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Abstract
The concept of the corner transfer matrix (CTM) was first discovered by Baxter
in 1968, when he derived a set of variational matrix equations, which for finite
matrix sizes, could be numerically solved to obtain a sequence of approximations
for the statistical mechanical properties of a system of monomers and dimers on a
rectangular lattice [1]. It was not until 1978, however, in a seminal paper entitled
"Variational Approximations for Square Lattice Models in Statistical Mechanics"
[4], that Baxter outlined his C T M variational method, which brought to hght the
potential power of the former objects to obtain numerics and series expansions
for unsolved models and to calculate the order parameter of solved ones. Subsequent numerical work led to the reahsation that the method, though general,
was not very efficient; and increasing efficiency required making model specific
modifications, which restricted the transferability of the resulting algorithm to
other models. The C T M variational method was thus not widely adopted, despite
holding much promise. More recently, however, Nishino and Okunishi discovered
that White's density matrix renormalisation group (DMRG) algorithm [55, 56]
could be efficiently extended to study two-dimensional classical lattice models, if
the density matrix was approximated by Baxters CTMs. Numerical tests of their
algorithm, the corner transfer matrix renormalisation group (CTMRG) method,
were met with much success. Notable among these is its implementation within
the infinite projected entangled-pair states (iPEPS) algorithm of Orus and Vidal
to simulate the ground state of infinite two-dimensional quantum systems.
In this thesis we review CTM derived variational methods: Baxter's origi-

vm
nal CTM iterative method, and developments of the CTM concept within the
DMRG algorithm by Nishino and Okunishi, which led to the CTMRG method to
calculate critical phenomena of classical and quantum systems. This will begin
with elucidating the theoretical formalisms of both methods in two dimensions
and their generalisations to three dimensions; followed by a review of an important application, namely, within the iPEPS algorithm of Orus and Vidal to
numerically study infinite planar quantum systems.
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Chapter 1
Introduction
We commence our review of the theoretical development and apphcations of the
corner transfer matrix (CTM) concept and variational methods by providing fundamental background on the broad area of lattice statistical mechanics. For an indepth treatment, see [14] on exactly solved models. This is followed by a historical
overview of developments and applications of CTM derived variational methods
from its early inception by Baxter in the late 1960s, to its recent twenty-first century application by Orus and Vidal within the infinite projected entangled-pair
states (iPEPS) algorithm.

1.1

Lattice statistical mechanics

The broad aim of statistical mechanics is to predict the macroscopic properties
of a system, given only a knowledge of the microscopic mechanical forces acting between its constituent components.

One theoretical way to do this is to

construct a mathematical model of the physical system that both captures its
fundamental physics, while being sufficiently simple to be mathematically soluble, i.e., amenable to an exact solution using analytic methods, or failing that,
to numerical simulation and analysis. Lattice statistical mechanics is the mathematical study of the statistical properties of mechanical systems through the
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construction and solution of lattice models.
Simple examples of mechanical systems include a container of air particles,
the molecules in a kettle of water, or the atoms of a bar magnet. Of particular interest is the behaviour of the system under very special conditions, such
undergoing an abrupt change in phase at a certain critical temperature T^. A
familiar phenomenon is the transition from a liquid to a gaseous phase of a kettle
of boiling water at 100°C. The point at which a change of phase occurs is called a
phase transition or critical point; and a system that is about to undergo a phase
transition is called a critical system.
The behaviour of a system about criticality is studied by introducing an order
parameter, which describes the power law behaviour of the system asymtotically
close to the critical point in terms of critical exponents. Order parameters are
characterised sby vanishing on one side of the critical point and being non-zero on
the other side. At the critical point, however, the change in an order parameter
can be discontinuous or continuous. If the former occurs, the phase transition
is called first order.

Otherwise, the phase transition is second order.

We are

concerned with second order phase transitions. For example, in magnetic systems,
an order parameter is the magnetisation, which typically goes to 0 as (T — T^)^
for /? > 0 as T I Tc. Conversely, quantities such as the specific heat or isothermal
susceptibility typically divserge near T,. as |T —

with a < 0.

An overwhelming amount of experimental evidence indicates that the critical
exponents a, 13, and others appear to be universal, in the sense that their values
seem to be insensitive to the microscopic details of the system. This is beca\ise
different classes of systems seem to exhibit analogous critical behaviour with exactly the same values for the critical exponents.

Thus physicists were led to

the universality hypothesis: For short-ranged interactions, the critical exponents
depend only on the spatial dimension of the system and the synunetries of the
llamiltonian. Moreover, another independent hypothesis, called the scaling hypothesis, predicts that the critical exponents are related through certain simple,
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algebraic relations. (For details, see [14, chapt.l]). As a consequence of universality, systems that can be represented by simple statistical mechanical models
are good candidates to study critical phenomena, since much of the interactions
within the system can be neglected. Exactly solvable models are particularly useful because their solutions can qualitatively shed light on the universal properties
of an entire class of systems, including those too complex to solve exactly. However, universality has been observed to be violated for certain very special classes
of Hamiltonians, for example, the two-dimensional eight-vertex model; and depending on how a model is defined, it may or may not exhibit the symmetries
that would identify it as belonging to a certain universality class.

To illustrate the principles of lattice modeling, consider the magnetic spin
system of a bar magnet.

This system consists of many magnetic dipoles that

interact with each other via an intrinsic property called the magnetic dipole
moment fi. If the system is in a non-zero magnetic field, then it also interacts
with an external magnetic field h.

The nature of the interactions is affected by

environmental variables, such as the temperature T. External variables that can
be controlled, such as the magnetic field strength and temperature, are called
external parameters of the system. Likewise, variables governing the strength of
intra-atomic interactions are the internal parameters of the system. In order to
develop a model that accurately describes observed physical phenomena, such as
the behaviour of the magnet in different temperature regimes, e.g., above, below,
and at a certain critical temperature T^,, our model must include, as a minimum,
all of the above basic characteristics and parameters of the physical bar magnet.
This leads to a simple lattice model as follows.
Each atom of the magnet is modeled as a single point to which we associate
a variable a. For simplicity, we assume that a takes only two possible values + 1
and —1, though in principle, a can take any discrete number of integer values.
This representation of the atom, though hugely simplified, is the simplest non
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trivial model that we can use, and is therefore a good place to begin. Spins so
defined are called Ising spins.
As a bar magnet is a solid, its constituent atoms are in fixed positions and
exhibit a regular relative arrangement.

To mimic this structure in our model

would entail using a three-dimensional lattice, which though ideal, would involve
a degree of complo^xity and difhculty that, excejit for calculating the simplest
approximations, is mathematically intractable using current methods. Therefore,
in practice, the models most often encountered are those in one and two dimensions. The former category of models, though amenable to simple exact solutions
using analytic means, are usually too simple to provide insight into the properties of real systems. However, they can be useful for discovering and trying
new methods. This leaves models in two dimensions.

Despite being only one

spatial dimension higher, planar lattice models are much more complicated, and
do provide a wealth of information about the qualitative behaviour of real systems from both the relatively few that have been exactly solved as well as those
for which only numerical approximations have been obtained. Thus we choose a
two-dimensional lattice.
Now the relative arrangement of atoms follows a regular pattern. This pattern
is mimicked in the lattice model by specifying a suitable geometry. One simple
example is placing spins on the vertices of a regular square lattice in

We de-

note the coordinates of the relative position of a spin in the lattice by attaching a
subscript x to the spin variable a^. Other geometries are interesting and possible,
for instance; triangular lattices, hexagonal lattices, and honeycomb lattices. For
simplicity, we use a regular square lattice.
As atoms are modeled as spins, they can only interact via their spin moments.
In reality, each spin interacts with every other spin in the lattice. However, it is
only nearest-neighbour interactions that are significant for the i)urposes of calculations, other interactions being much weaker in comparison. Hence, we only
consider nearest-neighbour interactions. We quantify this by associating a (juan-
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tity of energy —JaiCTj with nearest-neighbour interaction between spins ai and
CTj. The convention of associating a negative energy of - J for parallel alignment
of spins indicates that this is the configuration of lowest energy.

Anti-parallel

alignment of nearest neighbour spins contributes an energy of + J , which gives
the highest energy configuration.

As spins can only be in one of two states,

they are either aligned or anti-aligned, which gives rise to a total internal energy
for the system associated with spin-spin interactions. The other component of
internal energy is associated with the interaction of each spin with an external
magnetic field. Again, we can quantify this energy of interaction by associating
a quantity — Ha^ with the interaction of the spin at position x with the external
field.

By keeping track of the total internal energy Ti of the system, which is

a function of the configuration of spins, it is possible to develop a probabilistic
model for calculating its average thermodynamic properties simply by knowing
about the microscopic forces of interaction and fixing the relevant internal and
external parameters J, H , and T.

To set up the probability model first suppose that the system consists of N
spins, which only interact via nearest-neighbour interactions and with an external
field h. We define the total energy or Hamiltonian H of the system by

n{ai,ai,...,aN) = - J ^ a . a j - h ^ a , ,
(iJ)

(1.1)

i

where the first term is the contribution from nearest-neighbour spin-spin interactions and the second term is the total energy associated with the spin-external
magnetic field interactions. As the magnetic system seeks to maintain a state
of minimum energy, configurations of si)ins corresponding to lower total energy
are more likely to occur than those associated with higher energy.

Moreover,

configurations that give rise to the same energy should have the same probability
of occurring. These observations lead to a probabilistic description of possible
states of the system. Using the theoretical framework of statistical mechanics,
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the probability distribution for this system is the Gibb's canonical ensemble
(1.2)
where /5 = 1/kT and k is Boltzmann's constant. After normalisation using the
partition, or sum-over-states, function
/
Zn =

^

exp/9

\
J ' ^ a i a j + h'^cTi

\

(iJ)

i

,

(1.3)

/

the probability that the system is in state {(Ji, a2,..., o"Ar} is given by

/
= Z;^^ exp P \ J
V

\
+ ^X]
i

(1.4)
•

J

The free energy F of a system is proportional to the negative logarithm of the
partition function
F = -kT\nZN-

(1.5)

Using (1.5) we can derive the other thermodynamic functions by differentiation.
Thus the quantity of primary interest is calculating the partition fmiction. In
particular, we are interested in the partition function per site in the bulk or
thermodynamic limit k,, where the number of spins N tends to infinity,

N—»oo

(1.6)

as this quantity does not depend on the size of the system.
If the system is allowed to exchange both energy and the number of particles
with its environment at a fixed temperature, then the relevant ensemble to use
is the Grand Canonical Ensemble.

We encounter this probability distribution

in section 4.3 on the CTM renormalisation group method extended to threedimensional systems.

The model as characterised is the well known two-dimensional Ising model,
introduced by Ising in 1925. Onsager was able to derive an exact, closed form
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expression for its partition function in zero field in 1944, thus exactly solving the
model [45]. Models such as the Ising model in zero field, where an exact dosed
form expression for the partition function can be derived, are called exactly solved
models. Since Onsager's solution of the Ising model, a number of other models
have been solved, including the model of hard hexagons and the eight-vertex
model, but they are few compared to the number that remain unsolved. For a
table of these models and the methods used to solve them, see [8, chpt. 1].

Though obtaining closed form, analytic expressions for the partition function
is most desirable, it is not always possible. Instead we can use approximation
methods. A number of methods in rough chronological order are: series expansions, quantum Monte Carlo simulations, Wilson's renormalisation group, and
White's density matrix renormalisation group (DMRG). The numerical methods
we are interested in are those based on the CTM discovered by Baxter.

It is well known that the CTM is ideal for calculating the order parameter
of solved models.

