localization error 5p* introduced in Section 3.1 in the sense of minimizing a scalar
measure associated with it.
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Remark 3.2.1. Although

having more than three anchors in a formation

accomplishing

is not necessary

the localization task, it may prove to be useful. First, it provides redundancy

case of another anchor failure, second, by having more anchors the number of unknown
decreases and as a result the effect of measurement errors

for

in the
variables

reduces.

In order to formulate a well-defined minimization problem, we modify Assumption
3.1.1 as follows.
Assumption 3.2.1. Consider a formation
(V, E), where no agent is an anchor.
let

= {g{I).p)

T = (G, p), with the underlying sensing graph G =

For any subset I C { 1 , 2 , • • • , n } with \I\ = m > 3,

with underlying sensing graph g{I)

= {V,£{I))

obtained from T by assigning all the agents i e I as anchors.
set of edges connecting

these anchor agents.

I C { 1 , 2 , • • • , n } with \I\=m>

3.2.1

It is assumed that

denote the
C £{I)

Let

formation
denote

is globally rigid for

the
any

3.

Problem Definition and A Selection Metric

We first adopt a scalar measure associated with Sp* and then define the problem of localization error minimization formally based on this measure. Considering the analysis and
discussions in Section 3.1, we select this measure as \max{cov{Sp*{!))),

and formulate

the minimization problem as follows:
Problem 3.2.1. Consider a formation T = (G, p) and the set of all formations
obtained from F via anchor assignment as described in Assumption

7 {I) = (^(I), p)

3.2.1. For each anchor

index

set I , let Rr{I) denote the reduced rigidity matrix, and Sp*{I) denote the localization error vector,
as introduced in Section 3.1, for the formation
^max{cov{Sp*{!)))

J-{I).

For what selection of the index set I , is

minimum?

Next we present a metric, the minimization of which will provide an answer to Problem 3.2.1.
Remark 3.2.2. When (3.11) applies, minimizing X^ax {cov{6p*))
ing Xmax{Rl{^)

{Rl{I)y).

Furthermore,

equivalent to the problem of maximizing

can be considered as minimiz-

the problem of minimizing Xmax{Rl{I)

is

Xmin{Rr{I)

Based on Remark 3.2.2 we define a performance index 7 to quantify the performance
of each anchor selection I c {1, • • • ,n} with | J | = m > 3 as follows:

Remark 3.2.3. Note that
these values can be used

=

^

So

interchangeably.

Here we formally define optimal anchor selection. Consider the setting of Problem 3.2.1.
The selection I c {1, • • • , n } with \I\ = m > 3 minimizing the performance index 7 ( 1 ) ,
i.e. a r g m i n { 7 ( X ) | 2 c { l , - - - ,n} and \I\ = m} is termed ^-optimal selection ofm
'Optimal anchor selection definition should be modified when one wants to use (3.12)

anchors.^
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Remark 3.2.4. When (3.11) applies, the solution of Problem 3.2.1 is the -^-optimal selection ofm
anchors.

Based on Remark 3.2.4, to solve Problem 3.2.1 for a particular setting, we can use an
exhaustive search through all possible selections of m anchors to find the largest possible
7 ( 1 ) , or use another optimization method. Simulation results based on the exhaustive
search appear in the next subsection. Obviously there will be a practical limit on the size
of the entwork for which this is feasible. In Section 3.3 we discuss another method for
maximizing 7. This alternative method allows consideration of far larger formations.

3.2.2

Simulation Results

In this section, we introduce two different examples discussing the problem of finding the
best (7-optimal) selection of anchors in different scenarios. The solutions are obtained by
exhaustive search, and therefore may not be considered interesting. Nevertheless, the
results motivate the formulation of some qualitative guidelines for selecting anchors in a
formation later in this section.
Example 1. A formation of 7 agents with a globally rigid underlying graph of the
formation is studied, where 3 anchors are to be selected. Figure 3.1 shows the formation
and the minimum singular value of the reduced rigidity matrix associated with each of
the possible 35 anchor selections \max{cov{6p*{X))) is presented.
It is evident that selection of nodes {1,4, 7} and {2,3, 7} results in having the largest
minimum singular value. Selections { 1 , 2 , 3 } , { 1 , 2 , 4 } , { 1 , 3 , 4 } , { 2 , 3 , 4 } , {2,6, 7} yield the
5 lowest singular values.
Example 2. Consider the same graph that was used in Example 1 but with different
geometric positions for the agents; the formation is depicted in Figure 3.2. The best choice
of anchors in this case is I = {1,4, 7}. The minimum singular value associated with each
selection is presented in Figure 3.2 as well.
Simulations for Examples 1 and 2 suggest the following heuristically reasonable graphical and geometrical guidelines for maximizing 7(1). From a graphical point of view, one
can say that a triple of agents that already form a triangle in the formation prior to anchor selection are not good candidates for being selected as anchors. As can be seen from
the simulation results, such selections are never among those selections that yield larger
minimum singular values for the reduced rigidity matrix. Furthermore, in some other
cases 7-optimal selection of 3 anchors happens when the smallest loop connecting the
three anchors is the longest. From a geometrical point of view, in many cases (that cannot
be presented here due to the lack of space) the 7-optimal selection of 3 anchors is the
selection of those anchors such that the triangle formed by these anchors has the largest
area among all other possible triangles defined by any other three nodes in the graph.
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Figure 3.1: The globally rigid formation used in the first simulation and amin value of
reduced rigidity matrix for all possible 35 anchor selections. The selection index S, denotes the 5-th ordered combination of {k, I, m} when k,l,m

e {1, • • • , 7}The selection

index S associated with the selection of the triple {k, I, m} as anchors is calculated S and.

Figure 3.2: The globally rigid formation used in the second simulation and

value of

reduced rigidity matrix for all possible 35 anchor selections. The selection index is the
same as the one used in Fig. 3.1

3.3 Selection of Anchors Using Convex Optimization
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Remark on Computational Complexity

The computational complexity for calculating singular values of a matrix Anxm is 4nm2 +
For checking the singular values for all the possible selections of three anchors,
singular values should be calculated for n ( n - l ) ( n - 2 ) / 6 times. Hence the computational
complexity of the method for n nodes is 0(n®).
For larger number of agents and anchors the exhaustive search is not capable of
addressing the problem of optimal anchor selection. In the next section we propose a
method for dealing with the problem of anchor selection in larger formations.

3.3

Selection of Anchors Using Convex Optimization

In this section we address the anchor selection problem by developing a method analogous to one proposed in [78], for a different style of selection problem, namely sensor
selection problem. The method uses the idea of relaxing an integer problem and solving it using convex optimization methods for continuous values and then applying the
solution to the original integer case.
As a notational convention, for a symmetric positive semi-definite matrix AmxM,
M 6 N, the eigenvalues are ordered in a way that
XM{A) < XM-iiA)

< • • •< X,{A),

(3.14)

where Xi{A) is the z-th eigenvalue of A.
Consider R, the rigidity matrix introduced earlier. By selecting |Vyi| = m agents out
of I V| = n agents as anchors, we are discarding 2m columns of this matrix, in other words
we are selecting the remaining 2n - 2m. columns. To continue, first we state the following
lemma.
Lemma 3.3.1. Let r, denote the i-th column of the rigidity matrix,
rigid formation.

R\£\x2\v\>for

a given globally

Then the folloiving relationship holds:
/

n

\

= 2n-

rank

2m,

(3.15)

\i=l

where I'^s = 2n - 2m, si G { 0 , 1 } ,

i = 1, • • • , 2n, S2i-i = S2i, and 1 is a vector with 1

entries.
Proof

Let Sj obey the conditions of the lemma. Delete from the rigidity matrix those

columns whose indices are the same as the indices of the

assuming a value zero. Be-

cause l"'"s = 2n - 2m, this implies 2m columns are deleted. Because S2i-i = S2i, this
implies that columns corresponding to m vertices are deleted.

Let Rr be the matrix

so obtained. It is easy to show that Rr is the same as Rr with the possible addition
of extra all-zero rows. With the same argument used as in the proof of Lemma 2.2.3,
we can show that
rank{RrRj)

rank{Rr)

= rank

=

SinrJ^

2n - 2m. This, since ^ S i u r J =
i=l

= 2n - 2m.

RrRj,

implies that
•

36

Minimization of the Effect of Noisy Measurements on Localization

C o r o l l a r y 3.3.1. For a given rigid formation with rigidity matrix -R|£-|x2|v|'
2.

( e

w ^ )

=

( t s m r j )

=

i=l

Si e { 0 , 1 } .

••• =

A(2„-2m)+i

(ts^r^r7]

\£\

2. The smallest nonzero eigenvalue of

SiVirJ is equal to
2=1

R e m a r k 3.3.1. The smallest eigenvalue of RrRj
RrRj

-

t

i=l

=

i=l

/ n

Y1

Ojor

^

^i'^'i'''i

j=2n-2m

\i=l

is equal to the smallest nonzero eigenvalue

of

SinrJ.

In the light of Lemma 3.3.1, Corollary 3.3.1, and Remark 3.3.1 we can write the problem of maximizing 7 as
maximize
subject to

1^1
^

j=2n-2m

/ 2n
Aj I X] Sjrjrj
\i=l

(3.16)

l ^ s = 2n - 2m
SjG{0,1},
S2i-1 =

S2i

The expression in (3.16) is not altogether standard; nevertheless, it enjoys a useful
standard property:
Proposition 3.3.1. For any integer k < M, the sum of the k smallest eigenvalues of a symmetric
matrix AMXM is concave.

Proof First we prove that sum of M-k

largest eigenvalues of ^mx a; is convex. From [73]

we know,
A^(^) = sup ^tr{Z^AZ)\Z

e

Z^Z = / •

i=l
where tr{.) is the trace function and ^ = A/ - k. For arbitrary matrices A and B, and
constant 0 < 0 < 1, we have
sup
Z"rz=/

i=l

— sup
Z^

<

Z=l

tr{Z^0AZ)

sup tr{Z^0AZ)
ZTZ=/

T
< Q sup tr{Z'AZ)
ZTZ=/

+ ir(Z^(l

-

e)BZ)

sup tr{Z^{l-e)BZ)
z"rz=/
+(1-0)

sup

tr{Z'^BZ)

Hence the sum of n ^ M - k largest eigenvalues is convex. The sum of k smallest
eigenvalues is calculated by
M
^
i=fi+l

= ^
1=1

- ^
i=l

= tr{A)

-

V
i=l

The sum of all eigenvalues (trace) is linear (convex and concave), and the negative of the
sum of the M - k largest eigenvalues is concave, and from [23] we know that the addihon
of two concave functions is concave.

•

3.3 Selection of Anchors Using Convex Optimization

3.3.1

37

Relaxation

Because the constraint

g {0,1} is Boolean, (3.16) is not solvable using convex opti-

mization techniques. However one can relax this constraint and replace it with a convex
constraint. We have the following relaxed version of (3.16):

maximize
subject to

1^1
( n
\
^
AW ^ s . r i r j
j=2n-2m Vt=l
/
= 2n-2m
0<sj<l,

i=

(3.17)

l,---,2n

S2i-l = S2i.
In the light of Proposition 3.3.1 we know that the objective function is concave; hence one
can solve the maximization problem with the convex constraints using standard convex
optimization techniques. Assume s* is the solution to this problem; it is not necessarily
a solution to the original problem, since s* can take a non-integer value. However, one
can say that the value of the objective function for s* is an upper bound for the value
of the objective function at a solution of the original problem, because the feasible set
for the relaxed problem contains the solution to the original problem as well. Call this
upper bound Us- To generate a possibly suboptimal solution to the nonrelaxed problem
we can proceed as follows: Let s*^, • • • , s*^^ denote the elements of s* rearranged in descending order; compose the 27?.-vector s with entries Sj G {0,1} such that Si^, = 1 for
ke {1, • • • , 2n - 2m] and s^^. = 0 for k G {2n - 2m -h 1, • • • , 2n}. This way the entries of s
with indices corresponding to the 2n - 2m largest elements of s* are assigned to be unity
and the rest to be zero. The associated objective value with s, Lg, is a lower bound for
the optimal objective function. We define a gap between the upper bound and the lower
bound as, (5s = Ug — Lg. For the cases that 5s is negligible, s is the solution of the original problem. However, if <^5 is not negligible a local optimization method can be used if
desired to seek other better solutions.
Standard convex optimization may appear not immediately applicable to solving the
convex optimization problem (3.17); however, if we cast the problem in the Semidefinite
Programming (SDP) framework it can be solved easily. Consider the affine matrix function F{s) = F(i + siFi

• • • -I- s^F^, where /u G N, s = [si, • • • ,

and Fq,

• • •,

are fixed 77-by-r/ symmetric matrices, and r/ G N. Note that to maximize the sum of the
k smallest eigenvalues of F(s) one can minimize the sum of the k largest eigenvalues of
-F[s). To do so we solve the following semidefinite programming problem, in t, X, s:
minimize kt + tr{X)
subject to tl + XX =

(-F(s)) > 0

(3.18)

>0

where X G K'''^''. For further information see [140], [99] and references therein. To establish that (3.18) minimizes the k largest eigenvalues of F'(s) = - F ( s ) , we use the
following lemma.
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Lemma 3.3.2. Let t and X satisfy tl + X - F'{s) >0,X

= X'^>0.

Then

k
i=\
and there exist t* and X* attaining the lower bound.
k
Proof. Let s* = argmin
where Ai > A2 > • • • > A^. Without loss of general^ j=i
ity, using diagonalization by an orthogonal matrix if necessary, suppose
F'{s*) =diag{Xi,---

,A„).

Let £ = [ 4 0„_fc]. Then tl + S - F'{s*) > 0, and hence S{tl + X)E'^

- EF'{S*)E'^

>

0.

This further implies that th + Xu - diag{\i, ••• ,Xk) > 0, where Xu is the first fc-by-A;
k
diagonal block of X . Hence,
Ai(F(s)) > 0. Since X > 0,^r(X^) < tr{X),
i=\
we have
k
kt + tr{X) >
J]Ai(F'(s)).
i=l
Next, let X * = diag{Xi -

• • • , A/t - A^+i, 0, • • • , 0) and T = A^+i. Then we see that

t*I + X* - F'{s*) =
diag{0, • • • , 0, A^+i - Afc+2, • • • , A^+i - A„) > 0.
k >'i{F'{s)), i.e. the lower bound is attained.
Further kt* + tr{X*) = i=l
Xl

•

In what follows we bring two numerical examples to show the applicability of the
method. The software package used to solve them is CVX, for more information see [62].
Example 4. Consider the formation of Examples 1 and 4 depicted in Fig. 3.L Solving the optimization problem (3.17), we obtain, the 7-optimal anchor selecHon to be the
selection { 1 , 5 , 7 } (See Fig. 3.1 for comparison.). In this example 5s = 2.1440, while
Us = 2.4680.
Example 5.

In this last numerical example, we study the optimal anchor selection

of 10 anchors in a formation with 30 agents. It took 25 seconds on a laptop computer
with CPU 2.0 GHz. The result is depicted in Fig. 3.3, where the agents represented by
red circles are selected as anchors. The values of

and L, for this case are 707.1169 and

8.1732 respectively, which implies a big gap. Consequently, one may consider running a
local optimization algorithm to obtain a better selection.

3,4

Summary

In this chapter, we have studied how to minimize the effects of noises arising in selflocalization of mobile formations. The chapter has postulated a statistical measure for
the effect of these noises, and derived an intuitively pleasing result that the degree to
which the noises will be a problem is captured by a certain rigidity matrix associated

3.4 Summary
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Figure 3.3: A formation with 30 agents. The agents represented by red circles correspond
to optimal selection of anchors.
with the formation (but not the usual one, rather a 'reduced one'). The critical issue is the
size of a performance index, namely 7 associated with different selections. We proposed
a method to tackle the problem of optimal anchor selection using convex optimization
tools. We presented some numerical examples considering formations with reasonably
large number of agents.

40

Minimization of the Effect of Noisy Measwements on Localization

Chapter 4

Polynomial Optimization Methods
in Noisy Network Localization
The problem of cooperative target localization has gained much attenHon recently. This
problem involves fusion of different measurements, e.g. angle of arrival, distance, and
time difference of arrival, obtained from different sensing nodes with known global positions, called anchors, in a network to estimate the position of the target. Solving the
localization problem in the case where there is no noise is heavily studied in network
localization literature, see e.g. [89,90]. However, almost in all engineering application
the assumption of having noiseless measurements is not realistic. And while the analysis of the problem of localization in the presence of measurement noise is still in its
infancy, recently, in addition to trying to formally define and understand this problem,
e.g. see [89], many algorithms are proposed to tackle this problem. For example, in [116]
a linear algorithm to address this problem is proposed. Later in [26] a non-linear method
using Cayley-Menger determinant is proposed and its performance is compared with that
of [116], which is shown to have better results. Another chapter that has considered application of Cayley Menger determinant to solve localization problems is [137], where
an in-depth error analysis in case of having three anchors is presented. In addition to
the abovementioned methods one can name other methods based on convex optimization [12,20,21,34,48,50], sum of squares relaxation [100,121], graph connectivity [84,123],
and multidimensional scaling [38].
To make the problem of noisy target localization clearer consider the following illustration of a range based localization scenario in the presence of noise.
In order to make the problem of noisy localization more clear, here we consider a set of
nodes scattered in an TV-dimensional space, N e {2,3}. Consider Na > N anchor nodes,
labeled 1,2,... ,Na. Assume that each (anchor) node i e {1, • • • , i s at a generic position
Hi e

a, = [xi,yi]^ ior N = 2 and a, = [xj,

2;,]"^ for N =

Here by having generic

positions, we mean that for TV = 2 no triple of anchor nodes are collinear, and for TV = 3
no quadruple of anchor nodes are coplanar. Consider a non-anchor sensor node, node
0, which is placed at unknown position x = [x, y]^, which, and can measure its distance
from anchor nodes 1,2,... ,Na, i.e. it measures d* = Ha, - x||, for each i G {1, • • • , n}. Note

42

Polynomial Optimization Methods in Noisy Network Localization

Figure 4.1: Distance Based Localization Problem.
that, in this chapter we denote the actual distance ||ai - x|| by d* and the corresponding
measurement by di. The problem of interest is finding an accurate estimate x for x using
the measurements d, .
If the measurements are precise (d, = d*) the solution is trivial: x = x is the unique
point of intersection of the Na circles, Cf.

Cr.

- xf - d] = 0,

ie{l,---,n}.

(4.1)

The setting is illustrated in Fig. 4.1. However, unfortunately, it is never the case that
the measurements agree with the actual distances. Furthermore, we know that when the
measurements are noisy, the circles may not have a common point of intersection, so one
needs another method to solve the problem. All the methods mentioned earlier in a sense
tries to solve this problem.
In this chapter we will report several results related to sensor networks where optimization tools based on sum of squares (SOS), semidefinite programming (SDP) formulation and relaxation, and algebraic geometry have been applied. First, we revisit the
problem of localization of nodes in sensor networks and propose a solution using the
tools from algebraic geometry and specifically sum of squares relaxation: this relaxation
requires solving an SDP problem. The sum of squares approach has been already implemented to solve the problem of localization in sensor networks where range measurements are available, see [100], [101], However, here we propose a method for localization
of the nodes using not only range measurements but other types of measurements as
well, and in particular we formulate the problem of localization using noisy range difference measurements. Additionally we intend to introduce methodologies on how to combine different measurement types obtained from heterogeneous measurement devices to
achieve the task of cooperative localization.
Later, we propose a solution to the robot pose determinaHon problem, i.e. determining the relative pose, or relative position and orientation, of a pair of robots that move on
a plane, using the same methodology in 2-dimensional and 3-dimensional space, when
the agents have access to distance or bearing measurements from each other. This problem is very important in many practical applications, such as cooperative target track-
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ing [24] or sensor fusion [18].

4.1

Polynomial Function Optimization

Before proceeding we present some mathematical notions and definitions that will be
used in this chapter.

We use R[2;], where 2 =

[zi,---

to denote the ring of all

polynomials in n indeterminants (variables), z i , z 2 , - - - , ^n, with real coefficients.

The

set I c 1R[2] is an ideal if q.h e I for any q e / and h e R[z]. Given polynomials 51, • • • , 5r
we write {51, • • • ,gr) to represent the set of all polynomials that are polynomial linear
combinations of 51, • • • ,gr.
Definition 4.1.1. Let / i , . . . ,

be polynomials

• • • , 2„]. Let the set V be

in

V i f w - ,/m)={(ai,--- ,a„)GC:/,(ai,---

,a„)-0,

(4.2)

VI < i < m } .
We call V{fi,

••• , fm) the variety defined by /i, • • • ,

Then, the set of polynomials

that vanish in a given variety, i.e.,
I{V)

={f

••• ,

e

: /(ai, • • • , a„) = 0

(4.3)

V ( a i , - - - , a „ ) G V},
is an ideal, called the ideal of V. Furthermore, the subset Vu{fi, • • • , fm),
Vuifi,---

Jm)

={(ai,---

,an) eR:

Va < i <

fi{ai,---

= 0,

(4.4)

m}.

is called the real variety defined by /i, • • • , /m- By Hilbert's Basis Theorem every ideal I C
R[z] is finitely generated. In other words, there always exists a finite set {/i, • • • , fm}
m

R[z] such that for every f e I,we

can find gi G R[z] that satisfy / = E 9ifii=l

Definition 4.1.2. Let I C M[z] be an ideal. The radical of I, denoted y/l, is the set
{f\f^

e I

M some integer k > 1}.

It is clear that I C \/l, and it can be shozvn that y/l is a polynomial

(4.5)
ideal as well. We call an ideal

I radical if I
Definition 4.1.3 (Dimension of a Polynomial Ideal). Let I be a polynomial
affine dimension of I in C[z], denoted by dim{I),
of z which is independent

ideal in C[z].

is defined to be the cardinality of a largest

modulo I. If there is no independent

subset at all (which only

The
subset

happens

for I = C[z]), then the affine dimension of I is defined to be -1.
Definition 4.1.4. Consider a polynomial function
dzi

...

dzn

f over the ring R[z]. We call the ideal I^{f)

=

the gradient ideal o f f .

Problem 4.1.1. Consider

a polynomial

function

F{z)

of degree 2d, over the polynomial

R[z]. Find F* and z* = [zl,-- - , <] such that F* = F{z*)

= min F.

ring

C
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An obvious method to find the solution to Problem 4.1.1is to find all the critical points
of F. The usual methods to solve such a system of nonlinear equations use Newton
method, and there is not any guarantee that the solutions of the system are going to be
found completely. However, there are other tools to find the the global minimum and
minimizer of polynomial functions. We describe two of these methods briefly in what
follows.
4.1.1

Polynomial Continuation (Homotopy) Methods

One exact method to find the global minimum of a polynomial optimization problem is to
apply differentiation and then solve the resulting system of polynomial equations using
the continuation (or homotopy) method. This method is suitable for finding isolated
roots and it basically defines a trivial polynomial system Q{z) and a real variable, t, to
form a family of curves by solving
0 = H{z,t) = {1 - t)Q{z) + tP{z).
Several properties need to be satisfied by H{z) [86], to ensure that all solutions of P{z) =
0 are reached at i = 1 by continually deforming the trivial solutions of Q{z) = 0 obtained
at i = 0. An upper bound of the number of curves (or paths) that need to be continually
traced from i = 0 to i = 1 is given by the Bezout number, which is the product of the
system polynomial degrees. This upper bound is often too large for the actual number of
solutions that need to be considered. Numerous research chapters have been published
that provide much lower bound estimates and construct smaller polynomial systems,
Q{z). If the system is sparse [66] then polyhedral homotopies which use the Newton
polytopes of P(z) to construct the continuation paths, are more efficient. The mixed volume of the Newton polytopes is usually much smaller than the Bezout number. Homotopy methods are often regarded as slow (because they require tracing an unacceptably
large number of paths), but proponents of these methods always argue that they are well
suited to parallel computing.
4.1.2

Sum of Squares and Semidefinite Programming Approaches

Another method to find the global minimum of a polynomial function, that its application is the focus of this chapter, is to use sum of squares relaxation. A polynomial function
F(z) of degree 2d over the polynomial ring M[z] is sum of squares (SOS) if one can write
F{z) = j 2 Q n z )

(4.6)

i=l

where q e Z+ and Qi{z) are the polynomials over Kfz]. Denote the global minimizer and
global minimum of a polynomial function F(z), respectively, by z* and 7 = F{z*).
can be calculated solving the following optimization problem:
maximize

7

subject to

F(z) - 7 > 0.

z*
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One can relax (4.7) and write it as
maximize

7

subject to

F(z)-7

is SOS.

Remark 4.1.1. The relaxed problem is often computationally
the same solution.
polynomials

much easier to solve, and may yield

However, in general (4.7) and (4.8) are not identical, since there are positive

that are not in the SOS form. For more information see [108].

We know that any SOS polynomial F{z)
can be written as F{z)

= Z^QZ,

of degree 2d, with 2 an n-tuple of variables,

where Z is a vector of all monomials of degree up to

d obtained from the variables in z with the first entry equal to one, and Q is a positive
semi-definite matrix obtained by solving a set of LMIs [108]. So one can reformulate (4.8)
as,
maximize

7

subject to

Q-E-i>[),

(4.9)

where £ is a matrix with E u = I and the rest of the entries are zero. The problem stated
in (4.9) is an SDP problem and can be solved by SDP techniques [108]. By solving the
dual problem of the semidefinite programming problem stated in (4.9), one can obtain
the minimizer of F as well, using the procedure in [69].
Remark 4.1.2. For polynomials

ivith 2 variables and degree of 4 (4.7) and (4.8) are

equivalent

([108]).
In addition, we consider the following constraint optimization problem with polynomial F, gi and hf
minimize
subject to

F{z)
g^{z) > 0

i = 1, • • • , Af

(4.10)

Assume there exists a set of SOS a j ( z ) , and a set of polynomials Xj{z) such that
F{z)

- 7 - Mz) +

+
M

i

(4.11)

i=i

Then 7 is a lower bound for (4.10) [108]. So by maximizing 7 as before one can get a lower
bound that gets tighter as the degree of (4.11) increases. There are wellknown SDP based
solutions to the aforementioned problem. For more information one may refer to [102]
and references therein.
We use this method to optimize the cost functions introduced in this chapter.

4.2

Noisy Cooperative Target Localization

In this section, we present application of the method in Section 4.1.2 to cooperative target localization using (i) distance measurements and (ii) range difference measurements
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. The formal problem definitions for these two application cases are given below, respectively, in Problem 4.2.1 and Problem 4.2.2.
Problem 4.2.1 (Range Based Cooperative Localization). Consider
(N e {2,3}) at the known positions
X. Let the noisy measurement
available

measurements

nodes in M^

a,, i e {1, • • • , n}, and a node 0 at the unknown

di of the distance

position

of nodes 0 to each node i f o r i G {1, • • •

to nodes 0. The task of node 0 is to produce

noisy distance

Na anchor

the least-square

estimate

be

x o f x using

the

di, - •• ,dn.

Problems similar to Problem 4.2.1 have been already well-considered in the signal
processing context, e.g. [12,116,130]. A solution to this problem can be obtained by finding the point x which solves the following minimization problem.
minimize

J , ( x ) = f^ (||x i=l

- dff

(4.12)

In general J ( x ) is not convex (or concave), so ordinary convex optimization methods will
not yield the desired result. Now, w e introduce another problem whose formulation w a s
presented in [12] in what immediately follows.
Problem 4.2.2 (Range-Difference Based Cooperative Localization). Consider
nodes in R ^ (N e {2,3}) at the knoivn positions
the origin, and node 0 at the unknown position
fori

e {1, • • • , n}, be available

using the noisy range difference

i G {1, • • • , n}, another

x. Let Si, the noisy measurement

(to node 0). The task (of node 0) is to produce
measurements

Na

anchor

node Na -F- 1 is at
of 5* = d* - ||x||
the estimate

x o/x

• • • , (5„.

To solve the problem one is interested in solving the following minimization problem
n

minimizeJd(p) =

{sj - ||a,||2 + 2^i||x|| + 2 a 7 x ) ^

(4.13)

Denoting ||x|| by D, and considering that L>2 - ||x||2 = 0, (4.13) can be rewritten as
n

minimize ^

(^Sf - Haif + 26,D + 2 a i J x Y ,
(4.14)

subject to

- ||x||2 = 0, D >0.

By setting, z = x, F ( z ) = J , ( x ) and using (4.9), w e can find the exact solution to (4.12).
For (4.14), F{z) = Jd(x), inequality constraints do not exist, and the only equality constraint is /i(x) = ||x||2 -D^

= 0, and w e can find the solution to it by using the extended

version of the methods introduced in the previous section.

