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A b s tra c t
Colorectal carcinoma or colon cancer is the second leading cause of cancer deaths
in Australia, with approximately 4700 deaths each year. Most of these cancers
develop from growths in the colon known as polyps and as such, regular screening
of the colon for the early detection and removal of these polyps may be able to aid
in its prevention. However, traditional methods of screening are invasive, cause
significant discomfort to the patient and present a risk of bowel perforations and
injury.
Computed Tomographic (CT) Colonography is an attractive non-invasive alternative to this but current algorithms still overlook a few polyps that may later
turn malignant, and many still produce too many false positives. This thesis
aims to produce a better CAD system that is robust, quick and reliable with
high detection rates and minimal false positives. It will take in a series of real
CT datasets provided by the Canberra Imaging Group, perform a segmentation
and 3D surface reconstruction of the colon, extract a centerline for navigational
purposes, detect polyp candidates and hnally apply different methods to reduce
the number of false positives.
More specifically, our research focusses on the different methods aimed at
reducing false positives. These methods are categorized into 3 major classes:
(a) techniques that aim to model a more global representation of the structure at
hand, (b) techniques that aim to filter out small noisy artefacts in the surface, and
(c) techniques that aim to reduce the number of features used in classification.
Simulation results presented at the end of each chapter will demonstrate the
viability of our methods.

C o n te n ts
A ck n o w led g em en ts

vii

A b stra ct

ix

1

2

3

In tro d u ctio n

1

1.1

Principal Objectives

1.2

Key Contributions

.........................................................................

3

............................................................................

4

1.3

Outline of T h e s is ...............................................................................

5

1.4

Chapter Summary

7

............................................................................

C olon S eg m en ta tio n

11

2.1

Background and M o tiv atio n .............................................................

11

2.2

Related W o rk ......................................................................................

14

2.3

Methodology

......................................................................................

14

2.4

R esults..................................................................................................

16

2.5

Chapter Summary

17

............................................................................

C en trelin e E x tra ctio n

21

3.1

Background and M o tiv atio n .............................................................

21

3.2

Related W o rk ......................................................................................

22

3.3

Description of Frimmel and Nappi’s A lgorithm ..............................

24

3.4

Possible Drawbacks............................................................................

27

3.5

Algorithm Improvements...................................................................

29

3.6

Methodology

.....................................................................................

31

3.7

R esults..................................................................................................

33

xi

CONTENTS

xii
3.8
4

5

Chapter Summary ............................................................................

33

P o ly p D e te c tio n

37

4.1

Background and M o tiv atio n .............................................................

37

4.2

Related W o rk ......................................................................................

37

4.3

Methodology

......................................................................................

39

4.3.1

Curvature on Continuous Surfaces........................................

40

4.3.2

Curvature on Discrete S u rfa c e s ...........................................

43

4.4

R esults..................................................................................................

48

4.5

Chapter Summary

48

............................................................................

F P R e d u c tio n T echn iqu es I

51

5.1

Introduction.........................................................................................

51

5.2

FP Reduction using Shape H istogram s...........................................

52

5.2.1

Background and M otiv atio n .................................................

52

5.2.2

Related W o rk .........................................................................

53

5.2.3

M e th o d ..................................................................................

54

5.2.4

R esults......................................................................................

55

FP Reduction Using Curvature M a p s ...............................................

60

5.3.1

Background and M otivation.................................................

60

5.3.2

Related W o rk .........................................................................

60

5.3.3

M e th o d ..................................................................................

61

5.3.4

R esults.....................................................................................

74

FP Reduction Using Curvature P a tc h ...............................................

82

5.4.1

Background and M otiv atio n .................................................

82

5.4.2

Estimation of the Tensor of C u rv a tu re ..............................

83

5.4.3

M e th o d ..................................................................................

86

5.4.4

R esults.....................................................................................

89

FP Reduction Using Mean Shape M odels.........................................

93

5.5.1

Background and M otivation.................................................

93

5.5.2

M e th o d ..................................................................................

93

5.3

5.4

5.5

5.6

FP Reduction Using Procrustes A nalysis............................................ 100

CONTENTS

xiii

5.6.1

Background and M otiv atio n .....................................................100

5.6.2

Related W o rk ............................................................................. 100

5.6.3

M e th o d ...................................................................................... 102

5.6.4

R esults......................................................................................... 102

5.7
6

107

6.1

Introduction............................................................................................ 107

6.2

FP Reduction Using Spectral Com pression........................................ 107

6.4

8

...............................................................................104

F P R e d u c tio n T echniques II

6.3

7

Chapter Summary

6.2.1

Background and M otivation.....................................................107

6.2.2

Related W o rk ............................................................................. 108

6.2.3

M e th o d ...................................................................................... 112

6.2.4

R esults......................................................................................... 114

FP Reduction Using Multiresolution A n a ly s is .................................. 116
6.3.1

Background and M otivation.....................................................116

6.3.2

Related W o rk .............................................................................116

6.3.3

M e t h o d ...................................................................................... 117

6.3.4

R esults......................................................................................... 118

Chapter Summary

................................................................................ 118

F eatu re R e d u c tio n for C lassification

121

7.1

Introduction............................................................................................ 121

7.2

Feature S elec tio n ................................................................................... 124
7.2.1

F-Score

...................................................................................... 124

7.2.2

Mutual Information....................................................................125

7.3

Support Vector Classification

..............................................................129

7.4

Experimental R esu lts.............................................................................131

7.5

Chapter Summary

................................................................................ 132

D e fo rm a tio n -B a sed Surface M o rp h o m etry

135

8.1

Introduction............................................................................................ 135

8.2

Method
8.2.1

.................................................................................................. 136

Surface Evolution....................................................................... 136

CONTENTS

XIV

8.2.2

9

Surface morphometry.................................................................140

8.3

Experimental R esu lts............................................................................. 148

8.4

Chapter Summary

................................................................................ 149

C A D Softw are

151

9.1

Introduction............................................................................................ 151

9.2

Colon Segmentation................................................................................ 151

9.3

Centreline Extraction and Fly T h ro u g h ................................................154

9.4

Polyp Detection and FP R e d u c tio n .................................................... 155

9.5

A CAD In te rfa c e ................................................................................... 156

9.6

Chapter Summary

................................................................................ 160

10 C on clu sion and Further W ork

10.1 Summary

163

............................................................................................... 163

10.2 A chievem ents......................................................................................... 165
10.3 The Way F o rw ard ?................................................................................ 167
A Surface norm al and curvatu re

169

B ib liograp h y

173

L ist of T ables
2.1

HU values of common substances.......................................................

11

5.1

Sensitivity and specificity using PDFs...............................................

57

5.2

Sensitivity and specificity using mean values....................................

57

5.3

Sensitivity results with curvature maps, Sensi and mean of k2
values, Sens2.........................................................................................

5.4

Specificity results with curvature maps, Spec\ and mean of k2 values, Spec2..............................................................................................

5.5

92

Specificity results with surface patch method, Spec\ and mean of
k2 values, Spec2....................................................................................

6.1

76

Sensitivity results with surface patch method, Sens\ and mean of
k2 values, Sens2....................................................................................

5.6

75

92

Sensitivity Results using Spectral Compression and Curvature Tensor Field Smoothing.................................................................................115

6.2

Sensitivity Results Before, Sensi and After Coarse Approximation,
Sens2......................................................................................................... 120

6.3

Specificity Results Before, Spec\ andAfter Coarse Approximation,
Spec2..........................................................................................................120

8.1 Morphological changes of polyps............................................................. 150

xv

L ist of F ig u res
1.1

Optical colonoscopy compared with virtual colonoscopy..................

8

1.2

Overview of the proposed CAD system.............................................

9

2.2

2D CT slices of the colon with pixel intensities coloured according
to its Hounsfield unit (HU) value.......................................................

12

2.1

Colon slices as viewed by the radiologist in current CAD systems.

13

2.3

Normalized histogram of volume dataset...........................................

15

2.4

Results of applying threshold on CT slices........................................

16

2.5

Results of segmentation on all air-filled regions and after extraction
of the colonic wall corresponding to a specified seed point..............

17

2.6

Possible problems with datasets and failed segmentations..............

18

2.7

Segmentation results of well-distended colon datasets.....................

20

3.1

Local maxima before and after removal of the circle of influence. .

25

3.2

Graph connection algorithm................................................................

26

3.3

Branch pruning and recovery...............................................................

27

3.4

Problems with using too few local maxima........................................

27

3.5

Problems with using too many local maxima....................................

28

3.6

Problems with selecting a too large minimum seed size..................

28

3.7

Problems with selecting a too small minimum seed size..................

29

3.8

Problems without using a DM measure.............................................

29

3.9

Improved centreline with a DM measure...........................................

30

3.10 Results with maxima removal after centreline is computed.............

30

xvii

xviii

LIST OF FIGURES

3.11 Red curve indicates problems of a too large minseedsize whereby
the centreline lacks centredness, blue curve indicates a more centred centreline with the enforced distance limit................................

31

3.12 Red curve indicates problems of a too small minseedsize resulting
in a tortuous centreline, blue curve indicates a smoother centreline
with the enforced distance limit..........................................................

32

3.13 Red curve shows results without the use of a DM measure resulting
in an uncentred centreline, blue curve shows improved results using
a DM measure.......................................................................................

32

3.15 Centreline and flythrough of colon.....................................................

33

3.14 Centreline results on colon datasets...................................................

35

4.1

Slices through a typical polyp volume with intensities in HU units.

40

4.2

3D subvolume of segmented polyp......................................................

41

4.3

Extracted surface mesh for a candidate polyp..................................

41

4.4

Surface with normal vector at point p and normal planes in directions of maximum and minimum principal curvatures.....................

4.5

Notations for surface curvature estimation via the Gauss-Bonnet
scheme....................................................................................................

4.6

57

PDFs constructed for a narrow fold non polyp database using the
values of (a) K (b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR..........

5.4

56

PDFs constructed for a large fold non polyp database using the
values of (a) K (b) H (c) h (d) k2 (e) SI (f) CV and (g) SR. . . .

5.3

49

PDFs constructed for our polyp database using the values of (a)
K (b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR................................

5.2

48

Polyp and non polyp regions. Candidate regions that belong to
the elliptic class of the peak subtype have been highlighted..........

5.1

46

Surface types characterized by different SI and curvedness values
[35]..........................................................................................................

4.7

42

58

PDFs constructed for a semi planar non polyp database using the
values of (a) K (b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR..........

58

LIST OF FIGURES
5.5

PDFs constructed for a candidate polyp using the values of (a) K
(b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR....................................

5.6

xix

59

Peak-type clusters marked in green, corresponding geodesic maps
and centroids marked with a red cross...............................................

63

5.7

Construction of curvature map around a point.................................

64

5.8

Computation of curvature cv for an interpolated point v that does
not lie on a vertex point......................................................................

5.9

66

Curvature maps using mean, Gaussian, minimum and maximum
principal curvatures for mesh-ring, geodesic-ring and geodesic-fan
methods.................................................................................................

68

5.10 Geodesic-ring curvature maps around a synthetic hemisphere region resembling an ideal polyp............................................................

70

5.11 Geodesic-ring curvature maps around a synthetic cylindrical region
resembling an ideal fold.......................................................................

71

5.12 Geodesic-ring curvature maps around a polypregion.......................

72

5.13 Geodesic-ring curvature maps around a foldregion.........................

73

5.14 Determining the radius threshold Rt..................................................

74

5.15 Geodesic rings and corresponding cumulative curvature maps generated until Rt is reached....................................................................

77

5.16 Effect of coarse sampling on curvature map computation using
mesh-ring, geodesic-fan and geodesic-ring methods..........................

78

5.17 Effect of irregular sampling on curvature map computation using
mesh ring, geodesic fan and geodesic ring-based methods...............

79

5.18 S values for 20 candidate polyp datasets...........................................

80

5.19 ROC curves comparing the performance of the curvature map
method (AUC = 90%)to a CAD method using only the mean of
k2 values (AUC = 81%).......................................................................

81

5.20 Geometry of curvature estimation......................................................

87

5.21 Dispersion of surface normals..............................................................

88

5.22 Relationship between eigenvalues of covariance matrix Vv and local
structure................................................................................................

88

LIST OF FIGURES
5.23 Normalized eigenvalues of covariance matrix Vv and corresponding
k\ and k2 values....................................................................................

89

5.24 ROC curves comparing the performance of the curvature map
method without flat lesions (AUC = 91%) and with flat lesions
(AUC = 86%) to a CAD method using only the mean of k2 values
(AUC = 79%)........................................................................................

90

5.25 Normalized eigenvalues of covariance matrix Vv and corresponding
ki and k2 values....................................................................................

91

5.26 Polyp and non polyp fold segmented regions....................................

93

5.27 Source and target landmarks with the ICP algorithm.....................

95

5.28 Polyp shapes represented by different colours projected and aligned
with the ICP algorithm........................................................................

95

5.29 Mean shape models for polyp and fo ld s...........................................

96

5.30 Candidate polyp aligned to constructed meanshapes.......................

97

5.31 Candidate polyp aligned to constructed meanshapes.......................

97

5.32 1st mode of shape variation,

...........................................................

99

5.33 2nd mode of shape variation, b2..........................................................

99

5.34 Detected lesions for each class................................................................ 103
5.35 False Positive Detections......................................................................... 104
6.1

Total spectral energy of smallest 20 coefficients................................... 110

6.2

Coarse reconstruction of bunny with varying percentages of total
coefficients................................................................................................. 110

6.3

Coarse reconstruction of noisy bunny with varying percentages of
total coefficient energy............................................................................. I l l

6.4

Reconstruction of polyp surface with varying percentages of total
coefficient energy.......................................................................................112

6.5

kmax fields before and after smoothing with a 5-ring neighbourhood

averaging filter on the curvature tensor.................................................113
6.6

Effect of neighbourhood averaging size on polypregion detection.

113

LIST OF FIGURES
6.7

Lrnaxi k m in i

GaUSSian

^max ^

M g 8.11

0•5(/crTia:c “I-

Total Curvature = |kmax| + \kmin\ and Shape Index values at each
vertex......................................................................................................... 114
6.8

Polyp detection results before and after curvature tensor field smoothing and spectral compression...................................................................115

6.9

Spherical wavelet decomposition of a polyp shape surface.................. 118

6.10 Polyp detection regions at fine and coarse resolutions......................... 119
7.1

Mutual information diagram for the features extracted from the
polyp candidates....................................................................................... 133

7.2

Mutual information function which shows the MI between feature
#16 and the other features......................................................................133

7.3

Effect of the Number of Features on AUC.............................................134

8.1

Displacement fields on a protrusion........................................................138

8.2

Evolution of polyp and non polyp surfaces............................................139

8.3

Displacement field of polyp after 100 iterations....................................148

8.4

(a) Mean and (b) Gaussian curvature difference fields.........................149

9.1

Thresholded slices in a 231-slice colon volume...................................... 152

9.2

Picking a seed point................................................................................. 153

9.3

Segmentation of supine and prone colon datasets.................................154

9.4

Picking of end points for centreline extraction......................................155

9.5

Centrelines extracted from supine and prone colon datasets.

9.6

Calculation of Eigenvectors and Location of Polyps.............................156

9.7

Polyp Detections.......................................................................................157

9.8

Polyp Detections on 2D slices................................................................. 158

9.9

Polyp Detections on 2D slices................................................................. 159

...

156

9.10 Scrolling through of 2D Colon Slices with 3D Reconstruction . . . 160
9.11 Flythrough of Segmented Colon..............................................................161
9.12 Flythrough of Colon with Detected Candidate Regions...................... 161
A.l Local parameterization of a surface

170

C h a p te r 1
I n tr o d u c tio n
“Every new beginning comes from some other beginning’s end...”
Seneca

Colorectal Carcinoma or colon cancer is the second leading cause of cancer
deaths in Australia, with approximately 4700 deaths each year [1]. Incidence
of colorectal cancer in Australia is significantly higher than those of the ‘more
developed' countries (57.14 cases/year compared to 48.23 in the US and 15.45 in
the world) and is the most frequently occurring cancer in Australia, excluding
non-melanoma skin cancer. Australia’s mortality rates1 for colorectal cancer are
also high by world standards (22.38 deaths/year compared to 16.07 in the US
and 8 in the world), including above those of Canada, the US and the UK [1] [2].
Studies so far have shown that this type of cancer often arises from pre-existent
adenomatous polyps - an abnormal growth of tissue. These polyps are believed
to proceed through a genetic alteration stage termed the adenoma-carcinoma
sequence in which small adenomas (<5mm) grow into large adenomas (>10mm),
then into non-invasive carcinoma and finally invasive carcinoma [3]. The time
taken for these small adenomas to develop into terminal stage cancer is 10-15
years on average, and this means that if the adenomas are detected early on and
removed, colon cancer can be prevented. In fact, a recent study has shown that
1Rates normalized to a population size of 100.000
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early removal of colonic polyps resulted in a decline in mortality of about 76-90%
MFor this reason, CT screening for precancerous or cancerous cells in the colon is
highly recommended, especially for those over the age of 50 [3]. Current screening
techniques include:• Fecal occult blood testing (FOBT), which checks for hidden blood in
fecal material. However, many large adenomatous polyps do not bleed and
may render this test ineffective.
• Flexible sigmoidoscopy (FS), whereby the rectum and lower part of the
colon are examined using a sigmoidoscope. However, its limited scope and
invasiveness may result in missed polyps and discomfort for the patient.
• Double contrast barium enema (D C BE), in which the patient is given
an enema with a barium solution. An X-ray of the entire colon is then
performed and polyps which are attenuated differently to stool and other
colonic material are detected. However, DCBE can only detect up to 3050% cancers found in standard colonoscopy.
• Optical colonoscopy (OC), the most common and accurate gold standard
method, but often avoided due to its invasiveness and sedation required.
Some tests also require large amounts of time for processing and analysis and may
trigger other complications such as perforations and bleeding due to its invasive
r.ature. As a result, many patients would rather forego this screening procedure
until it is too late. In addition, other than OC, these methods also generate many
filse positives (FPs) and cannot be fully relied upon.
Computed Tomographic (CT) Colonography is a recent, non-invasive techr.ique that produces cross-sectional CT data scans which can be used to reconstruct volumetric colonic data of the patient for further processing and analysis.
It has no risk of bowel perforation and injury, and the whole scanning process
cnly takes about 20 seconds with minimum patient discomfort [5], making it a
very attractive alternative for patients. The interpretation of the CT scanning is
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also done offline using a computer, without the patient having to sit through the
whole procedure. Currently however, radiologists would manually analyse each
scanned 2D slice (approximately 300-700 slices) to look for suspicious polyps
and lesions; a process that can be tedious and time-consuming. For this reason,
computer aided diagnosis (CAD) of polyps is being researched to simplify this
procedure while maintaining accuracy. Radiologists would then only need to inspect the suspicious lesions for further investigation. However, CAD is still in
its early stages and is not yet reliable enough to be used as a standard screening
procedure due to the large amount of FPs generated and a few missed detections. This is largely due to the fact that polyps come in various shapes and
sizes, making their detection and discrimination between true and false positives
a challenging process. Residual materials and folds in the colonic wall may also
resemble polyps and it is therefore difficult to detect these polyps accurately. In
addition, because CT colonography is typically performed in a population screening setting, a substantial portion of the supposedly healthy population would be
subjected to an ionizing radiation burden that is likely to be repeated over time,
thus prompting the use of low-dose CT protocols that intrinsically lead to a relatively high image noise. As a result, the current use of CT Colonography is
limited as a secondary tool to detect polyps radiologists may have missed during
their manual slice-by-slice screening of the CT scans.

1.1

P rin cip a l O b jectiv es

The goal of this research is to develop a CAD system that will enable automatic
detection of colonic polyps from the CT scans as robustly, quickly and accurately
as possible with minimal radiologist intervention. From CT images generated
by a scanning machine, the 2D axial slices will need to be segmented to reconstruct the 3D colonic lumen. Next a centreline passing through this lumen will
be computed for navigational purposes in the colon. Once this is completed, geometry processing incorporating shape characteristics such as curvature will be
performed on each voxel or surface vertex of the colonic wall to identify suspicious
lesions. From these candidate patches, further filtering or classification will need

CHAPTER 1. INTRODUCTION

4

to be performed to reduce the number of FPs generated, e.g. polyps are usually
bulbous in nature while folds are elongated ridges in the colonic wall. This entire
process is summarized in the flowchart shown in Figure 1.2.
This thesis will focus mainly on FP reduction algorithms while extending
existing methods already developed for the other stages. Each stage will be considered in turn in further detail and example results on actual CT colon datasets
will be shown. The methods developed in this thesis are implemented either in
C + + or Matlab with the aid of the Insight and Visualization Toolkits [6] [7]. All
codes and executables with a sample dataset is included with this thesis.

1.2

K ey C on trib u tion s

The main contributions of this thesis are as follows:
1. Extension of a pre-existing centreline algorithm by Nappi [33] identifying some of the potential problems that the current algorithm could face
and possible solutions.
2. Probability density functions (PDFs) of geometric shape characteristics approximated by histograms of these characteristics at each point
of the lesion surface to give a global signature of the lesion. A reference
PDF for a polyp and non polyp are computed from a database of identified polyps and non polyps. Next, a candidate lesion's PDF is compared
to these two reference PDFs using a distance measure to determine if it is
more likely a polyp or non polyp lesion.
3. A signature S incorporating shape information in the neighbourhood surrounding a polyp. Geodesic rings were constructed around polyp
candidate points and point curvatures around the rings are accumulated to
produce a cumulative shape property S for a given radius.
4. Global curvature value computation of a candidate patch extending
the notion of a local curvature and employing the use of the variance of surface normals. A larger geodesic neighbourhood around a candidate vertex
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is used instead of a traditional 1-ring neighbourhood for the computation
of surface normal dispersion, global maximum and minimum principal curvatures and surface orientation.
5. Polyp shape discrimination using Ordinary Procrustes Analysis
(OPA). Polyp candidates that are represented by landmarks on the surface are translated, rotated and scaled so that they can be coherently and
consistently compared with each another by measuring its deviations from
a mean polyp shape.
6. Construction of a mean shape model for polyp detection. New candidate lesions will be compared to this mean shape and deviations from the
mean will be computed.
7. Spectral compression and curvature tensor sm oothing of mesh geometry in an attempt to smooth out small irregularities and bumps on the
surface that usually contribute to high FP rates.
8. M ultiresolution analysis using spherical wavelets. This has a similar
goal as spectral compression as high frequency noise is usually smoothed
out at lower resolutions, giving a better approximation of the overall global
geometry.
9. Feature selection using mutual information m ethods for efficient
polyp detection. The use of too many features for classification purposes
can be problematic and we introduce two new methods based on mutual
information for efficiently selecting from a subset of existing features.
10. Deformation-based morphometry of polyp surfaces. A protrusion
detection method based on deformation-morphometry was extended and
analysed to detect and localize polyp shape and size changes.

1.3

O u tlin e o f T hesis

The remaining chapters in this thesis are organized as follows.
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Chapter 2 will detail the colon segmentation and reconstruction method used
and show results obtained for different colon datasets. This involves the selection
of a threshold to separate the colon lumen from its surrounding structures and
the picking of a seed point to extract out the entire connected lumen.
Chapter 3 will survey a few existing colon centreline algorithms and detail the
algorithm developed by Nappi [33]. Our algorithm is an extension of this algorithm and provides a more centred and smooth centreline for better navigational
purposes through the colon.
Chapter 4 will then look at existing methods of polyp candidate detection
and its application on our colon datasets. Different shape features or geometric
characteristics derived from curvature measures will be presented and used for
candidate polyp detection.