However, the way they were discovered, as part of a varia-

tional method for approximating the statistical mechanical properties for general
interaction-round-a-face lattice models, suggests that the CTM could potentially
be a very powerful object to facilitate numerical analysis of planar lattice models.
Subsequent developments combining the CTM concept within the DMRG algorithm led to the CTM renormalisation group method (CTMRC) of Nishino and
Okunishi. Most recently, the CTMRG was adapted and applied to the algorithm
for simulating infinite two-dimensional quantum systems within the class of projected entangled-pair states (PEPS). The remainder of this thesis is concerned
with fleshing out the theoretical details of these methods. However, before delving into the details, we present an overview of developments and applications of
these numerical methods.
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A review of the C T M concept

The concept of the CTM was introduced by Baxter in 1968, when he derived
a set of variational matrix equations that yielded numerics for the statistical
mechanical properties of a system of monomers and dimers on a rectangular
lattice [1]. It was not until 1976, however, that CTMs were formally defined
for the eight-vertex model, and used to obtain low-temperature expansions and
conjectured properties [2]^.
In a seminal paper in 1978, Baxter generalised the CTM variational method
to Ising-type interaction-round-a-face square lattice models [4], where low-level
approximations for the Ising model were obtained that reproduced earlier results
by Kramers and Wannier [29]. Baxter's general algorithm was tested by Tsang
to numerically approximate the spontaneous magnetisation and critical temperature for the Ising model in zero field, where it was observed that the sequence
of approximations converges rapidly to the exact results. [50] The method was
later modified and applied to calculate the low-temperature and high-field expansions of the square lattice Ising model [15, 16], where for certain values of the
temperature, an astounding 35 terms were obtained in the latter calculation, so
demonstrating the power of the method for series. Subsequent applications to
the hard squares and hard hexagon models [5, 6] lent further weight to its power:
a remarkable 24 terms in the high-density series for the order parameter of the
hard squares model was calculated, which was bettered by results for the hard
hexagon model, where an observed pattern in its eigenvalue spectrum led Baxter
to its exact solution in 1979. In 1999 Baxter retmned to studying the series expansion of the partition function at fugacity 2 = 1 of these models, calculating
its value to 43 decimal places for the hard scjuares model and 39 for the model
of hard hexagons [12]. The CTM method and concepts were also applied to the
Chiral Potts model [10, 11, 9]; the eight-vertex model, where the magnetisation
in zero field was thereby exactly determined [2, 3]; and the cubic-lattice model,

^Thc latter wore suhscqticiitly verified in [3],
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where the theoretical formalism of the method was naturally extended by Baxter
and Forrester using corner tensors [17].
Moreover, in the early to mid 1990s, the eigenspectrum of the CTA-I for the
simplest soluble system, the free fermion model (or its equivalent vertex model),
was systematically studied [20, 21, 22, 23] after it was realised in the 1980s that
a consequence of the hypothesis of conformal invariance of critical systems by
Belavin et al. (see [18]) is that the generators of the row-to-row transfer matrices
as well as of the C T M of finite-sized critical systems have equidistant spectra.
This theoretical result aroused interest as Baxter had shown some years earlier
that the same result holds for the C T M in the infinite limit of the two-dimensional
lattice in some domain of the coupling constant.

Though studying and applying the mathematical properties of the C T M has
led to some remarkable analytic results in the study of critical phenomena of twodimensional lattice models (for reviews see [7, 13], or [8] and [14] for more detailed
treatments), as we have briefly outlined, our primary interest is in its power as
a numerical method for calculating good approximations for unsolved models. A
comprehensive review of the theoretical basis of C T M derived numerical methods
with numerous examples is forthcoming.
The heart of the original C T M variational method is the C T M variational
equations. In the limit of infinitely large matrices, or thermodynamic limit, the
choice of using a matrix product state as the variational trial state means that,
in principle, the equations are formally exact, as they would yield the exact
solution to a specific I R F model if solved. Solving a system of non-linear equations
involving infinitely large matrices, however, is highly unwieldy. Yet the way the
equations were derived indicate that if the matrices are truncated to be of finite
dimensions, the equations will still give good numerical approximations for the
specific free energy. Baxter was able to construct a general iteration algorithm
for numerically solving the equations for finitely large matrices, which produces a
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sequence of increasingly accurate approximatioris away from the critical point as
the matrix dimension is allowed to grow. However, it was found that the method,
though general, was not efficient; and making model specific improvements to the
algorithm, though increasing efficiency, came at the cost of generality, so that the
same algorithm could not be applied to a wide range of other models. Indeed,
Chan, in his PhD thesis [19], investigated the possibility of alternative general
algorithms to solve the equations, but was ultimately confronted with the same
problems of inefficiency, among other theoretical limitations.

In light of this

dilemma, the method has not generated significant interest until more recently.
Nishino and Okunishi, exploiting the equivalence between a one-dimensional
quantum system and a two-dimensional classical system [47], realised that the
DMRG algorithm developed by White and Noack [57, 55, 56], on the basis of
Wilson's original renormalisation group method [59] for one-dimensional quantum systems, could be combined with Baxter's CTM variational method to numerically study two-dimensional classical lattice models. This led to the formulation of the corner transfer matrix renormalisation group (CTMRG) method
[37, 39, 40, 39, 36, 35], and its extension to three-dimensions, the corner transfer
tensor renormalisation group (CTTRG) [41, 43].
CTMRG is arguably the most efficient current numerical algorithm for simulating two-dimensional classical systems. However, its efficiency has been limited
to calculating numerics, with work on series producing little results. Initial tests
of the CTMRG algorithm on the Ising model indicated that it was more efficient than DMRG. An early application was tofinite-sizetwo dimensional lattice
systems at criticality [38]. The result of this analysis showed that CTMRG combiiuid with finite-sizci scaling can be used to calculate two indejxiiident critical
exponents, with results being obtained for the Ising model, including on a hyperbolic lattice [30], and the q = 2, S states Potts models. A later application
to calculate the latent heat of the q — 5 states Potts model resulted in the first
estimate of this thermodynamic quantity using a numerical method [42], The nu-
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merics showed a high degree of accuracy compared with the exact value. Latent
heat calculations were notably also performed for a three-dimensional version of
the q — 3,4:, and 5 states Potts models using a tensor product variational approach, where CTMRG was implemented in the numerical iterative method [27].
Very recent applications of C T M R G by Mangazeev et al. to calculate the scahng
function of the two-dimensional Ising model in a magnetic field on both square
and triangular lattices, produced results of unprecedented accuracy compared
with the field theory results of Fonseca and Zamolodchikov [31, 32], so further
demonstrating the power of combining the CTM concept with the DMRG algorithm. Indeed, Foster and Pinettes were able to successfully adapt CTMRG to
numerically analyse the self-avoiding random walk (SAW) in two-dimensions [24]
as well as other 0 ( n ) models [25], attesting to this observation for the SAW class
of lattice models.
In three dimensions the C T T R G method was tested on the Kramers-Wannier
approximation for the three-dimensional Ising model [44],

However, superior

numerics were obtained using a CTMRG based numerical algorithm instead of
the C T T R G algorithm. It was found that, in general, unlike CTMRG for twodimensional systems, the algorithm of C T T R G is not computationally efficient
for numerically simulating three-dimensional classical systems due to the considerably larger sizes of matrices resulting from tensor contraction.
The most recent and outstanding application of CTMRG is in calculating environments within the infinite projected entangled-pair states (iPEPS) algorithm
of Orus and Vidal for simulating two-dimensional quantum systems on an infinite
lattice [46]. It was shown by Verstraete et al. that the class of PEPS, a generalisation of the matrix product state (MPS), can in principle be used to represent any
quantum state in one and higher dimensions, provided that a sufficiently high
degree of entanglement is exhibited within the system. This opened the path
for effectively extending the algorithm of DMRG to two and higher dimensional
quantum systems using PEPS as the variational state [51]. (See [52] for a review
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of MPS, PEPS, and variational renormalisation group methods for quantum spin
systems.) iPEPS is an extension of the original PEPS DMRG based algorithm
to infinitely large, inhomogeneous two-dimensional quantum systems.

It was

found by Orus and Vidal that the accuracy of their algorithm near criticality
was improved when a transfer matrix based method for the tensor-by-tensor optimisation of the PEPS was replaced by what they coined a directional-CTMRG
based method. Near criticality, it was observed that the latter method provides
a more accurate characterisation of the ground state and superior estimates of
the order parameter and correlators. This result holds much promise for future
applications to study the emergent properties of strongly correlated many-body
quantum systems.

Chapter 2
Corner transfer matrices
Corner transfer matrices ( C T M ) can be defined for any lattice model. For simplicity, however, wo define the C T M for a general interaction-ro\md-a-face (IRF)
model. To provide context and motivation, we begin by reviewing the concept of
transfer matrices, using as an example, the exact solution of the one-dimensional
Ising model. We then extend the concept to the two-dimensional Ising model.
Finally, in analogy to transfer matrices, CTMs are defined.

2.1

Transfer matrices

The one-dimensional Ising model consists of a hne of N identical, regularly spaced
spins, which we denote by cJi, (T2, ..., ctat. Each spin cr.; has two nearest neighbours
and can only take two possible values -|-1 or - 1 . We impose periodic boundary
conditions: a^+i = cri, so ensuring that sites are equivalent and the model is
translation invariant. See figure 2.1. Let the set of N spins

{CTI, (T2,

...,

CTAT}

be

denoted by a. The Hamiltonian of the system is given by
JV
n{a) =
j=i

N
- hj^'^j,
j=i

(2-1)

where the constants J and h are the nearest-neighbour spin-pair interaction
strength and external field interaction strength, respectively.
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Figure 2.1: A one dimensional Ising-type lattice model.

The partition function of the system is then
N

Z =

exp
<7

/<- ^
I

+ / / ^ a,- ,
i=i
J

j=i

(2.2)

where K = J/kT, H = h/kT, and k is Boltzmann's constant. By rewriting the
two terms in the argument of the exponential into symmetric form, the exponential can be factored into a product of Boltzmann weights of intra-bond interactions
between adjacent spins

and (ij+i, denoted by V{ai\ai+i). Equation (2.2) can

therefore be expressed as
Z = ^

(2.3)

CT

where V{ai\ai+i) = exp{Kaiai+i

+ ^H{ai + ai+i)}.

V is symmetric: V{ai\ai+i) =

V{iJi+i\a.i), as the reduced external field interaction strength 7/ is shared equally
between nearest-neighbour spins (Tj and ui^i.
Since each spin ai can take two possible values -|-1 or —1, it follows that
V{ai\ai^i) takes 2^ possible values. We can systematically enumerate all possibilities as the elements of a 2 x 2 matrix V

V =

so that the summation over the spins

(2.4)

(Ji,(T2,

in (2.3) is the same as taking
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the trace of N copies of V . Hence, Z^ becomes
Z = TrV^.

(2.5)

The matrix V is called the 'transfer matrix': at any given step in the calculation of Z using (2.5), multipUcation by V corresponds to summing over the
possible configurations of another site of the lattice. In physical terms this can
be regarded as adding the Boltzmann weight of the bond between two adjacent
spins - the one traced over and its nearest neighbour on the right (or left) - so
'transferring' the calculation along by one site in a single direction.
As V is symmetric, it is readily diagonalisable.

Moreover, the trace of a

matrix is the sum of its eigenvalues. By using the diagonal representation of V,
(2.5) can be rewritten in terms of the eigenvalues of V''^, which we denote by Af
and A^, giving
Z = Af + A^

(2.6)

Supposing that Ai > A2, we can calculate the partition function per site in
the thermodynamic limit, which yields
K = hm
= l i m ( A f + A^)i/^
JV—>00

(2.7)

= Ai.
This small calculation illustrates the power of using transfer matrices. Namely
the problem of calculating the partition function per site in the infinite lattice
limit has been reduced to calculating the largest eigenvalue of a simple 2 x 2
matrix. In our example of the one-dimensional Ising model, Ai is found to be
K = Ai = e^^ cosh H +

gi^h^ ph/H

+

(2.8)

For models in two dimensions the transfer matrix is similarly defined and
interpreted. In the case of the Ising model in zero field, we now consider a lattice
of rn rows and n columns, with the Ising spins ai = ±l sitting on the vertices
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m rows

•
n columns

Figure 2.2: A two dimensional Ising-type lattice model.

of the lattice, and each having four nearest neighbours arranged as shown in
figure 2.2.

As previously, contributions to the Hamiltonian arc only nearest-

neighbour interactions and single-spin interactions with the external field. Thus
the Hamiltonian is analogous to (2.1), being given by
n{a)

= -i ^

CTiCTj -

<i,j>

hY^ai,

(2.9)

i

where the first sum is taken over all spin pairs <

> and the second over all

N = nm spins. The partition function is likewise defined as in (2.2)
(
Z .= ^

exp

Si
where Q =

{CTI, ( 7 2 , . . . , CTAT}.

N
K

I

N
+^

<ij>

'
[,

(2.10)

j=l

After symmetrising the argument in the exponential

Z can be re-expressed as

a
where a = {ai, ...,cr„} and a' = {(7[,

(2-11)
represent the n spins along one row

and the row above it, respectively, and the product is over all ni, rows. The term
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V{a\a') is analogous to V(yai\ai+i) in (2.3): for two adjacent fixed rows of spins
cr and a', V{o\o') gives the Boltzmann weight of the corresponding row of the
lattice. As there are n spins along a row, each of which can take two possible
values, the number of values that V{a\a') can take is 2^. Regarding V{a\a') as
the (cr, a') element of a 2" x 2" matrix V gives the transfer matrix of the model.
It can be exphcitly written as
n
V{a\a') =

(2.12)
i=i

The calculation then proceeds as in (2.5) above, except now the trace is taken
over V to the power of the number of rows m in the lattice
Z = TrV'".

(2.13)

We can extend the graphical interpretation of the transfer matrix for the
one-dimensional Ising model to this two-dimensional analogue.

