A Class of Energy Minimisers for the
Rotating Drop Problem

Nigel Wilkin-Smith

June 2006

A thesis submitted for the degree of Doctor of
Philosophy of The Australian National University

Mathematical Sciences Institute

LVN’:"‘,




Statement of Authorship

Chis thesis contains no material which has been accepted for the award of any other
legree or diploma. To the best of my knowledge, the work of no other person has been
1sed without due acknowledgement in the text.

Nigel Wilkin-Smith



Acknowledgements

I would like to express my gratitude to my supervisor Dr. Ben Andrews for his generous
assistance and patient mentorship during my candidature at ANU. I would also like to
thank my co-supervisor Dr. Maria Athanassenas for the inspiration and invaluable advice
she provided in pursuit of this problem.

In addition, I am grateful for the financial support afforded by an Australian Postgraduate
Award and the MSI.

I would especially like to thank my fiancée Noelle, without whose love and support this
thesis could not have been produced.

ii



Abstract

This dissertation examines the behaviour of an incompressible, rotating liquid drop with-
drawn from the action of gravity and cohered by surface tension. It is composed of two
parts, which we summarise below.

In Part 1, we implement classical techniques from the calculus of variations and an implicit
function theorem on Banach spaces to derive constraints on angular velocity under which
we may verify the existence, boundary regularity, and stability of an energy-minimising
family of drops whose boundaries are in C'®* proximity to the unit sphere S™.

In Part 2, we define, and examine the properties of, a geometric evolution equation corre-
sponding to the problem, in the context of the more contemporary methodology associated
with mean curvature flow. Whenever appropriate restrictions are placed on a given initial
condition, we obtain unique, global solutions of this rotating drop flow which are demon-
strated to converge asymptotically to the aforementioned minimisers in infinite time with
respect to the topology of C*°(S™). We then establish that the boundary of any such
minimiser is uniquely determined in a Lipschitz neighbourhood of S™.
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A Remark on Notation

The notation employed in the body of this thesis is largely self-contained. However, a
basic familiarity with the definition and properties of the Holder, Lipschitz, and Sobolev
function spaces will be assumed.

A summary of essential geometric terminology is provided in Section 1 of Appendix A. In
addition, we shall stipulate here that the set {e; : i € N& 1 <4 < n+ 1} is the standard
orthonormal basis for R®*!, while an inner product (-,-) appearing without an attached
subscript should automatically be perceived as representing the Euclidean scalar product.

" Throughout the dissertation, unless otherwise noted, we shall observe the summation con-
vention with respect to repeated raised and lowered indices. Moreover, for integers j and
k with j < k, we shall specify here that > 7_,(-) =0 and [TI_,(-) = 1.
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Introduction

Investigation of gravitational equilibrium in homogeneous, uniformly rotating masses orig-
inated in Newton’s treatise on the figure of the earth [62], in which he demonstrated
that the action of a small rotation on the body about its vertical axis mandates a slight
equatorial oblateness. He further deduced that the equilibrium of the figure necessitates
a basic proportionality between the effect of rotation, as measured by the ‘ellipticity’ or
mean equatorial dilation, and its cause, which may be quantified by the quotient of the
centrifugal acceleration at the equator and the average gravitational acceleration on the
surface. These results were refined by Maclaurin [58] and inspired work in the 19th and
20th centuries by Jacobi [50], Riemann [72], Poincaré [69], Darwin [24], Cartan [18], Ap-
pell [7], and Chandrasekhar [20], amongst others.

Contemporaneous to the activities of Jacobi, Riemann, Poincaré, and Darwin was an as-
tonishing series of experimental and theoretical explorations conducted by the Belgian
mathematician Plateau [68] between 1843 and 1869. These included study of a rotating
liquid drop cohered by surface tension, which was modelled through the suspension of oil in
a fluid of equivalent density. Despite the manifest cosmogonical implications of Plateau’s
rotating drop problem, the obvious resonance of these two extant considerations appears
to have been neglected at the time. It is also important to emphasise that Plateau’s work
has had extensive mathematical ramifications, most especially in geometry. In particular,
his experimental analysis of soap films and bubbles has inspired a vast canon of work on
the theory of minimal surfaces and surfaces of constant mean curvature (in the classical
setting see [25, 2, 76, 42] or [10], for instance).

Natural phenomena such as these soap films and the boundary of the rotating drop are
but two examples of capillary surfaces: free surface interfaces between two immiscible
materials, at least one of which is a fluid. Beyond its geometric implications, the study of
capillarity has found application in diverse industries, including aeronautical engineering
and medicine. Although the subject of contemplation by scientific thinkers as early as da
Vinci (see, for example, [57]), a more rigorous theory of capillarity did not arise until the
19th century in the writings of Young [83] and Laplace [52], which were elaborated upon
by Gauss [38]. A seminal account of both historical and contemporary developments in
this field may be found in the text of Finn [31].
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Part 1

Pursuant to the research of Plateau, analyses of permissible equilibrium configurations for
the problem of the rotating drop were performed by Rayleigh [71] and Lichtenstein [53].
In particular, Holder [46] confirmed in 1926 the existence of a family of star-shaped three-
dimensional drops determined by regular boundary, each member of which occurs as the
unique critical point of an appropriately defined energy functional indexed by a small an-
gular velocity. Resurgent interest in the question of the rotating drop was subsequently
motivated by the study of nuclear fission, perhaps exemplified by the conjecture of Bohr
& Wheeler [11] that infinitesimal liquid drops under an action of rotation mirror the be-
haviour of heavy atomic nuclei.

In 1965, Chandrasekhar [19] produced a formative description of stability criteria for ax-
isymmetric, three-dimensional rotating drops enclosing the origin. Extended to encompass
capillary forces, his principal analytical tool was the method of the tensor virial [20], an
application of the ‘method of moments’ in mathematical physics to the solution of hydro-
dynamical problems which account for the gravitational field of the prevailing distribution
of matter. Embellished by variational techniques and numerical analysis, this approach
elucidated the geometric behaviour of equilibrium configurations for increasing values of
the physically determined parameter

dw?a®

- 8T
Here w is the angular velocity, a is the equatorial radius, ¢ is the density, and T is the
interfacial surface tension of the drop. More precisely, it was demonstrated that the initial
spheroidal configuration reaches a neutral but stable mode of oscillation at ¥ = 0.4587,
while instability occurs subsequently at ¥ = 0.8440 due to overstable oscillations with
frequency w. These findings were extended by Brown & Scriven [15], while Auchmuty [9],
Caffarelli & Friedman [16], Friedman & Turkington [33, 34}, Brulois & Ross [12], Bru-
lois [13], and Sturzenhecker [77] have further illuminated the axisymmetric case in three
dimensions. Furthermore, Ross & Smith [73, 74| have considered the existence and sta-
bility of (potentially) non-axisymmetric drops in R3.

¥ =

For rotating drops of arbitrary dimension n with prescribed volume and barycentre, Al-
bano & Gonzalez [1] utilised a measure-theoretic approach introduced by De Giorgi [25]
to establish, among sets of finite perimeter, the existence of connected local energy min-
imisers which correspond to appropriately small angular velocities. Despite the relatively
weak regularity assumptions on its ambient geometric class, such a minimiser was demon-
strated to possess C'* boundary, save a possible singular set of Hausdorff dimension at
most (n — 8). To account for fixed barycentre in the class of drops under scrutiny, the
techniques employed here extend those of Gonzalez, Massari, & Tamanini [41, 42] which
respectively analyse related capillary and isoperimetric problems. Both the geometric con-
struction and the energy functional introduced in [1] are particularly significant to our
intended framework of investigation, although we shall require C'>*® boundary regularity
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in our class of rotating drops (here the reader is referred to Definition 1.1 in Chapter
1). Congedo, Emmer, & Gonzalez [23], Congedo [22], and Athanassenas [8] have derived
analogous results to those of Albano & Gonzalez in the case of rotating drops with obsta-
cles, where the free boundary formed by intersection with these obstacles necessitates the
inclusion of an additional capillarity term in the energy functionals under consideration.
While the barycentricity constraint imposed in the literature referenced above connotes a
form of symmetry, it is a far less restrictive condition than the axisymmetric formulation
prescribed in the purely physical case.

In this first part of the thesis, we verify the existence of a family of energy minimisers
for the elliptic problem in a neighbourhood of the unit ball, whenever angular velocity is
sufficiently restricted (Theorem 4.9). The essence of this determination is contained in a
recently accepted paper [81]. It is achieved both by parametrising the boundary of any
compact, star-shaped drop as a (unique) C'*® graph above S™ and, in analogy with the
method of Lagrange multipliers, the ensuing analysis of an energy functional augmented
by a linear combination of integrals which permit variation of the relevant isoperimetric
constraints. After identifying Banach subspaces of C'** which contain all test functions
generating volume- and barycentre-preserving perturbations, we implement an implicit
function theorem on Banach spaces to deduce the existence of solutions to the Euler-
Lagrange equation in a C'®® neighbourhood of S™ (Theorem 3.1). Higher regularity is
then evinced through a suitable ‘bootstrapping’ argument (Theorem 3.3). This facilitates
the calculation of an eigenvalue estimate for the Jacobi operator corresponding to the
aforementioned functional (Theorem 4.4). Both the implicit function theorem and the
stability analysis rely heavily on the properties of the spherical harmonics of degree two
or greater. In particular, proximity to the sphere is crucial in obtaining estimates on
expressions arising in the numerator of the Rayleigh quotient associated with the Jacobi
operator. An overview of the relevant theory of the spherical harmonics is provided in
Appendix C.

Part 2

In the context of geometric measure theory, the mean curvature flow was first introduced
by Brakke [14], who explored many of the principal attributes of the associated solutions
whilst developing a global existence and regularity theory. For a sufficiently regular class
of geometric objects, it is instructive to observe that the mean curvature flow may be
constructed from the L2-gradient flow of the energy functional corresponding to surface
tension. More precisely, suppose that (N™, g) and (M{,go) are compact, connected Rie-
mannian manifolds without boundary smoothly embedded in R™*!. Further suppose that
My may be parametrised by the embedding X, : N — My and T is a positive real number.
Then the family of manifolds {M, : ¢t € (0,T)} parametrised by X : N x (0,T) — R™+!
evolves by the mean curvature flow if

O X(0) = ~Hpvip,0), (MCF)
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with initial condition X(-,0) = Xo(-). Here v(-,t) and H(-,t) respectively represent the
outward oriented unit normal vectorfield and mean curvature on M;.

Curvature flows of the type (MCF) (and others) have found application in a multitude of
physical and industrial settings, including image processing and as a model for the mo-
tion of grain boundaries in an annealing pure metal. However, in accordance with the
motivation for this thesis, it is their application to geometric problems with which we are
primarily concerned. Indeed, an example of this geometric import may be evidenced by
the recent work of Perelman [64, 65, 66] which contends a solution to Thurston’s ge-
ometrisation conjecture' {79] through the employment of methodology associated with the
Ricci flow. Pioneering work on the properties of this evolution equation in the framework
of dimensions three and four was performed by Hamilton [44, 45].

Although the mean curvature flow and its progeny have been analysed from a variety of
mathematical perspectives, we shall restrict our attention to those most pertinent to the ex-
position of this thesis. In 1984, Huisken [47] proved that, when confined to strictly convex
hypersurfaces, equation (MCF) possesses a smooth solution on a finite time interval while
the evolving hypersurface contracts to a ‘round’ point as the endpoint of the interval is
approached. Homothetic expansion about this point then yields a smooth, global solution
in the rescaled variables, where the resulting hypersurfaces are demonstrated to converge
asymptotically in the topology of C* to a sphere with surface measure |Mp|. Andrews
[4] has subsequently derived analogous results for a more general class of geometric evo-
lution equations. Shortly thereafter, a comparable determination to that of Huisken was
verified in the case n = 1 by Gage & Hamilton [36], while the case of evolving curves has
again been studied for a far broader class of curvature flows by Andrews {5, 6]. Huisken
is also responsible for the celebrated monotonicity formula [49] describing the asymptotic
behaviour of solutions and potential singularities through this procedure of homothetic
rescaling. A local version of this result has been deduced by Ecker [26].

Of particular relevance to the subject matter of this thesis is another paper of Huisken [48],
which analyses the volume-preserving mean curvature flow. Through the calculation of the
steepest descent flow over a class of hypersurfaces characterised by constrained volume,
this is constructed by the addition of the quantity h(¢)v(p,t) to the right hand side of
(MCF), where, for each t € (0,T), h(t) is the global term given by

M
In contrast to solutions of the original flow, it is then established that this modified evolu-
tion equation preserves enclosed volume whilst decreasing surface measure. Furthermore,
due to a pinching estimate on the principal curvatures of the arising family of hypersur-
faces in conjunction with a priori bounds on curvature derivatives of all orders, Huisken

1 This concerns the complete topological classification of closed three-dimensional manifolds, of which
Poincaré’s conjecture [70] may be interpreted as a subcase.
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proved that convexity in the family is maintained and the smooth solutions converge ex-
ponentially in infinite time to a sphere with enclosed volume identical to that of the initial
condition. This finding followed the analogous result for curves due to Gage [35], and
das been extended to encompass non-convex hypersurfaces in a C*® neighbourhood of
5™ by Escher & Simonett [29], wherein the regularity theory is reliant upon the analytic
semigroup treatment of parabolic equations formalised in the texts of Amann [3, Chapter
1I) and Lunardi [55, Chapter 9]. Pihan [67] and McCoy [59] have respectively pursued
fimilar arguments to those of Gage & Hamilton {35, 36] and Huisken [47, 48] in the case
of the surface area preserving mean curvature flow, where McCoy [60, 61] has extended
1is original finding to consider a number of mized volume preserving curvature flows. With
;he exception of the geometric class examined by Escher & Simonett, a crucial distinction
;0 be made between all of these constructions and that which we consider is potential lack
»f convexity in the rotating drop problem.

The elliptic result of Part 1 is strengthened considerably in this second part of the dis-
sertation to confirm the uniqueness of any minimiser in a Lipschitz neighbourhood of S™
{Theorem 7.13). The substance of this finding has been compiled in a recently submitted
saper [82]. For a fixed rotational velocity, an initial condition corresponding to a com-
sact, star-shaped drop with C3® boundary is shown to yield the short time existence of
1 unique, smooth solution to the rotating drop flow (Theorem 5.5), through the deploy-
ment of methods traditional to the analysis of quasilinear parabolic equations. Here we
sxplicitly represent the family of evolving manifolds in the geometry induced from S™ to
break the diffeomorphism symmetry intrinsic to such curvature flows. The global terms
efined in analogy to the Lagrange multipliers specified in the variational exposition ensure
that the evolution equation preserves volume and barycentre whilst decreasing the sum of
surface and kinetic energies. Through the application of a generalised form of the maxi-
mum principle due to Hamilton [45], whereby an ODE inequality describing the behaviour
of a spatial maximum is elicited from the corresponding PDE evaluated at such a point,
we then derive a priori curvature derivative estimates (Theorem 6.11). In contrast to the
method of {28, Proposition 4.4], for instance, this procedure requires analysis reliant upon a
Gagliardo-Nirenberg type inequality [37, 63] which bounds supremum norms of tensorfield
covariant derivatives by a product of lower and higher order terms, in conjunction with a
characterisation of covariant derivatives for position vectorfields and their components on
Riemannian manifolds. These are explicated in Appendices B and A respectively, and, to
the best of the author’s knowledge, are not explicitly contained in the literature.

We subsequently prove asymptotic convergence of the flow to minimisers of the elliptic
problem with respect to the C'*™ topology on S™. We first verify exponential decay on a
short time interval in the topology of L?(S™) (Theorem 7.4) through an argument which
relies on the aforementioned eigenvalue estimate. More precisely, we evolve the square of
the L? norm of the difference between the two solutions’ respective graph characterisa-
tions over S™, where the resulting integral may be interpreted as the inner product of a
negative factor of the Euler operator evaluated at the time-dependent solution together
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with a (non-constant) multiple of this difference. We are therefore able to perform a trun-
cated expansion of the Euler operator in Fréchet derivatives about the minimiser, with the
second-order expression evaluated at some intermediate graph. The first-order term domi-
nates the calculation and, after some manipulation, yields a suitable negative factor of the
quantity under examination that is proportional to the minimum eigenvalue of the Jacobi
operator. The global existence of unique solutions to the parabolic problem (Theorem 7.8)
is then implied by Lipschitz proximity to the sphere in infinite time, which we deduce from
a corollary of the preceding Gagliardo-Nirenberg inequality and an analogous result which
enables the estimation of supremum norms through interpolation between those of L? and
C%!. Smooth convergence is then determined by successive applications of the original
interpolation inequality, where the higher order terms may be appropriately contained by
the previously described curvature derivative estimates.

In conclusion, there appears to be no structural impediment to the application of the
methodology contained in this thesis to the optimisation of a far broader class of geometric
objects, where boundary deformation occurs as a consequence of a forcing process (which
may not necessarily have a sound physical basis). More specifically, for any compact, star-
shaped domain in R™*! with prescribed volume, barycentre, and boundary regularity, we
might consider functionals in which surface energy is augmented by a parameter-dependent
integral over the interior whose integrand is composed of an arbitrary polynomial function
in the norm of the position vectorfield or its components. Whether this category of func-
tions may be expanded is a matter of conjecture, but one which warrants investigation.



Part 1

" The Elliptic Problem



CHAPTER 1

The Rotating Drop Near the Unit Ball

1. The rotating drop

In the absence of gravity and for n > 2, we examine the behaviour of a compact, connected
liquid drop E C R™*! rotating about the z,,; axis with constant angular velocity v/2Q.
We assume that E has fixed measure, barycentre at the origin, and C3* boundary for
some a € (0,1). We specify this class of rotating drops and define an appropriate energy
functional, with the aspiration of locating stable energy minimisers for this problem. In the
ensuing construction we shall, for mathematical convenience, consider 2 as a parameter
over R, before relating our results to the particular physical case.

DEFINITION 1.1. Let the class & be given by:

( IEI = Wn41 5

E C R**! is compact and connected;
Ee & |
OE = M is of class C®%; and

: [ Je(z.e)dz =0 Vie{l,..,n+1}.

Then for E € & and fixed Q2 € R, we encapsulate the global action of surface and kinetic
energies in the functional:

Fao(B) = M| + [ fala)de (1.1)

with fo(z) = — Q|Tgaz|?>. Here TTgn(-) denotes orthogonal projection in R™*! onto the
(hyper)plane z,; = 0.

REMARK 1.2. We observe that & is non-empty, since it contains the closed unit ball B
centred at the origin in R™*1. Indggd, it may be demonstrated (see [2, Theorem 5] and [10,
Theorem 1.3], for example) that B furnishes a stable, global minimum for the functional

Fo.

It is important to emphasise that %o remains well-defined for any compact, connected
subset of R**! with Hausdorff dimension (n+ 1) and C* boundary, and we shall make use
of this fact in Chapter 2.
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2. The geometry of star-shaped manifolds

In this dissertation, we intend to examine issues of both equilibrium and stability in slowly
rotating liquid drops. As a consequence of the symmetries implied by the barycentricity
condition imposed on the class & and the known geometric behaviour of such configura-
tions (see [1] or [19], for instance), it therefore seems natural to consider candidate drops
which are at least star-shaped about the origin. To this end, we shall now introduce an
ambient geometric framework for our investigation.

Let S™ be the n-dimensional unit sphere centred at the origin in R™*'. For arbitrary
k € N, we consider any compact subset F' of R"*! which is star-shaped about the origin
and whose boundary N is of class C*®. As a consequence of the induced Euclidean
topology on F', N is a compact, connected, Riemannian manifold of dimension n without
boundary. For any such manifold, it is clear that the natural projection T, : N — §

determined by v
To@) = =
° |z|
is a diffeomorphism. We may therefore uniquely represent N as a strictly positive graph .
r € Ck2(S), which may be explicitly identified with the magnitude of position on N in
the following manner:

r(s) = |7TS'.1(S)| .

DEFINITION 1.3. Suppose F' C R™! is compact and star-shaped about the origin with
boundary 8F = N of class C** for some k € N. Then we define r € C**(S;R™)
to be the (unique) parametrising function for N whenever it may be endowed with the
parametrisation X : § — N, given by X (s) = r(s)s. For each k € N, we shall denote the
class of such parametrising functions by R*.

We note that R* is an open subset of C*%(S) for any choice of k. Throughout this thesis,
parametrisations X of the type specified above shall be described as star-shaped about
the origin®. In the forthcoming variational analysis, it shall be convenient to suppress
the s variable by composing X and other geometric quantities on N with respect to the
class of parametrising functions. We may now infer a geometry on any star-shaped N
from Definition 1.3, where the reader may refer to Section 1 of Appendix A for precise
definitions of the quantities concerned.

LEMMA 1.4. Suppose r € R' and the indexing sets to be considered are in direct corre-

spondence with the set of integers {1,...,n}. Then the following Riemannian geometry on
N may be induced from S:

gij(T) = ngij(S) + Vierr (12)

2 This description is a clear abuse of definition, since any manifold parametrised in this manner cannot
itself be considered as a star-shaped subset of R*t!, but rather as the boundary of such a subset. However,
precedence for this terminology is contained in the statement and proof of [4, Lemma 3.2].
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are the components of the metric on N;

. 1 " gik(s)gﬂ(s)vkrvlr
i = | q¥ - 1.
) = 5 (a7 - I (13)
are the components of the inverse metric on N;
1
v(ir) = —————e—(rs — Vor 1.4
" = S ) (14

is the outward oriented unit normal vectorfield on N; and

pe = r™\/r2 + |VSr|2 (1.5)

is the measure on N. If we further stipulate that r € R2, then the components of the
Riemannian connection on N are given by Ffj(r) = g*™(r)Dim;(r), where

Fimj(r) = FL(S) (r2glm(3) + Vzerr) + VinTva‘
+ 7 (gim(s)Vir + gim(s)Vr — 9ij(s)Vmr) . (1.6)
PRrooOF

It is clear from Definition 1.3 that the inner product of the i** and j* tangent vectors
yields (1.2). Furthermore

% (o0 - CEEBTI 1) = 4,

r2 + |VSr|?
which verifies (1.3). We note that an outward oriented normal vectorfield on N is given by
v = g—i X ..o X g—: = r" ! (ry(s) — V°r).

Thus we obtain (1.4) and (1.5):
vir) = v = ! (rv(s) — V°r)

Ve + |Vor|?

and

e = |v| = W2 + |VSr2.
To confirm (1.6), we observe that
A 02X 00X
Limj = \a. 3.3
3(7) <63¢68,~ 83m>
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2

= r21",-mj(s) — Thij(8)Vir + 7 gim(s)Vir + 7 gim(s)V,r + Lvmr
68168]'

= Pﬁj(s) (ngtm(s) + Vermr) -+ Vinerr

+ 7 (gim(8)Vir + gim(s)Vjr — 9i5(s)Vimr),

as required. Here we have recalled that the metric and the second fundamental form coin-
cide on S, whilst employing the definition of the covariant derivative. &

We may now express the parametrisation X introduced in Definition 1.3 with respect to
the metric on N.

COROLLARY 1.5. Suppose r € R'. Then the geometry on N allows the representation:

X(r) = r(\/l——-_rVTrT?l/(r) + VNT).

PROOF

With the assistance of Definition 1.3 and Lemma 1.4, we write X as a linear combination
of its normal and tangential components over V:

X = (X)) + g%(r) <X%{>g£
= L lors - v + Ew 2

,,.2

= ————(r) + rVr.
V2 + [VSr|2 ")
Note that we identify the tangential gradient of 7 on N with V¥ (r o X~1). Moreover, by
Lemma 1.4,
S,n12
N2 o i _ v
|V ’I"l = gw(r)Vierr = m—sw .

Therefore
72| VN2 r

L - L = /1 [V,
1 — |VNrf2 /T2 + [V5r2 V]

The desired result now follows after substitution. O

VSrf? =
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Given this formulation for X, we may derive the second fundamental form and related

geometric quantities on N. Henceforth we shall work in the induced geometry on N,
unless otherwise noted.

LEMMA 1.6. Suppose r € R2. Then the second fundamental form on N may be expressed:

1
hii(r) = y(r) — VarVar — vV, V7). 1.7
J( ) o |VNT|2 (QJ( ) J j ) ( )

PROOF

We first observe from Definition 1.3 that V,;V;|X|? = 2(V,;rV,r + rV,;V,r). Conversely,

vV IXP = 2V <3—X,X>
63,-

82X . /0X
= 2 (g ) + o0 - 18 (5%))

= 2(gi; — (X,v) hyj)

= 2 (gij — T 1 - |Vr|2hij) .
Here we have used the Gauss-Weingarten relations-in conjunction with Corollary 1.5. The

result then follows through substitution and rearrangement. &

We may now calculate the trace and square of the tensorfield norm of (h;;(r)) to elicit the
ensuing corollary.

COROLLARY 1.7. Suppose r € R?. Then the mean curvature and square of the norm of
the second fundamental form on N are respectively given by

_ 1 N 2 N
) = = (n = V7" = rAYr), (1.8)
and
1
IAIR0) = e (o o+ 191+ 2 I

-2 |VN7‘|2 —2rANr + 2r (ViVer) [VNT', VNT]) . (1.9)



CHAPTER 2

A Variational Approach

1. The first variation of energy

We shall now confine our attention to the star-shaped subclass of &, where we again note
that the barycentricity condition prescribed by Definition 1.1 ensures that each such drop
encloses the origin. In order to commence our variational analysis, we must recalibrate our
functional %#q to reflect the particular construction explicated in Section 2 of Chapter 1.
To simplify this endeavour, we confirm the following lemma.

LEMMA 2.1. Suppose F' C R™! is compact and star-shaped about the origin with boundary
OF = N of class C'. Then, for eachi € N with1 <i<n+1,

1
F| = X
Pl = =1 [ Kwdn,
/(x e;)dr = ! /(X e) (X,v)d
P (s - n+2 N » -1 ’ ,U,,
and
2 1 / 2
i = X,i X, du .
‘/F(a:,e)dm 3 N( &) (X,v)du
PROOF

In analogy with the preamble to Definition 1.3, we deduce that N is a codimension 1,
C! Riemannian manifold without boundary. We next observe that divgs+1.X = n + 1 for
the vectorfield X associated with the position vector z € R™*! and apply the divergence
theorem in each case, where we have noted that, for any z with 1 <7 <n 41,

diV]Rn+1 (<X, e,;) X) = (Dw <X, 61') ,X) + (X, 6,;) diV]Rn+1.X = (n+2) (X, 6;,;)
and
divens ((X,e)° X) = (D, (X,e)?, X) + (X,e)’ divgnnn X = (n+3)(X,e)* . ¢

Under the assumption that our drops are star-shaped, we may now reinterpret Definition
1.1.

13



1. THE FIRST VARIATION OF ENERGY 14

DEFINITION 2.2. Let the class Z of parametrising functions for star-shaped M be given
by:

= Ju (X (0),v(0) dp = wni1 5

PER+— < peR®;and

Ju X X(p),v(p))du = 0 Vi€ {l,..,n+1}.

Then for p € #Z and fixed Q € R, we may reformulate the energy functional Zq corre-
sponding to the rotating drop problem:

Falp) = M+ — [ falo) (X(o) (o) du (2.1

Here fo(p) = — Q|TreX(p)|? is the restriction of fo(z) to M.

REMARK 2.3. We observe that 1 € #. Therefore, for each k € {1,2,3}, #Z is a non-empty
subset of R*. Indeed, in analogy with Remark 1.2, the function p = 1 provides a stable,
global minimum for the functional %, (we may again cite [2, Theorem 5] and [10, Theorem
1.3] to justify this assertion).

Once again, it is important to note that the functional #q is well-defined for any strictly
positive element of C'(S). With the intention of implementing a Lagrange multiplier
argument, we shall now define a functional on the class R! which permits variation of the
isoperimetric constraints specified in Definition 2.2.

DEFINITION 2.4. Suppose r € R!, Q is fixed, and the set {* € R:i € {0,...,n+1}} is to
be determined. Then we define the functional %, : R' — R in the following manner:

Yo(r) = |N| + n+3/ fa(m) (X(r),v(r))du + B'E(r) . (2.2)
Here the functionals %; : R! — R are given by
(+1)? —— [\ (X )) du i=0; and
) =

n+_2'fN (X(r),e) (X (r),v(r))duy Vie{l,..,n+1}.

We shall contextualise our variations of %, with respect to Fréchet differentiation in the
variable p € #, when evaluated over a class of test functions on S whose regularity will
be chosen according to the requirements of the associated operation. In particular, for
m € N with n € C™*(S) and p = min{3,m}, we consider perturbations of the form
r = p+ 1 which persist in the class RP. Since the sets R* are open, this construction
is clearly permissible. To facilitate simplicity of exposition, we shall in general represent
these variations with respect to the parametrisation X in the induced geometry on M.
While the existence of these Fréchet derivatives is dependent upon the topology of the
Holder spaces, in contrast to the topology-independent formulation intrinsic to classical
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techniques, we require precisely this methodology at various junctures throughout the dis-
sertation. Despite this distinction in formalism, the two approaches are equivalent when
sufficient care is taken to clarify the domain over which our class of test functions is defined.

We recall that our ultimate ambition is to minimise the functional %#q within the class .
Z. When considered as elements of the set R* for k € {1,2,3}, variations of p € Z

will be denoted volume-preserving if they fix volume, or barycentre-preserving if they fix

barycentre. Clearly, any strictly positive perturbation of p determined by an element of

C32(S) which satisfies both of these conditions remains in the class Z.

LEMMA 2.5. Suppose p € Z and n € CY*(S). Then the Fréchet derivative of X(p) may

be written:
oX(p)lnl = ns.
PROOF

Since p € C1*(9), it is clear that the identity operator 8p : C1*(S) — C1*(S) given by
dp[n] = n is the Fréchet derivative of p, whenever p + n € R'. The result now follows
immediately from Definition 1.3. &

We may therefore invoke Lemma 1.4 to compute the normal component of the variation
vector X (p)[n].

COROLLARY 2.6. Suppose p € Z and n € C1*(S). Then

OX (o), v(p)) = Tr%ﬁ = /1= VM.

For convenience, we shall employ prime notation to represent Fréchet differentiation in the
general setting.

LEMMA 2.7. Suppose p € Z andn € CY*(S). Then the Fréchet derivative of the measure

on M is given by
O[N] = divar (0X (p)[n}) iy -

PROOF
We have '
roo Ym0 L s ((0XT 0X 0X 0X'\N _ giv(x’
from which we infer that p, = div (X') u,, as required. &

The ensuing corollary is a consequence of the divergence theorem.
COROLLARY 2.8. Suppose p € Z and n € C**(S). Then

oM [n] = /M H(p) (0X (0)[n], v(p)) dis .
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The following technical lemma shall simplify our exposition of the variational process.

LEMMA 2.9. Suppose p € £ and n € C*(S). Then

(X(p),

PROOF

0v(p)[nl)

= (0X(p)ln], V¥ (X (p), v(p))) + n(0X (p)[n], v (p))

(p)[n], v(p) X(p)) -

We first note that v’ € T, M for each z € M. Hence we may write v’ as a linear combination
of tangent vectors, then utilise the orthogonality of the tangent and normal spaces on M
together with the Gauss-Weingarten relations to ascertain that

g'ijhki <X/ g)ﬁ

Now (V (X', ),

substitution.

v =

’ aSk

X) = div (X’

(550 B

_4il, %X
97 \¥ .

0X
0s;

ox
8sj

- ov oX
— ¥ . ! ' it
o (v - (x50} 5

g h¥; <X’ 0X > B - V{(X'",v).
J

By a further application of the Gauss-Weingarten relations, we then discern that

){*5)

V) X) — n (X'

. 0X 0X
— klypj ! -
0 (3 5 ) (0 5,)
_ , 0X v
N <X’c‘9 X, 83;
0X
_ r Kkl 7
- <X7g Vl<X’V> 88k>

= (X,V(X,v)).

