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A bstract
The term LCS (Longest Common Sub-sequence) is almost universally used to indicate
some aspect or attribute related to a field of study more correctly described as maximal
length common sub-sequences. Many aspects of LCS problems have been studied since
1980 and even before that date, yet mathematical formulae for, and accurate numerical
values of the Chvätal-Sankoff constants remain unknown. Chvätal-Sankoff constants are
a pivotal concept of LCS theory.
This thesis consists of two parts. In Part I, the characteristics of statistical distribu
tions associated with the LCS problem are studied. Particular emphasis is directed at
accurate determination of the Chvätal-Sankoff constant. The study concentrates on re
formulation of the governing equations and on the computation of near exact solutions.
Our novel approach is based on determination of limited-band width LCS distributions,
formulated as Markov processes. From these distributions, extrapolated estimates of the
Chvätal-Sankoff constant follows from the precise determination of similar constants for
bandwidth-limited distributions.
In Part II, new algorithms and methods for estimating phylogenetic distance matrices,
for protein molecules, from the categorical spectra of the molecular amino acid sequences
are presented. These new methods, based on simple extensions of established categori
cal sequence spectral theory, have been applied to deduce phylogenetic tree structures.
Examples of sets of mammalian cytochrome-b and NU4M (NADII-Ubiquinone oxidoreductase) sequences are compared against similar trees produced by other methods. It is
shown that the spectral-envelopes associated with the methods deployed here are very
similar to Stoffer et al spectral-envelopes but computation using the present methods
are simpler and more direct.

vii

C ontents
1

In trodu ction

1

1.1

Part I .................................................................................................................

1

1.2

Part I I ..................................................................................................................

2

1

LC S: L o n g e st C o m m o n S u b -s e q u e n c e

5

2

C haracter Strings,
C om m on Sub-sequences and
C haracter C oincidence-m aps

7

2.1

Introduction........................................................................................................

7

2.1.1

Naive definition......................................................................................

7

2.1.2

Common sub-sequences.......................................................................

8

2.1.3

Symmetry and other operations..........................................................

9

2.1.4

Formal definition...................................................................................

9

Character coincidence m a p s .............................................................................

10

2.2

3

2.2.1

Boolean n o ta tio n ....................................................................................... 10

2.2.2

Character coincidence ta b le a u .............................................................

2.2.3

Properties of the character coincidence t a b l e a u ...................................11

10

2.3

Bandwidth limiting or mth order approxim ation...........................................

2.4

The Chvätal-Sankoff c o n s ta n t..............................................................................15

2.5

Comments on previous w o rk .............................................................................

16

2.6

Contextual perspective......................................................................................

17

13

U nbiased, T w o-letter A lp h abet

19

3.1

P relim in aries.....................................................................................................

19

3.2

Characteristics of LCS distributions

3.3

Generating fu n ctio n s.............................................................................................26

................................................................. 20

3.3.1 Generalized Chvätal-Sankoff c o n s ta n ts ................................................... 26
IX

CONTENTS

X

3.4

Constraints imposed on r by binary system s.....................................................27

3.5

Markov process fo rm u latio n ................................................................................ 28
3.5.1

3.6

Higher order approximations................................................................................ 35
3.6.1

3.7

4

Properties of the Q adjacency matrices

...............................................36

Graph contraction r e v is ite d ................................................................................ 36
3.7.1

3.8

First-order, m = 1 approxim ation........................................................... 28

Algebraic interpretation of co n tractio n ..................................................39

Contextual perspective..........................................................................................40

A ccurate E stim ation o f th e C hvätal-Sankoff C onstant

43

4.1

Accelerated series summation approach.............................................................. 43

4.2

Direct generating-function approach

4.3

The trace approach................................................................................................ 45

4.4

................................................................. 43

4.3.1

Evaluation of the numerator and denominator of equation (4.5) . . 45

4.3.2

Trace method calculations....................................................................... 46

The Eigen approach

.............................................................................................46

4.4.1

Estimation of the Chvätal-Sankoff c o n s ta n t.........................................48

4.4.2

Comments

................................................................................................ 50

4.5 Higher order m o m e n ts ..........................................................................................50
4.6
5

B iased T w o-letter A lp h ab et

5.1

6

Contextual perspective..........................................................................................51
53

Character probability............................................................................................. 53
5.1.1

Node exit probability.................................................................................53

5.1.2

The microbe-algorithm e x te n d e d ........................................................... 54

5.1.3

Extended graph-contraction.................................................................... 56

5.2

Generating function re c u rre n c e ...........................................................................58

5.3

Biased m = 1 Chvätal-Sankoff constant.............................................................. 58

LCS T h eory for Four-letter A lp h ab et Strin gs

61

6.1

Base-pair nomenclature

....................................................................................... 61

6.2

Triads of r values................................................................................................... 61

6.3

Graph contraction

6.4

Higher order approximations

................................................................................................ 62
64

CONTENTS

XI

II T h e A p p lica tio n o f S p ectra l E n v elo p es to D e ter m in e S tru ctu ra l
F eatu res o f P r o te in s
67
7 Introduction to Protein Sequence and Structure

69

7.1

Introduction........................................................................................................ 69

7.2

From DNA to protein

7.3

The genetic c o d e ................................................................................................... 70

7.4

Amino-acids: the building b lo c k s ....................................................................... 72

7.5

Levels of protein s tru c tu re ....................................................................................74
7.5.1

..........................................................................................70

Preferred secondary structures

8 Spectral Envelope Theory

.............................................................. 77
81

8.1

Introduction........................................................................................................ 81

8.2

Vector n o ta tio n ...................................................................................................... 81

8.3

Spectral analysis of categorical tim e-series.................................................... 82

8.4

8.3.1

Symbolic sequence periodicities revealed bycategorization..................82

8.3.2

Spectral m e th o d s.......................................................................................83

Least-squares a lg o rith m .......................................................................................84
8.4.1

8.5

Harmonic characteristics of the least-squares spectralalgorithm . . 85

Formal theory of categorical spectral e n v e lo p e s...............................................87
8.5.1

Preliminary definitions..............................................................................87

8.5.2

Complex categorical spectral e n v e lo p e ..................................................89

8.5.3

Scalar categorical spectral envelope........................................................ 89

8.6

Stoffer et al categorical spectral envelope........................................................... 90

8.7

Features of the three types of spectral e n v e lo p e ...............................................92

8.8

Multi-segment s e q u e n c e .......................................................................................94

8.9

8.8.1

Punctuated sequences and
the interpretation of categorical s p e c t r a ...............................................94

8.8.2

Additional gap notation ( a . b ) ................................................................. 97

8.8.3

Determination of optimal gap sizes in amulti-segmentsequence . . 97

8.8.4

Punctuated myoglobin seq u en ces........................................................... 98

Recapitulation

...................................................................................................... 99

8.10 Background p o i n t s .............................................................................................. 100

xii

9

CONTENTS

P ro p erties o f Spectral E nvelopes

9.1

103

Aspects of categorical s p e c tr a ............................................................................103
9.1.1

The spectral envelope Q(u)

9.1.2

A conservation identity for categorical sp e c tra ....................................103

9.1.3

Stability ranges for spatial frequency...................................................104

9.1.4

Branches of the scalar spectrum ............................................................ 104

9.1.5

Scalar versus complex s p e c tra ............................................................... 106

9.1.6

Theory e x te n s io n s ..................................................................................106

............................................................... 103

10 S eq u en ce A lign m en t and Separation M easures

109

10.1 Introduction.......................................................................................................... 109
10.2 Categorical-spectra similarity m easures............................................................ 110
10.2.1 Relationship to other m e a s u re s ............................................................ 114
10.3 Tree-reconstruction.............................................................................................. 115
10.3.1 Cytochrome-b...........................................................................................115
10.3.2 NADH-ubiquinone oxidoreductase(N U 4 M )........................................ 118
10.4 Conclusion............................................................................................................. 120
A A ck now ledgem en ts

121

B D erivation o f th e M aster E quations

123

B.l Character coincidence tableaux v a ria tio n s ...................................................... 123
B.2 The master equations

........................................................................................ 124

C M olecu lar Sequences

127

D A lgeb raic Id en tities

131

D .l Summation fo rm u lae........................................................................................... 131
B ib liograp h y

133

List of Figures
2.1

A character-string of length ten, comprised of characters from an alphabet
of three letters; namely blue, green and yellow circles....................................

7

2.2

Two character strings. The upper string is the same as the string in Figure 2.1. .

8

2.3

The two strings of Figure 2.2 with a partial one to one mapping that links letters
of the same type in both strings.............................................................................

8

2.4

An 8x8 character coincidence tableau....................................................................

11

2.5

A simplified character-coincidence tableau. True-cells are shaded green
and termination-cells are dark blue. Possible common sub-sequences are
represented by connected chains of red arrows. Maximal length common
sub-sequences must end on a termination-cell but not all chains that reach
a termination cell have maximal length............................................................ 13

2.6

Example of a first-order, band-width limited, common sub-sequence iden
tification for a pair of character strings drawn from a four-letter alphabet.

14

2.7

Character-coincidence tableau for a pair of binary strings of length n = 8.
The b = 4 value of cell (8, 8) establishes that the maximal common sub
sequence length for this pair is 4........................................................................14

3.1

A systematic enumeration of binary string-pairs of length 4 with the max
imal common sub-sequence length for the m = 0, m = 1 and m — 2
approximations in parenthesis below each pair. The table is the complete
half-universe of configurations. Figure 3.2 summarizes these results. En
tries in each triplet of maximal common sub-sequence lengths is colour
coded as red for the first increase in LCS with increasing m and blue for
a second increase. Note that there is only one entry where the m = 1 and
m = 2 results differ.............................................................................................. 21

3.2

Concise summary of the half-universe of LCS data of Figure 3.1..................23

3.3

Graphical representation of normalized, exact LCS distributions with sim
ple spline interpolation between the data points. (Note that there are re
gions where the spline interpolation is negative. This is a simple artifact
of the elementary spline used.) The horizontal axis is normalized LCS
length and the vertical axis is LCS frequency.................................................. 24
xiii

LIST OF FIGURES

X IV

3.4

Graphical representation of LCS frequency distributions for m = 1 and
m = 2 approximations. The distributions are the discrete points. The
spline interpolation between the data points reveals some of the the nature
of distribution dependence on string-pair length.............................................25

3.5

LCS distributions of the first six orders of approximation with constant
string-pair length n — 50.....................................................................................26

3.6

A rectangular binary array where pairs of rows (columns) are either the
same or else one row (column) is the binary complement of the other. . . .

27

3.7

A systematic, quaternary branching, binary-string pair evolution tree.
String-pair length increases by one with each level of descent into the
tree. Maximal common sub-sequence length for each string-pair is shown
at the top of each node. The coloured edges indicate either a unit in
crease in LCS length between connected nodes (red) or else a stationary
connection (blue). The distribution of LCS scores is the distribution of
LCS values across any row of the tree. In terms of the microbe algorithm,
with each cloning event, microbes descend one level into the tree and at
any stage there is one microbe per node at that level and no microbes
elsewhere............................................................................................................... 29

3.8

The raw, m = 1 evolution graph........................................................................31

3.9

Contracted version of the m — 1 evolution graph. node_ 1 is the same for
the raw and contracted graph. node_6 of the raw graph maps to node_3.
The other nodes coalesce into node 2..............................................................32

3.10 An example of a four-way overlap. Obviously, the two central green nodes
have the same characteristic distribution, so the graph can be pruned by
removing one of the central green nodes (say light green) and re-linking
the edges incident on that node (lighter links), onto the other node............39
3.11 Two other overlap configurations that could lead to graph pruning and a
reduction in the dimension of the adjacency matrix....................................... 40
3.12 Examples of sub-graphs from the raw m = 2 evolution graph. This dia
gram was prepared as part of an extensive study of the m — 2 evolution
graph which is not reported here. As such, the notation is not explained.
The diagram is included here to illustrate the intricate connectivity of the
high-order evolution graphs................................................................................ 42
4.1

Minimum least-squares residual polynomial plots of highly accurate a m
values against 1/m. The ordinate intercept value estimates a ..................... 44

4.2

The extrapolation functions £2 (x) (above) and £3 (x) (below). Note that
£3(1) is a better estimate than £2(1) to the known value of 7/10. For
each case, the a, b and c parameters are chosen for an exact fit to the
m = 5, 6 and 7 data............................................................................................. 49

5.1

Contracted graph for biased, m = 1 two-letter, LCS evolution.
The graph is invariant under p
q interchange, apart from the identifi
cation of node 3a and node 36........................................................................57

LIST OF FIGURES

xv

5.2 m = 1 biased LCS distributions..............................................................................59
6.1

Three tableaux with (100) r vectors. The first two have Tn^n = 0 and
hence apply to even numbered nodes. The third example is applicable to
odd numbered nodes............................................................................................... 62

6.2

Complete m — 1, four character alphabet evolution graph. Edges are
labeled with (rn>n+i rn+iiTl Tn+gn+i) vectors followed by the multiplicity
count in brackets ()................................................................................................. 63

6.3

Version of the Figure 6.2 without individual vector designations..................... 63

6.4

Contracted forms of the Figure 6.3....................................................................... 64

6.5

LCS distributions for m = 1, unbiased, four-letter alphabet.............................. 65

6.6

LCS distributions for m = 2, unbiased, four-letter alphabet.............................. 65

7.1

Base pairing in DNA: there are three hydrogen bonds in a G — C base
pair, while between an A —T base pair there are only two hydrogen bonds.

71

7.2

The central dogma of molecular biology. The flow of information in the
cell from DNA to protein........................................................................................71

7.3

Genetic code. Genetic information is encoded in mRNA in three letter
units, codon, made up of the bases Uracil (U), Cytosine (C), Adenine (A)
and Guanine (G). The codons specify a particular amino-acid..................... 72

7.4

General structure of amino-acids consisting of amino-group (N H 2 ), a hy
drogen (H), carboxyl-group (O = C —OH) and the side chain (R) which
determines the general differences among them.................................................. 73

7.5

Amino-acids link together with a { C —N) peptide bond loosing water
in process. The sequence of carbon and nitrogen atoms represents the
backbone of the protein...........................................................................................74

7.6

The twenty amino-acids grouped according to the character of their side
chain or R group...................................................................................................... 75

7.7

Summary of the 3D arrangement of proteins, (a) Primary structure is the
sequence of a chain of amino-acids, (b) Secondary structure occurs when
the sequence of amino-acids are linked by hydrogen bonds, (c) Tertiary
structure occurs when certain attractions are present between ce-helices
and /3-sheets, (d) Quaternary structure is a protein consisting of more
than one amino-acid chain...................................................................................... 76

7.8

The spiral structure (a-helix) which forms most of the polypeptide molecules,
the building units of the proteins.......................................................................78

7.9

Helical wheel projection of 18 residues. Basic residues are shown in blue,
acidic residues in pink, unchanged in green and hydrophobic residues in
red. The figure represents a helix receding into the page, so circle radius
diminishes with distance from the viewer.............................................................78

7.10 A /3-sheet containing four parallel strands is drawn schematically. Hydro
gen bonds are indicated with red dotted lines connecting the hydrogen
and receptor oxygen................................................................................................ 80

LIST OF FIGURES

XVI

7.11 A /3-sheet containing four anti-parallel strands is drawn schematically. Hy
drogen bonds are indicated with red dotted lines connecting the hydrogen
and receptor oxygen.............................................................................................80
8.1

Left panel: An a-helix backbone. The intra-backbone bonds are shown
in red. Residue binding sites are labeled Ca.
Right panel: Cartoon depiction of a sperm-whale myoglobin molecule
(P02185) highlighting hydrophylic (blue) and hydrophobic (white) regions
is produced using UCSF Chimera visualization tool [1] and lG5I.pdb
molecular structure file........................................................................................83

8.2

Spectral envelopes for human, slow-loris, chicken and sperm-whale myo
globin sequences: P02144, P02167, P02197 and P02185 respectively. These
spectra are introduced at this time to illustrate the nature and properties
of scalar spectral envelopes. As well as the upper envelope trace, traces
for (f) = 0, 7r/4, 7t/2 and 37r/4 are also shown coloured red, green, cyan and
magenta respectively. Note that the envelope is borne by different phases
at various frequencies and that the phase components contributing gross
features of the envelope differ between species. Some of the biochemical
structural detail revealed by these spectra is discussed in sub-section 8.8.
It should be stressed that although categorical spectra are sensitive to the
secondary and tertiary protein structure etc, such spectra are not used
in the present context to predict structural features. Note also for later
discussion, the relatively calm features of the sperm-whale spectrum in
the region of spatial frequency 0.2777...............................................................

85

8.3

Spectral envelopes of two highly periodic test-data sequences...................... 86

8.4

Example of confounded square-wave test data.................................................87

8.5

Complex spectra corresponding to the scalar spectra of Figure 8.2. While
the scalar and complex spectra do have some common features, it is not
expected that there should be any close resemblance. The object to con
trast spectra of the same type for different molecular sequences. A hybrid
algorithm that uses both the scalar and complex algorithms with varying
weights determined by aspects of the local molecular structure is appeal
ing. This extension is not pursued here............................................................ 93

8.6

Stoffer et al spectral envelope for sperm-whale myoglobin.............................93

8.7

Cartoon depictions of the rotor portion of the ATP-synthase molecule and
an inner and outer pair from the ATP-synthase rotor....................................95

8.8

Complex spectra of the four ATP-Synthase sequences of Table 8.4. Note
that the vertical scales are not all the same and that the peaks in the
vicinity of 0.2 in the lower two panels are larger than the corresponding
peaks in the upper panels................................................................................... 96

8.9

The ATP-Synthase outer helix spectrum with optimal gap to resolve the
convolution imposed by tertiary structure........................................................98

LIST OF FIGURES

xvii

8.10 Raw and punctuated complex categorical spectra of sperm-whale myo
globin sequence of Table 8.5. In the punctuated spectrum, central peak is
enhanced and the sideband peaks are diminished........................................... 99
9.1

Spectral envelopes of uniformly distributed random data. The increase
in inherent noise close to the u> = 0 and lj = 0.5 break-point spatial
frequencies is clearly evident.............................................................................. 105

9.2

Upper and lower (best and worst) scalar envelopes of the chicken myo
globin spectrum. The multi-branch nature of spectral envelopes is obvious
but this aspect of the theory will not be considered further for the moment. 106

10.1 Spectral envelopes of beta-chain hemoglobin sequences from four related
primate species. In the style of Figure 8.2, four fixed-phase traces are in
cluded along with the envelope curve. The two left-hand side examples are
of old-world primates and the right-hand panels are new-world primates.
Overall spectral similarities are evident as well as new versus old-world
differentiating features.........................................................................................I l l
10.2 Two strands of Human NADH-ubiquinone oxidoreductase molecule (P03905).
The diagram was produced with the Chimera visualization package and
the lS30.pdb molecular structure file. Contrast this molecule, being com
posed mostly of /3-strands and two short a —helices, against the cytochromeb molecule of Figure 10.5....................................................................................112
10.3 Distance matrix correlation. For each case, the entries of the upper (or
lower) triangle of the appropriate distance matrix are re-scaled to make the
largest entry 1.0. A notable feature is the minimal scatter for JTT/PAM
(lower, right), suggesting that these two measures should return very sim
ilar results, yet they are consistently well separated by weighted leastsquares scores. Further details are in section 10.2.1....................................... 113
10.4 Two phylogenetic trees (upper) constructed from distance data generated
by Phylip/Categories and ScoreDist estimators with BIONJ tree construc
tor, and two trees (lower) generated by BIONJ and GNJ constructors from
complex, spectral distance estimates. This test case was chosen because of
ambiguous results for rodents, particularly Guinea pig have been reported
for this and similar mitochondrial proteins. Leaves of rodents apart from
Guinea pig, are coloured pink............................................................................ 117
10.5 Depiction of the C chain of Bovine Cytochrome-b. Although cytochromeb was first chosen as a test molecule because of ambiguous findings con
cerning rodent phylogeny, it is also an excellent example of a long, helixdominated molecule. There are two small /3-sheets close to the right-hand
edge of the diagram............................................................................................. 118
10.6 Phylogenetic trees constructed from the NU4M sequences listed in Table
C.2. As with the Cytochrome-b case, the position of the rodents is not
constant. The Pig is also inclined to wander. The JTT/FasrM E tree
reverses the N-Lemur and S-Lemur order

119

xviii

LIST OF FIGURES

B.l A variation of character coincidence tableau presentation where the False
j xy and kx,y values are denoted by shaded cell edges.....................................123
B.2 The m = 2 restricted bandwidth version of the Figure B.l tableau............. 124

List of Tables
3.1

Frequencies of LCS length for the half-universe of binary string-pairs of
length 4, presented in Figure 3.1....................................................................... 20

3.2

Tables of the distribution of LCS lengths for half-universe binary stringpairs of length n. From top to bottom, the tables are for m = 1, m = 2
and nn — 3 approximations and exact distribution......................................... 22

3.3

State transitions derived from the master equations for the m = 1
approximation.The + sign indicates score increasing transitions (5 = 1 ) . .

31

3.4

Tables of characteristic node distributions for the m = 1 contracted evo
lution graph. Clockwise, the tables are for node_ 1, node_2 and node_3
as the initial node................................................................................................ 38

3.5

Comparison of the two graph-contraction algorithms. The total number
of nodes in the universe, including forbidden nodes is 24m_1. The number
of nodes after a transpose-guided construction phase forms the second row
of the table. The missing entry was not obtained because of excessive
computation required.............................................................................................. 40

4.1

Values computed for bandwidth-limited Chvätal-Sankoff constants via
equation (4.9).......................................................................................................... 48

4.2

Estimates of a derived by extrapolation of the results presented in Table
4.1.............................................................................................................................. 50

5.1

Partial character-coincidence tableaux for m = 1, biased letter-frequency,
binary-string comparisons. The (rn+ iin, rn,n+1 ) pair and the probability
of drawing the letter extension pair is shown for each tableau......................54

5.2

Extended m = 1 state transition table. States are written as x , j k r .
The + sign indicates score increasing transitions. The probability of the
transition is shown after the destination state...................................................55

8.1

Amino-acid index..................................................................................................... 88

8.2

The functions Yj (t) indicate the positions of the letters A, C, D and E
respectively. There cannot be more than one entry of 1 in any column of
the table.................................................................................................................... 88

8.3

Inner (helix 1) and outer (helices 2 and 3) ATP-Synthase helices of chains
A and B taken from the lC17.pdb structure file.................................................96
xix

LIST OF TABLES

XX

8.4

Amino-acid sequences of ATP-synthase outer helices.........................................96

8.5

Punctuated sperm-whale myoglobin sequence in extended fasta format. . . 99

10.1 Weighted least-squares fit results returned from trees determined by the
distance and tree-reconstruction algorithms listed, applied to the mito
chondrial cytochrome-b sequences of the taxa from Table CM; further de
tails in section 10.2.1............................................................................................. 114
C.l

Cytochrome-b sequence identification................................................................ 128

C.2

NU4M sequence identification...........................................................................129

C h ap ter 1

Introduction
This work is divided into two distinct parts with the connecting thread
being that both parts are concerned with topics occupying a place on the
broad canvas that is molecular-sequence based phylogenetic analysis. In the
first part, aspects of the Longest Common Sub-sequence (LCS) problem are
studied. The second part is devoted to a categorical time-series approach
to the use of spectral-envelopes for detection of structural features of pro
teins and for the development of measures of similarity between pairs of
protein amino-acid sequences. The connection with the first part is that
since sequence similarity is also estimated by LCS methods, it is helpful
to understand the LCS characteristics of random string pairs.

1.1

P art I

Characteristics of statistical distributions associated with the LCS problem are discussed.
Particular emphasis is directed at accurate determination of the value of the ChvätalSankoff constant. As distinct from many previous studies, the present effort concentrates
on re-formulation of the governing equations and on the computation of near exact
solutions. The introduction of stochastic variation, inherent in all simulation studies
and a feature of much of the earlier work, is avoided. Determination of limited-band
width LCS distributions, formulated as Markov processes appears to be novel, as are the
extrapolated estimates of the Chvätal-Sankoff constant, from precise determination of
similar constants for bandwidth-limited distributions. The work is based firmly on the
foundation laid by Hilary S. Booth and her colleagues (S.F. MacNamara, O.M. Nielsen
and S.R. Wilson) as reported in [11].
Chapter 2 is the first chapter of Part I. It begins with an easy paced introduction to the
concepts of character strings, common sub-sequences and character coincidence maps.
A feature of subsequent analysis is the use of Boolean variables and algebra, so Boolean
notation is introduced at this point. Character coincidence tableaux are introduced. A
character coincidence tableau may be associated with any pair of character strings and
in our case, tableaux cells are comprised of both Boolean and integer quantities. A
fundamental theorem that relates sub-sequence maximal length for all sub-string pairs,
to tableau cell entries is stated and proved. Next, the concept of bandwidth-limited
1
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LCS is defined. A set of Master-equations, relating tableau-cell Boolean quantities, for
all possible bandwidths, applicable of specific, nested (bordered) sub-tableaux is given.
The proof is sketched in Appendix B. These equations are the basis of the remainder
of Part I and are believed to be unique to this work. The chapter concludes with a
discussion of the Chvätal-Sankoff constant and some historical notes.
The Master-equations enable bandwidth-limited LCS distributions, for all possible char
acter string pairs of unlimited length, to be described in terms of a Markov process
defined on a finite graph. This is an improvement over the alternative of formulating the
problem in terms of an unbounded n-ary tree. In Chapters 3, 5 and 6, three cases with
increasing complexity are considered in detail. They are:
1. Character-string pairs composed of symbols drawn from a two letter alphabet with
both letters being equally likely throughout both strings.
2. As for case 1 but with one symbol having probability of occurrence p (the other
q = 1 —p) throughout both strings.
3. Character-string pairs consisting of symbols drawn from a four-letter alphabet, each
symbol having an individual probability of occurrence, which is uniform throughout
both strings.
Because of the exact formulation of the problem, it is possible to compute LCS dis
tribution moments and hence the Chvätal-Sankoff constant to high accuracy. For the
case of equally probable letters from a binary alphabet (case 1), extrapolations lead
to an estimate of the Chvätal-Sankoff constant that is slightly above values reported
by other workers. Further work (in hand) should confirm this finding. This investi
gation is described in Chapter 4, where formulae are derived that compute bandwidth
limited Chvätal-Sankoff constants from the connectivity matrices of the relevant finite
evolutionary graph.

1.2

P art II

Chapter 7, the first chapter of Part II is a short survey of proteins, protein structure
and amino-acid sequences. No new findings are reported in this chapter but the material
included there is assumed to be common knowledge in the following chapters.
The remaining chapters are devoted to the application of categorical spectral-theory,
to the classification of protein amino-acid sequences and to the introduction of a new
spectral, protein-similarity measure, applicable to molecular phylogenetic analysis. The
inspiration for this part of the study comes directly from a series of recent articles by
David S. Stoffer and others ([12], [13], [14]). In these studies, the authors described a
general framework for the frequency domain analysis of categorical time-series that they
refer to as the spectral envelope method.
Two new spectral-envelopes are defined in Chapter 8. They are similar to the spectralenvelope of Stoffer et al but require significantly less computation. An alternative deriva
tion of the Stoffer et al spectral-envelope is also presented. The new formulation also
requires less computation. These envelope methods were tested using some well known
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protein sequences but usually they gave disappointing results. The explanation is not
a defect in the method but due to a natural lack of phase coherent contributions from
disparate sections of the target molecule. As such, the observation should be viewed
as a triumph rather than a defect of the method and the phase coherence conjecture is
validated via the introduction of punctuated sequences.
The next chapter (Chapter 9) covers a few aspects of categorical spectra that did not
emerge from the presentation in Chapter 8.
Since spectral-envelope methods are sensitive to long-range structure of the molecule,
they provide additional information for the assessment of molecular similarity. This lead
to the proposal of a spectral similarity (distance) measure that has unique features that
complement the existing distance, likelihood and complexity based methods. (Many cur
rently employed phylogenetic analysis techniques rely on an evolutionary model based on
temporal rates of residue substitution.) Chapter 10 reports a study of phylogenetic pre
diction by means of symbolic, categorical spectral techniques applied to multiple pairs of
protein amino-acid sequences. At best, such methods could bypass the need for sequence
alignment and weighting schemes such as PAM [15] and BLOSUM [16]. Some progress
has been made with auto and cross-correlation of protein symbolic spectra as an alterna
tive to conventional alignment and there is no place for residue substitution weights in
the present theory. The symbolic method has a superficial resemblance to other spectral
methods that map a protein residue sequence onto a numerical sequence via a selected
table of physicochemical properties, such as residue electropositivity, hydrophobicity etc.
While such parameters play a dominant role in the prediction of protein structure, our
spectral method presumes that sufficient molecular primary, secondary, tertiary and qua
ternary structure is revealed by symbolic spectra to facilitate a reliable protein difference
estimator. Limited testing of this assumption is presented in the final chapter (Chapter
10).