4.3

Relative Reference Frame Determination

In this section w e consider the problem of determining the rotation and translation associating the relative reference frames of a pair of robots. In the first subsection w e consider
the case where the robots can measure their distance from each other and in the next one
w e consider the case where only relative angle measurements are available to one of the
robots.

4.3 Relative Reference Frame Determination
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(a) The Setting Considered in Problem 4.3.1 (b) A Non-generic Case Where 2 Solutions
Exist for the Pose Determination Problem

Figure 4.2: Pose Determination Problem and a Non-generic Scenario.

4.3.1

Relative Reference Frame Determination via Distance Measurements

In [149] the problem of determining the relative reference frames of a pair of robots that
move on a plane while measuring distance to each other is studied. Later, in [138] the
authors introduced the same problem in three dimensional space. In what comes next
we state this problem.
Problem 4.3.1 (Distance Based Relative Reference (Pose) Determination). Consider

tivo

agents (robots) Ai and A2 in R^, N = 2,3 lohose initial reference frames are indicated by Si and
E2 respectively.

The tzvo agents move through a sequence of n unknown different positions xvith
with each position, S i , S3, • • • , S 2 n - i for Ai and S2, S4, • • • , S2n

a reference frame associated

for A2, where Na € N. Their inter-agent

distance,

d^^i+i is measured at each of these posi-

tions, where i e {1,3, ••• ,2n - 1}. In addition each agent is capable of estimating
reference frame orientation and displacement
reckoning (odometry).
x^, • • •

its current

with respect to its initial reference frame using dead-

In other words Ai and A2 estimate the position vectors X;^, • • • ,

respectively,

where x® is the position of the origin ofEj

know the rotation matrices that relate the orientations
others in their own sequence.

in S,.

and

Additionally

they

of their initial reference frame and all the

Here we consider the rotation matrix R^ to be the rotation

relating S , to S j . The task is to find x^ and Rj using this

matrix

information.

First, w e consider the case N = 2 and assume that the origins of the reference frames
of the agents at each time are the vertices of a graph, and if the distance between any pair
of the origins is known there is an edge connecting them together, see Figure 4.2(a). We
call the resulting graph Ga-a- Without loss of generality we select S i as our reference
frame for solving the problem. As a result of this selection, the origins of the reference
frames S i , S3, • • • , S 2 „ - i can be calculated and they can be considered as anchor points
for the formation with G a - a as its underlying graph (In addition the rotation matrix relating each of them to S i can be calculated as well.). The goal here is to find the positions
of the origins of S2, S4, • • • , S2„ in S i .

We further can compute R,^ using any equation
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of the following form:
= 4 +

(4.15)

It is obvious that the origins of the reference frames Ei, • • • ,T,2n-i form a complete
graph, as do the origins of S2, • • • , S2„. For n > 4, these two complete graphs are connected to each other with n > 4 edges (Note that these edges do not share any vertex
with each other.) From [145] we know that the resulting graph is a globally rigid graph.
Hence, the resulting formation when the origins of Ei, • • • , T,2n-i are considered anchors
has a unique localization solution. As a result, due to the fact that there is a unicjue rotation relating Ei to S2, the agent-to-agent relative pose can be uniquely determined. We
note that in [149] the authors have suggested a maximum of 4 solutions for Problem 4.3.1
when N = 2 and n = 4 and with probability one, only one of the solutions can be valid.
Above we have shown, without appealing to probability, the following result:
Proposition 4.3.1. For N — 2 and n > 4 Problem 4.3.1 has a unique solution (generically).
By generically we mean except for a closed nowhere dense set of parameter values,
in this case the initial locations and reference frames. One non-generic scenario is when
both agents move on a straight line [149].

Another non-generic scenario is when the

agents have the same displacement between any two consecutive measurements (see Fig.
4.2(b)). In these cases there are two distinct solutions for Problem 4.3.1 and N = 2. Now
we consider the three dimensional case.
For the case N = 3, the origins of the reference frames Ei, • • • , E2„-i form a complete graph, as do the origins of S2, • • • , Ejn- For ti > 4, these two complete graphs are
connected with n edges (Note that these edges do not share any vertex with each other.)
From [145] we know that the resulting graph is a globally rigid graph if (and only if)
n > 7 . Hence, we have the following proposition:
Proposition 4.3.2. For N = 3andn>

7 Problem 4.3.1 has a unique solution (generically).

A non-generic scenario is when the movement of each of agents is confined to a single
plane.
4.3.2

Relative Reference Frame Determination with Relative Angle IVIeasurements

In this section we introduce a problem similar to Problem 4.3.1 replacing distance measurements with angle measurements. First we formally define the problem of interest.
Problem 4.3.2 (Bearing Based Relative Reference (Pose) Determination). Consider two
agents (robots)

and A2 in

N = 2,3 whose initial reference frames are indicated by E, and

E2 respectively. The two agents move through a sequence of n unknown different positions with
a reference frame associated with each position, Ei, E3, • • • , E2n-i for

and E2, E4, • • • , S2„

forA2, where n e N. Agent Aj measures a unit vector corresponding to the bearing of agent AI
at each of these positions, where i e {1,2, • • • , n}. Specifically, Ql^-^ =

q

iT
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is the unit vector associated with the line connecting x'and

and in the direction towards

x^, in case N=3, with obvious variation ivhen N=2. In addition each agent is capable of estimating its current reference frame orientation and displacement with respect to its initial reference
frame using dead-reckoning (odometry). In other words Ai and A2 estimate the position vectors
Ar-

- , An-\

"f^d

respectively, where x j is the position of the origin of E^ in Ej.

••• ,

Additionally they know the rotation matrices that relate the orientations of their initial reference
frame and all the others in their own sequence. Here we consider the rotation matrix Rj to be the
rotation matrix relating

to Ej. The task is to find x^ and R^ using this information.

We have the following result for three measurements.
L e m m a 4.3.1. For N ^ 2,2 and n ^ "i Problem 4.3.2 has at most eight solutions.
Proof Each of the measurements

i = 1 , 2 , 3 , corresponds to a line in E i such that

G M:
(4.16)
where t2i are unknown. The problem of interest is to find t2i. Furthermore, x^, x ] , and x^
should satisfy the following set of equations
l|xIlP = l | x ^ - x i f

(4.17)

||x2||2 = ||xi-xi||2

(4.18)
(4.19)

\\xi-xlf=\\xl-xif

Using (4.16) w e obtain from this equation set the following three equations, each of degree 2 and with three unknowns, viz., t2, t^, t^:
\\^lf = \ \ t 2 0 l - t 4 0 l - x l f

(4.20)

X,•6 II

= \\t2el-te0l-xlf

(4.21)

x2||2

=

,2||2

||x2 -

11^403 ^

_

_

(4

2 2 )

From [60] w e know that a system of m polynomial equations in m unknowns have at
m

most n Qj real solutions where q^ is the degree of the j - t h equation. Hence the system
of equation comprised of (4.20)-(4.22) has at most 8 real solutions. N o w since w e already
know that one real solution already exists (the solution that corresponds to the actual
scenario) the system has at least one real solution as well.

•

For more than 3 measurements w e have the following result.
Proposition 4.3.3. For N = 2,Zand n>

A Problem 4.3.2 generically has a unique solution.

Proof It is enough to show that Problem 4.3.2 has a unique solution for n = 4. For Na = i
w e have
X.•4 I

=

(4.23)
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Figure 4.3: The Setup of Problem 4.3.2 with n = 3 Measurements.
H f

= \\t2el-t,el-xlf

(4.24)

=

(4-25)

||xl - x2||2 = wuel + x^ - teOl - x}||2
- x|||2 = \\t,el + xll|xl - xi||2 = Wue'i +

(4.26)

tsOl - x ) f

(4.27)

tsGl - xi||2

(4.28)

Calculating U, te, ts from (4.23)-(4.25) in terms of t2 and substituting them in (4.26)-(4.28)
and squaring the equations twice to get rid of the square roots, w e obtain 3 degree of 8
equations in t2. It is known that such system of polynomial equations has generically
a unique solution. Following the same procedure for t^, t^ and t^ w e can find unique
values for them as well, hence the problem has only one solution for n — A. The result for
n > 4 follows immediately.

•
4.3.3

Noisy Relative Reference Frame Determination

We already mentioned that Problem 4.3.1 for TV = 2 has a unique solution, where there are
4 or more measurements. Here w e consider the case where w e have t? > 4 measurements.
The following set of equations govern the system for calculating x^ when w e have range
measurements available.

I | x 2 j - x ^ i f = ||x2j||2,

G {I,--- ,n}

The solution to (4.29), x = [x^"^, • • • , x^J]^ jg ^

i=l

(4.29)

following polynomial as well,

IP - 4 - 1 , 2 0 '

A n d similarly to before, it is easy to show that this solution is the global minimizer of
(4.30) as well. So the solution, x is obtained by
X = argmin P'.

(4.31)

4.3 Relative Reference Frame Determination
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Again in the presence of noise (4.29) does not have a solution, and the best estimate can
be obtained by solving (4.31).
To calculate R.^ =

cos 6

sin (

— sin 0

we proceed as follow^s. Each vector equation of

cos (

type (4.15) consists of two scalar equations linear in cos (f) and sin </>, of the form:

(4.32)

for i G {4, • • • , 2n}. Furthermore, consider the following cost function:

(4.33)

i€{4,-,2n}

The best estimate for cp, ^ is obtained by
$ = argmin J^.

(4.34)

Moreover, substituting sin (p and cos (f) with Xg and Xc, we can rewrite (4.34) as
argmin J^
subject to

(4.35)

x1 + x1 — l

where sin ^ — Xg and cos ^ = XcFurthermore, in order to answer Problem 4.3.1 having n > 7 measurements, we construct the following cost function.

i=l
+

(4.36)
(K-x^Jl'-114--i.il')'

Yl

The global minimizer of P3, x = [x^""", • • •

gives us the solution to the first part

of Problem 4.3.1 for A^ = 2. To calculate the rotation matrix R^, first we note that this
rotation matrix can be written as [72]
S^ +

_

_ ^2

2{tu + sv)

2{tv + su)

2{tU - SV)
s^ -t^ + u'^ - v^

2{uv - St)

(4.37)

2{uv + st)

2{tv - su)
where
'+
and s, t,u,v

+

= 1,

(4.38)

^ R. Then each of the equations of the form
(4.39)

results in three scalar equations

= 0, j = 1,2,3, in indeterminants s, t, u, and v. We

construct the objective function,
n>7

3

=

(4.40)
i=l j=l
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Then the global minimizer of

subject to the constraint s'^ + t'^ + u^ + v'^ = 1 is the

estimate for R^. One can use the method based on sum of squares that was introduced
earlier to find the global minimizers of Jp and .7$ subject io s^ + t^ + v? + v'^ ^ I.
For pose determination with angle measurements, as before we construct the following cost function f o r n > 4 angle measurements.

P'AOA=

E

(4.41)

Or equivalently

P' nA
^AOA

—~-

,2,-1

„2

,1^2 112^

(4.42)

For X2 we have
X^ =

+ x\

(4.43)

. To calculate the rotation matrix we construct and minimize the same cost functions as
we used for the range measurement case.
We minimize the polynomial cost functions introduced here and find their global
minimizers using sum of squares (SOS) relaxation.
Algorithmic Comparison with Some Existing Methods
The formulated localization problem as in [26] with Na anchors can be described as what
comes next. Let e, be the error in the estimated squared distances between sensor 0 and
anchor i. We want to minimize the sum of squared errors
JcM = el + el +...

+ el,

(4.44)

i = 3,4, ...,n.

(4.45)

subject to A^a - 2 equality constraints
fi{ei,S2,Si)

= 0,

where fi are obtained from writing different Cayley-Menger determinants for different
set of anchor nodes. Using Lagrange multiplier method this minimization is equivalent
to minimizing
n
H{su

..., En, Ai,..., A„_2) = E
i=l

n - 2

+

1, £2, ei+2).

(4.46)

i=l

One way of solving the above minimization problem is to differentiate equation (4.46)
with respect to variables

and A,, and to find the zeros of these differentials. In this

process we have 2n - 2 equations, each with degree 2, that need to be solved using a
nonlinear root finding method. Hence, since in our proposed method adding anchors
have no effect on the number of equations and variables, we always have a system of
polynomial equations comprising of 2 equations and 2 unknowns.

4.3 Relative Reference Frame Determination
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Figure 4.4: The Localization Problem with Colinear Anchors
For three anchors the results obtained using the method introduced here and the one
in [26] are the same and are clearly better than the result obtained from linear algorithm
of [116].
The result obtained by applying SR-LS method from [12] and the method introduced
here give the same numerical result. However, in solving SR-LS positive definiteness of
a certain matrix is assumed while here no assumption is in place.
For more than 3 anchors the method introduced in [26] does not result in a solution
using the fsolve routine in M A T L A B , which uses a quasi-Newton algorithm to solve
a set of nonlinear equations. The method introduced in this chapter, however, yields
a result that is more accurate comparing with the one obtained by the linear method
in [116].
In the case of localization using range difference measurements the biggest difference
between the method introduced here and the one in [12] is the number of steps to reach
the final result. While, in this chapter we only need to solve one minimization problem,
there to find the result one needs to go through a 4 stage algorithm.

Colinear Anchors
In this section we discuss the situation (in M^) where the anchors are colinear. Consider
Na colinear anchors labeled 1,2 to A^a >

at positions a, e

where i e {1, • • • , A^}.

Furthermore, sensor node 0 can measure its distance di from the anchor i. The geometric
representation of a problem with 5 colinear anchors in

jg depicted in Fig. 4.4. In

the case where the distances are exact there are two points of intersection for the circles,
however in the presence of noise the circles will not necessarily intersect at any common
intersection point. Defining J{p) as before and solving the related optimization problem,
we can compute an estimate for the position of node 0, and since the anchors are colinear
the other possible position for node 0 is the mirror of this point where the line connecting
the anchors is the mirror axis.
Using the method here one can have estimates for the two possible positions of node
0 while the other methods in the literature fails completely when the anchors are colinear.
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No. Anchors
-3.9977

-3.9916

-3.9911

3.0045

3.0169

3.0177

Table 4.1: The Error Between the Estimated Position of Node 0 and Its Actual Position.
Example 4.3.1. Consider the problem of localization as depicted in Fig. 4.4. The anchors are
placed at ai = [10, 31]^, ag = [17, 45]^, 33 = [ - 1 7 , - 2 3 ] ^ , 34 = [ - 1 0 , - 9 ] ^ , and
as = [19, 49]^. Again, it is considered that distance measurements are being taken by sensor
node 0 in the presence of a zero mean Gaussian noise with variance ofl m^. The actual position
of sensor node 0 is at [0, 0]""". The estimates of the node 0 position (the ones closer to the actual
position) using 3,4, and 5 distance measurements are presented in Table 4.1.

4.4

Simulations

In this section we show the applicability of our methods via numerical examples.

4.4,1

Cooperative Target Localization

In Examples 2-5 we consider the localization problem when range measurements are
available, and in Example 6 we consider the case where range difference measurements
are available.
Example 4.4.1 (Localization of One Node with Distance Measurements to Three Anchors
(Calculating the Variety)). We use the same example as in [26]: Consider three anchor nodes
at ai = [0,0]T, 32 = [43,7]^ and 33 = [47,0]^, and a sensor node zero using distance measurements from these anchors to localize itself.

The actual distances that are not available are

dl = 34.392, d*^ = 44.1106, and d^ = 41.2608, while the noisy distance measurements by sensor
0 are di = 35, d2 = 42, and ds = 43. Hence,
J ( x ) = {x^ +

_ 1225)2 +

- 43)2 + ( y - 7)2 - 1764)2

+ ((x - 47)2 + y2 _ 1849)2^

(4.47)

and we solve.

dx

= 4(x2 + 2/2 _ I225)X
+ 2{{x - 43)22 + (y - 7)2 - 1764)(2x - 86)
+ 2{{x~
= 0

47)2 + y2 _ 1849)(2X _ 94)

(4.48)
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^

=

+ y2 _ ^225)y

+ 2((x - 43)2 + (y _ 7)2 - 1764)(2y - 14)

^^^^^

+ 4 ( ( x - 4 7 ) 2 + y 2 _ I849)y
= 0
The real solutions to this system of equations construct the set,
Fk = {[3.43,0.85]^, [13.90,31.79]^, [18.22, - 2 9 . 2 4 ] ^ } ,
and by inspection x is found to be [18.22, -29.24]"^. Comparing ivith the actual position of sensor
node 0, X = [17.9719, -29.3227]"^ it is seen that the estimate is considerably accurate. The result
obtained here is the same as the one calculated in [26], However here the steps for calculating the
solution are less than those used in [26]. Furthermore, smaller number of floating point operations
are used here which increases the robustness of the method to numerical

perturbations.

Example 4.4.2 (Localization of One Node with Distance Measurements to Four Anchors
in M^ (SOS)). In this example we consider the 3-dimensional case. Consider 4 anchors at positions, ai = [10,13, 14]T, a2 = [20,5,40]^ ag = [12,15,-10]"^, flnrf a4 = [0,32,5]"^. Furthermore, sensor node 0 senses its distance to these anchors to be di — 22.4388, d2 — 46.0740,
ds = 22.8327, and

= 33.3214. Here,

= {[19.73,4.92, - 5 . 2 7 ] \ [29.95,20.31, -1.32]"^ [-1.29, - 0 . 7 9 , - 0 . 3 8 ] ^ }
, and X = [-1.29, - 0 . 7 9 , -0.38]^ is the global minimum of J. Our estimate is very close to the
actual position of 0, [0,0,0]"^.
Example 4.4.3 (Localization of One Node with Distance Measurements to three, four, and
Five Anchors (SOS)). In this example we compare the methods from [116], [26], and the one
introduced here. Consider 5 anchors, 1,..., 5, are positioned at, ai = [10, SI]""", a2 = [12, 45]^,
ag ^

10]"'', a4 = [30, -3]"'", and as = [ - 7 , 53]^. The measured distances by the sensor

node 0 to each of the anchors corrupted with a zero mean Gaussian noise with variance of 1 m^
are; di = 32.1404,

= 44.9069, ds = 13.5789, d^ = 30.4373, and d^ = 52.3138. The actual

position of node 0 is K=

[0, 0]"^. The estimated values for each of the methods using 3, 4, and 5

distance measurements are accessible from Tables 4.2 and 4.3.
Example 4.4.4 (Localization of One Node with Distance Measurements to Five Anchors).
In this example we compare the result obtained by applying our approach to the example introduced in ]12]. Consider Na = ^ anchors in R^ at aj = [6, 4]"^, aa = [0, -10]"^, as = [5, -3]"^,
^

-4]''', and as = [3, - 3 ] ^ . The distance measurements corrupted by a zero mean Gaus-

sian noise with variance equal to 0.1 are di = 8.0051, d2 = 13.0112, d^ = 0.1138,
and d5 = 8.0210.

= 7.7924,

The result obtained from applying R-LS and SR-LS from [12] for x are

[-1.9907, 3.0474]"^ and [-2.018, 2.9585]"^. Applying the method from this study we obtain
the same value as SR-LS.
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No. Anchors

Linear

C-M

Geometric

-4.8493

0.8825

0.8825

5.1347

1.0590

1.0590

1.8971
-0.0505

-0.6306
-0.1361

N/A

N/A

-0.0150
1.2858

0.2211

0.0710

Table 4.2: The Estimated Position of Node 0. The Method from [116] Is Labeled "Linear",
the Method from [26] Is Labeled "C-M", and the Method Introduced in This Paper Is
Labeled "Geometric".

No. Anchors

Linear

C-M

Geometric

3

7.0626

1.3785

1.3785

4

1.8977

N/A

1.2859

5

0.6452

N/A

0.2323

Table 4.3: The Error Between the Estimated Position of Node 0 and Its Actual Position.

4.4 Simulations

^^

Example 4.4.5 (Localization of One Node with Range-Difference Measurements to Five
Anchors). In this example ive consider another example presented in [12]. Consider 5 anchors
and an extra anchor at the origin. The range difference measurements corrupted by a zero mean
Gaussian noise ivith the variance of 0.2 are, = 11.8829, - 0.1803, = 4.6399, =
11.2402, and <^5 = 10.8183. The result for x /s i = [-4.9798, 10.2786]^, which agrees with the
one obtained in [12],

4.4.2 Noisy Robot-to-Robot Reference Frame Determination
In this section we consider the case of robot-to-robot reference frame determination where
the measurements are noisy. First we show the result in a simulation then we show the
application of the method in an experimental setting.
Simulations
In the first scenario that we consider = [2.0407, -0.9862]"^, = [3.0233, 1.9054]"'",
pi ^ [4.0186, 0.9239]"^, d n = 7.1626, d ^ = 5.9512, dse = 6.6932, djg = 5.0052, p\ =
[1.0555, -1.9487]T,p2 ^ [5.0235, 0.9997]^, and = [7.0963, -3.1266]^. The distance
measurements are noisy, and the noise is considered to be a random Gaussian variable
with zero mean and variance equal to 0.1 m?. Solving the optimization problem corresponding to this pose determination problem we obtain, p\* = [1.2479, 7.0525]^, and
(f) = 0.0312 rad. Comparing with the real values; p\ = [\, 7]^, and 0 = 0, we observe that
estimates are very close to the real values.
In the second scenario we aim to study the effect of different levels of noise in distance measurements and odometry readings on the solution. First we set the distance
measurement variance equal to 0.1 w? and set the noise variance on odometry readings
0.0001 m^. After repeating the procedure for 100 times, the average of the absolute error
bewteen estimate and true values, \\p\* - P2II' is 0.2665 m, and the average of the angle
estimate error, [i^* - 4>\ is 0.0311 rad. Then we set the distance measurement variance
equal to 0.0001 m^ and set the noise on odometry readings 0.1 m^. After repeating the
procedure for 100 times. The average of the absolute error bewteen estimate and true
values, ||p2* - v\\\' is 0.4078 m, and the average of the angle estimates error, \(j)* - (j)\ is
0.0385 rad. While the average errors of the angle estimate in the two cases are close, the
average of the absolute error bewteen estimate and true values is somewhat larger in the
second scenario with larger odometry error, suggesting it to be more problematic. In the
third scenario we test frame determination using four angle measurements. We consider
xi = [2.3, 5]T, 4 = [4, 2]T, x^ = [9 0]"^, el = [0.9806, 0.1961]^, el = [0.2873,
0.9578]T, el = [0.1961, 0.9806]^, el = [0.9487, -0.3162]^, x^ = [-3, 3]^, x^ = [0, 6]^,
and x | = [-2, 1]^. The angle measurements are noisy, and the noise is considered to
be a random Gaussian variable with zero mean and variance equal to 0.01 rad^. Solving the optimization problem corresponding to it we obtain, x^ = [5.0585, 1 . 0 7 4 7 ] a n d
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Figure 4.5: Robots trajectories in the experiment of Section 4.4.2.
Table 4.4: Results from the experiment of Section 4.4.2
No. Meas.
4
5

V2 (cm)
-213.3462
-128.4479 _
-208.4538
-136.2917 _

(rad.)

- ph\\{cm)

- 01 (rad.)

0.0885

16.1709

0.0129

0.0834

6.9265

0.0078

^ = 0.0254 rad. Comparing with the real values; x^ = [5, 1]"^, and 0 = 0, we observe that
estimates are very close to the real values.

Experiment with 2 Mobile Robots
In this section we apply the method introduced in Section 4.3.3 to an experimental setting.
We used 2 e-puck robots in a 320 cm by 250 cm environment. To measure distances
between the robots an overhead camera is used and the distance measurement obtained
from the camera is further corrupted by a zero mean Gaussian error with a variance equal
to 4 cm^. The displacement of the robots between each two consecutive stops is measured
by adding encoder readings in short intervals of time. The robots trajectories are depicted
in Fig. 4.5. The values of p^* and 0* using 4 and 5 measurements are presented in Table
4.4. Furthermore, the differences between these values and the values obtained from the
overhead camera are presented for comparison.

Comparison of the Result with that of [149]
In both cases the problems are defined considering the same hypotheses. The first difference is in the solution count where 4 measurements are available. Here using the result

4.5 An Extension of SOS Approach
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"(m)
Figure 4.6: The average of the absolute error bewteen estimate and true values of p\ and
4) obtained from applying the methods introduced here and in [149] after 100 rounds.
from graph rigidity we have proven that the number of solutions must be one for generic
positions of the robots where 4 or more measurements are available. The second difference originates from the approaches to tackle the problem. In [149] a linear method is
used to calculate the solution to the problem while here a nonlinear method (taking the
geometry and neighborhood topology into account explicitly) has been used. Furthermore in the localization literature the potential high sensitivity of linear algorithms to
small amounts of noise has been recorded, e.g. see [26,121]. We have further compared
the methods by feeding the same set of data to each of the algorithms (based on our understanding of the method introduced in [149]) for 100 rounds for 10 different levels of
noise. The result is depicted in Fig. 4.6, where the method introduced here always results
in a lower error for estimating pi and (f) for different noise levels. However, it is worth
noting that the average time for running the method introduced in this chapter is 17.17
sec. while the method in [149] takes 0.01 sec. in average, and hence the latter is much
suitable for fast computations.

4.5

An Extension of SOS Approach

There are situations where the equivalence stated in Remark 4.1.2 does not necessarily
hold, e.g. in the three dimensional case, which means the solution obtained by SOS relaxation is not necessarily the global optimum. However, according to [102] one can construct a finite sequence of values that converges to the global minimum of a polynomial
function if the gradient ideal of that polynomial function is radical. Next, we establish
that this condition holds for almost all the polynomials of degree d in R[z].
Lemma 4.5.1. For generic polynomials f of degree d in the ring R[2], the gradient ideal h { f ) is
radical and the gradient variety W(/) is a finite subset o/C".
Before proceeding to prove the lemma, we present the following theorem.
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Theorem 4.5.1 ( [39]). Let I be a zero dimensional ideal in C[z], and let A = C[z]/I.
dimc(^) is greater than or equal to the number of points in V{I).

Then

Moreover, equality occurs if

and only if I is a radical ideal.
This means that in case I is not radical, there are multiplicities at each point in

V{I)

so that the sum of the multiplicities is equal to dimc(^)Proof of Lemma 4.5.1. Consider the vector space S of all polynomials / in n variables
of degree d. By Theorem 4.5.1,the condition for a polynomial / to have either infinitely
many critical points or to have a critical point with multiplicity > 2, or equivalently
having a non-radical gradient ideal, is a closed condition. In order to prove the lemma
we simply need to show that the complementary open set in S is non-empty. For that
purpose it suffices to show that there exists one polynomial that has finitely many critical
points each with multiplicity 1. One such polynomial is
f{z)

^zi

+ zi + --- + zi-dzi-dz2

dZn

It has finitely many critical points, and its gradient ideal / v ( / ) =
1,....,

- 1) is radical because it has n[d-l)

- 1,

—

distinct complex roots. So generically the

gradient ideal of any / is radical.

Having established Lemma 4.5.1, we present the following optimization problem formulation that [102] used to design an algorithm to construct a sequence of values converging
to the global minimum:

where

maximize

7

subject to

F{z) - 7 - £
i=\

OZj

is SOS.

6 R[z] is a polynomial of maximum degree 27V-d-)-l. Call F ^ ^ the optimal

value obtained by solving (4.50). F * ^ is a lower bound for F*, which gets tighter as N
increases. Furthermore [102] shows that if /y is radical there exists an integer N such that
However, while for generic cost functions one can solve the optimization problem
with the abovementioned method, the situations that we introduced throughout this
chapter cannot be considered as generic, since the coefficients of the polynomial cost
functions are related to each other with algebraic relations, that are the direct consequence of the measurements. Nonetheless, this does not eliminate the possibility of their
ideals being radical. Hence, the problem of showing that the ideals of the cost functions
introduced here are radical and applicability of the method introduced in this secHon to
minimize these cost functions remains as an open problem.