The effect of

multiplying by V is to sum over the possible configurations of a row of a spins,
thus transferring the calculation one row upward, and adding the Boltzmann
weight of the corresponding (cr, a') row in the lattice. It should be noted that the
transfer matrix can either be defined for rows, as illustrated here, or columns,
and the lattice need not be square regular. For examples, see [14].
Continuing the calculation from (2.13), one finds that the partition function
per site k is given by
=

(2.14)

where Ai is the largest eigenvalue of V and may be degenerate.

2.2

Definition of the C T M

In contrast to the row-to-row transfer matrix V , where multiplication by V corresponds to the addition of a row to the lattice, the corner transfer matrix (CTM)
allows the lattice to be built up by adding quadrants. Four such matrices can be
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Figure 2.3: Orientation of sites around a square face.

defined for any given planar lattice model. However, for the purpose of giving a
concrete definition of the CTM, we consider a general square lattice interaetionround-a-face (IRF) model.
An IRF model can be defined as follows. Let each site i of the square lattice
be associated with a spin variable cr,;, which in general can take any set of discrete
values, but for our purpose takes values +1 or —1. The lattice system has an
associated total energy given by the Harniltonian

(2.15)
where the sunmiation ranges over all square faces of the lattice, e gives the energy associated with a square face, and the sites i,j,k,

and / are arranged anti-

clockwise around each face as shown in figure 2.3. The partition function Z can
be written as
Z =

(2.16)

where the product is taken over all faces of the lattice and the sum over all
values of all spins. The term W{a,b,c,d)

is the Boltzmann weight of intra-face

interactions between spins a, b, c, and d, and is given by
W{a, b, c, d) = exp

—e(a, b, c, d)
keT

(2.17)

If the lattice has N number of sites, then the partition function per site in the
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Figure 2.4: Lower right quadrant of a 7r/2 rotated square lattice.

thermodynamic hmit TV ^ oo is defined as
K=

lim

(2.18)

N^oo

The free energy per site is
f = -kBT

(2.19)

In K

and the expected value of a particular spin ai can be calculated using
(ai) = Z - i

n

cJi).

(2.20)

Before defining the C T M , note that a given lattice system will have one or
more spin configurations for which

is a minimum or 'ground state'. In what

follows, it is assumed that the system is in some chosen ground state.

Consider the lower right lattice quadrant in figure 2.4. Spins along the left
edge are labelled a i , . . . w h i l e those along the top are denoted by
The spins ai and (j[ clearly occupy the same site, so
fji = rTj.

(2.21)
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Moreover, spins along the diagonal boundary are fixed at their ground state
values. For the ferromagnetic Ising model this would be +1.
Let cr = {cTi,..., f j „ J and a' = {a^,..., cr^}. Define an element A ^ y by
=

n

ai),

(2.22)

where the product is over the \m{m + 1) faces in figure 2.4 and the sum is over
all spins denoted by solid circles. This leaves the spins lying along the left and
top edges free, making the RHS of 2.22 a function of {cT,a'). By rotating the
quadrant shown in figure 2.4 by 7r/2 anti-clockwise, we can define an analogous
element B ^ y , where the spins o-i,...,cr„i now lie along the bottom edge of the
rotated quadrant, and

are the spins along its left edge. Similarly, define

C ^ y and D^^cr' by rotating figure 2.4 anticlockwise by tt and 37r/2, respectively.
The four quadrants make up the lattice shown in figure 2.5. Starting from
the bottom right and moving anti-clockwise, they are labeled A, B, C, and D,
respectively, and are demarcated by two solid lines, one along the y-axis and
one along the x-axis. Spins lying along these dividing lines, beginning from the
bottom half of the solid vertical line and moving anticlockwise to the left half of
the horizontal solid line, are denoted by a, a', a", and a'", respectively, and share
a common spin a-[ at the center of the lattice. Spins denoted by solid circles are
interior spins, while those shown by solid squares are boundary spins. From (2.22)
the four elements A ^ y , /^a'.o-",

and

give the Boltzmann weight of

the corresponding quadrants A,B,C,

and D in terms of the spin sets a, a', a",

and a'". It thus follows that if we take the product of these elements, the result
is the Boltzmann weight of the lattice for a given choice of values of the four spin
sets. Taking a sum over all possible values of the spins along the cuts over the
product

then gives the partition function of the lattice

^ =

where as before, we assume that

(2.23)

= (t\ = rr'/ = a'{'.

2.2. DEFINITION

OF THE CTM

21

Figure 2.5: The square lattice, divided into four equal quadrants A, B, C, and
D with center spin ai. Spins along the lower half of the vertical sohd line are
denoted by a (including CTI), those along the top half by a", those along the
right half of the horizontal solid line by a ' and those along the left half by a'".
Boundary spins (solid squares) are fixed at their ground state values.
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as the (cr, <t'), (cr', cr"), (cr", a'"),

matrices A, B, C, and D, then the RHS of

(2.23) is equal to the trace
Z = TvABCD.

(2.24)

Using (2.20) and (2.24), (cri) is

, ,

TtSABCD
= -tTJMJT'

(2.25)

where 5 is a 2*" x 2'" diagonal matrix with the (<t,CT)entry having value a i .
The matrices A, B,C,D,

and S are all block diagonal, with entries being 0

unless a = a'.

Moreover, S commutes with A,B,C,

models where

= ±1, these matrices have the form
/

A,B,C,D

=

+

0
- /

\

/

5 =

and D.

;

yo

0

For Ising-type

\

\

(2.26)

-y y

where + and - indicate non-zero elements in the matrices A,B,C,

and D, and

I is the identity matrix in S.
Analogous to the graphical interpretation of the transfer matrix in section 2.1,
observe that in (2.24) multiplication by A corresponds to adding the lower right
quadrant, or corner, to the lattice. Hence, A is the lower-right CTM. Similarly,
B, (7, and D are the upper-right, upper-left, and lower-left CTMs, respectively.
An important property of the CTM is that its eigenspectrum does not form
continuous bands in the thermodynamic limit as does the row-to-row transfer
matrix. It has a discrete eigenspectrum, which converges as the lattice size goes
to infinity.

Chapter 3
C T M variational approach
We now turn to an exposition of Baxter's corner transfer matrix variational
method for general Ising-like interation-round-a-face (IRF) models in two dimensions, followed by its natural extension to three dimensions for isotropic cubic
lattice models. Our treatment follows Baxter's 1978 seminal paper [4] and its
extension with Forrester in 1984 [17].

3.1
3.1.1

The variational method in two dimensions
The general square lattice IRF Ising model

Consider the general square lattice Ising model with interaction-round-a-face. To
each site i of the lattice assign a spin Oi, taking values + 1 or - 1 . To each square
face assign an energy c((Tj, fij, (jjt, rr;), where i,j,k,

and I are the sites around the

square, ordered as shown in figure 3.1, and
- e ( a , b, c, d)=

JQ + lH{a + b + c + d) + | J(a6 + cd) + \J'{ac + hd) +
J" {ad + be) + I-hibcd + c:da + dab + abc) + Jiabcd.

The coefficients H, J, J', J'\ H^, and J4 give the one-spin, horizontal two-spin,
vertical two-spin, diagonal two-spin, three-spin, and four-spin interactions, respectively. Thus, the total energy H is given by (2.15), the partition function Z
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Figure 3.1: Orientation of spins around a square face.
by (2.16), and the Boltzmann weight associated with each face w by (2.17).
The coefficients in (2.17) are chosen so that the model is unchanged under
reversing the order of the rows

W{a,b,c,d)

= W{c,d,a,b)

(3.1)

W{a,b,c,d)

=

(3.2)

and the columns

3.1.2

W{b,a,d,c).

The variational principle

Our aim is to calculate the partition function per site in the thermodynamic limit
K. where the system size is infinitely large. W e begin by formulating the transfer
matrix V for the model. Suppose the lattice has 7n columns and 7n' rows, and
assume toroidal boundary conditions. Let a = { a i , ...,a„i} be the spins in one
row and a ' = { a [ , ..•,cr^} be the spins in the row above. Then the contribution
to Z of the interaction between these rows is
m
= n
j=i

'

'

'

)'

(3-3)

where (Jm+i = cri and a'^n+i = '^'iW e can regard V^.y as an element of a 2™ x 2"^ transfer matrix V . For large
m', Z can be written as
Z = T r V ' " ' ~ F'"',

(3.4)

3.1.
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where F is the largest eigenvalue of V . K is then given by
K=

lim

N=mm'^oo

Zi/"™' = lim

m^oo

(3.5)

V is real, and by condition (3.1), also symmetric. Following Kramers and
Wannier in [29], the largest eigenvalue of a real symmetric matrix can be written
in variational form
F =

3.6

where ^ is & 2™-dimensional vector over which the Rayleigh quotient must be
varied to maximise F, and

is its transpose. Using a result from the Courant-

Fishor Theorem, the specific value o f t h a t optimises the Rayleigh quotient is the
eigenvector of V corresponding to F [58, pp. 98-9]. A proof is given in Appendix
A.
Extending the graphical interpretation of the transfer matrix, just as each
element of the transfer matrix corresponds to the Boltzmann weight of a specific configuration of spins in a row of the lattice, we can think of each element
V'(o'I,(T2, ...jCTm) of the optimal ijj as giving the Boltzmann weight of a particular configuration of spins in the top half-plane, where the spins along the bottom
boiuidary are fixed at (TJ, rr2,..., rr^. We can check that this makes intuitive sense,
as the action of V on ip is to add another row of spins to the half plane, giving a
new half plane.
Since the aim is to determine the partition function per site in the thermodynamic limit where V becomes infinitely large, calculating F by trying to solve for
the optimal i/j is very difficult. On the other hand, if the matrices are truncated
to be of finite dimensions, then it is possible to use a variation method to obtain
good approximations for ip, and hence, F.
We use the variational principle

where the RHS is to be maximized over a subset of all possible variational states
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•••,o-m) taking the form

iJiau..•,crrn) = Tr[F{a,,a2)F{cT2,a3)F{cT3,a,)...F{arr,,a^)].

Each of

+), F{+, - ) ,

+) and

(3.8)

- ) is a 2" x 2" matrix, n being some

positive integer, which satisfy the symmetry condition
=

(3.9)

but are otherwise arbitrary. This symmetry condition is necessary (along with
two others) to ensure that the symmetries of the lattice model are reflected in
the matrices that appear in the final variational CTM equations.
We can graphically interpret the optimal trial state ipo as being composed of
a product of half-infinite column transfer matrices F{ai,Oj). Multiplication by
F{ai,aj)

transfers a column of n spins, starting with a spin ai on the bottom

boundary, one unit to the right (or left, but in one direction only) while adding
the weight of the intermediate column. This is illustrated in figure 3.2.
Following Baxter in (3.8) [4, Sect. 5], a justification for this choice of variational state is given below, where we show that the sequence of approximations
for r , taking n = 1, 2, 3,..., does indeed converge to the exact solution in the limit
where n ^ oo.

3.1.3

Justification of the trial variational state

To show that the trial state (3.8) correctly gives the exact solution for P in the
thermodynamic limit, we need to show that the subspace generated by (3.8) by
taking n = 1, 2, 3,... for some fixed value of rn contains the optimal solution ipo,
so that lim„,^oo

= V'o-

Our approach is to construct a matrix F', which when substituted for F in
(3.7) correctly gives the optimal tp for large n }
'Yao Ban Chan in his 2005 PhD thesis gives a similar derivation [19, chapt. 2].
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t t

n spins

Figure 3.2: Graphical interpretation of the optimal trial state ipQ.
First, associate a function f { a i , aj) to each horizontal bond between each pair
of spins along a row of an m' x m lattice. / satisfies the symmetry condition
fia,b)

=

f{b,a),

(3.10)

but is otherwise arbitrary.
Next, define a 2'"-dimensional vector xo with elements given by
= /(c^i,cr2)/(cr2,cr3).../((J™,cri),

(3.11)

and a 2'^-dimensional vector x given by
(3.12)
where V is the 2™ x 2™-diniensional row-to-row transfer matrix of the model.
Interpreting / as a weight function for horizontal edges, x gives a weight function
for the m' x m lattice.
On the other hand, we can rewrite x in terms of column-to-column transfer
matrices. Let n = m' - 1 and let a, Ai, A2,..., A„ be the spins on one column of
the lattice and b, /ii,

•••, A^n be the spins on the next column, as shown in figure

3.3. For simplicity, let A = {Ai,..., A„} and yu = { / / i , . . . , / / „ } . Then the Boltzmann
weight of the interaction between adjacent columns is given by
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k
n-l

n-l

X,

Figure 3.3: A column with spins a,Xi,...,X„

and b,/ui,..., fin-

n - l

b) = w{a, b, Ai, /xi)/(A„, /i„) Y[ W{Xj,fij,

(3.13)

\j+i,fij+i).