4
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P art I

LCS: Longest Common
Sub-sequence

C h ap ter 2

C haracter Strings,
Common Sub-sequences and
C haracter Coincidence-maps
Character strings and character sub-sequences are introduced. Character
coincidence maps are defined and a fundamental theorem is stated that re
lates maximal sub-sequence length to a feature of the character coincidence
map. Bandwidth-lirnited common sub-sequences are introduced and a sec
ond theorem is given that enables efficient calculation of the distribution
of bandwidth-limited, maximal, common, sub-sequence lengths. ChvdtalSankoff constants are discussed.

2.1

In tro d u ctio n

We are concerned with the statistical distribution of the length of maximal-length sub
sequences drawn from a universe of pairs of ordered character strings of finite length.
First, it is necessary to define character-strings, common sub-sequences and statistical
parameters relevant to the problem.
2.1.1

N a iv e d efin ition

Figure 2.1 - A character-string of length ten, comprised of characters from an alphabet of
three letters; namely blue, green and yellow circles.

A character string is an ordered (indexed) sequence of characters (letters) that belong to
an identified alphabet (set of symbols). Thus, the character string shown in Figure 2.1 is
a sequence of coloured circles ordered say from left to right. If the individual characters
of the sequence are denoted by Oj , 1 < j < 10, then cq is a green circle, cq is a yellow
circle and so on. Also, cq — ^6 —^9, since these letters are three of the yellow circles of
the character string. It is usual to refer to the number of characters in a character string
7
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as the length of the string. Almost always in this work string-length is denoted by the
symbol n. If X is a character string, then the length of X may be written as \X\.
Figure 2.2 presents two character strings of differing lengths composed of letters drawn
from a common alphabet. Note that although the depiction does not show the strings
justified against a left-hand margin, the first, second and third etc character of each
string is obvious. The ordering of both strings must be in the same direction. If one
string is ordered from left to right then the other string must be ordered in the same
direction.

0O0O*OO#O#
OO©O0#OO
F ig u re 2.2

- Two character strings. The upper string is the same as the string in

Figure 2.1.

2 .1 .2

C om m on su b -seq u en ces

•• ••

F igu re 2.3 - The two strings of Figure 2.2 with a partial one to one mapping that
links letters of the same type in both strings.

Figure 2.3 presents a partial one to one mapping between the letters of the upper and
lower strings of Figure 2.2 so as to extract a common sub-sequence. The rules for such
mappings are:
1. Mapping lines (links) connect characters in one string to characters of the same
type (colour) in the opposite string.
2. The mapping lines are confined to the area between the two strings, (i.e. links
leaving upwards from the upper string (downwards, lower), bending around and
passing either past the end of the strings or between string characters, are prohib
ited.)
3. Mapping lines may not cross.
4. Any character may not be connected to more than one mapping line.
These rules ensure that the order relationship between the characters in each string
is preserved in the common sub-sequence. In this instance, the common sub-sequence
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is: green-circle, yellow-circle, blue-circle, yellow-circle; meaning that this sequence of
characters may be found in both strings. Note that adjacent characters of the sub
sequence need not be adjacent in either parent string.
Clearly there is a limit to the length of a common sub-sequence and observe that the sub
sequence shown is not a sub-sequence of maximal length. Figure 2.3 demonstrates how
just one poor map link may frustrate the extraction of a maximal length sub-sequence.
In this case the first green-green link blocks potential yellow-yellow links. Some common
sub-sequences that begin with a yellow-yellow link are longer than the sub-sequence
shown. Subject to a defined ordering for each string, the maximal-length for common
sub-sequence is a characteristic of the character string pair.
2 .1.3

S y m m e try and oth er o p e r a tio n s

Maximal common sub-sequence length is invariant under:
1. Interchange of the upper and lower strings.
2. Reverse ordering of the two strings, (i.e. swapping both strings from left to right.)
3. Any permutation of the letters of the common alphabet.
The last point is particularly relevant when the common alphabet has only two charac
ters; usually denoted as 0 and 1. The only non-trivial permutation is 0 —> 1 and 1 —■>0
and the resulting string is called the complement of the original string.
The characters of a pair of strings, such as in Figure 2.3 may be spaced such that the
mapping lines become vertical. This style of representation is in common use these days
and is referred to as an alignment. The example below of two strings of characters,
drawn from an alphabet of {A, C, G, T} may be a familiar sight to some readers.

A C C A G T

I I

!i

- T G A C C A T G C C T

I

I

ii

ii

- C C T G T C T - A G C A - G C A G
In general, the location of the required additional gaps is not unique, which complicates
the choice for the best alignment. Consideration of the number and compositions of
maximal length common sub-sequences is often relevant to such determinations.
2 .1 .4

Form al d efin ition

Note that removing all non-mapped characters from the strings of Figure 2.3 and then
redrawing the figure would create an alignment. Corchemore et al. [17] give the following
formal definition of a maximal length, common sub-sequence:
“Given a string £ over an alphabet E, a sub-string of £ is any string d that can be obtained
from £ by deleting zero or more (not necessarily consecutive) symbols(characters). The
Longest Common Sub-string (LCS) problem for strings £ =
and 77 =
771 '772^73 ■■■ Vn consists of finding a third string
= C1C2C3
such that
is a
sub-string of both and £ and 77 of maximum possible length.”
£

• • •

G

o

£
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2.2
2.2.1

C h a r a c te r c o in c id e n c e m a p s
B o o le a n n o ta tio n

The full character coincidence tableau contains logical or Boolean variables. Definitions
of required Boolean operators are:
Operation
Inclusive OR
Exclusive OR
And
Negation
Equality
Non —equality

Notation
1
1

©
©
=
*

Sometimes the word equals is used in place of the = symbol and a vinculum (a horizon
tal line drawn above an expression) may be used to denote negation. Boolean variables
are restricted to the values true or false. The Boolean constant true may also be in
dicated by 1 and false by 0. A pedantic distinction is maintained between the logical
constants 1 and 0 and the integers 1 and 0. The Bool (•) function and the [-J bracket-pair
are employed to convert between logical values and integers. Formal definition of these
casting operations is:
Bool(z) = (\z\

0) ;

\true\ = integer 1;

\falseJ = integer 0

Also, the symbol = is often used in logical equations to denote equality, simply to
emphasize that the equation is a logical equation. For example:
T r,y

—

(Ax

—

Yy) <
s>( | x

—

y\ ^ 2)

Thus, TXiy is determined by the conjunction of two propositions: that X x has the same
value as Yy and that the absolute values of the subscripts \x —y\ is less than or equal to
2. Each proposition may be either true or false. Theorems of Boolean algebra may be
applied from time to time to transform logical expressions.
2 .2 .2

C h aracter co in c id e n c e ta b lea u

For reasons that will soon be apparent, it is convenient to designate the upper string of
a character string pair to be the Y string and the lower string to be the X string; having
lengths ny and nx respectively. In terms of characters, the upper string is Yi,
• • • Yny
and similarly A h,X 2 , • • • X Ux represents the lower string.
A common sub-sequence may be specified as an ordered set of subscript pairings:
{a, a ) , (b,ß), (c, 7 ), • • • , (2 , ) , where X a = Ya, X b = Yg, • • • X z = Yu and both the
roman and greek subscript sequences are strictly monotonic (increasing):
a < b < c < ••• < 2 and a < ß < 7 < ••• < u>. In simple terms, the pairings (a, a)
etc are the links depicted in Figure 2.3 and the monotonic condition on the subscript
sequences ensures that all other requirements are satisfied.
cj

The character coincidence tableau is a rectangular array of cells. An example is given in
Figure 2.4. Each cell holds a quartet of variables displayed as:
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Jx,y

Tx , y

b X ,y

k X ,y

where integer x : 1 < x < nx and integer y : 1 < y < n y are the Cartesian coordinates of
the cell. The array of cells is bordered below the X axis by the X —string and bordered
to the left of the Y axis by the Y—string. bx^y is an integer variable, defined beyond the
tableau range by 6Xio — fro.y — fro,o = 0, otherwise bX)V has an algorithmic definition. r Xiy,
jx,y and kx^y are logical variables. They are all defined by:
1. rXjy = (Yy = X x) In words: the character at the left-hand end of this row is the
same as the character at the bottom of this column.
2. If Tx,y is True then frx>y =
3- j x , y

=

4- k X y =

{bx,y =

frx - i , y _ i

+ 1 else bx,y = max(6x_ i;y,

frx ,y - i )

fr x -l,t/)

{bx ,y ----- frx,y—l )

Figure 2.4 is an tableau example with X = CTGGACCT and Y = ACCATGAG.

F ig u re 2 .4 -

2.2.3

An 8x8 character coincidence tableau.

P r o p e r tie s o f th e ch aracter co in c id e n c e ta b lea u

All possible character links are marked by True t values. j x^y is a row plateau indi
cator, in the sense that if j XfV is True then
y has not increased by moving one place
to the right along the y row. Likewise, kx^y is a column plateau indicator. The sets
{frx,y}? {jx,y} and {kx,y} are not independent. Any one of the three sets may be used to
generate the other two sets.
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To reduce verbosity, it is convenient to refer to any cell where r is True as a true
cell and to a tableau without true-cells as a null-tableau. All (x, y) coordinate pairs
of true-cells are potential members of sub-sequences. The mapping-rules or monotonic
subscript sequence requirements above are equivalent to: every common sub-sequence
of the X and Y character strings may be represented as a sequence of true-cells, where
progression from one true-cell to the next is both to the right and upward in the character
coincidence tableau. Figure 2.5 is a simplified character coincidence-tableau where truecells are shaded green or blue and red arrows indicate some possible sub-sequence, true
cell progressions. Note particularly the dark-blue cells. These are termination-cells. A
termination-cell is the final true-cell of a maximal length common sub-sequence.
Any cell (x, y) together with cell (1,1) defines a sub-tableau and implies associated
sub-strings of X and Y. Call this sub-tableau the (x, y) sub-tableau or the sub-tableau
of that cell. Any true-cell may be a termination-cell with respect to some particular
sub-tableau.
It may appear that the definition of bx,y is not unique; that various values for bXtV may
result from different schemes for traversing the tableau. An elementary corollary of the
following important theorem states that such is not the case.
Theorem:
The maximal length for sub-sequences embedded in any given pair of
character strings, is the b value of the cell in the top, right-hand corner of
the associated character coincidence tableau.
Proof:
Let the pair of character strings be A, |A | = nx and Y, |y | = ny. The proof is
by mathematical induction and so begins with a valid configuration. Consider
r the sub-tableau of (x, y) ; 1 < x < nx , 1 < y < ny. T is a non-trivial,
sub-tableau of the X and Y tableau. Assign the b value for each cell of T
to be the maximum common sub-sequence length for that cell’s sub-tableau.
Next, consider that T is bordered with an additional row and column. This
is equivalent to adding the additional characters X x+\ and Yy+ito the X and
Y sub-strings respectively. If X x+\ = Yy+1 then obviously (x + 1, y + 1) is a
true-cell and also a termination-cell of the augmented T tableau and
i,y+i =
IT bXiy. If (x + 1, y A 1) is not a true-cell, it may still be the case that 6X+i,y+i =
1 T 5x,y: if there is a true-cell in the augmented row, to the right of any of
the termination-cells of T; or if there is a true-cell in the augmented column,
above any of the termination-cells of F; or if there is a true-cell anywhere in
the added row and/or column and T is a null-tableau. Otherwise bx+i,y+i —
6Xjy. The theorem follows by applying similar considerations to each cell of
the additional row and column, beginning with the axis cells, to establish that
bx + ] : y + 1 = max(5x+i5y, 5x,y+i) whenever (x + 1, y + 1) is not a true-cell. Thus
the theorem holds for the augmented T, provided it is true for T. Lastly, it is
obviously true for a single cell tableau, so the induction proof is complete.
An effective, non-recursive algorithm to compute the maximal common sub-sequence
length for pairs of character strings follows directly from this theorem. Compared against
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T
C
T
A
G
A
C
A C G A C G A T G
Figure 2.5 - A simplified character-coincidence tableau. True-cells are shaded green
and termination-cells axe dark blue. Possible common sub-sequences are represented by
connected chains of red arrows. Maximal length common sub-sequences must end on a
termination-cell but not all chains that reach a termination cell have maximal length.

some of the published algorithms for the same purpose, based on sub-additive relation
ships and dynamic programs, the character coincidence tableau method offers consider
ably improved computational efficiency and overall simplification.

2.3

B an d w idth lim iting or m th order approxim ation

A brief examination of cases similar to Figure 2.5 suggests that the true-cells of a max
imal length sub-sequence cannot stray too far from the main diagonal of the character
coincidence tableau. In turn, this leads to a notion of defining new (approximating)
problems where the scope for character-character links is restricted. More precisely: for
an mth order approximation, r is redefined as
rx,y = {Xx = Yy) <8>(|x - y \ < r n )

(2.1)

In terms of depictions such as justified strings similar to Figure 2.3, the m = 1 approx
imation limits mapping-links either to the character opposite or to characters adjacent
to the opposing character. The m = 2 approximation allows mapping-links to range
two places either side of the opposing character and so on. For the character coinci
dence tableau, the m = 1 approximation, true-cells that may be included in a common
sub-sequence are restricted to be either on the main diagonal or on the first upper and
lower sub-diagonal of the tableau. The m — 2 approximation allows two upper and lower
sub-diagonals. Figures 2.6 and 2.7 below are examples of an m = 1 approximation and
a four-letter alphabet and an m = 2 approximation from a two-letter alphabet.

14
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T C G T C C A T A G T

\

/ /

I /

/

A T T C G G A A C T A
Figure 2.6 - Example of a first-order, band-width limited, common sub-sequence identifi
cation for a pair of character strings drawn from a four-letter alphabet.

Figure 2.7 is a character coincidence map for two strings of length eight, comprised of
symbols from a two-letter alphabet. Under an m = 2 approximation, true-cells are
restricted to the shaded, central, diagonal region and the b values have been computed
according to equation (2.1) with m = 2. The central diagonal region is a band and hence
the alternative terminology of bandwidth-limited. The bandwidth is 2m +1 and although
asymmetric bands are possible, they are not considered here. Most of the properties for
common sub-sequences and character coincidence tableaux carry over to the bandwidthlimited case. The exception being the reverse ordering symmetry invariance feature
mentioned in subsection 2.1.3. Additional conditions must be added to this property, to
cover character strings of unequal length. Strings of equal length is the usual case for
theoretical investigations, though in biological applications, it is seldom the case.

F igure 2.7 - Character-coincidence tableau for a pair of binary strings of length n = 8.
The 6 = 4 value of cell (8, 8) establishes that the maximal common sub-sequence length for
this pair is 4.

These approximation problems are discussed at length in subsequent chapters. Their
relevance is due to the following fundamental theorem:

2.4. THE CHVÄTAL-SANKOFF CONSTANT
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T heorem

Under the conditions of an m th order approximation the following relations
apply when an nxn tableau is bordered with an additional row and column to
create an (n + l ) x ( n + l ) tableau.

~ j n —m + l , n + l

=

Tn —m + l,n + l || ( ~ j n —m + l , n )

~ k n —m + l , n + l

=

Uz—m + l , n + l ® j n —m + l , n

~ ^ n + l , n —m+1

=

U i + g n —m + 1 || ( ~ ^ n , n —m + l )

~ J n + l , n —m + l

=

U i + l , n —m + l C> /cn ,n —m + l

~

7,n+l

(2 -2 )

— j n —7,n ® (Tji—7,n+l || ( ~ ^ n —7—l,n + l))

~ J n + l,n —7

=

k n , n —7 C (^n +l,n—7 II ( ~ J n + l,n —7—l))

~ & n + l ,n —7

=

J n + l , n —7 —1 ® ( U z + g n —7 II ( ~ ^ n , n —7 ) )

~ j n —7,n+l

=

k n —7—l,n+l ® ("bi—7,71+1 || ( ~ Jra—7,n))

where

0 < 7 < (m —1)

*Sn+l,n+l

=

^n +l,n+l II ( ~ j n + l , n ) II ( ~ ^n,n+l)

~ Jn + l,n + l

=

^n,n+l

~ ^m+l,n+l

=

j n + l , n C) (7n + l,n + l I) ( ~ ^ 7i,7i+ l) )

(2-3)

( tVi + 1,71+1 || ( ~ J n + l,n ))
(2 -4 )

P ro o f

See Appendix B.
The symbol Sx^y in equation (2.4) is defined by:
SX)V = (the maximal common sub-sequence length of the (x, y) sub-tableau is greater
than the maximal common sub-sequence length of the [x —1, y —1) sub-tableau). So,
|"(SX)yJ = bx ^y — bx - \ y-\. The most important case is on the main diagonal. [S'n +i^ n +iJ
is the increase in maximal common sub-sequence length resulting from the bordering
of (n, n) by (n + 1, n + 1). As mentioned above, a single row and column bordering is
equivalent to extending the X and Y character strings, each by one symbol. If the strings
consist of symbols from an alphabet of size 0, then there are 02 possible borderings. In
particular there are four possible borderings for a two-letter alphabet and sixteen possible
borderings for a four-letter alphabet.
In subsequent chapters, equations (2.2, 2.3, 2.4) play the role of master-equations for
an evolutionary Markov process that is the corner-stone for much of this work. They
are also the justification for introducing the j and k variables into character coincidence
tableaux.

2.4

The Chvatal-Sankoff constant

Consider the distribution of maximal sub-sequence length for all possible pairs of char
acter strings of length n, that can be generated with the symbols from a designated
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alphabet. Let // be the mean of this distribution. The Chvätal-Sankoff constant a [18]
is defined as:
a = lim —
n —MX) n
Clearly, a depends on the size of the particular alphabet. Also it should come as no sur
prise that there is such a constant. What is unexpected, is that while the Chvätal-Sankoff
constant was defined over thirty years ago, no closed form expression for the constant
has been discovered. This fact alone provides a considerable intellectual challenge and
has provoked a large number of investigations into the properties of the distributions
just mentioned, as well as numerous attempts to evaluate the elusive constant.
The definition of the Chvätal-Sankoff constant may be generalized to include the band
width limited version of the problem as well as cases where the expectation of the alpha
bet letters are not all equally likely. In practice, the distribution parameters for strings
of finite length are the usual topic of concern; so details of rates of convergence to the
various limits are also relevant.
Despite the variety of Chvätal-Sankoff constants available, it seems to have become
common practice to refer to the constant for a two-letter alphabet with each letter being
equally likely as, the Chvätal-Sankoff constant.

2.5

C o m m e n ts o n p re v io u s w o rk

The longest common sub-sequence (LCS) problem consists of finding the longest sub
sequence common to all sequences in a set of sequences (often just two). It is one of the
most intensively analyzed problems in computer science and has applications to genetics
and computational molecular biology (e.g., DNA and Protein sequence alignment). In
addition, the LCS problem offers a concrete basis for the illustration and benchmark
ing of mathematical methods and tools such as sub-additive methods and martingale
inequalities; see for example J.M. Steele [19].
Iliopoulos and Rahman ([20] , [21]) presented a new and efficient algorithm for solving the
LCS problem for two strings. Bereg et al. [22] presented a new model for RNA multiple
sequence structural alignment based on the longest common sub-sequence. Bergroth
et al. [23] presented comprehensive comparison of the well-known algorithms for LCS
(for two input strings) and studied their behaviour in various application environments.
Several other variants with applications in computational biology have been studied in
the literature recently ([24], [25], [26], [27]). The restricted but probably the more studied
problem that deals with two strings has been studied extensively ([28], [29], [30], [31],
[32]).
One of the central quantities in the LCS problem is the mean fraction of matches in the
LCS of two sequences, also known as Chvätal-Sankoff constant [18]. However, in spite
of the fact that this problem has been studied over 3 decades ([33], [34], [35], [36], [37],
[38], [39], [40], [41]) the precise value of the Chvätal-Sankoff constant is still unknown.

2.6. CONTEXTUAL PERSPECTIVE
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C o n tex tu a l p ersp ectiv e

Tableaux similar to the character-coincidence tableau used here have a long history.
Daniel S. Hirschberg ([42], [32]) was an early pioneer of LCS theory (1974-1977) but the
problem was already well known at that time. Hirschberg’s 1977 paper [32] contains such
a diagram. The same paper also presents a tableau partition that is equivalent to the
j x^y and kx,y functions used here. (The j x^y and kx^y functions were re-invented here, in
ignorance of the earlier efforts but their use in a Boolean context should be novel.) An
earlier Hisrchberg paper [42] gives the rule for computing rX;2/, although some attribute
this discovery to R.A. Wagner and M.J. Fischer [28]. Frequently, this result is written
in an equivalent form as:
L x ,y = max ( L x - i , y , L x ,y - i > L x - i ,y - i + V {X, Y) )

with reference to papers circa 2000. The addition of bandwidth restriction to LCS
problems also has a long history, being well established before 1980.
The extraction or determination of maximal length common sub-sequences from indi
vidual string-pairs (or multiple sets of strings), remains an area of activity in algorithm
design, with many papers appearing each year devoted to the subject. While not wishing
to overlook recent contributions, the development of suffix-tree algorithms by P. Weiner
[43] and E.M. McCreight [44] is the corner-stone for much of this work. In any case,
individual string-pairs are not our concern here. Very different algorithms prove to be
effective for the enumeration of half and full-universe string-pair configuration spaces.
Much of the local software utilized stack-base tree traversal methods, based on algorithms
presented by D.E. Knuth [45].
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C h ap ter 3

Unbiased, Tw o-letter A lphabet

The features of the distribution of m aximal common sub-sequences fo r all
possible binary string-pairs of length n are discussed. It is shown that
these distributions can be generated by a so-called microbe algorithm that
is a Markov process defined on a graph derived from a subset of the master
equations introduced in Chapter 2. Generating functions fo r the distribu
tions are expressed in terms of the adjacency m atrix of the graph. Methods
fo r reducing the size of the graph are discussed and the relevance of such
graph-contractions to general LC S theory is stressed.

3.1

P relim in aries

The simplest case is that of pairs of character strings of equal length, composed of
letters drawn from an unbiased (i.e. both letters equally likely) two-letter alphabet
{0,1}. Although the m — 0 or zero-order approximation has not been mentioned until
now, it was implicitly defined in section 2.3. Figure 3.1 lists 128 of the possible 256 twoletter (binary), character-string pairs of length four. The number triplet in parentheses
below each string-pair is the zero, first and second order values of the maximum common
sub-sequence length for that pair. Note that for only one configuration, the first and
second order approximations differ. Individual cases may be deduced by inspection and
verified against the coincidence-tableau result. Recall that the only non-trivial letter
permutation for a two-letter alphabet yields the binary complement of the strings; so
the zero, first and second order results for the complete set of 256, string pairs of length
four may be deduced from the Figure 3.2.
To emphasize the letter permutation property: if X and Y are a pair of binary character
strings of equal length then the pair X and Y have the same maximal common sub
sequence length as the first pair. To avoid unnecessary work, the convention for the
moment is to work within a half-universe: if the pair X and Y belong to the half-universe
then the pair X and Y are excluded. The result is that LCS frequency counts presented
under this convention are exactly half of those for the complete universe. The key as
to which convention is current is indicated by the zero common sub-sequence count.
Regardless of string-length, there are always two string pairs that have no common sub19
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sequence.1 For strings of length six, they are: °n i l j and 111111. Under the half-universe
convention the zero-length count is one. Likewise, if the two strings of a pair are identical,
the maximal common sub-sequence length is the string-length n. There are 2n different
binary strings of length n, so the half-universe count for maximal common sub-sequences
of length n is 2n_1. This distinction may seem rather petty but it allows output from a
number of trusted computer programs to be entered directly into this text. Under the
half-universe convention, the distributions of maximal common sub-sequence lengths of
all pairs of binary character strings of length four are given in Table 3.1.

m \ L C S length
0
1
2
Exact

0
8
1
1
1

1
32
11
10
10

2
48
45
46
46

3
32
63
63
63

4
8
8
8
8

Table 3.1 - Frequencies of LCS length for the half-universe of binary string-pairs of length

4, presented in Figure 3.1.

The four tables that comprise Table 3.2 are for m = 1, m = 2 and m — 3 approximation
distributions and the exact distribution respectively. They list the frequency of maximal
common sub-sequence length for all possible half-universe, Boolean string-pairs of lengths
from 1 to 9 inclusive. Observe that the m = 1 results agree with the exact results in the
first column and along the main diagonal and first sub-diagonal. The m = 2 results are
exact for the first and second columns and along the main diagonal and first and second
sub-diagonals. This pattern continues for m — 3 and all higher order approximations and
it follows that the m th order approximation is exact for n < (2m + 1 ). This of course is
the condition that the diagonal band of the m th order completely envelopes the character
coincidence map but the correct entries of the identified columns and sub-diagonals is
a stronger result. Also, as there are 2n different binary strings of length n giving 4n
possible string pairs; the rows of the half-universe distribution tables sum to 22n_1.
The increasing equality of sub-diagonals with increasing m is straightforward. For a
LCS score to be n, the path such as in Figure 2.5 must consist only of true-cells, for
the entire main diagonal. If a path that contains a true-cell on the first sub-diagonal
then the maximum possible score is n —1. Paths that contain a true-cell on the second
sub-diagonal cannot be longer than n —2 and so on. An explanation for the column
relationship is not available at this time.

