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Abstract
This thesis considers a range of truncated models and will utilize the relatively
recently developed, Markov Chain Monte Carlo methods to analyse them.

The statistical behaviour of a truncated Poisson distribution is considered
I

with the use of various prior distributions being placed on the Poisson mean,

A . The methods generalize to other distributions, but one main focus of this
thesis is the Poisson distribution.

Different approaches to dealing with

truncation are also discussed. The thesis also considers · the estimation of the
full sample size before truncation, N.

Having established this as a foundation, the thesis moves to consider the
estimation of a regression structure for truncated Poisson with covariates." Here
truncation implies that those covariates for which a response has been
truncated and the non-truncated sample size, N, are not known. The Bayesian
framework is used and various Markov Chain Monte Carlo (MCMC) methods
are considered here to estimate the underlying observational process from the
truncated sample only.

Next, the thesis utilizes a Bayesian model for the analysis of grouptruncated binary data and applies it to a road safety data set compiled by the
Federal Office of Road Safety.

Initially, the model is derived where the

responses in each group are assumed to be independent. An extended model is
considered later in the thesis to allow for the possibility of dependence between
the individual responses in a group.

A random effects model, where a

Gaussian distribution is specified with zero mean and constant variance, is used

lV

to model the random effects. A hypothesis test using Bayesian p-values 1s
formed to test for dependence arising from the random effects.

Markov Chain Monte Carlo methods, predominantly the Gibbs Sampling
Algorithm, are used for the models specified in each chapter where simulation
studies are carried out. In considering the analysis of models that are subject to
truncation, the results found are promising in situations where prev ious
estimation techniques have failed, due to the complicated integrals that are
involved in the calculation.
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Chapter 1
1. Introduction
1.1 Introduction
Incomplete data sets with observation only possible over a partial range of the
variable of interest pose challenges for conventional statistical modelling
techniques. In such situations, certain population values are not observed and
estimation using familiar techniques is no longer viable. Incomplete data is
comprised of two main types of data: truncated and censored data. For the
purpose of this thesis, we shall only be concerned with the analysis of truncated
data.
Truncated data occurs in many fields of research. One example of such data
is that of road accident records. In Australia and also in the United States, it is
a legal requirement to record information on automobile accidents in-w hich at
least one fatality has occurred. In Australia, these records are compiled by The
Federal Office of Road Safety (FORS) and consist ofrec ords for all road traffic
accidents involving fatalities in a specific calendar year. Thus, while extensive
data on road accidents concerning deaths is readily available, information on
accidents that do not involve fatalities goes umecorded. This type of data is
therefore naturally truncated. In addition, this data set is consistent with the
definition of group-truncated data wher eby the individuals fall naturally into
groups and data is collected when ever at least one fatality in an accident is
recorded.

2

Having introduced the concept of truncated data, let us consider one simple
example. Figure 1.1 shows the standard Normal density Z with a mean of zero
and a standard deviation equal to one. If we truncate this distribution at zero,
then only those values for which Z is greater than zero will be observed. These
values are represented by the shaded area shown in Figure 1.1.

In early

analyses, when such truncation was considered to be minor, it was ignored.
More recently however, research has shown that where the issue of tnmcation
is neglected, substantial biases in the estimates of parameters can result. As
such, the usual estimation techniques cannot be applied directly without
modification of the density function which appropriately allows for the
truncation.
One minor consideration that should be made is the distinction between data
that is observationally truncated and data that is distributionally truncated.
Observationally tnmcated data occurs where it is natural to view the
observations as being a truncated sample from a larger, unobserved sample, or
possibly a population. Therefore, data that is observationally truncated occurs
explicitly and inference is derived in terms of the underlying observational
process. On the other hand, distributionally truncated data occurs when the
response is truncated in some manner that does not rely on the observational
mechanism for its interpretation. Samples generated in this manner can best be
thought of as samples from truncated populations where all inference on the
population characteristics is performed with respect to the truncatea
distribution. An example is data with the response taking the positive integers
as values. This data is treated as a sample from an unknown distribution with
support being the positive integers.
The consideration of truncated data in general is a reasonably recent
development in the statistical literature.

Prior to the 1950s, there was little

research carried out in this · field, as the main focus predominantly concerned
sampling from an umestricted population.

In Cohen (1991), many papers
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Figure 1.1: The Standard Normal Distribution truncated at zero, where the
shaded area represents those values observed.

regarding distributional modelling problems with respect to truncated samples
were summarised.

Cohen's early work looked at the truncation of various

standard models including the Poisson distribution, Pearson frequency
distributions as well as both the Normal and Bivariate Normal distributions.
Likewise, the Poisson distribution has been explored at some length by Cohen
(1954, 1960), David & Johnson (1952), Finney & Varley (1955), Rider (1953),
Plackett (1953) and Moore (1952) where different types of truncation were
considered. Furthermore, much of the research in analysing these truncated
models focussed upon maximum likelihood estimation techniques, where the
interest primarily lies in locating the mode or modes of the likelihood function.
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However, as it is the case with many forms of model that are truncated, the loglikelihood equations are non-linear and at that time were difficult to solve
explicitly.
In Economics literature there is considerable interest surrounding linear

regression models where non-negativity of the dependent variable is a
consequence of economic theory. These models are known as Tobit models
(Amemiya, 1984) and are frequently used due to the constraints placed on price
or quantity; for example, in econometric analyses. In this literature, a variety
of standard regression models have been used to analyse count data. Grogger
& Carson (1991) looked at maximum likelihood regression estimators for

truncated samples from both the Poisson and Negative Binomial distributions.
The effect of -overdispersion in truncated samples was also considered.
Likelihood estimates were derived assuming that, conditional on the covariates,
the data followed a Negative Binomial distribution. Because of the regression
structure, the Newton Raphson algorithm, which is an iterative procedure, was
used to obtain estimates for the regression parameters of both distributions.
Shaw (1988) proposed Normal and Poisson regression models for the analysis
of truncated samples of count data and developed maximum likelihood
estimates.
O'Neill & Barry (1995a) considered two methods for the analysis of grouptruncated data for binary responses.

The two methods mentioned are

Conditional Logistic Regression, which was first applied by Breslow & Day
(1980), and Truncated Logistic Regression, which was shown to extend
naturally to ordinal data (O'Neill & Barry, 1995b). They applied these two
methods to an extract from a data set that was obtained from The Federal
Office of Road Safety (FORS). As discussed earlier, this data set is naturally
truncated since we are never in a position to see the covariate information for
accidents without a fatality.

Both of these methods assume that a logistic

model holds for the probability of a positive response where a positive

5

response is defined by a fatality having had occurred.

Thus, the response

variable at the individual level is an occupant in an accident and the group
response is the vehicular accident. The conditional logistic model conditions
on the actual number of deaths, that is the number of fatalities that occur in that
accident, whereas the truncated logistic model conditions on the probability
that an accident is recorded. That is to say, it conditions on the fact that the
accident results in at least one fatality. The main distinction between these two
methods lies in the conditioning process, where the covariates in the model that
are common to individuals within an accident do not appear in the conditional
probabilities. Therefore, variable effects such as speed or vehicle mass cannot
be inferred from the conditional likelihood. In contrast, the truncated logistic
regression likelihood includes all accident level variables.

Maximum

likelihood techniques were utilized to obtain parameter estimates.
Maximum likelihood techniques can be viewed as desirable, since the
estimates derived therein are consistent and asymptotically efficient. However,
a full maximum likelihood analysis often requires numerical integration
techniques to evaluate the log-likelihood function, score equations and the
information matrix.

Truncation inevitably increases the complexity of the

likelihood function, leading to the need for calculation of complicated nonlinear equations that involve integrals that are not typically available in closed
form. In such situations, a numerical or analytical approximation is required.
Often these integrals are of increasing dimensionality and a solution may not
always be feasible.
One approach that is similar to maximum likelihood estimation for discrete
data, which was first considered by Hartley (1958), is the Expectation
Maximisation (EM) algorithm.

This method was later extended to include

other types of data by Dempster, Laird & Rubin (1977). As the name suggests,
the procedure is comprised of two steps, an Expectation step and a
Maximisation step.

It is an iterative procedure that is related to the data

6

augmentation algorithm, an algorithm that has been proposed for incomplete
data situations, which includes truncated data.

Through this method, the

missing values are filled in with estimated values and the resultant posterior
distribution is then maximized. One noted criticism of this method is that it
can have problems with the rate of convergence, as well as its actual
convergence. The meth od is also sensitive to starting values and as a result,
convergence can be to a local max imum rather than a global maximum. This
prob lem will be more severe when the maxi mum likelihood estimate is on or
near a boundary of the para mete r space. Furthermore, with truncated data we
must be aware that the maxi mum likelihood estimate from a truncated family is
not expressible in closed form. Therefore, the Max imis ation step will require
an iterative procedure, exacerbating the issue of slow convergence and
ultimately, the accuracy of the estimates obtained.

For relatively simple

models, the EM algorithm has been found to be a useful approach to adopt.
How ever estimates can be biase d when the meth od is applied in general.
One other alternative approach that has been employed with general
truncated data is to integrate out the 'nuis ance ' parameters, or those values that
are unobserved or unknown, in order to obtain the required marginal
distribution. However, interest often lies in the knowledge of those 'nuisance'
parameters and a means of estimating them and also the other parameters of
interest must be sought.
One of the main reasons why the analysis of truncated data has beensomewhat neglected and restricted to maxi mum likelihood techniques is
because of the complicated integrals that are involved in the conditional
likelihood.

Markov Chain Mon te Carlo methods (MCMC) (Metropolis,

Rosenbluth, Rosenbluth, Teller & Teller, 1953; Hastings, 1970) are often
considered to be the only feasible way to simulate from some complicated
stochastic processes, whic h involve high-dimensional integrals, especially
where sophisticated interdependencies exist betw een components. The integral
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shown in Equation 1.1 is simple to evaluate, due the symmetry of the
distribution considered, but through the incorporation of prior distributions via
a Bayesian inference approach, these integrals become much more challenging.
However, the advantage of using MCMC methods is that due to its relative
simplicity of implementation, it encourages the use of more realistic statistical
models whose complexity is justified by the available data.
This use of Bayesian inference is an important feature in MCMC techniques
through the introduction of the posterior distribution. Bayes' Theorem and its
application to MCMC inference will now be reviewed in brief.
Let us suppose that y denotes the data and one conditions on the observed
data where the parameters, represented by 0, are taken to be random variables.
This value 0 could consist of model parameters, or perhaps missing data.
Assume {f ( 0) : 0

E

S} to be a prior distribution reflecting the uncertainty or

the initial beliefs about 0 before the data y is taken into account. The posterior
distribution f ( 01

y)

reflects the updated beliefs about 0 after observing the

sample y. Applying Bayes' Theorem, conditional on the data y, the posterior
distribution of 0 can be expressed as

f(Bly)= L(0ly)f (0) =

f(y)

L(0ly)J (0)

£L(01y)f(0)d0

where L ( 01 y) is the usual likelihood function.

(1.3)

Note that when 0 is a

continuous random variable, the denominator appears as an integral and when_
0 is a discrete random variable, it appears as a sum. In actual fact, in applying

MCMC techniques, it is only required that the posterior distribution is known
up to a constant of proportionality.

Therefore, the integral (sum) in the

denominator in Equation 1.3 does not need to be evaluated.

In fact the

maximum likelihood principle is implicitly assumed in Equation 1.3, insofar as
it is felt that no prior information about 0 exists other than what is contained in

L(01y).
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There are several MCMC methods that have been developed, the most
common of which is the Gibbs Sampler developed by Geman & Geman
(1984). It is a natural method to consider whenever it is necessary to sample
from densities that exhibit a complicated form, which is almost always the case
in truncated data problems or constrained parameter problems.

In fact, the

incorporation of truncation into a likelihood-based analysis is unlikely to yield
a convenient posterior distribution. The Gibbs Sampler involves the process of
drawing random samples from all full conditional distributions. These have
each been extracted from the foll posterior distribution in tum, where the
posterior distribution has been derived as in Equation 1.3, up to proportionality.
At each iteration, parameters are updated consecutively by sampling a new
value from their full conditional distribution. If a conditional distribution is of
an unfamiliar form, then other sampling techniques using random variate
generating procedures (Ripley, 1986; Devroye, 1987) must be used. In other
cases, built in generating procedures or random variate generating methods
(inversion method, rejection method, ratio of uniforms method) that are
applicable to a wide range of distributions can be used. ·
There are other MCMC methods that have been derived in the literature,
which can also be applied; Adaptive Rejection Sampling, Gilks & Wild (1992);
Adaptive Rejection Metropolis Sampling, Gilks, Best & Tan (1995); and The
Metropolis Hastings Algorithm, Hastings (1970).
Adaptive Rejection Sampling is a rejection sampling method for sampling
from any univariate log-concave probability density function.

A rejection

envelope and a squeezing function are defined and as sampling proceeds, both
functions converge to the desired density function. However, not all models of
practical importance yield log-concave full conditional distributions. Adaptive
Metropolis Rejection Sampling is an extension of the adaptive rejection
sampling method that provides a way of retaining the efficiency of this
technique when the log-concave condition is violated.
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The Metropol is Hastings Algorithm is a versatile method designed to
converge to the target distribution. A sequence of random points is sampled
from an arbitrary transition distributi on that is chosen to represent the data. At
each step, a value is accepted or rejected with some acceptance probability.
The Metropol is Hastings Algorithm is closely related to the Gibbs sampling
algorithm, where for the latter case, each value is accepted.
The analysis ofintract able posterior distributions using MCMC methods has
been considere d in the statistical literature by many authors for a range of
statistical problems.

Gelfand & Smith (1990) compared various MCMC

methods. They found that, compared with numerica l solutions , they were not
necessari ly computat ionally efficient but yielded estimates in previousl y
intractable situations.

In two papers, Gelfand, Hills, Racine-P oon & Smith

(1990) and Gelfand, Smith & Lee (1992), the analyses of missing data in
Normal data models and constrain ed paramete r problems were considere d
using the Gibbs Sampler. In many of the models that have been considered,
the use of conjugate priors was employed. As a result, each of the conditional
distributions was of a familiar form and sampling using the Gibbs Sampler
could proceed with ease.
Gelfand, Hills, Racine-P oon & Smith (1990) further considere d a model
where data was missing at random in a two-perio d crossove r trial, where the
response , as well as the model paramete rs, was treated as unobservable. This
was viewed as a form of trnncated data problem, which resulted in a rather
messy joint posterior distributi on for the model in question. In this case, the
Gibbs Sampler was used to sample from the posterior distributi on with relative
ease.
Deilaportas & Smith (1993) have also considere d Bayesian inference for
both Generalized Linear Models and Proportio nal Hazards Models using the
Gibbs Sampler. Wakefield, Smith, Racine-P oon & Gelfand (1994) considered
the analysis of linear and non-linea r populatio n models using the Gibbs
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Sampler as well as two other approaches, the EM algorithm (which has been
discussed in brief) and the Laplace Method. The latter method expresses the
marginal distribution as a ratio of integrals, and then approximates those
integrals.

The Gibbs Sampler was shown to avoid many of the problems

associated with the alternative approximations.
Besag & Green (1993) and Besag (2000) looked at Bayesian inference using
the Gibbs Sampler and other MCMC methods, highlighting the issue of
multimodality.

Where there is a high degree of interaction between the

variables, then it may be reasonable to assume that the probability surface will
be multimodal. Besag and Green argue that several different simulations of the
algorithm should be undertaken, starting from different points scattered around
the parameter space. That way, much of the parameter space is covered during
the trial runs and the Gibbs sampling chain can be amended so that all modes
are visited :frequently during one single run. Alternatively, if a chain is run for
long enough while using MCMC methods, most if not all regions of the
parameter space should be visited.
An ongoing concern in the MCMC arena of statistics is whether it is ,better
to use a single run of a chain, of considerable length, or whether a multiple but
shorter run strategy should be applied. Geyer (1992) believes that one long run
· is sufficient and that no valid inference can be made from shorter runs, arguing
that many short runs with uniformly distributed starting points can all miss the
peak and they all have the same inaccurate distribution. This will be explored-in more depth throughout each of the chapters, where both methods will be
applied.
Throughout the course of this thesis we will be paying particular attention to
the analysis of data that is left truncated, which occurs when only observations
that are greater than a specified value are observed. This type of truncation
arises frequently in many areas of research, such as in epidemiology. In this
medical discipline, a quite plausible scenario involving truncated data sets
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might concern individuals who suffer from a particular disease of severity
greater than a specified level. In such a case, epidemiologists may wish to
draw conclusions about the population as a whole in relation to this particular
disease.
The presence of truncation in all of the applications considered in this thesis
leads to posterior densities of a complicated form. Through the introduction of
sampling-based methods, estimation will be using a conditional probability
structure. Techniques for generation of appropriate random variates are used,
where the output gained from the MCMC runs can be used not only to evaluate
point estimates, but also interval estimates and other functions of interest.
This thesis will be arranged as follows. In Chapter 2, a Bayesian analysis of
a truncated Poisson distribution is introduced and its estimation based on a
number of prior distributions is discussed.

Here we introduce the Gibbs

Sampling Algorithm to gain estimates of the parameters of interest for each
model.
In Chapter 3, we extend the findings of Chapter 2 to incorporate a
regression structure into the truncated Poisson distribution, whilst exploring the
estimation of the size of the unobserved sample as well as the underlying
covariate distribution.
In Chapter 4, a group truncated binary regression model is discussed for two
possible models. The first proposed model attempts to estimate the size of the
unobserved sample as well as the covariate distribution.

The choices of

categorical covariates alone as well as a combination of both categorical and
continuous covariates are considered. A differ~nt model is introduced where
each group a vector of independent regression parameters is proposed for each
group that is observed.
In Chapter 5, we consider the validity of the independence assumption
between responses within each group in the group-truncated model discussed
in Chapter 4. Bayesian p-values are employed to assess the goodness of fit of
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the proposed model to group-truncated data for a simulatio n study as well as
the FORS data mentione d previously.

{
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Chapter 2
2. A Model for Truncated Poisson
Data
2.1 Introduction
In this chapter techniques will be introduced for the analysis of truncated data

from a Poisson distribution, where the response is truncated at zero.

The

Poisson distribution is an appropriate mathematical model for counts in an
interval of selected length of events that occur at entirely random points in time
where truncation of the model at zero is the most likely case to arise in
practice. A useful application for this technique is in epidemiology, which
studies the incidence of diseases and illnesses.
The motivation for this particular type of truncation of a Poisson distribution
can be represented in two different ways.

Samples are often drawn from

databases where inclusion in the sample is predicated upon being involved in a
particular activity. This is often the case with many forms of biological or
epidemiological data. Alternatively, surveys are taken regarding the number of
occasions that a participant has been involved in a specific activity; only those
who have participated in the activity are included in the sample. An example
of such data is given by Grogger & Carson (1991).
In Grogger & Cars-on (1991), the data set records the number of fishing trips

taken by a sample of households and information on a range of covariates is
also provided. Inclusion in the sample is conditional upon at least one fishing
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trip being recorded. This is an example where the value of the unobserved
response is known; in this case, the response is zero. This differs from some
other forms of truncation where the response is truncated if it falls into a
particular interval. In these cases, the exact value of the truncated variable is
not known. An example of this is truncated Gaussian regression, where the
value of the unobserved response is unknown; all that is known is that the
observations lie outside a certain region.
The history of analysis of truncated count data has largely been centred
upon maximum likelihood methods.

Cohen (1954, 1960) and David &

Johnson (1952) studied the computation of the maximum likelihood estimate of
A, the parameter of a Poisson distribution that is truncated at zero. With the aid

of standard Poisson tables (Molina, 1942), a consistent estimator was obtained.
Rider (1953) obtained the same result independently and compared his results
to those obtained by David & Johnson. Rider proposed using the ratio of the
observed frequencies of two separate classes as estimates of their expected
values and solving for

i.

As a result, this implied that Rider's method could

be applied to samples that were not only truncated at zero, but for samples that
were truncated on the left at any specified value, allowing for a more general
analysis. Almost simultaneously, Moore (1952) developed an approximation
to the maximum likelihood procedure where truncation at different points was
also considered.
In further work, Dahiya & Gross (1973) considered the estimation of A, and

extended Cohen's results to enable estimation of the number of zero counts and
thus, the size of the non-truncated sample N. Blumenthal, Dahiya & Gross
(1978) further extended these results with the aim of obtaining a modified
estimator of N and investigated the asymptotic properties of this estimator.
Much of the research into the Poisson distribution that has been truncated at
zero has been with reference to a Frequentist perspective, or one in which no
prior information has been assumed.

Currently there is still only a small
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amount of statistical literature available regar ding Baye sian methods for
m1ssmg data, including mod els wher e the response variable is partially
unobserved, which are of interest to us in this chapter. This lack of literature is
some what surprising, considering that a Baye sian approach (which is an
underlying assumption throughout this thesis), is the crux of the ubiquitous
Mark ov Chai n Mon te Carlo (MC MC) methodology.

Advances in efficient

algorithms covered unde r the broa d spectrum of MCM C methods allow
Baye sian meth ods to be applied generally with relat ively little difficulty. More
recen tly however, Scollnik (1997) has followed the research of Dahi ya &
Gross (1973), wher e prior infor mati on was incor pora ted into the Poiss on model
and a Baye sian analysis using MCM C meth ods was performed. This analysis
was base d <;m a regression structure and will be explored in later chapters.
In the case considered in this chapter, a familiar Poiss on framework is

applied to truncated data. A Baye sian framework will be introduced and the
Gibbs Sam pler will be applied to a varie ty of hierarchical models in order to
estimate a truncated Poiss on model. As a result, this chapter will proc eed as
follows: A formal definition of the Gibbs Sam pler will be given in Section 2.2,
followed by the theoretical results that will be used throughout this chapter. In
Section 2.3, a description of the basic Pois son mod el will be offered and the
truncation mech anism will be introduced. In Sections 2.4 and 2.5, a variety of
examples will be considered for the Pois son mod el and different prior
distributions for the mod el parameters will be discussed. The Gibbs Sam pler
will then be applied to the respective poste rior distributions and simulation
studies will be carried out for each model.

2.2 The Gibbs Sampling Algorithm
In recent years, through the increasing popu larity of Bayesian inference,

technical difficulties have arisen as a result of the requ irem ent to evalu ate
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intractable normalizing constants.

However, through the introduction of

MCM C methods, in particular the Gibbs Sampler, these difficulties have been
alleviated somewhat. The Gibbs Sampler was first introduced by Geman &
Geman (1984). It is an iterative simulation process whereby samples can be
drawn from the joint posterior distribution where it is only necessary for the
joint distribution to be expressed up to a constant of proportionality.
We define the joint posterior density to be f ( 0 I y) where 0 = ( 01 , •.. , 0k) 1s
a k x 1 vector of unknown parameters, estimates of which are desired. The
Gibbs Sampler uses the conditional density of each parameter, given the rest of
the parameters and the data, f ( 0i I y, 0_i), where 0_i is the vector 0 with the
ith element removed. The algorithm begins by assigning initial values to each
free parameter, 0 (o)

= (0/ 0J
0

),

0

), ••• ,

0}

0

))

where 0 (,)

= (0/'), ... , 0}')) represents the

values of the Gibbs sampling chain at the tth iteration. Thus, the following
loop is iterated:
1.

Sample 0?) from f ( 01 I y, 0~~))

2. Sample 0Jt) from f ( 02 I y, 0~~)

k.

Sample 0Y) from f ( 0k I y, 0~2)

The chain for the parameters is updated by sampling a new value from their
full conditional distribution at every step in the loop.

This newly sampled

value is taken to be the current approximation of the parameter, and is then
used in the sampling process for the following conditional distribution. As a
result, the conditional distributions change from iteration to the next until
overall convergence has been reached for each of the parameters in the loop .
Consequently, through the use of the Gibbs Sampler, inference can be made
simultaneously regarding each parameter of interest using the output from one
entire Gibbs sampling chain.
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Asympto tic results that have been develope d enable inference to be made
using the output; these results will be discussed in more detail in the following
subsection.

2.2.1 Posterior Inference and Asymptotic Results
The success of the Gibbs Sampler, as well as all of the other MCMC methods,
relies heavily on the ability to assess the converge nce of a chain to its
equilibrium. Once a chain has been obtained, one may be inclined to simply
examine it by sight. This is a rather haphazar d practice however, particula rly
when there are methods in the MCMC statistical literature that allow for a
more thorough way of examinin g the behaviou r of a chain. One such method
that can be applied has been develope d by Raftery & Lewis (1992).

The

authors propose a method to detect converge nce to the stationary distribution,
given a desired precision. The program (which can be obtained from StatLib)
can be implemen ted either in a Fortran program or as an Splus function

1

.

The

function, entitled gibbsit, allows the estimatio n of the length of a chain required
to produce estimates of the posterior distributi on to a desired level of accuracy.
An alternative method is to observe the lag-I autocorre lation values for each
parameter. These values detect signs of randomn ess within the chains and are
an alternative and more rigorous way of assessing whether converge nce has
indeed occurred.
-

Once the length of the chain has been establish ed and converge nce has

become apparent, then the posterior distributi on contains all of the relevant
informati on regarding 0.

Under suitable regularity condition s, asymptotic

results (Geman & Geman, 1984) exist that validate inference that is to be

1

The software is available free of charge by sending an email message to
statlib(@,lib.cmu.edu.au, which consists of a library of functions written in Splus.
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performed on the Gibbs sampling chain. These results, which are to be applied
throughout the course of this thesis, are as follows:
1. As t •
l

2.

oo

the joint density of

t

t~g(e(il)

e(t)

converges to f ( 01 y).

~ fg(0)f(01y)d0 ast • oo.

Result one indicates that for a sufficiently large value of t,

0(t)

can be

regarded as a value that has been sampled from the posterior distribution of

0.

Therefore through the use of result two, the sample output can be used to
derive numerical summaries such as the posterior mean and posterior standard
error; this is done through the calculation of the expected value of a particular
function of interest, with respect to the posterior distribution. Extensions to
hypothesis testing, through the use of Bayesian p-values, can also be made
using the results above, showing the vast overall scope of the MCMC
approach.
As well as using point summaries to report information on the posterior
distribution, it is also important to report posterior uncertainty. One possible
method is to evaluate quantiles of the posterior distribution for the relevant
estimands. Interval summaries can also be derived; two interval estimates will
be considered in the subsequent analysis: the 100 ( 1- a)% Central Posterior
Density Region and the 100 ( 1- a)% Highest Posterior Region Density.
The 100 ( 1- a)% Central Posterior Density region for 0 corresponds to the
smallest range of values above and below which lies at most 100 ( a/ 2) % of the
posterior probability.

This is sometimes referred to as a Bayesian credible

interval. It is important that due care be taken in interpreting the form of the
interval from a Bayesian perspective; there is an important difference between
the Bayesian and the Frequentist interpretations, one which must be realised
when any inference is drawn. A Bayesian will deduce that the parameter in
question lies within the interval with a probability of 100 (1- a)%. In contrast,
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the Frequentist interpretation of a 100 ( 1- a)% confidence interval implies that
100 ( 1- a)% of the time, over a collection of data sets, the interval that has

been constructed will contain the parameter. Apart from the interpretation of
each ·type of interval, the main difference between the methods is that the
Frequentist confidence interval does not allow for conditioning on the data that
is actually observed.
A slightly different method for summarizing the posterior uncertainty is the
Highest Posterior Density region. Essentially, this is the region that contains
the most likely values of 0 . More formally, suppose that f ( 0 I y) is the
posterior distribution as before and C (y) is the smallest set such that
(i)

The posterior probability that 0 is in C (y) is at least ( 1- a) and;

(ii)

There exists a k such that C (y) = {0: f ( 01 y) > k} .