4.6

Summary

In this chapter we have briefly introduced the idea of localization and pose determination in the presence of noisy measurements using polynomial optimization. We have

4.6 Summary

^^

introduced two methods for optimizing polynomials and particularly implemented SOS
relaxations to solve some common problems in cooperative localization and pose determination. Some examples were provided further to show the applicability of the methods. In the end we provided a condition for having exact global optimums for polynomial functions using SOS relaxation and established that for generic polynomials this
condition is satisfied.
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Chapter 5

Cooperative Self-localization of
Mobile Agents
The problem of estimating the position of one or more mobile agents given sensed data
containing some information relevant to the position is an old problem that comes in
many varieties. To name a few, we can consider localization of unmanned aerial vehicles in open space, or localization of groups of ground mobile agents. The use of global
positioning system (GPS) has made the task of localization easier, but still in the possible events of loss or corruption of GPS signals [142], or when the agents are operating
indoors, use of GPS for localization purposes may be infeasible or limited [42].
The comprehensive study given in the Volpe Report [33], prepared by the US Department of Transportation, raises awareness of the existence of GPS vulnerabilities to several
categories of signal disruptions. These can be intentional (e.g. jamming and spoofing) or
unintentional (e.g. radio frequency interference from radio, TV, cell phones and other
communication transmitters). The main findings of the report are that vulnerabilities,
which range from momentary to severe, affect all transportation modes and related infrastructure. The report also emphasizes that such vulnerabilities can be mitigated by
awareness, planning, or using independent backup systems and/or alternate procedures
in safety-critical applications [33]. A comprehensive analysis of backup navigation systems is beyond the scope of this chapter; we note simply that such systems include long
range navigation (LORAN) systems and inertial navigation systems (INS). In this chapter we address the navigation problem where self-localization is achieved cooperatively
among a team of bearing or distance sensing agents (e.g. uninhabited aerial vehicles
(UAVs) or robots).
The main problem that we consider in this chapter has arisen in the context of small
groups of agents sensing the angle subtended at each of them by two landmarks at known
positions. This problem originated from flight trials with real UAVs conducted by the Defence Science & Technology Organisation (DSTO) of Australia. Loss or corruption of GPS
signals is a reality, and a method was needed to localize the formation in such situations.
The position information of the two landmarks is available, as are either inter-agent distances or the bearings measured from each agent of other agents. The problem considered
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Figure 5.1: (a) The arrangement we consider in this paper, (b) The loci of agents, Ti,
i = 1,2, 3, for ZLiTiL2 — A„ and Li and L2 are landmarks with known positions. The
solid lines construct the four-bar linkage mechanism with the coupler point. Note that
the loci are NOT full circles, but only arcs.

here is very similar to the problems considered in [13,55,70,115,124], However, while the
solution of the problems treated in the above references need at least three landmarks, in
this chapter we consider initially having access to only two. In order to provide enough
information to compensate for the lack of information about a third landmark, a cooperative localization scheme is considered. Cooperative localization is achieved by the agents
using distance or bearing measurements to other agents.
The first arrangement to be considered, and the one on which the later developments
are based, is depicted in Fig. 5.1, n mobile agents (in this case n = 3), designated Ti, T2
and Ts are to be localized; the inter-agent distances or the bearings of other agents are
known. Additionally, the agents detect two landmarks located at positions L j and L2,
which are known to the agents. The landmarks can be radars, radio-frequency (RF) beacons or some visible features if an imaging sensor is used. Each agent collects the bearing
angle information to each of the landmarks. However, with no GPS information, there is
no absolute heading reference for each agent, and the bearing angle information cannot
be used directly for localization purposes. Nevertheless, using the angle difference (i.e.
the difference bgetween two bearings) the need for knowing the heading is removed.
This angle difference is the angle subtended at each agent by the two landmarks (A^,
i = 1,2,3), see Fig. 5.1, and knowing its value, it is straightforward to determine that
each agent i is located on a circle of known centre, A, and radius,

(both determined

by A^ and the landmark positions)) and passing through the two landmarks. The centres,
=

1,2,3)

lie on the perpendicular bisector of the line joining the two landmarks.

A priori information is assumed to be available which positions all agents on the same
known side of the line joining the two landmarks.
The cooperative localization task is then to put the pieces of information together.

Cooperative Self-localization of Mobile Agents
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i.e. inter-agent distances or the bearings of other agents, subtended angles and landmark
positions, and localize the agents. Note here that the localization is to be achieved instantaneously; w e are not envisaging collecting information from agents at a number of
successive instants of time and using them to infer position at a single instant of time
(The connection with Kalman filtering, which is one tool for doing this, is explored further below). In distance based localization literature the nodes with the k n o w n position
are called anchors (beacons) [53], and since each A, is determined exactly, they can be
considered as (pseudo-)anchors as well. Due to the nature of the problem mentioned
above these anchors are collinear; the results obtained in this chapter are not actually
limited to collinear anchors, and can be applied to scenarios with arbitrary arrangement
of the anchors. Note also that w e later extend the results to systems with more than three
agents capable of measuring the angle subtended by the landmarks.

It is shown that the solution count for the above localization problem (involving three
agents) is at most 12 but at least four. If there is no unique solution, what is the point of
this analysis? There are in fact several ways in which it can be relevant. First, G P S data
may be intermittently available to an agent. When it is available, localization is obviously
unique. W h e n it ceases to be available, the fact that the agents are moving continuously
with their initial position known means that there will be a basis for making the correct
selection out of a finite number of localization possibilities at subsequent times.^ Second,
given that the n u m b e r of possible solutions to the localization problem is finite, it may be
that additional very crude data indeed (e.g. agent T' is located in this general region) will
be e n o u g h to disambiguate the multiple solutions. Third, if more agents are available,
then the additional information will generically allow unique localization, and indeed,
w h e n measurements are noisy, will in general allow some amelioration of the distorting
effects of the noisy measurements. Lastly, the method proposed in this chapter can be
considered as batch processing of the agent locations serving to initialize and indeed
improve the updates of a Kalman filter or variant thereof which tracks the agent positions
as the agents move in their environment. Kalman filters are also prone to errors when
the agent's motion model deviate significantly from the actual agent motion. Our batch
processing method can guard against such behavior and re-initialize the filter.

Another possible application of the methods obtained in this chapter is in space robotics.
W h e r e a robot (or a group of robots) on a planet need to localize itself/themselves with
respect to s o m e reference (eg. the space vehicle which landed them on the planet). The
vehicle itself can serve as a pair or more landmarks, which the robots can use for absolute
navigation and referencing, as long as the vehicle remains in sight.

^At least until the agents move to positions corresponding to a double solution of the localization problem, after which two tracks would have to be followed assuming no disambiguating information.
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(b)

(a)

Figure 5.2: (a) The graph described in Problem 5.1.1. (b) The four-bar linkage mechanism
obtained after deletion of A3T3.

5.1

The Formation Localization Problem

In this section, we consider a formation with a particular structure and show it is minimally rigid. Accordingly, even with the knowledge of three agent positions, it will not
be uniquely localizable. We shall later relate this formation and the associated result to
the localization problem presented in the introduction. The problem of this section is
formulated as follows.
Problem 5.1.1. Consider a formation T ivith the underli/ing graph Q{V, E), lohere V = T U A
is the set of vertices with T = {Ti,T2, T3}, A = {Ai,A2,
anchor agents, and those in T as target agents.
e =

A3}. The agents in A are known as

Furthermore,

{TiT2,TxT3,T2T3,A,A2,AiA3,A2A3,AiTi,A2T2,A3T3}

is the set of edges. Knowing the length of all edges in £, and the exact positions of the anchor
agents:
(i) Can one localize the target agents, uniquely, or to one of a finite number of sets of positions?
(ii) If so, what are the possible localization solutions?
An example of the formation I " described in Problem 5.1.1 is depicted in Fig. 5.2(a).
A crucial fact pertinent to answering the localization problem is that the formation described in Problem 5.1.1, is a minimally rigid formation. Two ways are presented in the
following paragraphs to see this fact.
Laman's Theorem (see Theorem 2.1.1 and [83]): Laman's Theorem provides a combinatorial way to check rigidity, and indeed minimal rigidity. It requires the idea of an
induced subgraph of a graph g = (V, £ ) . Let V be a subset of V . Then the subgraph of G
induced by V is the graph g ' = ( V , £ ' ) where

includes all those edges of £ which are

incident on a vertex pair in V'.
It is easy to check for the graph of Fig. 5.2(a) that \£\ = 2| V| - 3; one takes G ' = g and
can verify the counting condition for all induced subgraphs.

5.2 Four-bar Linkages And the Localization Problem
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Combination of Rigid Formations [146]: Another way of proving minimal rigidity of a
formation is by showing that it is a certain type of combination of two minimally rigid
formations. The key theorem is as follows.
Theorem 5.1.1 ( [146]). Let I'l and T2 be txuo rigid formations,

and consider a formation

7

formed by connecting these two formations with three edges, each edge incident on one vertex of
and one of T2, ivith no two edges incident on the same vertex. Then T is rigid. Moreover, if
F\ and T^ are minimally rigid, so is 7".
Observe that a triangle is obviously minimally rigid. The theorem then applies identifying J^i with the triangle formed by

A2 and A3 and

with the triangle formed by

Ti, T2 and Ty,. In the light of the minimal rigidity of the formation of Fig. 5.2(a), there will
be noncongruent formations meeting the distance constraints. Then, even though the
positions oi Ai, A2 and A3 are fixed, the positions of Ti, T2 and T3 will not be uniquely
determinable.
We shall now explain how the problem posed earlier in this chapter fits into the framework we have just described.
It has been assumed that the agents form a triangular formation, where, Ti is the i-th
agent with [XT^ , y r j ^ S

as its coordinates. The separation distance between two agents

i and j is known and equal to Tij

{or

rji). For a given agent, T^, and two landmarks

with known position, Li and L2, the locus for the position of T, when ^L\TiL2 = Aj, is a
part of a circle denoted by C{Ai, Ri) where Ri = d/2 sin(Ai) is the radius of the circle and
Ai is the center. Furthermore, assuming that the origin of the global coordinates frame is
the middle of L1L2, d = L1L2 and the x-axis coincides with the perpendicular bisector of
L1L2 the position of A^ is considered to be [xj, yj]^ = [d/(2 tan Aj) , 0]^. Note that Ti, Li
and L2 lie on the same circle described above.
In Fig. 5.1(b) each mobile platform, Ti, i = 1,2,3, and the associated circles are depicted. In this case the centres of the circles, Ai, serve as the virtual anchors, since we
know their exact positions in the plane. Hence, the agents, T, (z G { 1 , 2 , 3 } ) , in the formation and these virtual anchors, Aj ( j G { 1 , 2 , 3 } ) , form a graph which satisfies the conditions presented in Problem 5.1.1. Here using the concept of four-bar linkage mechanism,
which is discussed in the next section, an upper bound for the number of localization
possibilities is presented.

5.2

Four-Bar Linkage Mechanisms And Application to The Localization Problem

A four-bar linkage mechanism is one of the simplest closed loop kinematic linkage mechanisms [14,36]. These mechanisms perform a wide variety of motions with a few simple
parts. They were also popular in the past due to the ease of design calculations and are
heavily studied in the literature. An example of such mechanisms is presented in Fig.
5.2(b).
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5.2.1

Four-Bar Linkages Motion Curve

In a four-bar linkages mechanism, there is a fixed link is called the frame.

There are two

side links that can revolve around the ends of the frame, and the remaining (fourth) link
is called the coupler. A four-bar linkage mechanism is characterized by the length of each
of its links, and the configuration

of its coupler, i.e. open or crossed configuration [103]

(Fig.5.2(b).). Furthermore, we have the following concepts in four-bar linkage mechanisms [148]
• A side link which can fully revolve around (360°) the end point of the frame is
called a crank.
• Any link which cannot fully revolve is called a rocker.
Although we do not use the following theorem extensively in this paper, we present it as
background information that will assist in interpreting the subsequent examples.
Theorem 5.2.1 (Grashof's Theorem, [14]). A four-bar

mechanism has at least one crank link if

and only if,
s + l<p

+ q

(5.1)

s + l>p

+ q

(5.2)

and all three mobile links are rockers if

Here, I and s are the lengths of the longest link and the shortest link respectively, and p and q are
the lengths of the other two links. The inequality (5.1) is known as Grashof's criterion.
If in Fig. 5.2(a), we delete the edge connecting

to T3, A1A2T1T2 can be considered as

a four-bar linkage mechanism (see Fig. 5.2(b)). In this mechanism, T3 is termed the coupler
point. The curve that this coupler point moves on in both open and cross configurations is
called the coupler curve. Generally coupler curves are closed curves, but for some special
mechanisms we will have open coupler curves. These correspond to situations where the
area enclosed by the coupler curve shrinks to zero.
A coupler curve K c may comprise either a single part or a bipartite curve (A bipartite
curve is one with two branches, like a hyperbola.). In the case that K c is bipartite w e
denote the branches as K ^ and KQ^, where K c , is the curve obtained by the coupler
point in open configuration and Kc^ is constructed by the curve in cross configuration.
For a given four-bar linkage mechanism, as in Fig. 5.2(b), the equation of the coupler
curve (bipartite or single part), K c , when the center of Cartesian coordinates system is
placed on Ai, and Ai and A2 are placed on the x-axis, is [14]
rh {{x - k f +

+

+

_

2r23ri3 ((x2 + y2 _ kx) COS 7?3 + ky sin 773) (a;2 + y2 ^

((^ - k f +
4^23^13 ((x^ +

+

_

+

^ y2) ((^ _

kx) sin 7/3 - ky cos

= 0

_

^ y2 ^ ^2^ _ ^2)2 _

(5-3)
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where, k is the length of the frame hnk, A ^ , and % =

69
IT1T3T2.

In addition another coupler curve, K'^, can be obtained from the reflection of

Kc,

when yli^a is the image axis. In general the equation describing K'^ can be obtained by
substituting - y for y in (5.3). In the case of a bipartite Kc we denote the branches of K'^
as K'^^ and

As a result the locus of the coupler point is made up of two polynomial

curves each with degree of six.

Application to The Formation Localization Problem
From our analysis of Problem 5 . L I we know that, T3 is placed on a circle with yls as
its center and i?i as its radius. So the possible solutions for the localization problem,
can be obtained from the calculation of intersections of the circle,

R3) and the two

coupler curves. One might then expect that for each coupler curve we would have 12
intersection points (real and complex), and as a result 24 localization solutions in all.
Somewhat surprisingly perhaps, the following theorem states that the maximum number
of localization solutions is 12.
But first we note that in [36] the number of intersections of coupler curves and a circle
is computed using concepts of circularity and order of the curves. From [36] we have the
following lemma.
Lemma 5.2.1. The circle,

R3) and the coupler curve described by (5.3) has at least tzvo

and at most six real points of intersection.
Theorem 5.2.2. The maximum number of (real) localization solutions for Problem 5.1.1 is 12.
For generic values of distances and angles, the minimum number of localization solutions is 4.
Proof. Equation (5.3) corresponds to the coupler curves for the four-bar linkages mechanism depicted in Fig. 5.2(b) corresponding to Problem 5.1.1 [14]. Since there are 2 (single
part or bipartite) coupler curves (the second one is the image of the first one when the
frame link is the image axis) and for each coupler curve based on Lemma 5.2.1, there are
a maximum of 6 and a minimum of 2 possible solutions, we have at most 12 possible
solutions, and at least 4 localization solutions.

•

Returning to the problem presented in Section 1, based on the procedure introduced
earlier in this section for constructing a four-bar mechanism by deleting edge A3T3, we
can have the linkage mechanism depicted by solid lines in Fig. 5.1(b). In addition, here for
the coupler curve equation we have,/c = (d/(2tan A 2 ) ) - r f / ( ( 2 t a n Ai)),/?i = (i/(2sinAi),
and R2 = d/{2 sin A2). From Theorem 5.2.2 we can have up to 12 localization solutions.
Remark 5.2.1. Terming intersection points that occur on that part of the circle for which the angle
subtended by the landmarks does not equal the measured value for the angle, i.e. the undraivn
shorter arcs joining L1L2 in Fig. 5.1(b), as invalid solutions,/or some cases where there are 4
intersections and the two of the intersection points are invalid solutions, there are only 2 (mirror
image) localization

solutions.
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Remark 5.2.2. For generic values of distance and angles the number of solutions for Problem
5.1.1 can he 4, 8, or 12. These counts include the repeated cases as well.
Remark 5.2.3. Theorem 5.2.2 holds for the cases that the distance and angle information can be
associated with a real scenario. For instance for the cases that inter-agent distances are not feasible
to construct a triangle, seeking a localization solution is irrelevant.

5.2.2

Localization of Larger Formations

The following theorem extends the current idea of localization of three agents to localization of a formation with a globally rigid underlying graph.
Theorem 5.2.3. Consider a formation T with the underlying globally rigid graph Q{V, £), and
the three agents, Ti, T2 and T^ in the formation which form a triangle. Assuming that these three
agents are the only agents capable of measuring the angle subtended at them by the two landmarks
Li and L2, with knoivn positions, then there are at most twelve possible localization solutions for
the formation.
Proof Theorem 5.2.2 states that the upper bound for the number of localization solutions
of a triangular formation using the value of the angles subtended at each agent by two
landmarks, is 12. On the other hand, in [75] it has been shown that the necessary and
sufficient condition for unique localization of a formation is that the associated graph
is globally rigid and there are 3 nodes with exactly known positions. As a result, for
each possible localization of three agents there is a localization solution for the whole
formation, so there are up to 12 possible localization possibilities for the formation.

5.2.3

•

A Localization Algorithm

We conclude this section by providing the following localization algorithm to address
Problem 5.1.1(ii). The algorithm provided here can be used to find up to six localization solutions, for finding the rest, one can mirror the solutions with respect to the line
connecting Ai to A2.

5.3

The Effect of Having Extra Landmarks and/or Agents Capable of Measuring Angles

In this section we consider that some extra information about another agent and/or another landmark is available. In the first subsection we consider the effect of having extra
landmarks, and in the second one we consider the situation where there are more agents
in the formation that are capable of measuring the angle subtended at itself by the two
landmarks.
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5.3 The Effect of Extra Landmarks and/or Agents

Algorithm 1 3 Agent and 2 Landmark Localization
Find m < 6 real intersection points7f (5.3) and {x - x^f + (y - y^)^ - Rj, T3, =
[3:iT3,yiT3V,i = I,-- for 2 = 1 to m do
Solve the system of equation for xt„ yr,, xt^, and yr^:
{Xin - XT,? + ivrn - VT,? - rfg = 0
(XiTs - XT^f + {ViT3 - yT2?
{xT, - XT,? + iVT^ - VT,? -

= 0
= 0

{xi - XT,? + {yi - yT,? - r^ = 0
ix2 - XT,? + {y2 - VT,?

-r^^O

Si = [xT,, VT,, Xt2 , VTi, XiT^, yiTa]
end for
Return S as the set of m localization solutions.
5.3.1

Extra Landmarks

Suppose another landmark, L3, is positioned at a known position in the plane, and further imagine that agent T\ can measure the subtended angle by landmarks Li and L2,
L\ and L3, and L2 and L3. These three angle measurements result in having three circles
with the common point of intersection exactly at T\ for generic positions for T\. Hence,
having another landmark generically disambiguate the multiple localization solutions.
There are certain geometries for which a unique solution for the agent cannot be obtained, for instance, if the agent is located on the circumcircle of the triangle AL1L2L3
one cannot localize it.

5.3.2

Extra Agents Capable of Measuring Angles

Now, assume that we have another agent, T4, that can measure its distance from agents
Ti, T2, and T3. Furthermore, it can measure the angle subtended at itself by the two landmarks, A4. Knowing this angle we can characterize another anchor node, A4 with known
position, similar to Aj, A2, and A3. Additionally, we know the distance between T4 and
A4. The anchors A,, i = 1, • • • , 4, and the edges joining them form a complete (and therefore globally rigid) graph and we already have implicitly assumed that T], T2, T3, and
T4 also form a complete graph. We know from [145] that by connecting a globally rigid
graph to another one using four edges the resulting graph is globally rigid as well, and
as a result, for generic positions of the agents has a unique realization. So, the formation
described above has a unique localization solution for generic positions of agents and
landmarks, and again addition of an agent capable of measuring the angle subtended at
itself by the two landmarks disambiguates the multiple localization solutions. The crucial
point here is that the anchor nodes Ai, A2, A3, and A4 are collinear, which violates genericity. This collinearity results in having mirror localization solutions on opposite sides of
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the line that the anchors are placed on. The following theorem formally establishes the
effect of collinearity on the localization in this scenario.
Theorem 5.3.1. The possible number of localization solutions for a formation as described

above

is two, where each solution is the mirror image of the other one with A1A2 as the mirror axis.
Proof. See Appendix 5.A.
5.3.3

D

Availability of More Angle Measurements for Three A g e n t s

In the aforementioned analysis each agent is assumed to be able to detect the subtended
angle by the landmarks at them only and not to be able to measure relative bearings to
other agents or to one agent and one landmark. This scenario is more common if the
agents are equipped with dedicated RF angle of arrival devices which measure bearings
to transmitting beacons or detect other signals transmitted by other RF emitters of opportunity such as broadcast TV, etc; Another scenario is that some or all agents have optical
on-board sensors of narrow field of view. In this case the agents may not necessarily have
other agents within their sensor field of view. However, use of for example a 360° camera
sensor gives rise to a different scenario where the agents in the formation are capable
of measuring not only the angle subtended by the landmarks at them but also the angle
subtended at them by any of pair of the agents or the landmarks.
In this subsection we briefly consider this latter scenario, which as before there are
three agents and two landmarks. For agent Ti we denote the angle subtended by L^.
and agent Tj, n'jf,, and the angle subtended by Tj and T^ by ry,. Measurements of these
subtended angles as well as Xi, as before, make it possible to localize up to two possible
positions. We formally show this in the following theorem.
Theorem 5.3.2. Knowing all the angles A,, i = 1,2,3, rji, i = 1,2,3, and nl ^ k =

1,2,

J = 1,2,3 and the positions of landmarks Li and L2, one can find 2 solutions for the position
of the agents T^, i = 1,2,3, which are reflections through the line connecting the landmarks.
Proof Consider a polygon with vertices defined by Tj, i = 1,2,3 and Lj, j = 1,2. By all
the angles Ai, i = 1,2,3,7]i, i = 1,2,3, and

k ^ 1,2, i,j = 1,2,3 we can characterize

all similar polygons with the same angles. Furthermore, knowing the distance between
Li and L2 fixes the scale of the polygon; knowing the position of either Li or L2 fixes the
two dimensional translation and knowing the position of the other landmark fixes the
orientation of the polygon; and hence the solution set is composed of up to two polygons
that can be constructed via symmetry from each other, where L1L2 is the mirror axis.
Remark 5.3.1. Since we have already fixed on which side of L^^

•

the formation is located, the

only possibility is the polygon on the a priori side of L1L2.

5.4

Geometric Sensitivity Analysis

In the next several paragraphs, we argue the singular values of a certain Jacobian matrix
are relevant in describing bad geometries for localization.
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First, we need to explain what is meant by a bad geometry. In the localization problem
we have been considering, the measured information comprises three angles and three
distances. From these, we seek to compute the positions of the agents. We have described
how, in general, there are a finite number of solutions to this localization problem. We
can envisage that supplementary data may enable a particular solution to be identified as
the correct one, perhaps because the positions of all the agents were known a short while
previously, and constraints on their speeds imply that only one solution in the finite set
of possible solutions could be reached.
Now suppose that the measurements used to perform this localization are subject to
noise. Then use of the localization algorithm will generate a set of agent positions that do
not correspond to the correct values. One would hope that if the noise is small, the agent
position errors will be small (the separate question of determining which positions from
a finite set of possibilities having been dealt with through some form of supplementary
information). However, for certain geometries, it may be that a small error in the measurements causes a large error in the localized position. Such geometries are what we
term (qualitatively) bad geometries.
Denote the noiseless mapping from agent positions (a vector in M^") to measurements
(another vector in M^") by F, where n is the number of agents. Let G be the inverse mapping. Let A (cos A) and Acf denote errors in cos A and d? due to the noise in measurements
{d and A) where d"^ and cos A are vectors containing dj^ and cos Xi respectively. Let J q denote the Jacobian of the mapping G. Let Az denote the vector of adjustments to position
estimates on account of the noise in the measurements. Then to first order there holds:
AZ = JG

^Jg

A(cosA)
Ad^

(5.4)

-AA(sin A)
2dAd

Assume that the errors in the A; are independent, of zero mean and of variance
those in the dij are independent, zero mean and of variance
E[Az'^Az]

= ^ |[A(cosA)T

- E | T r a c e [ 4 JG]

= E J Trace [ J J J g ]

Aid^jJ^Jc
A(cos A)
Ad^

while

Then it follows easily that

A(cos A)
Ad2
A(cosA)^ A(t/2)T

-AA(sinA)
2dAd

-AAsinA)^

(5.5)

{2dAd)'^

To first order, this is
E[Az'^Az]

=:Jrace{[JGJG]diag[sm^

Xicrl

|2 „2i

(5.6)

Now what is a bad geometry? A sufficient condition to have a bad geometry occurs
when the mean square estimated position error is large, even when the measurement
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errors are not large. If we make the assumption that all angles are bounded away from
zero and tt radians, that the values of dij remain in a bounded interval,and that there is
nonzero measurement noise in angles and distances, it is evident that we need to avoid
Trace [ J J J g ] being large. Equivalently, the largest singular value of J a should not be
large, or equivalently again, the smallest singular value of J p should not be small.
Sensitivity here is analogous to a geometric dilution of precision
Now we do the calculations where n = 3; however it is straightforward to extend
the results obtained here to larger n. Let us start by introducing F and calculate J f - Let
dij denote the distance between Ti and Tj. Additionally, the position of Tj, i = 1, 2, 3 is
denoted by pTi = [xTJ, y r j ^ - We assume that landmarks Li and L2 are at positions [0,1]^
and [ 0 , - 1 ] ^ respectively. We have
cos Ai = —

+ [yr^ + IfYHxl^

+ (2/T, - 1)2)V2

(5.7)

= 9i{P\,P2,P2.)
= 4

= (xT, - XT,? + {yr^ =

VT,?

fij{Pl,P2,P3)-

Hence,
9liPT,,PT2,PT3)
g2{PTi,PT2,PT3)
F{pTi:PT2,PTs)

=

93{PTI,PT2,PT3)
fn{pTi,PT2,PT3)

(5.8)

fls{pT„PT2,PT3)
h-i{PTi,PT2,PT3)
Furthermore,
df.IL —
dxT,

(5.9)

=

'^{yr^-yTj)

(5.10)

dfrj
dxT, '
%
dgi
dvT^
dxT,

= 0
dyxk
d^
= 0
dyr,

(5.11)

dfij

__

dyr^

dgi
dxT,
dgi

dh,
dyr,

- Vt^ + 1
( 4 + {yr, + 1)2)3/2(4^ +

(5.12)

_ 1)2)3/2

(5.13)

dgi

^xl^VT,

dyr,

( 4 + (2/T, + 1)2)3/2(^2 + [y^^ _ 1)2)3/2

(5.14)

dxT,

where

=_ 2{xt,

-XTJ)

dxTj

k e { 1 , 2 , 3 } . Hence, we have the following relationship between the perturba-

tion in the measurements and the perturbation in the positions,
5/^:3,9^23]^ = MdxT,,dyr,,dxr2,dyr2,dxr3,Byr3\'

(5.15)
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where Jp is.
— CSC Ai

dgi
dxT,

oyTi
-CSC

0

Jf

=

0

0

0
2(2/Ti

0
0
dg2
dyT2

- CSC A 2 7

0
2 ( 2 / T 2 - 2/T, )

0
-2/T3)

0
2(xr2 -XT3)

0

0

0

0

— CSC A 3

0

dg3
dx T3

dg2
dXT^

-xtJ

- 2 / T J

2(2/Ti - y r a )
0

2{XT,-XT,)

2(2/r2

\

- CSC A 3

0

(5.16)

dgs
dyn

2{XT,-XT,)

2(2/T3 -

2(XT3 -XT2)

2(yT3 - J/Ts)

2/TJ

Theorem 5.4.1. The Jacobian Jp given in (5.16) is well-defined if and only if xt, / 0, Vi =
1,2,3, and is singular given that xt, ^ 0, Vi = 1,2,3, if and only if
/
xti - cot A1

xt2 - cot A2

vn

yT2

VTs

cotAiyn

cotA2yr2

cot X^yr^

det

XT3 — cot

A3

Proof. See Appendix 5.B.

^

0.

(5.17)

•

Theorem 5.4.1 states that in 6-dimensional space defined by x j ; and yr^/ i = 1,2,3,
there exists a hypersurface defined by (5.17) where the Jacobian matrix, J f , is singular. It
is easy to see that when the angles are equal this determinant is zero, hence Jp is singular.
However, this condition is not necessary for the determinant to be zero. So there exist
bad geometries other than the case where the angles are equal. When two landmarks are
replaced by three or more, another approach becomes possible, see the next section. Note
however that it is still feasible to work with the Jacobian, which is now a tall matrix, and
again bad geometries correspond to there being a singular value close to 0. Additional
measurements lower the likelihood of this occurring.