3.2

Characteristics of LCS distributions

It is obvious that the exact, m = 2 and m = 3 entries for the second column entries
in Table 3.2 are 2n + 2; n > 3 and are given by 3n — 1; n > 2 for the first-order
approximation. Difference table experiments (not shown) reveal quadratic relationships
for the third column entries, cubic formulae for the fourth column and so on; each time
after an increasingly delayed start.
^ h e zero-order, m = 0, approximation is a trivial exception.
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0000
0000
(4.4.4)

0001
0000
(3.3,3)

0010
0000
(3,3,3)

0011
0000
(2.2,2)

0100
0000
(3,3.3)

0101
0000
(2,2.2)

0110
0000
(2,2,2)

0111
0000
(1.1,1)

0000
0001
(3 ,3 ,3 )

0001
0001
(4 ,4 .4 )

0010
0001
(2 ,3 .3 )

0011
0001
(3 ,3 ,3 )

0100
0001
(2 ,3 ,3 )

0101
0001
(3 .3 ,3 )

0110
0001
(1 ,2 ,2 )

0111
0001
(2 .2 ,2 )

0000
0010
(3 ,3 .3 )

0001
0010
(2 ,3 ,3 )

0010
0010
(4 .4 .4 )

0011
0010
(3 ,3 ,3 )

0100
0010
(2 ,3 ,3 )

0101
0010
(1 ,3 ,3 )

0110
0010
(3 .3 ,3 )

0111
0010
(2 ,2 ,2 )

0000
0011
(2 ,2 .2 )

0001
0011
(3 ,3 ,3 )

0010
0011
(3 .3 ,3 )

0011
0011
(4 ,4 ,4 )

0100
0011
d .2 ,2 )

0101
0011
(2 ,3 ,3 )

0110
0011
(2 ,3 ,3 )

0111
0011
(3 ,3 ,3 )

0000
0100
(3 ,3 .3 )

0001
0100
(2 ,3 ,3 )

0010
0100
(2 ,3 .3 )

0011
0100
(1 ,2 ,2 )

0100
0100
(4 ,4 ,4 )

0101
0100
(3 ,3 ,3 )

0110
0100
(3 .3 ,3 )

0111
0100
(2 .2 ,2 )

0000
0101
(2 ,2 .2 )

0001
0101
(3 ,3 ,3 )

0010
0101
(1 ,3 ,3 )

0011
0101
(2 ,3 ,3 )

0100
0101
(3 ,3 ,3 )

0101
0101
(4 .4 ,4 )

0110
0101
(2 ,3 ,3 )

0111
0101
(3 ,3 ,3 )

0000
0110
(2 ,2 .2 )

0001
0110
(1 ,2 ,2 )

0010
0110
(3 ,3 ,3 )

0011
0110
(2 ,3 ,3 )

0100
0110
(3 ,3 ,3 )

0101
0110
(2 ,3 ,3 )

0110
0110
(4 .4 ,4 )

0111
0110
(3 ,3 ,3 )

0000
0111
(1 ,1 ,1 )

0001
0111
(2 ,2 ,2 )

0010
0111
(2 ,2 ,2 )

0011
0111
(3 ,3 ,3 )

0100
0111
(2,2,2)

0101
0111
(3 ,3 ,3 )

0110
0111
(3 ,3 ,3 )

0111
0111
(4 .4 ,4 )

0000
1000
(3 ,3 ,3 )

0001
1000
(2 ,3 ,3 )

0010
1000
(2 ,3 ,3 )

0011
1000
(1 ,2 ,2 )

0100
1000
(2 ,3 ,3 )

0101
1000
(1 ,2 ,2 )

0110
1000
(1 ,2 ,2 )

0111
1000
(0 ,1 ,1 )

0000
1001
(2 ,2 ,2 )

0001
1001
(3 ,3 ,3 )

0010
1001
(1 ,3 ,3 )

0011
1001
(2 ,3 ,3 )

0100
1001
(1 ,3 ,3 )

0101
1001
(2 ,3 ,3 )

0110
1001
(0 ,2 ,2 )

0111
1001
(1 ,2 ,2 )

0000
1010
(2 ,2 .2 )

0001
1010
(1 ,2 ,2 )

0010
1010
(3 ,3 ,3 )

0011
1010
(2 ,2 ,2 )

0100
1010
(1 ,3 ,3 )

0101
1010
(0 ,3 ,3 )

0110
1010
(2 ,3 ,3 )

0111
1010
(1 ,2 ,2 )

0000
1011
(1 ,1 ,1 )

0001
1011
(2 ,2 ,2 )

0010
1011
(2 ,2 ,2 )

0011
1011
(3 ,3 ,3 )

0100
1011
(0 ,2 ,2 )

0101
1011
(1 ,3 ,3 )

0110
1011
(1 ,3 ,3 )

0111
1011
(2 ,3 ,3 )

0000
1100
(2 ,2 ,2 )

0001
1100
(1 ,2 ,2 )

0010
1100
(1 ,2 ,2 )

0011
1100
(0 ,1 .2 )

0100
1100
(3 ,3 ,3 )

0101
1100
(2 ,2 ,2 )

0110
1100
(2 ,3 ,3 )

0111
1100
(1 ,2 ,2 )

0000
1101

0001
1101
(2 ,2 ,2 )

0010
1101
(0 ,2 ,2 )

0011
1101
d .2 ,2 )

0100
1101
(2 ,2 ,2 )

0101
1101
(3 ,3 ,3 )

0110
1101
(1 ,3 ,3 )

0111
1101
(2 ,3 ,3 )

0001
1110
(0 ,1 ,1 )

0010
1110
(2 ,2 ,2 )

0011
1110
(1 .2 ,2 )

0100
1110
(2 ,2 ,2 )

0101
1110
(1 ,2 ,2 )

0110
1110
(3 ,3 ,3 )

0111
1110
(2 ,3 ,3 )

0001
m i

0010
in i

0100
n il

(1 ,1 ,D

(1 ,1 ,1 )

0011
n il
(2 ,2 ,2 )

0101
n il
(2 ,2 ,2 )

0110
n il
(2 ,2 ,2 )

0111
m i
(3 ,3 ,3 )

(1 ,1 ,1 )
0000
1110
(1 ,1 ,1 )
0000
1111
(0 ,0 .0 )

(1 ,1 ,1 )

Figure 3.1 - A systematic enumeration of binary string-pairs of length 4 with the maximal
common sub-sequence length for the m = 0, m = 1 and m = 2 approximations in parenthesis
below each pair. The table is the complete half-universe of configurations. Figure 3.2
summarizes these results. Entries in each triplet of maximal common sub-sequence lengths
is colour coded as red for the first increase in LCS with increasing m and blue for a second
increase. Note that there is only one entry where the m = 1 and m = 2 results differ.
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n\LC S length

0

1

1

1

1

2

3

4

2

1

5

2

3

1

8

19

4

4

1

11

45

63

8

5

1

14

80

210

191

5

6

7

8

9

16

6

1

17

124

468

863

543

32

7

1

20

177

864

2367

3228

1471

64

8

1

23

239

1425

5135

10753

11225

3839

128

9

1

26

310

2178

9680

27150

44922

36822

9727

256

n\LC S length

0

1

2

3

4

5

6

7

8

9

1

1

1

2

1

5

2

3

1

8

19

4

1

10

46

63

5

1

12

70

222

191

16

6

1

14

98

409

951

543

32

7

1

16

130

662

2146

3702

1471

4
8

64

8

1

18

166

987

3975

10310

13344

3839

128

9

1

20

206

1392

6600

21804

45898

45168

9727

256

n\L C S length

0

1

2

3

4

5

6

7

8

9

1

1

1

2

1

5

2

3
4

1

8

19

4

1

10

46

63

8

5

1

12

70

222

191

16

6

1

14

95

412

951

543

32

7

1

16

124

626

2188

3702

1471

64

8

1

18

157

900

3696

10685

13344

3839

128

9

1

20

194

1242

5827

20260

48377

45168

9727

256

n\LC S length

0

1

2

3

4

5

6

7

8

9

1

1

1

2

1

5

2

3

1

8

19

4

4

1

10

46

63

8

5

1

12

70

222

191

16

6

1

14

95

412

951

543

32

7

1

16

124

626

2188

3702

1471

64

8

1

18

157

890

3706

10685

13344

3839

128

9

1

20

194

1222

5673

20434

48377

45168

9727

256

Table 3.2 - Tables of the distribution of LCS lengths for half-universe binary string-pairs of
length n. From top to bottom, the tables are for m = 1, m — 2 and m = 3 approximations
and exact distribution.
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0000
0001
0010
001 1
0100
01 0 1
0110
011 1
1000
1001
1010
1011
1100
1101
1110
1111

0000
4 . 4.4
3 . 3.3
3 . 3.3
9? 9

3 . 3.3
222
i 2 2
1. 1.1
3 . 3.3
222
2 , 2.2
1. 1.1

0001
3 . 3.3
4 . 4.4
2 , 3.3
3 , 3,3
2 , 3.3
3 . 3,3
1, 2,2
222
2 , 3,3
3 , 3,3
1, 2,2
999

4M *4M y 4M

999
- I 4- ? * *

1, 2,2

1. 1.1
1. 1.1

9 9 9

0 .0 .0

0 , 1,1
1, 1,1

0010
3 . 3,3
2 . 3.3
4 .4.4
3 . 3.3
2 , 3.3
1. 3,3
3 . 3,3
222
2 , 3,3
1, 3,3
3 , 3,3
22 2
1, 2.2
0 , 2,2
222
1. 1,1

001 1
2 2 2

3 . 3,3
3 . 3,3
4 . 4.4
1. 2,2
2 , 3.3
2 . 3,3
3 . 3.3
1, 2.2
2 . 3,3
9 7 2

3 , 3,3
0 . 1.2
1, 2,2
1, 2,2
7 9 9

0100
3 . 3.3
2 . 3.3
2 . 3.3
1. 2,2
4 . 4.4
3 . 3.3
3 . 3.3
2 . 3.3
1. 3.3
1 . 3.3
0 . 2.2
3 . 3.3
•)■>■>

9 9 9

1. 1.1

23

011 1
1. 1.1

0101

0110

2 2 2

2 2 2

3 . 3.3
1. 3.3
2 . 3.3
3 . 3.3
4 . 4.4
2 . 3.3
3 , 3,3
1. 2.2
2 . 3.3
0 . 3.3
1. 3.3
2 , 2,2

1. 2.2
3 . 3.3
2 . 3.3
3 . 3.3
2 . 3.3
4 . 4.4
3 . 3.3
1. 2.2
0 . 2.2
2 . 3.3
1. 3.3
2 , 3.3

3 . 3.3
2 . 2,2
3 . 3.3
3 . 3.3
4 . 4.4
0 . 1.1
1. 2.2
1. 2,2
2 . 3.3
1, 2,2

3 . 3.3
1. 2,2

1. 3.3
3 . 3.3
2 , 2,2

2 . 3.3
2 , 3.3
3 . 3.3

9 9 2

2 2 2
7 2 7

Figure 3.2 - Concise summary of the half-universe of LCS data of Figure 3.1.

Figure 3.3 also depicts exact distributions. Here, the [U..n] natural abscissa range of
any distribution is rescaled to [0..1] and the ordinates are scaled so that there is unity
area beneath the piecewise-linear curve that results from joining the dots. This is an
appropriate environment for discussion of the Chvätal-Sankoff constant [18]. Here, and
in similar figures, an elementary spline has been plotted. It is intended to convey a better
feel for the nature of the distributions. In some cases, the interpolating spline may be
negative. This has no significance and ah the actual data reside with the discrete points.
Features to note are:
1. The location of the interpolated peak is clearly dependent on the value of n.
2. The variance of the distribution decreases with increasing n and consequently the
peak height increases with increasing n.
3. The curves are asymmetric. The curve to the right of the interpolated peak is
steeper than the curve on the left-hand side.
Peak location (mode) may be used as a biased indicator of the mean of each distribution.
Figure 3.4 presents equivalent plots for m = 1 and m = 2 approximations. The noted
characteristics for the exact distributions also apply to these curves. Additional aspects
contrasting distributions with the same n but differing m are:
1. Curve asymmetry increases with increasing nn. (Asymmetry is apparent in the
tails of the distributions and also in Figure 3.5.)
2. Variance decreases with increasing m and consequently the interpolated-peak height
increases with increasing m.
3. Interpolated-peak location increases with increasing m.
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Exact two-character LCS distributions.

Normalized LCS length

F igu re 3.3 - G raphical representation of normalized, exact LCS distributions w ith simple
spline interpolation between the d a ta points. (Note th a t there are regions where the spline
interpolation is negative. This is a simple artifact of th e elem entary spline used.) The
horizontal axis is norm alized LCS length and th e vertical axis is LCS frequency.

4. While the peak location for the m = 1 distributions shows weak dependence on n
for large n, this is not the case with the m = 2 distributions. In other words, the
peak-location and/or mean of the distributions converge more slowly to a constant
value with increasing m.

While these remarks are based on just two cases, they remain true in general. The
curves in Figure 3.5 provide further insight into the nature of LCS distributions. These
curves show LCS distributions for string-pairs of length 50. The progression of the
interpolated-peak height with increasing m is clearly evident. Also note that while
the curve asymmetry is present for the curves at n = 30, there is barely detectable
asymmetry (by eye) at n = 50 for m = 1 and reduced asymmetry for m — 2. Higher
order approximation curves are still skewed suggesting that asymmetry washes out with
increasing n but more slowly with increasing m. The reduction in curve variance with
increasing m is obvious.
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LCS distributions. m=1 approximation.
String length

30
20
13
8

Relative frequency

n=
n=
n=
n=

First-order approximation
Two character alphabet

Normalized LCS length

LCS distributions. m=2 approximation.
String length

n = 30
n = 20
n = 13

ive frequency

.

Second-order approximation
Two character alphabet

Normalized LCS length

F ig u r e 3 .4 - G raphical representation of LCS frequency distributions for m = 1 and m = 2
approxim ations. The distributions are th e discrete points. The spline interpolation between
the d a ta points reveals some of the the n atu re of distribution dependence on string-pair
length.
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LCS distributions for string-length n = 50
m= 1
m= 2

m= 5

Normalized LCS length

F igu re 3.5 - LCS distributions of the first six orders of approxim ation w ith constant
string-pair length n = 50.

3.3

G e n e ra tin g fu n c tio n s

Generating functions always refer to full-universe distributions. Consider:
G4 (2; x) = 2 + 20a: + 92z2 + 126z3 + 16x4
The coefficients of the polynomial are twice the entries of the n = 4 row from the m = 2
entry of Table 3.2. The definition of Gn (m; x) should now be obvious. In order to avoid
too cumbersome notation, it is necessary to assume that the approximation order (m
value) under discussion is understood and we write:
n

Gn (ra; z) =

xk
k=0

(n)

where gk is the count of maximal common sub-sequences of length k when all possible
binary string pairs of length n are considered under the constraint of the m—order ap
proximation. (m dependence has been omitted from the definition of
.) If required,
m dependence is specified as gk ^ (m).

3.3.1

G en eralized C h vatai-S an k off c o n sta n ts

Gn (m; x ) is equivalent to the associated distribution. Clearly Gn (m; 1) = 4n. If the
derivative of Gn (m; x) with respect to x is written as G'n (m; x) then the mean of the
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distribution is given by G'n (to; 1) /4 n. Each order m approximation has its own ChvatalSankoff constant a m given by:
G'n (m\ 1)
n4n

lim

n —>oc

and

a =

lim a m

m—*•oo

(3.1)

A higher order approximation may increase the maximal common sub-sequence length
for a particular pair of character strings and there is always at least one instance of
such an increase in the universe of all possible character string pairs, for any given fixed
length. Thus:
Otm < Chn+1 < Ot ;

TO > 0

Higher order moments leading to variance, skewness, etc may also be deduced from
generating functions.

3.4

C o n s tr a in ts im p o s e d o n r b y b in a r y s y s te m s

It follows from the definition of character coincidence maps (section 2.2) that for binary
character strings, any particular row of r values is equal either to any other row of r
values or it is equal to the complement of that row. A corresponding relationship holds
for the columns of a character coincidence map.

Figure 3.6 - A rectangular binary array where pairs of rows (columns) are either the same
or else one row (column) is the binary complement of the other.

Figure 3.6 is a binary array with the row/column property just described. It matters
not which colour represents True or which represents False. Observe that any rectangle
with vertical and horizontal sides drawn on the figure always has an even number of
verticies of each colour. The formal conclusion is: for integers x, y , a and ß such that
(x , y ) , (x T ct, y ) , (x, y + ß) and (x + a, y + ß) are cells of a character coincidence map
generated by binary character strings then:
1~x,y ©

Tc+a,y © br,y + ß ©

-\-a,y+ß

0

(3.2)

The proof is straightforward and is omitted. Thus, any r value may be determined from
three other r values provided that the quartet of associated cells are the vertices of a
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horizontal and vertically sided rectangle. If the rectangle is contained within the banded
region then the result also holds for bandwidth-limited, binary, character coincidence
maps.

3.5

M arkov p ro cess form ulation

While the first-order approximation may not be a particularly good approximation either
to exact distributions or to higher order approximations, it does embody most of the
characteristics of these other cases and is algebraically simpler and discussed in detail.

3.5.1

F irst-ord er, m = 1 ap p roxim a tio n

Some useful nomenclature is now introduced implicitly via a discussion of Figure 3.7.
The diagram represents the first two iterations of a systematic scheme for the generation
of all possible binary string pairs of length n. It is a quaternary tree consisting of nodes
and edges. (Edges are also called arcs and sometimes links.) The first level nodes below
the root node of the tree are all the string-pairs of length 1. Each second-level node is
derived from its parent node by extending the strings of the parent string-pair each by one
binary character. There are four possible extensions and so each parent node generates
four child nodes. The scheme continues with the second-level strings pairs being similarly
extended to produce all binary string-pairs of length 3 and so on. The entries in Table
3.2 were computed by the coincidence-tableau method applied to string-pairs generated
by the systematic evaluation of the nodes of such a quaternary tree.
The maximal common sub-sequence for each string-pair is shown at the top of each node.
Any child’s maximal common sub-sequence length (score) is either equal to it’s parent’s
score or is one more than the parental score. Note that the graph edges are colourcoded2. Red edges indicate an increase in score from parent-node to child-node and blue
edges denote no increase in score. The scheme is easily extended to deal with larger
alphabets requiring a 2 edges leaving each node for an alphabet of size a. The following
algorithm to determine the distribution of maximal common sub-sequence lengths for
all binary string-pairs of length n which is trivial in the present context is nevertheless
fundamental to subsequent work.

2Because of the difficulty of maintaining colour consistency across various software tools and in the
final printing process, the terms red and blue are used in a generic sense when describing the colour of a
graph or tree edge. Red should be taken to be reddish and may in fact apply to colours from magenta,
red-pink through to red-brown. Blue should be read as blueish in the same broad sense.

3.5. M ARKO V PROCESS FORMULATION
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Consider a mathematical microbe. Microbes are located on graph nodes. Each
microbe has a numerical attribute called its score. At a nominated instant,
microbes clone four offspring and then vanish. Each of the offspring inherit the
parent’s score and they then move along one of the graph edges from the node
where they are located to the next connected node. One offspring microbe for
each of the four edges leaving their birth-node. If a microbe traverses a red
edge its score increases by one. If a blue edge is used there is no change of score.
The algorithm begins with a single microbe with score zero on the root node.
After n cloning events, the distribution of maximal common sub-sequence
lengths for all binary string-pairs of length n is the distribution of scores among
the population of microbes.
F in ite graph form ulation

The essential difference between bandwidth-limited, common sub-sequence counting
schemes and the unrestricted case is that the bandwidth-limited evolution may be repre
sented by a finite, connected, directed graph rather than by an unbounded n —ary tree.
To see that this is so, consider the master equations (2.2), (2.3) and (2.4) for m = 1.
These equations reduce to:
T i+ l,n + l

Tn,n+1 © T~n+ l ,n © Tn,n

~ jn+l,n

T i+ g n © Ln n

~ ^ n ,n + 1

Tn , n + l © j n ,n

~ J n + l,n + l

k n ,n + 1 © ( ^ n + g n + l || ( ~ j n + l , n ) )

~ kn+l,n+l

j n + l , n © ( ^ n + g n + l || ( ~ ^ n , n + l ) )

‘S’n +Pn+l

r n + l , n - |- l || ( ~ j n + l , n ) || ( ~ ^ n , n + l )

(3.3)

Each of the edges leaving nodes of the Figure 3.7 tree represent both the bordering
of a character-coincidence tableau and the extension of a binary string-pair by adding
a single independent letter to each string. Both interpretations are represented by a
pair of (rn+iin, Tn^n+1 ) values. The triplet (j n.n, kn,m Ti,n) denotes a state and/or node.
A consequence of equations (3.3) is that if state { j n ,n , kn^n, Tn ,n ) is known then the
transition (microbe migration) to the next state ( j n + i , n + i , kn+i,n+i, rn+iin+i) induced
by the (rn+ i , n , Tn , n + 1) is determined. In terms of the microbe algorithm,
specifies the colour of the connecting edge. There can be at most eight possible states
and four (rn+ iin, Tn^n+1 ) combinations. The 32 possible transitions are summarized in
Table 3.3. Note that states (0,0,0) and (1,1,1) cannot be reached from any of the other
states. State triplets are also represented as binary numbers. For example, (0,1,1) is
sta te_ 3, (1,1,0) is state_6 and so on. State_ 1 is the initial or root state. States that
cannot be reached from the initial state are prohibited states so state_ 0 and state_7 are
prohibited. For the moment non-prohibited states are active states. The active states
comprise a strongly-connected graph in the sense that there is a directed path from any
active node to any other active node.
Figure 3.8 is a graphical representation of Table 3.3. The microbe algorithm applied to
this graph generates m = 1 LCS distributions.
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^

Links that increment the score by one.

^

Links that do not alter the score.

Figure 3.8 - The raw, m — 1 evolution graph.

S ta te\ (Tn_|_pn, Tnjn_|_i)
0
000
1
001
2
010
3
Oil
4
100
5
101
6
110
111
7

(0,0)
110
001+
no
001+
no
001 +
110
001 +

(0,1)
001 +
110
001 +
110
101 +
100+
101 +
100+

(1,0)
001+
110
011+
010+
001+
110
011+
010+

(1,1)
110
001 +
010+
011+
100+
101+
110+
111+

Table 3.3 - State transitions derived from the master equations for the m = 1
approximation.The + sign indicates score increasing transitions (S = 1).

G ra p h c o n tra c tio n

The graph of Figure 3.8 is symmetrical above and below the node_ 1 ••• node_6 axis.
Consider taking the magenta link from node_6 to node_5 and fixing its head to node_3
instead. The microbe algorithm is unaffected but operates over just four nodes with
double traffic on node 2 and node_3 and no microbes able to reach node_ 4 or node_5.
As far as the microbe algorithm is concerned, node_2 and node_3 are equivalent. They
are not equivalent in any graphical sense: node_3 receives an edge from node 6 while
node_2 does not. The relevant feature for the microbe algorithm is where exit edges
terminate. N ode_ 2 and node 3 each have magenta links to node_ 1, blue links to
node_6 and also magenta links both to themselves and to each other. Consider the effect
of disconnecting the magenta edge directed from node_3 to node 2 and connecting it
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------ Arcs that increase the score by one
------ Arcs that leave the score unchanged
Figure 3.9 - Contracted version of the m = 1 evolution graph, node_1 is the same for
the raw and contracted graph, node _6 of the raw graph maps to node_ 3. The other nodes
coalesce into node 2.

back to node_3. Node_2 would be isolated but the microbe algorithm remains valid. In
this sense, node_2, node_3, node_4 and node_5 are equivalent and only one of these
nodes is necessary for the microbe algorithm to remain correct.
Figure 3.9 shows a contracted graph derived by incorporating these considerations. It is
considered that a deeper and more formal understanding of graph contraction techniques
will contribute to the overall theory of maximal length common sub-strings. Other
practical methods and further aspects of this issue are considered in section 3.7.
M a tr ix fo rm u la tio n

( 2
Qi —

1 ' A
2 2
;

• \
■

■

Qo =

Q (x) = Qo + xQ i

l 2 1 1/
Matrices Qo and Qi are adjacency (connectivity) matrices for the graph of Figure 3.9.
Element m*. in either matrix is the number of edges from node_k to node_j. Q\
is defined by the red edges, i.e. the links that increase scores, and Qo is defined by
the blue edges. Q ( 1) is the colour-blind adjacency matrix describing all the graph
connections. The concept of Qo and Q\ adjacency matrices is not confined to the m = 1
approximation. When discussing higher order approximations, they will be assumed
to be defined in terms of a representative graph applicable to the relevant order of
approximation.
The microbe algorithm is a Markovian style evolution process equivalent to:
Gn
(1; x) = ( 1 1 1 ) (Qo +

(3.4)

i \
The column vector

0

starts the process with a single, zero-score microbe on node l .

V0/
the (Qo + x Q i)n factor performs n cloning iterations and the row vector ^ 1 1 1 ^
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collects the microbe scores from all the nodes. A few moments work with a symbolicalgebra program such as Maxima or Mathematica is all that is required to generate many
LCS distributions. Equation (3.4) enables the powerful machinery of linear algebra and
linear vector spaces to be brought to bear on LCS theory. For instance, from Cayley’s
theorem, a square matrix satisfies its own characteristic equation, follows that there
must be a simple recurrence relationship for the Gn (1; x) generating functions. That
relationship is:
Go (1; x)

1

G\ (1; x )

2 T 2x

G2 (1; x)

2 + lOx + 4x2
(5x -I-1) Gn+2 (1; x) - 2x (4x + 1) Gn+\ (1; x) + 4x2 (x + 1) Gn (1; x)

G n+3 ( 1 ; %)

n > 0

(3.5)

A n exam ple o f eigen-analysis applied to LCS th eory

The obvious application is to discuss Chvätal-Sankoff constants but that topic will be
considered in Chapter 4. Rather, vector methods are now applied to determine expres
sions for some of the g[n^ coefficients. This is a useful exercise as powerful methods
can be introduced while dealing with a tractable and comprehensible problem. Clearly,
gn^ = 2n and Booth et al [11] have deduced that g^l\ — (n2 —n + 4) 2n_1 —2. These
two quantities are unchanged for all approximations of order m > 1 and for the exact
distribution. Hence there is no impediment to concentrating on the m = 1 case.
Q i is upper triangular and its eigenvalues may be deduced by inspection. They are:
Ai = 2, A2 = 2 and A3 = 1. Unfortunately, the repeated eigenvalue is not an accidental
degeneracy in this case. Q\ has only two independent eigenvectors and to proceed, it is
necessary to perturb the system. Let:
( 2

1

■\

• t 2

Qi =
V

•

•

Q1 = Jim Qi

1/

Eigenvalues of Qi are Ai = 2, A2 = t, A3 = 1 with right-eigenvectors:

Vi

1)
0
;

=

v2

=

1° J
Also,

Q qv\ = 2

( 0
0

(
\

)

1 )

and

/

1)
t —2
°J
( 0
0

;

^3 =

2/ ( i - l ) \
—2/ (t — 1)

1J

)

V3

2
2
t - 2 V~ + (t - 1) (t - 2) *2

l 1/

Since Qo and Qi do not commute, the simple binomial expansion must be written out
in full:
(x Q i + Qo)n =

+

+

Xn ~ l

( Q J - ‘Qo + Q ? “ 2Q oQ i + ■• • + Q 1 Q 0 Q T 2 + Q o Q T 1)

terms with coef ficients x n~i ;

j >1
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SO; is the coefficient of xn in the expansion of equation
1 and gn

As ( 1 1 1 ) v\

(3.4), it follows directly that gnhO _ 2n. Now consider

Q ?"* Q o Q f - 'u i

=

2

v3 -

£ —

=

(& v3 -

Write

2

vi +

(<-!)(* - 2)

V2

2^+1^n—k

2n+1
vi +
t- 2

V2

ak =

lim ( 1 1 1 )

=

2k + (n - k) 2n

V

n

then

g^n-i ~

= (n2 —n + 4) 2n_1 — 2
QED
k= 1
An alternative approach that avoids the need to perturb the system is to harness some
venerable, steam-powered, mathematical machinery to the problem.3
The matrix form of the Cauchy integral theorem from classical analysis is:

f(Q) =

/ - JC
/ /(c) ( a - or'rfc

(3.6)

where the contour C of the complex variable C, encloses all the eigenvalues of Q but none
of the singularities of /(C)/

(C /-O 1)-1 =

I
-2

0

I

2

(C1

c - 2

0

Qi =

ak =

\

2)2

0

C-1

2n n2n_1
2n
0
0
0

-kQ oQ \~l

n 2n

( 1 \
0

2n+i _ 2

1

)

= 2

k + (n-2’

W
.
and the result follows. With an expression for Q / available, further gk( n )'coefficients
are

within reach. g

^ - 2

may be expressed in terms of
1 \

aj,k

1 1

) QU^QoQiQoQ

0

W
Work with a symbolic algebra program (Maxima) yields:
aj k = 3 ( n - j - k - 2 ) 2n_J_1 + ((n —j — k — l ) j —n + k + 2) 2n+4 (j - 1) 2j+k+3 2k+1
3The author claims no particular competence in the field of classical complex analysis and acknowl
edges guidance from members of her supervisory panel for these proofs.
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( j +f c ) <( n —2)

H k = ( n‘4 - 10n3 + 83n2 - 362n + 720) — - 6 (n + 5)

fJn-2^) =
j=0,k=0

It is predicted that g ^ 2 ( ^ > 1) will have the same functional form as g\™l2 (!)•

3.6

H igher o rd er ap p ro x im ations

The pattern for higher order approximations follows the m = 1 pattern above. First,
deduce the Qo, Q\ and Q (x) matrices from the appropriate set of master equations (2.2),
(2.3) and (2.4). If possible, reduce the graph size. The generating function corresponding
to equation (3.4) is almost exactly the same:

i \
0

1

(3.7)
0
\0

/

The dimension of the vectors and Q matrix matching the size of the reduced connection
graph. For m = 2, the contracted graph size is 29 and adjacency matrices are:
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1 2

Qi

1 2

=

i

This example illustrates how the Q matrices become increasingly more sparse as m
increases.
3.6.1

P r o p e r tie s o f th e Q ad jacen cy m a trices

Recall that Q (1) = Qq + Q\. By definition, the elements of each column of Q (1) must
sum to 4 and hence ^ 1 1 ••• 1 1 ^ is a left-eigenvector of Q( 1) with eigenvalue
A = 4. The elements of Q (1) are non-negative and the Perron-Frobenius theorem asserts
that there are no eigenvalues of Q (1) with magnitude greater than 4. Q (1) is probably
always an irreducible matrix; as for all cases examined here, the defining graphs can be
shown to be strongly connected. Also, all adjacency graphs are adorned with several
rococo loops that both egress from and ingress to the same node. (In plain speech:
there are several non-zero elements on the main diagonal of Q( 1).) This together with
irreducibility establishes, Q (1) as a primitive matrix and the Perron-Frobenius theorem
then discloses that all other eigenvalues of Q( 1) must have magnitude less than 4. It
should be possible to show that Q (1) is irreducible and primitive directly from the master
equations rather than having to examine each reorder adjacency matrix on a case by
case basis. This is a topic for further research.
The relevance of these remarks is that it is safe to use the power method to compute a
right-eigenvector Q{ 1) corresponding to the A = 4 eigenvalue.