Then

C(y)

is a 100(1-a)¾ HighestPosteriorDensityregionfor 0.

For distributions that are unimodal and symmetric, the Highest Posterior
Density and the Central Posterior Density regions are equivalent. In this case,
the Central Posterior Density region will be preferable, given that it is easier to
compute and its interpretation is clearer.

However, when 0 is of a large

dimension, it can be difficult to grasp the shape of the posterior distribution
visually. In such cases, the highest posterior density is perhaps a better method
to employ to summarize the posterior distribution. In this chapter, both types
of interval will be used and the respective results compared, to allow for cl
more detailed consideration of the posterior distribution. With respect to the
models that are to be considered in this chapter, the dimension of 0 is at most
only ever two.

Consequently, it is not difficult to visualize the posterior

distribution. In this case, the Central Posterior Density is likely to be the better
interval to use as a tool for analysis.
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2.3 The Model
To set the framework, let us begin by considering the familiar Poisson
distribution where we suppose that Yr, ... , yN are independent observations
sampled from a Poisson distribution, where the dependent variable y is subject
to observational truncation at zero, taking on only the positive integers.
Therefore,
(Yi I l) ~ iid Poisson (l ), i = 1, ... ,N, l > 0
where ,,l is the parameter of the Poisson distribution. The probability function
is therefore given by
e-,l ;1,Y;

f(yi

ll)=--,
yi!

i=l, ... ,N.

Thus, the non-truncated likelihood function is
N

e-,l ;1,Y;

LN(lly)= rr~-oce-w;i/
i=l Yi!
where

(2.1)

y =Yi+ ... + YN.

In the absence of truncation, the value that maximises the likelihood is just
the sample mean. The estimation problem becomes more difficult when pnly
the positive values of yi are observed; an estimate of ,,l is no longer available
by commonplace methods without added mathematical complications that are
caused by the truncation.

For this reason, the usual maximum likelihood

procedures are slightly more difficult to apply.

Furthermore, recenf

developments in Bayesian methods have enabled prior information to be
introduced into the modelling process, allowing more realistic models, which
are based on a priori knowledge of researchers in respective fields of interest,
to be developed. As discussed earlier, until the widespread development of
MCMC methods, Bayesian inference for truncated data received little
attention. The use of such prior infonnation is important, but can lead to a
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more complicated model. In these cases, where standard methods struggle,
MCMC methods are often applied.

2.3.1 Various Approaches To The Truncation
In considering the general truncated model, there are two approaches that can

be applied.

One approach is to consider a marginal model, whereby the

observational process can be assessed. This type of model was considered in
Grogger & Carson, (1991). where it was assumed that samples are drawn from
the full, non-truncated distribution. The distribution is subsequently truncated
and the estimates are derived from the sampling distribution of the truncated
data.

The second approach assumes that the samples are drawn from an

already truncated distribution with a fixed design. In this approach, the sample
size n is conditioned upon so that the number of desired observations is chosen
at the outset; as a result, sparse data sets can be avoided if n is chosen to be
large enough.
We will consider the former method for the remainder of this chapter. The
likelihood function for the truncated model can be derived for three
combinations of N and n. These are when
(i)

N is random and n is fixed, or;

(ii)

N is fixed and n is random, or;

(iii)

Neither N nor n is fixed.

Each of these combinations will be considered in tum whilst a fourth
alternative will also be discussed for comparative purposes.

2.3.1.1 N is random and n is fixed

To begin with let us consider the situation in case (i) where sampling from the
Poisson distribution is carried out repeatedly until n non-zero observations are
obtained.

We define y=(y1, ... ,yN) to be the vector of responses from _a
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Poisson distribution where N is unknown, and let the standard indicator
function I ( •) signify those values yi that are sampled and are greater than
zero. Therefore,

f(y/1)= j(y)P(I/y)
0)
:I>ie-,ly I(y > o)
Ae -,ly I ( y >

,-1,e-,ly I

(y > 0) =

,-1,e-,ly

00

L;i,e-,ly

1-e

=l

-,l ' y

2
' ' ...

y=l

This has the effect of introducing a divisor into the likelihood function through
the truncation mechanism. As a result, n is a fixed constant and N is treated as
a random variable where the truncated likelihood function is given by

Lt (A y) = Tin e-,l ,-1,Yi
-,l
i=I 1 -e
I

where

=

e-n,l XY

(2.2)

(l-e

y = y 1 + ... + Yn ·

2.3.1.2 N is fixed and n is random

An equivalent result to that obtained in Equation 2.2 exists when case (ii) is
considered. Here, N observations are sampled from the Poisson distribution
where only those values of yi that are greater than zero are retained, resulting
in n non-zero observations. In this situation, N now becomes fixed and n is _
treated as a random variable. Using the standard probability function of the
Poisson distribution for y

=(Yi, ... , y N) in Section 2.3, the truncated probability

function is given as

f ( Y; =

i

e-½i / j!
IY; > O) = 1- P ( Y; = 0)
e-l ;i//j !
1-e-,l
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where i = l, ... , n and j now only takes the integer values that are greater than
zero. As a result, the truncated likelihood function now becomes

Lt (1 y) = nn e-A-AY; = e-n/4/4.Y
-/4
i=I 1 -e
ll-e
I

(2.3)

The likelihood functions that have been derived in Equations 2.2 and 2.3 are
clearly equivalent with both results differing from the standard probability
1

function of the Poisson distribution by the factor {1- P (Yi = 0) }- only. In
view of the fact that P (Yi
probabilities by {l-P(yi = 0)

= 0) < 1 , the multiplication of the standard

r

will naturally lead to an increase in the

probabilities of the truncated probability function. The unobserved zeros are
now accounted for by the factor in the denominator.
In order to find ,{, the value that maximises Equation 2.2 (and 2.3),

iterative procedures, such as the EM algorithm or the Newton Raphson
algorithm are required. This is the exact same likelihood function that was
obtained by Cohen (1954) for the Poisson distribution that was truncated on the
left at zero where Poisson tables were used to obtain an estimator.
In many real-life situations however, it is unlikely that the true value of N

would be known, yet the actual value of N might still be of real interest to the
researcher. This outcome is in line with case (iii) that was mentioned earlier;
in practice, this is the most common and realistic situation.

For example,

epidemiologists have no way of estimating accurately the total number of
people predisposed to breast cancer. The only way to find out is to wait until
you are diagnosed with it or, to some extent, look at screening for early
detection.

Early screening is known to be quite effective, particularly for

people with significant family histories of breast cancer. Therefore, testing can
help people identify risk and take necessary action.

It also assists in the

calculation of enterprise risk strategies for oncology units within hospitals and
allows medical insurance providers to calibrate their fees and risk margins to
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greater levels of certainty.

In this instance, the number of breast cancer

sufferers is unknown as well as the number that are predisposed to the disease.
Therefore, when neither N nor n is known, N is defined to be a random variable
for the model. In keeping with a Bayesian approach, a prior distribution must
be specified for N and estimation can then take place through the use of
MCMC methods. Caution must be taken when specifying the prior distribution
for Nin order to reflect any a priori knowledge about the model parameter,
which is now treated as a random variable with a distribution. A number of
models will be discussed in Section 2.5 in order to better illustrate the possible
issues involved with a Poisson distribution that is truncated at zero.
It is worthwhile however to explore consequences of ignoring the
truncation when the model for the truncated Poisson distribution is incorrectly
specified.

The incorrect estimator

i

0

,

is the value that maximises the

likelihood function

L 0 (,,1., I y,n) cc

i=1

where

y = y 1 + ... + Yn

as before.

e- ), ;J., Yi

IT-- cc
n

.
e-n A

AY

(2.4)

Yi!

Such a likelihood function would be

incorrect, because it ignores the sampling mechanism altogether.
To summarize the results of this section diagrammatically, Figure 2.1 shows
a plot of the likelihood functions LN, Lt and L when
0

y = 6,

n

= 2 and N = 5 .

These likelihood functions have all been standardized so that the highest value
-

of each of them is equal to one. After observation of the density functions
represented by LN and L, , it is clear that it is not appropriate to ignore the
truncation, since a distinct difference in the densities is evident. If the amount
of truncation were known to be small, N would be close to n and the
likelihoods,

LN and L, would be similar pictorially and analytically.

Therefore, as the degree of truncation lessens, then the estimators associated
with LN and L, will approach an equivalent value. However, this is a tenuous
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assumption to make or to rely on. With respect to the incorrect likelihood
function L

0

,

any conclusions regarding an estimator of this function are

suspect; no account of the truncation process is taken and so the maximum
likelihood estimate will always be overestimated, as shown in Figure 2.1. In
addition, since n ~ N , the estimator

i

0

,

which is given by y / n, and was found

using maximum likelihood techniques, will always produce an inflated
estimate compared to

iN

(which is given as y / N) and ultimately

it, of which

an explicit solution is not available.
The only viable and correct model for the Poisson distribution truncated on
the left at zero is therefore represented through Equations 2.2 or 2.3, whereby
the truncation mechanism can be defined in two ways; sampling takes place
repeatedly until n non-zero observations are obtained, or alternatively, the
sample is a result of N observations being recorded and the sample is truncated
accordingly for responses that are greater than zero. Both of these models
consider the distribution of observati_ons conditional upon being observed.

2.4 A Bayesian Model Where Only n is Known
Prior to Sampling
2.4.1 The Model
Let us now return to the likelihood function in Equation 2.2 and consider it irr
terms of a Bayesian perspective. Suppose that sampling occurs repeatedly until
n non-zero observations are obtained. Then n is a fixed and known constant

and N is a random variable. A prior distribution for A is introduced, where it is
known that by definition l must be greater than or equal to zero. Therefore
the prior density must be defined over the parameter space [0, oo) .
As discussed earlier, a successful observation is defined as Yi being greater
than zero.

Therefore, sampling continues . until a total of n successes are
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observed, where it is noted that the last value must be non-zero - a success.
The data is_ arranged in such a way that the observed data is of the form

x= (xP ... , xJ = g (y)

where y =(Yi, ... , yN) and g is the function which takes a

vector and returns it with all zero elements removed. The hierarchical model is
as follows:
( N I x, J) ~ NB ( n,
f

(x I A)=

1- e -/4 )

rr-,l A_:

(2.5)

1-e
Gamma ( a, /J)
i=l

f

(A)~

where NB represents the Negative Binomial distribution.
The parameter A is given a ~on-informative prior with a= 0.5 and

/3 = 0.01

where interest lies in obtaining f ( N, A Ix), the posterior distribution

of N and A. Using the fact that the posterior need only be expressed up to
proportionality, then

f (N, A IX) oc f (N, A, X) oc f (NI A, X) f (XI /4) f (A).
Therefore, the posterior distribution of N and J can be expressed as
f

(N,A Ix) oc (N -lJ(i-e-/4
n -l

r(

e- A ) N-n

e-n/4

X'

e- /JA A a-1

( 1-e-l )

The full conditional posterior distributions are extracted such that
f ( A I • ) oc Aa-I+x e - l(/J+N)

/(N l•)oc (N-lJ e- Nl
n-l

where we adopt the notation that f ( A I • ) denotes the posterior conditional on
all of the other variables. The Gibbs Sampler is therefore defmed to be
1.

(l

2.

(N

I •)

I •)

~ Gamma ( a +

~ NB ( n, l - e

x, fJ + N)

-/4 )

To obtain this result, we have used the fact that
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N
f ( Nlx,A ) oc
( n-1

lJ e- N}., oc ( N - lJ (1-e-}., )n (e- }., )N-n , N=n,n+l,n+2, ...
n-1

where 1-e-}., = P(yi > 0 I A, N) is the probability of being observed. Now the
Gibbs Sampling Algorithm will be applied to obtain estimates of A and N
respectively.

2.4.2 Simulations and Results
In order to apply the Gibbs Sampler for this model, a sequence of data sets for
different values of n was generated, where the Poisson parameter was selected
to be 1.

The hyperparameters, a and

fJ

were set to equal 0.5 and 0.01

respectively, and one single Gibbs sampling chain was run for 10,000
iterations.

This lengthy choice of run was used to assist in detecting

convergence to any regions of low probability. This analysis is consistent with
the approach adopted by Geyer (1992), namely, that only a single run should be
employed, as no inference can be made from shorter runs.

This is often

sufficient for models with only a small number of parameters to be estimated.
After preliminary trials, it was observed that convergence to the mode had
occurred quickly. As the chain did not leave the region of the true mode, then
we can conclude that any other modes in the posterior would possess only
negligible probability.
Figure 2.2 shows the estimated marginal posterior distribution of A for
truncated samples of n equal to 25, 50 and 100 respectively. The true posterior
density f

(AI x),

which is obtainable from Equation 2.5, is shown by the

dotted lines overlaid for each respective sample size. We see that the estimated
marginal posterior densities obtained using the Gibbs Sampler have recovered
the true marginal posterior densities with the modes very close to the true value
of one.
Figure 2.3 shows the estimated marginal posterior densities for each value
of N, the size of the complete sample where the zero responses have been
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included. These results can be compared to the true values given in Table 2.1
where it is possible to make comparisons to the true values of N. The estimates
that have been produced are close to the true values and therefore, the nontnmcated sample size has been recovered by the Gibbs Sampler. In real-world
analyses it would not be possible to make such a comparison and therefore an
appropriate method can be tried and tested using simulated data.
Figure 2.4 shows the trajectories of two simulations for the first 500
iterations of the Gibbs Sampler for N, starting from different values, NP = 60
and NP= 150 where NT= 80 and n = 50 (we let p denote the Proposed value
and T denote the True value). At face value, convergence has occurred after
approximately fifteen iterations and the Gibbs sampling chain remains in this
region of the density for the remainder of the run. Figure 2.5 is a similar plot
of the trajectories using different starting values of A. These were 0.1 and 2
respectively. Once again, rapid convergence of the chain was apparent and it
was deemed unnecessary to merely carry out multiple runs as an exploratory
measure.
One issue regarding MCMC methods that has not been introduced as yet in
this chapter is that of 'bum-in'. This is the problem of how much of the initial
part of a run should be discarded before the chain appears to have reached
equilibrium. After observation of Figures 2.4 and 2.5, the bum-in period was
very short, an approximate length of fifteen iterations.

Therefore in the

subsequent calculations of the parameter estimates, the first fifteen values from
each of the chains were discarded. In the analysis in subsequent chapters, the
convergence tools (already mentioned in Section 2.2) from the MCMC
literature have been used in assessing the length of bum-in.

However, for

models of a relatively simple form, the naive method of checking by sight for
convergence has been applied.
The parameter estimates were calculated using the second of the results
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stated in Section 2.2.1, by calculating the empirical average.

The true

parameter values and their_estimates, together with the posterior mode and
standard error (shown in parentheses) of the densities are presented in Table
, 2.1.

The MCMC estimates that are obtained are in good agreement with the true
value. With respect to N, this improves as the sample size increases, whilst the
estimates of A are ·very close to the true value of A = l . This is the case
regardless of the starting values used for both parameters.

2'.5 A Bayesian Model Where Both N and n are
Unknown Prior to Sampling.
Let us now return to the situation introduced in Section 2.3 .1 where N and n are
both unknown prior to sampling (which contrasts with the situation in Section
2.4 where only n is known prior to sampling).

With truncated data, it has

already been mentioned that it is unusual for N to be known. For example, as
part of a medical study, a sample of individuals is observed who are infected
with a specific disease. We do not know the responses for people that are not
included in the sample, only those infected with the disease.
In the following section, in order to show the scope of the Gibbs sampling

technique, the consideration of many prior distributions, both informative and
non-informative, will be placed on N.

2.5.1 The Basic Model
Consider the following model
( Yi I A, N) ~ ii d Po is son (A) , i = l, ... , N

(A IN)~ Gamma(a,/J)
f ( N)

oc

h ( N), N

E

W
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n

25
50
100
500
1000

True
Value
N
42
80
159
780
1614

Posterior Mea n
N
39.85 (0.0245)
78.87 (0.0335)
159.46 (0.0481)
777 .07 (0.1007)
1612.07 (0.1548)

Posterior Mode
;L

1.0505 (0.0008)
1.0386 (0.0006)
1.0026 (0.0004)
1.0345 (0.0002)
0.9700 (0.0001)

N
36.79
74.88
155.53
773.99
1609.32

;L

0.9987
1.0189
0.9908
1.0317
0.9680

Table 2.1: Parameter estimates obtained from a MCM C run for various sample
sizes where ;l = 1.

where h is a positive function, W is a set of positive integers, chosen to
represent a rough indication of any prior knowledge of N, and ;l and N are a
prior i independent; that is,

f (A, N) oc f (;l) f (N) .

The natural conjugate

prior distribution to the Pois son distribution is the Gam ma distribution as they
each belong to the same conjugate family.

Therefore, a commonly used

technique when forming a Bayesian model is to exploit this fact; in many of the
examples that follow, a Gamma prior distribution will be considered for both
parameters. As a result, simulations can be performed without difficulty using
MCMC methods. Other prior distributions will also be considered to show the
potentially wider scope of the truncated Poisson distribution to a variety of
real-data applications.
As before, the data is of the form x = g (y) where inference is to be_
performed on the Poisson mean, ;l . Before proceeding, it is worth noting that

i = E [ ;l x]
I

is difficult to compute exactly but not impossible (see Appendix

A). A simpler way to approximate this quantity however, regardless of the
prior distribution placed on N, is through the application of Monte Carlo
methods, more specifically, the Gibbs Sampler.
The joint density of the two unknowns in the model is given by
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f (N,A Ix) ex: f (N, A,x) =

L

f (N,A, y)

y:g(y)=x

where it follows that

f (N,/4 IX)= (

:Ji

(N) f (/4 IN) f (y I A,N)

.
N ·I
h
(
N)
1 a-1 - J,.,jJ
NJ,.,
1 x
oc--x
X/l,
e xe / l , .

(N-n)!

A Gibbs Sampler, which involves two conditional distributions, can now be
defined in the following way:

1.

( /4 I • ) ~ Gamma (a+ x, j3 + N)

2.

f(Nl•)o c

N! h(N)e-N \NEW
(N-n)!

A few examples will now be considered regarding various prior distributions
that are placed on N A final example involving Jeffrey's prior (1946) on /4 is
then considered.

2.5.1.1 Example 1

If

h(N)=l and W={n, ... ,N}, then we let f(N)=l /(N-n+ l) where

N

= n, ... , N. The upper limit for N, represented as N, is selected on the basis

that it is a number large enough to encompass any prior knowledge about N. It
is possible that this value could be infinite, which would inevitably cause
computational difficulties. Therefore, given the initial details of the model,

H-

is chosen to be quite large but not unreasonably so, in order to avoid any
unnecessary technical problems when the Gibbs Sampler is applied to the
model.
A data set of Poisson observations of size N = l 00 was generated and only
those values that are greater than zero were retained, in keeping with Section
2.3.1. The starting values were chosen such that A= l, a= 0.5 and j3 = 0 and
a single simulation of the Gibbs Sampler was run for 10,000 iterations. This
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produced a sample of size n = 65 where the marginal probability of being
1

observed for ;L = 1 was 1-e- = 0.6321.
Figure 2.6 shows the estimated marginal densities for both ;L and N, along
with a plot of the trajectories for the first 1000 iterations where the initial
values have been varied in the simulations. For each parameter, convergence
has occurred after approximately ten iterations and there exists only a
negligible display of a bum-in, even when different starting values are used.
The posterior estimates are presented in Table 2.2, where in their calculation
the values that were part of the initial bum-in period have been omitted.
As a more exploratory way of assessing the convergence of the Gibbs
Sampler, the algorithm was run a further ten times and for each simulation the
running mean was calculated. The results are shown in Figure 2. 7 for both ;L
and N. It can be seen that both parameters converge rapidly as suggested (i.e.
This agrees with the prev10us

after approximately fifteen iterations).

deductions wherein marginal distributions appeared to be unimodal.
Using asymptotic normality conditions for the Monte Carlo method as
discussed earlier, a 95% Central Posterior Density interval and a 95% Highest
Posterior Density interval have been calculated for both parameters N and ;L
respectively; as described in Section 2.2.1; the true values for N and ;L appear
in the respective intervals ( N

= 100 and

;L

= 1 ), which are displayed in Table

2.3.

2.5.1.2 Example 2

Let us now consider the model where h ( N) = 1I N.
distribution of N then takes the form

f(Nl•)oc
oc

N'· x-xe
1
- N).,
(N-n)! N

(Nn-1- lJ

e -N)., .

The conditional
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Paramete r
N
l

True Value
100
1.0

Mean Estimate
104.81 (12.61)
1.0011 (0.15)

Mode Estimate
99.71
0.9972

Table 2.2: Paramete r estimates of N and l from a MCMC run where standard
errors are shown in parenthes es.

This is a generalis ation of the model in Equation 2.5 where the Gibbs Sampler
that has been defined in this example is exactly the same as that derived in
Section 2.4. Therefore , the previous results apply.

2.5.1.3 Example 3
Consider the same basic model where a prior distributi on is placed on N such
that N

~

Gamma(8 5, 0.8). This is an informati ve prior with a mean of 106.25

and a standard deviation of 11.5. Thus we can be 95% confident a priori that N
is between 84 and 128. The exact probabili ty is given by

I
I

NEA

N84e-o .sN

N 84 e--0sN

= 0.9437

all N

where A= [85,128]. For this exercise, the Gibbs Sampler was run for 10,000
iterations to detect all regions of the paramete r space and the results are shown
in Figure 2.8.
Figures 2.8(a) and 2.8(c) show the trajectory plots for the first 1,000
iterations of the chain for l

and N respectiv ely where the initial values were

chosen to be 2 and 75 respectiv ely.

Figure 2.8(b) shows the estimated

marginal posterior density of A that was found when using the Gibbs Sampler.
The true density is overlaid.

The dotted line that is shown in the diagram

represent s the density of A if the truncatio n mechanis m is ignored. Therefore,
by ignoring the truncatio n mechanis m, the value of l would essentially be
overestim ated by 0.6. Figure 2.8( d) shows the estimated marginal posterior
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N

Central Posterior
Density
(83 .00, 133 .05)

Highest Posterior
Density
(79.75,129.18)

,,i

(0.7403,1.3239)

( 0.7091, 1.3091)

Parameter

Table 2.3: Bayesian interval estimates for N and ;t .

density of N.

The line overlaid represents the Gamma prior distribution

specified in the initial model.

2.5.1.4 Exam ple 4

Finally, let us now consider replacing the prior on ;t with Jeffrey's prior (1946)
for a Poisson parameter. Jeffrey's prior is proportional to the square root of
Fish er's information matrix, and so f ( ;t) oc ,,i-

112

and is often used when little

prior information is available. The Gibbs Sampler of Example 3 was repeated
using this prior.
The value of N converged almost completely to the true value of 100, as did
the value of ;t to 1, with little evidence of a bum -in period. The parameter
estimates are shown in Table 2.4.

2.6 Discussion
In this chapter, a Bayesian estimation approach has been explored for the
Poisson model that is truncated at zero. The efficacy of the Gibbs Sampler was
demonstrated for obtaining estimates of the unkn own parameters in this model,
where a number of examples were shown. The results in this chapter allow us
to examine the joint distribution of ;t and N for a basic Poisson example to
explain the issues involved in truncated data, in order to obtain estimates of
each, by placing a variety of informative and non-informative pnor
distributions on both ;t and N . The results that were found are very
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Para mete r
N
A

True Valu e
100
1.0

Poste rior Mea n
100.55(0.1246)
0.9953(0.0016)

Poste rior Mod e
96.50
0.9587

Table 2.4: Para mete r estimates calculated using the mod el described m
Exam ple 4.

encouraging for the marginal models, whic h allow N to be estimated through
the sampling distribution of

N.

However, the MCM C meth odol ogy is

computationally intensive and the models described are relatively simple to
analyse through alternative methods, such as the comm only used maxi mum
likelihood techniques. In the following chapter, the simple case of the Poisson
mod el will be extended to a regression scenario. Due to the natural form of
data that is truncated, not only are the respo nse variables truncated, but also so
are the corresponding covariate variables.
regression

approach

We therefore investigate the

and suggest using the

empirical

distribution to

approximate the covariate distribution.
Whe n using a likelihood-based analysis for trunc ated models, the posterior
distribution exhibits a complicated form; in such instances, MCM C methods
are often the only way to proceed, whic h was not nece ssari ly the case in this
chapter.

However, the introduction of a regression structure presents ever-

greater complexities and necessitates still more sophisticated methods. These
problems and appropriate responses will be addressed in the next chapter.

43

Chapter 3
3. The Regression Modelling of a
Truncated Poisson Distribution
3.1 Introduction
In the previous chapter, we concerned ourselves wit h the ma ny issues that are
faced wh en applying the Poi sso n model where truncation occurs at zero.
Bayesian techniques were explored for the basic Poi sso n model wh en no
regression structure was present. While the regression complicates the overall
process somewhat, it has the ben efit of bei ng mo re applicable to realistic
scenarios and is more relevant to real data. Fro m an analytical perspective, the
models that have bee n considered in the previous chapter displayed ver y
promising results, but we did not necessarily require the MC MC methods that
were applied.

The regression aspect however, wh en introduced into the

Poisson model, naturally incorporates covariates into the model. Through the
truncation mechanism, a num ber of these covariates will be unobserved:..
Therefore, the specification of the underlying covariate distribution - an area
that has received ver y little attention in the statistical literature - is one issue of
considerable interest. One of the ma in limitations encountered in considering
the issue of truncation in a regression context is that the explanatory variables
as well as the response variables are unobserved. Wh at is more, once again,
the number of observations that are not seen is unknown; this is a direct result
of the structure of the pro ble m in question. Previously, no effective methods
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have been offer ed for estim ating the unde rlyin g distr ibuti on of the cova riate s
prior to trunc ation , nor has it been poss ible to estim ate the size of the nontrunc_a ted samp le from the trunc ated samp le alone.

In orde r to estim ate the requ ired value s, itis unlik ely that we can rely upon
the more strai ghtfo rwar d and fami liar appr oach es, such as max imum likel ihoo d
techniques.

Ther efore , we must cons ider an alter nativ e approach.

This

chapter, throu gh the appli catio n of a simu latio n study, cons iders these issues.
The regre ssion mod ellin g of data when using a Pois son mod el wher e the
depe nden t varia ble is limit ed in term s of its obse rvab ility will now be
considered. For this mode l, the estim ation proc ess can be enab led throu gh the
assum ption of vario us prior distr ibuti ons, for both the cova riate s and the nontrunc ated samp le size. Thes e prior distr ibuti ons can eithe r be infor mati ve or
non- infor mati ve, depe ndin g on the situation; any a prio ri know ledg e will assist
the proce ss.
To allow for estim ation of the unob serve d value s that are of interest, a
comb inati on of MCM C meth ods will be empl oyed ; the Metr opol is Hast ings
Algo rithm (Met ropo lis et al. 1953; Hast ings 1970 ) will be intro duce d here and
will be appli ed with in the Gibb s Sam pling Algo rithm .

Rand om num ber

gene rator s are avail able to samp le from well -kno wn distr ibuti ons. Som etim es,
the cond ition al distr ibuti on is of an unfa milia r form and as a result, alternative
samp ling meth ods are requi red.

For this mode l, when this is the case, the

Metr opol is Hast ings Algo rithm was applied.
The regre ssion mod ellin g of data from expo nenti al fami lies is routi nely
perfo rmed in the litera ture as a gene raliz ed linea r mod el (McC ullag h & Neld er,
1989).

Gene raliz ed linea r mod els enco mpas s a broa d class of regre ssion

mode ls, inclu ding the Pois son distr ibuti on. A vast amou nt of literature exists
regar ding norm al linea r regre ssion mod els in a Baye sian conte xt, with analyses
using both inforn1ative and non-inforn1ative prior distr ibuti ons. Only a smal l
amou nt of literature is avail able perta ining to the Pois son regre ssion model.