,v). This implies our intended result after

¢
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We now Fréchet differentiate quantities pertinent to volume and barycentricity. Clearly
these calculations will permit us to evaluate the first variation of ¥, whilst, at an appropri-
ate juncture, they will also provide motivation for the imposition of analogous conditions

on our class of test functions.

COROLLARY 2.10. Suppose p € Z and n € C1*(S). Then

ool = <= [ OX(lalvlo)du.

and, for eachi € N with1 <i<n+1,

0% (] = /M (X(p),e:) (OX (Pl v(0)) dis

PROOF

By Lemmas 2.1, 2.7, 2.9, and the divergence theorem we may compute that
!
neviey = ([ xvd)
M

- / (X' 0) + (X,0') + (X,v) divX’) dp
M

- /M((x',v> F XL T (X)) + n (X v — div (X, X)
Fdiv((X,0) XY) — (X, ¥ (X,1))) ds

_ fM (n+1) (X', — (X', 0) (X, 0) H + (X,v) (X', 0) H) ds

_ (n+1)/M(X’,1/)du

as required. Similarly, for each 7 with 1 <i<n+1,

mrne = ([ e i)

_ /M (X, ) (X, ) + (X,e) (X', 0) + (X,0') + (X,v)divX")) du



1. THE FIRST VARIATION OF ENERGY 18

fl

/]:/I((X,I/> (X', &) + (X, &) ((n+ 1) (X', v) — div({(X',v) X) + div({(X,v) X)) du

_ /M (X, 0) (X', ) + (n+1) (X, e) (X', 1) + (X, V (X, e)) (X', )

- (X’ V) <X,>V<X:ei>>)dﬂ :

Due to the divergence theorem, we have noted here that

/Mdiv((X,ei)(X',u)X)du = /Mdiv((X,ei) (X,v) X")du

_ /M H (X, ) (X, 0) (X', 0) dy .

Now V (X, e;) = e;— (e,-)J‘ . This implies our second result after substitution and rearrange-
ment. O

Before we calculate the first variation of %, over %, we must prove a final lemma.

LEMMA 2.11. Suppose p € Z and n € CY*(S). Then the Fréchet derivative of fa(p) is
gien by

dfalp) [nl = (OX(p)In, Dzfalp)) = —22(0X(p)[n], TraX(p)) -
PROOF

We compute that fo' = (X', D, fa) = — 2Q (X', Tr=X), as required. O

We now define a matrix of L? inner products which shall prove crucial to analysis performed
throughout this thesis.

DEFINITION 2.12. Suppose r € R}, and 2 = {¢;(r) € C1*(S) : i € {0, ...,n+ 1}} is the
linearly independent set in L2(N) given by:

\/n;? i=0; and
G(r) = '
(X(r),e;) Vie{l,.,n+1}.

Then, for each r € R, we define (M;;(r)) to be the symmetric, invertible (n+2) x (n+2)
matrix whose components are determined by the following inner products:

M'i.'('r) = <<ia Cj)Lz(N) .
In the usual manner, the inverse of (M;;(r)) shall be denoted by (M (r)).
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REMARK 2.13. In accordance with Theorem C.4 and Lemma C.5 contained in Appendix C,
we observe that the mutually orthogonal (in L%(S)) sets {¢o(1)} and {¢i(1) : 1 <i < n+1}
comprise respective orthogonal bases for HJ™ and H}t!, where ’H?H is the set of all

spherical harmonics of degree [ € NU{0}. Thus, we may again cite Lemma C.5 to confirm
that

S|
n+1

PROPOSITION 2.14. Suppose p € £ and n € C1*(S). Then the first variation of the
functional 9o may be expressed in the following manner:

ool = [ (He) + folo) + 56(5) X (D)l (o) s

My(1) = dsj - (2.3)

PROOF

We utilise equation (2.2) in conjunction with Corollaries 2.8 and 2.10 to ascertain that

! i ! 1 I
Y% = /M(H+5Ci)<X:V)dM+n—_l_3(/Mf9<X)l’>dN) -

Furthermore, by employing Lemmas 2.7, 2.9, and 2.11, we discover that

([amtxnas) = [ Ghxo) + (@) + (X0 + (60 X s
= [ (%) (X Dafia) + a0+ 1) (X'0) + (X9 (X,0)
~div ((X',v) X) + (X,v) divX")) dp
= [ X X Dafa) + (o Do (X) + S (X T (X))
(X, Vo) (X',0) = (X', V (fa (X)) dp
= [ () (X' Vo + (Dafo)) + (4 1) (X0)

+ (X, Dafa = (Dafa)*) (X',7) = (X,0) (X', Vfa) ) du
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_ (n+3)/MfQ<X’,V>d,u.

Here we have observed from the divergence theorem that

/Mdiv(fQ(X',l/)X)du = /Mdiv(fg(X,z/)X')du = /];Ing(X,V)(X',V)du.

Tle result now follows directly through substitution. &

Fa arbitrary p € %, we have thus computed the first variation of %,(p) with respect to
paitive C'1 variations which are otherwise unrestricted. In analogy with the method of
Léegrange multipliers, we are inspired by [10, Proposition 2.7} to establish conditions under
wlich critical points of the functionals %#q and %, coincide over Z.

P2OPOSITION 2.15. Suppose p € Z and 1, € C1*(S). Then the following statements
ar equivalent:

(1) 0Fa(p)[¥] = 0 for each volume- and barycentre-preserving variation of p.

(2) 0% (p)[n] = 0 for each variation of p.

(3) H(p) + falp) + B'Gi(p) = 0.

Poor

() = (2) : Suppose dFa(p)[¢] = 0 for any volume- and barycentre-preserving variation
ofp. Moreover, for each j € {0,...,n + 1}, let

VF T V5
n = Gilp) -
P
Tie C%2(S) regularity of each 7; ensures that we may find sufficiently small § > 0 such
that the (n + 2) variations of p determined by the set {67;} remain in the class R'. We
may therefore invoke Corollaries 2.6, 2.10, and Definition 2.12, to deduce that, for each ¢,
7= {0,..,n+1},

| 0%:(p)[0n;] = SMi;(p) -
Cearly the matrix (0%;(p)[07;]) is non-singular. Since S has no boundary where we have
casidered only positive C1(S) variations of p, we may therefore cite [39, Theorem 2.1.2]
tcassert that there exists a set of Lagrange multipliers {y* € R : i € {0,...,n + 1}} such
tlat the functional &4 = Fq + ¥'€; possesses an unrestricted critical point at p. More
pecisely, for each € C1*(S) furnishing a variation of p which stays in the class R!,

0Z5(p)ln = 8Falp)ln] + 7v'0%i(p)n) = 0.

Sice the set {3’} introduced in Definition 2.4 was arbitrary, we may, without loss of gen-
enlity, take #3 = %, to infer our intended result.
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(2) = (3) : Suppose, by way of contradiction, that 0% (p)[n] = 0 for any variation of p,
yet there exists so € S such that H(p(so)) + fa(p(so)) + B'Gi(p(s0)) # 0. Now, for fixed Q,
(H(p) + falp) + B'CG(p)) € C1(S). Therefore, by recalling Corollary 2.6, we may again
find sufficiently small § > 0 such that the function & # 0 € C»%(S) given by
; p2 + \v&) p 2
€ = 3(H(s) + alp) + (o)LL
generates a variation of p which is strictly positive. Hence we may write |

= 09l = & [ (H + o+ FCPdu > 0,
from which we derive a contradiction. Thus H(p) + fa(p) + 8¢(p) = 0.

(3) == (1) : Suppose H(p) + fa(p) + B'¢;(p) = 0 and ¥ € C1*(S). Then, by employ-
ing (2.1), (2.2), Lemma 2.1, Corollary 2.10, and Definition 2.12 we discern (by abuse of
notation) that '

aﬂmmm==—(ﬁ?_awwm+ﬂ@(éwe»m)w0.

Clearly, the quantity on the right hand side of this equation vanishes Whenever 1 deter-
mines a volume- and barycentre-preserving variation of p. : &

For perturbations of p € £ that remain in the class R!, we now distinguish in notation
the critical points of our functional %.

DEFINITION 2.16. With respect to variations in the class R!, we shall denote critical points
of the functional ¥, by ¢ € %, and by M the manifolds with corresponding parametrisation
X(0)-

While the Lagrange multiplier theorem cited in the proof of Proposition 2.15 ensures that
it is sufficient to consider the set {3'} constant with respect to the first variation of energy,
we shall require more precision in our evaluation of the second variation. Therefore, we
now specify the set of Lagrange multipliers at critical points of %.

LEMMA 2.17. Suppose p € % is a critical point of the functional 4. Then, for each
1€ NU{0} with0<i<n+1,

B = — M (o) ((H + f2) G paan) -
Proor

By Definition 2.16, %(0)[n] = 0 for any n € C1*(S) that furnishes a variation of g in the

class R!. In particular, for any i € {0, ...,n+ 1}, we may find § > 0 such that the function
£ #0 e CY(S) given by

. . 2 S A2
gz=aMwmg@)V9*jvg'
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permits a strictly positive perturbation of p. We then recall Corollary 2.6 to deduce that
0 = 0%fo) [¢]

= 51Vfij(z9)/:1\Z (H + fo + B°C) dp
= 6 (M) (H + fa),G) oy + B-MY(0)Mis(0))

— 5 (M9 (H + fa), sy + ).

This implies our desired result. &

We may now combine Proposition 2.15 and Lemma 2.17 to derive the Euler-Lagrange
equation for the rotating drop problem.

COROLLARY 2.18. Suppose o € Z is a critical point of the functional 9. Then the Euler-
Lagrange equation for the rotating drop problem is given by

H(o) + fale) = M(e)((H + fa), i) o) Gilo) - (2.4)

The existence and higher regularity of solutions to the Euler-Lagrange equation shall be
addressed in Chapter 3.

2. The second variation of energy

To compute the second variation of the functional %, we shall require test functions in
the higher regularity class C%%(S). We must first prove the following result.

LEMMA 2.19. Suppose p € Z and n € C*%(S). Then the Fréchet derivative of H(p) may
be written:

0H(p)[n] = — AY (90X (o)), v(p)) — (OX (p)ln], v(p)) IIAI*(p) + (OX (p)lm], V* H(p)}.
PROOF '

We first observe that

o . (]0X' v ox o'
—  _kadl oty I o a
979" giahi; + g (< Bs; ’6sj> * <8si’ 6Sj>)

_ g (X v\ i ([0X ovN  [OX o
- T\ s ds; g Ds; ’ 0s; ds;’ Os;
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B aX '\ _ /9X' dv
= 9"\ \5sv s, ds; s,/ )

As in the proof of Lemma 2.9, we have v’ = — g¥ < v, %§'> 9X  Thus

X o\ o jax N o
) 85,-’8sj N 88_7' 88@', 631-831-’
B o /oX' v>+ - V@X’ 02X oX
N 333 9s; J " 08 [/ \0si0s;’ Dsy
X' Jax _/ox"
= =9 (Ge) -1 () T ()
4 7 a’/
_ -vj(v,.<x,u>—<x,a_s:>)

= — V.,Vj (X,, 1/) + Vj (hmi <X’ gs)( >>

0X
= —-V,‘Vj (X',V) + g"‘ij (h'lci) <X',—s—>

w (0 /o X\ . /., 0X
th ’(asj <X ’ asm> Fom <X ’ ak>)

X
= = VNj <X/,I/> + gmkvk (hij) <X’, gs >

- (]0X" 8X 92X . /o, 80X
th z(<-aTJ7E> + <X788m88j> - ij <X ’ 88k>)

, , aX' v m ,
= —V,-V]- (X,V) + (X,Vhw) + <8_S‘7’6_S,> —h zhjm<X,V).

Here we have utilised the Gauss-Weingarten relations in conjunction with the Codazzi
equations. We then derive our intended result after substitution and contraction over the
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inverse metric. &

In the context of our particular parametrisation for star-shaped M, we now make explicit

a class of variational test functions whose properties may be deduced from the geometry
of the class Z.

DEFINITION 2.20. Suppose p € Z and k € NU {0}. Then we define the class A#* on M
by:

n € C**(M); and

neE ./VA;c =

(77,41')1,2(1\4) =0 VCi(p) € er .
REMARK 2.21. With respect to the L?(S) topology, we ascertain from the characterisation
of the spherical harmonics that JVJ“ lies in the orthogonal complement of Ht U HH
(Theorem C.4 and Lemma C.5 in Appendix C). More generally, for k € {0,1,2,3} we de-
duce that 4 is non-trivial for each p € Z, since C**(M) is a dense, infinite-dimensional
subspace of L?2(M) in which we can certainly locate non-zero functions which are orthog-
onal to the span of Z,. Indeed, for any 9 € C**(M) not contained in the span of Z,, we
may employ the Gram-Schmidt process to assert that the function

n =% — M(p) (1/),@‘)[,2(1\4) Gi(p)
is an element of /¥,
It is evident from inspection that 4% is a closed, linear subspace of C**(M). We may
therefore propound the following lemma.
LEMMA 2.22. For each k € NU {0}, A is a Banach subspace of C**(M).
We note that, for k € {1,2} and any € C**(S) generating a star-shaped variation of
X(p), (0X(p)[n],v(p)) € C**(M) as a consequence of Corollary 2.6 and the relationship

between the geometries of S and M connoted by Lemma 1.4. Hence, we obtain the ensuing
lemma from Corollary 2.10 and Definition 2.12.

LEMMA 2.23. Suppose p € Z and n € C**(S) for some k € {1,2}. Then n determines a
volume- and barycentre-preserving variation of p precisely when (0X (p)[n], v(p)) € ¥
Within this setting, we may therefore evaluate the second variation of the functional %,
at solutions of the Euler-Lagrange equation.

PROPOSITION 2.24. Suppose g € Z 1is a solution of the Fuler-Lagrange equation (2.4) and
n € C?>*(S) with (0X(0)[n],v(0)) € ,/Vﬁz Then, whenever we adhere to the convention
that e = 0,

8% (o), )

7™ @x @l ven[ au = [ (1417(@) + 20 (e X (o))

+ M5 (0) (H + fa) G paqany ({0, &) ) (X (o)l v(0)) dp
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PROOF

By Proposition 2.14 and Lemma 2.17, we discern that for any variation of ¢ which remains
star-shaped about the origin,

%) = /M (H + fo = MY ((H + fa) G} paginy ) (X' ) s

More generally, we observe that X” = 0 for any variation of p € % while employing
Lemmas 2.7 and 2.19 to ascertain that

(/M (H + fo — MY{(H + fa) ;&) 120y (,-) (X', v) dﬂ>’

= = [ (AW + XA - (X VH) = O, Dafa)) (X0) da

_ (M“ ((H‘I‘fﬂ);Cj)LZ(M)), /M G{X",v)ydu — MY ((H + fa) ;) 12y /M c (X', v)dp
+ /M (H + fa — MY{(H + fa), G paany Q) (X', V') + (X', v)div (X)) du .

In particular, at the critical point o we utilise Lemma 2.11, Corollary 2.18, Definition 2.20,
and the divergence theorem to compute that, whenever (X', v) € ./VA_ZZ,

) = [V [

o (<XI,V> |AlI? = (X', Dafo — an)) (X', v)du

— M ((H + fa), ) 2iry /M, (G = (X', V) (X', v) du
= [Vl da = [ (AP + 20w X,0) (X, d
.JIM M

- MY <(H+fQ),Cj)L2(A~4)/M<X', (ei)J-> (X',v) du
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_ /M IV (X, 0) B — /ﬁ (JAI? + 20 (T X, 1)) (X', 1) dp

— M ((H +f9) ,Cj>L2(ﬁ) [M (u, ei) (X', 1/)2 duy .

Subject to the stipulation that ey = 0, we have again noted here that V(; = ¢; — (e,-)l for
each 7 € {0,...,n+ 1}. O



CHAPTER 3

Solutions of the Euler-Lagrange Equation

1. Existence of solutions

We may now invoke an implicit function theorem on Banach spaces to determine the
existence of solutions to the Euler-Lagrange equation in a neighbourhood of p = 1. In the
statement of the theorem and throughout its proof we shall unsuppress the parameter €2
attached to the forcing term fq.

THEOREM 3.1. Suppose the functional G : Z x R — C1%(S) is given by
G(p,Q) = H(p) + f(p, Q) — M7 (p) (H(p) + F(0, D)), G(0)) p2ar) Gi(p) -

Then there exist a neighbourhood € of 0 inR and an e > 0 such that the equation G(p, ) =
0 is solvable for each Q € & with solution p = p € B.(1) C Z.

ProoF

We show that G satisfies the hypotheses of an implicit function theorem on Banach spaces
(see, for example, {40, Theorem 17.6] or {51, Theorem 14.2.1}) at the point (p, ) = (1,0).
In particular, we claim that:

(1) We may parametrise Z as a Banach manifold over .43

(2) G(1,0) =0;

(3) G is continuously Fréchet differentiable at (1,0);

(4) The partial Fréchet derivative of G with respect to p is invertible at (1,0).

We prove each of these conditions separately:

(1) We assert that there exists a local C'! diffeomorphism between % and the open ball
of radius 1 centred at 0 in .#7?, which (in the usual manner) we shall denote by B;(0).
For convenience, we may now utilise Lemma 1.4 and Corollary 1.5 in conjunction with
Definitions 1.3 and 2.2 to express the class & with respect to the geometry on S:

Js " Go()do = L

PEZ <= peR?; and

Jp"?G(1)de =0 Vie{l,..,n+1}.
27
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We define the map F': B;(0) — R? in the following manner:

F(y) = (]é (3 + 1)72 do)"——l (W + )7, (3.1)

We observe that F(0) = 1. More generally, the properties of both =/$/S3 determined by
Definition 2.20 and the spherical harmonics (of degree 0 and 1) specified by Theorem C.4
and Lemma C.5 in Appendix C confirm that the image of F' is contained in #Z. Now, for
each ¢ € By(0), the Fréchet derivative OF (¢) : A2 — C**(S) is given by:

OFWIE = g ((f W + 1) da) W+ 1)

- (¢ + 1) (][ (v + l)n+2 da);’%zl][s(;b + 1)n’—+lz§da)

= Gy LEO ((F—(,fr - F0) i) @2

Here we have employed (3.1) in conjunction with Definition 2.20. The coefficients of the
linear operator are well-defined, as F is strictly positive and ¢ € C3%(S). We then deduce
that, for any £ € A2 with § = infg F(¢)),

10P@)Ellosacs) < C (78, 1llcsacs)) 1€llcsas) -

Hence F is a C! map.

By recalling that F'(¢) € £, it is a simple matter to demonstrate that the image of OF ()
maps to the following Banach subspace of C'3%(S):

Jsn (F@))" ¢ (F(0)) do = 0;

S Bfi(,,,) —{ neC3>*S); and

Jsn(F@))" ™ ¢ (F(0))do =0 Vie{l,..,n+1}.

Upon examination of the preceding reformulation of %, it is evident that B 1:?‘(1#) contains all
test functions 7 € C'3%(S) corresponding to volume- and barycentre-preserving variations
of p = F(1¢) (as we would expect). It is now sufficient to prove that, for each ¥ € B;(0),
OF(¢) : ./123 — Bfiw) is an isomorphism. Suppose, by way of contradiction, that £ €
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ker(OF(¢)), yet € Z 0. Then, by (3.2),

£ = (Fg)™ ][S 1% do,

which implies that

§
/Smda#O.

However, ¢ € Jiff where F is strictly positive on B;(0), and we may again utilise Definition
2.20 to compute that

0 = /S§dJ = (/S (F(1/)))”+2da) (ﬁﬁda) #0.

Thus we derive a contradiction, from which we infer that ker(0F(¢)) is trivial and 8F (v))
is injective. Suppose now that n € B};’lw) and define £ € C3%(S) by

_ (n+2)(F(¢>)"“( __ Fw) - U)
= Ere " LEwr L)

Then ¢ € A2 with OF (¥)[€] = n, and OF(¢)[¢] is surjective. By the inverse mapping
theorem (see, for example, [51, Theorem 14.1.2] or [80, Theorem 4.1]), F' is a local dif-
feomorphism of class C'! at each ¢ € B;(0), from which we deduce that B;(0) is locally
diffeomorphic to Z. We may therefore explicitly parametrise Z as a Banach manifold over
A2 through composition with the Banach manifold B;(0).

(2) With regard to the variable p € %, we now compose the functional G and the geometry
on M with the diffeomorphism F. We recollect that F/(0) = 1, where H(1) = n and
f(1,0) = 0. Thus

G(F©),0) = n (1= Va+1M(F©) (o G(F(0)

= n(l—\/mgo(F(O))) = 0.

Here we have employed the properties of the matrix (M;;(1)) whilst observing that {o(1) =

\/13_+1’ in accordance with Definition 2.12.

(3) In the following exposition we shall denote partial Fréchet differentiation in the variables
¥ € By1(0) and Q € R by the respective subscripts 1 and 2. Suppose 1 € B1(0) and { € A3,
We note that the analysis of Chapter 2 was contingent only upon the computation of the
variation vector corresponding to the parametrisation X. If we replace this quantity by
0, X (F(¥))[¢], then we may, without loss of generality, use Lemmas 2.11 and 2.19 to
compute the partial Fréchet derivative of G(F(%), Q) with respect to 1. Here all geometric
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quantities are calculated with respect to the metric on M and, by abuse of notation, we
shall suppress the composition to enable a more concise explication:

LGFY), Q] = G = —AXy,v) — (X, V) |A|* + (X, VH) + (Xy, Daf)

— (MI((H + £),$)2G), - (3.3)

To calculate the partial Fréchet derivative of the final quantity we first observe that M =
M* M M,,. Hence

(M9), = (UMM, = 2 (M), + MEM (),
from which we infer that
(MY), = —M*M" (My),. (3.4)

In the ensuing calculations, we shall again adhere to the convention that ¢y = 0. We may
now proceed by employing Definition 2.12, Lemma 2.7, and the divergence theorem:

(M), = /M ((G), G + (&), + GGdivX,)du
- /M (GG + G (Q), + (Xo0) HGG — (Xo, V (GQ))) du

- /M (G e + G {ve) + HGG) (Xav) ds (3.5)

Furthermore, we may again cite Definition 2.12, Lemmas 2.7, 2.11, and 2.19 in conjunction
with the divergence theorem to determine that

(@ +0).6)), = = [ (AQw) + Ko} JAI = (X6, VH) = (X, D) G
+ /M (H + 1) (&), + & divX,) du
=~ [ (A0 + G JAIP = (X, VH) - (X, D)) G du

+ /M (B + £ (&), + Xor) HG) — (X0, V(H + £)G)) dp
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= - /M (AG + ARG — (Dofiv) G — (H + f) ({vie) + HG)) (X, v)dp . (3.6)
We combine (3.3)-(3.6) to discern that

G, = —AXy,v) = (Xo,v) AP + (Xo, VH) + (Xy, Do f)

+ MM (/M (G (v, &) + G (v en) + HGG) (Xo,v) d#) (H+ £),G)pa G
* Mij (( /M(ACJ + ”A”2<_7 - (D:cf) >CJ) (Xl’ V)

= [+ (e + HG) ) du) G- ((H + £),6) 0 <<i>l) @)

By Lemma 2.5, we discover that 0,X(F(v))[{] = OF(¢)[€]s. In particular, we deduce
from Definition 2.20 and (3.2) that :

BXFO)E = 25

In the following calculation we shall suspend our use of the summation convention. We now
recall the properties of the matrix (M;;(1)) prescribed by Definition 2.12 and our earlier
evaluations of f(1,0) and H (1), along with the subsequent observations that D, f(1,0) =0
and ||A[|?(1) = n, to assert that 8,G(F(0),0) : A2 — C*(S) is given by:

0,G(F(0),0)[¢]

2
i=0 \j=0 Lx(s)

n+l nt+ n+1 n+l ntl
+nvnF+1 (ZZ ZZ +n Z) M*(1)M*(1 (1) {GkGty €) 12y (C07C3'>L2(s)>
k=0 I=1  k=11=0  kl=0

n+1

n+1 n+1
+nZMw (¢iré Lz(s)) G(1) + nvn+1) Y M9(1) co,<]>L2(S)<z()5)

i=1 j=0
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n+1 n+l /n+l
= (Ass +né +nV/n+1 Zaog €+nZ(ZM” (G ) as

=0 \j=1

n+1 n+1 n+1 n+1l n+1
(ZZ ZE +n Z) M™*(1)8"% CkCz,§>L2(S)) G(1 ))

k=0 I=1 k=1 I=0 k,1=0

n+l /n+l n+1
= +2 (AS£ "|“’I’L§ - TLZ (Z +nz> Muc Ck; >L2(S)C"( ))

i=0 \k=

= L (A% +ne). (38)

Here we have utilised the L?(S) orthogonality of the set 27 and the class 4.2 stipulated
by Definition 2.20, in-addition to the fact that spherical harmonics are eigenfunctions of
the Laplace-Beltrami operator on S (Lemma C.5 and Theorem C.10 in Appendix C). It
is clear that 8,G(F(0),0) is continuous, since, for each £ € A3,

18.G(F(0), 0)Elllcrasy < Cn)[l€llcsas) -

Moreover, where we resume our adherence to the summation convention, the partial Fréchet
derivative of G with respect to §2 accords with the usual partial derivative:

D.G(F®),9) = — T X(F@)E + M3 (PW)) (1Trn X1, pa agy GE®))
= —(F@) (1 - (s,en1)?)

+ MIE@)) (F2 (1 ~ (5,ens1)’) $i) pagany G(F () -

Here we have employed the definition of X (under composition with F') characterised by
Definition 1.3. Since every term in this expression is of regularity at least C'3%(S), it is
clear that 8,G(F(v),9) : R — C1*(S) is continuous for any choice of 2 € R.

(4) Suppose £ € 4. Then we may cite (3.8), Definitions 2.12 and 2.20 together with
Theorem C.10 in Appendix C and the divergence theorem to deduce that, for each i € N
with0<i<n+1,

(0.G(F(0),0)[€], Gid2sy = O
Thus we deduce from Definition 2.20 that the image of 8,G(F(0),0) is contained in A"
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In order to verify the invertibility of the operator 9,G(F'(0),0), it is sufficient to ensure the
existence of a unique solution £ € :/Vj’ to the following inhomogeneous problem for each
pe N

L[g) = A€ +ng = ¢. (3.9)
We observe that the operator L is strictly elliptic with smooth coefficients. We intend to
apply a form of the Fredholm alternative contained in [40, Theorem 6.15] which requires

that the solution space of the corresponding homogeneous problem is trivial. Suppose
then, by way of contradiction, that & # 0 € A7, yet L[¢] = 0. We recall Remark 2.21

to ascertain that & € L?(9)\ {'HS“Jrl U H?H}, and we may employ Theorem C.7 and
Definition C.8 to obtain the (truncated) condensed harmonic expansion:

£~ D Qs
k=2
where, by Theorem C.9,

oo
€125y = Z||Qk||.252(5);
k=2

and, by Corollary C.11,

oo

2
”ng”Lz(S) = Z k(k +n-— 1) ”aniﬁ(S)
k=2
% 2
> 2(n+1) Z | Qkllz2(s)
k=2
= 2(n+1)||¢l|Zzs) -
However, by (3.9) and assumption,
Sall2 s : 2
IV%€las) = = (6.2%) o) = el »

from which we derive a contradiction. Hence £ = 0 and the homogeneous equation L[] = 0
possesses only the trivial solution. The proof of the aforementioned [40, Theorem 6.15]
proceeds unmodified in the current setting but for the calculation of local Schauder es-
timates on the compact manifold S, which may be derived in a similar fashion to their
Euclidean analogues. Therefore, for each ¢ € J/Sl, we obtain the existence of a unique
solution £ € A? to (3.9). Thus the operator 8,G(F(0),0) is invertible.

In conclusion, we may invoke the previously cited [40, Theorem 17.6] in conjunction with
the diffeomorphism (3.1) to deduce that there exist a neighbourhood & of 0 in R and
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an € > 0 such that the equation G(p,§2) = 0 is solvable for each 2 € & with solution
ngeBe(l)C%' &

REMARK 3.2. We have determined the existence of solutions g to the Euler-Lagrange
equation with ||o — 1{|¢s.e(s) < € where e — 0 as @ — 0 in &. Furthermore, we discern
from [51, Theorem 14.2.1] that whenever & is taken to be a sufficiently small interval,
there is a unique correspondence between each Q € & and p € B.(1).

2. Regularity of solutions

We now address the higher regularity of solutions to the Euler-Lagrange equation.

THEOREM 3.3. Suppose p € Z is a solution of the Euler-Lagrange equation (2.4). Then
o € C>(8S).

PROOF

Suppose £ is a (possibly uncountable) indexing set and 2 = {D; : i € £} is an open
cover for S. If p € # is a solution to the Euler-Lagrange equation, then we ascertain by
Lemma 2.17 and Corollary 2.18 that, on each D;,

H(o) + fa(e) + B*G(e) = 0. (3.10)

We now utilise Lemma 1.4 and (1.8) to compute:

H(g) =

1 o|V5q|’
- Mt VP
ov/o® + [VSo[® 0 + [V3¢|
km(5)g"(5)VmoV,0
- (g’“(s) -9 (92) +(|V)739|2 £ )Vkvfg) (3.11)
and
fale) = —Q(1 = (s,en1)?) &*. (3.12)

Despite its quasilinear nature, for the purposes of regularity analysis we may ‘linearise’
(3.10). We combine (3.10) - (3.12) with Definition 2.12 and rearrange to deduce that, on
each D;, o is a solution of the homogeneous equation:

Lol] = d*(s)ViViv + b5(s)Viv + ca(s)v = 0; (3.13)



2. REGULARITY OF SOLUTIONS 35

where
s) = gM(s) — gkm(s)glp(s)vmgvpg;
0* + |V
o) = — L CVne
02+ |V
and

ca(s) = /& + VSl (Q(L ~ (s,en1)?) & — % ~ B (s,ex)0) — n.

We assert that the operator Lq given in (3.13) is uniformly elliptic. We first observe that
the eigenvalues of the matrix (a*(s)) are given by:
o? — 1.
m m=1 3 and

Km =

1 2<m<n.
Moreover, pursuant to Definition 2.2, we may find §; > 0 such that infp, o > §;. Thus

52
'—1—2— <k <1
C(n) ||Q||01(D,~)

and the ratio %f:: is bounded on each D;.

The coefficients of Lq are in C%%(D;), by hypothesis and the smoothness of S. Therefore,
standard interior regularity theory (contained in [32, Theorem 3.20] or [40, Theorem 6.17],
for example) implied by the local Schauder estimates for linear elliptic equations (these
may again be obtained in a manner analogous to the Euclidean case) guarantees that
0 € C**(D;) on each D;. We now proceed to prove the statement

P(k) : oeC*?*D,)
for each k € N\ {1} by induction on k, where P(2) was established above. Suppose
there exists a particular £ € N\ {1} such that P(k) holds. Then the coefficients of Lgq
are in C**12(D;) and we may again invoke our interior regularity theory to deduce that
o € C*¥*32(D;), which confirms P(k + 1). Thus P(k) holds for each k¥ € N\ {1} by the

principle of mathematical induction, and as k — oo we ascertain from the smoothness of
the coeflicients of Lg that o € C*°(D;) on each D;.

To conclude, we observe that since S is compact there exists a finite subcover for S con-
tained in 2. Hence g € C*°(S), as required. O



CHAPTER 4
Stability Analysis

In this chapter we prove that the solutions of the Euler-Lagrange equation established
by Theorem 3.1 correspond to stable energy minimisers for the rotating drop problem
whenever (2 is of sufficiently small magnitude.