3.7

G ra p h co n tra ctio n rev isited

The objective of graph-contraction is to reduce to a minimum value, the number of active
nodes of a graph resulting in a homomorphous graph that leaves the microbe algorithm
invariant. Since un-contracted, intermediate-contraction and maximally-contracted ad
jacency graphs all generate the same LCS distributions, maximum contraction is not
essential. However, mechanisms of graph-contraction have significant bearing both on
practical and on theoretical aspects of the LCS problem.

i
i
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Firstly, the practical aspects. The numerical results reported here have required consid
erable computing resources both in memory storage and computer running time. Clearly,
graph-contraction reduces the computational cost on both counts. It is worth mentioning
the reason why the distributions shown in Figures 3.3 and 3.4 are limited to string-pair
lengths n < 30. This is because with lengths beyond this value, some microbe scores
become larger than can be stored in a 64 —bit computer word. It is also the reason
why the half-universe concept was useful. Beyond this string-length, extended-precision
arithmetic packages must be deployed with accompanying increase in memory require
ments. (The distributions of Figure 3.5 were arrived at by these means.) Also, simply
due to the exponential increase in number of active nodes, storage requirements and
running-time increase at a rate greater than 4m. Even with graph-contraction, there is
a limit to the order of approximation that can be investigated.
Theoretical aspects of graph-contraction are both interesting and challenging. The form
of the master equations (2.2), (2.3) and (2.4) implies that an order m + 1 representative
graph should be composed mostly of sub-graphs that are directly identifiable with an
order m graph. One prospect for identifying such structure is to employ the logical
identity a || b = a 0 b © (a 0 b) to re-cast the master equations as an algebraic system
defined over G F2, the Galois field of order 2 and then to search for factorizations from
that standpoint. This will be a future project to extend the results achieved by current,
less elegant methods.
The graph-contraction process described in section 3.5.1 is a first-principles approach.
Implicit in that discussion is the concept of a node type. In terms on the representative
graph of Figure 3.8, node_ 1 is a node of one type, node_6 another type whilst nodes
2, 3, 4 and 5 are a third type. The contracted adjacency graph of Figure 3.9 contains
only one node of each type. How might node-types be determined?
Regarding the microbe algorithm, it is natural to ask: what if the initial microbe is
located on a node other than node_ 1? The answer for m = 1 is readily computed via
the obvious change to equation (3.4). Resulting distributions are shown in Table 3.4.
These distributions are a characteristic of node type. They play a similar role to Greens
functions in the theory of differential equations or to impulse-response functions in en
gineering system theory. If after a cloning iteration a microbe arrives at node_t then
its contribution to the total distribution from that point is given by the characteristic
distribution node_t. If nodes have characteristic distributions then they also have char
acteristic generating functions. Let H (1; x) be the characteristic generating function for
node_3 of the Figure 3.9 graph. It follows from the same graph that:
Gn (1; x) = 2xGn- \ (1; x) + 2 # n_i (1; x)
There are many similar relationships.
Nodes are characterized by a distribution that may be determined by numerical exper
iment. There are two issues that inhibit the development of a useful technique for the
determination of node type via characteristic distributions. The first is how many iter
ations are required before two candidate distributions may be declared to be identical?
An answer to this question based on the discussion in section 4.2 is the size of the evo
lution graph. However, experience to date has shown that distinct distributions diverge
within a few iterations. The second issue is that for higher order approximations, it
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n\score

n\score

2
2
2
2

10
16
22
28

160

420

382

32

1
1

9
12
15

1
1
1

10
13
16

33
65
106

340

449

112

n\score

29
58
96

120
308

65
443

161

Table 3.4 - Tables of characteristic node distributions for the m = 1 contracted evolution
graph. Clockwise, the tables are for node_1, node_ 2 and node 3 as the initial node.

takes longer to determine a maximal graph-contraction by this technique than it takes
to compute many iterations using un-contracted adjacency graphs. Nevertheless, when
memory considerations are critical and graph-contraction essential, this technique can
be used. Also, despite the extensive computation required, the method yields maximal
contraction which is an important theoretical issue.
A faster method is to note an invariance relationship of the master equations. The pro
cedure of swapping all subscripts and interchanging the j and k variables in any master
equation yields an equation that belongs to the set of master equations. This is equiva
lent to forming the transpose of the character-coincidence tableau. Nodes representing a
particular character-coincidence tableau and the tableau transpose have the same char
acteristic distributions. Furthermore, graph construction schemes that on encountering
a potential new (unlinked) node check to see if the transpose node has already been
linked-in, and if so, then link to the transpose node instead, achieve substantial initial
contraction and construct graphs with the unsuspected property. They contain a large
number of instances of the structure shown in Figure 3.10 which in turn enables further
contraction.

The two nodes in the centre of the diagram are each connected to the four peripheral
nodes by links of matching colour and hence the two central nodes must have the same
characteristic generating functions. Only one such node is necessary and the adjacency
graph may be pruned by selecting one node to persist and moving all edges incident on
the other node across to the selected node. It happens that this operation itself creates
further configurations with the same topology so the process is repeated until all such
configurations have been removed. It is conjectured that two other configurations could
occur as shown in Figure 3.11 which present configurations that could be pruned.
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fr
Links that increment the score by one
Links that do not alter the score
F ig u re 3 .1 0 - An example of a four-way overlap. Obviously, the two central green nodes

have the same characteristic distribution, so the graph can be pruned by removing one of
the central green nodes (say light green) and re-linking the edges incident on that node
(lighter links), onto the other node.

3.7.1

A lgeb raic in ter p r e ta tio n o f c o n tra ctio n

Let the elements of vector v be zero except for va = 1 and vq — —1. If v is an
eigenvector of Q (x
1
0 and it follows that nodes a and ß have
the same characteristic distributions. The configuration of Figure 3.10 applies when the
eigenvalue corresponding to v is zero and the Figure 3.11 configurations represent real,
non-zero eigenvalues. There are further possibilities associated with complex eigenvalues.
Since node loops such as shown in Figure 3.11 are relatively rare in graphs of higher
order approximations, it is likely that full eigenspectrum of Q (x) is needed for graph
contraction.
The zero eigenvalue case rather than the unrestricted case emphasized above as an al
gorithm for this case, has been devised having an order of computational complexity
less than n 2; while direct determination of characteristic distributions and the unre
stricted eigenvalue case scale as n 2. It is possible that improved algorithms for the
unrestricted eigenvalue case might be developed by exploiting the special structure of
Q (x). Table 3.5 lists some performance comparisons of the the pruning technique and the
characteristic-distribution method for graph-contraction. The pruning method matches
the exact method up to m = 3 and misses the optimal result by 10% for m = 4. Using
simple pruning alone is unsatisfactory for higher order approximations as the time spent
in the graph-contraction phase dominates the computation and is the limiting factor for
the calculations presented in subsequent chapters. Also, simple extension of the pruning
algorithm by incorporating additional patterns seriously degrades the performance. An
eigenvector based algorithm is under development.
It is plausible that further patterns of graph-contraction might be possible. Attempts to
perform a first principles graph-contraction m = 2 were not successful; however, struc
tures such as those shown in Figure 3.12 lead to speculation that it might by possible to
condense several closely connected nodes of dissimilar type into a super-node that would
yield a smaller graph than that achieved via the determination of node characteristic
distributions.
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^ Links that increment the score by one
Links that do not alter the score

F ig u r e 3.11 - Two other overlap configurations th a t could lead to graph pruning and a
reduction in the dimension of th e adjacency m atrix.

Node count/approx order
24 m —1

Active nodes pass 1
Characteristic distribution
Node pruning

m = 1
8
6
3
3

m = 2
128
43
29
29

m
3
2048
454
323
323
—

m
4
32768
4510
2997
3300
—

—5
524288
42261
777-

31275

T a b le 3.5 - Com parison of the two graph-contraction algorithm s. The to tal num ber of
nodes in the universe, including forbidden nodes is 24m_1. The num ber of nodes after a
transpose-guided construction phase forms th e second row of th e table. T he missing entry
was not obtained because of excessive com putation required.

3.8

C o n te x tu a l p e r s p e c tiv e

Generating functions date back at least to the era of Coates and Newton, circa 1650.
The first line, Chapter 1 of Herbert W ilf’s book Generatingfunctionology [46] is:
“A generating function is a clothesline on which we hang up a sequence of
numbers for display
Not much more needs to be said.

Discusson of equation (3.6) may be found in [47].4
Graph contraction is part of spectral graph theory which in turn dates back to George
Cayley (1773-1857). Part of spectral graph theory considers graph transformations that
4An anonym ous exam iner who reviewed a previous d raft of this work has advised th a t an introduction
to holom orphic calculus is available at http://en.w ik ip ed ia.o rg /w ik i/H o lo m o rp h ic_ fu n ctio n al_ calcu lu s.
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do (or do not) change the eigenvalues and/or eigenvalues of graph adjacency matrices.
One consideration that limits the application of spectral graph theory to the issue of
graph contraction is that the elementary theory is usually limited to undirected graphs
without loops. It is interesting to note that within the context of section 4.5, the form
Q(l) —41 that appears in equation (4.6) is called the Laplacian of Q(l ) by graph
theorists. Just why the Laplacian form should appear at that point is not understood.
One final remark, LCS theory would benefit from a theoretical determination for the size
of minimal graphs, consistent with the microbe algorithm.
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tl Nodes 12. 13. 14. 15. IS. 19. 22. 23
t4: Nodes 33. 35. 65. 69
tl2: Nodes 56. 58. 88. 92

Links that mcrement the score by one
Links that do not alter the score

F ig u re 3.12 - Examples of sub-graphs from the raw m = 2 evolution graph. This diagram
was prepared as part of an extensive study of the m = 2 evolution graph which is not
reported here. As such, the notation is not explained. The diagram is included here to
illustrate the intricate connectivity of the high-order evolution graphs.

C h ap ter 4

A ccurate E stim ation of the
Chvatal-Sankoff C onstant
Properties and spectra of the adjacency matrices Qo and Q i are used to
derive two expressions for a m. Accurate values for am are computed and
extrapolating functions devised to estimate the Chvatal-Sankoff constant.

4.1

A ccelera ted series su m m a tio n approach

It might be thought that the Chvatal-Sankoff constant a could be estimated directly from
the accurate (exact) data that are the basis of Figure 3.3. Means of the n = 1,..., 22 exact
distributions are a sequence of estimates that should converge to the required constant.
One (or several) of the modern series acceleration techniques would then be applied to
the sequence to sharpen the estimate. This approach will not work and to explain why, it
is necessary to jump ahead a little. Observe Figure 4.1. These graphs show least-squares
polynomial fits of very accurate values of a m against 1/m; so the y intercept value is
an estimate of a. Recall that an reorder approximation is exact for n < (2m + 1), so
a sequence-accelerator method, such as the Levin transform (see Hurry [48]) or Pade
approximation [49] could return any value between a n and a,*, and still be considered
accurate. (In other words, the same data points fit all orders of approximation where
2m > n. As there is a considerable difference between the polynomial extrapolations for
a n and a**), the estimate is poor.)

4.2

D irect g en era tin g -fu n ctio n approach

Consider equations (3.1) and (3.5), the relationship a\ = limn_KXj Gn (1; 1) /n 4 n and
the identity Gn ( 1; 1) = 4n. Differentiating equation (3.5) and substituting x = 1 and
dividing by n4n yields:

64(1 + 1) (n+3)4n+3

9 6 (l + f )

G^dO)
(n+2)4n+2

+ 40(1 + 4)

(80 - 72 + 20) /n
43

Gf t + l 0 4 )

o G„ M; I )

( n + l ) 4 n+ 1

°

n4n

(4.1)
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Polynomial Order 4
« = 0.8125

y = 0.0472x - 0.164Sx + 0.2305x' - 0.2299x + 0.8125

a = 0.8124

Polynomial Order 5

y = 0.0292X + 0.0061x - 0.1428x + 0.2249x' - 0.2292x+ 0.8124

F igure 4.1 - Minimum least-squares residual polynomial plots of highly accurate a m values
against 1/m. The ordinate intercept value estimates a.
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Each of the fractions in the top line tends to öi as n —> 0 0 thus an =
The same
recurrence relationship, with different starting values, (read from Table 3.4) generates
each of the characteristic node distributions; so all m = 1 characteristic node distribu
tions have the same Chvätal-Sankoff limit of 7/10. Except for the change in numerical
value this conclusion must hold for all orders of approximation.
This finding is somewhat counter-intuitive in view of the entries in Table 3.4. It would
seem that the mean for the distributions of the node_ 3 table must be much greater
than the node l means. This is true, node 3 means converge to a\ from above and
node_ 1 means converge from below. This suggests a possibility, that may be useful for
higher order approximations, of combining the distributions of several nodes with a view
to canceling noise due to contributions from eigenvalue and eigenvector other than the
dominant one.

4.3

T h e tra ce approach

The trace method is a formal extension of the generating-function method to all orders
of approximation. Consider an order m approximation where the contracted evolution
graph has a nodes. The adjacency matrix Q = Qo + xQ\ is a crxcr matrix. Suppose:
a

det (Q —t l ) =

a*, (x) tk

(4.2)

fc= 0

a

so by Cayley's theorem :

an (x) Qu = 0

(4.3)

n=0
k+a

and hence using equation (3.7)

&n-k {%) Gn (m; x) — 0 ;

k >0

(4.4)

n=k

Equation (4.4) is a recurrence relationship yielding a generating function Gn (m; x) in
terms of the a immediately preceding generating functions. Since Gn (m; 1) = 4n, a
simple lemma from equation (4.3) is
y > „ (i)4 " = 0
n —0

Following the argument and expansion format that lead to equation (4.1), it is deduced
that:
a

am =

n=0

4 .3.1

a

£ < 4 (1 )4 " /y n « „ (l)4 "

(4.5)

n=0

E valu ation o f th e nu m erator and d en o m in a to r o f e q u a tio n (4.5)

The denominator above is four times the derivative of equation (4.2) with respect to t,
with x = 1 and t = 4. From first principles the derivative is:
lim

det (Q (1) - (4 + e)J) - d e t(Q (l) - 4/)
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Apply the identity det (/ + eA) — 1 + etr (A) + O (e2), where tr (A) is the trace of A,
so an expression for the denominator is:
—4 det (Q (1) - 41) tr ((Q (1) - 4 /) “ 1)
There is an immediate problem: 4 is an eigenvalue of Q (1), so Q (1) —4 / is not invertible.
Either a generalized inverse is necessary or a perturbation technique, similar to the
method used in subsection 3.5.1 is required. In either case, resolution of the dilemma
is straightforward. Recall the definition of the adjugate of a matrix, as the matrix of
cofactors and also the relationship
T

A~1 =

■
>

ad) (A) = A~, is the adjugate of A.

Thus, the denominator term reduces to tr {{Q (1) —47) ~). The numerator is the deriva
tive of equation (4.2) with respect to x; x = 1 and t = 4 and a similar argument leads
to:
tr (Q f ( Q ( l ) - 4 / ) ~ )
(4.6)
*r((Q(l)-4/)~)
Equation (4.6) expresses the Chvätal-Sankoff constant for the m th order approximation
in terms of evolution graph adjacency matrices. As expected there is no reference to the
initial node of the evolutionary graph.
4 .3 .2

T race m e th o d ca lcu la tio n s

Equation 4.6 returns an exact result, so computation to determine a m values should also
be exact. The Maxima symbolic algebra package was used to compute:
c*i

=

Oc2

=

«3

~

_7_
10
3900482569
« 0.7375038063440196
5288762628
0.7559291756465721

There seems little point in reporting 0 :3 as a ratio of two very large integers and a
decimal approximation is recorded. The « 2 fraction agrees with the result of Chia and
Bundschuh [50] except for the second last digit of the denominator. This is presumed to
be a typographical error.
Third-order approximation, m = 3 is the practical limit for general purpose programs
such as Maxima. There are specialist programs, used by group-theorists and others, for
computing exact determinants of very large, sparse matrices where the non-zero elements
are small integers. Such programs could be used to compute further Chvätal-Sankoff
constants for higher-order approximations; but the purpose here for the trace-approach
is as a bridge between published results and the results of the eigen-method.

4.4

T h e Eigen ap p ro ach

The constant a m depends on the derivative with respect to x of Gn (m; x) and Gn (m; x)
depends on Qn (x). If Q (1) is written as Q, then
Q {oc) = xQ + {1 - x) Qq
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Again, Q and Qo do not commute, so
( z ) Ix= i

=

nQ

n

-

(Qn~1Qo + Qn^ Q 0Q + ■■■ + QQoQ n ~ 2 + QoQn~l )
Higher order terms of the binomial expansion all have a (1 —x) factor as coefficients,
which are zero when x = 1. A typical contribution to Gn (m; 1) from the second-line of
the expression above is:

\ n —1—k

-(

1 1

1 1
4

n

— i — k

/ 1\
0
Qo<y
4

(4.7)

0<k <n

k

0

/ 1\
0
Suppose

(4.8)

oo vq + a\ v\ -I- • • •
0

W
where Vj are the right-eigenvectors of Q, with associated eigenvalues A^; Aq
unique, dominant eigenvalue of Q. Hence |Aj| < 4; j > 0. ^ 1
the left-eigenvector of Q with eigenvalue Ao, so ( 1 1 • • •
Vj'-, j > 0 and do = 1 / ^ 1

1 •••

1 •••

4 is the
1 1 J is

1 1 ^ is orthogonal to

1 l^ v o - In the limit n —>oc, only the ao^o term

of the equation (4.8) contributes to the (4.7) expression. It follows that:
(

1

1

•••

1 1

)

Q

q

V

q

*m = 1 ------- 7----------------------- (4‘9)
4 ( 1 1 • • • 1 1 J^o
E xam p le

For m = 1
/ 0 0 o \
0 0 0
Qo =

l 2 1 l)

and

no =

( 1)
2

ai

6_
20

w

Equation (4.9) yields a m in terms of the dominant right-eigenvector of Q and the adja
cency matrix Qo. As the dominant left-eigenvector of Q is trivial, it is again suggested
that a key to a formal expression for a may come from a better understanding of the
structure of the evolution graphs. For the time being, Vo is computed via the power
algorithm. This is a numerically stable algorithm that when combined with equation
(4.9) provides a substantially more efficient algorithm than does the trace-method in its
present form. Accurate a m determinations are listed in Table 4.1.
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ai
ct2
c*3
a4
a5
a6
a7

0.7000000000000000
0.7375038063440196
0.7559291756465721
0.7670114595966085
0.7744674061644786
0.7798298056639071
0.7838705696295200

Table 4.1 - Values computed for bandwidth-limited Chvätal-Sankoff constants via equation
( 4 .9 ) .

4.4.1

Estim ation of the Chvätal-Sankoff constant

A first attempt is represented by the minimum least-squares residual, polynomial curves
presented in Figure 4.1. The estimates obtained are entirely consistent with estimates
obtained by others using simulation techniques. An unsatisfactory aspect of the poly
nomial fits is that the low-order polynomials miss a\ by a large margin. While cto may
be atypical, there is no reason to believe that the a\ should be overlooked. In fact, to
date only aq, «2 and a 3 are known precisely. Furthermore, since all the data is known
to high accuracy, a calculation that is based on minimizing error is inconsistent with
the rationale of the present approach. An alternative approach is to search for simple
non-polynomial functions that are similar to the a m data.
E xtrap olation fu n ction s

The aim here is not to guess the correct functional form but rather just to discover
functions that match the data well. Several functions were tried and two of the better
possibilities are presented in Figure 4.2.
Three extrapolation functions were studied in detail:
6 (x)
6 (a:)

£3 (x)

+ ci

b2 + x
«3
63 + aA

+ c2
+ c3 ;

7 = 0.972

The value for 7 was determined with a few test cases and is not considered to be optimal.
Fits for the exponential function £1 (x) were not good, being about midway between
the polynomial results and the two other £ functions. In each case, two methods of
extrapolation were used. For the first, the parameters a, b and c were determined by
solving the relevant equations with (1/m, a m) pairs for m = 7,6,5 and taking £ (0) as
the estimate of a. The second method again determined a, b and c, this time for data
sets m = 1, 2, 3 m = 2, 3,4 • • • m = 5, 6, 7. The set of five £ (0) values are then taken
as an ordered sequence that should converge to a and submitted to the GNU-ScientificLibrary, Levin-sequence-acceleration routine to obtain a final estimate. It is probably
the case that five points are too few for this procedure to be considered reliable but
the Levin procedure still returns reasonable error estimates. Table 4.2 lists the results.
Considering the lower Levin error and the clearly better approximation of the £3 (x)
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Simple fraction Extrapolation
0.82

0.80

0.78

0.76

0.74

0.72

0.70
0.0

0.2

0.4
0.6
Reciprocal of Approximation order

0.8

1.0

0.8

1.0

Tweaked fraction Extrapolation
0.82

0.80

0.78

0.76

0.74

0.72

0.70
0.0

0.2

0.4
0.6
Reciprocal of Approximation order

Figure 4.2 - The extrapolation functions £ 2 (3 :) (above) and £ 3 (x ) (below). Note that
(1) is a better estimate than £ 2 (1) to the known value of 7/10. For each case, the a, b
and c parameters are chosen for an exact fit to the m = 5, 6 and 7 data.

£3
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function, it is plausible that the value of a may be greater than the value that has
been reported by previous investigators. Additional data points will resolve the issue.
With current software, a m = 8 determination will involve about ten days computation
and a m = 9 determination is feasible. Such undertakings are not out of the question,
but remain deferred, until further efforts are made in the field of graph-contraction; i.e.
finesse is favoured over brute-force.
Extrapolation
6 (x )
& (x)
6 (z)

Intercept estimate
0.812298048849534
0.812619769480868
0.813175982922637

Levin error
8.32011574281349e - 0 3
2.29902753867772e - 0 3
1.29641736186270e - 0 3

Levin estimate
0.812566934965213
0.812638828917685
0.813400785836141

Table 4.2 - Estimates of a derived by extrapolation of the results presented in Table 4.1.

4 .4.2

C o m m en ts

Equations (4.6) and (4.9) are both remarkably simple. Also, although they both de
termine the same quantity, they are not equivalent in the sense that one may easily be
transformed into the other by mere algebraic wizardry. It must be properties of the
graphical basis of the Q matrices that underly the equivalence. Either formula may be
used to perform exact calculations. The use in the power method to compute no, with
a consequent loss of precision, is just a convenience. There is no reason why no could
not be derived exactly from Q and the Ao = 4 eigenvalue, as a vector with only integer
elements, leading to a m expressed as a ratio of integers; although this would require
extended precision integer arithmetic and a consequent increase in computer memory
requirements.

4.5

H ig h e r o r d e r m o m e n ts

a m is lim n —» oo of the mean of the normalized m th order approximation distribution,
i.e. the limit of the curves such as those shown in Figure 3.5. What is the limiting
behaviour of the variance? The distributions shown earlier suggest that variance —■>0
both as n —>oo and m —* oo, but this is not quite the case. The second moment about
the origin is given by Gn (m; 1) + Gn (m; 1), which in turn may be deduced from:
(X
)xI=i + — Qn (X) |x=i

=

n2Qn

k < ( n —1)

-

(2n —1)

Y

Qn~1~kQoQk

k —0

( j + k ) < ( n - 2)

+

2

Y

j=0,k=0

Skipping the algebra, the result for n
m is that variance « a m (1 —a m) /n. The
estimate is valid when contributions from all but the dominant eigenvector may be
neglected. This should be the case for the curves of Figure 3.5 and they do conform to
the variance estimate.
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The limiting form as n —> oo of a LCS distribution, is a delta function located at a m.

4.6

C o n tex tu al p ersp ectiv e

Booth et al [11] computed unbiased, binary LCS distributions up to n = 14. Their
results were used to check some of the calculations reported here. R. Bundschuh [39]
discussed high-precision methods and made predictions for the Chvätal-Sankoff constant,
based on simulations and the assumption that curves similar to those of Figure 4.2, are
linear for m > 100. In a later paper by N. Chia and R. Bundschuh [50], the authors
derive a Markov model to describe LCS evolution. (Presumably, their theory and the
present theory are equivalent; however, Chia and Bundschuh derive larger matrices for
each order of approximation, which seems to limit the scope of calculation they undertake
to m < 3. They do however, consider asymmetric bandwidth.)
Recently, Physicists have taken a keen interest in LCS theory (Bundschuh and Chia
are physicists), because so called scaling laws and other techniques used in statistical
mechanics are (maybe) applicable to the combinatoric approach to sequence alignment.
For example, the recent contribution of V. Priezzhev and G. Schultz [51] warrants further
study.
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Biased Two-letter A lphabet
Analysis is presented for the case of LCS distributions for binary-string
pairs, when there is a disparity in probability of occurrence of the binary
characters. Theory for the general case is sketched and a contracted evo
lutionary graph and accompanying adjacent matrices for the m = 1 ap
proximation are presented. It is not practical to illustrate cases for m > 1
as they are simply too large; however, the theory is the obvious extension
of the m = 1 case.

5.1

C h aracter p rob ab ility

Again, binary-strings of equal length n are considered, but now the the probability
of a letter, at any position in either string, being True is p. Further generalizations
immediately come to mind, such as string and/or position dependent probability but
the uniform case is all that is discussed here. LCS distributions now depend on p, as do
the Chvätel-Sankoff constants. Chvätal-Sankoff constants will now be written as a (p )
and am (p ). Longer maximal length common sub-sequences are to be expected whenever
there is a disparity in letter frequency. Distributions for p = 0 and p = 1 are trivial,
as are the associated Chvätal-Sankoff constants. It is obvious that am (p) = am (1 —p),
am ( i) = a m and that am (p) > am ; p / \.
5.1.1

N o d e e x it p ro b a b ility

The previous definition of the microbe-algorithm assumed that the exit edges, from any
node of an uncontracted evolution graph, such as shown in Figure 3.8, were all equally
likely. This is no longer the case. The exit edges represent the four possible q,
q and
j single-letter extensions to a binary-string pair. The probability of each extension is:
(1 —p)2 , p2, p (l —p) and p (1 —p) respectively.
The first two extension possibilities listed are for rn+i)n+i = True and rn+ i)n+i =
False applies to the latter two extensions. As before, let the extended binary characterstrings be X and Y , with penultimate and final characters of each string being xn, x n+\
and yn, yn+i. Table 5.1 lists xn, yn, xn+i, yn+1 , rn)„, rn+i,n and Tn,n+i for the sixteen
possible xn, x n+\ and yn, yn+i combinations. Format of the table entries is:
53
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0

1 0
0 1

0

1 0
0

0
(0,0)

0

1

1

0

0

0
0

0

0

0

1 0
(0,0)

0
0

p‘

p{l-p)

0
0

(0,1)

1
1

0
0

1 0
1 0

0
0

v

0

1

1 0
1 0
(0,1)

p{l-p)

T ab le 5.1 - P artial character-coincidence tableaux for m = 1, biased letter-frequency,
binary-string com parisons. T he (rn+ iin, Tn,n+ i ) pair and th e probability of drawing the
letter extension pair is shown for each tableau.