45

Both Grogger & Carson (1991) and Shaw (1988) proposed a regression
model for data with a truncated Poisson distribution, and extended it to the
truncated Negative Binomial distribution; maximum likelihood techniques
were applied in order to obtain consistent estimates of the regression
parameters. More recently, Ibrahim, Chen & Lipsitz (2002) have considered a
more general Bayesian analysis for generalized linear models, wherein the
Poisson regression model with missing covariate values was one of the models
considered.

As discussed earlier, the issue of missing covariates and the

covariate distributions have received very little attention in a Bayesian context.
Ibrahim et al. (2002) suggest using informative priors for the regression
coefficients and then, specifying a parametric distribution for the covariates,
written as a sequence of one-dimensional conditional distributions.
Beyond Ibrahim however, there is little useful literature available regarding
the Poisson regression problem; there is still less regarding the potential
extension to the truncated Poisson regression model.
An example that will be considered in this thesis is the observation of the

number of Leadbeater' s Possums in a sample of habitats, presented in Welsh,
Cunningham, Donnelly & Lindenmayer (1996). Leadbeater's possum is a rare
species of marsupial from the forests of south eastern Australia. The somewhat
hostile nature of these forests, compounded with a restricted range of habitat
and the small distribution of these animals within this habitat makes it difficult
to study habitat patterns effectively. One of the aims of this chapter is to derive
a feasible methodology that enables estimation of the number of habitats that
are suitable for the Leadbeater' s possum. For the possum data set, we are also
interested in the estimation of the underlying distribution of important
environm.ental variables within those habitats. Welsh et al. (1996) considered
two models, for which the focus of statistical inference was .assessing the
impact of the environmental variables on the number of possums present. The
analysis presented in this chapter however is wider in scope - we will
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simultaneously model ·the distribution and the effect of the environmental
variables, as well as estimating N, the total number of suitable habitats.
This data set is based on the preponderance of the species across a sample of
habitats, where the number of Leadbeat er's possum that were observed was
recorded, as well as a range of habitat covariates where sample selection was
not affected by the number of possums observed being greater than or equal to
one. Inclusion in the sample is based on at least one possum being observed,
therefore, covariate information was only available from those areas that
contained at least one possum. The data set from Welsh et al. (1996) is not
. truncated initially. However, the estimation procedur~s described in this paper
are motivated by the fact that there are too many habitats in which no animals
have been recorded to use either a Poisson or a Negative Binomial model. The
two approaches that were discussed by Welsh et al. (1996) were a conditional
model and a mixture model. It is not apparent how to extend these methods to
estimate N. In addition, since the zero values are a mixture of Poisson counts
and some contamination, the information in the zeros is likely to be very
limited. Consequently, the approach taken in this thesis is to truncate the data
set at zero, which removes the contamination. Welsh et al. (1996) looked at
tqe issue _of whether to use a Poisson or Negative Binomial model for the data
set and were satisfied that a Poisson model was adequate. For this reason, we
will follow their lead and focus on the Poisson model. Of course, the results
derived in this chapter can easily be extended to the Negative Binomial model;·
the method that is considered is applicable to truncated regression data more
generally.
The arrangement of this chapter will be as follows: In Section 3.2, the
hierarchical model that is to be considered will be introduced and the joint
posterior distribution for this model will subsequently be developed.

In

Section 3 .3, the conditional posterior distributions for the model and hence, the
Gibbs Sampling Algorithm will be derived.

In Section 3 .4, the truncated
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reg res sio n mo del wil l be app lied to Poi sso n cou nt dat a usi ng a seri es of
artificial dat a sets, as we ll as the dat a set on the abu nda nce of the Lea dbe ate r' s
Pos sum s. The re is a larg e am oun t of deb ate in the lite ratu re as to wh eth er
eith er one lon g run or mu ltip le run s nee d to be use d in MC MC in ord er to
ens ure val id infe ren ce. We wil l sho w thro ugh the exa mp les in Sec tion 3 .4 the
opt ion s and ben efit s ass oci ate d wit h eac h of the se not ion s.

3.2 The Bayesian Regression Model
The hie rarc hic al mo del tha t wil l be em plo yed in this cha pte r wil l util ize the
stan dar d def init ion of the ind ica tor fun ctio n, Ii

= l if yi > 0, Vi. Therefore,

Ii = I (Yi > 0) is the ind ica tor fun ctio n for the val ues of y tha t are obs erv ed.
No w

(Yi

I

2,

/3) ~ A) 77) ,_, Ind epe nde nt Poi sso n (A), i = l, ... , N
N

f (2 I /3) ~ A) i7) = IT f (2i I /3) ~ A) 77 ),

n

wh ere

f (2i I /3) ~ A) 77) = IT 1Jt,=zk) .

i=l

k=l

(/31 ~A ) 77) oc 1, /3 E IR
(NI A) 77) ,_, Poi sso n (A)

f

f ( l I 77) oc 1, l > 0
7J ,_, Dir ich let (

zi, ... ,zn

wh ere

2/ n, ... , 2/ n)

are the actu al obs erv ed val ues of

con sid er a sma ll sam ple ,

2.

~o re specifically, let us

y= (Yi ,Y2 ,y3 ,y4 )=(0,3,l,0) wh ere a series of

1 x p vec tors of cov aria te ~alues,

2

= (21 , 2 2 , 2 3 , 2 4 ) are also ass oci ate d wit h this

sam ple . Ho wev er, as a res ult of the trun cati on, onl y the pai rs of obs erv atio ns

(y 2 , 2

2

)

and

(y 3 , 2 3 )

obs erv e tha t n

wil l be obs erv ed. Fur the rmo re, in the mo del outlined, we

= 11 + ... +IN ,

wh ere n is the size of the trun cat ed sam ple .

The refo re, wit hou t loss of generality, the obs erv atio ns are re-l abe lled suc h tha t
1, 2, ... , n refe r to the sam ple d units. For the exa mp le abo ve, I= ( 0, 1, 1, 0) and
so Y 2 •

y 1 and y 3 •

y2

;

a sim ilar pro ces s occ urs inv olv ing the val ues of

2
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and TJ . Ther efore , the distr ibuti on of the cova riate value s for this exam ple is as
follo ws:

f ( 2 1 I /JJ ~ AJTJ) = T/1

I (2 I /JJ ~ /4; TJ) =
2

T/2

2
I (Z3 /JJ ~ /4; TJ) = {T/1 ~f 3= ~1
I

T/2 If z 3

= z2

I (Z4 I /JJ ~ AJ TJ) = {T/1 ~f 4 = ~1
2

= z2

T/?- If z 4

wher e TJ1 + TJ 2

= 1, or more generally,

TJ 1 + TJ 2 + ... + T/n

= l.

This assum es that the

zi 's are distin ct. How ever, if this were not the case, a nece ssary modi ficat ion

woul d need to be made to the mode l.
Let us now defin e Q = ( A·, /3, TJ) to be the vecto r conta ining the quan tities of
inter est and let

D = {(Yi, zJ : Ii = l} = (y

O

obse rved, such that y 0 =(Yi , ... , Yn) and

z0

,

z

0

wher e o deno tes a value that is

)

= ( zP ... , zn) after re-la belli ng. The

joint poste rior distr ibuti on that we are inter ested in evalu ating is given by

f (Q I D) = f (l,/3,TJ I n,y ,za)
=
A, /3, TJ, M I n, y
0

ff (

wher e M

= (Ym, zm, N) , and m

O ,

z

O

)clM

(3.1)

deno tes a valu e that is not obse rved; this vecto r

conta ins each of those value s for whic h the value is unkn own due to the
trunc ation .

The integ ral in Equa tion 3 .1 is likel y to be diffic ult, if not

impo ssibl e to evalu ate nume rical ly.

Whe neve r this is the case, MCM C

meth ods ·are an imm ediat e optio n avoid ing the need to evalu ate the integral;Ther efore , in orde r to obtai n estim ates of Q, we need to find a term , whic h up
to a degr ee of prop ortio nalit y is appr oxim ately equa l to the poste rior
distr ibuti on, f

(Q ID).

This will now be deriv ed in great er detail.

Follo wing the hiera rchic al mod el that was state d prev iousl y, the regre ssion
mod el that is to be cons idere d follo ws a Pois son distr ibuti on so that

Pr( yi = y ) =

e-µ;µ t
1
;

y!

y = 0,1,2 , ... , i = l, ... ,N
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wh ere yi is the res pon se of the ith ind ivid ual and A is the cor res pon din g me an
of the process. Fol low ing Mc Cu llag h & Ne lde r (1989), if the log link is used,
the me an is mo del led by

g(A ) = log A= z;JJ
where

J3 = (/Ji, ... ,/JP )' and z; = (Zn, ... ,zip).
Therefore,

J3 is a

p x 1 vec tor of reg res sio n par am ete rs and the covariates

me asu red on the ith individual are rep res ent ed by a 1x p vector,

z;

represents the ith row of a N x p des ign ma trix Z.

z; , such that

At this stage, the

unk now n par am ete rs of inte res t are con tain ed wit hin the vec tor

/3 .

Let us first consider a sam ple of N observations, (yi, z1), ... ,(yN ,zN ), wh ich
are subject to truncation, wh ere we ass um e tha t the covariates z are realizations
of the ran dom variables Z wit h som e den sity f ( z), ind epe nde nt of the
response.

In order to proceed, we wil l con sid er the like liho od of obtaining a par ticu lar
sam ple of size n trun cat ed at zero, n bei ng unk now n prio r to sampling. By
per mu tati on if necessary, this is

(Yi, 21), ... ,(yn,zn),(O,zn+l), ... ,(o,zN) ·
The like liho od of the com ple te sam ple is therefore

NJ
f (y, z,n I /3 ,N ) = (n QI (Y; I
n

Z;,

/3) f (

zJIJ/ (Y; =
N

0 I Z;, /3) f

z;)

(

and the pos teri or is thus

f (/3 1y,z ) oc f
wh ere f

(/3)

( y,z

I /3)/(/3)

is the pro pos ed prio r for the unk now n par am ete r vec tor

/3 .

Thi s res ult is of no imm edi ate use, since the covariate values for the
truncated observations are unknown.

To pro cee d we calculate the ma rgin al
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distribution of n and

(Yi, z1 ), ••• , (Yn, zn).

This is the likel ihoo d of the observed

data and is given by

I (Y Z ,n I /J,N) =
0 ,

0

NJ QI (Y; IZ;,/J) I( z;) J. .. fI!/ (y
(
N

n

n

N

=

0 I Z;, /J) I( zJI! /Z;-

As the distribution of the zi 's are identical this redu ces to

I (Yo,zo,n I /J,N) = ( :Jo l(Y ; I Z;,/J)I (z;){l-P(fJ)("

(3.2)

wher e
P ( /3)

= 1- ff (y = o z, /3) f (z) dz ,

(3.3)

I

whic h is the unco nditi onal prob abili ty of obse rving a unit rand omly chos en
from f (z).
If N and f ( z) are know n, Equa tion 3 .2 could be used to form inferences
about

/3,

although this could be difficult beca use of the poss ibly multi-

dimensional integral in Equa tion 3 :3.
With truncated data, it is unus ual for N to be known. In the great majo rity
of cases, it is therefore nece ssary to intro duce N into the joint distribution and
treat it as another unkn own parameter.

In this case, we introduce N as a

rand om variable whic h must be estim ated and a distr ibuti on for N is postulated.

(N IA)

This will be denoted by f

wher e A is a fixed parameter. The joint

distribution off (y 0 ,z0 ,n,N I /3,A) is then given by

I (Yo>Zo,n, NI /J,/4) = ( :J oi (Y; I Z;, /J) I (z;) {1-P (fJ) (" I (NI /4)
and the marginal distribution for f

(y z n I /3, A)
0

,

0

,

is

t( ~JOI (Y; z;,/J)I (z;){l-P(/J)VI

The choice of f
considered.

(N I A)

(3.;)

0

Pr(N = j

j

/4).

will depe nd on the parti cular prob lem being

For this chapter, it will be assum ed that N has a Poiss on
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distribution with mean A , as previously stated in the hierarchical model
outlined in Section 3 .2. Equation 3 .4 therefore now simplifies to
f

(Y

0

,Z 0

,n I /J,A)

oc t[J (y i I zi,/3)/(zJAne-lP(fJ).
i=1

The last issue that mu st be resolved is the distribution of the Z' s. This
distribution is possibly multi-dimensional and with no prior knowledge of the
nature of this distribution, the specification of a form that is flexible enough
could prove difficult. By arguing that the observed covariates provide the only
information regarding the distribution of Z, we propose to approximate the
covariate density by using the 'em piri cal ' support of"the covariates. By this,
we mean that we shall let the support of the distribution be defined by the
observed covariates.

Thus, the empirical distribution is a multinomial

distribution. We use the parameter 77 in this case to represent the vector of
length n, with components being the cell probabilities of the multinomial
distribution. This approach is loosely analogous to the use of the multinomial
simplification, which derives empirical likelihoods from the intractable
nonparametric likelihoods (Efron & Tibshirani, 1993). The join t density now
becomes

f (Ya, 2 o,n I /J,A,77) oc t[J (y i I zi,/3)/(zi I 77)Ane-).P(fJ l1J)
i=l

where
11

P( /31 77 )= 1-L f(y i =Olzi,/3)77i •
i=l

This is the join t density distribution after truncation.

To allow the join t

posterior distribution to be defined, we must now consider the parameter
specification for the prior distributions of each element of Q.
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3.3 Prior Specification
Let us denote the joint prior for /3,r;,kby

f(/3,TJ,A).

This is the prior that

we would specify for the parameter when the data in question is subject to
truncation. We distinguish this from f

(/3, r;, A)M

which is the distribution of

the parameters prior to the truncation induced by the truncation model. Then

fP (z I /3) f (z I r;) f (/3, r;, A)

f (/3, r;, A) oc

M

dz

where P ( z I /3) is the probability that a unit with covariate z is truncated. So

f (/J, r;, At oc

f (/3,TJ,A)
fp ( z I /J) f (z I r;) dz

and
-U(,8l17)/

IJJ(yi I zi'/3)/ zi I T/r, e
1
f (/J, r;, A IYo, z o' n) oc ;
Jp ( z I/J) f (z Ir;) dz
n

\ 1n

(

(/J ,r;, ,.1_,)
(3.5)

and
f

(/3, T/, A, NI Y

0

,

Z0

,

n)

t'It(Yi lzj,/3)/(zi lr;){l-P(/J)r-n ANe-Af(/3,TJ,A)
OC

i=l

(3.6)

(N- n) ! JP (z I /3) f (z I r;) dz

where we note that for a Poisson variable subject to truncation at zero,
P ( /J I r;) =

f r;; (1-

e- µ ; )

.

i=l

A generalized linear model exhibits the property whereby as more data
becomes available, the prior distribution will have a smaller effect on the
posterior distribution. When there is no information a priori, we propose to
use independent priors with a uniform prior for both A and

/J.

Here we are

making use of a non-informative prior and putting equal weight on all values of
the parameter space. The use of a non-informative prior distribution leads to
similar results to the Frequentist approach.
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Taking

a

nonparametric

approach,

we

assume

that

r;

has

a

Dirichlet (2/ n, ... , 2/ n) distribution with support at the observed covariates.

This is motivated by the fact that if n = 2, the non-informative pnor 1s
U(0,1) = Dirichlet(l,l).

When n > 2, the non-informative prior will be

exchangeable and the prior will be of the form Dirichlet (en, ... , en). Now if n
is even, n

= 2k,

r;1 + ... + r;k, r;k+I + ... + r;n is

say, then

Dirichlet (ken, ken) and

since the non-informative prior for two points is Dirichlet (1,1),

en = 2 I n .

ken = l or

In general therefore, the prior distribution for r;

will be

Dirichlet (2 In, ... , 2 In) .

The implementation of the

Gibbs

Sampler therefore requires the

decomposition of Equations 3.5 and 3.6 into a set of convenient conditional
distributions. We will treat the two cases separately.

3.3.1 The Marginal Posterior Distribution of /JJAJT/
Using the notation that f

(/31 •)

denotes the posterior conditional on all the

other variables,

f (fJ,/4,77 I•) oc

CTf (Y; IZ;,/J)( CT 7/;r /4"

e~:;

where p is the vector of probabilities of non-truncation and q

(3.7)

=l -

p . Hence,

. the conditional distributions for each of the quantities of interest are given by
-J..ry'p

n

f

(/31 •) oc Tif (yi I zi'/3)-e,-,
TJ p

i=l

n

e

-J..ry'p

f(A l•)OC/4 ----;;;;-,

7/

f ( I • ) oc (

Of these three posteriors, f ( r;

CT 7/; r

I•)

e~:; .

presents the most difficulty. For small

n, this posterior can be sampled by using rejection techniques. For larger n,

this approach is not viable. It is sometimes necessary to manipulate the joint
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pos teri or den sity thro ugh the intr odu ctio n of aux ilia ry var iab les to obt ain a
wo rka ble form. Au xili ary var iab les ena ble us to dev elo p and imp lem ent chains
tha t rem ove the inte
rac
tion
s
and
red
uce
the
stro
ng
con
diti
ona
l
dep
end
enc
e
.
.

wit hin ma ny com pon ent s at once, wh ich allo ws the cho sen alg orit hm to mo ve
ade qua tely aro und the sam ple space. Thi s wa s a me tho d tha t was adv oca ted by
Bes ag & Gre en (1993). In the pre sen t case, we not e tha t

I,h

cor( n

jl

f ( 77 I•) cc

TI 77; ]

]2/n

e-(. +,)ry'p dt

2/n

=

R
0

e-(<+,) e('-+t)ry'qdt

, q=

1=1

- COJ~fi f,
{Tin
r;~/n
+
};
q!i
(l
+
t)J;
~
-

•••

OJi=O

l

} 11 =0

l.

i=l

l- p

r

- (M t)dt .

Ji!

Thi s sug ges ts the intr odu ctio n of two aux ilia ry var iab les t and j and so
Equ atio n 3. 7 bec om es

f

(/3, A, 77, t, j I•) cc

Of

(Y;

0 :;j/(
1

77;'

I Z;, /3) {

}(A+ t f

e-(<+t)A"

wh ere },

=

t };

and we are now in a pos itio n to ext rac t the con diti ona l pos teri ors and ma ke the
foll ow ing ded uct ion s:

f ( t I •) oc ( A + t )1" e-t

(3.8)

f ( A I •) oc (A+ t )1" e-,l An

(3.9 )

n

n

f (/3 I • ) oc TI f (Yi I zi' /3) TI q(i
i=l

(3.1 Q)

i=l
n

f ( TJ I •) OC

TI T/t

n+};

(3.11 )

i=l

/(J l•) cc

n( ;qt
77

i= l

Ji.

(A+tY

(3 .12 )

55

After careful observati on of Equation s 3.8 and 3.9, the condition al posterior for
both

A

and

t

can be rewritten using the binomial expansio n of

(A+ t )1· , since J. is an integer. Then

f ( /4 I•) OC

I (j.}J--s
I(j.J(-t (-lJs
As A ne-J..

s=O

OC

S

Jj.-s

s=O

1+ t

S

(3.13)

An+se-J..

l+t

and

/(tl•)oc

f(j.J(~JJ.-d(-Jd le-t
1

d=O

d

l +l

(3 .14)

1+ l

Having regard to Equation 3.13, a new auxiliary variable s with associate d
posterior is introduce d, and conseque ntly a new posterior for A is deduced. It
is now possible to draw a value s from a Binomial distributi on with size
paramete r J. and with success probabili ty 11(1 + t). Subseque ntly, a value A
is drawn from a Gamma density with shape and scale paramete rs, n + s + l
and 1 respectively. Similarly, from Equation 3 .14, d ,._, Bin (j_, l/ (1 +A)) and

t ,__, G(d + 1,1). We note that both Equation s 3.8 and 3.9 are log-conc ave and an
alternative approach would be to use Adaptive Rejection Sampling (Gilks &
Wild, 1992). However , the use of the binomial expansio n demonstr ated no
problems within the algorithm , and so the use of another MCMC method,
which would have undoubte dly increased the computat ion time·, was not felt to
be required at this stage.
Sampling from Equation 3 .10 also presents difficulties.

The condition al

distributi on does not appear to be of a familiar standard form; therefore it is
necessary to find an alternative method for drawing a value. of

J3.

To do this,

we propose to use another MCMC method, the Metropol is Hastings Algorithm.
This will be described in more detail in Section 3 .4.
Equation 3 .11

correspon ds to

a Dirichlet density with paramete rs

2 I n+ Ji + l, i = 1,2, ... , n. This will produce a vector of length n, the size of
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the truncated sample. In order to generate a ran dom sample of

r;,

we first

draw from a Ga mm a distribution where the shape and scale parameters are
2 In+ ii + l and 1 respectively; each value that is obtained is evaluated over
the sum of all of the draws, giving the required values of
Finally, to generate the

ii 's from Equation

r;i.

3.1 2, we observe that the

marginal posterior of j is proportional to an Independent Poisson distribution
with parameter

r;iqJl + t),

i = 1,2, ... , n.

As a result, the Gibbs Sampling

Algorithm for this particular approach can now be formed.

3.3.2 The Marginal Posterior Distribution of /3,2,17,N
If N is retained, the n the pos teri or distribution is

f

(/3, A, r;, NI •)

if_

(:J tu

(Y; I Z;, /3)

!=l

if_

trJ (y i

I

zi,/J)(tr r;iJ2 /n(1J'q)~-n
i=J

Di

(Y;

AN e-;t
N!

i=l

i=I

=

(tr r;iJ2 /n(17'qr; pr-n

I Z;,

r

/3)(D77;

1-

ANe-A

r; q

(t(1J'q

( N - n ,.

rn+j J /4 e-;t
N

.

But

tr
(
t=I

21

77; ]

/1 (

I (77'q rn+ jJ=I
1=0

J=O

L

r;/Jn+J;

Ji , ... ,Jn "?.0
)1 + ...+ 111 :5,N- n+)

= L..
f,

V
L..

j=N -n ) 1 , .. . ,)11 '?.0
it+ ... +),,= j

(~ - n +/Jn (

(

qt )

}i, · · ·,} n

•

j

·

Jn(

_2111+1;

r;l

J; ).

qi

}p· ··,J n

Again, this suggests the introduction of an auxiliary variable j. The posterior
distribution is now given by
n

I (/J,A,77, NI •) OC QI (Y; I ;, /J)
2

(

J1· + . . . + J·n J n
}i, .. . ,Jn

D( d ( ~
2/n+j;

77;

where N 2 n and j 1 + ... + j 2 N - n .
11

The resultant conditional posterior distributions are as follows:

.

1
/1..,

N

e- A

N n,.
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n

n

f (/3 I •) oc TI f (Yi I 2i, /3) TI q;i
i=l

f (TJ

I•)~

f ( }. I • ) = f

(3.15)

i=l

Dirichlet(;+ ) ,;+in)

( ]p .. ·, 1n I • ) OC
(

}1 + ... + j
.

A, N-n
1

)

N-n !

,

.

]i, .. ·,Jn

/(,-1,j•)oc,-1,Ne/ ( N I •) oc

(3 .16)

1 , •••

JTI
)I
n . 'l'7iq
11

1

(

i

(3 .17)

i=l

1

(3.18)

n ~ N ~ } 1+ ... + } + n
11

(3.19)

In order to draw a value for f3 and 77, we note that both of these posteriors ,
represent ed by Equation s 3.15 and 3.16 respectiv ely, are independ ent of N (up
to proportio nality), and can be sampled in the same manner as shown the
previous section.
However , after observati on of Equation 3 .1 7, this is not quite as
straightfo rward.

We proceed by supposin g that there are n + l possible

outcomes , each with probabili ties
n

n

n

TJ1qi,TJ2q2, -.. ,TJnqn,l- LTJiqi, where 1- LTJiqi = LTJiPi =ry'p.
i-1

i=I

i=I

If we let j= ji, ... ,Jn be the number of events of type l, ... ,n and consider
conductin g trials until the first outcome is of type n + l, we observe that

f (J.

I •)

~ Geometri c ( ry' p)

where we wait for the first failure. This occurs with probabili ty ry'p . We also
condition on the time to first failure being at least N - n . Hence,

.
.
I
)
Af
f
.
·
f
(
·
TJ1q1
TJ2q2
TJnqn
J
h
,
_
f1
f ( Ji, ... ,Jn • ~ u tznomza ].,-,-,- ,-, ... , - , - w ere TJ q - ~TJiqi
TJ q TJ q
77 q
i=l
which can be implemen ted using a function in Splus from Devroye (1986).
After observati on of Equation 3 .18, we see that the marginal posterior of A
is proportio nal to a Gamma density with shape paramete r N + l and scale
paramete r 1; this is easily applied. Finally, to generate a value of N, notice
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that from Equation 3 .19, the conditional distribution of N - n is proportional
to a Poisson distribution with paramete r A . Doubly truncating on the left for
n ~ N and on the right for N ~ j 1 + ... +in + n will give the required value.

3.4 Simulation and Examples
3.4.1 A Generated Simulation
In order to show the merits of each of the above methods, a simulation study
will be performed.

In this simulatio n study, an artificial data set will be

generate where Z will denote the appropriate design matrix with N rows, the ith
row being (1, zJ, where zi has a Uniform distribution over [0,1].

It was

postulated in Section 3 .2 that N should have a Poisson distribution with mean

A ; for this example, it will be set to equal 50. The expected values A are
calculated using the link function g ( z) = log ( z), where for this example,

/3 = ( /30 , /31 )' = (-1, 1)',

and the sample y is generated from a random Poisson

distribution, with mean µ and truncated according ly at values of y == 0. This
results in a new and truncated sample y O, z 0

•

The marginal probability of

being observed for f3 that _has been selected is 0.46. We expect that just over
half of the sample will be truncated; in actual fact, the value of n, which was
the truncated sample size in the artificial data set that resulted from this
exercise ranged from 17 to 25.
Each method will be considered in tum to show the merits of the respectiv e
approaches.

3.4.2 Method 1
The first method to be considered is set out in Section 3 .3 .1 where the Gibbs
Sampler proceeds as follows:
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1. Sample Ji ,__, Independent Poisson ( ryie-A (A+ t)), i = l, ... , n
2. Sample

/3 ,__,

IT

e_ez;fJ(l+J;)e(z!/Jt

= h(/3), i = l, ... ,n

i=l

3. Sampled,__, Binomial(J.,l/(l+A))
4. Sample t ,__, Gamma ( d + l, 1)
5. Samples,.__, Binomial(J.,1/(l+t))
6. Sample A,__,Gamma(n+s+l,l)
7. Sample TJ. ,__, Dirichlet(~+ J. + 1), i = l, ... , n.
n
L

L

To begin the algorithm, starting points need only be considered reasonable
to occur in the sample.

Put simply, it is merely necessary to ensure that a

starting point is not so far out in the tails of the distribution as to constitute an
extremely improbable occurrence in the sample. A bad starting value can lead
to slow convergence and will exhibit itself in the form of slow mixing. There
are two strategies referred to in the literature regarding the issue of optimal
starting points that enable the chain to reach the target distribution. The use of
multiple runs is useful in exploratory stages and can aid with detecting
problems with the simulation. Gelman & Rubin (1992) believe that one should
experiment with several runs, beginning from many starting points and
monitoring the behaviour of each chain. They argue that a bad starting value
can most often be diagnosed from one run and rectified for future simulations.
Geyer (1992) believes that sufficient inference can be realised from running
one long run, arguing that if a chain is run for long enough, all regions of high
and low probability will be visited and the chain will return to the region of the
mode, giving the desired estimate. We will explore each of these possibilities
in this section using the examples previously considered.
Returning to the algorithm, many of the densities require j in their
computation and so it seems reasonable to firstly draw a value J where each

Ji
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was generated using arbitrary starting values of t = 0.1 and 77.I =I/ n , smce

I ;= ?Ji was required to sum to one.
1

Other choices could have been employed,

but the posterior densities seemed well behaved in preliminary investigations;
it was therefore not deemed necessary to use different starting values.
Whenever appropriate, the true parameter values were employed and respective
parameters · were re-sampled in a systematic manner, as described previously.
A single simulation was run for 2500 iterations and this process was repeated
in parallel I 00 times. The algorithm was approached initially using multiple
runs.