1. A Rayleigh quotient formulation
We shall now define a linear operator %, over the class ,/VM2 which is self-adjoint with

respect to the L2(]’\\/I/ ) topology. Subsequently, we shall utilise a Rayleigh quotient to
determine its linear stability where the relationship between %, and the Jacobi operator
corresponding to %, will then establish the existence of stable energy minimisers.

DEFINITION 4.1. Suppose g € Z is a solution of the Euler-Lagrange equation (2.4). Then,

whenever we adhere to the convention that ey = 0, we define the linear operator %, :
‘/Vrf — ‘/VJV? by

Zolil = —T o (A + (4IP(0) + 22 (T X (), (o))

+ M9 (0) ((H + fa) , i) oy V(@) ) ) )
We now clarify the relationship between %, and the Jacobi operator corresponding to %.

LEMMA 4.2. Suppose ¢ € Z is a solution of the Euler-Lagrange equation (2.4) and n €
C?2(8) with (0X(e)[n],v(e)) € A.2. Then the Jacobi operator #, corresponding to %o
may be expressed:

fg [l = Za[(0X(e)nl, v(e)]-

ProoF

Throughout the proof, all geometric quantities shall be calculated with respect to the metric
on M, and we shall again observe the convention that ey = 0. By definition, the Jacobi
operator corresponding to %, is the linearisation of the Euler operator evaluated at p. We
may therefore cite Corollary 2.18 and, without loss of generality, recall the calculation of
(3.7) in the proof of Theorem 3.1 to verify that, for any variation of ¢ which remains in

36
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the class R?,

Sl = —AX,0) — (X0 AR + (X, VH) + (X', Dafo)
MM ) G ([ (@) + G me) + HGG) (X))
#019 (([ Q000 + 1A (X'0) = (Dafarr) (X)) G
= [+ g () + HO) X)) G = (U + ), G
= AR = (AP + 20 (TaX,v) + MY ((H + fa) ) o (re8)) (X0)
+MMM«H+mL@p(éKMwm+Q@@J+HMMXWM0@
+ M;j ( /H (A (X", v) + [|AIP (X", v) = (Dafa,v) (X',v)) deu) Gi
=+ go). ) ([ (Gelnes) + HeG) () du )
= —Te (A (X v) + (AP + 29 (TTre X, V)

+MI((H + fa),§) 0 (ne)) (X))

In particular, whenever (X', v) € ‘/Vizz’ we obtain our intended result.’ &

Moreover, we may integrate by parts whilst invoking Definition 2.20 and Proposition 2.24
to propound the following lemma.
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LEMMA 4.3. Suppose o € Z is a solution of the Euler-Lagrange equation (2.4) and n €
C22(S) with (0X (0)[n],v(0)) € JVﬁ,f Then

(Za [(0X (o)), v())], (OX (D), v(O)) oary = 9*%al)ln,m] -

We now state the principal result of this section.

THEOREM 4.4. Suppose o € Z is a solution of the Euler-Lagrange equation (2.4) and
€ > 0 is such that |0 — 1||c2e(s) < €. Then the spectrum of Lo consists of a countably
infinite sequence A = {)\; : i € N} of real eigenvalues whose eigenfunctions span JVA.; In

particular, for sufficiently smalle, A C R* whenever |Q] < @ (1—eCyi(n)).
The ensuing technical lemma will illuminate the proof of Theorem 4.4.

LEMMA 4.5. Suppose p € #, 1 € A}, and € > 0 is such that ||p — 1||creis) < €. Then,
for sufficiently small ¢,

2
IV 0l aary 2 200+ 1) (1 = € Co(m) [ImllZa(ary -

PRrOOF

We commence by noting that 4} C C1*(S) due to the interrelated geometries of S and
M established by Lemma 1.4. Thus we may project any n € e/VMl, with respect to the
L?(S) topology, onto the class A

b = Tpn =10~ MI1)0,6) s GA) -

We recall that A' C L2(S)\{Hg™ U H}*'} where, in analysis identical to that performed
during the proof of step (4) in Theorem 3.1, we may truncate the corresponding condensed

harmonic expansion of 7 to include only harmonics of degree £ > 2, and obtain the
estimate:

1959 |2es) > 20n+ Dlelas) (41)
Now
W= 0 = 2MY(1) (1, Gi) pasy mGi (1)
+ MI()MH(L) (0, G agsy (1, Gid asy G(DG(L) (4.2)
and

V32 = [Vl = 2MY(1) (0, Gi) pags) (V0 VO (1))

+ MI(L)M™ (1) (0, G) pags) (1, Cod r2(5) (VG (1), VEG(L)) - (4.3)
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Hence, we utilise the characterisation of the matrix (M;;(1)) given by (2.3) in conjunction
with (4.2) and Definition 2.20 to discern that

I|¢”i2(5) = ”77“22(5) - Mij(l) (777@')1:2(3) (777 Cj)LZ(S)

n+1

(n+1)
”"7“3;2(5) - S| ] Z (%Cz‘)i%s) :
=0
Similarly, by (2.3), (4.3), the divergence theorem, and Theorem C.10 in Appendix C,

IIV%Hizw) = “VS77||2Lz(S) + 2M¥(1) (n, Gi)La(s) <77’A CJ>L2(S

— MP (ML) (0, G) 12y (1, Ck) s <<J' ) ASC‘>

L%(S)

n+1

n{n+1)
= ”VS"“;(S) ST Z (n, )7 L2(S) -

Therefore, we deduce from (4.1) that

[Vl 2 20+1) (Il — 25 .G )
n+1
(n+1|?é‘n+2) Z (1 6o - (4.4)

By utilising our two constraints on the class ,/VMI the Cauchy—Schwarz inequality, and
Definition 2.20 we may assert that

2
(n+1) (n, Co)sz(S) = (/S"(l ~ Hp) da)
< sgp(l — ,up)2 S| ”77”%,2(5’)

< e Ki(n)|S] Inllza s (4.5)
and, by applying Lemma C.5, for each ¢ € {1,...,n + 1},

) 2
(n1<i>§,2(s) = (/Sncq, (1 — ppp)da)
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2 2 2
< sup (1 = )" [Gilliags) lImllzacs)

e Ka(n)[S] |, .
Th+l ||77||L2(S) ‘ (4.6)

We now derive a correspondence between our integrals over S and their representation over
M. For sufficiently small €,

) 1
InllZ2s) > inf (;) InlZ2gn = (1 — e Ks(n))lInll720) - (4.7)
p .

Moreover, by Lemma 1.4 and the Cauchy-Schwarz inequality,

2
[VMp? = i |V3n? — (0 Vo0) ) o IVl .
P P*+|V3pI2 | T p? + |V5pf?

Therefore, we may again cite Lemma 1.4 to ascertain that

2 P* + |V9p|? 2
Iy < s (YEZIVE ) ol
2
< (1 + e Ky(n)) ||VM7)||L2(M) : (4.8)
By combining (4.4) - (4.8), we conclude that, for sufficiently small ¢,

- o - 225

> 2(n+1)(1 — eCy(n)) ||7I||22(M) )

as required. &

HVM"“;(M) 2

We must now derive estimates on the Lagrange multiplier terms which appear in Za. We
first examine the behaviour of the matrix (M*(p)) whenever p remains close to 1 with
respect to the C'»* norm.

LEMMA 4.6. Suppose p € #Z and € > 0 is such that ||p — 1l|cresy < €. Then each
component of the matriz (M¥(p)) satisfies an estimate of the form:

|M¥(p) — M9(1)| < eC¥(n)|S|™" .
Proor

Throughout the proof, we shall repeatedly invoke Definitions 1.3 and 2.12 in conjunction
with Lemma 1.4. We begin by establishing preliminary estimates on components of the
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(symmetric) matrix (M;;(p)). In general, we may assert that

Mi(p) — My(1)] / (GG o)y — G(1G(L)) do]

We now examine the particular cases. When ¢ = 7 = 0, we compute that

JTE 3(1) do
S

|Moo(p) — Moo(1)] =

< suplup = 1 Gollze(s)

< ECoo(n);;— . (4.9)

Furthermore, for each j € {1,...,n + 1}, we deduce that

Mos(p) — Mos(D)| = \ [ tons = D61 do

< S};plpup = 1 [|Coll 2¢sy 1651l £2¢s)

5]
n+1"
Here we have exploited the properties of the spherical harmonics (of degree 1) prescribed by

Lemma C.5. To evaluate the remaining components, which correspond to ¢,j € {1 ,n+
1}, we may again cite Lemma C.5:

< eCy(n) 2L (4.10)

|Mi;(p) — Mi;(1)]

}/S (PP, — 1) G(1)¢;(1) do
< sup |’y = 1 IGllzas) 16l2(s)

Bl
n+1’
Therefore, we may combine (4.9)-(4.11) to verify that each component of (M;;(p)) satisfies
an estimate of the form: ’

< ¢ C’,;j(n) (411)

S
|Mi;(p) — Mi;(1)] < ECz'j(n)n|+|1 :

Since (M;;(p)) is symmetric and invertible, we may find a non-singular, diagonal matrix D
composed of its eigenvalues {k,(p) : m € {0,...,n+1}}, and an orthogonal matrix O whose

(4.12)
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columns {0, : m € {0,...,n + 1}} comprise an orthonormal basis for the corresponding
eigenvectors such that

(My(p)) = ODOT .

We again recall the characterisation of the matrix (M;;(1)) given by (2.3) to deduce from
(4.12) that, for each m € {0,...,n + 1},

S| S|

— k(1) < T B o i

fm(p) = Kn(D] < & [oF, (Cu(m)om| -2 < & Knlr) "

‘Thus the corresponding eigenvalues of the two matrices are arbitrarily close, and, for
sufficiently small €, we may infer our desired estimate. &

PROPOSITION 4.7. Suppose p € Z and € > 0 is such that ||p — 1||c2e(s) < €. Then, for
eachit € Nwith1 <i<n+1,

M (p) ((H + fa),Gdpay| < €CHn) (1 + |Q)).

PRrROOF

Throughout the proof, we shall repeatedly employ Lemma 1.4 to illuminate the relationship
between the geometries of S and M. We commence by deriving estimates on the (n + 2)
inner products ((H + fa),(;) 2(ar)- In & similar manner to the computation of (3.11) in
the proof of Theorem 3.3, we deduce that

H — 1 np + VAP s (ViV5) [Vo, V5]
Pm P + |VSp|? P P2 + [VSp2

1

= e v~ A (Ve Ve u (VETTVRE))]. @)

Hence, for 7 =0,

VAFL Gy = [ 772 [0 = A%+ (95,91 (VIF T+ V5F) )] do

1
o

o np + (n— 2)|Vsp|2( ——ln(\/m))

—In (W) pASp] do

< (n+ €Bo(n))|S].
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Conversely,
VAt (H, G g 2 (n - eéo(n)) 1S
Here we have integrated by parts and we note that these estimates remain valid in the
particular case n = 2. Furthermore, we ascertain from the divergence theorem that, for

each k,l € {1,...,n+ 1},

S|
n+1

/ (Ck(p) e, v) dp = Ldivmn+1 ((z,ex) &1)dz = O |E| = Ok -

Thus we may employ the definition of fq to compute that

nQ|S|

AL 3
(n+1)z

11(fa; o) r2ar) +

_ 'Q /M (TanX,v — X) du’

= 10|

[ (s = Guslenn o (1 = VZFI5F) - V%) do

IA

€[22 Do(n) |S] .

Therefore,

-+ 1) Grran — T (1= gy ) )

< l(H Co) fQ’C0>L2(M) +

2 S
sy — g 81|+ s |‘

S|
n+1

< € (ma,X{Bo,Bo} + |Q|D0)

1S
n -+

IN

e Ko(n) (1 + [92])

(4.14)

d
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We again integrate by parts and utilise (4.13) in conjunction with Definition 2.12 to evaluate
the remaining terms, which correspond to j € {1,...,n+ 1}:

‘(H?Cj>L2(M)‘

= | [ e = 8% + (v (V)] 1)

= | [n" = 6Wie ~ [0 (v F ) G0A% o
S S

+ [0 (= DTSRG + o7 TG)) (1 = n (Vi TV59P) ) do

/n(p” — 1)¢(1)do - /ln (\/pT—JrIVS_pl"’) PG A% pdo
S S

+ [ (- DIV + 5(P.e) (1 = n (VA F TO9F))

< eB)|s].
Here we have utilised Lemma C.5 and noted that V5¢;(1) = e; — (e;)" (where this orthogo-
nality is interpreted with respect to the tangent space on S). In order to obtain analogous -

estimates on the terms (fo,(;) L2y We recall the barycentricity condition alternatively
prescribed by Definitions 1.1 and 2.2 to first infer from the divergence theorem that

/M (Tra X, V) Gi(p)dp = 0.

Hence,

|<anCj>L2(M)| = _Q/MUTR"X,XM}([))du’

= Jof frexy - X)Cj(p)du‘
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= 19 ‘ /S P (5 = Gua(l) ensr ps (1 = Vo2 + [VSPE) — VSp) (1) do

< e|Q Dj(n)|S].
Therefore, for each j € {1,...,n + 1},

’((H + fa) ’<j>L2(M)‘

IN

|<H, cj)Lz(M)\ + 1<fa, <j>Lz<M)|

< e(B; + 19 D;) S|

INA

eK;(n) (1 + 1Q))]9]. (4.15)

In the ensuing calculation we shall suspend our use of the summation convention. By again
invoking the characterisation of the diagonal matrix (M;;(1)) determined by (2.3), we now
combine (4.14) and (4.15) with Lemma 4.6 to calculate that, for each i € {1,...,n+ 1},

n+1

) c Q
DM + )G € & g (n(1- o) +ekolt + )

n+1
+ EZ (n+1)67 + eCY) K; (1 + |9))

=1
< eKin)(1+19]).
Conversely, where we resume our adherence to the summation convention,

M) (H + fa)Ghpay = —eBH(n) (1 + 1)
This implies our intended estimate if we take C'*(n) to be the maximum of {K*, B*}. ¢

PROOF OF THEOREM 4.4

Since M has no boundary and the matrix (g7 (o)) is positive definite on T*M x T*M, we
may adapt the argument preceding the statement of [40, Theorem 8.37] to our particular
setting and verify that the spectrum of %, is comprised of a countably infinite sequence
A of real eigenvalues whose eigenfunctions span ’/Vrf To establish conditions under which

A C R+, we examine the Rayleigh quotient of %, over '/Vx; \ {0}:

(<Zalnl, 77)1:2(1’\47)
”77”22(1\7)

J(n) =
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where the minimum eigenvalue satisfies A\; = inf 42 2\{0} J. We discern that

(Lol 1) o / Vil du - fM,(IlAHZ T 20 (Tgn X, )

+ MY ((H + fa) ,Gs)pagiy (i) ) s

Here we have integrated by parts. We may now employ (1.9) to estimate:

) 1
14D = o

(n + |Vol* + 2 I(ViV;0)l* = 2|Ve* — 2000

+20(ViV;0)[Vo, Vo))

1
(1 - [Vo*) (

Here we have noted that our star-shaped construction mandates the condition |Vg|* < 1.
Now, we infer from Lemma 1.4 that

n+ & I(ViVio)l* + eK(n) (1 + [Vel®) [(ViVs0)ll)

e s S 12
ViVjo = —————-(0ViVie — 2V,oV,0 + |V ii(8)) .
i = T D) (eV:V; oVie + |Vo0l’gii(s))
By Lemma 1.4 and our hypothesis we subsequently compute that
1(Va¥;0)II”

1 22+vs2vs2
_ VQNWNMW+G—(Q ‘””2“)ww

(e + |V5g (& + |VSo*)

~ 2 (25 + (26 + [V50P) [VOel") (ViVEe) [Voe. Vo]

(e + |VS0]?)"

+ 20|VSoPA®p — (ViV3oViVEe) [V, V5]

2
(e® + [VSo’)

92

(¢ + |VSal’)

2«ww@W%Nmf) | w16)
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Hence

1
I(V:iVol? < =

. (92 [(ViVEo)||* + nIVSel* + 2vn ol VS0 ||(ViV5o) ||

2 1
+ 5 Dum) [Vl (V9T + 2 Da(m) [¥el " (Viv5o) I

2

+
03

(26" + (20" + 1950P) [V¥0|") Ds(n) V50" ||(Vin@)||>
< €2D4(n) .

Here the tensorfield norm || (V,-Vf Q) || and associated contractions are evaluated with re-
spect to the metric on S. Thus we may once more cite Lemma 1.4 to assert that, for
sufficiently small ¢,

lAIIP(e) < n + eKi(n). (4.17)
Furthermore, |
20 (e X (0),v(0)) < 2|00 < 2|Q(1+¢). (4.18)

To conclude the analysis of the coefficients attached to 7% which appear in the integrand

corresponding to the inner product (%q[n], n) r2(3fy> We employ Proposition 4.7 to verify
that

MY {(H + o) ,G) iy (ne) < eCHm) (1 + 120) (v,

< eKa(n) (1 +19). (4.19)
By combining (4.17)-(4.19) and Lemma 4.5, we deduce that
(ZQ [77] ) 77)1,2 (M)

> 2n+1)(1-eC) — (n + e (K1 + K) + Q] 2+ ¢ 2+ K2))) lInl 7237

> ((n+2) — eKs(n) — 2|Q (1 + ¢ Ka(n))) Il 72z, -
Therefore,
A > (n+2) — eKs — 2|19 (14+eKy)). (4.20)

For sufficiently small €, this implies our intended result. &
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2. The existence of stable energy minimisers

The following corollary of Theorem 4.4 establishes criteria under Whlch the functional Zgq
admits stable minimisation.

COROLLARY 4.8. Suppose ¢ € Z 1is a solution of the Euler-Lagrange equation (2.4) and
€ > 0 is such that ||o — 1||c2es) < €. Moreover, for each k € N, we define the following
Banach subspace of C*2(S):

Jsne"Go(L)do = 0;
neBf < nelh¥S); and
Jsne™t¢(1)do = 0 Vie{l,...,n+1}.
Then, whenever |Q| < (1;—2) (1 —eCs(n)), the spectrum of the Jacobi operator _Z, is strictly

positive on Bj. In particular, ¢ is a strict weak minimiser of both the functionals %, and

Fq.
PROOF
We discern from Lemma 1.4 and Corollary 2.6 that B’g2 corresponds to all functions n €

C%2(S) with (X',v) € ;/V]T; Thus, we may again employ Lemma 1.4 and Corollary 2.6 in
conjunction with Lemma 4.3, Theorem 4.4, and (4.20) to compute that, for any n € B2,

9"(0) = (Zal(X', V)], (X)) pairy
> M X e p,
T] Qn+l
s/ 0* + |V |2

M (inf (=25 ' :
> i — 2
> N 1% 7 1 Voar lImllz (S)
> M1 = Ki(n)e) [0l
> ((n+2) — e Ky(n) — 2]Q|(1+ € Ks(n))) ”77”22(5) :

When considered as an operator on 892 with respect to the metric on S, we deduce from
Lemmas 1.4, 4.2, Corollary 2.6 and Definition 4.1 that the coefficient matrix attached to
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the second-order term — Vin (-) appearing in _Z, is merely

4 ij
—=—(g"(0)) ,
V& + [Vl (6(@)
which is positive definite on T*S x T*S. Since S has no boundary where we restrict
our attention to a Banach subspace of C%%(S), we may cite [39, Theorem 5.1.1] and the
estimate above to conclude that the minimum eigenvalue of _#Z, is positive on B 92, whenever

1] < @ (1 —eC3(n)). Thus we may again invoke [39, Theorem 5.1.1] to assert that
there exists a v > 0 such that, for each n € Bz,,

9" (o) > 7/ (I??I2 + IVSnlz) do,
S

and, by [39, Theorem 5.1.3], g is a strict weak minimiser of %,. Furthermore, by (2.1),
(2.2), and (2.4), we ascertain that the second variations of Fq and %, coincide for each
n € C%>*(S) furnishing a volume- and barycentre-preserving variation of g. Hence we infer
from Proposition 2.15 and Lemma 2.23 that p is a also strict weak minimiser of the energy
functional Fq. O

We conclude Part 1 by evincing the following existence theorem for energy minimisers of
the rotating drop problem in the class &

THEOREM 4.9. There exists a class of stable energy minimisers for the rotating drop prob-

lem determined by smooth boundary in an appropriately chosen neighbourhood of the closed
unit ball B.

Proor

Subject to appropriate constraints on € and &, Theorems 3.1, 3.3, and Corollary 4.8
establish the existence of a family of smooth solutions to the Euler-Lagrange equation,
A = {0 : o€ B.(1) C #}, that admits stable (weak) minimisation of the functional Zg.
We recall from Definition 1.3 (and the discussion preceding its statement) that there is a
unique correspondence betweerlgach member of .Z and a star-shaped liquid drop, Ec éz
defined by smooth boundary M. In particular, for sufficiently small > 0, such an E
permits stable energy minimisation of the rotating drop problem. &



Part 2

The Parabolic Problem



CHAPTER 5

The Rotating Drop Flow

We now state the initial value problem corresponding to the L2-gradient (or steepest de-
scent) flow for the rotating drop problem. The derivation of this flow is comparable to the
calculation of the first variation of energy exposed in Part 1, but where perturbations of
elements in our class & are considered in a more general setting.

1. The initial value problem

For n > 2, let Fy € & be a star-shaped rotating drop with boundary M,. We shall refer
to My as the initial boundary and to Ey as the initial drop, the global energy of which is
to be minimised subject to the constraint of fixed volume and barycentre in the evolution.
In correspondence with the formalism of Part 1, we shall interpret 2 as a parameter over
R in advance of our particular physical result.

Suppose that 2 € R is fixed and T > 0 is a time to be established later by the existence
of solutions to the subsequent problem. We assume that (N™,g) is a compact, connected
Riemannian manifold without boundary smoothly embedded in R™*!, and that the C3<
embedding X, : N — M, parametrises My. Then the family of manifolds {M; : ¢t € (0,T)}
parametrised by X : N x (0,T) — R™*! evolves by the rotating drop flow if

(’c% - AM*) X(pt) = (ROG®E) — falp, ) v(pb) , (5.1)

with initial condition X(:,0) = Xo(-). Here, in analogy with the construction of Part 1,
we define the function fo: N x (0,T) — R by

falp,t) = —Q|TreX(p,t)*. (5.2)

Furthermore, Z,, = {(i(p,t) : i € {0,...,n+ 1}} is the linearly independent set in L?(M;)
given by:
\/nl—ﬂ i=0; and

C‘i(p, t) =
(X(p,t),e) Vi€l .,n+1}

For each ¢ € (0,T), we then formulate the matrix (M;;(t)) and its inverse (M¥(t)) in
accordance with Definition 2.12. For each i € {0, ...,n+1}, the global terms h* : (0,7) — R
are consequently determined by

R(t) = M) (H + fa) , Gi) o - (53)

51
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In conclusion, we shall denote by E; the closed subset of R™"! bounded by M; for each
t € (0,T), where the set {E; : t € (0,T)} is the associated family of evolving drops.

2. Short time existence of unique solutions

We are now able to verify the existence, uniqueness, and higher regularity of star-shaped
solutions to the rotating drop flow (5.1) on a short time interval. We first introduce a
quasilinear elliptic operator on the class R? which shall prove crucial to the remaining
analysis of this thesis.

DEFINITION 5.1. Suppose that ¥ := SxR* xT'S and #2(S) C Z,°(S) is the tensor bundle
of symmetric, covariant 2-tensorfields over S. Further suppose that (s, z,7,9) € ¥ X #2(S)

and {(;(s,2) : 0 <¢ < n+1} is defined in analogy with the set Z; introduced in Definition

2.12:
\/7:_4—1 1=0; and

Ci(saz) =
(s,ei)z Vie{l,..,n+1}.

Then we define Qq : R? — C'*(S) to be the quasilinear elliptic operator
Qalr] = a" (s,r,V°r) ViVir + b (s,r, V) Vir + cq(s,r,V°r) 1,

with coefficients given by

g 1/ .. igi
av (s,z,7) = "3 (g”(s) - —I—T-—),

2+ 1]

fri

b (s,2,7) —m,

and

cal(s,z,7) = % (\/z2 + |7)? (Q (22 — ZH(S,Z)) + hk(z)Ck(s,z)) - n) .

Here, for each i € {0, ...,n+ 1}, the global terms A’ : R* — R may be characterised in the
following manner. Suppose that, for 7,5 € {0,...,n+ 1},

bii(s,2,7) = G(s,2)¢(s,2) 2" V/22 + |72

and

Wa)(s,5m0) = (n— QY2 + [P (2 = C(s,2)

-z (akl(s,z, )9 + b°(s, 2, 7)7k) )Q(s,z)z”‘1 .
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Then, for r € R?, we define
Ri(r) = MY(r) (/ (¥a); (s,r, Vo, (ViV3r)) da) ,
s

where, in accordance with Definition 2.12, (M%(r)) is the inverse of the symmetric matrix
(M;;(r)) with components prescribed by

Mij(’f‘) = Lwij(s,r,vsr)da.

REMARKS 5.2.

(1) While it is clear that the global terms {h'} prescribed by Equation (5.3) are in-
dependent of parametrisation, we shall represent them in the particular manner
introduced in Definition 5.1 whenever we examine the operator Qq.

(2) In the context of the metric on S, it is natural to define differentiation in the
variables (7,9) € T'S x #(S) by D79 = g(s) and Dy, % = gir(s)g;i(s)-

The following lemma is an adaptation of the analogous result contained in [4, Lemma
3.2], where the proof proceeds essentially unmodified. Its principal purpose is to break
the tangential diffeomorphism symmetry intrinsic to curvature flows of the type under
consideration, whilst reducing the problem to a scalar equation whose spatial domain is
the unit sphere.

LEMMA 5.3. Suppose Qq is the operator prescribed by Definition 5.1. Then there is an
injective correspondence between smooth solutions X of equation (5.1) which are star-shaped
about the origin and smooth positive solutions p of the scalar parabolic equation

2 pls,t) = Qalp(s,)], (5.4)

with initial condition p(s,0) = | (Xo 0 Tg") (s)|. Here T, : N — S is the natural projection
determined by

X(p,t)
) = X

PROOF

If X is star-shaped about the origin, then 7T; is a diffeomorphism. For an arbitrary time
to € (0,T) and s € S, let T (s) = g. Then X(g,t) = p(s,to)s and we may utilise
the geometric construction of Chapter 1, in particular Lemma 1.4, to derive the ensuing
equations at ¢y by decomposing the evolution equation (5.1) into components orthogonal
and tangential to S at s:

) o2

51 P mula) = |55 ] (o
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and

0 _ Qalp) Vop
&Trto(Q) = - [m]( t(q)) -

In accordance with Definition 1.3, Lemma 1.4, (1.8), and (5.2), we have employed a parallel
construction to that exposed in the proof of Theorem 3.3 to observe that

[R*(t0)Ck (g, t0) — H (g, t0) — fa (g, to)] = [ pQalp) (T40(a)) -

VP + |V
We may now calculate the evolution equation for p at the point (s, t):

%P(S,to) = %p(%(q)) - <Vsp,§£7fto(q)>

2Q \vi) 2Q
FE T e e

= Qalp(s,t0)]-

Conversely, a smooth solution of (5.4) generates a smooth solution of (5.1) in the following
manner:

Suppose X : § x (0,T) — R"*! is a family of embeddings given by X,(s) = p(s,t)s, and
that ¢ : N x (0,T) — S are the diffeomorphisms obtained by solving the ODE:

s
G = - |SE ), (5.5)
with initial condition (p) = To(p). Then the embedding X : N x (0,T) — R™*! given
by X(p,t) = (Xt o wt) (p) is a smooth solution to (5.1). The correspondence is injective
since the solution to (5.5) is unique. &
REMARK 5.4. It is important to emphasise that we may impose the geometry of Chapter 1
on star-shaped solutions of (5.1), up to tangential diffeomorphism. If we choose X(p,t) =

p(s,t)s as above, then we locate stationary solutions of the flow whenever p(s,t) = o(s),
since Qqlo] =0on S.

THEOREM 5.5. Suppose Xy is a C>* embedding of My. Then there ezists a time T > 0
for which equation (5.1) possesses a unique, smooth, star-shaped solution X on N x (0,T).

PRrOOF

Throughout the proof, all geometric quantities shall be computed with respect to the met-
ric on S. By Lemma 5.3, it is sufficient to prove the local existence of a unique, smooth
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solution to the scalar problem posed by (5.4) through an appropriate application of a fixed
point theorem on Banach spaces.

We employ the notation of [54, Section 4.1] pertaining to parabolic Holder spaces and
deduce from [54, Theorem 8.2 that there exists a time T" > 0 such that (5.4) possesses
a solution p € Ha o (S x (0,T)). Moreover, in analogy with the argument propounded in
the proof of Theorem 3.3, we exploit an inductive argument to ascertain from [32, Theo-
rem 3.11 & Corollary 3.11.2] that any such p € C* (S x (0,T")). In addition, it shall be
critical to forthcoming analysis to note that p € Hz 4 (S % [0,T)) as a consequence of [32,
Theorem 3.12]. Thus, up to order three, spatial covariant derivatives of our solution are
Holder continuous (exponent §) in time at ¢ = 0. Once again, in the application of this

theory it is important to emphasise that the interior and boundary Schauder estimates on
" S x [0,T) may be derived in a similar manner to their Euclidean analogues.