These candidate lesions identified will be further

processed using different FP reduction and classification techniques in the next
stage.
Chapters 5, 6 and 7 will discuss eight different FP reduction and classification
techniques aimed to improve the specificity of the system without sacrificing sensitivity. In particular, Chapter 5 will seek to model a more global representation
of a structure to circumvent the local curvature property that contribute to the
majority of FPs. The methods proposed are a) Using PDFs as global signatures
for the candidate lesions, b) Using accumulated curvature maps based on geodesic
rings to investigate the larger neighbourhood around a candidate vertex, c) Using variance of surface normals and global curvature estimation to investigate the
geometry and topological behaviour of a geodesic neighbourhood patch, d) Using
OPA to align the candidate lesions to identify corresponding landmarks, and e)
Construction of a mean shape model to measure deviations of candidate lesions
from the mean.
Chapter 6 will investigate techniques for the removal of small noisy bumps in
the colonic wall that contribute to FPs since curvature is a second order differential quantity affected significantly by noise. Any spikes in the derivative caused
by noise can mask the real maxima corresponding to the location of true polyps.
The methods proposed here are (f) Spectral compression and curvature tensor
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smoothing to reduce noise and irregularities in the surface, and (g) Multiresolution analysis using spherical wavelets to represent a lesion at a lower resolution
and smoother surface.
Chapter 7 will look at removing a subset of features to cope with a problem
known as the ‘curse of dimensionality' whereby a classifier's performance degrades
with the increase of features used to detect a lesion. The methods proposed will
use mutual information for an efficient subset selection of shape features used to
classify a lesion.
Chapter 8 will investigate an existing deformation-based method for protrusion detection by analysing the resultant deformation field to compute surface
and volume based morphological changes. This method is useful for localizing
changes in the deformations over time and can also be used for tracking future
polyp lesion growth.
Chapter 9 will present a rough framework of the CAD system proposed, sample output and detail the executables provided in the CD.
Finally, an overall summary of the key findings, suggestions for future work
and a brief note on the future of CAD in CT colonography will be given in
Chapter 10.

1.4

C hapter Sum m ary

This chapter has provided an introduction to CT colonography and motivation for
our research. The final goal is to reduce reading time for radiologists while providing a highly accurate alternative to invasive cancer screening procedures such
as optical colonoscopy. An overview of a typical CAD system is presented and
major problems and obstacles to overcome are identified. Finally we presented
the key contributions of this thesis and an outline of the research demonstrating
how we can work towards developing an automated and reliable CAD system for
CT colonography.
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(a) Optical Colonoscopy
Photo Source: A.D.A.M. Inc.

(b) Virtual Colonoscopy
Photo Source: Colorectal Cancer Coalition
Figure 1.1: Optical colonoscopy compared with virtual colonoscopy. In (a), this is
accomplished by the insertion of a long flexible tube (the colonoscope) and then
advancing the scope slowly into the rectum and through the colon. A camera
at the tip of the colonoscope enables the examiner to examine the inside of the
colon. In (b), a CT scan is used instead to reconstruct virtual images of the colon
using computer software. This makes it a quick, painless process and there is
usually no need for conscious sedation.
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Stage 1
Colon Segmentation

Stage 2
Centreline Extraction

Stage 3
Polyp Candidate Detection

Stage 4
False Positive Reduction

Figure 1.2: Overview of the proposed CAD system.
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C h a p te r 2
C olon S e g m e n ta tio n
2.1

B ackground and M o tiv a tio n

A typical CT colonographic examination produces approximately 150-300 transverse 2D CT slices of the colon in prone and supine positions respectively. Multidetector row CT scanners may yield an even larger number of images. Figure 2.1
shows examples of these colon slices obtained while Figure 2.2 shows the scale
of pixel intensities in Hounsfield units (HU), a typical measure measuring the
intensity of the CT images and is related to the composition and nature of the
tissue imaged. The HU of common substances are listed in Table 2.1
S u b sta n ce

H U V alue

Air

-1000

Fat

-120

Water

0

Muscle

+40

Bone

>+400

Table 2.1: HU values of common substances.
Currently, radiologists are required to perform manual slice-by-slice scanning
to identify polyps in the colon wall based on lesion attenuation levels, morphology
and mobility of lesions in order to distinguish it from residual fecal material and
11
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folds which may also resemble polyps [3]. This is a tedious and time-consuming
task which is prone to human error and fatigue.

Figure 2.2: 2D CT slices of the colon with pixel intensities coloured according to
its Hounsfield unit (HU) value.
As such, a 3D segmentation of the colonic wall will be able to provide a more
global 3D voluminal view of the wall and its surrounding structures, particularly
since polyps comprise a variety of shapes, and will greatly aid in the radiologist’s
interpretation whether or not an automated CAD system is used.
Typically, a 3D volume, isotropic in the x,y, and z directions is generated
from the axial CT images in a CTC data set using linear interpolation between
the corresponding pixels on the adjacent slices [8] [9] [22]. Next, the colon wall
is extracted from thick regions that encompass the entire colon wall. This can
be a volume-based extraction whereby the entire colonic region is extracted, or
a surface-based extraction which represents the colonic wall as a mesh and is
a much quicker, requires less storage space and less computationally expensive
method but may slightly compromise on accuracy.
For purposes of our research we choose to use a surface-based extraction based
on the marching cubes algorithm [14] due to its significantly smaller storage and
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(a) Normal slice.

(b) Slice with polyp circled in red.

(c) Slice with tumour circled in red.

Figure 2.1: Colon slices as viewed by the radiologist in current CAD systems.
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processor requirements. Promising results indicate that this method is as reliable
as volume-based ones. In fact, Sundaram [69] has discussed that the availability of
high-resolution data nowadays has enabled the shift from image (volume-based)
processing to geometry (surface-based) processing and is preferred in computer
graphic systems of today.

2.2

R e la te d W o rk

Both semi and fully automated colon segmentation algorithms have been proposed. Automatic approaches generally involve a combination of tissue classification and knowledge-guided region growing while semi-automatic approaches
require some sort of manual intervention in selecting thresholds or seed points.
The methods currently used range from simple thresholding [10] [11], principal
component analysis [17], deformable models [21] and a combination of thresholding, morphological operators and connected component analysis [18] [19] [20].
Some automated algorithms even have the advantage of being able to virtually remove contrasted colonic materials e.g. stools and may be an attractive
method as bowel cleansing preparation can be a very traumatic ordeal for many
patients. However, there are two major problems that make this a difficult task
to automate. Firstly, the colon is not the only air-filled structure in the abdomen
as lower portions of the lung are often present in CTC data in order to image the
transverse segment and splenic flexure completely. Then there are also portions of
the small bowel and stomach that may also be partially filled with gas. Secondly,
obstructions and collapses caused by large lesions, peristalsis and residual stools
in the colon can complicate an automated segmentation and prevent a continuous
colon segment without the aid of multiple manually placed seed points.

2.3

M e th o d o lo g y

For purposes of simplicity, we choose to start with a semi-automated threshold
based segmentation as performed in [11]. In this method, a normalized histogram
of the CT values in the entire volume dataset is computed as shown in Figure 2.3.
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Next, the maxima of CT air values, Ta and the maxima of CT fat values, Tf is
determined and the ideal threshold Te is found by the average of Ta and Tf to give
a mean CT value for air regions typically corresponding to the colonic lumen.
In Figure 2.3, Ta and Tf are circled and Te is found to be -541 HU. Using
the vtkDICOMImageReader and vtklmageThreshold libraries in the VTK toolkit,
we obtain the results of applying this threshold on 2 slices of a colon dataset as
shown in Figure 2.4.

-K X X )

—6(X)

-4(X )

CT Values (HU)

Figure 2.3: Normalized histogram of volume dataset between -1000HU and 200
HU. Maxima of air, Ta and fat Tf are marked with circles. Te is selected as the
average of the two.
These slices are then interpolated and then voxels within the colonic lumen
are identified using a region-growing method, whereby a single voxel within the
colonic lumen (the ‘seed’) is manually selected and then the computer identifies
all voxels connected to this seed that have intensities within a certain threshold
range as done in [70]. An automated process could also locate the rectal point
on the first slice as a seed point and this is the method that we choose to use for
purposes of our research. Once this is done, the vtkM arching Cubes and vtkPolyDataConnectivityFilter algorithms from the VTK libraries are used to extract
the entire colonic wall. Figure 2.5(a) shows segmentation of the whole abdominal
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(a) Before segmentation

(b) After segmentation

Figure 2.4: Results of applying threshold on CT slices.
region including a section of the lung bases, small intestine and the skin of the
abdomen while Figure 2.5(b) shows a segmentation of the colonic wall alone after
a seed point has been chosen.

2.4

R esu lts

This simple threshold and connected region-growing method is used to extract
triangulated surface meshes representing the colonic wall from colon datasets that
have been cleansed and well-distended by the introduction of room air through a
rectal tube. Figure 2.7 shows the segmentation results on 18 well-distended colon
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(b) Segmented large colon

Figure 2.5: Results of segmentation on all air-filled regions and after extraction
of the colonic wall corresponding to a specified seed point.
datasets. All large colon segments were correctly identified with this algorithm. It
was found that deviations within 4-5% from the optimal threshold value computed
do not significantly compromise the segmentation results, i.e. no visible defects
are introduced in the reconstructed surface.
It is important to note that this method is highly reliant on well-distended and
cleansed datasets as it uses connected region-growing to identify the colonic wall.
When this is not available (e.g. where there is colonic wall collapse) segmentation
will fail. Figure 2.6 gives examples of problematic datasets and failed segmentations. There are electronic colon cleansing algorithms that aim to alleviate this
problem e.g. in [23], [24] and [17] but is beyond the scope of this thesis.

2.5

C h ap ter Sum m ary

This chapter has demonstrated that colon segmentation is an important task in
CAD systems as it enables a 3D representation of the colonic surface that may
aid in the detection of polyps, as opposed to using only 2D slice scans that may
not provide an accurate depiction of the structure at hand. A simple threshold
region-growing method has been adapted, and simulations show promising results
on our colon datasets.
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(a) Dataset problem: Colonic lumen

(b) Dataset problem: Artefacts caused

not well-distended and only partially

by metallic hip implant, resulting

filled with air.

in diffracted CT rays.

(c) Segmentation failure due to

(d) Segmentation failure due to

collapsed dataset.

diffracted CT rays.

Figure 2.6: Possible problems with datasets and failed segmentations. Red circles
identify these issues.
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(h )

(i)

Figure 2.7: Segmentation results of well-distended colon datasets.

C h a p te r 3
C e n tre lin e E x tra c tio n
3.1

B a c k g ro u n d a n d M o tiv a tio n

In current CAD systems, radiologists typically screen through each 2D abdominal
slice scan to look for suspicious lesions depending on its 2D shape and morphology.
As one would expect, this would involve some degree of imaginative 3D reconstruction when scrolling through these 2D slices and can be highly inaccurate
depending on the experience of the radiologist. The previous chapter has already
detailed a method to extract and reconstruct the colon wall from a CT volume
and while this will greatly aid radiologists in navigating through the colonic lumen, it is easy to lose track of the position and orientation of the colon without
a proper guide tool.
For this reason, a centreline through the colonic lumen will assist the radiologist in reducing the navigational time through the colon and allow the user to
keep track of the location and orientation at each point on the centreline. This
will also avoid blind ‘bumping’ around the colon wall or traversing the tortuous
colon in circles. Radiologists may also choose to navigate around the centreline
path, but be able to return to the centreline path at anytime they choose to. For
a satisfactory centreline, existing literature has proposed that it be connected,
centred, singular, detectable, robust, automated and efficient [25].
21

CHAPTER 3. CENTRELINE EXTRACTIO N

22

3.2

Related Work

Centreline algorithms can be classified under 3 main categories: manual extraction, topological thinning and distance mapping. In the manual extraction
method, the user manually marks centre of each colon region on each 2D image
slice of several hundreds in the dataset. The centreline is then obtained using a
linear or higher order interpolation of these individually marked centres. Samara
[26] automated this method by calculating the centreline using the centre of mass
of grown voxels. Two approximations of the centreline are calculated by region
growing from seed points in the rectum and caecum and the forward and reverse
centrelines are then averaged in order to generate the final result. However, the
centrelines can be inaccurate in curved regions of the colon as the region growing
can advance more quickly along the inner wall of the curved sections of the colon.
In topological thinning methods, a volumetric object is peeled off layer by
layer iteratively until there is only one central layer left - this is the skeleton of
the object. During the iterative process, simple points need to be detected so
that removal of these points do not affect the topology of the object.
Tsao and Fu [26] proposed one of the earliest fully automated centreline calculation algorithm based on 3D topological thinning. This approach is accurate,
but is now generally avoided due to its computationally intensive nature. Ge et al.
[25] accelerated the thinning algorithm using 3 strategies - (1) Using specific data
structure to check topological constraints, (2) Removing cavities caused by imperfect colon segmentation before thinning and (3) Downsampling the colon volume
to a much smaller size. However it is noted that the removal of cavities may
change the object topology and the downsampling can affect the accuracy of the
computed centreline. Kruszynski and Liere [27] also proposed a similar algorithm
whereby the border voxels and their neighbourhood (6,18 and 26-connected) are
compared with a set of templates. Voxels are removed if there is a match. Each
algorithm iteration consists of 6 parallel sub-iterations and the order of the directions is chosen so that the object is thinned evenly on all sides. Paik et al.
[25] proposed a novel approach which avoided the expensive evaluation of simple
points by incorporating Dijkstra’s shortest path method into a parallel thinning
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procedure. This procedure involves 2 steps - (1) Determining an initial shortest
path on outmost layer of object, and (2) Performing a one step parallel unrestricted thinning and computing a new shortest path through the union of all
voxels on newly exposed layer as well as voxels in previous path. However, both
these approaches are still too computationally expensive to perform on typical
512 x 512 x 250 colon datasets.
Distance map algorithms represent the fastest of all 3 categories. It is usually
divided into 3 phases. Firstly, a distance from the user specified source to each
voxel inside the 3D object (termed the DFS) is computed to form a distance map.
Some algorithms also include a distance from each voxel to its closest boundary
(DFB). All local maximum voxels are then detected, and finally a shortest path
is then extracted by a simple backtracing or some minimum cost function of the
local minimum voxels detected in phase 2.
Chen et al. [28] exploited the DFB distance to relocate each voxel on the
shortest path to the maximal DFB distance voxel within the plane perpendicular
to the shortest path. However, a single correcting step in the 2-D plane does
not yield an optimal centreline, and even iterative refining does not guarantee
a global optimum. Zhou [29] proposed a better solution by relocating within
the voxel cluster of the same DFS distance rather than within a perpendicular
plane. However, such relocation disconnects the path generated. Bitter et al.
[30] then constructed a more efficient algorithm using a strategy whereby the
precision of the centreline is adjusted during the procedure of the shortest path
generation rather than afterward. However, this failed to prevent the shortest
path from hugging the corners and failed to extract a complete colon centreline
when holes appear on the colonic wall. Sato et al. [31] extended this to detect
branch structures by determining the voxel with the maximal penalty distance
and extracting a centreline by backtracing to the source point and rolling an
adaptive sphere along the path. This guarantees connectedness of the detected
centrelines but is computationally expensive, does not solve the ‘corner-hugging’
problem and the shape of the extracted skeleton is sensitive to the selection of
the source point. Bitter et al. [32] then reconstructed a new efficient penalized-
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distance volumetric skeleton algorithm, by making 2 corrections.

First, they

extracted the maximum length path instead of the maximum penalty path among
all the minimum cost paths in the penalized distance field. This ensured that the
longest path was always extracted as the centreline. They also introduced a new
penalty distance field from all voxels on the centreline to the branches detected
instead of always using a fixed source voxel.
For the purposes of most colon fly-through and navigational applications, the
authors found that the main disadvantage with the aforementioned algorithms
was its computation time and not so much its centredness, as a very accurate
centreline in a tortuous colon can result in fairly bumpy navigation and render
the application discomforting from a radiologist’s point of view. Recently, Frimmel and Nappi [33] have presented an extremely fast and robust algorithm for
centreline extraction based on the distance map. Their approach is completely
automatic, requires no user intervention, and does not fail even for non-connected
tubular structures and produces a rough centreline in the order of a few seconds.
However, the centrelines produced are generally not smooth or centred in the
middle of the colon. This chapter seeks to modify this efficient algorithm by
imposing different criteria on length and centreline node choice to improve on its
centredness and tortuosity.

3.3

D e s c rip tio n o f F rim m e l a n d N a p p i’s A lg o r ith m

A detailed version of this algorithm can be found in [33]. The main steps taken
by the authors involve:
1. Pre-processing: The colon dataset is first segmented into colon and noncolonic voxels using a pre-defined threshold.
2. Distance Map Computation: A 3D distance map (DM), for example
the Euclidean Distance Map, is computed for all colon voxels, indicating
its Euclidean distance to the boundary. Thus, those colon voxels that are
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closer to the boundary would have smaller DM values compared to those
centred in the middle of the colon.
3. D etection of Local Maxima: 4-neighbour and 6-neighbour local maxima
in the DM are then located and saved. The 6-neighbour local maxima are
those voxels vx,y,z in the colon DIM that have a DM value larger than those
of its 6-neighbourhood voxels (vx±ijy^z, vx,y±i:Z , vXtyjZ±i while a 4-neighbour
local maxima are those voxels that have a larger DM value than two out of
the three 6-neighbourhood directions (yx±hy,z, vx,y±^z, or vx±i,y,z, vx^ z±i or
v x.y ± i , z , v x,y , z ± i)-

The 4-neighbourhood criterion is only employed if there

is an insufficient amount of 6-neighbourhood maxima, and this is usually
determined by the user. A large number of local maxima could result in a
more accurate centreline but could significantly increase the computation
time. As such, a trade-off needs to be made depending on the type of
application needed. Since all points on an accurate centreline are at the
centre of the largest sphere contained within the object boundaries, we
remove those maxima that are in a circle of influence to reduce the number
of candidate nodes to be processed in the next few stages. Figure 3.1 shows
the result of removing those local maxima present in the circle of influence.
4. Seedpoint Extraction: An initial set of maxima, MS is selected from the
local maxima set, M obtained in 3. A minseedsize threshold is selected, and
all local maxima in M that have DM values higher than this threshold are
put into this initial set.

Figure 3.1: Local maxima before and after removal of the circle of influence.
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5. Graph Connection: Each local maximum in MS is considered to be a
new node in G, where G represents the set of all graphs. Initially, all nodes
are not connected to any other node and thus they each belong to different
graphs. For all nodes in G, a link is created between a node A in GA and
a node B in GB (and thus the two nodes are assigned to the same graph,
say GA) if the following three conditions are satisfied: (i) GA is not on
the same graph as GB. (ii) On the straight line between A and B, there
is no voxel with a value less than a pre-defined threshold in the DM. This
is to ensure that the branches do not cut through the colon, (iii) There
is no other node C in G which is closer in Euclidean distance than B to
A that can be connected to A and also satisfy all three conditions (i)-(iii).
Figure 3.2 details the results of this graph connection algorithm.

Figure 3.2: Graph connection algorithm. From the initial maxima, links are
created if they satisfy the graph connection conditions. Next more local maxima
are included and the graph connection process is repeated for all maxima.
6. Branch Pruning and Recovery: All available single ended nodes are
removed iteratively until no graph in G contains a node with more than
two links. Since this step not only removes unwanted branches but also
end segments of the actual centreline, we need an extra step to recover the
actual end segments of this centreline. Those single ended nodes that were
removed previously are used as end node candidates and its distance to the
remaining end nodes and end node links after pruning is computed. The
end node with the largest distance to the current end node is chosen as the
new end node. Figure 3.3 details this step.

3.4. POSSIBLE DRAWBACKS

27

Figure 3.3: Branch pruning and recovery. Pruning is done by removing single
ended nodes. Next, the end segments of the centreline are recovered to yield the
final centreline.

3.4

P o ssib le D ra w b a c k s o f N a p p i a n d F rim m e l’s
A lg o rith m

While this centreline algorithm may be simple and efficient, it produces very
rough centrelines which may not be centred in the middle of the colon. This may
hinder good endoscopic views through the colon and cause ‘bumpy’ navigation.
This section describes the potential pitfalls of the algorithm and reasons for this.
• Too Few Maxima: Due to the circle of influence method discussed in the previous section, some maxima on the actual centreline may be removed, causing
a non-centred centreline as shown in Figure 3.4.

Figure 3.4: Problems with using too few local maxima.
• Too Many Maxima: If we completely remove this circle of influence step,
we will have an excessive amount of maxima which will not only increase com-
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putation time but cause loops in the main branches of the centreline. This
problem is shown in Figure 3.5.

Figure 3.5: Problems with using too many local maxima.

• Too Large M in se ed size : If a too large minseedsize is selected, the main
centreline could become too 'straight' and not centred in the middle of the
colon. Figure 3.6 illustrates this problem.

Maxima

Intended Result

Actual Result

Figure 3.6: Problems with selecting a too large minimum seed size.

• Too Sm all M inseedsize: On the other hand, if a too small minseedsize
is selected, the main centreline would also not be centred and too ‘bumpy’.
Figure 3.7 illustrates this problem.
• No D M Value: The graph connection algorithm only takes into account
Euclidean distances, and does not consider values in the DM, which is a measure
of how close to the boundary a point is. As such, points too close to the
boundary may be picked as the main centreline branch simply because it is
closer to a node. Figure 3.8 explains this problem while Figure 3.9 shows the
result if a DM measure was added.
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Maxima

Intended Result

W

Actual Result

Figure 3.7: Problems with selecting a too small minimum seed size.

Initial Maxima

Figure 3.8: Problems without using a DM measure.

3.5

A lg o rith m Im p ro v e m e n ts

For these reasons, a few additional criterion are added to the graph connection
algorithm to reduce the effect of these problems and produce a smoother, more
centred centreline with minimal increase in computation time. Results of these
are also shown, with an added post-processing step of Chaikin's corner cutting algorithm which quickly and accurately approximates a uniform quadratic B spline
for smoother navigation. The red curves indicate results without our additional
criteria, while the blue curves indicate results after the additional criteria have
been implemented.
• Maxima Removal: We propose to implement the maxima removal step only
after the initial centreline is computed to overcome the problem of too few or
too many maxima shown in Figures 3.4-3.5. As such, we do not remove points
in the circle of influence until the graph connection algorithm is applied to
every node. This prevents centrelines from cutting through the colon, and yet
curbs the problem of loops in the centreline. Figure 3.10 shows results when
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Point picks largest DM

Final centreline

Figure 3.9: Improved centreline with a DM measure,
the maxima is removed after the centreline is computed instead of before.

N e w c u r v e d o e s n o t c u t t h ro u g h c o lo n

N e w c u r v e Is n o t to o ja g g e d o r h a s to o m a n y lo o p s

Figure 3.10: Results with maxima removal after centreline is computed.
• M inseedsize Selection: We also enforce a minseedsizevalue of \ / 3{largestDMiaiue~
smallest D M va iu e) to overcome the problems detailed in Figures 3.6-3.7. In addition, two nodes are not connected if the distance between them is too large. A
good value for this distance limit was found to be 30-40 for a squared Euclidean
distance measure. Figure 3.11 and 3.12 shows results with an enforced distance
limit. It is clear that both centrelines with this new criterion are smoother and
do not cut corners.
• DM M easure: Finally, the DM value of each voxel should be taken into account together with the Euclidean distance in the graph connection algorithm
to overcome the problems shown in Figures 3.8-3.9. As such, a new cost measure is introduced in step 5(iii) of the connection algorithm, whereby two nodes
are linked if it has a larger DMvaiue/Euclidean.distance ratio as those points
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Figure 3.11: Red curve indicates problems of a too large minseedsize whereby the
centreline lacks centredness, blue curve indicates a more centred centreline with
the enforced distance limit.
that have high DM values and closer to the node should be picked, in the event
two nodes have similar Euclidean distances. Figure 3.13 shows results of adding
this measure.

3.6

M e th o d o lo g y

Tests were run on 8 different colon sets that had previously been segmented.
Distance mapping was performed using the vtklmageEuclideanDistance library,
and all new criterion were used in our centreline computations. Once this was
complete, a virtual camera was placed along the centreline and moved progressively along the line, with the camera position at point n and the focal point
at point n + 1 of the centreline. This step will enable radiologists to generate
a 3D endoluminal view of entire colonic wall, also called fly-throughs in some
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Figure 3.12: Red curve indicates problems of a too small minseedsize resulting in
a tortuous centreline, blue curve indicates a smoother centreline with the enforced
distance limit.

Figure 3.13: Red curve shows results without the use of a DM measure resulting in
an uncentred centreline, blue curve shows improved results using a DM measure.
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literature.

3.7

R e s u lts

Our adapted algorithm yielded smooth and centred results in a time-efficient
manner. No dataset took more than 5 minutes to process on a Pentium 4 CPU,
3.2 GHz with 1Gb of RAM including segmentation. DM computation, centreline
extraction and spline smoothing. Figure 3.14 shows results on these datasets. It
is noted that these centrelines were reasonably centred, did not cut through the
colon and were not overly tortuous which provided a smooth path for endoluminal
fly-throughs.
Figure 3.15 shows a snapshot of a flythrough through the colon just in front
of a large polyp and its corresponding colon centreline extracted.

Figure 3.15: Centreline and flythrough of colon.