3.4.2.1 The Metropolis Hastings Algorithm
The implementation of an alternative method is required in order to sample
values from h (/3)

.

We propose to use the Metropolis Hastings Algorithm

(Metropolis et al. 1953; Hastings 1970) due to its relative ease of application.

It will now be described in greater detail with respect to the sampling
distribution that is to be considered within this particular Gibbs Sampler.
The Metropolis Hastings Algorithm involves a separate simulation process
during each iteration in order to produce a random sample of

/J , where

dependent realizations are simulated to form a Markov chain with equilibrium
distribution, represented as f

(/3).

For this particular model, the conditional

posterior distribution can be simplified to obtain
f

(/3 I•) oc

exp[t (x;J3Y, ~(1 + J;)ex,!J

l

A transition distribution is then chosen; for this example, a Gaussian
distribution has been selected with some chosen starting vector of f3 and with
some specified variance, a

2

•

A candidate value

/J.(m) is drawn which, since the

transition distribution is symmetric, is accepted with probability

Pr (/J(m) /J(m-I)) = f (/J(m) )
'
f ( /J(m-1))

.
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Otherwise, the step is rejected, the chain remains at

/J(m) = /J(m-i)

and the

algorithm is repeated within the Gibbs Sampler until the chain stochastically
converges.
The number of iterations that are required and therefore, the overall
computing time of the procedure could possibly be increased when the
Metropolis Hastings Algorithm step is employed. However, convergence is
· actually accelerated if the complete vector of f3 is updated simultaneously
instead of one element at a time. For this model, p = 2 . This is not considered
to be a large value of p . However, by using the complete vector rather than p
separate steps within one iteration of the Metropolis Hastings Algorithm, the
computation time that is required is invariably decreased. This is a measure
that is often utilized when employing the Metropolis Hastings Algorithm.
When applying the Metropolis Hastings Algorithm, a numerical figure must
be nominated for the variance of the transition distribution. Caution must be
taken when specifying this value since it will affect the convergence speed and
exploratory effectiveness of the chain. To show this directly, Figure 3 .1 shows
2

the difference in jumps to new regions of probability for values of a = 0.1 and

a = 0.0001, respectively, when the transition distribution is chosen to be
2

Gaussian.

The selected values are just arbitrary values that were used in
2

preliminary investigations. The choice of a will almost certainly affect the
rate of mixing and ultimately the convergence ability of the chain. If the value
of cl is too small, then each jump in the chain is to an area close to the
previous jump. If sampling is continued in this fashion, then the chain will
take a longer time to converge and the convergence speed of the entire Gibbs
sampling chain would ultimately be affected. Therefore, a larger value is more
suitable as it allows for a more effective exploration of the whole parameter
2

space. As such, prior to running the Gibbs Sampling chain, a was chosen to
equal 0.1.
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3.4.2.2 Results
Figure 3 .2 shows a sample path for a random simulatio n of the regression
paramete rs

/30

and

/31

respectively.

Both figures imply reasonable

converge nce to the target distribution, with no obvious presence of slow
m1xmg.

When . a multiple run approach was used, in order to adequately

estimate the variance of the marginal posterior distributions, at least 100 i.i.d
observations from the posterior distribution were required.

Therefore each

simulatio n was run 100 times in parallel. This proved satisfacto ry to enable the
marginal distribution of the paramete rs of interest to be approximated
effectively. For each such run, the posterior mean and mode were calculated.
These are presented in Table 3 .1, with the standard errors in parentheses, along
with the maximum likelihoo d estimates that were obtained using the Newton
Raphson algorithm. The results were produced using the same data sets that
were generated during the initial truncatio n process; in applying each method,
the same starting values were also used.
For the truncated Poisson model, comparis on with the distribution of the
maximum likelihood estimates (which were obtained using an iterative
procedur e) shows that the Bayesian metho.d of applying the Gibbs Sampler
produces the most accurate estimates for each of the regressio n parameters.
Figure 3 .3 shows the estimated sampling distributions of

/3,

for both the

MCMC simulations and the maximum likelihood results, obtained using the
Newton Raphson algorithm.

The Newton Raphson algorithm is inherentl y

unstable and it can exhibit problems to convergence if we start at some
distance from the target mode. This is apparent after observing the estimates
found in Table 3 .1.

Consequently, we are faced with inconsistently large

values far from the mode of the distributi on and this is the reason that the mean
estimates of the maximum likelihoo d estimates are some distance from the true
values,

/30 = -1.

From Figure 3.3, the estimated sampling distribution for

/30
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/Jo

True
Value
50
-1

/31

1

Para mete r
/4

---

---

-0.99 88(0 .0006 )

Poste rior
Mod e
32.48
-0.9999

-1.1328

-1.1304

1.0012(0.00010)

1.0019

1.0149

1.0049

Poste rior Mea n
34.01 (0.27 82)

MLE Estimate
Mea n
Mod e

Tabl e 3 .1: Resu lts of simulations using the meth od desc ribed in Section 3 .3.

is nega tivel y skewed, whic h leads to a nega tivel y biase d estimate.
In cons ideri ng the estim ate of /4 , the value that repre sents the expected size

of the non- trunc ated sample, we note a rathe r substantial unde resti mati on with
a fairly large stand ard error, whil st the regre ssion coefficients are very close to
the true value s for this model. One poten tial reaso n for such a difference in the
value of /4 could be due to the lengt h of the chain. Figu re 3 .4 displays the
traje ctory of the joint mean s of /4 for each of the 100 simulations, along with
the estimated marg inal distr ibuti on for these results. Afte r obse rvati on of the
seco nd figure, it is obvious that the distr ibuti on is not quite centr ed on the true
value.
To assess the overall bene fit in a singl e run of this algorithm, and to
determine whet her extending the lengt h of a run will allow for a more efficient
explo ratio n of the para mete r space, the Gibbs Sam pler was run once for 25 ,000
iterations.
Figu re 3 .5 shows the estim ated distr ibuti on of ,,l, revea ling that the true
value has now been recovered. Therefore, if a chain is run for long enou gh, it
will visit most areas of prob abili ty and conv erge to the most likely region.
Figu re 3 .6 show s a plot of the trajectories and the estim ated densities for each
comp onen t of f3 , whil st displayed in Tabl e 3 .2 are the nume rical estimates for
each component.
The Gibbs Sam pler has once again estim ated each of the parameters with
impr oved accuracy comp ared to the max imum likelihood estim ates (again
obtai ned using the New ton Raph son algorithm). In orde r to get an estimate of
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l

using the same algorithm, it would be necessary to recode the entire

function in Splus to tune it to a different objective. This is not necessarily
difficult to do, at least to obtain an estimate of A , but as it has already been
described, due to the complexity of the model, the Newton Raphson algorithm
could have problems in converging to the desired estimate. However, one of
the main aims of this chapter was to estimate the underlying covariate
distribution.

This issue alone would pose many problems if the Newton

Raphson algorithm were the method to be employed.

In fact, it is highly

unlikely that such an exercise would even be possible. One advantage of the
Gibbs Sampler for many estimation problems is that the output produced
involves a random sample for each of the parameters of interest that are present
in the joint posterior distribution.

As such, a wider scope of inference is

feasible.
In considering multiple runs versus one single run of the algorithm, in order

to draw any valid conclusions regarding either method, it is advisable to use a
formal means of assessing the convergence of the chain. Therefore, we return
to the application of gibbsit, and to the estimation of the simulation length of a
Gibbs sampling chain. The default inputs required for this program are such
that the algorithm will estimate the rnn length that is needed to estimate
Pr (U < u) of the posterior to within

r with

95% confidence when the true

value is equal to 0.025. For the output that is produced here, r was chosen to
equal 0.025 in order to assess the convergence progress of each of the
parameter estimates,

/J,

A and 77 . The results from a random simulation are

shown in Table 3.3 where the outputs are as follows:

Nbum

= the number of

iterations to be discarded at the beginning of a chain, and; N min= the minimum
number of iterations, assuming independence, required to achieve the specified
accuracy, while;

Nprec

= the number of subsequent iterations required.

According to the gibbsit analysis, running one single chain for 2,500
iterations is sufficient for convergence of the chain to be reached (as shown in
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Parameter
;t

/Jo
/31

Mean Estimate
53 .55(0.1039)
-1.0010

Mode Estimate
49.15
-1.0000

MLE Estimate

1.0001

1.0002

0.9423

---

-0.9961

Table 3 .2: Results of simulations using the method described in Section 3 .4.3
from one single run.
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Table 3 .3). This result appears to disagree entirely with the necessity that a
long run must be undertaken in order to obtain an estimate of ;L . As a result, if
only the gibbsit output were to be used to decide the duration of a single run,
then the associated analysis would have failed for ·this example. Gelman &
Rubin (1992b) have presented a number of cases where gibbsit has in fact
failed and therefore, this inquiry will not place too much value on this type of
analysis. Gelman & Rubin place more importance on using multiple runs of
the algorithm and then using the asymptotic results outlined in Section 2.2.1 to
develop any conclusions about the paramete r estimates. However, we note that
in evaluating the estimates that are given in Table 3.1, those iterations that were
from the bum-in period were discarded when the calculations were carried out.
The results from additional simulations involving many different regression
parameters are shown in Table 3 .5 and Table 3 .6. Estimates of the posterior
mean are given and are compared to the truncated maximum likelihood .
estimates. Table 3.7 shows the 95% Central Posterior Densities and the 95%
Highest Posterior Densities for each set of regression parameter estimates when
Method 1 is employed.
We will now address the effectiveness of this approach in estimating the
underlying distribution of the unseen covariates. To ~o this, the mean of each
component of 77 was calculated for all of the 100 simulations. Because of the
calculations involved and the computational limitations imposed by the large
size of each component of 77, only the results for the first 20 simulations have
been shown. For each of these 77-vectors , respective values were calculated at
grid points from zero to one, taking every one-hundredth partition and
interpolating between the points. This plot is shown in Figure 3. 7 where the
black line represents the empirical distribution estimated by using the average
of each of these vectors.

This is compared with the distribution of the

truncated z . 's which are drawn from a Uniform distribution. This distribution
I

is represented by the dotted line.

It can be seen that after averaging the
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Para mete r
Estimate

Nbum

Nmin

Nprec

,,i

2

150

149

/Jo

29

150

1277

/31

50

150

2168

Tabl e 3.3: Resu lts of gibbsit analysis from a rand om simulation for the
artificial data set.

comp onen ts of the trunc ated distribution, the empirical distribution does in fact
recov er the non- trunc ated marg inal distr ibuti on of the covariates.

3.4.3 Met hod 2
The meth od detailed in Secti on 3 .3 .2 will now be considered. In applying this
method, the same data sets that were gene rated in the prev ious secti on are used.
The starting value s were chos en such that A = l 00 ,

/3 = (-4, -4 )'

vecto r of lengt h n, was arbitrarily chos en to be a vecto r of 1 's.

and j, a
A single

simu latio n was run for 2500 iterations, and this proc ess was repea ted 100 times
wher e the samp le paths for each simu latio n were saved.
Tabl e 3 .4 shows estimates of the poste rior mean and poste rior mod e for
each parameter. After initial obse rvati on of the results, there appears to be a
discr epan cy with respe ct to

/31, the slope parameter, where the Gibbs

sampling_

chain appears to be havin g difficulty in conv ergin g to the true value of 1.
However, if the starting values are selec ted to be closer to the true value, the
estimates of the poste rior mean of f3 are found to be

/J = (-1.1 288, 0.80 69)'.

This is- substantially closer, and given the effectiveness in running a long
chain that was found in Secti on 3.4.2.2, this perh aps suggests that if a single
chain were to be run for a long er perio d of time, it woul d have eventually
converged to this true value. Show n in Tabl e 3 .5 are estimates of the poste rior
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Parameter

True Value

Mean Estimate

Mode Estimate

/4

50

44.17

44.88

/Jo
/31

-1

-0.8097

-0.9785

1

0.2961

0.3069

Table 3.4: Results of simulations using the method described in Section 3.3.2.
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means of

J3 from additional simulations. Both methods, 1 and 2 were

employed for these extra trials, which involve a number of different regression
parameters.

With respect to Method 2, there appears to be a problem in

coalescence to the target distribution for each of the results.
prevalent in the estimation of the regression parameters when
this case, the estimates of

/30

This is most

J3 = ( 2, -1 )' .

In

and of N are calculated to be 1.2932 and 65.48

respectively, compared to the true values of 2 and 50 respectively. Both of
these results are far from their true values.

Furthermore, the marginal

probability of being observed for this combination of

J3 is 0.98. As such, few

observations are being discarded in the truncation process. However, when
trying to recover the regression parameters,
identified

/3

are

=
-1.0720.
1

significantly

closer,

J3 = (0, -1)', the estimates that are

evaluated

as

/3

0

= -0.1988

and

In this case, the marginal probability of being observed is 0.46

and in determining N, an estimate of 43 .68 is calculated. Therefore, Method 2
seems to be doing well for cases where a larger degree of truncation is present
and less well for those cases where a large amount of the data is actually
observed; that is when the amount of truncation is low. In addition to this
observation, when Method 2 is applied, the estimation of N is frequently a
problem.

3.4.4 Leadbeater's Possum Example
Using a real data set for illustration, the Poisson model was fitted to the count
data on the abundance of Leadbeater's Possums. This data is the number of
possums according to habitat variables from a sample of sites. It has also been
analysed in the context of zero inflation whereby the amount of zero responses
is greater than would have been expected from the Poisson model. Welsh et al.
(1996) have analysed this data assuming that it is contaminated by zero
responses.
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The data set contains possum counts on 151 three-hectare sites. We focus
on four habitat variables: stags, which is a count of suitable habitat trees; bark,
which is a score for the amount of decorticating bark; shrubs, which measures
the number of shrnbs at the site; and slope, which is a measure of the slope of
the site. These are the variables that were used previously by Welsh et al.
(1996) by a standard analysis of deviance used in fitting generalized linear
models. In order to use the Gibbs sampling method for the truncated Poisson
model, it is necessary to model the probability of a positive response and
truncate where the response is equal to zero, as is described in the outline of the
model. After removal of sites with no possums observed, 55 sites remained.
For this example, the starting values were chosen to be the maximum
likelihood estimates that were found in Welsh et al. (1996), and are given in
Table 3 .10. Both methods 1 and 2 were employed for this analysis, with the
aim of comparing the results.

For each method, the starting values were

chosen to equal those used in the . simulated examples.

Accordingly,

parameters were sampled in progressive steps of the Gibbs Sampler as already
described in Section 3.4.2.

For each method, the algorithm was run for a

number of trial runs. This was done to enable the degree of convergence to be
.assessed through exploratory runs. Using these results, gibbsit was then used
to give a rough indication of how long each run should be, for convergence of
the chain to be reached. The gibbsit output is shown in Table 3 .9 where the
outputs remained as before and r = 0.025 was selected to achieve the desired
accuracy. After observation of Table 3 .9, it seems acceptable to run each chain
for 2500 iterations; this should provide reasonably accurate estimates of the
quantiles of the distribution. This Gibbs Sampler was then repeated in parallel
250 times.
The number of multiple runs was increased from 100 in the simulation study
to 250 for this particular example. The main reason for this is that the possum
data set involved more variables in the regression and therefore a slightly more

Method 2

Method 1

Parameter

Truncated Maximum Likelihood
Estimate

0

-1

0.0112

-1.0007

-0.1988

-1.1576

-0.0984

-1.0468

2

-1

2.0021

-1.0002

1.2932

-1.0720

2.0036

-1.0088

Table 3.5: Estimates of the posterior mean of

/J

when using both methods described in Section 3.4, and also estimates found using

maximum likelihood techniques for various regression parameters.

Mean

Parameter
-1
1
2
-0.5

0
1
-1
-1

1
2
0
2

-0.9992
0.9939
2.0010
-0.4674

Table 3.6: Estimates of the posterior mean of

0.0029
1.0012
-1.0017
-0.9867

/J

Mode
1.0042
1.9931
-0.0012
1.9769

-1.0029
0.9670
2.0015
-0.5019

0.0020
0.9499
-1.0030
~1.0240

1.0027
2.0534
0.0014
1.9671

Tnmcated Maximum Likelihood
Estimate
-1.6718
-0.0551
1.5421
0.9774
1.0165
2.0109
1.9868
-0.9956
-0.0105
-0.7221
-1.0094
2.1950

when using both methods described in Section 3.4, and also estimates found using

maximum likelihood techniques for various regression parameters.

--._)

0\

Parameter

95% Central Posterior Density

95% Central Posterior Density

0

-1

(-0.0469,0.0066)

(-1.0552, -0.9439)

(-0.0470,0.0709)

(-1.0608, -0.9405)

2

-1

(1.9527,2.0450)

(-1.0590, -0.9404)

(1.9495,2.0547)

(-1.0554, -0.9450)

Parameter

95% Central Posterior Density

95% Highest Posterior Dens ity

-1

0

1

(-1.0359,-0.9595)

(-0.0271,.0389)

(0.9791, 1.0336)

(-1.0356,-0.9628)

(-0.0308,0.0366)

(0.9731,1.0353)

1

1

2

(0. 7967, 1.2155)

(0.8208, 1.2167)

(1.7862,2.1763)

(0. 7909, 1.1969)

(0.7822,1.2202)

(1.7870,2.1992)

2

-1

0

(1.9702,2.0311)

(-1.0371,-0.9708)

(-0.0326,0.0265)

(1.9702,2.0318)

(-1.0362,-0.9672)

(-0.0333,0.0309)

-0.5

-1

-1

(-0.7861, -0.1939)

(-1.2510, -0.6783)

(1.6215,2.2673)

(-0.7445, -0.1903)

(-1.2836, -0.6898)

(1.6658,2.2880)

Table 3.7: 95% Central Posterior Densities and 95% Highest Posterior Densities of

/J when using Method 1 described in Section 3.4.2, for

each of the various regression parameter combinations.

--.....)
--.....)
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complicated structure results.
Figure 3. 8 shows the estimated marginal posterior distribution of A that was
obtained when using method 1. We note that the estimated posterior mode was
found to be 61.80, which is rather low considering that the true value of N is
151. However, recall that the data is thought to be contaminated with spurious
non-habitats.
The posterior mean and mode were calculated for each of the variables and
are displayed in Table 3.10. They seem to be in reasonable accordance with the
estimates obtained by Welsh et al. (1996). As a comparison, the last column in
Table 3.10 shows the results from running the algorithm once for 25,000
iterations. For this chain, the burn-in period was small and the largest number
to be discarded was 34 of the initial iterations. Even after this has been taken
into account, the results obtained from multiple runs of the Gibbs Sampler
appear to be more accurate. The estimate of A is still very small compared to
the true value of 151. This is possibly due to the issue of zero inflation in the
model where the number of zeros is larger than would have been expected
from the Poisson model. In a similar analysis carried out by Barry (1995), the
estimated mode was found to be approximately 60. More specifically, in Barry
(1995), rejection sampling was used to sample from the conditional distribution
of 77 . Therefore, the need for introducing auxiliary variables into the posterior
distribution was suppressed in his methodology, with much the same outcome
in estimating A .
Shown in Table 3.8 are the results obtained from applying Method 2 to this
data, where the starting values of

/J

were arbitrarily selected to be a 5 x 1

vector of negative threes. Each simulation was run for 2,500 iterations and this
process was repeated 100 times.
In comparing the regression parameter estimates to the maximum likelihood

estimates and also to those results obtained using Method 1, the values
obtained are similar to previous results, except for the stags parameter. For
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Posterior
Mean
Posterior
Mode

l

Intercept

Stags

Bark

Shrubs

Slope

113.78

1.2837

0.0071

0.0216

-0.1084

-0.0469

104.50

1.2482

0.0063

0.0201

-0.1137

-0.0413

Table 3.8: Results of the truncated Poisson model using Method 2, applied to
the Leadbeater's Possum .data set.

Parameter

Nbum

Nrmn

Nprec

l

2

150

155

/Jo
/J1
/J2
/J3
/J4

30

150

1313

21

150

895

48

150

1966

42

150

1962

48

150

1966

Table 3.9: Results of gibbsit analysis for Leadbeater's Possum data set from a
random simulation.

Posterior
Mean

Posterior
Mode

Maximum
Likelihood
Estimate

/4

61.92

61.80

---

60.19

58.69

Intercept

1.1299

1.1299

1.13

1.0702

1.0597

Variable

Single Run
Mean

Mode

Stags

0.2418

0.2419

0.246

0.0293

0.0273

Bark

0.0359

0.0360

0.037

0.0442

0.0498

Shrubs

-0.0905

-0.0905

-0.09

-0.0717

-0.0617

Slope

-0.0324

-0.0324

-0.031

-0.0211

-0.0152

-

Table 3 .10: Results of the truncated Poisson model using Method 1, using
·Leadbeater's Possum data set.
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Figure 3.8: Estimated marginal distribution of A wh en Me tho d 1 was applied
to the Leadbeater' s Pos sum data set.

these parameters, results converged quite rapidly with a bum -in period
approximately of length 50 iterations, wh ich were discarded in MC MC
calculations. Mo st notable is the estimate of A wh ich is substantially larger
than the value obtained using Me tho d 1, or by Bar ry (1995).
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3.5 Discussion
In this chapter techniques have been intro duce d that have allowed inference to
be drawn regarding the truncation proc ess of obse rvati onall y truncated data. In
particular, we focussed on a tnmc ated Pois son distribution where a Baye sian
approach was adopted and a variety of MCM C meth ods were used.

An

efficient meth od to estimate features of the unde rlyin g distribution will be very
useful, as tnmc ated data occurs natur ally in a variety of areas. This can be of
great consequence when estimation of the size of the non-truncated sample and
the distribution of covariates of the unob serve d values is of interest.
Little of the extant literature surro undi ng the hand ling of truncated data
problems is from a parametric Baye sian perspective. This is primarily due to
the multi-dimensional integrations that are involved, whic h are often
intractable using num erica l techniques. In the past, the Frequentist approach to
this prob lem has entailed disregarding all external evidence and eliminating
any nuisance parameters through empl oyin g conditioning rather than via
integration. However, one migh t be interested in the marg inal distribution of
the unkn own or nuisance parameters. In practice, even if the joint posterior
distribution is obtainable, evaluating the marg inal distribution can demonstrate
problems. Max imum Likelihood Estim ation is the most wide ly used procedure
at this time. However, as show n in this chapter, an iterative sampling scheme
is still required to locate the mod e of the distribution.
We have show n that the ease of impl emen ting the Gibbs Sampler and its
applicability to a variety of problems make this a very attractive method to use
to mod el truncated distributions. The simulations that were carried out provide
encouragement about the stability of the Gibbs Sampler, wher e sampling was
not employed through a straightforward samp ling sche me using standard
distributions.

An additional advantage of the Gibbs Sampler over the

commonplace Frequentist meth od of maxi mum likelihood is that we obtain a
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random sample from the posterior distributi on from which many inference s can
be

made

regarding

each

of

the

unknown

paramete rs

of

interest.

Notwiths tanding the fact that the an importan t focus of this chapter was
estimatio n of the underlyin g covariate distributi on, as well as the size of N, we
have found that the Gibbs Sampler outperfor med the iterative solutions ,
obtained using the Newton Raphson algorithm , that were tried as a comparis on
to the proposed method, which was shown to lead to problems . Because of this
fact, the Gibbs Sampling Algorithm must be held in high regard when models
pertainin g to realistic scenarios are considere d.
One concern that was highlight ed in this chapter is that of employin g a
single run versus multiple runs of a chain. The relative merit of a single versus
multiple runs is largely dependen t upon the complexi ty of the model being
addressed , but can be inferred from replicatio n of trial runs undertak en
througho ut. If multiple runs are to be utilized, impleme ntation of the Gibbs
Sampler requires determin ation of the number of iterations required to form
one joint sample, as well prior determin ation of the number of simulatio ns of
this process that need to be performe d. The use of the gibbsit software was
shown to deliver some ineffectiv e results in this matter and an efficient way of
assessing the length of a chain with a sound statistica l theory needs to be
derived. This field of inquiry certainly requires further explorati on.
With respect to the size of the non-trunc ated sample, the cautious approach
of this analysis was required, as even though the regressio n paramete rs
appeared to have converge d, /4 had not. This phenome non could have resulted
from poor starting values or the presence of slow mixing. The former problem
can be eliminate d through a series of trial runs, whereas the latter can mitigated
against in efficienc y terms by altering the sampling scheme or through the use
of auxiliary variables . It is well known that MCMC algorithm s can experienc e
problems when regions of very low probabili ty separate high probabili ty areas
of the state space. In more complex cases, this could pose problems .
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In the main part of this chapter we have focused on placing non-informative
prior distributions on the parameters of interest, most notably, on that of

f3 .

Priors reflecting information can be seen to be subjective and this 1s a
continuing debate in the statistical literature.

If prior information w as

expressed in the form of an informative distribution that does reflect some a
priori knowledge, then difficulties could arise with respect to the deriving of

the joint distribution and subsequent sampling, whereby affecting the ability to
obtain consistent results.

However, we have shown that sampling from

unknown forms can be handled to good effect using other MCMC algorithms
such as the Metropolis Hastings Algorithm.
This overall application can be extended to problems where truncation
occurs at different values.

We are able to apply the case, with no obvious

restrictions, to more general patterns of truncation and thus not only the case
where [Y = 0 Ix, f3 ], to incorporate other aspects of the truncated Poisson
model.
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Chapter 4
4. A Model For Group Truncated
Binary Data
4.1 Introduction
Road safet y resea rcher s have long been inter ested in the deve lopm ent of a
viabl e meth od of road traffic resea rch that not only estimates the degree to
whic h certa in factors affect the prob abili ty of death, but also the exposure to
parti cular factors.

Worthwhile prog ress in this field could enable gove rning

bodi es to estab lish new proto cols as prev entat ive meas ures in moto r vehic le
safety.

The analysis could be used to assist in ident ifyin g traffic safet y

prob lems , with the aim of impr ovin g high way safet y conditions. At prese nt,
polic e datab ases prov ide infor mati on, whic h can facilitate attempts to estimate
factors affecting crash prop ensit y and injur y severity. The Fede ral Office of
Road Safe ty (FOR S) in the Aust ralia n Depa rtme nt of Transport and
Com mun icati ons (now calle d the Depa rtme nt of Tran sport and Regi onal
Services), comp ile 'Fata l Files ' on a bienn ial basis.

Thes e files consist of

recor ds for all road traffic accid ents invo lving fatalities in Aust ralia in a
specific calen dar year.

Simi lar data is colle cted and recor ded in the Unit ed

States on an annual basis via The Fatal Acci dent Repo rting Syste m (FARS) of
the Nati onal High way Safe ty Adm inist ratio n, an agen cy of the Unit ed States
Depa rtme nt of Transportation.

The Ame rican database bega n on 1 Janu ary

197 5 and contains pass enge r and vehic le infom1ation for all fatal road traffic
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accidents (where a fatal accident is defined to be an accident in which anyone
dies within 30 days of the crash, and where the case of said death is directly
attributed to said crash). Each case has more than 100 coded data elements that
characterize the crash, the vehicles and the individuals involved.