(3.12) can therefore be written as
x(/3i) =

[V^'-'xoU
/m'-l
n

^

\
[Xo]/3„

/m' —1 m,
=

E

n n
V i=l j=l
m /

\ m
A.+i,A,+i,i+i)

n
/ j =l

m'-l
i=l

\
j + i , A+i.j, A + i j + i )

/

(3.14)
where A = {A,i>
,..., /3„,j+i}. Taking
{F\a.,b)r

=

A,m}, and A' = { f h j , fhj,

and //' =

{f^j+uftaj+i

^ X and F = F' gives the trial variational state. Moreover,

F'ib,a).

Thus, given a suitable choice of / so that Xo contains a non-zero multiple of
the eigenvector corresponding to F for n = 0 (m' = 1), as n —> oo, x gives the
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partition function of the top half-plane. From subsection 3.1.2 we know that this
is the same as the optimal 'ip. Hence, as n — o o the optimal ip satisfies (3.8)
with F = F', so the sequence of variational approximations for F converges to
the exact solution.

3.1.4

Derivation of the variational equations

The problem of evaluating F is thus reduced to calculating the RHS of (3.7) using
(3.8) in the limit where m —s- oo; and then choosing the matrices F{+, +),...,

F{—, -

to maximize the result, subject to condition (3.9). We now provide a detailed
derivation of Baxter's CTM variational equations.

First we derive expressions for the numerator and denominator of (3.7) in
turn. As the method employed is the same for both terms, we only explicitly
derive the result for the more complex ip'^Vip term and state the corresponding
result for ijp-ip.
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Direct substitution of (3.8) into ip'^'Vip gives
rn

crit-.-jCTm

i=\

m

(Ti) J J W(ai, fJi+i, o"-,

=

o'^)

Ml,-

•••f^HmtJ^li^'m^^l)
rn

=

Y^

taking

f l v i f m

t=l

Al,...,Am

Oi+i=
=

E

ai, a[ = cr^+i
n^,

Alvi-^m

= Tr[5"'],
(3.15)
where

(3.16)
Aj =

A i , 2 , a n d

yu,- =

/ii,2,

Note that S is symmet-

ric, since
S{\,a,a',\'){i,,h,b',,i') =

h, a, h')

= F,x{h,a)W{aAa\h')F,.x'{h\a')

h')
(3.17)

Now the trace of a matrix is the sum of its eigenvalues. Let r; be the dominant
eigenvalue of S. Then
Um

= hm

= r/.

(3.18)
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A similar calculation for 'ili^ip shows that we can define a

x

matrix

R with elements

SO that
V^'-'V = Trl,/?]™.

(3.20)

If ^ is the dominant eigenvalue of R, then

lim { i f ^ p f " ' = e
m—»oo

(3.21)

Note that R is also symmetric by a similar calculation as that shown in (3.17).
Thus r is now given by

r = max

'ilFV'ib

> max ^

^

= max

TrfSl'"
—

3

.

2

2

So
K

lim r^/™ _> m a x ?..
m—>co
F ^

(3.23)

Equation (3.23) gives a lower bound for k, which in light of the justification for
the trial state given in the previous subsection, can be used to obtain a sequence
of approximations for K that converges to the exact result as n ^
therefore interested in calculating maxj^

oo. We are

As the method for calculating r/ and ^

is analogous, we only give the derivation for r/ and state the corresponding result
for .f.
To calculate r] we derive its eigenvalue equation as follows.
eigenvector associated with r] and Yx\'{a,a') = Y{X,a,a',X')

Let Y be the

be the (A, a, a', A')

element of Y . We can also arrange the elements of Y into a 2" x 2" matrix Y{a, b),
where the (A, a, a', A') element of Y corresponds to the (A, A') element of Y{a, h).
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Then
r]Yxx'(a,a'} = [??F](A,a,a',A')
=

(A,a,a', A')

=

FxAa,b)w{a,b,a',b')Fy,,{a\b')Y^,,,{b,b')

Y,W{a,b,a',b')F{a,b)Y{b,b')F{b\a')
L b,b'

(3.24)

nil'

so the eigenvalue equation for r/ is
r^Y{a, a') =

W{a, b, a', b')F{a, b)Y{b, b')F{b', a').

(3.25)

b,b'
Similarly, the eigenvalue equation for ^ is given by
^X(a) = ^

F{a, b)X{b)F{b,

a),

(3.26)

b
where X{a)

is the 2" x 2" matrix containing the elements Xx\'{a) of the eigen-

vector X corresponding to
Graphically, both the optimal X{a)

and and the optimal Y{a,b)

can be re-

garded as half-plane transfer matrices. ]\'Iultii)lication by X{a) (or Y{a, b)) rotates
a half-row of n S]Mns on the LHS of a fixed spin a (or a and b) by tt anti-clockwise
to its RIIS, and adds the Boltzmann weight of the half-plane in-between. The
R I I S of (3.25) and (3.26) can be thus interpreted; X{a)

(or Y{a,b))

transfers a

half-row of n spins one row down and up before and after the tt rotation, which
amounts to adding a new row of 2ri + 1 (or 2/;

2) spins to the half-plane,

producing a new half-plane. This is illustrated in figure 3.4.
Importantly, both X{a)

and Y{a,b)

satisfy the synunetry relations

X'^'(a) = X ( a )

(3.27)
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b

X

Figure 3.4: Graphical interpretation of the optimal X{a).

All spins other than

those fixed at a and b have been suppressed.

and

Y'\a,b) = Y{a,b),

(3.28)

which says that rotating the half-row of n spins about a fixed spin a (or a and h)
by -K in the clockwise direction produces the same result as in the anti-clockwise
direction. These symmetry relations arise from the symmetry condition on F as
stated in (3.9).
All that remains to be done is to maximise rj/E^ with respect to F . At optimal

F
djri/O
= 0,
OF

(3.29)

which after differentiating is equivalent to

As previously, the calculation for the term in the numerator and that in the
denominator proceed in like manner. Therefore we only present details for the
more complicated r] partial derivative and state the analogous results for the ^
partial derivative.
Recall that Y is the eigenvector of the matrix S corresponding to its dominant
eigenvalue t].

Then as S is symmetric, we can write r] using the variational
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principle of section (3.1.2) as follows

Y^SY
V > Y'ly

E W,A'

a')[iy(a, h, a\ h')F{a, b)Y{b, b')F{b',

(3.31)

a')W{a, b, a', h')F{a., b)Y{b, h')F{b\ a')

Following the theorem in Appendix A, the vector that maximises the RIIS in the
first line of (3.31) is the eigenvector of S corresponding to rj. Hence, drj/dY = 0.
This means that we can take every element of Y as constant in calcnlating the

3 . 1 .
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0 2 ,

a ' l , a ' 2 ) F x , x 2 { a i , a 2 ) Y x ^ \ ' ^ i a 2 ,a 2 ) F y ^ x [ { a 2 ,

'

a ' l )

Ai-O.i-rt/,
Ai,ai,a'i,A'i
X2,a2,a'2,X2

f

d

I

f

,

,

d

^

A2,02)02,A2

2

^

Ea.a'Tr[y(a',a)y(a,a')]^

= 2(2

fe, w { a ,

b,

a ' ,

b ' ) [ Y i a ,

a ' ) F { a ' , b ' ) Y { b \

b ) ] x ,

(3.32)
where the last hne follows as the only elements in

F

that depend on

F x ^ { a ,

b)

is

Fx^{a,b) itself and F^x{b,a), which is the same as Fx^{a,b) if and only if A =
and 0 = 5. Using the same method, the result for d^/dFx^{a,b) is

Substituting (3.32) and (3.33) into (3.30) and rearranging yields the first optimality equation
^

where

W

{

a

,

o',

b ' ) Y { b ,

b ' ) F { b ' . , a ' ) Y { a ' , a )

=

7 ) ' X { h ) F { b , a ) X { a ) ,

(3.34)

36

CHAPTER

3.

CTM

VARIATIONAL

APPROACH

and K = T]/^. Moreover, by pre-multiplying the RHS and LHS of (3.34) by F ( a , 6),
summing over b, and simplifying both sides using (3.25) and (3.26), we obtain a
second optimality equation
Y,y{a,o')Y{a',a)=ex'{a),

(3.36)

a'
where

= ^ri'/rj.

Equations (3.25), (3.26), (3.34), and (3.36), along with (3.35) and the definitions of K and

give the C T M variational equations in their first form.

To

exhibit the symmetry between rows and columns of a lattice model in the C T M
variational equations, Baxter introduced two new 2" x 2" matrices, the corner
transfer matrix A{a)

and the half-row transfer matrix G(a,b),

half-plane transfer matrices X{a)

and Y{a,a').

to redefine the

Using the definitions
(3.37a)

B{a) = A'\a)
X{a)

'

= B{a)A{a)

Y{a, a') = B{a)G{a,

(3.37b)
(3.37c)

a')A{a'),

and
Cf{a,a')

(3.38)

= G{a,a),

the C T M variational equations can be rewritten as

J ] F(a, b)B{b)A{b)F{b.,
b
W{a,b,a',b')F{a,b)B{b)a{b,b')A{b')F{b\a')

(3.39a)

a) = CB{a)A{a)

= iiB{a)0{a,

a')A{a')

(3.39b)

b,b'
^
W{a\ a, b\ b)G{a, b)A{b)F{b,
b,b'

b')B{b')G{b',

a') = r]'A{a)F{a,

J ] G(a, b)A{b)B{b)G{b,
b

a) = CA{a)Bia),

a')B{a')

(3.39c)

(3.39d)

which shows that the equations are invariant imder interchanging the rows and
columns, i.e. rotating the lattice by 7r/2. T h e C T M equations have graphical
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interpretations in terms of the CTM, half-row transfer matrix, and half-column
transfer matrix. See [4, sect. 5] for a complete set of figures.
For infinite matrix dimensions the solution to the CTM equations in principle
yields K exactly; though in practice this problem is very unwieldy. On the other'
hand, given that the equations were derived on the basis of a suitable choice of
variational state, truncating the matrices to be of finite dimensions should still
produce a sequence of good approximations to the exact result. This second
problem is amenable to a solution via a numerical iteration method, which we
discuss in the next subsection.

3.1.5

A general iterative method of solution

A general iteration method was proposed by Baxter in [4, Sect. 3, pp. 46970]. Though a proof of convergence of the algorithm was not provided, empirical
results suggests that the algorithm converges quite well away from the critical
point, given that a good initial guess at the solution for a small value of n is
made. Applications to the lowest order approximations for the Ising model in
zero-field reproduced the approximations of Bethe and Kramers and Wannier
[29]. Nonetheless, the algorithm was found to be not very efficient in subsequent
applications.

For example, in calculating low temperature series for the Ising

model in a field, model specific modifications to the algorithm needed to be
made to increase efficiency. The model dependent properties of the optimised
algorithm, however, meant that it could not be apphed to a wide range of models.
Consequently, despite leading to some outstanding results in exact solutions and
calculating series expansions to an unprecedented number of terms, the method
was not widely adopted.
Yao Ban Chan in his PhD dissertation of 2005 tried to develop an improved
version of a general iteration procedure with the specific aim of calculating series,
but his method also proved inefficient in practical applications, among other theoretical shortcomings [19]. In fact, his algorithm, though arguably more general,
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was actually found to be less efficient for series than Baxter's original algorithm
of more than thirty years earlier. Hence, the initial excitement about Baxter's
method with respect to its efficiency for series applications.
For completeness, we outline Baxter's general iterative approach. The C T M
variational equations (3.39) as stated do not define the matrices F(a,b),

G(a,b),

and A{a) uniquely. To do so for F{a,b) and G{a,b), Baxter observed that they,
along with the symmetry conditions (3.9), (3.37a), and (3.38) are invariant under
the following general orthogonal transformations

.4(a) ^ Q{a)A{a)P^\a)

(3.40a)

B{a) ^ P{a)B{a)Q''\a)

(3.40b)

and
F{a, b)

P{a)F{a, b)P'^{b)

(3.41a)

G{a, b) ^ g ( a ) G ( a , b)Q'^ib),

(3.41b)

where P{n) and Q{a) are 2" x 2" orthogonal matrices. This means that without
loss of generality, the matrices A{a) and B[a) can be chosen to be diagonal so
that (3.37a) reduces to B{a) = A{a).

Moreover, we can choose an appropriate

normalisation to ensure that

^ = e' = 1

(3.42a)

7] = r]' = K.

(3.42b)

The resulting simplified set of equations uniquely specify F{a, b) and G{a, b), and
A{a) up to a normalisation constant. Baxter's iterative method is based on using
this final set of CTAl variational (iquations. As all dc^tails of the method can he
found in [4, Sect. 3, pp. 469-70], we conclude by saying that this final set of
CTM equations can be further transformed into a more compact set of two eigenvalue equations along with a normalisation condition. Then given a good initial
guess at the solution for F(a, b), G{a, b), and .4(a), a sequence of approximations
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Figure 3.5: Orientation of spins around a cube.

for F{a, b) and G{a, b) can in principle be obtained by solving this final set of
equations iteratively for increasing values of n away from the critical point until
convergence is observed.