3.8

C h a p te r S u m m a ry

This chapter explained the importance of extracting a colon centreline from the
segmented datasets, in order that radiologists would be able to track their position reliably when performing an endoluminal flythrough of the colonic wall.
This in actual fact simulates traditional optical colonoscopy methods and can be
very helpful for the user in navigating around the tortuous colon. We also ex-
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(p)

Figure 3.14: Centreline results on colon datasets.
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plained an efficient centreline algorithm by [33], discussed its potential problems
and proposed several solutions in order to create a more centred and smoother
centreline.

C h a p te r 4
P o ly p D e te c tio n
4.1

B a c k g ro u n d a n d M o tiv a tio n

CAD algorithms for polyp detection in CTC aim to optimize both detection
sensitivity and specificity. They consist of a detection step that aims to locate
all polyp candidates according to a certain shape criterion and reject obvious
non-polyp candidates, followed by a classification step that aims to reduce the
number of false positives generated while maintaining the true positives.
This chapter will look at detection algorithms based on shape features aimed
at rejecting obvious non polyp regions on the colon wall, thereby improving detection sensitivity at the cost of poor specificity. The next 3 chapters will then
focus on false positive reduction methods aimed at improving specificity while
retaining the good specificity.

4.2

R e la te d W o rk

As previously mentioned, the detection of colonic polyps is a challenging process
as they come in various shapes and sizes, and because thickened folds and residual stool material may also have similar shapes and densities. However, most
CAD systems have focussed on shape analysis methods to distinguish between
these structures, based on the intuitive fact that polyp shapes closely resemble
hemispheres.
37
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As such, a plethora of methods derived from various shape measures have

been developed. These include the computation of minimum, maximum, mean
and Gaussian curvatures [36], which later on extended to sphericity, shape index
and curvedness measures [9]. Gokturk and Tomasi [34] then observed that the
surfaces of polyps are not exact spheres, but complex surfaces that compose of
small, approximately spherical patches and developed a method to fit spheres
locally to the isodensity surface passing through the colonic wall region. Groups
of densely populated sphere clusters are thus considered to have a high likelihood
of becoming a polyp centre. Following this, Paik et al. [12] introduced a method
based on the concepts that normals to the colon surface tend to intersect with
neighbouring normals depending on the local curvature features of the colon.
This was motivated by the fact that polyps have 3D shape features that change
rapidly in many directions, and so the normals of the surface tend to intersect in a
concentrated area, in contrast to folds that only change their shape rapidly when
sampled transversely, and slowly when sampled longitudinally. In [68], Acar et
al. proposed to use a combination of a Hough Transform based detector to detect initial spherical surface patches, and then compute edge displacement fields
of sequential axial, coronal and sagittal images around these patch locations in
order to detect irregularities in the colonic wall. There is also a statistical 3-D
pattern processing method developed by [102] which mimics the way radiologists
view CT images of the colon, i.e. in the axial, sagittal and coronal planes by
obtaining a large number of random triples of mutually orthogonal cross sections
through a suspicious subvolume, computing a set of geometric attributes from
each random plane and generating a histogram of these attributes to form a feature vector representing a particular shape. In [37], the authors used a surface
normal method which inspected each voxel in a candidate polyp volume and accumulated a score proportional to the number of number of surface normals that
pass through or near it. Since colonic polyps tend to have convex regions on their
surfaces, the inward pointing surface normal vectors near these features tend to
intersect or nearly intersect within the tissue. Kiss et al. [38] developed something similar using a sphere-fitting method to the surface normal field of a colon
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wall to locate convex protruding regions. Recently, Ravestejin et al. [39] also proposed a method which combined mesh, volume and streamline representations to
efficiently locate protruding elements on a colon wall by iteratively flattening a
protrusion and measuring the resulting amount of deformation.

4.3

M e th o d o lo g y

The traditional method has been to compute features on the entire voxelized. volumetric image using image processing techniques. An example of slices through a
polyp volume is shown in Figure 4.1. Its corresponding 3D segmented volumetric
representation is given in Figure 4.2.
However as explained in [69], the multidetector-row CT scanners used today
allow fast, high-resolution and nearly isotropic scanning enables a shift towards a
geometry or surface based processing. Treating data as a discrete geometry rather
than a voxel grid allows the use of topology information which is discarded by
the image processing techniques. Features are computed on a triangulated mesh,
instead of a voxelized image, and is also quicker and more efficient to render. We
have previously detailed the extraction of a colonic mesh surface in Chapter 2
which is sufficient for our geometry processing purposes. Figure 4.3 shows the
extracted surface mesh for the same polyp candidate.
To keep our initial candidate detection methods simple without sacrificing
too much sensitivity as is often the case with overly complicated methods, we
propose to simply start by computing curvatures in the colon that correspond to
hemispherical, polyp-like structures in the colon. This is backed by research that
has shown that feature extraction methods based on curvature values have made
excellent shape descriptors [9], [35] [36] [43].
These curvature measures are based on the notion of principal curvatures from
differential geometry which can be used to determine shape characteristics of a
local surface patch at a point. This surface can either be computed implicitly
from the intensity values of voxels in the CT volume or extracted by fitting
a parametric surface to the data and computing curvature from the resulting
vertices. Examples of these include [9], [35] and [36] where polyp candidates
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Figure 4.1: Slices through a typical polyp volume with intensities in HU units.
were detected using the computation of 3-D geometric shape features based on
principal curvatures of each voxel of the colon volume or vertex of the colon
surface. Traditionally, a threshold is then selected from these values to determine
if a candidate more closely resembles a polyp or other structure.

4 .3 .1

C u rv a tu re on C o n tin u o u s S urfaces

Classical differential geometry defines curvature properties for smooth, continuous
surfaces using integral calculus. The curvature of a surface is a local quantity
which defines the shape of the local neighbourhood patch. It can be defined in
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3D volume rendering of pol/p slice

0

0

Figure 4.2: 3D subvolume of segmented polyp.
Smooth Surface

(a) Smoothed, interpolated rendering.

Triangulated Surface

(b) Triangulated rendering.

Figure 4.3: Extracted surface mesh for a candidate polyp.

terms of the curvatures of 3D plane curves connected with the surface. Let X
be a C 3 continuous surface patch for which X is a map T : Q —» E 3 and Q is
some open subset of the plane R 2. This can be parameterized as curves C on X
where C : t

X ( u ( t ) , v ( t ) ) and u and v are continuous functions defined on some

open interval / contained in Ll assuming that all plane curves 1 1—» ( u( t ) , v( t ) ) are
regular. Given a regular point p = X ( u , v ) , the tangent vectors to all the curves
passing through this point can be written in the form X uii + X vv and thus X u
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and X v are the basis of the tangent space at p. The unit normal vector field
N(u,v) of the surface X(u(t),v(t)) can then be defined by the cross product of
the partial derivatives as shown by
N(u, v)

£x(u,v)

I £<*>,0

X

*

j-X(u,v)

£ x (u ,v ) ||

(4.1)

The normal curvature is then defined by kn = k cos p where k is the curvature of
C at a point p in X (it, v) and ip is the angle between the curve’s normal n and
the normal N(u,v) at point p E X.
The principal curvatures at point p, k\ and

are subsequently defined as the

maximum and minimum normal curvatures at point p respectively. The directions of the curves that intersect the surface X(u,v) and the planes containing
N(up,Vp) with these curvature values are denoted the principal directions. Figure 4.4 illustrates these concepts.

Maximum principal
curvature plane

Minimum principal
curvature plane

Figure 4.4: Surface with normal vector at point p and normal planes in directions
of maximum and minimum principal curvatures.
The Gaussian, K and mean, H curvatures are two important notions which
describe the local curvature of a surface at a point, with the former being an
intrinsic property of the surface measuring the spherical spread of the surface
normal vectors, and the latter being an extrinsic property measuring the average
of its dihedral angles [43]. It can be defined by:
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K(u,v) — ki(u,v).k2(u1v)

H( u, v)

ki(u, v) + k2(u, v)
2

(4.2)

(4.3)

A surface can be locally characterized by these values - for example into
peak, pit or hyperbolic subtypes as will be discussed later. However, since our
surface is defined on a discrete mesh, we need to estimate these discrete curvatures
for triangular meshes, assuming that the given triangular mesh approximates a
piecewise linear approximation of an unknown smooth surface. This is explained
in the next section.

4 .3 .2

C u r v a tu r e o n D is c re te S u rfa c e s

Research literature on the estimation of curvature on discrete triangulated surfaces can be roughly divided into 3 classes of techniques:
1. Surface fitting methods (SFMs)
2. Angle excess methods (AEMs), and
3. Curve fitting methods (CFMs).
SFMs choose to provide either a local or global parameterization to the surface
of interest, thus approximating the surface as a function z = f (x,y). Once this
is performed, linear regression [44] [45] [46] or spline methods [47] [48] can be then
used to estimate curvature. Global parameterization methods include spherical
projection by flattening the surface of interest onto a single plane [49] and by
extending B-spline curves to surfaces via the tensor product [50] [51]. In [49], this
conformal mapping of the surface onto a sphere ensures angles are preserved and
these flattened representations of the surface greatly aid in surface analysis and
visualization as the problem is now reduced to a two-dimensional space. The advantage of B-splines on the other hand, is that it is easy to evaluate the curvature
of a surface as the polynomial functions used here can be differentiated easily.
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However, it has the disadvantage that it is highly reliant on a regular triangle
mesh. Then there is also the simple method based on polynomial regression [52]
which is a smoothing technique used to fit the given points by the least squares
method to a polynomial function but there are certain drawbacks that make this
method unsuitable for global surface parametrization. Chung [53] has also shown
that sometimes local surface parametrization can help to alleviate these problems as one can estimate the Laplace-Beltrami curvatures by simply inspecting
the local neighbourhood at each vertex, which are all vertices that are directly
connected to this point by an edge.
In AEM methods, the topology and geometry of the mesh are exploited instead. These are implementations of the Gauss-Bonnett theorem which connects
the geometry (in the sense of curvature) to their topology (in the sense of the
Euler characteristic). These methods estimate curvature at a point by inspecting
the local, 1-ring neighbourhood of the mesh faces connected to that point. For
example, Lin et al. [54] use the angle excess around each vertex to estimate the
total Gaussian curvature at that point. There are also applications of AEMs in
[55] and [56] based on a simplex mesh arid others based on a discrete minimal surface approach [57] [77]. Closely related to this is Desbrun’s [58], Gourley’s [59] and
Mangan and Whitaker’s method [60] which inspect the behaviour of curvature
normal vectors around a vertex.
Finally in CFMs, a family of curves are fitted around a point and used to
estimate curvature. For example, in [61] a method that selects vertex triples
from a mesh is used and circles are fitted to these triples. This was extended
by Tookey and Ball [62] but is only valid for regular meshes. A novel method
however by Tang and Medioni [63] propose to use tensor voting theory developed
by Medioni [64] to infer the sign of Gaussian curvature and compute principal
directions from noisy data. In Chen and Schmidtt [65], a quadratic representation
of curvature at each vertex is developed and principal curvatures are derived using
a least squares minimization of the resulting overdetermined system. Täubin
[79] further extended this by definining a symmetric matrix that has the same
eigenvectors as the principal directions and eigenvalues that are related by fixed
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homogenous linear transformations to the principal curvatures and proposed a
solution for discrete surfaces.
SFMs typically require the most computational complexity, particularly in the
optimization process, which increases with the size of a mesh. While they provide
some robustness to noise, they do not deal with surface discontinuities. AEMs on
the other hand are very computationally efficient as they only inspect the 1-ring
neighbourhood around a vertex but can be susceptible to noise errors. The CFMs
are a good compromise between the two, with complexity in the between SFMs
and AEMs but are more robust to noise. For purposes of our research, we will
start with a simple AEM method which requires no computationally expensive
surface parametrization or curve fitting for initial candidate polyp detection to
be applied on the entire colonic wall. Later on in Chapter 5, when only a small
region is required to be inspected and robustness to noise is more important, we
will also describe and employ the use of CFMs.
I n itia l P o ly p C a n d id a te D e te c tio n

The Gauss-Bonnet scheme described in [66] and [67] is used to estimate our
principal, Gaussian and mean curvatures. In this scheme, we consider each vertex
v and its immediate neighbourhood Vi ]Zq ~1 connected by an edge. Then for
z=0...n-l, we let cq = Z (^, v, r’p+pmodn) be the angle at v between two successive
edges ez = FT" Also, we let 7i+i = Z(v{, v(i+1)modn, V( i + 2 ) m o d n ) be the outer angle
between two successive edges of the neighbouring vertices of v. Figure 4.5(a)
illustrates these notations used.
Using simple trigonomy, we have, for the polygonal case,
n —1

n —1

(4.4)
which reduces to
n —1

KdA — 27t —

(4.5)
i=0

using the Gauss-Bonnet theorem [66]. This gives
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n —1

KdA = 2n —

cq

(4-6)

where A is the accumulated areas of triangles Af around vertex v. Assuming K
is constant in its local neighbourhood, we can rewrite this as
K(v) =

~ ^ f =0 °':

(4.7)

A similar approach is used to estimate H and is given by

H ( v )

=i2^=° I e*I ^

(4.8)

I"4

where || e* || denotes the magnitude of e* and ßi measures deviations from the
normal vectors of two neighbors using ßi —Z(N N ^+1) as shown in Figure 4.5(b).

(a) Angles cq, 7 * and areas A*'

(b) Edges e* and normals Nf

Figure 4.5: Notations for surface curvature estimation via the Gauss-Bonnet
scheme.
The two principal curvatures associated with vertex v, ki(v) and /^(c) can
then be calculated as shown in [9]. These two quantities measure the maximum
and minimum bending respectively of a regular surface at that point.
hiv)

= H(v) + s/H
v)- K(v)
k2(v) = H(v) -y /H2(v) - K(v)

Based on these principal curvature values, the shape index SI, which is a measure of the shape of the local neighborhood of a vertex, the curvedness CV, a

(4.9)
(4.10)
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measure of the size of that particular shape at each vertex v and the sphericity ratio SR. a measure of uniformity of the polyp shape can be computed as
described in [9] and [36], whereby

SI(v)

- - -a rc ta n
2 7T
—

CV(v)

SR{v)

d l X l d l l

'

'

7

/ \

k \ ( V ) — K2{V)

ki(v)2 + k2{y)2

(k2(v) ~ h(v)
H(v)

(4.11)

(4.12)

(4.13)

Most polyp detection methods will incorporate the use of these shape measures
by using its mean in a candidate patch as a discriminating signature. For example,
each distinct lesion shape (e.g. round bulbous polyps, narrow fold, planar region)
in the colon can be described by a unique value of SI. In [9], the relationship
between shapes and their corresponding shape indices is described; for example
an SI of 1 corresponds to the cup-shaped isosurface that often describe colonic
polyps and an SI of 0.75 corresponds to the rut shape that often characterizes
cylindrical folds in the colon. Perfect planes however, have an indeterminate SI
due to its zero-valued principal curvatures and are neglected in our computations.
Since we are only interested in the detection of spherical polyps, this is considered
a reasonable concession. Figures 4.7(a) and (b) show the different surface types
characterized by its SI and curvedness measures.
For the initial detection of candidate polyps, we found that it was simplest and
most efficient to locate those regions of the colonic wall that have both principal
curvatures k\(v) and k2(v) larger than 0, corresponding to spherical, dome-like
lesions. This is performed on the colonic mesh wall extracted using Equations
4.4 to 4.10 described earlier. However, many FPs will be detected and the next
few chapters will discuss how to reduce these FPs. Some of these methods will
incorporate the use of these other shape measures previously discussed as a second
stage detection method.
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Figure 4.6: Surface types characterized by different SI and curvedness values [35].

4.4

R e s u lts

The highlighted regions in Figure 4.7 show the areas that have both positive principal curvatures corresponding to the elliptic class of the peak subtype. Those
clusters larger than > 5mm in diameter (a minimum lesion of interest size factor
used to eliminate small bumpy structures caused by noise and artefacts) as detected by our CAD system are retained. Note that these regions are cropped from
the original colon surface for ease of view. As one may observe, although polyps
are well detected by our algorithms, many other lesion types - divided here into
large fold, narrow fold and semi-planar regions are also detected. These need to
be filtered out via a false positive reduction method which will be discussed in
the next few chapters.

4.5

C h a p te r S u m m a ry

This chapter has so far looked at methods for detecting polyp candidates in
the colon lumen. A simple scheme employing the use of curvature characteristics, particularly the principal curvatures has been proposed and used with high
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(a) Polyp Regions

(c) Narrow Fold Regions

(d) Semi-Planar Regions

Figure 4.7: Polyp and non polyp regions. Candidate regions that belong to the
elliptic class of the peak subtype have been highlighted.
sensitivity on our polyp database. However, specificity results are low, or correspondingly, there is a large number of false positives generated by the system.
The next step would be to input these to a classifier or filter in order to increase
the specificity of the system without sacrificing sensitivity.
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C h a p te r 5
F P R e d u c tio n T e c h n iq u e s I
5.1

In tro d u ctio n

The previous chapter has looked at detection methods which sought to reject
the obvious non-polyp regions on the colon wall, thereby improving detection
sensitivity at the cost of poor specificity. Usually shape measures are used in these
detection algorithms and an optimum threshold is then selected to determine if
a candidate more closely resembles a polyp or other colonic structure. However,
because curvature is a local property, many other locally sphere-like structures
including folds and walls of the colon as well as small noisy bumps are also
included in the detection process. These contribute to poor specificity in the
system and the large number of FPs.
For this reason, we require a second step which is a false positive reduction task
aimed at improving specificity without sacrificing sensitivity. Most algorithms
that do this employ the use of a classifier for example in [9], [22] [101] and [102]
but these can sometimes be inaccurate due to the large number of features used
and sensitivity of the classifier to outliers. The next 3 chapters will look at
different FP reduction techniques developed to improve the specificity of our
detection algorithm by removing large numbers of detected false positives. The
basic idea behind these proposals are to:
1. Model a more global representation of a structure due to the fact that shape
measures based on curvature are a local property.
51
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2. Remove small noisy bumps that contribute to false detections since curvature is a second order differential quantity affected significantly by noise;
and
3. Remove a subset of features to cope with a problem known as the ‘curse
of dimensionality’ whereby a classifier's performance degrades with the increase of features used to detect a lesion.

These 3 properties will be investigated in turn in Chapters 5,6 and 7.

5.2
5.2.1

F P R e d u c tio n u sin g S h a p e H is to g ra m s
B a ck g ro u n d and M o tiv a tio n

In [9], [35] and [36], polyp candidates are detected by computation of 3-D geometric shape features such as curvedness and volumetric shape index based on
the curvature characteristics at each voxel of the colon volume or vertex of the
colon surface. These methods demonstrate acceptable sensitivity and moderate
specificity by only using the mean value as a global shape characteristic. However, solely using the first or second moment to characterize a distribution is
not efficient, as two Gaussian densities can have the same first moment but different second moment. It is also difficult to select a good threshold based only
on a small polyp database. Therefore we predict that better global shape characteristics than the first and second moments will improve the specificity and
sensitivity of polyp detection procedures. For this reason, we propose to use
instead the probability density functions (PDFs) of the 3-D geometric shape features approximated by normalized histograms as an efficient global characteristic
or a unique signature for a candidate polyp shape. The measure of how close the
normalized histograms are is then computed using the Kullback-Leibler (K-L)
divergence.
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R e la t e d W o rk

The determination of the similarity between 3D shapes is an important task
in many shape-based recognition tasks, retrieval, clustering and classification.
Osada et al.

[40] was the first to propose the representation of a 3D shape

signature as a shape distribution sampled from a shape function measuring global
geometric properties of the object. The problem is reduced to the comparison
of two ID PDFs and is relatively simple and fast to implement compared to
the traditional shape matching methods of pose registration, parameterization,
feature correspondence, template matching and model fitting. It was found that
this approach was useful for discriminating between whole objects with different
global shapes and satisfies the properties of invariance, robustness, metricity and
efficiency, all desirable properties for a shape matching method.
Osada also experimented with different shape functions - for example the AS
function measures the angle between three random points on the surface of a
3D model, the D 1 function measures the distance between a fixed point and one
random point on a surface and the D3 function measuring the distance between
twro random points on a surface. They were all invariant to the tessellation of the
3D model since points were selected randomly from the surface and insensitive
to small perturbations caused by noise, cracks and insertion/removal of polygons
since the sampling was area weighted. Initial results for 3D model retrieval purposes showed promising potential, with the D 2 shape distribution producing a
top match within the same class for 66% of the models.
Miranda [41] then extended this D 1 function for use in shape filtering purposes
in CT colonography and noted that the shape distribution function (SDF) of
polyps were in general, a smooth curve with a single global maxima as opposed
to noisy with multiple maxima for non polyps. They also proposed to compare
each SDF time-series with a delayed version of itself and others by analysing the
autocorrelation functions of the SDFs since they observed that these SDFs were
generated by unknown probability distributions and appear to be corrupted by
noise - giving rise to an uncertainty in the location and variance of the maxima in
the SDFs. Their method showed 100% sensitivity for polyps larger than 10mm
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and 81% for polyps between 5 — 10mm.

5.2.3

M ethod

C o m p u ta tio n o f 3-D G eo m etric F eatu res

Instead of using the PDFs of functions based on distances and angles, we propose
to use 3-D geometric shape features based on curvature such as Gaussian and
mean curvature, shape index values etc. introduced in Chapter 4 to build our
shape functions. This is because surface curvature values can better measure
the shape characteristics of a local patch at a point which can then be used to
distinguish between the different lesions (cylindrical folds, spherical polyps, etc)
than the D1 measure. While the D1 measure also requires an extra normalizing
step to ensure scale invariance, the range and sign of curvature values that are
used in our method can be predicted for similar shapes regardless of the lesion
size.
C o n str u c tio n o f R eferen ce P D F s

The entire colonic mesh was extracted from the colon CT volume dataset using
the marching cubes algorithm and smoothed using a Gaussian filter with unit
radius. No decimation was performed and this entire region usually comprised
between 800,000 to 1,000,000 triangle vertices. As discussed in Chapter 4, those
regions that belong to the elliptic class of the peak subtype - K(v) > 0 and
H(v) < 0 are detected and clusters which were larger than > 5mm in diameter
(a minimum lesion of interest size factor used to eliminate small bumpy structures
caused by noise and artefacts) were identified.
Next, instead of using the mean values of the 3-D features described in Section
4.3

to globally characterize the shape of a candidate polyp, normalized histograms

of the K ) H , k \ 1k 2 1S I , C V and S R values from >10 typical polyp/non polyp
regions are used to approximate reference PDFs of these shape features over
the entire candidate lesion. As the candidate regions are on average only 100500 vertices, the shape feature values from all vertices are used to construct
histograms by counting how many vertex shape feature values fall into a certain
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bin. These values are then normalized to construct a reference PDF for that
lesion-polyp/non polyp.
Since the non polyp regions detected can assume a variety of forms with
differing shape features - e.g. large folds, narrow folds and semi-flat regions as
shown in Figure 4.7, we construct individual reference PDFs for each lesion type
as shown in Figures 5.1 to 5.4. In general, PDFs constructed for the non polyp
samples were more noisy than those of the polyp samples, depicting multiple
peaks for some and an irregularity in shape. The narrow folds and semi-planar
regions have also very distinct PDFs from the polyp regions whilst it is more
difficult to distinguish between the polyp and large fold regions by just looking
at their PDFs.
C o m p a ris o n o f S h a p e D is tr ib u tio n s

We ran a test of dissimilarity using the simple but powerful K-L divergence to
measure the difference between a reference PDF P constructed in Section 4.3 to
a new PDF Q constructed using shape feature values from the vertices of a new
detected candidate lesion. The K-L divergence is then defined to be
D k l (P II

=

“

QW

(5.1)

Figure 5.5 shows an example of a PDF for a detected candidate lesion. The
K-L divergence of this PDF to the pre-constructed reference PDFs was computed
and if the distance to a polyp reference PDF was smaller, the lesion was marked
as a true polyp.

5 .2 .4

R e su lts

CT data was obtained from the Waiter-Reed database [42] using a 4 and 8 channel
GE Light Speed scanner with collimation 1.25-2.5nnn, table speed 15mm/rotation,
reconstruction interval 1mm, slice thickness 1.25mm, tube voltage 120 kVp and
effective tube current 100 mAs were used in our simulations.