To determine uniqueness, we shall argue by contradiction. Suppose p; and p; are two
distinct smooth solutions to (5.4) on (0,T) with pi(-,0) = pa(-,0). We first extend the
domain of the operator Qq introduced in Definition 5.1 to encompass all of C%%(S;R). To
facilitate notational simplicity, we shall merely attach the subscript corresponding to the
fixed parameter 2 to the coefficient cq. For r € R?, let Q, : C%%(S) — C(S) be the
uniformly elliptic operator given by

Q-] = a¥(s,r,Vr)V;V5(-) + b (5,7, Vr) Vi(-) + cq(s,m,Vr) (). (5.6)

We now consider the evolution of the function v = (p; — p2)?. For A € [0, 1], we then set
py =Ap1 + (1 —X)p2. Clearly p, € C*(S x (0,T)) and, in particular, p, € RF for each
k€ Nand t € (0,T). Since each of the coefficients of Qq is at least C'! in its argument
(s,2z,7) € S Xx RY x TS, we may therefore assert that

% = 20— e @alpl = Qalp) = 2(0-p) [ @loDaA.  G7)

In the general setting, we now examine the behaviour of the operator Q,. If n,& € C?(S;R),
then we find that

Qe = EQuln + Qe + 207 (5,7, V1) VinV; € — ca(s,r, Vr)nE.  (5.8)
In addition, if we take ry = (s, p,, Vp,), then

d /
al‘x =1y = (0,(p1—p2),V(o1—p2))-
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Hence we confirm from (5.6)-(5.8) that

%% - /0 (Qp, [v] — 207 (r2) Vi(p1 — p2) V; (p1 — p2) + ca(ra)v

+ 2(p1 — p2) (<Da'ij|l‘w I‘§\>1, ViVjp, + <Dbi|!'>nr;\>~// Vip,

+ (Decaley, Ta)y £y ) dX . (5.9)

In our consideration of (5.9), we must clarify our interpretation of the derivatives of the
global terms {h‘}. We determine from Definition 5.1 that

(Dfesrf)y = =M o080, ( [ (Dalaridy do ) ([ )l wo0100)
S S

4] I 2 _
+ M (P,\)/S<D(¢'n)j (e v20,)5 (T2, V2 (01 p2))>1/xy20(s)da' (5.10)

We then integrate by parts to discover that, for each j, k,l € {0,...,n + 1},

/(D¢kl|rwr),\>~//d‘7 = [5(101 —p2) (D, — VD) Yrile,do (5.11)
s
and
2
[S<D (¥ a);|@xv20,)s (r3, V(o — pz))>~//xy,°(3)
= /(pl - pg) (Dz - V,‘Dﬂ' + Vivagim) (¢Q)j|(r,\,v2p)\)d0' . (5.12)
s

We next recall that (M;; (p,)) is a symmetric, invertible matrix and, in analogy with the
argument expounded in the proof of Lemma 4.6, for each ¢,5 € {0,...,n + 1}, we may
certainly derive an estimate of the form:

M5 )] < K9m0 Dol el ) 117

where 0, = infgxjo,r) pm for m € {1,2} and the Hy,, norms are evaluated over the domain
S % [0,T). We observe from the structure of the functions ¢ and (¢o); introduced in
Definition 5.1 that the integrands arising in (5.10)-(5.12) contain at worst third-order
spatial covariant derivatives of p; and p,. Therefore, we deduce from (5.10)-(5.12) that,
for each i € {0,...,n+1} and t € (0,T),

(DR ey, x50, G| < Ko (m 190, 60,62, Iall . ool ) 101 = 92) sy - (5.13)

We recognise that the remaining terms arising in (Dcg|r,,r}) may be evaluated in parallel
with those occurring in the contractions involving the derivatives of @ and b*. When
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multiplied by the factor 2 (p; — p2), we deduce from Definition 5.1 that these quantities
may be factorised into either v or Vv contracted over coefficients which are smooth on
S % (0,T). Moreover, the matrix (a (r,)) is positive definite for any choice of A € [0, 1]
and ¢t € (0,7). Hence we discern from (5.9) and (5.13) that v satisfies the following
differential inequality on S x (0,T):

ov

En < ﬁij (S,Pl,PmVPl,Vm)ViVjU + ’Y:, (S,Pl,Pz,Vﬂl,Vp2,V2ﬂ1,Vzpz) Vv

+ Ko (7% 1] , 61, &2, ”p1”H3+a(Sx[0,T)) ) ”p2”H3+a(Sx[0,T))) (” + 31;13 U) . (5.14)

Clearly the coefficients 5, € C* (S x (0,T')), where the matrix (8“) is positive definite
on S x (0,T) and the constant K is independent of time. We have further observed here
that, for each X € [0,1] and ¢ € (0,7,

a’ (r2) Vi(p1 — p2) Vj(p1 — p2) > 0.3

We may now apply a form of the maximum principle for parabolic equations due to Hamil-
ton [45, Lemma 3.5]. If S(t) = {s € S : v(s,t) = (supgv) ()}, then

i <su v) < su (@)
dt Sp - s(tl:)) ot/

We note that since S has no boundary, for each ¢ € (0,T) the supremum of the quantity
v coincides with an interior spatial maximum on S. We therefore deduce from (5.14) that

d
= Unee S 2Katm = Vma(t) < Vmax(0) ¥ = 0.

dt
Hence p; = p; and we derive a contradiction. Thus any smooth, star-shaped solution to
the initial value problem posed by (5.1) is unique on (0, 7). O

3. The evolution equations

In order to consider the evolution of various geometric quantities on our family of evolving
manifolds, it will be convenient to represent the rotating drop flow (5.1) in the more general
form:

0

5 X@:t) = n(p,t)v(pt) (5.15)

where n(p,t) = (h'(t)G(p,t) — H(p,t) — fa(p,t)). The following results are essentially
known in the general setting of mean curvature flow and its variants (see, for example,
[4, 27, 47, 48] or [61]), but we shall present them here for the sake of completeness.

3Tn fact, it is possible to demonstrate that at a spatial maximum of v, V; (p1 — p2) = 0 for each
i € {1,...,n}, otherwise vmax = 0.



3. THE EVOLUTION EQUATIONS 58

LEMMA 5.6. Suppose {M; : t € (0,T)} is a family of manifolds evolving by (5.15). Then
the components of the metric on M; satisfy the evolution equations:

0
e gij(p,t) = 2n(p,t)hi;(p,1) .

Proor

We compute that

o ~_ 0 /90X oX
ad T b

0 (9X)\ oX\  /oX O (09X
p; \ 0t )’ Op; Op;’ Op; \ Ot

<
= <a%(nu),g—g> + <g—g,a%_(w)>

L (BB (o o
7 op;” Op; 7 Op;’ Op;

= 2nhy .
Hence we obtain our desired result. o

COROLLARY 5.7. Suppose {M; : t € (0,T)} is a family of manifolds evolving by (5.15).
Then the components of the inverse metric and the measure on M; satisfy the respective
evolution equations:

o . 3
ag”(p, t) = —2n(p,t)h"(p,t)

and

5 VI.t) = nlp,)H(p,t)v9(p,?) .

In particular,

G = [ 0o OH, O
M
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PROOF

To calculate the evolution of each g%, recall that we may write g9 = g**g¢7'gy;. Then, in

analogy with the derivation of (3.4) in the proof of Theorem 3.1 and by Lemma 5.6, we
have

0 i .0 . .
g = gtk gl = —9 ik th = —9nhY
atg g9 mgkl ng g’ Nkl nn-,

from which we infer our desired result. Furthermore, we may again employ Lemma 5.6 to
discern that

0 i 0 ij
VI = Vi9ig 95 = V9g”(nhy) = nHg.
Thus
4|y —/ Hd
dt t| — Mt’? Mt
as required. &

We may now determine the behaviour under evolution of the unit normal vectorfield.

LEMMA 5.8. Suppose {M; : t € (0,T)} is a family of manifolds evolving by (5.15). Then
the outward unit normal vectorfield on M, evolves in the following manner:

0 M,
_B_t V(p, t) = -V 7)(17, t) .
PROOF

We first observe that % € T M, for each z = X(p,t) € M;. Hence we may express %” as
a linear combination of tangent vectors to assert that

ov iy /Ov 0X\ 0X
ot ot’ p; | Op;

_ i, 9 (9X\\oX
= "9\ \ ot )/ o,

iy 0 0X
= —g' (v, v) ) —
g < Opi (m )> Op;
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= —Vn.
Here we have invoked the orthogonality of the tangent and normal spaces on M;. &

In a manner analogous to the proof of Lemma 2.11, we elicit the ensuing lemma.

LEMMA 5.9. Suppose {M; : t € (0,T)} is a family of manifolds evolving by (5.15). Then
the function fq given by (5.2) evolves according to the equation:

0 «
We are now in a position to examine the evolution of the second fundamental form.

LEMMA 5.10. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the rotating
drop flow (5.15). Then the components of the second fundamental form on M, satisfy the
evolution equations:

0
5% hij(p,t) = —ViV;Mn(p,t) + n(p,)A™(D, t)hmi(p,t) -

PROOF

We may again cite the orthogonality of the normal and tangent spaces on M; to ascertain
that
O, _ 9 /0X ov _o/ox
ot v ot 3}7,' ’ apj - ot 8pi3pj’
(0P (0XY N 0K
- 8p,~3pj ot ’ apiapj’ ot
9? > < 02X >
- =——=—Mv),v) + , VM
<3Pz'3pj (m) OpiOp; 7
o (ov

= - — | — V_3277+ka
B 7 5Pj Op; ’ 51%'31’3' iy VR

o (.. 89X
- (g () ) - v
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] 9X
= —V,’an—nh i<8pmapj,ll>

= ‘—ViVj’f] -+ ﬂhmihmj .

Here we have utilised the Gauss-Weingarten relations and the definition of the covariant
derivative. o

Lemma 5.10 then evinces the following corollary.

COROLLARY 5.11. Suppose {M; : t € (0,T)} is a family of manifolds evolving by (5.15).
Then the components of the Weingarten map, the mean curvature, and the square of the
norm of the second fundamental form on M, satisfy the respective evolution equations:

O Wslp8) = — g )VAVS M n(p,t) — o, (e, A" 5,0
O Hw1) = —AMn(p,0) ~ AP0,
and
2 MA@ = 2 (8,09, 0(p, 1) + nlo, Do, DR, D150, D).
ProoF

‘We first employ Corollary 5.7 and Lemma 5.10 to calculate that

8 1 a %
5= 5 (0%hy)

i 6 a i
= gkalt (has) + Py 5 (g*)

= g% (nh™thm; — ViV;n) — 2nh*hy;

= —g*VyV;n — nh'n,h™; .

This result implies the desired evolution equation for H, and we further compute that

a 2 a i k

o 1AIP = = (W)
_ a k ka i
= h% at(h) + h at(h)
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= =W (¢"V;Vin + nh*ih7) — BY (g7VVien + nhiihlx)

= —2(R¥V;V;n + nhchIR;),

from which we obtain our final result. O

We now employ (5.15) and present the preceding results in the particular context of the
rotating drop flow (5.1).

PROPOSITION 5.12. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the ro-
tating drop flow (5.1). Then the geometric evolution equations on M; may be characterised
in the following manner:

%g""(p’ t) = 2(h*OG(mt) — Hp,t) — falp,1) hij(p, 1) ; (5.16)
%gij(p’ t) = —2(R*®)G(p:t) — H(p,t) = falp,1)) ¥ (p,t) ; (5.17)
% Val,t) = (P*()G(p,t) — H(p,t) — fa(p,t)) H(p,t)\/9(p, 1) ; (5.18)

%V(P,t) = AMu(p,t) + A DI v t) — BV Gip,t) + V™ fa(p,b) ;
(5.19)

o Jalpt) = A™fap,0) + 29 (n — [F¥Gu(p, 0

— (R*(t)Ck(p,t) — falp,1)) (MraX(p,1),v(p,1))); (5.20)
gt'hij( ) = A%hip,t) + (IA@OI? + ﬁk(t) (v(p,t), ex)) hij(p, 1)

+ (hk(t)(k(p>t) —2H(p, t) - fQ(p’t)) him(pat)hmj(pa t)

+ ViV fa(p,t) ; (5.21)
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SRt = AR (,0) + (JAE VI + BHE) (v, 0) ) B (0,1

— (R*)G(p,t) — fa(p,t)) Wm(p, t)R™;(p, 1)

+ 9™, OV Vi falp,t); (5.22)
%H(p, B = AMH(p ) + B (v(p, 1), ex) H(p, t) + A fo(p, )
— (K*(t)G(p,t) — H(p,t) — falp,t)) |Alp, )| ; (5.23)
and
2 JAwDI = A*IAGOIE + 2 (IAG DI + A0 (v, 8),20) 1A, I

— VMA@ = (R*O)G(,t) — falp,t)) Clp,t)

+h(p, ) ViV fa(p,t)) - - (5.24)

Here C(p,t) = him(p,t)h:i(p,t)h™;(p,t) and we shall continue to adopt the convention
that eg = 0.

PrOOF

We recall from (5.15) that n = (h*¢; — H — fq). Therefore, (5.16) - (5.18) are a direct
consequence of Lemma 5.6 and Corollary 5.7 respectively. Due to the Codazzi equations,
we determine that

Av = — ||A)*v + VH.

Thus we infer (5.19) from Lemma 5.8. By recollecting the definition of 27, and adhering
to the convention that eq = 0, we ascertain that, for each k € {0,...,n+ 1},

ViViG = —hi (v,ex) -

We may then derive (5.23) from Corollary 5.11. To confirm (5.20), we employ (5.2) and
the Gauss-Weingarten relations to calculate:

Afn = _QA(|X|2— 72a+1)
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= —206Y(g;; — hij (X,V) — Vi€u31V;Cos1 + hianﬂ (v, ent1))

= —20(n — |Véun|* — H{(Tg=X,v)).

We then obtain the desired result after the application of Lemma 5.9. To confirm (5.21),

we invoke Lemma 5.10 whilst observing by Simons’ identity (see Section 1 of Appendix A)
that

V.V;H = Ahy + ||AlPhiyj — Hhimh™; .
We further deduce from Simons’ identity that
9"V, V;H = AR + ||A||*A; — HR,B™;
and
MIVV; H = A|A|? + 2 (||A||4 —IVA? - Hé).

We may then establish (5.22) and (5.24) after successive applications of Corollary 5.11 and
rearrangement. &

4. Properties of the flow

We may now verify that the rotating drop flow legitimately preserves volume and barycentre
whilst decreasing the sum of surface and kinetic energies. For the sake of brevity, we shall
continue to employ (5.15) .

PROPOSITION 5.13. Volume and barycentre are preserved under the rotating drop flow

(5.1). In particular, the family of evolving drops, {E: : t € (0,T)}, is a subset of the class
&.

Proor

By employing (5.15) in conjunction with Lemmas 2.1, 5.8, Corollary 5.7, and the divergence
theorem, we ascertain that, for each ¢ € (0,7,

3d d
(n+DiG 1Bl = g [ XGdu

- [ () ()

= /M (div (nXl) +n - <X, VMt97>) Codpty
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= /M (div(nX) + n — (X, VMtn>) Co Ay

= (n+1)(1,$0) 2y -

Here we have recalled that (o is constant. In an analogous manner, for each i € {1,...,n+1}
we compute that

(n+2)% /E (3, e:) dz

d

= EZ My (X’V> Cid,u't

_ /M ((nH(X,V) + <%—)§,u> + <X,‘;—’;>> G+ (X,v) %) duy

- /M (div(n¢:X*) + (n — (X, V™)) G + n(X,v) (v, e:)) dp

= /M (div (nGX) + (77 - <X,VMtn>) ¢ +77<X, (61)L>) A

/M n ((n +1)G + <X,‘VC,; + (ei)l>) duss

= (n+2)(n G2, -

Here we have again observed that V(; = e; — (e,-)l, whenever we adhere to the convention
that eg = 0. By recollecting (5.3) and (5.15), we then assert that, for each i € {0, ...,n+1},

<77’Ci)L2(Mt) = hk (Ck:(i)[,?(Mt) - ((H’l' fﬂ) aCi)L2(Mt)

= MP(H+ fa),G) sy Mis = {(H + Ja) Gz = 0

Since Ey € &, we infer our intended result. &

We may therefore elicit the following corollary from Lemma 5.3 and Proposition 5.13.

COROLLARY 5.14. Suppose p is a solution of (5.4). Then, for eacht € (0,T), p(-,t) € Z.
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Subject to the representation connoted by Lemma 2.1, we are now able to demonstrate
that the energy of our family of evolving drops decreases in time with respect to the energy
functional Zg for the rotating drop problem given by (1.1).

PROPOSITION 5.15. The global energy of the family {E;:t € (0,T)} does not increase
under the rotating drop flow (5.1). More precisely, on the time interval (0,T),

d
Eiﬂg(Et) < 0.

Proor

We recall the equivalent definitions of Zq given by (1.1) and (2.1) to discern that

1
Fa (Et) = |Mt| + n—_-'_'—?: " fQ <X,V> dp,t .

By (5.15), Lemmas 5.8, 5.9, Corollary 5.7, and the divergence theorem, we have for each
te (0,7,

d

i Mtfﬂ (Xay>d/"t

_ /M (fa (nH(X,u) + <%)t£,y> . <X’%>> N %<X’V>> »
= /M (div (nfaXL) + fa(n — (X, V) + (Dafarv) (X, 1)) dpe

B /M (div (nfaX) . fa(n - (X, 90)) + (X, (Dafo) ")) din

= /M K ((r+ Do+ (X, (Defa)* + Via)) du

= (v+3) [ nfadc.

Here we have observed that Vfq = D,fq — (D, fQ)J‘. We may therefore invoke ‘(5.3),
(5.15), and Corollary 5.7, to discover that A

%3’9(&) = ((H+fn),77>L2(Mg)
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= h{(H + fa), ) oy — IH + fallZzqas,

= MI((H + fa) ) paqaay (H + f0) ) p2agy = IH + fallzaan,

2
2
= ”’”fMt (H + fa) on) IH + follzepry < 0.

Here we interpret the projection onto £, with respect to the topology of L2(My). O

5. The support function

We shall now define the support function on M;, which transpires to be a useful quantity
in the analysis of the next chapter.

DEFINITION 5.16. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the
rotating drop flow (5.1). Then we define the support function u: N x (0,T) — R on M;
by u(p,t) = (X(p, 1), v(p, t))-

REMARK 5.17. We recall the unique graph characterisation of star-shaped M; above S
whose evolution is described by (5.4) to deduce from Lemma 1.4 that

p(s,t) ’
VPi(s,t) + [V5p(s, t)2

Thus the support function is strictly positive for any family of star-shaped manifolds evolv-

ing by (5.1) and may be interpreted geometrically as the orthogonal distance of the tangent
plane T, M; from the origin in R**?,

(5.25)

| u(p,t) =

We may now establish an evolution equation for w.
PROPOSITION 5.18. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the
rotating drop flow (5.1). Then the support function on My evolves in the following manner:

Sulp,t) = AMu(p,0) + KOG(,1) — 2H(p,1) + alp, )

+ (A, I + B'(2) (v(p, 1), &) + 2Q (TR X (p, 1), v(p, 1)) u(p, ) .
PROOF

We may utilise (5.1), (5.15), Lemma 5.8, and Definition 5.16 to calculate:

0 0
i a(X,V)
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- () {8)
= B¢ - H - fo+ (X,Vfo+ VH — V()
= h (G - (X,VG) — H - fo + <X;Dxfﬂ — (Daofa)* + VH>
= K% + b <X, (ei)l> — H + fo + 20 (Tre X, ) u + (X, VH)

= h% — H + fo + (A (v,&) + 2Q(Tpa X, v)) u + (X, VH).
Furthermore, -
ViVju = V,'Vj <X, I/)

7 ov
= V,{(X,—
< 5Pj>
0X
— v [k 94
Vi (h ! <X’ Op >)

0X 0 [y 0X X
. kmyy . — kol =— >—) — L .
= gV (hm;) <X’ 3pk> Y (31% <X’ 3Pk> * <X’ 3pm>)

2.4
= <Xa e v (hij) '6——> + hkj (gik — hiw (X, 1))
] Pk

= <X, Vhij> + hij - hikhkju .

Here we have employed the Gauss-Weingarten relations, the orthogonality of the normal
and tangent spaces on M;, and the Codazzi equations. Thus Au = (X, VH) + H — || A||?u,
from which we derive the intended result after substitution and rearrangement.



CHAPTER 6

Interior Regularity Estimates

For a given family of star-shaped manifolds evolving by (5.1) that remain arbitrarily close to
S with respect to the Lipschitz topology, we may now demonstrate a priori that curvature
derivatives of all orders are bounded interior in time. In Chapter 7, we shall verify that
there actually exists a short time interval for which this assumption of proximity to the
sphere may be justified. Throughout the chapter, all geometric quantities will continue to
be evaluated with respect to the metric on M;, unless otherwise noted.

1. Estimates on h'(t)

We commence by establishing estimates on the global terms h*(t) introduced in Section 1
of Chapter 5. Although C%! = W1, the ensuing technical lemma will demonstrate that
the Lipschitz seminorm of any scalar-valued function on S of class W1 coincides with
the supremum norm of its gradient (interpreted in the weak sense).

LEMMA 6.1. Suppose n € WH*(S;R). Then
Sl;p ‘stll = [77]00.1(5) .

PROOF

For n € W1°(S), we recall that the Lipschitz seminorm is given by

|'q(81) - 77(32)|
= su ’
[Mcors) sﬁésfes ds (s1,52)

Clearly |Vn| attains its supremum at some point sy € S. Moreover, we may interpret
|Vn(so)| in the following manner:

[Vn(so)] = sup (Vn(so), V).
veTs,S
[vi=1

(6.1)

. Suppose now that .# is an (uncountable) indexing set where 7; : &£ x [0,1] — S is the
family of all smooth, unit speed geodesics on S with 7;(0) = so. Then there exists m € &
with

[V(so)l = (V (10 7m(0)),7m(0)) = (n07m) (0) .
We then deduce from (6.1) that

(novm(h);’?”m(o)) = (o) (0) = sup |V

69

[77]00,1(5) > ’111{1(1)
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Conversely, if s; and s, are the two points which determine (6.1), then, for some § € (0, 7),
there certainly exists a unit speed, length-minimising geodesic 7 : [0, 8] — S with (0) = s,
and () = sp. We may then invoke the mean value theorem to ascertain that there exists
B € (0,0) such that

Mlooss = 1oy @) = UVmex8),Y(B) < sup|Vnl.
Thus we obtain our desired result. O

COROLLARY 6.2. Suppose {M; : t € (0,T)} is a family of star-shaped manifolds evolving
by the rotating drop flow (5.1), and there exists ane € (0,3) such that ||| X|—1||corsy < e
on (0,T). Then, for each t € (0,T),

sup |[VM 1X|| < 2, (6.2)
M,
and, for each (p,t) € N x (0,T),
(1-2) < u(p,t) < (1+¢). (6.3)

PROOF

Without loss of generality, we may employ the geometric construction introduced in Chap-
ter 1 and prove the result with respect to the time-dependent parametrising function,
p = |X|, introduced in the statement of Lemma 5.3. By hypothesis, we have

lo = Lleoe) + [ploors) < €-
Therefore, by Lemma 6.1, |
' sup|VSp|2 < g2,
s

We may then employ Lemma 1.4 and our hypothesis to prove (6.2):
VS 2 2
sup |VM‘p]2 = sup (—J—L) < £ < 4€?,
M S
. Finally, we utilise (5.25) and (6.2) to prove (6.3):

(G4e) > u> =

* Jrorsa

whenever € <

[

> (1-2¢),

whenever € < O
Since the L?*(M;) inner products which define the matrix (M;;(t)) are independent of

parametrisation, the proof of the following lemma proceeds unmodified from that of Lemma
4.6.

D=
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LEMMA 6.3. Suppose {M; :t € (0,T)} is a family of star-shaped manifolds evolving by the
rotating drop flow (5.1), and € > 0 is such that ||| X| — 1||cor(sy < € on (0,T). Then, for

each t € (0,T), the components of the matriz (MU (t)) satisfy estimates of the form:
|MU(t) — M9(1)| < eC¥(n)|S|7" .

In analogy with the results of Proposition 4.7, we may now derive bounds on the terms
h*(t) which occur in the evolution equation (5.1).

PROPOSITION 6.4. Suppose {M, :t € (0,T)} is a family of star-shaped manifolds evolving
by the rotating drop flow (5.1), and € > 0 is such that ||| X|—1||coi(s) < € on (0,T). Then,
for each t € (0,T), the functions h'(t) given by (5.3) satisfy the following estimates:

RO(t) — nvn+1 (1 - GT?-T)) < &C%n) (1 + 19 + sup IlAII);

and, for eachi € Nwith1 <i<n+1,

| (t)| < eCi(n) (1 + |9 + sup ||A||)
M,
PROOF
Once again, we note that the quantities h*(t) are independent of our choice of parametri-
sation and, without loss of generality, we may employ the specific representation X (s,t) =
p(s,t)s given by Definition 1.3. But for terms involving second-order covariant derivatives

of p, we are therefore able to perform analysis completely analogous to that exposed in the
proof of Proposition 4.7. We first verify that

VAFLH Gy = [ 77 [0 + (0= 2)19%F (1 = o (VP + 5T
—In (\/m) pASp] do
< (n + e K(n) (1 +31;p ’Aspi)) |S|

< (n + ¢ Ku(n) (1+SA1;§>|I(VN?“P)||)> |51 -

Conversely,

v+ 1(H, o) oaryy 2 (n — £ Ky(n) (1+s]3p H(v,-vytp)“)) 1S] .
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In both cases, we have integrated by parts, and invoked the relationship between the
geometries of S and M; connoted by Lemma 1.4. In particular, we have recollected the
calculation of (4.16) contained in the proof of Theorem 4.4 to deduce that

[(Viviep)|* > (1 — e k() | (V:V5p)|*.

We further note that these estimates remain valid in the particular case n = 2. Hence, if
we take By(n) to be the maximum of { K7, K>},

5|

Z—. (69)

Gy ~ g 81| < <Bo (14 sup|(9.920) )

Moreover, we may cite analysis contained in the proof of Proposition 4.7 to compute for
each j € {1,...,n+1}:

‘(H, Cj)Lz(Mt)I ,

[t = 106do = [ 10 (VFHTTE) G ATdo
S S

+ /S 72 (n = DIV (1) + p(V9p,e)) (1 = In (Ve? + [VpP) ) do

< eBj(n) (1 + sup ”(V,-Vj-”’p)”) 1S]. (6.5)

Furthermore, we may derive the estimates on the inner products (fq, ;) - (M2 directly from
the proof of Proposition 4.7:

nQ |S]
— |S]] < Q| D, I 6.6
(.ffb(o)Lz(Mt) + (n+ 1)% | |‘ < |9 O(n)\/m (6.6)
and, for each j € {1,...,n+ 1},
(o Ghisaao| < €19 D) 151 (6.7
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Now, by (1.7), Corollary 1.5, and Definition 5.16 we observe that
I (Va02p) |2

1
= = (n+ @A + |Vp|* — 2uH — 2|Vp|* + 24[Vp, V]
p?

INA

1
e (n + wIAI* + [VpI* (IVpl* — 1) + 2uv/nllAl| + 2C()[|A]l [Vel*)

< Ki(n) (1L +¢e+ |AP). (6.8)

Here we have employed Cauchy’s inequality and Corollary 6.2. In the particular case ¢ = 0,
we shall suspend our use of the summation convention whilst utilising (6.4)-(6.8), Lemma
6.3, the characterisation of the matrix (M% (1)) given by (2.3), and the triangle inequality
to deduce that,

n+1
R = > MY ((H+ fa) o
j=0
1 Q

+¢e By (1 + VKs (1+s% +sﬁl}p |lA||)> + E|Q|D0)
n+1

+ey c¥ (Bj (1 + VKs (1 +e + sup ||A||>) + 19 D,-)
j=1 ¢

<

nn 1 (1 _ (nQTl)) + e K%n) (1'+ 9 + sup ||A||> .

Conversely,
Q
R’ > nvn+1 (1 — —) — e B(n) (1 + || + sup ||A||) .
(n + ].) M

This implies our desired estimate on h° if we take C°(n) to be the maximum of {K°, B°}.
The cases corresponding to ¢ € {1,...,n+1} then proceed from similar calculations to those
expounded in the proof of Proposition 4.7, after the application of (6.4)-(6.8) and Lemma
6.3.
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2. An estimate on ||A||?

Pursuant to the result of Proposition 6.4, we may now establish an a priori bound on the
square of the norm of the second fundamental form.

THEOREM 6.5. Suppose {M; : t € (0,T)} is a family of star-shaped manifolds evolving by
the rotating drop flow (5.1), and € > 0 is such that ||| X| — 1||goa(sy < € on (0,T). Then,
for each t € (0,T), we may estimate the square of the norm of the second fundamental
form in the following manner:

2« €
sup [ AJ” < Cofmmax {1, 7

1
. 1 4 \2
whenever |Q| < ¢ and € < min {g, (%) }

Proor

Suppose ¢ is a positive constant strictly less than the infimum of w on N x (0,7") (this is
certainly possible by Corollary 6.2 and hypothesis), and

| Al”

2 = (u—2c)?"

By employing Propositions 5.12, 5.18, and Lemma A.1 in Appendix A we may compute
the evolution equation for 2:

0

262 ; i
=2 = A2+ (ufc)2 (29 (AV i1 ViCnss — H) — VAP = (B*¢, — fg)C)

22

- ————-(u_ 3 (hOCO. — 2H + fo+ C(h’c (v,ex) + 2Q (MTra X, y)))

2c(u—c) _,
g2 2z (u—c)?

2
(u—¢)?

|Vul®> + (V2,V(u—c)?). (6.9)

Here we recall that C = hiyh/;h*; is the quantity introduced in Proposition 5.12. In
analogy with the proof of Lemma 1.6, we have observed that

RV Vifa = 2QhY (hij (TraX,v) — gz’j + Vi¢a+1Vjna1)

= 20 ((ﬂ-RnX, V) ”A”2 — H + hijViCnHVan.,.l) .
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We shall now estimate various of the terms that arise in the evolution equation for 2:

|WViCn11ViCnia — H| = |g*g" (VkCn:+1VlCn+1 — gu) hig |

IN

K(n) [[(Vi¢a+1ViCnr1 — gis)|l | All

1
= K (n -2 |V<n+1l2 + |VCn+ll4) : “A“

L
- K (n-2 o = (ear)*]") 141

2
€nt1 — (6n+1)l, +

= K ('n b 1 + <V, en-{-1>4)§ ”A”
< KAl (6.10)
Moreover,
|H| < Vn|lA]l. (6.11)

Next, we employ Proposition 6.4 (with associated constants C*) in conjunction with the
definition of C to determine that

(HG, — f)C| < (1B + lfal) €]

< (n + 19| + eC° (1 + 9| + sup ||A||)
My

+ oot (110 spllal) (1 +e) + 010+ 6)2) KAl
k=1 S
< Ky(n) (1 + 19| + € (1 +19| +sﬂ1}p ||A||)) A% . (6.12)

By a further application of Proposition 6.4, we discern that

n+1

|B* (v,ex)| < EZC’“ (1 + || + sup l|A||) < eKs(n) (1 + || + sup ||A||) . (6.13)
k=1 M, M
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Finally, we utilise the Gauss-Weingarten relations, Definition 5.16, and Corollary 6.2 to
ascertain that

Vul? = gijV,-(X,V)Vj (X,v)

. 0X 0X
— ijpm pl nlell -
goR" I <X’ Bsm> <X’ 8s;>

= |X[g7r™h V| X| V| X]

IA

K (n)| X[? 1VIX|* 1Al

< 2K, (n)||Al? . (6.14)

We now analyse the quantity (u — ¢). If we choose ¢ = (1 — 3¢) > 0, then we may deduce
from Corollary 6.2 that

e < (u—c) < 4e. (6.155

We then substitute (6.10) - (6.15) into (6.9), and further invoke Proposition 6.4, to describe
the evolution of 2 in the form of the inequality:

(%—A).@

1
< 4K1 ‘Q| ,@% + 2 (E (C0+K3) (1 + (sup,@)z) - % + ‘Q‘ (4+EK3)) 2
. M,

€

W

+ g (\/7_1 + 2 Ko (1419)) (1 4¢) + 8%K, (supQ)z) 2
M

2 2
-1 -e(K+3) 22+ ——= (V2 —c)?). 6.16

E( 6( 4t )) +(’U,—C)2<V ,V(u’ C)> ( )
We note that since we are considering the evolution of a family of manifolds without
boundary, the supremum of the quantity 2 coincides with an interior spatial maximum on
M, for each t € (0,T). Therefore, for solutions 2 of (6.9) satisfying (6.16), we may again
apply [45, Lemma 3.5] to obtain the following ODE inequality describing the evolution of
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D max for each t € (0,T):

d 1 8 (e(CO+ K3 (1+19))) n
1. < r%lax - - 1A max
o Do < 4K [0] 2 +E( n + 10 - 5 ) 2
2 3
+ = (2vn + € (C°+ K3) + 4e Ko(1+|9) (1 +¢)) 22ax

_ g(l—E(K4+3+16€K2))°@12nax

< Ks(n)

1 3 2
. (e,@,ﬁm + € Dhmax + 232ax + E,@fnax) - ngnax

whenever | < ft and € < % . Suppose, by way of contradiction, there exists a t; € (0,T)
2
such that D (t1) > (—2&-) . Then

1-2¢eKs
d 1 € 3 2 3
o Dmax(t1) < . (8K52 ((1 - 2eK5)" + 2K5 (1 — 2¢K5)%) — 5) 22 . (t)
< _Q?na.x(tl)
g

whenever € < min {%, 5}?;} with Ky > %, and 2., is decreasing at t;. In particular, by
pursuing reasoning similar to that expounded in the proof of [45, Lemma 3.1],

limgma.x(tl) - Qmax(tl - k) S 0
AN k

2
and there exists ¢ > 0 such that 2., > (%%;) on (t; — 0, ). Let (a,t1] be the largest

2
such interval with a > 0. Then, by continuity, Zyax > (T%}?;) on [a,t;]. Moreover, if

2
a > 0, then we may again find § > 0 such that D,y > (—25—5—> on (a — §,t;] since

1-2¢K5
2 -_ —
i gmax(a) < - g_nm& lim Qmax(a‘) gmax(a k)

dt € PN k

<0

2
whenever € < min {%, 2175} Therefore, we deduce that a = 0 and Doy > (l—f%KLs) on
[0,¢1]. Hence

d 22

max 1 vt ¢
Egmax < - = [—m]w=o < —-8- = e@max(t) <

o~ M
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2
on [0, ;] and we reach a contradiction whenever ¢; > ¢ (%ﬁ) . Thus, foreach t € (0,T),

2Ks \° ¢
2 < = <
Mo S max{(l —2sK5) ’t}’
from which we infer that

2 < €
sup [l4] < co<n>max{1,t}

1
whenever || < {t and € < min {%, (%) 2 } Here we have employed the definition of 2
and (6.15) to derive a suitable Cy, given by Co = 144 K52, O
The ensuing corollary distinguishes an equivalent estimate on the norm of the Hessian of
the time-dependent parametrising function p introduced in the statement of Lemma, 5.3.