Vn + 1
Vn

7n,n

Tn + l , n

Xn

Xn+ 1

Below each entry is the (rn+i>n, rn^n+1 ) pair and the probability for drawing the
extension.
Each edge leaving an evolution-graph node corresponds to a particular (rn+i>n, Tn^n+1 )
pair. (See Table 3.3.) LCS theory must now be extended to deal with the circumstance
that identical (rn+iin, Tn^n+1 ) pairs may be associated with different probabilities of
occurrence. (Contrast the top-left and bottom-right entries in Table 5.1.)

5.1.2

T h e m icro b e-a lg o rith m e x te n d e d

First approximation m = 1 states (nodes) are defined by the triplet (jn,n kn,n Tn,n)Consider now, a quartet (xn, j n,n kn^n rn^n). yn is deduced from Tn^n. The nodes of a raw
evolution graph, such as Figure 3.8, are partitioned into two hemispheres, defined by
x n = 0 and x n = 1. The connections listed in Table 3.3 still apply, but they must now
be applied to each node hemisphere. In terms of the quartet state notation, the m = 1,
biased binary-string, state transition table is given in Table 5.2.
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(0, 0)
0,001

1,001+

1,001

0,001+

0,010

0,110

1,010

1,110

0,011

1,001+

1,011

0,001+

0,100

0,110

1,100

1,110

0,101

1,001+

1,101
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(1 .0 )

(0, 1)

p2

1,110

p( 1 ~ p )

0,110

(1 - p ) 2

0,110

p( 1 ~ p )

1,110

p( 1 - p )

0,001+

p (l - p )

1,001+

(1 - P ?

1,011+

P2

0,011 +

p2

1,110

P(1 - P )

0,010+

(1 - p ) 2

0,110

p (l-p )

1,010+

p (l - p )

0,101+

p (l - p )

1,101+

(1 - P f

1,001+

P2

0,001+

P2

1,100+

P( 1 - p )

0,110

0,001 +

(1 - p ) 2

0,100+

p (l - p )

1,110

p (1 - p )

0,110

0,110

1,110

1,110

p (l - p )

0,101+

(1 - P)2

1,011+

p( 1 - p )

1,101+

P2

0,011+

( i. i)

p (1 - p )

0,001 +

(1 - P f

p (1 - p)

1,001+

P2

P2

1,010+

P( 1 - p )

(1 - p ) 2

0,010+

P (1 - P )

p (1 - p )

0,011+

(1 -P )2

p (l -p )

1,011+

P2

P2

1,100+

p (l - p )

(1 - p ) 2

0,100+

P (1 ~ P )

p (l -p )

0,101+

(1 - P ) 2

1,101+

P2

p2

1,110+

P (1 - p )

(1 -p )2

0,110+

P (1 - P )

T a b le 5.2 - E xtended m = 1 sta te transition table. States are w ritten as x , j k T . T he +
sign indicates score increasing transitions. The probability of th e transition is shown after
the destination state.

The probability for each edge is determined by the destination node.
-*• Xn+ljn+lK+l 0 J p (l - p)
*

0

Jn + l^ n + l 1

1

jn + l^ n + l 1

!
i

(1
P2

P)

(5 -1 )

Although equations (5.1) are written for the current m = 1 context, similar (identical)
assignments apply for all orders of approximation. The structure imposed on the corre
sponding Q matrices by these conditions is obvious in equations (5.2) The order of the
rows and columns in equation (5.2) being the row order of Table 5.2.
For the purpose of brevity, in equations (5.2), (1 —p) is written as q. This usage of the
symbol q is confined to these sections so as to avoid possible confusion with elements of
the Qo and Q\ matrices.
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\

/

(5.2)

Qo

PQ pq pq
V

pq

pq

•

•

PQ PQ

PQ PQ
•

•

PQ

PQ

'

•

PQ

PQ -

PQ

At this point, the nature of the microbe algorithm switches from an un-normalized
Markov process to a normalized process. Rather than cloning at each evolutionary
epoch, the probability of microbe location is adjusted at each step. In one sense, the
microbe simultaneously traverses all possible arcs, albeit with the probability assigned
to each exit arc. Of course, the microbial score is adjusted in accordance with shade of
the arc traversed. So the new-world view is that there is just one microbe, distributed
throughout the evolutionary graph, with a distribution of scores.

5.1.3

E x te n d e d g ra p h -co n tra ctio n

Since graph edges now have two attributes: probability and incremental contribution
(colour), the section 3.7 criteria for graph-contraction must be extended. The colour
and probability of all corresponding edges must match for two nodes to have the same
characteristic distributions. Applying the A = 0 eigenvalue/vector criterion discussed
in that section, yields the following equivalent (hemisphere, node) pairs. (Equivalent
meaning: having the same characteristic distributions.)
(0,1)

( U )

(0,2)

(1,3)

(1,2)

(0,3)

(0,4)

(0,5)

(1,4)

(1,5)

The symmetry of Figure 3.8, above and below the node_ 1 ••• node_6 axis is present
here. The node quartets (0, 3) (0,2) (1, 3) (1, 2) and (0, 5) (1, 4) (1, 5) (0, 4) are equivalent.
Also, there is no need to distinguish between nodes (0,6) and (1,6), as the input and
output edges to each hemisphere of node_6 are exactly matched. At the current stage of
development, algebraic contraction theory can be used to verify these additional identities
but cannot yet derive such equivalences. It should be stated that the quartet node
equivalence just stated, is automatically contracted by the tableau transpose graphconstruction technique, described in section 3.7. The consequence of all these node
equivalences is the contracted evolution graph of Figure 5.1.
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.21n2

pq

pq

------ Links that increment the score by one.
Links that do not alter the score.
Figure 5.1 - Contracted graph for biased, m = 1 two-letter, LCS evolution.
The graph is invariant under p
q interchange, apart from the identification of node 3a
and node 36.

As node_?>a and node_3b are amalgams of r = 0 and r = 1 nodes, the constraints
of equation (5.1) do not apply to these nodes. It is useful to introduce the character
disparity measure d = 2p — 1; —1 < d < 1.
p ( l - p ) = (1 - d2) / 4 ;

p2 = ( l + d2 + 2 d )/4 ;

(1 - p f = (l + d2 - 2d) /4

All generating functions, distributions etc., should be even functions of d, as there is no
distinction between 1 being more likely than 0 and an equal but opposite likelihood for
0 over 1. The characteristic generating functions for node_ 1 and node_ 2 are even func
tions of d but this is not true for the two other nodes. If H (l,d ; x) is the characteristic
generating function for node 3a then H (1, —d; x) is the node_3b function. Expressing
the edge probabilities in terms of d shows that node 3a and node 36 are mirror images
with d transformed to —d on reflection.
The Q matrices corresponding to Figure 5.1 are:
/ 2 ( l + d2)
1
4

(l + d2 + 2d)
(1 + d2 - 2d)
( 1 - d 2)

(1 + d2 —2d)
( 1 - d 2)
(l + d2 + 2d)

V
/

•

•

\
(1 + d2 - 2d)
(1 + d2 + 2d)
( 1 - d 2)
)
•

\
(5.3)

V 2 (l —d2)

( 1 - d 2) ( 1 - d 2)

( 1 - d 2) j
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Note that the two inner columns of Q (x) = Qq + xQ\ are the same if d = 0, permitting
an additional contraction for the unbiased case. As well as assigning probabilities to the
graph edges, the bias has split the central node of the Figure 3.9.

5.2

G en era tin g fu n ctio n recurrence

To accommodate the disparity parameter, the notation for generating functions must
be extended to Gn (ra,d; x) and is normalized so that Gn (ra ,d ; 1) = 1. The equations
below are written in a form to facilitate comparison with their unbiased counterparts.
Most of the earlier definitions require only minor and obvious extension to accommodate
the biased case, ctm (d) to replace a m etc.
Caley’s theorem and equation (3.4) give:
G o ( M ;x )

-

1/4°

G i(l,d;x)

=

(2 (l —d2) + 2x (l + d2)) /4 1

G 2 (l,d',x)

=

(2

(l —d2) 2 + 2x (l —d2) (5 + 3d2) + 4x2 (l + d2)2^ /4 2

G3 (l,d ; x)

=

(2

(1 - d 2)3 + 8x (1 - d 2)2 (2 A d 2) A 2x2 (l - d2) (19 + 22d2 + 7d4)

+

8z3 ( l + d2)3) / 4 3

Gn+4(l,d ;x )

=

((5 + 3d2) x + 1 - d2) /4 1 Gn+3 (l,d ; x)

- 2x (4 (l + d2) x + 1 - d4) /4 2

Gn+2 (l,d ;x )

+ 4x2 ( ( l + d2 — dA — d6) x + (l —d2)2^ /4 3 G n + 1 (1 ,d; x)
+

16x3d2 (l — d2)2 / 44 Gn ( l , d ; x ) ;

n>0

(5.4)

For d = 0, equation (5.4) reduces to a normalized form of equation (3.5).

5.3

B ia sed m — 1 C h vatal-S an k off co n sta n t

ot\ (d) may be deduced from equation (5.4) as:
ai (d)

7 + 5d2
(2 + d2) (5 - d2)

As expected, a i (0) = ^ and a\ (1) = a\ (—1) = 1 and a\ (0) is local minimum of a\ (d).
Figure 5.2 shows examples of biased m = 1 distributions. The values d = 38/64 and
d = 53/64 were chosen to give a\ (d) values very close to 0.8 and 0.9. Because of the
curve asymmetry, the interpolated peaks (mode) lead the mean values. The abscissa
range of the plots is 0.4. It is clear that distribution variance decreases with increasing
disparity.
The methods presented in the previous chapters are also applicable to the biased twoletter case and much more can be said on this topic; however, the purpose of the present
discussion is to be a stepping-stone to LCS theory for a four-letter alphabet.

5.3. BIASED M = 1 CHVÄTAL-SANKOFF CONSTANT

Biased LCS distributions, d = 0
n = 20
n = 30
n = 40
n = 50

Normalized LCS length
Biased LCS distributions, d = 38/64
n = 20
n = 30
n = 40
n = 50

Normalized LCS length
Biased LCS distributions, d = 53/64
n = 20
n = 30
n = 40
n = 50

Normalized LCS length

Figure 5.2 - m = 1 biased LCS distributions.
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C h ap ter 6

LCS Theory for Four-letter
Alphabet Strings
The evolutionary graph and adjacency matrix method for determining LCS
distributions is extended to cover pairs of character strings drawn from
both biased and unbiased four-letter alphabets. It is found that aspects of
the underlying graph topology is unaffected by the increase in alphabet size.

6.1

B ase-p air n om en cla tu re

Consider the four-letter DNA alphabet {A, C, G, T}. The principle difference in dealing
with an alphabet of more than two letters over binary systems is that equation (3.2)
cannot be used. The resolution of the difficulty is similar to the method used for dealing
with the two-letter, biased case. Namely, it is necessary to associate each node exit
edge with a character pair. With four letters, there are 16 exit edges per node. Four
corresponding two-letter pairs: A, c , G and T lead to nodes with rn+iin+i = 1 and
the remaining 12 other possible pairings join to rn+yn+i — 0 nodes. An advantage of
considering all pairings at this early stage is that the resulting framework is immediately
suitable to accommodate biased letter-frequencies.

6.2

Triads o f r valu es

In the case of extension of binary-string pairs, equation (3.2) was used to determine
Tn + I,n + 1 f r ° m r n ,n , Tn + i >n and Tn,n+\. Now, Tn + i >n+i must be determined directly from
the character-coincidence tableaux. Consider the totality of partial character-coincidence
tableaux, similar to the two-letter tableaux of Figure 5.1. There are 256 such diagrams.
It is necessary to assign each tableau to a group, according to its (rn)n+i Tn+yn r n+i)n+i)
vector and its rn^n value. (It is useful to consider Tn^n separately as this parameter
distinguishes even from odd numbered nodes.) Figure 6.1 shows three tableau that are
equivalent in the sense that they each have a (100) r vector.
A node edge exit probability is associated with each of the 16 possible letter pairs. This
probability is the probability of the joint occurrence of the characters xn+\ and yn+1 .
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c
A

1
0

c

0
0
G

1
0
T

T
A

0
0
G

C
C

1
1

c

0
0
T

F igure 6.1 - Three tableaux with (100) r vectors. The first two have r n,n = 0 and hence
apply to even numbered nodes. The third example is applicable to odd numbered nodes.

From any given node, the master equations (2.2, 2.3, 2.4) determine a destination node
and Sn+gn+i value for any given (rn,n+i Tn+^ n r n+ijn+i) vector, which is sufficient to
define the evolution graph for any order of approximation m.
When all letters are equally likely, then all exit edges are also equally likely. For this
case, as previously for the two-letter case, the un-normalized microbe algorithm is used.
The only difference being that now microbes clone 16 offspring. There are 8 possible
(Tn ,n + lTn + l,n Tn-i-i,n+i) vectors and 16 exit edges, yet not all r vectors are represented
among the exit edges from any node. Hence, a multiplicity factor is attached to each of
the r vector labeled edges that are present.
The situation is very similar when letter probabilities are not all equal. A normalized
probability algorithm is preferred and the probability of a (rnin+i Tn+\^n rn+gn+i) edge
is the sum of the probabilities of all relevant tableaux. (This being equivalent to the
un-normalized multiplicity count.) Just as with the two-letter case, the nodes are sub
divided. r = 1 nodes are partitioned into four parts and t — 0 nodes into 12 parts. Edges
terminate in the node partition that matches the edge’s defining character pair. This
scheme facilitates the assignment of each partial coincidence-tableau to a node partition
(the x n, yn pair) and a node exit edge (the x n+i, yn+i pair).
Figure 6.2 shows the m = 1, four-letter, equally-probable, raw evolution graph. The dis
tinction between different r labeled edges between the same pair of nodes is unnecessary,
they can be combined to give the graph shown in Figure 6.3. Figure 6.2 closely resem
bles Figure 3.8, as do the corresponding graph contractions but there is a topological
difference: the score increasing edge from node_ 6 back to node_ 1 in Figure 6.2. This
additional edge appears because of the relaxation of equation (3.2).

6.3

G ra p h co n tra ctio n

Two steps of graph contraction are possible, as shown in Figure 6.4. Only the first
contraction is valid for biased letter frequencies but the unbiased case may be further
contracted to the three node graph of the figure. The topology of these graphs is exactly
the same as for the two-letter alphabet graphs. Only the edge weights (probabilities)
differ. The Q matrices for the three node graph of Figure 6.4 are:
/
Qo

■

.

. \

=

;

v 12 9 7 y

Qi

=

( 4

3 2 \
4 6

■ •

O

A right eigenvector Qo + Q u corresponding to eigenvalue A = 16 is: vq

7 \
and
12
V 24/

6.3. GRAPH CONTRACTION
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Links that increment the score by one.
Links that do not alter the score.

F igu re 6.2 - Complete m = 1, four character alphabet evolution graph. Edges are labeled
with (Tn , n + i T n + i , n Tn + i , n + i ) vectors followed by the multiplicity count in brackets ().

Links that increment the score by one.
Links that do not alter the score.

F igure 6.3 - Version of the Figure 6.2 without individual vector designations.
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Links that increment the score by one.
Links that do not alter the score.

F igu re 6.4 - Contracted forms of the Figure 6.3.
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which is in good agreement with the m — 1, unbiased distributions of Figure 6.5. Con
vergence with increasing n to cti is very rapid, which is not surprising as the two other
eigenvalues of Qo + Qi are A = ± i\J2.

6.4

H ig h er o rd e r a p p ro x im a tio n s

The procedure for higher order approximations is the same as for the m = 1 approxi
mation. The partial tableaux and r vectors remain the same. The only complication
is the increase in the number of active nodes with increasing order of approximation.
Computer based methods are necessary to build the evolution graphs and to populate
the adjacency matrices. An example of m = 2 distributions is given in Figure 6.6. The
four-letter, unbiased m = 2 diagram shows rapid convergence to a reasonable distribution
profile at string lengths far shorter than the two-letter case.

6.4. HIGHER ORDER APPROXIMATIONS
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Unbiased four character LCS distributions, m = 1

Relative frequency

n = 20
n = 30
n = 40
n = 50

Normalized LCS length
F ig u re 6.5 - LCS distributions for m = 1, unbiased, four-letter alphabet.

Unbiased four character LCS distributions, m = 2

equency

4

3

I

2

©

0C

1

0.0

0.2

0.4
0.6
Normalized LCS length

0.8

1.0

F ig u re 6.6 - LCS distributions for m = 2, unbiased, four-letter alphabet.
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P a rt II

The A pplication of Spectral
Envelopes to D eterm ine S tructural
Features of P roteins

C h ap ter 7

Introduction to P ro tein Sequence
and S tru ctu re 1
Protein sequences and structures are discussed. How DNA becomes protein
and their genetic codes are explained. Amino-acids: the building blocks are
discussed followed with a discussion and presentation of different levels of
protein structures.

7.1

In tro d u ctio n

This chapter summarizes a few topics from the established areas of protein sequence
and structure that support the discussion in the following chapters. No original work is
reported here.
Proteins are basic constructional blocks and functional elements of living organisms,
made up of such elements as carbon (C), hydrogen (17), nitrogen (77), oxygen (O),
sulphur (5) and phosphorus (P). Atoms of these elements combine in a large variety of
ways to form sub-structures and proteins may be viewed as a linked assembly of these
building blocks; as depicted , for example, in Figures: 7.1, 7.4, 7.5 an 7.6. Proteins
are involved in all processes occurring in cells and tissues and therefore are linked to
each other by numerous interactions. Proteins are more flexible than nucleic acids in
structure because of both the larger number of types of residues and lower charge density
of the polypeptide backbone. Proteins can serve many roles in the cell; as enzymes,
as structural components, membrane components, as templates, as substrates and as
products of reactions. Many aspects of protein metabolism are catalysed and regulated
by the cell. These include their rates of expression, translation, folding, targeting to the
proper cellular location and their degradation. Proteins and the functions they catalyse
are the end-product of the genes that encode them. Some of the most important functions
of proteins are to regulate the expression of other proteins.
xMany articles, text-books, reference-books, scholarly-reviews, research-papers and web-pages were
read, before and during the preparation of this chapter. All material, other than that which may be
regarded as common-knowledge, that has directly influenced the style and/or content of this chapter,
has been fully acknowledged in the Declaration at the begining of this thesis.
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From D N A to p ro te in

Deoxyribonucleic acid (DNA) which is situated in the nucleus carries the genetic infor
mation of a cell in all living organisms and consists of thousands of genes. Each gene
serves as a recipe on how to build a protein molecule. Proteins perform important tasks
for the cell functions or serve as building blocks. The flow of information from the genes
determines the protein composition and thereby the functions of the cell. The structure
of DNA is a double helix, much like a ladder that is twisted into a spiral shape. The bases
of the DNA are found in pairs which make up the rungs of the ladder. The uprights of
the ladder are the structural backbone of the DNA. They do not carry information rather
just hold the bases in their proper order. The DNA molecule is made up of four bases:
adenine (A), cytosine (C), guanine (G) and thymine (T). A fifth base uracil (U) which
is chemically similar to thymine replaces the thymine in ribonucleic acids (RNA). Each
rung of the DNA ladder consists of two bases. In the DNA molecule, A always pairs up
with T and C always pairs up with G. The base-pairing of DNA by hydrogen bonding
is illustrated in Figure 7.1. The sides of the DNA ladder consist of a long string of sugar
and phosphate molecules to which the bases are attached. Each sugar-phosphate-base
combination is called a nucleotide. The chemical bonds linking together the nucleotides
are always the same. Thus, the backbone of DNA is very regular and the ‘individuality’
of each molecule is determined by the actual sequence of the bases A, T, C and G. The
sequence of these bases encodes instructions. Some parts of DNA are control centers for
turning genes on and off, and there are some parts for which the function, if there is
one, is unknown. Other parts of DNA are genes that carry the instructions for making
proteins which are long chains of amino- acids. These proteins help build an organism.

The DNA is organized into chromosomes. Every cell must contain the genetic information
and the DNA is therefore duplicated before a cell divides (replication2). When proteins
are needed, the corresponding genes are transcribed into RNA (transcription3). The
RNA is first processed so that non-coding parts are removed and is then transported
out of the nucleus. Outside the nucleus, the proteins are built based upon the code in
the RNA (translation4). This information transfer from DNA to protein is called the
central dogma of molecular biology and is illustrated in Figure 7.2.

7.3

T h e genetic code

The genetic code is the set of rules by which information encoded in genetic material
(DNA or RNA sequences) is translated into proteins (amino-acid sequences) by living
cells. Specifically, the code defines a mapping between tri-nucleotide sequences called
2During this process, a double stranded nucleic acid is duplicated to give identical copies. This
process perpetuates the genetic information.
^During this process, a DNA segment that constitutes a gene is read and transcribed into a single
stranded sequence of ribonucleic acids (RNA). The RNA moves from the nucleus into the cytoplasm.
4During this process, the ribosome reads three bases, so-called codons at a time from the RNA and
translates them into one amino-acid.

7.3. THE GENETIC CODE
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F ig u re 7.3 - Genetic code. Genetic information is encoded in mRNA in three letter units,
codon, made up of the bases Uracil (U), Cytosine (C), Adenine (A) and Guanine (G). The
codons specify a particular amino-acid.

codons and amino-acids; every triplet of nucleotides in a nucleic acid sequence specifies a
single amino-acid. The genetic code consists of 64 codons of nucleotides. 3 out of the 64
possible codons are reserved for stop signals to specify the end of the gene and the rest
are used to code for amino-acids. There is no special start sequence. The codon ‘AUG’
which codes for the amino-acid methionine (Met/M) also serves as the start codon. The
genetic code can be expressed as either RNA codons or DNA codons. RNA codons
occur in messenger RNA (mRNA) and are the codons that are actually ‘read’ during
the synthesis of polypeptides (the process called translation). Figure 7.3 summarizes the
standard genetic code. The three-letter abbreviations such as Phe and Leu are types of
amino-acid molecules. In Figure 7.3, the left-hand column gives the first nucleotide of
the codon, the 4 middle columns give the second nucleotide and the last column gives
the third nucleotide.

7.4

Amino-acids: the building blocks

Amino-acids are biochemical building blocks. They form short polymer chains called
polypeptides or peptides which in turn form structures called proteins. Based on these
amino-acids, numerous different proteins are synthesized by all living organisms enabling
both basic biological functionalities and complex higher-level metabolic processes. Gen
erally, the biological function of a protein is mediated by its three-dimensional structure
which is mainly determined by the linear sequence of amino-acids.
With the exception of proline (which is actually an imino-acid), amino-acids are molecules
built around a central carbon atom called an a-carbon (Ca ). Four different chemical

7.4. AMINO-ACIDS: THE BUILDING BLOCKS
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Figure 7.4 - General structure of amino-acids consisting of amino-group ( N H 2 ), a hydrogen
(//), carboxyl-group (O = C' — OH) and the side chain (R ) which determines the general
differences among them.

groups are covalently bonded to this ct-carbon: an amino-group ( N H 2 ), a carboxylgroup (O = C —O H ), a hydrogen (H) and an ‘R ’ group, where ‘R ’ stands for any of
amino-acid side chains. Thus, the carbon together with the hydrogen, amino-group and
carboxyl-group is the same for all amino-acid; they form what is called the amino-acid
‘backbone’. The ‘R ’ group on the other hand is the only chemical group that differs
among the amino-acids and gives each amino-acid its ‘chemical personality’. Figure 7.4
shows the structure of a prototypical amino-acid.

Amino-acids are connected to make proteins by a chemical reaction of the corresponding
amino- and carboxy-groups, in which a molecule of water (H 2 O) is removed leaving
two amino-acids residues (i.e. the part of the amino-acid that is left when the water
molecule is removed) connected by a peptide bond (see Figure 7.5). The atoms in the
peptide bond are referred as the peptide backbone. Connecting multiple amino-acids in
this way produces a polypeptide (i.e. chain). A protein might be composed of several
polypeptides.

The peptide bond is ideally, although not in reality, planar and rigid and the rotation is
only allowed by the (p{Ca —N) and ip (Ca —C ) torsion angles. Given a sequence of n
amino-acids, we are interested in finding all torsion angles {(pi,ipi,(p2 , ^ 2 , ■• •, (pm ipn) f°r
all peptide bonds to determine the three-dimensional structure of the protein backbone.
It is widely accepted that only a limited number of 20 standard amino-acids exists. The
differences between the diverse amino-acids are caused by the side chain (R). In fact,
20 different side chains are genetically specified where codons encode the biochemical
composition of the side chain and thus the amino-acid itself. Differences between the 20
amino-acids are manifold. All proteins of all species are based on this set of ‘building
blocks’. In Figure 7.6, the amino-acids are grouped according to their polarity and
charge. They are divided into four categories, those with polar uncharged R groups,
those with apolar (non polar) R groups, acidic (charged) and basic (charged) groups.
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O— H
()— H

H— N

H— N

O— H

Figure 7.5 - Amino-acids link together with a (C ' — N ) peptide bond loosing water in
process. The sequence of carbon and nitrogen atoms represents the backbone of the protein.

There are eight amino-acids with non polar R groups. As a group, these amino-acids
are less soluble in water than the polar amino-acids. If a protein has a greater per
centage of non polar R groups, the protein will be more hydrophobic (water avoiding)
in character. Hydrophobic molecules exclude water and associate together to form hy
drophobic regions. Hydrophobic interactions are very important in biological structures.
Hydrophobic amino-acids tend to be located in the interior of proteins. Notice the ab
sence of oxygen or nitrogen atoms which are polarising atoms so there are no polar groups
in these structures that enable interaction with water.
There are seven uncharged amino-acids with polar R groups. These amino-acids are
relatively hydrophilic (water loving) because they possess polar functional groups (in
side chains) i.e. oxygen and nitrogen which can participate in hydrogen bonding with
water so capable of interacting with water.
The acidic amino-acids carry a net negative charge at neutral pH and contain a second
carboxyl-group. There are two acidic amino-acids, aspartic acid and glutamic acid also
called aspartate and glutamate respectively. These amino-acids are charged and very
polar and so tend to be located on the surface of proteins where they can form hydrogen
bonds with water molecules.
The polar basic amino-acids have R groups with a net positive charge at pH 7.0. These
include lysine, arginine and histidine.

