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A b s tra c t

Stationary solitons are well-known in media where they exist due to a balance of 
nonlinearity and dispersion. When more elements are considered, a richer variety 
of solitons can exist. In this thesis, dissipative solitons governed by the complex 
Ginzburg-Landau equation (CGLE) and its variants are presented. These exist in 
dissipative systems, i.e. where loss and gain occur. A detailed numerical study 
around the region of transition between solitons and fronts has revealed that it is 
rich with bifurcations. A technique called the method of moments has been applied 
to the CGLE with several trial functions to obtain low-dimensional systems. These 
reduced systems allow one to obtain approximate solutions of the CGLE. and, in 
particular, their region of existence.

The concept of dissipative solitons can be applied to the generation of opti­
cal pulses from a laser oscillator. One important application is the generation of 
high-energy pulses. The discovery of the dissipative soliton resonance phenome­
non, revealed in this thesis, provides a universal theory behind recent experimental 
achievements in this field. An approximate expression for the location of the re­
sonance has been obtained by constructing a reduced model using the method of 
moments. The existence of these high-energy pulses in the anomalous dispersion is 
supported by this result, and this has been confirmed by numerically solving the 
CGLE. The resonance turns out to be a robust phenomenon. It persists when the 
model is strongly perturbed with parameter management.

Dissipative soliton interactions in hybrid mode-locked lasers are studied by in­
troducing a time-periodic term into the CGLE. The study of the effects of this 
active mechanism on a dissipative soliton pair has shown that the influence de­
pends on the frequency of modulation relative to the initial pulse separation. The 
soliton pair may exist in different regimes of evolution, depending on the size of the 
modulation depth. The transition from one regime to another occurs in the form 
of a bifurcation. Exploiting the observations made in this study will allow for more 
accurate control over the generation of pulse trains in fibers.

v



C o n te n ts

Declaration i

Acknowledgements iii

Abstract v

1 Introduction 1
1.1 Nonlinear Dynamical S ystem s.............................................................  1
1.2 S o lito n s ................................................................................................... 3
1.3 Thesis Overview......................................................................................  5

2 Solitons in Dynamical Systems 7
2.1 Nonlinear Schrödinger E quation ..........................................................  7

2.1.1 Group-Velocity D ispersion.......................................................  8
2.1.2 Self-Phase M odulation .............................................................. 9
2.1.3 Solitons of N L S E .......................................................................  10

2.2 Dissipative System s................................................................................  12
2.2.1 Dissipative Solitons.................................................................... 13

2.3 Numerical M ethods................................................................................  17
2.4 Summary ...............................................................................................  21

3 Bifurcations of Dissipative Solitons 23
3.1 Bifurcation D ia g ra m .............................................................................  24
3.2 Period-Doubling Route to Chaos I .......................................................  26
3.3 Multi-frequency Creeping Soliton Dynamics .....................................  30
3.4 Multiplicity of S o lu tions.......................................................................  33
3.5 Period Doubling Route to Chaos I I ....................................................  36
3.6 Symmetry-Breaking Bifurcations .......................................................  37

3.6.1 Sub-Critical Symmetry Breaking ............................................. 37
3.6.2 Super-Critical Symmetry Breaking .......................................... 38

3.7 Validity of System Reductions.............................................................. 40
3.8 Summary ...............................................................................................  40

vii



4 A n alytica l Approach: System  R ed u ction  43
4.1 The Method of M om ents.......................................................................... 44
4.2 Pulsating Solitons...................................................................................... 46

4.2.1 Hyperbolic-Secant P u l s e ...................................................................  48
4.2.2 Generalized Gaussian P u l s e .......................................................  49
4.2.3 Pulsating Model Analysis and Com parison............................... 50

4.3 Creeping Solitons...................................................................................... 52
4.3.1 Asymmetric Generalized Gaussian P u ls e .................................. 54
4.3.2 Creeping Model Analysis.............................................................  57

4.4 Summary ..................................................................................................  59

5 D issip ative Soliton  R esonances 61
5.1 Ultra-High Energy Pulses of the C G L E .................................................  64
5.2 Analytical A pproach ................................................................................ 68

5.2.1 Resonance C u rv e .......................................................................... 72
5.3 DSR in the Anomalous Dispersion R eg im e...........................................  75
5.4 Effect of the Quintic Nonlinearity..........................................................  78
5.5 DSR in Laser M odels................................................................................ 80
5.6 Pulse Com pression...................................................................................  85
5.7 Summary ..................................................................................................  87

6 Effect o f E xternal M odulation  89
6.1 M o d e l........................................................................................................  91
6.2 Phase Modulation...................................................................................... 93

6.2.1 Intermediate Periods of M odulation...........................................  93
6.2.2 Short Periods of M odulation.......................................................  99
6.2.3 Long Periods of M odulation......................................................  101

6.3 Gain-Loss M odu la tion ............................................................................  102
6.3.1 Intermediate Periods of M odulation..........................................  103
6.3.2 Short Periods of M odulation......................................................  105
6.3.3 Long Periods of M odulation......................................................  106

6.4 Summary .................................................................................................  109

7 C onclusions 111

A ppendices 115
I Equations for Generalized Gaussian Pulse ............................................  115
II Resonance C u rv e .....................................................................................  117
III Finite Spectral Width Near the Resonance..........................................  118
IV Quartic P u ls e ...........................................................................................  119

B ibliography 121

viii

List o f P u blication s 135



C hapter 1

Introduction

1.1 N onlinear D ynam ical System s

A dynamical system is a physical reality that is modeled using mathematical equa­
tions. It provides a mathematical formalization of the rules describing the evolution 
of objects over the course of time or distance. Often, differential equations or dif­
ference equations are employed in describing these systems. Such an approach is 
useful in modeling and understanding systems in every branch of science, including 
physical, chemical and biological systems, and provides understanding of various 
phenomena in these systems.

In some cases, the system output is proportional to its input, thus making it 
linear. Such a system can be described by linear differential or difference equations, 
and their solutions can be obtained in a relatively simple manner. However, since 
most physical systems in nature are inherently nonlinear, the associated mathema­
tical models are nonlinear dynamical systems expressed with nonlinear differential 
or difference equations. Although these may be approximated by a linear system 
under some specific conditions, the resulting solutions are generally insufficient for 
a comprehensive understanding of the system behavior.

These different types of dynamical systems can be described using a basic 
example from classical mechanics, presented in Fig. 1.1 [1]. This example consi­
ders the simplest case where a system has only one degree of freedom, i.e. the 
angle from the vertical 0. One could couple several identical pendula to represent 
a system with more than one degree of freedom.

The system is approximately linear, if the angle of oscillation 0 is small, as

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: A pendulum example showing a dynamical system with one degree of 
freedom. 9 is the angle from the vertical and the angular frequency u  is a constant, 
(a) The system is linear if 9 is small and (b) nonlinear if 9 is not small, (c) In a 
dissipative system, the damping coefficient 7 is introduced, and an external force 
F is required to maintain the oscillations. [1]

shown in Fig. 1.1(a). If several of these linear oscillators are coupled together, the 
solution can be written as a linear superposition of the modes of a single pendulum. 
The system becomes nonlinear when the amplitude becomes larger. This case is 
depicted in Fig. 1.1(b). The linear approximation is invalid here, and the solution 
of a coupled set of such systems cannot be written as a linear superposition of the 
normal modes.

A further generalization can be made in the pendulum example by allowing 
energy exchange with the system's surrounding, as shown in Fig. 1.1(c). I11 this 
case, the total energy of the system is no longer conserved. The presence of fric­
tion, denoted by 7 , causes the oscillation to be damped if the external energy 
supplied to the system is not enough. This is called a 'dissipative system'. For a 
coupled set of dissipative systems, the solutions, in general, cannot be found ana­
lytically, and are therefore obtained using numerical methods. Indeed, most real 
systems are not ‘closed systems’, but have energy or material interaction with their 
surroundings. Hence, the inclusion of dissipation in dynamical systems is essential 
in understanding the general behavior.

In this thesis, nonlinear dissipative systems are studied closely in the context 
of nonlinear optics. More specifically, the investigation focuses on soliton solutions 
of the so-called ‘complex Ginzburg-Landau equation' (CGLE), which is a partial 
differential equation (PDE) with an infinite number of degrees of freedom that can
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be used to model various nonlinear phenomena, including the generation of optical 
pulses in laser oscillators.

1.2 Solitons

'Solitons' refer to localized solutions of certain PDEs, which possess the remarkable 
property of preserving their shape during propagation. The first scientific report of 
soliton observation was published in 1844 by a Scottish naval engineer named John 
Scott Russell [2]. He observed a ‘heap of water’ in a narrow canal that propagated 
without change of form or diminution of speed over several kilometers. In his 
publication, Russell called this phenomenon the ‘wave of translation'.

The term ‘soliton’ was later coined by Zabusky and Kruskal in 1965, after a 
solitary wave pulse that moves with a uniform velocity proportional to its amplitude
[3] . It was found by numerically solving the Korteweg de Vries (KdV) equation, 
which was introduced in 1895 to describe weakly nonlinear shallow water waves
[4] . The KdV equation is a special case of a conserved system where the PDE is 
integrable. The development of the inverse scattering transformation [5] allowed one 
to find soliton solutions of integrable systems analytically. In 1972, Zakharov and 
Sliabat employed this technique on a different integrable PDE, called the nonlinear 
Schrödinger equation (NLSE), and were also able to find its soliton solutions [6]. 
Owing to these historical reasons, in the past, the use of the term ‘soliton’ was 
limited to the localized solutions of integrable systems. However, in recent years, 
its use has been extended to include the localized solutions of more generalized 
systems.

Dissipative solitons refer to localized structures which exist for an extended 
period of time in dissipative systems. Their formations and structures are not 
generally defined by the initial conditions, but rather by the rules of the system, 
i.e. by the system parameters such as gain, loss, dispersion and nonlinearity. For a 
simple system that can be modeled by a single equation, these rules may be reduced 
to a balance between gain and loss, as well as a balance between dispersion and 
nonlinearity. Such analogies can be extended to more complicated systems, like the 
presence of animal species in nature which can be represented as elaborate forms 
of solitons [7]. They are localized ‘structures’, and their existence depends on the 
environmental conditions such as the temperature, pressure and humidity.
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Optical pulses emerging out of passively mode-locked lasers are further examples 
of dissipative solitons. When the laser is in the stable regime of its operation, the 
output pulses are the result of a balance between the dispersion in the cavity and 
the nonlinear effects in the mode-locking device, as well as a balance between the 
energy supplied from the pump source and the loss in the cavity. In fact, passive 
mode locked laser systems can be described by using a master equation approach, 
which was initiated by Haus in 1975 [8]. In one form or another, such an approach 
leads to the CGLE [9]. One of the significant advantages of using this technique is 
that the properties of the Ginzburg-Landau equation and its solutions have been 
studied to a great extent in the physics literature [10]. Despite being approximate, 
the master equation describes in detail the majority of effects in the cavity, and 
allows one to predict all major features of pulse generation [11].

The possibility of the use of solitons in the context of nonlinear optics was 
first suggested by Hasegawa and Tappert in 1973 [12]. In optical communications, 
each bit of data is transmitted by propagating an optical pulse through a fiber. 
Dispersive and nonlinear effects in optical fibers cause the traveling pulses to be 
broadened and deformed, which may result in inter-symbol interference. In order to 
avoid such degradation of the communication system, pulses need to be regenerated 
repeatedlv before they become significantly distorted. Apart from being expensive, 
such regeneration also becomes a bottle-neck in the system design, due to the slow 
response time of the electronic devices involved. Hasegawa and Tappert proposed 
that a balance between the dispersive and nonlinear effects in optical fibers could 
allow for optical solitons to be formed. As a result, they can propagate for a long 
distance without any significant deformation, and this in turn eliminates the need 
for the pulse regeneration.

The first experimental observation of optical solitons was made by Mollenauer, 
Stolen and Gordon in 1980 [13], when an optical source capable of generating pico­
second pulses became available. In this experiment, they successfully propagated 
optical solitons with the width of 7 ps at a wavelength of 1.55 /mi over a 700 m 
long single-mode fiber. Since this breakthrough, numerous experiments have been 
performed in order to transmit optical solitons at higher bit-rates over a longer 
distance [14,15]. In particular, advances in fiber amplifiers [1G] allowed all-optical 
transmission of data with multiple wavelength channels in a single fiber using the 
wavelength division multiplexing, thereby substantially increasing the system band-



1.3. THESIS OVERVIEW 5

width. In Australia, a commercial communication system based on optical solitons 
was deployed between Adelaide and Perth in 2003 [17]. The use of solitons and 
erbium-doped fiber amplifiers enabled the transmission of nine channels each with 
a bit-rate of 10 Gbit/s over 5745 km of fiber without any regeneration in between.

1.3 T hesis O verview

This thesis is concerned with the study of solitons in dissipative systems. The in­
vestigation is based mainly on a study of the numerical solutions and approximate 
analytic solutions of these dissipative systems. Various localized soliton solutions 
are discussed, and their behaviors, as well as conditions for their existence, are in­
vestigated. Specifically, the study focuses on dissipative solitons in optical systems, 
with an emphasis on their applications in optical pulse generation from mode-locked 
lasers. The thesis is organized in the following way.

Chapter 2 provides background materials needed for understanding solitons in 
dynamical systems. Here, solitons of the NLSE are first introduced, while those 
in dissipative systems, and in particular of the CGLE, are revisited. A numerical 
technique that is employed in the study is also presented in this chapter.

Chapter 3 is devoted to the investigation of soliton bifurcations in dissipative 
systems. This study has found that systems modeled by the CGLE are richly filled 
with different types of solitons and their bifurcations near the region of transition 
between stable pulses and moving fronts. A bifurcation diagram is constructed by 
changing a system parameter. Various solutions that appear in the diagram are 
presented, and each bifurcation is studied in a detailed manner.

Chapter 4 focuses on studying the solutions of the CGLE using reduced models 
with a finite number of degrees of freedom; these are constructed by applying the 
method of moments. These approximate models allow one to study particular 
branches of dissipative soliton solutions in an analytical way. Moreover, the reduced 
models are useful in approximately locating the region of existence for each branch 
of solutions and their bifurcations in the parameter space. In particular, several 
models have been constructed to investigate pulsating and creeping solitons.

Chapter 5 presents the recently-discovered phenomenon of dissipative soliton 
resonances, where the soliton energy increases dramatically for a specific set of sys­
tem parameters in the CGLE. Such high-energy soliton solutions can be employed
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in the design of passively mode-locked lasers producing ultra-high energy pulses. 
Various aspects of the resonance phenomenon are studied and presented in this 
chapter, with an emphasis on its application in the generation of ultra-high energy 
pulses.

Chapter 6 presents the effects of the external modulation on a pair of dissipative 
solitons. A time-periodic term is added to the CGLE to model pulse generation in a 
laser which combines both passive and active mode-locking mechanisms. The time 
separation and the phase difference between the soliton pairs are studied under two 
different mechanisms of external modulations with various modulation amplitudes 
and frequencies. Such an investigation could become useful in generating pulse 
trains with more accurate control over the pulse-to-pulse separations.

The final chapter draws conclusions from this research.



C h ap te r 2

Solitons in Infin ite-D im ensional 
D ynam ical System s

The concept of the soliton is one of the most fascinating ideas in nonlinear dynamics. 
Solitons exist in various physical systems. Examples include, solitary waves on a 
water surface and light pulses traveling through an optical fiber. Mathematically 
speaking, a soliton is a localized solution of a partial differential equation (PDE) 
with an infinite number of degrees of freedom. A soliton has the special feature of 
being undistorted over a long propagation distance. Owing to such intriguing cha­
racteristics, the soliton field has gained a lot of scientific interest, and has provided 
practical applications, including in fiber-optic communications.

In this chapter, solitons in different nonlinear dynamical systems are discus­
sed. The chapter begins, in Section 2.1, with a simple case of solitons in integrable 
systems. This is then followed by the introduction of a more general case, viz. dissi­
pative systems, focusing on the complex Ginzburg-Landau equation (CGLE) and its 
various soliton solutions. In Section 2.3, a numerical method employed to find the 
solutions of the nonlinear dynamical systems is discussed. Section 2.4 summarizes 
the chapter.

2.1 N o n lin ea r S ch rö d in g e r E q u a tio n

The nonlinear Schrödinger equation is a universal equation that can be used to 
describe nonlinear conservative systems in many areas of physics, including nonli­
near optics [18], heat pulses in solids [19.20], water waves [21,22] and various other

7
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nonlinear phenomena. In the context of nonlinear optics, the NLSE is derived from 
the famous Maxwell's equations. The nonlinearity in the equation arises from the 
interaction of the intense electromagnetic fields with the dielectric material, which 
induces a nonlinear polarization response in the medium. In the derivation of the 
NLSE. the light is considered to propagate in one direction, and it is also assu­
med that the envelope of the wave packet changes slowly in comparison with the 
carrier frequency of the light. The later assumption is called the slowly-varying 
envelope approximation, and this assumption holds true for an optical pulse down 
to feinto-second duration [23].

The standard NLSE. in its normalized form, is written as below [24]:

+  M V  =  0, (2.1.1)

where ijj (t , z) is the slowly-varying field envelope. The physical meaning of the va­
riables in Eq. (2.1.1) depends on the system it is describing. For example, when the 
NLSE is modeling the propagation of pulses in an optical fiber, t is the time frame 
moving with the group-velocity of the pulse, while 2  is the propagation distance 
along the fiber. A subscript denotes the derivative with respect to that variable. 
The fiber loss is assumed to be negligible in Eq. (2.1.1). D is the dispersion coef­
ficient, and it takes the value +1 or —1, depending on whether the group-velocity 
dispersion (GVD) is anomalous or normal, respectively. The nonlinear term. 
represents the self-phase modulation (SPM). The above notation is used throughout 
this thesis. It is worth mentioning that the variables in Eq.(2.1.1) are dimensionless, 
and they are normalized to incorporate the magnitude of both GVD and nonlinear 
effects.

2.1.1 G roup -V elocity  D isp ersion

Group-velocity dispersion (GVD) refers to a property where the light velocity de­
pends on its wavelength. This frequency-dependent response of the medium is cau­
sed by the characteristic resonance frequencies at which the medium absorbs the 
interacting electromagnetic radiation through oscillations of bound electrons [18].

In the anomalous dispersion regime (D = 1), higher frequency components travel 
faster than the lower frequency components. This results in the higher frequency 
components being advanced towards the leading edge of the pulse while the lower
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frequency components fall back towards the trailing edge of the pulse, causing pulse 
broadening and chirping. Fig. 2.1 shows schematically the effect of GVD on an

’se in the anomalous dispersion regime. On the other hand, 
in the normal dispersion regime (D = —1), frequency components are shifted to the 
opposite directions, and again this leads to pulse broadening and chirping.

anomalously 
dispersive medium chirped output pulse

unchirped input pulse

Figure 2.1: Schematic diagram of dispersive effects on an initially unchirped pulse 
under anomalous dispersion regime.

GVD plays a critical role in fiber optic communications, especially for ultra- 
high bit rate systems where short optical pulses are used m a single-mode fiber [18]. 
Substantial pulse broadening caused by the wide spectral width associated with the 
short pulses can lead to inter-symbol interference and impair the system quality 
significantly if the dispersion is not managed properly.

2.1.2 S elf-P h ase M od u la tion

Self-phase modulation (SPM) is one of the most common nonlinear effects in the 
propagation of pulses in an optical waveguide. It originates from the optical Kerr 
effect, a nonlinear effect arising from the third-order susceptibility y^3) of the dielec­
tric medium, which causes a variation in the refractive index, depending on the local 
intensity of the light [25]. An optical pulse, under the effect of SPM, experiences a 
self-induced phase shift during its propagation.

The effect of SPM is that the leading edge of the pulse is down-shifted in fre­
quency, while the trailing edge of the pulse is up-shifted in frequency, causing the 
pulse to be chirped. This generation of new frequency components broadens the
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pulse spectrum. Fig. 2.2 shows an example of the spectral broadening caused by

Figure 2.2: SPM-broadened spectrum in absence of GVD for an initially unchirped 
hyperbolic-secant pulse.

In the absence of GVD. SPM has no effect on the temporal profile or the width. 
The behavior of the pulse under the combined effect of GVD and SPM depends on 
the dispersion regime in which the pulse is traveling. Under the normal dispersion 
regime, lower frequencies generated on the leading edge and the higher frequencies 
generated on the trailing edge cause more rapid broadening of a pulse compared 
to a pulse under the sole effect of GVD. On the other hand, an optical soliton, 
which retains its profile over a long propagation distance, can be supported when 
the effect of SPM is combined with the anomalous dispersion regime [12].

In the anomalous dispersion regime, Eq. (2.1.1) has pulselike solutions that either 
do not change their shape during propagation or follow a periodic evolution pattern 
due to the interplay between GVD and SPM. The balance between these two inde­
pendent effects is the underlying physics behind the solitons of NLSE. It turns out 
that a hyperbolic-secant pulse shape exactly balances out the two effects considered 
in Eq. (2.1.1), and hence a soliton solution of the NLSE is given by [1]

SPM.

0 -10

2.1.3 Solitons of NLSE

( 2. 1.2)
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By using the symmetries of the NLSE, a single-parameter family of solutions is 
obtained by a simple scaling transformation and is given below:

where q is a real parameter.

Generally speaking, solutions of a nonlinear PDE cannot be expressed in analy­
tical form, except for some special cases where the dynamical system is integrable. 
The inverse scattering method, a technique that is a nonlinear analogue of the Fou­
rier transform, can be applied to find the analytical solutions of such integrable 
systems [6]. The nonlinear dynamical system described by Eq. (2.1.1) is one of 
those few special cases where the system is integrable. Integrability implies that 
the system has as many conserved quantities as the number of degrees of freedom. 
Since the NLSE is a dynamical system with an infinite number of degrees of free­
dom. it needs an infinite number of conserved quantities for it to be integrable. 
It has been shown by Zakharov and Shabat that the NLSE indeed has an infinite 
number of conserved quantities, and applying the inverse scattering method leads 
to the solution for any initial condition [6].

The set of solutions given in Eq. (2.1.3) is known as the fundamental soliton 
family. Every localized solution of the NLSE can be expressed in terms of a nonli­
near superposition of a finite number of these fundamental soliton solutions and a 
continuum of radiation waves [24]. Higher-order solitons of the NLSE, also known 
as 'breathers', are examples of the nonlinear superposition of these fundamental 
solitons. As its name suggests, a higher-order soliton changes its shape periodically 
along the propagation with the period z0 = 7t/2. These higher-order solitons can 
be excited by [18]

where n is a positive integer; it represents the order of the soliton. i.e. the number 
of fundamental solitons involved in the nonlinear superposition. An example of 
second-order soliton (n — 2) propagation is shown in Fig. 2.3.

In an integrable system, the solitons and the radiation waves serve as ‘nonlinear 
modes’ of the system. Solitons remain unchanged during interactions with the 
radiation waves and other solitons, apart from additional phase shifts. Soliton- 
soliton collisions are elastic, which means that the number of solitons and the motion

(2.1.3)

x/j (t, q) = nq sech (qt), (2.1.4)
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W2 8

16

0

0

Figure 2.3: Evolution of a second-order soliton over two soliton periods, i.e. z = n.

of each soliton remain unchanged after a collision [24]. These interaction behaviors 
do not appear in non-integrable systems.

An integrable system is considered to be an isolated system which has no interaction 
with its surroundings. Quantities are conserved within the system. However, this 
is not true in real systems. Although in some cases, approximation of a real system 
by an integrable system can be useful in investigating a particular phenomenon 
in nature to a certain degree, many complex spatio-temporal dynamics in optical 
[7.24], general physical [10], chemical [26] and biological [27] systems cannot be 
fully understood without introducing dissipation into the dynamical system. This 
generalization leads to a dissipative system. In such systems, interactions between 
the system and its surroundings and also interactions within the system are taken 
into consideration.

The NLSE can be extended to model a dissipative system. This can be achieved 
by converting the real coefficients of Eq. (2.1.1) into complex numbers. The resul­
ting equation is widely known as the complex Ginzburg-Landau equation (CGLE). 
The CGLE is a generic equation that models a variety of phenomena in systems 
far from thermodynamic or other equilibrium [10]. Examples include pulse genera-

2.2  D is s ip a tiv e  S y s te m s
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tion in passively mode-locked lasers, superconductivity, superfluidity, Bose-Einstein 
condensation and strings in field theory. The variety of these systems is enormous. 
Moreover, the number of solutions to this equation is so large that the sphere of 
this knowledge by itself has been called ‘the world of the Ginzburg-Landau equa­
tion' [10,28].