COROLLARY 6.6. Suppose p is a solution of (5.4) and e > 0 is such that ||p—1||cor(s) < €

on (0,T). Then, for eacht € (0,T), we may estimate the square of the norm of (V;V5p)
in the following manner:

sup || (ViV5p) |? < Do(n) ma.x{l, %}
s
subject to the constraints on Q2 and € stipulated by Theorem 6.5.
PRrROOF
As in the proof of Proposition 6.4, we have || (V;V;p)||? < Ki(n)(1+¢+ || A|?) (with

respect to the metric on M; induced from S). Thus we may utilise Theorem 6.5, with its
attendant restrictions on €2 and ¢, to discern that for each t € (0,7T),

SE?H(ViVjp)Hz < K (1+€+C’oma.x{l,%}).

In an identical calculation to that performed in the proof of Proposition 6.4, we once again
recall the determination of (4.16) contained in the proof of Theorem 4.4 to ascertain from

hypothesis that ||(V;V;p)]|> > (1 — & Ka(n)) | (V:V5p) ||2 Therefore
sup H(ViV;f"p)”2 < Do(n) max {1, ¢ ,
as required. O

3. The evolution equation for V™A

-Given a family of manifolds {M; : t € (0,T)} evolving by (5.1), we shall now employ an
inductive argument to procure an evolution equation for curvature derivatives of arbitrary

order. We commence by calculating the time derivative of the Riemannian connection on
M;.
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LEMMA 6.7. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the rotating
drop flow (5.1). Then the Riemannian connection on M; satisfies the evolution equation:

%I‘(p,t) = R ()G(p,t)VMA(p,t) + K (t)VM((p,t) * Alp,t) + Alp,t) x VM A(p,t)

+ fa(p,t)VM A(p,t) + A(p,t) » VM fo(p, 1) .
PROOF

For notational convenience we shall reintroduce (5.15). We may then invoke Corollary 5.7
to compute: :

9 o ( ../ 9*X 0X
—F = — g y
ot v ot 0piOp;’ Opm
_ ﬁ(km)p..+ em ([_02 (0X\ OX\ /[ 0°X 8 (90X
=y )imi T Op:0p; \ 0t ) Opm Bp:0p;’ Opm \ Ot
82 X 82X 9
_ kmp, | km 7
= T2 g (<6pi8pj (W)’Bpm> * <5pi8pj’ OPm (ny)>)'
Now

0? X o (., 0X\ 08X
<5pi3pj (711/) ’&;> = <a—pz (h 3%;) ,E> n + hjmvm + himvj"]

= (WTimt + g (Vily + TRY — T4 R%)) n

+ himVin + hinVjn

= (Vmhij + Thhot) 7 + hjmVin + himV;n
and

92X 8 > <32x ,ax>
= 2wy = (= R Vn — hiiVim
<3p¢8pj OPm () opidp;” ™ Opy 7 A

= nhlmrilj - hijVn .

Here we have used the orthogonality of the normal and tangent spaces on M;, the Gauss-
Weingarten relations, the Codazzi equations, and the definition of the covariant derivative
for the tensorfield (h’;). Thus, by recalling that n = (h!(; — H — fo) and again employing
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the Codazzi equations, we ascertain that

0
a Pfj = gkm (nvmhij + hjmvin -+ himVj’l’] — hiijn)

= (thI - H - fQ)gkmvmhij + hkjvi(hlgl — H — fa)

+ W5 V(WG — H — fa) — hijg"™ Vi (h'G — H — fa)
= WGViRY; + B (WG + BE VG — 6 VmG)

+ (hiVeh™ — B¥ Vo h™; — 5 V,h™; — HVAF;)

— faVih*; + (6" hijVmfa — B*;Vifa — 5V, fa) .
We then infer that

%r = hiGVA + hVG*A + AxVA + foVA + Ax Vg,

as required. ' ' &

For any (tangential) tensorfield whose evolution is governed by the rotating drop flow, we
now proceed to describe the resultant behaviour of its covariant derivative.

LEMMA 6.8. Suppose that T € FP(M,) is a tensorfield of class C 3 evolving by the rotating
drop flow (5.1), and W € F(M,) is a tensorfield of class C* such that, for eacht € (0,T),

%T(p, ) = AM™T(p,t) + W(p,t).

Then, for each t € (0,T), the covariant derivative of T satisfies an evolution equation of
the form:
6 t 7
5V Tpt) = AY (VM (p, 1)) + K ()G(p, t) VM Alp, t) x T(p, 1)
+ R (OVMG(p, t) % Alp,t) x T (p,) + Alp,t) x A(p, t) * VM T (p, 1)

+ A(p,t) x VM A(p,t) x T(p, t) + falp,t)V™ A(p,t) x T (p, 1)

+ V¥ fa(p, t) x A(p, ) x T(p,t) + V¥W(p,t) .
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PRroOOF

We use Lemma 6.7 to compute:
0 0 0

= V(AT + W) + (KGVA + BVG* A+ AxVA
+ foVA + AxVfo)*T
= V(AT) + hGVA*T + hiV(x AxT + AxVAxT

+ (faVA + Vfax A)xT + VW.

By interchanging covariant derivatives, we find that
V(AT) = A(VT) + Rm*VT + VRm*T

where Rm = (R,jx;) is the Riemann curvature tensor on M;. We may invoke the Gauss
equations to determine that Rm = (hshj — hyhjr) = A% A. Therefore,
v (AT) = A(VT) + AxAxVT + AxVA*T ,

which implies the desired result. O

Through the deployment of an inductive argument, we are now able to characterise the
evolution of any covariant derivative of the second fundamental form.

PROPOSITION 6.9. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the
rotating drop flow (5.1). Then, for eacht € (0,T) and m € NU{0}, the order m covariant
derivative of the second fundamental form satisfies an evolution equation of the form:

%V"‘A(p,t) = AM(TA(p, 1) + K(t) D) Viale )« VA(p,t)x VEAp,t)

i+jtk=m

+ WV (p, 1) + Y VEA(p,t) % VIA(p,t) x VEA(p, 1)

i+j+k=m

+ ) Vifa(p,t)* VIA(p,t)* VEA(p,t) + V™2 fa(p,t) .

i+j+k=m
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ProoF

We proceed by induction on m. Upon examination of the evolution equation for the second
fundamental form given by (5.21), we deduce that

(% - A)A = RGAxA + WV + AxAx A+ foAx A + Vg .

Here we have observed that, for each i € {0,...,n+1}, V2(; = A (v, e;) whenever we adhere
to our convention that ey = 0. Therefore the proposition is valid for m = 0. Now suppose
that the result holds for a particular m =1 € NU {0}. Then

Oga = A(VIA) + BT > Vg« VIAxVFA + RV,

t
o i+j+k=l

+ ) VAXVIAxVRA+ Y VifoxVIAxVFA + V2o .
itj+h=l i+j+k=l
We may therefore apply Lemma 6.8 with 7 = V*'A and

W = h? Y ViaVIAXVRA + BV + Y VIAXVIAx VR A

i+j+k=l i+j+k=l
+ Y VifoxVIAxVEA + V2o,
i+j+k=l
to compute that

gZV’“A = A(V"A) + hIVAxV'A + BRIV x AxVIA + V3

+ A% Ax VA + AxVAXV'A + (foVA + Vg x A)x V'A

+ K Z (VH-qu*vjA + Vicq*vj+1A) * kA + hqvl+3<~q
itj+k=l

+ Y (VMAXVIA + Vi fox VIA + Vi fox VIT1A) « VFA

ij+k=l
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= A(VHA) +h7 ) Vi« VIAXVFA + WV,

i+j+k=1+1

+ Y VAxVIAxVEA+ Y VifaxVAxVRA + Vg,
i+j+k=1+1 i+jtk=l+1

Thus the result holds for m = [ + 1, and we verify the proposition for each m € NU {0}
by the principle of mathematical induction. &

For arbitrary m € NU {0}, we may now derive our evolution equation for |V™A(p, t)||* as
a consequence of Proposition 6.9.

COROLLARY 6.10. Suppose {M; : t € (0,T)} is a family of manifolds evolving by the
rotating drop flow (5.1). Then, for each t € (0,T) and m € N U {0}, the square of the
tensorfield norm of V™A evolves in the following manner:

O v AOIE = AM ([T ARIP) + ROV * VA, 0

+R(E) Y ViG(p,t)x VIA(p,t) x VEA(p, t) x V™ A(p, t)

i+j+k=m

+ Z ViA(p,t) = VIA(p, t) « VEA(p, t) x V" A(p, t)

itjt+k=m

+ > Vifa(p,t)x VIA(p, t) x VEA(p, t) x V™ A(p, t)
i+j+k=m

+ V™2 fo(p,t) x V™ A(p, t) — 2||V™ A, b)|| -

PRrROOF

Upon examination of the evolution equation for the inverse metric given by (5.17), we may
assert that

%g_l = RiGA+ AxA+ foA.

We then employ Proposition 6.9 to compute, for any m € NU {0}:

8m2_8mm
S VAR = o (V"4 V™A)

My
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|

-+

= 2 <A(V"‘A) + At Z ViG*xVIAxVEA + RIV™2( + V2,

i+j+k=m

D

t(va),va> + (R'GA+ Ax A+ fgA)*V"Ax V™A

My

i+j+k=m i+j+k=m

+ > VAxVIAxVRA+ ) vifn*viA*va,va>

My

+ (R'GA+ Ax A+ faA)x V" Ax V™A

= 2(A(V™4),V"A) - + BVTEGAVTA + B Y ViGA VIAXVEAX V™A

i+j+k=m

+ > VifaxVIAxVEAX V™A + V™ fo % V™A

i+j+k=m

+ Y VAxVIAxVFAxV™A.
i+j+k=m
We now observe that A [|[V™A|* = 2 ((A (V™A) ,VmA>M + ||Vm+1A||2) to obtain the
t
desired result. . o

4. An estimate on |[V™A||?

We may now extend the methodology expounded in the proof of Theorem 6.5 to evince a
priori estimates on curvature derivatives of any order: these are not optimal but sufficient
for the purposes of forthcoming analysis.

THEOREM 6.11. Suppose {M; : t € (0,T)} is a family of star-shaped manifolds evolving by
the rotating drop flow (5.1), and € > 0 is such that ||| X| — 1||cors) < € on (0,T). Then,

for each t € (0,T) and m € NU {0}, the square of the tensorfield norm of V™A satisfies
the following estimate:

’t? ’ tm+1

sup | V™Al < Cm(n)max{l L ¢ }
M,

subject to the constraints on 2 and € stipulated by Theorem 6.5.
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PROOF

We proceed by complete induction on m, where the case m = 0 is established by Theorem
6.5. Suppose there exists a particular m € N such that the theorem holds for each | €
NU {0} with ! < m. In particular, on (0,7) we have for each | < m,

2 1 ¢
SJBIFHVZA“ Sclmax{l’ﬁ’t_lﬁ}‘ (6.17)

On the time interval [§,24], with 0 < § < —:g—, we shall examine the quantity

|V A2
(dm — |Vm-14]%)

m

where d,,, = 2C,,-; max {1, 6,,,%1 , 3%} We then utilise Corollary 6.10 and Lemma A.1 in
Appendix A to deduce that

9 m
(5 -2)=
1 . o
= RIV™T2(,x V™A + h? Vi, * VFAx VIAx V™A
o= (7 22

+ Y VFAxVIAxVFAxV™A+ D VifoxVVAxVFAxV™A

i+j+k=m i+j+k=m

gm

Vm+2 V™A — 2 Vm+1A 2
Y e VA1) + =TT

(R« V1A

+ R Y Vi VIAXVEAX V™ A+ ) VA VIAXVEAX V™A

i+j+k=m—1 ' i+j+k=m—1

+ Y Vifax VIAxVFAX V™A + V™ fo x vm-lA) - 2(2m)?

i+j+k=m—1

- 2 ) <v,@m, v ||vm~1A||2> : (6.18)

(dm — V-2 4)"
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For each I < m, we shall now evaluate terms of the form which arise in the evolution
equation for 2™, where (in the usual manner) | - || shall denote the supremum over M;.

We commence with the examination of the expression h?V'*2(, x V! A, where we recollect
that (o = \/%4-1 In the particular case [ = 0, we may cite Proposition 6.4 to find that

WV« A < e K(n) (1+]|1All) 1A

More generally, if [ € N is even, then there exists a p € N such that [ = 2p and we may
invoke Lemma A.2 in Appendix A to assert that, for each ¢ € {1,...,n+ 1},

p+1 2j—1

vl+2<q - V2(p+1)§q = (Uaeq>z Z H®VkrA

I=1 93 ke=2((p+1)—j) ™1

P 2j
+VCq*Z Z H@Vk'A.

I=L S ke=2(p—j)+1 71

We may then employ Proposition 6.4 in conjunction with Lemmas A.6 and B.1 (contained
in the respective appendices A and B) to ascertain that

hIVAPHIC 5 VP A

2j-1 2p+1
= | (e Z > [[evFAa+v?ra+ [[e4
I=2 T k=24 1)-5) T r=t

P 25
+VC* Y > [[eV*A|xv*ra

7=l S ke=2(p—) 4171

p—1 25 s 2j+1-s
= h|(me) (DD [[eAr > [[ evF"'4 + v>4
7j=1 s=0 i=1 2J+1—8(kr+1) 2(}7—]) r=1
2p+1 p 2j-1 s 2j—s
+H®A)+VCQ*ZZH@A* > H@vkr“A * VP A
g=1 =0 i=1 50 (ke 1)=2(p—5)+1 =1
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n+1 p—1 2j 2j+1—s
K(2p,n) Zlh" (ZZnAn >, IT l[v+a] + HV?”AII

j=1 s=0 2J+1 s(kr+1)—2(p—]) r=1

p 2j— » 2j—s
+ AP+ Z |A|° > 11 HV’“'“AH) v A

j=1 s=0 S8 (k4 1)=2(p—j)+1 T=1
-n+1
eK > CI(1+0+ (|4l (1412 + (V4]
q=1
p—1 2j 2j+1-s
+ > S TNALL > 1T 1Al nv2"A|| 2
j=1 s=0 U= (ke 1)=2(p—3) "=}
p 25-1 V 2j—s
+3 34l > 1T Al w oAl ] oAl
j=1 =0 SHL (ke D)=2(p—5)+1 T=1
e K(2p,m) (1 + 14]l,0) (1412 V4], + [v*AllZ,
pl % 2j(1+4) LN (2i-1)(1 2 Gn
+ 305 aEtE | vralls + ZZ | Alloo IIV"AII
j=1 s=0 j=1 s=0

K(1+]AlL) ( JARe 1 2 v al?,

p—1 . o — 7
b 0s 40 (S1ape + Cod) jona)? )

i=1

P25 -1), dp+1—2j5
# >0 (W a4 22 lIV"”’AIIi))
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< eK(2p,m) (1+ 1A]) (IS + [[vAl?2).

Here we have utilised Young’s inequality, and through a parallel computation in the case
of odd I we discern that, for each | < m,

RIVHIG VA < e Kallm) (L 1Al (I + [9AlL) - (6.19)

We continue by observing that in the particular cases [ = 0 and [ = 1, Proposition 6.4
implies that

h? Z Vi, *xVIAxVFAx A < K(n)(1+]Q+e(1+]All,) AP

i+j+k=0
and
WY Vi VIAxVEARVA < K(n) ((1+ 0]+ (1 + | AlL) A1V A
i+j+k=1

+e (1+[|4ll,,) (141* + [IVA]%) .
Furthermore, we discover that whenever | > 2,
Kt Y Vigx VA« VEAxVIA

i+j+k=1

l
= Y Vigx Y. VIAxVFAxV'A

i=0 JHk=1—i

l |
= K1) Vig* (A *VTAXVIA+ ) VI AR VR A V’A)

=0 jk=l—2—i

1
= he (Z Vi * (A * VA« VA + Z VIHLA % VFH A « V’A)

i=0 jk=l-2—i

-2
+ Y Vi« (A*V""A*V’A + > vj+1A*vk+1A*le)

=2 Jtk=1—2—i

1
+ Y VI x Ax ViA% le) . (6.20)

=0
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Clearly the linear combinations of tensor products specified above vanish whenever (I —
2 — 1) < 0. With the assistance of Proposition 6.4, Lemma B.1, and Young’s inequality we
evaluate the first term which occurs in this expression:

1
WY Vi (A *VITAXVIA+ Y VARV A le)

i=0 jHk=l-2—i

1
D A (U TE R S T )

=0 Ftk=l-2—1

IN

n+1
K ((m Q]+ 300 (1+19] + Al )) (114l 9],

q=0

(k+1)
oY AR A gt ) ||le|!)
k=12
n+1
+ey Cr(1+19] + [14ll,) (141l [V 4]l IV' 4]l
q=1
_' £_2
b A Al s e P ))
j+k=1-3

IN

K(tm) (14190 4 (14 [[41L) 14l | 741

- -0
e (L4 Al 41T (9] )

VAN

K (0419042 0+ 1410) 141 |94,

1 2l -1 2
rer 1) (5140 + EoD o)),
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We now examine the term

-2
he Z Vi¢, (A *VAx VA + Z VIt A % VFH A & V‘A) .
i=2 jAk=l—-2—i

Suppose ¢ is odd. Then there exists a p € N such that ¢ = 2p + 1 where, by again recalling
that (o = ﬁ and ey = 0, we may cite Lemmas A.2 and A.6 to determine that, for each
qge{0,..,n+1},

P 25—1 2s
v2p+1(q — z (1/, 6q> Z H ® VA + V(:q % Z H® vk A
s=1 Tt kr=2(p—s)+1 771 2 kr=2(p—s) =1
25—2 b 2s—-1-b
= Z(l/ eq)ZH®A* Z H ® Vit
b=0 o=l Y21 (ke 41)=2(p—s)+1 =1
2s—-1 b 2s-b
+ngq*ZH®A* > H@V’“’+1A+V§q*H®A
=t b=0 o=l 7250 (k1) =2(ps) 71 r=1

Since 2p + 1 < | — 2, we observe that the highest order curvature derivative which can
appear in the preceding expression is V!4, and we may utilise Lemma B.1 together with
Young’s inequality to estimate that, foranyodd i =2p+ 1l with2<i <1 -2

V2p+1Cq* A*VZ—(2p+1)A*le + Z Vj"'lA*Vk“A*VlA

jrk=l—(2p+3)

P 25-2 2s—1-b

< K@p+1,Ln) [ SN )4l >, IT Iv=+4]
s=1 b=0 T2t 4 1)=2(p—s)+1 "=
p—12s—-1 25—b
+2o 2 1A > TLIVEAl + A ) .
s=1 b=0 Y27 ket 1)=2(p—s) 71

lAIV=EDAL VAl + Y [RA VAL V4]

j+k=1—(2p+3)
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p 282 2s—1-b

< K(2p+11n) (zz PUSEDS IT A fva)

s=1 b=0 T2 (k1) =2(p—s)+1 T=1

p—12s—1 2s5=b
+33 4, Y [T 1415 |va] 2 + ”A”Zp)

s=1 b=0 Y287 (kr+1)=2(p—s) =1

+kt
("A””L“HV’AH D DI i IIVZA”M_)

G+k=1—(2p+3)

P 28-2

s— _s__z_z J_i
<K@2p+1,l,n) (ZZ ||A|| (261 )||v Al + |4

s=1 b=0
p—1 2s—1

3 Ay ||V‘All—) AL | via)

s=1 b=0

P | 8 . s _ Py
=" (2(23_ DA Al - > as a0 ||le||§°£2_’+12)

s=1 s=1

< K (Z@s - 1) G AIS + “—‘l—) IIV‘AIIZ)

s=1

e 2s+1 20— (2s+1
+ 223 <( 32l ) “A”ggl+l) + ( (2ls )) ”VIA”ZO)>
s=1

< K@p+1Ln) (AR + 94l
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By a further application of Lemma A.2, we derive a similar result through a parallel
calculation in the even case. Therefore, we again invoke Proposition 6.4 to verify that

-2
hTY Vi« (A *VTAXVIA+ Y VARV AR V’A)

i=2 j+k=1-2—-i

< e K(m) (L4 A1) (12 + | VA]2)

In analogy with the calculation of (6.19), we may assert the following bound on the final
term which appears in (6.20):

1
RY VG R AxVIARVIA < e K(Ln) (L+ (141l (1A + [[9'4]%)

i=0
By collecting the preceding results, we discern that, for each | < m,

ht Y Vi xVIAxVFAxVIA < Ko(l,n) ((1+|QI+6(1+I|AIIOO)) [

i+j+k=l

VAl

o |

+e(1+ Al (112 + [v'a]%,)) . (621)
When [ = 0, we observe that
Y VAxVIAxVFAxV'A < K(n) ||A* .
i+j+k=0

Conversely, when | € N, we utilise Lemma A.6 to evoke the following characterisation of
this quantity:

2 s 3—s ‘
Y VAxVIAxVEAxVIA = (ZH@A* > H@V’“’“A)*V’A.

i+j+k=l s=0 i=1 2;i(kr+1)=l r=1

Thus we may again invoke Lemma B.1 and implement analysis similar to that already
performed to ascertain that, for each | < m,

Y VAxVIAxVFAxVIA < Ks(ln) ||A]% ||V'AILZ - (6.22)
itj+k=l

In the particular case [ = 0, we cite Cauchy’s inequality to find that

Viax A = Q> (VG* VG + Gre) A)x A < |QK(n) (1 + 4.

i=1

We now explore the case for arbitrary [ € N. If [ is even, then we may write [ = 2p for
some p € N. Hence, by invoking Corollary A.3 and Lemma A.6 in Appendix A, we deduce
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that for even [ > 2, Vi*2 fq is given by

V2P+2 fQ

p+1 2j—1

= Q [(TrX,0) > > [[evka

I=L SE T k=2((p+1)—5) =T

P 2j
+ ) | VITe X[ > f[@ vkiA

i=1 S ki=2(p~g)+1 71
n 2j—1
+ ) (v,eg) Vi * > [[eVHa
=1 T ki=2(p—j)+1 =1

( v, ens1)’ + Z V¢, * VCq*) > J]e V’“"A) ]
P

=1 25 N j=
7= 7 ki=2(p—j) =1

1 25 s 2j+1-s 2p+1
= Q [(wmx v) (Z [[eAx > Il ev¥"a+ [Je4

j=1 s=0 r=1 YHHI (4 1)=2(p—j) =1 j=1

2j—-1 s 2j—s ‘
+V?A) + i (v |TTRn X | % JZ [IeAx > i‘[ ® VFtlA

= =0 r=1 S kit )=2(-5)+1 =1

n s 2j—-1-s

+3 (e, vgq*ZH@A* > [T @ v*+4
q=1

=0 r=1 L (ki )=2(p—5)+1 =1

93
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n 2p
+ (1 — (v, ent1)” + Zch*ch*) (H@A
j=1

g=1

p-12j-1 s %-s
X Ilear 3 Jleva
j=1 s=0 r=0 Y H 8 (ki+1)=2(p—j) =1

We note that we have isolated the only occurrence of V% A which appears in the expression
above. Consequently, we may utilise Corollary 6.2 and Lemma B.1 in conjunction with
Young’s inequality to bound the quantity V*2%fq x V! A, for each even [ € N with I < m:

V2 fo x VP A
p-1 2j 2j+1-s
21 K (2p,m) | [ Do lAI° > IT [Iv5ra]f + jap>
3=1 =0 2 Rt D)=2(p—5) =1
P 2j-1 2j—s
+Ival) + 3| { oAl 2 [T lv=a]
F=t A\ =0 S (ki )=2(p—4)+1 =

2j—1-s

252
+3 1Al > IT ver 4|
8=0

THIT (ki) =2(p—j)+1 =1

p—125-1 2j—s
+ L1417 + >3 j1Ale > H V54 ) | VA
j=1 s=0 YT (kit1)=2(p—j) =
p—-1 25 2j+1—s
1 K@2p,n) | DS 14112, > 11 ||A||oo IIV”’AII 2
j=t s=0 ST kit )=2(0—5) =1
p 2j-1 2j—s

vl Y (S X T e #
j=1 \ s=0

Y10 (ki+1)=2(p—j)+1 =1
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25-2 2j—1-s
+ >Nl > 11 HAIIoo |V2”AI| 5+ A"
s=0

YU (k1) =2(p—j)+1 =1

p—12j—1 2j-s
VIS 3 ST SRR | (21l W g [T
j=1 s=0 L7 (kit1)=2(p—3) =1
p—1 - b
01K [Z 27+ DA VAL + 1+ 140 412 4l
7j=1

P _(2i-1)
£ 30 (21120 1 -1y g

=1

.

p—1 . )
oAl + 325t ) ||vsz||’;-%]

i=1

p—-1 o .
. 2p — 1
12} % {E@a # 1) (& 1A + P omall) & 1+ BAI) 11
j=1

(25— . , 4p—2j+1
#30 (B (3 + - 01l ey + =2 yomy 2 )
j=1

3 2 Xy (4 (2p— ) 2
PRIl + S (e LD wnal)

Whenever 1 < j < p, we note that 0 < 2(2p+ 1) — % < 2(2p + 1). Regardless of the
magnitude of ||A||, we may then assert that

2(23 CHAEETE < k) (14 JAe).

Hence we deduce that, for each even | < m,

V2 fax VIA < Q| K(1,n) (1 + [l + ||V’A||Zo)'
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Through an analogous application of Corollary A.3 in the case of odd I, we obtain an
equivalent estimate on this term. Therefore, we have established that for each | < m,

Vo x VA < 11Kl (1 + 141 + [VAlLL) (6.23)

We now estimate the final term involving covariant derivatives of fo occurring in the evo-
lution equation for 2™. Notice that in the particular cases corresponding to I € {0, 1,2},
we may use Cauchy’s inequality to ascertain that

> VifaxVIAxVEAxA < |Q|K(n) AP,
i+j+k=0

Y VifaxVIAxVFAXVA < |QIK(n) (JAI* + 1 + A IVA]®)

i+i+k=1
and

Y VifaxVIAxVEAx VA < Q1K (n) (IAI% (1 + [141%)

i+j+k=2

+ (1 + 1Al [[V24II%,) -

In the final estimate we have invoked Lemma B.1 and again observed that

Vo = QY (VG* Ve + G (v,e) A).

i=1
In a similar manner to the computation of (6.20), we discern that, for [ > 3,

> VifaxVIAxVEAxV'A
i+j+k=l

2
= Zvifg* (A*VHA*VlA + Z Vj+1A*V’“+1A*V’A)

i=0 jk=l—2—i

-2
+ Y Vifox (A *VTAXVIA + ) VARV AR V’A)

i=3 J+k=l-2—i

1
+ Y Vifax AxVIAX VA (6.24)

1=0
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Once more, it is important to emphasise that the linear combinations of tensor products
specified above vanish whenever (I — 2 — i) < 0. We may now bound the first expression

which occurs in (6.24) through the employment of Corollary 6.2, Lemma B.1 and Young’s
inequality:

2
Y Vifax (A *VIAXVIA+ Y VT ARV AR V’A)
i=0 JHk=1-2—i

2 |
< KGm) Y|Vl (nAn||v’-iAn||le||+ > uw“Aunvk“Annv’An)

i=0 Jtk=l-2-i

J+k=1-2

< |91 K ((IA”oo ||VIA|| + C(l,n) Z ||A||2 {342 Hva”Hw)

+ (HA”OO IV Al VA, + Cln) D A ST ||V1A”1+$—1’+’°+2 )

j+k=1-3

+ (1+14ll) (1Al [|[V'24] V4]l

i (G+k+2)
+C(n) Y AR v ))

jHk=l-4

< 19IKQn) (llAnw VAP, + 1A [vtal
—_ L._l
+ (1+ [14ll0) 11415 ||le||1+ )
< K (1AL 9l + 5 141 + o vl

+ g (Frais + SR ) )
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< Q1K) (A1 + (1 + 1Al (14127 + [v'4]2))

If ¢ > 3 is odd, then we may find p € N such that ¢ = 2p + 1. Therefore, we may again
utilise Corollary A.3 and Lemma A.6 to compute:

P 25—2 b ' 2s—1-b
vV, = Q (T X,0) Y [[@Ax > I] ev4
s=1 b=0 a=1 Zg’s:_ll_b(kr+l)=2(p—3)+l r=1
p—1 2s—1 b © 2s-b
P S (vmext S [oas Y [[evis
s=1 b=0 o=t T (bt 1)=2(p—s) =1
n 28-2 b 2s-1-b
T ITIIIO0 30 ) CYPRD DR | e
g=1 b=0 a=1 Zfi—ll—b(kr+1)=2(p_8) r=1
2s—-1 b 2s—b
+ (1 — (v, 8n+1 ZV(Q*VCQ*) Z H@A* Z H ® Vkrtig
b=0 o=l T2 (kr+1)=2(p—s)—1 =1

2p—1
+V [T X|? *H@A—%— Z v, eq) V(Q*H@)A}

r=1 g=1 r=1

Once again, we note that since 2p+1 < I, V!=2A is the highest order of curvature derivative
that can appear in this expression, and we may employ Corollary 6.2 and Lemma B.1

in conjunction with Young’s inequality to estimate that, for any odd ¢ = 2p + 1 with
3<i<l-2,

VP fox [ AxVEPRALVIA + Y VAR VAL VIA
j+k=1—(2p+3)

P 2s-2 2s—1-b

< 1K@+ LLn) [ S Al° 3 [T Iv¥+4]

s=1 b=0 223 1- b(k +1)=2(p—s)+1 r=1
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+ (ii VA SN | (G ||A||2”)

s=1 b=0 23 (kr+1)—2(p s) r=1

; (ijZnAu” ) I1 [[v%+a] + ||A||2”‘1)

SLb=0 R bht)=2(p-s) 77
p—12s-1 2s—b
STur Y L) (uAn [v-eotoa] [94]
=LE=0 S R+1)=2(p—s)-1 T

+ 2 [IvrAlvtr4| ||V’A||)

j+k=l—(2p+3)

p 2s-2 2s—1-b
(krtL)
< 19 K@p+1,50) [ N 148, > IT lais ™ o)
s=1 b=0 Y21 ket 1)=2(p—s)+1 =1

- ap 25-1 2s—b A . L_) VIA
+ Al + 1Al +Z DAl > 11 1A% | ||

s=1 b=0 Zzs:lb(kr-l'l) 2(p—s) r=1

2s5-2 28—1-b

+ 514l 3 T fans s o)

b=0 S 21 (k4 1)=2(p—s) T=1

2s—1 25—-b
+ 31418, 3 HuAn”anlAn ))

bt S22 e+ 1)=2(p—s) -1 =1

(I g™ 3 i a )
j+k=1—(2p+3)
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p 2s-2

S— u__l _
< |QKE2p+1Ln (ZZ IIAH S + (Al + Az
s=1 b=0
p-1l /251 (P‘S)) 2(p—s) (23_ (P— . 2(p—s8)—1
= 2 (3 (P Al e o )
s=1 b=0

25—2 ‘
- LA )) AL vta)
b=0

p s p—1 s
< mm(zms-nnmﬁz‘“” VA 3 (2 g,

s=1 s=1

#2s A S [ s - g SO0 o)

(||A||‘2"*”(”’) + (140t ) V442 )

—~1
< QK 3 26 — 1 _'E A 2(1+1) (l—'s) le 2 X 9 (23+1) A 2(1+1)
< K (D25 =) (AT + == VAl ) + D2 {28 (S5 141X

s=1 s=1

PG gy | )yt GG oy )

+ (23 _ 1) ((23 + 1) ||Al|(2(l+1) 2s +1) ( 2l - (22; + 1)) “le”Zo))

2p+1 204+1) - 524 20— (2p+1 2
# D (e 4 &) EoBrtl) )IIV’AIIW)

< 1Q1K@p+ 1,40 (1 + AJE + [[VAllL).
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By a parallel computation in the even case, we discern that

Vifo * (A*VHA*V’A + Z Vj+1A*V’°+1A*VlA)

jAk=1—2—i

< K@) (14 AP + 9]

Furthermore, in analogy with the calculation of (6.23), we may bound the final term which
appears in (6.24):

1

N Vi fax AxVIAXVIA < 10| K(1,n) (1 + A + ||VIA”io)

i=0
We may now collect the preceding results to discover that, for each I < m,
> VifaxVIAxVFAxV'A < [Q K5(l,n) (1 + [lAPHY 4 ||le||§0) . (6.25)
i+j+h=l

By recalling the constraints on {2 and € determined by hypothesis, we may then substitute
(6.19), (6.21)-(6.23), and (6.25) into the evolution equation (6.18) to obtain the inequality:

%,@m < A™ + Ke(m,n) (

1+ [lAll5
dm — [[ VLA

) (1 + 1A + oAl

+ (14 Az + [veral) 2m) - 2(2m)

2 m m—
- Gy (V2 Y I Ar)

< A2™ + K;(m,n,Co,Crm-1) (.A2 + A (Qm + sup (Qm))) - 2(2m)?
M,

_ 2
(dm — [ Vm-24)°

) (var, v |veal). (6.26)

Here A = max {1, %}, where we have deduced from our inductive hypothesis (6.17) that

[v=-1A4]2%
(dm ~ [|Vm14]%) ~
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and, on [§,24] for k € NU {0},
Al (Go A"
(dm - ”Vm_lAHZ) ~ Cp-1max {17 sm—1) 5m} N

In an argument completely analogous to that posited in the proof of Theorem 6.5, we may
again cite [45, Lemma 3.5] to derive the following ODE 1nequa11ty for solutions of (6.18)
that satisfy (6.26):

(007 m— 1) Ak

4 a7 < Klmm) (A + A2 - 220"

Suppose, by way of contradiction, there exists a t; € [4,26] such that 22 (¢1) > 2K A.
Then

4 o) < (§+ 5 2) (2
— (Zl0))

whenever K > %, and 2 is decreasing at ¢;. By reasoning which parallels that pro-
pounded in the proof of Theorem 6.5, we confirm that 2. > 2K A on [§,t;]. Hence

d m m \2 1 vt
:ﬁ Qmax (‘Qma.x) = [ Q;,g (w)]w=6 < (t 6)
on [4,t1], and we reach a contradiction whenever (¢ — §) > 2K 5% Thus
ﬁ (t—06) < 377 -
Zax <
2KA  (t—0)> 577 -
In particular, for 26 € (0,7), '
1
m <
2n (26) 4Kma.x{ 25}
from which we infer that
sup |[V™A|? < 4Kd,max {1, 1
Mag 20
1 € 1
< omBKC,. 1 . —
= 2 KC lmax{ a(26)m_1)(25)m} max{]-a 26}
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1 €

This result verifies the theorem for each I < m. Thus the theorem holds for all m € NU{0}
by the principle of mathematical induction. &

COROLLARY 6.12. Suppose p is a solution of (5.4) and e > 0 is such that ||p—1||cor(s) < €
on (0,T). Then, for each t € (0,T) and m € NU {0}, the square of the tensorfield norm
of V™+2p (with respect to the metric on S) satisfies the following estimate:

1
sup [V 2|2 < Dm(n)max{l : }
S

’ t? ’ gm+1
subject to the constraints on 2 and e stipulated by Theorem 6.5.