5.5

Agent Localization in the Presence of Noise

In this section we propose a method for localizing the agents in the presence of noise
for the cases that a unique localization solution exists. In what follows we address the
problem of localization of a formation of three UAVs measuring the subtended angle at
them by three landmarks in the presence of noise.
When there are three agents and two landmarks, there is no special technique for
dealing with the noise. One simply proceeds using noisy measurements in lieu of noiseless measurements. However, when the noiseless equations are overdetermined, as for
example with three landmarks, a modified method is required to handle the equations.
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First we consider the scenario described in Section 5.3.1, temporarily assuming there
is no measurement noise. As described before for each agent and any selection of two
landmarks, we can define a circle. Call the center and the radius of the circle defined
by Tj, Li and L2, At = [xi,yi\^ and R^ respectively; term the center and the radius of
the circle defined by T^, h

and L3, A\ =

and R^, and term the center and the

radius of the circle defined by T,, L2 and L3, A'l = [x'l, y"]^ ^nd i?-'. All the equations
that govern the system can be written as,
[XT, - Xif

+ (t/T, - Vi?

- i?? = 0,

i G { 1 , 2, 3 }

-

= 0,

z G {1,2,3}

(XT, - x ' / ) ' + (t/T, - l / l f -

= 0,

i G {1,2,3}

(XT, -

+ {yr^ - y[f

(XT, - XT, f + (j/T. - y r j f - R l ^ O ,

(b.loj

i, j G { 1 , 2 , 3 }

where pt, = [a^T;, y r j ^ is the position of agent T^. It is obvious that (5.18) has a unique set
of solutions for the positions of the Tj. This solution is a root of the following polynomial.

P ^ Y l

j=i

((^T,

- x,f

+ {yr,

'=1

- yif

-

R^f

+ ^

i=i

((xt,

-

x^^

+ (yr^ -

y\f

-

U f ) ^

jje{i,2,3}
(5.19)

Furthermore, it is easy to show that this solution is the global minimizer of (5.19) as well.
So the solution,

= [p^^,

p f j ] ^ is obtained by,
PT = argmin P.

(5.20)

Now assume that the measurement is noisy hence (5.18) does not have necessarily a solution, however in the light of introduction of (5.19) one can solve the minimization equation to obtain an estimate for the solution. We use the same methods that are described
in Chapter 4 to solve these optimization problems.

5.6

Simulations and Experiments

In this section a set of simulation and real robot experimentation results are presented to
show different localization solutions in different scenarios. In the real robot experimentation studies, e-puck robots [1] and an overhead camera are used in a 320 cm by 250
cm indoor environment. The first subsection below considers the problem of localizing a
formation of 3 UAVs that can measure the subtended angle by two landmarks on them.
The second subsection considers the problem of robot-to-robot frame localization in the
presence of noise. In this section we present some simulation results for validating our
methods for solving the first problem discussed in the paper. First we consider the case
where there are 3 agents and 2 landmarks and study different scenarios (involving some
with noise), later we consider the case that an extra landmark is available and one wants

S ^ S i m u l a t i o n s and Experiments
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Table 5.1: The angle and distance values in each scenario.
Scenario

Ai (rad.)

Aa (rad.)

Fig. 5.3(a)

A3 (rad.)

1.0472

T1T2 (m.)

T.Ts (m.)

T2T3 (m.)

0.6283

Fig. 5.3(b)

0.5236

0.3805

1

1

1

0.2526

Fig. 5.4(a)

0.1674

1.0472

3.1623

5.099

2.8284

0.8976

Fig. 5.4(b)

0.7854

0.2487

1.5

0.9765

1.25

0.2487

Fig. 5.5(a)

0.2487

2.0859

2.7552

0.7854

4.6188

0.6283

Fig. 5.5(b)

0.5236

3

0.7854

2

2

0.7854

0.5236

1

1

1

Table 5.2: The number of localization solutions in each scenario and important characteristics of eac 1 scenario.
Scenario

No. of Distinct Solutions

Characteristic

1 (Fig. 5.3(a))
2 (Fig. 5.3(b))

4

generic

8

generic

3 (Fig. 5.4(a))

2

non-generic/ repeated solutions

4 (Fig. 5.4(b))

infinite

non-generic/ infinite ambiguity

5 (Fig. 5.5(a))

2

generic/ invalid solutions

6 (Fig. 5.5(b))

2

non-generic/ two equal angles

Table 5.3: The legends used in simulation results
agent

small solid red circle

landmark

solid red diamond

formation

solid red triangles

agent locus

dashed blue circles

coupler curve

dotted black curves

to solve the localization problem using this extra landmark while the measurements are
noisy.
Simulations with 3 Agents and 2 Landmarks
The angle and distance values used in each simulation scenario are presented in Table
5.1. In addition, it is worth mentioning that after running several simulations, a case
with twelve localization solutions was never encountered.
The important characteristics of each simulation result and the number of localization solution in each scenario are presented in Table 5.2. The legends used in simulation
results are described in Table 5.3. In Fig. 5.3(a) and Fig. 5.3(b) two scenarios where
respectively 4 and 8 localization solutions exist are presented. A non-generic case is presented in Fig. 5.4(a), where there are repeated localization solutions. A bad geometry is
identified in Fig. 5.4(b), where an infinite number of localization solutions exists. This
infinite localization ambiguity occurs if the three sensors and the two landmarks lie on a
common circle. Invalid localization solutions occur in the scenario which is depicted in
Fig. 5.5(a). Another non-generic case arises when the angles subtended at any two of the
agents by the land-marks are equal, and this is depicted in Fig. 5.5(b). Note that for all
the scenarios the landmarks L j and L2 are placed at [0,1]^ and [0, - 1 ] ^ respectively
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(a) The possible localization solutions for Scenario 1 as de- (b) The possible localization solutions for Scenario 2 as described in Table 5.2.

scribed in Table 5.2.

Figure 5.3: Four and eight solutions.

Table 5.4: The mean and variance of the closest estimated positions of the agents Ti {i =
1,2,3) to their real position for 9 time instants after repetition of the experiment for 20
times. Note that [xj-^ y r , i s the mean of the estimated position for agent Ti, and
Time Instant

1^7-,

liT, mV

[ir,

mV

1

13.';.7()4«, 58.2244]T

[16.9291. l.'-).109.5|"^

[68.2769. 16.94r,lp

2

I.W.XlKi. 62,55.')2p

[26.2991. 15.487.3]"^

3

|62.52.'iO. fi2.1.'5:ilp

[29.8062. 14.621.31

4

(72.71S7.

[31.7637. 29..386.5]^

i'ar(r,)

variTi)

var{Ti)

••iirtn)

[00784. 0,(X14.3]^

[00052. 0,(K)17]'''

[0,IK)47. 0(X)13]'''

[76.3441. 16.8744]^

[0.1815. 0.0651)'''

(00(i87. 0.0241]'''

[0,(K>90. 0.1871]"''

[80.0897. 14.49101'^

[0.1792. 0.1008]'''

[0.0411. 0.0270]'''

[0.04(Ki. 0,2201]"'"

[84.1796. 24.08881'^

[0,6046. 0.1107]T

[0,21.58. 0.(X)44]'''

[0.18.58. 0.1772]"'"

5

1«1..'!115. 95.42201

[40.4.')82. .'>1..')«17]^

[92.2197. 46.02601"''

[.3.5479. (),:i010]'''

[0.9768, 0.1844]T

[0,7673. 0..51KK)]"'"

6

|9K.:ifi28. 111.71921"^

|57..')488. 69.2409]^

(108.1229. 62.92971

[4,1.™. (I.516.5]T

[1.6.546. 0.0.580]''•

[1.4166. 0.8.567]"'"

7

111.5.1997. 12.').902:!|'^

173.0674. 82.8402]"^

(124.8187. 77,26.36]

[8,5(XXi. 0.4.361]'''

(4.73fifi. 0.4418]''

[4.3804. 0.6814]"'"

8

|1.5().176», l.ll.MO]"^

1103.6088. 95..36.39I'^

(154.222.5. 84.907.31'''

[41,4915. 6.3180]'''

[25.2.545. ,1.586.5]'''

[22.0723. 7.2126]"'"

9

|16fi..'a29, 142.422»]T

[123..')4r,3. 1(K).9,'>491'^

(174.6442. 95..3917]''

(119.5962. 19.181.5]'''

[57.7045. 2.:i.364]'''

(50.3.592. 25.0818]"'"

Experiment with 3 Mobile Robots and 2 Landmarks

In this section we study the application of Algorithm 1 for localizing a formation of 3
mobile agents capable of measuring the angles subtended at each of these agents by two
landmarks. We used 3 e-puck robots in a 320 cm by 250 cm environment. The measurements are carried out using an overhead camera. The angle measurements are corrupted
by a zero mean Gaussian error with a variance equal to 0.01 rad'^, and inter-agent distance measurements noise is considered to be zero mean Gaussian with variance equal to
1 c m \ The landmarks are placed at [0, 20] ^ and [0, 220] T . In 9 different instants of time
while at each of these instants there are generically multiple solutions here the average of
the closest localization solution to the real solution over 20 repetitions of the same experiment is depicted in Fig. 5.6. Moreover, the mean values of the closest estimated position
and the corresponding variances are presented in Table 5.4.
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Figure 5.4: (a) Repeated localization solutions. (Scenario 3 as described in Table 5.2.) (b)
Infinite number of localization solutions for Scenario 4 as described in Table 5.2. The
locus of Ts coincides with one of the branches of the coupler curve.

(a)

(b)

Figure 5.5: (a) Occurrence of invalid localization solutions. (Scenario 5 as described in
Table 5.2. ) (b) Localization solutions when two subtended angles Ai and A2 are equal.
(Scenario 6 as described in Table 5.2. )
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Agents Trajectory and The Average of Their Estimated Positions in 9 Diffe ent Instants of Tin
300

Figure 5.6: Agents positions and the nearest estimate obtained by Algorithm 1.

Simulations with 3 Agents and 3 Landmarks
Here we consider that three landmarks are placed at [ - 1 , 0]^, [1, 0 ] ^ , a n d [ 0 , 0 ] ^ . T h e e x act position of agents 1, 2,and 3 are respectively [3, 6]^, [5, 8]^, and [2, 3]^ (the positions
are in meters). We consider that inter-agent distance measurements are corrupted by a
Gaussian noise with a variance equal to 0.25 m^, and the angle measurements are corrupted by a Gaussian noise with a variance equal to 0.0005 racf. Running the simulation
for 20 times and solving (5.20) we obtain pTi = [2.9492, 5.9528]"^, pTj = [4.9306, 7.9594]"^,
and pT^ = [1.9290, 2.9609]"'' as average values for the positions of Ti, T2, and T3 respectively. As is clear, the average estimates are very close to the actual values. Furthermore,
the variances of all the solutions for the x-coordinates of Ti, T2, and T3 are 0.0267, 0.0466,
and 0.0443, and the variances of all the solutions for the y-coordinates of Ti, T2, and T3
are 0.0155, 0.0095, and 0.0097, respectively

Simulations with Multiple Agents and 2 Landmarks
In this simulation we consider 3 different scenarios, where the formation is comprised of
4 , 5 and 6 agent and can measure the subtended angle at them by two landmarks. In each
scenario we consider 5 different noise level in the measurements of subtended angle at
each of the agents by any two landmarks and we have run the simulation with each noise
level for 20 times. At the end of each 20 times run of the simulation with a noise level
we have averaged the norm of the absolute error between the real position of the agents
and their estimates. These average values obtained from different noise levels and the
different number of landmarks is depicted in Fig. 5.7.
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Figure 5.7: The effect of different number of agents and different noise levels on the
average of absolute error between the exact position of the agents and their estimates.

— 5
Landmarks
—B— 4 Landmarks
- A — 3 Landmarks

Figure 5.8: The effect of different number of landmarks and different noise levels on the
average of absolute error between the exact position of the agents and their estimates.

Simulations with 3 Agents and Multiple Landmarks

Here we consider that the exact position of agents 1, 2 ,and 3 are respectively [5, -3]""",
[2, 1]^, and [1, 4]^ (the positions are in meters). We consider 3 different scenarios, where
3, 4 and 5 landmarks are available. In each scenario we consider 5 different noise level
in the measurements of subtended angle at each of the agents by the landmarks and
we have run the simulation with each noise level for 20 times. At the end of each 20
times run of the simulation with a noise level we have averaged the norm of the absolute
error between the real position of the agents and their estimates. These average values
obtained from different noise levels and the different number of landmarks is depicted
in Fig. 5.8.
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The Minimum Singular Value of J

(a) T3 moving on a horizontal line.

(b) T3 in a 100 by 100 square region.

Figure 5.9: The variation of the minimum singular of value of J with respect to changes
in position of Ts
Variation of Sensitivity to Noise with Respect to Changing the Position of One Agents
In this scenario we study the effect of different formation settings on the minimum singular value of the Jacobian matrix J as described by (5.16). We assume that the landmarks
are at [0, lO]""" and [0, -10]"^, and two of the agents are at fixed positions [20, 30]"'" and
[40, -30]"^. We assume that the third agent moves on a the horizontal line 2/ = 0 and
moving away from the landmarks. The minimum singular value of the Jacobian matrix
changes as the agents moves, this variation is presented in Fig. 5.9(a). As it is clear from
the figure, when xt^ = 60, the singular value goes to zero, suggesting a high sensitivity
to noise value. After calculating Aj, i = 1 , 2 , 3 at this point it becomes obvious that all the
angles are equal to 0.32 rad which constitutes a bad geometry as described earlier. Later,
we change both of the coordinates of T3 in a [0,100] x [ - 5 0 , 50] square region. The variation of the minimum singular value of the Jacobian matrix is presented in Fig. 5.9(b).
This figure shows in for which T3 the localization solution is less sensitive to the noisy
measurements, i.e. where the minimum singular value is larger (red regions).

5.7

Summary

In this paper an upper bound of 12 is obtained for the number of possible localization
solutions of a triangular (3-agent) formation, collecting bearing measurements to two
landmarks. Furthermore, a more general theorem regarding localization of globally rigid
formations, taking advantage of a priori knowledge about the position of two landmarks,
is presented. In addition, geometries that are highly sensitive to the noise are identified,
e.g. when all angles subtended at each of the three agents by the two landmarks are
equal, or equivalently, the three agents and the two landmarks are placed on the same
circle. In this case there are an infinite number of localization solutions. In the end some
simulation and experimental results are presented.

5.A Proof of Theorem 5.3.1

5. A

g^

Proof of Theorem 5.3.1

Let the a ^ l ^ t i o i ^ f T,, T^, T,, and T, be

p*^^, and pf^ respectively. Given

Li, L2, T1T2, T1T3, T2T3, Ai, A2, and A3 (or equivalently the centers Ai, A2, and A3
of the circumcircles of triangles ALiTiLa, ALiTs^s, and A L ^ T M Theorem 5.2.2 implies that there exist at most 2 x 6 solutions for T1T2T3, two of which are p^t.Pt^Pu
where p*^ denotes the mirror image of

PtTPt7Pt7'

(i = 1,2,3,4) with respect to the

line A1A2. Without loss of generality let Solution 1 be

= Pt^Pt^Pt^'

Solu-

tion 2, pI^pI^pI^, be a solution other than p^^pf^pfg and pf^pf^f™, whose existence is
guaranteed by Theorem 5.2.2.
Let us take T4 into consideration as well: we are given

and

and A4

(or equivalently A4 the center of circumcircle of AL1T4L2). Note that since TiTiT^T^ is
globally rigid, for each i, there is a unique p^^ having distances

7 ^ , and

T ^

from, respectively p^^, p^^, and p^^. Hence, p^^ = p^^ lies on the circle C(^4,
i.e. A4Li=

A4p\,^.

Let 'Pf be the unique roto-translation mapping Ap^^p^^p^^ to Ap'^^p'^^pj.^, and

be

its unique inverse mapping that maps Ap^^p^^p^^ to Ap^^p^^p^^. Let L\ ^ ^ f ( L i ) ,

^

and

^

for i G { 1 , 2 , 3 , 4 } . Since

is roto-translation, Ai,A2,Az,Aa

are

collinear, and p^^ lies on the circle C(^4, >14^1), we have the following:
(i) A\,A\,AI,A\ are collinear
(ii) AlL\ = A4L,
(iii)

= pj^^ lies on the circle

AlLj).

To obtain a contradiction, assume that p^^ also lies on the circumcircle C{A4,A4Li) of
AL1T4L2.

Then, by (iii) above, p"^^ needs to be one of the at most two intersection

points of the circles (7(^4,^4^1) and

For generic angles and distances,

since these two circles are defined independently of p^^ and p'^^, i.e. since p"^^ can be any
arbitrary point on C{Al, A j L j ) (corresponding to p^^ = ^2(^7:1) being a generic point on
C{A4, A4L1)),

this last condition cannot be satisfied generically, which is a contradiction

(See Fig. 5.10). Hence the only solutions for positions of T1T2T3T4 are PTiPXiP^PTi

P*t7PT7PT7PT7-

5.B

Proof of Theorem 5.4.1

For the case where 3i = 1,2,3 such that xt^ = 0, cot A, is not defined and hence the
Jacobian matrix J p is not well-defined. Assuming for xt, ^ 0, Vi = 1,2,3, from (5.7)
and since it is assumed that we know which side of the landmarks the agents are assume
XTi > 0 and A, G (0, tt], we obtain
2XT,

= {xi + ivT. +

+ ivT, -

lyyr^'
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Figure 5.10: An illustrative instantiation of the proof of Theorem 5.3.1.
and then
cot A, =

(5.22)

2XT,

We note that
XTi — cot Ai =

4 ,

- ^r, + 1

(5.23)

2XT,

In addition, observe that

DXT,

'

(5.24)

DYTI

Any nullvector for the first three rows of the Jacobian matrix has the form:
a i ( - X T i + cot Ai), a2yr2, Q2(-a:T2 + cot A2), Qsyrj, a3(-XT3 + cot As)]^
(5.25)
w^here the QjS are arbitrary multipliers. In order that u be a nullvector for the last three
rows, it must be constructable as a linear combination of a rotation and two translations,
i.e. VI = [1,0,1,0, l , 0 ] \ a n d t ; 2 = [0,1,0,1,0,1]"^, and

= [vt,. -XT„yT2, -^t^^VTS, - X T 3 V .

Hence it is desirable to investigate the solutions to the following system of equations
where

A, B,C,AI,

Q2/ and Q3 are unknowns:
AVI +BV2

A,

c,

B,

+ CV3-V

ai,

=

Q2,

0

03

(5.26)
= 0

(5.27)

where
A =
0

0

0

0

-VTI

0

1

0

YR,

0

1

-XTI

1

0

YR,

0

0

1

-XT2

0

XT2 — cot A2

1

0

yrs

0

0

0

1

-XT3

0

0

-VTI
XTI

- cot Ai

0
-YN

XT3 - cot A3

(5.28)

5.B Proof of Theorem 5.4.1

Note that if this system of equations (5.27) has non-zero solutions then, J p is singular. In
other words, J p is singular if and only if A is singular. Adding the fourth, fifth, and sixth
columns of A to the third one, we have

B=
1

0

0

-yj.^

0

0

0

1

-cotAi

XTi-cotAi

0

0

0

0

-2/T2

0

- cot A2

0

0

0

XT2 — cot A2

0

0

- cot A3

0

-VTs

10
0

1

10
0

1

0

(5.29)

XT3 — cot A3

By considering the last 3 columns we see that any left nullvector of B will be of the form
u = [ a i ( x T i - c o t A i , Qiyn, a2(a;T2-cotA2), a2yr2, Q3(a;r3-cotA3), qsj/TS]-Considering
the first three columns u is the left nullvector of B (and consequently A) if the system
«

^ { X T , - cot A^Q; = 0, ^

n

n

2/T.Qi = 0, ^

cot XiVT^ai = 0

has non-zero solutions for cij, which is equivalent to satisfying (5.17).

' m

A -B

'-t. J

5'.

Part I I

M o t i o n Control

Chapter 6

Single-agent Circumnavigation
Using Distance Measurements Under
Slow Drift
In surveillance missions the main objective is to obtain information about the target(s) of
interest by monitoring it(them) for a period of time. In many cases it is desirable to monitor a target by circumnavigating it from a prescribed distance. In recent years this problem has been addressed in the context of autonomous agents, where an agent or a group
of agents accomplish the surveillance task. This problem has been extensively studied for
the case where the position of the target is known and the agent(s) can measure specific
information about the target, such as the distance of the target or power, angle of arrival,
time difference of arrival, of signals transmitted by the target, etc. See [80,119,125] and
references therein. However, in many situations, the assumption of knowing the position
of the target is not always practical, e.g. if one wants to find and monitor an unknown
source of an electromagnetic signal. This chapter addresses the problem where the position of the target, e.g. signal source, is unknown and the source might be undergoing
a slow and potentially nontrivial unbounded drift; only one agent is involved in monitoring this target; and the only information continuously available to the agent is its own
position and its distance (not relative position) from the target.
At first cicumnavigating a target at an unknown position seems trivial to accomplish.
One simply needs, three distance measurements in R^ from noncollinear points, and four
distance measurements in R^ from noncoplanar points, in different time steps to estimate the position of the target, and then can apply a simple control law to start rotating
around the estimated position of the target. However, this approach has two main disadvantages. First, it will not be robust to any noise corrupting the distance measurements.
Second the target may move between consecutive measurements and indeed after the
final measurement. At a minimum, such a "once only estimation approach" cannot cope
with sustained drift in the target. In this chapter we propose a continuous time nonlinear
periodically time varying (NLPTV) algorithm that adaptively estimates the position of the
target and moves the agent to a trajectory that encircles the target.
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To be specific, when the target is stationary, this algorithm achieves the circumnaviga-

tion objective globally and exponentially fast. When the target moves with a sufficiently
small albeit unknown velocity, even if in a potentially

unbonnded

trajectory, the circumnav-

igation objective is accomplished, again globally, to within an error that is proportional
to the target velocity. A qualitative description of how small a velocity is small enough is
provided.
There are other recent works that consider a problem related to the one addressed in
this chapter. For instance [27] and [28] using concepts from switched adaptive control,
consider the case where an agent must move itself to a point at a pre-set distance from
three sources with unknown position in the plane using distance measurements. Another
related work is [40], where the agent's objective is to estimate the position of the source
using distance measurements only.
The problem addressed in this chapter can be studied as a dual control problem as well.
In a dual control problem the aim is to identify the unknown parameters of the system
and achieve a control objective simultaneously [57]. In this case the mobile agent must
estimate the location of the target from the distance measurements, and use this estimate
to execute its control law for achieving its objective of circumnavigating the target from
a prescribed distance.
To continuously estimate the target location the agent must move in a trajectory that
is not confined to a straight line in two dimensions and to a plane in three dimensions.
To perform robust estimation this avoidance of collinear/coplanar motion must be persistent in a sense described in [40]. In part this means that the agent cannot simply head
straight towards the target but must execute a richer class of motion. Fortuitously, a key
feature of the circumnavigation objective is that it ensures this requirement thus aiding
the estimation task.
The fact that we permit the target to undergo a drifting motion seperates the solution
proposed in this chapter from all the other solutions that involve estimaHon of the position of the target first and then moving towards it to accomplish the circumnavigation
task.
There is also a key technical aspect of this work that bears highlighting. As can be
imagined our stability analysis is a two step one. We first show that when the target
is stationary, the circumnavigation objective is met exponentially Drift is tackled using
robustness considerations. However, inherent to the circumnavigation objective is the
constraint that even in the stationary case only a part of the state converges exponentially
to a point. The remainder converges exponentially to a trajectory that is not completely
specified. Thus one cannot directly appeal to standard inverse Lyapunov theorems to
establish robustness to slow drift. One could resort to the partial stability approach [65].
However, in this chapter we eschew the complications of the partial stability approach,
by exploiting certain structural features of our algorithm to redefine the state space in a
manner that permits us to invoke standard inverse Lyapunov theory
The structure of the chapter is as follows. In the next section the circumnavigation

6.1 Problem Statement

^^

problem described above is formally defined. In Section 6.2, the proposed algorithm to
solve this problem is introduced. A preliminary analysis of the control laws is presented
in Section 6.3. Section 6.4 provides a reduced state space that assists in our analysis. In
Section 6.5 we establish the exponential stability of the system when the target is sationary The stability of the system is shown for the case where the target is undergoing a
drift in Section 6.6. In Section 6.7 a method to choose one of the parameters in the control
laws is presented. The simulation results are presented in Section 6.8. In the final section
future directions and concluding remarks are presented.

6.1

Problem Statement

Throughout this chapter the notion of persistently exciting (p.e. trajectories will play a
pivotal role. Thus we begin by formally defining p.e.
Definition 6.1.1. Consider any positive integer N and a signal r : M :-)• R^. Then r(-) is p.e. if
there exist positive a, and Ti, such that for all t, there holds:
ail

< J

ft+Tr

r(r)r(r)^c?T < Q2/

Essentially this requires that r(-) persistently span

The upper bound is simply a

boundedness assumption. The q, and Ti will be called p.e. parameters.
In what follows we formally define the problem addressed in this chapter and introduce relevant assumptions.
Problem 6.1.1. Consider a target at an unknoivn position x{t) and an agent at known position y{t) in R " (n e { 2 , 3 } ) at time t G [0, oo). Knowing y{t), a desired distance d, and the
measurement
D{t) ^ Mt) - x{t)\\
for each time instant t e [0, oo),find

(6.1)

a control law that ensures that asymptotically, (a) y{t) is

p.e.; (b) when x is constant, y{t) moves on a trajectory at a distance d from x{t); and (c) there is
an €* such that whenever ||i:(t)|| < e < e*, (b) is met to within a value proportional to e.
Here as in the rest of the chapter |||
. | denotes 2-norm. In the problem statement (a,b)
ensure that in when the target is stationary y(t) rotates around x at a distance d with a
sufficiently rich trajectory. Item (c) requires that this circumnavigation be robust to drift.
Note that (a) is a key part of the overall objective as it provides the agent a sufficient rich
perspective of the target.
Our two pronged approach to this problem is as follows. We simultaneously estimate
x(t) and devise a law that forces y(t) to circumnavigate the estimate of x(t) at a distance
d from it. One can break down Problem 6.1.1 into the following two sub-problems:
1. How can one estimate x(t) from the distance measurements without explicit differentiation of any signal?

92

Single-agent Circumnavigation Using Distance Measurements

2. How can one make the agent move on a trajectory that is ultimately at a distance d
from the estimate of x(t) and satisfies the p.e. condition of (a).
The first sub-problem is addressed in [40]. As show^n in [40], its algorithm works if (a)
above holds. If y is in an n-dimensional space then (a) requires that y persistently avoid
a trajectory that is confined to the vicinity of a single (n - l)-dimensional hyperplane.

6.2

Proposed Algorithm

We first present an algorithm for estimating x{t), borrowed from [40]. As noted in [40]
when X is a constant, by differentiating both sides of

-

=

one can ob-

tain an adaptive algorithm, that uses D(t) and D{t) to estimate x as long as (a) in the
problem statement holds. Such an approach would require explicit differentiation and is
impractical.
Instead, for a design constant q > 0 [40] suggests one generate
(6.2)

m{t) = Z2{t) = -az2{t)

+ \y'^{t)y{t),

V{t) = z^{t) = -azi{t)

+ y{t),

(6.3)
(6.4)

where 2i(0), and ^2(0) are arbitrary scalars, and 23(0) is an arbitrary vector. Note that
the generation of

T]{t),

m{t) and V{t) requires simply the measurements D{t) and the

knowledge of the localizing agent's own position, and can be performed without explicit
differentiation.
Define now the estimator:
£{t) = -lV{t){7^{t)

- m{t) + V^{t)x{t)),

(6.5)

where x{t) denotes the estimate of x at time t, and 7 > 0 is the adaptive gain. This
estimator is in fact identical to the one presented in [40]. Later, we shall show that under
suitable conditions x{t) approaches x{t), when x is a constant. This will be based on the
observation made in [40] that when x is a constant r]{t) - m{t) + V^{t)x{t)
approaches

exponentially

{x{t) - x{t)).

Thus, (6.2) to (6.5) achieve the estimation goal. In keeping with our outiined strategy
we now propose a control law that forces y{t) to circumnavigate x{t).
Define
Dit) = \\y{t)-x{t)l

(6.6)

and the control law
yit) = i(0 - [(I)2(t) where >!(•) : R

_ ^(i)] (y(^) _

^^ ^^

obeys four conditions captured in the assumption below As

will be proved in the next section, this conti-ol law aims at moving the agent so that D{t)

6.2 Proposed Algorithm

^^

converges to d, i.e. the agent takes up the correct distance from the estimated target
position, x{t).
tod.