The data was

cropped into 32 x 32 x 32 voxel colon regions for efficient processing and an iso-
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Figure 5.1: PDFs constructed for our polyp database using the values of (a) K
(b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR.
surface corresponding to -650HU representing the colonic wall was extracted. All
calculations and rendering were performed in C ++ and Matlab
Tests were performed on 117 colonic regions obtained from these datasets.
Sensitivity and specificity percentages were calculated using
TruePositives
x 100
True Positives + FalsePositives

(5.2)

TrueNegatives
x 100
FalsePositives + TrueNegatives

(5.3)

Sensitivity —
Specificity =

Table 5.1 shows the sensitivity and specihcity results obtained for each 3D geometric shape feature computed with our method. Table 5.2 shows the
sensitivity and specificity results obtained by taking means of the same shape
features from the same database and using these as thresholds to detect polyps.
Based on these results we have found that the new method employing the PDFs
of H. k2 and CV have better sensitivity compared to the method of taking mean
values and shows better specificity values for all shape features.
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(g)

Figure 5.2: PDFs constructed for a large fold non polyp database using the values
of (a) K (b) H (c) ki (d) k2 (e) SI (f) CV and (g) SR.

H

k2

CV

S e n s itiv ity

82%

82%

89%

S p e c ific ity

72%

70%

71%

F ea tu re

Table 5.1: Sensitivity and specificity using PDFs.

H

^2

CV

S e n s itiv ity

63%

53%

47%

S p e c ific ity

44%

50%

42%

F ea tu re

Table 5.2: Sensitivity and specificity using mean values.
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Figure 5.4: PD Fs constructed for a semi planar non polyp database using the
values of (a) K (b) H (c) k\ (d) k2 (e) SI (f) CV and (g) SR.
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Figure 5.5: PDFs constructed for a candidate polyp using the values of (a) K (b)
H (c) k\ (d) k2 (e) SI (f) CV and (g) SR.
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5.3
5.3 .1

F P R e d u c tio n U sin g C u r v a tu r e M a p s
B a ck g ro u n d an d M o tiv a tio n

Following on from the previous problem of local point curvatures not sufficiently
describing the shape of the larger neighbourhood of a surface at hand, we turn
our attention now to circumventing this problem by using curvature maps that
incorporate local shape information around neighbourhoods of a candidate polyp
point.

5 .3 .2

R e la te d W ork

Attempts to create local signatures incorporating local neighbourhoods have been
moderate. Planitz et al. [71] proposed a signature based on a local region around
select vertices. However the use of distances and angles between normals for
points in a local support region makes this method sensitive to point distribution. Histogram methods have also attempted to describe a particular region
by locally approximating a shape distribution based on curvature measures in
a group of vertices instead of just one [40]. However, this method is too global
and it is impossible to describe how the surface changes by just looking at these
distributions. The methods based on distances between points such as Hausdorff
distance, multi-resolution Reeb graphs, shape contexts and spin images are all
also sensitive to the distribution of points [72].
Stein and Medioni [73] first used the notion of splash to represent the normal
along a geodesic circle of a center point, which is the local Gauss map, for 3-D
object recognition tasks. This geodesic circle around each point is encoded by a
3D curve and approximated by polygons in a coordinate system defined by three
angles. In [74] this was extended to a signature employing a set of concentric
geodesic circles projected to a tangent plant. Points of interest are selected by
applying a threshold to an irregularity measure on one of these contours. The
corresponding normals and contour radius along each contour are then compared
to discriminate between shapes. However this technique was not robust to selfocclusions.
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Gatzke et al. [72] further developed this idea and produced a curvature map
method to incorporate local shape information around a given vertex. This map
accumulates or integrates curvature information from a region around a vertex v
using mean and Gaussian curvature values of the neighbourhood. This in effect
also gives a smoothing effect on the surface as curvature calculation on discrete
meshes are often noisy and not always accurate. The authors define two methods
for creating samples around a mesh point, one based on a mesh-ring and one
based on a geodesic-fan. This technique however is sensitive to certain design
parameters such as determining an optimal radial or ring distance to be used.
The former also has the setback that the shape of the mesh rings used can be
irregular as the distance from the vertex increases while the latter could produce
irregular geodesic fans due to stretching of the circumferential spacing whilst
keeping the radial spacing uniform.
To overcome this, we design and use instead geodesic-rings that are robust to
mesh sampling and irregularity to investigate the local area neighbourhood of a
polyp. We show that the curvature maps generated by geodesic rings and fans are
in fact, very similar but the geodesic-ring map is significantly faster to compute,
thereby giving it an edge over the fan-based method.

Using these curvature

maps, we then locate locally convex shapes based on its signed minimum principal
curvature values to determine an optimal radial distance to base our shape map
computations on. This method can also be used to detect the ‘neck' regions of
polyps, i.e. where the sign of the curvature changes from positive to negative.

5.3.3

M ethod

C a n d id a te S e le c tio n

As demonstrated in [72]-[74], it is inefficient to compute a shape signature involving large local neighbourhoods on every point on a surface due to its large
computation cost. To overcome this, we once again start by detecting candidate
clusters that correspond to convex, polypoid shapes using point surface curvature
values just as before, described in Section 4.3.
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Candidate Point Selection
Once these candidate peak regions have been identified, we select the mid point
of this regions as our candidate points to compute the corresponding curvature
map. This can be a tricky step, particularly if one uses Euclidean distances since
the centroid would usually not he on the surface of the object. Sometimes picking
the closest point on the surface to this centroid could work but this cannot be
guaranteed.
For this reason, we use geodesic centroid, which is the centroid computed from
determining the point on a surface which has the shortest cumulative geodesic,
or arc-length distance to all other points on the surface. On a smooth continuous
surface, the geodesic distance g(ci: Cj) between two points

q

and Cj on a manifold

M is the shortest length L(7 ) = J 6 || y'(t) || of a smooth curve 7 : [a, b] —> M
such that 7 (a) = Cj and 7 (b) — Cj.
To compute these geodesic distances, we use Kimmel and Sethian’s fast marching method described in [75]. We accumulate these distances for all vertex points
v in the vertex set V using J2Vjev 9(v*i vj) aRd locate the point which has the
shortest cumulative distance. This gives us the geodesic centroid of the surface
patch. As the regions of interest are typically small in size, this usually only
takes a few seconds to compute. Examples of the output of this algorithm on our
regions of interest is shown in Figure 5.6.
Curvature Maps
The basic idea behind curvature maps is to provide a local neighbourhood context
to a point feature. Naturally, if one were to inspect a neighbourhood of a fold and
a polyp, it would ideally be different from just extracting features at each point.
As such, once we have a set of candidate points on our surface mesh, we then
compute curvature maps around these points. Gatzke et al. [72] proposed two
methods to construct curvature maps by creating samples around a candidate
point, one based on a mesh-ring, and one based on a geodesic-fan. We will
discuss the advantages and disadvantages of both these methods and propose a
new method based on the geodesic-ring, which we believe incorporates the best
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Figure 5.6: Peak-type clusters marked in green, corresponding geodesic maps and
centroids marked with a red cross.
features of both methods. Also note that we focus here on the ID curvature map
described in [72] which is based on the mean and Gaussian curvature because of
its superior performance and relatively short computation time.

M e s h -R in g

This method is carried out by dehning rings around a vertex v such that there
exists a shortest path from each point in the ring to v. The set of rings is
given by

where i is the z-th neighbourhood ring around vertex v. However,

as can be seen from Figure 5.7(a) the shape of the ring may become irregular
and give unpredictable results as distance from the centroid increases. This can
also be complicated in cases where the mesh is not regular and the number of
neighbourhood rings to be considered will also be highly dependent on mesh
resolution.
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(a)

(b)

(c)

Figure 5.7: Construction of curvature map around a point: (a) Mesh ring method,
(b) Geodesic fan method, (c) Geodesic ring method. Note the potential irregularity problem with the mesh ring method, and the stretching of the circumferential
spacing with the geodesic fan method.
G e o d e s ic -F a n

This method produces a set of samples on each spoke of a geodesic-fan which are
marched out across the surface from a candidate point v, giving a local geodesic
polar map around the vertex. Each set of points equidistant from the neighbourhood center is treated as a ring. We use interpolated normal geodesics [76] where
possible, reverting to straightest geodesics [77] only if the smoothness criterion is
not met.
A sample geodesic-fan is shown in Figure 5.7(b). We used 30 spokes in this
example; it naturally follows that as more spokes are used, the more accurate a
curvature map but the more overhead is also required to compute and store the
fan data.
G e o d e s ic -R in g

Gatzke et al. showed that the ID ring-based and fan-based curvature maps for
a particular point start out at the same value and initially have a similar shape,
but diverge due to a non-uniformity of rings and fans sampling only a subset of
the data as the distance from the center increases. The authors also demonstrate
that while the fan-based approach takes longer on average to compute, it provides
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a more consistent comparison for smaller local regions. The ring-based method is
quicker but is highly dependent on a regular, uniform mesh for good performance.
It also becomes difficult to approximate the radius from the centroid as the shape
of the concentric rings in the mesh ring method become more irregular and spread
out due to distortions in the surface.
As such the geodesic-fan is far superior compared to the mesh-ring method
due to the fact that it is less susceptible to distortions of the surface and one can
easily use the geodesic arc length to determine how far out from the centroid we
are at. However, the further out from the centroid we get, the less accurate the
computations are going to be as the geodesics become less regularly sampled due
to the stretching of the circumferential spacing while the radial spacing remains
uniform.
To overcome this, we use a geodesic-ring instead which we believe combines the
best features of both methods - quick computation and accuracy. We have already
seen the use of the geodesic distance in Section II. Now, instead of computing
the distance from each point to all the other points on the surface mesh, we only
compute this once, from the candidate centroid point to all other points on the
mesh. Once we have these geodesic distances, we can extract iso-geodesic curves
Ck where k = 1,2,..., n units from the centroid. This is similar to level set curves
and is performed by locating all points v where g(c, Vj) = k and c is the candidate
centroid point. Figure 5.7(c) shows an example of this method.

C urvature M ap C o n stru ctio n

Once the samples around the candidate point are computed using one of the
above methods, we then use these points to construct our curvature maps. Since
these curves are interpolated in the geodesic-fan and ring method to approximate
smooth curves, some samples do not necessarily lie on a vertex v 6 V. However,
because we only have curvature values defined at points, we propose to use the
neighbouring vertices in a face containing the point to compute an average curvature for this point. The simplest way to do this is to use barycentric coordinates
by obtaining the geodesic and Cartesian-coordinate information at each vertex
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Figure 5.8: Computation of curvature cv for an interpolated point v that does
not lie on a vertex point, c refers to the curvature value at that point, while d
refers to its inverse distance from the centroid.
in a triangle, interpolate these points using an averaging formula that takes into
account the inverse scaled distance from lines connecting the desired sample point
through the triangle vertices, and then use these new coordinates to compute the
appropriate geodesic information for that sample. This also reduces the effect
of irregular meshes as an average of curvature values is now taken. Figure 5.8
shows how the curvature at a point cv is computed using the ratio of the inverse
distances d1? d2 and d3 to the neighbouring vertex points V\,V2 and U3 on the same
face.
The ID form of the curvature map is defined over M-rings or arc length
distance from the centroid point. Each point on the map is constructed from the
mean of the data accumulated along the radius Ri. We choose to investigate the
behaviour of the principal, mean and Gaussian curvatures with respect to arc
length distance or radius Ri from the centroid point. Thus the curvature map
Kmap at a vertex v can be defined as a set of N piecewise linear functions defined
over the rings R t.
Simulation results in Figure 5.9 show that the geodesic fan and ring methods
give similar performance and the point where changes in the curvature map occur
can be easily determined as the rings have equal radii or arc distance from the
centroid. Note than the units for the maximum, minimum and mean curvature
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are in inverse distances, i.e. cm-1 whereas the units for the Gaussian curvature
are given by cm-2.
In the mesh-ring method, this radii had to be approximated using R{ —
\JAi/ix where Ai was the area covered by the mesh rings. This was not always accurate, and the map can be seen to diverge from the other two due to a
non-uniformity of rings further out from the center. This performance will degrade even more when the mesh is irregularly sampled. However, the geodesic-fan
method is much more costly to compute (~ 20 seconds), while the geodesic-ring
method takes approximately the same amount of time as the mesh ring method
(2.7 and 2.1 seconds respectively) for the same area covered. Note that these
experiments were carried out using Matlab and could be further optimized in
C ++ to reduce computation time. For these reasons, we show that the geodesic
ring is preferable due to its quick computation time and accuracy.
C urvature M ap s for P o ly p D e te c tio n

In Chapter 4, it was discussed that polypoid shapes are convex and therefore
have both positive maximum and minimum principal curvatures. We previously
located points satisfying this criterion to detect polyp candidates, now we propose
to extend this concept to local neighbourhoods of points satisfying this criterion
using its curvature maps.
In [78] a local shape property S at a point v is defined as
(5.4)
where M ean(Kmap(v)) gives the curves representing the mean curvature map
as functions of distance from the vertex and R represents the number of rings
considered. We could also use the Gaussian or principal curvatures to compute
similar shape properties. This integration also gives a smoothing effect to the
curves generated. One could then select a threshold S above which candidate
regions could be detected as polyps. Figures 5.10-5.13 show sample curvature
maps for a geodesic ring around candidate centroids for a polyp and a fold region. Some properties can be quickly noted. In particular, the average curvature
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Figure 5.9: Curvature maps using mean. Gaussian, minimum and maximum
principal curvatures for mesh-ring (green curve), geodesic-ring (red curve) and
geodesic-fan (blue curve) methods: (a) Average curvature values for each ring
Ri. (b) Variance in the curvature values for each ring Rl.
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graphs demonstrate very little change with respect to arc length for an ideal polyp
compared to the fold. In addition, the curvature variance maps seem to rise more
quickly for a fold region compared to a polyp region, due to the fact that there
is a large curvature difference between curves the further out from the centroid.
There is also a steady increase in the cumulative curvature graphs for the polyp
structures compared to a sharp initial increase for folds. The average curvatures
and hence cumulative curvatures for folds also seem to be lower than the polyp
structures due to the fact that the flatter regions of the folds typically have lower
curvature values.
Of noteworthy interest is also Figures 5.10-5.13(c) which show the cumulative
shape properties Smeam SgaUSsi Smax and

with respect to radius from the

centroid. This property is sensitive to the number of neighbourhood rings used
in the ring-based method or even the length of the geodesic fan spokes used in the
fan-based method. Determining a cut-off radius distance R to efficiently compute
a discriminating signature between two objects is a tricky issue and is also reliant
on mesh resolution.
To overcome this, we use the fact that since the crucial identifying criterion for
discriminating between a polyp, fold or small bumpy structure is the minimum
principal curvature k 2 (ideal folds would have k 2 = 0), we inspect the minimum
principal curvature map and detect the cut-off point where the curve drops to
below the zero point, i.e. where the sign of the curvature changes from positive
to negative. We term this the radius stop threshold, R t and could also be used to
determine the ‘neck* of a bulbous structure. Figure 5.14 illustrates this concept.
Using R t, we go back to our cumulative curvature maps constructed earlier
and determine the cumulative curvature, or S value at the radius stop threshold.
Figure 5.15 shows the surface rings and cumulative curvature maps constructed
for a polyp, fold and flat region respectively. It is apparent that S(Rt) is much
larger for a polyp region compared to other two due to its larger bulbous neighbourhood region. This is useful as a discriminating signature between a polyp
and non polyp structure and incorporates the shape of a local neighbourhood.
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Figure 5.10: Geodesic-ring curvature maps around a synthetic hemisphere region
resembling an ideal polyp: (a) Geodesic rings on surface, (b) Average mean,
Gaussian, minimum and maximum principal curvature values, (c) Cumulative
mean, Gaussian, minimum and maximum principal curvature values, (d) Variance of mean, Gaussian, minimum and maximum principal curvature values.
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Figure 5.11: Geodesic-ring curvature maps around a synthetic cylindrical region
resembling an ideal fold: (a) Geodesic rings on surface, (b) Average mean, Gaussian, minimum and maximum principal curvature values, (c) Cumulative mean,
Gaussian, minimum and maximum principal curvature values, (d) Variance of
mean, Gaussian, minimum and maximum principal curvature values.
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Figure 5.12: Geodesic-ring curvature maps around a polyp region: (a) Geodesic
rings on a polyp surface, (b) Average mean, Gaussian, minimum and maximum
principal curvature values, (c) Cumulative mean, Gaussian, minimum and maximum principal curvature values, (d) Variance of mean, Gaussian, minimum and
maximum principal curvature values.
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Figure 5.13: Geodesic-ring curvature maps around a fold region: (a) Geodesic
rings on a polyp surface, (b) Average mean, Gaussian, minimum and maximum
principal curvature values, (c) Cumulative mean, Gaussian, minimum and maximum principal curvature values, (d) Variance of mean, Gaussian, minimum and
maximum principal curvature values.

E ffect o f M e s h S a m p lin g o n C u r v a tu r e M a p C o m p u ta tio n

For polyp or other shape detection purposes, it is also important that our geodesicring based method is robust to mesh resolutions or irregularities. We show that
this is indeed the case in these next two sections. Firstly, we investigate the effect
of using a coarser mesh, with 90% less vertices but still regularly sampled. From
the cumulative mean maps produced for all three mesh-ring, geodesic-fan and
geodesic-ring methods shown in Figure 5.16, it is apparent that the curves for
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Figure 5.14: Determining the radius threshold Rt, i.e. the point where the minimum principal curvature map changes from positive to negative.
the geodesic methods are almost similar in performance regardless of the mesh
resolution used. The mesh-ring method significantly deviates in magnitude and
shape of the curve and is almost impossible to compare. Once again, we prefer
the geodesic-ring method as it is much quicker to compute without sacrificing
accuracy.
E ffect o f Irregular M esh es on C urvatu re M ap C o m p u ta tio n

We also investigate the effect of irregular triangular meshes on our curvature
maps. In practical applications, it is common to encounter this and remeshing
may not always be appropriate as it is time-consuming. Once again, by inspecting
Figure 5.17, we note that the geodesic methods far outperform the mesh-ring
method. In addition, it seemed that the cumulative mean and maximum principal
curvature maps provided more consistent results regardless of mesh resolution or
regularity. One could use either feature to discriminate between polyp and nonpolyp regions.

5.3 .4

R e s u lts

The same Walter-Reed database in Section 5.2 was used and the geodesic-ring
curvature map based method was employed on these polyp candidate datasets.
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Figure 5.18 shows examples of S values obtained for 20 different candidate polyp
regions. As a measure of performance, ROC curves were generated by plotting
the per-polyp sensitivity vs false positive rate at different S value thresholds.
This was compared with a traditional method of taking the mean of all k2 values
in a candidate cluster. Figure 5.19 shows the resulting ROC curves, together with
the area under the ROC curve (AUC) values obtained, which are both a common
measure of system performance.
The optimal operating point or cut-off threshold which gives the best sensitivity and specificity performance was determined by locating the point on the ROC
closest to the [0,1] point in the ROC plot. This was identified as Smean > 0.48.
From this, we selected those regions that satisfied these thresholds to be identified
as polyps. Most of the bulbous polyp regions were detected using this threshold.
However, flat polyps with low curvature values were likely to be missed as these
two methods are highly dependent on curvature.
Tables 5.3 and 5.4 shows the sensitivity and specificity results obtained with
the curvature maps method (Sensi, Sped) and the average of k2 values method
(Sens2, S p e d ). Based on these results we have found that our new method
significantly reduces the amount of FPs while maintaining good sensitivity, particularly for bulbous polyps. However, some flat (where the diameter of the polyp
is approximately larger than twice its height) and small polyps may be missed
sacrificing some sensitivity.
Polyp Size

Sens\

Sens2

Bulbous >10mm

100%

100%

Bulbous 5-10mm

100%

73%

Flat >10mm

71%

56%

Flat 5-10mm

20%

13%

Table 5.3: Sensitivity results with curvature maps, Sens\ and mean of k2 values,
Sens2.
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Non Polyp Size

Speci

Spec2

Lesion >10mm

82%

72%

Lesion 5-10mm

97%

74%

Table 5.4: Specificity results with curvature maps, Spec\ and mean of k2 values,

Spec2.
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Figure 5.15: Geodesic rings and corresponding cumulative curvature maps generated until Rt is reached.
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Figure 5.16: Effect of coarse sampling on curvature map computation using meshring, geodesic-fan and geodesic-ring methods. The red curves were generated from
a finely sampled surface, the blue curves from a coarse surface with 90% reduction
in number of vertices.
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(i)

Figure 5.17: Effect of irregular sampling on curvature map computation using
mesh ring, geodesic fan and geodesic ring-based methods. The red curves were
generated from a regularly sampled surface, the blue curves from an irregularly
sampled surface.
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(a) S = 1.77

(b) 5 =1.04

(c) S =1.12

(d) 5 = 1.40

(e) 5 = 1.57

(f) S = 1.45

(g) S = 0.75

(h) S = 2.15

(i) S = 1.12

(j) S = 1.36

(k) S = 0.71

(1) S = 0.65

(m) S = 0.43

(n) S = 0.04

(o) S = 0.48

(p) S

(q) S = 0.45

(r) S = 0.40

(s) S = 0.27

(t) 5 = 0.26

Figure 5.18: S values for 20 candidate polyp datasets,

=0.29

(a) and (n) are syn-

thetic datasets, the rest are actual colonic wall datasets, (a)-(j) represent bulbous
polyps, both pedunculated and sessile with pedunculated polyps demonstrating
a higher S value, (k)-(m) are flat polyps that are likely to be missed as the curvature values in this neighbourhood is low. (n)-(t) represent non polyp lesions both folds and semi-planar regions that have small curvature values in its local
neighbourhood, resulting in smaller S values.
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Figure 5.19: ROC curves comparing the performance of the curvature map
method (AUC = 90%)to a CAD method using only the mean of k2 values (AUC
= 81%).
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5.4 .1

B a c k g r o u n d a n d M o tiv a tio n

In this section, we try instead to treat the entire surface patch as a continuous,
orientable manifold surface and look at the curvature of the geodesic neighbourhood region around a candidate point, to classify it as one of peak, ridge or
planar subtypes at that candidate point. Typical curvature measurements take
into account only the 1-ring neighbourhood around a candidate point (termed
the umbrella neighbourhood). This is necessary for applications where detail is
important but in polyp detection, we usually only want to classify each candidate
patch as either a polyp, fold or bumpy planar region. Any high level detail usually corresponds to noise and need to be filtered out. For this reason, taking into
account the entire neighbourhood in the candidate patch will not only smoothen
out noise but give a global understanding of the surface patch at hand. Think of
this as ‘zooming out5 from a point in order to see the ‘bigger picture’, or larger
structure at hand. This method is a modification of the previous section and will
also employ the use of geodesic rings.
T h e T ensor o f C urvature

We now turn our attention to the estimation of the curvature tensor, which is an
example of a CFM method previously described in Section 4.3.2. The tensor of
curvature of a surface S is the map p

>k p that assigns each point p in S to the

function that measures the directional curvature np{T) of S at p in the direction
of the unit length vector T tangent to S at p. This directional curvature function
nv{T) is a quadratic form and can be defined as follows:
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where T — t\T\ + t2T2 is an arbitrary vector and {7\, T2} is an orthonormal basis
of the tangent space to S at p, np] =

kv

(T i ).

k 22

— k p (T2) and E 2 — k 21. The

vectors {7\, T2} are the principal directions of S at p when Ep2 = Kp — 0 and its
corresponding directional curvatures are the principal curvatures, which we will
denote as Ep and E2 instead of z^1 and k 22.