PROOF

In analogy with the proof of Theorem 6.11, we proceed by total induction on m € NU {0}
and first prove the following statement with respect to the metric on M; induced from S:

. 1\? € \3
Pm) sV < Dm(n)max{l, () a(m)z}

for each t € (0,T), where P(0) was established in the proof of Corollary 6.6. Now suppose
there exists a particular m € N such that P(I) holds for each I < m. We note that

Vm+2p2 — Z Vip*vjp

i+j=m+2

— ||Vm+2p2|| — pvm+2p+ Z Vi+lp*vj+1p

i+j=m
> sm) (o9 = X [ 197l
i+j=m
1 ) ,
= vl < Al 3 ). e
i+j=m

whenever K > 1. We utilise our inductive hypothesis, Corollary 6.2, Theorem 6.11, and

Corollary A.4 in Appendix A to estimate the two terms on the right hand side of the
inequality:

MoV [Vl = 21Val [V + DD (V2| [V

i+j=m i+j=m—-2
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1
< 4€D,§1n_‘1max{17<tm%)2,(tim)%}
1 1\ [ e\ 1 1\ [ e\
R RORCN [ HORCRS)

1

< ko (om0, (2) (2} 5 e ()’ )

i+j=m—2

Ky(m, n) max {1, (tmi_l); , (t—f;);} . (6.28)

Furthermore, if m is even, then we may find p € N\ {1} such that m + 2 = 2p. Now, by
Corollary A .4,

IA

vm+2 p2 — v‘Zp p2

P : 251 p-1 2j
= >u > H@Vk‘A+Z(Vp2* S levea
=1 ¥ k=2(p—j) * i=1 T4 k=2(p—j)-1

2j
+ Y J]evk4

L, ki=2(p—j)-2
Thus we may compute, with the assistance of Corollary 6.2, that

2j-1

P
vl < K@em (> 30 TTIV4l

J=1 9 U =2 (p—j) *

p—1

2j 2j
+> (e > IIIve4l+ >0 ITIve4|

=1\ ©¥ k=2(p—j)-1 ¢ T H ki=2(p—j)-2 *
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s (% 3 (et (i) ()’

=Ly E  k=2(p-j) !

IN

p—1

25 1
+ H(Ckz)%ma‘x{lﬁ ({};)2 ’ (ﬁ%-l-)

=1 \T¥ | ki=2(p—j)-1 *

[NIE

v Y Heotn

Zfi ki=2(p—j)—2 ¢

MIH
,_/\_.\
/\
}’;- —
v
N
/N
*
T ™
—
N——
N|=
———

IN
=
S
=
3
p—
N
——
—
N
)
'Gl =
[V
N———
D=
P
e
T m
L
N—
N=
——
+
:
——
—t
N
o)
"-? —
N———
Nl
~
)
Tl ™
S
—
[NV
——

IA

1
1 \? £ \3
K(2pa n) max {]" (t2p—2) ? (t‘Zp—l) } '
In the case of odd m, we may derive an equivalent expression. Hence,
1
1\2 / € \3
m+2 2
By substituting (6.28) and (6.29) into (6.27), we deduce that, for each t € (0,7,
. 1
1\2 / & \3
m+2
sup [V™*2p]] < Djn(n)max {1, (t_';> : (tm‘*'l) } .

Thus P(l) is true for each | < m and P(m) holds for each m € NU {0} by the principle of
mathematical induction. ’

To verify the corollary, we again proceed by total induction on m € NU {0} and prove the
equivalent statement:

1
. m+2 % i ? _E_ %
Q(m) sup V™ p| < Da(n)max {1’ (tm ’ (tm+1)
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for each ¢ € (0,T), where Q(0) is established by Corollary 6.6. Now suppose there exists
a particular m € N such that Q(I) holds for each | < m. Throughout the following
_exposition, we shall employ the notation contained in Section 2 of Chapter 1. In addition,
we shall distinguish by subscripts both covariant differentiation and the computation of
tensorfield norms with respect to either the metric on S or M;. We may then exploit the
interdependence of the Riemannian geometries on S and M; implied by Lemmas 1.4 and
5.3 to quantify the relationship between the respective covariant derivatives of p:

m p

k
= Vii' (@) + 3 3 | X [[eve®@e) - T) |« Ve

p=1 k=1 \ 5k g;=p_kJ=1

V‘m+2

Therefore, by the triangle inequality,

m P k
[VE+2ells < Bitmm) [ 303 [11v2 ) - T)ls||vE+27

p=l k=1 5} g=p-k =1

+ Vi (Vo)) - (6.30)
We further deduce from Lemma 1.4 that
VM p|2
VS — VM): . |
p = p ( p N LT v(p)

and

L(p) — L(s) = (p(p2 Z|%SP|2)) * (pV 30 + g(s) % (p° + VZpx Vp)).

Hence

.12
S WS 07
h itjth=m+1 Me M \/TW Mi

+ Z VipxVitlp, (6.31)
i+j=m+1

and, for each k € {0,...,m — 1},

; 1
Vs (T(p) — T(s)) = Z Vs (p(pz—l— V5 012) ) ( Z Viap* (Vip*Vp

i+j=k p+g+r=j+1

+VEpxVEp)) . (6.32)
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Now, for each j€A{0,....,m+1},

. VM 5|2 _1
VM<\/1I—_|5L47|> = >0 Vs VEI Vi (- 19M) ) (639)

p+gt+r=j

where, for each r € {1,...,m + 1},

(1= 1970P) )

T

Z — |TMep2 ) (gi1) Z H® Z V‘}\,}tlp*vbﬂ . (6.34)

q=1 E 1Icp_'r gp=1 at+b=kp+1

Similarly, for each i € {1,...,m — 1},

s (o (6* + IV50P)) ™)

i(/’ (8 + V)™ S H@ ( > Vipx (VepxVip

g=1 Y= kp=i—gp=1 a+b+e=kp+1

+ V5o xVETp)). (6.35)

For k € {1,...,m + 1}, we now characterise the terms V%, v(p) occurring in (6.31). In the

odd case there exists p € N such that &k = 2p — 1, and we may invoke Lemma A.5 exposed
in Appendix A to compute that

2j-1

Vﬁlty — 2p 1 Z z H®qu\,4t

I=1 SH g=2(p-j) =1

251

+ Z Z [[eviAxv. (6.36)

=L 2 gi=2(p—j)-1 =1
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Similarly, in the even case there exists p € N with k£ = 2p and we discern that

p 2j—-1

vllc\’fty = Vigtl/ = Z Z H®vf’1‘l4tA

3=l \$ ¥ 7 gi=2(p—j)+1 =1

251

+ Y JleVviaxv]. (6.37)

¥ ai=2(p—j) =1

We observe from (6.30), (6.32), and (6.35) that every term arising in the expression
V& (T(p) — T(s)) || S”ngn)—p plls is bounded by either the hypothesis of our corollary
or that of our induction. In a manner analogous to calculations already performed in both

this proof and that of Theorem 6.11, we may employ (6.32), (6.35), and our two hypotheses
to deduce that

> > H IVE (T(p) — T(9))| s IVE+27pll

p=1 k=1 E = QJ—P"’CJ =1

< By(m,n) max{l, (Z};)z , (t-;fﬁ)z} (6.38)

We recall a calculation performed in the proof of Theorem 3.3 to assert that, with respect
to the metric on S, the eigenvalues of the matrix (g% (p)) are given by

—1 ~ m=1; and
P2 +{V5y| ’

p% 2<m<n.

We may therefore cite (6.31), (6.33), (6.34), (6.36), and (6.37) in conjunction with Theorem
6.11 and the veracity of the statement P(m) to estimate the last expression appearing in
(6.30). The analysis again proceeds in parallel with that already undertaken in both this
proof and that of the theorem:
-(mg2
Ve (o)l < m T v (70|

S M,

< Bj(m,n)max {1, (tim)% , (tm%)%} . (6.39)



4. AN ESTIMATE ON ||[V™A|? 109

We may then substitute (6.38) and (6.39) into (6.30) to confirm that, for each ¢t € (0,T),

1
2 1 1\2 / € \3
sup [V™*2p]| < Di(m)max {1, ( ()" ¢

Thus Q(m) is verified for each I < m and we establish Q(m) for each m € NU {0} by the
principle of mathematical induction. This implies the result of the corollary. &




CHAPTER 7

Asymptotic Convergence to Minimisers

In this chapter we shall prove that solutions p of (5.4) converge asymptotically to cor-
responding solutions g of the Euler-Lagrange equation (2.4) determined by Theorem 3.1.
Much of the analysis shall be premised on the assumption that a given initial condition
p(-,0) € Z remains appropriately close to g in the Lipschitz topology on S. As a conse-
quence of the diffeomorphism given explicitly by equation (3.1) in the proof of Theorem 3.1,
such a choice is clearly possible and we may further restrict this Lipschitz neighbourhood
arbitrarily.

1. Short time preservation of Lipschitz proximity to S

Since the results of Chapter 6 were based upon the assumption that M; remains arbitrarily
close to S, we must now verify that there exists a short time interval for which this is
actually the case.

PROPOSITION 7.1. Suppose p is a solution of (5.4) and o € Z is a corresponding solution
of the Fuler-Lagrange equation (2.4). Further suppose that strictly positive e, and €, are
such that ||p(-,0) — ollcors) < % and ||o — 1||cse(sy < €,. Then there exists a constant
C(n) such that, for each t € (0,C™1),

e = ollcorsy < &
whenever ) and € = €, + €, satisfy the constraints prescribed by Theorem 6.5.

PRrOOF

Throughout the proof, all geometric quantities shall be computed with respect to the metric
on S. By hypo’Ehesis and the continuity in time of p, there exists a first time ¢ € (0,7)
for which ||p(-,%) — ol|cor(s) > €,, otherwise the proposition holds trivially. Therefore, on
(0,9),

llp — Q||co,1(5) < g . (7.1)
Furthermore, we deduce from the triangle inequality and hypothesis that on (0, %),
o = Llgors) < €. (7.2)

Therefore we infer from Corollary 6.6 that, for each t € (0, ),
€
sup HV2p||2 < Do(n)11, —} . (7.3)
s t

110
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We now consider the evolution of the two functions v = (p — ¢)* and w = |VS (p— o) |2. In
analogy with the procedure pursued in the proof of Theorem 5.5, we recollect the uniformly
elliptic operator Q, given by (5.6) and set p, = Ap+ (1 — A)p for A € [0,1]. By Theorems
3.3 and 5.5, it is evident that p, € C* (S x (0,T)) and, in particular, p, € RF for each
k € N and t € (0,T). Moreover, we infer from our hypothesis conditions and the triangle
inequality that, for each ¢ € (0,%) and X € [0, 1],

oy — Hgoas < €. (7.4)

For arbitrary r € R?, we again note that each coefficient of Qq is at least C! in its argument

(s,z,7) € S x R* x T'S. By calculations mirroring (5.7) in the proof of Theorem 5.5, we
therefore deduce that

% = 20-0 [ H@alphax (7.5)

and

%% - 2<V(p—@),V([OI%(Qa[pA])d/\»- (7.6) -

Now, for each i € N with 1 <4 < n and r € R3, we compute that
Vi(Qalr]) = (ViQu)[r] + Q- [Vir] + ™ (5,7, Vr) (guVikr — g Vir). (7.7)

Here we interpret (V;Q,) [-] as the operator whose coefficients are defined by the first-order
covariant derivatives of those corresponding to )., where we have interchanged third-order
covariant derivatives of r attached to the coefficients a®. In particular, we observe that,
for any n € C3(S;R),

(ViViV, — VieViV)n = (hahi™ — hhi™) Vin = 9aVin — guVin ,

since the metric and the second fundamental form coincide on S. If we now take ry =
(s,0,,Vp,), then

ono= 10 = (0,(0-9),V(e—0).

Hence we infer from the quadratic behaviour of the operator @, (as articulated by equation
(5.8) in the proof of Theorem 5.5), (7.5), (7.6), and (7.7) that

Z—’; B / (Qp,[0] + ca(rs)v — 207 (r2) Vi(p = ) Vs (0 — )

+ 2(p—0) (<Da'ij|!',\’ r;\>~// ViVp, + (Dbil!',\’ r/I\>~// Vip,

+ <DCQ|P>\’r),\)1/ p,\)) dA ’ (7'8)
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and

%_l: N /01 (@, [w] + ca(rr)w + 2(¢"Vi (p = 0) (ViQy,) [0 — ]

+ a9 () (Vi(p—0) Vilp—0) — ¢*ViVi(p—0) V;Vi(p - 0)
-0 IV (p—0)°) + ¢*Vi (p— 0) Vi ((Da%|s,,13),, ViV;p,

+ (D¥|xy,15),, Vip, + (Dcaley, i)y py))) dX (7.9)
Observe that we may also write p, = A(p —0) + o. Thus, by extracting the relevant
terms from the integrands on the right hand sides of (7.8) and (7.9) whilst again invoking

(5.8) and interchanging third-order covariant derivatives, we deduce from the fundamental
theorem of calculus that

% = Q] + calr)v — 207 (r1) Vi(p—0) V;(p— 0)

1
+ .2 (P - Q)A (<Daz]|r>\7r)l\>«;/ Ving + <Dbz|l'>\ar,(>1/ V,‘Q

+ (Dealr,, r;‘)y/ Q) X, - (7.10)
and

%_‘: = Q] + ca(r)w + 2(g¥Vi (0 — 0) (ViQ,) [0 — o]

+ a” (1) (Vi(p—0) Vi(p—0) — 9"ViVi(p—0) V;Vi(p— 0)
2 1 ..
-9V (p—0°) + d*Vi(p—0) /0 (Vi ({Dd"|:,,13),, ViV, 0

+ (Db|y,,13), Vie + (Deglr,, 1)y 0)) dA) . (7.11)

We now estimate terms arising in these evolution equations. Clearly

<Daij|r,\7r)’\>1/ = ((P— 9) Dz + vm (p_ Q) DT"‘)a’ijlrz\ ’
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while, for each | € {1,...,n},

Vi(Da|s,,13), = (Vilp—0)D; + (p— ) ViD, + ViV (p — 0) Dym

+ Vi (p = 0) ViDrm) @, .

We recall the characterisation of the coefficients a¥ contained in Definition 5.1 to observe
that their various mixed derivatives appearing in the expressions above contain at worst
linear factors in second-order covariant derivatives of the intermediate graph p,. Hence we
may employ our hypothesis condition on g, (7.1), (7.3), and (7.4) to discern that, on (0, ),

2 (P - Q) <Daij|r>‘a r;\>¢/ ViVjQ = (szz + vaDrm) aijlr,\ving

IN

Vit (Drm@?) |, ViVjo + e2¢,K1(n),  (7.12)

and

nglvk (p—0)Vi (<Daij|l‘,\v r/(>~;/ viva)
= (2wD, + VuwDrm + 2¢°Vi(p— 0) (0 — ) ViD.
+ Vm (P - Q) VID‘rm)) aijlrxving + 2gklvk (P - Q) ((P - Q) Dz

+ Vo (p — 0) Drm) @9, ViViV,0

1
< Vo (Dyma) s, ViVj0 + €26, Ka(n) (1 + (%)) . (7.13)

Similarly,
2(p— o) (Db"|u,r)'\>7/ Vie < Vv (Dmmb)|e,Vie + 26,K3(n) , (7.14)

and

29"V (p — 0) Vi ((DV|r,, 13, Vie)

< Viaw (Denb) |5, Vie + €26, Ka(n) (1 + (%)5) : (7.15)

Once again, in our consideration of the derivatives of the coefficient co, we must distinguish
our treatment of the global terms {h'}. In a computation identical to equation (5.10) from
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the proof of Theorem 5.5, we ascertain that

DHlrt), = = a)30%0,) ([ (Dl ) ([ )l 0,00

+ 1%(p,) [ (D (wa),

(rav20,): (T4, V(P = 9))>wy20(3) do . (7.16)

In analogy with the calculation of (5.11) and (5.12), we assert that, for each j,k,I €
{0,..,n+ 1},

/S<D¢kl|rpr§\>~// do = /S((p— Q) D: + Vi(p— 0) Dri) Yuilrado (7.17)

and, integrating by parts,
[ (pwa),
s

= fs ((p=0) D + V' (p— 0) (gimDsm — V™Dy,,)) (¥a);larv2pdo . (7.18)

(I'A,V2p/\)7 (ri’ v2 (p - g))>1/x.5’°(S)
2

We note that the result of Lemma 4.6 remains valid in the context of the weaker condi-
tion (7.4), and therefore obtain the following estimate on the components of the matrix

(M%7 (p,)):
|M¥(p,) — M3(1)| < eK9m)|S|™'. (7.19)

Since the function (1q); is linear in the argument ¥ € F2(8S) for each j € {0,...,n + 1},
we deduce that the integrand occurring in (7.18) again contains at worst linear factors
in second-order covariant derivatives of p,. Moreover, the global terms {h’} are spatially
invariant, and we may evaluate the relevant derivatives of the remaining terms arising in
the coefficient cq in analogy with those appearing in a¥ and b*. Thus we may collect
(7.16)-(7.19) and invoke our hypothesis conditions on p and €2 in conjunction with (7.1),
(7.3), (7.4), and Definition 5.1 to demonstrate that

hk(z)Ck(s’z)

2(0=0) (Dealyri)y 0 < Voo (Dimen = =24

Drm+/2% + |T|2) 0
ry

(S0

+ e2Ks(n) (1 + (%) ) . (7.20)
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and

29klvk (p — Q) vl ((DCer)\) I'/I\>«// Q)

k 1
< Vaw (DTch - h_ﬁf)C_l;(fﬁ)_Dm 22 + |T|2>\ o + £2Kg(n) (1 + (5)2)
z r) t
(7.21)

We now consider the term involving first-order spatial covariant derivatives of the coeffi-
cients a¥ (r;) which occurs in (7.11). For arbitrary r € R? and ! € {1,..,n}, we discern
from Definition 5.1 that

g 1/ .. VirVir
ij - ig YTV
var = (5 (o - 7))

= - (26:‘ ) Vir + %(wV‘Vzr + 6VIVr) + 2680 (rVir + V™V, Vir).

Therefore, where appropriate, we may add and subtract second-order covariant deriva-
tives of the stationary solution g whilst utilising (7.2), Definition 5.1, and Lemma 6.1 to
determine that

29"V, (p — 0) Vi (a” (r1)) ViV, (p — 0)
ik . ) 3
= (b‘ (r1) (% + ¥ (rl)V’“p> View 4+ 2V* (p — o) (1; (' (r1) VIV — a“ (r1) Vip)

+ b (r1) ¥ (r1) (pVip + V'OV Vi) )>Vivj (p—o0)
< ¢ (5,0, V5, V2, V20) Viw + £ Ko(n) [V (0 — 0)| [(Vi¥; (0 — )

< $Vaw + e Kr (55 + (VY5 (= o)I?). (7.22)

Here the coefficients ¢* € C® (S x (0,T')) for each 7 € {1,..,n}, and we have applied the
Peter-Paul inequality with § > 0. Now, since (¢“(p)) = (a¥ (r,)), we recollect a calculation
contained in the proof of Corollary 6.12 to assert that the eigenvalues of the matrix (a* (r;))
are given by

.-
—=——- m=1; and
P2+ Vol !

Bm =

L 2<m<n.
P
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Hence, where we recall from our hypothesis that € < %,

207 (1) *ViVi (p— 0) V;Vi(p —0) 2 281 [(ViV; (0= o))"

2 2
> e (Vs o=l

> [I(ViV; (o= )II*.
Thus we may choose § = (¢K7)™! to deduce from (7.1) and (7.22) that
2 (g"V (p— 0) Vi (a7 (11)) ViV (p = 0) — a¥ (11) ¢V Vi (p— 0) V; Vi (p — 0))

< ¢'Vaw + 2 Kg(n) . (7.23)

To conclude our analysis of the expressions occurring in equations (7.10) and (7.11), we
note that the first-order spatial covariant derivatives of the coefficients b' (r;) and cq (r;)
contain at worst linear factors in second-order covariant derivatives of p, which may be
bounded by (7.3). In addition, we may employ Proposition 6.4, Theorem 6.5, (7.2), and
our hypothesis condition on {2 to bound both the parameter and the global terms arising in
the gradient of cq. We therefore substitute the results of (7.12)-(7.15), (7.20), (7.21), and

(7.23) into the appropriate evolution equations (7.10) and (7.11) to derive the following
differential inequalities on (0, f):

% < a¥ (rl)ViVjv + ﬁ;, (8,[), Q,VP’VQ’VZQ) Viv

+ e2Ko(n) (1 + (%)%) , | (7.24)
and
ow

5 < a” (r1) ViVw + v} (s,p,0,Vp, Vo, V?p,V?0) Viw

+ e2Kio(n) (1 + (%)%) : (7.25)

Here the coefficients 5%,~% € C* (S x (0,T)) for each i € {1,..,n}, where we have again
cited Proposition 6.4, Theorem 6.5, (7.1), and (7.2), together with our hypothesis to esti-
mate the outstanding terms 2cq (r1) v and 2cq (r1) w. Since the matrix (a¥ (r1)) is positive
definite, we have further observed that, on (0, ), ’

0 < a’(r)Vilp—0)Vi(p—0) < (1+eK(n))el,
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while

a (r1)g; IV (p— o> > 0.
Therefore, we may again invoke [45, Lemma 3.5] in conjunction with (7.24) and (7.25)
to verify that the evolutions of spatial maxima for v and w satisfy the ensuing ODE

inequalities on (0, %):
d £\
g Umex S =Ko (” (z))

d £\ 2
E'wmax < €?K10 (1 + (.‘E) )

Furthermore, we discern from Lemma 6.1 and Cauchy’s inequality that, on [0,T),

and

('Umax + wmax) S “P - 0“200,1(5) S 2(Umax + wmax) .

With the assistance of our hypothesis, we then verify that, on (0, %),
1 1
(Vmax + Wmax) < €2 (Ku(n) (t + 2(et)2> + Z) : (7.26)

Hence, we deduce from (7.26) that, on (0, ),

1 1
”p— Q”?}O,l(s) < Ef (2K11 (t -+ 2(5t)2) + 5) .

Under the supposition that K37 > 1 and by recalling from our hypothesis that € < %, we

then derive a ‘contradiction’ whenever ¢ < ﬁr- Therefore, the proposition holds if we
11

take C(n) = %. ¢

As a consequence of Proposition 7.1 and the triangle inequality, we may now confirm the
existence of a short-time interval for which solutions of (5.1) remain in Lipschitz proximity

to S.

COROLLARY 7.2. Suppose p 1s a solution of (5.4) and o € Z# is a corresponding solution of
the Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of Propo-
sition 7.1. Further suppose that C(n) is the constant prescribed by Proposition 7.1. Then,
for each t € (0,C71),

lo = Llcors) < €
whenever ) and e satisfy the constraints prescribed by Theorem 6.5.

REMARK 7.3. Henceforth, in our discussion of the interval (0,7"), we shall take T to be
the time C~! established by Proposition 7.1, where the a priori estimates prescribed by
Theorem 6.11 are justified by Corollary 7.2. This enables the extension of the time interval
determined by Theorem 5.5, should it be necessary.
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2. Exponential decay in L*(S)

In this section we demonstrate that the difference between our time-dependent and sta-
tionary graph characterisations decays exponentially with respect to the L*°(S) topology
on the short-time interval (0, T’). We first derive an analogous finding in L?(.S), where the
exposition shall rely heavily on the results and formalism of Part 1.

THEOREM 7.4. Suppose p is a solution of (5.4) and o € Z is a corresponding solution of the
Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of Proposition
7.1. Then there exists an w(n) > 0, given explicitly by
9 n + 16
w

= = 8 _8%04(72’)’

such that, for each t €-(0,T),

1w
o = ollasy < £, 2" S|z e

1 2
n 1 4\2 7n+16
whenever |Q] < & and € < min {3 , (Co) ,( 804 ) }

Proor

Throughout the proof all geometric quantities shall be computed with respect to the metric
on S, unless otherwise noted, and we will continue to adopt the convention that ey = 0. If
we take n = (p — p), then it is evident from Theorems 3.3 and 5.5 that n € C* (S x (0,T)).
We first define the following function, which has been chosen to enable direct apphcatlon
of Theorem 4.4 in the forthcoming analysis:

€ = ot (7.27)
where

Qn+1

VN e
Since p is sta,tlonary ‘with respect to equation (5.4), we shall subsequently be permitted to
relate the evolution of the quantity ||£]|? 72(s) to that of ”"7”%2(5) on (0,7T). Furthermore, it
is clear from (5.4) that

d
¥ €072y = 2(Qalol, ) 1a(s) - (7.28)

In analogy with a calculation performed in the proof of Lemma 5.3 and by employing the
notation of Chapter 1, we may assert that

Qaldl = ———V”*p'v”' (H(0)6(0) — H(p) — falo)). (7.29)

In the general setting, the construction of the L2-gradient flow generating (5.1) motivates
the interpretation of Qq : R? — C%(S) as a non-constant factor of the Euler operator
corresponding to the functional %, introduced in Definition 2.4. We may therefore expand
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Qalp) in Fréchet derivatives about the minimiser g, where we truncate the expression at the
second-order term and recognise that the second Fréchet derivative of Qq is a symmetric
bilinear form:

Qalp]l = 0Qq[dl[n] + /0 1 /0 1 610%Qq [qie2p + (1 —c1%2) 0] [m, n]dcldcg. (7.30)

We shall now reintroduce the prime notation of Part 1 to distinguish Fréchet differentiation
and examine the terms arising in this expression. If the domain of the operator %,

—_~

introduced in Definition 4.1 is extended to encompass all of C%%(M), then, by recalling the
computation of the Jacobi operator contained in the proof of Lemma 4.2 and employing
Lemma 1.4, we ascertain from (7.29) that

Qle) = —
V1 - [VMel?