The complex cubic-quintic Ginzburg-Landau equation, in dimensionless form, 
can be written as [24]

i'ipz + ^At + + iß  At + (2-2.1)

The left-hand-side of Eq. (2.2.1) is identical with the NLSE, and there are addi­
tional terms on the right-hand-side. 6 is the linear gain-loss coefficient, the ißiptt 
term accounts for parabolic gain dispersion, e and p correspond to the cubic and 
quintic nonlinear gains, respectively, and the term with u represents quintic nonli­
near refractive index. The inclusion of the quintic terms is necessary for the study 
of stable localized structures in dissipative systems, as pulse-like solutions of cubic 
CGLE are known to be unstable [29].

2.2.1 D issip a tive  S o litons

One of the distinctive features of nonlinear dissipative systems is the formation of 
stable localized structures by self-organization [30 32], Although the term ‘soliton' 
was initially used for the non-varying solutions of integrable systems, its definition 
has been extended in recent years to include localized structures of dissipative sys­
tems. Dissipative solitons are qualitatively different from the solitons of integrable 
systems. Unlike those of conservative systems, solitons of dissipative systems are 
governed by the properties of the system rather than by the initial conditions, and, 
therefore, a wide range of initial conditions can evolve into a particular dissipative 
soliton solution [1]. Continuous external energy supply is required to keep a dissi­
pative soliton ‘alive’. This pump of energy is essential. The soliton vanishes when 
this energy source is switched off. or if the system parameters are changed and they 
are no longer within the region of the existence of the soliton. Different parts of 
the soliton experience different gain and loss of energy. This means that even if 
the soliton appears to be stationary, there is a continuous flow of energy between 
its parts. Such complicated dynamics can be easily pictured by considering a pile
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of sand as an example [33]. If sand is continuously added to central area of the 
pile while the same amount is continuously removed from the outer parts, the sand 
will be redistributed within the pile. This will lead to a particular shape of the 
sand pile. It depends on gravity and nonlinear interactions between the particles. 
Fig. 2.4 schematically illustrates the flow of energy in a dissipative soliton. The 
soliton is a result of a complicated dynamical process of energy exchange with the 
environment and between its own parts.

nonlinearity

dispersion dispersion

energy redistribution

Figure 2.4: A schematic description of a dissipative soliton. The soliton has parts 
where energy is supplied as well as parts where energy is dissipated. The energy is 
redistributed within the soliton [1].

The concept of the dissipative soliton has received wide recognition in optics, 
physics in general, biology and medicine [7,33]. This concept allows many diverse 
phenomena in nature to be understood and studied in a simple and ordered way. 
It represents a unifying notion in science, since it stresses the common features in a 
variety of complicated behaviors of self-localized formations. The most prominent 
feature of dissipative solitons is that they exist only when there is a continuous 
energy supply from an external source. This energy has to be dissipated in the 
medium where solitons are found. Thus, their formation requires a balance between 
the energy supplied and lost. This balance must be exact in order to prevent the 
overheating or the cooling down of the system and the subsequent disappearance 
of the soliton. The exact balance is provided bv the highly involved dynamics in 
the system, which implies that dissipative solitons have to be self-organized. Their 
shape, amplitude, width and all other parameters are unique for given external 
conditions. Dissipative solitons can be natural, i.e. they can exist in nature as a 
result of a relaxation to a localized formation under the influence of solar heating
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and dissipation, or they can be artificial objects created by scientists. In the latter 
case, they can be used in modern technology.

Examples of dissipative solitons include: ultra-short pulses from passively mode- 
locked lasers, soliton propagation in long-haul all-optical transmission systems, 
nerve pulses, localized formations in reaction-diffusion systems, vegetation clus­
tering in arid lands, Bose-Einstein condensates in cold atoms, wave phenomena in 
neuron networks, spiral waves in weakly-excitable media and traveling waves in cor­
tical networks [7,33]. This list is far from being complete. The variety of systems 
that admit dissipative solitons is enormous. The number of mathematical equations 
they satisfy is also very large. Nevertheless, they all have a common feature: they 
only 'live' in the presence of a continuous energy supply from an external source 
and with careful parameter adjustments. Thus, they can be studied using certain 
common rules and principles.

The region of parameter space of the CGLE in which stable stationary solitons 
exist has been studied extensively by Soto-Crespo, Akhmediev and Afanasjev for the 
anomalous dispersion case [34]. Unlike systems described by the NLSE. dissipative 
systems described by the CGLE admit stable pulse-like solutions even in the normal 
dispersion regime (D =  —1). Analytical and numerical studies of such solutions, 
including their region of existence in the parameter space of the CGLE, have been 
conducted by Soto-Crespo et al. [35]. Pulse-like solutions in the case of normal 
dispersion have also been observed experimentally in mode-locked fiber lasers with 
normal average cavity dispersion [36 39] and in all-normal-dispersion fiber lasers 
without any anomalous dispersion in the cavity [40].

Finding sets of parameters for which the CGLE has soliton solutions is a tedious 
task which has been carried out in a number of previous works [24,41]. This set 
is not necessarily a single region. There could be several regions of solitons, with 
each one having distinct soliton properties [42]. The regions can be adjacent to each 
other [41] or separated in the space of parameters [42]. The structure of the regions is 
extremely complicated. However, the solutions with the most remarkable features 
can be distinguished. There are various types of dissipative solitons, including 
families of stationary, pulsating and exploding solitons [28,41]. Fig. 2.5 shows 
propagation of some of these dissipative soliton types.

The simplest type, in terms of its behavior, is a stationary soliton. A stationary 
soliton, as its name suggests, does not change its shape during propagation. An
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Figure 2.5: Examples of different types of dissipative solitons: (a) a stationary 
soliton, (b) a pulsating soliton and (c) an exploding soliton.

example of it is shown in Fig. 2.5(a). Even though it looks stationary, there is a 
continuous flow of energy within it, and into and out of the system, and it must 
not be confused with the fundamental soliton Eq. (2.1.3) of the NLSE. A stationary 
solution of a dissipative system does not survive in the NLSE limit of the CGLE. 
i.e. the right-hand-side of Eq. (2.2.1) does not approach zero in regions of existence 
of stationary solitons.

A dissipative system can also have pulsating solutions, i.e. solutions that os­
cillate periodically along the propagation direction, as in the example shown in 
Fig. 2.5(b). These are limit-cycles in an infinite-dimensional phase space, so the 
pulsating period and shape dynamics, as a function of propagation distance, are 
fixed. They have been found numerically [41,43] and observed experimentally in a 
passively mode-locked fiber laser [44]. Again, these forms of pulsating solitons are 
distinct from the higher-order solitons of the NLSE mentioned in Section 2.1. They 
do not appear in the NLSE limit of the CGLE. and they are not the result of a 
nonlinear superposition of fundamental solitons.

Dissipative solitons may also exhibit exploding and self-restoring behavior. Such 
solitons are named ‘exploding solitons’, and they have remarkably interesting be­
haviors. An exploding soliton travels with almost no change in its shape for some



2.3. NUMERICAL METHODS 17

propagation distance. There is a build up of instability during this phase, which 
then leads to an explosion, i.e. a break up of the structure. The soliton quickly reco­
vers its original shape after the explosion. The soliton repeats this process along its 
propagation as shown in Fig. 2.5(c). There is no precisely defined interval between 
the explosions, and every explosion is different from the others. Nevertheless, the 
soliton always returns to the same shape after the explosion. This type of beha­
vior is similar to a strange attractor in the Lorentz model [45]. They were initially 
found by numerically solving Eq. (2.2.1) [28], and later observed experimentally in a 
Thsapphire mode-locked laser [46]. Such complicated dynamics cannot be modeled 
without the inclusion of the system dissipation.

Apart from the above three types of dissipative solitons that are briefly intro­
duced here, the CGLE permits many other types of solitons which have unique be­
haviors and properties. In the following chapters, more examples of these different 
types of solitons and their transitions from one type to another are investigated in 
detail.

2.3 N u m erica l M e th o d s

The study of solitons in a non-integrable nonlinear dynamical system, such as the 
CGLE, requires a numerical approach, as often the system does not generally lend 
itself to analytic solutions. The discovery of soliton solutions with complicated 
behaviors, including the ones given in the previous section, would not have been 
possible without the aid of a numerical analysis on a modern computer.

Out of a large number of numerical methods that can be employed to solve a 
PDE such as Eq. (2.2.1), a spectral method called the split-step Fourier method is 
one of the most commonly used techniques for the study of soliton propagation in a 
nonlinear medium. The main advantage of the split-step Fourier method over most 
other techniques is that the method makes use of the fast Fourier transform (FFT) 
algorithm [47] when transforming between the time domain and the frequency do­
main. This reduces the computational time by an order of magnitude compared 
with other methods that achieve the same accuracy [48].

Although in reality, the linear and nonlinear effects act together on propagation, 
the split-step Fourier method obtains an approximate solution by assuming that the 
linear and the nonlinear effects act independently in propagating the field over a
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small distance dz [18]. For this approach, the CGLE can be rewritten in the form 
of

02 = (2.3.1)

where T  is a differential operator that accounts for the linear effects in a medium 
and V is a nonlinear operator that governs the effects of the medium nonlinearities 
on pulse propagation. These operators are given by

f  =
D

i— + ß dt2 ’

(2.3.2)

V  (0) = 5 + (e + i) |0 |2 + (// + iv) |0 |4. (2.3.3)

0 (t, zq) is defined to be the initial field envelope at z = Zo and 0 (£, Zo + dz) to 
be the field envelope after a single step at z — z0 + dz. An exact solution after a 
single step dz would be

0 (t, z0 + dz) = exp ( ( r  + V ĵ dz ĵ 0  (t, z0) . (2.3.4)

This equation cannot be solved in general. In a split-step Fourier method, the 
approximation of the field after one segment is done in two steps. Hence Eq. (2.3.4) 
can be approximated to

0 (t, Zq + dz) ~  exp ( r d z \  exp (^Vdz \ 0  (t, zq) . (2.3.5)

In the first step, only the linear effects acting over the segment are calculated 
in the Fourier domain without the nonlinearities. This then gives an intermediate 
held 0 (t) after a linear step, and it is given by

<t>(t) =  F ~ l IE [0 (t. z0)] exp D M i —u dz
2

ßuj2dz (2.3.6)

where IF represents the Fourier transform and uj is the difference in angular fre­
quency from its carrier angular frequency ujq. In the numerical analysis, the dis­
crete retarded time t has a finite number of grid points N  over a fixed window which 
should be large enough to contain the localized solution under investigation. Then
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each discrete un is given by

(2.3.7)

where n = 1, 2, 3, ... , N  and tnmx is a half the range of the time window.
In the next step, the nonlinear effects act alone, while the linear operator is set 

to be zero. Mathematically, it can be written as

ip (t . z0 + dz) « (2.3.8)

In order to obtain the approximate solution of Eq. (2.3.8), the fourth-order Runge- 
Kutta method can be employed. Then the approximation given in Eq. (2.3.8) can 
be written as

ip (£, zq + dzj ~  (p (f) -f- — dz (ki + 2k2 + 2k3 + kA ,
o

(2.3.9)

where

ki =  V(</>(t))

k<2 = V  (t) + 2  j

h  = V ^0 (t) + 2 ^

k4 = V(<f>(t) + k3). (2.3.10)

The nonlinear operator V  is calculated by substituting the intermediate solution 
4>(t) in place of ip in Eq. (2.3.3).

The solution obtained after a single step is then used in approximating the 
solution of the next step. By repeating this procedure with a careful choice of the 
longitudinal step-size dz and the time window step dt. the evolution of the solution 
along z can be investigated. If the step-sizes chosen are too big, then the numerical 
output will not be an accurate approximate solution of the CGLE due to the build 
up of the errors. On the other hand, if the step-sizes chosen are too small, one will 
suffer from a long computational time without much increase in the accuracy.

The accuracy of the split-step Fourier method described above can be improved 
at a minimal expense of computational time by symmetrizing the operators in
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Eq. (2.3.5) [49]. While Eq. (2.3.5) assumes that the nonlinear effects are lumped 
at the end of every segment, the symmetrized split-step Fourier method divides the 
segment into two. and the nonlinear effects of the whole segment are assumed to 
act at the mid-plane, while in the first and second halves of the segment, only the 
linear effects are assumed to act. Then Eq. (2.3.5) can be replaced by

The calculation of each exponential is done in a similar manner to the noil-symmetrized 
technique. The only difference is that the initial linear part is calculated for dz /2, 
and then the nonlinear step is performed before calculating the remaining linear 
part. The schematic diagram of the symmetrized split-step Fourier method is shown 
in Fig. 2.6.

Figure 2.6: A schematic illustration of the symmetrized split-step Fourier method.

Many of the results presented in this thesis were found using the symmetrized 
numerical scheme presented above (and its variations to suit the model under inves­
tigation). It is important that the results obtained are good approximate solutions 
of the PDE involved, and not any consequence of numerical artifacts. The validity 
of the numerical solutions can be assured by verifying them using finer resolutions 
in both t and 2  directions.

(2.3.11)
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2.4 S u m m ary

The concept of the soliton was first initiated by studying the non-evolving localized 
solutions of integrable systems such as the Korteweg-de Vries (KdV) equation and 
the nonlinear Schrödinger equation (NLSE). These systems have no interactions 
with their surroundings, and the system quantities are conserved. A soliton solution 
of a such system is the result of the interplay between linear and nonlinear effects; 
it can be found analytically by using the inverse scattering technique.

On the other hand, a dissipative system, such as the complex Ginzburg-Landau 
equation (CGLE), describes a system that has interactions with its surroundings as 
well as interactions within itself. The concept of the dissipative soliton provides a 
new paradigm of localized structures in non-equilibrium systems. Stable soliton so­
lutions of such systems not only require a balance between the dispersion/diffraction 
and the nonlinearity, but also need to satisfy the energy balance condition. Dif­
ferent parts of a soliton experience different gain or loss, and these often depend on 
its own field intensity and frequency. Even if the soliton appears to be stationary, 
there is a continuous flow of energy between the parts of the soliton. Dissipative 
solitons are formed by the mechanisms of self-organization, and their existence re­
lies on the system parameters, rather than the initial conditions. Usually, such 
solutions cannot be obtained analytically, and so a numerical approach, assisted by 
the split-step Fourier method, can be a powerful tool for investigating solitons of 
dissipative systems.

There are many different types of dissipative solitons with interesting charac­
teristics and behaviors. Each of these different types of solitons exists in a finite 
region in the parameter space. Varying one or more of the system parameters may 
lead to a transition from one type of soliton to another, and this is an interesting 
area of study.
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C h ap te r 3

B ifurcations of D issipative 
Solitons

In general, nonlinear dissipative systems such as the one modeled by the complex 
Ginzburg-Landau equation (CGLE) possess a variety of localized solutions. These 
include various types of soliton solutions [41], as well as sources, sinks and fronts 
moving at a constant velocity along the transverse direction [29]. For a given 
set of equation parameters, the form of the solution is usually set, i.e. only one 
solution exists for a specified situation. Occasionally, there can be a few, but not 
a family of them. A soliton solution can often be characterized by its energy, 
amplitude and width. Additionally, for a solution that evolves periodically along 
its propagation, parameters such as the period, shape dynamics and velocity in the 
transverse direction can also be monitored to characterize the solution. By changing 
the system parameters, i.e varying the coefficients of the terms on the right-hand- 
side of Eq. (2.2.1), the characteristics of the solutions can be changed. As in finite 
dimensional nonlinear systems, the soliton parameters can change continuously, as 
well as via bifurcations. The later refers to qualitative changes in structure and 
behavior of the solution, such as transforming from one type of soliton to another.

It has been shown, in previous studies [50.51], that there is a specific range of 
parameter values where solitons in dissipative systems are transformed into fronts. 
Such transformation was first studied by Hakim, Jakobsen and Pomeau by consi­
dering the solutions of two limiting cases, real and imaginary, of the CGLE [52]. 
Consequently, other research showed that this is not a simple transformation [24]. 
Solitons in dissipative systems can. indeed, have very complicated bifurcation dia-

23
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grams. The examples that are presented in this chapter demonstrate such com­
plexity-

in this chapter, new numerical discoveries are presented for the region of tran­
sition between the solitons and the fronts. A bifurcation diagram is constructed for 
a particular region of this transition and presented in Section 3.1. The study has 
shown that the region is richly filled with a variety of bifurcations dividing a mul­
tiplicity of localized solutions. Findings in this region include a transformation of 
so-called ‘creeping solitons1 [41] into chaotic moving solitons through a sequence of 
period-doubling bifurcations, two symmetry-breaking bifurcations (each of different 
type), two different branches of solitons with multi-frequency dynamics that exist 
simultaneously for a given set of system parameters, and many more. Each of these 
bifurcations is closely investigated in the subsequent sections. This is followed by a 
discussion on the validity of system reductions to approximate such a highly com­
plicated model, in Section 3.7. Finally, a chapter summary is given in Section 3.8. 
A careful study of these solutions and bifurcations is important for understanding 
the general dynamics of solitons in dissipative systems.

3.1 B ifurcation  D iagram

Previous studies have shown that the CGLE admits a variety of localized stationary 
and pulsating solutions, as well as period-doubling and period-quadrupling bifur­
cations [41]. In order to investigate soliton bifurcations in a finite region bounded 
by a set of system parameters, Eq. (2.2.1) has been solved numerically using the 
split-step Fourier method outlined in Section 2.3.

Initially, the study of the creeping solitons, in particular, their regions of exis­
tence, has led to the study of this region. A creeping soliton is a special type of 
pulsating localized solution that changes its shape periodically and shifts a finite 
distance in the transverse direction after each period of oscillation. Especially, the 
work of Aklnnediev, Soto-Crespo and Town has indicated that the CGLE admits a 
moving pulsating solution which has multi-frequency dynamics [41]. In this parti­
cular example, the movement of the pulsating soliton in the transverse direction is 
not a simple uni-directional ‘creeping* motion, but it is rather a complicated zig-zag 
motion involving several different elements at different frequencies. Such interesting 
behavior of a solution triggered the initial investigation about its existence in the



3.1. BIFURCATION DIAGRAM 25

parameter space.
A set of parameters that is known to give a creeping soliton with double period is 

the following: D = 1, e = 0.835, 5 = —0.1, ß = 0.08, v = —0.08 and /i = —0.11 [41]. 
Eq. (2.2.1) has been solved for this set of parameters with an asymmetric initial 
condition. Once it converges to a creeping soliton, this solution has been used as the 
initial condition for finding a new solution for a different set of equation parameters 
in the vicinity of the first one, viz. e is changed slightly while keeping all the other 
parameters fixed. By repeating this procedure, the change of the solution behaviors, 
as c is varied, is studied. More specifically, starting from the above set of parameters, 
c has been varied in both directions, ranging up to 0.85 and down to 0.78 with an 
initial step Ac = 0.0002. When an abrupt change of a soliton parameter occurs 
due to the jump of the solution from one type to another, the vicinity is studied 
carefully by changing e in both directions with a smaller increment. In this way, a 
variety of soliton bifurcations and many co-existing different solutions in this region 
have been uncovered.

During the numerical computation of the propagation equation, the soliton pa­
rameter that is most often monitored is the energy, Q. carried by a certain solution. 
It is defined by

/•O O

Q — z)\2dt. (3.1.1)
J — oo

For a solution that oscillates along the propagation direction z, the energy maxima 
and minima, denoted by Qmax and Qmin respectively, are used in constructing the 
bifurcation diagram. For every value of e, the field is propagated a long enough 
distance in z before the soliton parameters are monitored, to avoid any transient 
behaviors. Fig. 3.1 shows the results.

Fig. 3.1 shows a region of transition from solitons to fronts. On the very left- 
hand-side of the Fig. 3.1, there is a pulsating soliton, indicated by a single Qmax 
value and a single Qmm value. On the far right-hand-side, there are two front 
solutions that are moving away from each other. Here, a finite value of the energy 
Q cannot be given since the moving front quickly fills the numerical time window 
with a constant amplitude, and the solutions of the CGLE are no longer localized. 
This is a relatively narrow region in comparison with the whole region of stationary, 
or even pulsating, solitons. This transition is far from being a trivial phenomenon 
like a simple increase of the soliton width, as it had previously been thought. As a 
consequence, it is a very dense region with various types of soliton solutions.
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Figure 3.1: Soliton energy bifurcation diagram for varying e. The rest of parameters 
are fixed at D = 1, 6 = —0.1, ß =  0.08. v =  —0.08 and // = —0.11. The shaded 
regions labeled with roman numerals (i) to (vi), and the branches labeled Zi5 Z2, 
CP and MP, contain interesting solution behaviors and bifurcations.

Each of the specific regions that are shaded and labeled with roman numerals (i) 
to (vi), and the branches labeled Zi, Z2, CP and MP, contains interesting solution 
behaviors and bifurcations. Many of these regions are further resolved using smaller 
increments of the parameter e in the numerical simulations. Varying the initial 
conditions allows one to find the unstable branches of solitons. In this way, all 
types of soliton solutions that exist in this region have been found. In the following 
sections, descriptions of each of these transformations are presented.

3.2 P e rio d -D o u b lin g  R o u te  to  C haos I

The shaded region labeled (i) shows a sequence of period-doubling bifurcations 
of the pulsating solitons. The pulse profile evolution at e — 0.782 is shown in 
Fig. 3.2(a). The soliton changes its shape periodically in the 2  direction. This 
motion is a limit-cycle with a closed single loop in an infinite-dimensional phase 
space constructed from infinitely many soliton parameters. This type of solution
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can be described as a single period pulsating soliton.

t t t

Figure 3.2: Soliton dynamics at D =  1, 6 = —0.1, ß = 0.08. v =  —0.08, // = —0.11 
and (a) e — 0.782 showing a single period pulsating soliton, (b) e = 0.793 showing 
period-doubling, (c) e =  0.795, showing period-quadrupling.

When the value of e is increased sufficiently, the period of the pulsating soliton 
doubles. Here, this period-doubling bifurcation occurs at e = 0.784. A period 
doubling bifurcation refers to the emergence of new limit-cycle from an existing 
one. The trajectory in the phase space is a limit-cycle with a closed double loop, 
and the period becomes approximately twice that of the single-period pulsation. 
Consequently, in the region around e = 0.793 in Fig. 3.1, the energy, Q (z). oscillates 
in a way that shows two different values of local maxima, along with two values of 
local minima. The two minima are very close to each other and therefore can hardly 
be distinguished on the scale of the Fig. 3.1. Branching of the curves corresponding 
to the maxima are clearly seen in Fig. 3.1. The soliton shape repeats itself every 
two pulsations. This is depicted in Fig. 3.2(b), which shows the profile evolution 
at e = 0.793. Period doubling bifurcations have been observed experimentally in 
various mode-locked laser systems including the passively mode-locked fiber lasers 
[44.53 -55].

A further increase in the e-value, up to e =  0.795, shows another period-doubling 
bifurcation; it leads to period-quadrupling behavior with four local minima and four
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local maxima for Q. The evolution of the solution profiles for this case is shown in 
Fig. 3.2(c). There are four pulsations in the closed loop of the limit-cycle.

This sequence of period doubling continues towards the right-hand-side edge of 
the shaded region (i) in Fig. 3.1. The interval Ac for the period-doubling relative 
to that for period-quadrupling can be calculated, viz. (0.794 — 0.784)/(0.79615 — 
0.794) = 4.651. This ratio of 4.651 is close to the generic (period-doubling) Feigen­
baum ratio of 4.669, which indicates the system may exhibit a transition to chaos 
via period-doubling upon continual increase of e. This is indeed the case, and the 
pulsating branch of solution follows a sequence of period-doubling bifurcations to 
chaos.

(b)
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Figure 3.3: (a) An example of chaotic evolution of multiple solitons at D — 1, 
6 = —0.1, ß = 0.08, v — —0.08, /i = —0.11 and e = 0.804. (b) An example of 
soliton splitting in this chaotic region.