The

Australian database is of only a modest size, since it draws from a relatively
small population base in Australia. The smaller sample size can make it more
difficult to find significant effects in the Australian database compared to the
U.S. data. However, an analysis of the FARS database is sometimes useful to
assess the relevance of United States safety decisions to the Australian context.
Although there are obvious similarities between road use and accidents in both
Australia and the United States, there are also differences such as the frequency
of seat belt usage and air bag design.

As more data becomes available in

Australia, results will become more conclusive.
The road traffic data set that is to be considered here is naturally truncated,
since we are never in a position to see the covariate information for accidents
without a fatality. In addition, this data set is consistent with the definition of
group-truncated data.

The individuals fall naturally into groups and data is

collected whenever at least one fatality in an accident is recorded, where a
group is defined as a vehicular accident, as in Chapter 4.

Information is

therefore collected on all individuals involved in a crash, including those who
survived; in a group situation, there is no record for crashes in which no
fatalities occur. We do have minimal information regarding the outcome of alt
crashes, insofar as no fatalities did occur and so the outcome is known, but we
do not have any extra knowledge pertaining to the number of non-fatal
accidents, nor the number of individuals present in the vehicle during these
non-fatal crashes.
Estimating the size of the non-truncated sample is also considered to be
important. This would allow us to estimate the number of potentially fatal
accidents that occur. In" the aforementioned context, one might ask, 'what is
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the total number of potentially fatal accidents - both those involving fatalities
as well as those in which no fatalities occur?' Conceptually, this is a difficult
process, since it requires estimating the exposure to an accident, where it is
impossible to know N, the number of groups exposed to the risk of being
fatally injured.

One approach that has been attempted to overcome this

difficulty has employed measurement of an external factor: for example, one
might measure a predetermined, highly-trafficked stretch of road where the
proportion of deaths occurring within its boundaries in a given time period
have been recorded. Unfortunately, such an approach can prove costly and is
perhaps not always entirely reflective of the total road use.· It is therefore
perhaps more efficient to make use of existing data that is already recorded by
governmental agencies.
The main drawback with group-truncated data in this context is that
common likelihood based analyses require the covariate information for those
accidents that are not observed. This approach also requires knowledge of the
total number of accidents.

One approach that might be employed would

calculate the marginal distribution of the responses by integrating over the
covariate distribution; this would be a rather arduous task. For a similar type
of problem, Green (1984) employed both maximum likelihood techniques,
using the Newton Raphson algorithm and an unweighted least squares
regression to obtain an estimate of the regression parameters.
Prior to this, Thorpe (1964), followed by Haight (1973) suggested applying
an Induced Exposure method whereby drivers are split into two groups:
innocent and responsible. Both Evans (1985) and Greenland (1994) attempted

to achieve the same result using a multiplicative relative risk model. However,
the method suggested by Evans can only be used to compare risks for a pair of
occupants differing in one occupant attribute and invariably, much worthwhile
infom1ation is lost in this way.

In applying such a method, pairs must be

matched and only situations wherein each individual falls into precisely the
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same category can be used for analysis. This method appears to be somewhat
inefficient, requiring large data sets and placing restrictions on the parameters.
Its efficacy as a statistical method is therefore questionable and as such, it is
not practicable for Australian accident analysis purposes. Greenland (1994)
suggested a way to model risk ratios from matched cohort data; this study
analysed the effectiveness of motorcycle helmets in preventing deaths in
motorcycle accidents using double-outcome pairs. This method also placed
restrictions on the ability to produce sound results.
There are many references available in the statistical literature on the
application of Conditional Logistic Regression to matched pair designs;
Breslow, Day, Halvorsen, Prentice, ·& Sabai (1978); Breslow & Day (1980);
and Holford, White, & Kelsey (1978). Lui, McGee, Rhodes, & Pollack (1988)
have previously used Conditional Logistic Regression in the road traffic
literature where they looked at the effects of variables such as seat belt usage
and principal point of impact on the probability of driver death. Here, the
FARS data set was used.
O'Neill & Barry (1995a) have also considered Conditional Logistic
Regression and applied it to the road traffic data that is supplied by FORS.
Furthermore, O'Neill & Barry (1995a) considered an application of Truncated
Logistic Regression, which was shown to extend easily to Truncated Ordinal
Regression in O'Neill & Barry (1995b ). Each of these methods assumes that a
logistic model holds for the probability of death in a road traffic accident;
where maximum likelihood techniques have been considered to obtain the
desired estimates.
It is worth observing that the group-truncated model exhibits the same
problems that were faced in Chapter 3, where we looked at a truncated Poisson
model with a regression structure.

While the grouped scenario further

complicates this model, interest still lies in estimating those aforementioned
values that are unobserved, but in doing so, estimation of each individual group
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size is also required. In this situation, there is no problem in principle with our
method since the MCMC approach can handle the extra complication of
unequal group sizes.

Consequently, this chapter will focus on the different

ways to analyse group-truncated data, where analysis has been prohibited due
to the complex nature of the actual data sets considered.
The order of this chapter will be as follows.

In Section 4.2 pnor

distributions and the likelihood will be discussed and the corresponding
posterior distribution will be derived.

A procedure will be proposed to

estimate the effect of various individual and group level covariates on the
probability of death in a road traffic accident.

Estimation of N, the _total

number of accidents that have occurred, will also be considered as well as the
underlying distribution of the covariates. Simulations using various MCMC
methods will be carried out in Section 4.3 and the EM algorithm will be
displayed for this model in Section 4.4.

A different prior option will be

discussed in Section 4.5 and lastly, each model that is considered will be
app]ied to the FORS data set in Section 4.6.

4.2 The Model
We will begin by considering the model for grouped data where each
individual in a group exhibits a binary response.

In this section, when

describing the model, we will proceed with an application that is intended for
use with the FORS data mentioned earlier in this chapter.

However, the

derivation and application considered will cover the broader scenario for
similar grouped data sets.
The FORS data that this model will be fitted to is naturally aggregated into
groups, where accident and individua} covariates are recorded for each group
member. The data is hierarchical, since there is information about the accident
itself, the vehicles involved and the individuals involved in an accident.
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Applications of hierarchical structured models were introduced by Lindley &
I

\

Smith (1972) through the analysis of linear statistical models, wherein
Bayesian methods were applied using the exchangeability of prior forms.
More recently, Wakefield, Smith, Racine-Poon & Gelfand (1994) have
demonstrated a Bayesian analysis, employing the Gibbs Sampler for linear
(and non-linear) population models. We will consider the hierarchical model
for the grouped traffic data as follows:
Let Yu be the response of the ith individual in the jth accident, prior to
truncation, such that
y .. = {1 if the· ith individual in thejth accident dies for}= 1, ... , N
LJ

xiJ

O otherwise
= a p x 1 vector of covariates for the ith individual in the jth accident

x1 = ( xlJ, ... , xn1J )' is a n1 x p matrix with ith row xu
R 1 = the set of individuals in accident}

where the jth group involves n1 individuals and N is the non-truncated sample
size.

The observed vector of responses for the jth group is represented as

y 1 = (ylJ, ... , Yn jJ)', where n1 is not always equal for each accident and

y =(Yi, ... , Yn) is the complete matrix of responses for the observed accidents.

We assume that the response of each individual i in accident} is independent of
all other individuals responses.
If a logistic model for the individual probabilities of a positive response is

assumed, then the linear logistic model is of the form

p(xu, /3) }

logit{p(xu, ,e)} =log {1- p(xu, ,B)

= x~/3
where we have defined Pr ( Yu = l) = p

p ( xij , ,B) -

(xii, /3) . Therefore

exp ( x~ /3)
1 + exp

_

(

( , \ = 1 - q xij, ,B

xu/3

)

(4.1)
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where

/3

is a p x 1 vector of regression parameters. Note that xu can include

variables determined by the group, such as vehicle mass, as well as individual
specific covariates, such as the age of each respective vehicle occupant in the
group. As a result, the success probability relating to the jth accident being
observed is linked to the linear component of the model through the defined
link function. It is worth considering that one prohibitive reason for the lack of
research using group-truncated data may well be the complexity of the design
matrix as assumed here.
The first stage model of this hierarchical structure takes the form
N

N

ITITl(Yu 1,8) = ITl(Y1 /J).
I

J=l

iERj

J=l

Therefore, since the response is binary,
( Yu I /3) ~ Independent Bernoulli ( p ( xu, /3)).

A group is observed where at least one of the responses m a group 1s
positive, where a positive response is defmed by a fatality having had occurred.
As a result, n non-truncated groups from a sample of N groups are observed.
Consequently, the truncation group is identified as a vehicle accident where the
truncation effect is determined in terms of some observational process. The
response can also be considered as ordinal since the binary respons~ is defined
as an individual being either dead or alive.
Without a priori knowledge of N, or the covariate values for each of the
groups where all occupants have survived, estimation of

/3 ,

the current

parameter of interest, is difficult. However, using a similar framework to that
derived in Chapter 3, we will progress by calculating the likelihood of the
complete sample. This is given by

[y,x,n [ ,8,N] = (

:JQth) ll p(xij, ,Br

q(xij, ,BtYij

J],

f ( xj)

Etq(xij, ,B )

91

Note that we use the notation found in Gelfand et al. (1992) for the densities.
This notation denotes the density of a random variable K as [K] instead of the
usual functional notation

J(k).

Therefore,

NJ
[y, x, n I /3,N] = (n IV xi Et xu,/3) "q xu,/3
J. ••fIT f ( J) _TI ,/3
n

(

)

P

Y·

(

(

)l-y -

"

N

q ( xiJ

x

X

J=n+l

As usual, N is unknown.

}IxiJ .

tER 1

We therefore designate it to be random variable,

allotting it a specified distribution,

[NI A],

where A is a fixed parameter and

incorporate the distribution into the likelihood. Once again, we let N have a
Poisson distribution with mean A , motivated by the fact that N must be
positive. The covariate distribution is a Multinomial distribution where the
distribution of the xi 's are treated as identical; the density now becomes

(
/J).Yu
(
/J)l-yu
(
)
n ,1,0·(/Jlri)
p xiJ,
q xiJ,
f x r; A e

A
]rrn
TI
, rJ .
[ y, x, n I /J ,
.

I

}=I lERJ

where

½(/31 T/) =

t

T/J ( 1-

g q(

xij,

/3)).

1

4.2.1 The Marginal Posterior Distribution of /3,A,TJ
In keeping with the notation used in the previous chapter,
n

Yu

[/3,A,TJl•]cx: TIEJ/( xu,/3) q(xu,/3)

l-yu

(

TI
n

]2/n e-,1,ry'T
n

T/1

A

TJ'T

where Tis the vector of probabilities of n?n-truncation.
To proceed, auxiliary variables will be introduced in the same manner as
previously described in Section 3 .3 .1, which allows that
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[f:i,A,17,t,) I•] ex

TI ll r(

TI

{ n

n

xij,f :it

q ( xij,

f:i(Y"

(2/n)+kj kj }

171

kJ ! qi

( /4 +t

t"

e-(A+t) A,'

l
. andq . =[I q(x .. , / J ) = [ I - , .
k
whe rek. =""
x .. p
l
u
J
~ 1
+e u
iERj
iERj
J=I
n

The follo wing cond ition al poste rior distr ibuti ons and the Gibb s Sam pling
Algo rithm can now be defin ed as follows:
1. Sam ple k1 - independent Pois soJ 171 ( /4 + t)

l

[I q ( xij, f:i )J, j = l, ... , n.
lERj

n

2. Sam ple /J ~

[IIT p(xij, ,Br q(xu,,BfYy+k/ = h(/J).
j=l

ieR 1

3. Sam ple d ~ Bino mial (k., 1/(1 +A) ).

4. Sam ple t ~ Gam ma ( d + l, 1).
5. Sam ples ~ Bino mial (k.,l j(l+ t)).

6. Sam ple A~ Gam ma ( n + s + l, 1).

7.

Sam ple

r; . ~ Diric hlet (3..n + kJ. + 1J, j

= l, ... , n.

J

4.3 Simulations Involving MC MC Methods
The prob abili ty of a posit ive respo nse has been assu med to depe nd upon a
rang e of cova riate s, invo lving both grou p-lev el and indiv idual -leve l cova riate s,
wher e an inter cept term is also inclu ded. As an illus tratio n of the mod el and
the Gibb s Sam pler deriv ed in the prev ious secti on, two spec ific cova riate cases
will be cons idere d and a simu latio n study will be carri ed out. For each case, an
artifi cial data set will be gene rated to mod el a situa tion that repre sents bina ry
grou ped data perta ining to the incid ence of traffic accidents.
trunc ated accordingly.

It will be

The first data set will cons ist entir ely of categ orica l

cova riate s wher e each level is repre sente d as a factor. Such a data set echo es
the struc ture of the FOR S data set.

The seco nd mod el will invo lve a

93

combination of both categorical and continuous covariates. Each of these will
be considered in tum.

4.3.1 Simulations Involving Categorical Covariates
A simulation study was set up involving the following two steps:

1. For each group j, a covariate matrix

xj

was generated with

nj

rows and

with ith row ( 1, xJ, x;, x;d).where g represents a group-level covariate,
l represents a location covariate relating to driver or passenger position,

and ind represents an individual specific covariate. In total, N covariate
matrices were generated forming the design matrix X. Both the gr·ouplevel and the location variables are treated as factors with two levels, 0
and 1. The individual-level covariate is grouped into three categories,
which possesses three levels, 0, 1 and 2. The effect of the lowest factor
for each variable has been set to zero;
The probability of a positive response has been modelled using two
distinct vectors of regression parameters

/J .

These have been chosen to

model the grouped data when the marginal probability of being observed
ranged from 0.24 to 0.95. The vectors that have been selected are
,
,
/3 == (-1, -1, -1.5, 2, -1.5) and /J = (-1, 2, 0, 1, 1) , respectively. The cases
considered will involve two and four vehicle occupants only. It is expected
that the smaller group sizes will contribute less information to the model,
whilst a larger group size should provide more information to the model and
improve the estimation abilities of the Gibbs Sampler. We have set

,,l

to

equal 200 and 100 for the respective group sizes, so that each simulation
process has involved equal numbers of individuals at the outset, and only
the group sizes differ. Hence, four independent sets of simulations will be
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carried out. The marginal probabilities of being observed for each group
size and for each vector of

f3

2. For each group size and

are show n in Table 4.1.

/J , the following process was carried out:

• A sample y was generated using the design matrix and link function
described earlier wher e N, the size of the non-truncated sample was
recorded.
• The resulting sample was truncated for values where for each group j,
Yu= 0 Vi, to form a new sample y 0 , x 0

,

where o refers to a group

that is observed.
• The Gibbs Sam pler was run for 20,000 iterations and the sample path
for each result was saved.
A long run length of 20,000 was chosen to allow exploration to all viable
regions of the para mete r space of the posterior distribution. In carrying out this
process, two MCM C methods are used in combination; the Gibbs Sampler is
used primarily and the Metropolis Hastings algorithm is used to sample from
h (/3), the conditional distribution of

/J.

4.3.1.1 Results
The MCM C estimates for each group size and each vector of regression
parameters are shown _in Tables 4.2 and 4.3. When the amount of truncation issmall (in the case of

f3 = (-1, 2, 0, 1, 1)' ), the estimates found were in accordance

with the true values.

A stronger result is found when the group size is

increased from two to four. This is to be expected since in the latter case, there
is more data available on each group member.

This reasoning is further

supported if we look at Table 4.1, whic h shows the estimates of N, the nontruncated sample size. For each choice of

f3 , the estimate is

greatly improved

when the group size is four. In the case where n1 = 2, when the degree of
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truncation is low, the estimated sample size is reasonably close to the true
value. However, we must consider that since 85% of the groups are observed
in the sample, the estimate is not entirely remarkable. In the second case, when

/3 = (-1, -1, -1.5, 2, -1.5)',

the estimates recorded are not so accurate even

though once again, as the group sizes increase, the estimates found _are
approaching the true values.
Figure 4.1 shows the trajectory plots for
/J=(-l,2,0,1,1)'

/33 and /35 for case one where

(where the true values are 0 and

1, respectively).

Convergence appears to have occurred, however not entirely at the values that
were used to generate the data sets. The transition distribution was chosen to
be Gaussian whose variance affects how efficiently the parameter space of f3 ,
and ultimately the whole posterior distribution, is explored. For this study, a
value of 0.5 was used and by making this choice of a-, quite rapid mixing was
apparent in the chain.
outcomes.

Smaller values than this can lead to more accurate

However, this tends to have a detrimental effect on both

convergence and computation time.

Practically speaking then, the choice

between using smaller and larger values is a matter of judgement, as each
course of action incurs necessary trade offs.
Figure 4.~ shows the marginal density of N when

nj

= 4. As is shown, the

true parameter estimates are definitely recovered, most notably in the result of
case 1 where an estimate of 100.14 was found. When the amount of truncation
was artificially increased to 0.58, while the accuracy of the estimate was
reduced somewhat, the results are still acceptable.

4.3.2 Simulations Involving Both Categorical and Continuous
Covariates
Following an example in Ba.rry (1995), the covariate design that will be
considered in this section is as follows: each individual has an intercept term
and a covariate term with two levels, 0 and 1, and at the group level, a
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continuous U ( 0, 1) covariate is assumed. For each individual i in accident j,
the covariates are generated in such a way that
xu I

xJ

where

_

(1 ,xj ,xuind)
g

represents the group level covariate and

xt

represents the

individual specific covariate which has a Bernoulli distribution with probability
0.5. The individual probabilities of a positive response have been modelled
using a logistic link where
logit {p ( xij, fJ )} = fio + xjfi1+ xufi2 •
Here,

fJ

is a 3 x 1 vector and the resultant design matrix was generated as in

Section 4.3 .1. Simulations were carried out in the same manner.
A series of simulations were carried out for four different parameter vectors
each chosen to represent a variety of quantities of truncation of the grouptruncated data. These choices were made following Barry (1995) where the
methods of Truncated Logistic Regression (TLR) and Conditional Logistic
Regression (CLR) were applied. These are described in more detail in Table
4.10 along with the probabilities of being observed · for each respective
parameter combination.

4.3.2.1 Results

The results from the simulation study for each of the regression parameters for
both group sizes are shown in Table 4.4 through to Table 4.11. The posterior.
mean has been calculated and the standard errors are shown in parentheses.
Along with the results obtained when using MCMC methods, the estimates
(found by Barry, 1995) using Truncated Logistic Regression, Ordinary Logistic
Regression (OLR) and Conditional Logistic Regression are displayed. With
respect to the conditional logistic regression approach, as we have already
mentioned, only the group-level covariates appear in the conditional likelihood.
Therefore, only an estimate of {32 can be found. It is however noted that the
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estimates obtained using conditional logistic regression are very close to the
true value of 0.5. This would be of great use if interest were focussed solely on
the inference of individual-level effects.
In many of the trials, the results that were obtained when using the MCMC
methods are an improvement on the truncated logistic regression results,
whereas the results obtained using ordinary logistic regression techniques, not
surprisingly, continually fail to produce estimates that are close to the actual
values. This is more notable in cases when the group size is equal to two.
Moreover, the MCMC estimates seem to be in accordance with the actual
values when a larger degree of truncation is present.
Shown in Table 4.12 are the estimates of the recovered sample sizes. For
case 2 when

nj

= 4, an estimate of 96.91 was found for N. This is very close

to the true value of 100, where the marginal probability of a group being
observed was 0.63. However, for the same case, when

nj

= 2, an estimate of

134.01 was obtained. This is reasonably short of the true value, 200. It would
appear that where a large degree of truncation is present, the Gibbs Sampler is
still visiting the parameter space that contains the mode, but not consistently.
It is possible that by carrying out multiple runs, the discrepancy in these results

could be rectified. As one might expect, the estimates are in accordance with
the true values used for cases where only a small amount of truncation is
present.

This is confirmed after observation of Figures 4.3 and 4.4, which

show the marginal densities of N when n.1 = 4 and nJ. = 2 respectively, the truevalues being 100 and 200, respectively.
Figure 4.5 shows how the Gibbs Sampler has fared in estimating the
underlying distribution of the unseen covariates, the true distribution being a
Uniform distribution over the range [0, 1] .

The black line represents the

estimated marginal distribution of the xj, the covariate distribution used for the
group-level covariate.

The dashed line represents the observed marginal

distribution of xj and lastly the dotted line represents the true marginal
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Marginal
Probability of
Being
Observed

Lambda
· Parameter Value
n.J

n.J

=4
n.J

=2

n J. =4

(N=200)

(N = 100)

Case 1:
=(-l,2,0,1,1)

180.05(0.1093)

100.14(0.1074)

0.85

0.95

Case 2:
= (-1,-1,-1.5,2,-1.5)

91.89(0.1387)

87.02(0.1167)

0.24

0.42

/3

/3

=2

Table 4.1: Estimates of N for different group sizes and the marginal probability
of being observed for each/J and

nj.

Parameter

True Value

Posterior Mean
when nj = 2

Posterior Mean
when n.J =4

/31
/32
/33
/34
/Js

-1

-0.3979(0.0022)

-0.8361(0.0028)

2

1.0152(0.0018)

2.0130(0.0022)

0

0.0470(0.0018)

0.1412(0.0030)

1

0.9912(0.0022)

0.5486(0.0035)

1

0.8480(0.0023)

0.8799(0.0029)

Table 4.2: Regression Parameter estimates for Case 1 (standard errors in
parentheses) when

/3 = ( -1, 2, 0, 1, 1)'

for

nj

= 2 and

nj

= 4 using MCMC

methods.
Posterior Mean when
nJ. =4
-

Parameter

True Value

Posterior Mean when
n.J =2

/31
/32
/33
/34
/Js

-1

-0.7336(0.0054)

-1.0773(0.0042)

-1

-0.1719(0.0044)

-0.3864(0.0033)

-1.5

-1.4190(0.0042)

-1.3821(0.0042)

2

1.8209(0.0053)

1.6407(0.0038)

-1.5

-0.5256(0.0087)

-1. 8609(0. 0073)

Table 4.3: Regression Parameter estimates for Case 2 (standard errors in
parentheses) when
MCMC methods.

/3 =(-1,-1,-1.5,2,-l.5)'

for

nj

=2 and

nj

=4 using

N
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distribution of the Uniform (0, 1) distribution.

In estimating the underlying

covariate distribution, the Gibbs Sampler does not completely recover the
correct distribution. This could be rectified if the Gibbs Sampler was run for a
larger number of simulations; averaging over r; would likely lead to more
promising results.

4.4 Estimation Using the Expectation
Maximisation (EM) Algorithm
As discussed earlier, the EM algorithm can be applied when the unobserved
responses are viewed as being missing. The algorithm for this particular model
will now be considered in more detaiL

The EM algorithm is an iterative

scheme that is used to locate the posterior mode and it consists of two steps, the
E-step (Expectation) and the M-step (Maximisation). Now, suppose that the
main interest

f

M

(/3

I

lies

in

xo,xm,Ya,Ym,N).

obtaining

an

of

estimate

/J , the mode of

For convenience we will let O = (Ya,Ym,xo) and

= (xm, N, fJ) , where for notational purposes,

0 (o) will denote the observed

or known values and M (m) will denote the missing values.
With respect to estimating

jJ , we

let

lk)

be the current approximation to

the mode of the observed posterior distribution, f

(/3 I O) ; the observed data 0

is augmented with the latent data M, and an augmented posterior distribution,

f(/31 O,M)

is obtained. This result is used to find the expectation of the log=

augmented posterior distribution with respect to the conditional predictive
distribution of the latent data M ( conditional on

l k) , the current guess of the

mode). This is the Expectation step and is formally consists_of computing the
Q-function,
Q ( /3,

l

k))

=

Llog f (/3

I O, M) f

(M

I

l k) , 0) dM .
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True
Value
-2
/Jo

/31
/32

MCMC Estimate

TLR

OLR

CLR

-1.2418(0.0037)

-1.14

0.12

--

0.5

0.6063(0.0027)

0.34

0.08

--

0.5

0.3293(0.0052)

0.47

0.45

0.50

Table 4.4: Estimates of

True
Value
-2
/Jo

/31
/32

and

nj

= 2.

OLR

CLR

-1.5627(0.0035)

-1.16

-0.12

--

2

1.8160(0.0022)

1.46

0.40

--

0.5

0.3453(0.0028)

0.49

0.47

0.52

/3

for Case 2 where

f3 = (-2,2,0.5)'

and n1 = 2.

MCMC Estimate

TLR

OLR

CLR

0.3057(0.0027)

0.29

0.77

--

0.5

0.1521 (0.0016)

0.42

0.25

--

0.5

0.1192(0.0021)

0.45

0.45

0.50

Table 4.6: Estimates of

True
Value
0
/Jo

f3

for Case 3 where

/3 = ( 0, 0.5, 0.5)'

and

nj

= 2.

MCMC Estimate

TLR

OLR

CLR

0.2420(0.0029)

0.31

0.80

--

2

1.2544(0.0018)

1.48

0.91

--

0.5

0.2367(0.0019)

0.45

0.45

0.51

f3

for Case 4 where

/3 = (0, 2, 0.5)'

MCMC Estimate

TLR

OLR

CLR

-1.3853(0.0050)

-1.26

-0.75

--

0.5

0.2453(0.0046)

0.38

0.17

--

0.5

0.1606(0.0050)

0.47

0.47

0.51

Table 4.7: Estimates of

True
Value
-2
/Jo

/31
/32

f3 = (-2, 0.5, 0.5)'

TLR

True
Value
0
/Jo

/31
/32

for Case 1 where

MCMC Estimate

Table 4.5: Estimates of

/31
/32

/3

Table 4.8: Estimates of

f3

for Case 1 where

and

/3 = (-2, 0.5, 0.5)'

nj

and

= 2.

nj

= 4.
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True
Value
-2
f3o

/31
/32

MCM C Estimate

TLR

OLR

CLR

-1.7934(0.0022)

-1.26

-0.72

--

2

1.5742(0.0017)

1.41

0.66

--

0.5

0.3399(0.0031)

0.46

0.46

0.51

Table 4.9: Estimates of

True
Value
0
f3o

/31
/32

J3 for Case 2 where J3 = (-2,2 ,0.5) ' and

MCM C Estimate

TLR

OLR

CLR

0.0999(0.0018)

-0.15

0.23

--

0.5

0.3559(0.0022)

0.37

0.32

--

0.5

0.4297(0.0028)

0.43

0.43

0.51

Table 4.10: Estimates of

True
Value
0
f3o

/31
/32

J3 for Case 3 where J3 = (0,0.5,0.5)' and

n1 = 4.

MCM C Estimate

TLR

OLR

CLR

0.0950(0.0019)

0.17

0.26

--

2

1.9573(0.0019)

1.44

1.23

--

0.5

0.3352(0.0034)

0.44

0.44

0.50

Table 4.11: Estimates of

J3 for Case 4 where J3 = ( 0, 2, 0.5)' and

N

Parameter Value

#1
#2
#3
#4

n1 = 4.

-2
-2
0
0

0.5
2
0.5
2

0.5
0.5
0.5
0.5

n1 = 2(N = 200)

n1 = 4(N = 100)

77.30(0.08)
134.01(0.12)
192.45(0.13)
199.71(0.11)

60.33(0.08)
96.91(0.09)
80.76(0.06)
111.86(0.07)

n1 = 4.