If also

Assumption 6.2.1.

converges to x{t), then D converges to D, hence D converges

(i) There exists aT>0

such that for all t,

A{t + T) = A{t).

(6.8)

(ii) A(t) is skew synmetric for all t.
(Hi) A{t) is differentiable

everyivhere.

(iv) The derivative of the solution of the differential

equation

y*{t) = A{t)y*{t).
is p.e. for any arbitrary nonzero value ofy*{0).
such that for allt>0

(6.9)

More precisely, there exist positive Ti, q^O

there holds
ft+Ti

ai\\y*{t)fl<

J^

r{T)rir)''dT<a2\\y*{t)fl.

(6.10)

A consequence of the fact that A{t) is skew symmetric is that for all // 6 K " and t > 0
A(t)iy = 0.

(6.11)

Observe that (6.11) ensures that the solution of (6.9) has the same magnitude at all
instants of time. Further the derivative of the solution is p.e. as per (6.10). Effectively
if D approaches d assumption 6.2.1 ensures that (a) of the circumnavigation objective is
met. For example when x{t) — 0 for all t, y{t) - x approaches a solution of (6.9), and
consequently y is p.e.. Further, for sufficiently small x{t), this p.e. condition continues to
be met, and (c) is also realized. Qualitatively, one, but not the only factor determining the
largest permissible x, i.e. e* in (c), is whether the p.e. condition on y{t) is retained.
We note that the results that follow hold even if

were permitted to lose differ-

entiability at a countable number of points. However, that would imply that y{t) would
lose differentiability at these same points, resulting in the physically unappealing need
for an impulsive force to act on y{t).
As will be shown in Section 6.7, in two dimensions, with E the rotation matrix.
E =

0

1

-1

0

(6.12)

and a any nonzero real scalar, it suffices to chose Ait) as the constant matrix aE. In three
dimensions however, the selection of A{t) is more complicated. Specifically for (6.10)
to hold with a constant A, A must be nonsingular. No 3 x 3 skew symmetric matrix is
however nonsingular, leading to the need for a periodic A{t), whose selection is described
in Section 6.7.

94

Single-agent Circumnavigation Using Distance Measurements
To summarize, the overall system is described by (6.1) - (6.7), with Zi, x{t), and y{t),

serving as the underlying state variables. The circumnavigation goals in the stationary
case are that x approach x, D and D approach d and y{t) be p.e. For sufficiently small
X we would continue to require that y{t) be p.e. but relax the requirement from one
where D{t) converges precisely to d, to one in which the difference between D{t) and d
is proportional to e (see (c) of the problem statement).
Finally, we note that the stability analysis that follows, will be conducted for a general
n.

6.3

Preliminary Analysis

In this section we derive some important relationships and properties that hold regardless of whether the target drifts.
We shall begin by establishing a relationship that leads to our earlier observation that
when X is a constant T]{t) - m{t) + V''^{t)x{t) exponentially approaches V^{x{t)

-

x{t)).

Observe from (6.2) that i]{t) = zi{t). Thus, one obtains
7?(i) = -arj{t)

+ y{tf{y{t)

- x{t)) - xit)"{y{t)

- x{t))

(6.13)

Similarly,
m{t) = -am{t)
V{t) = -aV{t)
P{t) = -ap(t)

+ y{t)''y{ty,

(6.14)

+ y{t)-

(6.15)

+ x(f)T (y(0

+ x{t) - y{t))

(6.16)

where
pit) = 7]it)-m{t)

+ V^{t)x{t)

(6.17)

which implies the following lemma for the case where the target is stationary.
Lemma 6.3.1. Consider (6.V-6.4) and (6.17). Suppose that x{t) = 0. Then for all to and t > to,
there holds:
p{t)=p{to)e-''^'-'°\

(6.18)

As foreshadowed in the last section, we now present a lemma that shows that the
agent located at y{t) moves to a trajectory maintaining a constant distance d from the
estimated position of the target at position x(t}, regardless of whether the target drifts.
Lemma 6.3.2. Consider (6.7) under Assumption 6.2.1.

Suppose that there exists a constant

S>0

such that in (6.6), D^iO) > S. Then b^{t) converges exponentially to d^, and there holds

for

allt>0
(619)

DHt)>nmi{S,d^}
Proof Because of (6.11), (6.7) implies
=
=

^im-Ht)Viy{t)-x{t))
n2
-•^mt)-d')b\t).

(6.20)

6.3 Preliminary Analysis
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Observe that D is bounded and continuous. Consider first the case where ^ > d?. Then
the derivative above is initially negative, i.e. D\t) declines in value. By its continuity for
b\t)

to become less S, at some point it must equal d\ when b{t)

Since throughout this time b\t)
tial rate and b\t)

> d?, convergence of b''{t)

will stop changing.

to d^ occurs at an exponen-

> d^ for all t. On the other hand if <5 < d^ then b-'it)

> 5 for all t,

as the derivative of b'^{t) is nonnegative. Again exponential convergence of b'^{t) to d^
occurs. ^

Q

Thus we have proved that regardless of whether x{t) drifts, (6.7) meets one of its
objectives: That the agent ultimately be within a distance d from the estimated location
of the target. Recall that the second role of (6.7) is to ensure that

) is p.e. We now take

a step towards demonstrating that.
Before proceeding any further, we establish certain conditions on the state transition
matrix for A{t.), i.e. on

to) that obeys for all t, to,
= A{t)^{t,to)-

Lemma 6.3.3. Consider

Proof

(6.21)

to) defined in (6.21), with Assumption 6.2.1. Then for all t, to

Consider (6.9). Then for all t, to, and y*{to)
y*it) =

^t,to)y*ito).

Further because of (6.11),
f^{y*^{t)y*it)}=2y*^{t)A{t)y*it)=0.
Thus, for all t, to.

Since this holds for all y*{to), the result holds.

•

Next define signal
qi{t)=y{t)-Ht)-

(6.22)

We have the following proposition which also holds regardless of whether the target
drifts.
Proposition 6.3.1. Consider (6.7), (6.1) and (6.6), under assumption 6.2.1 and
Then the signal qi{t) defined in (6.22) has the following
(i) It is p.e.
(ii) It and its derivative are bounded.
'In fact, a closed form solution for D{t) exists.

properties:

> 6 > 0.
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Proof. To prove (i) we have to show that there exist q i , 02, T2 > 0, such that for all < > 0
there holds:

^
t+J2
qi{T)qJ{T)dT

/

(6-23)

< a2l

The upper bound will follow if we prove (ii). Thus we first focus on proving the lower
bound. A consequence of Assumption 6.2.1 is that for all (p G M", and any unit 6 G M",
there holds:

t+Ti

/
(6.24)

\0'^A{TMT,t)ct>fdT.
Further because of (6.7) for all
y{t) - i{t)

> 0 and ^ > h there holds:

= Am{t,

h)iyih)

-

x(ii))

l-t

- A{t)

/ ^t, T){b\T)
- d^){y{T) x{T))dT.
Assumption 6.2.1 ensures that A{t)Jti\\A{t)\\<M2
is bounded. Thus
there
exists
Ah
such that
Vt.

(6.25)
(6.26)

Further because of Lemma 6.3.2, there is a c > 0, such that for every e > 0, there is a t2
such that for all t > t2,
(6.27)

ld-\\y{t)-x{t)\\\<e,

(6.28)

Thus because of Lemma 6.3.3, and (6.25)- (6.28) for every unit 0 G K" and t > t2
- i(i))|

> \O^AitMt,

t2){y{t2)

-

xit2))\c

Thus, because of Lemma 6.3.3, (6.26) and (6.27), there exist Ki all positive such that for
all t > t2 there holds

4

- m ) ?

Choose T2 = Ti+

>

t2){y{t2)

- x{t2))f

-

(6.29)

t2. Then because of (6.24) and (6.29) for all t > 0, there holds:

> / t + t ? \0^A{rMr,t2){y{t2)
-Ti E t i
> aid^

-

x{t2))\'dT

Ki^

- 2aide

- Ti

Then the left inequality in (6.23) follows by choosing e so that
Ti ^ k,^
i=l
The boundedness of

+ 2aide <

a^d"/2.

(6.30)

and hence the upper bound of the hypothesized p.e. condition

in (i), follows from (6.7), boundedness of A{t), Lemma 6.3.2 and Lemma 6.3.3. The proof
of the boundedness of the derivative of
oiA{t).

similarly follows from the differentiability
^

Reduced State Space

6.4

^^

A Reduced State Space

Thus we have shown that a part of the objectives of our two pronged strategy, namely
that D{t) converges exponetially to d, is met regardless of whether i is zero. We have
also shown, again without regard to the presence of drift, that the signal xj{t) - i(<) is
p.e. Thus, to show that our remaining objectives are met, all we need tho show is that
x{t) converges exponentially to x in the drift free case, and to within an estimation error
proportional to the drfit velocity, provided the velocity is small enough. This will in turn
show that D{t) converges exponentially to d, in the drift free case and is close to d, under
slow enough drift. As will be evident in the sequel, the. p.e. requirement on y{t) will also
follow.
Taken at face value, a natural state space describing our algorithm is that involving
the state vector:

zj,

, y^]^, where x is the localization error:
x{t)=x{t)-x{t),

(6.31)

It is however, difficult to tackle drift with this choice of state vector. Specifically by
design, even in the drift free case only x and z\ converge exponentially to a point. The
remaining part of the state vector comprising, Z2, z^ and y are not designed to converge
to a point, but rather to a trajectory that is only partially defined. This makes it difficult
to directly leverage conventional inverse Lyapunov arguments.
To avoid involved partial stability arguments, we instead recognize that all that is at
issue is the behavior of x, and y{t), which determines 22 and Z3, is pertinent only to the
extent that it influences the convergence of x. In fact as will be evident in the sequel the
convergence of x hinges on

) in (6.4) being p.e.. This in turen is ensured by y being

p.e., regardless of drift. The key technical difficulty lies in ensuring this latter fact when the
target drifts.
To circumvent this difficulty we work with the reduced state vector:
m

= [w^(i)^ Htf

p{t)V,

(6.32)

where p{t) is in (6.17), and for arbitrary w(0), w : M h-)- M" obeys:
w{t) = -aw{t)

+ i{t).

(6.33)

It turns out that all our objectives are met if in the drift free case ^ converges exponentially, to zero. Consequently, a clear virtue of this reduced state space is that we can
invoke standard inverse Lypunov theory to tackle the case with drift. Instead of being
NLPTV the system of equations governing ^ is nonlinear time varying (NLTV) with two
time varying parameters: 92 : R

K", obeying:

q2{t) = - a q 2 { t ) + qi{t),

92(0) = V(0) - u;(0),

(6.34)

and 9 : M H^ M":
q{t) = -aq{t)

+ i(<);

<7(0) = 0.

(6.35)
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Though q2 and q are signals related to the state vectors, it turns out that all that is important
about them is that q^ + q be p.e.. Observe also that the

and y do not directly appear in

Rather the features of y critical to establishing stability properties, is captured by the
hme varying parameter q^. The Lemma below, shows a simple relationship between, V,
w, q2, and q.
Lemma 6.4.1. Consider (6.4), (6.22), (6.31), and (6.33)-(6.35).
V{t)=w{t)

Then for all t, there holds:
(6.36)

+ q2{t)+q{t).

Proof. From (6.22) (6.31), and (6.33)-(6.35) one obtains:
w + q2 + q

— —aw + x - aq2 + qi — aq + x
=

—a{w +

=

-a{w

q2

+ q)+x

+ y—x

+ q2 + q) + y

Then the result follows from (6.15) and the fact that «;(0) + 92(0) + g(0) = 1^(0).

•

Recall, our earlier assertion that the crucial fact we need about 92 + 9 is that it be p.e..
We now present a set of Lemmas that establish the p.e. nature of this signal under slow
enough drift. First, a Lemma from [74]:
Lemma 6.4.2. Ifu is a p.e. signal satisfying

e L^ and H{s) is a stable, minimum

phase,

proper rational transfer function, then 1^2 = H{s)i' is p.e. and 1/2,1^2 ->00
& L^
We have the following proposition demonstrating the p.e. of <72Proposition 6.4.1. Suppose a > 0, and the conditions of Proposition 6.3.1 hold. Then the signal
q2(t) defined in (6.35) has the folloiving

properties:

(i) It is p.e.
(ii) It and its derivative are bounded.
Proof

The proof is a direct consequence of Lemma 6.4.2 and ProposiHon 6.3.1.

•

We next show that under sufficiently slow drift, q2 + q is p.e. as well.
Proposition 6.4.2. Suppose a > 0, the conditions of Proposition 6.3.1 hold, for some s and all
t, ||i(0|| < e, and 92 and q are as in (6.34) and (6.35). Define q{t) = q2{t) + q{t). Then there
exists a s, such that for all e < e, q{t) is p.e. and bounded.
Proof

Boundedness of qit) follows from the boundedness of q2{t), (6.35) and the fact that

||x(i)|| <

for all t. To prove that q{t) is p.e. we need to prove that there exist positive

and Tq such that the following holds for all t and 6 ^ R " with ||6I|| = 1
rt+T,

{0^{q2{T)+q{T))fdT<^2

(6.37)

6.4 A Reduced State Space

The upperbound follows from the boundedness of q, + q. Since q,{t) is pe there exist
positive

Pi and T2 such that for all ^ and 0 G K " with ||0|l = 1 there holds:
/•t+Tj
(6.38)

Because of (6.35) and the fact that ||i(0|| < e, for all t, one also has that ||g(i)|| < e/a

for

all t. Thus, we have
r^^

T

rt+T2

i0^iq2{r)+q{T))fdT>

q,(r)fdT

- J

(6.39)

ie^q{T)fdT

> /33 - T a e V " ' .
So the result follows by setting A = /^g - e^Ts/a^ and T, = T^ and by requiring £ <

Remark 6.4.1. Evidently,

- e^Tija'^ and

+ e^T^jo? (see (6.37) and (6.38))

a lower bound on /3i and an upper bound on 02 respectively.

Both are independent

integrals representing the p.e. conditions 0/92 and q2 + q are over identical

represent
of e.

The

intervals.

Qualitatively, the value of e that
ensures the p.e. of q2

q is one but, not the only,

condition that defines how fast a drift is permissible.
We conclude this section by deriving the equations governing the reduced state space.
From, (6.5), (6.17) and (6.31) we have that:
i{t)

=

-'yV{t){v{t)-m{t)

=

-Wmvit)

=

-lV{t)p{t)

+

V^it)x{t))-x{t)

- m{t) + V^(t)x{t))
- ^V{t)V^[t)x{t)

-

- ^V{t)V^{t)i{t)

-

x{t)

x{t).

Thus, using (6.16), (6.32), (6.33) and Lemma 6.4.1 we have that:
w{t)
iit)^

m

m
" -aw{t) - fiwit) + 92(0 + Q(tmw{t) + q2it) + q{t)Yx - 7(«)(t) + q^H) + q{t))p{t) - x(t)
-l{w{t) + q2{t) + qimwit) + q2{t) + q{t)yx{t) - ~((w{t) + q2{t) + g(t))p(«) - i(f)
x(tf[x{t) - x{t) -y + w{t) + 92(0 +
- Mt)
(6.40)
Note that, as g(0) = 0, for x{t) = 0 one has from Lemma 6.4.1 and (6.35) that
(6.41)

V{t) = w(^t) + q2{t).
Thus for i(^) = 0 (6.40) becomes
-aw{t)
m
m

=

- 7(w(0

+ q2{mw{t)

- 7 ( w ( i ) + q2{t))iw{t)

+ q2{t)yi

+ q2{t)fHt)

' liM^)

+
+

q2{t))p{t)

q2{t))p{t)

-apit)
(6.42)
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Observe that by showing that the system (6.42) is exponentially stable based on Lemma
6.3.2 one can immediately draw the conclusion that y{t) goes to a distance d of x{t) exponentially fast and rotates around x{t) with radius d. Further, as in that case x e L2, a
result from [41] shows that because of Proposition 6.3.1, ij is p.e. as well.
Observe also that even in the drift free case of (6.42), the resulting reduced order
system is NLTV rather than NLPTV, and q2{t) + q{t), appears as a time varying parameter.
The parts of the original state space that cannot go to zero are captured by this parameter.
Finally we note that as in (6.42), p{t) is expoinentially convergent, the exponential
convergence of (6.42), would follow from [2]. The next section implicitly exploits this
observation in analyzing the drift free case.

6.5

Exponential Stability for Nondrifting Target

In this section we establish the exponential stability of (6.42), by effectively analyzing
(6.42). We begin with the following Lemma.
Lemma 6.5.1. Consider L2 function G : [0,00) H-)- M and a bounded function h : [0, CXD) H-)- R".
Then if a > 0 then the signal p : [0,00) H-)- R" below
p{t) = - { a - g{t)) Pit) + g{t)h{t),

(6.43)

is bounded and in L2.
Proof. First consider the homogeneous system:
pi{t)^-{a-g{t))p^{t).

(6.44)

Observe with u{t) = p\{t)/2, there holds
u{t) = - [ a - g{t)) u{t). < - (q - |5(f)|) u{t).

(6.45)

By the Bellman-Gronwall inequality for all to and t > to, we have for some K\
u{t)

<

Thus (6.44) is exponentially stable, and the result follows because gh e L2.

•

We now prove the exponential stability of (6.42) as an independent result.
Proposition 6.5.1. The system (6.42) with the state variables w : M ^^ K", i : K
p-.R^R,

and a >0and-f>0,

is bounded and p.e..

R" and

is globally exponentially asymptotically stable z/qs : M ^ M"

6.5 E x p o n e n t i a l Stability for Nondrifting T ^ e t
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Proof. In the sequel calF:
W{t) = w{t) + q2{t).
First consider the last two equations in (6.42).

For some a j > 0 to be specified

presently, choose the Lyapunov function
Q{t)=i^{t)x{t)

(6.46)

+ a,p\t).

Then there holds
Qit) = 2{x'^{t)i{t)

+

- 2j{x''{t)W{t))'

a,p{t)pit))
- 2j{i'^{t)W{t))p{t)

- -27

- aa^p'it)

+ {i''{t)Wit))pit)

(^.47)

+

Thus as long as a i a < 7/2, one has
Q{t) < - 2 7

+ ^ ^ '

(6.48)

Hence
x^{t)W{t) + P ^ e L 2

(6.49)

Further from the third equation in (6.42), p{t) converges exponentially to zero. Hence for
every /3:
x'^{t)W{t)

(6.50)

+ [3p{t)eL2

Observe from (6.15)
w{t) = -aw{t)

- {w{t) + q^it))

Thus from Lemma 6.5.1, identifying, w, x'''{t)W{t)
respectively, w{t) is bounded and in

+ ^ ^

(6.51)

and q2{t) with p, g and h,

+ p{t)/2,

As 52 is bounded W must be bounded. As q2 is

p.e. and w is in L2, W{t) is p.e. as well, [41]. Now observe
i{t) = -jW(t)W^{t)x{t)

- jW{t)p{t).

(6.52)

From [2] we know that
il(^) =

-'yWW'^Xiit)

is eas becasue W{t) is pe. Hence, as p{t) converges exponentially to zero, so does x{t).
Exponential convergence of w{t) follows directly from the first equation in (6.42).
Remark 6.5.1. Since the system is exponentially asymptotically

•

stable, there exist Aj > 0 such

that for all to and t > to,

Faster convergence results from a smaller Ai and larger A2. These depend exclusively on the p.e.
parameters of q2, a and 7. In particular upper bounds on Ai and lower bounds on A2 can be found
that connote a convergence rate that increases with
and T2. The dependence on 7 is more

(see (6.37)) and a, and declines with (^2

complicated.

^We have earlier established that in the drift free case W=V. However, we are using this new variable W,
to keep the proposition as an independent result
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We can now state the main result of this section.
Theorem 6.5.1. Consider the system described by the equations (6.1), and (6.2)-6.7) with assumption 6.2.1 in force, x{t) = 0,/or all t, and for some 6 > 0, D{t) > S. Then the following
hold:
(A) D{t) converges to d exponentially.
(B) y{t) is pe.
Proof As x{t) = 0, for all t, (6.42) holds. Because of Proposition 6.4.1 92 is p.e. . Thus,
from Proposition 6.5.1, and (6.31), x converges exponetially to x. Thus because of Lemma
6.3.2, (A) holds. Further, all signals in (6.2)-6.7) are bounded. Thus from (6.5) i G L2.
Consequently, because of Proposition 6.3.1, (B) also holds.

•

Thus we have effectively proved the global exponential stability of our algorithm in
the driftless case, with the minor caveat that x(0) ^ y(0). The next section tackles a
drifiting target.

6.6

Stability Under Slow Drift

So far we have established exponential stability for the case where i = 0. Now we
consider a varying potentially unbounded x{t), subject to the following assumption:
Assumption 6.6.1. The target trajectory is differentiable and there exists e e [0, oc) such that
for allt

eR
\\x{t)\\<e.

(6.53)

We can rewrite the system defined by (6.40) as
(6.54)
where
-aw{t) - ^{w{t) + q2{t) + q{t)){w{t)
-l{w{t)

+ 92(0 + q{mw{t)

+ q2(t) + q{t))'^x - -i{w{t) + q2{t) + q{t))p{t)

+ q2{t) + q{t)fx{t)

- -f{wit) + q2{t) +

q{t))p{t)

-ap{t)
(6.55)
0
0
_ x{ty[-i{t)

(6.56)
+ w{t)]

and
-x{t)
-x{t)
_ x{ty[xit)-y

+ q2{t) + q{t)]

Now we present a result of independent importance concerning (6.54).

(6.57)

'

6.6 Stability Under Slow Drift

Proposition 6.6.1. Consider the system defined by (6.54) with the state variables

w.R^R",

X : M H^ K" and p : R ^ R, a time varying parameter q : R ^ R^ as in (6.35),

assumption

6.6.1 in force, and a > 0 and 7 > 0. Suppose 92 : M ^ M" is bounded and p.e. and there is a
constant A3 such that \\y{t) - xd) || < K^for all t. Then there exist positive constants e and K
such that for all e < e
lim sup ll^ll <

Ke.

Further K is independent ofe, and convergence is uniform in the initial time.
First we rewrite

Proof

-aw{t)

t) as
- 7(u;(<) + q{t)){w{t)
+

+ q{t))^i

+ mY^it)

- -f{w{t) +

- l{w{t)

+

q{t))p{t)

q{t))p{t)

(6.58)

-ap{t)
where q = q2 + q. Observe

t) is identical to the right hand side of (6.42) with q^

replaced by q. Thus, from Theorem 6.5.1 and the fact that because of Proposition 6.4.2,
for sufficiently small e, q{t) is bounded and pe,

=

t) is exponentially asymptotic

stable.
The associated convergence parameters, (see remark 6.5.1) depend only on the p.e.
parameters of q, and because of remark 6.4.1 bounds on them can be chosen independent
of£.
Hence there exists a Lyapunov function C and positive real constants ci,c2, C3, and 04
exist such that [79]
(6.59)
(6.60)
dc

(6.61)

Further as the convergence parameters are independent of e so are the c,. What is more,
t) depends on x only through x. Thus the Cj are independent of x as well.
Observe also that there exists a constant A'4 such that for all t
(6.62)
Further because of the bound on y{t) - x{t), and the fact that ||q'(i)|| < e/a,

there is a K^

independent of e, such that for all t.
(6.63)
Now consider

<

-csUf

+ KiC4eUf

+ KsCieUW
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Choose £ < a!{Kid)

and call (3 = cs - Kiae

> 0. Observe P is independent of e. Then

there holds:

V

C2

^^

Thus, arguing as in [79] y / O ^ is ultimately bounded by
is ultimately bounded by

Consequently

As c,, Ki, and ^ are independent of £ and the initial

time, the result follows.

•

Now the main result of this section.
Theorem 6.6.1. Consider the system described by the equations (6.1), and (6.2)-6.7), with assumptions 6.2.1 and 6.6.1 in force, and for some S > 0, D{t) > 6. Then there exist positive
constants e and K such that for all e < e, the following hold:
(A) With K independent of e,
lira sup \\D{t)-d\\ <
f—>oo

Ke,

uniformly in the initial time.
(B) y{t) is pe.
Proof. In this case (6.40) holds. Because of Proposition 6.4.1, q2 is p.e. . Thus, from
Proposition 6.6.1, and (6.31), for sufficiently small £, there exists K independent of e,
such that X is ultimately bounded by Ke. Thus because of Lemma 6.3.2, (A) holds.
Further, all signals in (6.2)-6.7) are bounded. Thus from (6.5), there is a K^ such that
X is ultimately bounded by K^e. Further this bound is attained uniformly in the initial
time. Thus there is a r „ and a constant Kq > K^, such that for all t > Tu, ||i(<)ll <

K^e.

Because of Proposition 6.3.1, qi = y - x\s p.e. . Thus there exist positive ft and Tp,
such that for all t, there holds:
rt+Tp
Further with T„ as above there is a fir, such that
rt+Tp+Tu
J^

qi{T)qi{TfdT<l37l.

Then for sufficiently small £ the p.e. of y follows in a similar manner to the proof of
Proposition 6.4.2.

•
Thus indeed all the circumnavigation objectives are met by the algorithm enunciated
here. Qualitatively, e, the upper bound on the target velocity, depends on d, and cxi and
Ti in (6.10). These ultimately determine the p.e. parameters of 92- Based on these e must
be small enough to ensure the following:

6.7 Choosing A{f)

• 92 + 9 is p.e. .
• ^ in the proof of Proposition 6.6.1 is positive.
• K^e, in the proof of Theorem 6.6.1 is small enough.
Under these conditions convergence is global modulo the requrement that y(0) ^ x(0).

6.7

Choosing A{t)

In this section we focus on selection of A{t) to satisfy Assumption 6.2.1. Consider first
n = 2, we show that with E as in (6.12) the matrix A{t) = aE obeys the requirements of
assumption 6.2.1. Indeed consider the Lemma below.
Lemma 6.7.1. With E as in (6.12), and a real scalar nonzero a consider
m
with C : R ^^

^ ^ [Ci,

=

Define

aECit),

(6.64)

as

fi{to) = Z(Ci + iC2).

(6.65)

i.e. the argument of the complex number Ci + iC2- Then there holds for all

m
Proof

t>to>0,

^ \\C{to)\\[cos{a{t - to) + p{to)),sm{a{t - to) +

•

(6.66)

Follows from the facts that C(io) = ||C(^o)||[cos(/?(io)),sin(/3(<o))]"^, and that the

state transition matrix corresponding to (6.64) is:
COS

^aEt^

at

sin at

— sin at
cos at

•
The fact that (6.66) satisfies (6.10) with y* identified with

is trivial to check. It is also

clear that under this selection, y{t) circumnavigates x with an angular speed of |a|.
In preparation for treating the n = 3 case, we make the following observations.
Lemma 6.7.2. Consider (6.66). Suppose for any to, all t £
exists e' such that

to,to + ^

, some 9 G M^, there

< f'll^ll- Then
(6.67)

Further with ^ ^

, for all to and i £ { 1 , 2 } ,
Cz Uo +

TT
2\a\

- Q (to) = llC(io)||.

(6.68)
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Proof.

For some real

there holds

9 =

||6i|| [sin

- cos ij;]'^. Hence,

= H^H [cos ij^, sin

tp]'^

Thus under (6.66),
= ||^(<o)||||0|| cos(a(i -

e^Eat)

to) + m )

Therefore, on any interval [to, io+7r/2|a|] the maximum of

(6-69)

-

=

is |a| | |C(io)| IH^*! I-

Further (6.68) is a direct consequence of (6.66).

•

Finally we prove the following lemma.
L e m m a 6.7.3.

Consider

at) = afit)Eat),
where f :
Proof

M

Rand

\f{t)\

Under (6.70), for all

<

1 Vt

t > to,

Then for allO

(6.70)

< to < t,

||CW-C(^o)|| <

||C(<)|| = llC(^o)l|- Thus,
=

<

\\ t
Jto

f{r)aEar)dT\\

(i-^o)|a|||C(io)||

•
To address the n = 3 case we first preclude the possibility that A{t) can be a constant
matrix. Indeed observe that no skew-symmetric matrix in M^^^ can be nonsingular, as
if A is an eigenvalue of a skew symmetric matrix then so is —A. Thus for any odd n, an
n X n skew symmetric matrix must have a zero eigenvalue. To complete the argument
we present the following Lemma.
L e m m a 6 . 7 . 4 . Suppose
Proof

If

A

that for all

in (6.9)

A{t)

= A for all t and A is singular.