Solitons in the region around 0.798 < e < 0.808 are unstable. They are pulsating 
solitons that chaotically change shape as they evolve. The chaotic motion frequently 
splits the soliton into two parts that are separated and in turn are transformed 
into chaotic solitons. The train of solitons which originates in this way fills the 
numerical grid, thus creating, in Fig. 3.1, the strip with a wide range of values 
of energy, Q. For each soliton. the range of allowed Q values is limited, but the 
process of their multiplication widens this range to infinity. There are no regular 
scenarios of soliton evolution in this range of values of e. An example of chaotic
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evolution of the soliton profile, where there are three solitons in the numerical 
window, is shown in Fig. 3.3(a). Each soliton remains localized unless it merges 
with another one or splits into two new solitons. An example of the latter process is 
shown in Fig. 3.3(b). The average distance that each soliton travels before splitting 
or interacting with another one depends on e and the density of solitons already 
existing in the numerical window.

Increasing e further terminates the region of chaotic solitons, and the region near 
e = 0.821, labeled (ii), corresponds to a soliton with period-two pulsations. The 
soliton dynamics in this region is similar to the one shown in Fig. 3.2(b), except 
that the energy range of Q values is now wider soliton pulsations in region (ii) 
have a larger amplitude of their oscillations than those at e = 0.793. A soliton 
profile evolution in this region is shown in Fig. 3.4.

Figure 3.4: Soliton profile 
evolution at e = 0.821 sho­
wing two-period pulsation.

Figure 3.5: Soliton energy bifurcation diagram for 
varying e [41], The values of // and v are slightly 
different from those of Fig. 3.1.

Further increase in e leads to a bifurcation back to single frequency pulsations. 
Keeping in mind that only one of the system parameters is varied here, it may hap­
pen that this region (ii) and the period-doubling regions before the chaos (i) can be 
connected to each other in the complete parameter space. The investigation of this 
requires a further numerical simulations with a slightly different set of system para­
meters. The study has shown that the two regions (i) and (ii) are indeed connected 
to each other. Fig. 3.5 is another bifurcation diagram with slightly different /i and 
v, showing the evolution of the CGLE solutions as e is varied [41], This diagram
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can be pictured as a different 'layer' of the bifurcation diagram that exists near to 
and parallel with Fig. 3.1 in the parameter space, where the gap between the layers 
corresponds to the difference in fi and v values of these two layers.

In Fig. 3.4, the region of chaos disappears. In fact, the whole sequence of 
period-doubling leading to chaos disappears, and only period two and period four 
branches remain. There are two period-doubling bifurcations in the direction of 
increasing e and also two period-doubling bifurcations in the direction of decreasing 
e, and the period four branches are connected. This example also shows that the 
period doubling bifurcations lead to chaos, only if the system parameters are tuned 
correctly to reach the region of chaos.

3.3 M u lti-fre q u e n c y  C reep in g  S o lito n  D y n am ics

Two bands of solutions, labeled Z\ and Z2 in Fig. 3.1, are the regions where the 
creeping solitons with multiple frequency dynamics are found. These two wide strips 
correspond to two different creeping solutions, which co-exist in a certain interval 
of values of e, he., the behaviors of the solutions in the upper band, Zi, with higher- 
energy and the lower crescent-like strip. Z2, are qualitatively different. There are 
two or more frequencies involved in the motion of these solitons. The combination 
of multiple incommensurate frequencies leads to evolution where the energy, Q (t), 
has local maxima Qmax and minima Qmin hi a continuous range of values. Each 
frequency is related to a particular type of motion, although a complete separation, 
he. the attribution of each frequency to a certain type of motion, is non-trivial in 
a nonlinear problem. Nevertheless, the highest frequency, and hence the shortest 
period, is always related to the soliton pulsations. Similar to conventional uni­
directional creeping solitons, each pulsation also causes the soliton to be shifted 
a certain amount in the transverse direction. The direction of this shift depends 
on the ‘global’ direction of the soliton’s movement caused by the lower frequency 
components at the moment of creeping. On the other hand, the lower frequency 
components, and hence the longer period components, are related to the velocity of 
the soliton’s movements in the transverse direction. Two example of the resulting 
dynamics, in the form of zig-zag motion found in this region, are shown in Fig. 3.6(a) 
and Fig. 3.6(c). It should be stressed that these two different examples presented 
are for exactly the same set of system parameters. The first example is for the
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upper band Zj, and the second one is for the lower band, Z2, both at e — 0.834.

Figure 3.6: Soliton evolution profile for D = 1, S = —0.1. ß = 0.08, v = —0.08, 
p =  —0.11 and e = 0.834 (a) in the upper band, Zi and (c) in the lower band, Z2. 
The energy, Q (black line) and the center of mass of the soliton t0 (red line), as 
functions of propagation z, for each example, are plotted in (1)) and (d), respectively.

The major difference between the two examples shown in Fig. 3.6 involves the 
frequencies which occur in their motions. For solitons in the upper band, ZL, the 
frequency of the transverse velocity is much lower than the frequency of the soliton 
width pulsations, while for the solitons in Z2, this frequency is comparable with 
the frequency of the width pulsation. The curves showing energy evolution, Q (z), 
and the soliton's center of mass, t0. for these types of motion reveal the frequencies 
involved. These curves, for both Zt and Z2 at e = 0.834, are shown in Fig. 3.6(b)
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and Fig. 3.6(d), respectively. The center of mass t0 is defined as

to
O h M M )  ?dt

Q
(3.3.1)

In the upper band, there are many pulsations within the ‘larger' period change in 
soliton energy along the propagation direction. This clearly shows that there are two 
frequencies involved in this motion, despite the fact that they are incommensurate. 
From Fig. 3.6(a) and Fig. 3.6(b), one can see that the higher frequency component 
causes the soliton to pulsate and ‘creep', while the lower frequency component 
causes the overall zig-zag motion.

On the other hand, in the lower band, the change in the direction of the motion 
occurs with a relatively short period compared with the period of the pulsating 
cycle. It can be seen that t0 oscillates with a period approximately five times 
the period of the oscillations in Q. The center-of-mass experiences small abrupt 
changes every time that Q reaches a minimum value, a feature which is related to 
the ‘creeping' nature of the motion of the soliton. Fig. 3.6(d) lacks the periodicity, 
i.e. the curves do not appear to repeat themselves exactly over a few periods. In fact, 
a further investigation has shown that this motion involves an additional frequency 
of significantly different magnitude, and the resulting motion is more complicated. 
The effect of this third frequency component becomes more evident by monitoring 
to over a longer propagation distance 2, as shown in Fig. 3.7.

Figure 3.7: Soliton's center-of-mass along propagation axis 2 for D =  1, 6 = —0.1, 
ß = 0.08, v = —0.08. p = —0.11 and e = 0.834. The same motion is shown on two 
horizontal scales, (a) 0 < 2 < 2000 (b) and 0 < 2 < 10000.

The center-of-mass does not strictly follow a single periodic motion after com-
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pleting one zig-zag motion, as shown in Fig. 3.7(a). The third frequency component 
also causes the soliton to move in a zig-zag motion, but this time with a much lon­
ger period. The effect of this third frequency is clearly visible in Fig. 3.7(b). This 
third frequency component does not appear in the entire range of the lower-band 
Z2. In fact, a Fourier analysis of these frequency components has shown that the 
third, and hence the lowest, frequency component only appears around e = 0.834. 
In the other parts of the lower band, only two frequencies govern the dynamics of 
the creeping solitons.

The zig-zag motion of the pulsating solitons disappears altogether at the right- 
hand-side end of both the upper band Z\ and lower band, Z2. There is a branch of 
uni-directional creeping soliton solutions that starts at the right-hand-side end of 
Z1? while the lower band Z2 branch joins a branch of zero-velocity pulsating solitons. 
These two points of transformation are located in the shade region labeled (iii) in 
Fig. 3.1. This region of the bifurcation diagram is shown at a higher resolution 
in Fig. 3.8(a). The branches of pulsating and creeping solitons interact through a 
small region of bistability shown in Fig. 3.8(b). The nature of this bistability is 
explained later in Section 3.6.1.
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Figure 3.8: (a) Magnified region of the bifurcation diagram, shown as (iii) in Fig. 3.1. 
This detailed plot shows splitting of the branch of creeping solitons. (b) The branch 
of solitons above region (iii) that shows bistability which is not resolved on the scale 
of Fig. 3.1.

3.4 M u ltip lic ity  o f S o lu tio n s

One of the remarkable features of the region of transition between solitons and the 
fronts is that several solutions may exist for a same set of system parameters. This
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has indeed been shown in the previous section, where two creeping solitons with 
different dynamics co-exist for the same set of system parameters. In fact, Fig. 3.1 
exhibits bistability in most of tlie intervals between e = 0.82 and e = 0.85, and 
trist ability in a smaller, but still considerable, interval of values of e.

There are two branches of solutions, labeled MP (moving pulse) and CP (com­
posite pulse), co-existing in the interval between e ~  0.842 and e ~  0.848. A part 
of this interval has trist ability, having another branch of solutions at higher energy. 
The amplitude, and spectra of the MP and CP for the same set of system parame­
ters, i.e. D = 1, 6 = —0.1, ß =  0.08, u = —0.08, p = —0.11 and e = 0.844, are 
given in Fig. 3.9.

Figure 3.9: (a) Amplitude profile and (b) spectrum of a moving pulse (MP) and 
(c.d) those of a composite pulse (CP) for D =  1, 8 =  —0.1. ß =  0.08. v = —0.08, 
p -  -0.11 and e -  0.844.

The CP has a small ‘hill’ in the central part and two fronts located symmetrically 
on each side of the pulse, whereas the MP has a similar structure to the CP. but 
one of the fronts is missing. Hence, the CP can be considered as a nonlinear 
superposition of two fronts and a plain pulse, while the MP can be considered as a 
combination of a front and a plain pulse. These types of solutions have been found 
previously, but for a completely different set of parameters [24].

The MP, as its name suggests, has a constant velocity in the transverse direction, 
and has an asymmetric spectrum with two unequal peaks separated by a valley. The
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inversion symmetry of the CGLE relative to the variable t allows for the existence of 
solitons with velocities in both positive and negative t directions. They are mirror 
images of each other. However, the MP always moves with the pnlse leading, so 
that the example shown in Fig. 3.9(a) moves to the positive t direction. The front 
pushes the pulse from one side.

The CP. on the other hand, has central symmetry of the amplitude profile, and 
has zero velocity, z.e., it is a stationary soliton. The novel feature of this branch 
found in Fig. 3.1 is a bifurcation in the middle of its range of existence. Here, a CP 
turns into a pulsating composite pulse. To demonstrate this new feature explicitly, 
the region labeled (vi) has been plotted with a higher resolution in Fig. 3.10(a).

Figure 3.10: Diagram showing how a composite pnlse (CP) bifurcates into a pulsa­
ting CP. This corresponds to region (vi) of Fig. 3.1. (b) Evolution of a pulsating 
CP for D = 1, 6 = -0.1, ß = 0.08. v =  -0.08, fi = -0.11 and e = 0.847.

In the region of stationary CP. Qmax and Qmjn coincide, resulting in a single curve 
up to the point of bifurcation at e «  0.8453 in the direction of increasing e. Above 
this point, the energy curve splits, thus demonstrating the pulsating nature of the 
solution. A pulsating CP solution is shown in Fig. 3.10(b). Such a transition from 
a fixed point solution to a limit-cycle is classified as an Andronov-Hopf bifurcation. 
It should be stressed that, in contrast to results from standard nonlinear dynamics, 
this bifurcation occurs in an infinite dimensional system.

These two branches of solutions, labeled MP and CP. disappear at higher e near 
the upper boundary of Fig. 3.1. This is the boundary between solitons and fronts. 
Localized solutions are transformed into two fronts that move away from each other.
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3.5 P e rio d  D o u b lin g  R o u te  to  C haos II

There is one more type of soliton that exists at the same values of e as MP and 
CP solutions. The corresponding branch is located above the branches denoted MP 
and CP in Fig. 3.1. It starts at the center of the shaded region labeled (iv) and 
ends up inside the region (v). This is a branch of uni-directional single frequency 
creeping solitons. Each side of the branch terminates in a bifurcation.

On the right-hand-side of the curve, this branch undergoes a series of period- 
doubling bifurcations. This can be seen clearly in Fig. 3.11. This figure magnifies 
region (v) in Fig. 3.1. The resolution of the plot given in Fig. 3.11 allows one to 
observe a period-quadrupling and even a period-eight solution. The first bifurcation 
of this series occurs at e =  0.845125 while the second one is at e = 0.845325. 
The interval Ae for the period-doubling relative to that for period-quadrupling is 
(0.845325 -  0.845125)/(0.845368 -  0.845325) = 4.651163. Again, this ratio is very 
close to the Feigenbaum ratio of 4.669201 suggesting that it is very likely that there 
is a whole sequence of period-doubling bifurcations on its route to chaotic behavior.
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Figure 3.11: A sequence of period-doubling bifurcations of creeping solitons leading 
to chaos (region (v) in Fig. 3.1). Bifurcations up to period-eight can clearly be seen. 
A further increase of e leads to transformation of solitons into two moving fronts.

It should be emphasized here that this example is the first observation of period- 
doubling bifurcations of creeping solitons. Earlier, there has been a report of a 
sequence of period-doubling bifurcations of zero-velocity pulsating solitons [41]. Due 
to the creeping nature of this branch, the chaotic solitons that appear at the end 
of this route are still moving localized solutions. The velocities of these solitons 
in the t direction vary chaotically, but the motion is only in one direction, and it
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is determined by the initial conditions. This branch ends near e = 0.84544 when 
the period of pulsation increases indefinitely and the soliton disappears to form 
two moving fronts. This evolution leads to the transformation of a soliton into two 
fronts.

3.6 S y m m e try -B re a k in g  B ifu rc a tio n s

A pitch-fork bifurcation indicates broken symmetry. The CGLE is symmetric with 
respect to the transformation t —> —t. However, solutions do not have to be sym­
metric for this nonlinear system. The transformation t —> —t converts them into 
different functions which are also solutions of Eq. (2.2.1). In particular, this trans­
formation changes the sign of the soliton velocity. Asymmetric solutions may appear 
as a result of a bifurcation. An example of a symmetry-breaking bifurcation in the 
theory of solitons was first found by Akhmediev [56]. In Hamiltonian systems, this 
type of bifurcation occurs in an inhomogeneous medium. Dissipative systems allow 
for symmetry-breaking bifurcations to occur even in homogeneous media.

There are two types of symmetry-breaking bifurcations in the theory of bifur­
cations, viz. sub-critical and super-critical. The region studied here is richly filled 
with bifurcations, and both of these types have been observed. Each one involves 
a bifurcation of a symmetric limit-cycle to two asymmetric limit-cycles. Clearly, 
bifurcations of limit-cycles are distinct from typical cases of symmetry-breaking 
involving fixed points. A sub-critical symmetry-breaking bifurcation from a statio­
nary soliton to a moving pulse has been found by Descalzi, Brand and Cisternas 
for a case where the cubic Ginzburg-Landau equation is coupled to another equa­
tion [57]. This system represents two coupled nonlinear optical fibers, where one 
fiber also features dispersion. Howeve e range of parameters presented in
Fig. 3.1, the moving pulse branch always has non-zero velocity, and no bifurcations 
from a stationary soliton to a moving soliton are observed.

3.6.1 Sub-C ritica l S ym m etry  B reak ing

A sub-critical symmetry-breaking bifurcation is observed in the region labeled (iii) 
in Fig. 3.1. This region is magnified and plotted in Fig. 3.8(b). The upper band of 
solitons, with the zig-zag motion, ends with the branch of a uni-directional creeping 
(asymmetric) solitons that is stable from e ^  0.8358 up to e & 0.8362. The lower
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branch in this plot corresponds to pulsating solitons (symmetric localized solutions). 
The two types of solitons co-exist over a small region of e. The transition from one 
branch to the other depends on the direction in which the parameter e is changed. 
It occurs at the points shown by the vertical arrows. Increasing e leads to switching 
from the asymmetric branch to the symmetric one, as shown by the right-hand-side 
arrow, whereas decreasing e results in the transformation shown by the left-hand- 
side arrow. The sign of the average velocity of the resulting creeping solitons is 
defined bv perturbations in the system. A sub-critical bifurcation leads to a small 
region with hysteresis.

3.6 .2  S u p e r -C r it ic a l  S y m m e try  B re a k in g

Another symmetry-breaking bifurcation is found at the end of the pulsating branch, 
in the region labeled (iv). The two curves to the left and to the right of this point 
meet with different slopes, showing that this is indeed the point of another bifurca­
tion. Both localized solutions are pulsating on each side of the point. However, so- 
litons on the left-hand-side of the point have zero transverse velocity, while solitons 
on the right-hand-side have non-zero transverse velocity. The branch of solutions 
corresponding to moving-pulsating solitons is degenerate, since it represents two 
separate creeping branches moving in opposite directions.

Detailed observations show that the curve on the left-hand-side of the bifurcation 
in region (iv) has a continuation in the form of a branch of unstable non-moving 
pulsating solitons. This continuation is indicated in Fig. 3.12(a) by the dashed- 
line. The points on this line have been obtained by using the same propagation 
technique as for the other branches. However, for the dashed-line, the solutions 
only remained stationary for a limited propagation distance, thus indicating their 
unstable nature. When symmetric initial conditions are chosen, the solutions first 
converge to zero-velocity pulsating solitons, but these are later transformed into 
11011-zero velocity solutions due to the instability of solitons with zero-velocity in 
this region. Fig. 3.12(b) shows this process of transformation. Fig. 3.12(c) and 
Fig. 3.12(d) show the evolution of soliton profile before and after the transformation, 
respectively.

The energy. Q. pulsates for each of the above solutions. However, the ampli­
tude of pulsations is reduced after the transformation from a non-moving pulsating 
soliton to a creeping one has occurred. Creeping solitons to the right of the point



3.6. SYMMETRY-BREAKING BIFURCATIONS 39

S 120

0.84 0.842 0.844 0.846
e

rv

Figure 3.12: (a) Symmetry-breaking bifurcation at e «  Ü.8425. The clotted branch 
on the left of the bifurcation point corresponds to stable non-moving pulsating 
solitons, while the same branch to the right of the bifurcation point corresponds to 
creeping solitons. The branch of unstable non-moving pulsating solitons is shown 
with the dashed-line. This corresponds to region (iv) of Fig. 3.1. (b) Energy Q 
against propagation 2 , for D = 1, 6 = —0.1, ß = 0.08, v =  —0.08, /c = —0.11 and 
e = 0.844. (c) Unstable pulsating solitons are transformed into (d) stable creeping 
solitons.

e «  0.8425 have a velocity that increases from zero at the point of bifurcation. These 
observations allow one to conclude that, according to the standard classification in 
the theory of bifurcations in low dimensional systems [58], the point e «  0.8425 is 
a super-critical symmetry-breaking bifurcation. Infinite-dimensional systems may 
have bifurcations with much richer structure than the simple ones appearing in the 
case of two-dimensional phase space. Nevertheless, the simple classification is also 
valid in higher-dimensional systems.
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3.7 V alid ity  o f S y stem  R e d u c tio n s

As the system is highly complex, finding some general simple rules governing these 
transitions is non-trivial. One of the possible techniques that could be used to 
address these issues is a reduction to a low-dimensional system similar to those per­
formed by Tsoy, Ankiewicz and Akhmediev [59]. However, the method of moments 
would not be able to give an accurate answer because its predictions lack preci­
sion. The technique may give approximate boundaries of the regions, but it cannot 
describe the whole variety of solutions observed numerically. For example, the phe­
nomenon of co-existence of two types of creeping solitons is beyond the reach of any 
technique which uses any type of reasonably simple trial function. Also, describing 
the zig-zag motion of the solitons by using a trial function is highly doubtful. The 
fine structure of bifurcations shown in Fig. 3.1 is too detailed to be approximated by 
any type of reduction to a low-dimensional dynamical system. Individual features of 
this structures may be modeled, but their relative locations in the parameter space 
are too intricate. Thus, numerical simulations are still the most reliable method for 
studying such complex dynamics in the region of transition from solitons to fronts 
in dissipative systems.

3.8 S u m m ary

Dissipative systems with an infinite number of degrees of freedom have rich dyna­
mical behaviors. Leaving aside pattern formation, and restricting one's attention to 
uniquely localized solutions, the number of possibilities still appears to be infinite. 
On increasing the cubic gain parameter, e, the localized solutions can pass through 
regions of no solitons, stationary solitons of various types, pulsating solitons and 
then transformation into front solutions. In addition, each boundary contains a 
multiplicity of bifurcations. Moreover, several solutions can exist simultaneously.

In this chapter, it has been shown that the region of transformation from pulsa­
ting solutions to fronts is especially opulent with bifurcations and multi-stabilities. 
This occurs even with the simplest modeling, when all parameters except e are 
fixed. Changing the five other parameters in Eq. (2.2.1) as well may result in a 
multiplicity of other transformations.

A numerical approach appears to be the most reliable way of investigating such 
a highly complicated system. It is highly unlikely that any type of system reduction
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would model the whole variety of solutions observed in this region of transition from 
solitons to fronts. However, approximate boundaries of individual features may be 
found using such approaches.
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C h ap te r  4

A naly tical A pproach: System  
R eduction

Dynamical systems such as those described by the complex Ginzburg-Landau equa­
tion (CGLE) have an infinite number of degrees of freedom. Although exact so­
lutions of the CGLE do exist, they can be expressed analytically only for certain 
relations between the parameters of the equation. Furthermore, only stationary so­
lutions are known in analytical form [24], Therefore, finding various localized solu­
tions and their bifurcation boundaries, especially in the complete multi-dimensional 
space of system parameters, is not simple, and usually involves massive numerical 
simulations with different sets of parameters and initial conditions. The complexity 
of the bifurcation diagram presented in Chapter 3 where only one system parameter 
is varied, serves as a good example of the intricacy of these problems.

One way to avoid such extensive computations is to construct a simplified mo­
del that can be used to approximate the existence range of localized solutions. By 
reducing the CGLE to a finite-dimensional dynamical model, one can obtain a set 
of ordinary differential equations (ODEs) approximating the evolution of localized 
solutions. This reduction can be carried out by applying the method of moments, 
which was originally developed by Maimistov for the perturbed nonlinear Schrödin­
ger equation [60]. A brief outline of this method is presented in Section 4.1. Quite 
remarkably, by using this approach, it is possible to obtain approximate models and 
the region of existence in the parameter space for pulsating solitons [59], arid even 
creeping solitons. A careful selection of the trial function is important for approxi­
mating each particular type of soliton. It should be detailed enough to describe

43
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the soliton under investigation, yet, simple enough to lead to an approximate mo­
del with a finite set of ODEs. The derivation and the analysis of low-dimensional 
dynamical systems obtained for approximating both pulsating and creeping soli- 
tons are presented in the following sections. Finally, a chapter summary is given in 
Section 4.4.

4.1 The M ethod  o f M om ents

The method of moments provides a way of dealing with a system by introducing 
some integral characteristics of the field under consideration [CO]. Different problems 
described by the perturbed NLSE [60-62], as well as the CGLE [59,63] have been 
successfully approximated by this approach. The method reduces a system with 
an infinite number of degrees of freedom to a dynamical system describing the 
evolution of a finite set of pulse characteristics. These characteristics may include 
the energy, width, center-of-mass and phase parameters. An approach that can 
be used to derive the evolution equations of these pulse characteristics using the 
method of moments is presented below.

Before beginning the derivation, the right-hand-side of Eq. (2.2.1) is defined to 
be R[xp] for convenience. Hence Eq. (2.2.1) becomes:

iipz + + W-V = iSip + ie\ip\2ip + ißiptt + ~ HV’lV  =  (4.1.1)

As a starting point, a set of moments needs to be defined. In principle, there is 
an infinite number of equations for moments, and using the complete set would give 
exact results. However, in order to obtain a significant reduction in the number of 
degrees of freedom, only a finite number of moments are used [63]. The number of 
moments should correspond to the number of parameters in the trial function for 
describing a particular solution, i.e. the complexity of the solution under investiga­
tion and the intended accuracy of the approximate model determine the required 
number of moments. At least five pulse characteristics are required to describe 
pulsating and creeping solitons. Therefore, a minimum of five moments is needed. 
Increasing this number may improve the accuracy of the reduced model, but the 
complexity of the analysis then increases dramatically.