5 .4 .2

E s tim a tio n o f t h e T e n s o r o f C u r v a tu r e

We can also define a matrix Mp by an integral formula which has the same
eigenvectors as np and eigenvalues related by a fixed homogenous linear transformation. The estimation of principal curvatures and directions of S at p can then
be reduced to a simple diagonalization of this matrix which can be done in closed
form.
Following from the previous section, we can define Mp by

(5.5)
where

np(Te) — nlp cos2(0) + K2sm2(9)

(5.6)

in which Tq = cos(Q)T\ +sin(0)T2 for —7r < 0 < 7r, and {T1?T2} are the orthonormal principal directions of S at p: the unit length vector tangent to S at p. As
such, we can factorize Mp as follows

where Ti2 = [Ti ,T2]. The off-diagonal elements of mV are zero, for example
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t [m pt

2
cos3(9) sin(6)dQ
cos(9) sin3(9)d0

+
0

since both integrands are odd functions of 9.
The two remaining eigenvectors of Mp are the principal directions T\ and T2.
The relationship between the eigenvalues and the principal curvatures can be
given by

,ii =

T{MPT\
•1

/» + 7T

P

2t r
+

k

cos4(9)d9

— 7T

P+

}
p_

-£

2 tt

7T

cos2(9) sin2(9)d9

1

,i

8 Kp+
Similarly we obtain

mf

=

T2MPT2

— — [
27r

+

J-n

cos2(9) sin2(9)d9

K2 I +7T
—^ /
sin4(9)d9
27T J

1 1

3 2

= y S + ^S

With these two equations, we can obtain the principal curvatures as functions
of the nonzero eigenvalues of Mp.
Kp = 3777p1 - m 22

(5.7)
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ftp = 3raj;2 —ra^1

(5.8)

To consider a discrete triangulated surface as a approximation of an unknown
continuous surface, we consider a triangulated, oriented and consistent surface
as a list S = {V,F} where V = {vi : 1 < i < ny} is the list of vertices and
F — {fa : 1 < k < rip) is the list of faces. Each face fa = (ijf,

, 4 ) represents a

three-dimensional triangle.
Taubin estimates the matrices MVi using a weighted sum over the 1-ring,
umbrella neighbourhood Vi, i.e. the set of vertices that share a face with Vi.
MVi =

WjKijTijTij

(5-9)

V j€V l

where T{j is the unit length normalized projection of the vector Vj —i\ onto the
tangent plane <

N Vi

13

(■I - Nv,Nj,)(Vr - v3)
\\ (I - NvM, ) ( v i - Vj) \\

and the directional curvature KVj(Tij) can be approximated using

I Vj

-

-

Vi

Vj)

II 2

where the weight Wij is proportional to the sum of the surface areas of all triangles
in the neighbourhood.
For purposes of our application, we propose to approximate an entire candidate patch as a local surface and use all vertices on this patch to estimate
curvature instead of a 1-ring neighbourhood. Page et al. [80] developed an algorithm extending Taubin’s method to a larger neighbourhood around all vertices
in a candidate patch with the goal of reducing surface noise. However, they perform their calculations on all vertices in the surface which can be computationally
expensive and unnecessary for our purposes. For our application, we only need to
characterize curvature at the centroid point of our candidate patch. To do this,
we compute the geodesic centroid as before and then construct a neighbourhood
map around this point to characterize the neighbourhood as either a cap, ridge
or semi-planar like structure. Intuitively, the larger this neighbourhood map is,
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the more detail is lost, and the converse also applies. To overcome this problem,
we can once again use the radius stop threshold described in Section 5.3 to give
sufficient detail for the detection of polyps.

5.4.3

M e th o d

C u r v a tu r e E s tim a tio n

We now focus our attention on estimating the curvature and orientation of the
candidate patches approximated from geodesic rings explained in Section 5.3.3.
The candidate point previously described is once again used here as our point v.
We now need to solve for Equation 5.9. Firstly, the weights W{ are constrained
to

Wi — 2tt for all weights around v to maintain translation invariance.
i
Next, the geometry in Figure 5.20 is used to define the tangent directions T*.

This figure demonstrates the normalized projection of the vector w i = Vi — v
onto the tangent plane of v and can be obtained by the following equation.

u

T =

I\ u

t, = Wi - (N ‘vv,)Nv

(5.10)

II’

This is defined for all vertices Vi in the candidate patch surrounding vertex v and
not just the umbrella neighbours defined in Taubin's algorithm.
Finally, the normal curvatures /q can be given by a discrete definition using
the changes in turning angle di and arc length s where

Ad,
This turning angle di is for the normal curve connecting V{ and v, where the
change in the turning angle describes the change in the normal vector as we move
along the curve. To obtain this, we project the normal vector NVi at v* onto the
plane Efi that contains Nv as
ni = NVi - (P?Nv.)Pi

(5.12)

where n* is the projection and Pi — Nv x Tj defines the plane containing the
normal curve. Thus we have
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Figure 5.20: Geometry of curvature estimation where Nv, rq and 7* all lie in the
plane 11, and n* is the projection of NVi onto this plane.

cos(A'ßi) =

(5.13)
II ” i ll
In addition, the change in arc length As is simply given by the geodesic distances
between the two vertices v and v3. The derivation of this geodesic distance is as
once again defined in Section 5.3.3.
We now have everything we need to calculate MVi, its corresponding principal
directions T\ and T2 and principal curvatures nlv and

from the relationship

derived earlier in Equation 5.7 and 5.8.
O rien ta tio n C lassification

In addition to calculating the curvature of a candidate surface patch, we also
compute the variance of surface normals for all vertices on this patch to portray surface orientation and shape which can be very helpful in differentiating
between a fold, planar and polyp surface [81]. We also provide derivations of the
relationship between this covariance matrix to the surface curvature in Appendix
1. However, we choose instead to use this to estimate orientation as this approach
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\
(a)

(b)

Figure 5.21: Dispersion of surface normals on a (a) Polyp neighbourhood, (b)
Fold neighbourhood.
is more robust than directly extracting curvature from the covariance matrix.
We then represent Vt as a covariance matrix with Vt = NiN- and define Vv as

vv=Y ,v<

(5-14)
ies
where N{ is the normal vector at the vertex i and i £ S represents all vertices in the
surface patch S. Decomposing Vv using eigen-analysis, we have real eigenvalues
Ai > A2 > A3 > 0 with corresponding eigenvectors E i , E 2,Ez since Vv is a
symmetric semidehnite matrix. These eigenvalues describe the shape of the eigenellipsoid shown in Figure 5.22 and how we might, interpret variations of the A
values.

(a)

(b)

(c)

(d)

Figure 5.22: Relationship between eigenvalues of covariance matrix Vv and local
structure, (a) Eigenvalues of Ai, A2 and A3. (b) Surface patch where X\^> X2 >
A3.

(c )

Surface patch where X\

A2 ~ A3. (d) Surface patch where X\ ss A2 ss A3.

Applying this on a synthetic polyp, fold and planar surface, and normalizing
the eigenvalues yields the results shown in Figure 5.23.
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Ai = l, A2 = 0.7, A3 - 0.65
ki = 1.43,

= 1.4

(a)
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Ai = 1, A2 = 0.27, A3 = 0

Ai = 1, A2 = 0, A3 = 0

k\ = 2.49, k2 = 0.06

h\ = 0, k2 = 0

(b)

(c)

Figure 5.23: Normalized eigenvalues of covariance matrix Vv and corresponding k\ and k 2 values for (a) Synthetic polyp neighbourhood, (b) Synthetic fold
neighbourhood, (c) Snythetic planar neighbourhood.

5 .4 .4

R e s u lts

The geodesic-ring neighbourhood was computed for each of the candidate lesions
and the corresponding hi, k 2 and 3 normalized eigenvalues of the covariance
matrix Vv are computed using Equation 5.9 and 5.14 respectively. Figure 5.25
shows examples of these values obtained for 9 different candidate polyp regions.
Support vector machine (SVM) classification [115] was performed to determine
the optimum hyperplane separating the two classes using these 5 feature vectors.
This concept will be further explored in Chapter 7. ROC curves were once again
generated by plotting the per-polyp sensitvity vs false positive rate at different
thresholds. This was compared with a traditional method of taking the mean of
all k 2 values in a candidate cluster. Figure 5.24 shows the resulting ROC curves
together with the area under the ROC curve (AUC) values obtained, which are
both a common measure of system performance.
General observations showed that polyps fell into a category where S 3 >
0.05,

< 2 and S \/S 2 < 10, while flat lesions - polyp/non polyps fell into a

category k \/k 2 < 2 and 0.02 < S 3 < 0.05. We use this thresholds to investigate
sensitivity and specificity performances shown in Tables 5.5 and 5.6, once again
comparing with a method that used only the mean of k 2 values in that candidate
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R O C curve

2 05

New method without flat lesions
-------New method with flat lesions
------- Method using only mean values

False positive rate (1-Specificity)

Figure 5.24: ROC curves comparing the performance of the curvature map
method without flat lesions (AUC = 91%) and with flat lesions (AUC = 86%) to
a CAD method using only the mean of &2 values (AUC = 79%).
patch. Reasons for poor specificity and sensitivity particularly for flat lesions
are that the flat polyps and non polyps look very similar and were difficult to
distinguish, even with the human eye. However, this method demonstrated excellent performance discriminating between bulbous, fold and planar structures,
with 100% sensitivity for bulbous polyps >5mm.
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Xi = 1, A2 = 0.78, A3 = 0.63

Ai = 1, A2 = 0.32, A3 = 0.20

X\ = 1,A2 = 0.57, As = 0.40

ki - 1.44,k 2 = 1.33

h = 1.5 ,fc2 = 1-2

k\ = 1.5, k2 = 1A

(a)

(b)

(c )

Ai = 1, A2 = 0.39, A3 = 0.33

Ai = 1, A2 = 0.56, A3 = 0.36

Ai = 1,A2 = 0.30, As = 0.06

k\ = 1.48, k2 = 1.35

ki = 1.6, k2 = 0.03

k\ = 1.36, k2 — 0.07

(d)

(e )

(f)

A] = 1, A2 = 0.70, A3 = 0.002 Ai = 1, A2 = 0.07, A3 = 0.009 A, = 1, A2 = 0.13, A3 = 0.05
ki = 2.06, k2 = 0.67

k, = 0.09, k2 = 0.03

k, = 0.08, k2 = 0.05

(g)

(h)

(i)

Figure 5.25: Normalized eigenvalues of covariance m atrix Vv and corresponding
k\ and k2 values for (a)-(d) Polyp neighbourhood, (e)-(g) Fold neighbourhood,
(h) Flat non polyp neighbourhood, (i) Flat polyp neighbourhood.
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Polyp Size

Sensi

Sens2

Bulbous >10mm

100%

100%

Bulbous 5-10mm

100%

73%

Flat >10mm

87%

56%

Flat 5-10mm

35%

13%

Table 5.5: Sensitivity results with surface patch method, Sens i and mean of k2
values, Sens2.

Non Polyp Size

Speci

Spec2

Fold >10mm

100%

72%

Fold 5-1 Omni

87%

74%

Flat >10nnn

48%

57%

Flat 5-10mm

20%

43%

Table 5.6: Specificity results with surface patch method, Spec\ and mean of k2
values, Spec2.
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F P R e d u c tio n U sin g M e a n S h a p e M o d e ls
B ack g ro u n d and M o tiv a tio n

In this next technique, after detection of regions belonging to the elliptic class of
the peak subtype we propose to instead segment out these candidate regions and
compare them with a pre-constructed polyp/non polyp mean shape model to give
a more global comparison of the structure. We investigate here the construction of
these mean shape models following a Point Distribution Model (PDM) described
in [82] using correspondences computed automatically with the Iterative Closest
Point (ICP) algorithm [86].

5 .5 .2

M e th o d

M e a n S h a p e M o d e l C o n s tr u c tio n

Figure 5.26 shows the result of the segmentation of the different lesions from the
marked clusters belonging to the elliptic class of the peak subtype described in
Section 4.3.

(a) Polyp Regions

(b) Non Polyp Fold Regions

Figure 5.26: Polyp and non polyp fold segmented regions.
To construct a mean shape model from a database of segmented polyp/non
polyp lesions, we use a statistical shape model based on the Point Distribution
Model (PDM) described in [82]. For this, each sample in this training set is represented by a set of point clouds but in order for a valid comparison to be made
between the samples in a polyp/non polyp set, corresponding points or landmarks
need to be established such that the coordinates are in a common frame of refer-
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ence and all the points on each surface correspond in an anatomically meaningful
way. The idea is to then translate, rotate and scale the point cloud samples of
a particular set such that the distance error between them is minimized. However, as manual selection of 3D landmarks is difficult and time-consuming, we use
here a simple non-landmark based statistical shape model based on [83] and [84]
detailed in the next section.
F in d in g C o rre s p o n d in g L a n d m a rk s o n a S u rfa c e

The Iterative Closest Point (ICP) algorithm detailed in [86] which has been popularly used for surface based registration is employed here to establish corresponding points of two surfaces - the source and the target. A summary of the
algorithm to find corresponding points on each training set is as follows:
1. Each sample in the training set is roughly aligned so that the centroids
match together and are along the principal axes of each shape. This gives
a good initial estimate for the ICP algorithm to work. While the ICP
algorithm does not guarantee convergence to a global minimum, good initial
estimates help to improve its performance.
2. The sample with the largest number of vertices is selected as the source
mesh. From these source vertices, N points are randomly selected as source
landmarks. The target mesh is substituted each time with a different sample
from the training set.
3. For each source landmark, the closest point at the target surface is found by
projecting the source point onto the target surface using the intersection of a
line passing through the source point and perpendicular to the target surface
close to the point. A Euclidean distance measure is computed between the
source and target landmarks as an error measure between the two surfaces.
4. The similarity transformation (scaling, rotation and/or translation) that
map the source points to the target mesh in a way that minimizes the mean
square error distance between the two point clouds is computed. All source
points are transformed to new source points using this transformation.
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5. Steps 3-4 are iterated each time using the new source points until the error
between the source points in 2 successive iterations is less than a very small
arbitrary threshold value.
6. When the threshold is reached, the points at the target surface closest to
the new source points are selected as landmarks corresponding to those N
source points selected earlier. Figure 5.27 shows an example of landmarks
in the source and its corresponding target landmarks at the new surface
while Figure 5.28 shows 4 polyp samples aligned using the ICP algorithm.

Figure 5.27: Source and target landmarks with the ICP algorithm.

Figure 5.28: Polyp shapes represented by different colours projected and aligned
with the ICP algorithm.
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C o n str u c tio n o f M ean S h ap e from C o rresp o n d in g L andm arks

Now each shape in the training set has N corresponding landmarks and a mean
shape point cloud is computed using these landmarks.

x = j j E Xi
i= 1

(5-15)

Reconstruction of the mean shape from point clouds is done using a surface
fitting algorithm. We have used here the power crust algorithm described in [85] it
is simple and eliminates the need for post-processing such as hole-filling, polygonalization or manifold extraction. Figure 5.29 shows the mean shape constructed
for the polyp and non polyp fold shapes from 10 samples each.

Figure 5.29: Mean shape models for polyp and folds

C lassifyin g C an d id ate L esions

For each candidate lesion initially detected using the principal curvatures method,
we segment out the lesion and compare it to our mean shape models constructed
earlier. For this purpose, the mean shape is now used as the source and corresponding landmarks on the target candidate shape are found as described previously. After the last iteration, the source points are transformed to the new
source points and the error distance between these new source points and the
target candidate shape is computed for each of the shape models. The mean
shape model corresponding to the smallest error distance is selected as the most
likely lesion - polyp or non polyp.
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Figures 5.30 and 5.31 show results of this application. In Figure 5.30, the
Euclidean distance between the candidate shape to the mean shape model for
polyps is only 19.95 pixels compared to 75.2 pixels to the non polyp fold mean
shape model. The polyp is therefore correctly chosen as the most likely lesion for
this candidate shape. In Figure 5.31 however, the distance between the candidate
shape to the mean shape model for polyps is 81.37 pixels compared to 33.30 pixels
to the non polyp fold mean shape model. The fold is therefore correctly chosen
as the most likely lesion for this candidate shape.

Figure 5.30: Candidate polyp aligned to constructed mean shapes. The distance
to the polyp mean shape is smaller than that to the non polyp fold mean shape.

Figure 5.31: Candidate polyp aligned to constructed mean shapes. The distance
to the non polyp fold mean shape is smaller than that to the polyp mean shape.
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Shape Variation of Polyps
From our mean shape model, shape variability using Principal Component Analysis (PCA) can also be investigated as in [82] and [84]. These can be used to
ensure that a new candidate lesion is within a certain constraint, termed the Allowable Shape Domain in [82]. In PCA, each axis gives a mode of variation in
which the landmark points move together as the shape varies. These axes can
be found by calculating the deviation dxi between each training sample and the
mean shape using
dxi = Xi —x

(5.16)

and then calculate its 3N x 3N covariance matrix using

1A

S = —
The principal axes are given by

i=l

dxidXiT

(5-17)

= [<J>i,....<f>3;v], the unit eigenvectors of S

such that
S&i = \ i&i

(5.18)

where A* is the i-th eigenvalue of S. Any shape in the Allowable Shape Domain
can now be reconstructed using the mean and adding a linear combination of
the eigenvectors. Since the hrst 2 modes typically describe the most significant
variation in the shape, we use these to approximate shapes x in our training set
by

N

x = x+

= x+

i=1

&ibi

(5.19)

where the 6* are the constraints set to be ± 3 y/Xi proposed by [82] as most of
the shape population usually he within three standard deviations of the mean.
Figures 5.32 and 5.33 shows these 1st and 2nd modes of shape variation. This
can be helpful in generating a constraint on polyp shapes which typically span a
wide range of similar shapes and where rigid models are inappropriate.
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Figure 5.32: 1st mode of shape variation, b\.

Figure 5.33: 2nd mode of shape variation, b2.
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5.6
5.6.1

F P R e d u c tio n U sin g P r o c r u s te s A n a ly sis
B a ck g ro u n d and M o tiv a tio n

The concept of shape defined by Kendall in [87] refers to the geometrical characteristics that remain after location, scale and rotational effects are filtered out.
Kendall describes a statistical approach to analysing shape using ordinary Procrustes analysis (OPA) to match two configurations with similarity transformations (translation, rotation and scaling) to be as close as possible in the least
squares sense using a Euclidean distance measure. Our goal here is to employ
this method to match candidate lesions with a known lesion class - spherical
polyp, flat polyp or fold for classification of these lesions.

5.6.2

R e la te d W ork

O rdinary P r o c r u ste s A n a ly sis

We will first consider the general case where we have two shapes represented by
k x m matrices Xi and X2. The entries of these matrices are the k corresponding
points in m dimensions, or landmarks, which are a set of labelled points characteristic between and within a population of shapes and whose relative position
have some sort of scientific, educational or artistic interest to us [88].
Then the distance to be minimized between these two configuration matrices
is given by
D2o p a ( X u X 2)=
=

||X2 - / w e r - l*7r ||2

(5.20)

trace(\\X2\\'2 + ß2\\Xl \\2 - 2 ß X ^ X 1r) + kyT'r (5.21)

where ||X|| = trace(XTX )1/2 is the Euclidean norm of X, T is an (raxra) rotation
matrix, ß > 0 is a scale parameter and 7 is an (m x 1) location vector.
We see that the solution to this minimization is given when 7 = 0. To do
this, we remove translation effects by pre-multiplying with a suitable matrix to
center the configurations. The Helmert sub-matrix is used for this purpose as
described in [87]. This is derived from the Helmert matrix which is a square
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k x k orthogonal matrix with its first row of elements equal to l/y /k and the
remaining rows orthogonal to the first row. In order that the transformed matrix
is independent of the location of the original configuration, the Helmert submatrix
which is the (k — 1) x k Helmert matrix without the first row is used. The
Helmertized landmarks are thus given by
XH= H
X€
and now our least squares problem in Equation 5.21 is reduced to

D2o p a ( X u X 2) = trace(\\XH2\\2 + ß 2\\Xm \\2 - 2 ß X T
m X HlT)

(5.23)

To minimize this with respect to T, we use the singular value decomposition
Xjj2X H1given by

(SVD) of

XT
H2X m =

\\XH1

where U and V are m x m orthonormal matrices and ^ is an m x m diagonal
matrix with non negative singular values arranged in decreasing order along the
diagonal. We thus need to maximize trace(\TEUTP) subject to the constraint
TT7 = Ira and det( 7 ) =

1

for orthogonal matrices. [87] gives further details of

this derivation which results in a minimizing T of
f = UVT

(5.25)

To minimize equation 5.23 with respect to /l, we differentiate to obtain
SD 2

= 2ßtrace(Xrm X m ) - 2trace(XT
H2X HiV)

which gives
a

_ trace(Xjj2X Hi t )
trace(Xrj{lX H1)

(5.26)

The next step is to project one of the configurations onto the other, say X\ onto
^2

using
X ™ = ßXm t

(5.27)
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ar.d calculating the residual matrix as a measure of shape difference by
R = X H2~ X fro;

(5.28)

Tie distance between two shapes is then given by computing
dxux 2 — trace(RTR)

5 6 .3

(5.29)

M e th o d

U sing P r o c r u ste s A n a ly sis for L esion C la ssifica tio n

We first select a typical shape for each particular shape that we want to classify
candidate lesions into - spherical polyp, flat polyp or fold. We do not distinguish
between flat polyps and flat non polyps as we see that they are almost similar
from Figure 5.34 and it is important that we do not nrisclassify a flat polyp as a
non polyp. For each of these lesions, we select the 100 largest k2 curvature values
ae our configuration matrix entries. This measure is characteristic of the lesions
identified since spherical-shaped polyps would generally have larger curvature
values while flat lesions and cylindrical folds have smaller ones.
OPA is then carried out by projecting and calculating the residual matrix
between a target candidate shape X \ and each of this typical shapes selected, X 2
and the smallest dx1.x2 corresponding to X 2 is chosen as the most likely lesion.

5.6.4

R e s u lts

Our method was tested on 40 typical polyps and 40 non polyps of differing sizes
and shapes. Figure 5.34 shows typical detections for each class.
Three polyps were missed by the method - achieving a high 93% sensitivity
as they detected most flat polyps commonly missed by other polyp detection
algorithms. However, specificity was low at a rate of 44% as many flat non
polyps or spherical protrusions were detected as well. A suggestion could be to
employ this method as a secondary detection tool in addition to one with high
specificity in order to detect the existence of flat polyps.
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(a) Detected Spherical Polyps

(b) Detected Flat Polyps

(c) Detected Folds

Figure 5.34: Detected lesions for each class.
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(a)

(b)

(c)

(d)

Figure 5.35: False Positive Detections (a) False Positive - Flat non polyp detected
as flat polyp, (b) False Positive - Spherical non polyp detected as polyp, (c) False
Positive - Non polyp protrusion detected as polyp (d) False Negative - Polyp
detected as fold.
Figure 5.35 shows some lesions inaccurately classified. Further work needs
to be done to inspect other shape and/or texture characteristics of the different
lesions for better classification. It is noted that there will be limitations on what
can be done with regard to distinguishing between flat polyps and non polyps
solely from CT screening due to its similarity in shape and size.

5.7

C h ap ter Sum m ary

Tiis chapter looked at 5 different methods of reducing false positives from the pool
of candidate lesions by modelling a compact, global representation of the lesion of
interest since curvature measures used are generally a local feature and confined
to vertices or voxels of a surface or volume. The first method proposed used
PDFs in an attempt to produce a shape signature for the different lesion types.
Anew candidate lesion was then compared to a database of PDFs and a similarity
measure using the K-L divergence is computed to determine if it was more likely
a polyp or other lesion type. Results were promising particularly using the mean
crravature, second principal curvature and curvedness value characteristics to
build the shape functions.
The second method attempted to create a local signature incorporating shape
information in the neighbourhood surrounding a polyp.

Geodesic rings were
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constructed around this candidate point and point curvatures around the rings
are accumulated to produce a cumulative shape property S for a given radius.
This shape property can then be used in discriminating between bulbous polyps
which typically have a high S value, typically >0.5. We also demonstrated that
this method is accurate, quick to compute and robust to mesh resolution and
irregularities.
The third method was an extension of the second method, but this time
curvature and orientation formulas were applied on a geodesic neighbourhood
approximating a smooth, continuous, orientable surface patch. The idea was to
mitigate the effects of noise on a local level and take into account the neighbourhood context around a point. A candidate point was identified as before and
vertices in its geodesic neighbourhood were used to determine if the surface was
cap-like, ridge-like or planar-like at this point. General observations showed that
polyps, folds and flat lesions had distinct curvature and orientation values and
could be used to discriminate between them. There was some poor specificity and
sensitivity performances particularly for flat lesions as these flat polyps arid non
polyps look very similar and were difficult to distinguish, even with the human
eye. However, this method demonstrated excellent performance discriminating
between bulbous, fold and planar structures, with 100% sensitivity for bulbous
polyps >5mm.
The fourth method sought to instead model a polyp/fold mean shape and
compare new candidate lesions to this shape. Correspondence between the shapes
was established using the ICP algorithm and Euclidean distances were used as
a measure of how close one shape was to another. This showed good results
particularly for polyp and fold lesions that are intuitively very different from each
other from a global perspective but could be quite similar if one just observes the
lesion from a local point of view, especially if the fold is composed of tiny, bumpy
structures caused by noise.
Finally, the fifth method used Procrustes analysis to filter out translation,
rotation and scaling effects in order to properly establish a measure of shape
distance between two objects.