To conclude this chapter we briefly consider the extension of the CTM variational method to three-dimensional Ising-type isotropic cubic lattice models.

3.2

Extension to three dimensions

Formally speaking, the extension of the CTM variational method from two dimensions to three dimensions is very natural. The model under consideration
is a simple cubic lattice consisting of N columns, M rows, and P planes.

To

each site i of the lattice is associated an Ising spin, taking values + 1 or - 1 .
Again we assume periodic boundary conditions. Each face of the lattice is associated with a Boltzmann weight W{a\efg\bcd\h), where the configuration of spins
around a cube is shown in figure 3.5. We impose the conditions that (i) the model
has reflection symmetries, so that W is invariant under interchanging the rows.
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columns, and planes
W{a\efg\bcd\h) = W{g\cba\feh\d)
(3.43)

= W{f\dab\ghe\c)
=

W{e\adc\hgf\b),

and (ii) is isotropic, so that W is unchanged under rotation by 7r/2,
W{a\efg\bcd\h) = W{e\dac\ghf\b)
=

(3.44)

W{g\abc\hef\d).

Moreover, the ground state is required to satisfy both (i) and (ii), and in addition,
be translation invariant. This last condition is imposed so that a trial vector of
the form given in (3.8) can be used to derive the three-dimensional analogue of
the C T M variational approximation for the partition function per site k in the
thermodynamic limit [17, Section 3].
The problem of calculating k in the thermodynamic is formulated in analogy
to the two-dimensional case. The partition function is given by
Z =

^i^Mm^n^'pWj'TkTlWq),

(3.45)

where the product is over all cubes of the lattice and the sum over all values
of all spins.
{crj, cTj,...,

Let

a

=

. . . , c f n m } l^e the spins in one plane and

{0-1,02,

denote the spins in the plane above.

a'

=

Then the contribution

to the partition function of the intra-plane interactions is given by
v;,.' = n

(3.46)

where the product is over all cubes formed between the two planes. If we regard
as the {a, a') element of a

x

plane-to-plane transfer matrix V ,

then we obtain the familiar results for Z and k:
Z =

(3.47)

where A is the largest eigenvalue of V , and
^ ^

r^HNMP

^

^MNM ^

(3.48)
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Figure 3.6: Face B, edge F, and corner A tensors.
As the plane reversal symmetry in the last line of (3.43) implies that V is
symmetric, we are free to use the variational method outhned in the previous
sub-section to approximate k. In this case, however, instead of deriving a set of
matrix equations, the result of applying the variational principle with a suitable
choice of trial function that at least reproduces the ground state of the system at
zero temperature, is a set of non-linear tensor equations in three indices. Given
the translation invariance condition on the ground state, an appropriate choice of
in our case is the three-dimensional analogue of (3.8) [17, Section 3]. Since there
is no tensor analogue to matrix diagonalisation, it was not possible to develop
a general iterative method to calculate numerics or series for finite system sizes.
However, by considering the lowest order approximation, where the tensors reduce
to scalars, Baxter and Forrester were able to calculate the first 14, 19, and 23
terms of the low-temperature free energy of the simple cubic, face-centered, and
body centered cubic Ising models, respectively [17, Section 5].
Analogous to the two dimensional case, an important property of the tensor
equations is the graphical interpretation that can be given to the tensors in the
thermodynamic limit, as illustrated in figure 3.G. In this limit the three types of
tensors that appear in the equations correspond the the Boltzmann weights of
blocks of spins - face, edge, and corner, respectively.
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Chapter 4
C T M renormalisation group
method
White's density matrix renormalisation group (DMRG) method [55, 56] is a generalisation of the real-space numerical renormalisation group procedure first used
by Wilson to solve the Kondo problem [59].

Though originally developed to

analyse one-dimensional quantum systems at zero temperature, where it has arguably become the numerical method of choice, DMRG has a natural extension to the analysis of two-dimensional classical models. This connection was
demonstrated by Ostlund and Rommer in [47], where it was shown that in the
thermodynamic limit of DMRG for a quantum system with periodic boundary
conditions, the system has an effective representation as an equivalent classical
lattice model. Later developments showed that the density matrix

exp (/3i/),

where Z = Tr (exp-/?/:/) is the partition function, of a d-dirnensional quantum
system can be written in terms of the partition function of a (ti

l)-dimensional

classical lattice model through the Trotter decomposition formula [49].

Thus

a one-dirnensional quantum system corresponds to an effective two-dimensional
classical lattice model.
For two-dimensional classical systems the basic quantity of interest is the
largest eigenvalue of the row-to-row transfer matrix, as this gives the partition
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function in the thermodynamic hmit. DMRG appHed to a two-dimensional classical system allows one to calculate lower bounds for the largest eigenvalue using
a variational state vector expressed as a product of tensors. From these approximations it has been shown that the thermodynamic functions away from the
critical region can be calculated exactly. In the critical region, however, it was
found that numerical convergence of the free energy drastically slows, thus significantly increasing the number of computations needed. As highlighted in the
previous chapter, the reason for this observation lies in the near degeneracy of the
maximum eigenvalue about criticality. This property of the eigenvalue spectrum
of the transfer matrix vastly reduces the efficiency of the Lancoz diagonalisation
procedure of DMRG. In contrast, the eigenvalue spectrum of the CTM is relatively sparser. Indeed, as an alternate numerical method for two dimensional
classical lattice models, the efficiency of the CTM variational method is superior
at the critical point.
Using the definition of the CTM as it is given in the CTM variational method
of [4], Nishino and Okunishi saw that it was possible to represent the density
matrix of DMRG as a product of four CTMs. This led to the development of
the corner transfer matrix renormalisation group (CTMRG) method [37, 39, 40].
Implementations of the method for the Ising model [38, 31, 32] and the q=2,
3, and 5 state Potts model [38, 42] has demonstrated its greater computational
efficiency compared to other numerical methods, particularly in the calculation
of critical indices [40] and latent heats [42]. Recent applications to numerically
analyse the self-avoiding random walk (SAW) in two dimensions indicate that it
may be the method of choice for such problems [24, 25].
CTMRG has also found fruitful applications in obtaining numerics for the
Kramers-Wannier approximation of the three-dimensional Ising model [44]; and in
the formulation of a numerical variational method for three-dimensional classical
systems, where the variational state is represented as a product of local tensors,
and the partition function calculated using the CTMRG algorithm [43, 35]. Most
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recently it was adapted to the infinite projected entangled pair states (iPEPS)
algorithm to numerically study infinite two-dimensional quantum systems [46].
We review an application of C T M R G in the iPEPS algorithm in the next section.
In this section we elucidate the C T M R G method in two dimensions, followed
by its extension to three dimensions. We begin by reviewing numerical real space
DMRG.

4.1

Density matrix renormalization group

Before formulating the principles of CTMRG, we review DMRG for an infinite
one-dimensional quantum system.

In the standard numerical renormahsation

group (RG) method of Wilson, the first step is to divide the infinite chain into
a set of identical blocks B. One then diagonalises the Hamiltonian H b b of two
neighbouring blocks BB, and retain the I eigenvectors corresponding to its I lowest eigenvalues; thus allowing one to form a simpler 'renormalised' Hamiltonian
Hb' for a super-block B' that is twice the size of the original blocks B' — BB.
The RG transformation is a change of basis to a smaller set of block eigenstates
HB' = OHbbO'^,

(4.1)

where O is an / x r matrix with rows given by the eigenvectors of the I lowest
eigenvalues of Hub and r is the dimension of Hbb- This procedure is repeated on
the super-blocks with the renormalised Hamiltonian, and in principle, stopping
when a fixed point is reached.
Though successfully implemented for impurity problems, this method fails
to correctly take into account boundary eff'ects at either of the two ends of a
super-block. This is because Ubb does not contain any information about the
connections to blocks adjacent to BB, so its eigenstates are not representative
of the state of the super-block at the edges.

Indeed, using the eigenstates of

Hbb is only optimal in the limit where boundary effects vanish, i.e., for isolated
blocks. For most other problems the error in modeling boundary effects leads to
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inaccurate quantitative calculations.
A solution was offered by White and Noack, who realised that successful
implementation of the RG method depended on being able to apply a range
of boundary conditions on a block, so that the effect of neighbouring blocks
could be appropriately simulated [57]. Their key piece of insight was that one
should diagonaUse the Hamiltonian of a larger system containing BB.

States

to be retained are then the projections of the I lowest lying eigenstates of the
new super-block onto BB.

This projection operation, however, is not uniquely

specified for a many-body quantum system; and in general the projection is onto
a complete set of block states.
So the problem is how to select the I optimal projected block states? The answer provided by White is to keep the I highest eigenstates of the density matrix
of BB, i.e., the reduced density matrix p of the new super-block. Justification
that this selection of eigenstates is optimal is based on the single-value decomposition theorem from linear algebra. We argue briefly as follows. (Details can be
found in [56].)

Let IV') denote the state of the lattice or 'super-block' in some Hilbert space
Sj. IV') can either be in a pure state or a mixed state. For simplicity, suppose
that IV') represents a pure state. (The same argument applies to [V*) representing
a mixed state. See [56, pp. 48-9].) Let {|?') : ? = 1,2,...,/} be a complete set
of states of BB and {|j) : j = i, 2,..., J } be the set of states of the rest of the
lattice.
In general, Itjj) is given by
=

(4.2)

where ipij is a complex number, but for our pm-poses, can be assumed to be real.
The (M')-th element of the reduced density matrix is given by [26]
p ^ / = ^VijV'i'j-

(4-3)
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Our aim is to find the optimal set of projected block states oi BB {lu'") : a =
1.2, . . . , m } to retain. Since rn < I, \-i/j) can be approximated by
(4.4)

To determine

where

we want to calculate

= {u"\i), subject to the condition (n"|n"') = S^a'- The second term in

(4.5) can be rewritten as
chosen to ensure that Ylj

where vf =

= N^aaj and N^ is

— 1- I^i matrix notation, the argument of (4.5)

therefore becomes

m

(4-6)
^ ^ I]
Now writing

a=l

in the form of its singular value decomposition (SVD) ip = UDV'^,

where U and D are I x I matrices and V is a, J xl matrix, we find that the problem
has a well known solution from linear algebra. The optimal set of projected block
states

that we seek are given by the columns of U.

Moreover, given the

definition of the reduced density matrix in (4.3), we can rewrite it using the SVD
of

ip

as
p = UD^U^,

so that

(4.7)

in fact correspond to the m eigenvectors of p with the largest eigen-

values. If Wa denote these eigenvalues, then each w^ gives the probabihty of the
system being in the state \u"). Thus, this selection of states is optimal.

To practically implement the DMRG method, one must consider how the dimension of the Hamilitonian representing the super-block scales with the number
of blocks composing it. In Wilson's blocking scheme, the Hamiltonian scales as
q', if the super-block consists of g identical /-state blocks. This is computationally
expensive. An alternative blocking scheme is to take the super-block consisting
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of two identical /-state blocks connected by two spins A* •A. The Hamiltonian
in this case scales as P. This is the blocking scheme of DMRG.
A detailed table of the DMRG algorithm is given in [56]. In general, however,
the iteration procedure runs as follows: (1) Diagonahse the Hamiltonian HA»»A
of the super-block A • •A, and obtain the ground state. (2) Use (4.3) to calculate
p for A' = /!•. (3) Diagonalise p and keep the I largest eigenvalues ui,
their corresponding eigenvectors

and

(4) Change basis and truncate using

(4.1), where the rows of O are given by the set of eigenvectors {fii,...,$!/}. (5)
Replace the first block by A' and the last block by its reflection. (6) Repeat (1)
to (5). [55]

4.2

C T M renormalisation g r o u p

In context of DMRG and the CTM variational method of the previous two
sections, we now elucidate the principles and algorithm of CTMRG for twodimensional classical lattice models.