For an arbitrary localized field ip, one can introduce two lowest-order integrals.
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namely the energy Q and momentum P

1 roc
P = -  J  -  ^P* t̂) dt, (4.1.2)

which are two basic variables which evolve in z. Three higher-order generalized 
moments are given by the following expressions [60]:
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(4.1.3)

where t0 (z) is center-of-mass of the field envelope.

Using the original Eq. (4.1.1), one can derive the following evolution equations 
for the generalized moments [60]:
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(4.1.4)

The set of differential equations given in Eq. (4.1.4) is valid not only for the CGLE, 
but also for a large class of NLSE-type evolution equations. R[ip] can represent any 
additional terms put on the right-hand-side of Eq. (2.1.1).

Up to this point, the equations in Eq. (4.1.4) are exact, i.e. an exact solution of 
Eq. (4.1.1) in place of \p would result in identities from the set of evolution equations.
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However, since no stable solutions of the quintic CGLE can be expressed in an 
analytical form, apart from some stationary solutions, one can use a trial function 
with a few parameters which depend on 2 . The selection of the trial function is 
very important, and different functions are suitable for different localized solutions. 
Often the trial function is chosen from the general symmetries of the problem and 
also from results of numerical simulations. Once an appropriate trial function, with 
five parameters, is chosen, it is then substituted into Eq. (4.1.4), and a set of five 
ODEs describing the evolution of the function parameters is obtained.

4.2 P u lsa tin g  S o litons

Pulsating solitons form one set of possible localized solutions of the CGLE. The 
width of these solutions changes, so they contract and expand periodically along 
the propagation axis 2 . They were discovered numerically [41.43,44] and observed 
experimentally in a fiber laser [44]. They appear from stationary solitons when 
the latter become unstable. Hence, pulsating solitons are found 011 the boundary 
between the region of stationary solitons and fronts [41]. A pulsating soliton solution 
of the CGLE is a limit-cycle of an infinite-dimensional dissipative dynamical system 
[7j. In the pulsating region, the binding of tlie two interacting fronts is strong enough 
to form a stationary soliton, but with lower binding effect, they oscillate relative to 
one another.

Fig. 4.1(a) shows the evolution of a pulsating soliton profile. This particular 
solution is found when D — 1,3 =  —0.1, ß = 0.08, e — 0.66, ^ 1 = —0.1 and u — —0.1. 
I11 order to find the region of existence of this pulsating soliton in the parameter 
space, one needs to solve the CGLE numerically, as 110 analytic expressions for 
pulsating solutions and their bifurcation boundaries have been found so far. There 
are several parameters of the CGLE that define the system, and therefore the 
boundaries are surfaces in this multi-dimensional space of the system parameters. 
Thus finding these boundaries is not a simple task.

A more feasible solution to this problem is to vary only two of the system 
parameters and fix the others, and map the region on a two-dimensional plane. 
Although this does not give a complete region in the parameter space, it serves as a 
good starting point to deepen one’s understanding of the solutions and their range 
of existence. One such plot is given in Fig. 4.1(b) [41]. The pulsating region is
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enclosed by a thick line, and this region includes the pulsating solution shown in 
Fig. 4.1(a).

chaos

moving fronts

stationary solitons

Figure 4.1: (a) An example of a pulsating soliton of the CGLE at D = 1, S = —0.1, 
ß — 0.08, e =  0.66, p = —0.1 and v — —0.1. (b) Region of existence of pulsating 
solitons in (e, i/)-plane of the CGLE [41].

In order to find the boundaries of a set of particular solutions, for example, the 
pulsating soliton shown in Fig. 4.1(a), one can start from the above set of system 
parameters, and, while fixing the other parameters, e and v can be varied slightly 
to check if the pulsating solution still exists, using earlier pulsating solution as the 
initial condition. This process is repeated until there is a qualitative change in the 
solution behavior, which then implies that there is a boundary nearby. Close to the 
boundary, one can improve the finesse by reducing the increment in either e or v. 
Once a different type of solution is known to exist on the border with the pulsating 
solitons, the region of existence of this solution can be also mapped using the same 
method. This technique even allows one to resolve areas where two or more soliton 
solutions exist simultaneously, as shown by the overlapping areas near the bottom 
right-hand-side border of the pulsating solitons in Fig. 4.1(b).

By using the method of moments with a suitable choice of the trial functions, 
it is possible to approximate these boundaries with a much smaller expense of the 
computational time.

The author would like to acknowledge that many of the results presented in this
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section are the work of Tsoy, Ankiewicz and Akhmediev [59].

4.2.1 H y p e rb o lic -S e c a n t P u ls e

One possible trial function that can be used to model the pulsating soliton is the 
hyperbolic-secant function:

where A(z) is the amplitude, w(z) is the width and to{z) is position of the center- 
of-mass. b(z) and c(z) are the linear and quadratic phase coefficient, respectively. 
The number of parameters characterizing this trial function, five, corresponds to the 
number of moments used in Eq. (4.1.4), and this allows one to obtain the evolution 
equations of these pulse parameters.

By substituting Eq. (4.2.1) into Eq. (4.1.2) and Eq. (4.1.3), the generalized 
moments can be expressed in terms of the variables of the trial function. They are

The derivatives of Eq. (4.2.2) with respect to 2 are then equated to the right- 
hand-side of Eq. (4.1.4), and the equations for the evolution of the variables of the 
trial function are obtained. They are

Q = 2A2ic, P — —2iA2wb, R  = 2 A 2wt0, 

R  =  (tt/6) A2w3, Is — i (27t~/3) A2w'ic. (4.2.2)

Qz =  Q  (25  -  2b2ß + \  w2c2ß +\  3 w- 3
2 Qf +  4 Q V
3 w 15 w2

to,z =  b D ---- — wzbcß,

(4.2.3)

To study non-moving pulsating solutions, one can make a further reduction and 
consider a system with only three variables, viz. Q, w and c. This is possible, since
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for non-moving solutions, b and to.z become zero for z —> oo. Hence, the set of the 
first three ODEs in Eq. (4.2.3) can be solved to approximate the pulsating solutions 
and their region of existence.

4.2 .2  G e n e ra liz e d  G a u ss ia n  P u ls e

Another trial function that can be considered is a combination of Gaussian and 
super-Gaussian types of functions, as the numerical pulsating solutions of the CGLE 
change their shape during one period from a bell-shaped pulse to a flat-top pulse. 
This can be written in the form:

where the meanings of A(z), w(z) and c(z) are the same as in Eq. (4.2.1). m 
is a constant that determines the ‘rectangularity’ of the pulse; it can be chosen 
arbitrarily and is independent of z. Applying the same principle as in the previous 
trial function, the center-of-mass f0 and the linear phase coefficient b are deliberately 
omitted in Eq. (4.2.4). Hence, there are three parameters, A(z), w(z) and c(z) that 
need to be solved in the three-dimensional model.

The study has shown that this choice of trial function, presented in Eq. (4.2.4) 
gives a better approximation of the pulsating soliton than the Gaussian function 
or the super-Gaussian function with a quartic term alone [59]. The value of m is 
not very critical, and the case m = 0.25 seems to agree well with the pulsating 
solitons of the CGLE. Indeed, other values of m can be used, but here, only the 
m = 0.25 case will be presented with arithmetic values in place of the hyper­
geometric function representation of the coefficients. The general case for arbitrary 
m  is given in Appendix I.

Due to the symmetry of Eq. (4.2.4) in t, two integrals, P  and A become zero, 
while the other three moments, in terms of function variables, are given below:

(4.2.4)

Q = 1.0514V I2 =  0.145 = (4.2.5)

Applying the same technique as outlined in the hyperbolic-secant trial function, one
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can obtain a set of three equations describing the evolution of the pulse parameters:

1.433Qf 1.146Q7Vqz = q L s - T ! ^ - i .i^ (?0 +
\  wz w wz

Wz = J 2cD+T T l^  0.874«V/J °-29° ^  °'325̂
\  wz

c, =  '  U u ^ D  -  19.C24c/3 -  «  _  + ^ R )  .
m 2 W 2

(4.2.6)

It should be noted that the form of the set of equations in Eq. (4.2.3) is similar 
to the set in Eq. (4.2.6). The only differences occur in the coefficient values for each 
term. This is due to the fact that the dependency of each function variables on t is 
the same for Eq. (4.2.1) and Eq. (4.2.4) [64].

4.2 .3  P u ls a t in g  M o d e l A n a ly s is  a n d  C o m p a riso n

Each set of coupled ODEs, Eq. (4.2.3) and Eq. (4.2.6), is a distinct model that can 
be used to approximate the CGLE. Eq. (4.1.1), in the pulsating region of the system 
parameters. As shown in Fig. 4.2(a), the reconstructed evolution of the pulsating 
soliton, using the trial function, Eq. (4.2.4) and the coupled ODEs Eq. (4.2.6), 
shows a very good qualitative approximation of the exact pulsating soliton shown 
in Fig. 4.1(a). Indeed, the region in parameter space where the pulsating solutions 
of these two reduced models are observed is clearly in good agreement with the 
exact solution. In Fig. 4.2(b), the pulsating region for each model is plotted in the 
same slice of the (e, v) plane as in Fig. 4.1(b), for a comparison with the CGLE 
model, which is the region enclosed by the thin solid line.

The two lower boundary lines are the boundary between stationary solutions 
and pulsating solutions for each reduced model, and hence there is an Andronov- 
Hopf bifurcation. However, there is no region where multiple solutions co-exist in 
the reduced models, which suggests that the reduced models cannot resolve such 
fine details of the soliton transitions. In the reduced model, the transition from the 
pulsating to stationary solutions and vice versa occurs on the same surface in the 
parameter space, and there is no formation of a hysteresis loop.

On the other hand, on crossing the two upper boundary lines, there is a transi­
tion from pulsating solitons to moving fronts. The period of the limit-cycle increases 
indefinitely upon approaching the upper boundary. At any fixed v. the period of
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moving fronts

D = 1

stationary solitons

- 0.1 1 - 0.09 - 0.07

Figure 4.2: (a) Reconstructed soliton from the trial function Eq. (4.2.4) and the 
solution of Eq. (4.2.6) at D = 1, e = 0.66. 6 =  —0.1, ß = 0.08, /z = —0.1 and 
v — —0.1. (b) Region of existence of pulsating solitons in (e, v) plane of both 
reduced models. The regions between the two solid lines and two dashed lines 
correspond to the pulsating region in Eq. (4.2.3) and Eq. (4.2.6), respectively. The 
pulsating region of the exact model is also plotted (thin solid line) for a comparison
[59].

oscillation increases with e. Once the parameters are above this line, the energy Q 
and the width w increase monotonically with 2 . The ratio Q/w  remains more or less 
constant, as the amplitude A remains mostly unchanged. This closely represents 
two fronts moving away from each other, as observed in numerical solutions of the 
CGLE.

Fig. 4.3 compares the dependence of the oscillation period of the limit-cycle 
on e, while the other parameters are fixed at D = 1, 6 = —0.1, ß = 0.08, v = 
—0.09 and /z = —0.1 for three different models, namely, Eq. (4.1.1), Eq. (4.2.3) and 
Eq. (4.2.6). Although there are clear differences between the exact model and the 
reduced models, as well as between the reduced models themselves, the qualitative 
features of all three curves are the same. They all start from a finite value near 
the lower boundary of the pulsating region, and increase to infinity as e reaches the 
upper boundary. Fig. 4.3 also indicates that the reduced model constructed from 
the generalized Gaussian function, Eq. (4.2.4) gives a more accurate approximation 
for the pulsating solutions of the CGLE than the one using the hyperbolic-secant
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v =  - 0.09

Figure 4.3: Period of pulsations T  as function of e. The solid line is the result of 
numerical simulations of the CGLE. Eq. (4.1.1). The dot-dashed line correspond 
to the model Eq. (4.2.3) and the dashed line to Eq. (4.2.6) [59].

trial function. This is due to the profile of Eq. (4.2.4) being more rectangular in its 
shape, and this shape is closer to the shape observed for the pulsating solutions of 
the CGLE.

4.3 C reep in g  S o litons

A creeping soliton is a special type of pulsating localized solution that changes its 
shape periodically and shifts a finite distance in the transverse direction after each 
period of oscillation. The value of the shift is constant for each period, and hence 
the soliton has a finite average velocity, although the motion occurs as a step-by- 
step translation in one direction. In most cases, solitons that move in this way 
have wide flat-top profiles bounded by a front on each side. The two fronts move 
asymmetrically in time, thus creating creeping movements of the whole ‘worm-like' 
formation.

Creeping solitons were first observed in numerical simulations [28]. Their exis­
tence, for various dissipative systems, was confirmed in later publications [41.65]. 
An example of a creeping soliton is shown in Fig. 4.4(a). Creeping solitons exist 
in a certain range of the equation parameters. This particular solution is found 
at D — 1, ö = —0.1, ß = 0.101, e — 1.3, /i = —0.3 and v = —0.101. Starting 
from this set of initial parameters, bifurcation boundaries between various types of 
dissipative soliton solutions in a finite region of the (e, ^)-plane were found using a
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similar approach to that outlined in Section 4.2. Fig. 4.4(b) shows these boundaries 
around the region of existence of the creeping solitons.

moving fronts

«0 1.3

moving solitons

- 0.102 - 0.098

Figure 4.4: (a) An example of a creeping soliton of the CGLE at D = 1, 6 = —0.1, 
ß = 0.101, e = 1.3. p = —0.3 and u = —0.101. (b) Region of existence of creeping 
solitons in (e, v )--plane of the CGLE.

Creeping solitons exist in a central diagonal strip in the (e, i/)-plane. Below 
this strip, pulsations disappear and pulses are transformed into fixed shape solitons 
moving with constant velocity. These constant profile pulses are moving along the 
t-axis. Above the diagonal strip, the solitons are still pulsating, but their average 
velocity is zero. Thus, the creeping feature disappears on the middle solid curve in 
Fig. 4.4(b).

Inside the strip, the soliton energy oscillates due to the oscillations of the soliton 
width. These oscillations are shown in Fig. 4.5(a). The period of the oscillations 
varies in the range 50 -  60 across the strip. In each oscillation, the center-of-mass 
of the soliton moves by a finite increment. This step-wise motion of the center-of- 
mass is shown in Fig. 4.5(b). Due to the symmetry of the CGLE with respect to 
inversion of the t-axis, a soliton can equally well move to the left as to the right, 
depending on the initial condition.

At the upper boundary of the central diagonal strip in Fig. 4.4(b), the soliton 
creeping behavior ceases. Translations after each period disappear and the soliton 
simply pulsates with zero transverse velocity. These pulsating solitons exist in a 
narrower strip above the region for creeping solitons. The period of pulsations
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Figure 4.5: (a) Energy Q and (b) the center-of-mass t0 against z for the creeping 
soliton shown in Fig. 4.4(a). Due to the symmetry in t, the soliton could also move 
in the opposite direction if the initial condition is changed.

increases and becomes infinite at the upper boundary of this second strip. Above 
the second strip, any localized solution increases its width and transforms itself 
into a pair of fronts moving away from each other. The narrow width of the strip 
indicates that the creeping solitons involve quite a subtle balance.

At the lower boundary of the central strip, the pulsations stop and creeping 
behavior disappears. The soliton profile, as well as its energy, Q, become constant. 
The soliton moves with a constant velocity to the right or to the left. Each of the 
boundaries in Fig. 4.4(b) represents a bifurcation in the dynamics of the dissipative 
soliton.

There is no technique available for describing pulsating solutions using exact 
solutions of the governing equation. Consequently, there is little hope of finding 
analytical solutions for creeping solitons. However, the method of moments can 
be applied to the CGLE to model creeping solitons as was done for the pulsating 
solitons in Section 4.2. The model needs to be extended to include the translational 
motion of the localized solutions. This requires an additional variable for the ve­
locity of the soliton, and this increases the dimensionality of the finite-dimensional 
dynamical system. The velocity is also a periodic function of propagation distance 
2 , and it thus describes the creeping feature of the soliton.

4.3.1 A sym m etric  G eneralized  G aussian  P u lse

The numerical example presented in Fig. 4.4(a) shows that the creeping soliton 
changes its shape, during one period, from a bell-shaped pulse to a flat-top pulse.
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Its velocity is generally constant, with an irregular ripple superimposed on it. The­
refore, a variant of a ‘super-Gaussian' function is considered as the trial function to 
reduce the system dimensionality. This is given by

= a(m) (  yjrny 
V w ( z ) z d w 4 + i { b { Z) y + c { z ) y 2 ) )

(4.3.1)

where y = t — to(z), and the meanings of w(z), b(z) and c(z) are the same as in 
the previous trial functions. The constant m can be chosen arbitrarily, but it is 
independent of z, while a is a constant that depends on m. It is chosen in such a 
way that the total energy, \^\2dt, equals Q(z). For example, if m =  0.008, a
should be 0.519548. The trial function given in Eq. (4.3.1) is deliberately chosen 
to be lion-symmetric in y, otherwise the velocity and linear chirp would approach 
zero after a short transient. This would mean that only three ODEs would remain 
at the end of the derivation, and the creeping effect could be lost. The above trial 
function is detailed enough to show the creeping effects, yet the required integrals 
can still be obtained analytically with the help of hyper-geometric functions.

The generalized moments in Eq. (4.1.2) and Eq. (4.1.3), for any m, are given by

P  =  —iQ(z) (b(z)  +  4y/m^-c(z)w(z)  \  ,

h  = Q(z)(̂ 2VmFtti(z) + t0(z)J ,

h  =  C q (z)w2(z),
16 i

h  = ^rrw(z)Q(z)  (3kbc(z)w(z) -  y/mkcb(z)) ,
OrCa

where the constants /q are given by the following expressions:

fc“ = r ( i ) ^ ' i ;m) + 8mr0D 

^ = r ( 4 ) H G ’i ;m) +2mr (-

*k = r ( ! ) H ( i 5: m ) + 8m r ( i )

=̂3r(!)"G'H+8mr(i

(4.3.2)

(4.3.3)
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In these terms, the function H(r,s;m)  represents the generalized hypergeometric 
function 0F2 ({};r, s;m 2). It should be noted that for m —> 0, Eq. (4.3.1) becomes 
symmetric, and hence the expected results for a symmetric function are obtained.

Now, the derivatives of Eq. (4.3.2) with respect to 2 are taken, and they are 
equated with the right-hand-sides of Eq. (4.1.4). After rearrangement, one can ob­
tain five coupled ODEs for the ^-dependent soliton parameters. Eq. (4.3.4) presents 
five equations for the evolution of the soliton parameters for the m = 0.0025 case.

QZ = Q { 26 -  262/3 + 1.080wbcß 0.511/3
w 2

-  10.902wV/3 +
0.466Qe 0.117Q2//

+ w2
(  , „ 0.0996D 0.065/3 9 ~ 0.066Qe 0.024Q2n \

wz =  w 2cD +  0.634wbcß-------------- + -------  6.448u;2c2/3--------------- - -------------ß - 2-  .\  w wz w wz J

to z =  0.859ir'5c2/3 +  0.987bD — I0.67lw2bcß — 0.035Qe — ^ ^ 4- .w w
bz =  1.764ic3c3/3 -  21.920w2bc2ß  +  0.0276rD -  0.071Qce -  ()-()3()Q (  ̂ _  ()'()19rJ

w w
1.0066/3 0.012Q 0.004Q2v  0.026D

w2 a;3 u ;3

c2 =  O.172u)2c30 -  2c2D -  2.U2u-„Cß +  °~198tcg -  ^w w wz wz
0.043Q 0.015 Q2u 0.095D

+ ----- — • (4.3.4)
0.0606/3

uß uß w4 w4

The set of ODEs for general rn can be presented instead of the arithmetic values 
given in Eq. (4.3.4), but these are extremely lengthy and cumbersome, involving 
numerous hyper-geometric functions, and hence are not presented in this thesis. 
The case rn =  0.0025 gives a reasonably good agreement with the numerical so­
lutions of the CGLE. The small degree of asymmetry mimics the real soliton and 
produces a small average velocity as the soliton creeps. This case has been studied 
extensively, and the results are presented below. Although the dependence of each 
trial function parameter on t is same as for the previous two trial functions used for 
the study of the pulsating solutions, Eq. (4.3.4) contains a lot more terms, as there 
are more coefficients that do not cancel to zero, due to the asymmetry involved in 
Eq. (4.3.1). However, as expected, all the terms shown in the previous two sets of 
ODEs, Eq. (4.2.3) and Eq. (4.2.6), are present in Eq. (4.3.4) and differ only in the 
numerical values of their coefficients.
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4.3 .2  C re e p in g  M o d e l A n a ly s is

By solving the set of coupled ODEs in Eq. (4.3.4), pulsating solitons with non­
zero transverse velocity can be found in a certain range of the original equation 
parameters. Fig. 4.6(a) shows a reconstructed soliton profile evolution from the 
trial function Eq. (4.3.1) and solution of Eq. (4.3.4) at D = 1, e = 1.45, 6 = —0.1, 
ß = 0.101, p = —0.3 and v — —0.101, while m = 0.0025. Although fine details of 
the CGLE solutions are not present in the reduced model, the qualitative features of 
the creeping dynamics are reasonably well-approximated. The results for the region

moving fronts m — 0.0025

creeping solitons

moving solitons

Figure 4.6: (a) Reconstructed soliton from the trial function Eq. (4.3.1) and solution 
of Eq. (4.3.4) at D = 1, e = 1.45. S = -0.1, ß =  0.101, /i = -0 .3  and v =  -0.101, 
while m — 0.0025. (b) Region of existence of creeping solitons in (e, zz)-plane of the 
reduced model.

of existence of creeping solitons in this reduced model are shown in Fig. 4.6(b). As 
with the CGLE model shown in Fig. 4.4(b), creeping solitons occur in a central 
diagonal strip in Fig. 4.6(b). For lower values of e, the limit cycle contracts to 
a fixed point with all parameters, including the velocity, being constant. This 
transition is an Andronov-Hopf bifurcation. Thus below the diagonal strip, solitons 
with constant shape and constant velocity exist in the same way as in the numerical 
simulations of the CGLE.

All the soliton parameters in the region of creeping solitons are oscillating. This 
solution is a limit-cycle in the five-dimensional phase space. Two projections of this 
limit-cycle onto a two-dimensional space of parameters are shown in Fig. 4.7. For
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lower values of e, the parametric plot tends to a round shape, and hence the velocity 
of the center-of-mass and the energy Q are approximately sinusoidal functions of 
z. Indeed, with e = 1.29, the velocity appears to be almost sinusoidal. For larger 
values of e, the parametric plot becomes more elongated. This kind of irregularity 
is more evident as e reaches the upper boundary of the creeping range. The closed
curve parametric plots become larger in 
range of oscillations when e increases.

Figure 4.7: (a) Examples of limit-cycles i 
D = 1, 6 =  -0.1, ß = 0.101, fi = -0.3, 
while m — 0.0025.

area, since both f0 z and Q have a larger

1 (Q. to,z)-plane for the reduced model at 
= —0.101, (a) e -  1.45 and (b) e -  1.29,

Periodic evolution of the energy. Q. and creeping motion of the center-of-mass 
of the soliton t0 along z, are shown in Fig. 4.8. Qualitatively, these curves are 
similar to those shown in Fig. 4.5. Clearly, one cannot expect a better fit because 
of the dramatic reduction of the number of degrees of freedom when using the 
trial function. However, the possibility of modeling of the creeping solitons using a 
simple trial function is remarkable in itself.

As 6 increases, the period of all five parameters increases. At the upper limit of 
existence of creeping solitons, the soliton becomes wider while retaining a constant 
amplitude, so the energy Q becomes approximately proportional to the width. At 
the top of the ‘creeping’ range, the period becomes infinite and there is a bifurcation 
to solitons with constantly increasing width. This behavior corresponds to the 
splitting of a soliton into a pair of fronts moving away from each other in numerical 
simulations of the CGLE. However, the velocity of the center-of-mass for this soliton 
is not zero, as was the case in the numerical solutions. Thus, in the reduced model, 
there is only a single boundary separating creeping solitons from moving fronts, 
as shown in Fig. 4.6. Again, this is hardly surprising if one takes into account



4.4. SUMMARY 59

Figure 4.8: (a) Energy Q and (b) the center-of-mass to against 2  for the reduced 
model at D = 1, e = 1.45, 6 = —0.1, ß — 0.101, /i =  —0.3 and v — —0.101, while 
m =  0.0025.

the drastic reduction in the number of degrees of freedom in the simplified model. 
Despite these discrepancies, the qualitative location of the region of existence of 
creeping solitons and the boundary slopes are remarkably similar to those obtained 
in the CGLE. For example, in each case, the lower boundary slope is Ae/Av ~  4.9.