Correspondence was done this time using the
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top 100 curvature values and results show that this method although high in
sensitivity was poor in specificity particularly due to the fact that it was difficult
to establish a correspondence between medical lesions that have no set shape,
but instead, a variation of acceptable shapes that belong to a certain class, eg.
polyps and folds.
Of the five techniques discussed, the methods employing the use of geodesic
neighbourhoods outperformed the others (100% sensitivity and specificity for lesions > 10mm) and also of other existing algorithms and may be a viable alternative for future CAD systems. It was also noted that the methods proposed
perform differently on the various lesion types. For example, the method of OPA
is better used for detecting flat polyps whilst the method of geodesic maps are
very efficient for identifying bulbous polyps. For this reason, it could be preferable to combine a few detection methods depending on the lesion of interest to
be detected.
We will now turn our attention to false positive reduction methods by smoothing to minimize noise caused by artefacts in the lesion.

C h a p te r 6
F P R e d u c tio n T e c h n iq u e s I I
6.1

In trod u ction

The previous chapter attempted to analyse global representations of the structure
of interest to reduce the number of FPs due to the fact that the curvature features used in the candidate detection process are a local feature. In this chapter
however, we try to pre-process the surface at hand before computing curvature
measures by minimizing the small bumps caused by noise or other artefacts in
the image. These bumps are usually the cause of the majority of false positives
detected due to the fact that they may locally resemble polyps. In addition, the
presence of noise is further exacerbated by the fact that the curvature measure
used is a second order differential quantity and sensitive to small perturbations
in the surface.

6.2
6 .2 .1

F P R ed u ctio n U sin g S p ectra l C om p ression
B ack g ro u n d and M o tiv a tio n

We investigate here a spectral compression method which acts as a low pass filter
to filter out high frequencies in the spectral domain usually corresponding to noise
or small deviations and details from the surface and a curvature tensor smoothing
algorithm with the aim of reducing the number of FPs detected while preserving
107
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true positives (TPs).

6 .2 .2

R e la te d W o rk

Fourier analysis has long been the traditional method for the smoothing signals.
The signals are decomposed into sinusoids associated with different frequencies,
and high frequency components usually associated with noise are discarded by
setting the high frequency coefficients to zero. An inverse Fourier transform is
then used to reconstruct the signal using only its low frequency components.
Taubin [89] extended the Fourier analysis to signals defined on polyhedral
surfaces of arbitrary topology based on the observation that the classical Fourier
transform of a signal can be described as the decomposition of the surface signal
defined by its vertices into a linear combination of the orthogonal eigenvector
space of the Laplacian matrix, L. The traditional cosine basis functions of the
ID Fourier transform are now defined by the eigenvectors of L which describe
the natural vibration modes of the surface, and its eigenvalues give the associated
natural frequencies. Thus for any given mesh, the eigen-decomposition of the
Laplacian matrix on the vertices of the mesh gives the representation of that
mesh in the spectral domain.
The resulting spectral coefficients correspond to a unique signature of this
mesh and can be used to reconstruct the mesh with varying levels of refinement. Kami and Gotsman [91] were the first to have implemented a spectral
mesh compression algorithm based on this scheme while Ohbuchi et al. [93] used
this method for 3D mesh watermarking to achieve robustness against similiarity
transformations, low pass filtering, random noise, mesh simplification and cropping. The reader is also referred to [92] for a thorough study on the optimality of
spectral compression of mesh data. This chapter will seek to employ this scheme
to obtain coarse approximations of colon surfaces in order to filter out the high
frequency noise and reduce FPs.
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Spectral Decom position of 3D Meshes
A 3D surface mesh is represented by a list of N vertices v = tq, u2, ...vn and
polygonal faces with connectivity information. The Laplacian matrix L is given
in [89] as L = I —W where / is the identity matrix and W — Wij is the adjacency
= 0 when j is not a neighbour of z, i.e. there is no

matrix of weights with

edge joining the two vertices Vi and Vj. When i is a neighbour of j, there are
many different ways that can be chosen to represent the weights in such a way
that it satisfies the constraint ^2jei* Wij — 1 where i* represents those vertices in
the neighbourhood of a vertex i\. For the sake of simplicity, we set Wij — l/|z*|
which is the inverse of the number of edge neighbours for V{. This yields the
symmetric Laplacian

H
L ij

—

-1/1*1

i and j are neighbours

( 6 . 1)

otherwise
We then use SVD decomposition to decompose L as
L = USUT

( 6 .2)

where S is a diagonal matrix containing the eigenvalues of L and U is the matrix
of eigenvectors forming an orthogonal basis. The mesh spectra is provided by
the projections of each vertex coordinate on the directions defined by the basis
function U and the corresponding spectral coefficients are calculated by
C = Uv

(6.3)

where C is a 3 x N matrix. The total spectral energy of each coefficient can
be calculated by taking the square of the x,y and z coefficients and summing
them. Figure 6.1 shows the total spectral energies of the 20 smallest coefficients
for the Stanford bunny, taken from [90]. It is noted that the first few coefficients
contribute to the largest portion of the total energy, or variation in the structure
of the bunny.
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Spectral Coefficients Energy

Figure 6.1: Total spectral energy of smallest 20 coefficients.
R e co n str u c tio n o f 3D M esh es w ith S p ectra l C o efficien ts

Depending on the level of detail we require, we can use a certain portion of these
coefficients and set the rest to 0 to reconstruct our surface using
^new

U

(6.4)

C ne w

Figure 6.2 shows the results of the reconstruction of the Stanford bunny with
coefficients corresponding to a certain percentage of total number of coefficients.
The amount of detail decreases as fewer coefficients are used in its reconstruction.
100%

50%

10%

5%

2%

1%

Figure 6.2: Coarse reconstruction of bunny with varying percentages of total
coefficients.

N oise R e d u c tio n on M esh es

A natural consequence of these results is that noisy meshes can be filtered by
setting the high frequency coeffients to 0 for coarse reconstruction of a smooth
surface. Figure 6.3 illustrates this property with an example on a noise corrupted
bunny.
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20 %

10 %
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5%

Figure 6.3: Coarse reconstruction of noisy bunny with varying percentages of
total coefficient energy.
C u r v a tu r e T e n so r E s tim a tio n

In order to have a continuous tensor field over a discrete surface, Alliez et al. [94]
build a piecewise linear curvature tensor field by estimating the curvature tensor
at each vertex and interpolating these values linearly across triangles, giving the
simple expression for the curvature tensor at a vertex v along the edges e as
(6.5)
edges e
where \B\ is the neighbourhood area around v over which the tensor is to be
estimated, /3(e) is the angle between the normals of triangles adjacent to edge e,
|e n B\ is the length of e and e is the unit vector aligned to e.
Once this tensor is calculated, the normal direction at each vertex is given
by the eigenvector corresponding to the eigenvalue of minimum magnitude while
the two remaining eigenvectors and eigenvalues give the minimum and maximum
principal curvature values kmin and kmax and directions respectively.
Based on these principal curvature values, the shape index SI can be computed
as described in Chapter 4. For polyp detection purposes, we once again look
for those vertices that have SI value > 0.9, corresponding to cap surfaces that
typically resemble polypoid shapes.
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C u r v a tu r e T e n so r F ie ld S m o o th in g

Intuitively, the larger the neighborhood used to estimate the curvature tensor,
the smoother the principal direction fields. A surface can be locally noisy but
seen to be smooth at a larger scale. As a result, varying the neighbourhood
size filters this curvature tensor as we take averages over larger and larger vertex
neighbourhoods. However if the scale is too large, we may lose too many local
properties due to excess averaging. The computational cost also tends to 0 ( n 2)
if the neighbourhood extends to the whole mesh.

6 .2 .3

M e th o d

The spectral compression method is employed on the Waiter-Reed database to
obtain a coarse scale approximation and noise reduction of our colon surfaces
with the aim of reducing the number of FPs. Figure 6.4 shows an example of this
on a polyp surface with varying levels of detail corresponding to the number of
coefficients used in the reconstruction. Mesh edges on open surfaces are not well
reconstructed using this algorithm but this does not pose a significant problem
for our application as extracted colon wall surfaces investigated will overlap to
ensure polyps are not missed.
100 %

20 %

5%

2%

1%

Figure 6.4: Reconstruction of polyp surface with varying percentages of total
coefficient energy.
Figure 6.5 shows that smoothing produces more coherent kmax fields and reduces the effect of noise on the surface. Figure 6.6 shows the effect of the neighbourhood ring size on polyp region detection with vertices corresponding to SI >
0.9. With a smaller ring size, a noisy surface results in dispersed polyp regions
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and produce many FPs or multiple detections on the same polyp.

(a) Before Smoothing

(b) After Smoothing

Figure 6.5: kmax fields before and after smoothing with a 5-ring neighbourhood
averaging filter on the curvature tensor.

0 ring

1 ring

2 ring

5 ring

10 ring

100 ring

Figure 6.6: Effect of neighbourhood averaging size on polyp region detection
(highlighted in yellow).
Figure 6.7 shows the effect of curvature tensor smoothing and spectral compression on a sample polyp surface. We found that our algorithm yielded the
best sensitivity-specificity trade-off using a 10-ring neighbourhood for tensor field
smoothing and coarse reconstruction with coefficients containing 10% of the total
spectral energy. It is apparent that when both tensor field smoothing and spectral compression are applied, the polyp patches are more homogenous and easily
detected with a threshold on the values.
Figure 6.8 shows the implementation of smoothing and spectral compression
on the detection of various polyp and non polyp types. It shows that the number of FPs usually caused by small bumpy structures are greatly reduced with
smoothing and spectral compression while preserving TPs.
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T-gUre 6.7.
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tal Curvature = |/Cmax| + |/cmin | and Shape Index values at each vertex indicated
by coloured regions - red representing large values, blue representing small values in the colourmap. Top row shows curvature computations before smoothing
and spectral compression, middle row with tensor field smoothing alone and the
bottom row with both smoothing and spectral compression.

6.2.4

R e su lts

Table 6.1 summarizes the results of our algorithm on 54 polyp datasets. The
majority of the small and flat polyps missed are <8mm as they are usually
disregarded as noise. This can be compared to existing algorithms which give
sensitivities of 60-100% [69] but our algorithm provides significant FP reduction
- 92% less than without smoothing and spectral compression and 55% less than
with just smoothing but without spectral compression. These final results can
then be fed into a trained classifier for further FP reduction.
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Polyp on Fold

Pedunculated Polyp

Flat Polyp

Sessile Polyp

Polyp and Fold

Small Non Polyp Protrusion

Figure 6.8: Polyp detection results before and after curvature tensor field smoothing and spectral compression.
S ize

T o ta l P o ly p s

D e te c te d

S e n s itiv ity

Bulbous >10mm

24

23

96%

Bulbous 5-10mm

15

11

73%

Flat >10mm

3

3

100%

Flat 5- 10mm

12

3

25%

Table 6.1: Sensitivity Results using Spectral Compression and Curvature Tensor
Field Smoothing.
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6.3

F P R e d u c tio n U sin g M u ltir e s o lu tio n A n a lysis

6.3.1

B a ck g ro u n d an d M o tiv a tio n

In this next technique, we will investigate the use of coarse approximations of
cclon surfaces in order to filter out the high frequency noise as well as the small
ccnvex shape variations to reduce FPs. This requires a shape representation
that encodes shape variations at different resolutions. In order to accurately
and efficiently extract shape features and detect polyps, a procedure based on
spherical wavelet decomposition [95] [96] is proposed.

6.3.2

R e la te d W ork

Spherical w avelet for sh ap e r ep resen ta tio n

Wavelets are basis functions which represent a given function as a coarse approximation and detail coefficients characterizing multiple level of detail approximation, called resolutions. The wavelet transform is suitable for sparse approximation of functions. In the Euclidean space, the classical form of wavelet analysis
decomposes functions onto a set of basis functions in which every wavelet is defined by translating and dilating a single function called the mother wavelet [97].
However, this shift-invariant transform is no longer valid for shapes. The second
generation of wavelet is employed to build spherical wavelets [95]. These wavelets
maintain the fundamental notion that a basis function can be written as a linear
combination of basis functions at a finer resolution level.
The coarsest level scaling function and all wavelet functions define a basis for
the function space L2(52,du;) of all square integrable functions defined on S 2
Wo,k\k G

> 0,m E M(j)}.

Using this basis, a given function / : S —> R can be expressed in the basis as a
linear combination of basis functions and coefficients
f (x) = ^ ^
k

^ ^ "y ^ /yj,m 'lP j , m { x ) .
0< j

m
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where the scaling coefficients Ao.a.- represent the low pass information of the shape
/ , whereas, the wavelet coefficients 7

represent localized information in the

shape.
As described in [96] and used in [98], spherical wavelet construction relies on
the recursive subdivision of an icosahedron, level 0. Denoting the set of all vertices
on the mesh before the j th subdivision as K(j ), a set of new vertices M( j ) can
be built by adding vertices at the midpoint of edges and connecting them with
geodesics. The complete set of vertices at level j + 1 is K( j + 1) = K( j ) |J M ( j )
and the number of vertices at level j is given by 10 x 4J + 2. Next, the scaling
functions

defined at level j and node k is derived using an interpolating

subdivision scheme such that a scaling function at level j is a linear combination of
the scaling functions at level j + 1. The wavelet ipjiTn at level j and node m £ M (j )
is constructed by the lifting scheme based on second generation wavelets [99]. The
interpolating scaling function is then defined as
Tj,k

^k—k'

Vfc, k £

which we will use in our proposed method.

6 .3 .3

M e th o d

Figure 6.9 illustrates the decomposition of shape of a polyp surface starting from
a finest level to the coarsest level. At each level, the surface shape is divided into a
low resolution surface part and a detail part (the wavelet coefficients). As shown
in the last coarse approximation, there are very few wavelet coefficients used,
each of which represents the overall shape of the polyp in the localized region
around a vertex of the icosahedron. At subsequent levels, the wavelet coefficients
provide descriptions of the spatial variations of the surface at increasingly finer
resolutions. The smaller a wavelet coefficient is, the smaller the surface shape
variation is at that specific location and resolution.
When this coarse approximation has been obtained, we once again look for
eliptic regions of the peak subtype corresponding to k2 > 0 as described in Chapter 4. The next section shows results 011 our colon datasets.
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Figure 6.9: Spherical wavelet decomposition of a polyp shape surface.

6 .3 .4

R e su lts

Tests were performed on the Walter Reed database. Figure 6.10 shows examples
of regions detected at fine and coarse resolutions. We can see that at a certain
coarse resolution, the polyp shape is better approximated globally and detected
by the algorithm.
Tables 6.2 and 6.3 show the sensitivity and specificity results obtained before
(Sensi, Sped) and after (Sens 2 , Spec2) coarse approximation of the polyp surface. Based on these results we have found that the new method employing the
coarse approximation method significantly reduces the amount of FPs thereby
raising its specificity. However, some flat and small polyps may still be missed
depending on the resolution employed sacrificing some sensitivity.

6.4

C hapter Sum m ary

This chapter sought to filter out small bumps in the structure of interest caused by
noise or other artefacts in the image - usually the cause of the majority of false
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Small Non Polyp Protrusion
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Large Non Polyp Protrusion

Figure 6.10: Polyp detection regions at fine and coarse resolutions.
positives detected. Two methods were proposed - the first involved a spectral
compression method based on the idea that high frequency noise in the spectral
domain usually corresponded to large detail or noise in the spatial domain and
it was easy to filter out these frequency spikes in order to smoothen out the
structure. Curvature tensor smoothing was also used and results showed good
performance, particularly for flat and bulbous polyps > 10mm.
The next method used a multiresolution analysis using wavelets in order to
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P olyp Size

Sens\

S ens2

B u lbous > 1 0 m m

100%

100%

B u lb o u s 5- 10m m

100%

76%

F la t > 1 0 m m

100%

85%

F la t 5-10m m

94%

13%

Table 6.2: Sensitivity Results Before, Sensi and After Coarse Approximation,
Sens2.
N on P o ly p Size

Spec\

Spec2

Lesion > 1 0 m m

61%

93%

Lesion 5 -10m m

21%

96%

Table 6.3: Specificity Results Before, Spec\ and After Coarse Approximation,
Spec2.
represent different levels of resolution/detail in the structure. It was found that
wavelet coefficients could be zeroed out to produce different approximations of the
structure, and could be in fact, a ‘smoothing' of the surface of interest. Sensitivity
results were high, but with slightly poorer specificity particularly for small lesions
5 —10mm which could be increased using a coarser level of detail for these lesions,
but we would then run the risk of an ‘oversmoothing ’ of the structure of interest,
thus lowering sensitivity results.
In summary, these methods were found to be more useful in pre-processing the
surface data for subsequent analysis with the techniques constructed in Chapter
5.

C h a p te r 7
F e a tu re R e d u c tio n for
C lassification
7.1

In trod u ction

In the last 2 chapters, we have looked at reducing the amount of false positives
generated by our detection algorithm by the construction of a more global signature representative of the structure and by removing small noisy bumps in the
surface. In this chapter, we will look instead at reducing the amount of FPs
by reducing the number of features used in the classification step employed by
many current algorithms, thus avoiding the ‘curse of dimensionality’ phenomenon
which may contribute to a degradation of a classifier’s performance.
We mentioned previously that polyp detection algorithms rely on curvature
based methods that look for spherical or bulbous irregularities and protrusions
from the colon wall [9] [36]. However, as many naturally occurring colonic structures occasionally imitate polyp shapes, the resulting polyp candidates usually
include many FPs. Classification is then performed to distinguish between polyps
and non polyps using various classifiers. For example, linear and quadratic classifiers are employed in [9], [100] and [101], support vector machines in [102] and
[103], neural network classifiers in [104] and [122] and recently, a novel logistic
linear classifier was developed in [106] for this purpose.
Classification is typically performed by first extracting a set of features (e.g.
121
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curvature, shape index, intensity) from each lesion followed by application of a
statistical classifier to the feature space for the discrimination of false positives
from actual polyps. Such CAD schemes tend to show high sensitivities in the
detection of polyps; however, they tend to suffer from a much larger number of
FPs than that of human readers [107]. The goal of an improved classifier would
be to retain the true polyps detected (i.e. maintaining sensitivity) while significantly reducing the FPs (i.e. increasing specificity). This is not a straightforward
task as it can be possible to extract more than 500 features from a polyp candidate, usually by a feature extraction algorithm that create new features based on
transformations or combinations of the original feature set. Although the original features provide a better physical interpretation of an object (e.g, Gaussian
curvature, shape index etc.) these transformed or combined features generated
may sometimes provide a better discriminative ability [109]. The classifier is
then trained using these samples for use on future test cases which would likely
be different from the trained ones. The ideal classifier is one that would provide
the greatest discrimination between the true and false positives in a given test
sample, or equivalently in statistical terms - the largest ‘between-class distance’
and ‘smallest within-class’ variance in the feature vector space.
A classifier’s performance depends on the interrelationship between sample
sizes of the training set, the number of features and classifier complexity. A poor
classifier usually results from one of the following factors.
• Number of features is too large relative to the training samples. Intuitively, if the number of training samples is arbitrarily large and therefore
representative of the underlying sample density, the probability of misclassification does not increase as the number of features increase. However, this
is often not the case in practice and it is observed that the added features
may actually degrade the performance of a classifier if the number of training
samples used to design a classifier is too small. As such, for a fixed sample
size, the number of unknown parameters to estimate increases as the number
of features increase and the task of learning a good decision boundary for classification will be difficult to achieve. This is termed the curse of dimensionality
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and will be further confounded by the presence of noise or outliers in the data.
To overcome this, it is a common practice to use at least, 10 times as many
training samples per class as the number of features.
• Number of unknown parameters associated with the classifier is large.
With the plethora of classification methods available based either on a similarity of patterns, probabilistic approaches or decision boundaries, one needs to
select one or a combination of classifiers which will best discriminate the training and test data [109]. An overuse in the number of parameters employed by
these classifiers could also result in a higher probability of misclassification.
• Overtrained classifier. Optimizing a classifier’s performance solely on the
trained dataset can lead to overtraining, similar to overfitting of curves in a
regression when there are too many parameters. This results in a complex,
false model which would lead to arbitrary fitting of test samples, and destroys
the ability of a classifier to generalize beyond training data.
We will base our work on circumventing the first problem while choosing a
simple, effective classifier to work with. Since polyp detection algorithms usually produce a high number of FPs and very few TPs (typical ratios are 200:1),
this produces an unbalanced dataset which can lead to a classifier bias favouring
the majority class resulting in high misclassification rates of the important TPs.
However, when working with a small training dataset of equal numbers of TPs
and FPs, the high dimension of the feature vector space is a considerable obstacle
to the classification task due to the number of parameters included in the training process. On the other hand, a random reduction in the number of features
can lead to a loss in the discrimination ability of the system, thus lowering the
accuracy of the classifier.
This chapter aims to investigate mutual information methods in order to select
an optimum set of features that will maximize the performance of our classifier.
We choose here the SVM classifier widely used due to its good generalization characteristics; thus overcoming the problem of dimensionality and improving predic-
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tion performance, reducing computation and storage requirements and training
and utilization times.

7.2

F e a tu r e S e le c tio n

In a feature selection method, ranking of a criterion or score C(k) where k —
1,2, ...m of the discriminative ability of all m features needs to be performed.
A feature vector with features corresponding to the best values of C(k) is then
selected. Examples of score computation include the F-score [110], Pearson’s linear correlation coefficient, y 2 coefficient [111] and methods based on information
entropy [123] [113]. A high score will demonstrate a high dependency between
that feature and the classifier’s efficiency.
The first three methods treat features individually while the methods in [123]
and [113] takes into account the fact that some features may have high mutual
correlation with each other. This may be useful as Guyon and Elisseeff [114]
have shown that sometimes noise reduction and better class separation may be
obtained by adding variables that are presumably redundant and a feature that
is redundant by itself can by useful when taken with others. Of course we would
like to be able to form all possible vector combinations of n features out of the
original m available but this is computationally expensive. For example, to select
the 12 best features out of a subset of 24 would involve approximately 2.7 million
possible subsets!
For purposes of this thesis we will explain two feature selection methods based
on individual feature selection (the F-score [110]) and mutual information [123],
discuss the disadvantages of individual feature selection and propose 2 new mutual
information methods.

7.2.1

F -S co re

The F-score technique [110] is a simple method which measures the discriminative
ability of two datasets. Given a training feature vector Xk where k — 1.... m with
n+ and n_ positive and negative samples respectively, the F-score of the i-th
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feature is given by
( x f - x t)2 + (x~ - Xi)-

F(i) =

F « . - *.+)2 +
k=1

XA
fc=l

(7.1)
m

-

s i

):

where x*, x*+, x*- are the means of the zth feature of the whole, positive and negative samples respectively; and x^ • and x^f are the zth feature of the kth positive
and negative instances. In a polyp detection application this would correspond
to the number of polyps and non polyps. The numerator of Equation 7.1 actually
gives the discrimination between the positive and negative sets while the denominator indicates discrimination within each of the two sets. As such, the higher
the F-score, the more likely this feature is to be a good discriminator between
the two sets. We can select a subset from all these features by choosing those
features that have a F-score above a certain threshold, or selecting the largest k
features.
However, a major disadvantage of the F-score is that it does not reveal mutual information between features which may be helpful. This prompts us to
investigate a method that exploits the mutual information between the features.

7.2.2

M u tu a l In fo rm a tio n

Mutual information methods are able to evaluate the ‘information content' of
each individual feature with regard to the output class, and also with each other.
For example, the method proposed by [123] is used to measure arbitrary relations
between variables and does not depend on transformations (eg. scaling, translation) of the variables. It can also allow for nonlinear relations between different
variables which gives it an advantage over traditional linear methods of analysis
like the correlation.
The basic idea is thus to measure the amount by which the knowledge provided by a feature vector decreases the uncertainty about a class, by ‘consuming’
the information contained in the input vector. For example, if we consider the
uncertainty of combined events c and f where c is the class c occurring and /
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is the feature vector, the mutual information, MI of 7(C, F) between variables c
and / is given by
I{C, F) = H { C ) - H { C \ F )

(7.2)

whereby if P(c);c = 1....Nc gives the initial uncertainty in the output class, the
entropy H(C) is given by
Nc

H(C)

= - J 2 (7.3)
c= 1

and the conditional entropy measuring the uncertainty after knowing the feature
vector f with N f components is
M.