Marginal
Probability of
Being
Observed
n.J =2
n J. =4
0.34
0.40
0.85
0.88

0.55
0.63
0.89
0.95

Table 4.12: Estimates of N, the non-truncated sample size for different group
sizes and degrees of truncation for each of the four cases.
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The new approximation of the mode,

/J(k+i)

is obtained by maximising this

function with respect to f3 . For the sake of this example, we will allow
nj

= 2, but the extension to larger group sizes is straightforward. We observe.

that Ym has been included into the vector of observed values. For the simplest
case, based on the nature of the truncation for this type of data and the
knowledge that

nj

= 2, this value will be known. However, when group sizes

are allowed to vary, it is not possible to know how many individuals belong to
a particular group. This is a realistic assumption for the road traffic data and
many other potential data sets.

It does therefore imply a need for some

complex means of estimating each nJ for a range of varying group sizes.
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Using the EM algorithm, it is unclear as to how ·to proceed in this task.
However, it is possible to do this using a MCMC approach by placing an
appropriate prior distribution on the group sizes.
TC? proceed, let us return to the initial model that was outlined in Section
4.2. The joint distribution, f (x ,xm,Ya,Ym,/3,A,7J,N) is proportional to
0

NJ
)Y-· ( )1-y-• (
TIN
(
)(
(n UD/ xu,/3 q Xy,/3 T/J . j=n+lll q xu,/3 T/J
n

)2/n

(

lj

.)2/n

lj

,1,

AN

e- N!.

Therefore, the augmented posterior distribution is given by .

/(/3 I 0,M) = TI _IT

TI _IT q (xu,/J )

l

n

p ( xu,/J )

Yij

q

(

xu,/J

N

) -yij

j =l LERJ

J=n+l lER1

so that

Q(,B, ,B(k)) =

f I (x~yy,B-log( 1+ exljP) )-EN[ ( N -n )Ek (,B) 0, ,a(k)]
I

j=l lERJ

where

(TI log( 1 + exifP)
Ek (,B) =

1+ ex;n<•)
1

;eRj

dxij

(TI 1 + ex;/Pl dxu
iERJ

The exact EM algorithm is derived in Appendix B, but for simplification, we
will let
Q ( /J , ,a( k))

= Uk ( /J) - Rk ( /J)

where

Uk

(,B)

=II hyij,B-log(1+ exijP))
j=l lERJ

and

(Nj-n) (Tilog( l+exifP)

R
k

(,B) =

;eRj

(TT
l ERJ

where

1 + ex;p<•)
1
' /J(k) dx .

+
e
xij
1

lj

dxij
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E[ NI o,p(k)] = LNJ( NI O,f3(k)) = flk .
N

Wei and Tanner (1990) developed a Monte Carlo Expectation Maximisation
(MCEM) algorithm for instances when the integral in the Expectation step
possesses a complicated form. However, for the problem considered here, it is
possible to apply the Newton Raphson algorithm. This will take the form

Q'(f3,p(k
))
p(k+l) = p(k)
Q" (/3' p(k) }'
The entire iterative process was run for 100 simulations using data sets that
were generated in Section 4.3.2.

The mean and mode were calculated and

these estimates are given in Table 4.13. The distribution of the estimates for
each element of

/3

was very skewed, exhibiting long tails. As a result, the

mode is the better measure of estimation here. However, given the complexity
of the model, as well as the further necessity to use an iterative technique when
applying the EM algorithm, the estimates are not very close to the true values
that were used to generate the data.

4.5 A Different Prior Option For This Model
In the previous sections, analysis proceede d with the aim of estimating various
influences on the probabili ty of the death of an individual in a vehicle accident.
For example, one might be interested in assessing the effect that wearing

a

seatbelt has on the probability of death, or perhaps learning whether a male is
more likely to die than a female in an accident, given the other covariate
effects. In this section, we illustrate how estimation proceeds where we are
only interested in estimation of the regression coefficients in order to
understand the effect of the covariates.
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True Parameter
Value

/32

/31

/Jo

EM Algorithm Estimates
Mean

Mode

-2

0.5

0.5

-3.256

-0.760

-0.760

-3.249

-0.777

-0.734

-2

2

0.5

-2.122

1.602

-0.207

-2.241

1.149

-0.068

0

0.5

0.5

-2.889

-3.167

-5.812

-1.946

-1.411

-1.997

-3.747

-0.808

-2.552

-2.242

-0.509

-2.157

0

2

0.5

Table 4.13: Estimates obtained for four different vectors of

J3

using the EM

algorithm.

4.5.1 The Model
Let us consider the response of the ith individual for the jth non-truncated
accident, such that
1

(yii I/J,µ,"Z- ),__,Jndependent Bernoulli(pii), i=l, ... ,n1 ,j=l, ... ,N, where
pij

Here, each

1

1

l+exp(-x~,Bj \ and (,B" ... ,,Bn lµ)::- )-iid NP(µ,L,).

/3 1 = (/31i, ... , /31P)' is a

associated with group j.

= 1, ... , p and

j

= 1, ... , n

p x 1 vector of regression parameters

Np denotes a p-variate Gaussian distribution with

p x 1 mean vector µ, where µ
k

(4.2)

= (µ 1 , ••• , µP )' so that

E

(/31k) = µk

for all

Through the logistic link, the separate group

relationships are regarded as distributed around a mean linear relationship,

x~µ with a population variation that is described by the p x p covariance
matrix I. . The success probability of the Bernoulli distribution in Equation 4.2
is similar to the success probability defined in Equation 4.1, where a single

/3

was used for all of the n groups.
The prior specification is completed by defining the following

µ,__,Np(ry,C)
"i.-

1

,__,

Wishart( 5,R-

1

(4.3)
)
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1

where each of the hyperparameters, ry,5,R- andC are known.

The prior

1

distributions of µ and L- are assumed to be a priori independent, so that

f

(µ, L-l) = f (µ) f (L-

1

).

In this model, a vague prior distribution for the inverse of L has been assumed.
Whilst not affecting the outcome, this modification will allow simplification in
the posterior distribution since the Wishart distribution is the conjugate prior
distribution for the inverse covariance matrix of a Multivariate Normal
distribution; it is also a multivariate generalisation of the Gamma distribution.
More generally however, the probability density function of the Wishart
distribution is not required, yet it does have the advantage that it rather
conveniently leads to both a fully conditional distribution of L-

1

,

and to the

1

marginal posterior for L- also being a Wishart distribution. This will allow
for some flexibility in a highly parameterised model, which can only exist if n,
the number of observations is greater than the number of variables, p. The
Wishart distribution can be drawn from using a function in Splus, which was
derived by Venables, (1998).
Gelfand, Hills, Racine-Poon & Smith (1990) have applied a similar model
to rat population growth data where the population distribution was Gaussian
and no truncation was present.

This reduced to a 'well-behaved' Gibbs

Sampling Algorithm, brought about through the choice of prior distributions
that belonged to the same conjugate family as is discussed here.
The Wishart distribution of Equation 4.3 has 5 degrees of freedom, and the
covariance matrix, R-

1

,

is a p x p symmetric non-singular matrix. In order for

a proper distribution to exist, and therefore the integral to be finite, 5 z p is
required. That is to say, the degrees of freedom parameter must be greater than
or equal to the dimension of the parameter in question. Except for analyses
1

with only a few observations, the choice of R- has little effect on the end
1

result, whilst a non-informative prior distribution for L- is obtained as 5
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approaches zero. Therefore, we let R- ~ oo and allow 8 to be as small as
1

1

possible; often 8 is taken to be the rank of I:- and so we let 8 = p , the
smallest value such that the distribution is proper.

As a result, the prior

1

distribution of I:- is especially flat and non-informative.
The truncation process that is applied involves sampling repeatedly until n
non-truncated observations are obtained, where groups in which at least one
fatality occurs are observed.

Therefore, n, the number of non-truncated

observations that we are interested in, is predetermined and is known prior to
sampling. To formally represent the truncation_ mechanism, let

A=(lAj,where Aj=Cj and Cj={ylj=O, ... ,ynjj=O}.
j=l

Here, Aj represents the instance wherein at least one person dies in accident j,
and so A is the event that each of the accidents involves at least one fatality.
Next define
(4.4)

zj=(yjJAj)•
Then, the data may be written as
z

= (zi,···,zn) = (y A).
I

Note that although the distributions of z and y are different, the realized
values of these two random matrices are identical.
Finally, let Q be quantity of interest in the form of the vector

(/3, µ, I:-

1

),

where this vector consists of np + p + ½p (p + 1) unknown parameters.

4.5.2 The Posterior Distribution
Given the model, data and quantity of interest as just defined, the required
posterior density is

/(QI z) oc f (Q)f (z IQ),
where

(4.5)
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f (Q) oc J(µ,2;- )J(/3 µ,2;1

I

.

oc

1

)

-~tr(r-lR) I 1-~ -~(,B •-µ)' r-'(,B -µ)
1c1-~2x2;I -1,~(o+p-l)
x2;2e2 1
e2
2

ITn e -½(µ-17)'Cl(µ-17)

J

j=I

and ·

f (z IQ)= f (y IQ,A) = ]lJ(y1 I/31 ,A).
i=l

Now,

f( -1/J- A.)=f(Y;,/J;,Ai)
Y1

J'

J(/Ji,Ai)

J

- f (/3; )J (Yi I /Ji )P( Ai I yi,/Ji)
!(/Ji )P( Ai /Ji)
I

f(y 1 I /31 ){1-P( Ci I yi,/31 )}

1-P( C1 I fJ;)
f(y 1

IP'J{1-I(y1J = ... =ynjJ =o)}

l-P(yli = ··· = Yn 1j =QI /Ji)

f(Y; 1/J;)

½
where

f

(Y1 I /J1) = fIJ(yij I /J1)
i=l

f

(

Yu· (

Yij I /J; ) - pij
_

l- pij

Pu= {1+ exp (-x~f]i

1
) - Yu·

)r1

ni

½ =1-IT(l- pij ).
i=l

Here,

P;

is the probabili ty that the jth group was going to be observed. It is

instructiv e to also write
f

where

(z IQ) J(Y IQ)
k(Q)

(4.6)
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n

f

nj

(y IQ)= TI TIP?
j=l

In Equation 4.6,

k(Q)

n

.

(1- pij

rYij and k(Q) =TI½.
J=I

i=l

may be thought of as a 'correction factor' whereby the

truncation mechanism is formally taken into account.

f (QI y) oc f (Q) f (y IQ),

truncation, the posterior density of Q would be
rather than

f (QI z) oc f (Q) f (z IQ)

If there were no

as in Equation 4.5.

4.5.3 Gibbs Sampling from the Posterior Distribution
The posterior distribution in Equation 4.5 can be simplified so that

f Qlz CXL
(

where

)

I

jJ = L ({31 n

-..!.(n+5+p-I)
2
l

1

e

1

_..!.tr(I,B+IR)
2

xC
1

_

!!_ _..!.(µ-77)' c2
2e

1

(µ-77)

1

(

xf zlQ

)

µ) ({31 - µ) . Therefore, after exploiting the conjugacy that
'

j=l

is present in this model, the Gibbs Sampler for Q = (f3, µ, L-

1

)

can be specified

by the following three conditional distributions:
1.

L-

1
-

Wishart( n + 0,(,8 + R

TI TIP:" (1- pij t'' [?; (/JJ
n

2.

/3 -

J=l

3.

µ-

r)

nj

r

1

,

e-2(/Jrµ) i:-'(/Jrµ)

1=1

ex{½(t(/Jj -

µ )' L-

1

1

(/Jj _ µ) +(µ-1] )' c- (µ-1])

J} ·

Conjugacy makes the prior and posterior distributions members of the same
family, and since the Normal distribution is conjugate with the Normal
distribution, the distribution of µ will also be a Normal distribution. To see
this let
EI=

·J:)/3} -µ )' L_\ (/3} - µ)

and E2 = (µ-77 )'

J=l

Then,
El

=

t [/J;L-1 /Jj -

µT-I /Jj + µT-I

)=]

= nµT- µ- µT- "j] +k1
1

1

µ]

c-l (µ-77).
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and
E2 = µ'C-Iµ-2µ'C-177 + k2'
where
n

fl= L/3}
}=I

and k 1 , k 2 are constants. Therefore,
E=E1 +E2
1
1
1
= nµT- µ- µT- jJ + µ'C- µ-2µ'C- 77 + k3
1
1
1
= µ' ( nL- +c-l) µ -2µ' ( L- 7J + C~ 77) + k3
1

= µ'Aµ-2µ'B +k3,
where A= ( nL-

1

1
+ c-l)' B = (2,- JJ + c- 77)
1

and k3 is a constant.

In order to obtain the parameters in the resulting Normal distribution we
allow
E=(µ-D)' F(µ-D)

= µ'Fµ-2µ'FD+k 3.
Therefore,
F =A= ( nL-

1

1
+ c- )-and

FD= B • D = ( nL-

1

1
I
1
+ c- )' (c- 77 + 2,- JJ) ,

so that

r(

µ~Np ( ( nL-1 + c-1

C-117 + L-1,B),( nL-1 + C-1

r ),

which completes the third distribution in the Gibbs Sampling Algorithm.

4.5.4 Simulations and Results
For each group j in the sample, true values j3J were generated randomly from a
Multivariate Normal distribution with mean and covariance matrix given by

µ

= (;

1}

L_

respectively. A design matrix X where

1

=( ~ ~}

xJ

is a

nJ

x p matrix with each row i

represents the covariate values for each individual. Sampling proceeded until n
groups were observed, as in Section 4.5 .1. Observed sample sizes of n = 3 and
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n

= 25 were selected for convenience, whilst viewing the effects of a larger n

on this model. For estimation of each

/Ji,

only the corresponding covariate

values for each group j are required. The covariate information belonging to
the other groups apportions no extra knowledge to the Gibbs Sampler in this
instance.

Therefore, using a small n will not disadvantage the estimating

capabilities of the Gibbs Sampler here. However, as a result of increasing n,
1

the estimates of µ and L- will improve. This is a direct result of the fact that
the whole of the covariate information X is utilized for this model. Through
this improved accuracy, the estimate of each

/Ji

may improve indirectly.

The group size was chosen to be 1,000. Various group sizes ranging from
very small (2) to relatively large (1,000) were also tested. At first sight there
appeared to be rapid convergence occurring for both µ and L-

1

•

However,

experimental trials produced a rather diffuse posterior distribution for each

/Ji,

regardless of ni; this was less apparent as ni increased.
Lastly, in order for the hyperparameters to have as little influence as
possible on the posterior distribution, they should be chosen to represent fairly
vague, non-informative prior distributions, relative to the information supplied
by the data. As a result, exploration of the whole parameter space of Q will not
be overly influenced by the values chosen.
generated previously,

For the analysis of -the data

the remaining hyperparameter specification was

completed by allowing

O
J
1
OJ
77 = (0 'C = e O 1 '5 = 2, R8

(

1

=e

8

(

1
0.
lJ
0.1 1 .

The model was fitted by running the Gibbs Sampler for one long simulation, of
length 10,000 iterations. This took approximately 4 hours on a Dell Pentium 4,
2.53 GHz with 256 MB RAL\1 to compute due to the numerous and lengthy
calculations involved.
Monitoring each of the parameters in the model individually is neither
feasible nor practical.

Therefore, only the results from group one will be
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reported to assess the convergence of

f3,

whilst the other parameters, µ and

1

:z::- , will be considered accordingly.
Shown in Tables 4.14 and 4]5 are the posterior mean and 95 % posterior

/3 ( /31 ),

intervals obtained for group one for

for the case of n = 3 and n = 25

respectively. Both the untruncated and truncated models described in Section
4.5 have been considered for each sample size n. However, as n increases from
3 to 25, there should riot be a major improvem ent in the estimates since the
same amount of data is used in generating each

/31 .

The posterior estimates for

the truncated case are closer to the true values than those obtained in the nontruncated case. In addition, the true values produced for the truncated model
fall in each of the posterior intervals from the sampled data. For the nontruncated case, however, there are two instances (for each estimate of

/311 )

when the true value lies outside the interval. These results are reproduced in
Figures 4.6 and 4.7 where the posterior density for each element of
shown for samples sizes n
two main parts.

= 3 and

n

/31

is

= 25 respectively. The figures consist of

The upper diagrams show the posterior density for the

truncated model and the lower diagrams show the posterior density for the nontruncated model. In considering the estimates of µ , recall that this is the mean
vector of a Multivariate Normal distribution of all of the

/31 's.

Therefore ,

there are two possibilities to consider in obtaining an estimate of µ . Firstly, if
the average over the

/31 's

\/j is taken, then this estimate should approach the

true value of µ as n increases. The estimates are given in Table 4.16. As we
can see, as the sample size increases, the estimates of µ improve, whilst there
is no real distinction between the truncated and the non-truncated cases.
Alternatively, as µ

is one of the parameters defined in the posterior

distribution, then the direct results obtained from the Gibbs sampling chain will
provide an estimate of µ. Shown in Figure 4.8 is a plot of the trajectories for
each component ofµ for the truncated case when n = 3. Upon observation of
these diagrams, it is apparent that convergence to the true values has occurred
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very rapidly. Figure 4.9 shows the difference in the reliability of the estimate
when the sample size has been increased from 3 to 25, even though both results
are equally valid.
We will now address the marginal posterior distribution of . L-

1

,

or more

importantly L. It would be a tedious task to analyse all or many components
of the covariance matrix, particularly if concern lies with a model of higher
dimension (when p is large), or one that involves an intricate covariate set up.

It may be worthwhile however to use this extra information as an indication of
convergence, where a lack of convergence in said components could lead to
misleading inference on other parameters that appear to have coalesced.
Figure 4.10 shows a plot for the truncated model of the estimated marginal
distributions for the components,

(L )

11

and

(L )n

for each sample size. The

true values are 0.2 and O respectively; these · have been recovered and the
estimates are improved as n has increased.

This is reasonable as more

information is available.

4.6 Federal Office of Road Safety Data
The FORS data set will now be considered with respect to the models outlined
in Section 4.2 and Section 4.5. In examining the effect of various attributes on
the probability of death in a road traffic accident, we are interested in
comparing the effects with results obtained from American studies using the
FARS data. In the proceeding analysis, attention is restricted to single vehicle,
frontal impact collisions that involved passenger cars. This produced a data set
containing 306 individuals that were involved in 111 accidents. For use in the
conditional analysis, those cases from the 111 accidents where only a driver
and a front seat passenger were involved, and where at least one individual dies
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Case
Truncated
Non-truncated

-0.7268

-0.7248

95% Posterior
Interval
(-1.0022,-0.4474)

0.8328

0.8363

(0.6717,1.0001)

-1.4580

0.9539

(-1.1048,-0.8030)

0.9268

0.6342

(0.2256, 1.0430)

True Value

/311
/312
/311
/312

Posterior Mean

Table 4.14. Parameter estimates using MCMC methods for both the truncated
and non-truncated cases where n = 3.

Case

/311

-0.7773

-0.8230

95% Posterior
Interval
(-1.1121,-0.5339)

/312
/311

0.9839

0.9901

(0. 77 40, 1.2062)

-1.2309

-1.0251

(-1.2310,-0.8191)

/312

1.2146

0.8587

(0.4774, 1.2401)

True Value

Posterior Mean
/

Truncated
Non-truncated

Table 4.15. Parameter estimates using MCMC methods for both the truncated
and non-truncated cases where n = 25 .

n
3

25

Model
Truncated
Non-truncated
Truncated
Non-truncated

µ1
-0.9467
-0.8681
-0.9813
-1.002

µ2
0.8934
0.8971
1.0166
0.9905

-

Table 4.16. Estimates of µ for varying sample sizes for cases of truncation and
non-truncation.
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were extracted. The resulting data set for the conditional analysis consisted of
information on 64 accidents.
A collection of variables from a wide range in both the FORS and the FARS
data set (100 in total) was chosen to model the probability of death in an
accident because of their prior use in analyses of this type with relation to
fatalities in United States accidents (Evans, 1991). Those variables associated
with each individual were sex of the individual, age in four categories (as
suggested by previous results, Barry, 1995), restraint usage and seat location in
the vehicle. With regard to the vehicle level covariates, variables describing
the influence of speed as well as the level of damage to the vehicle are
required.

However, the actual use of speed as a covariate poses certain

_problems. It is difficult to determine the speed that a vehicle is travelling at
when an accident occurs.

Measurements, or a best guess, are made

subjectively by the police and may be imprecise. Therefore, two variables
were included into the model as surrogates for speed to adequately
approximate its effect. The speed limit of the area where the crash occurred
and whether or not the car was speeding, were used. The amount of damage
incurred by the vehicle was also included as an accident level variable. Each
of the variables included in the model were treated as categorical ~here the
lowest factor was set to zero. These are described more fully in Table 4.17,
and were also used by Barry (1995).

4.6.1 Model 1
The Gibbs Sampler was employed as described in Section 4.2 using the FORS
data set.

One single simulation of 20,000 iterations was performed.

The

starting values used in the simulations were selected to be the estimates that
were obtained from an example using the same data set in O'Neill & Barry
(1995a). Here the method of Truncated Logistic Regression was applied.
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Variable
Damage
Restraint
Sex
Speedlim

Speedcat
Age

Level
0
1
0
1
0
1
0
1
2
0
1
0
1
2
3

Perloc

0
1

Category
Major damage
Extensive damage
Restraint worn/restraint use not known
Restraint definitely not worn
Male
Female
Speed limit 0-60kmh
Speed limit 61-104kmh
Speed limit 105+kmh
Not over speed limit
Over speed limit
0-15 years old
15-25 years old
25-60 years old
60+ years old
Front seat
Not front seat

Table 4.17: Description of variables to be used for this model from the FORS data
set.

These values are given in Table 4.18.
Figure 4.11 shows the estimated marginal posterior distribution of A where a
mean of 69 .3 was obtained. The number of groups observed was 64 implying that
the amount of truncation is very low.

However, it must be noted that little

information is contained within many of the groups and naturally, the groups that
contain more members will possess more covariate information.

Figure 4.12

shows the distribution of the group sizes for this data set, where we observe that
there are only 7 groups containing 5 individuals, 2 groups containing 6 individuals
and 1 group containing 7 individuals. In fact, it is a lot less common that an
accident with more than 6 occupants will be recorded, since the majority of
vehicles are passenger cars containing one or two individuals. Therefore, _when
little covariate information is available, the Gibbs Sampler, and many methods of
estimation will strnggle. · Recall however that the definition of this figure, N, is
rather ambiguous and not a lot of confidence can be placed in this result.
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The posterior mean and a 95% Credible Interval was calculate d for each of the
variables. These are displayed in Table 4.18 (with standard errors in parentheses).
The estimates seem to be in reasonab le accordan ce with the values obtained using
the truncated logistic regressio n technique.

4.6.2 Model 2
The model described in Section 4.5 was fitted to the FORS data using the
following starting values:
77' = µ'

= (0,0,0,0, 0,0,0,0,0 ,0,0)

1

L- =ID11 ,C=e8xJ D11 ,8=ll.
1

ID11 is an 11 x 11 Identity matrix and R- is an 11 x 11 matrix, multiplie d by

e8 ,

with 1s on the diagonal entries and 0.1 elsewhere. A single run of the Gibbs
Sampler for 20,000 iterations was carried out and the sample path was saved.
Each group was given the same starting values for

/31 , . which

were those

estimates obtained using the truncated logistic regressio n technique, given in
Table 4.18. Shown in Table 4.19 are the estimates of

/31

(for group one) as well

as an estimate of µ , which has been calculate d by averaging across each
/J-vector for each group j. Figure 4.13 shows the plots of the estimated 95%
posterior intervals for

/J

for group one. The true values do lie within the intervals

for most compone nts of the vector j3 , but due to the diffuse nature of the
marginal posterior distribution, there is a need for caution when using each /JJ as a
means of inference, especiall y when the group sizes are small. The estimate~ of

µ however are close to the paramete r estimates .s hown in Table 4.18.
Figure 4.14 shows the estimated marginal distributi ons for

(L) 22 •

The covarianc e values between each

(Lt , (L) 12 , (Lt

and

/Jjp and /Jjq , for p-:/:- q are centred

about zero, whilst the diagonal elements of the estimated covarianc e matrix are
one.
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Variable

Posterior Mean

Intercept
Damage
Restraint
Sex

3.4763(0.0057)
0.5290(0.0060)
1.0881(0.0038)
0.4091(0.0056)
0.6629(0.0052)
0.8401(0.0034)
1.5888(0.0055)
-0.0085(0.0040)
0.2346(0.0050)
1.2119(0.0044)
-0.3316(0.0075)

Speedlim
Speedcat
Age
Location

95% Posterior
Interval
(3.43,3.52)
(0.48,0.58)
(1.05, 1.13)
(0.36,0.46)
(0.62,0. 71)
(0.80,0.88)
(1.54, 1.63)
(-0.05,0.03)
(0.19,0.28)
(1.17,1.25)
(-0.39, -0.28)

Truncated Logistic
Regression
3.50
0.53
1.10
0.37
0.62
0.83
1.59
0.02
0.25
1.21
-0.33

Table 4.18: Parameter estimates and 95% Posterior Intervals for

/3

for the FORS

data using the Gibbs Sampler with Model 1.

Variable

/31

Intercept
Damage
Restraint
Sex

-0.4315
0.5709
-1.1757
0.0906
0.7229
0.9557
0.8596
-0.1408
0.9238
0.3481
0.3464

Speedlim
Speedcat
Age
Location

Table 4.19: Parameter estimates for
the FORS data with Model 2.

95% Posterior
Interval for /31
(-2.3962, 1.5333)
(-1.6984,2.8403)
(-2.5974,0.2460)
(-2.1436,2.3248)
(-1.9751 ,3 .4208)
(-1.0438,2.9552)
(-3 .6929;5 .4121)
(-1.3727,1.0911))
(-1.4119,3.2594)
(-1.5001,2.2683)
(-1.2464, 1.9391)

/31 and µ

µ
3.4526
0.4211
0.8688
0.4715
0.7622
0.8615
1.5835
. 0.0269
0.2257
1.2364
-0.1533

using the Gibbs Sampler fitted to
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4. 7 Discussion
In this chapter, two models have been presented for the analysis of group-

truncated data that exhibits a binary response. MCMC methods were applied
and the techniques have been shown to deal with both categorical and
continuous covariates.

The EM algorithm was considered a possible

alternative option to contend with the missing data factor, yet the results were
somewhat inferior to those obtained using the Gibbs Sampler. As a result of
the intricacy of the model that was considered in the earlier . sections in this
chapter, an iterative technique was needed to assist in the estimation process
along with the EM algorithm, which could be the reason for the differing
results. The Newton Raphson algorithm that was used is known to sometimes
produce divergent results when the starting values are far from the target
values. The Gibbs Sampler also has the benefit that more than one parameter
can be estimated from the same simulation, whereas the EM algorithm requires
some extended calculation. In order to find an estimate of N, the whole process
would have to be repeated and the estimation of the unseen covariates would
require a very complicated model in order to achieve a desired result.

In the first model considered, techniques were developed for the estimation
of N, the non-truncated sample size, or the total number of groups that would
have been observed. This was applied to a traffic data set, where for the FORS
data set in question, the estimate of N that was found was unusually small:
This does however beg the question relating to what the literal definition of N
is or whether it poses any real meaning in this context.
The second model was developed where the main interest focussed on
estimation of f3 . However, this method did exhibit a rather diffuse posterior
distribution for f3 and therefore it is hard to apply to models using a large
number of covariates, even though the results did improve for larger group
sizes. The Gibbs Sampler did have problems in finding the true

/3

at each
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sim ula tion and in this case, analysis wo uld pos sib ly benefit from multiple runs
bei ng carried out and the pos teri or me an calculated.
computationally extensive task however.

This is a very
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Cha pter 5
5. A Model for Grouped Truncated
Binary Data with Random Effects
5.1 Introduction
The analysis of group truncated binary data has already been considere d at
some length in the previous chapter.

There, and also in O'Neill & Barry

(1995a) and Barry & O'Neill (2000), it is assumed that the responses within
each group are independ ent.