Recall that our aim is to calculate the free energy per site K in the thermodynamic limit, which is a function of the largest eigenvalue A of the row-to-row
transfer matrix V of the system. In Baxter's CTM variational method, the problem of calculating A was to maximise the Rayleigh quotient for V with respect to
a non-zero 2'"-dimensional trial vector -(/)• As obtaining the exact answer required
that V be infinite dimensional, this problem was intractable. Instead a variation
iterative method was developed to approximate the exact result for finite matrix sizes. However, as the size of the matrices in the renormalisation procedure
doubled each time the system size was incremented by one, this imposed restrictions on the size of lattices that could be handled computationally. Moreover,
the algorithm, though general, was found to not be very fast; and increasing its
efficiency required making model specific changes that came at the cost of generality. Thus the method was not widely adopted, despite early successes hinting
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at its potential numerical power.
Like the C T M variational method C T M R G is another variational renormalisation group approach, but which uses CTMs to represent the density matrix in
the DMRG algorithm. Indeed, at the algorithmic level CTMRG can be regarded
as an improvement on Baxter's general numerical procedure. To illustrate the formalism and numerical implementation of the CTMRG, we choose as our working
system a general IRF model.
We saw in the previous chapter that an IRF model is defined by the Boltzmann
weight Wab,cd associated with each square face of an 7n x rn' rectangular lattice,
where a, 6, c, and d denote the four vertices of the square arranged as in figure
3.1. Each vertex is occupied by a p-state spin (7^. For simphcity, we assume that
w is symmetric and isotropic.
Let a = {o"!,..., rr^} denote the spins in a row and a' =

be the

spins in the row above. Then the (<7, a') element V^^ci of the transfer matrix of the
system is given by a product of Boltzmann weights of consecutive square faces in
the row
=

(4.8)

A picturc is given in figure 4.1. For a two-dimensional classical lattice model, the
DMRG blocking scheme is applied to the transfer matrix as follows.
First divide each of the two rows of spins a and a' into two identical /-state
block-spins

/i and v', ji\ joined at a spin ai and cr-, respectively, as shown in

figure 4.1. Second, rcnormalisc the transfer matrix in terms of the renormaliscd
half-row transfer matrix P
=
where for simplicity the subscripts i and i' denote the spins Oi and

(4-9)
respectively,

and Pxy,x'y' is the {xy, x'y')-e\ement of P. This is analogous to Wilson's doubleblock A A, except now the renormalised half-row transfer matrix P plays the role
of the /-state block-spin ^4. Finally, use White and Noack's super-block scheme
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Figure 4.1: The two-dimensional transfer matrix is shown on the top and its
renormahsation is shown on the bottom.
A • mA, and create the renormahsed transfer matrix with two additional faces
Vuijkiiyi'j'k'^i' — Pviyi'

W jTc j'fc' Pkii,k'ii',

(4.10)

where Wab,cd plays the role of a spin •.
We can now adapt the DMRG method to this problem. Instead of diagonalising the Hamiltonian of the system and obtaining the ground state, we construct
the eigenvalue equation for V at its maximum (non-degenoratc) eigonvaluo P and
corresponding eigenvector ip
^
Puiyv^j'Wjkj'k'Pk,i,k'n''il^uiikii
vijkii

= rVvi'j'fc'M'-

(4-11)

As we seek k in the thermodynamic limit where the transfer matrix becomes
infinite dimensional, the optimal eigenstate has a physical interpretation as given
by Baxter in the CTM variational method. Its i^ij/u'/i-element •ij)t,ijkti gives the
Boltzrnann weight of the top- half plane with boundary spins fixed at uijkii.
Moreover, the optimal

can be expressed as a product of two CTMs Ajk^jw

and Bjipjij,, which in the case of a symmetric model are the same. Hence, the
optimal

is given by
V'^tj^cM = ^
If)

(4-12)
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Figure 4.2: Graphical representation of the reduced density matrix p.
The reduced density matrix p, which for a one-dimensional quantum system is a
product over a target state (usually the ground state) and its dual of the superblock system, is now a product over the optimal ijj and its transpose •ip'^. Using
(4.8) and (4.12), p is given by
Puiyi' = ^ i'lijkti'^uH'jk!^
jkii

(4.13)

— ^ ^ AjkixJmy-^jm'yJivAjiiyJwAjllSJkfn
jklm/Siij
and physically represents the Boltzmann weight of the system with a cut along
the positive x-axis as shown in figure 4.2. From (2.24) of section 2, the trace of
p gives the partition function of the model,
Z = T r p = Tr(/l^).

(4.14)

The renormahsation group or state selection operation is achieved through the
diagonalisation of p. For practical purposes this is the same as diagonalising A
and taking the fourth power, since p = A"^. However, for the purpose of outlining
the principles of CTMRG we formulate the ideas in terms of p. Thus for an
assymmetric system the diagonahsation of p is given by
d^^pQ ^ diag{Ai, A2,...},

(4.15)
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where the eigenvalues have the non-decreasing order Ai > A2 >

and O —

and

(0i,02,...)

Q =

4.

CTM

RENORMALISATION

are matrices with columns given by the correspond-

{qi,q2...)

ing left and right eigenvectors, respectively. For a symmetric model Q = O and
both matrices are orthogonal.
Let

O

=

and

{oi,...,oi}

Q

=

{qi,---,qi}

be renormalised matrices of eigen-

states corresponding to the I largest eigenvalues of p. Then the RG transformation is the action of &

and Q on p yielding the renormalised density matrix

P

p = diag{Ai,...,Aj = 0 ^ p g ,

(4.16)

which corresponds to a truncation of the number of degrees of freedom of the
system and a change of basis.
Since the partition function Z is given by the trace of p, Z can be written as
I

^ =

(4.17)
i

where Z —

i=l

is the renormalised partition function. For systems with

a finite excitation gap, Z is a good approximation to Z when I is sufficiently
large, as A^ goes exponentially to 0. Z is given by the trace of p. Therefore the
relationship between Z and Z can be expressed in variational form
Z = T r p > T r p = Tr(QO^p).

(4.18)

The variational principle (4.18) in DMRG gives the lower bound on the free
energy of the system for the optimal projection operator QO"^, subject to the
constraints QCT = {QO'^)^ and Tr(QO^) = I.
The RG transformation is applied to the the half-row transfer matrix P and
the corner transfer matrix A, which can be further decomposed as
^ji'^JW =

^^^^iM^i'iM^ W.hoAhOM^

(4-19)

ha0

giving the CTMRG 'block' as shown in figure 4.3. We thus obtain the renormalised matrices
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Figure 4.3: Decomposition of the corner transfer matrix A.

(4.20)
jj wr

and
(4.21)

where A/'j^^y,; — 0 if i ^ i', and similarly for Pj'rj'jn- The equations (4.19),
(4.13), (4.16), (4.20), and (4.21) are the CTMRG equations.
They can be iteratively solved as follows: (1) Initialize P and A using the
boundary conditions. (2) Calculate A using (4.19). (3) Calculate p using (4.13).
(4) Diagonahse p and retain its I largest eigenvalues and corresponding eigenvectors as in (4.16). (5) Renormalise A and P using (4.20) and (4.21). (6) Repeat
(2) to (5) until A and P reach their fixed points.
At each iteration the size of A is increased by a corner spin. However, as the
R,G transformation restricts the number of degrees of freedom to a fixed value I,
the CTMRG algorithm can effectively treat systems of arbitrary size. This is a
significant improvement on Baxter's CTM variational algorithm.
To conclude this section, we consider the extension of CTMRG to three dimensions.
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Corner transfer tensor renormalisation group

The extension of CTMRG to three-dimensional classical systems is based on
its formulation for two-dimensional vertex models [41], We thus first outline
CTMRG for the symmetric 16-vertex model.

From the previous subsection we saw that the heart of CTMRG is calculating
variational partition functions for two-dimensional classical lattice models, where
the RG transformation is obtained through the diagonalisation of the density
matrix expressed as a product of four CTMs. The formulation of CTMRG for
vertex models follows the same principles, differing only in the exact recursion
relations for the half-row transfer matrix P and the corner transfer matrix A. As
we saw previously the lattice can be built up by joining these matrices together in
a specific systematic way. Indeed, the same idea can be applied to the analogue of
a square lattice - a cubic lattice - using tensors in three indices. On this basis the
principles of CTMRG for a square lattice directly transfer to its cubic analogue
in three dimensions.
Consider a square lattice with Ising spins ai sitting half-way between every
two neighbouring vertices as shown in figure 4.4. Assume that at the boundaries
spins are fixed to have the value -|-1. Each vertex has four neighbouring spins
and fX;. Assign a synnnetric Boltzmann weight to each vertex Wijki =
^jkii = ^iikj, where i.j, k, and I denote spin positions as shown in figure 4.5(a).

Suppose that the square lattice has dimensions 2N x 27V, where N denotes
the number of spins along one side of a colunm or a row. The vertex weight Wij^j,
half-row transfer matrix (HRTM) P^^ and corner transfer matrix Aab of the model
are shown in figure 4.5. In P^^ a = {ai, a2,..., un} and h = {bi,b2,..., ftyv} denote
the respective left and right colunms of spins immediately alongside the column
of vertices, bounded on the bottom by the fixed lioundary spin shown by a solid
triangle • and on the top by the spin at position i. We regard P,',, as the nb-
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Figure 4.4: A square lattice with Ising spins sitting half-way between every pair
of nearest-neighbour vertices.
element of the
a

X

x

matrix P\ labeled by i. Similarly Aai, is the a6-element of

matrix A, where now a and b denote the spins along the column and

row. Since the vertex weight W is symmetric, Aab and P^^ are invariant under
permutation of the subscripts. Moreover, the matrices W, A, and P ' are related
by recursion relations; with
K'b' = E

(4-22)

k

where a' = {a,l}

and b' = {b,j}

and

cdkj

with a' as given above and h' = {b, i } . Equations (4.22) and (4.23) give a prescription for extending the sizes of P^,, and Aab- We join an additional vertex
Wijki to F^j forming

and join two HRTMs Pj^ and P^^ and a vertex Wiju to

Aab forming Aa'b'- Repeating the recursion yields a HRTM and C T M of arbitrary
sizes. As we saw in the previous subsection the whole square lattice can be built
up by joining together four CTMs, so that the partition function of the system
is given by (4.14).
Since the dimensions of

and A grows with the linear dimension A^, it is not

physically possible to store the elements of P' and A beyond a certain matrix size.
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Figure 4.5: The vertex weight (a) Wijkj, half-row transfer matrix (b) Pjj,, and
corner transfer matrix (c) A^bThe RG transformation in the DMRG algorithm allows this to be overcome by
optimally approximating P ' and A by renormalised matrices P ' and

of a fixed

dimension for a given value of N. From subsection 4.1 the RG transformation is
obtained by diagonalising the reduced density matrix of the system (4.16), which
is approximated by the product of four CTMs A'^. We then truncate the number
of eigenstates to the I largest states, forming for the RG transformation matrices
0 and Q, which have columns given by the largest / left and right eigenstates oi A,
respectively. The action of these matrices on p, P', and A yield the renormalised
matrices p given in (4.16), and P' and A given by
pr ^ Oi p^Q

(4.24)

A =

(4.25)

and
(TAQ,

where O = Q in this situation since A is symmetric.
We then apply the CTMRG algorithm (1) to (6) of the previous subsection:
Use (4.22) and (4.23) to extend the linear dimension of A and P\ then restrict
their matrix sizes using (4.24) and (4.25). Repeat this procedure until A and
P' rcach their fixed points.

Calculate p, and using this result, Z from which
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Figure 4.6: The cubic tensors (a) Wijumn, (b)
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approximate thermodynamic quantities can be obtained. This is CTMRG for a
vertex model.

Our interest is to extend these ideas to the analogous model in three dimensions - a cubic lattice with Ising spins sitting halfway between every pair
of vertices. For the purposes of elucidating the method we consider a 64-vertex
model defined by associating a symmetric Boltzmann weight Wtjkimn to each facecentered cube, where i,j, k, I, m, and n denote the positions of spins at the centre
of cach of the six square faces as shown in figure 4.6(a). To adapt the DMRG
algorithm to a three-dimensional classical system using Baxter's CTM concept,
we must construct the density matrix in three dimensions. This is first achieved
by defining the analogous tensors to the HRTM and CTM of the vertex model,
with an additional tensor representing a plane of vertices that is unique to the
cubic lattice.
Suppose that the cubic lattice has dimensions 2N x 2N x 2N with fixed
boundary conditions. Figure 4.6 shows the decomposition of the N = 3 cube into
its constituent components, represented by the tensors Wijkimn, Pabcd, ^ab^, and

Kbcd is the three-dimensional analogue of the HRTM P^j,. The spin vectors
a,b,c, and d denote the columns of spins {ai, a2, •••,flAr},{^i,

^w},

and

{di,d2, ...,dN} surrounding the column of vertices bounded by the fixed spin A at
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Figure 4.7: Extension of the tensors

j

a

and

the boundary and the top spin at position i. P^bcd is invariant under permutation
of the indices, since Wij^inm is symmetric.
denotes a tensor representing a plane of vertices, bounded by the fixed
spins A along two connected edges, the spins a and b along the two other connected edges, and the spins on the surface of the two N x N square faces X
and Y with elements

and

respectively. We adopt the convention that the

spins x n n and y^N are nearest the center of the cube; and the spins Xij and
are connected to the same vertex at position (i, j ) . It should be noted that the
tensor is invariant under permutation of X and Y, but not for a and b. Moreover,
=

a Z = x ^ and

= Y^.