For the test function 7, we then deduce from Corollary 2.6 that

¥ = (X'()v(0)) = 7@—%5 = m/1 - [V (7.32)

In the ensuing exposition we shall consider the concepts of orthogonality and tangency with
respect to the set %, in the topology of L?(M). In particular, we note that ¢+ € JVI_; on

(0,T). We further observe from (7.32) that ny = o™). We therefore deduce from Lemma
1.4, Definition 4.1, Theorem 4.4, (7.31), and (7.32) that

(QS’)[Q],Q"¢>L2(S) = — (% W]"p)m(ﬁ)

Za [(X'(e),v(0))]- (7.31)

= — (% W19 ) e + (% 7] 9% )

IN

= (Ml ey + (%o 7184 sagan))

= XN (””b"i%m - ”’/’T“zm(m) ~ (L] ¥ ) g (7:33)

Here JA; is characterised by equation (4.20) contained in the proof of Theorem 4.4: the
minimum eigenvalue of %, when restricted to its natural domain ‘/Vx; By employing

Lemma 1.4, (7.27), (7.32), and our hypothesis, we note that

2 2 :
[l = [rede = Nl (7.34)
Moreover, since 9 is merely the projection of ¥ onto Z,, it is clear that

T = MI(0) (%, G paan Gi(0) - (7.35)



2. EXPONENTIAL DECAY IN L*(S) 120

We now estimate the inner products (¢, ;) 1231y corresponding to i € {0,..,n+1}. We

first infer from Proposition 5.13 that p € Z on (0,T). As a consequence of Lemma 1.4
and the isoperimetric constraints specified by Definition 2.2, we then discover that

0 = / (0" = @) Godo = / n (Zp""‘e)’“) Godor
S S k=0

while, for each ¢ € {1,..,n+ 1},

n+1
0 = /S (P2 = ") G(Ddo = /S n(Zp("“"’“g’“) G(1)do .
k=0

Hence, by again employing Lemma 1.4 in conjunction with Corollary 7.2, the Cauchy-
Schwarz inequality, (7.32), and hypothesis,

n 1 n p n—k
/Sng (1—n+12(5) )Codo

k=0

’('Qba CO)Lz(M)‘ =

— 3 1 &K\
< sup (=& ¥ V) (1 - n+1,§(5) ) ol (s 1€l e
< < Bu0n) (2 el (7.36)

Similarly, where we further utilise Lemma C.5 in Appendix C, for each ¢ € {1,...,n+ 1},
| (1/17 Ci)[,z(j[,j) |

ot T, 0 (n+1)—k

k=0
1 1 n+1 (n+1)-k
n+1 2 P
< sup (Q Vot + |VQ|2) (1 - n+2; (Z)) 1Gill L2 (s 11€11 £2(s
1
IS \?
< eBi(n) el 1€ L2(s) - (7.37)

Thus, we infer from Lemma 4.6 and (7.35)-(7.37) that
2 ..
”'lpTHLz(j\‘,f) = Mz](g) </¢), Ci>L2(M) (d}’ Cj)L'a’(ﬂ) < 82K2(n) ”5”%2(5) : (738)
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We now evaluate the final term occurring in (7.33) with the assistance of Lemmas 1.4, 4.6,
Corollary 1.7, Definition 4.1, Proposition 4.7, (7.34), (7.36), (7.37), and our hypothesis:

- <=-?Q [wT] ’wl>L2(’M’) = - Mkl(Q) ('@b, Ck)LHﬁ) <gﬂ [CI] )¢l>L2(ﬁ)
< M) (W, 6o o 10 Gl pagen 19 | iy

< eKs(n) ||f||i2(5) : (7.39)

Here we have employed the Cauchy;Schwa,rz inequality on L2(M ) and deduced from the

Gauss-Weingarten relations that AMQ(Q) = — H(p) (v(0), e;). Thus we may substitute
(7.34), (7.38), and (7.39) into (7.33) to assert that

(Qaldl,m9) a5y < = (M (1= €°Ka) — e Ka) 1€l 7o) - (7.40)

We now account for the second-order term arising in (7.30). Since we do not consider
normal perturbations of the class of star-shaped manifolds under examination, it shall be
simpler, in contrast to the exposition contained in Part 1, to phrase the ensuing analysis
within the context of the invariant geometry on S. For (¢1,) € [0,1] x [0, 1], we set p, =
(61520 + (1 — 6152) o) where, by Theorems 3.3 and 5.5, it is clear that p, € C* (S x (0,T))
and, in particular, p, € R* for each k € N and ¢t € (0,T). Moreover, we discern from our
hypothesis and Proposition 7.1 that, on (0,7),

Hp*('at) - 1”00,1(5) < e. (7.41)

When composed of the argument (s, z,7) € S x Rt x T'S, we note that each coefficient of
Qq is of class at least C2. If we take r, = (s, px, Vpy), then

orn] = r, = (0,n,Vn)
and
O’r.[n,n) = 1/ = 0.
We may therefore compute the second Fréchet derivative of Qq[ps] evaluated at 1 in the

following manner:
Qalp)” = (a9)"ViVipu + (V)" Vo + cipu + 2 ((aij ) ViVin + (¥) Vin + C'gn)

= (DY), [rorly ViVips + (D), [r,1ly Vi,

+ (D%eq)|,, [rioridy o + 2 ({(Da?)

Ty ri’<>1/ V"VJT)

+ ((Dv")

roTa)y Vin + ((Dea)le, 10)y 1) (7.42)
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We may then integrate by parts and invoke (7.27) to deduce that

2(((Da?)

l’*’r;>~;/ Vivjn,m")p(s) = /S(((2DZ - V’C (ln SO) DT")G’U r*) V'Lan

- Vk ((D‘rk aij r*) V«,V]n)) §2d0' .

We observe, from the structure of the coefficients a*/ and b of Qq prescribed by Definition
5.1, together with the definitions of i and p,, that the integrand occurring in the expression
above contains at worst third-order covariant derivatives in the graph characterisations
p and p. Therefore, by Corollary 6.12, Proposition 7.1, Corollary 7.2, Lemma B.1 in
Appendix B, (7.27), (7.41), the triangle inequality, and our hypothesis, we determine that,
for each ¢t € (0,7,

2[({(pat)

!

ro Ty )y ViVin, 7790>IP(S)|

IN

K[Vl + €[Vl + [V20ll 920l ) NElEacs

IA

l = = = =
K@) (V9L [72ll%, + < [0, + 19911 1V el [920]1% [ 9% 012) gl

1 e 1 &b
< K4(n) (6% max {1, T —l_} + £ max {1, T —}) ”5”22(5’) . (743)
ta 13 tz t -

Here the supremum norms are evaluated over S at each time ¢ € (0,T). Similarly,

2 |(((D¥)

T I‘;>7/ Vﬂ'] ) T]gD)L?(S) l

r.) Vi = Vi ((Dret?

r.) Vin)) €%do

| ((@D. = Vi(ng) Db
S
< K)(e+ 2197 + V0] ) Nelis

1
K(n) (e + €[], + 191L [920]12,) I€lEags)

Ks(n) (52max{1, (%)%} + 7 max{l, }) ”5“22(5)- (7.44)

IA

IN
~+ | ™
[T TN

o~
M»—-l =

?
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Furthermore,

((D%a)

<

<

while

r, [T 1]y ViV, 7’7‘P>L2(3)i

1 g
/ (((nDzDz + 2VnD,. D, — §Vk (Inyp) VmDT,cDT,> a”lr*) ViV,p.
s

~ 594 (Vin (D Dy

r.) Vivjp*)) 2do

e K() (9%, + 192l 9% + 19202, + £ [9%.].) el

e Kg(n) (max{l,%} + emax{l,t

1
2

: 7}) 1€l 2cs) (7.45)

| =

(S

(D2)

Ty [ri,d r:]"// Vip* ) 7790>L2(S)‘

1 )
/ (((nDzDz + 2VenD,Dy — EVk (ln <p) VlnD,-kDﬂ) b’lr*) V.ips
S

— %V}c (Vl’f] (DTpc DTz bz

r) V,-p*)) £2do

< cKm(e + [Vl + V77l + 9% ) Welags

< eximmn{1,(5) Mel (7.40

It is important to emphasise that the derivatives of the global terms {h'} arising in (7.42)
again require more delicate examination, since they contain second-order terms. In analogy
with the computation of (5.10) in the proof of Theorem 5.5 and by invoking Definition 5.1,
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we discern that

(DH*

rl), = — M*(p)M(p.) ( / <D¢u|mr;>yda) ( / <¢g>j|(r*,vzp,)da)

+ M%) [ (Da),

! 2
(re,V2pi)s (r*) \Y n)>”//x‘5”20(5) do . (747)

Moreover, where we employ the symmetry of the matrix (M%7 (p,)),

(D2hz

l'*) [rild ri,-]“//

= M*(p,) (M™(p0) M*(p.) + M*(p) M"™(p,)) .

([ Dbty ) ([ Dbuenxty o) ([ () e w2mndo

= 3r4oMp) ([ (0%, orl)y do) ([ ) lewmnrdo)

+2 (/S(Ddszlr*,ri)vdU> (L<D (Wa);

+ Mij(P*)/S(D2(¢n)j)

] 2
(re,.V2p,)s (r*, \ 77) > V' xF2(S) da) )

(e, V70) s (0, V1) ]y s 90 - (7.48)

(l'* vvzp*)

In calculations which parallel (5.11) and (5.12), we then integrate by parts to discover that,
for each j,k,1 € {0,...,n+ 1},

/(D'l/)kllr*ari)"l/ do = /n(Dz - viDTi)"/)kllr*daa (749)
S S

and

[ {pwa),

_ / n(D. = ViDsi + VV™Dy,.) ($0), 92000 - (7.50)
S

! 2
(r«,V2p,)» (r*7 \Y% 77)>1/xy20(s)
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Similarly,
[S (D*pu)|,, lesorsly do

= /n(nDzDz + 2VinD,Dyi — Vi (VinD;i D)) Yl do . (7.51)
s

We next observe from Definition 5.1 that the function (@), is linear in the variable
9 € F(S). Hence

[ (o7

= /77 (ﬂDzDz -V (Vl’l')Dq-iDTz) + 2 (VszDT, + VivknDzD,yik
S

(r+,V2p,) [(I',:, VZTI) ’ (ri, Vzn)] VxFP(S) do

-V (vkvlnDﬂ' Dﬂkt))) (Qz)ﬂ)jl(r*,vzp*)da . (7.52)

Furthermore, by (7.41), the analysis performed in the proof of Lemma 4.6 proceeds un-
modified in this context and we ascertain that, on (0,7,

|M(p,) — MP(1)] < eK¥(n)|S|™" . (7.53)

We deduce from the form of the functions ¢, and (¢q); introduced in Definition 5.1 that
the integrands occurring in (7.49)-(7.52) again comprise at worst third-order covariant
derivatives in the graph characterisations p and p. Moreover, the integrands arising in
(7.47) and (7.48) which remain undifferentiated in the variables (s, z, 7,) include at most
second-order covariant derivatives in the quantities p and p. We note that the first deriva-
tives in the variables z and 7 of the remaining terms in the coefficient cq are respectively
contracted over n and V7. Thus we may invoke Corollary 6.12, Proposition 7.1, Corollary

7.2, (7.27), (7.41), (7.47), (7.49), (7.50), (7.53), the triangle inequality, and our hypothesis
to demonstrate that, for each ¢ € (0,T),

2 [{{(Dea)le.st2)y 1,16 1a(s)|

< eK(n) (1 + V2l + |V, + e||V3p*||°o) €122 s

3 1 ez
< eKs(n) (max{l,z} + Emax{l, t_%’T}> ”E”iz(s). (7.54)

Furthermore, we may integrate by parts and treat the second derivatives in z and 7 of the
remaining terms in cq similarly to those of a¥ and b* accounted for in the calculations of
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(7.45) and (7.46). Thus we may perform analysis parallel to that already undertaken whilst

citing Lemma B.1 in Appendix B, (7.27), (7.41), (7.47)-(7.53), and the Cauchy-Schwarz
inequality on L?(S) to compute that

\ < (D 209) |r* [, rf(]«x/xyzo(S) Px 7790>

L%(8)
< K@) (e (1 + [V + 19202 + [0 + 9%l
9%l 9% ) €l

< K(n) (5 (1 + V20l + V202, + EIIVsp*Iloo) + [19nll3, ||V 0|2,

~ | ™
I N

o~
M»—tl =

bl

1 1
+ IV9l1E IV R V2]l 92012 Helegs)
}) 1)

1 et
< Ky(n) (e (ma.x{l,%} + max{l,g,gti}) + g3 max{l,
(7.55)

We now recall the characterisation of A; given by (4.20) and our hypothesis condition on
2 to assert that

A1 >

In addition, it is evident from hypothesis and (7.27) that

(1 —¢,Ku(n)) ||77||2Lz(5) < ”5”22(5) < (1 + €,K12(n)) ||77”iz(5) )

where the quantity on the left hand side of this inequality is strictly positive for sufficiently
small e,. Since g is a stationary solution of (5.4), we therefore deduce from (7.28), (7.30),
(7.40)-(7.46), (7.54), and (7.55) that, on (0,T),

d n+ 16 1 1
G < —2(T5 2 = stk (14 7))ol (750)
We next deduce from our hypothesis and Proposition 7.1 that, for each ¢t € (0,7),
()72 < €218 (7.57)

We now choose K13 = Cy(n) with w(n), 2, and € defined in accordance with the statement
of the theorem. For an arbitrary time ¢ € (0,7), we may then integrate the differential
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inequality (7.56) over the interval (£,t) to ascertain that

in (InCo o) ], < -t (P20 e,

Thus, we infer from (7.57) that

Tn+16

InC,Olas) < €127 IS]en™

This implies our desired result. &

COROLLARY 7.5. Suppose p is a solution of (5.4) and 0 € Z is a corresponding solu-
tion of the Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of
Proposition 7.1. Then there exists a 6p(n) > 0 such that, for each t € (0,T),

lp = ollzeis) < 16me,e™™
whenever ) and € satisfy the constraints of Theorem 7.4.

PRroOF

By Proposition 7.1, it is again clear that, on (0,7,

lp = ollcors)y < e,.

Therefore, we may invoke Theorem 7.4 and Lemma B.3 in Appendix B to conclude that,
on (0,T),

lo = elmis) < 4m1SIF2 \lp — AlTizlo — ell T,

IA

2
48172 (2,242 || &) ™7 (e,) 73

_ 2wt
< 167e, e ntz .

We then choose 6y = :—:’2 > 0 to verify the proposition. &

3. Global existence of unique solutions

We may now verify the global existence of unique solutions to the rotating drop flow (5.1)
whenever the initial boundary M, of the drop Ey remains appropriately close to S in the
Lipschitz topology. As a consequence of Lemma 5.3, it is again sufficient to prove this
result for a given solution of the scalar valued problem (5.4). Due to the interpolative
nature of the Gagliardo-Nirenberg type inequalities contained in Appendix B, it shall be
necessary to place further restrictions on the initial proximity of any such solution to a
corresponding solution of the Euler-Lagrange equation (2.4).
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PROPOSITION 7.6. Suppose p is a solution of (5.4), 0 € Z is a corresponding solution
of the Euler-Lagrange equation (2.4), and C(n) is the constant determined by Proposition

2

7.1. Further suppose that strictly positive €, and €, are such that ||p(-,0) — olcor(sy < 2—6\/13
1
and ||o — 1||csa(sy < €,. Then there exists a x(n) > 0 such that, for each t > (&)?,

o — ollcoasy < €,Cs(n)e™
whenever ) and € satisfy the constraints of Theorem 7.4.

PRrROOF

In conjunction with our more restrictive hypothesis condition, we infer from Corollaries
7.2 and 7.5 that, on (0,7), |lp — 1||lcor(sy < € and

”p — Q||L°°(S) < 167T8f6_00t .

Therefore, we may employ Corollary 6.12, Corollary B.2 in Appendix B, and the triangle
inequality to deduce that, on (0,T),

1 1
o — ellcorsy < K(n)llp - Q“foo(g)”ﬂ - 9”(231,1(3)

1 1
< K (16ree) (Jlp ~ Llors) + lle = 1lloras)?

1
1Y\ 2
g, K(n) e ¥ (6 + Dé max {1, (%) 2})

1
< g,C5(n) max {1, (E) ! } e ¥

Since C1! = W 2>, here we have approximated the Lipschitz seminorm of Vp by ||V 2p|| .

The result now follows directly if we take x = %Q.

IA

The ensuing corollary is then an immediate consequence of the triangle inequality.

COROLLARY 7.7. Suppose p is a solution of (5.4), o € Z is a corresponding solution of
the Euler-Lagrange equation (2.4), and C(n) is the constant prescribed by Proposition 7.1.

2
Further suppose that strictly positive €, and €, are such that ||p(-,0) — o|lco1(s) < 2\/55]02
5
1
and ||o — 1||csa(s) < €,. Then, for each t > (&)*,
o = 1llgoasy < g™ +e,
whenever () and € satisfy the constraints of Theorem 7.4.

Under the hypotheses of Proposition 7.6, we may now confirm the global existence of
unique solutions to the problem posed by (5.4).
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THEOREM 7.8. Suppose p is a solution of (5.4) and p € Z is a corresponding solution of
the Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of Corollary
7.7. Further suppose that ) and e satisfy the constraints of Theorem 7.4. Then T = co.

PROOF

By Corollary 7.2, ||p — 1||gox sy Seon (0,7). In particular, we note from our hypothesis
condition on & and Corollary 7.7 that, for each t > (v/3C)~! € (0,T),

lo = o) < ™ + ey (7.58)

Moreover, we may employ Corollary 6.12 to deduce that, for each m € N U {0} and

t>(v30)™
sup [Vl < Dpmax {1,(V3O)"e(VBO)™ | < Kulm).  (759)

Thus the interior regularity estimates corresponding to ¢ > (v/3C)~! are independent of
time. We now observe that the quantity on the right hand side of inequality (7.58) is
decreasing on the interval [(v/3C)~!,T) and bounded above by €. Hence we may smoothly
extend our solution p to encapsulate time 7. We may then reapply the argument ex-
pounded in the proof of Theorem 5.5 to find § > 0 such that p € C®(S x (0,T +9))
uniquely solves (5.4) where the estimates (7.58) and (7.59) remain valid. Successive itera-
tions of the preceding analysis then yield the desired result. &

The following corollary is an immediate consequence of Lemma 5.3 and Theorem 7.8.

COROLLARY 7.9. Suppose Xy is a C** embedding of My and € > 0 is such that ||| Xo| —
1lcoas) < €. Then there exists a unique, smooth, global solution to the rotating drop flow
(5.1) whenever Q and e satisfy the constraints of Theorem 7.4.

4. Convergence in C*(S)

Under the hypotheses of Proposition 7.6, we may now demonstrate that solutions of (5.4)
converge asymptotically to corresponding solutions of the Euler-Lagrange equation (2.4)
in the topology of C*(S).

PROPOSITION 7.10. Suppose p is a solution of (5.4) and o € Z is a corresponding solu-
tion of the Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of

Corollary 7.7. Then, for each j € NU {0}, there exists a 6;(n) > 0 such that, for each
t>1,
IV7(p = Q)llpwisy < el Di(m)e™™

whenever 2 and € satisfy the constraints of Theorem 7.4.



5. ENERGY MINIMISATION IN A LIPSCHITZ NEIGHBOURHOOD OF S 130

PROOF

The case 7 = 0 with Dy = %g’l is implied by Corollary 7.5 in conjunction with our more

restrictive hypothesis conditions. ' To verify the remaining cases we first observe from
Corollaries 6.12, 7.7, and Theorem 7.8 that, for each k € N\ {1} and ¢t > 1,

V5l < Disn). (7.60)

Furthermore, we infer from Theorem 3.3 that ||V’“g|l°o is certainly finite for each k €
N\ {1}. Indeed, since g is a stationary solution of (5.4) which is independent of time
and satisfies the hypotheses of Corollary 6.12, we may bound its derivatives by the same
constants. We may therefore invoke Corollary 7.5 and Lemma B.1 in Appendix B to assert
that, for each j e Nand t e R™,

I99 6~ ol < Ken)llo — ol& [95% (o — )2

1

) 1
< K (16551 e_OOt) 7 v+ (o 9)“21-1_ (7.61)
5

For arbitrary (s,t) € S x R*, we now examine the tensorfield norm ||VI*! (p — o) (s,t)||,
where we infer from the inequalities of Cauchy and Cauchy-Schwarz that

V7 (o = s t)[]* < 2 (IIV’”“IP(-‘J,IS)II2 + IIV"+19(S)II2).
Hence, for each j € N and ¢ > 1, we deduce from (7.60) that

IV e~ o, < 4Djaa(n). (7.62)

By substituting (7.62) into (7.61), we obtain our intended result whenever we take 6; = j—ﬂ_"I
-\ Lo

and D; = K (1% (4Dj_1)%) L o

Thus we have proved the following corollary.

COROLLARY 7.11. Suppose p is a solution of (5.4) and p € Z is a corresponding solu-
tion of the Euler-Lagrange equation (2.4), both of which satisfy the relevant hypotheses of

Corollary 7.7. Then p converges asymptotically to o in C*(S) whenever 2 and € satisfy
the constraints of Theorem 7.4.

5. Energy minimisation in a Lipschitz neighbourhood of S
We are now in a position to prove the principal result of this thesis.

PROPOSITION 7.12. Suppose p € Z is a solution of the Euler-Lagrange equation (2.4) and
g, > 0 is such that ||o — 1||cs«(s) < €,. Then, for sufficiently small Q € R, there exists
a neighbourhood of C%1(S) where o permits stable minimisation of the energy functional
Fq. In particular, p is uniquely determined in this neighbourhood.
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PROOF

We first recall from Corollary 4.8, Theorem 3.3, and our hypothesis that ¢ € C*(S)
admits strict (weak) minimisation of the functional Zq whenever || < %2 (1 — ¢, C3(n)).
Suppose now that p € C*(S) is a global solution of (5.4) established by Theorem 7.8.
We therefore deduce from Corollary 5.14 that p € % for all time. Moreover, by the
diffeomorphism given explicitly by (3.1) in the proof of Theorem 3.1, we may justify any
choice of initial condition p(-,0) € Z with

2

81 _
lo(-,0) = ellgors < ie = 5. (7.63)

We then deduce from Proposition 5.15 that, for each t € [0, 00],
Fale) < Falp(-1)) .

We further note that each distinct choice of such an initial condition yields a unique
solution to the parabolic problem (5.4) where, by Corollary 7.11, p converges to g in
infinite time with respect to the topology of C*(S). Thus we ascertain that ¢ permits
stable minimisation of o within the closed ball Bs(g) C C%*(S) prescribed by (7.63)

whenever )
€ =€, +€e, < min l i : -1— Tn + 16 ’
- =1 2 3 ) CO ’ 03 ) 804 ’

< min{n_;z (1-e¢, C3(n)),%}.

In conclusion, we observe that the uniqueness of ¢ in the ball is a direct consequence of
the minimisation property. O

and

We may therefore combine the results of Theorems 3.1, 3.3, 4.9, and Proposition 7.12 to
assert the following local existence and uniqueness theorem for stable energy minimisers
of the rotating drop problem in the class &

THEOREM 7.13. For each sufficiently small QQ > 0, there exists a stable energy minimiser

for the rotating drop problem whose smooth boundary is uniquely determined in a Lipschitz
neighbourhood of S.



APPENDIX A

Differential Geometry

We now provide a summary of the Riemannian geometry which is relevant to the exposition
of this thesis. In accordance with the geometric context of the dissertation, we shall
merely consider manifolds of codimension one in the Euclidean spaces which are compact,
connected, and without boundary. The salient theory is largely contained in either of [17]
or [21], and additional references will be provided where necessary.

1. An overview of Riemannian geometry

Suppose (N™, g) is a compact, connected Riemannian manifold without boundary smoothly
embedded in R**!. For k € N sufficiently large to justify the definitions that follow, further
suppose that M C R™"! is a compact, connected set of Hausdorff dimension n without
boundary, which may be parametrised by the C* embedding X : N — M. With respect to
geometric quantities on M, all indexing sets to be considered are in direct correspondence
with the set of integers {1, ...,n}

For each p € N, the set of coordinate tangent vectorfields {%(p) : 1 < ¢ < n} provides
a basis for the tangent space T,M of M at x = X(p). Conversely, the dual space of T, M
is called the cotangent space of M at z, Ty M, which corresponds to the space of all linear
functionals £L(T,M;R). T:M is spanned by the basis of coordinate differential one-forms
or covectorfields {dX(p) : 1 <i < n}. We then define the [cojtangent bundle TM [T* M)
of M to be the union of all such [cojtangent spaces:

™ = |J oM [T*M - U T;M].
€M zEM

The (unique) outward unit normal vectorfield v on M is orthogonal to TM and may be
computed explicitly by the normalised cross product on R™*1:

oX X
y p1 X ... X On
axX o X
opy 7T 7 Opn

For each z € M, the components of the metric on M are given by the Euclidean inner

products:
o <3_X 3_X>
gz.’l apz ,apj - .

In the classical literature the metric is sometimes referred to as the first fundamental form.
Endowed with this concept of measurement, (M, g) is a complete metric space. Indeed,

132
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(M, g) is a compact, connected Riemannian manifold of class C*, which is without bound-
ary and embedded in R™*!.

The metric g : TM x TM — R is a positive definite, symmetric, bilinear form, and admits
an inverse metric (g) = g=!. Observe that raised indices shall indicate contraction over
the inverse metric. If we take g = det g, then the surface measure on M is given by

oX O0X| _ fi

T e T apa F

G
We note that we may interpret any function f € C°(M;R) as an element of C°(N;R)

through composition with X, and are therefore able to characterise integration on M in
the following manner:

/f /f(x)du /fOX(P)M(p)dN()

The tangential gradient of a function f € C*(M;R) is defined in local coordinates by
; 0 0X . 0X 0X

VM = o X = & <D:c ’ _> =
/ 8pj Y ) opi g f Op; Rn+1 Opi

Here, for each 7 € {1, ...,n}, the quantity V,f is the (first-order) covariant derivative of f
in the direction of the i?* coordinate tangent vectorfield. In this setting it is important to
emphasise that we may also express the tangential gradient with respect to the coordinates
on M through orthogonal projection of D, f onto T, M:

VMf = (Dof)T = Dof — (Dof,V)gani V-

Suppose 5 5

2 gy =

is a tangential vectorfield on M of class C*. Then we define the components of the covariant
derivative tensorfield of Y on M in local coordinates by

vMYyi = %Y" +TLYR = g’"‘( ‘Z — % Yk)

Y =Y/

Here T' = (I%) is the (induced) Riemannian or Levi-Civita connection® on M whose
components, symmetric in their covariant indices, are given in local coordinates by the

Christoffel symbols: ,
0°X 0X
= g (ZX 0X)
0piOp;’ OPm [ gnir
More generally, we may express these components with respect to the metric:

km (9 0 0
Fk = g_ m 5 Y9m — 73 Y95} -
¥ 2 (apz g] 8pj g apm gJ)

4 It is important to emphasise that the connection is not a tensorfield, since it is not invariant under
coordinate transformation.
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The tensor bundle of (tangential) tensorfields over M identified with type {p,q} € NU
{0} x NU {0} shall be denoted by J?(M), where

TPM) ~ TM®..9TMR®T'M®..8 T*M .

q

P copies g copies

Note that we take J,°(M) =R. If T € JP(M), then we write T = ('Z;fl ]qk”).

We now extend our notion of covariant differentiation to tensorfields of arbitrary type.
Suppose T € JP(M) is a tensorfield of class C'. Then the components of the covariant
derivative tensorfield of 7 are determined explicitly in local coordinates by

Makikp __ Z km T k1-km—1lkmy1...kp Z kl
V ’];1 -Ja - .71 Jq "+ F 1 FUm J

Ji..-Jg 1. Jm 1limt1-dg *

Here we neglect the undefined terms in the multi-indices at the ﬁrst and final entries of the

sums above. In this case, we deduce that VM7T = (VM ’I;lk - qu" ) € Zf1(M). In general,

for T € JF(M) of class C*, V5T = (VM. MR-k o F (M) shall denote the

ik “J1...d

kt* iterated covariant derivative tensorfield of 7. Eqm;)ped with this definition for the
covariant differentiation of tensorfields and that of the connection, we recover the ensuing
axiom of Riemannian geometry:

Vk g; = 0,
for each 7,5,k € {1,...,n}.
We may now define a (pointwise) Riemannian inner product on the tensor bundles over
M identified by equivalent type. If both 7 and W are elements of (M), then, at each
TEM,

(T@) W), = ] []Gimen (@ @ @)W () .

m=1r=1
This inner product then induces a norm on any such tensorfield:
1
1T@I = (T(2),T(x))Z

We may further define the tensor product = which operates across these tensor bundles®.
Suppose T € JP(M) and W € Z;(M). Then T« W € FX (M), with components given
by
3. z17+r _ ki...k my...Mr
(T*W)Jl Jets T ,1;1 dq pW’Ull'Us .
51t shall occasionally be convenient to abuse this notation and consider the tensor product 7 x W as
a contraction resulting in an element of ,9 lp _”(M ). For example, such a product may have components

determined by
o min{p,r} min{q,s}
i1edpor| ) jplp 1.1 k kr
Tyl = IT IL Gimkm @™ T Wi
m=1

The context of the argument will generally indicate whether such an interpretation has been employed.
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Furthermore, the operation ® shall denote the concatenated product of an arbitrary num-
ber of tensorfields on M. More precisely, if {7; € JF .4,k € N& 1 < < k}, then

H@T = ok Ty

i=1

Suppose again that Y is a tangential vectorfield on M of class C'. Then the tangential
divergence of Y on M may be written

divyY = VYY" = ¢9VMY; = f 991 % (VaaiY;).
Conversely, if the vectorfield V' € C!(M;R™"!) is not tangential to M, then we may
characterise the divergence of V' with respect to M in the following manner:

. oV o0X
vV = g <apz ap] >]Rn+1

For any f € C%(M;R), we may further define the Laplace-Beltrami operator or Laplacian
on M by

AYf = givVMf = diva (VM).
Here V3, f = (ViV} f) € ,°(M) is called the Hessian of f on M. In local coordinates,
we therefore compute that

[ B2 of 1 0 of
AM — ij ( a f _ Fk—) - - Y ( ij 9 )
! 9"\ 8p;dp; “ Opk V9 Op; Vag Op;

We now address the concept of curvature on M. The second fundamental form A = (hij)
of M is the symmetric, bilinear form on TM x T M with components determined by

b = <2)£ Q>
Y api ’8pj Rn+1 -

The Weingarten map of M is the operator h*; : TM — TM with components given by
hij — gik hkj .

It is a simple matter to demonstrate that the Weingarten map is self-adjoint with respect

to the Riemannian inner product on tangential vectorfields specified above. We may then

interpret the principal curvatures {k; : 1 < i < n} of M as the eigenvalues of the Wein-

garten map with respect to the identity transformation on T'M. The mean curvature H
of M may then be perceived in a variety of ways:

n
Z,‘ii = hz, = g’:jhij = diVMI/.

For each 4,5 € {1,...,n}, the Gauss-Weingarten relations are given by

v _ e 90X wy 0X
Op; T T
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and \

0°X 0X

= ,If _ = hij V.

Opip; 7 Op
If we take H = —Hv to be the mean curvature vectorfield on M, then we may recover the
identity

_)
AYX = H.

The Riemann curvature tensor, Rm = (Ry1) € Z,°(M), of M has components given by

0X 0X\ 0X
., — oM [ Z2 Y oM [ 22 T
Fgn <VZVJ (31%) ViVi (3pk)’3pl>Rn+1'

The Gauss equations represent this tensor in terms of the second fundamental form:
Riji = hihji — hahjk .

Through contraction over the inverse metric, we may consequently determine the Ricci
curvature tensor, Ric = (Ry;) € J,°(M), of M,

Rij = g"Ruj = Hhij — himh™;
and the scalar curvature R of M,
R = g'R; = H'— A
Here || A||2 = g*¢?'hijhw; = h';h7; is the square of the norm of the second fundamental form.
The Codazzi equations confirm that the tensorfield containing all first-order covariant

derivatives of the second fundamental form, VMA = (Vih;;) € Z,°(M), is completely
symmetric. In particular, for each 4, j, k € {1, ...,n},

Vithij = V¥ = Vh.
We may then infer the following identity from the Codazzi equations:
AMy = —||A|Pv + VMH.
We have seen that the concept of the covariant derivative may be extended to encompass
tensorfields. Therefore we may compute the Laplacian of a tensorfield in accordance with
our pre-existing definition and, by interchanging second-order covariant derivatives of the
second fundamental form, whilst invoking the Gauss and Codazzi equations, we obtain
Simons’ identity® (see the proof of [75, Lemma B.8] for details of this calculation):
M
A h,‘j = V,,,V;MH - ”A”ZhU + Hhimhmj .
Furthermore, through contraction over the quantity A% = g*g7'hy,;, we deduce that

AMIAR = 2 (h"jVNj.”H + |[VMA|]P + HRR Y - ||A||4),

6 To avoid potential ambiguity in the derivation of this terminology, we note that this identity is so
named as a consequence of calculations which appear in the proof of [76, Theorem 4.2.1].
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where HVM AH2 may be computed explicitly in accordance with our definition:
IV¥Al* = g9 g™V V! Ry
We shall conclude this section by stating the two forms of the divergence theorem which

are pertinent to the explication of this thesis. Their proofs may be found in [75].