7.5

Levels of protein structure

The overall structure of a protein is defined at different levels. Proteins consist of one or
more polypeptide chains that contain between hundred and several thousand amino-acid
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(a) Primary structure

(b) Secondary structure

F igu re 7.7 - Summary of the 3D arrangement of proteins, (a) Primary structure is the
sequence of a chain of amino-acids, (b) Secondary structure occurs when the sequence
of amino-acids axe linked by hydrogen bonds, (c) Tertiary structure occurs when certain
attractions are present between «-helices and /3-sheets, (d) Quaternary structure is a protein
consisting of more than one amino-acid chain.

residues arranged in a definite, genetically determined sequence. The number of chains
and the sequence of residues within them form the primary structure of the protein.
By convention, the residues are numbered in sequence along each chain beginning at the
N terminus or amino end.
The three-dimensional structure of proteins is uniquely determined by its primary struc
ture. ct-helices and /5-sheets are the most common form of local regular structure known
as secondary structure in proteins. The super-secondary structures are packed to
gether to form domains. Domains can only be defined subjectively but they are usually
unambiguously distinguishable by eye as self-contained units of structure and have dis
tinct hydrophobic cores. Domains are packed together to form the tertiary structure
of the protein. In general, proteins pack such that amino-acids that do not like water are
stored in the inside of the protein and form the hydrophobic core, while residues that
easily interact with water are found on the outside of the protein. A protein domain is
a region of the protein that has its own hydrophobic core and hardly interacts with the
rest of the protein. Sometimes several protein chains pack together to form complexes
that build up the quaternary structure. Very large collections of proteins, sometimes
packed together with RNA or DNA, are called macro-molecular assemblies. One example
of such an assembly is the ribosome which produces new proteins from an mRNA tem
plate. In Figure 7.7, the three-dimensional arrangements of primary, secondary, tertiary
and quaternary protein structures are summarized.
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Preferred secondary structures

The secondary structure of a segment of polypeptide chain is the local spatial arrange
ment of its main-chain atoms without regard to the conformation of its side chains or to
its relationship with other segments [52]. a-helices and /3-sheets are the most common
form of local regular secondary structure in proteins. The amino-acid sequence of a
protein can easily be determined from its corresponding DNA and the sequence of the
DNA is easily found experimentally. In a minority of cases the 3D structure of a protein
can be determined by experimental methods such as X-ray crystallography and Nuclear
Magnetic Resonance (NMR). Currently, there is no way to determine the structure from
the sequence only. The most common way to find the structure of a new protein is
to compare it to proteins with known structures and predict a conformation based on
sequence similarity.
The a-helix
The a-helix is one of the two secondary structures predicted and discovered by Li
nus Pauling in 1951 [53] and confirmed in the first structure determined, myoglobin,
a —helices have distinctive patterns of hydrogen bonding where the backbone C = O
group of residue i bonds with the N — H group of residue i T 4 (Figure 7.8). All or
most of the residues in a helix are bonded in this way making it a relatively rigid unit
of structure with very little free space in its core. The helix makes a whole turn per 3.6
residues and can have between 4 and around 50 residues in length but some proteins
and coiled-coil structures can be considerably longer, a-helices can exist internal in pro
teins (generally hydrophobic) on the surface of proteins (amphipathic) or in membranes
(hydrophobic), a-helices can span membranes either singly or in groups.

The core of the helix is packed. The backbone atoms are in Van der Waals contact
with each other across the helix axis. A helix can be represented in its so called wheel
presentation as shown in Figure 7.9. A helical wheel is a projection in 2—D along the
helix axis and displays the orientation of the side chains on a 360 degree map with respect
to the side of the helix. This wheel presentation is helpful for the detection of potential
amphipathic helices. If one side of the wheel contains predominantly non polar side
chains while the other side has polar side chains, the helix is amphiphilic and this plays
a crucial role in helix-helix interaction and in the interaction of small peptides that have
a helical conformation with the interaction with membranes, air-water interfaces and
self-assembly processes. The side chains are placed on the outside of the circle staggered
in a fashion determined by the fact that there are 3.6 amino-acids per turn of the helix.

The /3-strands and /3-sheet
After discovery of the a-helix, Pauling & Corey [54] discovered that polypeptide chains
could fold in another way which they named /3-sheet. /3-strands are stabilised through
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F ig u re 7.9 - Helical wheel projection of 18 residues. Basic residues are shown in blue,
acidic residues in pink, unchanged in green and hydrophobic residues in red. The figure
represents a helix receding into the page, so circle radius diminishes with distance from the
viewer.
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interactions with other /3-strands to form a /3-sheet which is more strictly a tertiary
structure. Like helices, sheets are also stabilised by hydrogen bonds between C = O
and N —H groups but in this case they are much more distantly separated along the
chain. Both parallel and anti-parallel /3-sheets exist in protein structures. Due to the
geometry of the peptide backbone, the amino-acid chains of /3-strands alternate on either
side of the sheet. It is substantially different from the a-helix in that it is a sheet rather
than a rod and polypeptide chain and is fully stretched rather than tightly coiled as
in a helix. The hydrogen bonds are formed from amino- and carboxyl-groups as for an
a-helix but bonding also occurs between different stands of a polypeptide. The Parallel
/3-sheet is characterized by peptide strands running in the same direction held together by
hydrogen bonding between the strands. Typically parallel /3-sheets are large structures
that usually consist of at least five strands. Parallel /3-sheets usually have hydrophobic
residues on both sides of the sheet. Figure 7.10 represents a parallel /3-sheet consisting
of four strands. The red dotted lines represent hydrogen bonds between the strands.
One can recognize a parallel /3-sheet by the number of atoms in the hydrogen bonded
rings. Each hydrogen bonded ring in a parallel /3-sheet has 12 atoms in it. Note that
the hydrogen bonds holding together the two peptide chains are not perpendicular to
the direction of the backbone.
The Anti-parallel /3-sheet is characterized by peptide strands running in opposite direc
tions held together by hydrogen bonding between the strands. Figure 7.11 represents an
anti-parallel /0-sheet consisting of four strands. The red dotted lines are hydrogen bonds
between the strands. One can recognize an anti-parallel /3-sheet by the number of atoms
in the hydrogen bonded rings. The number of atoms in hydrogen bonded rings alternate
between 14 and 10 in an anti-parallel /3-sheet. Hydrogen bonds in an anti-parallel /3-sheet
are linear. For this reason anti-parallel /3-sheets are more stable than parallel /3-sheets.
Anti-parallel /3-sheets can consist of as few as two strands. Unlike parallel /3-sheets which
typically distribute hydrophobic residues on both sides, anti-parallel /3-sheets typically
distribute hydrophobic residues only on one side.
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C h ap ter 8

Spectral Envelope Theory
Periodicities embedded in symbolic data sequences are discussed and two
new categorical spectral envelopes are defined. These are called Complex
and Scalar spectral envelopes. Formulae to compute Complex, Scalar and
categorical spectral envelopes are derived as well as a new formula to com
pute the Stoff er et al spectral envelope. Some properties of spectral en
velopes are explored and the concept of amino-acid sequences is extended
to punctuated or multi-segment sequences, in order to enhance the capa
bilities of categorical spectral analysis.

8.1

Introduction

The inspiration for the current study comes directly from a series of recent articles
by David S. Stoffer, David E. Tyler, Andrew J. McDougall, David A. Wendt and others
([12], [13], [14]), where they have described a general framework for the frequency domain
analysis of categorical time-series that they refer to as the spectral envelope method. For
reasons to be discussed later, it appears that the algorithm of Stoffer et al may not
always be ideal to address data such as the myoglobin sequence data discussed in section
8.3. A simpler least-squares approach offers several advantages and the development of
effective algorithms of this type is a major component of this work.
Categorical or symbolic (time) sequences are a field of study in their own right but focus
is restricted here to the application of categorical spectral theory to protein amino-acid
sequences.

8.2

Vector notation

Readers unfamiliar with traditional time-series notation and/or indicator functions may
prefer to scan the first two sub-sections of section 8.5 before proceeding. The key concepts
are in keeping with time-series notation, t is used as a sequence location index and that
each symbol-type of the symbols that comprise the symbolic sequence is associated with
a component of a vector denoted by ß.
81
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It is useful to employ P.A.M . Dirac’s [55] Bra-Ket notation for vectors, matrices etc
in the 20 dimensional space of amino-acid indices. The use of this convention does not
yet imply any need for a Hilbert-space setting for the following discussion but just a
desire to express conventional matrix/vector concepts in a compact form. Examples of
the notation are:
(0\

= (0102 ■■■

02o),

IY( t ) ) =

(V- (01 = (

1

•••

(t )20 )

Y( t ) i \
Y(t)2
\ Y

(^ 2 0

/

In the case of vectors with complex numbers as elements, bra to ket or ket to bra
transposition also implies complex conjugation of the elements. For example, if |a) and
Ib) are real vectors and |c) = |a) + i |6) then (c| = (a| —i (b|. The scalar (Hermitian)
product of vectors u and v is written as (u | v) = Ylk=l ukvk->where u*k is the complex
conjugate of u^. Matrix A applied to vector |u) is writter A\v) and the Hermitian
product of |w) and A |u) is written (u \ A | v). The null ket vector is |0). The ket vector
with all components equal to 1 is | 1).

8.3
8.3.1

S p ectra l a n a ly sis o f ca teg o rica l tim e-series
S y m b o lic seq u en ce p e r io d ic itie s rev ea led by c a teg o riza tio n

Consider the following sequence of letter symbols:
Clearly, this sequence is a three-fold
repetition of the sub-sequence: ACDEFGHIKLMNPQ . On the other hand, periodicities in
the sequence: ABFDEHBFDEHBCDKAJGDE are less obvious; however, upon the identification
of five subsets: a — {A, H}, ß = {B, J}, 7 = {(7, F, G}, S = {D} and e = {E, K};
this sequence may be mapped to aß'yöeaß^öeaß'yöeaß'yöe and is seen to be a four-fold
repetition of the sub-sequence aß^öe. This is an example of discovering (or forcing)
periodicities in a symbolic sequence by clumping the symbols of the original sequence
into a lesser number of disjoint categories. From the point of view of what follows, a
more precise description is: categorization is the process of partitioning the set of original
symbols into a complete set of disjoint subsets such that the subsets support a sequence
periodicity.
ACDEFGHIKLMNPQACDEFGHIKLMNPQACDEFGHIKLMNPQ.

There is always at least one categorization for any sequence, namely the mapping of
all symbols of the original sequence onto a single character and there are usually many
categorizations for any given sequence. Our task is to identify periodicities that bear
some relevance to the character of the parent sequence, within whatever scientific frame
work is applicable to the area from which the sequence was drawn. Furthermore, strict
periodicity is not essential. Mapping errors (categorization failures) will be tolerated,
whenever the identified periodicities appear to make good sense. The development of
schemes for weighing the error rate (goodness of fit) against the scientific value of any
proposed periodicity is the ultimate goal of the work of this and subsequent chapters.
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>P02185IMYG_PHYCA Myoglobin - Physeter catodon (Sperm whale) (Physeter macrocephalus).

VLSEGEWQLVLHVWAKVEADVAGHGQDILIRLFKSHPETLEKFDRFKHLKTEAEMKASED
LKKHGVTVLTALGAILKKKGHHEAELKPLAQSHATKHKIPIKYLEFISEAIIHVLHSRHP
GDFGADAQGAMNKALELFRKDIAAKYKELGYQG
F igu re 8.1 - Left panel: An a-helix backbone. The intra-backbone bonds are shown in
red. Residue binding sites are labeled CaRight panel: Cartoon depiction of a sperm-whale myoglobin molecule (P02185) highlight
ing hydrophylic (blue) and hydrophobic (white) regions is produced using UCSF Chimera
visualization tool [1] and lG5I.pdb molecular structure file.

The helical structure of myoglobin proteins provides a concrete example of these concepts.
X-ray, NRM, etc crystallographic studies show that myoglobin molecules are comprised
mostly of ct-helix structures each coil having a pitch close to 18/5 and hence a spatial
frequency of 0.27777... rotation per amino-acid site. Furthermore, amino-acids are
classified as either hydrophobic, hydrophylic or neutral with the hydrophylic amino-acids
tending to located on the outer surface of the molecule and the hydrophobic residues
being buried in the molecule’s interior. Sperm-whale myoglobin structure along with
the fasta-format version of sperm-whale myoglobin amino-acid sequence is depicted in
Figure 8.1. Hydrophylic residues are shaded blue. Thus, categorical spectral-analysis
of this sequence should reveal both the hydrophobic/hydrophylic classification of the
amino-acids and the spatial frequency of the ct-helices.

8.3.2

Spectral m eth ods

The vast majority of spectral analysis algorithms for symbolic sequences proceed by
assigning numerical values to the components of \ß) and applying standard frequency
analysis methods to the function1
X (t) = 0r{t) = (Y (t)1/3)

(8.1)

!The position-type function r (t) is introduced in the next section. The vector indicator functions
IY (t )) are defined in sub-section 8.5.1.
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That is, the value of X (t) is some numerical value associated with the symbol located at
position t of the sequence. The differences between the approaches lie in the way values
are assigned to \ß) and which frequency analysis tools/algorithms are employed. Several
methods equate the components of \ß) to a known list of physicochemical or biochemical
properties of the target molecule, (e.g. electropositivity, hydrophobicity etc.) Such a list
of numerical values is known as an amino-acid index and a summary of more than 500
published indices is available at http://www.genome.jp/dbget/aaindex.html. The Burg
autoregressive spectral algorithm is a popular choice as an analysis tool.
By contrast, categorical spectral envelope methods seek to determine \ß) directly from
the symbolic sequence and to employ global analysis methods rather than the more finely
focused Burg algorithm. To paraphrase D avid St o f f e R: the objective of the categorical
spectral envelope approach is to assign values to the components of \ß (<v)) for various
spatial angular frequencies u so as to devise a function that in some useful way captures
periodicities embedded in the target sequence.

8.4

L east-squares algorithm

A formal definition of our spectral-envelope function E (u;) is given in section 8.5. Here,
a more gentle introduction is attempted. Consider a finite sequence 5 of iV symbols
or characters with each symbol being identified by its position t in the sequence. So
if S = A D A E D C A then N = 7 and S q = A, S\ = D, S 2 = A and so on. There
are fewer symbol types than there are symbols in the sequence so it is useful to impose
some strict order on the symbol types. (This is usually just the lexical order.) Thus the
ordered symbol types of S are A C D E. Also, the symbol types may be mapped onto
numerical identifiers.
Symbol type A C D E
Type id
1 2
3 4
An equivalent form for 5 is 5 = 1 3 1 4 3 2 1 . The sequence type-map r (t) gives the
type id of the symbol at position t in the sequence: r (0) = 1, r ( l ) = 3, r (2) = 1,
r (3) = 4 etc. Lastly, a numerical value ßj is assigned for each type id. The ßj are a
function of spatial angular frequency u so ßj = ßj ( c j ) . For the current example, the
weights are ßx^ßi, ßz and ß±. In the case of protein sequences, there are 20 weight
functions, one each for Alanine, Cysteine, ••• , Tyrosine. If N is the length of the
sequence then the scalar spectral-envelope function E (u) is defined as:
j

N - i

E (u) = mm —

(sin(u;£ + 0) - ßT{t)f

(8.2)

V 4=0

The numbers {ßj} are considered to be the components of a vector \ß) and methods
for computing E{ u) , \ß), 1/3\ and 0 are given below, ß ) and 0, functions of lo, are
the values that minimise E(co). Typical examples of myoglobin spectral-envelopes are
shown in Figure 8.2. The additional traces in these plots result from solving equation
(8.2) with respect to the \ß) vector but leaving the phase 0 fixed at values of 0, 7t/4, 7t/ 2
and 37r/4. These extra traces indicate the envelope aspect of the algorithm in that the
boundary of the envelope is carried by different phases at different spatial frequencies.
Note that since E ( c j ) is defined as a minimum, the ordinate axis in Figure 8.2 is reversed

8.4. LEAST-SQUARES ALGORITHM

85

in order that good fits appear as local peaks. Three of the four traces show strong peaks
in the vicinity of 0.27777 as expected (see section 8.3.1) . The absence of any such peak
in the sperm-whale spectrum, while very important, is discussed in section (8.7). Also,
although the spatial angular frequency uj is central to the theory, the spatial frequency
/ = lo/2 tt is used in practical discussion for graph axis scales and other similar purposes.
Least-squares algorithm

Least-squares algorithm

)2144|MYG'+IUMAN Myoglobin
Homo sapiens

H67|MYG_NYCC0 Myoglobin
Nycticebus coucang (Slow Ions)

2.75
2.80
Spatial frequency

0 48

2.75
2.80
Spatial frequency

Gallus gallys (Chicken)
2.75
2.80
Spatial frequency

q

2.90
(x10‘1

4Q l Physeter catodon (Sperm whale)
2.65

2.75
2.80
Spatial frequency

2.90
(x10'1

Figure 8.2 - Spectral envelopes for human, slow-loris, chicken and sperm-whale myoglobin
sequences: P02144, P02167, P02197 and P02185 respectively. These spectra are introduced
at this time to illustrate the nature and properties of scalar spectral envelopes. As well
as the upper envelope trace, traces for 0 = 0, 7t/4 , 7t/2 and 3tt/4 are also shown coloured
red, green, cyan and magenta respectively. Note that the envelope is borne by different
phases at various frequencies and that the phase components contributing gross features of
the envelope differ between species. Some of the biochemical structural detail revealed by
these spectra is discussed in sub-section 8.8. It should be stressed that although categorical
spectra are sensitive to the secondary and tertiary protein structure etc, such spectra are
not used in the present context to predict structural features. Note also for later discussion,
the relatively calm features of the sperm-whale spectrum in the region of spatial frequency
0.2777.

8.4.1

H arm on ic ch a ra cteristics o f th e lea st-sq u a res sp e ctra l a lg o r ith m

There are several points that must be kept in mind when interpreting spectral envelopes.
Many of the issues are well known in the field of digital signal processing where they
may be described as ghost-signals, aliasing issues, sidebands and limitations imposed by
the Nyquist-Shannon sampling theorem. Three illustrative examples follow.
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>Seq_01 sequence

>Seq_02 sequence

KTYHMATLDIETLDFASCHFKTWPFVQWHFETWHMVTCRI

KTYHMATLDIETLDFASCHFKTWPFVQWHFETWHMVTCRI

KSCRFASYPFKQLDFKGWHIVGWHMKTCPNEGYDFVGWRM

KSCRFASYPFK

VTLPIKSLHFKTWPMEGWRIKTYDFETLRIAGLDFVQWRM

VTLPIKSLHFKTWPMEGWRIKTYDFETLRIAGLDFVQWRM

KGWDIATWPNESYPMKSLRFEQWRFEQLDIKQWPIVSCHM

KGWDIATWPNESYPMKSLRFEQWRFEQLDIKQWPIVSCHM

FKGWHIVGWHMKTCPNEGYDFVGWRM

Figure 8.3 - Spectral envelopes of two highly periodic test-data sequences.

Since our software has been designed to deal with FASTA formatted data, all example
and test data is so formatted, even when the data has no relation at all to any biological
system. Two test data sequences, S e q _ 01 and Seq 02, were contrived to have an exact
categorical periodicity of exactly five characters. S e q _ 02 differs from Seq _01 in that
the symbols at t = 50, 51 and 52 of Seq_01 are omitted and the sequences are not
realigned; see Figure 8.3.
The S e q _ 01 shows a strong peak exactly at spatial frequency 0.2 as expected but there
is an equally strong harmonic peak at 0.4. If the frequency axis was extended, strong
peaks would occur at all harmonic frequencies. The S e q _ 02 spectrum is more complex.
The fundamental peak has been split into two unequal sidebands with the minimum
between them exactly at the fundamental frequency. The peak of the first harmonic
is shifted slightly but any sideband structure has been absorbed into the main peak.
The conclusion to be drawn from this example is that the interpretation of categorical
spectra is not straightforward. The absence of a strong ohelix peak in the sperm-whale
myoglobin spectrum is due to an almost complete split fundamental peak.
The test-data sequence shown in Figure 8.4 was devised with a square-wave in mind,
rather than a sinusoid. There are two categories, the symbols A and Y in one category
and the remaining eighteen amino-acid single-letter symbols in the other category. It
is intended that the pattern of A A A A A and Y Y Y Y Y should not be entirely regular.
The categorical pattern is thus a square wave with a spatial frequency on 0.1. The
repeating blocks exclude a first harmonic peak but a second harmonic peak is expected as
a component of the Fourier decomposition of a square-wave. The least-squares algorithm
has also detected that the A A A A A and Y Y Y Y Y blocks themselves repeat on a 20 letter
cycle. This periodicity is not perfect but is strong enough to provide a good signal
but again, only the even harmonics are present and they are clearly evident at spatial
frequencies of 0.15 and 0.25. For this highly artihcial example, the fundamental 0.1 peak
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Spectral Envelope of test data
Square test data

0.15

0.20

Spatial frequency

>Square sequence
AAAAA CCCCC

YYYYY DDDDD AAAAA

EEEEE YYYYY

FFFFF AAAAA GGGGG

YYYYY HHHHH

AAAAA IIIII YYYYY

KKKKK AAAAA

LLLLL YYYYY MMMMM

AAAAA NNNNN

YYYYY PPPPP AAAAA

QQQQQ AAAAA

RRRRR AAAAA SSSSS

YYYYY TTTTT

YYYYY VVVVV YYYYY WWWWW AAAAA

Figure 8.4 - Example of confounded square-wave test data.

and 0.3 second harmonic peak are not confounded with harmonics of the 0.05 frequency
peak, so their relative heights should be consistent with the sideband energy distribution
of a square-wave.

8.5
8.5.1

Form al th eo ry o f ca teg o rica l sp ectra l en v elo p es
P relim in a ry d efin ition s

Analogy with tim e-series
The original papers of Stoffer et al dealt with categorical time-series analysis where it is
usual to employ the symbol t to denote the time variable which in turn indicates position
in the series. This role for t is continued here. For any given amino-acid sequence of
length A, successive symbols of the sequence are mapped to £ = 0, t = 1, •••, £ = N — 1.
The symbols are the usual set of single-letter amino-acid designations augmented with
and 'X ' . 'X ' indicates an amino-acid whose identity cannot be completely resolved
and ' denotes a gap or space in a sequence. Gaps do not occur in real data but they
may be inserted into a sequence to improve the mapping of what is a three dimensional
form onto a one dimensional sequence.
{£} is the set of locations of fully resolved amino-acids and Na = |{£}|, so N a is the
length of the sequence less the number of gaps and unresolved residues. Members of the
set {£} are usually but not necessarily integers.
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Amino-acid index, specific indicator functions Yj (t), and
the position-type function r (t)
The twenty single-letter symbols that designate possible protein residues are indexed in
lexical order onto the integers 1..20. When additional symbols are required, they are
given an index greater than 20. A convenient shorthand is to refer to the amino-acid
with index j simply as amino-acid j. The single-letter symbols and their indices are
shown in Table 8.1 below.
A C D E F G H
1 2 3 4 5 6 7

I K
8 9

L M
10 11

N P Q R 5 T V W Y
12 13 14 15 16 17 18 19 20

Table 8.1 - Amino-acid index.

For any given sequence, there is a set of indicator functions {Yj (t) ; 1 < j < 20} having
the property that for each value of t , only one member of {Yj (£)} may have a value 1
while all other members of the set are 0. Each particular Yj (t) marks the occurrences
in the sequence of the amino-acid indexed by j. If the index of the symbol at position
t is greater than 20 then all Yj (£) = 0 at that position. As an example, consider the
sequence D C E E A C D E A E . The first four indicator functions for this sequence are
shown in Table 8.2.
Sequence
t
Yi
y2

D
0

c
1

E
2

E
3

A
4
1

D
6

E
7

A
8
1

E
9

1

1
1

f4

C
5

1
1

1

1

1

Table 8.2 - The functions Yj (t ) indicate the positions of the letters A, C, D and E
respectively. There cannot be more than one entry of 1 in any column of the table.

The position-type function r (t) returns the index of the symbol at position t , thus for
the example sequence D C E E A C D E A E : r (0) = 3, r (1) = 2, r (2) = 4, r (3) = 4 and
so on.
Other considerations, reserved sym bols and global definitions
If an amino-acid is present in a sequence then it is called active. For any individual
sequence, the symbol m indicates the number of active amino-acid types. For any se
quence of length N, the symbol D always denotes a diagonal 20x20 matrix defined as
follows. If amino-acid j is active then

Dj,j= 1 / E b W

M
Thus, the diagonal element D j j of D is the reciprocal of the frequency of occurrence of
active amino-acid type j. If amino-acid j in not active then D j j — —1. The frequency
count of an inactive amino-acid is 0 but D must be well defined; hence the —1 definition.
Negative entries in D are ignored in the analysis.
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For any angular frequency a;, vectors whose elements are the discrete sine and cosine
Fourier transforms of the Yj (t) indicator functions are defined as:
\S) = |S M ) = ^ s in ( o r t) |y ( £ ) ) ;
id

|C) = \C {uj)) =

cos (ut) \Y {t))
{*}

A number ßj is associated with each active amino-acid and since these components play
a central role to the theory of categorical spectral envelopes; the symbols ßj and \ß) are
reserved for this use only. Other permanent definitions are:
nj = 1/ D j j = Y , Y j (t )
id
8 .5.2

;

Y, = n j / N a ;

X (t) = (Y ( t ) \ 0 >

C o m p lex ca teg o rica l sp e ctra l en v elo p e

With respect to a right-handed x, y, t coordinate system, the locus of the point x =
cos (—cut), y = sin (—ujt) is a clockwise helix centered on the t axis. While the genesis of
the complex spectral envelope was to mimic an o-helix, the model has found far wider
application. It is defined in terms of the best modulus-squared fit of X (t) to exp (—iut)
over {t}. Let \ß) = |/x) + i \v) with real |/x) and \v) and consider:
s w ,» )

24 E ( e‘“ - W ( ^ - W

=
° (d

a id

=

\ + j r^ \ D - l \ ß ) + { v \ D - 1\v)-2(C\ß)+(8.3)

K

The solution of

f)F

a {f}
f)F

—— = ——= 0;
ORk
ovk

(1 < k < 20)

is |y) = D\C) ; \v) = —D\S)

Substitution of these expressions into equation (8.3) yields the minimum value of E as
1 —((C I D I C) + (S I D I S)) / N a, so the complex spectral envelope is defined as:
OH = 1

—

Y

{{c \ D \ C )

+

(S\D\S))(8.4)

As already mentioned above, the convention is to plot Q (u>) with an inverted vertical
scale to that regions of interest (best fits) appear as peaks.

8.5.3

Scalar ca teg o rica l sp ectra l en v elo p e

For the scalar algorithm, \ß) is a real vector and E is defined as
E(\ß) , UJ,(p) = -i(sin M + 0) - ßr(t))2 5 0 < (f) < 7T
a id

(8.5)

90

CHAPTER 8. SPECTRAL ENVELOPE THEORY

The stationarity condition :

dE
dßk

+

^

“

ßrlt))Yk (t) = 0

° M

requires that \ß) = I) (sin <f>\C) + cos a>\S)). Equation (8.5) may be written as:
E(\ß),u>,<t>)

=

j j - ( { ß \ D ~ l \ß) — 2 { ß \ S ) cos ß — 2 (ß \C) sin0 +

°V

w

(sin (ut + 0))2

Whenever {t} is the simple integer sequence 0.. (TV — 1), the summation term in the
equation above reduces to a geometric progression (GP) and may be evaluated (see
Appendix D.l). Let ß \ — D(s i nß\ C) + cos0 |S')) then:
E

+
+

1 _ (CI .D [ C) + (SI -D I S)
2
2Na
cos 20 ( sin ( N lj) cos ((N — 1) uj)
~(C \D \C ) + (S\D\S))
s ' uilv
2N a V
sin 20 / sin (Nuu) sin ((N — 1) uj)
-2(C\D \S))
sii\ uj
2Na V
cos 20
sin 24>
( 8 . 6)
cs
2N a
2Na °C

Equation (8.6) includes the GP summation and the terms cc and cs are correction terms
that adjust for the cases where {t} is not a simple integer sequence. Thus, cc and
cs are zero unless the amino-acid sequence contains gaps, unresolved residues or both.
Equation (8.6) is easily extended to include punctuated sequences, defined later, but for
cases where {t} is highly irregular, it might be better to omit the GP summation terms
and concomitant corrections and devise an alternative expression.
The scalar spectral envelope is the minimum value of E { \ ß ) , uj,(ß) over both ß and \ß).
ß^ achieves the ß minimization. For the optimum ß value, consider the second and
third terms of equation (8.6). They are of the form:—(a cos2</> —6 sin 20) and may be
written as —R cos (20 + 0); where cos 0 = a / R , sin 0 — b/R and R = Va2 + b2. Thus,
the minimum value of equation (8.6) is reached when 20 + 0 = 0 and the worst-case
fit is at 20 + 0 = 7r. These conditions define the scalar categorical spectrum and scalar
spectral envelope.
It is interesting to note that the complex spectral envelope is the sum of the upper and
lower (best and worst) 0 value scalar spectral envelopes.