The corner tensor A^'^'^ is analogous to the corner transfer matrix Aab- However, here the superscripts X, Y, and Z refer to arrays of face spins as defined
for

above. Note that each of the surfaces X, Y, and Z are oriented, so that

QXYZ

^

QX'''YZ

As for the two-dimensional vertex model, our aim is to build up the lattice
by systematically extending the half-row, plane, and corner tensors, followed by
restricting their dimensions using the RG transformation by diagonalising the
density matrix.

The extension procedure can again be expressed in terms of

recursion relations for Pl^cd^

and A^^'^, which involves joining together the

tensors in the way specified below and as depleted in figure 4.7, with
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where a' = {a,j},
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(4.26)

^ijklmnP,
ahr.d

h' = {b,k}, d = {c,/}, and d' =
nX'Y' _ Y^
'^a'b' —

where a' = {n,j},

GROUP

^ _ _ pn pi rr.
XY
^^tjklmn^abcd^efgh^,ce

h = {g,i] with g = {gi,g2,
/

xn

•••

XiN

(4.27)

is given by
, \
fi
(4.28)

XMI • • • XNN IN

\ bi

...

k

and Y' is similarly defined; and
^X'y'z' =

(4.29)
Imn cdehqr TUV

where

and Z' are defined as in (4.28) with the appropriate changes of

variables.
We saw for two-dimensional systems that the (reduced) density matrix p is
approximately given by the inner product of four CTMs, and taking its trace
results in the partition function of the model. In this three-dimensional setting
the analogue of a quadrant for the square lattice is a rectangular block for the
cube, which is formed by joining together two smaller cubes represented by the
contraction of two corner tensors as shown in figure 4.8(a). The result of the
contraction is a symmetric matrix D with {XU, ZV)-element given by
(4.30)

where the subscript m denotes taking the mirror-image of

C^^^

=

fju^ YV^ _ Thus the partition function S is expressed as
(4.31)
xu
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ZK.
(b)

(a)

Figure 4.8: The reduced density matrix (b)
for
obtained by contracting four symmetric matrices (a)

the cubic system is

where in general
QiXU){ZV) ^

^
jj(XU){AB) J^(AB){CD) j^{CD)(EF) jj{EF){ZV)
{AB)(Cn){RF)

32)

and represents the Boltzmann weight of the system with a cut in the {XU) or
{ZV) rectangular plane, formed by joining together the square faces X and U or
Z and V. Q therefore gives the reduced density matrix of the cubic system, as
shown in figure 4.8(b).
However, Q is not the correct reduced density matrix that is needed to form
the RG transformation in the DMRG algorithm, as it is not representative of the
state of the local system at a face or a half-infinite line of spins. To obtain the
correct reduced density matrices - one with a cut along a single square face and
the second with a cut along a half-infinite line of spins - we first contract two
of the indices of
Contracting the RHS indices, we obtain the reduced
density matrix p^^
pXZ

u

(4.33)

which represents the system with a cut along the square face X or Z. The second
reduced density matrix p^^ with a cut along a half-infinite line of spins is obtained
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/

,

X'11

Writing
Xl(N-l)

n

Z =
X{N-l)iN-l)

•

\
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(4.34)
/w-l
k'

/

where we now think of the cube as being composed according to (4.29),

is

given by
=

(4.35)

where / = { / i , / 2 , / i v - i , A;} and g =

{/{,/a,/w-i.

The RG transformation matrices U^ and C^ are obtained by diagonahsing the
reduced density matrices p^^ and p^^ and retaining the first m' and m eigenstates,
respectively. U^ maps an array of spins X onto a smaller m'-state block spin
Similarly, C^ maps a half-infinite line of spins g onto a smaller m-state block spin
ijj. Applying U^ and

to

and A^^^ gives the renormalised tensors

pi

\ ^ pi f~ia

(4.36)

abed
(4.37)
ahXY
and
(4.38)
XYZ
respectively.
The tensors are thus approximated as
P'abcAl E ^a^^b^c'^d^k'i-ye^
a0-t6=l
m

m

Si'

(4.39)

-a0=l
EE

(4.40)

and
^xyz^

^
$>1.0=1

U^UlUiA

(4.41)
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Finally, the C T M R G algorithm can be generahsed to three-dimensional lattice
models.

A detailed outline can be found in [41], The main idea is to extend

Kh^b Sah^^ and A^^^ using (4.26) to (4.29), renormahse the result using (4.36)
to (4.38), and repeat this extension and renormahsation procedure until P, S,
and A reach their fixed points.
Apphcations of the corner transfer tensor renormahzation group ( C T T R G ) to
the cubic Ising model to calculate the transition temperature of the spontaneous
magnetisation produced convergence to a value that is significantly greater than
the exact figure [41]. Compared to the algorithm in two dimensions, C T T R G is
much more computationally expensive due to the significantly larger size of the
extended reduced density matrix

required to form p^'^', even for the

smallest values of m and m', m = m' = 2.

In the last section of this review, we consider a recent application of C T M R G
within the infinite entangled-pair states algorithm.

Chapter 5
Infinite projected entangled-pair
states
In this last section we review a recent implementation of C T M R G within the
infinite projected-entangled pair states (iPEPS) algorithm of Jordan et al. [28]
to approximate the ground state of infinite inhomogeneous quantum systems on
a two-dimensional lattice.

iPEPS is an extension of the projected entangled

pair states (PEPS) algorithm developed by Verstraete and Cirac to numerically
simulate finite two- dimensional homogeneous quantum systems. (See [52] for a
review.) Earlier variants of iPEPS were studied by Sierra and Martm -Delgado
in the form of the vertex matrix product ansatz [48], and applied by Nishino et
al. under the name of tensor product variational states to calculate the partition
function of three-dimensional classical lattice models [43, 35].
As a many-body ansatz, the term PEPS refers to the representation of the
state of a lattice spin model in terms of pairs of maximally entangled states of
some auxiliary systems, which are projected onto a low dimensional subspace in
the Hilbert space of local spin systems. A PEPS is a two-dimensional network of
tensors, whose coefficients are optimized to approximate the ground state of a local Hamiltonian. Algorithms based on the PEPS formalism have yielded accurate
ground state properties of a number of spin and hard-core boson models. More-
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over, it can be applied to problems where methods such as quantum Monte Carlo
fail, for instance, to numerically analyse systems of frustrated anti-ferromagnets.
Its extension to simulate infinite two-dimensional quantum lattice models in
the thermodynamic limit was originally combined with a generalisation to higher
dimensions of the infinite time-evolving block decimation (iTEBD) algorithm for
infinite one-dimensional lattice systems. (See [54].) The ground state of the twodimensional model is obtained by performing a simulation of the iPEPS through
imaginary time evolution. Tests on the two-dimensional quantum Ising model
in a transverse magnetic field produced results that were quantitatively competitive with established methods, such as quantum Monte Carlo and perturbative
series expansions, but without their stability problems. This paved the way for
applications outside the scope of these tried methods, since, for example, iPEPS
is neither plagued by the numerical sign problem^ of Monte Carlo nor does it
require an expansion around an exactly solvable model as in perturbative series
expansion.
In the iPEPS formalism optimising the coefficients of the infinite tensor network requires that each tensor is iteratively updated. A key aspect of this procedure is computing the environment of a tensor - the tensor network minus
the current tensor - which, though impractical to calculate exactly, is well approximated using a suitable approximation scheme. Motivated by the work of
Nishino and Okunishi on the CTMRG method, Orus and Vidal investigated a
potential improvement on the performance of the original iPEPS formalism by
using a CTMRG based approach where the four different directions of the lattice
are treated sequentially and independently [46]. This variant of CTMRG was
coined directional CTAIRG and is the subject of this chapter. We start by giving
an overview of the PEPS algorithm on which the iPEPS algorithm is based.

^The sign problem in numerical simulation refers to the difficulty of evaluating a highly
oscillatory function in many variables, due to the near cancellation of negative and positive
contributions to the integral.
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Projected entangled-pair states: A primer

A major challenge in computational physics is developing novel algorithms for
simulating strongly correlated systems. In one dimension DA-IRG has proven to
be the numerical method of choice for calculating the statistical mechanical properties of generic spin chains using the matrix product state (MPS). Generalising
DMRG to models in two and higher dimensions has proven unsuccessful, however,
as the method assumes a one-dimensional configuration of spins with short range
interactions. Quantum Monte Carlo simulations, though a powerful alternative,
has also been of limited application as it suffers from the numerical sign problem
when time evolution is investigated, particularly for frustrated systems. However,
understanding models in two dimensions is important, as it will shed new light
on open problems in condensed matter physics such as high T^ superconductivity.
A recent major step in the direction of generalising DMRG to two and higher
dimensions was achieved by Verstraete and Cirac in the form of projected entangled pair states (PEPS) [51]. PEPS is a natural generahsation of the MPS
to higher dimensions, making it possible to develop simulation techniques that
effectively extend DMRG to those dimensions. The class of PEPS includes the
tensor product states, which were used in the G T T R G method of Nishino and
Okunishi of the previous chapter. However, they are more general as any state
can be written as a PEPS provided that the dimension of the entangled pairs is
sufficiently large [53]. We present the representation theory of PEPS as a natural
extension of the MPS in one dimension, followed by the principles of the variational optimisation method of PEPS.

Let 1^) denote the state vector of a one-dimensional system consisting of N ddimensional subsystems. See figure 5.1. Each physical sub-system at position k is
represented by a pair of auxiliary systems (a^, h) of virtual dimension D (except
at the edges of the chain). The auxiliary systems a^. and bk are associated with the
bonds connecting the k-th physical sub-system to its two left and right nearest
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^
kth sub system

Figure 5.1: A one-dimensional system. Each d-dimensional sub-system at position
k is represented by a pair of auxiliary systems {a^, hk)neighbours. Nearest neighbour auxiliary systems
entangled state (f> satisfying

and aj.+i are in a maximally

D

=

(5.1)

representing a bond (solid line in the figure). The state j'l') is obtained by applying a linear operator Qk to each pair of auxiliary system (ajt, bk) that maps it
onto the physical sub-system at position k

'
Sl,...,SN =

(5-2)
l

The matrices Af. have elements given by [/IfJ/.r = {s\Qk\l,r), where the index s
denotes the state of the physical system, and the indices I and r are associated
with the left and right bonds of the auxiliary systems with their nearest neighbours. We observe that the second line in (5.2) is a contraction over all indices
associated with the same bond. Thus a MPS is a state with coefficients given by
a product of matrices according to a scheme that reflects the underlying lattice
structure.
In two and higher dimensions the PEPS representation proposed by Verstraete
and Cirac involves representing each physical sub-system at position (a;, y) by four
auxiliary systems {a^^y, b^^y, c^^y, d^^y) of dimension D. Each of these systems is in
a maximally entangled state with its nearest neighbour. The state of the system
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Figure 5.2: A two dimensional PEPS network.
I^') is now obtained by applying a linear operator Q^^y to each set of four auxiliary
systems

Cx,y, dx,y) that maps it onto the physical sub-system at

{x,y)
(5.3)

The elements of each tensor A are given by [A% y\u4^i.r — {s\Qx.y\u,d,l,r), where
as previously, the index s gives the state of the physical sub-system and the
indices u,d,l, and r are associated with the bonds between the auxiliary systems
and their respective nearest neighbours. See figure 5.2. This representation can
be generalised to any lattice geometry and dimension; and from [53], any state
can be written as a PEPS.

The variational method of PEPS is an efficient algorithm that can he adapted
to determine the ground states of two-dimensional Hamiltonians, the time evolution of PEPS, and quantities such as expectation values of operators. To give a
concrete illustration of its principles, we consider the variational scheme to simulate the time evolution of a system with a fixed virtual dimension D with respect
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to a subset of the class of PEPS for the system. The virtual dimension D can be
regarded as an internal refinement parameter that controls the precision of the
calculation. For example, taking D = I the PEPS reduces to the MPS, whereas
for D = d^'', M being the total number of lattice sites and d the dimension of
one sub-system, the space of PEPS extends to the whole Hilbert space of the
system. The variational problem is the following: minimise the distance between
the PEPS l^yi) to a given state with respect to the tensors Ai. From [53] we
know that any state can be written as a PEPS l^'c) with virtual dimension D^.
Hence, the function to be minimised is given by
K{A,,...,AM)

= \\^A)-\^B)\^-

(5.4)

In general the function (5.4) is nonconvex with respect to the set of coefficients
{ ^ / j f l j . However, due to the structure of PEPS it is quadratic in each Ai while
keeping the tensors of its environment A j for j ^ i fixed. This means -the optimal
Ai can be calculated by solving a set of linear equations. The basic principle of the
algorithm is to perform this one-site optimisation site by site mitil convergence
occurs. This involves calculating the environment of each tensor, which can only
be practically done using an approximation method. For an infinitely large lattice,
the original scheme used was a transfer matrix based method. However, it was
recently established that using a variant of C T M R G yields superior efficiency.
We present this application of the C T M R G method in the next sub-section.