Then

(6.10)

cannot

is singular, then e^^ has an eigenvalue at one. Thus there exists a
t, y*{t)

=

is a constant, i.e. for this

y*{0),

y* = 0.

y*{0)

hold.

such
•

Thus, we must search for a periodic A{t) to meet the requirements of AssumpHon
6.2.1. Effectively, the A{t) we will choose will switch periodically between the two 3 x 3
matrices
B = 0®{bE),and

(6.71)

C = icE)®0

(6.72)

b and c being real nonzero scalars, and 0 denoting direct sum. However to ensure that
the resulting matrix is differentiable, we require a differentiable transition between B and
C. To achieve this define a nondecreasing g
g{t)^0

g{t) = 1,

that obeys:
\/t<0

V i > 1, a n d

g{t) is t w i c e differentiable VL

(6_73)

(6.74)
(6 75)

^

Choosing A{t)

An example of such a g{t) is
^ (1-cos(7ri))
9{t) =

0 < i < l

0

t<0

1

t>l.

Clearly this satisfies (6.73) and (6.74). Further (6.75) holds
Ihnjit)

= \h^git)

(6.76)

as

= 0.

Now, for nonzero scalars b and c, we will select A{t) as follows. For a suitably small p > 0,
define
(6.77)
and
(6.78)
For all t, let A"r(0 denote the largest integer k satisfying t > kT and let rrit)

=

t-KT{t)T.

Then define A(t) as
0 < r r ( i ) < Ti

m

=

f i < rrit)

< fa

fa < rrit)

< fg

fa < rrit)

< fj

f i < rrit)

<

n < rrit)

< n = T

(6.79)

n

Observe that (6.79) automatically satisfies (i-iii) of Assumption 6.2.1. To show that it
satisfies (iv) as well, we present the following result from [96].
Lemma 6.7.5. Suppose on a closed interval I c R of length Q, a signal u : I

R is twice

differentiable and for some ei and M'
\u{t)\ < ei and \u{t)\ < M'

tel.

Then for some M independent ofei, I and M', and M" = max(A/',
|u(OI < A/(A/"ei)i/2

\f

one has:

tel.

Next, we establish the following result.
Theorem 6.7.1. Consider (6.9) with A{t) defined in (6.77)-(6.79). Then for every pair of nonzero
b, c there exists a p* such that (6.10) holds for all Q< p<
Proof

p*.

We will prove the result by contradiction. First observe that as A(t) is differentiable

and y* is bounded. Also observe that if (6.10) holds for ||y*(0)|| = 1, then it holds for
arbitrary ||2/*(0)||. Thus assume that \\y*{0)\\ = 1. Consequently for all t > 0
(6.80)
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Suppose (6.10) is violated. Then for all ea > 0 and T3 > 0, there exists a to and a unit
norm 0 = [ 0 i , 0 2 , € M^ such that
rto+Ts
/
{e^r{T))'dr

<

el

Jto

Thus from Lemma 6.7.5 for some Ah, all 62 > 0, some T4{e2), dependent only on the
bound on

y*{-)

and 62, and all Ts >

which
0'^y*{t)\

<

there exists a

^{€2),

A/34^^ Vt

e

to

[to, to +

and unit norm

6

G M^, for

Ts].

(6.81)

Choose
= min{fcr

>to

G Z+}.

+ T4{€2)\k

(6.82)

Denote y* = [y^, ys. 2/3]^- Observe at least one of ||[6li, ^a]"^!! or ||[6i2,6'3]'^|| must exceed
1/V3, since 9 has unit norm. We consider two cases.
Case I:

> l/\/3.

Since the inequality in (6.81) holds on the indicated interval, it must hold for all t G
f4, ti +
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Now for all t e [ti + kT +

ti + kT + U], there also holds:
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Thus, from (6.67) of Lemma 6.7.2 and the hypothesis of the case, we obtain that for all
k e z ,
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||[yt(ii + fcT + T4),2/|(ti+A:T + r4)]T|| <
Consequently because of (6.80), there holds:
\\[y*2{ti + {k + l)T),y*{t,
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(6.86)

Further throughout the interval
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v m

Thus from Lemma 6.7.3 and (6.85)
\y*2{t, + kT

+ f , ) \ < ^ e l ^ '

+ p\b\.

(6.88)
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Also from (6.87) and (6.86)

|c| ^
holds for all te[h

+ kT, t, + kT + f,]. Notice in the interval [[t, + kT + fuh

+ kT + n],

(6.87) holds with h2{t) = b. Thus from (6.68) of Lemma 6.7.2,
\y2itl+kT

+ f2)\ + \y*{t,+kT

> IvUh +T + f2)-y*{t,+T

+ f,)\
+ f,)\>l-

^el'^

(6.89)

Consequently, from (6.88)

\c\
Further, from Lemma 6.7.3
1^2(^1 + kT + 74)1 > 1 -

2V^M3 1/2

- p {2\b\ + |c|).

(6.90)

Then for

and sufficiently small e2, (6.90), contradicts with (6.84).
Case II: || [62,

6.8

|| > l/\/3 . Follows similarly with the same set of p given in (6.91).

Simulations

In this section we present simulation studies on the behaviour of the circumnavigation
system (6.2)-(6.7). We consider four different scenarios in 2-dimensional space.
In the first simulation we study the case where x = [0.5, 3]^, d = 2, and 2/(0) =
[8, 5]^. The corresponding result is depicted in Fig. 6.L A closer look at the agent
trajectory reveals a very small radius turn near the point [2, l]""". The reason for this
behaviour is the following. The term

- <f){y{t) - x{t) in (6.7) is designed to force

y{t) to move on a straight line trajectory in a manner that drives D to d. The second term
A{t){y{t)

- x{t)) forces y{t) to rotate around x(t). Initially the first term is dominant, and

the agent quickly travels a long distance on an almost straight line. By the time the agent
reaches [2,1]^, the rotational motion component becomes comparable to the straight line
motion component; hence the effect of this change shows itself as a sharp turn. To make
the trajectory smoother, in the second scenario we consider the same setting with the
difference that instead of using y{t), we use the normalized signal; in other words the
agent is moving with constant speed. We use the following version of (6.7):
^{t) = m
. .

- [{b\t)

- d')i -

f vit)/\\m\

lo

m
wmi^o

WII = o

-

x{t)),

•

Single-agent Circumnavigation Using Distance Measurements

110

Agent Trajectory

Distance between x and its estimate

200

400

600

Sec.
Distance between y and estimate of x

Distance between x and y

1

<
X
I

200

400
Sec.

200

400
Sec.

Figure6.1: Agent trajectory in X - y plane. \\y{t)-x{t)\\, \\^J{t)-x{t)\\, and \\x{t)-x{t)\\ for
the case where the target is stationary and there is not any noise present in the distance
measurements.
As can be observed, the small radius turn is replaced by one of larger radius. The result
is presented in Fig. 6.2. In the first two cases the desired orbit at the prescribed distance
is achieved.
In the third simulation we studied the behaviour of the system when the target slowly
drifts on a circle centered at the origin with angular velocity equal to 0.005 rad/sec. The
simulation results are shown in Fig. 6.3. The agent maintains its distance from the target
in a neighbourhood of the desired distance. Notice that the speed of the target is always
much less than the speed of the agent. In the fourth simulation we present a situation
where the target is drifting on line and towards the infinity. Again the agent maintains
its distance from it in a neighbourhood of the desired distance. The simulation results
are presented in Fig. 6.4. In the last simulation we consider the case where the target is
stationary and the distance measurement is noisy: it is assumed that In D(t) = In D{t) +
li{t), where D{t) is measurement of the distance D{t) and n is a strict-sense stationary
random process with n{t) ~ 7V(0,CT^),VL The simulation result associated with this
scenario is depicted in Fig. 6.5. As it can be observed, the control law is still successful in
moving the agent to an orbit with distance to the source kept close to its desired value.

6.9

Summary

In this chapter we proposed an algorithm to solve the problem of monitoring a target at
an unknown position by a single agent, via navigating this agentto an orbit around the
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the case where the target is stationary and there is not any noise present in the distance
measurements. Moreover, the agent is forced to have constant speed.
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and the distance measurements are noise free.

x{t)
0),

Single-agent Circumnavigation Using Distance Measurements

112

Distance between x and its estimate

Agent Trajectory

200

Sec.

400

600

Distance between x and y

Distance between y and estimate of x
10

5= 6
X
I

4
2

0

200

Sec.

400

600

200

Sec.

400

600

Figure 6.4: Agent trajectory in X - y plane. \\y{t)-x{t)\\, \\y{t) - x{t)\\, and \\x{t) - x{t)\\
for the case where the target is drifting on an unbounded trajectory moving on a line, and
the distance measurements are noise free.
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Figure 6.5: n
Agent trajectory in X - 7 plane. \\y{t) - xit)\\, \\y{t) - x{t)\\, and \\x{t) - x{t) || for the case
where the target is stationary but the distance measurements are corrupted by noise.

6.9 Summary

^^^

target with a pre-defined distance to it, while the only information available to the agent
is its distance to the target. Stability of the navigation system has been established for
both cases where the target is stationary and when it is undergoing a slow drift. Furthermore, in simulations the performance of the method in the presence of noise and in the
situations where the source is undergoing a drifting motion is presented.
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Chapter 7

Close Target Reconnaissance with
Formations of UAVs
Control and coordination of formations of autonomous agents have found many real
life civil and defence applications in recent years. The multi-agent autonomous formations can consist of unmanned ground vehicles (UGVs), autonomous underwater vehicles (AUVs), unmanned aerial vehicles (UAVs) or sometimes a combination of more than
one agent type. For the special case of formations of UAVs according to [49], the distributed control scheme of a formation of UAVs needs to perform three basic tasks: (i)
not to let the aircraft hit the ground; (ii) not to fly the aircraft beyond their limits; and,
(Hi) not to let any aircraft collide with the others. Furthermore, another task that is as
important as the mentioned tasks, in cases where obstacles are present, is not to let any
aircraft hit any obstacle during its motion.
When the above motion control tasks are fulfilled the formation of UAVs can accomplish its higher level tasks [58]. For certain tasks, e.g. identification or precise geolocation
of a target, the formation may have to spend some time in the proximity of the target
location. This task can be accomplished by moving around the target on a desired circle
for fixed-wing UAVs flying with the same constant speed while forming an optimal geometry [63] to accomplish the sensing task. It is shown in the literature, e.g. [16,92], that
an optimal sensing geometry in many applications is one corresponding to an equiangular spaced formation around the target, sometimes with each agent at the same distance
from the target. An easy way of achieving this geometry is to force agents to form an
equilateral polygon around the target. For the case of fixed-wing UAVs, the agents cannot stop moving; so the task of forming an equilateral polygon around the target changes
to forcing the agents to rotate around the target while maintaining an equilateral polygon. For this reason the problem of making the agents form an equilateral polygon while
rotating around the target has gained much attention in recent years [80,118,119,131].
Along this line of research, [80] has proposed a control framework under cyclic pursuit, causing the agents take up an equilateral polygonal formation moving on a circle
whose center is the target. In [131] the problem is addressed via a Lyapunov vector
field approach. The solution in [118] relies on invariant set arguments to show that the

115

Close Target Reconnaissance with Formations of UAVs

desired state configuration is the stable equilibrium of the system. However, none of the
proposed solutions in the literature to the best knowledge of the authors have considered
the problem of collision avoidance between the agents, something that is a real problem
in any multiagent formation. Moreover, another problem that is not considered in the
proposed solutions, is the constant speed constraint for small fixed-wing UAVs, such as
Aerosonde UAVs [85]. These constraints had been already considered in [119]. However,
the formation structure considered there is limited to a triangular formation with only
three agents. In this manuscript, the solution proposed is extended to be applicable to
the formations of arbitrary size.
Collision avoidance is another important field of research that has attracted much
attention in last few decades. There are two dominant general approaches to achieve collision avoidance in the literature (i) planning-based approaches, and (ii) behaviour-based
approaches. Planning based approaches have their roots in classical control theory, and
they are highly dependent on exact mathematical world models. Examples of such approaches towards the problem of obstacle avoidance can be found in [113], [114]. In those
works the construction of a special potential function, a navigation function, whose most
important property is the absence of undesired local minima is proposed. Implementation of these functions can be found in [61,87,104,127,128,133,134]. In these methods
the agent follows a calculated path that guarantees that no collision occurs between itself
and any other obstacles in the environment. The most important assumption made in
all the aforementioned works is the availability of an exact model for the environment,
which may neither be practical nor realistic in most situations. In most of the behaviorbased approaches [9,10,51,52,98,147] the motion of an agent is determined by taking into
account different behaviours, such as avoid-moving-obstacles, avoid-stationary-obstacle,
and move-to-goal. These approaches do not usually rely on a strong a priori knowledge
about the environment, however, they might cause the agent to seek to follow contradicting goals, for example move-to-goal behaviour may force the agent to move in a collision course with an obstacle. Recently, due to much attention being invested in multiagent systems, collision avoidance methods synthesizing the two approaches have been
sought. It is necessary to guarantee the safety of the agents operating in an environment
to achieve a goal cooperatively Because of the challenging nature of multi-agent systems
the classical approaches to deal with collision avoidance are rendered impractical, and
researchers have moved to solve this problem by taking the virtues of both of the abovementioned approaches and rejecting their vices. For example, the approaches proposed
in [47,71,93,122] fall in this category; they have elements of both planning-based and
reaction-based approaches. In [47,93] it is analytically proved that the proposed collision avoidance laws achieves its avoidance objective; however, the case where there is
a constraint on the motion (upper bounds on speed or acceleration) of the agents is not
considered. In this chapter we consider a case where such a constraint exists, namely a
constant speed constraint, and we prove that the proposed control law guarantees that
no collision occurs between the agents.

7.1 Problem Definition

m

To summarize, the main contributions of this chapter are first, proposing a control
strategy that guarantees that no collision happens among the agents while the agents are
taking up the desired formation shape in finite time, and second, ensuring the control
laws take into account the constant speed constraint.
The outline of the chapter is as follows. In the next section the cooperative CTR problem is defined. In Sections 7.2 and 7.3 we pose two problems that are directly related to
the problem considered in this chapter and we propose a solution to each of these problems in the corresponding sections. In Section 7.4 we propose a solution to the main problem considered in this chapter. In the end some concluding remarks and future research
directions are presented.

Finally in Section 7.5 two scenarios under nominal perfor-

mance conditions are simulated to show the performance of the proposed solution. Later
in the same section, we consider a case where the motion of the agents is perturbed by
wind. Moreover, we show the performance of the method for the case where the speed
of the agents are constant but not necessarily equal to each other's.

7.1

Problem Definition

In this section we formally define the problem of interest in this chapter, that is, how to
force N > 3 agents, Ai,---

, An, (which start in essentially arbitrary positions, though

remote from the target) to avoid collision with each other and to form an equilateral
polygon while rotahng around a target of interest. First we present some notational conventions, remarks and assumptions that we use in the rest of this chapter.
We denote a circle with center c €

and radius R by C(c, R) and the corresponding

disk by B{c, R), i.e. B{c, R) = {x £ K^m^ _

<

^^.jgj^^ jq qjt ^f

cartesian

coordinate systems for R^ is denoted by O2.
Remark 7.1.1. In Cartesian {x, y, z) coordinates, we assume that our region of interest, Rs, is
a disk that lies on the z = 0 plane with center at the origin and radius D, D e U > 0. Each
agent is assumed to fly at a constant altitude (equal z-coordinates for all the agents), parallel to
Rs- Therefore ive consider only the lateral (xy-coordinate) components of the agent kinematics.
As a result we design the control laivs to steer our agents in 2-dimensional space.
Assumption 7.1.1. Let pi{t)

G

denote the position of Agent Ai at time t for each i e

{1, • • • , N}. The kinematics of the agent is assumed to be in the single integrator form, i.e.
Mt) =
where Vi{t) is the control signal, satisfying

(7.1)
= v, 'it for a pre-specified constant v > 0.

Assumption 7.1.2. It is assumed that each agent Ai, i G {I,-- - , N}, has a sensing radius of
2D,where Z) G M > 0 /s a (large) constant whose value is known a priori, and obtains an identity
based on its distance to the origin. The closest agent is termed Ai, the second closest one A2, and
the farthest one An- In the case where two or more agents have the same distance to the origin,
agents with the original smaller labels acquire the smaller labels in the new labeling.

118

Close Target Reconnaissance with Formations of UAVs

Assumption 7.1.3. The target of interest is assumed to be located at the origin O2.
Problem 7.1.1 (CTR). Consider N agents, Ai,-"

satisfying Assumptions 7.1.1 and 7.1.2

scattered outside the circle C(02, Lg), where Lg > d is a knoion constant., pi{0) G B{02, D). It
is desired that the agents (i) avoid collision with each other during motion; (ii) place themselves
on the circular orbit C(02, Lg); and (Hi) rotate in a counterclockwise direction on C(02, Lg) while
forming an equilateral polygon. The setting is depicted in Fig. 7.1(a) for N = 3.
To solve this problem we first pose two problems called the Exterior Problem and
the Interior Problem, and propose a solution to each of them in the next two sections.
Combining the two solutions will allow us to solve Problem 7.1.1.
Before elaborating the solution in more details, we first describe the solution that
we propose conceptually. The solution is consisted of two main stages. The first stage
that we call the Exterior Problem, is concerned with moving the agents inside the circle
C(02, Lg) without having collision with each other. We guarantee collision avoidance by
making sure that the trajectories of the agents are not intersecting and hence eliminate
any possibility of collisions. The second stage of the solution deals with the agents that
are inside the circle, we call this stage the Interior Problem. At this stage the agents are
moved towards some desired destination on the circle C{02, Lg) while we guarantee that
they will not have collisions by making sure that their trajectories are not intersecting. In
the following sections we formalize these arguments and provide analytical proofs for
our claims.

7.2

The Exterior Problem

First we address the problem where the agents, Ai, • • • , ^at, are initially outside C(02, Lg)
and the goal is to move them inside the circle while guaranteeing that no collision is going
to happen among them, and between them and some possible further agents on the circle.
Problem 7.2.1 (The Exterior Problem). Consider N agents, Ai,-- - ,An under Assumptions
7.1.1 and 7.1.2 scattered outside the circle C{02,Lg) at time t = 0. Assume for all i g { I , - - - ,7V},
G B{02,D).

Consider a further M agents labeled by Ai,---

,Am at positions p^{t),

i = I,-- - ,M, at time t moving in a counterclockwise direction on the circle C{0,Lg)

with

constant speed v. It is desired that all the agents At for i = 1, • • • , iV enter the interior of the
circle in finite time without having collision with each other or the

Aj/or i =

1 , • •. , A/.

In order to solve Problem 7.2.1, we propose a two stage control law. Define a variable
cjj, which indicates a potential for collision between Ai and any one of the Aj, by
^ f 1 3j e {!,••• ,M} such that
CTi =
0 otherwise

(0) <

F^,rit) = \A^{t)~Lga,,i{t)\
AL,{t) =

- Lg\)

mod 2nLg

'
(7.3)
(7.4)

7.2 T h e Exterior Problem

(a)

(b)

Figure 7.1: Geometric Definitions, (a) Positions definitions in the Exterior Problem, (b)
The angle settings in the Exterior Problem.
where eaX2iTLg/N is a constant positive real number, aji{t) is defined as the counter
clockwise angle from pj{t) to p^{t) at time t, as depicted in Fig. 7.1(b). To explain why en
is an indicator of potential for collision, observe that ||pj(0) || - Lg is the distance from Ai
to the nearest point on the circle, while Lgaji{0) is the distance around the circle from A^
(at time 0) to the point radially aligned with A, at the same time. When the difference is
very small, there is a risk of collision, since both agents in the same time will reach the
vicinity of the point on the circle radially aligned with A^. We later show that under a
mild assumption there is at most one j * e {1, • • • , A/} such that Fjj.(O) < SaIf

= 1, i.e. if there is a potential for collision, agent Ai is controlled at the first stage

to move on the circle C(pi, Ve) in clockwise direction, where rg =
(7.5)

Pi =

u[x)

0

1

- 1

0

n-[7
ll^ll
0

=

y{.P^mre+P^m

Ikll^^O
l|2;|| = 0

,

Vx e M^

(7.6)

(7.7)

and Aj* is the agent which satisfies |ALj(0) - LgOj.,(0)| < £a, until it is safe to resume its
"normal" trajectory, using the control law

V^{t)

where f j =

=

0

1

- 1

0

(7.8)

Hence, the first stage of the control law for any agent At can be summa-
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rized as follows:
Vi{t)

=

0

1

-1

0

i^iPzit) - Pi)v,

(7.9)

Observe that the maximum value of re is — , corresponding to At = 2ea- For t >
TT
v^e use the following second stage control law to control each agent Af.
Vi{t) = -u{p^{t))v,
The only place where

t >

am

(7.10)

= 0 ^ u is at pi{t) = 0, and since the objective of Problem

7.2.1 is satisfied (as will be shown later) before this occurs we will not face any problems. Below, we establish an upper bound on the time for which the law (7.10) applies.
Before continuing further we make the following assumption , requiring (reasonably) a
minimum angular spacing between the agents

i = 1 , . . . , M.

Assumption 7.2.1. Assume that 0ijLg > 2sa, V i, j € {1, • • • , M}, where
non-reflex angle between agents

G [0, tt] is the

and Aj at time t = 0 as depicted in Fig. 7.1(b).

The reason for introducing this assumption is to eliminate the possibility of having
a second potential collision between Ai and any of the Aj (i.e. not just Aj,), after doing
the evasive maneuver discussed above.

In the next proposition we show, first, under

Assumption 7.2.1 it is not possible for agent A, to be on a potential collision course to
both agents of a pair {Aj,Ak) at any given time t. In other words, each agent can be on
a potential collision course with at most one other agent. Second, if at time t = 0, Ai is
on a collision course with an agent Aj, after executing the evasive maneuver introduced
earlier, it is not possible for it to be again on a collision course with this or any other agent.
This means that if an agent evades a potential collision with an agent, this evasion will
not cause it to face another potential collision again.
Proposition 7.2.1. Consider the agents Ai,--ing statements hold for each agent Ai,ie

,Am, ^ i , • • • ,An in Problem 7.2.1 The follow-

{1, • • • , N}under Assumption

1. For all t > 0, there exists no agent pair {Aj^A^)

7.2.1:

that satisfies both Fij{t)

< Sa and

Fr,k{t) <
2. For all t > Uin, and all j e {1,..., M } , Fij{t)
Proof

> e^.

See Appendix 7.A.

•

Now can show that each agent Ai enters the region B(02, Lg) \ C(02, Lg) in finite time
tu as formalized in the next lemma.
Lemma 7.2.1. Consider Problem 7.2.1. Each agent A,(ie

{!,...

(7.10)enters the region B{02, Lg) \ C(02, Lg) in finite time ti.

, N}) under the control law

7.2 T h e Exterior Problem
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Proof. Consider a positive definite function
y^iP^{t)) = l M t ) ' ' M t )

(7.11)

We have for f >cjifi
y^{P^{t))=P^{tfvi

=

~\\pimv

< -LgV
Therefore A, enters the interior of the circle C(0, L„) in finite time h <

•
Before we continue we make two more assumptions.
Assumption 7.2.2. For all i e {I, • • • , N}, ||p,(0)|| >^1^

+ 4

.

It is reasonable to impose this assumption. It is not desirable for the agents to start too
close to the target. Even if they do, a whole new control law approach would be required,
but it is not considered here because of the assumed origins of the problem.
Assumption 7.2.3. Let 6ij denote the smallest angle between pi(0) and pj{0), as presented in
Fig. 7.1(b). We assume V i,j, Oij > 2sin-i

^^
.
£a + T^Lg

Note here that Assumption 7.2.3 can be relaxed by applying a "pre-control" law which
forces the agents to rotate around the origin in a counter clockwise motion until the
angular separation described in Assumption 7.2.3 is satisfied. It is because of the constant speed of the agents and provided that they have different distances from the origin
(which can be secured if not initially present through some random perturbations) they
have different angular velocity which in turn will result in them achieving the desired
angular separation.
The following lemma guarantees that A^ does not have any collision with Aj, j =
!,••• ,M,forO

<t < ti.

Lemma 7.2.2. Consider Problem 7.2.1 together with Assumptions 7.2.1-7.2.3. Any agent Ai,
i = 1, - • • , N, controlled by the two stage control law (7.8)-{7.10)does not have any collision with
Aj, j = 1, • • • , M,for 0 <t <ti under Assumption 7.2.2.
Proof. If (Ti = 1, because of the control laws and because of Proposition 7.2.1 and Assumption 7.2.1, Ai moves on a trajectory for a period of fj seconds so that at t =

fi,

there exists no Aj satisfying |AL,(fj) - Lgaj^{fi)\ < Sa- Hence A^ will not be on course
of collision with any of the agents ^ i , • • • , Am . In order to guarantee that no collision
occurs during the time that A, is undergoing the evasive motion controlled by (7.8), one
appeals to Assumption 7.2.2, since At needs a circle with maximum radius of ^q/tt of
free space, the assumption guarantees that Ai has enough space to complete the evasive
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motion and will not cross the circle C(02, Lg) before finishing the motion. Moreover Assumption 7.2.3, guarantees that if an agent is undergoing the evasive maneuver there is
enough space for this agent to complete its motion without any other agents potentially
goes through its evasive motion trajectory.

CH

The following lemma guarantees that no collisions occurs between Ai and Aj, i,j
{ I , - - - ,iV} forO < i <

e

mm{tutj).

Lemma 7.2.3. Consider Problem 7.2.1 together with Assumptions

7.2.1-7.2.3.

No collision

oc-

curs between the agents Ai,i = !,••• ,N, before they enter B{0, Lg) \ C(0, Lg).
Proof. Because of the fact that the evasive maneuver either happens at time 0, or does not
happen at all, and the biggest circle that can be made because of this evasive motion has
a diameter of 2£a/7r, it is not possible to have a collision if Assumption 7.2.2 holds.
Proposition 7.2.2. Consider Problem 7.2.1 together with Assumptions
A^,i ^ I,---

7.2.1-7.2.3.

•

Each agent

,N, under control laws (7.8) -(7.10) enters B{0, Lg) \ C(0, Lg) in finite time U

without having collision with any other Aj, i ^ j = 1, • • • , N or any Ak, k = 1, • • • ,M.
Proof. The result is a direct consequence of Lemmas 7.2.1-7.2.3 and Proposition 7.2.1.

7.3

•

The Interior Problem

In this section we look at the case where all of the agents are inside B{02, Lg) \ C(02, Lg)
and the goal is to force them to move on C(02, Lg) forming an equilateral polygon while
avoiding any collision with each other. We formally define the problem of interest later
in this section.
Before giving the formal problem definition, first consider N fictitious time-varying
points, pi, • • • ,PN on C(02, Lg). Assume these points move on the circle in counterclockwise direction under the kinematic equation

Pi{t) = V

0

-1

1

0

(7.12)

m{t)

Moreover let

and for i = 2, • • • , N define

MO)

cos(2(i - l)7r/A^)
=

- sin(2(i - l)n/N)

sin(2(i-l)7r/A^)
cos(2(i -

Pi(0)

(7.14)

where pi(0) # 0 is the position of an actual agent yli inside C{02,Lg) at time t = 0.
This definition and the law (7.12) ensure that at all times t, the set of points pi{t) form an
equiangular polygon and since each of them has constant speed of v they maintain the
shape. An example for such setting is presented in Fig. 7.2.

7.3 The Interior Problem

Pi(0)

P2(o\

mp,io)

Figure 7.2: The setting of 3 fictitious points on the circle and their relation with pi(0) at
t = 0.