For m = 0.0025, v = —0.101, the transition from fixed point to creeping soliton 
occurs at e ~  1.29, while the bifurcation from creeping to moving fronts occurs at 
e — e0 ~  1.5092. For fixed n, the parameters Q. w, to,z, b and c all oscillate with the 
same period, T. Upon approaching the upper bifurcation boundary, pulse energy, 
average velocity and period all increase. Numerical analysis shows that the period 
T  varies as

0.6912 
e0 -  e '

(4.3.5)

and hence it becomes infinite at the upper bifurcation point.

4.4 S u m m a ry

Studying different types of the complex Ginzburg-Landau equation (CGLE) solu­
tions and finding the region of their existence in the parameter space is a tedious 
work involving extensive numerical investigations, as there are no analytical ex­
pressions known for them, except for some specific stationary solutions. In this 
chapter, a new approach based on the method of moments has been introduced to 
reduce the dimensionality of the system. The technique reduces a partial differen­
tial equation, such as the CGLE to a set of ordinary differential equations (ODEs)
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that approximately describes the evolution of the soliton parameters. Pulsating so- 
liton solutions and creeping soliton solutions of the CGLE have been studied using 
this approach. Although it may not reproduce the solution details, especially for 
creeping solitons, which have very intricate behaviors, the qualitative features are 
well-described by the reduced model. Particularly, the region of existence of the 
pulsating and creeping solitons agrees reasonably well with the region plotted from 
the numerical simulations of the CGLE. With a careful selection of the trial func­
tion, this technique allows one to approximate the region of a particular family of 
soliton solutions under investigation with much less computational time.
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D issipative Soliton R esonances

So far in this thesis, tlie concept of the dissipative solitons has been discussed in the 
context of the theoretical and fundamental basis of nonlinear dynamical systems. 
However, the dissipative soliton is not just of pure scientific interest, as this concept 
can find applications in the generic modeling of phenomena that exist in nature and 
in various modern technologies. One of the most important applications is the ge­
neration of ultra-short optical pulses with record-high energy [66]. Femto-second 
optical pulses with extremely high energy provide modern experimental science and 
technology with new tools. Applications include the generation of exceptionally wi­
deband, or supercontinuum, light sources [67] that find numerous uses in biomedical 
imaging [68]. They can offer promising alternatives to the acceleration of charged 
particles [69]. They can be used for molecular finger printing [70], fabrication of 
optical couplers [71] and nanostructures in transparent dielectrics such as silica 
glass [72], high-density optical three-dimensional data storage [73] and high har­
monic generation of atto-second pulses in the X-ray range [74], Chemical reactions 
which occur on femto-second time scales can be studied by using ultra-short optical 
pulses [75]. Zewail was awarded the Nobel Prize in Chemistry in 1999 for the de­
velopment of this technique and opening up the field of femto-chemistry. Medical 
applications include accurate and precise laser surgery with no destructive effects on 
surrounding tissues [76]. non-invasive manipulation of the structural machinery of 
cells and tissues [77], dissection of biological samples [78], accurate non-destructive 
dentistry [79] and delicate eye surgery [80]. The list of possible applications in all 
areas of human activity seems to be unlimited [81]. Thus, producing shorter and 
more powerful pulses is vital for further progress in science and technology.

61
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Until recently, techniques for generating ultra-short high-energy optical pulses 
were mostly based on the concept of chirped-pulse amplification [82]. This required 
a cascade of delicate amplifiers at the output of a mode-locked oscillator [83 86], 
and, as a result, the required equipment increased dramatically in size and price. 
Recently, however, femto-second laser oscillators with pulse energies in excess of 100 
nJ and peak powers that exceed several megawatts have been demonstrated [87.88]. 
They have the potential to replace more complex and expensive ultra-short pulse 
amplifier aggregates. Solid-state lasers [89] and fiber lasers have also been studied 
vigorously in this regard [90 92].

While progress in generating high-energy pulses out of these lasers has been 
remarkable, most of the results have only been obtained experimentally by using 
‘trial and error' techniques for each specific case. There is no well-defined general 
theory behind these achievements. The main problem is that each particular laser 
design requires specific modeling and numerical simulations [11.93]. There is no 
'inverse technique' to uncover a system that will produce a specific required output 
pulse, due to the large variety of laser designs [94].

However, there is a general approach which allows one to approximate the main 
properties of pulses generated by these devices. It is based on a single master 
equation derived using certain approximations [8]. The resulting equation is the 
complex Ginzburg-Landau equation or a modification of it. The active nonlinearity 
in the equation must be at least quintic in order to model the stable generation 
of pulses. Thus, the simplest model that can be used is the complex cubic-quintic 
Ginzburg-Landau equation (CGLE). This technique can be used for modeling stable 
pulse train generation by both solid-state [8,95] and fiber ring lasers [11]. Moreo­
ver. Renninger, Chong and Wise recently designed a so-called ‘dissipative soliton 
laser' that generates pulses which can be directly compared with pulse solutions of 
the CGLE [96]. Depending upon the device and the phenomena that needs to be 
described, the model can be complemented with additional terms in the equation. 
These could be higher-order dispersion terms, step-wise change of parameters, etc. 
The additional terms may modify the output pulse and the conditions for its ge­
neration, but in general, they do not destroy the solution completely. If a certain 
effect is robust, it will persist despite all the modifications.

In the past, most scientific attention has been focused on cavity dispersion issues. 
Although soliton propagation in the anomalous dispersion regime can provide neat
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hyperbolic-secant-profile pulses, the search for higher-energy and wider-bandwidth 
laser outputs has led to the design of cavities with strong dispersion management, 
featuring an average dispersion shifted into the normal regime [90,91.97]. Pulses 
in the normal dispersion regime are as stable as those in the case of anomalous 
dispersion. Observations also demonstrated that, when the magnitude of the normal 
dispersion coefficient grows larger, a useful increase of pulse energy results [37.39]. 
The principle of dispersion management eventually evolved into the concepts of 
parabolic-pulse and all-normal-dispersion lasers [40,98]. The resulting stationary 
output pulses are usually strongly chirped, making them wider in the temporal 
domain. However, further compression outside the cavity can be used to shorten 
the pulses down to the femto-second range.

One more theoretical step forward has been made by Akhmediev, Soto-Crespo 
and Grelu [66]. It has been shown numerically that the energy of dissipative soli- 
tons of the CGLE increases dramatically when their parameters are located on a 
special surface in the space of parameters. As this process resembles the resonance 
phenomenon in the theory of oscillators, it has been named 'dissipative soliton reso­
nance' (DSR). Here, the definition of 'resonance' is extended to include an internal 
resonance between the system parameters, which, when related in a certain way, 
enable the support of high energy pulses. The investigation has shown that the 
effect occurs over a significantly large region of the system parameters in the nor­
mal dispersion regime. Basically, there is a co-dimension-one space of the complete 
parameter space which admits infinitely large pulse energies. Thus, the DSR effect 
has predictive features and. in principle, can be used to design laser systems for the 
generation of high energy pulses.

Despite its apparent simplicity, finding the location of the DSR in the para­
meter space is highly complicated. Even in the simplest model, the number of 
parameters in the CGLE is beyond easy handling, and therefore, the model re­
quires a significant number of numerical simulations to describe the pulse shape 
and its parameters. This can take a long time, even with the use of modern com­
puter equipment. Moreover, it is non-trivial to make a correspondence between the 
real experimental parameters and those used in the CGLE model, and hence this 
requires a special derivation. While the net cavity dispersion can, in a straightfor­
ward manner and after a certain normalization, be represented by the dispersion 
parameter in the equation, the values of the rest of the coefficients are complicated
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functions of specific laser parameters which can be adjusted experimentally. This 
is particularly true for the nonlinear ones. However, their exact representations 
are not significantly important in understanding the laser operation at an intuitive 
level.

The work presented in this chapter is not an attempt to describe any particu­
lar laser model. Rather, the DSR effect is considered at a phenomenological level. 
The chapter begins with the numerical discovery of this phenomenon in Section 
5.1. In the next section, one of the reduced models obtained using the method of 
moments in Chapter 4 is employed to model the DSR. and an approximate ana­
lytical expression for the location of the resonance surface in the parameter space 
is presented. This is then followed by a study of the DSR in the anomalous dis­
persion regime, and the effect of the quintic nonlinearity on the resonance. Section 
5.5 presents a study on the robustness of the DSR phenomenon, when parameter 
management is introduced in the laser model. In Section 5.6, the compression of the 
highly-chirped pulses out of such lasers is briefly discussed, and finally, the chapter 
summary follows in Section 5.7.

5.1 U ltra-H igh E nergy P u lses o f th e  CGLE

In order to study the generation of ultra-high energy pulses from a passively mode- 
locked laser, a master equation approach [8], based on the CGLE is employed [99]. 
The master equation approach avoids the problem of separate models for specific 
laser designs, but it still gives a good approximation when the changes due to pulse 
evolution are relatively small during any individual round-trip of the cavity. It 
allows one to find the critical parameters of the system that generate the pulse with 
the highest possible energy [66].

The master equation is given by [100]

iipz + + WV + V = ^  + iß*Ptt + i/i |^ | V- (5.1.1)

This equation is identical to Eq. (2.2.1), except that D is no longer normalized 
and is now a variable that can be any real number. Hence, Eq. (5.1.1) has total of 
six system parameters instead of five, as used in the earlier chapters. Despite this 
increase in the number of parameters, such de-normalization allows one to directly
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compare the solutions of Eq. (5.1.1) with the experimental results, as the dispersion 
is most often the main control parameter in experiments involving generation of 
ultra-high energy pulses. Nevertheless, the definition for the sign of D is still the 
same, and hence D is positive in the anomalous dispersion regime and negative in 
the normal dispersion regime.

By numerically solving Eq. (5.1.1) using the technique outlined in Section 2.3, 
Akhmediev, Soto-Crespo and Grelu were able to find a region in the parameter space 
where stable dissipative solitons have energies much higher than those reported 
before [66]. Since the focus is on the generation of high-energy pulses, it is useful 
to define the total energy Q of the output pulse. This is given by

For a stationary soliton solution, the energy Q converges to a finite value. Fig. 5.1 
shows the energy Q against D for three different values of e, while the other para­
meters are fixed. One of the most notable features of these curves is that the energy

Ö = -0.1, yft=0.08, 
v = 0.01, n — -0.003

Figure 5.1: Soliton energy Q against dispersion parameter D for 6 = 1  (solid line), 
6 = 2 (dashed line) and 6 = 3 (dotted line), while 6 =  —0.1, ß = 0.08, v = 0.01 and 
/i =  -0.003 [66].

Q grows indefinitely when the dispersion is pushed further into the normal disper­
sion regime, which agrees well with the previous experimental observations [37.39]. 
In fact, the energy becomes almost infinite when the dispersion reaches the edge
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of the stability range on the left-hand-side. This suggests that the only practical 
limits in increasing the energy of pulses out of passively mode-locked lasers are the 
availability of the pump power and the stability of the pulses against higher-order 
terms that are not taken into account in Eq. (5.1.1).

The region of existence of this special class of soliton solutions is shown in 
Fig. 5.2 in the grey shaded region. Only the two-dimensional projection in the (e, 
D) plane is shown, while the other parameters are fixed at 6 = —0.1. ß = 0.08, 
v = 0.01 and fi = —0.003. The left-hand-side boundary of this region corresponds

" v = 0.01, // =-0.003

Figure 5.2: Region of existence of solitons in the (e, D) plane. The left-hand-side 
boundary corresponds to the ultra-high energy pulses. Soliton profiles and spectra 
of the pulses located at the points marked ‘ x ' and ‘+ ’ are presented in Fig. 5.3 and 
Fig. 5.4, respectively [66].

to the ultra-high energy ends of the curves in Fig. 5.1. Hence, this boundary is 
termed the ‘resonance curve', i.e. the energy increases indefinitely as D approaches 
the boundary on the left-hand-side. Further to the left of the boundary, two fronts 
move away from each other and no localized solutions are found. Stable solitons are 
observed in both normal and anomalous dispersion regimes, although the resonance 
curve, and hence the ultra-high energy pulses, only exist in the normal dispersion 
regime for the two-dimensional slice presented in Fig. 5.2.

The pulse shapes and the spectra at the points marked ‘x ’ and ‘+ ’ in Fig. 5.2 
are presented in Fig. 5.3 and Fig. 5.4, respectively. The evolution of the pulse 
shape and its spectrum, with changes in the dispersion D while other parameters
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Figure 5.3: (a) Profiles and (b) spectra for D — 0 (solid line), D = —0.5 (dashed 
line) and D — — 1 (dotted line), while ö =  —0.1, ß = 0.08, e =  3, v =  0.01 and 
/i = —0.003. The curves correspond to the points marked ;x ' along the upper 
horizontal line in Fig. 5.2 [66].

are fixed, are shown in Fig. 5.3. The plots demonstrate that, as D approaches the 
resonance curve, the pulse width increases dramatically, while the amplitude stays 
relatively stays constant. The spectrum becomes almost rectangular in shape with 
two or three peaks. The spectral intensity depends strongly on the dispersion, while 
the width of the spectrum stays almost unchanged. Hence, the dramatic increase in 
the pulse energy near the resonance is mainly the result of the increase in temporal 
pulse width, rather than any increase in the pulse peak power. On the other hand, 
in the spectral domain, the increase in the spectral intensity rather than the spectral 
width is the main contributor of the energy gain.

It should be noted that, when carrying out numerical simulations close to the 
resonance, the pulse shapes change quickly with a change of parameters. In moving 
from point to point in this range, the step-sizes, numerical windows and the number 
of points in the numerical grid need to be changed, making these relatively simple 
procedures quite time consuming. Hence, Fig. 5.1 has an arbitrary upper limit on 
Q and further calculations were not carried out. This does not mean that solitons 
writh even higher energy cannot exist.

Fig. 5.4 shows pulse shape and spectrum evolution wrhen the cubic gain e is 
changed, while other parameters, including D. are fixed. Unlike the spectra shown 
in Fig. 5.3(a), the spectral shape stays more or less the same while its width becomes 
wider as e increases. The spectral shape is almost rectangular and has three maxima 
for all three values of e. Also, the pulse’s temporal width narrows and the amplitude
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Figure 5.4: (a) Profiles and (b) spectra for e =  0.2 (solid line), e =  1 (dashed 
line) and e =  2 (dotted line), while D = — 1, 6 = —0.1, ß =  0.08, v =  0.01 and 
fi = —0.003. The curves correspond to the points marked ‘+* along the vertical line 
D = - 1  [66].

increases.
Most of the experiments dealing with the generation of high-energy pulses show 

three-peak spectra, which resemble the pulse spectrum near the resonance curve 
[89,90.95.101,102]. This demonstrates that there is a strong connection between the 
generation of high energy pulses in a laser oscillator and the high energy solutions 
of the CGLE presented in this study.

The pulses shown in Fig. 5.3 and Fig. 5.4 are far from being transform-limited, 
i.e. they are all strongly chirped. The chirp is almost linear around the central high 
intensity part of the pulse. Again, this is in agreement with previous experimental 
studies [95,102]. This strong chirp can be used beneficially to shorten the pulse 
width using a dispersive medium. Such a technique is further discussed in Section 
5.6.

5.2 A n a ly tica l A p p ro ach

There are no direct analytical techniques using a straightforward procedure that 

allow one to find the location of the resonance in the param eter space. This is 
related to the fact that analytic solutions of the CGLE are only known for very 

specific values of the parameters [100]. However, there is a way to approximate 
the location of the resonance by simplifying the model described by Eq. (5.1.1). 
One can obtain a reduced system by applying the method of moments [60], as has
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been done in Chapter 4, and solve the finite-dimensional system defined by a finite 
set of ordinary differential equations (ODEs). In fact, it has been found that the 
generalized Gaussian trial function, Eq. (4.2.4), which has been used to approximate 
the pulsating solitons, is also useful in modeling high energy pulses of the CGLE. 
The trial function is given by

f t 2 t4 \
xf (t, z) = A exp ( —- J exp (ict2) , (5.2.1)

and the evolution equations for the function parameters become

/  r 3.738/3 , .., 1.433Qe 1.146Q2/AQZ = Q 2d -------- 5------1.158w2c2/3 + -------- -2- + -------,
\  wz w wz J

Wz = w ( 2cD + _ 0.874. V ß  -  ° ^ Q l  _  2 ^ V )  ,
\  wz w wz J

1 /  0 9 „ , „ 1.237Q 1.319Q2ZZ 6.453£>\ /rcz — —- ( - 2 w 2c2D  -  19.624c^------------------------------1--------— , (5.2.2)
wz \  w wz wz )

for m  = 0.25. Again, setting m = 0.25 gives good results over a wide range of 
the system parameters. Setting rn < 0.25 gives pulses that are more rectangular 
in shape, which slightly improves the results near the resonance. However, the 
differences in the final results are very small over the whole interval where m < 0.25. 
Thus, only the case when m — 0.25 is presented here. The equations for arbitrary 
positive real m are presented in the Appendix I. Another possible trial function is 
a quartic trial function. Its shape is also more rectangular than Eq. (5.2.1), and 
hence gives a better approximation near the resonance. The expression for this trial 
function and its complete set of evolution equations are presented in Appendix IV.

The dynamical system Eq. (5.2.2) has a relatively simple structure. The right- 
hand-sides of the three equations are rational expressions of Q. w and c. Using 
standard techniques, one can find the system fixed points and study their stability. 
The results for fixed values of 5, i/, ß and /r are shown in Fig. 5.5. The grey region 
consists of stable fixed points. The black curve in the middle is the resonance curve 
wdiere energy Q increases to infinitely large values.

The shape and position of the resonance curve are in reasonably good agreement 
with those of the exact curve found numerically in Fig. 5.2. The shape of the region 
on the right-hand-side of the resonance curve is also in good agreement with the 
numerical results. Quite remarkably, even a fine feature like the ‘hamster tail',
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D

Figure 5.5: Region of existence of stable fixed points for the dynamical system 
given by Eq. (5.2.2) in the (e, D) plane. The energy Q and the width w increase 
to infinity at the resonance curve shown by a solid line in the middle of the stable 
region. Reconstructed pulse profiles and spectra at the points marked ‘x ‘ and ‘ + ‘ 
are presented in Fig. 5.6 and Fig. 5.7, respectively [66].

a small protrusion in the right bottom corner of the region in Fig. 5.2, is well 
reproduced by the trial function approximation. However, the region to the left 
of the resonance curve appears to be an artifact of the method. The exact model 
described by Eq. (5.1.1) does not have this region of stable solitons to the left of 
the resonance curve. This could be related to the fact that more possibilities for 
instability appear in the infinite-dimensional dynamical system. These details may 
however be lost in a simple three-dimensional approximation such as the one given 
by Eq. (5.2.2).

Using the soliton parameters obtained as fixed points of the dynamical system 
given in Eq. (5.2.2) and the trial function Eq. (5.2.1), one can reconstruct the 
soliton profiles and their spectra. Such reconstructions have been done for the 
points marked ‘ x ' and '+ ' in Fig. 5.5, which are presented in Fig. 5.6 and Fig. 5.7, 
respectively. As D changes, the qualitative changes in both the profiles and the 
spectra of the reduced model agree well with those of the CGLE soliton solutions. 
Starting from the value D — 0 and approaching the resonance curve, the soliton 
width and amplitude increase, as shown in Fig. 5.6(a). However, the amplitude 
increases slowly and its maximum value is restricted due to the saturation related
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Figure 5.6: (a) Profiles and (b) spectra of the reconstructed pulse using the trial 
function Eq. (5.2.1) and the solutions of the ODEs in Eq. (5.2.2) for D = 0 (solid 
line), D = —0.5 (dashed line) and D = — 1 (dotted line), while 6 = —0.1, ß — 0.08, 
e = 3, v — 0.01, p = —0.003 and m  = 0.25. The curves correspond to the points 
marked ‘x ’ along the upper horizontal line in Fig. 5.5.

to negative /i. Thus, the growth in energy, Q, close to the resonance is mainly due 
to the increase in the pulse width. In order to obtain high-energy ultra-short pulses, 
a pulse compression technique has to be used outside the cavity.

The spectrum also increases in strength, as can be seen from Fig. 5.6(b). The 
exact shape of the spectrum is different from the exact one, as the simple trial func­
tion Eq. (5.2.1) cannot reproduce the additional side peaks. The real chirp is more 
complicated than the quadratic function of t used in the trial function. However, 
the observations from the reduced model are in qualitatively good agreement with 
the solutions of the CGLE shown in Fig. 5.3.

The reconstructed pulse profile and spectra for various values of e are presented 
in Fig. 5.7. Both pulse profiles and spectra are qualitatively comparable with the 
numerical results of the CGLE shown in Fig. 5.4, except for the additional side 
maxima in the spectra. These are again related to the differences in chirps between 
the exact numerical results and the simple approximation Eq. (5.2.1).

To demonstrate the existence of the resonance phenomenon, plots of energy Q as 
a function of D are presented in Fig. 5.8(a) for three different values of e. The curves 
clearly show that there is an indefinite growth of energy as D approaches the point 
of resonance from either side. Especially, the curves on the right-hand-side of the 
resonance are in excellent qualitative agreement with the curves obtained by solving 
the CGLE, as shown in Fig. 5.1. Moreover, the resonance in the approximate model
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Figure 5.7: (a) Profiles and (b) spectra of the reconstructed pulse using the trial 
function Eq. (5.2.1) and the solutions of the ODEs in Eq. (5.2.2) for e = 0.2 (solid 
line), e =  1 (dashed line) and e = 2 (dotted line), while D — —1. 6 — —0.1, 
ß = 0.08, v = 0.01, /i = —0.003 and m  — 0.25. The curves correspond to the points 
marked ‘+ ’ the vertical line D = — 1 in Fig. 5.5.

is more pronounced, since these curves can be plotted to very high values of Q. In 
the present plots, the upper limit extends up to the value of Q ~  10(>. which is hard 
to achieve in the numerical simulations of the CGLE due to sampling difficulties. 
The chirp parameter c is also plotted against D in Fig. 5.8(b). The curves indicate 
that at the point of the resonance, the chirp parameter becomes zero, and the sign 
of c changes as it crosses the resonance point. Comparing Fig. 5.8 with Fig. 5.1, 
one can see that the curves on the left-hand-side of the resonance are absent from 
the CGLE model. These solutions may represent unstable solitons of the CGLE. 
and therefore would not be observed in experiments.

The fact that the pulse width increases while its spectral width does not decrease 
appears to contradict Fourier transform rules. However, the pulses here are not 
transform-limited. They are chirped, which allows for the observed growth of the 
width without any corresponding compression of the pulse spectra. On approaching 
the resonance, the chirp, c, approaches zero, but the Fourier integral is over an ever- 
widening range. Simple analytic calculations, presented in Appendix III, show that 
these factors compensate, and, as a result, the spectral width approaches a constant.

5.2.1 R eson an ce C urve

One of the main advantages of the low-dimensional approximation is that the re­
sonance curve can be found analytically. Near the resonance curve, the soliton
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Figure 5.8: (a) Energy Q and (b) chirp parameter c against dispersion parameter D 
of the reduced model Eq. (5.2.2) for e = 1 (solid curves), e = 2 (dashed curves) and 
e — 3 (dotted curves). Other parameters are fixed at Ö —  — 0 . 1, ß —  0.08, v —  0 .01 , 

fi = -0.003 and m =  0.25.

parameters have the following asymptotic behavior: Q —> oo, w —>• oo and c —> 0. 
In this case, the values Q/w  and cw approach constants, with chirp c being negative. 
Using these observations, one can derive an analytic expression for the resonance 
curve in terms of the system parameters. Detailed derivations for a general m  value 
are presented in the Appendix II. For the generalized Gaussian trial function of 
Eq. (5.2.1) with m = 0.25, one can obtain:

Q 0.363k

(5.2.3)

where
k = 1.588e + v/2.522e2 -  9.632(5/u. (5.2.4)

Then, the equation for the resonance curve takes the form

kß  (0.330kv -  0.853/x) 
fi (0.135/te -  1.793<5/i) '

(5.2.5)

In any two-dimensional projection of the complete parameter space, Eq. (5.2.5) can 
be represented as a curve.
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For the set of system param eters used in Fig. 5.5. the first term. 26, of the first 
equation in Eq. (5.2.2) is very small in comparison with the other terms. Thus, 
this term  can be neglected, and much simpler expressions for Q/w  and cw can be 
obtained. These are

Q
w

1.1526

R
(>o),

cw — — 0.336—= =  (< 0).