5.2

Infinite projected entangled-pair states algorithm

Consider a two-dimensional quantum lattice model C, which, for simplicity, we
assume to be square. Each site in C is labeled by an ordered pair (a;,y), where
both X and y take integer values, and is represented by a vector space

of finite

dimension d. The aim of iPEPS is to provide an accurate and efficient approximation

to the ground state of a local llamiltonian H of C. There are two
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Figure 5.3: The lattice C.
main ways this can be achieved: (1) minimize the expected value of the energy
or (2) simulate an evolution in imaginary time I'l') « exp (7YT)|^'O),
where l^fo) is an initial state vector. Both methods involve iteratively updating
the tensors making up the iPEPS. This requires computing its environment. In
the modified iPEPS algorithm, the second of the two methods is used, together
with a variant of the CTMRG method for approximating environments. Compared to the original iPEPS implementation, applications of this modified version
on the two-dimensional quantum Ising model in a transverse magnetic field has
produced significantly faster convergence of the iPEPS to the ground state and
a better characterisation of the critical point.
In the simplest case, each site in L is occupied by copies of a single physical
system. If y4 is a tensor representing such a system, then the iPEPS is constructed
by repeating A at each site in

See figure 5.3. Using the theory of PEPS from

the previous subsection, each A is characterized by having elements Asudir with
five indices: s labels a physical basis of

taking values 1, 2,..., d, and u,dj,

and

r are bond indices ranging from 1 to D, where D is the bond dimension of the
iPEPS.
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(C)

Figure 5.4: The tensors A and a, and tensor networks £"''1 and Q^^^

To obtain approximations of environments, we work instead with reduced
tensors a^jij, =
{u,u').

^ ^ which have double bond indices of the form u =

Contracting over the reduced bond indices u,d,l,

and r produces an

effective tensor network £, made up of the reduced tensors a. The environment
of a site (x, y), which we denote by r, is given by

=

and amounts

to removing the reduced tensor a at site r from the reduced tensor network S.
Refer to figure 5.4 for a pictorial representation of A, a, and £"['"1.
The effective environment

can be approximated by a set of two half-row,

two half-column, and four corner transfer matrices, denoted by 7'i,...,74 and
Ci,.... C4, respectively, which together form a tensor network

= {Ci, Ti, C2, T2,

...,(74,74}. See figure 5.4(c). This makes computing the approximation t/M to
£^['•1 amenable to a numerical solution by the method of CTMRG. However, as
£^[''1 is approximated by four CTMs, the original algorithm must be modified to
take this into account. This resulted in the directional CTMRG.
In the directional variant of the CTMRG method, one iteration through the
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1. insenion
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>
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—(rj)

©

3. renormalisation

C4

Figure 5.5: The iPEPS algorithm.

algorithm involves composing four separate directional moves: left, right, up, and
down. Each move consists of three steps, which are described as (1) insertion,
(2) absorption, and (3) renormalisation. See figure 5.5. The first step involves
inserting a new column of tensors, consisting of Ti,a,

and T3. This is followed

by contracting the tensors Ci and Ti, T4 and a, and C4 and T3, forming new
tensors (5i,T4, and C4. Finally, the new tensors are renormalised via an appropriate renormalisation group transformation. An example is the eigenvalue
decomposition of the product of four CTMs, as done by Nishino and Okunishi; or
following Orus and Vidal, use the isometry Z defined by keeping the entries of Z
corresponding to the I largest eigenvalues of D in the eigenvalue decomposition
of CiC\ + ClCi

= ZDZ"^. The result is two renormalised CTMs C[ = Z+Ci

and (74 = CAZ and a renormahsed half row transfer matrix T^. This produces a
new effective environment

= {C^, Ti, C2, ^2, C3, T3, C^, T^}, where the com-

putational cost of implementing a single move scales with the size of D and /
as

A key advantage of implementing directional moves is that con-

vergence in a given direction can be accelerated, which is especially useful in
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highly anisotropic systems. Moreover, the isometry described is still valid when
combined with imaginary time evolution.
To illustrate the superior computational performance of this modified version
of iPEPS, it was adapted to compute the ground state of a two-dimensional
quantum model, namely the Ising model in a transverse magnetic field. Details
of the general algorithm and specific numerics can be found in [46]. On the
basis of results of numerical tests between iPEPS with iTEBD and iPEPS with
CTMRG, it was found that CTMRG yields superior results when (1) the ground
state has a long correlation length (i.e., near a quantum critical point); and (2)
the bond dimension D is sufficiently large so that the iPEPS can, in principle,
suitably approximate the ground state.

Chapter 6
Conclusions
In this thesis we have reviewed recent developments and appHcations of numerical
methods for simulating classical and quantum systems within lattice statistical
mechanics derived from Baxter's C T M variational method of 1968. As outlined
in chapter 1, the C T M variational approach held much promise as a very powerful computational tool for studying phase transitions and critical phenomena of
general IRF classical lattice models because of the CTM variational equations.
For a system away from criticahty in the thermodynamic limit, the CTM equations should in principle give the exact solution for the free energy, so effectively
solving the model. Moreover, even if the matrices are truncated to be of finite
dimensions, the way the equations were derived indicate that good approximate
solutions should still be obtainable.

However, the general iterative procedure

Baxter constructed was found to be very inefficient in general practical calculations, so the method was largely abandoned. Though early successes included
Baxter's exact derivation of the free energy of the hard hexagons model and later
the eight-vertex model, and in calculating series expansions to an unprecedented
number of terms for a range of IRF models. Furthermore, it was found that the
C T M is ideally suited to calculating the order parameter of solved models.
We formally introduced and defined the CTM in chapter 2, showing that it
is a matrix that contains the Boltzmann weights of a quadrant of an IRF lattice
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model for all possible values of the boundary spins. Hence, taking a product of the
C T M for each quadrant allows the lattice to be built up quadrant-by-quadrant.
The partition function of the model is thus given by the trace of the product
of four CTMs, so providing an alternative definition of this basic quantity from
the familiar transfer matrix. Subsequent studies into the analytic properties of
the C T M revealed that in the thermodynamic limit its eigenvalues form discrete
bands, which contrasts with the continuous spectrum observed for the transfer
matrix of the same model. This property proved to be very useful in the exact
solution of the model of hard hexagons.

To provide context and completeness, we gave a reasonably detailed exposition
of the C T M variational method in chapter 3, including a derivation of the C T M
equations and how the matrices that appear in the equations can be graphically
interpreted. The aim of the method is to calculate the free energy of general IRF
models. Baxter's approach rests on a well known result from linear algebra: the
maximum eigenvalue F of the transfer matrix from which the partition function,
and hence, free energy can be determined, is given by the maximum value of the
Rayleigh quotient with respect to a suitable choice of variational state vector for
the model. It turns out that the correct choice of variational function is a matrix
product state, subject to an appropriate choice of weights for top boundary spins.
Analytically solving for P results in the C T M variational equations, whose power
lies in the potential efficiency of a solution by ntimerical iteration, despite also
being formally exact. Though as already outlined, the efficiency of the variation
method was never fully born out; and what has survived from the original method
is the C T M concept.

Notably, however, the C T M variational method has a

natural theoretical extension to three-dimensional cubic lattice models, which
we presented in section 3.2. Nonetheless, the equivalent corner transfer tensor
variational equations could not be solved by constructing a general algorithm,
because the occurrence of products of tensors could not be reduced to matrices,
so finding the tensor equivalent of matrix diagonalisation became a mathematical

problem.
The major shortcoming of the CTM variational method lay in the fact that
the size of matrices doubled each time the system size was increased by one. This
imposed a relatively low upper limit on the size of matrices, and hence, systems,
for which numerics and series could be efficiently performed. However, as we saw
in chapter 4, this stumbling block can be overcome by using an alternative variation based algorithm in the form of the corner transfer matrix renormahsation
group (CTMRG) method. The heart of the CTMRG method lies in combining the CTM concept with the density matrix renormahsation group (DMRG)
method of White. DMRG was originally developed to numerically simulate onedimensional quantum models. However, by exploiting the equivalence between
one-dimensional quantum systems and two-dimensional classical systems via the
Trotter decomposition formula, Nishino and Okunishi reahsed that the reduced
density matrix for a classical system is well approximated by a product of Baxter's
CTMs for the model, thus making the DMRG algorithm accessible for simulating two-dimensional classical systems. As outlined in section 1.2, CTMRG is
now arguably the numerical method of choice for performing numerics on twodimensional classical lattice models, including for the class of planar self-avoiding
random walk models as shown by Foster and Pinettes. CTMRG also has a natural theoretical extension to three-dimensional classical models. However, the
algorithm in three dimensions has limited apphcations as the size of matrices
arising from tensor contractions is very large, even for the smallest renormahsation dimensions.
To date the most innovative and significant application of CTMRG is within
the infinite ])roj(^cted entangled-pair states (iPEPS) algorithm of Orus and Vidal,
which was designed to simulate infinite inhomogeneous planar quantum systems.
As presented in chapter 5, the iPEPS algorithm is derived from the PEPS algorithm by Verstraete and Cirac for simulating finite homogeneous two-dimensional
quantum systems, on the basis of a variation method with respect to the class
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of variational states called PEPS. A PEPS is effectively the two-dimensional extension of the familiar matrix product state, but its structure can be generalised
to any number of dimensions and lattice geometry provided there is a sufficiently
high degree of entanglement between adjacent spin systems within the bulk. The
algorithm itself is based on the principle that the functional to be optimised can
be achieved by performing site-by-site optimisation, which amounts to optimising
each tensor (or basic unit of tensors) constituting the iPEPS one-by-one. This
requires an efficient procedure for updating environments. We showed that this is
possible by first approximating it using a product of CTMs, half-row transfer matrices, and half column transfer matrices, and then updating this approximation
using a variant of CTMRG called directional-CTMRG. It was found that using
a CTMRG based algorithm to calculate environments significantly improves the
accuracy of the iPEPS algorithm for describing the ground state near criticality,
compared to the original transfer matrix based method, provided that two conditions are satisfied: 1. the bond dimension is very large; and 2. the spin systems
are highly correlated. Away from the critical point, however, both the CTMRG
based approach and transfer matrix based approach give similarly accurate results.

Numerical methods based on on the PEPS scheme to simulate two-dimensional
quantum systems represents frontier research within computational physics. Improving the original iPEPS algorithm by replacing the transfer matrix based optimisation method with a directional-CTMRG method represents only one possibility. Whether further improvements in efficiency and accuracy can be achieved is
an open problem. The CTMRG method also presents further avenues of research.
Though it is arguably the most efficient method for i)erforming numerics on twodimensional classical systems, it has had very little success for series. Hence it
is still an open question whether the method can be made amenable to series.
Yet a further avenue for research is the application of CTMRG to the class of
problems arising from SAWs. A specific problem concerns using the method to

verify the conjecture that SLEs/3 exactly describes the SAW in the continuum
hmit. Finally, it is still worthwhile to investigate whether a general hut efficient
iterative method can be found to numerically solve Baxter's CTM variational
equations. If so, then its potential numerical power of more than thirty years ago
will have been realised.
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Appendix A
The variational principle
Theorem A . l . Let Y be an n x n real symmetric matrix with maximum eigenvalue Ai- Then
Ai =

max

max

,„ ,

(A.l)

and the vector ip that maximises the functional is the eigenvector of V corresponding to \i.
Proof

Following Wilkinson in [58, pp. 98-9], we want to calculate the maximum

value of ip'^'Yip subject to the constraint V'^V = 1- It suffices to prove the first
equality, as the second equality follows immediately by inspection. To see that
the first equality holds, observe that since V is a real symmetric matrix, there is
an orthonormal matrix O that diagonalises V
0 ^ 1 / 0 = diag(Ai,A2,...,A„),
where Ai,A2,...,A„ are its n real eigenvalues.
{yi,...,y„)

(A.2)

Introduce new variables cf) =

defined by
(A.3)

^P = Ocf).
Substituting (A.3) into the argument of the middle term of (A.l) gives
n

= fO^WOcj> = <^^diag(Ai, A2, ..., X M = ^ \ y l
i=\

(A.4)
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subject to the constraint
i=l
So we are now interested in maximising

^iVf subject to the constraint

To do this, arrange the eigenvahies of V in non-decreasing order:
Ai > A2 > ... > A„.

(A.6)

i ^ ^ y f < X i f ^ yf =
i=l
i=l

(A.7)

Then

by (A.5) and (A.6). The first equahty therefore follows. Moreover, the corresponding maximising vector is the n-dimensional unit vector (p = (1,0, ...,0).
Substituting this result into (A.3) shows that the maximising vector tp in (A.l)
is given by the first column of O, which is the eigenvector of V corresponding to
Ai.

•
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