Problem 7.3.1 (The Interior Problem). Consider m < N agents, yli,--- , A„, satisfying
Assumptions

7.1.1 and 7.1.2 scattered inside C(02,Lg),

i.e. for all i € {I,-- - ,m}, p,{0)

B(0, Lg) \ C(0, Lg). It is desired that the agents converge to

e

i ^ 1, • • • , m zvithout having

any collision ivith each other.
N o w if we make sure that each agent Ai converges to a moving point on the circle
defined by (7.12) and distinct agents converge to distinct points the problem is solved. To
this end first w e find the permutation ^ of {1, • • • , m},that minimizes

J=

E
Ib^W-PV'WWIIte{i, •• ,m}

(7.15)

Finding such permutations is studied in optimization literature as an assignment problem, and one can solve such problems using standard algorithms such as the Hungarian
algorithm [82],
After calculating the permutation, to simplify the notation, let us relabel ^ i , • • • , Am
such thatpi(O) is assigned topj(O)), i.e. ^'(0 = iN o w w e introduce a rotating coordinate frame with origin at the origin of the global
coordinate f r a m e that rotates with the angular speed of v/Lg in a counter-clockwise direction. Call this rotating coordinate frame

In

the points p\{t) = pi(0), • • •

PN{0) are stationary. We use superscript r to show that a variable is in

=

e.g. PL{T) is

the position of At in E^. In E^ the objective is to m o v e A^ to p[(i) = p[(0).. To do so, we
have the following control law for controlling Ai, which moves Ai in a straight line in the
rotating basis.

vlit) = k^(t)vl^{t)

(7.16)

where
(7.17)
a n d ki(t) is chosen so that the absolute speed is v. In more detail, in the original coordinate f r a m e the control law is
V^{t) = m v i i i t ) + " ^ ^ V t i i t )

(7.18)
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where

(7.19)

vu{t)

=

0

1

- 1

0

(7.20)

Vri{t),
^

Vr^{t) = -HP^it))•

(7-21)

The following lemma establishes that A, converges to its desired position and then starts
rotating around the target with a constant speed.
Lemma 7.3.1. Consider Problem 7.3.1. Under the control laws (7.17)-(7.21)

each agent Ai is

guaranteed to converge to its desired position pi in finite time.
Proof. Note that vj-{t) =
the origin of

- p[(i)) is constant, furthermore, for all t by definition of

|bi(f)|| =

Therefore we have
Piit)=Pi{o)+mvis)

where pi{t) > 0 is a scalar and
p\{t)=p,{t)vi{t)

=

mv\,{t)

Thus

Define pg = l|p[(0)ll and let the acute angle formed by p[(0) and vl^{t) be 7, see Fig. 7.3.
Then:
ib[(o)+pmMi' =

+

{p,{t)f+2p,{vi,fpm

= L l - + { p l cos J +

p,{t)f.

Hence

vA

/ l - m

/

Thus
P0COS7,
whereto = LgSin'^ (p^ cos 7 / A ) / u . This implies that at ^ =

'^+to,pi{t)

= A-p^cos7 =

7.3 The Interior Problem

Figure 7.3: The variables as described in the proof of Lemma 7.3.1.

The following lemma guarantees that Ai does not have any collision with any other
agent Aj.
Lemma 7.3.2. Agent Ai controlled by the control lazv (7.17W.21)

does not have any collision

ivith any other agent Aj.
Proof. We show that no collision is possible through geometric reasoning. Let us look
at the agents in
minimum.

We assumed pi is chosen in a way such that X] ||Pi(0) - Pi(0)|| is

The control law in E^ ensures that each of the agents At, i = 1, • • • ,7V

moves on a straight line that connects pl{t) and pi{Q). In order to have a possibility
of collision these lines should intersect. To obtain a contradiction assume that ||p[(0) Pi (0) II + Ibj (0) - P j (0) II is minimum and the lines connecting

(0) and

(0) to

(0) and

respectively have an intersection at point P. Writing the triangle inequality in the
triangles Ap[(0)PpJ(0) and ApJ(0)Pp[(0) we have
IIP[(0) - P|| + ||p;(0) - P|| > Ibl(O)
lb;(0) - P|| + ||/^[(0) - P|| > |b;(0) -p[(0)||.
Summing these equalities we have
Ibl(o) - P|| + ||p;(0) - P|| + lb;(0) - P|| + ibT(o) - P|| > lb[(0) -p5(0)|| + Ib;(0) -p[(0)||
M ( o ) -p[(o)ii +

m o ) - f , m

>

M

m

-

m

\

\

+ i b j w -PIWH

which means there is another sum of distances that is smaller than the current one and
hence we obtain a contradiction to the requirement that

Ibi ( 0 - Pi(0)|| be minimum.
i

Hence in

the trajectories of no pair Ai and Aj have intersection. Going back to the

original coordinate frame, since each pair of the points at time t in the trajectories in
Er are rotated by the same angle again no intersection happens. Hence, no collision is
possible under the the control law (7.17)-(7.21).

•

Proposition 7.3.1. Problem 7.3.1 is solved in finite time if each agent At is controlled by control
laws (7.18)-(7.21).
Proof

The proof is a consequence of Lemmas 7.3.1 and 7.3.2.

•
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7.4

Proposed Solution to CTR Problem

We propose a two level control scheme to solve Problem 7.1.1. The first level guarantees
that the agents A2,...,An
6g «

enter B{0, Lg) \ C(0, L'g), where L'g = Lg- Sg for some positive

Lg, without having collision with each other, in finite time, and the second level

guarantees that the agents start rotating around the target, while constructing an equilateral polygon, asymptotically.

As mentioned earlier the solution consists of solving two

subproblems. Hence, it is required to switch from the control laws to solve the Exterior
Problem to the laws that solve the Interior Problem at each agent A^ at the time when Ai
enters 5(02, L'g), i.e. ij. In Algorithm 2 this occurs when the mode changes from
to inierior

exterior

and the condition for such a change is pi{t) becoming less than L'g. Due to the

laws for the Interior Problem, there is no potential chattering.
For agent Ai, which is the only exception for application of the two level control
scheme, we propose the control law (7.10) with ai = 0 till Ai enters the region B(02, L'g),
and using (7.18)-(7.21) after that.
In the following lemma we establish that agent Ai enters the region B{02, L'g) in finite
time.
Lemma 7.4.1. Agent Ai controlled by the control law (7.10) enters the region B{02, L'g) infinite
time ti.
Proof. The proof is identical to that of Lemma 7.2.1 and is omitted.

•

For agents A 2 , . . . , AN it is assumed that they are controlled by control laws (7.9)(7.10)when they are outside B(0, L'g), and with (7.18)-(7.21) when they are inside, avoiding collision with any pi(t) defined by (7.14). So the problem comes down to solving
Problems 7.2.1 and 7.3.1 consecutively.

We propose Algorithm 2 to address Problem

7.1.1. However, first we introduce the following relationship of 8g and

Ea = Lq sin

- 1

62 + <52
(7.22)

where h is the length of the tangent line segment from any of p^ to the circle C(02, L'g).
This setting is depicted in Fig. 7.4. This relationship guarantees that the agents starts
with a nonzero linear speed when they are inside the circle and can move towards their
desired destination without collision.
Theorem 7.4.1. Under Assumptions 7.1.1-7.2.3, Algorithm 2 solves Problem 7.1.1 infinite time.
Proof

The proof is a result of Proposition 7.2.2, Proposition 7.3.1, and Lemma 7.4.1.

Proposition 7.2.2 and Lemma 7.4.1 guarantee that each A^,i = l,...

enters C(02, L'

without having collision with other agents outside or possibly moving on the circle.
Proposition 7.3.1 guarantees that each agent inside the circle converges to a desired timevarying point on the circle defined by (7.12)-(7.14) without having collision with other
agents.

7.4 j ^ r o p o s e ^ o l u t i o n to CTR Problem

Figure 7.4: The relationship between b, 6g and Sa-

A l g o r i t h m 2 Close Target Reconnaissance with Collision Avoidance Guarantee for Agent
A , ( ^ e { I , - . . ,7V})
Initialize time: t

0

Label N Agents 1 to N such that; ||pi(0)|| < • • • < ||pAr(0)||

mode

exterior

for i = 1 to N-1 do
cos(2(i-l)7r/iV)

P^(0) ^

- sin(2(z - l)n/N)

sin(2(i - l)7r/Af)
cos(2(i - l)7r/iV)

Pi(0)

end for
if ae = 1 then
while t < f(
V((t)

^

do
0

1

- 1

0

^{Peit)

- Pe), as defined in (7.8)

end while
end if
while

—

if mode

> (5/* (5 is a small positive real number

= exterior

mode

<r-

*/do

and ||w(i)|| < L'g then

interior

end if
if mode=exterior then
vt{t)

<

w[pe{t))

as defined in (7.10)

else
if Any new agent has entered 5(02, L'g)

then

(f) ^ Set of agents in 5(02, Lg)
m

101

Assume </> = {1^, • • • , m^}. Find thebijection ^ " ( i ^ ) , i^, € (j), from 0 to {1, • • • , m), such
that ^

-

II is minimum,

end if
vt{t)
end if
end while

^ ke{t)vie{t)

+

Ln

as defined in (7.18)
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In the end the constant speed condition is satisfied while the agents are being con-

trolled by any of the control laws.
Remark 7.4.1 (Robustness of the Proposed Control Scheme). Robustness

of the

systems

with exponential convergence to external disturbances and noise is a known fact, e.g. see [81]. In
the light of the fact that the control law that is proposed in this section converges to the desired
solution infinite-time,

which in fact is faster than exponential convergence,

properties of exponential systems are carried over to the proposed control

the known

robustness

strategy.

Remark 7.4.2. If the constant speed constraint is relaxed, the control strategy introduced

here

can be easily extended to solve the CTR problem for a moving target with known velocity in finite
time. We will present a simidation result considering this scenario in the next section.

7.4.1

Information Exchange among the Agents

Algorithm 2 does not require any knowledge about the trajectory of all the other agents
all the time. However, it requires the knowledge of other agents positions at a finite
number of time instants. Initially, each agent can measure the positions of all the other
agents at time t = 0. Later, at times t — ti, i = 2,

N, all the agents inside B{02, Lg)

know the position of all the other agents that are inside 5 ( 0 2 , Lg) as well. At other times
knowing the position of other agents is not necessary.

7.4.2

Time Required to Accomplish CTR

Any agent Ai requires ti units of time to enter 5(02, Lg), see Lemma 7.2.1, and U =
+ to where to has a maximum equal to

LgTx/2v

time for an agent to go to its desired position is ti +
to accomplish CTR is

max

,

see Lemma 7.3.1. Hence the total
thus the minimum time required

+

One may be interested in decreasing such a time, to do so the obvious way is to
increase the value of v, or deploy the agents very close to the 5 ( 0 2 , L'g) in order to reduce
the magnitude of ti.

7.5

Simulation Results

In this section we introduce some simulation results to show the performance of the Algorithm 2. The values that
are used in these simulations can be scaled to more realistic
numbers, however the issue here is to show the applicability of the algorithms.
Scenario 1: Satisfying all the assumptions and no disturbance.

In the first scenario

we consider the case where TV = 5, Lg = 50m, and v = 30m/s. Agents trajectories
are depicted in Fig. 7.5(a), and the minimum of all inter-agent distances at each time
is depicted in Fig. 7.5(b). As is evident from the figures the agents form an equilateral
polygon and avoid having collision with each other.

7.5 Simulation Results
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(a) The agent trajectories. The red squares represent
the final position of the agents after 70 seconds of

(b) Minimum inter-agent distances.

simulation time

Figure 7.5: Scenario I: N = b,Lg = 50m, v = SOm/s
A g e n t s Trajetories
Minimum Intei-Agents Distances

(a) The agent trajectories. The red squares represent

(b) Minimum inter-agent distances.

the final position of the agents after 70 seconds of
simulation time

Figure 7.6: Scenario 2: N = 6, Lg = 100m, v = 30m/s
Scenario 2: Not satisfying all the Assumptions 7.2.2 and 7.2.3 and no disturbance.

In

the second scenario we consider the case where N — 6, Lg = 100m,, and v — 30m/s , but
agent positions do not satisfy Assumptions 7.2.2 and 7.2.3. Agent trajectories are shown
in Fig. 7.6(a), and the minimum of all inter-agent distances at each time is depicted in Fig.
7.6(b). As is evident from the figures the agents form an equilateral polygon and avoid
collisions with each other.

Scenario 3: Not satisfying all the Assumptions 7.2.2 and 7.2.3 and with disturbance.
In the third scenario we consider the same case as considered in the previous scenario,
with the additional consideration of the influence that wind might have on the motion of
the agents. We have modeled wind as a Gaussian variable with zero mean and 1 (m,/s)^
variance that affects the velocity of the agents individually Agent trajectories are shown
in Fig. 7.7(a), and the minimum of all inter-agent distances at each time is depicted in
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Agents Tiaietories

(a)

Minimum Inter-Agents Distances

(b)

Figure 7.7: Scenario 3\ N = 6, Lg = 100m, v = 30m/s, disturbance ~

N{0,1).

(a) The

agent trajectories where the motion is perturbed by wind modeled as a Gaussian noise.
The red squares represent the final position of the agents after 70 seconds of simulation
time, (b) Minimum inter-agent distances where the motion is perturbed by wind modeled as a Gaussian noise.
Fig. 7.7(b). As is evident from the figures the agents form an equilateral polygon and
avoid collisions with each other. Scenario 3 is a demonstration of the robustness of the
algorithm to the assumptions.

Scenario 4: Not identical but close speeds for each agent.

In this scenario we consider

the case where N ^ 5, Lg = 50m, and the speeds are not identical, i.e. vi = 30m/s, V2 =
29.877I/S,

= 30.1m/s, v^ = 29.9m/s, and v^ = 29.9m/s. Agent trajectories are depicted

in Fig. 7.8(a), and the minimum of all inter-agent distances at each time is depicted in
Fig. 7.8(b). As is evident from the figures the agent form a shape close to an equilateral
polygon and avoid having collision with each other.

Scenario 5: Moving Target and Agents with no constant speed constraint

In this sce-

nario we consider the case where N ^ 7, Lg = 100m, and the speeds are not constant.
Agent trajectories are depicted in Fig. 7.9(a), and the minimum of all inter-agent distances at each time is depicted in Fig. 7.9(b). As is evident from the figures the agents
form an equilateral polygon and avoid having collision with each other.

7.6

Summary

In this chapter the problem of close target reconnaissance by a formation of N agents is
considered. The overall close target reconnaissance (CTR) involves subtasks of avoiding
inter-agent collisions, reaching a close vicinity of a specified target position, and forming
an equilateral polygon formation around the target. The agents performing the task fly at
constant speed to model fixed-wing UAVs. A decentralized control scheme is developed

7.6 Summary
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Figure 7.8: Scenario i:

(b)
N = 5, Lg = 50m, v different for each agent, (a) The agent

trajectories where the agents have different constant speeds. The red squares represent
the final position of the agents after 70 seconds of simulation time, (b) Minimum interagent distances where the agents have different constant speeds.

Minimum Imer-Agents Distances

(a)

(b)

Figure 7.9: Scenario 5: N = 7, Lg = 100m, without constant speed constraint, (a) The
agent trajectories where the agents o not have constant speeds. The red squares represent
the final position of the agents after 30 seconds of simulation time. The black line is the
trajectory of the target, (b) Minimum inter-agent distances where the agents do not have
constant speeds.
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for this overall task. The proposed method in this chapter is fully analyzed and its finitetime convergence is established. Moreover, note that the algorithm is decentralized in
that each agent does not need to know the planned trajectory of any other agent in order
to guarantee collision avoidance. However, agents do need to know the location of every
other agent in their own coordinate frame.

Furthermore, some simulation test results

with and without disturbance (wind), are provided to illustrate the performance of the
proposed method. Moreover, we have shown a simulation result for the case where the
speeds of the agents are constant but not necessarily equal to each other's.
A future research direction is to enforce minimum turning radius constraint on the
agents and formally do the analysis under this constraint.

7. A

Proof of Proposition 7.2.1

Proof of 1.

For for 2{k - l)TTLg < \\\pi{t)\\ - Lg\ < 2knLg, keZ
FrAt) = lllbKOII - i s -

and fc > 0 we have

- l)TTLg -

(7.23)

We prove the first statement, via obtaining a contradiction. To this end suppose there
is an agent pair {Aj,Ak) that satisfies the aforementioned inequalities:
= \M,{t) - Lga.m

=

<

= \^U{t) - Lgaki{t)\ =£k<

^^ ^^^
£a-

Without loss of generality assume ej > £k- Considering first the case where ALi{t) —
Lgaji{t) and ALi{t) - Lgaki{t) have the same sign, (7.24) implies that
F^jit) -

= |AL,(0 - Lga^m

- \AL,{t) - Lgakr{i)\ = sj -

= Lg\ - aji{t) + aki{t)\

^^^^^

<ea

On the other hand, by definition of aji, a^i, Okj we have 0kj < \ - ctji{t) + aki{t) |, which
together with (7.25) implies
LgOkj < ea

(7.26)

which contradicts Assumption 7.2.1.
Next, without loss of generality, assume Fi^k{t) > 0 and consider the case where
ALi{t) - Lgaji{t) and ALj(t) - LgOkiit) have different signs, we have
F^J{t) +

= \AL,{t) - Lgaj,{t)\ + |AL,(0 - Lgak^{t)\ = e, + e,
= Lg{aji{t)

- akiit)) < 2ea.

(7.27)

Thus
F^At) +

= Lg{aji{t) - akiit)) <

(7.28)

Again using the inequality 0kj < \aji{t) - aki{t)\we have
Lgdkj < 2ea

(7.29)

which contradicts with Assumption 7.2.1. Hence, there is no pair agent (Aj, Ak) that both
satisfies \ALi{t) - Lgaji{t)\ < e^ and \ALi{t) - Lgaki{t)\ < e^.

7. A Proof of Proposition 7.2.1

Proof of 2. First let us show that
= F,j{am) for any t > a ^ . Noting that the
speeds of agents A, and are both v, for any t = a m + At > a ^ , by (7.10), we have
=
and

mod 27rLg

=

- vAt - Lg)

= (AL,((Tifi)

- v\t)

mod

2-KLg

mod 2TTLg

Lgaj.i{t) = {Lgaj.^{a,fi)) -

mod 2T^Lg.

Therefore,
AL^{t) - Lgaj.iit) = (AUiain) - Lgaj'i{ain) mod 27rLg.
Hence Fij{t) = Fij{a^fi).
Now to estabhsh the inequality we need to show that Fij{aifi) > 0. For the case at =
0, the result is straightforward. For cr; = 1, because of (7.6)-(7.8) we have pi{fi) = pi(0)
and hence
AUin)
= AL,(0).
Furthermore by definition of f,, we have
Lgaj'i{fi)

Therefore

= LgaJ.^{0)

-

A^

AZ,,(fj) - Lgaj^iifi) = ALi(O) - Lgaj.i{0) + A^ ^ Sa
because of (7.4). Therefore Fij{aifi) = Sa-

fTj
f !

Chapter 8

Concluding Remarks
By way of conclusion, the main contributions of this thesis are summarised and suggestions for possible future research directions are outlined. The central idea behind this
thesis was to provide methods and analysis to tackle problems commonly faced in the
field of localization, control and coordination of multi-agent systems. The main contributions of this thesis are summarized below and suggestions for possible future research
directions are outlined in Section 8.2.

8.1

Contributions

The first contribution of this thesis is providing mathematical formalism for the solvability of the localization problem in the presence of noise. It is shown in Chapter 2 that
localizability of a formation using inter-agent distance measurements is a generic property. It means that the localization solution in the presence of noise should be close to the
noiseless result, with the perturbation continuous in the noise magnitude.
The second contribution is providing a system designer with mathematical tools to
choose which agents to be anchors of a formation in order to reduce the effect of possible
noise in the inter-agent measurements. This is done via deciding which agents are going
to serve as anchors in a formation. The selection procedure, as described in Chapter 3,
takes into account both the geometry of the formation and the topological properties of
the underlying graph of the formation. And the underlying optimization problem is how
to maximize the minimum nonzero singular value of the rigidity matrix associated with
the formation through choosing anchors in the formation. This problem is a combinatorial optimization problem and cannot be solved easily. However, we propose a relaxation
which allows to solve the problem using SDP techniques, and often solving the relaxed
version of the problem results in the optimum of the original problem.
Another contribution of this thesis is providing a methodology to formulate the problems of cooperative localization and relative pose determination in robotics as polynomial optimization problems. Optimization of polynomial functions has gained much
attention in recent years and enables us to find the global minimum of different cost functions constructed from the measurements obtained in different engineering application
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areas. The applicability of these methods to the aforementioned problems is described in
Chapter 4.
While in the literature, there are many methods that achieve the task of localization
of the agents via measuring distances [26,116], time difference of arrival [130], and angle
of arrival [124] to some environmental landmarks with known coordinates, rather fewer
of the available methods try to combine different types of measurements to fulfill the
task of localization. In this thesis. Chapter 5, we address the localization problem where
self-localization is achieved cooperatively among a team of bearing and distance sensing
agents. Considering this localization problem (where different types of measurements
are available) and proposing a solution to this problem where different types of measurements need to be combined to tackle the problem at hand is the third contribution of this
thesis.
From the control point of view the contributions of this thesis are first, providing a
methodology to achieve the goal of circumnavigation of a target at unknown location
undergoing an unknown drifting motion by a moving agent measuring the distance to
the target. The problem involves two parts of estimation of the position of the target
and moving the agent to rotate around the target on a circular trajectory at a distance
as close as possible to a prescribed distance from the target. The exponential stability of
this system has been established exactly. Moreover, the method that was employed in
Chapter 6 to show the stability of the system can be used to address other problems that
are currently labeled as partial-stability problems.
The other contribution of this thesis is providing an algorithm in Chapter 7 that
achieves the goal of close target reconnaissance by a formation of autonomous agents
in finite time while guaranteeing collision avoidance. The proposed method is clearly
an improvement to the ones already available in the literature for two reasons. The first
reason is that it guarantees collision avoidance and the second reason is that while it
takes into account some of the motion restrictions of small fixed-wing UAVs, i.e. constant
speed, it achieves the goal in finite time.

8.2

Future Research Directions

In this section we outline two categories of possible future research problems. First, we
introduce possible immediate extensions to the problems that addressed in this thesis.
Then, we propose another set of problems that though connected to the problems studied
in this thesis can be treated as independent research problems.

8.2,1

Immediate Extensions

An important problem, linked but separate from the one treated in Chapter 2, is how (numerically) to solve the minimization problem introduced there. This optimization problem dovetails with the problem of approximately localizing the position of the agents,
and the corresponding problem in the noiseless case is how to perform localization. For a

8.2^Future ResearchPirections

^^^

localization problem to be solvable in polynomial time, it is generally necessary that some
special structure holds for the graph, for example in the case of trilateration graphs, localization can be done in linear time with suitable anchors, [3], We would expect, though
we have no formal proof, that such geometries will also be important in ensuring that a
noisy localization problem is computationally tractable. The issue in noisy localization
will be to obtain a suitable initial iterate, i.e. one that is close to the global minimum of
the index, and from which the global minimum can be reached through a standard sort
of descent algorithm. It is easy to envisage for a trilateration graph for example, how one
could systematically use noisy measurements to construct an initial iterate for use in the
index of this chapter. As with noiseless localization in a trilateration graph, initial iterates
for the position of each nonanchor node would be successively determined.
In Chapter 3 a problem that remains to be addressed is how to reduce the numerical
burden of the proposed method for anchor selection in systems with a large number of
agents. We envisage this is possible via identifying clusters in the network and looking
at the problem of choosing anchors in these smaller clusters of the system. However, establishing this observation formally requires further research and is identified as a future
open problem.
An immediate potential development of the results introduced in Chapter 4 is the
extension of the introduced methodologies to scenarios where more than one node needs
to be localized and which take advantage of sparsity in cost functions for different types
of measurements. Another possible future problem is the problem of showing that the
polynomial ideals of the cost functions obtained from different types of measurements in
different localization scenarios are radical and as a result their global minimum can be
obtained.
Along the lines of [17,19] one may extend the geometric sensitivity analysis carried
out in Chapter 5 for one of the considered scenarios to other possible ones. Another
possible future problem is to consider other localization problems where different types
of measurements are used together to achieve the task of localization.
A possible extension of the circumnavigation scheme introduced in Chapter 6 are (i)
to consider the cases where more than one agent is present, and (ii) solving the same problem where instead of distance measurements other types of measurements are available
or are preferable, e.g. bearing measurements. The reason is that distance measurement
is usually accomplished via active methods, where the agent must transmit signals. In
contrast, bearing measurement is a passive measurement technique and may often be
preferred for this reason.
As another future development, the problem considered in Chapter 7 can be extended
to the case where the agents are considered to have a minimum turning radius constraint.

8.2.2

Longer Term Research Problems

An ever present problem in the control of autonomous multi-agent formations is guaranteeing inter-agent collision avoidance and obstacle collision avoidance. In this work we
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guaranteed collision avoidance for a specific scenario. Chapter 7, and proved analytically
that no inter-agent collision occurs under the proposed control laws. However, the open
problem that remains unanswered is: is there any motion control strategy that guarantees collision avoidance in different scenarios? While there are many different strategies
proposed to answer this problem, e.g. see [122,127,128,147], hardly any of them gives a
comprehensive answer to this question. Thus far, providing an answer to the very important research question of guaranteeing collision avoidance has continued to ellude
researchers, and makes it one of the most sought after answers in control and robotics
communities.
Another research field that shares much mathematical theory with the field of multiagent systems is distributed and parallel computation, and specifically distributed optimization. The main problem that is considered in distributed optimization literature is
to be able to solve an optimization problem over a distributed network where each node
(agent) has access to limited information (possibly local information). The goal is to compute the desired optimum at each of these nodes, which should be achieved via running
a discrete time algorithm akin to a consensus algorithm at each of the nodes. A direct application of such methods is network utility maximization (NUM). NUM as a powerful
framework for Internet congestion control has been studied frequently in recent decade;
see, e.g. [35,88,94,144]. Even though utility maximization was well known in other areas
like economics, its application to congestion control in communication networks has been
introduced recently in [94] and [88]. Networking literature has witnessed lots of efforts
focused on understanding various network control schemes [129] (e.g., understanding
and analysis of various Active Queue Management (AQM) algorithms used in TCP) as
well as engineering new congestion control schemes, notably TCP FAST [143]. Almost all
the congestion control protocols that have been designed, are adapting variations of the
dual decomposition techniques employed in [88] and are in the form of consensus algorithms used in multi-agent systems. The first question that begs an answer here is how
such consensus algorithms can be made to converge faster to the desired value while the
inter-agent communications is minimized as well. Another important question is: how
can one make such algorithms robust to random time delays that are present in communication networks.
Most of the distributed coordination control laws, such as the consensus protocols,
proposed in the literature are not robust, in the sense that a single node failing to update
its values according to the law leads to that none of the nodes are reaching the consensus
in the original sense. It is imperative to either have algorithms that are robust to the effects of possible malfunctions in the system or have monitoring schemes to observe the
behavior of each node in the system and detect if any of them are not following the protocol. Since these systems are highly decentralized, the monitoring should take place in
a distributed way A possible future research direction is to focus on distributed fault detection and isolation (FDI) for a network of interconnected systems running a distributed
control law that can be seen as a general form of a consensus algorithm. Related to this

8.2 Future Research Directions

problem , in [64] the notion of robustness in the systems of interconnected nodes in the
presence of faulty nodes in the network is introduced and formalized. Later in [109] the
authors proposed a discrete-time algorithm to detect the misbehaving node in a network
of nodes with single integrator dynamics seeking to reach agreement. Another set of results that is related to this line of work is [59] where the possibility of detecting faults by
coordinating certain movements in the formation is shown.

.

frXr,''"it'
•i.

M.

' ) p.-JjJ'riptKj',

'

.-(jnl-m?.

t W h J f j W I ' M f -

»

T S ^ T W W M W E e e ^ T / ' f ,

fO

s.

..jff-'nv
I

S

«

w

w

r

^

^

^

^

i ' i f

J

1

fe

•

^

K-"

^

-

%

»-

^^

1

/'I,

< * \t

-il-^V'ffi

.

i j ,

r

i

&

Bibliography
[1] EPFL education robot, http://www.e-puck.org/.
[2] B. D. O. Anderson. Exponential stability of linear equations arising in adaptive
identification.

IEEE Transactions on Automatic Control, pages 530-538, May-June

1977.
[3] B. D. O. Anderson, P. N. Belhumeur, T. Eren, D. K. Goldenberg, A. S. Morse,
W. Whiteley, and Y. R. Yang. Graphical properties of easily localizable sensor networks. Wireless Networks, 15(2):177-191, 2009.
[4] A. Applewhite. What knows where you are? IEEE Pervasive Computing, 1:4-8,2002.
[5] R. C. Arkin. Behavior-Based Robotics. MIT Press, 1998.
[6] J. Aspnes, T. Eren, D Goldenberg, A. S. Morse, W. Whiteley, Y. Yang, B. D. O. Anderson, and P Belhumeur. A theory of network localization. IEEE Trans Mobile
Computing, 5:1663-1678, 2006.
[7] J. Bachrach and C. Taylor. Handbook of sensor networks: Algorithms and Architectures,
chapter Localization in sensor networks. Wiley, 2005.
[8] J. Baillieul and A. Suri. Information patterns and hedging Brockett's theorem in
controlling vehicle formations.