Then the equation for the resonance curve becomes

(5.2.6)

D =
( l .H S v
V R

(5.2.7)

Near the resonance, the soliton increases its width indefinitely, while keeping its 
amplitude constant. Indeed, the amplitude of this wide soliton is A ~  yj—e//i- It 
remains constant as the width, and hence energy, approach high values.

The resonance curve in Fig. 5.5 is very well-approximated by Eq. (5.2.7). Quali­
tatively, it has the same features as the resonance curve obtained from numerically 
solving the CGLE. shown in Fig. 5.2. apart from a horizontal shift to the left along 
the D axis. Thus, one can select coefficients in Eq. (5.2.7) and shift the curve 
to describe the resonance curve of the CGLE. Adjusting one of the coefficients in 
Eq. (5.2.7) gives

D =
3 . 8^

R
6.333

6
V (5.2.8)

This allows one to obtain virtually the exact curve presented in Fig. 5.2. Eq. (5.2.8) 
is simply a lateral translation of the curve given by Eq. (5.2.7) to more positive 
values of D.

One of the im portant physical conclusions from the above calculations is tha t the 
resonance phenomenon occurs continuously along a surface in the six-dimensional 
space of equation parameters, and is not restricted to a particular line. The reso­

nance curve th a t has been presented in Fig. 5.5 is merely a section of this surface 
in the plane of parameters D and e. This means tha t the resonance can be found 

over a wide range of param eters of the system. W hen dealing with passively mode- 
locked lasers of virtually any design, one can hud the resonance by choosing the 
cavity parameters from a broad range of values.
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In many experimental set-ups generating ultra-high energy pulses [89.90.95]. the 
cavity dispersion is chosen to be normal (D < 0). From a physical point of view, 
this choice is dictated by the evolution of knowledge in chirped pulse oscillators [95]. 
The results obtained with the reduced model show that, overall, this choice is not 
a restriction for high-energy soliton generation by a single optical oscillator. The 
point of resonance can be moved along the surface by changing the parameters of 
the system. In particular, the resonance curve can be moved towards the anomalous 
dispersion regime. For example, this can occur when v and n are both negative. 
From Eq. (5.2.7), this then leads to the condition

v 0.814
—  >
I* e

(5.2.9)

for D to be positive. This simple consideration shows that it is not necessary to 
have a cavity with normal dispersion in order to build single oscillators that generate 
high-energy pulses.

5.3 D S R  in th e  A n o m alo u s D isp e rs io n  R eg im e

The DSR example presented in Section 5.1 occurs in the normal dispersion regime. 
This is a good representation of recent experimental observations of high energy 
pulses from passively mode-locked lasers for both fiber [90] and solid-state [87] 
types. Indeed, the majority of these observations are in the normal dispersion 
regime of operation. However, the simple reduced model that has been derived in 
Section 5.2 and a few experimental pieces of evidence [87,103] demonstrate that 
high energy pulses can also be generated in the anomalous dispersion regime.

As a guideline for discovering the effect of the DSR in the anomalous dispersion 
regime, the equations that have been obtained from the reduced model in the pre­
vious section can be used. Firstly, one must satisfy the condition given in Eq. (5.2.9). 
Here, a negative v should be chosen, since fi must be negative and e must be po­
sitive for stable pulses to exist [34]. Using this relationship and the approximate 
location of the resonance curve in the parameter space calculated using Eq. (5.2.7), 
one can reveal the region of high-energy pulses in the anomalous dispersion regime 
by solving Eq. (5.1.1) numerically.

An example of such a region is shown in Fig. 5.9. It is a contour plot of a
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region in the (e, D)- plane showing lines of equal energy, Q. The other system 
parameters are fixed at 6 =  —0.1, ß = 0.08, v = —0.001 and // = —0.002. The

6 =  - 0.1 
ß = 0.08 

v =  - 0.001
[i =  - 0.002

D

Figure 5.9: Region of existence of stable solitons in (e, D) plane. Color indicates the 
soliton energy, and this is highest at the upper boundary of the region (red). The 
contour lines drawn inside this region correspond to fixed values of the pulse energy 
with the highest value, Q — 500, and the lowest value, Q = 10. The other system 
parameters are fixed at S = —0.1. ß = 0.08, v = —0.001 and fi = —0.002. The 
dashed line plotted above the region is the approximate location of the resonance 
curve found using Eq. (5.2.7).

upper boundary of the colored region corresponds to the ultra-high energy pulses of 
the CGLE. This upper edge extends to the region with zero and even into normal 
dispersion, in contrast to the case found for positive v in Fig. 5.2. Solitons have the 
smallest energy, Q, at the lower edge of the region. No stable stationary solitons 
exist outside the colored region.

The approximate resonance curve for the above set of parameters is also plotted 
in Fig. 5.9. As the trial function Eq. (5.2.1) is not the exact solution of Eq. (5.1.1), 
the curve is located at an appreciable distance from the ‘real' resonance curve 
found numerically by solving the CGLE. Moreover, in the anomalous dispersion 
regime, this difference becomes more marked. It is likely that the trial function, 
Eq. (5.2.1) could be revised in this region to have a better fit. However, despite 
the simplification, the approximate resonance curve is very much parallel with the 
upper boundary of the region, thus showing a good qualitative agreement with the
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CGLE model.
In Fig. 5.9. it appears that the resonance effect is more pronounced in the normal 

dispersion regime. When moving to the anomalous dispersion regime, the values 
of soliton energy at the upper boundary become smaller. In fact, this is not true, 
and such appearance is only due to the limitation of the numerical grid in Fig. 5.9. 
More study has demonstrated that, when near the resonance, the increase in the 
pulse energy becomes much more dramatic in the anomalous dispersion regime than 
in the normal dispersion. Hence, solitons in the anomalous dispersion experience a 
marked increase in energy near the resonance, reaching a level of energy similar to 
that in the normal dispersion.

To verify this point, the curve for soliton energy, Q against D. in the vicinity 
of the resonance in the anomalous dispersion, is plotted in Fig. 5.10 with a much 
finer resolution in D. This curve represents the horizontal slice of Fig. 5.9 at 6 =1 ,  
which is near the upper limit of the region of existence. The curves for other 
values of e near e = 1.0 are similar to the curve in Fig. 5.10. These calculations

S -0.1 
ß = 0.08 

6 = 1
v =  -0.001 
H  =  -0.002

Figure 5.10: DSR effect in the anomalous dispersion regime. The energy of the 
soliton increases quickly near D ~  0.03, which is the resonance point for 6 = —0.1, 
ß = 0.08, 6 = 1, v = -0.001 and /x = -0.002.

have demonstrated that the energy growth near the resonance in the anomalous 
dispersion regime exhibits a similar character to the normal dispersion case shown 
in Fig. 5.1.

Fig. 5.11 presents the pulse profiles and the spectra for three different locations 
on the curve in Fig. 5.10. Namely, these are at D = 0.1 (solid line), D = 0.05 
(dashed line) and D — 0.0305 (dotted line). When approaching the resonance, the
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Figure 5.11: (a) Soliton profiles and (b) their spectra when the solutions approach 
the resonance. These are for D — 0.1 (solid line), D = 0.05 (dashed line) and 
D — 0.0305 (dotted line). The other system parameters are e = 1. 6 — —0.1, 
ß = 0.08, v = -0.001 and // =  -0.002.

pulse profile widens and becomes nearly rectangular in shape, without any apparent 
increase in amplitude. The spectrum, on the other hand, increases its amplitude and 
reveals two side maxima. The main features of these solitons are similar to those 
in the normal dispersion case. These observations are in line with experimental 
results [87.103] of high energy solitons in the case of net anomalous dispersion in 
the cavity.

5.4 Effect o f th e  Q u in tic  N o n lin e a rity

The correct choice of system parameters, and v in particular, is a necessary condi­
tion for the appearance of DSR. The role of the higher-order reactive nonlinearity 
term, v in the model, requires special attention. For a fiber laser, the cubic reac­
tive nonlinearity comes mainly from the nonlinear susceptibility of the fiber, and 
can be considered positive, albeit very small. However, the quintic part of reactive 
nonlinearity results from the combined effects of the fiber, mode-locker, etc., and 
its value is unpredictable. In the case of Kerr-lens mode-locking, the net cavity 
nonlinearity can be an even more complicated function that depends on the ca­
vity design. Nonetheless, it is certain that, for high intensity pulses, the quintic 
nonlinearity cannot be ignored.

To study the dependence of the soliton energy on v, three curves of Q against 
e are plotted in Fig. 5.12. each with a different value of v. The curves end at those



5.4. EFFECT OF THE QUINTIC NONLINEARITY 79

v = -0.001
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D = 0, <5 = -0.1, ß = 0.08, // =-0.002

Figure 5.12: Energy 0  of the ])ulse against e for positive (solid line), zero (dotted 
line) and negative (dashed line) values of v. The common system parameters are 
D = 0, S = —0.1. ß = 0.08 and // =  —0.002. The curve for negative v shows the 
resonant increase of the energy Q.

values of e where no stable solution is found. In this study, the net dispersion. D, is 
taken to be zero, as a transitional value between normal and anomalous dispersion. 
In fact, if the resonance phenomenon is found for D — 0, it is very likely that the 
DSR will also exist in the anomalous dispersion region. It has been found that 
changing v from a positive to a negative value increases the maximum reachable 
soliton energy and transforms the Q(e) dependence into a resonance-like curve. 
This can be clearly seen in Fig. 5.12. The curve for v — —0.001 has the fastest 
energy increase in a small region of e, while the curve for v — 0.001 shows a very 
slow increase. To show this difference clearly, a logarithmic scale for e is used. 
The curves for more negative values of v show an even faster growth of the energy 
against e.

The pulse profiles and their spectra at the points on these curves with the highest 
energy, indicated by three ‘x ’s, are shown in Fig. 5.13. The pulses for positive v are 
narrower and higher than those for negative v. In the case of positive v. as the cubic 
gain e increases, the pulse becomes narrower and of higher intensity. The opposite 
happens for negative v, where the increase of energy as e increases is mainly due to 
the increase of the pulse width. This is particularly true as one gets closer to the 
resonance.

These observations suggest that the region of existence of high-energy pulses 
should be constructed for the case of negative v. Although the value, and even the



80 CHAPTER 5. DISSIPATIVE SOLITON RESONANCES

Figure 5.13: (a) Pulse profiles and (b) spectra of solutions near resonance. The 
values of e and v for each case are written above the plots. These three cases 
correspond to the three ‘x ’s marked at the end of each curve in Fig. 5.12.

sign, of v for laser systems are usually unknown, a comparison of pulse shapes and 
energies at a qualitative level can give an indication of it.

5.5 D S R  in L aser M odels

The CGLE is a good model for describing optical oscillators with passive mode­
locking [8]. However, a better approximation is required in specific cases. Then 
a question arises as to whether the resonance is a robust phenomenon relative to 
perturbations of the model itself: will the phenomenon still exist if the model is 
made closer to a real laser system? One way to find out the answer for this question 
is to introduce parameter management into the system. Thus, one can allow for 
changes in the medium in which the pulse propagates, and this means that the 
parameters of the governing equation also change. In a typical fiber laser [11,93], 
the pulse periodically passes through an erbium-doped fiber, mode-locking device 
and a standard single-mode fiber. Passing through the amplifier and mode-locking 
element in the cavity can be described by the nonlinear non-conservative terms of 
the master equation, while propagation through the single-mode fiber is determined
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simply by second-order dispersion. In solid-state lasers, such as Thsapphire lasers 
with Kerr-lens mode-locking [104], prisms and mirrors provide pure chromatic dis­
persion, while the crystal itself serves simultaneously as an amplifier and nonlinear 
transmission element. Thus, a periodic change in the parameters of the CGLE will 
describe the propagation of the pulse in laser cavities more accurately [105].

If the pulse variations are modest, then the averaged model [10G] with constant 
parameters is good enough to describe the pulse generation process. On the other 
hand, modifications are certainly needed if the pulse experiences relatively large 
changes during each round trip around the cavity. Hence, in order to study whether 
the periodicity in the cavity will result in the disappearance of the DSR. a model 
which allows for relatively large changes in the pulse evolution is introduced.

A sketch of the laser model considered in this section is shown in Fig. 5.14(a). It 
consists of three main elements. (1) A single-mode fiber, of normalized length L2, 
where only second-order chromatic dispersion takes place. (2) A piece of fiber with 
normalized length L\ where amplification, nonlinearity and mode-locking occur. 
(3) A 80/20 coupler located in the middle of the element of length L\. Another 
example that could be described qualitatively by this model is a solid state laser 
with Kerr-lens mode-locking [104,107]. In the latter case, the mode-locking and 
amplification are concentrated inside the laser crystal and the rest of the cavity 
can be described as a dispersive line. The model is very simple and serves only to 
demonstrate the principle. If the DSR exists in this model, it is expected that it 
will also appear in more complicated systems.

Figure 5.14: (a) Schematic diagram of the model and (b) map of the parameters of 
the CGLE for a single round-trip of the pulse in the cavity. Pnlses travel counter­
clockwise around the nonlinear (L \ ) and linear (L2) sections of the loop. At the 
coupler, 20% of the light is tapped off.
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The propagation of a pulse through a laser cavity is a periodic process [105] 
that can be modeled by Eq. (5.1.1), but here the parameters Z), 6. ß, e, // and 
v are periodic functions of 2 , where the propagation distance 2  is normalized to 
the cavity round-trip length. The period is defined by the cavity round-trip, and 
the parameters are step-wise functions of 2 . The parameter map used in this work 
is presented in Fig. 5.14(b). Clearly, there is a great variety of laser designs [94, 
108 111] and this particular map cannot cover all of them. However, as has been 
mentioned earlier, the model serves as an example which shows that the resonance 
phenomenon persists in the perturbed model.

I11 this model, amplification and nonlinear effects are concentrated in a section 
of the cavity of length L1} while a section of length L2 serves as the dispersive line. 
I11 the section of length L1? Eq. (5.1.1) is solved numerically with its dispersion 
parameter D\ in place of D , while in the section of length L2, the dispersion D2 is 
the only effect that acts on the pulse. Therefore, in L2, Eq. (5.1.1) can be reduced 
to a simpler version:

i'ipz + = 0. (5.5.1)

A stationary regime of pulse evolution in the cavity is shown in Fig. 5.15. It is 
reached after a few round-trips, provided that the system parameters are chosen in 
the range of stable soliton solutions. For tlie case shown in Fig. 5.15, the parameters 
are L{ = 0.1, L2D2 = -0.02, Dx=-1, c = 1.0, 5 =  1.1. ß = 0.08. v = 0.01 and 
\i = —0.003. The pulse evolution is periodic, with the width increasing in the 
dispersive part of the cavity and the amplitude increasing in the part of the cavity 
with amplification. The pulse energy drops by 20% each time the pulse passes the 
coupler. The pulse energy Q, is monitored at the end of each round-trip, i.e. at 
2  =  1 in Fig. 5.14(b). The pulses outside the cavity have an energy which is 20% 
of the value of Q before the coupler inside the cavity. The positive value of S 
which occurs over length L 1 on each loop does not cause the background to become 
unstable, as the 20% coupler loss experienced on each round-trip is more than the 
growth factor, 5L\ «  1.

Fig. 5.16 shows the pulse energy Q at 2  =  1, i.e. before the pulse passes the 
coupler, against the dispersion parameter, D\. The three distinct curves in this plot 
are calculated for three values of the linear dispersion, L2D2. The case L2D2 = 0 
corresponds to the case without the purely dispersive piece. Thus, the pulse pro­
pagation is described by a single CGLE with constant coefficients and is disturbed
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Figure 5.15: Evolution of the soliton within the dispersion-managed cavity for three 
consecutive round-trips. The pulse shape is repeated at the end of each round-trip, 
hence generating fixed shape solitons at the output of the oscillator. On the z axis, 
the blue line denotes section Ly of the cavity, while the red line corresponds to 
section L2. The system parameters are L\ = 0.1, L2D2 — —0.02, D i= -l, e = 1.0,
5 = 1.1, ß = 0.08, v = 0.01 and \i = -0.003.

only by the coupler. This case is the closest to the model studied in Section 5.1.

The major feature of the plot in Fig. 5.16 is that Q increases to infinitely large 
values at the left-hand-side of each curve. This happens for every7 value of the linear 
dispersion, L2D2. This feature is identical to those observed in the continuous 
model which was presented in Section 5.1. As shown here, the phenomenon does 
not disappear. Thus, the DSR is a robust phenomenon that reveals itself even when 
the model is perturbed.

The pulse profiles, the corresponding spectra and the phase are shown in Fig. 5.17. 
for Dy =  —1.1 (solid line), Dy = —1.2 (dashed line) and Dy =  —1.3 (dotted line), 
where L2D2 = —0.02 and the remaining parameters have the same values as the 
ones in Fig. 5.16. Although the spectral shapes are not exactly the same as in the 
continuous model, the qualitative changes when approaching the resonance follow 
the same scenario.

When L2D2 is changed to more negative values, the energy Q also increases, as 
can be seen from Fig. 5.16. Fig. 5.18 shows the change in the pulse profiles and 
their spectra in this case. Specifically, three curves are given for L2D2 = 0 (solid 
line), L2D2 =  —0.02 (dashed line) and L2D2 — 0 (dotted line), while Dy = —1.1 
and other parameters are the same as in Fig. 5.16.
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L[ = 0.1

v = 0.01, n = -0.003

Figure 5.16: Soliton energy Q in the Ly section of the oscillator against the dis­
persion parameter, Dy, for L2D2 — 0 (solid line), L2D2 — —0.02 (dashed line) and 
L2D2 = —0.04 (dotted line). The other system parameters are Ly — 0.1, 6 — 1.1, 
ß — 0.08, e = 1, v = 0.01 and /i = —0.003. The oscillator output pulses at the po­
sitions marked ‘x ‘ and ‘+ ’ are compressed and the results are presented in Section 
5.6.

A comparison with the data in Fig. 5.17 shows that changing L0 D2  has the 
same qualitative effect as changing the dispersion Dy in the nonlinear section of the 
cavity. Moreover, the curves in Fig. 5.16 have similar shapes, which suggests that 
changes in Dy and D2 may have similar effects. In fact, the three curves in Fig. 5.16 
can be approximated bv the following empirical expression:

2 8
iog.otC) = Jd) T 272'

where the average dispersion (D) is defined by

( D) — Dy +  IO L 2 .D 2 .

Therefore, the results in Fig. 5.16 can be represented by using the L2D2 = 0 curve 
only, if Dy is replaced by (D ) on the horizontal axis. Thus, the system functions 
like a single element with an effective value of dispersion. However, this is only an 
approximation.

(5.5.2)

(5.5.3)
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Figure 5.17: (a) Pulse profiles, (b) the spectra and (c) the phase for D\ — —1.1 (solid 
line), D\ = —1.2 (dashed line) and D\ = —1.3 (dotted line), while L2D2 = —0.02. 
The rest of the parameters are same as the ones in Fig. 5.16.
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Figure 5.18: (a) Pulse profiles, (b) the spectra and (c) the phase for L2D2 — 0 
(solid line), L2D2 — —0.02 (dashed line) and L2D2 = 0 (dotted line). The rest of 
the parameters are same as the ones in Fig. 5.16.

5.6 P u lse  C o m p ress io n

Although the energy of the pulse output generated from the oscillator has a high 
value near the resonance, it has a long pulse width. The peak amplitude is usually 
limited by the parameters of the mode-locking device, i.e. bv the saturation of the 
nonlinear transmission, i.e. basically by e and // in our model. The increase in the 
energy is achieved mainly by the increase in the pulse width. Nevertheless, the 
output pulse from the oscillator is highly chirped, and this feature can be used to 
compress the pulse [112] and hence obtain high-energy ultra-short pulses.

The phase profiles of the output pulses, for the model discussed in the previous 
section, are shown in Fig. 5.17(c) and Fig. 5.18(c). The phase is approximately 
parabolic in the central part of the pulse and linear in the pulse wings. Each
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pulse is very far from being transform-limited. The presence of the chirp makes 
it possible to carry out pulse compression using linear devices [112]. One of the 
simplest methods of compressing such pulses is to use a linearly-dispersive medium, 
such as a pair of gratings [113] or a dispersive fiber, to compensate for the linear 
component of the chirp. A compression scheme is known to work well for a linearly- 
chirped pulse [18]. If the initial pulse is Gaussian, then its shape is retained after 
the compression. In the case shown above, the pulse is not Gaussian and the chirp 
is not completely linear across the whole pulse. Nonetheless, a good compression 
can still be achieved.

Mathematically speaking, compression is achieved with the use of Eq. (5.5.1) 
where D2 replaced by the dispersion characteristic of the compressor, chosen to be 
positive. This particular value influences only the length of propagation distance 
needed for achieving the optimal compression. Fig. 5.19 shows the results for the 
numerical pulse compression of two different pulses taken at the output of the 
oscillator.

Figure 5.19: Pulse profiles before (dashed lines) and after (solid lines) the linear 
compression of the pulse. The oscillator output pulses are chosen for the set of pa­
rameters shown in Fig. 5.16. where L2D2 = —0.02, (a) D\ = —1.0 (‘x 1 in Fig. 5.16) 
and (b) D\ — —1.3 (‘4 ' in Fig. 5.16).

When the parameters of the oscillator are not too close to the resonance point, 
the pulse can be compressed effectively to a fraction of its initial width. The re­
sulting pulse is close to being bell-shaped with a single maximum. The compres­
sion result for the pulse output at the point marked ‘x ‘ in Fig. 5.16 is shown in 
Fig. 5.19(a). The dashed line in this figure shows the pulse shape before compression 
while the solid curve corresponds to the pulse shape after the compression.

When the parameters are chosen closer to the resonance point, a significant
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part of the chirp deviates far from being linear. Thus, linear compression does 
not completely eliminate the chirp. The pulse is compressed, but not up to the 
transform-limit. Fig. 5.19(b) shows the compression result for the pulse output 
at the point marked ;+ ' in Fig. 5.16. The dashed line shows the pulse shape 
out of the oscillator, while the solid curve corresponds to the compressed pulse. 
The remaining chirp leads to a pulse with very narrow width, but it is multi- 
peaked. Pulses of this shape still can be used in practice, but, in some applications, 
transform-limited pulses are more desirable. For these latter cases, such pulses can 
be achieved with the help of more sophisticated dispersive lines [114 116] at the 
output of the oscillator, operating near the resonance. A choice of parameters which 
is different from the set shown in Fig. 5.16 can also improve the pulse chirp and 
subsequently the results for pulse compression. More detailed work is needed in 
this direction.

5.7 Sum m ary

Dissipative soliton resonance (DSR) is a phenomenon where the energy of a soliton 
in a dissipative system becomes infinitely high at certain values of the system pa­
rameters. Specifically, it has been found that systems that can be modeled using 
the complex cubic-quintic Ginzburg-Landau equation (CGLE) admit a region of 
parameters with stable solitons, whose energy goes to infinity at the boundary of 
that region. The edge of this region in the system parameter space is a surface in 
the multi-dimensional system parameter space. Thus, the energy of the dissipative 
solitons remains infinite even when the parameters are changed in a continuous 
way along that hyper-surface. This phenomenon can be useful in designing optical 
oscillators generating pulses with exceptionally high energies.

In order to find the DSR using an analytical procedure, the method of moments 
can be used with a suitable trial function. The technique allows one to obtain an 
equation which approximately describes the position of the resonant surface in the 
multi-dimensional parameter space. This analytical technique has revealed that the 
DSR phenomenon can also exist in the anomalous dispersion regime. This requires 
the quintic nonlinear coefficient v to be negative. Further studies on the role of u in 
the DSR have suggested that the resonance is more significant in negative v cases.