8.6

S to ffe r et al c a te g o r ic a l s p e c tr a l e n v e lo p e

In the Stoffer et al papers [12], [13], [14] and others, many theorems relating to their
spectral envelope definition are proved, based on the assumption that t is uniformly
spaced, that is: {t } = {t \ t integer] 0 < t < N }. The necessary work to extend the
important theorems to more general {t} is incomplete; so for this section the restricted
definition of {t} is assumed. The Stoffer et al spectral envelope is based on a minimum
covariance concept and although the mathematical form presented here differs from
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Stoffer et al result, the two formulations are equivalent. The covariance of two stationary
time-series X (t) and Z (t) of length N is defined as
N —1

Cov(X,

Z) =- Y , ( V « - X ) ( 2 ( ‘) - Z)
v t= 0

Define Vj^ the elements of matrix V as the covariance of time-series Yj (t) and
that:
Vj,k=

_

(t), so

Y j (t)Yk- YjYk (t) +

{t}

Sjk is the Kronecker delta function. Thus, V = Diag (Yi, Y2 , • • • , Ys) —|Y) ( Y |. Then
V |1) = |0). As above, X (t) = (Y (t) | ß), so:

dCov(X.X)^
dß.

Cov(X, X ) = ( ß \ V \ ß ) ;

2VW

The power spectrum of a stationary time-series (periodogram) is defined as:

P g m ( X , u) = ^

(X M ~ X ) cosujt ]

\W

+ ^

/

(X W ~ X ) sinu;t

\{t)

Vectors |C) and |S) closely related to |C) and |5) are defined as:
Cj =

(Yj ( t )

—

Yj) cosu t \

and

§j =

(Yj ( t )

{t}

—

Yj) sinu;£; 1 < j < s

{<}

Then Pgm(X, uj ) = («<C \ ß ))2 + ((§ |^ ))2) / N = ( ß \ V\ ß ) where
V = (|C> <C| + |S) (S|) / N , so that <C 11) = (§ 11) = 0; V |1) = |0)

dPsm
df M)

and

= 2V|/3>

The Stoffer et al spectral envelope is defined as
Pgm (V, a;)
/?#o Cov (X , X )

Q (cj ) = sup

J o ( ß\ V\ ß)

(8.7)

0 (u) is independent of the magnitude of \ß) and since (ß \ V \ ß) is positive, \ß) may be
normalized to provide ( ß \ V \ ß) = 1 and
Q( uj) =

sup

(ß IVI ß)

(8-8)

(ß\v\ß)=i

(ß I V I ß), ( ß \ V\ ß ) and hence Q (co) are unchanged by the addition of any multiple of
|1) to \ß). The condition for a stationary value of equation (8.8) is
(1 < J < 20) ,

= 0

=>

V |/3) -

I/?) = |0)

(8.9)

where A is a Lagrangian multiplier. With substitutions and rearrangement, equation
(8.9) reduces to
\ \ ß ) = ( C\ ß ) D\ C) +{ S \ ß ) D\ S ) + A (y |/3 )|1 )

( 8 . 10)
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Because ( Y | l) = 1, the remark regarding arbitrary additions of |1) to \ß) holds for
equation (8.10) and there must be a particular solution where \ß) is orthogonal to JF).
That solution is a linear combination of D |C) and D |S). For constants a and b, substitute
\ß) = aD |C) + bD |§) to arrive at
/ <C I D IC) - A
(C I D I §) \ / a
y
(C ID IS)
(§ ID I§) - A ^ b

J

j

=

0

( 8 . 11)

and thence to the solution of the characteristic equation.
A = 1 (<C I D IC) + (§ I £> I§ » ±
A - (C I D IC) _
~ 0 ( C |D |S )
’

y 1 ((C I D IC ) —(SI

a ~

A - (§ I D IS)
(C ID IS)

Also from equation (8.11)
a2 (C I D IC) + 2ab (C | D \ S) + b2 (S | D \ S) and

(a2 + b2) A

a2 (C \ D \ C) - b2 (S | D \ §) = (a2 - b2) A

The normalization condition requires that
a2 (C I D IC) + 2ab (C | D \ S) + b2 (S | D | §) - N

and

a2 + b2 = ^

A

and it all reduces to
A - (C I D I C)

a

( C I £> I S )

-1

/ A - (S |D |S )
V (C |£>|S)

n(w ) = TV (< C |£ )|€ ) + (S|£>|S> + 1 ( ( ( C |D |S ) ) 2 - (C | D | C) (S | £> |S > ))
(

8. 12)

The computational procedure given by Stoffer et al involves determining the eigenvalue
of largest magnitude of the real part of 20x20 matrix of complex Fourier coefficients.
Equation (8.12) is a simpler result.

8.7

F eatures o f th e th ree ty p e s o f sp ectra l en v elo p e

Figure 8.5 shows the complex spectra corresponding to the scalar spectra of Figure 8.2.
Three of the panels show some sort of peak in the vicinity of the a-helix frequency
but the sperm-whale spectrum (lower right panel) is close to a point of inflection at
this point. This resembles the split-peak structure in the second panel of Figure 8.3,
and is probabily indicative of a similar feature. Note also that the vertical scales differ
and the amplitude of variation for the sperm-whale envelope is less than for the other
three examples. On closer inspection, all spectra have split-peak characteristics to some
degree with the human myoglobin complex-spectrum also strongly split. It is reasonable
to conclude that scalar and complex spectral envelopes will prove to be useful tools.
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Complex Spectral Envelope

Complex Spectral Envelope

P02185|MYG_PHYCA Myoglobin
Physeter catodon (Sperm whale)

P02197|MYG_CHICK Myoglobin
Gallus gallus (Chicken)
2.75
2.80
Spatial frequency

(x10'')

2.75
2.80
Spatial frequency

(X101)

Figure 8.5 - Complex spectra corresponding to the scalar spectra of Figure 8.2. While
the scalar and complex spectra do have some common features, it is not expected that
there should be any close resemblance. The object to contrast spectra of the same type for
different molecular sequences. A hybrid algorithm that uses both the scalar and complex
algorithms with varying weights determined by aspects of the local molecular structure is
appealing. This extension is not pursued here.

Staffer Spectral Envelope

P02185 Sperm-whale Myoglobin
2.75
2.80
Spatial frequency

(X10-1)

Figure 8.6 - Stoffer et al spectral envelope for sperm-whale myoglobin.

The Stoffer et al sperm-whale spectrum (Figure 8.6) closely resembles the corresponding

94

CHAPTER 8. SPECTRAL ENVELOPE THEORY

scalar spectrum (Figure 8.2) but it is not identical. The features of the scalar spectrum
are sharper than the Stoffer et al spectrum.

8.8

M u lti-seg m en t seq u en ce

The absence of a strong a-helix peak for sperm-whale myoglobin is a glaring anomaly.
After all, sperm-whale myoglobin was one of the first protein structures to be determined
leading to the 1962 Chemistry Nobel prize being awarded to John Kendrew and Max
Perutz (who determined the structure of haemoglobin). Sperm-whale myoglobin has been
considered to be the archetype of a-helix structure ever since. The explanation for the
absence of definitive spectral peaks is due to the absence of long-range phase coherence
in the residue sequence. Consider the molecular structure of sperm-whale myoglobin
as depicted in Figure 8.1. Each of the several a-helix segments will contribute to the
spectral signal but there is no reason to assume that these contributions will be inphase, resulting in constructive interference. Destructive interference is the outcome for
the sperm-whale myoglobin molecule. It is tempting to speculate that this result is a
consequence of molecular stability of sperm-whale myoglobin.
8.8.1

P u n c tu a te d seq u en ces and
th e in ter p r e ta tio n o f c a teg o rica l sp e ctra

It is reasonable to question how much of the underlying molecular structure contributes
to the highly convolved spectral envelopes and to what extent the spectra are determined
by mathematical imperatives. The concept of punctuated sequences can at least par
tially resolve this issue. Consider an unfolded myoglobin molecule laid out in a straight
line. It would be an irregular juxtaposition of helical segments and loop regions. The
helical segments correspond to large amplitude portions of the acoustic signal and the
intervening loops correspond to the low amplitude. In acoustics, such a modulated signal
is called a beat and results from the interference of two pure signals of similar but not
identical frequency. This is the basis for the split-peaks in the spectra.
Because neither the length of the helical segments nor the length of the loop separations
are uniform and also because the molecular sequence is of finite length, a continuum of
spectral components is required to model the molecular structure and it is not unex
pected that the component amplitude at the exact a-helix spatial frequency may be low.
This phenomenon may be deployed as an analytical tool and the concept of punctuated
sequences further extends the technique.
An excellent example of the detection of tertiary and quaternary structure related fea
tures by categorical spectral means may be seen in the complex-spectrum of the rotor
portion of ATP-synthase. The rotor part of the ATP-synthase molecule consists of 24
a-helices arranged as two concentric cylinders with 12 a-helices each equally spaced and
aligned so that each helix axis is parallel to the common cylinder axis, and an attached
chain (Chain M) of four more helices. See Figure 8.7 which is produced using UCSF
Chimera package [1] and lC17.pdb molecular structure file. The structure file lC17.pdb
reveals that each pair of inner and outer helices consists of an inner helix of 38 residues,
while the outer helix is in fact two contiguous helices. The first outer-helix extending
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F ig u re 8 .7 - C artoon depictions of the rotor portion of the A T P-synthase molecule and
an inner and outer pair from the A T P-synthase rotor.

over locations 45 —GO and the second running from location G1 to 79 (Table 8.3). This
overall structure implies that most amino-acid residues are located in close proximity not
only to residues in their own helix but also to residues on neighbouring helices. Clearly,
the stability of the molecule is maintained by inter-helix interactions which in turn are
due to helix configurations that vary from that of more isolated helix structures and this
difference will be evident in the categorical spectrum.

Consider the region of spatial frequency 0.2 of the hrst or gap-less spectrum in Figure
8.8. If there is a peak here then it must be a split peak similar to the case shown in
Figure 8.3. This is very likely to be the case as the structure consists of two disparate
helices. Adding gaps between the helices imposes a phase-shift between them, equivalent
to rotating one helix with respect to the other so as to align them to form a continuous
thread (in the sense of a screw thread). There is little to choose between the two and
three gap cases which suggests that a mathematical separation of 2.5 locations would
be optimal. This example demonstrates the need to introduce fractional or non-uniform
gaps into symbolic sequences. Thus, each pair of inner and outer helices consists of an
inner helix of 38 residues while the outer helix is in fact two contiguous helices. The hrst
helix extending over locations 45 —60 and the second running from location 61 to 79.
Table 8.4 lists the actual sequence of an outer structure with zero, one, two and three
gaps inserted between the two component helices.
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Complex Spectral Envelope

Complex Spectral Envelope

iS 0.65

w 0.70

1C17h2

1C17h2

Spatial frequency

Spatial frequency
Complex Spectral Envelope

1C17h2

1C17h2

Spatial frequency

Spatial frequency

F igu re 8.8 - Complex spectra of the four A T P-Synthase sequences of Table 8.4. N ote th a t
the vertical scales are not all th e sam e and th a t th e peaks in the vicinity of 0.2 in th e lower
two panels are larger th a n th e corresponding peaks in th e upper panels.

Chain

Helix

First
residue

Residue
location

A
A
A
B
B
B

1
2
3
1
2

MET
LEU
ASP
MET

1
45
61
1

LEU
ASP

45
61

3

Last
residue
GLY
VAL
ALA
GLY
VAL
ALA

Residue
location

Total
residues

38
60
79
38
60
79

38
16
19
38
16
19

T ab le 8.3 - Inner (helix 1) an d outer (helices 2 and 3) A T P-Synthase helices of chains A
and B taken from the lC 17.pdb stru ctu re file.

LIPLLR TQFFIVMGLV
DAIPMIAVGL GLYVMFAVA
LIPLLR TQFFIVMGLV - DAIPMIAVGL GLYVMFAVA
LIPLLR TQFFIVMGLV - DAIPMIAVGL GLYVMFAVA
LIPLLR TQFFIVMGLV — DAIPMIAVGL GLYVMFAVA
T ab le 8.4 - Am ino-acid sequences of A T P-synthase outer helices.

T he experim ent has by categorical spectral m eans revealed a (known) feature of tertiary
stru ctu re and dem onstrated a need for fractional gap size, since the m aximum peak
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height in this case is probably close to a gap length of 2.5.
It is not unexpected that the complex algorithm should prove effective for this molecule.
Categorical spectra are due to some form of polarization of the amino-acid groups that
is commensurate with a geometrical periodicity of the protein molecule under considera
tion. An example is the hydrophobic and hydrophylic characterization mentioned above
and in Chapter 7. With respect to the cardinal compass points, let’s call this NorthSouth polarization. For the complex categorical spectra formula to yield an improved fit
to a sequence over the scalar case, a second East-West polarization is necessary. This
polarization, if it is detected, may be accidental or it may reflect an aspect of the molecu
lar configuration. A structural environment such as the ATP-synthase rotor would seem
to be an ideal candidate to exhibit additional structure that should be detected by the
complex spectral envelope. Considering the vast array of secondary, tertiary and quater
nary structural configurations (Figure 7.7), the complex spectral envelope coupled with
punctuated sequences should prove to be useful with molecules other than ATP-synthase.

8 .8.2

A d d itio n a l gap n o ta tio n (a.b)

The gap symbol '
is usually encountered in depiction of the multiple alignment of
several sequences (see Part I). In the case just discussed, the alignment required is
not between sequences but between the symbols of a single sequence and the regular
cadence of a proposed spatial periodicity. Fractional displacements may be required and
so sequence notation is now extended to include angle-bracket gap specification. For
example, (2.0) indicates a gap of two units, (2.5) a gap of two and a half units and so
on. Gaps may be negative. Thus, the third entry of Table 8.4 could be written as:
LIPLLB.TQFFIVMGLV (2.0/DAIPMIAVGLGLYVMFAVA. Spaces may be inserted anywhere in a
sequence without effect, except between the final digit of a gap specification and the
closing ' >' symbol. The sub-sequences delineated by gaps are referred to as segments.
The second, third and fourth entries of Table 8.4 are two segment sequences, the first
entry is a single segment sequence.

8.8.3

D e te r m in a tio n o f o p tim a l gap sizes in a m u lti-se g m e n t seq u en ce

Com plex spectra
Consider a case such as in section 8.8.1, where it is desired to insert a gap into a multi
or single-segment sequence, between a specified location tg and the next symbol, so as
to optimize the complex-spectrum at a given spatial angular frequency uj. The object of
this analysis is to determine the necessary gap size öt. Let ip = u>6t, then the effect of
the additional gap is to add a phase component ip to the arguments of the trigonometric
functions, for t > tg in the computation of |C) and |S). For ip — 0, let \C) = |Co) + |Ci)
where |Co) is the summation over {t < tg} and |Ci) , the summation over {t > tg}.
Likewise for \Sq) and |Si). Then for arbitrary ip:
IC)

=

IC0) + cosip\Ci) - sin ip l^i)

IS)

=

|50) + cos^|A i) + sin ip |Ci)
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Outer helix ATP-symhape
Punctuated sequenci
----1------------ 1------------ 1__ _____ I________L

0.20
Spatial frequency

Figure 8.9 - The ATP-Synthase outer helix spectrum with optimal gap to resolve the
convolution imposed by tertiary structure.

and stationary values of (C \ D \ C) + (S \ D \ S), with respect to ip are given by:

tan ip

(Ci I r> ISo) - (cp I -PI Si)
( C o i n ICi) + <So|z>|Si)

and so St may be determined.
The result of this procedure applied to the ATP-Synthase example above is shown in
Figure 8.9. Observe that the peak and satellite peaks are a good approximation to
the diffraction peak profile (jo ( / —/o))2 at spatial frequency /o, where the zero-order,
spherical Bessel function jo (x) = sin (x) /x.
The analysis may be extended to cover the insertion of several gaps into a sequence;
however, there is no simple closed-form expression for the optimal phase-shifts and cor
responding gap sizes. It is necessary to resort to numerical techniques to proceed further.
The method used was to examine all cases where a small number of gaps were inserted
into the sequence and to optimize each gap length to yield maximum peak height and
then choose the best overall result.

8.8.4

P u n c tu a te d m y o g lo b in seq u en ces

Our punctuated sequence technique has been applied to sperm-whale myoglobin (Table
8.5) to investigate the speculation that myoglobin spectra is dominated by split or finestructured peaks. The resulting complex spectrum is shown in Figure 8.10. Again, a
central peak and satellite peaks have been resolved with the central peak located at a
spatial frequency just below / = 0.28.
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Complex Spectral Envelope

Complex Spectral Envelope

P02185: Sperm Whale
Punctuated sequence

P02185: Sperm Whale
Raw myoglobin sequen

0.28
Spatial frequency

0.28
Spatial frequency

Figure 8.10 - Raw and punctuated complex categorical spectra of sperm-whale myoglobin
sequence of Table 8.5. In the punctuated spectrum, central peak is enhanced and the
sideband peaks are diminished.

> P02185|MFG - H Y C A Myoglobin
VL

<
<
<
<
<
<
<
<

2.51235
3.48089
0.96800
3.18381
1.75174
1.32164
2.41373
0.94676

>
>
>
>
>
>
>
>

SEGEWQLVLHVWAKVEA
DVAGHGQDILIRLFKS
HPETLEKFDRFKHLK
TEAEMKA
SEDLKKHGVTVLTALGAILKKKGHHEAE
LKPLAQSHATKHKI
PIKYLEFISEAIIHVLHSRHPGDF
GADAQGAMNKALELFRKDIAAKYKELGYQG

Table 8.5 - Punctuated sperm-whale myoglobin sequence in extended fasta format.

It is apparent that categorical spectral envelopes can be applied to bioinformatic prob
lems. The question of whether or not they have anything to offer, above what may
be obtained from other established methods remains to be seen and is addressed in
subsequent chapters.

8.9

R e c a p itu la tio n

Punctuated sequences could be a useful tool; however, the concept will not be developed
further at this time. They have been introduced to defend against any suggestion that
categorical spectral methods may in some way be inferior to other Fourier techniques
based on numerical sequences derived in some way from symbolic sequences. The flow
of the defence is:
• There is a large body of work devoted to the determination of protein structure by
Fourier methods applied to the sequence of the target protein.
• Given the high reputation of these studies, we conclude that sequence spectra do
contain an almost complete description of the target protein structure.
• Almost all of the previous Fourier approaches have two features in common:
1: An initial assignment of a numerical value to each amino-acid type, regardless
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of the local environment of individual instances of that amino-acid.
2: Frequency analysis methods that focus on the local or instantaneous frequency.
• In the current approach, neither of these methods of analysis is used and it may be
postulated that information and/or precision is lost as a consequence. A complete
demonstration that protein structure may also be determined from categorical
spectra would be out of place in this Thesis and indeed may not be feasible. To
support the contention that categorical spectra are well suited for the current
purpose two illustrations are offered, using proteins with known structure, that
demonstrate that categorical spectra do embody fine detail that are sensitive to
the target molecular structure.
• A set of similarity measures could be based on punctuated sequences but we prefer
to abandon punctuation in favour of raw-spectra, since the multiple peaks and
complex features of the resulting spectra offer many features that may be used to
gauge sequence similarity.
The objective is to devise difference measures, based of categorical spectra of molecular
sequences, that are reliable estimators of a degree of structural difference between the
target molecules and to correlate molecular structural and sequence difference against
estimates of biological evolutionary distance.

8.10

B ackgroun d p o in ts

The determination of protein molecular structure is a vast area of active research. One
modern reference is the compendium: Protein Structure Prediction, edited by Igor F.
Tsigelny [56]. Chapter 7 of that book is titled: Fully Automated Protein Tertiary Struc
ture Prediction Using Fourier Transform Spectral Methods, by Carlos Adriel Del Carpio
Munoz and Atsushi Yoshimori. These authors, like almost all others, map protein aminoacids onto a real-number sequence via some table or index of residue properties. Munoz
and Yoshimori chose to use the Eisenberg hydrophobic index [57] for part of their inves
tigation. Related studies that employ similar mappings are the Resonance Recognition
Method (see for example [58]) and studies such as: Spectral Analysis of Sequence Vari
ability in Basic-Helix-loop-helix (b(HLH) Protein Domains, Zhi Wang and William R.
Atchley [59].
Categorical sequence spectral methods follow in the footprints of these and similar studies
but differ in that the equivalent to the residue property index used hitherto, is the
\ß) vector whose components are determined from the residue sequence on the target
molecule alone. There are both advantages and disadvantages to this approach. The
categorical spectral approach is sensitive to local peculiarities of the target molecule
but lacking rigidity of the indices, is liable to misjudge some aspects of the individual
molecule. Given the success reported for index based spectral methods and the clear
demonstration that categorical spectral techniques do identify features of the target
molecule, it should be expected that this approach will reveal structural features of
protein molecules.
K. Collins, H. Gu and C. Field in their paper [60], applied the Stoffer scalar algorithm
and a covariance difference measure of their own creation, to many protein molecular
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sequences and were able to deduce satisfactory evolutionary trees from their data. Their
effort was the inspiration to explore other categorical spectral algorithms and also other
difference measures, in a manner similar to Collins, Gu and Field. This work is reported
in the following chapters.
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C h ap ter 9

P roperties of Spectral Envelopes
Properties of the scalar and complex algorithms are discussed. Lim ita
tions present in the current form ulation are reviewed and recommenda
tions made to advance the theory.

9.1
9.1.1

A sp e c ts o f ca teg o rica l sp ectra
T h e sp e ctra l en v elo p e

Q

(cj)

By definition:
For scalar spectra : fl (u?) = min E
For complex spectra :

, <£; u>

Q (cj) =

Ll (cu) identifies the spectral envelope in either the scalar or complex case, whenever the
context ensures that there is no risk of confusion. Q is analagous to beam intensity in
wave optics or to a quantum-mechanical probability function.

9.1.2

A c o n serv a tio n id e n tity for ca teg o rica l sp e ctra

It follows directly from equation (8.4) and other definitions that for complex spectra and
integer n:
(9.1)
where m is the count of active amino-acid types in the sequence and N a is the active
count. The importance of this identity is that if, as a result of inserting gaps into a
sequence, a peak is enhanced then elsewhere parts of the spectrum must be diminished
(c.f. punctuated sequences). The result holds only for constant interval spaced sequences.
There is a weaker form of the theorem that holds for any sequence:
•r

Q(

u j

) d ie
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The case for scalar spectra is half the complex result, since only the first line of equation
(8.6) contributes to the integral.

9.1.3

S ta b ility ran ges for sp a tia l freq u en cy

It is obvious from spectral envelope definitions that for any integer n, there are perfect
but trivial solutions: \ß) = |0), u = rnr for scalar spectra and \ß) = 11), u = 2mr for
complex spectra. This raises a question about the reliability of spectra at frequencies
close to these break-points and also if other values of uj that are simple fractions of ir
might also cause problems. The base-line falling away from u> = 0 in Figure 8.4 is a
consequence of the instability at the frequency origin. To gather further information,
synthetic sequences of length 160 were generated by repeated, uniform, random selection
of the twenty amino-acid symbols and sets of averaged, scalar spectra for both the upper
and lower envelopes and are shown in Figure 9.1. It is evident that instabilities persist
at both ends of the range. Results for the variances of averaged spectra also converged
in the central region of the range but not at the ends. Thus, it seems that scalar spectra
for spatial frequencies only in the ranges [0.05..0.45], [0.55..0.95], • • • may be considered
as reliable. The first harmonic of the a-helix frequency and the expected fundamental
for /3-sheet spatial frequencies lie just inside the reliable range. The complex categorical
spectrum algorithm is thus a valuable tool since its stability range includes / = 0.5.

9 .1.4

B ran ch es o f th e scalar sp e ctru m

The upper and lower envelopes of a scalar spectrum (Figure 9.2) are obviously two
branches of the same function. The branches cross at spatial frequencies 0.271 and
0.294 and there are near crossovers at frequencies 0.253, 0.283 and 0.326. It seems safe
to conclude that the lower spectral envelope also characterizes a sequence and that a
complex spectral envelope alone is probably an inferior characterization compared to
both branches of the scalar spectrum.
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Figure 9.1 - Spectral envelopes of uniformly distributed random data. The increase in
inherent noise close to the u) = 0 and ui = 0.5 break-point spatial frequencies is clearly
evident.
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Upper and Lower Spectral Envelopes

P02197|MYG_CHICK Myoglobin
Gallus gallus (Chicken)

Spatial frequency

Figure 9.2 - Upper and lower (best and worst) scalar envelopes of the chicken myoglobin
spectrum. The multi-branch nature of spectral envelopes is obvious but this aspect of the
theory will not be considered further for the moment.

9 .1.5

Scalar versu s c o m p le x sp e ctra

The observation that the complex spectral envelope is the sum of the two curves of
Figure 9.2 is disturbing. At first sight it seems that the scalar approach should return
a better result. Also consider that with the scalar theory, to determine |/3), 20 scalar
numbers are fitted to the data while the complex \ß) can be viewed as fitting 40 scalars,
with no dramatic increase in precision. The resolution of this apparent contradiction
is that each approach performs well when the underlying model matches the data and
poorly whenever the model is out of kilter with the data. Certainly, the complex model
worked well to reveal the glitch in the ATP-synthase helix structure. As a first guess,
the complex theory might be the better choice with helix dominated structures and the
scalar theory preferred in a /3-sheet environment. In any case, the computational cost of
the algorithms is not great and both theories should usually be tried. A more advanced
approach could be developed as a weighted average of the two algorithms where the
weights are assigned according to the local structure of the target molecule.
9 .1 .6

T h e o ry e x te n sio n s

The presentation of scalar spectra as an envelope together with supporting phase traces is
a tacit statement that more information can be derived from categorical sequences than
is obtained from the spectral envelope in isolation. Likewise, complex spectra return
complex numbers which are presented as magnitude and phase with the phase data then
being ignored. To put this another way, gauging protein properties and/or similarity by
means of spectral envelopes alone may be likened to predicting results in physical optics
by working with light-intensity rather than wave-amplitude. Gross effects are revealed

9.1. ASPECTS OF CATEGORICAL SPECTRA

107

but subtle effects resulting from the phase relationship of interacting beams are lost. The
present theory should be extended, taking these features of the spectrum into account.
This will not be undertaken here other than to make four remarks.
1. Examination of complex-spectra of individual a-helix sequences has revealed that
while the ß values for strongly hydrophobic or hydrophylic amino-acids, from the
Kyte-Dolittle [61] and Hopp-Woods [62] tables are consistent, weaker residues may
display amphiprotic-like properties. They can appear at a particular location in
some helices and appear to be consistently out of place in other helices. This con
founds complex spectra but is not too damaging for scalar spectra. An interesting
option is to extend the dimension of the \ß) vector and allow a few residues to
have dual identities. Apart from improving complex spectra, it would be very in
teresting to relate residue identities to the overall molecular structure. This is a
relatively simple extension of the present theory.
2. The reasonable success of the sequence similarity measures based on spectral data
is encouraging. For the complex case, one of the measures used computes the dif
ference of complex spectral components and hence does use the phase information.
For those molecules suited to the complex model, this similarity measure appears
to be superior to algorithms that ignore phase information.
3. Both the scalar and complex algorithms presented here presume that the data
points are positioned on a regular grid. Punctuated sequences break this assump
tion and sequences with gaps should also be viewed as requiring special attention.
The Stoffer et al formulation of categorical spectral envelopes adopted a time-series
approach which carries over to the scalar and complex algorithms developed here.
More sophisticated analysis tools are required to deal with irregularly spaced or
missing data. Development of such methods remains a field of active research and
is sufficiently well established that the first step in extending the current theory
should be to incorporate more general Fourier methods.
4. The Atchley group ([59], [63]) have reported progress by applying complex demod
ulation methods to the interpretation of protein spectra. This approach may be
viewed as one of several analysis techniques that move the spatial frequency cj off
the real axis and into the complex plane. In view of this reported advance, the full
Hilbert-Huang transform [64] should be considered with a view to incorporating
that transform method into any reformulation of the present scalar and complex
algorithms.
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Chapter 10

Sequence Alignment and Separation
M easures
Measures based on categorical spectra are proposed to quantify distances
between pairs of residue sequences. These measures are tested against
several accepted measures and found to perform well. Phylogenetic trees
constructed from the spectral distance measure data seen to be in broad
agreement with trees constructed by conventional means, both fo r a helix
dominated molecular configuration and fo r an entwined ß-sheet configura
tion. It is recommended that categorical-spectra based distance/separation
techniques be developed further.