In 42nd IEEE Conference on Decision and Control,

2003. Proceedings, pages 556-563, 2003.
[9] T. Balch and R. C. Arkin. Behavior-based formation control for mulhrobot teams.
IEEE Transactions on Robotics and Automation, 13:926-939, Dec. 1998.
[10] T. Balch and M. Hybinetre. Social potentials for scalable multi-robot formations. In
Proceedings of 2000 IEEE Conference on Robotics and Automation, San Francisco, CA,
USA, April 2000.
[11] P. Barooah and J. P. Hespanha. Estimation on graphs from relative measurements:
Distributed algorithms and fundamental limits. IEEE Control Systems

Magazine,

27:57-74, Aug. 2007.
[12] A. Beck, P Stoica, and J. Li. Exact and approximate solutions of source localization
problems. IEEE Transactions on Signal Processing, 56:1770-1778,2008.

142

BIBLIOGRAPHY

[13] M. Betke and L. Gurvits. Mobile robot localization using landmarks. IEEE Transactions on Robotics and Automation,

13:251-263,1997.

[14] R. Beyer. Kinematic Synthesis of Mechanisms.

Chapman and Hall Ltd., 37 Essex

Street, London, 1963. Translated from german by H. Kuenzel.
[15] F. Bian, D. Kempe, and R. Govindan. Utility based sensor selection. In Proc. 5th Int.
Conference on Information Processing in Sensor Networks, pages 11-18, 2006.
[16] A. N. Bishop, B. Fidan, B. D. O. Anderson, K. Dogancay, and P. N. Pathirana. Optimality analysis of sensor-target localization geometries. Automatica,

46(3):479-492,

March 2010.
[17] A. N. Bishop, B. Fidan, K. Dogancay, B. D. O. Anderson, and P N. Pathirana. Range
difference based localization using geometrically constrained optimisation. Submitted to IEEE Trans Signal Processing.
[18] A. N. Bishop and P. N. Pathirana. Sensor fusion based localization of a mobile user
in a wireless network. TENCON 2005, pages 1-6, 2005.
[19] A. N. Bishop, P. N. Pathirana, B. Fidan, B. D. O. Anderson, and G. Mao. Passive
angle measurement based localization consistency via geometric constraints.

In

Proceedings of Information Decision and Control, pages 199-204, Adelaide, Australia,
Feb. 2007.
[20] P. Biswas, T.-C. Lian, T.-C. Wang, and Y. Ye. Semidefinite programming based
algorithms for sensor network localization. ACM Transaction on Sensor

Networks,

2(2):188-220, 2006.
[21] P. Biswas and Y. Ye. Semidefinite programming for ad hoc wireless sensor network
localization. In ACM IPSN, pages 46-54, 2004.
[22] V. D. Blondel, J. M. Hendrickx, A. Olshevsky, and J. N. Tsitsiklis.

Convergence

in multiagent coordination, consensus, and flocking. In 44th IEEE Conference on
Decision and Control, 2005 and 2005 European Control Conference. CDC-ECC'05, pages
2996-3000, 2005.
[23] S. P. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press,
New York, NY, USA, 2004.
[24] R. R. Brooks, P Ramanathan, and A. M. Sayeed. Distributed target classificaHon
and tracking in sensor networks. Proceedings of the IEEE, 91(8):1163-1171, 2003.
[25] J. Bruck, J. Gao, and A. A. Jiang. Localization and routing in sensor networks by
local angle information. ACM Transactions on Sensor Networks (TOSN), 5(1):7, 2009.
[26] M. Cao, B. D. O. Anderson, and A. S. Morse. Sensor network localizahon with
imprecise distances. Systems and Control Letters, 55:887-893, November 2006.

BIBLIOGRAPHY

[27] M. Cao and A. S. Morse. Maintaining an autonomous agent's position in a moving
formation with range-only measurements. In Proc. of European Control
pages 3603-3608.

Conference,

[28] M. Cao and A. S. Morse. Station keeping in the plane with range-only measurements. In Proc. American Control Conference, pages 771-776,2007.
[29] M. Cao, A. S. Morse, and B. D. O. Anderson. Sensor network localization with
imprecise distances. Systems and Control Letters, 55:887-893,2006.
[30] M. Cao, A. S. Morse, and B. D. O. Anderson. Reaching a consensus in a dynamically changing environment: Convergence rates, measurement delays, and asynchronous events. SIAM }. Control Optim., 47(2):601-623, 2008.
[31] Y. Cao and W. Ren.

Multi-vehicle coordination for double-integrator dynamics

under fixed undirected/directed interaction in a sampled-data setting.

International

Journal of Robust and Nonlinear Control, 20:987-1000, 2010.
[32] Y. Cao and W. Ren.

Sampled-data discrete-time coordination algorithms for

double-integrator dynamics under dynamic directed interaction. International

Jour-

nal of Control, 83(1):506-515, 2010.
[33] J. V. Carroll. Vulnerability assessment of the u.s. transportation infrastructure that
relies on the global positioning system. The Journal of Navigation, 56:185-193, 2003.
[34] M. W. Carter, H. H. Jin, M. A. Saunders, and Y. Ye. An adaptive subproblem algorithm for scallable wireless sensor network localization. SIAM Journal on Optimization, pages 1102-1128, 2006.
[35] M. Chiang, S. H. Low, A. R. Calderbank,, and J. C. Doyle. Layering as optimization
decomposition: A mathematical theory of network architectures. Proceedings of the
IEEE, 95:255-312, 2007.
[36] W. Chung. The characteristics of a coupler curve. Mechanism and Machine

Theory,

40:1099-1106, 2005.
[37] R. Connelly. Generic global rigidity. Discrete and Computational

Geometry, 33:549-

563, 2005.
[38] J. A. Costa, N. Patwari, and A. O. Hero III. Distributed weighted-multidimensional
scaling for node localization in sensor networks. ACM Transactions on Sensor Networks (TOSN), 2(1):64, 2006.
[39] D. Cox, J. Little, and D. O'Shea. Using Algebraic Geometry. Springer, 1998.
[40] S. Dandach, B. Fidan, S.Dasgupta, and B. D. O. Anderson. A continuous time linear
adaptive source localization algorithm robust to persistent drift. Systems & Control
Letters, 58:7-16, 2009.

BIBLIOGRAPHY

[41] S. Dasgupta, B. D. O. Anderson, and R. J. Kaye. Output-error identification methods for partially known systems. International Journal of Control, 43(1):177-191,1986.
[42] G. Dedes and A. G. Dempste. Indoor GPS positioning: challenges and opportunities. In IEEE Conference on Vehicular Technology, pages 412-415, Dallas, USA, Sep.
2005.
[43] J. P. Desai, J. Ostrowski, and V. Kumar. Controlling formations of multiple mobile
robots. In IEEE International Conference on Robotics and Automation, pages 2864-2869,
1998.
[44] J. R Desai, J. R Ostrowski, and V. Kumar. Modeling and control of formations
of nonholonomic mobile robots.

IEEE transactions on Robotics and

Automation,

17(6):905-908, 2001.
[45] R. Diestel. Graph Theory. Springer-Verlag, Heidelberg, 2005.
[46] D. V. Dimarogonas and K. H. Johansson. Stability analysis for multi-agent systems
using the incidence matrix: Quantized communication and formation control, to
appear in Automatica, 2010.
[47] D.V. Dimarogonas, S.G. Loizou, K.J. Kyriakopoulos, and M.M. Zavlanos. A feedback stabilization and collision avoidance scheme for multiple independent nonpoint agents. Automatica, 42(2):229-243, 2006.
[48] Y. Ding, N. Krislock, J. Qian, and Henry Wolkowicz. Sensor network localization,
euclidean distance matrix completions, and graph realization.

Optimization

and

Engineering, 2008.
[49] S. R. Dixon and C. D. Wickens. Control of multiple UAVs-a workload analysis. In
Proceedings 12th International Symposium Aviation Psychology, Dayton, Ohio, 2003.
[50] L. Doherty, K. S. J. Piste, and L. ElGhaoui. Convex position estimation in wireless
sensor networks. In IEEE INFOCOM, volume 3, pages 1655-1663, 2001.
[51] R. Dougherty, V. Ochoa, Z Randies, and C. Kitts. A behavioral control approach
to formation-keeping through an obstacle field. In Proceedings of IEEE

Aerospace

Conference, Big Sky, MT, USA, March 2004.
[52] M. Egerstedt and H. Xiaoming. Formation constrained multi-agent control. IEEE
Transactions on Robotics and Automation, 17:947 -951, Dec. 2001.
[53] T. Eren, D. Goldenberg, W. Whiteley, Y. Yang, A. Morse, and B. D. O. Anderson.
Computation and randomization in network localization. In Proc. Network
tion, Joint Conference of IEEE Computer and Communication

Localiza-

Societies, March 2004.

BIBLIOGRAPHY

145

[54] T. Eren, W. Whiteley, A. S. Morse, P. N. Belhumeur, and B. D.O. Anderson. Sensor and network topologies of formations with direction, bearing and angle information between agents. In Proceedings of the 42nd IEEE Conference on Decision and
Control, pages 3064-3069, Maui, Hawaii, December 2003.
[55] J. S. Esteves, A. Carvalho, and C. Couto. Generelized geometric triangulation algorithm for mobile robot absolute self-localization. In IEEE International

symposium

on Industrial Electronics, pages 3 4 ^ 3 5 1 , Rio de Janeiro, Brasil, June 2003.
[56] J. Fang, M. Cao, A. S. Morse, and B. D. O. Anderson. Sequential localization of
sensor networks. SIAM Journal on Control and Optimization, 48(l):321-350, 2009.
[57] A. A. Feldbaum. Dual control theory. I-IV. Automation and Remote Control, vol.
21,1960 and vol. 22,1961.
[58] A. Finn, K. Kabacinski, and S. R Drake. Design challenges for an autonomous cooperative of uavs. In Proceedings Information, Decision and Control, Adelaide, Australia,
February 2007.
[59] M. Franceschelli, M. Egerstedt, and A. Giua. Motion probes for fault detection and
recovery in networked control systems. In Proceedings of American Control Conference, pages 4 3 5 8 ^ 3 6 3 , Seattle, WA, June 2008.
[60] C. B. Garcia and T. Y. Li. On the number of solutions to polynomial systems of
equations. SIAM Journal on Numerical Analysis, 17(4):540-546,1980.
[61] M. C. De Gennaro and A. Jadbabaie. Formation control for a cooperative multiagent system using decentralized navigation functions. In Proceedings of the 2006
American Control Conference Minneapolis, Minneapolis, Minnesota, USA, June 2006.
[62] M. Grant and S. R Boyd. CVX: Matlab software for disciplined convex programming (web page and software), August 2008. http://stanford.edu/ boyd/cvx.
[63] G. Gu, PR Chandler, CJ Schumacher, A. Sparks, and M. Pachter. Optimal cooperative sensing using a team of UAVs. IEEE Transactions on Aerospace and Electronic
Systems, 42(4):1446-1458, 2006.
[64] V. Gupta, C. Langbort, and R. M. Murray On the robustness of distributed algorithms. In Proc. 45th IEEE Conf on Decision and Control, pages 3473-3478, 2006.
[65] W.M. Haddad and V.S. Chellaboina.

Nonlinear dynamical systems and control:

a

Eyapunov-based approach. Princeton Univ Pr, 2008.
[66] D. Han. Global Optimization with Polynomials. High Performance Computation for
Engineered Systems (HPCES);, 2004.
[67] B. Hendrickson. Conditions for graph unique realizations. SIAM Journal on Computing, 21:65-84, Feb. 1992.

146

BIBLIOGRAPHY

[68] J. M. Hendrickx, B. D. O. Anderson, Jean Charles Delvenne, and V. D. Blondel.
Directed graphs for the analysis of rigidity and persistence in autonomous agent
systems. Int. J. Robust Nonlinear Control, 17:960-981, 2007.
[69] D. Henrion and J. Lasserre. Detecting global optimality and extracting solutions in
gloptipoly. In D. Henrion and A. Garulli, editors. In Positive Polynomials

in Control,

Lecture Notes on Control and Information Sciences. Springer-Verlag, 2005.
[70] H. Hmam. Mobile platform self-localisation. In Proceedings of Information

Decision

and Control, pages 242-247, Adelaide, Australia, Feb. 2007.
[71] G.M. Hoffmann and C.J. Tomlin. Decentralized cooperative collision avoidance for
acceleration constrained vehicles. In 47th IEEE Conference on Decision and

Control,

2008. CDC 2008, pages 4357-4363, 2008.
[72] B. K. P. Horn. Closed-form solution of absolute orientation using unit quaternions.
Journal of the Optical Society of America, 4:629-642,1987.
[73] R. A. Horn and C. P. Johnson.

Topics in Matrix Analysis.

Cambridge University

Press, 1991. reprinted 1999.
[74] P. A. loannou and J. Sun. Robust Adaptive Control. Prentice Hall, 1996.
[75] B. Jackson and T. Jordan. Connected rigidity matroids and unique realizations of
graphs. / Combinatorial

Theory Series B, 94:1-29, 2005.

[76] A. Jadbabaie, J. Lin, and A. S. Morse.

Coordination of groups of mobile au-

tonomous agents using nearest neighbor rules. IEEE Transactions on Automatic

Con-

trol, 48(6):988-1001, 2003.
[77] B. Johansson, A. Speranzon, M. Johansson, and K. H. Johansson. On decentralized
negotiation of optimal consensus. Automatica, 44(4):1175-1179, 2008.
[78] S. Joshi and S. P. Boyd. Sensor selection via convex optimization. To appear in
Trans. Signal Processing, 2008.
[79] H. K. Khalil. Nonlinear Systems (3rd Edition). Prentice Hall, 2001.
[80] T-H. Kim and T. Sugie. Cooperative control for target-capturing task based on a
cyclic pursuit strategy. Automatica,

43:1426-1431, 2007.

[81] N. N. Krasovskii. Stability of Motion, Application oflyapunov's

Second Method to Dif-

ferential Systems and Equations With Delay. Stanford University Press, Stanford California, 1963.
[82] H. W. Kuhn. The hungarian method for the assignment problem. 50 Years of Integer
Programming

1958-2008, pages 29-47.

BIBLIOGRAPHY

[83] G. Laman. On graphs and rigidity of plane skeletal structures. /, Engrg. Math.,
11:331-340,1970.
[84] S. Lederer, Y. Wang, and J. Gao. Connectivity-based localization of large-scale sensor networks with complex shape. ACM Trans. Sen. Netw., 5(4):l-32, 2009.
[85] D. Ledger.

Electronic warfare capabilities of mini uavs.

Aerosonde (online:

http://www. aerosonde. com/drawarticle/73# finn).
[86] T. Y. Li. Numerical solution of multivariate polynomial systems by homotopy continuation methods. Acta mmerica, 6:399-436, 2008.
[87] M. Lindhe, P. Ogren, and K. H. Johansson. Flocking with obstacle avoidance: A
new distributed coordination algorithm based on voronoi partitions. In Proceedings of the 2005 IEEE International Conference on Robotics and Automation, Barcelona,
Spain, April 2005.
[88] S. H. Low and D. E. Lapsley Optimization flow control i: Basic algorithm and
convergence. IEEE/ACM Transactions on Networking, 7:861-874,1999.
[89] G. Mao, B. Fidan, and B. D. O. Anderson. Localization. In N. P. Mahalik, editor. Sensor Networks and Configuration: Fundamentals, Techniques, Platforms and Experiments,
chapter 13, pages 281-315. Springer-Verlag, 2006.
[90] G. Mao, B. Fidan, and B.D.O. Anderson. Wireless sensor network localization techniques. Computer Networks, 51:2529-2553, 2007.
[91] S. Martmez. Distributed interpolation schemes for field estimation by mobile sensor networks. IEEE Transactions on Control Systems Technology, 2009.
[92] S. Martinez and F. Bullo. Optimal sensor placement and motion coordination for
target tracking. Journal of Guidance, Control, and Dynamics, 42:661-668, 2006.
[93] S. Mastellone, D.M. Stipanovic, C.R. Graunke, K.A. Intlekofer, and M.W. Spong.
Formation control and collision avoidance for multi-agent non-holonomic systems:
Theory and experiments. The International Journal of Robotics Research, 27(1):107,
2008.
[94] F. Kelly A. Maulloo and D. Tan. Rate control in communication networks: shadow
prices, proportional fairness and stability. Journal of the Operational Research Society,
pages 237-252,1998.
[95] M.Fichtner and A.Grobmann. A probabilistic visual sensor model for mobile robot
localisation in structured environments.

In Proceedings of lEEE/RSJ

Conferenceon Intelligent Robots and Systems, pages 1890-1895, 2004.
[96] D. S. Mitrinovic. Analytic Inequalities. Springer Verlag, 1970.

International

BIBLIOGRAPHY

[97] D. Moore, J. Leonard, D. Rus, and S. Teller. Robust distributed network localization
with noisy range measurements. In Proceedings of the 2nd international conference on
embedded networked sensor systems, pages 50-61, 2004.
[98] I. Mudie, C. Melhuish, and A. Winfield. Ongoing experiments in autonomous 2d
shape formation, with a view to developing autonomous 3d formations with unmanned dirigibles. Technical Report BS16 IQY, Intelligent Autonomous Systems
Engineering Laboratory, University of the West of England, 2001.
[99] Y. Nesterov and A. Nemirovsky. Interior-Point Polynomial Methods in Convex Programming. Society for Industrial and Applied Mathematics, Philadelphia, PA, 1994.
[100] J. Nie. Sum of squares methods for sensor network localization, to appear in Computational Optimization and Applications, 2009.
[101] J. Nie and J. Demmel. Sparse SOS relaxations for minimizing functions that are
summations of small polynomials. SIAM Journal on Optimization, 19(4): 1534-1558,
2006.
[102] J. Nie, J. Demmel, and B. Sturmfels. Minimizing polynomials via sum of squares
over the gradient ideal. Mathematical Programming, Sen A, 106:587-606.
[103] R. L. Norton. Design of Machinery. McGraw-Hill, 1992.
[104] P. Ogren and N. E. Leonard. A tractable convergent dynamic window approach to
obstacle avoidance. In Proceedigns of lEEE/RS International Conference on Intelligent
Robots and Systems, Lausanne, Switzerland, October 2002.
[105] S. Oh, L. Schenato, P. Chen, and S. Sastry. Tracking and coordination of multiple
agents using sensor networks: System design, algorithms and experiments. Proceedings of the IEEE, 95:234-254, 2007.
[106] R. Olfati-Saber. Distributed kalman filtering for sensor networks. In Proc. 46th IEEE
Conference on Decision and Control, pages 5492-5498, Dec. 2007.
[107] R. Olfati-Saber and R.M. Murray.

Consensus problems in networks of agents

with switching topology and time-delays. IEEE Transactions on Automatic

Control,

49(9):1520-1533, 2004.
[108] P. Parrilo.

Semidefinite programming relaxations for semi-algebraic problems.

Mathematical Programming, 96(2):293-320.
[109] F. Pasqualetti, A. Bicchi, and F. Bullo. Consensus computation in unreliable networks: A system theoretic approach. IEEE Transactions on Automatic Control, 2010.
Submitted, available online at http://www.fabiopas.it/papers/FP-AB-FB-10a.pdf.
[110] PN. Pathirana, N. Bulusu, A.V. Savkin, and S. Jha. Node localization using mobile
robots in delay-tolerant sensor networks. IEEE Transactions on Mobile
33(3):285-296, 2005.

Computing,

BIBLIOGRAPHY

—

^

[111] W. Ren, R. W. Beard, and E. M. Atkins. Information consensus in multivehicle
cooperative control. IEEE Control Systems Magazine, 27(2):71-82, 2007.
[112] C.W. Reynolds. Flocks, herds and schools: A distributed behavioral model. In Proceedings of the 14th annual conference on Computer graphics and interactive

techniques,

pages 25-34. ACM, 1987.
[113] E. Rimon. A navigation function for a simple rigid body. In Proceedings of IEEE
International Conference on Robotics and Automation, 1991.
[114] E. Rimon and D. E. Koditschek. Exact robot navigation using artificial potential
functions. IEEE Transactions on Robotics and Automation, 8:501-518, Dec. 1992.
[115] J. Ryde and H. Hu. Fast circular landmark detection for cooperative localisation
and mapping. In International Conference on Robotics and Automation, pages 27452750, Barcelona, Spain, April 2005.
[116] A. H. Sayed and A. Tarighat. Network-based wireless location. IEEE Signal Processing Magazine, page 2440, July 2005.
[117] H. C. Schau and A. Z. Robinson. Passive source location employing intersecting
spherical surfaces from time-of-arrival difference. IEEE Transactions on Acoustics,
Speech, and Signal Processing, 35:1223-1225,1987.
[118] R. Sepulchre, D. A. Paley, and N. E. Leonard. Stabilization of planar collective
motion: All-to-all communication. IEEE Transactions on Automatic Control, 2006.
[119] I. Shames, B. Fidan, and B. D. O. Anderson. Close target reconnaissance using
autonomous UAV formations. In Proceedings of 47th IEEE Conference on Decision and
Control, pages 2326-233, Cancun, Mexico, 2008.
[120] I. Shames, B. Fidan, and B. D. O. Anderson. Minimization of the effect of noisy
measurements on localization of multi-agent autonomous formations.

Automatica,

45:1058-1065, 2009.
[121] I. Shames, P. Taghipour-Bibalan, B. Fidan, and B. D. O. Anderson.

Polynomial

methods in noisy network localization, pages 1307-1312, Greece, June 2009. In
Proceedings of Mediterranean Control Conference.
[122] I. Shames, C. Yu, B. Fidan, and B.D.O. Anderson. Externally excited coordination
of autonomous formations. In Mediterranean Conference on Control & Automation,
pages T33-003,2007.
[123] Y. Shang, W. Ruml, Y. Zhang, and M. P. J. Fromherz. Localization from mere connectivity. In Proceedings of the 4th ACM international symposium on Mobile ad hoc
networking & computing, pages 201-212. ACM, 2003.
[124] I. Shimshoni. On mobile robot localization from landmark bearings. IEEE Transactions on Robotics and Automation, 13:971-976, 2002.

150

BIBLIOGRAPHY

[125] A. Sinha and D. Ghose. Generalization of the cyclic pursuit problem. In

Proceedings

of American Control Conference, pages 4997-5002, Portland, OR.
[126] P. Sommer and R. Wattenhofer. Gradient clock synchronization in wireless sensor
networks. In Proceedings of the 2009 International

Conference on Information

Processing

in Sensor Networks, pages 37-48,2009.
[127] R. Soukieh, I. Shames, and B. Fidan. Obstacle avoidance of non-holonomic unicycle
robots based on fluid mechanical modeling. In Proc. European Control

Conference,

pages 3269-3274, Budapest, Hungary, 2009.
[128] R. Soukieh, I. Shames, and B. Fidan.

Obstacle avoidance of robotic formations

based on fluid mechanical modeling. In Proc. European Control Conference,

pages

3263-3268, Budapest, Hungary, 2009.
[129] R. Srikant. The Mathematics

of Internet Congestion Control. Birkhhauser, Cambridge,

MA, 2004.
[130] P. Stoica and J. Li. Source localization from range-difference measurements.

IEEE

Signal Process. Mag., 23:63-65,69, 2006.
[131] T. H. Summers, M. R. Akella, and M. J. Mears. Coordinated standoff tracking of
moving targets: Control laws and information architectures. Journal of

Guidance,

Control, and Dynamics, 32, 2009.
[132] H. G. Tanner, A. Jadbabaie, and G. J. Pappas.

Flocking in fixed and switching

networks. IEEE Transactions on Automatic Control, 52(5):863-868, 2007.
[133] H. G. Tanner and A. Kumar. Formation stabilization of multipleagents using decentralized navigation functions. In Robotics: Science and Systems, Boston, June 2005.
[134] H. G. Tanner and A. Kumar. Towards decentralization of multi-robot navigation
functions. In Proceedings
Automation,

of the 2005 IEEE International

Conference

on Robotics

and

Barcelona, Spain, April 2005.

[135] H. G. Tanner, G. J. Pappas, and V. Kumar.
Transactions on Robotics and Automation,
[136] T. Tay and W. Whiteley.

Leader-to-formation stability.

IEEE

20(3):443-455, 2004.

Generating isostatic frameworks.

Structural

Topology,

11:21-69,1985.
[137] F. Thomas and L. Ros. Revisiting trilateration for robot localization. IEEE

Transac-

tions on Robotics, 21(1):93-101, Feb 2005.
[138] N. Trawny, X.S. Zhou, K. Z h o u , , and S. I. Roumeliotis. D relative pose estimation
from distance-only measurements. In lEEE/RS} International
Robots and Systems (IROS'07), pages 1071-1078,2007.

Conference on Intelligent

BIBLIOGRAPHY

151

[139] J. N. Tsitsiklis, D. P. Bertsekas, and M. Athans.

Distributed a s y n c h r o n o u s deter-

ministic and stochastic gradient optimization algorithms. IEEE Transactions on Automatic Control, 3 1 ( 9 ) : 8 0 3 - 8 1 2 , 1 9 8 6 .
[140] L. Vandenberghe and S. Boyd. Semidefinite p r o g r a m m i n g . SIAM Review, 3 8 : 4 9 - 9 5 ,
1996.
[141] T. Vicsek, A. Czirok, E. Ben Jacob, I. C o h e n , and O. Schochet. N o v e l type of p h a s e
transitions in a system of self-driven particles. Physical Review Letters, 375:12261229,
January 1995.
[142] P. W. Ward. G P S receiver R F interference monitoring, mitigation and analysis techniques. Navigation, 4 1 : 3 6 7 - 3 9 1 , winter, 1995-1994.
[143] D. X. Wei, C. Jin, S. H. Low, and S. Hegde. Fast TCP: Motivation, architecture, algorithms, performance. IEEE/ACM

Transactions on Netzvorking, 14:1246-1259, 2006.

[144] L. Xiao, M. Johansson, and S. Boyd. Simultaneous routing and resource allocation
via dual decomposition. IEEE Transactions on Communications, 5 2 : 1 1 3 6 - 1 1 4 4 , 2004.
[145] C. Yu, B. Fidan, and B.D.O. Anderson. Principles to control a u t o n o m o u s formation
merging. In Proceedings of American Control Conference, pages 7 6 2 - 7 6 8 , Minneapolis,
Minnesota, J u n e 2006.
[146] C. Yu, B. Fidan, J. M. Hendrickx, and B. D. O. Anderson. Merging multiple formations: A meta-formation prospective.

In Proceedings of CDC 2006, San Diego,

U.S.A., Dec. 2006.
[147] C Yu, B. Fidan, I. Shames, S. Sandeep, and B. D. O. Anderson. Collision free coordination of a u t o n o m o u s multiagent system. In European Control Conference,

Athens,

p a g e s 9 0 0 - 9 0 7 , Kos, Greece, 2007.
[148] Y. Zhang, S. Finger, and S. Behrens.
cal prototyping,

Rapid design through virtual and physi-

http://www.cs.cmu.edu/

rapidproto/mechanisms/chpt5.html.

C a r n e g i e M e l l o n University.
[149] X. S. Z h o u and S. I. Roumeliotis. Robot-to-robot relative pose estimation from range
measurements. IEEE Transactions on Robotics, 24(6):1379-1393, 2008.

Index
7-optimal selection, 29

globally rigid, see rigidity

ambiguity, 11

homotopy, see polynomial continuation method

flex, 11
flip, 11
anchor nodes, 3, 9, 24
anchors, see anchor nodes
pseudo, 59
anchors assignment problem, 29
assignment problem, 112
bad geometry, 66
batch processing method, 59
beacons, see anchor nodes
Cayley-Menger determinant, 37
circumnavigation, 80
close target reconnaissance, 105-107,115, 116,
120
collision avoidance, 106
guaranteed, 107

inertial navigation systems (INS), 57
localization problem, 9, 25
cooperative, 37,41, 58
range based, 41
range difference based, 41
noisy, 16
long range navigation (LORAN), 57
minimization of k largest eignenvalues, 34
network, see framework
network utility maximization , 126
nonlinear periodically time varying algorithm,
80
p.e., see persistently exciting
partial stability, 81, 88

constant speed constrain, 106

Penrose pseudoinverse, 28

CTR, see close target reconnaissance

persistently exciting, 82, 84, 86-96

drift, 80, 81
easily localizable networks, 3
fault detection and isolation, 126
finite time convergence, 116
fixed-wing UAV, 105
formation, see framework
four-bar linkage mechanism, 61

polynomial
ideal, 39
gradient, 39
radical, 39
variety, 39
polynomial continuation method, 40
relative reference frame determination, 42
bearing based, 44

coupler, 62

distance based, 43

coupler curve, 62

noisy, 46

frame, 62
side links, 62
framework, 11, 25

rigidity, 10
global, 10
Laman's Theorem, 12

rigidity matrix, 12
reduced, 27
SOS extension, 54
source localization, 4
sum of squares, 38, 40
Volpe Report, 57