Also, the robustness of the DSR phenomenon has been tested for a laser model
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with periodic parameter management. The study has indeed shown that the phe­
nomenon persists when the model is strongly perturbed in such a way. The output 
pulses resulting from the DSR are usually highly chirped. This allows for the pulse 
duration to be significantly reduced using a linear dispersive line at the output of 
the laser oscillator.

When designing a laser generating pulses with ultra-high energy, preliminary 
modeling is essential to provide estimates for the range of parameters that would 
lead to the generation of pulses with the highest possible energy. These new solu­
tions presented in this chapter should be considered when designing such systems.



C h ap te r  6

Effect of E x te rn a l M odu la tion

In order to generate a train of pulses rather than continuous wave (CW) light 
out of a laser oscillator, one needs to induce a fixed phase relationship between 
the modes oscillating in the cavity. Passive mode-locking is one of the ways to 
achieve this [117 120]. This technique relies on the transmission characteristics 
of the mode-locking device and their dependence on the intensity of the optical 
radiation. In this way, the instability of the CW regime of operation drives the laser 
into pulsations. There is a variety of ways to obtain nonlinear transmission: each 
method has its own advantages and disadvantages [121 124]. The main advantage 
of passive mode-locking is that pulses are generated in a self-organized way, taking 
the form of dissipative solitons [7,41].

Applying external periodic modulation is another efficient way of generating 
pulses in laser cavities [108.125 131]. This technique is well-known as ‘active mode- 
locking'. There are two different techniques for active mode-locking. In the first 
one, the optical length of the cavity is modulated by using a change in the refractive 
index of a crystal inside the cavity, and so the phase is being modulated. In the 
second case, the gain or loss in the cavity is modulated. Application of external 
periodic modulation with a well-defined temporal period allows for the generation 
of a sequence of pulses with the given separation.

An interesting, and relatively less explored, possibility for generating pulses is a 
combination of both passive and active mode-locking mechanisms in a sort of hybrid 
mode-locking. The cavity-synchronous phase or amplitude modulation technique 
[131,132] transforms passively mode-locked optical oscillators into actively mode- 
locked lasers. Combining passive and active mode-locking in the same device results

89
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in a new class of optical oscillators capable of generating short pulses. The pulses 
or pulse pairs may already appear in the cavity due to the passive mode-locking 
mechanism, while the active mode-locking defines their exact location inside the 
cavity round-trip. Hence, passive mode-locking provides favorable conditions for 
pulse emission, whereas active mode-locking modifies their shape or time location. 
In this way, pulse generation processes may be controlled more efficiently, thus 
providing one with versatile optical tools.

The pulses emitted by such lasers are expected to exhibit some peculiar pro­
perties, depending on the adjustment of the many relevant parameters. In particu­
lar, in combined passively and actively mode-locked lasers, the interactions among 
neighboring pulses should be different with respect to the case of purely passive or 
active lasers. Although there are various experimental works demonstrating this 
technique [130 132], a full understanding of the effect of the modulating process in 
determining the properties of the generated pulses is far from being reached.

The description of such interactions naturally raises the question of how to 
take the presence of external modulation into account when modeling the system 
using the master equation approach [8]. The natural solution would be that of ad­
ding a time-periodic term to the complex cubic-quintic Ginzburg-Landau equation 
(CGLE) [128.129]. In this chapter, stable pulse solutions of the CGLE. which has 
been modified in such a way, are studied. In particular, the effect of an external 
time-periodic modulation on already existing CGLE pulse pairs is considered. The 
presence of the additional modulation may be expected to improve the stability of 
pulse-to-pulse time separation, for example. Experimental results on this subject 
were recently reported in [130.133]. Here, a comprehensive numerical investigation 
on this problem is presented.

The chapter begins in Section 6.1, by introducing a model which incorporates 
both the passive and active mode-locking. In the following sections, the effect of 
a periodic external modulation on soliton pairs is presented. In particular, the 
influence of the phase modulation is examined in Section 6.2. while in Section 
6.3. the effect of gain-loss modulations on soliton pairs is investigated. There are 
various ranges of modulation periods that can be applied to an existing pulse pair. 
Depending on the value relative to the initial soliton pair separation, they can be 
classified into three categories: intermediate, short and long periods of modulation. 
All these three cases are considered in both Section 6.2 and Section 6.3. Finally, a



6.1. MODEL 91

summary is given in Section 6.4.

6.1 M odel

To model the laser system, an additional time-periodic term, corresponding to active 
mode-locking, is added to the usual passive mode-locking terms in the CGLE. Thus, 
the modified CGLE is given by

+ + + =  iö'ip+ie\xp\2ip+iß'iptt+in\'ip\4*p + acos (Qt) ip, (6.1.1)

The parameters and notation in Eq. (6.1.1) are the same as in Eq. (2.2.1). The 
additional term, a cos (Dt) xp: corresponds to the active mechanism. This term 
produces two more parameters, namely the modulation depth a and its frequency 
El. When a is real, the active mode-locking is achieved by sinusoidally changing 
the refractive index inside the cavity, while, when a  is imaginary, cavity gain-loss is 
modulated for achieving mode-locking. Hence, in this chapter, the case when a is 
real is considered in Section 6.2, while the results for imaginary a  are presented in 
Section 6.3. It should be noted that the sign of a  only shifts the periodic modulation 
by 7r/2 radians. Hence the sign of a which is most suitable for each specific case is 
chosen in the examples in this chapter.

Soliton pairs in dissipative systems have been studied extensively, both theo­
retically [134 137] and experimentally [138,139]. They can exist even without the 
presence of external modulation [140], and their formation requires a special ad­
justment of the laser system parameters [141]. In this work, it is assumed that this 
case has been reached, and the external time-periodic modulation is applied to the 
properly adjusted passive laser system.

Fig. 6.1(a) shows the region of existence of the stable soliton pairs (dark grey 
region labeled ‘SP‘) in the absence of the modulation term [141]. This region is wi­
thin a region of existence of single stable solitons (light grey region labeled 'S ), and 
occupies much a narrower range of the system parameters than the single solitons. 
It is assumed that the soliton pair solutions in the middle of the region are likely 
to be the most stable ones, and hence a pair solution from the point marked ‘ x ', 
i.e. D = 1, Ö = —0.2, ß = 0.5, e = 1.4, v — —0.075 and p = —0.5, is chosen as the 
initial condition for studying the influence of the external modulation. The profile
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Figure 6.1: (a) Region of existence of stable stationary soliton pairs denoted, ‘SP . 
This region is entirely located within the region of stable single solitons ‘S' [141]. 
The set of parameters of the CGLE in the middle of the region 'SP', i.e. D = 1, 
5 = —0.2. ß — 0.5, e = 1.4, v — —0.075 and p =  —0.5, is used throughout this 
chapter. The pair profile and its spectrum for the point marked ‘x ‘ in absence of 
the external modulation are presented in (b) and (c), respectively.

and the spectrum of this pulse pair are presented in Fig. 6.1(b). This particular 
pair has separation pi — 8.9230. The spectrum is asymmetric, and it corresponds 
to a phase difference between the pair of 0* = 7t/2. The characteristics for this pair 
depend entirely upon the parameters of the passive laser system. Indeed, this pair 
is not the only possible choice, but it is used as the initial condition throughout 
this work, since scanning the entire parameter space looking for stable pairs is a 
tedious task which deserves more specialized efforts [134 140]. The focus here is 
on the effect of the external modulation. Therefore only two parameters, a and 12, 
which are directly responsible for the external modulation, are varied. The other 
parameters, which are responsible for passive mode-locking, are fixed at those va­
lues presented above. In this way, new knowledge on how the modulation influences 
the cavity soliton pairs can be extracted.

At this stage, it is useful to define a reference value for the modulation frequency. 
A natural choice would be to define it using the initial pair separation, p*, of the 
pulse pair shown in Fig. 6.1(b). It can be defined in such a way that the period of 
the periodic potential that it creates exactly corresponds to the soliton separation.
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Thus, the reference modulation frequency Do can be defined as

9 _
D o  =  — . (6 . 1.2)

Pi

The modulation frequency D can take a wide range of values, and the physical 
effects associated with it are significantly diverse; they depend on the value of the 
frequency relative to D0. Hence, it is appropriate to categorize the investigation 
into three parts, depending on the frequency of the modulation. Specifically, in this 
work, the modulation period is said to be intermediate when D ~  Q0, short when 
D >> D0 and long when D << fl0-

6.2 P hase M odulation

The influence of periodic phase modulation on soliton pairs and their stability was 
first studied by Wabnitz [142]. Phase modulation is evidently an important mecha­
nism for active mode-locking of lasers [129]. In Eq. (6.1.1), the phase modulation 
can be introduced by having a non-zero, real value of modulation depth, a. Physi­
cally, this corresponds to introducing a time-periodic cavity length modulation.

6.2 .1  In term ed iate  P er iod s o f M od u la tion

First, the case of phase modulation periods being comparable with the initial pair 
separation is considered. Examples of such modulations are depicted in Fig. 6.2. 
There are only three different modulation frequency examples shown in this figure,

i t t

Figure 6.2: External modulation (dashed line) applied to the soliton pair (solid 
line), where (a) D = D0l (b) D = (3/2) fl0 and (c) D — (8/9) flö­

te . D — Dq in Fig. 6.2(a), D = (3/2) fl0 in Fig. 6.2(b) and D — (8/9) f20 in
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Fig. 6.2(c). However, comprehending other modulation frequencies on the pulse 
pair should be straightforward from these plots. For D = f20, the troughs of the 
modulation coincide with the peaks of the pulses, as shown in Fig. 6.2(a). For other 
values of 12, the troughs are located either between the peaks of the initial pair, or 
outside both of them, depending on whether 12 > 12 0 or 12 < 120. respectively.

The phase modulation amplitude parameter a is adjusted for a number of dif­
ferent values of 12. When a  = 0, the periodic potential vanishes, and the pair 
separation corresponds to the one which is given by passive mode-locking, i.e. by 
the rest of the parameters of the CGLE. When a increases, the stable pulse sepa­
ration also changes. The resulting changes depend on the particular value of 12, 
as is shown in Fig. 6.3. Specifically, Fig. 6.3(a) shows the variation of p when D

Figure 6.3: The pair separation p versus the modulation depth a  is shown for (a) 
12 > Do and (b) 12 < 120-

is greater than 120, while Fig. 6.3(b) shows the variation of p when 12 is smaller 
than 120. All curves start from the same point, which corresponds to the initial 
time separation pil and converge to a new separation that is defined by the value 
of 12. More precisely, p —> 2n/D as a is increased. This convergence is faster for 
the curves in Fig. 6.3(b), since in this case the external modulation pushes solitons 
further away from each other, and the CGLE interactions between the pair become 
weaker as the pair separation is increased.

Interestingly, the presence of a periodic phase modulation not only influences 
the time separation but also the phase difference between the solitons. The phase 
difference 0 between the pair becomes either 0 or ±7r, depending on the value of 
12 relative to Q0, when o is increased from 0. When D is above the critical value,
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i.e. Q > Q0, the phase difference (p converges to 0, while it converges to ±7r when 
D < Q0. The new resulting types of soliton pairs are shown in Fig. 6.4. The profile,

Figure 6.4: Soliton pair profile, spectrum and phase when a =  0.12 for (a) Q = 
(3/2)fl0 and (b) 0 = (8/9)120- Note that the phase difference (p is zero when D > Qq 
and ±7T when 0  < Dq.

phase and the spectrum are presented for two pairs, (a) for D = (3/2)12o and (b) for 
D = (8/9)Q0, for q = 0.12. In the D > Do case, the periodic potential compresses 
the two pulses, while in the opposite case it decompresses the pair. The presence 
of such an external force pushes the soliton pair into the next stationary position.

One of the most interesting observations here is that the parameters of the so­
liton pair under the influence of the periodic modulation are not unique. Such 
unexpected behavior is easily observed for the case where the period of the poten­
tial coincides with the soliton separation p*, i.e. D = The values of the pair 
separation, p, and the phase difference, 0, versus the modulation depth, a, in this 
case are shown in Fig. 6.5. One can see that the curves are not single-valued. The 
path of the fixed point of the dynamical system depends on whether a  is increa­
sed or decreased. This feature of the fixed points is indicated by the arrows in 
the diagram Fig. 6.5. Thus the curves that describe the pulse pair separation and 
phase difference exhibit hysteresis, and two types of soliton pairs may exist simul­
taneously. It can be also seen from Fig. 6.5 that the phase difference 0 approaches 
the value 7r when a reaches some particular value. When this limit is reached, the 
phase difference stays constant upon further increase of a. However, the separation 
p continues to change. On the other hand, when a is decreased, the phase difference
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Figure 6.5: (a) Pair separation p and (b) the phase difference versus the modula­
tion depth a for 0 = Q0. Bistability is observed in the interval 0.005 < a  < 0.015. 
The solution follows the branch designated by an arrow when a is varied in the 
positive or in the negative directions.

and separation jump to their second values at a lower threshold. This transition is 
shown in Fig. 6.5 by the vertical dashed lines with arrows.

A careful study has revealed that similar transitions occur for the parameters 
of the soliton pairs at other values of Q. They are not shown in Fig. 6.3. as the 
transitions occur on a much smaller scale in a. Magnified portions of the curves 
near small modulation amplitudes are shown in Fig. 6.6. These plots correspond 
to the rectangular boxes in Fig. 6.3 surrounded by the red lines. The curves of 
Fig. 6.6(a) and Fig. 6.6(b) refer to the cases when D. is either slightly above or 
slightly below the value Q0, respectively. In Fig. 6.6(a), the time separation and 
the phase difference decrease when a increases, whereas in Fig. 6.6(b), each of these 
parameters increases. At small a, the soliton separation p stays almost constant, 
while the phase difference between the solitons, </>, moves gradually to either 0 
or 7r, depending on Q. When one of these two values for the phase difference is 
reached, a bifurcation occurs. Above the bifurcation point, the phase difference 
stays constant, while the soliton separation changes until it adjusts to the value 
fixed by the periodic potential. The difference between the two values of a that 
correspond to the bifurcations, i.e. the interval of bistability, is greatest when Q is 
equal to the critical value This is easily understood, because the influence of 
the potential on the soliton pair is minimal when Q =

Another interesting feature of the soliton pair dynamics appears at values of a 
that are even small in the scale of Fig. 6.6. One can see that in each of Fig. 6.6(a) 
and Fig. 6.6(b), there is a jump in the separation p between the initial separation pn 
denoted with the cross ‘x ‘ on the vertical axis, and the actual branch of solutions.
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Figure 6.G: Pair separation p and the phase difference (f) versus tlie modulation depth 
a for (a) Q = (17/16)fi0 and (b) Ll = (16/17)f20. The two plots in the left-hand-side 
panels are magnifications of the parts of the curves in Fig. 6.3 within the rectangles 
bounded by red lines. Bistability is observed when (a) 0.0004 < a  < 0.0017 and 
(b) 0.00169 < a  < 0.00176. The arrows show the branches of the curves that are 
followed when a is varied in the positive or negative directions.

This jump is due to the initial phase difference between the solitons, (pi — 71 /2, 
at zero a. This phase difference results in asymmetric soliton pairs that possess 
non-zero velocity [136,139]. The direction of motion of the pair is defined by wrhe- 
ther the above phase difference is positive or negative. However, when a periodic 
potential with a sufficiently high amplitude is applied, it prevents the soliton pair 
from moving. Thus, when the parameter a grows from zero, the soliton pair has 
to re-adjust its phase difference to the new conditions. The readjustment occurs at 
very small values of a. Indeed, small a may not prevent the pair from moving across 
the periodic potential. However, the velocity of such motion becomes a function 
of a. There is a threshold value of a above which the soliton pair motion stops 
completely.

As a matter of fact, there are two regimes of evolution for the soliton pairs 
in the periodic potential. At small values of the modulation depth, the wralls of 
the periodic potential cannot capture the soliton pair. Solitons can move across 
the periodic potential and converge to an oscillating moving state, being disturbed 
periodically. The phase difference between the two solitons in the pair remains close
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to 7t/2. This means that the pair is formed mainly by the passive mode-locking 
mechanism of the CGLE. The phase trajectory of the solution on the interaction 
plane in this case is shown in Fig. 6.7(a). The definition of interaction plane is 
given in the work of Akhmediev, Ankiewicz and Soto-Crespo [140] and should be 
clear from the labels on the axes in Fig. 6.7.

a  -  0.00001 a = 0.00005

p COS 0
0.2
P COS (ft

Figure 6.7: Trajectories on the interaction plane [140] showing convergence of the 
soliton pair to a stable state when O = (17/T6)D0. (a) At small values of o\ the 
pair jumps over the periodic potential causing a double spiral on convergence. This 
converges to the limit-cycle shown by the red dashed line, (b) At larger values of 
a, the pair converges directly to a fixed p, without jumping between the periods. 
Thus, convergence to a fixed point occurs as a single spiral.

Due to the motion of the pair across the periodic potential, the trajectory on 
the interaction plane has a double spiraling feature. This means that the motion 
contains two frequencies. One of the frequencies is defined by the internal oscil­
lations of the ‘soliton molecule'. Thus, the two solitons bound together oscillate 
relative to their common center-of-mass. The second, lower, frequency is defined 
by the motion of the pair across the periodic potential. It is defined by the period 
of the potential and the velocity of the pair. One complete rotation around the 
point located at (0.0046.8.9233) in Fig. 6.7(a) corresponds to this motion across 
one period of the potential, while smaller loops of the trajectory correspond to the 
internal oscillations.

These internal oscillations eventually decay, and the trajectory converges to a 
limit-cycle around the same point (0.0046.8.9233). The convergence occurs over a 
scale of more than a hundred periods. Hence the double spiral represents only a 
small part of the trajectory. The resulting limit-cycle is marked in Fig. 6.7(a) as a
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red dashed line. This complicated motion of the soliton pair can be seen in Fig. 6.8. 
The stripes that correspond to each soliton show acceleration and deceleration of 
the soliton pair that are synchronized with the motion in the periodic potential. 
Furthermore, oscillations still exist and are more frequent, showing internal pulsa­
tion of the pair.

Figure 6.8: Motion of the dissipative soliton pair across the periodic potential. This 
case corresponds to the trajectory on the interaction plane shown in Fig. 6.7(a). The 
sinusoid below the plot shows the periodic potential. The soliton pair experiences 
internal decaying oscillations, as well as periodic acceleration and deceleration, when 
moving across the potential.

When a grows larger than a certain threshold, the periodic potential confines 
the pair completely, and, as a result, the soliton pair cannot move across it. The 
phase trajectory in this case is shown in Fig. 6.7(b). The periodic motion of the 
pair across the potential is stopped, and the trajectory converges into a stable fixed 
point along a simple single spiral. The fixed point here corresponds to a pair where 
the phase difference between solitons is not 7r/2. 0 or ±7r. The phase difference 
shifts to 0 or i t  when a increases. The plots presented in Fig. 6.6 are related to 
these fixed points.

6.2 .2  S h o r t P e r io d s  o f M o d u la tio n

So far, a detailed investigation has been made on the dynamics of soliton pair 
separation in the situation of having a phase modulation period which is close to
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the pair separation, as defined by the properties of the passive mode-locked cavity. 
The modulation frequency may also take values in quite a different range. Fig. 6.9(a) 
and Fig. 6.9(a) show two cases where D = 2Qq and 0, = 31f0, respectively. Hence, 
the modulation period is now a fraction of the pair separation.

Figure 6.9: External phase modulation (dashed fine) with two different frequencies 
(a) Q — 2Q0 and (b) il — 3120 applied to the initial dissipative soliton pair (solid 
line).

Following the results presented above for medium range periods of modulation, 
both cases presented in Fig. 6.9 would be expected to exhibit a synchronization 
between the external frequency and soliton separation. Moreover, the soliton sepa­
ration p and the phase difference between the pair djj are predicted to be influenced 
by the strength of modulation, a. The results for these two characteristics versus 
a  are shown in Fig. 6.10.

For each case, a hysteresis loop of the parameters is observed at small modulation 
amplitudes, with the loops being very similar to each other. Fig. 6.10 shows that 
two different soliton pairs exist simultaneously over a small range of a values. The 
particular form of the solution depends on the direction in which the modulation 
amplitude a is varied.

The two modulation frequencies considered in Fig. 6.10 are frequency harmonics 
of the case 0  = which was shown in Fig. 6.5. By comparing the curves in Fig. 6.5 
and Fig. 6.10, one can see that they are similar except for D - 2Q0. In Fig. 6.5 and 
Fig. 6.10(b), the branch moving in the direction of decreasing modulation amplitude 
jumps to the second branch, while in Fig. 6.10(a), this does not happen. Instead, 
the pair merges and forms a single soliton solution, which is another stable solution 
in this region, at the end of the branch. Such a difference in the solution behavior 
arises from the fact that the periodic potential has a minimum between the solitons



6.2. PHASE MODULATION 101
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Figure 6.10: Soliton pair separation p and phase difference between the pair 0 versus 
modulation depth a for (a) Q = 2f20 and (b) D = 3f20l applied as shown in Fig. 6.9.

in the case D = 2f20, while it has a maximum in each of the two other cases. When 
a maximum exists, it is more likely that the two solitons will stay apart.

6 .2 .3  Long P eriods o f M od u la tion

There are a few experimental papers which have recently appeared in the literature 
[130,131,133] on the effect, of synchronous phase modulation on pulse pairs from 
mode-locked fiber lasers. In all of these works, the period of the imposed phase 
modulation was much higher than the observed soliton pair separation. Therefore 
it appears that, in those experiments, a different regime was studied with respect 
to the situations that have been presented above. Fig. 6.11(a) shows the location 
of the pulses in the pair relative to three different external modulations with long 
periods of modulation that are similar to the ones considered in those experiments.

As the two pulses are located within a single potential well, the two pulses 
experience external pressure towards each other. As a result, the pulse separation 
reduces when the amplitude of the modulation increases. The numerical results for 
the soliton separation in this case are shown in Fig. 6.11(b). The separation reduces 
from the original value of 8.923 down to approximately 5.178 for each of the three
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Figure 6.11: (a) External phase modulation applied to the soliton pair solution 
(solid line) for three modulation frequencies, namely, Ll = (1 /8)F2() (dashed line), 
0. = (1/4)D0 (dotted line) and D = (1/2)Q0 (dash-dotted line), (b) Soliton pair 
separation p versus the modulation depth a for three modulation frequencies pre­
sented in (a).

modulation frequencies, namely, Q = (1/8)D0 (dashed line), D =  (1/4)110 (dotted 
line) and 0 = (1/2)Q0 (dash-dotted line). The pair separation, p = 5.278, is the 
minimal distance at which the two solitons can exist as separate units. F ’ *
compression of the pulse separation results in the merging of the two solitons into 
a single pulse. Such merging occurs when a reaches the values —0.283. —0.073 and 
—0.020 for modulation frequencies of (1/8)F20. (1/4)Q0 and (1/2)D0, respectively. 
The relative phase between the solitons quickly converges down from the original 
value of 7t/2  at a — 0 to zero at o ~  —0.01 for all three cases. These observations 
are in line with the experimental work of Hsiang et al. [131]. Thus, relatively low 
modulation frequencies, i.e. long time periods, allow one to efficiently control the 
time separation of soliton pairs inside the cavity.

6.3 G ain-L oss M o d u la tio n

An imaginary amplitude of the modulation corresponds to modulation of the ca­
vity linear gain-loss parameters. Such modulation may involve various physical 
processes. Despite this difference, the action of gain-loss modulation can be qua­
litatively similar to that of phase modulation and can allow one to achieve active 
mode-locking with good control over the pulse separation.
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6.3.1 In te rm e d ia te  P e r io d s  o f  M o d u la tio n

When Q is comparable with Q0, synchronization of the pulse separation with the 
modulation period would be expected. Fig. 6.12(a) shows that, indeed, the soliton 
separation reduces to the same value of modulation period as the modulation depth 
is increased. The soliton separation reduces from its original value, 8.923, as the 
amplitude is increased, until it approaches 7.19. The phase difference between 
the solitons, being n/2 at zero amplitude, quickly approaches zero at very small 
amplitudes, and remains equal to zero upon further increases of the modulation 
amplitudes.

Figure 6.12: (a) Soliton separation p versus a  for Q = (5/4)fl0- Phase difference is 
zero in the whole interval except for a region of small a which cannot be resolved in 
the scale of this figure, (b) Location of two solitons (solid line) in the pair relative 
to periodic gain-loss modulation (dashed line), shown for a — — 0.4z.