10.1

In tro d u ctio n

The topic of protein sequence alignment methods is vast; ranging from multiple-sequence
alignment tools that analyze precise, three-dimensional crystallographic-structure maps
of all proteins under consideration down to simple pairwise alignment algorithms that
operate mostly by visual inspection and gut-instinct. The S tamp (STructural Alignment
of Multiple Proteins) package by G.J. Barton and R.B. Russel et al [65] is a typical
example of a structurally-aware method while the popularity of well known tools from the
P hylip [66], B elvue [67], D i A lign 2 [68], J alview [69] and A mps [70] packages stand
testament to the view that there remains a place for alternative approaches. Sequence
alignments, regardless of how they are derived are not an end in themselves; the next
step might well be to apply some form of comparison algorithm to the alignments so
as to deduce a statistical measure of pairwise sequence similarity. Such comparison
algorithms may concentrate on the local characteristics of the alignment or they may
examine some extended aspects of the aligned assembly. For example, a local algorithm
might assess the uniformity at each station of the alignment and compute a similarity
statistic based on an accumulation of each assessment. An extended algorithm might
arrive at a measure of similarity based on the occurrence of common sub-sequences or
similar motifs identified within members of the alignment. Of course, these measurement
methods are not independent and nor should they be. After all, they have been devised
to estimate the same quantity: sequence similarity; but in neither case is it usual to
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assess the significance of any lapse in uniformity in terms of its location relative to the
3D structure of the relevant proteins. To expand on this point: BLOSUM and PAM
matrices were devised in response to the concept that not all amino-acid mismatches
in a pair of sequences should be viewed in the same way. Some substitutions may
be regarded as trivial and given little weight while others are more ponderous. The
point being stressed is that the weight assigned to a particular substitution should also
be modulated by a term that reflects the overall importance of the particular aminoacids within the 3D structure and/or functional regions of the protein. Naturally, it is
recognized that it may be difficult to achieve this goal, particularly when details of the
3D structure are not available.
With several recent multiple-alignment algorithms, alignment and similarity measures
are inextricably entwined. Overall similarity or perhaps implied phylogenetic tree struc
ture are used to gauge the merit of individual members of the universe of possible mul
tiple alignments. Hence, whichever point of view is adopted, appropriate similarity or
separation-distance measures play a central role for both sequence alignment and de
rived phylogenetic studies. This chapter gives an attempt to devise a simple protein
sequence separation measure that, albeit obliquely, depends on protein 3D structure.
The rationale for this approach is as follows. As the punctuated sequence exercise has
demonstrated, categorical sequence spectra though derived entirely from character se
quences do embody at least some elements of the parent protein structure. All spectral
components result from extended or long-range contributions from all the residues of a
sequence, as opposed to the usual measures that are comprised of local, pairwise com
parisons to aligned sequences. Suitable comparisons between categorical spectra should
provide a useful measure of sequence similarity or separation distance.
Figure 10.1 illustrates the concept. This figure shows categorical /3-chain hemoglobin
scalar spectra for pairs of new-world and old-world primates. Each pair of colobus and
lemur spectra have common characteristics that distinguish them from other, unrelated
/3-chain hemoglobin spectra.
At the molecular level, Figure 10.2 depicts two chains of the human NADH-ubiquinone
oxidoreductase molecule (P03905). The interlinked /3-sheets, also in a helical config
uration, impose long-range (long spatial-wavelength) correlations that characterize the
molecule, yet these features would be ignored by simple pairwise comparisons of aligned
residue sequences. The point being that categorical spectra are sensitive to such longrange correlations. So, the present objective is to devise measures of similarity/separation
that benefit from the global perspective of categorical spectra.

10.2

C a teg o rica l-sp ectra sim ila rity m easu res

Suppose that P a (u) and
(ca) are the categorical-spectra computed by the same
method from amino-acid sequences of proteins a and b. Two measures of spectra simi
larity or difference are:
M (a, b)
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Scalar Spectral Envelope

Scalar Spectral Envelope

Q7M3C2: Bamboo Lemur
Hemoglobin Beta chain

P02033: Red Colobus
Hemoglobin Beta chain
0.28
Spatial frequency
Scalar Spectral Envelope

P19885: Western black-and-white Colobus
Hemoglobin Beta chain
0.28
Spatial frequency

0.26

0.28
Spatial frequency

0.30

Scalar Spectral Envelope

- P02053: Brown Lemur
Hemoglobin Beta chain
0.28
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Figure 10.1 - Spectral envelopes of beta-chain hemoglobin sequences from four related

primate species. In the style of Figure 8.2, four fixed-phase traces are included along with
the envelope curve. The two left-hand side examples are of old-world primates and the
right-hand panels are new-world primates. Overall spectral similarities are evident as well
as new versus old-world differentiating features.
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Figure 10.2 - Two strands of Human NADH-ubiquinone oxidoreductase molecule
(P03905). The diagram was produced with the Chimera visualization package and the
lS30.pdb molecular structure file. Contrast this molecule, being composed mostly of
/3-strands and two short a — helices, against the cytochrome-b molecule of Figure 10.5.

where the range of integration is chosen to capture all or almost all of the difference
between the two spectra. Both cases may be generalized by including a weight function
W {uj ) to the integrand. The normalized weight function W {uj ) enables different regions
of the spectrum to be attributed differing degrees of prominence. For instance, segments
of a sequence corresponding to <a-helix and /3-sheet molecular structures might be allo
cated different weights. For the remainder of this discussion, uniform weight is assumed
between two frequency limits f \ = 2 t: uj\ and f<i = 2 ttuJ2 .
Other distance measures have been investigated. If S is a residue sequence of length
N, consider X («S; t) = ßTu\ = (Y (t ) | ß {uj ) ) . X {S ; t) is a complex (or real) sequence
associated with the categorical sequence S.
-t

rU)=00

N —1

A ( S i ,s 2) = T

-Y
r ] \\x (Sv, t) - X (S2-, t ) f dw
A '

J “ =0

f

—0

is a measure of the distance between S i and S 2 . In the case of complex spectra, A («Si, S 2 )
incorporates both the magnitude and phase of the spectra. Again, a weight function may
also be included.
Figure 10.3 shows the correlation between BELVUE/ScoreDist and Categorical-complexspectra measure M (a, 6), pairwise separation estimates for a mixed set of primate and
whale myoglobin sequences. (See the figure caption for additional detail and section
10.2.1.) This result was a surprise! Some form of relationship was expected but the clear
linear result needs further explanation.
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CD

Distance matrix correlation

Distance matrix correlation

Jones Taylor Thornton

Jones Taylor Thornton

Distance matrix correlation

Distance matrix correlation

Jones Taylor Thornton

Jones Taylor Thornton

0.4

Figure 10.3 - Distance matrix correlation. For each case, the entries of the upper (or lower)

triangle of the appropriate distance matrix are re-scaled to make the largest entry 1.0. A
notable feature is the minimal scatter for JTT/PAM (lower, right), suggesting that these
two measures should return very similar results, yet they are consistently well separated by
weighted least-squares scores. Further details are in section 10.2.1.
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More remarkable is the result that phylogenetic trees as determined by well established
software packages have considerably lower least-squares residual values compared against
other accepted distance measures. With respect to a phylogenetic tree T appropriate
to the data, if dj^ is the sum of lengths (weights) for the edges that comprise the path
between leaf j and leaf k and D jk is the measured or estimated distance between the
same leaves then the weighted sum of squared residual values is
{L} is the set of all leaves

S ( T)

1Table 10.1 presents values of S for distance matrices determined by the algorithms listed
in the first column and optimal trees derived from these distance matrices by the three
well known tree construction methods. It is obvious that spectral measures result in lower
values of S (T). The actual sequences used to produce Table 10.1 are the cytochromeb sequences listed in Table C.l. Besides cytochrome-b, several sets of other molecules
were studied. These included myoglobin, alpha and beta hemoglobin as well as lysozyme
and hemocyanin strands. In each case, the relative performance of the distance/tree
algorithm combinations in the sense of best sum of weighted squares residuals resembled
the results of Table 10.1. Spectral methods always returned better tree-fits followed by
Felsenstein-categories with the other phylib measures bunched together but still retaining
their respective performance order.
D istance m easure\T ree algorithm

GNJ

Fitch-M argoliash

BIO N J

Spectral Complex

2.70953

2.75540

3.27449

Spectral Stoffer

2.34364

2.34365

3.21843

ScoreDist

3.52057

3.52057

3.82674

Jones Taylor T hornton

3.60840

3.60840

4.00037

H enikoff/Tillier PM B

3.61953

3.62030

3.85857

Dayhoff PAM

3.71021

3.71021

3.99255

K im ura

3.85859

3.85859

4.24072

Categories

3.41611

3.41612

3.68582

T ab le 10.1 - W eighted least-squares fit results retu rn ed from trees determ ined by the
distance and tree-reconstruction algorithm s listed, applied to th e m itochondrial cytochromeb sequences of the ta x a from Table (7.1; furth er details in section 10.2.1.

10.2.1

R e la tio n sh ip to o th er m ea su res

The tools employed to make our comparisons are: Protdist [72], BIONJ [73], FastME
[74], Generalized Neighbour Joining (GNJ) [75] and ScoreDist [76]. BIONJ, FastME and
GNJ are tree-reconstruction programs. Among the distance-matrix methods packaged
in the Protdist suite are: Jones-Thornton-Taylor (JTT) [77], Joseph Felsenstein’s own
Categories method. Protdist is a component of the Phylip package [66]. ScoreDist is a
component of the BelVu package (see Appendix A ).
*An anonym ous exam iner who reviewed a previous draft of this thesis has com m ented th a t the
expression for S (T) may not be ideal as a tree sim ilarity m easure, however; this is th e m easure introduced
by W.M. Fitch and E. Margoliash, in their 1967 paper [71].
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Figure 10.3 shows correlations between pairs of corresponding distances estimated by the
spectral-complex, scoredist, Felsenstein-categories and Day hoff-PAM algorithms plotted
against the JTT algorithm, for the cytochrome-b data-set (see Table C.l of Appendix
C). Our experience is that the first three methods usually return lower least-squares
fit values in general, while Dayhoff-PAM least-squares fit residuals are usually higher
than average. The JTT algorithm was selected for reference as this is the default choice
of the Phylip protdist package. The protdist modules JTT, Categories and DayhoffPAM were invoked with default options. In a study of tree reconstruction accuracy by
Hollich, Milchert, Arvestad and Sonnhammer [78], ScoreDist is reported as performing
extremely well. This study assessed the tree-reconstruction methods of BIONJ, FastME,
Weigbor and NJ, coupled with 12 well known distance estimator algorithms and applied
to synthetic data generated to conform with real tree topologies. The same study also
found BIONJ to be the best tree reconstruction algorithm for their particular data.
It is assumed that performance comparable to a ScoreDist/BIONJ combination, on a
few data-sets, is sufficient for the spectral method to be recognized as worthy of further
study. The remark of Sonnhammer and Hollich concerning BIONJ is interesting. Of
the three tree-reconstruction methods listed in Table 10.1, BIONJ records the worst
least-squares fit residuals. The Fitch-Margoliash and Generalized-NJ, with the post NJ
topological grafting option, are both least-squares based. This suggests that the simple
weighted least-squares metric has an inherent bias. This is being investigated with a
view to proposing an unbiased least-squares metric. Further, the Felsenstein-categories
correlation, in Figure 10.3, shows far less scatter than do the ScoreDist and spectralcomplex correlations, yet Felsenstein-complex has lower least-squares fit residuals than
ScoreDist; so the better fits are not due to radical departures from the JTT estimates.
We are forced to conclude that the significance of the spectral-complex algorithm is not
established by low least-squares scores alone. Even though the spectral-Stoffer algorithm
returns the best least-squares fit, it exhibits a concave curvature when compared against
JTT. This is not a defect but requires further investigation. A similar but slight convex
curvature is detectable in the ScoreDist plot of Figure 10.3.

10.3
10.3.1

T ree-reco n stru ctio n
C y to ch ro m e-b

Figure 10.4 shows four phylogenetic trees derived for the set mitochondrial cytochrome-b
sequences of the taxa listed in Table C.l. This set of taxa is intended to be challenging.
There are numerous conflicting reports on the exact positioning of rodent and marsupial
lineages with the guinea pig even being removed from the rodent classification based
on analysis of mitochondrial cytochrome-b and similar mitochondrial proteins. (See for
example: A.M. D’Erchia et al [79] and J. Sullivan and D.L. Swofford [80].) The objective
here is to compare distance estimation algorithms and tree-reconstruction methods and
not, for the moment, to determine realistic phylogenies. That said, the Felsensteincategories/BIONJ appears to be the most credible of the four, with Dog placed on the
primate branch being the most obvious blemish (Man’s best friend). ScoreDist is the
strangest result. The ScoreDist and spectral trees position the primate branch between
murid and nonmurid rodents; however, trees derived by spectral measures do place Dog
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on the harbor-seal/feline branch rather than on the nonmurid rodent branch. It has
been posited above that weighted least-squares fit may not be an accurate estimator for
tree confidence, yet the GNJ algorithm which follows an initial neighbour-joining phase
with a branch-grafting search for a least-squares solution does extract a better result
from the spectral data. The rabbit and hare are moved off the primate branch. Also,
no significant weight should be attached to the study of just one molecule though the
disparity between the results obtained by the various methods must not be overlooked.

Of course. Figure 10.4 depicts only the tree topology. Edge distances are not shown and
the diagrams are not to scale. Considering the primitive state of development of the
spectral based distance-measure, these results are encouraging.
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W h al i
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Figure 10.4 - Two phylogenetic trees (upper) constructed from distance data generated

by Phylip/Categories and ScoreDist estimators with BIONJ tree constructor, and two trees
(lower) generated by BIONJ and GNJ constructors from complex, spectral distance es
timates. This test case was chosen because of ambiguous results for rodents, particularly
Guinea pig have been reported for this and similar mitochondrial proteins. Leaves of rodents
apart from Guinea pig, are coloured pink.
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Figure 10.5 - Depiction of the C chain of Bovine Cytochrome-b. Although cytochromeb was first chosen as a test molecule because of ambiguous findings concerning rodent
phylogeny, it is also an excellent example of a long, helix-dominated molecule. There are
two small /5-sheets close to the right-hand edge of the diagram.

1 0 .3 .2

N A D H - u b iq u in o n e o x id o r e d u c ta s e ( N U 4 M )

A similar exercise was undertaken using the NU4M sequences listed in Table C.2 of
Appendix C. As shown in Figure 10.2, the structure of this molecule is dominated by
/3-sheets whereas the Cytochrome-b molecule is helix dominated, see Figure 10.5. For
this molecular configuration the complex distance algorithm in its present state may
not be reliable. In fact, the complex distance estimates compare very well against the
established package estimates, the only consistent blemish being a failure to position
the Hippo on the Whale (Cetacea) branch. On the other hand, scalar spectral distance
estimates appear to be excellent.

Figure 10.6 shows four phylogenetic trees constructed from the sequences listed in Table
C.2, using distance estimation tools Felsenstein/Categories, JTT and Scalar-spectral
with tree generation methods BIONJ and FastME. The Categories/BIONJ is the only
result that places the Armadillo on the pachyderm branch. Again, the location of the
rodent branch is questionable. Considering the inconsistencies between all four results
it is not possible to assess the scalar-spectral result other than to say that it appears to
be no worse than the other three trees.
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Figure 10.6 - Phylogenetic trees constructed from the NU4M sequences listed in Table
C.2. As with the Cytochrome-b case, the position of the rodents is not constant. The Pig is
also inclined to wander. The JTT/FasrME tree reverses the N-Lemur and S-Lemur order.
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C on clu sion

This has been a study to investigate the capabilities of categorical sequence spectral
distance/separation estimators. Attempts to assess the quality of phylogenetic trees
derived from categorical-spectral distance measures, against trees obtained from other
methods, were inconclusive. The consistent good fits in terms of branch-length residuals
returned by the spectral-distance estimates are encouraging. The study is considered to
have been successful and the topic warrants further development.

A ppendix A
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A ppendix B

D erivation of the M aster Equations
B .l

C h a ra c te r coincidence ta b le a u x variations

Consider a NxxNy tableau 1 < x < Nx, 1 < y < Ny, x and y integers and cells designated
as (x,y), with the ex-boundary values 60,0 — fy),y — bx,o• Three monotonic properties
that follow directly from the definitions in subsection 2.2.2 are:
°x -l ,y =

0 or 1

bx,y- 1 =
'x,y ~ bx—l,y—1 -

0 or 1

°x,y
bx,y

A consequent idnetity is: j x,y-i II

(B .l)

0 or 1

= kx- ^ y || j XiV = False

Figure B.l is a variation of character coincidence tableau presentation. tXiV is not shown,
bx^y is shown and j x^y and kx,y are represented as follows: If j x^y is False then the lefthand border of cell (x , y) is shaded red. If kx^y is False then the lower border of cell
(x , y) is shaded red.
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F ig u re B . l - A variation of character coincidence tableau presentation where th e False
jx,y and k x , y values are denoted by shaded cell edges.

The terrace presentation of the tableau can be traced back as far as Daniel Hirschberg
[ 42].
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Corollaries of the monotonic conditions (B. 1) are:
1. The shaded edges form continuous lines that run between the top and right-hand
edges of the tableau.
2. These lines partition the tableau into terraces with the property that the bX)V score
is constant on each terrace, so the bx^y score characterizes the terrace. The lines
are referred as terrace boundaries.
3. Terrace boundaries cannot meet.
4. If traversing a terrace boundary line, starting from the top edge, the direction of
travel is either down or to the right. (Terrace boundary lines cannot backtrack.)

T

0

J

2

2

3

3

4

5

5

6

b

C

0

1

2

2

3

3

4

5

5

5

5

A

0

]

2

2

3

3

4

4

4

4

4

G

0

1

2

2

3

3

3

3

3

3

3

C

0

]

2

2

3

3

3

3

3

3

3

A

0

1

1

2

2

2

2

2

2

2

2

G

0

1

1

1

1

i

1

i

1

1

1

C

0

1

1

1

1

1

1

1

1

1

1

T

0

0

0

0

0

0

0

0

0

0

0

A

c

c

A

C

T

A

c

C

T

G

F ig u re B .2 - T he m = 2 restricted b an d w id th version of th e Figure B .l tableau.

Figure B.2 shows the m — 2, limited bandwidth version of the Figure B.l tableau. Note
that the terrace boundaries are vertical lines above the central band ||x —y\\ < m and
horizontal lines below the band. An equivalent statement is: kx^y is True for all cells
above the central region and j x^y is True for all cells below the central region.

B.2

T he m a ste r eq u atio n s

Consider the square case Nx = N y = n tableau, representing a pair of character strings
each of length n. (The non-square case is a simple extension.) The objective is to extend
each string by a single character such as to border the tableau according to an order m
approximation. The following variables are known under an order m approximation for
1 < y < Tfii jn,m kn,n-> ^n,«) jn —7,rn
7,n? ^-n,n—7 &nd 7"n,n—7- The key to the equations
is that while cell (n —m, n) is in the central region, cell (n —m, n + 1) is not in the
central region and hence fcn-m,n+1 is True. Likewise, j n+i,y-n is True. From here on,
we focus on the top row of the augmented tableau and deduce corresponding results
for the right-most column by symmetry. Consider moving from cell (n —m, n) to cell
(n —m + 1, n + 1), either via cell (n —m, n + 1) or via cell (n —m + 1, n). If there is
an increase in score then a red-line has been crossed. The master equations follow from
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considering all possible configurations. If 6n_m+ i,n+i > bn-m,n then either rn_m+i,n+i
is True or j n - m + i . n is False and thus
~ j n —777+1,77+1

— Tn —777+1,77+1 || ( ~ j n —777+ 1,77)

For /cn _ m + l j n + i to be False requires that r n_m+ + n + i is True and j n - m + i , n is True.
Now that j n_m+pn+i and /cn_m+i,n+i are known, move on to cell (n —m + 2, n + 1)
and repeat the analysis and so on, up to cell (n, n + 1). This gives:
~

k n —m + l , n + l

~ J n + l , n —m + 1

~ k n —7 , n + l
~ Jn + l,n -7

—

^ n —m + l , n + l C j n —m + l , n

~

^ n + l , n —m + 1 ® ^ n , n —m + 1

j n —7 ,n ® ( ^ n —7 , n + l || ( ~ ^ 77—7 —1,77+ 1) )
k n ,n —7 ® ( ^ 71+ 1,71—7 II ( ~ J n + l , n —7 —l ) )

=

~ ^ n + l , n —7

Jn+1,77—7 —1 ® ( ^ n + l ,« —7 II ( ~ ^ 77,77—7 ) )

~ j n —7 , n + l

7 —1,77+1 ® ( F t7—7 ,77+1 II ( ~ j n —7 ,77) )

for

0< 7 < m

The hnal step truly is a case of tying up the loose ends. Terrace boundary lines continue
on into the added row; as vertical lines above the central region but not necessarily
so within the central region. An additional terrace boundary may have been begun in
the added row. Either it joins with a new boundary line from the added column or it
must continue on to the right-hand edge of the tableau. Similarly for an unmatched
line originating in the added column. These constraints are sufficient to determine the
remaining variables.
Clearly, »Sn+ 1,77+1 is True if
follows that:

rn + p n + i

is True if either

j n + \,n

or

^77,77+1

‘^77+1,77+1

=

r 77+l,77+l II ( ~ J n + 1 ,77) II

^77,77+l)

~ ,777+1,77+1

—

^77,77+1

~ ^77 + 1,77+1

=

,777+1,77 ® (+77 +1,77+1 || ( ~ ^77,77+l))

( 7 t7 + 1,77+1 || ( ~ j n + l , n ) )

is False and it
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C om m on nam e

S cie n tific n a m e

S h ort n a m e

Q36461

P latypus

O rnithorhynchus anatinus

P latypus

B2WVN5

Leopard

P an th e ra pardus

Leopard

003207

W hite Rhinoceros

C eratotherium simum

W Rhino

047561

E uropean H are

Lepus europaeus

Hare

063910

Dormouse

Myoxus glis

Dormouse

P00156

H um an

Homo sapiens

H um an

P00157

Cow

Bos tau ru s

Cow

P00158

Mouse

Mus m usculus

Mouse

P00159

R at

R a ttu s norvegicus

R at

P24950

Fin W hale

B alaenoptera physalus

Fin W hale

P24959

Sheep

Ovis aries

Sheep

P24964

Pig

Sus scrofa

Pig

P34863

R abbit

O ryctolagus cuniculus

R abbit

P41285

Blue W hale

B alaenoptera musculus

Blue W hale

P41303

A m erican O possum

D idelphis m arsupialis

A Opossum

P48665

Horse

E quus caballus

Horse

P48886

C at

Felis silvestris catus

C at

P68090

Tiger

P an th e ra tigris

Tiger

P92487

Donkey

E quus asinus

Donkey

P92671

W allaroo

M acropus robustus

W allaroo

P92701

O rnagutan

Pongo abelii

O rnagutan

Q00530

H arbor Seal

P hoca vitulina

H Seal

Q33500

H ippopotam us

H ippopotam us am phibius

Hippo

Q34101

Dog

Canis familiaris

Dog

Q8W9B2

Com mon W om bat

V om batus ursinus

W om bat

Q95711

G ibbon

H ylobates lar

Gibbon

Q96071

Indian Rhinoceros

Rhinoceros unicornis

Ind Rhino

Q9MEU8

Squirrel

Sciurus vulgaris

Squirrel

Q9T9Y3

Gorilla

G orilla gorilla gorilla

Gorilla

Q 9TEF9

G uinea Pig

Cavia porcellus

G uinea Pig

Q9TH43

G rey M arm ot

M arm ota baibacina

Grey M arm ot

Q9XK70

Russian H am ster

P hodopus cam pbelli

Rus H am ster

T ab le C .l - C ytochrom e-b sequence identification.
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C om m on nam e

S cientific n am e

S h o rt n am e

A8DQK9

Woolly Lemur

Avahi cleesei

W Lemur

003204

W hite Rhinoceros

Ceratotherium simum

W Rhino

021334

Nine-Banded Armadillo

Dasypus novemcinctus

Armadillo

078755

Sheep

Ovis aries

Sheep

079436

Rabbit

Oryctolagus cuniculus

Rabbit

079881

Pig

Sus scrofa

Pig

P03905

Human

Homo sapiens

Human

P03906

Chimpanzee

Pan troglodytes

Chimp

P03907

Gorilla

Gorilla gorilla gorilla

Gorilla

P03908

Bornean Orangutan

Pongo pygmaeus

Orangutan

P03909

Gibbon

Hylobates lar

Gibbon

P03910

Cow

Bos taurus

Cow

P03911

House Mouse

Mus musculus

Mouse

P05508

Norway Rat

R attus norvegicus

Rat

P24975

Finback Whale

Balaenoptera physalus

Fin Whale

P38601

Gray Seal

Halichoerus grypus

Gray Seal

P41298

Blue Whale

Balaenoptera musculus

Blue Whale

P41308

American Opossum

Didelphis virginiana

A Opossum

P48655

Horse

Equus caballus

Horse

P48916

Domestic Cat

Felis catus

Cat

P92484

Donkey

Equus asinus

Donkey

P92668

Wallaroo

Macropus robustus

Wallaroo

Q00506

Harbor Seal

Phoca vitulina

H Seal

Q2I3F2

African Elephant

Loxodonta africana

A Elephant

Q2I3G5

Indian Elephant

Elephas maximus

I Elephant

Q34878

Ring-Tailed Lemur

Lemur catta

Rt Lemur

Q36458

Platypus

Ornithorhynchus anatinus

Platypus

Q3L6Y5

Gray Wolf

Canis lupus

Gray Wolf

Q576B5

Zebu Cattle

Bos indicus

Zebu

Q591Y7

Sambirano Mouse Lemur

Microcebus sambiranensis

S Lemur

Q598S9

Pygmy Right Whale

Caperea marginata

Pygmy Whale

Q5Y4Q1

Domestic Yak

Bos grunniens

Yak

Q85DA7

Northern Sportive Lemur

Lepilemur septentrionalis

N Lemur

Q8W9G4

Echidna

Tachyglossus aculeatus

Echidna

Q8W9M7

Dugong

Dugong dugon

Dugong

Q96068

Indian Rhinoceros

Rhinoceros unicornis

Ind Rhino

Q9T9W6

Bonobo

Pan paniscus

Bonobo

Q9ZZ58

Dog

Canis lupus familiaris

Dog

Q9ZZY2

Hippopotamus

Hippopotamus amphibius

Hippo

T ab le C .2 - NU4M sequence identification
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A ppendix D

Algebraic Identities
D .l

Sum mation formulae
TV— 1

TV— 1

(cos cot + is i n u t ) =
t= 0

exp (iut)
t= 0

1 — exp (iNuj)
1 — exp (zu;)
sin (yctr) cos (A —
sin (uj/2)

+

131

v

. ( sin ( | w ) sin
i

sin (u)/ 2)

(D .l)
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