However , in many applications of group-

truncated data (such as the road traffic data that has already been considered),
observati ons are obtained together where responses from the same cluster will
exhibit some form of association. In the road traffic data set, the response for
each occupant in a vehicle is dependen t upon the covariates that are importan t
in the data set. If a vehicle is travelling at a particula r speed, then it is expected
that this group variable will .affect each individua l's response in that vehicle. It
would therefore seem reasonab le that each response in a group exhibits some
associatio n with the speed variable. Consequently, the binary responses may
not be independ ent.
In order to assess the relationsh ip of the response to the explanato ry
variables correctly, this dependen cy must be taken into account. It is widely
recognise d that a large proportio n of grouped binary data sets do not exhibit
variation consisten t with the independ ence model. If we suppose that the true
response is dependen t upon some unknown variable( s), then in the absence of
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any information regarding this quantity, any variation will be shown as
overdispersion, and will be attributed to these unknown variables. A failure to
allow for overdispersion could lead to underestimation of the variability that is
associated with the estimated regression parameters.
In this chapter, we will proceed by using an extension of the familiar

Generalized Linear Modelling framework, combined with a likelihood-based
approach to the regression analysis. The effect of this unknown extra variation
can be modelled by adding a single variable to the linear logistic model, thus
incorporating a random term into the linear predictor. In effect, we consider a
two-stage random effects model - specifically, a Generalized Linear Mixed
Model (GLMM) - in which random and fixed effects are additive on the same
scale and are based on explicit identification of characteristics in the individual
and the total population. Mixed models assume that the regression coefficients
for a group are drawn from a population distribution, wherein we aim to
estimate both the group as well as individual-specific parameters. The idea
that each of the individual's responses follows a similar functional form with
parameters that vary among individuals would appear to be appropriate for this
group-truncated data application.
Much of the statistical literature regarding the generalized linear mixed
modelling approach has focussed upon _either longitudinal data, or repeated
measures data, where a Gaussian response is assumed.

On the whole, a

Gaussian response is thought to be the most common, and consideration of this
response has stimulated a significant body of analysis. By contrast, methods
for the analysis of binary responses are slightly less well developed.

The

analysis of clustered binary data has been problematic in the case of models
with many covariates, with unbalanced data (that is, designs that vary amongst
individuals), with missing observations and/or with large numbers of
observations per group.
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The extension of a random effects model to the generalized linear modelling
methodology has been developed in numerous articles.

However, the

extension does require computationally intensive methods. Furthermore, as we
will describe in more detail, when truncation and random effects are added to
the

generalized

linear

mixed

model,

the

exposition becomes rather

complicated.
A large amount of the literature in the early 1980s focused upon the analysis
of repeated measures data or longitudinal data where the concept of random
effects was introduced into the model to account for the assumed dependence
of the within-subject variables. Striatelli, Laird & Ware (1984) examined a
generalized linear mixed model for the analysis of a dichotomous response
with longitudinal data. A logistic regression was applied with the inclusion of
a Gaussian random intercept; to enable inference, the EM algorithm was
employed. Anderson & Aitkin (1985) considered a similar model, but instead
employed the Newton Raphson algorithm. The EM algorithm is considered to
be the superior of the two methods, due to its unfailing ability to produce
acceptable estimates even though these results may be somewhat biased. More
recently, Lindstrom & Bates (1990) have proposed a general non-linear mixed
effects model for repeated measures data, once again through implementing the
Newton Raphson algorithm. Many authors have considered the random effects
model. Ochi & Prentice (1984) and Gilmour, Anderson & Rae (1985) have
analysed Gaussian models using a probit link function. Harville & Mee (1984J
have considered the random effects model with ordinal categorical data.
One other approach that does not directly incorporate random effects into
the model is that introduced by Liang & Zeger (1986). This approach involves
the use of a Generalized Estimating Equations (GEE) methodology, wherein a
marginal model for the population-averaged response is specified and a
variance estimator, which takes into account the correlation structure, is
constructed.

Liang & Zeger' s study established that consistent regression
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parameters can be estimated via the correct modelling of the marginal mean
response. This technique is closely related to the concept of quasi-likelihood.
Breslow & Clayton (1993) have investigated penalised quasi-likelihood, an
approach that is based on linearization approximations where interest lies in
estimating the random effects. Marginal-quasi likelihood was also considered
in that paper. This approach produces regression parameters that model the
marginal expectation of the response.

Both of these applications were

introduced to cover the overdispersion in binomial proportions.
With respect to the focus of this thesis, little has been produced in the
statistical literature on extensions to the truncated case.

Random effects

complicate the estimation of truncated regression models, since the data is
being used to extrapolate to the truncated model. Gurmu (1991) and Grogger
& Carson (1991) have both considered the negative binomial distribution

truncated at zero as an overdispersed alternative to the truncated Poisson
model.

In a subsequent study, Gurmu & Trivedi (1992) used asymptotic

expansions to improve small sample properties, where truncation at arbitrary
values was considered.

Likelihood-based approaches were employed but a

regression model was not considered.
Multiple capture-recapture data can be considered as group truncated data
presenting fixed group sizes and a distinct ordering of capture times within
each group from a closed population.

Huggins (1989) proposed a linear

logistic model in the presence of heterogeneous capture probabilities. In this
instance, the probability of being captured changes if an individual has been
previously captured.

Huggins used a likelihood-based approach where the

contribution to the likelihood from non-captured individuals is not known; as
such, it must be estimated.

However, the dependence model is only

appropriate where there is a distinct ordering in the responses within a group.
This is clearly not the case in the road traffic data discussed earlier in this
thesis. Huggins (1991) later considered a model incorporating a group-level
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variable into the linear predictor and the likelihoo d condition al on the captured
individua ls was construct ed in order to estimate the associate d paramete rs. A
hypothes is test was then derived to test whether these terms are all equal to
zero.
Weiss (1993) develope d a latent correlate d response model concerne d with
sample sizes equal to two. These samples consisted of motorcyc le accidents
that involved two people, where the severity of both head and body injury was
considere d.

As a result, the response s were ordinal and an accident was

truncated where neither injury to head or body required hospitalis ation. It is
worth noting that the data set of Weiss exhibits very mild truncatio n. This
model relies heavily on a Gaussian assumpti on and does not extend to larger
group sizes easily.
The contents of this chapter are as follows.

In Section 5.2 the random

effects model is introduce d. A simulatio n study derived to represent a grouptruncated data set with a number of paramete r choices is considere d in Section
5 .3. In Section 5 .4 we discuss a goodness of fit test for the model in question
and in Section 5.5, we will apply the model to the 88/90 FORS data set.

5.2 The Model
For the model that is to be considere d, as already discussed in Chapter 4, let us
begin by defining the following :
Y·· = {1 if the ith individua l in thejth accident dies for)= 1, ... ,N
1J

O otherwise

x iJ

= a p x 1 vector of covariate s for the ith individua l in the )th accident

xj

= (x 1j, ... , xnij )'

is an j x p matrix with ith row x ij

R 1 = the set of individua ls in accident}
Here, Yu is the response of the ith individua l in the )th accident. A complete
data array of responses is represent ed as (Yi,···,YN) where YJ = (Yu ,···, YnjJ)'
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is the vector of responses for the }th group. If the number of individuals in
each accident is constant, then the array will be a matrix, otherwise it will be a
ragged array. We will refer to it as a matrix in either case.
In the previous chapter, it was assumed that the responses of individuals are

independent Bernoulli random variables such that
(Yu I /3) ~ Independent Bernoulli(Pu ), for}= l, ... ,N, i = l, ... ,nj,

where
Pu

= P (xu, /3)

exp(x[d3)

1+ exp ( Xu /J)

is the probability of a positive response.
For real-life data sets, groups may not contain the same number of
individuals. On a broader scale this presents problems in terms of analysis
since both the covariate values and the responses are unknown, and as a result
nj for each unobserved group is also unknown, but the ·approaches presented in

this chapter can be extended to possibly unequal group sizes.

For the

simulation study presented in this chapter the n j 's are chosen to be equal;
however, it should be noted that real data does not often exhibit this property.
As already mentioned, a more realistic model for the road traffic data is one
which assumes that responses of individuals in respective accidents may be
related in some way where it is reasonable to expect a positive association
between individuals within a group. O'Neill & Barry (1995a) have considered
this in greater detail, suggesting that there are missing group-level covariates
and the method of introducing this positive association into the model is to
incorporate random effects at the group level. The similarity across groups can
be expressed by specifying a random effects model for the mean response,
conditional on the random effect. As a result, the random effects are viewed as
approximating a moderate number of additive, random group-level covariates
with small effects. As such, the linear model has the general form
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h ( µij ( /3, aJ ) )

= x~ f3 + aJ, j = l, ... , N, i = l, ... , nJ .

Here, aJ is a random effect for accident j, µij is the expected response for
individual i in accident j, conditional on the random effect, f3 is a p x 1 vector
of .regression parameters and h ( )

is a link function to be specified.

Therefore, the random effects are introduced into the linear predictor as an
additive effect. Furthermore, the interpretation of the regression parameters is
conditional upon the random effects.

In the literature there are two types of model that have been classified for
situations in which responses are clustered.

These are known as subject-

specific models and population-averaged or marginal models; these will be
described subsequently in more detail.
Liang & Zeger (1986) and Zeger, Liang & Albert (1988) approached the
problem of overdispersion by modelling the marginal expectation of the
response.

This chapter will approach this problem by modelling the

conditional expectation, given the random effects.

In this regard, the

interpretations of the regression parameters of the conditional and the marginal
models are entirely different.

The parameter estimates in a subject-specific

model represent the covariate effects at the level of the individual - in order to
understand the population as a whole - whereas the regression coefficients in a
marginal model describe the change in the population-averaged response and
ultimately treat the group as a whole. In some analyses, it is often of interest to
estimate the covariate effects on population averages. For example, such an
approach can be of use in estimating the probability of death on specific
subgroups. In such a case, it may be appropriate to specify the generalized
linear model in terms of the marginal mean,
lo git {Pr ( Yu

= l)} = x~/J + aJ.

We note that in the commonly used conditional Gaussian response case
(Harville, 1977), the link function is the identity.

Therefore, for Gaussian
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responses, the conditional and marginal interpretation placed on the mean
models will be the same. This is not the case where there are non-Gaussian
responses, due to the non-linearity of the link function.

In order to proceed, the following generalized linear mixed model, applied
without truncation is proposed. This choice allows us to model the expectation
of a positive response, thereby incorporating both fixed and random effects:

(Yu /J,a,e) ~l_ Bernoulli(Pu ), for}= l, ... ,N, i = l, ... ,nj,
I

where
logit(Pu )=log{_! !y__}
l-pu

(5.1)

= x;/J + aj,
and a= ( ai, ... , aN) ,
I

/3 = (fio, ... , /Jp-I)

I

and xu

= Xui, ... , xUP .
)'

(

The use of a logit link function here means that the random effects act as
random multipliers or frailties.
Defining the following distributions completes the prior specification:

f(/Jla,0 )ocl, /JEffi.P
(aj IB)~iid N(O,l/0 ),J=l, ... ,N
1

f(0)oc- .

e

Here; a paramete risation has been used such that CJ = 1/ 0 . Furthermore, a flat
2

prior distribution for /J and a non-informative prior distribution for 0 have
been assumed.
The a 1 's are assumed to follow a Gaussian distribution with a variance of
e5

2
•

Another way to write Equation 5.1 is as follows:

,

(

,

logit (Pu)= x; f]*, wherex; = x~, a~) ,

/3* = (/3 ,CJ)
1

,

and a:~ N(O,l).

The random effect now appears in the linear predictor as an unobserved
covariate. Its coefficient, CJ, is the standard deviation of the random effects
where the variance component measures the overall variance contributed by
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that effect. If the

a; 's were known, they could be incorporated into the design

matrix as offsets. However, as a general rule, the random effects are unknown
and alternative methods of estimation must be considered.

5.2.1 The Truncated Model
Now, considering the truncation and following the approach outlined m
Chapter 4, let us suppose that
y = (Yw·,Yn) whereyi = (Yi}'···,Yn ji )' for Yu

E

{0,1}.

(5.2)

As before, thejth accident contains n1 individuals. We now let

A= nAi , where Ai= Ci and Ci= {y;i

=

O, ... ,Y,,ji

=

o}

J=l

and also defme

z = ( Zi, ... , zn), where z1 = (y1 I A1 ) such that z11 + ... + zn jJ > 0.
Thus z = (y I A) is the observed data matrix where, without loss of generality,
the observed data is re-labelled as 1, ... , n and the unobserved data is re-labelled
as n + 1, .... , N . Having defined the model and the data, the quantity of interest
is the vector

Q=(/3,b,0), where b=(bi, ... ,bn)' and b1 =(a1 JA1 ), the

observed random effects, or more precisely, each element of the vector of
observed random effects, b1 , is equal to the value of a j that is associated with
the respective zj .
In the absence of truncation, the density of y 1 , the response vector for th~

jth non-truncated group, is given by

J(yi I /3,ai) = [Ip/"(

1 ~ p ij

i=l

where
1
p iJ

= l + e - x;JJ-a j

.

r·

(5.3)
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Barry & O'Neill (2000) considered methods for the FORS data set where
independent responses were not assumed.

After defining the model, the

marginal distribution of y 1 conditional on group j being observed, was
calculated. This was found by integrating the joint distribution of y J and the
random effect, b1 (as defined in Barry & O'Neill, 2000), given that the group
is observed, over the distribution of the b1 . As a result, the random effects
model that was specified was analysed using the latent model in Equation 5.1.
As such, the distribution of the random effects is also truncated by the
observational process; the random effects for those groups which are
unobserved are not known. This model is difficult to fit, since in general, there
is no closed form solution for the marginal distribution over the random effects.
The disadvantages of this approach, and of many previous attempts along
similar lines lie in the evaluation of increasingly complex integrals. Barry &
O'Neill (2000) applied maximum likelihood techniques using routines from the
Numeric al Algorithm Group (NAG) Fortran library.

A full maximum

likelihood analysis requires numerical integration techniques for the calculation
of the log-likelihood. This becomes increasingly difficult if it is supposed that
a model incorporates more than one random effect per group, say q; integrals
are then of order q, with approximations becoming increasingly more intricate
and less reliable.
Breslow & Day (1980) used Conditional Logistic Regression techniques to
fit the model in Equation 5 .1. This approach treats the group-level effects as
nuisance parameters, so that conditioning will then eliminate them from the
likelihood. This method can be problematic since complications arise as group
sizes vary. In addition, the group-level effects themselves are often of interest;
for example, it may be important to estimate how the speed of a vehicle in an
accident affects an individua l's chance of survival. This cannot be inferred
from conditional logistic regression techniques.
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With respect to the truncated model and the correctly specified posterior
distributi on for this model, the posterior density of Q is given by

f (QI z) = f (/3,b,0 / z) ex f (0)/(b 10)/(/31 b,0)/(z I /3,b ,0)
where

f (b I0) =

bi I0 ),J(,6 Ib,0)
(
flf
j=1

t'It( zi I,6,bi ,e).

oc 1 and/ ( z I ,6,b,0) =

j=l

Now,

f (zi I ,6,bi,0) = f (Yi I ,6,ai, Ai)= f (yi I ,6, ai)
I

.

J

where

yj = zj, aj = bj, f (yj I /3, aj) is given by Equation 5.3 and
½=P(A jl/3,aj)

is the probabili ty that group j was going to be observed, condition al on

b1.

f3 and

after appropria te re-labelling. Thus explicitly,

f (QI z) = f (/3,b,0 I z)

IT

n
l
oc -x
0 .

0b2

r;:; __!_
'\J 0 e 2 x 1 x

;=1

IT
n

j=l

i
ITn
i=l

z .. (

Pr u 1-

pu

Y

)l-zu

p_J

where
ni

p u = pu ( /3, bj ) = 1/ {1 + exp ( - x~ /3 - bj )} and ½ = 1 -

IT (1- pu).
i= l

5.2.2 Calculation of the Conditional Distributions
In order to proceed, we seek to obtain the condition al distributions

f(/J lb,0,z), /(0 /b,z,/3) and f(b /0, z,/J). Due to the structure of the
hierarchi cal model, these can be simplifie d in the following way.
condition al

distributi on

f

(/3 1b, 0, z)

is

independ ent

of

0,

and

The
so

f(/J lb,0,z)= f(/J lb,z) so long as f(f3,0)= f(/3)f(0 ) (i.e. if /3 and 0
are

a priori independent). By the same reasoning, f ( 01b, z, /3) simplifies to
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f (0 I b).

Lastly,

product,

fr f (

f (b

J

0, z, /3) cannot be simplified, except by writing it as the

b1 I ,B, 0, z) .

It is now possible to extract each of these

)=l

conditional distributions from the posterior distribution where the Gibbs
Sampler for Q = (/3, b, 0) is specified by the following three conditional
distributions:
l-zij

z ..

nj

TIPuij( 1-Pu)
f (/3 Ib,0,z) = f (/31 b,z) cc TI-i=l_ _ __
½
P··)
(1j
i
..
TIP
n

l.

j=l

2.

f ( b I 0, z, /3) cc

i=l

f (0I b, /3, z) = f (0I b)

2
x e-

½

)=I

3.

0bJ2

lJ

lJ

n

TI

l-zij

z..

nj

r-.J

Gamma(~,! tbJJ
2 2 j=l

The third distribution here is a direct result of the fact that

/ ( 0 I b) cc

l

n

0

j=l

-TI

cc 0%-1

0b}

2
Be ✓
I

e

II

-0 [ 2))}

l

J=I

The first two of the three conditional distributions present an unfamilia r form.
Therefor e in order to proceed using a viable simulatio n method, we propose to
sample values from each density using the Metropol is Hastings Algorithm.

5.3 A Simulation Study
We will progress as in Section 4.3 .2, so that two series of simulations will be
carried out. The individual probabili ties of a positive response are modelled
using a logistic link where
1ogit {Pu}

= x~/3 + b1 = /30 + u1 /31 + wu/32 + b1

where u 1 represents the group level covariate for group j ,
individual specific covariate for individual i in group j and

wu

/3

represents the

is a 3 x 1 vector.

The simulations were carried out using the identical paramete r vectors and
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covariate design that was mentioned in Section 4.3.2 whereby each individual
has an intercept term and a covariate term with two levels, 0 and 1, and at the
group level, a continuous U ( 0, 1) covariate is assumed.
As before, the first set of simulations assumes 200 groups, each of size two.
The smaller group sizes that are considered here will contribute the smallest
amount of information to the model regarding the random effect. The second
set of simulations involves 100 groups, each of size four. The larger group size
should provide more information to · the model, thereby enabling better
estimation of both the intercept term and the random effects variance.
The random effects were generated from a Gaussian distribution with a
mean of zero and standard deviation, a-, equal to 0, 1 or 4.

Through the

truncation process, only those random effects that are associated with an
observed group are retained and as a result, the marginal behaviour that we are
investigating is done so with respect to the fixed, truncated marginal sample.
For each parameter combination the simulation was iterated 1,000 times.

5.4 Posterior Inference on Q
We will now consider the issue of inference for the truncated random effects
model.

In previous chapters, inference has focussed upon both point

estimation and interval estimation of each of the parameters that were present
in the posterior distribution.

Once again, this type of inference will be

incorporated into the subsequent study and will allow us to form conclusions
regarding the statistical model that has been considered.

How ever, another

important part of the statistical analysis is a formal review of the adequacy of
the model's fit to this particular type of truncated data. In a Bayesian analysis,
this can sometimes be referred to as testing the sensitivity to the nominated
prior distribution. Therefore, in order to verify the adequacy of this particular
model, a Bayesian hypothesis test usingp-values will be implemented.
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5.4.1 A Bayesia n Hypoth esis Test for

0

2

In Chapter 4, we considere d an independ ence model.

However , in the

introduct ion, it was suggested that the independ ence model may not be a
particula rly good fit to the grouped data. For this reason, a random effects term •
with variance a-

2

overdispe rsion. If a-

was introduce d into the model to accommo date for
2

=0

(under the null hypothes is, H 0 ), then the responses

within each group are independ ent. The alternativ e hypothes is, HA , is that
2

a- > 0 . In this situation, if the null hypothes is is false, then we would expect
the p-value to be small.
When taking a Bayesian approach , one technique for assessing the fit of a
model to the data is to use Bayesian p-values (Gelman, Carlin, Stem & Rubin,
1995). In order to calculate the Bayesian p-value, an appropria te function of
the observed data is compared to the same function of some replicated data.
This data is generated using the predictiv e posterior distributi on, given that the
null hypothes is is true. If the model fits well, then the replicated data that has
been generated under the predictiv e posterior distributi on should appear similar
to the observed data. At least, tlie replicated data should appear plausible for
the model to be correct. Any systemat ic differenc es between the simulatio ns
indicate potential failings of the model.
In order to develop a Bayesian p-value methodol ogy, a scalar-me asure of
the discrepan cy between the defined model and the data needs to be derived.
In a Bayesian context, this is known as a test quantity. The test quantity has a
similar role to that played by a test statistic in Frequent ist testing. In applying a
Frequent ist framewo rk however, a test statistic only depends upon the data,
whereas in applying a Bayesian framewo rk, test quantities can be generaliz ed
to allow for dependen ce on the model paramete rs under their posterior
distributi on, since the test quantity is evaluated over draws from the posterior
distributi on of the unknown paramete rs - in this case

/3.

As a result, a test
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quantity can be a function of the unkn own parameters in the model as well as
the data.
For the example in question let us denote the test quantity by lf/ ( z, /3)
wher e the p-va lue is defined as the prob abili ty of getting a result as or more
inconsistent with the null hypothesis as the obse rved data. Form ally we may
define it as
p

= Pr ( lj/ ( Zrep , /3 rep ) 2 lf/ ( Z, /3) Z, Ho )
I

where zrep and /Jrep denote replicated values of z and

/3 .

In orde r to proceed, the actual form of the test quantity lf/ needs to be

specified.

A num ber of forms could be used, but ideally the test quantity

should be chosen to reflect aspects of the mod el that are relevant to the purpose
for whic h the inference will be applied. For this model, a suggestion is to
consider the fact that the null hypothesis is defined in terms of the variance.
Therefore, if no dependence exists betw een the responses, then the mean
·response for each group shou ld be fairly similar. As a result, we will define the
test quantity to be
lf/( z,/3)

1

=--=-I i(z -z)
n

n

1

;=1

2

1

u
, where z1 =-~z
n
1

I
z =i~z u
n

nJ

and

nJ

;=I 1=1

1=1

n

~n1 .
J=I

Then the requ ired p-va lue is
p

= fJ ( lf/ ( Zrep) 2 lj/ ( Z) )f (zrep

I

z) dzrep,

wher e

f (Zrep I Z) =

ff (Zrep I Z, /J )f (/J I Z) d /J ·

We see that p is difficult to compute analytically, and so we will resort to
Mon te Carlo methods.
rand om sample

The natural way to proc eed is to generate a large

z(i), ... , z(r)

~ iid f ( zrep z), and comp ute lj/t = lj/ ( z(t)) for each

t = 1, ... ,T.
A consistent estimate of p is then

I
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p = J_
T

i) (v,t(z('l) ;::

\if (

z))

t=l

wit h ass oci ate d con fide nce inte rva l

CJ (p) = (ft ±1.96✓ ft (l- ft)/T).
It rem ain s to com put e the sam ple

z(i) , ... , z(T ).

Thi s can be obt ain ed via the

me tho d of com pos itio n, in the foll ow ing way.

l

1
), ••• ,

First, we generate

;;(T),...., iid f (/31 z) according to the pro ced ure in Section 5.2 (where

H 0 hol ds bec aus e a-

2

=0

implicitly). The n for eac h t

= l, ... , T,

we car ry out

the following:
1. Let pt) = 1/{1 + exp (-x ~l' ) - 0 )} for eac h i = l, ... ,nj and j = 1, .. ,n

2. Sam ple wu ,.... ,Be rno ulli (pu ),fo rea chi =l, ... ,n1 and j=l , .. ,n
3. Let

(t) -_ ( z,(t) , ... ,z/1(t))
z

(t) -_ ( Wu,···, wnj j )' .
h
w ere zj

5.4.2 Simulation Results
Initially, in ord er to test the effi cac y of the cho sen test quantity, a Bay esia n pval ue wa s cal cul ate d wit h T

= l 00

for eac h com bin atio n of reg res sio n

The
.4.
5
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t
tha
aof
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h
eac
for
and
rs
ete
am
par
results are sho wn in Table 5 .1 and Table 5 .2.

For the situation wh ere no

ran dom effects wer e inc lud ed in the mo del (that is, the ind epe nde nce model),
the p-v alu e was also calculated.
It is cle ar tha t for the cases wh en n1

1, or ver y close to 1.

= 2, the associated p-v alu es are equal to

Thi s wo uld ind ica te tha t the par am ete r a- is hig hly

ins ign ific ant and therefore, the ran dom effects sho uld not be inc lud ed in the
mo del , eve n tho ugh the ran dom effects we re par t of the original ·gen era tion
pro ces s wh en a-

= 1 or 4 . Wh en we fit the ind epe nde nce model,

a- is non -

significant, wh ich is to be expected, eve n tho ugh the ma gni tud e of each of the
p-v alu es are som ewh at large.
per fec tly reasonable.

Ho wev er, the results the mse lve s do see m

For the pai red data, wh en there are onl y small group
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sizes, very little information is available to estimate the random effect term.
Therefore, there is little power in the test of significance of the random effects
term and the independence model will nearly always be accepted. We notice
that as n j is increased from 2 to 4, the accuracy of the results improve,
although

O"

is still highly non-significant, most noticeably when

O"

= 1 , where

the null hypothesis should have been rejected.
If we further increase, the group sizes to 20 and only observe 30 of these

groups, this sample size being less of a computational burden, then the results
improve dramatically.
values of

O"

These results are shown in Table 5 .3 where several

were used to see the breakdown between O and 1 more closely.

As we can see, for values of

O"

greater than 1, a p-value of O is found, which is

to be expected, especially for values as large as 10. The gradual decrease in
the p-value for each parameter vector is worth noting where we see that, when
the random effects term is excluded from the model and the independence
model is fitted, the test quantity that we have applied provides a correct result.
The simulation results for the regression parameters are displayed in Tables
5 .4 through to 5 .9. Each of the tables lists the following: the true parameter
and the posterior (sample) mean for each element of

/3

/3 ,

and in parentheses, the

standard deviation of the parameter estimate, is shown. Tables 5 .10 through to
5 .15 show 95% Central Posterior Density and 95% Highest Posterior Density
Intervals. After observing the results of the regression parameter estimates a
few points are worth cornrnenting on. Overall the proposed truncated random
effects model performs well in the cases where a moderate amount of
truncation is present and the random effects variance is not extreme. For the
cases where the marginal probability of being observed was low, there is
instability in the parameter estimates leading to biased results. This is a direct
result of there being little information regarding the random effects since there
are a large number of groups with only one or two positive responses . This is
the case for both

nj

= 2 and

nj

= 4.
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The estimates of the group-level effect were slightly variable as a
increased, which is due to the added variability in the model. However, the
individual level effect was estimated well, especially when the truncation was
not so extreme. We also observe that the true value for the individual level
effect appeared in the 95% Central Posterior Density Interval for a large
number of the simulations. Figures 5 .1 to 5. 6 show the approximate sampling
distributions of the estimates of the regression parameters for the truncated
random effects model when a= 0, I or 4 and n1

= 2 and 4 respectively.