The synchronization itself can be seen in Fig. 6.12(b). Two solitons are compres­
sed and their maxima coincide with the maxima of the periodic modulation. On 
the other hand, further increases in the modulation depth result in the generation 
of a pulse train in the crests of the periodic gain-loss modulation; this occurs at 
around a =  —0.51z for Q = (5/4)fl0-

In Fig. 6.13, the results for the case where the modulation frequency is smaller 
than Dq are presented. A very small modulation amplitude shifts p to a new value 
of 27t/LI and <fi to ±7r. Interestingly, another change appears at comparatively 
high amplitudes of modulation. For Q =  (4/5)Q0, a has to be around —0.25z in 
order for the single branch of soliton pairs to split into two branches. One of the 
split branches does not experience much change after the bifurcation. However, 
the second branch appears with both a smaller pulse separation and smaller phase 
difference after the bifurcation. For both branches, the soliton pair shape and
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location within the periodic modulation are shown in Fig. 6.13(b) and Fig. 6.13(c). 
At small amplitudes, the position of the pair coincides with the peaks of the periodic 
gain-loss modulation, whereas, when the amplitude is larger the soliton pair stays on 
the 'shoulders' of the periodic modulation, after the pair goes through a complicated 
region of transition.

(a)

cl

— a  

0.2 i 0 . 4«

iSr 1

Figure 6.13: (a) Soliton separation p and phase difference between the solitons 
c1) versus a for Q = (4/5)Q0- The splitting into two types of solitons occurs at 
a  ~  — 0.24z. Above this threshold, soliton pairs have branches of 0, 7r/2 and 7r 
phase difference between the pulses. The arrows show the sequence of changes 
when increasing or decreasing a. The location of two solitons (solid line) in the 
pair relative to this periodic modulation (dashed line) is shown for the solution 
representing (b) the upper branch and (c) the lower branch when a — 0.3b Solitons 
‘prefer’ certain ‘equilibrium’ positions in the pattern, thus leading to two types of 
bound states.

Fig. 6.13(b) and Fig. 6.13(c) show that an equilibrium position for a single soliton 
appears on the slopes of the periodic modulation. Thus, the soliton pair can be 
formed from two solitons either on the same slope or on two different slopes. Each of 
these solutions may exist independently, and they can also exist simultaneously, thus 
creating a bifurcating structure. Again, at large modulation depths, the instability 
of the zero amplitude background causes a train of pulses to be generated.

For both modulation frequency cases shown in Fig. 6.12 and Fig. 6.13, bistability 
that is similar to the ones present in Fig. 6.6 is observed at very small amplitudes. 
The bifurcation locations and their ranges are too small to be seen in Fig. 6.12 and
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Fig. 6.13, but can be pictured without difficulty from the ones shown in Fig. 6.6.
However, the case when Q = U0 does not have such a bistability when gain- 

loss is modulated instead of the phase. As shown in Fig. 6.14, the curve is single 
valued. Upon varying a, the pair separation p and the phase difference 0 change 
only slightly from their initial values, pi and 0*, and the influence of the periodic 
modulation is minimal.

^  8.9

Figure 6.14: (a) Soliton pair separation p and (b) the phase difference 0 versus the 
gain-loss modulation depth a for period of modulation Q = U0.

6.3 .2  Short P eriod s o f M od u la tion

When the period of modulation is much smaller than the soliton separation, the 
action of linear gain-loss parameters tend to be averaged across the soliton pair. In 
that case, the periodic modulation can be approximated by constant parameters, 
and the equation is reduced to a pure CGLE. where the averaged periodic gain-loss 
modulation is incorporated into the linear gain-loss term 6. Here, two examples, 
where such averaging does not apply completely, are considered. These are Ll = 2fi0 
and Q — 3U0- For these two cases, both the soliton separation and the phase 
difference are plotted against the modulation amplitude, as shown in Fig. 6.15.

When increasing the amplitude of the modulation, bifurcation and hysteresis 
phenomena, which are very similar to those of Fig. 6.9, are observed. Such similarity 
occurs in each case, except for the specific values of a where the bifurcation occurs. 
Changes in soliton separation are relatively small much less than one percent of 
the total separation. At the same time, the phase difference between the solitons 
changes from 7t/2 to tt. Thus, the phase difference should be the main parameter 
to monitor in experiments when observing this type of bifurcation. By comparing
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Figure 6.15: Soliton pair separation p and the phase difference between the pair 0 
versus the modulation depth a  for (a) Ft = 2Q0 and (b) Ft = 3n0.

Fig. 6.15 and Fig. 6.9. one can conclude that soliton pairs are more robust against 
changes in the gain-loss parameters than in the case of phase modulation.

6.3 .3  L ong  P e r io d s  o f M o d u la tio n

An imaginary amplitude of modulation, a, means that the gain-loss balance is 
modulated along the t axis, so it represents an addition to the linear loss term idip 
and can shift an area that originally had loss into gain. Thus, with the applied 
periodic term, the conditions for generating solitons change with t. Solitons may 
become unstable at certain points in time across the modulation period, and some 
preferable positions for solitons along the t axis may be created. These are called 
‘equilibrium positions'. They are defined either by the overall balance between gain 
and loss or by the gradient of gain-loss across the period.

The equilibrium positions can be identified in numerical simulations simply by 
propagating the solitons. Whatever positions they had initially, single solitons or 
pairs of them will eventually move to an equilibrium position. For the chosen values 
of the system parameters, the equilibrium positions of solitons found in that way 
are shown in Fig. 6.16. It can be seen that these equilibrium positions vary with 
the amplitude of modulation a. The cases of a = 0.1/, a = 0.2z and a = 0.3z are 
presented for 0  = (1/8)Qq in Fig- 6.16(a), Fig. 6.16(b) and Fig. 6.16(c), respectively.
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Figure 6.16: Equilibrium positions of the soliton pairs and single solitons shown 
by solid lines when (a) a = O.lz, (b) a — 0.2i and (c) a = 0.3z. Dashed curve 
shows the periodic linear gain-loss function with Q = (1/8)D0. In (c), an additional 
soliton appears in the middle due to the instability of the background. Its position 
is not fixed and may vary along t during evolution.

When the amplitude of the modulation is a = O.lz, which is smaller than the 
linear loss term S — 0.2, the modulation does not destroy the soliton pair. Starting 
from any point within the period of the modulation, the pair moves to one of the 
equilibrium positions shown in Fig. 6.16(a). It may be located either on the negative 
or positive slope of the potential. Only one of them is shown on the plot.

An example of soliton pair evolution in this case is shown in Fig. 6.17(a). In this 
example, the pair is initially located at t =  0. where the linear loss is minimal. The 
pair moves to the right because of the specified positive sign of the phase difference 
7r/2 between the solitons in the pair. If the sign is negative, the pair moves to the 
left. In a short distance, the pair arrives at an equilibrium position and stays there 
forever. In this simulation, the pair continues to oscillate around the equilibrium 
state, approaching the limit-cycle. For other sets of parameters, the limit-cycle may 
be transformed into a fixed point.

For a higher value of the amplitude a = 0.2z, the gain is exactly balanced by the 
loss at t = Ü. At other values of t , the linear loss prevails. The bound state does 
not exist and the pair splits into two separate solitons. Two equilibrium states of 
solitons for this case are shown in Fig. 6.16(b). They are located symmetrically on 
the positive and negative slopes of the gain-loss curve. As the background for the 
dissipative terms stays negative, noise does not grow, and single solitons are stable 
across the whole periodic potential. Equilibrium positions are shifted closer to the 
center t = 0 in comparison to the case with a = O.lz. The soliton pair becomes
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Figure 6.17: Soliton pair evolution under the effect of the gain-loss modulation with 
0. = (1/8)110 (dashed line), (a) a  = O.lz; the pair remains bound and occupies the 
equilibrium position as a bound state, (b) a  = 0.2z; the pair splits and each soliton 
occupies the equilibrium position, (c) a  = 0.3z; the pair splits and each soliton 
occupies the equilibrium position in the periodic potential well. The background 
between the two solitons is unstable and it creates additional chaotically moving 
solitons.

unstable and splits into two independent solitons right from the beginning of its 
evolution. The simulation showing this behavior is displayed in Fig. 6.17(b). After 
splitting, each soliton moves to an equilibrium position which remains for the rest 
of the simulation.

An interesting case occurs when the modulation amplitude a = 0.3/. As this 
value is higher than the linear loss term 6 = 0.2, there are two points at the 
modulation curve that cancel gain-loss in the linear approximation. These are 
approximately the equilibrium states of the solitons. They are shown in Fig. 6.16(c). 
The interval between the equilibrium positions is unstable, since the linear gain is 
positive here. Thus, additional solitons may be created due to the spontaneous 
amplification of noise. One of them is shown in Fig. 6.16(c). The simulation starts 
from a soliton pair and shows it splitting and then the shift of each soliton to its 
equilibrium position. A third soliton is created between them. It moves chaotically, 
due to the instability of the background. For some z, two solitons may exist in the
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region of instability simultaneously.

6.4 Sum m ary

In this chapter, the influence of an external periodic potential on a pair of dissipative 
solitons has been studied. The investigations were carried out for two different 
methods of modulation, i.e. phase modulation and gain-loss modulation.

In the case of phase modulation, with the modulation periods being comparable 
with the initial pair separation, the pair separation approaches 2n/Q and the phase 
difference between the pair becomes either 0 or ±7r, depending upon the modulation 
frequency as the modulation depth is increased. These transitions from one type 
of soliton pair to another comprise hysteresis loops. For a very small value of 
the modulation depth, the periodic potential is not strong enough to confine the 
moving pairs. This causes periodic acceleration and deceleration of the soliton 
pairs when moving across the potential. The hysteresis loops are also present for 
higher modulation frequency values, where the periods are a fraction of the initial 
separation. For long periods of modulation, the pairs are compressed and are forced 
closer to each other when the modulation depth is increased.

When the gain-loss is modulated, solitons split and end up finding a position 
at one of the two equilibrium states of the periodic potential. The complicated 
dynamics of this process has been illustrated by a few numerical examples.

These results may become useful in experimental studies with lasers that have 
simultaneously passive and active mode-locking mechanisms. One of the possibili­
ties found in this work has been confirmed in the experimental results of Hsiang et 
al. [131]. Other cases considered here are also worthy of experimental testing.
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C onclusions

In this thesis, a detailed study on dissipative solitons of the complex Ginzburg- 
Landau equation (CGLE) has been presented. The existence and characteristics 
of dissipative solitons in the context of nonlinear dynamics have been discussed 
and presented in the first three chapters, and their applications to optical pulse 
generation have been considered in the later chapters. From these investigations, 
various new aspects of dissipative solitons have been discovered and some important 
results have been obtained. The important properties and features of dissipative 
solitons found from this study are listed below.

• Dissipative solitons are localized structures that exist for an extended space 
or period of time, due to the mechanism of self-organization, in a system 
that has interactions with its surroundings as well as within itself, such as 
the CGLE [7]. A soliton solution of the CGLE is the result of a balance 
between gain and the loss, and also a balance between the dispersion and 
the nonlinearity. A system modeled by the CGLE admits various types of 
solitons with interesting behaviors; these cannot be observed in conservative 
systems. Solitons of the CGLE include stationary, pulsating, creeping and 
exploding solitons [41]. Their existence, however, requires a careful selection 
of the parameters which define the system. Each branch of soliton solutions 
exists only over a certain range of these parameters.

• There are specific ranges of system parameter values where solitons in dissi­
pative systems are transformed into fronts. This type of transformation in the 
CGLE has been studied numerically by varying a single system parameter,
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viz. the nonlinear gain coefficient c, around the region of the transition. The 
study has revealed that this transformation is not a simple transition, and 
indeed it possesses a very rich bifurcation structure. In this region, there is a 
sequence of period-doubling bifurcations for pulsating solitons, as well as ano­
ther sequence of period-doubling bifurcations for creeping solitons. Both of 
these branches of solutions reach chaos at the end of the sequence. There are 
also two symmetry-breaking bifurcations. In one of them, a creeping soliton 
is transformed into a pulsating soliton in a sub-critical symmetry breaking, 
whereas in the other one, a super-critical symmetry-breaking bifurcation is ob­
served when a pulsating soliton is transformed into a creeping soliton. Also, 
creeping solitons with multiple frequency dynamics have been observed in this 
region. It has been found that there are two branches of these multi-frequency 
creeping solitons with zig-zag motions co-existing in a certain range of the sys­
tem parameters. The study has shown that a significant part of this region of 
transition has bistability and even trist ability.

There are no analytical approaches that can exactly describe the bifurcations 
and the region of existence of all the solitons found above. However, approxi­
mate solutions of these are found by constructing simplified models from the 
COLE. The models are constructed using the method of moments and a sui­
table trial function for the particular type of soliton solution that is being 
modeled. This approach reduces the infinite dimensional partial differential 
equation to a set of ordinary differential equations, and allows one to obtain 
the evolution of a few soliton characteristics over time. Such a technique has 
been applied to both pulsating solitons and creeping solitons. Some details 
of the solutions of the reduced models and the exact model do not match, 
due to the dramatic simplification of the system. However, the solutions of 
the approximate models show good qualitative agreement with the exact mo­
dels, and the region of existence for each soliton is well-approximated in the 
reduced models.

A region of the CGLE parameter space where ultra-high energy solitons exist 
has been found numerically [66]. These pulses were initially found in the nor­
mal dispersion regime, which in fact agrees with many experimental observa­
tions made during the generation of high-energy pulses. The energy increases
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to approach infinity at a particular set of system parameters, and the term 
‘dissipative soliton resonance' (DSR) has been coined for this phenomenon. 
By constructing a reduced model using the method of moments, an expres­
sion for the approximate location of the resonance in the complete parameter 
space has been found. The expression suggested that the high-energy pulses 
could also be obtained in the anomalous dispersion regime. The existence of 
the resonance in the anomalous dispersion has been confirmed numerically; it 
requires the quintic refractive index v to be negative. A study on the effect 
of the sign of v on the resonance has shown that the phenomenon is more 
pronounced when v is negative. The robustness of DSR against model per­
turbations has been investigated, and it has been shown that the phenomenon 
still exists when dispersion management is introduced into the cavity design. 
These results can be useful in constructing passively mode-locked laser sys­
tems that generate record-high energy pulses out of single oscillators, without 
the need for additional amplifiers. The high-energy pulses generated near the 
resonance are very wide and have almost linear chirp across the central part 
of the pulse. For the generation of high-energy ultra-short pulses, a dispersive 
medium can be used at the output of the laser oscillator operating near the 
resonance, in order to compensate the linear chirp and effectively compress 
the pulses.

• The influence of a periodic external modulation on a pair of dissipative solitons 
has been carried out. Both phase modulation and gain-loss modulation of 
the cavity, as well as various ranges of modulation frequencies have been 
considered in this study. The study of the effect of phase modulation showed 
that, as the modulation depth is increased, the pair tends to stay at two 
adjacent minima of the periodic modulation, and the phase difference between 
the pair becomes either Ü or ± 7 r ,  depending on the modulation frequency 
relative to the initial pair separation. At a lower modulation depth, there 
is a transition from one type of soliton pair to another, and the bifurcation 
consists of a hysteresis loop. For an even smaller value of the modulation 
depth, the periodic potential is not strong enough to confine the moving pair. 
When the period of the external modulation is large compared with the initial 
pair separation, the pairs are compressed and move closer to each other as 
the modulation amplitude is increased. This agrees with the experimental
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work of Hsiang et al. [131]. In the case of gain-loss modulation, the pair 
splits and ends up finding a new position at one of two equilibrium states 
of the periodic potential. Numerical examples have shown that, during this 
transition, the system exhibits complicated dynamics with hysteresis loops. 
Exploiting the mechanism of such soliton interactions in hybrid mode-locked 
lasers, i.e. those where the pulses are generated by applying both active and 
passive mode-locking simultaneously, would allow for more accurate control 
of the frequency and stability of the generated pulse trains.

Finding qualitatively new solutions of the CGLE significantly broadens the 
‘world of the Ginzburg-Landau equation5 [10], Indeed, the new solutions can be 
useful in all areas of science where this universal equation may be applied.



A ppendices

I E quations for G eneralized G aussian P ulse

In this appendix, the general equations for the three-dimensional dynamical system 
generated by the symmetric generalized Gaussian trial function given by Eq. (4.2.4) 
with arbitrary real constant rn is provided. First, the moments are defined by

Q = \/m em K i(m )A 2w, h m
Kiirn) \
ÄbM _1j Qw2, h  = Aid2 , (1-1)

where I \p (r) is the modified Bessel function of order p and argument r.

The dynamical system for the evolution of the soliton energy, Q, width w and 
quadratic chirp coefficient c are given by

Qz = Q ( 2 0  + s i - ^  + s2c2w2ß + s3—  + »\  ur w wz J
( o n , ß , 2 2 * , Qf , Q2/Awz = w  [ 2cD + n — + r2c w ß + r3---- h r4—— ,
\  wz w wz )

cz = \  (~2c2w2D -  V i ß  -  v2 — -  v ß ß -  + vAcß \ . (1-2)
wz \  wz w wz J

The coefficients in the above equations are given in analytical form:

s i  =  1 -
3 K  3(171)

s  3 =

K 1 ( m )
4

2 K 1 (2m)

M ! W ’

s2 =  8m —
8m K 3 (m)

s4

Ki (m)4 v
2/\ 1 (3m) 
m/vf (m)

(1-3)
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and

n

r2

r 3

U

(—4(3 + m)( — 1 4- 2m)A? (m) mA4 (m)ru, + mAA (m)ric
4 _ j _  4 x 4 v

4mA4(m) ^A4(m) — Kz(m)\  4mA4(m) ^AA(m) — A4(m)^

2 • 24 e~mrn* A4 {m)r2b + A4 (m)r2c 
K'i(m) — A4 (m)AA(m)

4 4 4

A'i (2m)A'a (m) -  A-. (m)K* (2m)
4 4 4 4

yJmK\ (m) ^A4 (m) — A4(m)^

K i (3m) A4 (m ) — A4 (m)AA (3m)
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4 4 4

(1-4)

where

rife =  2 (5 — 28m) A4 (m) 4  2 (26m — 11) A4(m) + 8mAA(m),
4 4 4

ric = 4 m A4 (m) — 12A4(m),

r2b = 2V2mTQ  H(* ,  -  T ( * )  Q ,  ^ m )  ,

r2c = 4 (1 + m) A4 (m) — 4mA4 (m). (1-5)
4 4

The function H (i, j,k)  in Eq. (1-5) is the hypergeometric function (iiq ) with argu­
ments (z, j, A‘) while T (r) is the Euler gamma function.

Finally, the coefficients C; are defined by

A4 (m) — 3A4 (m)
1 4mAi (m) — 4m A4 (m)

A4 (2m)
* 4  =  -  3 /  4 v

m 2 f 4A f (m) — 4A4 (■m)A4(m)J 

A4 (3m)
*4 =  4

3m2K \ (m) A4 (m) + A4(m)J

(-1  + 8m) A4 (m) 2m ( - 9  A4 (m) + 5A4 (m) j
— / 4 \ +  / \ (I“6)

m ( K i (m) — A4i (m )) m ( A'i (m) — A'3 (m ))

All equations above are valid for arbitrary real positive constant m. For any m
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the coefficients can be calculated and their arithmetic values can be found. This 
has been done for m  = 0.25 in Eq. (4.2.5) and Eq. (4.2.6).

II  R eso n an ce  C u rv e

Near the resonance curve, Q —> oo, w —> oo and c —> 0. The terms of order c and 
w~2 in Eq. (1-2) are close to zero and can be neglected. The dynamical system is 
then simplified and takes the form:

where the coefficients s*, r* and Vi are given by Eq. (1-3), Eq. (1-4) and Eq. (1-6) 
respectively.

The fixed points near the resonance curve are defined by the zeros of the right- 
hand-side of Eq. (II-1):

Near the resonance curve, the values Q/w  and cw approach constants. Solving 
the first two equations in Eq. (II-2) for Q/w  and cw, one can obtain:

( I I - l )

(II-2)

Q = k
w 2 (r2s4 -  r±s2) ß

(II-3)

where

k = e (r3s2 -  r2s3) + J (r3s2 -  r2s3)2 e2 +  8r2 (r4s2 -  r2.s4) S/i. (II-4)
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Now, by substituting Eq. (II-3) into the third equation in Eq. (11-2), one can 
obtain the expression for the resonance curve in terms of the system parameters:

kß (2 (r2s4 ~ r4s2) v2p + kv3v)
4// (k (r3s4 -  r4s3) e 4- 4r4 (r4s2 -  r2s4) 8p) '

(II-5)

The term containing 28 in Eq. (11-2) is much smaller than the other terms for the 
set of parameters that we use in numerical simulations. A much simpler equation 
for the resonance curve is obtained by neglecting this term. Following the same 
procedures as above, we find

Q (r2s3 -  r3s2) e (r3s2 -  r2s3) (r4s3 -  r3s4) e2
W (r4s2 -  r2s4) p y (r4.s2 -  r2s4y  ßp

(II-6)

Then the expression for the resonance curve becomes:

D _  (r4s2 -  r2s4) v2ßp + (r2s3 -  r3s2) v3ßeu 
2 {r4s3 -  r3s4) ep

(II-7)

I I I  F in ite  S p e c tra l W id th  N ea r th e  R eso n an ce

For a pulse with constant amplitude A , and width w, one can readily estimate the 
width of the spectrum for the basic model upon approaching the high energy line 
where the width becomes infinite. The Fourier transform is defined as

A f w/ 2
F( u) = —— / exp(zct2 +  iujt)dt, (III-l)

V2?r J — x c / 2

with chirp c = —r/w  and constant r, as explained earlier. Hence

|F H I = ^ y |^ |e rf(9-) + erf(9+)l, (IH-2)

where the arguments of the error functions erf. are given by:

1 . . i Iw .
9 ± = 2 ( _1 ) i V “ (r±U')'

(IH-3)
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Therefore, in taking the limit as w —» oc leads to

\ F HI = .4 if (jj2 < r2 and

W h o (II1-4)

The total energy (^  \F(uj)\2duj), is then clearly proportional to the width,
w , while the spectral width is fixed at 2r. Thus, the presence of chirp means that 
the spectral width near the high energy is not very narrow, whereas one would 
expect a very narrow spectrum for a transform limited pulse. Even for cases with 
gaussian amplitude, which are thus not close to the resonance, the spectrum remains 
approximately of constant width as the pulse width increases.

There is another trial function that could be considered for modeling the dissipative 
soliton resonance phenomena. It is related to the one in the main text, but is not 
a limiting case of it. This trial function involves only the quartic term:

Eq. (IV-1) gives a slightly better approximation of the soliton characteristics when 
the soliton energy reaches extremely high values. However, the differences are not 
very dramatic. For the sake of completeness, the main equations are given in this 
appendix.

The moments for the quartic trial function, i.e. Eq. (IV-1), are given by the 
following expressions:

IV  Q u a rtic  P u lse

(iv-i)

I 3 — 4 ic /2 - (IV-2)

The dynamical system is described by the same three coupled ordinary dif­
ferential equations of Eq. (1-2) except for the coefficients that take the following
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particular forms:

12 7T
—  — «2

87T

p G )p G)’
while the coefficients r, are given by:

n

^3 =

6- r2G)
r 2 ( ] )  47T

-2  + n/2

r(l) ’

S3
r ( i ) ’

«4
8 ^ 2

3 i P O ’

^2
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4k _ r 2 Q)

r2(i) 2^
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(IV-3)

(IV-4)

and for vl:

V\ =  -3 , V3
4 ^ 2

3 • 3*7T
(IV-5)

The expression for the resonance curve is the same as that in the previous section 
with the coefficients given by Eq. (IV-3), Eq. (IV-4) and Eq. (IV-5).

On neglecting 26 term  in the dynamical system, one can find, for the two 
constants:

V =  — o).  c w  =  —0.269—p = = ( <  0). (IV-6)
w \i C - ß n

In this case, the resonance curve takes the form

D =
7.611i/

V /'
6.208

ß, (IV-7)

which is slightly closer to the exact curve than Eq. (5.2.7). This is because Eq. (IV- 
1) provides fairly rectangular pulses which more precisely match the actual pulses 
near the resonance.
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