(7.4)

H(C\F)

This function I(C; F) is symmetric with respect to C and F, and can be
reduced to the following expression if we take P{c\f) = P(c, f ) / P ( f ) from the
definition of conditional probability:

7(C ;F)

= H(C)-H{C\F)
Nc

-£ p (c )lo g P (c ) +
c= 1
Nc

J

^

Nc

P(f)(£p(c\f)log(P(c\f)))df
c= 1
Nc

= - £ p ( C) log p W + y p ( / ) ( £ P( c- f ) ,
f p ( /)

c—l

-e p(c) p(c)+j a pi'c■f
Nc

~ Nc

log

C—l

')iog

17 7

C=1

P(c.f)
)
S *>(/)

P(c, / )
P( f )

and by using the law of total probability to expand the first term, we have
Nc

-

I{C\F) = - t j w

»

w

c n

Nc

fltnc.fi**

PE/)
p( f )

Nc

p (c, / )
[ E p(c’/ ) >°gP(f)P{c)

JI

C— l

7(C, F) can then be reduced to the following expression
I( C, F) =

P(c,

V lo g J N E
d{
P(c)P({)

(7.5)
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which is a function of the joint probability distribution of the two variables c and
f.
As such, given a set F of n features, we want to find a subset S C F with k
features that gives the most information about the class, i.e. minimizes H(c\S)
and maximizes the MI /(C, S). However, the computation of this becomes prohibitively expensive as the dimensionality of the feature vector f is large. In Battiti [123] the approximation using only / ( / , C) and / ( / , / ') is computed where /
and / ' are individual features. This means that given a set of selected features,
the algorithm needs to choose the next feature as the one that maximizes information about the class corrected by a subtraction of an amount proportional to
the average MI with the selected features, or as follows:
max /(C, / ) - ß
f
xes

s)

(7-6)

A New M utual Information Algorithm
If we suppose however that a new feature / does not add any new information,
then the conditional probabilities verify
P(c\s,f) = P(c\s)
In the absence of information from the feature / on the prediction of the
class c, the variable / has no influence on the conditional probability p(c\f).
Therefore to measure the ‘extra’ information that / provides, we need to measure
the deviation of P(c\s. /) from P(c|s). This can be done via the Kullback-Leibler
divergence [?] as shown in the following equation:

E
s ES

P{c,s,f)log

P(c\s,f)
P(c\s)

H(C\s) - H(C\ s, f )

max I(C, f ) - - V I ( C, /|s )
/
s ^—/

(7.7)
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To expand this, we take

H( C ) -

I(CJ)

E '° S
C,f

P( c, f )
P(c)P(f)
(7.8)

and

HC, f \ a)

H(C \s) -H {C \ f,s)

=

= -

E

E

p (cls ) lo§ p (cls ) +

c ,/,s

C,S

p (c !/*s ) los p (c\f- )

P(f, s)

C ,/,S

(7.9)
An alternative m ethod to incorporate this information would be to com pute

m/ax -s z '
x€S

f'

(7.10)

“ 7 ( / ’ s ))

where

/(s ,/,C )

J ( s , C |/ ) + J ( / ,C |s )
# ( « ! /) -

(s|C , / ) +

( /|C , a)

( /|s ) -

-e p ( f ) p w ) log

p w

c,s

-

Y p(s)p(f i5) lo§ p ( / I s) +
f, s

- E ^
c,s

E
f,s

)+ E p (c’/)p (sic-/) lo§ p (

C,f,S

p (c’ s)p ( / i c’ s) lo§ p ( / i c’ s)
C,f,S

/) l o g ( ^ ) + E p (c>/.*)
C,S,f

P(cJ)

P { f , s \ , V - n , /■ \ i , P ( c , / , s )
f(Ps)
. log(
P ( S) ■) + E p (c’ / ’s) los(' P (c ,s )
C ,/,5

(7.11)
Here, the term /( s , C |/ ) and / ( / , C |s) give us the information s and / provides
in term s of predicting C.
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These algorithms can be summarized below:
Input: Set F of n features
Output: Set S of k features
foreach feature f G F do
I Calculate I(C, /);
end
Find first feature / that maximizes /( C ,/);
set F <— F \ {/};
set S <- {/};
while |S| < k do
foreach / G F, s E S do
I C alculate/(C ,/|s);
end
Choose feature / as the one that maximizes
I ( C J )- J E

xe s U C , f \ s )(Method 1) or

J E ie s ( 7(s. /. C) - /( /, s)) (Method 2);
set F <— F \ {/};
set 5
end

5 U {/};

For our application, due to the fact that we are estimating the probability
density from a finite number of samples, we approximate this using a histogram
and count the number of cases falling into each histogram bin. For example,
if we have N examples in the training set, we hnd Pc = nc/ N , P f = U//7V,
Pcj = nc,f/N and Pcj = ncj iS/ N where n is the number of occurrences for that
particular interval.

7.3

S u p p ort V ector C lassification

Support vector machines (SVMs) [115] is a well-known tool for data classification
which allows for the efficient use of kernels and absence of local minima. The
basic idea is to map a set of data inputs into a high dimensional space and find a
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separating hyperplane with a maximal margin in order to discriminate between
a set of classes.
Given a training data set of feature vectors D — (® i, 2/ i ) , (x n,yn) where
Xi G 5Rd is the set of feature vectors and yi G { + 1 ,-1 } with +1 corresponding
to a polyp label and —1 to a non polyp for example, the training of an SVM
classifier aims to find the classes of hyperplanes w . x + b = O. w G

and b G 3ft

and the corresponding decision rule is given by
f ( x ) = s g n ( w . x + b)

(7-12)

If the training data are linearly separable, the optimal hyperplane which gives
the maximum margin of separation between the two classes can be obtained by
solving the following quadratic optimization problem
min - II w II2
w,b 2
subject to yi(w.Xi + b) > 1, for 1 < i < l.

(7.13)

Usually, this is optimized by means of Lagrangian primal and dual problems.
If we have the Lagrangian multiplier a* > 0, the Lagrangian primal is
mm - \\ w
w,b 2

E aii.Vi(w -x i + b) - 1)

(7.14)

This can then be transformed into the equivalent Lagrangian dual problem as:
max
subject to

^^
2=1

1 .

a i - 9' '

a iajyiy3x J" x j
i

E

(7-15)

3

a >y*= 0

(7.16)

This is a convex quadratic programming problem which has a number of
different ways to solve. As long as we can obtain the optimal cq*, b* can be easily
solved as shown in [116]. The decision function is now given by
i
f {x) = s g n ( Y u*yiXT x i + b*)
i

(7.17)
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By introducing non-linear kernel functions K ( x , y ), we can formulate non linear
classifiers and rewrite the dual problem as
max

^^

i=1

1 .

ai ~ 9

i

j

Oiiaj yiyj K ( x ix j)

(7.18)

and the decision function by
i

f (x) = sgn(Y2®iyiK(x ix j ) + b*)
(7.19)
i
There are a number of different kernels typically used, e.g. the polynomial,
radial basis function (RBF) and sigmoid kernels. The RBF is the most widely
used kernel and is defined as K(x,x') = exp (—7 || x — x' ||2, for 7 > 0.
In real world problems where there is non separability of data, slack variables
£i is introduced into the SVM framework. Equation 7.13 can then be written as
. 1
mm -

w.b,^t 2

+c£d

(7.20)

such that yi(w.X i-b) > 1—^,1 < i < /, where C and k are specified beforehand.
C is a regularization parameter that controls the tradeoff between maximizing
the margin and minimizing the error term. For purposes of our experiment, we
use the LibSVM toolbox [110] with an RBF kernel and 5-fold cross validation to
find the optimal settings of C and 7 used in the RBF kernel.

7.4

E x p e r im e n ta l R e s u lts

From the Waiter-Reed database, we selected 45 polyp and 45 non polyp samples
for training and testing purposes. 50 of these samples were randomly selected
for training, and the remainder for testing. Features such as the intensity of the
structure, shape index, curvedness value, mean and Gaussian curvature, elongation, lesion diameter; and its corresponding maximum minimum, mean, standard
deviations of the surface patches are used and ranked using the three MI methods
in Equations 7.6 (with ß = 0.5), 7.7.and 7.10 respectively and then put through
the SVM classifier. Once againg, since the MI is calculated by estimating the
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probability density from a finite number of samples, we need to assume that
these probability densities are approximated by histograms, i.e. by counting the
number of cases with values of the variables belonging to a set of intervals (e.g.
Pc = nc/ N , P f = rif/N,PC'f — ncj / N ) where N is the number of samples in
the training set and n is the number of occurrences for that given interval. The
number of intervals are chosen to be 10 as recommended by [123].
Figure 7.1 shows the MI diagram I(F,C) obtained for each feature in the
database while Figure 7.2 shows the MI function relating the MI between a
particular feature (feature #16 in this case) and all other features. Clearly it
correlates most with itself, with a sharp spike at / = 16.
As a measure of performance, Figure 7.3 shows the Area Under Curve (AUC)
of the Receiver Operating Characteristic (ROC), a widely used statistic for model
comparison, for the two methods discussed. Two things can be quickly noted.
Firstly, for a small number of training samples, the addition of features will
first increase the performance of the classifier, and then subsequently degrade
the system, depending on whether the addition of features used were efficient for
discriminating between the features. Secondly, the performance of SVM+Method
1 seems to be slightly better for a small number of features used, and on the
whole similar to Battiti's method without the need for the estimation of the ß
parameter. On the whole, the AUC measures are able to reach 0.78-0.88 for the
top ranked features using these methods. If no feature selection method was used,
the worst-case scenario could yield AUC results below 0.60, assuming weaker, less
discriminatory features were selected. The top features that gave excellent class
separability were features derived from the mean values of the shape index and
CT intensity values.

7.5

C hapter Sum m ary

This chapter has shown the benefits of feature selection in improving the performance of a classifier. Typically, a large number of features are extracted from
a candidate lesion resulting in a high dimension feature vector which may cause
the classification process to be complex and error prone. Three mutual infor-
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Mutual Information Diagram
03
.

0 25
.

-

-

Feature f
Figure 7.1: Mutual information diagram for the features extracted from the polyp
candidates.
Mutual Function (feature #16)

Feature f
Figure 7.2: Mutual information function which shows the MI between feature
#16 and the other features.
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Feature Selection using Mutual Information Methods

----- Battiti's Method
------Method 1
------Method 2

o

0.4

No. of features

Figure 7.3: Effect of the Number of Features on AUC.
mation methods were investigated and it was noted that for a small number of
training samples, the addition of features would first increase the performance of
the classifier, and then subsequently degrade the system, depending on whether
the addition of features used were efficient for the discrimination process. On the
whole, the AUC measures are able to reach 0.78-0.88 for the top ranked features
using these methods.

C h a p te r 8
D efo rm atio n -B ased S urface
M o rp h o m e try
8.1

In trod u ction

Recently, a novel technique was developed by van Wijk et al. [124] to detect
protrusions on the surface of the colonic wall. This idea was based on the fact
that as points on convex parts of the polyp (i.e. the polyp head) are iteratively
displaced or moved inwards, the object will be effectively ‘flattened’ such that
the complete protrusion is removed. These protrusions are defined as regions on
the surface where the first and second principal curvatures are larger than zero,
similar to our theory concepts discussed previously in Chapter 4. As such, only
those structures that have positive principal curvatures in both directions will be
deformed, leaving folds which only have one principal curvature larger than zero,
and the other around zero. Once this deformation is performed, we can threshold
the deformation field to locate those areas with significant bulbous, polyp-like
protrusions.
We will investigate this technique in this chapter, and also propose to analyse
the morphometry of the evolving changes in order to inspect its surface and
volume based morphological changes, or variations in form and shape of the
lesion. This will then be used to characterize surface changes and detect polyps.
For this, we will look at its corresponding displacement vector fields, assumed
135
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to be realizations of a vector of Gaussian random fields defined in either 3D
Euclidean space or 2D Riemannian manifolds.
In addition, this method could also be used to localize lesion shape and size
changes over a time-frame, tracking the polyp growth over time and highlighting
any abnormalities.

8.2
8.2 .1

M eth o d
S urface E v o lu tio n

Our colonic wall is once again extracted as a triangulated surface mesh. Once
this is performed, a method based on [58] is used to smoothen out rough, highfrequency, noise from the triangulated data based on the following equation:

where L ( X l) is the discrete, 1-ring estimate of the Laplacian at vertex i and X
are the positions of the mesh points, Afi is the number of vertices in the 1-ring
neighbourhood of vertex Xi and A is the diffusion coefficient. The solution at
time t can be found using a backward Euler method, translating the problem
into a more cost efficient, matrix-vector equation
(I - XdtL) = X t+l = X {

(8.3)

where M = (I — \dt~L) is a sparse matrix with structure given by the mesh
connectivity relationships, X is the vector of mesh points and I is the identity
matrix. This is the standard diffusion equation given in [58] and can result in
global mesh shrinking over prolonged periods of time t.
Wijk et al. [124] instead apply the diffusion equation only on those vertices
satisfying the criterion for cap-like points, i.e. k2 > 0, which also implies that the
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first principal curvature is positive. The majority of the other points are fixed
and hence global shrinking is not an issue here. The steady-state solution of the
diffusion equation is thus given as
- g f = AL(X.) = 0

(8.4)

and from Equation 8.2, we have
(T
\

E
jElring

* d - V = MX = °
/

(8.5)

Similar to the backward Euler formulation, the matrix M is also sparse and
can be solved efficiently using the bi-conjugate gradient method. This solution
in effect minimizes the membrane energy subject to the imposed boundary conditions. However, because the objective is to minimize the second principal curvature k2: the equation is extended by introducing a ‘force’ term, resulting in a
Poisson equation:
L( X) = F(k2)

(8.6)

This simply means that the new positions of the mesh points are found by
moving each vertex to a position described by the Laplacian operator. At the
same time, the force term on the right hand side ‘pushes back' this point such
that the resulting net effect is k2 = 0. As such the ‘force-field' F initially balances
the Laplacian displacement and is updated after iteratively solving the following
equation:
F t+1 = F ( -

2 2tt

(8.7)

v

'

where F t=0 = L(X), Airing is the surface area of the 1-ring neighbourhood and n
is the vertex normal. This second term acts as a corrective term - e.g. if A:2 > 0,
||F|| is relaxed and vice-versa, In addition, if the sampling is dense, the Airing
term and the corrective term is small.
This displacement of mesh points results in a deformed mesh which is an
estimate of how the colonic wall would look like in the absence of protrusions. In
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Displacement
fields

Original
protrusion

Final deformed surface

Figure 8.1: Displacement fields on a protrusion.
[124], candidate polyps are detected by applying a threshold on the displacement
field, which is a quantitative measure of the amount of displacement at each mesh
point, measured in rams. Figure 8.1 illustrates this concept.
Application of this concept on polyp candidates extracted from the colonic
wall and measurement of its resultant displacement field yields the results shown
in Figure 8.2. It is apparent that bulbous polyp structures undergo a larger
surface displacement compared to non polyp structures and a simple threshold
can be used to differentiate between them.
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Figure 8.2: Evolution of polyp (a),(c),(e) and non polyp surfaces (g), (i) with
positive k2 values marked in yellow (evolution is from left to right in each row),
and its corresponding displacement fields - red showing the largest displacements.
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8 .2 .2

Surface m o rp h o m etry

We propose to extend this concept to investigate its surface morphometry, or how
the surface metrics change over time in order to characterize polypoid lesions
and distinguish them from non polyps. We use deformation-based morphometry
[125], where the displacement field U transforming points x to homologous points
x + U(x) in elastic deformation theory is analysed. These displacement vector
fields are assumed to be realizations of a vector of Gaussian random fields defined in either 3D Euclidean space or 2D Riemannian manifolds. Furthermore,
in deformation-based volumetry , the Jacobian of the deformation field used to
register one surface to another can also be used to detect volumetric changes. As
such, by introducing the concept of local volume dilation which is the first order
approximation of the Jacobian change, the local volume change at each voxel can
be computed and used to measure lesion growth. So far, this technique has only
been used to analyse brain changes [126] [127]; we will now extend this for use in
polyp characterization.
D efo rm a tio n M od el

Let U(x,t) = {U\, C/2, U3) be the 3D displacement vector field required to transform the structure x = (aq, :r2, £3) to x' — (x[, x'2, x'3) at iteration t. Thus the
structure deforms from x to x' — x + U(x, t) with respect to a fixed reference
coordinate. With this, Chung [53] proposes the following stochastic model:
= L(U) + Y,*{x)e{x)

(8.8)

where L is a partial differential operator involving the spatial components and
E(x) is the 3x3 symmetric positive-definite covariance matrix which allows for
correlations between components of the deformations and depends on the spatial
coordinates x. The components of the error vector e are independent and identically distributed as smooth stationary Gaussian random fields with zero mean
and unit standard deviation. The error structure E^(x)e(x) is detailed in [128].
Assuming the deformation occurs continuously and smoothly over the iterations £, L(U) can be approximated with only a first order term /i0(z), which is
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constant over tim e and Equation 8.8 becomes

5U

= po(x) + E^(x)e(x)

(8.9)

The normal component of the displacement velocity V — SU/5t uniquely
determines the evolution of the cortical surface. Assuming the surface 5Dt to be
smooth enough, it can be locally expressed in an implicit form
( 8. 10)

F(x, t) = 0, x E 6Qt

Taking its tim e derivative [53], we can express the kinematic equation for the
surface deformation as
f +
where V F =

(rV F ) = 0

(8.11)

j ~ Y is the gradient vector and (,) is the inner product.

The unit normal vector to the surface is given by

n

VF

( 8 . 12)

M

and the kinematic equation is given by
FF

Hi

-llvilK

(8.13)

where Vn = (V, n) is the normal component of the surface displacement velocity.
These concepts will be used to model surface curvature change later on.
Surface P a ra m eteriza tio n
In order to model our orientable triangulated surface mesh 8Vt as a smooth twicedifferentiable manifold embedded in R 3, we need a param eterization of the surface
SD :

X(u) = {x\(u), X2 (u), xs(u) : u = (ul ,u 2) E D}

(8-14)

where all the partial derivatives of X up to the second order are continuous
in a planar domain D.

This smooth map X : D —> 60. is a param eterized

surface of 60 if the partial derivative vectors Xi(u) = ( |j f .

)* and X 2(u) =
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form a basis for the tangent plane Tp(öD) at any p = X(u) £

( |^ ,

i.e. Xi(u) x X 2(u) y 0 for any u E D.
To do this, we perform a local parameterization based on polynomial regression [52]. In this method we need to fit the given points p0: ■■■■Pm on the surface
to a polynomial function of the form

f{x,y) =

i+j<p

^ x%y3

(8-15)

by the least squares method. Then for each point pi — (xl, y \ zl), P = (p+1kp+2)
unknown coefficients ß ^ s are chosen to minimize the residual
m

^ [ ^ - / ( x '. j / * ) ] 2

(8.16)

1=0

We use polynomial regression for a local surface parameterization, as its application for global parameterization usually results in surface shrinking. However,
because it is not necessary to find a global solution of the surface SQ in estimating the Laplace-Beltrami operator or curvatures, we can obtain a local surface
parameterization in the 1-ring neighbourhood of the surface p via the projection
of the local surface onto the tangent plane Tp(öD). To do this, we let Q be an
orthogonal matrix which rotates the normal vector n to align with the x 3 axis,
i.e. Qn = (0,0. l)b We could take Q as

(
Q=

n3
0

V V ni+ ri22

0 ~ V nl
1
o
0

+ n2 ^

n3

(

ni

y/ni+n*

n2

y/n%+n%

)

o

Ä

. "i

°)
0

V n l+ n 2

o

1

assuming ni, n2 y 0, otherwise we take Q = I3 where I3 is the 3x3 identity matrix.
Next we transform all points X\,...,x m in the in the 1-ring neighbourhood of p
by y — (?/i, 2/2 ?2/3)^ — Q(x —p) which translates this local surface region to the
origin and then rotates it by Q, to align the normal n with the x3 axis. Then with
respect to the new coordinates y = (2 /1 , y2, y$), we can rewrite the local surface
as y3 — z(yi,y2) for some function z assuming local smoothness of the surface.
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Hence by identifying ( 2 /1 , 1/2) a s our parameter space, we now have the following
local parameterization in the neighbourhood of p:
X ( u \ u 2) = p + Qt(u1,u 2, z ( u \ u 2)Y
and the basis

(8-17)

X 2 on the tangent plane is given by X\ = Q*(1,0,J^- |(o.o))f

and X2 = Q*(1,0,

|(0,o))*-

In the neighbourhood of (0, 0), we have the Taylor approximation of the function 2 , where
z(ul ,u2) = f t u 1 + ß2u2 + f t f t 1)2 + ß4u [u2 + f t (u2)2 + ...

(8.18)

noting that there is no constant term since we are forcing the function

2

to

pass through the origin. To estimate the coefficients ßi we use the least-squares
estimation method. For m neighbouring points pi, ...,pm, let iq = (ft, f t, ft)* —
Q(Pi — p). Then the unknown coefficients ßi are chosen to be the least squares
estimates of the system of linear equations Y = X/3 where ß = ( f t , ..., ft)*,
Y = (ft, ...,ftj* and the m x 5 matrix X is given by

ft

2

ft

f ti f t2

(uir

f t1f t2

( u i )2 \

•

=

K )2

"s t

1

X

ft

to to
to

^ u\

V, um

um ( O 2 y^}m yußm

(<

4)2 /

The least squares solution for ß is given by ß — ( f t , ..., ft)* = (X*X) X*y where
denotes a generalized inverse obtained through the singular value decomposition
[130],
R ie m a n n ia n m e tr ic te n s o r s

Since X \ and X 2 form a basis for the tangent plane TP(6Q), any vector ft; G TP(6Q)
can be written as a linear combination of these basis vectors: ftI — dulX \ -\-du2 X 2
for the constants dul and du2 . Then the length of the vector ft; in the Cartesian
coordinate is given as

= (df, ft;) = gndu]du] + g\2 duldu2 + g2 \du 2 dul + g22 du2du2

(8.19)
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where the coefficients gi3 — ( X i , X 3) are called the Riemannian metric tensors
used to measure the amount of deviation from the Cartesian coordinate system
and is also termed the first fundamental form which enables us to compute intrinsic properties of the surface such as lengths, angles and areas.
G au ssian and M ean cu rvatu res

The unit outward normal vector n to the surface can be given by
Xi x X 2
n — —-— ....
\/det g

(

8 . 20)

where y/detg = gu 922 ~ 9 12 independent of the parameterizations X . Thus the
vectors (X i,X 2,n) form an orthogonal basis in the 3D Euclidean space.
The second fundamental form is given by
—(d£, dn) — lndu]du] + l\2duldu2 + l2\du2dul + l22du2du2

(8-21)

where lij = (Xij,n) and

If g = gij and l = l

SXj
S2x,
82x 2 S2x 3 t
tJ 5 U:!
ÖlCÖ'uJ 1Su'SuJ Su'&vß '
then the principal curvatures k\ and k2 are defined as the

eigenvalues of g~]l and the mean curvature H and Gaussian curvature K can be
given in terms of the principal curvatures as H — (k\ + k2) / 2 = tr(g~ll )/ 2 and
K = k\k2 = det / / det^.
Following on from our previous surface parameterization defined in Equation 8.18, we have X Y = (1,0, ßi), X 2 = (1,0,/32), X u = (1,0,2/33) , X n =
(1,0, /?4), X22 = (l,0,2/?5) at the origin. Then the normal vector n following
Equation 8.20 is given by

_

(—ßh —ß2, 1)
(1 + ß\ + fil ) 1^2

(8.23)

and the coefficients of the fundamental forms at the origin are given by

9ij — ( Xi , Xj )

1 + ß\

ß\ß2

ßlß2

1 + ß2
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and

Thus the mean and Gaussian curvatures are given by
H =

2/83(1 + /?!) + 2/85(1 + ß \) —2/81/82/84
(i + ß i + ß I ) 3/2
4 / 8 3 /8 5 — /? 4

(1 Tßl

+ ßlY'2

(8.24)

(8.25)

and this makes it simple for geometric quantities such as local surface area, length
and curvatures to be computed when the local quadratic surface patch is used.
We will now use tensor geometry to compute surface area, curvature, dilatation
and its rate of change over time.
M e tr ic T e n s o r C h a n g e

Suppose that our surface 6Dt at time t is parameterized by u = (it1, u2) such that
any point x G 5Qt can be written as x = X(u,t). If Xi = 5X/5ul is a partial
derivative vector and

is the Riemannian metric tensor measuring the amount

of deviation of the surface from a flat Euclidean plane given by gtJ = (Xi,Xj),
the rate of metric tensor change can be given as
f ss 2(VX)‘(W )V X
ot

(8.26)

where V — 8U/St and X X = (X i,X 2)|f=:o is a 3 x 2 gradient matrix evaluated
at t = 0. We will use the functions of g and 8g/8t to measure surface area and
curvature change.
L o c a l S u rfa c e A re a C h a n g e

The infinitesimal surface area element given in [131] is defined as

Vd e t g

=

(311522 -

3 ? 2 ) 1/2

(8.27)
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which measures the transformed area of the unit square in the parameter space D
via the transformation X(u,t) '■D

— >

6Qt and is a generalization of the Jacobian

used in measuring local volume in [127]. The local surface area dilatation rate
Aarea which is the rate of local surface area change per unit surface area is then
given by
A a re «

= flny/tetg =
St2det

}

^

g) = \tr(g~' S-f )

g

2St

(8.28)
St

and from Equation 8.26 the rate of local surface area change becomes

A a re « ~

t r [ j T 1 ('V

X ) '( ^

VU) VX]

(8 .2 9 )

Since the partial derivatives of Gaussian random fields are again Gaussian under
the assumption of the stochastic model derived in Equation 8.9, the area dilatation rate is also distributed as Gaussian and invariant under parameterization.
We can also determine the total surface area 6Qt as
||Jfh|| =
where D = X -1(<5f^), and

f

J D

a/

det g du

(8.30)

can be estimated using the sum of the areas

of the triangles in the surface mesh. Then we can define the total surface area
dilatation rate as
Atotalarea

5_

In ||Ja|||t= o

(8.31)

T h ic k n e s s C h a n g e

We now look at the concept of thickness dilatation which measures the protrusion
height change per unit height and unit time. To do this, the Euclidean distance
d(x) = ||x —y\ \ from a point x on the surface

to the corresponding point y on

the surface 6Dt is measured. The thickness dilatation rate can then be calculated
as
Athickness

fw)

(8.32)
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V o lu m e C h a n g e

Similar to the total surface area dilatation rate, we define the total volume dilatation rate. The surface SQ0 deforms to SQt after t iterations with varying surface
thickness changes d(x). Then the total volume change is given by
||fif|| « f

J 6 fl° ut

d(x) dx

(8.33)

and the total volume dilatation rate is given as
S

A totalvolum e

"77

1

^ ||^ f|||t= 0 ~ 7777

17

l l ^ol l

/

/'

Jn o

^-volum e ^ X

(8.34)

where AvoiUm e = tr( VV) is the local volume dilatation rate distributed as a mean
zero Gaussian random field.
For triangular meshes, we can approximate this by summing triangular prisms
formed by points x E

6Qo

to points y E

6Dt.