5.5 Federal Office of Road ·s afety Data
The Federal Office of Road Safety data set that was considered in Section 4.6
will now be reviewed under the random effects model. This seems reasonable,
as we would expect that each response of an individual in a vehicle would not
be independent of the other responses. As we saw from the artificial data set,
for cases with group sizes of two, where little information was available to
estimate the variance of the random effects, the specified Bayesian p-value did
not work well. However, the accuracy of the test did improve when n1 was
increased to four, if only slightly. We do note that for this particular data set,
there were 45 groups with more than two individuals.
For illustration purposes, following Barry & O'Neill (2000), we fit a number of
models using this data set to show the difference in results when group-level
variables are not included. First of all, we fit the independence model with
age, sex, restraint use and seating location variables. Here, the Bayesian pvalue was found to be O. 000 where T

= 300 . Therefore, there is sufficient

evidence to reject the independence model. If we now fit the random effects
model, we obtain an estimate of

a = 7.49 .

We now consider the addition of group-level factors where we assume that
the random effects variance should be lower as the omission of significant
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p-value
O"

=0

O"

=1

O"

=4

/3' = (-2, 0.5, 0.5)

1.00

0.97

0.90

/3' = (-2, 2, 0.5)

1.00

1.00

1.00

/3' = (0, 0.5, 0.5)

1.00

1.00

1.00

/3' = (0, 2, 0.5)

1.00

1.00

1.00

Table 5 .1: Bayesian p-values for the random effects model when n1

= 2.

p-value
Q"

/3' = (-2, 0.5, 0.5)
/3' = (-2, 2, 0.5)
/3' = (0, 0.5, 0.5)
/3' = (0, 2, 0.5)

=0

O"

I

=1

O"

=4

1.00

0.27

0.00

0.89

0.94

0.00

0.81

0.19

0.08

0.28

0.10

0.00

Table 5.2: Bayesian p-values for the random effects model when n1 = 4.

p-value
O"

0.0
0.1
0.2
0.3
0.4
0.5
1
4
10

/3' = (-2, 2, 0.5)

/3' = (-2, 2, 0.5)

/3' = ( 0, 0.5, 0.5)

/3' = ( 0, 2, 0.5)

0.812
0.808
0.744
0.184
0.128
0.040
0.000
0.000
0.000

0.764
0.656
0.452
0.188
0.020
0.012
0.000
0.000
0.000

0.980
0.972
0.920
0.732
0.356
0.144
0.000
0.000
0.000

0.848
0.716
0.348
0.336
0.260
0.140
0.000
0.000
0.000

Table 5.3: Bayesian p-values for the random effects model when n1 = 20.
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True Value

MCMC Estimate

/Jo
-2

/31

/32

f3o

/31

/32

0.5

0.5

-2.350 (0.38)

0.502 (0.18)

0.775 (0.56)

-2

2

0.5

-1.948 (0.47)

2.107 (0.38)

0.632 (0. 73)

0

0.5

0.5

-0.094 (0.31)

0.689 (0.23)

0.409 (0.47)

0

2

0.5

-0.046 (0.26)

1.942 (0.27)

0.211 (0.45)

Table 5 .4: Estimated mean of sampling distributions and p-value for groups of
size 2 with a = 0 .

True Value

MCMC Estimate

f3o

/31

/32

-2

0.5

-2

/31

/32

0.5

JJo
-1.614 (0.41)

0.468 (0.23)

1.042 (0.54)

2

0.5

-1.030 (0.38)

2.054 (0.28)

0.085 (0.51)

0

0.5

0.5

0.366 (0.32)

0.529 (0.28)

0.155 (0.51)

0

2

0.5

-0.228 (0.25)

2.140 (0.32)

0.483 (0.44)

Table 5 .5: Estimated mean of sampling distributions and p-value for groups of
size 2 with a = 1 .

MCMC Estimate

True Value

/32

f3o

/31

/32

f3o

/31

-2

0.5

0.5

-0.919 (0.32)

0.497 (0.22)

0.345 (0.51) -

-2

2

0.5

0.439 (0.38)

1.462 (0.25)

0.547 (0.54)

0

0.5

0.5

1.333 (0.32)

0.179 (0.25)

0.115 (0.47)

0

2

0.5

0.754 (0.38)

1.535 (0.35)

1.037 (0.57)

Table 5.6: Estimated mean of sampling distributions for groups of size 2 with
a-=4.
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True Value

MCMC Estimate

/Jo

/31

/32

/Jo

/31

/32

-2

0.5

0.5

-2.512 (0.44)

0.535 (0.22)

0.992 (0.57)

-2

2

0.5

-2.409 (0.41)

1.785 (0.22)

1.584 (0.57)

0

0.5

0.5

0.023 (0.32)

0.493 (0.22)

0.678 (0.41)

0

2

0.5

-0.552 (0.28)

2.164 (0.28)

1.176 (0.47)

Table 5.7: Estimated mean of sampling distributions and p-value for groups of
size 4 with

CY

=0.

MCMC Estimate

True Value

/Jo

/31

/32

/Jo

/31

/32

-2

0.5

0.5

-1. 135 (0.32)

0.739 (0.22)

0.07 5 (0.51)

-2

2

0.5

-1.081 (0.28)

1.901 (0.19)

-0.486 (0.44)

0

0.5

0.5

0.163 (0.28)

0.634 (0.22)

0.441 (0.44)

0

2

0.5

0.085 (0.28)

1.637 (0.38)

0.819(0.47)

Table 5.8: Estimated mean of sampling distributions and p-value for groups of
size 4 with

CY

=l .

MCMC Estimate

True Value

/Jo

/31

/32

/Jo

/31

/32

-2

0.5

0.5

0.796 (0.41)

0.040 (0.19)

-0.300 (0.35)

-2

2

0.5

0.205 (0.28)

0.648 (0.25)

0.555 (0.47)

0

0.5

0.5

0.675 (0.28)

0.328 (0.25)

0.442 (0.41)

0

2

0.5

0.602 (0.28)

1.013 (0.25)

0 .4 21 (0.4 7)

-

Table 5.9: Estimated mean of sampling distributions and p-value for groups of
size 4 with

CY

=4 .

95% Central Posterior Density Interval

True Value

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/32

-2

2

0.5

(-3.067,-1 .575)

(0.176,0. 880)

(-0.254, 1.846)

(-3.095,- 1.605)

(0.149,0. 855)

(-0.323,1 .873)

-2

0.5

0.5

(-3.004,-1 .037)

(1.377,2. 860)

(-0.768,2 .025)

(-2.877,- 1.019)

(1.364,2. 850)

(-0.793,2 .057)

0

2

0.5

(-0.678,0 .522)

(0.249,1. 217)

(-0.362, 1.315)

(-0.702,0 .514)

(0.238, 1.140)

(-0.512,1 .133)

0

0.5

0.5

(-0.499 ,0.459)

(1.684,2. 4 79)

(-0.610,0 .952)

(-0.556,0 .464)

(1.423,2. 471)

(-0.671,1 .093)

Table 5 .10: 95% Central Posterior Density Intervals and Highest Posterior Density Intervals for the sampling distributi on of f3 when
n J.

= 2 and rr = 0 .

95% Central Posterior Density Interval

True Value

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/32

-2

2

0.5

(-2.349,-0 .824)

(0.046,0. 992)

(-0.065,2 .146)

(-2.418,-0 .810)

(0.017,0. 919)

(-0.036,2 .120)

-2

0.5

0.5

(-1.83 7 ,-0.350)

(0.090,0. 919)

(-0.634, 1.421)

(-0.353,0 .763)

(0 .15 2, 1. 144)

(-0.374,1 .484)

0

2

0.5

(-0.277,0 .988)

(0.069, 1.032)

(-0.809,1 .018)

(0.117,1. 233)

(-0.168,0 .824)

(-0.363, 1.24 7)

0

0.5

0.5

(-0.639,0 .188)

(1.508,2. 780)

(-0.399,1 .171)

(0.044, 1.160)

(0.607, 1.599)

(-0.508, 1.350)

Table 5.11: 95% Central Posterior Density Intervals and Highest Poste1ior Density Intervals for the sampling distributi on of
n1

=2

and rr

=1 .

/3 when
f--1
V)
V)

95% Central Posterior Density Interval

True Value

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/32

-2

2

0.5

(-1.538,-0.230)

(0.063,0.931)

(-0.646, 1.336)

(-1.538,-0.230)

(0.063,0.931)

(-0 .646, 1.336)

-2

0.5

0.5

(-0.304, 1.182)

(0.966, 1.95 8)

(-0.506, 1.600)

(-0.304, 1.182)

(0.966, 1.958)

(-0.506, 1.600)

0

2

0.5

(0.751,1.856)

(-0.370,0.685)

(-0.874,1.046)

(0.714,1.952)

(-0.317,0.675)

(-0.814, 1.044)

0

0.5

0.5

(0.108, 1.395)

(0.913,2.33)

(-0.068,2.343)

(0.011,1.497)

(0.854,2.216)

(-0.078,2.152)

Table 5.12: 95% Central Posterior Density Intervals and Highest Posterior Density Intervals for the sampling distribution of
nJ. = 2 and a-

when

=4 .

95% Central Posterior Density Interval

True Value

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/J2

-2

2

0.5

(-3.067,-1.575)

(0.176,0.880)

(-0.254, 1.846)

(-3.379,-1..645)

(0.101,0.969)

(-0.123,2.107)

-2

0.5

0.5

(-3.190,- 1.708)

(1.338,2.161)

(0.661,2. 787)

(-3.214,-1.603)

(1.351,2.219)

(0.469,2.699)

0

2

0.5

(-0. 334,0. 796)

(0.324,1.174)

(-1.034,0.987)

(-0.596,0.642)

(0.059,0.927)

(-0.127, 1.483)

0

0.5

0.5

(-0.499 ,0.489)

(1.684,2.4 79)

(-0.610,0.952)

(-1.110,0.006)

(1.606,2. 722)

(0.24 7,2.105)

Table 5 .1 3: 95% Central Posterior Density Intervals and Highest Posterior Density Intervals for the sampling distribution of
n.I.

/J

/J

when

= 4 and a- = 0 .
I---'
V)

0\

95% Central Posterior Density Interval

Trne Value

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/32

-2

2

0.5

(-1.638,-0.643)

(0.348, 1.221)

(-0.683,0.922)

(-1. 754,-0.516)

(0.305, 1.173)

(-0.916,1.067)

-2

0.5

0.5

(-1. 712,-0.594)

(1.453,2.317)

(-1.313,0.390)

(-1.639,-0.523)

(1.529,2.273)

(-1.353,0.381)

0

2

0.5

(-0.489,0.648)

(0.281,1.066)

(-0.265, 1.258)

(-0.395,0. 721)

(0.200, 1.607)

(-0.426, 1.308)

0

0.5

0.5

(-0.425,0.641)

(0.957,2.284)

(-0.066, 1.821)

(-0.4 73,0.643)

(0.894,2.380)

(-0.110, 1.748)

Table 5.14: 95% Central Posterior Density Intervals and Highest Posterior Density Intervals for the sampling dist1ibution of
n1

/J

when

= 4 and o- = 1 .

Trne Value

95% Central Posterior Density Interval

95% Highest Posterior Density Interval

/Jo

/31

/32

/Jo

/31

/32

/Jo

/31

/32

-2

2

0.5

(0.436, 1.256)

(-0.302,0.340)

(-1.075,0.153)

(-0.009, 1.601)

(-0.332,0.412)

(-0.981,0.381)

-2

0.5

0.5

(-0.480,0.674)

(0.163, 1.125)

(-0.255,1.388)

(-0.353,0. 763)

(0.152, 1.144)

(-0.374,1.484)

0

2

0.5

(0.097, 1.212)

(-0.107,0.858)

(-0.505, 1.247)

(0.117,1.233)

(-0.168,0.824)

(-0.363, 1.247)

0

0.5

0.5

(0.053, 1.175)

(0.471,1.483)

(-0.589,1.325)

(0.044, 1.160)

(0.607, 1.599)

(-0.508, 1.350)

Table 5 .15: 95% Central Posterior Density Intervals and Highest Posterior Density Intervals for the sampling distribution of /3 when
n1

= 4 and o- = 4.

>---'

V\

-----l
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group-level effects will cause unexplain ed clustering of like responses.

The

variables that we now include are damage, which records damage to the vehicle,
speed limit, which is the speed limit at the crash site, and the categorical
variable, being vehicle speed at time of impact.

This variable records the

subjective estimated speed of the vehicle at impact. This now represents the full
model that was considere d in Chapter 4 when the independ ence model was
fitted which included all of the variables previous ly mentioned. Using the pvalue methodology, we obtain a value of 0.058 and a 95% associated confidence
interval of ( 0.032, 0.084) when T = 300.

Therefore, there is evidence of a

random effect, but it is not significant at the 5% level. This same conclusion
was obtained by Barry & O'Neill (2000) where likelihoo d techniques were
applied and the score test produced a value of Z
random effects model, we obtain an estimate of 6-

= 1.62.

If we now fit the

= 3.70.

5.6 Discussion
We have shown in this chapter, through the use of a simulatio n study and
subseque nt Bayesian hypothesis tests, that the independ ence model may not be
the best represent ation to use to model the type of data considere d in this
chapter. For the case considere d here, there is a distinct lack of knowledge
about the unobserv ed cases for this particula r type of data and therefore , the
binary response provides little informati on to the model regarding the random
effects. Moreover, with the truncated model for binary data, the inference is not
very robust to the distributional specification of the random effects since the
random effects have a large impact on many areas of the model in question.
This issue was most serious in the paired data case. In the simulation study,
the independ ence model was accepted for a- = 0, 1 or 4; the degree of truncation
made no difference to the result.

With respect to the FORS data set this

indicates potential problems. A large majority of accidents involve only two

159

individuals, name ly a driver and a passenger, whic h is an important
consideration if the rand om effects mod el is chosen to represent this particular
data set. However, for the 88/90 FORS data, the rand om effects term was found
to be significant when the group-level effects were included in the mod el,
thou gh not at the 5% level. We note _that 45 groups did include more than two
occupants, allowing the rand om effect to be estimated more fully. In fact, as
long as the num ber of groups is large relative to the num ber of parameters to be
estimated, the mod el copes fairly well.

Furthermore, a large num ber of

accidents involve only a driver; however, by definition such cases have not been
considered in the group-truncated model.
The Baye sian approach unde rtake n throughout this Chapter has alleviated
numerical integration problems of the past. Through the use of the MCM C
approach, we disposed of the need to evaluate the normalizing constant, whic h
is present in the posterior density. As a result, it was not necessary to evaluate n
one-dimensional integrals, whic h woul d prove time consuming, and mean t that
we could proc eed by using the Metropolis Hastings Algorithm.
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Chapter 6
6. Discussion
This thesis has investiga ted the analysis of truncated data for a variety of
parametr ic models using a Bayesian framework. In doing so, it has sought to
develop a greater understan ding of the issue of truncatio n where we have
shown to good effect the relative ease with which analysis can proceed when
Markov Chain Monte Carlo methodo logy is applied. Througho ut this thesis, we
have mainly focussed upon left truncatio n of the response variable.

Where

models have involved a regressio n structure, this has led to other variables
being naturally truncated , in addition to the response.

One of the main

investiga tions undertak en in this work has been the estimatio n of the
underlyin g covariate distributi on in a regressio n model.
In this context, one should be clear that the act of truncatio n occurs to

populatio ns where on the whole, the researche r is generally interested m
making inference s about the entire target populatio n; that is, about the nontruncated populatio n, rather than the proportio n of the target populatio n that
would only provide responses that are related to all of the relevant variables

~

the analysis. Therefore, an investiga tion into the analysis of the appropriate
data that entirely disregards those missing values would be of no real worth.
When one investigates the existing literature in relation to truncated data,
one finds that little of it involves a parametr ic Bayesian approach. This is due
primarily to the fact that in typically realistic models, we are dealing with
multi-dim ensional integrations. Due to the nature of the models that have been
considere d in this thesis, integrals of this type have been encounte red in each of
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the preceding chapters. Integratio ns are inevitabl y difficult to evaluate in such
cases. It is this difficulty that has hindered many earlier attempts to analyse
truncated data; overall, an approach using integratio n may not always be the
best course to take, since certain required paramete rs are integrate d out of the
likelihoo d function (and therefore out of the resulting posterior distributi on as
well).

For this reason, by means of the Gibbs Sampler and other MCMC

methods, Bayesian calculatio ns are an immedia te choice since such methods
can be impleme nted routinely for constrain ed paramete r and truncated data
problems .
In Chapter 2 we introduce d a general basis for the truncatio n issue through
the specifica tion of the Poisson model. The two paramete rs of interest in this
case were the Poisson paramete r, A , and N, the non-trunc ated sample size,
which is naturally unknown in practice due to the truncatio n that occurs. For
the underlyin g model in question, applicatio ns such as maximum likelihoo d
estimatio n are the primary method of choice since estimates that are found
using this method are consisten t and asymptot ically efficient. In general, with
maximum likelihoo d estimatio n, the solution of complica ted non-linea r
equations is required.

This is not always easy.

However , progress in

computat ional efficienc y has enabled efficient algorithm s to be develope d in
order to obtain a solution for the required estimate. However , the importan ce
of large sample sizes for the maximum likelihoo d estimate of the Poisson
distributi on to work well, even in this day and age, is appropria tely emphasis ed
by Cohen.
Chapter 2 also raised the concept of introduci ng prior informati on in order
to extend the basic model to incorpora te a Bayesian structure. In this instance,
the more familiar Classical methods, which ignore all external evidence, are
discarded. In a Bayesian statistica l analysis, new data that is specified in terms
of a prior distributi on (to allow for any a priori belief) is introduce d.

It is

sometime s argued that a weakness of the Bayesian approach is the personal
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choice of the prior distribution. Classical statisticians would argue that as prior
distributions are subjective in principle, the application of the Bayesian
approach is invalid. If prior know ledge does indeed exist, then caution should
be taken when considering any prior distribution since it is desirable that the
prior distribution is chosen in such a way that it does reflect any a priori
information. In this way, the posterior distribution will also reflect posterior
information.

However, in practice, it is seldom necessary to expend much

detailed thought on the choice of prior distribution. It is usually acceptable to
choose a suitable distribution which broadly fits with the prior information, and
which is mathematically convenient to handle. On the contrary, one possible
benefit of the Bayesian approach is that explicit prior assumptions about
parameters can be incorporated into the estimation process.
Often, such prior distributions are chosen within conjugated families of
distributions.

In parts of Chapter 2, we chose prior distributions that used

conjugate families - an approach which ultimately aided the simulation
process.

Such an approach is largely the case with much of the statistical

literature. Unfortunately, with any form of truncated model, the likelihood that
describes the truncated data is unlikely to extend to a model in which
conjugacy can be employed.. However, through the applications of MCMC
methods, conjugacy is no longer necessary for the estimation procedures to
proceed.
If we do not want to make any prior assumptions, or in cases where there is

no prior information available, then it is possible to use a non-informative prior
distribution.

This will put equal weight onto each value of the parameter

space. In doing so, the use of a non-informative prior distribution does in fact
lead to an equivalent result obtained by employing the Classical approach.
However, even when a non-informative prior distribution is used, we still gain
something from a Bayesian analysis: namely, the interpretation that the model
parameters are not constant, but merely random variables with a distribution. It
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is worth noting that the larger the sample, the less important becomes the
choice of the prior distribution to the location and dispersion of the posterior
distribution. It has been shown that various distributions tend to converge to
the target distribution when the sample grows large, regardless of the prior
distributions that are employed. In Chapter 2, a number of prior distributions
for the Poisson model were considered in order to display the ease with which
the Gibbs Sampler can be applied to a relatively simple model.

In Chapter 3, the Poisson model was extended to encompass a regression
structure.

A primary focus for the study in this chapter was the attempt to

estimate the distribution of the covariates across the unobserved population.
Through the use of the Gibbs Sampler, we were able to infer the observational
process, since the data was observationally truncated.

The empirical

distribution of the covariates was used and a Dirichlet specification was used to
reflect any uncertainty in 77, the parameter of the multinomial distribution.
Further research into the use of the empirical distribution for this particular
reason is still required; it is of interest to the researcher to know how well the
Dirichlet distribution can allow extrapolation to the non-truncated, underlying
distribution of the covariates.
On the whole, however, this entire concept of estimating the underlying
covariate distribution has received very little attention in the statistical
literature. It is an area that shows great promise for further work.
In a regression type model, care must also be taken when specifying the

parametric distribution of the data.

It is widely known that maximum

likelihood estimators and other likelihood-based procedures yield estimators
that are consistent and asymptotically normally distributed.

However, such

results are sensitive to the specification of the error distribution in the
regression analyses.

As such, likelihood-based estimators are generally

inconsistent when the assumed parametric form of the likelihood function is
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incorred.

This problem is likely to be an issue regardless of the type of

analysis that is attempted.

In both Chapters 4 and 5, we discussed a model for group-truncated data
that exhibits a binary response. An independence model was first considered,
where it was assumed that the response of each individual in each group was
independent. Once again, the resulting model was complicated and so MCMC
methods were employed in order to estimate the posterior distribution. The
results were compared to estimates that were obtained using the EM algorithm.
However, when several of the values are missing, the EM algorithm was found
to be rather slow.
Further consideration of this particular model suggests, however, that the
responses are not independent. A subset of data from the Federal Office of
Road Safety (1988/90) was applied to the model in question, where upon
consideration, it is not correct to assume that each individual in an accident
exhibits an independent response from another individual in the same accident;
covariates exist that are common to each respective individual, such as the
speed at which the impact occurred.

To counteract this dependence, random

effects were introduced into the model via the logistic link function. Random
effects are naturally modelled in the Bayesian framework and prior to MCMC
methods, the calculation of marginal posterior distributions of variance
components had proved a challenging technical problem.
Throughout this thesis, we have attempted to show that the use of MCMC
methods is indeed a worthwhile one, if only for the reason that MCMC
methods can always be made to work where otherwise, it may not have been
possible to progress without recourse to sophisticated numerical analytic
methods.

We have attempted to demonstrate the merit of MCMC methods

through providing an insight into how to analyse truncated data. As we have
shown, MCMC methods enable numerical estimates of non-analytically
available marginal densities of some or all of the conditional densities (when
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poss ible) to be obtained, by mean s of simu lated samples from available
cond ition al distributions. Havi ng said this, it must be note d that even thou gh it
is now poss ible to simulate depe nden t realisations from a target distribution of
interest, the results that are obtai ned are not always as good as one woul d
desire. This thesis does not claim that the samp ling meth ods that have been
appli ed here are nece ssari ly comp utati onall y efficient comp ared with the expert
use of num erica l techniques; no appr oxim ation appr oach has been found to be
entir ely satis facto ry in this respect. How ever, it is hope d that this inqu iry has
show n that acce ptabl e results can in man y cases now be derived wher e before,
such deriv ation was not possible.

In unde rtaki ng an MCM C base d analysis, there are ways to impr ove the
effic acy of the algorithms throu gh alternative and more efficient algorithms,
throu gh mixi ng or throu gh the intro ducti on of auxil iary variables.
Bad mixi ng can occu r when regio ns of very low prob abili ty separate high
prob abili ty areas of the state space. A mean s of alleviating this prob lem is to
cons ider a singl e but lengt hy run versu s mult iple short er runs. The respective
meri ts of these approaches were show n in Chap ter 3, wher e throu gh various ·
simu latio ns, it was found that a singl e run gave the most accurate results.
It is often --the case that with mod els of an awkw ard structure, complex

depe nden cies exist amon g the comp onen ts of interest. As a result, standard,
irreducible, comp onen t-wis e algor ithm s are unsatisfactory, since slow mobi lity
arou nd the entire para mete r space will inevi tably occur. One poss ible solution:
whic h has been applied in Chap ter 3 (in part to allow samp ling to actually
proc eed effectively) is to intro duce auxil iary variables.

The intro ducti on of

auxil iary variables into the simu latio n proc ess has served to accelerate
conv ergen ce m many cases.
The results of this thesis have prov ided evide nce to show the powe r and
scop e of the Gibbs Sam pler in redu cing seem ingly impo ssibl e complex
comp utati onal tasks to simple, easil y impl emen ted, iterative samp ling schemes.
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However, in some of the models considered throughout this thesis, it has been
necessary to employ another well-known MCMC method - the Metropolis
Hastings Algorithm - this approach has been warranted where the conditional
distribution for a parameter exhibits an umecognisable conditional form.
Because of numerical stability in areas of low probability, such an approach
can alter convergence factors; of course, this serves to introduce another
stochastic process into the overall algorithm.

Other alternatives include

rejection sampling for marginal distributions that are unknown. However, in
the greater scheme of things, we have shown that the use of MCMC techniques
encourages the data analyst to build and analyse more realistic statistical
models that may be far more complex that standard formulations; models for
various forms of truncated data are a good example of the new ground that
MCMC methods open up to the data analyst.

One must always resist the

temptation to build representations whose complexity cannot be justified by the
underlying scientific problem or by the available data, but it is hoped that this
analysis will invite the application of MCMC analysis to more realistic
structures.
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Appendix A
A.l. Calculation of i for the Model Defined in
Section 2.5.1
The posterior distribution of A can be written as
f (>,Ix)==

LN f (A, NI- x) ex LN (N-n)!
N! x h(N) x N:r-l e-fJ>. x e- N,\ )/
== N~+x-l e-fJ>- L
N

N! h(N)e-N>.
(N-n)!

= q(A;s).

where s = x . So
f(A Ix)== q(A;s)
q(s) '

where
q(s)

== J

q(A;s)dA

== L

NI

,\

.
h(N)JAa+s-le->.((3+N) dA
N (N-n)!
0

.

=="

N! h(N f( a+s)
~ (N - n) ! ) ({3 + Nt+s ·

Then,

; ==

f

-J

1
Aj(A I x)dA == q(s)

Aq(A;s)d>..

=

q(s + l) .
q(s)

Explicitly,

.

L N!
h(N)
A==(a+ s) N (N-n)!(f3+N)a+s+l
L N! h(N)
N
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For example, if

s

= 103,

65, a

m

0.5, (3

0, h(N)

= 1 and W =

{65,66, ... ,150}, then

f
; = (0.5 + 103) n~~~ \_lY

L

N!
-

1

= l.0005

-.,.; J. ~'

N!

l

n=65

This is in close agreement with what was obtained earlier via the Gibbs
Sampler.
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Appendix B
B.1. Estimation of Group-Truncated Binary Data
Using the EM Algorithm.
Let us return to the initial model that was outlined in Section 4.2. The joint
distribution, f (x ,xm,Ya,Ym,/J,l,r;,N) is proportional to
0

NJ
Tin
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)
(n It p Xu, /3

YU
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) 1- y U (
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)2/ n

TI
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(

j=n+)l-
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/3 f/J

)21n

-l

e
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n

f

(/3 I O,M) = TI _TI
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l

N

)
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/3

TI _TI
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LERj

(
q xu,

)
/3

1ERj

and so

logf(/3 10,M)= :tL(x;yuf3-log(l+exijf/ ))j =I

=
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j=n+I

iER j

iERj
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lER j

IERj

since the distribution of the xj 's are identical. Therefore,

Q(/3, /3(k)) = :t L hYuf3-log( 1+exij/1 ))-EN[(N -n) Ek (/3) I 0, ik)] j=l lER j

where
Ek

To obtain Ek

(/3) = Ex

(/3), we need to

[
1

log ( 1+ ex;fJ ) I 0, ik), N].

calculate f ( xj I 0, ik),

N),

given by
1
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for j EM. This is
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As a result,

(TI log( 1+ e'if/1 )
iER
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Now, if we let
Tk
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in order to proceed, we need to evaluate
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Therefore

E[ NI O,/J(k)] = LNJ( NI o,p(k)) = i1k.
N

For simplification we will let

Q(fJ,p(k)) = Uk (/J)-Rk(/J)
where
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(/3)
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and
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