To do this, let Pi ,P 2 ,P 3 be three

vertices of a triangle on the surface 6Q0 and qi,q2, q3 be the corresponding three
vertices on the surface 6Dt. The triangular prisms thus consist of three tetrahedra with the vertices {pi. P2-p.3, <7i }, {P2-P.3-qi, <72} and {p3, q\ , (?2-q3}- Then the
volume of the triangular prism is given by the sum of the determinants
D(PuP2,P3,qi) + D(p2,p3,q1,q2) + D(p3,ql ,q2,q3)

(8.35)

where D(a15, c, d) = | det(a — d,b — d,c — d)|/6 is the volume of a tetrahedron
with vertices a, 6, c, d. The total volume \\Dt \\ can then be estimated by summing
the volumes of all these prisms.
C u r v a tu r e C h a n g e

Naturally when the surface

deforms to 5Dt: the curvatures of the surface

change as well. By measuring these curvature changes, we can detect rapidly
folding and unfolding regions. From [132], the local bending energy of an ideal
thin plate is given as
kj + k\
2

(8.36)
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which measures the amount of curvature at a given point. The larger this quantity, the more a surface curves and is zero when the surface is flat.
The local curvature dilatation rate can be given as

Ac u rv a tu r e

ß
TT

Ot

IR R

(8.37)

and the total bending energy of a surface is given as the integral over the surface
5Dt of the local bending energy

K(x) dx
6Qt

8.3

(8.38)

E x p erim en tal R esu lts

We will now look at applications of surface morphometric analysis on a polyp
surface. Once the surface has been deformed as described in Section 8.2.1, we
proceed to analyse the resultant deformation field in order to compute surface
and volume morphological changes. An example of this is shown in Figure 8.3.

Figure 8.3: Displacement field of polyp after 100 iterations, (a) Polyp surface
before displacement,
vector field.

(b) Polyp surface after displacement,

(c) Displacement
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(a)
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(b)

Figure 8.4: (a) Mean and (b) Gaussian curvature difference fields.
We can also compute the mean and Gaussian curvature difference fields by
the use of the tensor geometric properties defined in the previous section in Equations 8.24 and 8.25. This can be used to analyse the total deformation through
each iteration or track future growth in the lesions. These changes for the same
polyp example are recorded in Table 8.1.

8.4

C h a p te r S u m m a ry

In this chapter, we investigated a deformation-based method for protrusion detection and extended its use by analysing the resultant deformation held using
surface based morphometry. This was used to compute measures that characterized morphological changes in the surface and the volume of the protrusion which
can be useful for localizing changes in the surface over time and for tracking future
polyp lesion growth.
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Lesion

D

M

&surf acearea ^volumetric

3curvature

214.8

1904.4

0°
t—1
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132.2

1652.9

15.3

97.5

989.6

9.9

119.8

1607.2

8.5

108.7

998.1

2.2

Table 8.1: Morphological changes of polyps.

C h a p te r 9
C A D S oftw are
9.1

In trod u ction

This chapter will detail the software included in the DVD used on our colon
datasets received from the Canberra Imaging Group with sample usages and
outputs. All codes were written in C ++ with the aid of the ITK and VTK
libraries [6] [7] and its full usage is described in the Readme.txt file. We will
proceed to explain each step in the 4 stages described in Section 1.1.

9.2

C olon S egm en tatio n

The first step we need to perform is to obtain thresholded images as demonstrated
in Section 2.3. To do this, we use the program DicomImageThreshold.exe in the
DVD. The free dicom2.exe converter available from [137] was then used to convert these DICOM slices to RAW files for use with VTK. We have also written a
simple viewer to view our thresholded RAW slices using view slices.ex e. Figure 9.1 shows example output of these thresholded slices.
When this is done, the user needs to select a seed point to perform connected
region growing. A slice is randomly selected by the user - typically a slice in
the middle of the volume would be less prone to error due to the fact that the
colon lumen is generally well extended in this region. This can be done using
pickseed.exe which would bring up an interactive interface allowing the user to
151

CHAPTER 9. CAD SOFTWARE

152

(a) #1

(b) #10

(c) #20

(d) #30

(e) #40

(f) #50

(g) #60

(h) #70

(i) #80

(j) #90

(k) #100

(1) #110

(m) #120

(n) #130

(o) #140

(p) #150

(q) #160

(r) #170

(s) #180

(t) #190

(u) #200

(v) #210

(w) #220

(x) #230

Figure 9.1: Thresholded slices in a 231-slice colon volume.
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(a)
|c C p ' WINDOWS\sy$tem32 crod.exe - pick teed 100
I r i g i n a l P r o n e > p i c k s e e d 100
‘ is a t desired point fo r p oint c o o rd in ates

(b)
Figure 9.2: Picking a seed point.

pick a point and display the resulting seed coordinate on the window as shown
in Figure 9.2(a) and (b).
Finally, we can generate the surface using g e n su r fa c e.e x e. The output of
this is given by o u tp u t. vtk and is a mesh representation of our surface given by
the inarching cubes algorithm [14]. Sample outputs are shown in Figure 9.3 for
both supine and prone colon datasets.
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(a)

(b)

Figure 9.3: Segmentation of supine and prone colon datasets.

9.3

C e n tre lin e E x tr a c tio n a n d F ly T h r o u g h

Our modified algorithm described in Chapter 3 is used to perform centreline
extraction and a flythrough of the colonic lumen. The start, point of f the centreline is automatically selected to be the centroid of the thresholded region in
the first slice of the colon, usually corresponding to the rectal area. We also need
to specify the end points to generate a centreline, pickendpoint.exe does this
when we input in mesh generated by gensurface.exe described in the previous
section.Figure 9.4(a) shows a sample usage of this tool.
Once this is performed, we can extract the centreline using c e n tre lin e .e x e .
The output of is this is given by c e n tr e lin e . vtk and can be used for flythrough
purposes. Figure 9.5 shows examples of this step.
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Figure 9.4: Picking of end points for centreline extraction.

9.4

P o ly p D e te c tio n a n d F P R e d u c tio n

Next, curvature.exe is run and the curvature characteristics and filter (we use
here the PDF based method described in Section 5.2) of false positives is applied.
A snapshot of the screen output is shown in Figure 9.6 giving a list of the locations
of suspicious lesions. Along with this, the geodesic curvature map and global
curvature estimation methods were used. This was particularly helpful as it was
found that folds generally had a very large ratio of first to second eigenvalues,
while polyps which are more spherical in nature have almost equal first and second
eigenvalues.
The detected regions are highlighted in red on both supine and prone segmented colons as shown in Figure 9.7. Flythroughs can be performed using the
centreline extracted earlier in order to view the entire colonic lumen. The executable fly to p o in t.e x e can also be used to fly only to a specified location in
the colon, as opposed to viewing the entire colon wall. Figure 9.8 shows sample
output for a zoom to a specified location with fly in .e x e
The final detected polyps can also be identified on the 2D slices using the
locations given from the output of c u rv a tu re . exe. Figure 9.9 is a sample output
from the supine colon.
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Figure 9.5: Centrelines extracted from supine and prone colon datasets.

9.5

A C A D Interface

In the previous section, we described the individual executables used in each stage.
However, for easy user interaction and training we combined these executables
into a simple CAD interface.
The first snapshot presented in Figure 9.10 shows an application whereby
the user can manually view the 2D and 3D representations of the colon at the
same time using the scrollbars provided. This can aid radiologists who might

Figure 9.6: Calculation of Eigenvectors and Location of Polyps.
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(a)
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(b)

Figure 9.7: Polyp Detections.

be better trained at looking at the axial, saggital and coronal views as a further
confirmation of suspicious regions.
The next screen capture Figure 9.11 shows an application of an endoluminal
flythrough. The user can either navigate along the centreline manually, or fly
through a pre-computed centreline path. Again, the 2D axial, saggital and coronal
views are displayed.
The final screen capture Figure 9.12 shows the same colon with detected
polyps highlighted in red. This will flag the radiologist’s attention to look at
these suspicious patches which they might have missed previously. As mentioned
earlier, current CAD systems are only used as a secondary screening tool but
there is promising potential for a fully-automated system requiring little or no
radiologist intervention in the future.
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(b)

(a)

(c)

(e)

(d)

(g)

(f)

(h)

Figure 9.8: Polyp Detections on 2D slices. Figures (a)-(f) show true polyp detections while (g) and (h) are false positives.
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(a)

(b)

(c)

(d)

(e)

(0

(g)

(h)

Figure 9.9: Polyp Detections on 2D slices.
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-inixi

Use the sliders to scroll through the corresponding slices To toggle the XA7Z planes On/Off. use the keyboard keys 'X'.Y and Z
______________________________i r a __________________________________________________________________________________________________________________

Toggle Colon On |

— Sice Y

Toggle Colon Off I |

~~i~i
Sice 2

___ 5!___11------------------------------------------------------- x i----------------------------Figure 9.10: Scrolling through of 2D Colon Slices with 3D Reconstruction

9.6

C hapter Sum m ary

This chapter has briefly detailed the software included in the DVD used to produce the results obtained in this thesis. A proposed CAD system was also introduced, using a combination of the executables described.
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-Jn i xJ

G o Forw ard

|

Go B ackw ard

Look Left
Look Right

Lookup
Lo o m Down

-

Speed
View

Look O utside
Look Inside
»ate a»al coronal and saogitaJ >

Togale Cer<er1ine On
Toggle C enterline Oft
Fly Through!

Figure 9.11: Flythrough of Segmented Colon.

Figure 9.12: Flythrough of Colon with Detected Candidate Regions.
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C h a p te r 10
C onclusion a n d F u rth e r W ork
“This is not the end. It is not even the beginning of the end.
But it is, perhaps, the end of the beginning...”
W. Churchill

10.1

Sum m ary

The main goal of this research was to develop a robust and reliable CAD system for the detection of colon polyps. In the first chapter, we introduced the
motivation and objectives for this thesis - to detect cancer polyps in the early
stage before they become malignant in a non-invasive manner comfortable for the
patient. We also looked at a broad overview of the system proposed.
In Chapter 2, we looked at colon segmentation and reconstruction methods
and show results obtained for different colon datasets. We also demonstrated how
a threshold was selected in order to separate the colon lumen from its surrounding
structures and the use of a seed point to extract out the entire connected lumen.
Chapter 3 surveyed a few existing colon centreline algorithms and detailed the
algorithm developed by Nappi [33]. We proposed an extension of this algorithm
and demonstrated how this produced a more centred and smooth centreline for
better navigational purposes through the colon.
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Chapter 4 detailed existing methods of polyp candidate detection and the
theory behind its success. Different shape features or geometric characteristics
derived from curvature measures were then chosen to be used on our datasets.
Those candidate lesions corresponding to polypoid shapes detected were then
channelled into the next stage for FP reduction and classification purposes.
Chapters 5, 6 and 7 discussed eight different FP reduction and classification
techniques aimed at improving the specificity of the system without sacrificing
sensitivity. In particular, Chapter 5 sought to model a more global representation
of a structure due to the fact that shape measures based on curvature are a local
property. The methods proposed were a) Using PDFs as global signatures for
the candidate lesions, b) Using accumulated curvature maps based on geodesic
rings to investigate the larger neighbourhood around a candidate vertex, c) Using
variance of surface normals and global curvature estimation to investigate the
geometry and topological behaviour of a geodesic neighbourhood patch, d) Using
OPA to align the candidate lesions, and e) Construction of a mean shape model
to measure deviations of candidate lesions from the mean. Of the three, we saw
that the methods of PDFs outperformed the other two and also of other existing
algorithms and may be a viable alternative for future CAD systems.
Chapter 6 instead looked at removing small noisy bumps that contributed to
false detections due to the fact that curvature is a second order differential quantity affected significantly by noise. The methods proposed here were f) Spectral
compression and curvature tensor smoothing to reduce noisy bumps and irregularities in the surface, and g) Multiresolution analysis using spherical wavelets
to represent a lesion at a lower resolution, less noisy surface. These methods,
combined with the method of PDFs demonstrated potential for improved system
performance.
Chapter 7 investigated methods for removing a subset of features to cope
with a problem known as the ‘curse of dimensionality’ whereby a classifier’s performance degrades with the increase of features used to detect a lesion. It looked
into 2 new mutual information methods for an efficient subset selection of shape
features used to classify a lesion. These methods did not require the estimation
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of a hyperparameter and demonstrated excellent performance, particularly when
using a smaller subset of features.
Of the eight techniques discussed, the methods employing the use of geodesic
neighbourhoods outperformed the others and also of other existing algorithms and
may be a viable alternative for future CAD systems. It was also noted that the
methods proposed perform differently on the various lesion types. For example,
the method of OPA is better used for detecting flat polyps whilst the method of
geodesic maps are very efficient for identifying bulbous polyps. For this reason, it
could be preferable to combine a few detection methods depending on the lesion
of interest to be detected.
Chapter 8 extended a deformation-based method for protrusion detection by
investigating the resultant deformation field, and then using this to compute surface and volume based morphological changes. This method is useful for localizing
changes in the deformations over time and can also be used for tracking future
polyp lesion growth.
Chapter 9 presented a rough framework of the CAD system proposed, sample
outputs of the system and a guide to the executables provided in the DVD.

10.2

A ch ievem en ts

The main achievements of this thesis are as follows:
1. Extension of a pre-existing centreline algorithm by Nappi [33] that is smoother
and more centred.
2. Probability density functions (PDFs) of geometric shape characteristics approximated by histograms of these characteristics at each point of the lesion
surface to give a global signature of the lesion. A database of polyp and non
polyp PDFs are computed and stored and a new candidate lesion’s PDF is
compared to these two database using a distance measure to determine if
it is more likely a polyp or non polyp lesion.
3. Curvature maps to inspect the larger local neighbourhood around a candidate vertex. Gaussian and mean curvature values are accumulated to
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produce a shape signature around each patch. These values are typically
higher for bulbous polyps compared to folds and flat lesions.
4. Curvature estimation of candidate surface patch and variance of surface normals. These additional features take into account all vertices in a candidate
patch and investigate the dispersion of surface normals and its global principal curvatures and orientations. Bulbous polyps typically have a larger
surface normal dispersion and similar valued minimum and maximum principal curvature values.
5. Polyp shape discrimination using Ordinary Procrustes Analysis (OPA).
Polyp candidates which are represented by landmarks on the surface are
translated, rotated and scaled so that they can be more coherently compared with one another, or with an existing database of polyps to measure
deviations from a typical polyp shape.
6. Construction of a mean shape model for polyp detection. New candidate
lesions will be compared to this mean shape and deviations from the mean
will be computed.
7. Spectral compression and curvature tensor smoothing of mesh geometry
to smooth out small irregularities and bumps on the surface that usually
contribute to high FP rates.
8. Multiresolution analysis using spherical wavelets. This has a similar goal
as spectral compression as high frequency noise is usually smoothed out
at lower resolutions, giving a better approximation of the overall global
geometry.
9. Feature selection using mutual information. The use of too many features
for classification purposes can be problematic and this looked at 2 new
mutual information methods that could select efficient features from a set
of existing features without requiring the estimation of a hyperparameter.
10. Deformation-based morphometry of polyp surfaces which can be used to
analyse and localize polyp shape and size changes.

10.3. THE WAY FORWARD?
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T h e W ay F o rw a rd ?

Colorectal cancer (CRC) prevention is assuming greater importance with governments in the developed countries committed to allocating significant resources to
the health industry. Colonoscopy is the test most commonly recommended in the
USA as it is reimbursed by large providers such as Medicare and favoured by gastroenterologists, although only 40% of people in the US report having any form
of colorectal screening, possibly due to the significant preparation and discomfort
involved. There is also substantial government commitment for all adults over 50
to undergo screening within the national health service in the USA and also in
the UK [135]. A study carried out has shown that if all patients over 50 years of
age participate in a CRC screening program, over 92% of colorectal cancer may
be prevented [136].
CT colonography may have a unique role in CRC screening with the main advantages being the ability to observe the whole colon quickly without sedation or
risk of perforation or injury to the bowel. However, concerns over poor sensitivity have limited its use by the gastroenterological community in the 1990s. Since
then, CTC has been widely researched, and many CAD algorithms have worked
to improve the sensitivities and specificities in order to reach the gold standard
of colonoscopy for viable screening of larger populations. It is already considered
the second best total colon examination technique by radiologists. The current
work in CTC is reaching its final stages before implementation of a large scale
system, with the majority of work focussed on improving the specificity of the
system, i.e. reducing the amount of false positives detected. Other research has
also been carried out in the fecal tagging of stools and use of contrast agents in order to minimize the amount of scanning preparation required, in the development
of ultra low-dose CTC techniques for minimal radiation risk, in the unravelling
of the colonic wall for better polyp visualization especially for those adhering to
large folds, in the registration of prone and supine scans for a double-checking of
polyp locations, and in multi-detector row CT technology which permits acquisition of better resolution data, raising the possibility of increased sensitivities and
specificities.

CHAPTER 10. CONCLUSION AND FURTHER WORK

168

Areas of controversy still include the size of lesions that are presumed to
be of interest (> 6mm) - not an issue for optical colonoscopy where all lesions
seen are removed, but a practical issue for CTC where sensitivity and specificity
rates of CTC drops significantly for lesion sizes below 5mm. There are also
flat polyps which are characterized by their morphology as flat-depressed or flatelevated in contrast to the more common spherical, bulbous polyps. These flat,
lesions are defined as those with elevations < 1cm in diameter and a slightly
elevated, flat or depressed surface whose thickness does not exceed twice that of
healthy mucosa [133]. There is currently an interest in flat polyps from reports of
increased levels of high-grade dysplasia or cancer in these lesions compared with
polypoid adenomas, even in small lesions [134]. Research in Western populations
has shown that these flat polyps exist with a frequency that varies from 9-31% of
all polyps found at colonoscopy [135]. However, a large proportion of these lesions
are thought to be missed even at standard colonoscopy. In CTC, flat lesions
are also more difficult to detect compared to other types of bulbous, spherical
lesions due to the fact that most detection algorithms rely heavily on the use
of curvature. Some work has been carried out in this area, and also introduced
in this thesis. Perhaps with current advances in CT scanning techniques and
software, radiologists may enjoy greater success with CT colonography.
From the perspective of patients and clinicians, the detection of extracolonic
lesions is also potentially a significant benefit of screening with CT colonography.
Its potential ability to diagnose or screen for lesions outside the colon such as
aortic aneurysms or ovarian lesions are certainly beneficial as some studies have
reported that up to 60% of individuals had an extracolonic abnormality that
required further investigation [135].
The future of CTC is promising. With proper government funding and support, it is likely that it will soon be an invaluable tool in the significant reduction
of colorectal cancer occurrences and beyond, just like its lung and breast nodule
counterparts.

A p p e n d ix A
R e la tio n sh ip b etw een covariance
m a trix of surface n o rm als a n d
c u rv a tu re
Suppose we have a smooth surface patch defined by
X(u) = {xi(u),X2(u),Xs(u) : u = (u1,« 2) E D}

(A.1)

where all the partial derivatives of X up to the second order are continuous in a
planar domain D.
The partial derivatives of X are given by

x m
X 2(u)

(Sxi 6x2 6x3 t
8ul 8u] 8ul
( b xi

8 x 2 8x3 t

8u2 8u2 8u2

which form a basis for the tangent plane TP(8Q) at any p = X(u) E 8Q, i.e.
Xi(u) x X 2(u) 7^ 0 for any u E D. Any vector dl; E TP(8Q.) can be written as a
linear combination of these basis vectors:

= dulX\ + dv2X 2 for the constants

dul and du2.
The length of the vector d£ in the Cartesian coordinate is given as
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Figure A.l: Local parameterization of a surface approximated by p(ul , u2) about
Po. The neighbourhood F is the projection of a elliptical region of the parameter

domain onto the surface.

d f2 = (d£,d£) = gndC du1 + gi2duldu2 + g2\du2dul + g22du2du2

(A.2)

where the coefficients gtJ — (XitXj) are called the Riemannian metric tensors
used to measure the amount of deviation from the Cartesian coordinate system
and is also termed the first fundamental form which enables us to compute intrinsic properties of the surface.
The unit outward normal vector n to the surface can be given by
X! x X2
y/deUg

(A.3)

where y/detg — gn 922 ~ 9u independent of the parameterizations X .
Now we focus on a point of interest po on X (u) with surface normal no as
shown in Figure A.l and let e\ and e2 be the principal directions at po and ki
and k2 be its corresponding principal curvatures. If we translate p0 to the origin
and align the axes (n1, w2) with the principal axes e\ and e2, we can approximate
the neighbourhood of X (u) to the second degree by a surface patch of the form
p ( u \u 2) = [u1 u2 i(/ci (n2)2 + n2(n2)2)]
which can either be an elliptical or hyperbolic paraboloid.
The coefficients of the first fundamental form at p is given by

(A.4)
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Ax'2

1 +

AC?

and the corresponding infinitesimal surface area element is defined as
y/detg = (011022 “ 0?2)1/2 = 1 + «1 + «2

(A.5)

The unit surface normal can now be given as n — m/y/det g where m — e\~xe2 —
[—«1 —«2

l]7 is the non-unit normal.

Now let us assume that there is a small neighbourhood F around po where
an elliptical/rectangular domain —e\ < u 1 < e1 and —e2 < u 2 < e2- If we inspect
the covariance matrix of surface normals given by
(A.6)
where dA = y/detg du 1du2 and n = m/y/det g, we can rewrite this as
mm
du1du2
Vdetg

A=

(A.7)

where the matrix m m T has the coefficients

mmT

«1

/C 1 /C 2

— /C l

-«2

/C 1 /C 2

—«2i

-/C l

^

/

This can be difficult to solve because of the y/detg term, but a Taylor series
approximation yields
1
1 9 1 9
7 ___= 1 ------ /cf----- ni +

y/det, g

2

2

(A.8)

where the higher degree terms become negligible in the limit of infinitesimal
neighbourhoods. Now we need to integrate the function
A=

f

I

J _£2 J _ ei

mmT(l —- k \( u 1) 2 —- k \( u 2)2) du 1du 2
2

2

(A.9)
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By leaving out the terms of degree six or higher in e\ and e2 a diagonal matrix
results, with entries given by

a il

=

-e?e2ft?

a22 =

-eie2K2

033 =

2
4 ei€2- e i e 2(e^^ + e2tt2)

_

4

o 2

which also gives its eigenvalues and the eigenvectors corresponding to the two
principal directions and its surface normal.
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