THE DIVERGENCE THEOREM 1. Suppose that F is a compact subset of R**1, OF =

(M™, g) is a Riemannian manifold of class C1, and X is a C' vectorfield defined on F.
Then

/dian+1de = /(X,I/)Rnﬂ dy .
F M

THE DIVERGENCE THEOREM I1. Suppose that (M™,g) is a compact, orientable Riemann-
ian manifold without boundary of class C? embedded in R™, and X is a C' vectorfield
defined on M. Then

/divMXd,u - —/ <Xﬁ> dy = /H(Xu) v di
M M\ R ‘M R

2. Geometric identities

In this section we derive some geometric identities under covariant differentiation which
shall be efficacious to analysis performed throughout the dissertation. While the following
lemma is a simple consequence of the product rule, we include it here for direct citation in
the calculation of various evolution equations appearing in the work of Chapter 6.

LEMMA A.1. Suppose (M™,g) is a Riemannian manifold smoothly embedded in R™*! with
n,& € C?(M;R). Then, whenever the quotient is well defined, '

M M
() - @0t (1) o)

We compute that

om(f) - (2255

V.V — nVViE ViV — VinV.E 2 N
§ N 6277 i€ n §Vin = nv ;& —g(fvﬂl—ﬂvjf)viﬁ

PROOF

EViVin gz nViV;§ + szvjné VinV;§ %szvj (g) .
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N MOA

as required. &

Thus

The ensuing lemma and its two corollaries characterise covariant derivatives for position
vectorfields and their components on oriented Riemannian manifolds. Although we intu-
itively expect such derivatives of order k to contain curvature derivatives of at worst order
(k —2), it is important to formally distinguish these quantities for application in Theorem
6.11 and Corollary 6.12 of Chapter 6. Throughout the remainder of this section recall that,
whenever j < k, we continue to adopt the conventions that °7_,(-) =0 and [T!_.(:) = 1.

LEMMA A.2. Suppose (M™,g) is an oriented Riemannian manifold smoothly embedded in
R™1) X s the position vectorfield on M, and & = {(; € C®(M) : i € {1,...,n+ 1}} is
the set with elements defined by ; = (X, e;). Then, for eachl € N,

2j—1

l
VG o= e, Y, Jleva

I=1 $ 571 km=2(1—-j) ™=1

-1 25
+ VGx ) > [[ev-4,

7=l S E L km=2(l—j)-1m1

and
l 25-1
VG = Y (e ) [leva
=1 U] km=2(1—j)+1 =1
2j
+Vax Y, J[eva
T km=2(1-5) ™=1
Proor

We proceed by induction on N and first verify the case [ = 1. As a consequence of the
Gauss-Weingarten relations, we note that
Vzg = (I/, 6{) A y (A].)
and "
v (1/, 8,;) = VCZ *A. (A2)
Thus
V3G = V(VG) = V((re)A) = (ve) VA + VGxAxA.
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The lemma is then established for I = 1. Suppose now that the lemma holds for a particular
| = p € N. We consider the even case, where we shall repeatedly apply (A.1) and (A.2):

V2,

= v? ((V,ei)z > H@v’cmAJrvg*Z > H@V’“*"A)

I=1 571 km=2(p—j) ™1 J=1 U km=2(p—j)-1M=1

) p 25-1
=V (Z Z (VGxAx VA + (v, e,) VAHLA) * H@V’WA

3= 2 e =2(p—j) m=2

p—1 27
+> > (r,e) Ax VP A + VG« VR A) [ @ V’“"‘A)

=19 H km=2(p—j)-1 m=2

_ ( (z Y leva+y Y 2ﬁl@vkm,4)

=1 Y21 by =2(p—j)+1 m=1 §=1 22Ut g —o(p—j)—1 m=1

+v<,~*(§p: > ﬁ@V’“’"A+§ > ﬁ@vkmA)>

=1 5% km=2(p—j) ™! I=1 Y km=2(p—j) ™=1
2j-1 2j—1
- v(wa (X ¥ Mevva+Y ¥ [[evs
I=1 L km=2(p—j)+1™=1 3=2 U1 km=2(p—j)+1™=1

P 25
FVGEY Y H@V’“’”A)

=L R Y km=2(p—j) ™=1

( v, €; Z Z Zi—[l® VEm A + VC,*Z Z H @V'“’Vl)

3= M) km=2(p—j)+1 ™=t I=t R km=2(p—j) =1
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p 2j—-1
Y (VGrAxVHA + (me) VP A) x [[@ VimA
=L TR m=2(p=5)+1 m=2
P 2j
+> ) ((r,e) Ax VEA + VG« VO A) « [T o Vi A
I=L YN km=2(p-3) m=2
25—-1 27+1
= (ve) Z > H@vkmAJrZ > [[e V-4
= SR km=2p-g)+2 ™= =1 UL km=2(p—5) ™=1
p 2j
+ VG*Y > [[eV~a
I=L Y km=2(p—j)+1 ™=1
2j—-1 p+1 2j—1
= (ve) Z > o Jleva+> > [[eva
I= S km=2(p—g)+2 ™= =2 TRI km=2(p—j)+2 ™=

P 2j
+ VGx Y > [[e V4

1= Sy km=2(p—§)+1 ™=

p+1 2j—1

= (V, 61;) Z Z H ® vkmA

3=l 98 g —2((p+1)—5) ™=

p 2j
+ VGx Y Y, [[ev-a.

=L T m=2((p1)—g) -1 ™=

Therefore the lemma holds at [ = p+ 1 in the even case. By a parallel computation in the
odd case, we determine that the lemma is valid in generality for I = p+ 1. Hence we verify
the lemma by the principle of mathematical induction. O
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COROLLARY A.3. Suppose (M™, g) is an oriented Riemannian manifold smoothly embedded
in R X s the position vectorfield on M, and Z = {(; € C*(M) :i € {1,...,n+1}} is
the set with elements defined by {; = (X,e;). Then, for eachl € N\ {1},

2j—1

l
VA = Gmedy . > [Jeva

=1 S22 km=2(1—j) ™=1

-1 25 2j—-1
+y (v > [[evV4 + we) Ve > [[eVvta
i=1 T =1 km=2(1—j)-1m=1 SHIY km=2(1~g)-1™=1

+ (e + VGxVex) Y H ® VA

Zm—l km=2( _.7) -2 m=1
While, for eachl € N,

l 2j-1

VA = Z G (v, e Z H@Vk"‘A

J=1 Y kp=2(1—j)+1 ™=1

2j 2j-1
+VGEx Y f[@V’“”‘A+(u,e,-)VQ* > ﬁ@V’“"'A)

YU km=2(1—j) =1 Y] km=2(1—-j) ™=1

-1
+ ) ((ne)® + VGix Vi) > H@V"'"A
i=1 S km=2(1-j)-1™=1
PRrOOF

We shall merely prove the odd case since an entirely analogous calculation yields the
formula for derivatives of even order. It is, however, important to observe that the con-
struction fails for [ = 1 in the even case as

V2 = VGx VG + G r,e) A
We employ Lemma A.2 to compute that, for each [ € N,
VEHE = N VIGRVEG = QUG+ VG VEG + Y VIR VR

GHk=21+1 j+k=21-3
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1 25—-1 23
= (X we) D> Jleva+vax > [eva
3=l 21 km=2(1—j)+1 ™=1 YH_ km=2(1—j) ™=1

2j—1

l
+ VG [ (re)d > [[evia

j=1 23711;11 km=2(1-3) m=1

-1 25
+ VC‘L * Z Z H @ VkmA + Z Vk+2€i * V2l—(k+1)Ci . (A.3)
j=1 Efy{:l km=2(1—7)-1 m=1 k<2l-3

We must now evaluate the term VF+t2¢; » V2~ (*+1)¢; which occurs in the final sum of this
expression. We note that whenever [ > 1 the quantity (2/ — 3) € N is odd. Thus we may,
without loss of generality, assume that k is odd with (20 — (k+ 1)) even, since the essential
structure of the linear combination of tensor products remains unchanged. Hence there

exists a p € NU {0} such that kK = 2p + 1. Therefore, we may again cite Lemma A.2 to
discern that

Z vk+24i*V2l_(k+l)Ci — Z V2q+3(i*v2(l—q—l)(i

k<21-3 g<i-2
g+1 2j-1
§ : k
= E : (V’ ei) E : H ® Vi A
ast=2 \s=1 M} km=2(g—5)+3™=1

2j
+ Vi * > [[e VA«

S km=2(g—j)+2m=1

l 1 2r—1

(v, e;) —23 Z H ® VA

=1 22t kp=2(1—g-r)-2 P=1

<

r=1 Ti kp=2(l—g~r)-3P=1
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l 2(j+r)-2

= (e’ ), > [ eva

JHr=2 22 =01 (A1) 41 ]

-1 2(j41)—~1

+ (v, €) VG % Z z H ® VFm A

=2 (g =]

1 2(j+r)-1

+ (&) VGix Y > I[] evi-a

=221 o (iypy) M=

-1 2(j47)

+ VG VGx Y > I] ®v~4

. 251

= (ve) Z Z :I_—[®Vk"‘z4.+(1/,ez VC,*Z Z H@V’“’"A
I=L 32 km=2(1—j)-1™=1 7=2 T80 km=2(1—j) ™=1

+ V(% VG * z > H ® VA . (A.4)

j=2 E?}Z— m=2(l—j)-1 m=1

We may now substitute (A.4) into (A.3) to obtain our intended result, where we have
observed that V{2 ~ V(. o

COROLLARY A.4. Suppose (M™, g) is an oriented Riemannian manifold smoothly embedded
in R™*! and X is the position vectorfield on M. Then, for eachl € N\ {1},

25-1

VX = (X Z Z [[®Vvi~a

=1y % e —a(-5) ™

-1

+IAVIXPx Y H@V’“”‘A + > H ® Vi A

i=1 YU km=2(1—j)-1™=1 ¥ km=2(—j)—-2m=1
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While, for eachl € N,

l 2j—-1
\v2as |X|2 — Z (X, I/> Z H @VkmA
j=1 SH  km=2(—-j)+1 ™
25 -1 27
+VIXPx Y JJeval+>. Y J]ev4.
Lo km=2(-5) ™ IS e km=2(—j)-1 ™

PROOF

For the sake of notational convenience, we shall reintroduce the set 2 defined in the

statements of Lemma A.2 and Corollary A.3. We then ascertain from Corollary A.3 that,
for each I € N\ {1},

n+1

VX = ) VG
i=1

i=1 7=1 2j-1 km—2(l—]) m=1

— ni‘i (i (cz v, e) . Y 2ﬁl® V’“'"A),

-1 25
o £ e
D=

i=1 1 km=2(-j)—-1 m=1

2j—1

+ (e VGx Y [[®vi~4

2] lkm=2(l—_7) lm—

2j
+ ((v,&)® + VG * Vix) 3 [] e v:~A

YU km=2(1—j)-2m=1

2j—1

=> [xvn > J[eva

3=1 YU km=2(1—j) ™=1
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l

1
+ (v X% % > H@V""‘A
>

Jj=1 B km=2(—j)-1m=1

m=1

n+1 2j—1
P mevex 3 JJeva
=1 TAZT km=2(1~j)~1M=1

n+1 2j
+ (1 + ) VGi* vgi*) > HE vkmA) . (A.5)
=1 b

1 km=2(1—j)-2™=1

We may now cite the Gauss-Weingarten relations to assert that

D_ (e V6) = 3 (V(Gme) = GV ive)

n+1
= V{(X,v) + ZQVQ*A

i=1
n+1

~ VIXPx A+ Y VA

i=1

= VIXP*A.

Hence

-1 [n+1 2j—1
(Z (v, &) V) > ITe VkmA)

=1 \i=1 Tzt km=2(1—j)-1™=1

-1 25—-1
= Y VIXPxAx > [[Jev-a
Jj=1 YU km=2(1-5)-1 m=1

-1
= Z VX2 % > H ® VA (A.6)

Efy{_ km=2(-j)— —-1m=1
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Moreover, by again invoking the Gauss-Weingarten relations, we deduce that
n+1 n+1 n+1

D OVGEHVEG ~ D (VI - GV) = VX + ) Glre)Ad =g+ (X,1)A.

Thus
-1 n+1

N
MUY vaxvex Y f[@vkmA

j=1 i=1 21=1 km=2(1—7)—2 m=1

-1
= D (g8 + (X,1) A)« > H@V’“MA

i=1 TH_ km=2(1—j)~2 ™1
-1 2j+1

=> X H@vkmA+Z X [[®v*a
=Ly km=2(-j)-2™=1 i= T km=2(1—j)-2 ™=1
-1 2j—1

=> 3 H@VkmA + Z(X vy Y. Jleva. A1)
I=L SN km=2(1—j)-2™=1 YU km=2(1—j) ™=1

We therefore obtain our desired result for covariant derivatives of even order by substituting

(A.6) and (A.7) into (A.5). In an analogous manner, we may derive the result in the odd
case. o

LEMMA A.5. Suppose (M™,g) is an oriented Riemannian manifold smoothly embedded

in R"*! X is the position vectorfield on M, and v is the outward oriented unit normal
vectorfield on M. Then, for each | € N,

2j-1 2j—-1

!
vty = 3 N JJeva+ Z > [TevAxv,
I=E LU km=2(1-5) ™1 =YY km=2(1—j)—-1™=1
and
l 2j-1 2j—1
Vi o= > [eVva+ > [[evVAxv
I=1 \T2] km=2(1—j)+1 ™=1 TU_ ) km=2(1—7) ™=1
ProoF

We again proceed by induction on N and first confirm the case | = 1. By the Gauss-
Weingarten relations, we determine that

Vv = A, (A.8)
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and, through an application of the Codazzi equations,
VI = VA+ AxAxv. (A.9)

Therefore the lemma is verified in the case [ = 1. Suppose now that the lemma holds for
a particular [ = p € N. We evaluate the odd case where we shall repeatedly invoke (A.8)
and (A.9):

2j-1 2j~1
vFHly = v? Z > J[Ieva+ Z > [[eVnAxv
=1 I km=2(p—5) ™ =L S b =2(p=) -1 =1
2j—1 2j—-1
Z > H@V’“mA+Z > [[eViaxv
=1 SR km=2p=g)+2 ™ 7= \Z R km=20p—)+1 ™1
2j-1 2§~1
+ Y J]eVaxvy+ > [[® V~axv2y
23171;1 km=2(p—j) ™=1 Z?n_ km=2(p—j)~1™=1
p+1 25-1 25-1
Z Z H®VkmA+Z Z H@Vk"‘A*z/
I=2 SN km=2(0—3) ™1 I=2 B km=2(p—§)-1™=1

p—1 2j-1
+ ( > [[ev-axa
T

=1 %y km=2(p—j) ™1

<.

251
+ Z H@V’“’"A*(VA-I—A*A*V)
St bm=2(p—j)-1m=1

p+1 2j-1 2j—-1
=2 X H®V’“’"A+Z Y [eVaxw
=2 $ 41 km=2(p—j) ™=1 I=2 U km=2(p—j)-1m=1

2j-1 25—1

Zp: > H@V’%A+Z > [[eVnAxv

I=1 S km=2(p—j) ™=1 =1 52U km=2(p—j)-1™=1
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p+1 © 251 25—-1

Z Z H®VkmA+Z Z H@V‘”’"A*u

3=l 2% g =2(p—j) ™=1 =LY km=2(p—j)-1™=1

Thus the lemma is verified at [ = p+ 1 in the odd case. Through an analogous calculation
in the even case, we deduce that the lemma is valid in generality for [ = p+ 1 and we have
verified the result by the principle of mathematical induction. &

For a (tangential) tensorfield of arbitrary type and sufficient regularity on a Riemannian
manifold, the ensuing lemma permits the extraction of the lowest order terms from a
linear combination of tensor products determined by its covariant derivatives. This result
is particularly relevant to the analysis contained in the proof of Theorem 6.11.

LEMMA A.6. Suppose (M™,g) is a Riemannian manifold smoothly embedded in R™*, T €
FP(M) is a tensorfield of class Wo*(M), and | € N is fized with I < k. Then, for each
JjeN,

S [[ever =S [le7+ ¥ [fever.
Sl mi=t =1 s=0r=1 $Iz8 (mat1)=1 =1

PROOF

We shall prove the lemma by induction on j € N, where we commence by observing that
the case 7 = 1 holds trivially. Suppose then that there exists a particular j € N for which
the lemma is true. Therefore

2 H@V"“T = ZH@T* > ﬁ@vmi“’[. (A.10)

Sl mi=t =1 =0 r=1 iz mitn)=1 =1
Now,
J+l1 J i+l
> JleveT = 7+ Y. Jlever+ >, vmHT«][[ev™T

Yt me=t =1 i mi=1=1 ‘ St mi=l-1 i=2

j—1 s+1 - j-s )
- Slers ¥ Ievr

s=0 r=1 128 (mi+1)=1 i=1

-1

+Y VT Y f[@v"w

t=0 S my=l-1-¢ =1
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i s j—(s=1)
- Sflers ¥ [evr
s=1r=1 Z{;§s‘1)(mi+1)=l i=1

-1 i—1 s i—s
+ ZVtJrlT*Jz:H@ T Z Jl—[@ vmitiT

t=0 s=0 r=1 Z{;f(mi+1)=l—1-t i=1
j s (j+1)-s
= X2 Ile7~ > ] ev™i7
s=1r=1 Zﬁ’:{l)_s(mﬁl)ﬂ i=1
i1 s (j+1)-s
+2 e~ > I] ev™@1
8=0 r=1 gi“;l)_s(mi+1)=l i=1
j s (G+1)—s :
- Ylers X [ evT
=0 r=1" zﬁi‘fil)—s(mi_'_l):l =1

Here we have repeatedly employed (A.10). Thus the result is established for j + 1 and we
verify the lemma by the principle of mathematical induction. &



APPENDIX B

Inequalities of Gagliardo-Nirenberg Type

The results of this appendix are motivated by the works of Gagliardo [37] and Niren-
berg [63], in which the authors independently derived a number of interpolation inequali-
ties on the Sobolev spaces W*? defined over open domains in R™. These were intended to
facilitate the analysis of extant problems in the field of elliptic partial differential equations,
including that of Dirichlet, and have since inspired a large body of related literature (a par-
tial summary of which is contained in [78]). While, in general, such inequalities have been
formulated with respect to finite p in the context of the aforementioned Euclidean spaces,
the geometric and functional analytic requirements of this dissertation necessitate their
extension to the spaces W®® = C*~11 defined over Riemannian manifolds. Throughout
the proofs to follow, we shall assume that the tensorfields under consideration are non-
constant, otherwise each corresponding result holds trivially.

The ensuing lemma is especially pertinent to various arguments pursued in Chapters 6 and
7.

LEMMA B.1. Suppose (M™,g) is a complete Riemannian manifold smoothly embedded in
R, and T € FP(M) is a tensorfield of class W**®(M). Then, for each k € N\{l} and
]GNwzth0<j<k

IV T || sy < C(ny5, ks, q) IITIIE%(M) ||v’“T||§,,(M) '

ProOOF

We prove the result by induction on £ € N\ {1}. Suppose that 7 € JP(M) is of class
W2*(M), x € M, and .# is an (uncountable) indexing set where v; : £ x (-1,1) - M
is the family of all smooth, unit speed geodesics on M with 7;(0) = z. Then for each i we
may expand 7 about s = 0:

T(n(s)) = T(1(0)) + (VT (%:(0)),%(0)) s + %VZT(Wi(SI)) [ (s1), 7 (s1)] s*

for some s; with |s;] < |s|, where we have noted that 7,'(s) € (T%.(s,)M)l for each s €

(—1,1). Moreover, by the parallel transport of tangential tensorfields along +; we may take
V2T (7i(s1))|| = [IV*T (7:(0))]|. Therefore, for each 4,

19T ) Ao < WD TGO 6, 5 g) vo7 (o) 11

|s]

150
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Now, if W € J(M), then we may interpret the norm of W evaluated at any y € M in
the following manner:

IWWIl = sup WE)I[V,...,v" 5 v,...,v].
v e T M ~ N

Y 7 factors s factors
vi*¥) =1

Consequently, we may find m € .# such that ||VT (z)|| = |{VT (7m(0)),7,,(0))]|| and, if
we take |s| = €, we have

oscT
IVT (z)|| < ”"‘E + Ce||V2T ()| -
Thus we may infer on +,, an estimate of the form:
2||T
VTl < % oo |vPT . (B.1)

Furthermore, since M is complete, we may infinitely extend -, by the theorem of Hopf-
Rinow (see [21, Theorem 8.7.2], for example) to infer that the estimate holds everywhere
on M. We now minimise the expression on the right hand side of (B.1) with respect to e:

(20Tl
= = \elverl,)

VTN, < 2(2CITN,[V’T]|.)? < Cop@)lITIL VT2 (B:2)

Hence the theorem is established at k = 2 for W2*°(M) (tangential) tensorfields of any
type, since {p, ¢} was arbitrary. Suppose now that there exists a particular k¥ € N\ {1} such
that the theorem holds. In particular, if T € (M) is a tensorfield of class W*+1°(M),
then for each j € N with 0 < j < k,

Thus

VTl < Cln,j k@) ITISF VAT . (B:3)
We next employ (B.2) and our inductive hypothesis to deduce that
IV* Tl = IV (V")

< Cln,p,g) [|VEIT|)2 VT2,

o1
< o kpa) (ITISF |VTIF) Ve,
Therefore

VT, < Clnk,p,a) T ™ |V<HT|57 . (B4)
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We may now substitute (B.4) into (B.3) to assert that, for each j € N with 0 < j < k,

1

197l < Cnikpa T (17185 o))

< TS |vhT||E,

where (B.4) verifies the outstanding case j = k. The estimate remains valid for W*+1.( M)

(tangential) tensorfields of any type, since again {p,q} was arbitrary. Thus the theorem
holds for each k € N\ {1} by the principle of mathematical induction. &

COROLLARY B.2. Suppose (M™, g) is a complete Riemannian manifold smoothly embedded
in R" and T € FP(M) is a tensorfield of class C*~'(M). Then, for each k € N\ {1}
and j e N with0 < j <k,

. 1-1 i
”T”CJ'—I.l(M) S C(”:])kap,q) ”T”Loo]zM) ”T”gk—l,l(M) .

PROOF

Since Wk = C*~11 we infer that 7 € W**°(M). Therefore, we may repeatedly employ
Lemma B.1 to determine that, for each k € N\ {1} and j € Nwith 0 < j <k,

J i
Tlyso < 1T + 3 Cilnkyp,0) TS [VFT|E,

=1

. d —L ok
< Cu5 k@) D IT oo ® 1T ko

=0

. J .
_i 1 i=t =J
CUITNSF N Wkoe 2 NTUE NT Il yfnee

=0

Il

o I
< GHDCUTISFNTIE koo -

The desired result now follows immediately from the equivalence of the two norms. &

We now derive the following inequality which proves critical to the convergence analysis of
Chapter 7.

LEMMA B.3. Suppose v € C%(S;R). Then

-1 2 _n_
[oll sy < 4 IS5 olIFE, I0l3 ) -
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Proor

We may clearly assert that for any s,s9 € S

lu(s) — v(so)l < vllgons)ds(s, o) - (B.5)
Now, by Cauchy’s inequality,
[u(so)* < 2[u(s)* + 2[v(s) — v(so)]” - (B.6)

We now fix sq and confine our attention to the open ball of radius r € (0,7] on S, B,(so) =
{s € S : ds(s,s0) < r}. By integrating the inequality (B.6) over B, and invoking (B.5),
we obtain :

el 1B < 2( [ ofas + [ r|v(3)—v(30)|2d0)

< 2 (nvuizm ey d§(5,80)d0>

< 2(IolZus) + 7 1Brl Iollboss)) - (B.7)

To evaluate the quantity |B,|, we first consider the case 0 < r < Z. By parametrising B,
above its orthogonal projection onto the n-dimensional equatorial hyperplane determined
by so and its antipode, we verify that

|Br| = nwn/ sin” ' pdyp . (B.8)
0
We now perform some perfunctory analysis to demonstrate that the function
20
flo) = — —sing
is non-positive on the interval (0, 7]. We note that f(0) = f(5) = 0, where
f'(e)

Hence f attains its sole interior critical point at ¢y = cos‘l(%) which, since f” is strictly
positive on the interval under examination, corresponds to a local minimum. We then
deduce that f achieves its maximum value on the boundary of the interval (0, 5], and

= — — Ccosp.
- ¥

2¢ .
&« )
i sin @

Thus we ascertain from (B.8) that, on (0, Z],
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Similarly, for % <r <, it is evident that

S ]
|B.| > 151 = nwn/ sin"tpdp > Tn
2 o 2

We may then combine the results of the two cases to discern that, for 0 < r <,

Twn [ . [2r "
> — . .
|B,| > 5 (mm{ — ,1}) (B.9)

Moreover, if we take oo = min {Z,1}, then it is clear that r < ra on (0, 7] and we deduce
from (B.7) and (B.9) that

Io[172(s
[u(so)* < 2(——“—)+( ma)’ [|9llGoas) | -

MWy O™

We minimise the right hand side of this expression with respect to « to establish that

2 =3
( n[vllzzs )"'*
amin = 3 2 .
T W ||”||c°:1(s)

Since sp was arbitrary in this formulation, we consequently affirm the multiplicative inter-
polation inequality for v € C%1(S;R):

nat 1

e < 2( ) ol o

n

n-m
< Z(W) lolEE2, 1olE

—1 _2 _n_
< Ar[S ol zacs) lvll 6o s -
In analysis consistent with that performed previously, here we have observed that |S| <

nmww,. We have further noted that the function h: Rt — R™* given by

2

h(z) = z7+2

achieves its global maximum on the interval (4,5) with h(5) < h(4) < 2. Hence we have
verified the lemma. ¢

Although the ensuing two corollaries are not cited directly in the body of the thesis, they
are provided for the interest of the reader.
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COROLLARY B.4. Suppose E C R™! is compact and star-shaped about the origin with
boundary OF = M of class C®. Further suppose that v € C%(M;R), X is the position
vectorfield on M, and € > 0 is such that |[|X| — 1||coasy < €. Then

. 2 ol R
loll gy < Cln) M1 0]l 52, 0155 o, -

PrROOF

As a consequence of our hypothesis and in the manner of Definition 1.3 contained in
Chapter 1, we observe that M may be parametrised by a strictly positive graph r € C'*°(S)
above S with |X| = r. In the following exposition, we shall again employ the equivalence
of C% and W, If v € Wh*°(M), then we deduce from Definition 1.3 and Lemma 1.4
that the function w = vo X € WbH*(S). Indeed

[0l ooy = Nlwllpoosy- (B.10)
Moreover, by our hypothesis and Lemma 1.4, |
1
lullng < s () Il < O +eKal) oligy, (B

while

M| < swp@)S| < (L+eKam)]S). (B.12)

In addition, where we again invoke Lemma 1.4 in conjunction with the Cauchy-Schwarz
inequality,

2
M2 }_ s, 12 <Vs'w,VST> oo
|V ”| = 2 (IV w| rZ + |VSr2

[Vow|®
r2 4 |V5r|?

v

v

: 1 S, 12
ngf (1”2 + |Vsr|2) VZul

(1 —eK(n))|VSwl|?.

\Y

Therefore,

1
lwllyrmisy < (1+e2Ka(m) [0llyromqun (B.13)
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Thus we may combine Lemma B.3 with (B.10)-(B.13) to ascertain that, for sufficiently
small €

ol laollE
ol = Mollimisy < 4 IS W] E5s) 0l Eencs
(s) (5)

=L 2 =
< C) M (0] 5 10l ey -

The intended result is again a direct consequence of the equivalence of the two norms. <

COROLLARY B.5. Suppose E C R™! is compact and star-shaped about the origin with
boundary OF = M of class C*®. Further suppose that v € C*V1(M;R) for some k €
N\ {1}, X is the position vectorfield on M, and € > 0 is such that ||| X] — 1flco(s < e
Then, for each k € N\ {1} and j e Nwith0 < j < k,
-1a-o 6
“U“c:'—l,l(M) < C(n,j, k) | M| 2(-0) ||v||L2(M) ”U”Ck—l’l(M)

0
where § = 2L,
ProoOF

We may utilise Corollaries B.2 and B.4 to discern that, for sufficiently small ¢,

. 1—1 i
”U”j—l,l < C(n7]7k) ”v”oo * ”U”lﬁ—l,l

1-4 - i
= Clollg# ol 2 llvllE_y

1-i+p s i
< C(n,j, )<|M|"+2 llvllé‘+2 ||UI|"+2> lvllc lvll%-1.

2 n+2(1 1+) i fr o (1odea
< C(’n,,j,k) (|||;\)£|2> ” ”(n+2(1 {+8)(1- ) -B) ||v"l£i1;+2( i ﬁ)k).

If we choose § = % then the exponent of ||v||,, vanishes and we deduce that

2(k—Jj) n(k—
“U“j_l,l < C|M|n+2k o[l |lv ”lE ;Fk(n+2k)

-2 (-2
= C|M| Iolly lollEth

as required. %



APPENDIX C

The Spherical Harmonics

The following summary of the theory of the spherical harmonics is derived entirely from [43,
Chapter 3], where we shall omit the associated proofs for the sake of brevity. It is not in-
tended to be exhaustive, but merely to illuminate the results of Chapters 3, 4, and 7. In
accordance with the methodology of this thesis, we shall assume that n > 2.

In essence, the spherical harmonics may be interpreted as higher dimensional analogues

of Fourier series on S'. These quantities have a particular application to the geometric

analysis of both convex and star-shaped bodies, which was first recognised by Minkowski.

DEFINITION C.1. Suppose p : R**! — R is a polynomial of degree k. We call p harmonic
n+1 .

if AR p = 0, and we shall denote the space of all such harmonic polynomials by QZH.

DEFINITION C.2. A spherical harmonic of dimension (n+1) and degree k is the restriction
of some p € Q7! to S. We shall denote the space of all such spherical harmonics by H} .

THEOREM C.3. The dimensions of the spaces Q¢! and HF'! coincide and may be quan-
tified in the following manner:

. . 2k+n—-1( k+n—-1
n+1) __ n+1) _
dim (Qp*!) = dim (H}'') = e— ( ne 1 )
THEOREM C.4. Suppose { € H}™' and € € HY with | # m. Then
<(C=§)L2(s) =0.
LEMMA C.5. The set {{s,e;) : 1<i<n+1} forms an orthogonal basis for Hy*' in
L?(S). Furthermore, for eachi € Nwith1 <i<n+1,
1S
n+1

Given any finite set H C H}™, we may employ the Gram-Schmidt process to obtain an
orthogonal basis for H with respect to the topology of L?(S). We may therefore procure
an orthogonal basis corresponding to Hj ™ for each k € NU {0}.

”(3,61')”?,2(3) = = Wpy1 -

DEFINITION C.6. Suppose (H;) jeNU{0} is an orthogonal sequence of spherical harmonics

which, for each k£ € NU {0}, contains dim (H}*") terms of order k. Then we define (H;)
to be a standard sequence of spherical harmonics.

THEOREM C.7. Every standard sequence of spherical harmonics is complete in L?(S).

157
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DEFINITION C.8. Suppose (H;) is a standard sequence of spherical harmonics and n €
L%*(S). Then an harmonic expansion of 7 is given by

n ~ > ¢H
=0
where, for each j € NU {0},

(n, Hj>L2(s)
11 Z2(s)

Furthermore, if

Qk

E: ciHj ,

x(H;)=k

then the (unique) condensed harmonic expansion of 7 is given by

UNZQk

THEOREM C.9. Suppose that n and 1 € L?(S) possess the associated condensed harmonic
eTpansions

UNZQk andwNZRk

k=0
Then
H77||2LZ(5) = Z||Qk||2Lz(s) and (77,1/)>L2(s) = Z(Qk,Rk>L2(S) .
k=0 k=0

THEOREM C.10. Suppose ¢ € H*'. Then ( is an eigenfunction of the Laplace-Beltrami
operator on S. In particular,

A°C = —k(k+n—1)C.

CoOROLLARY C.11. Suppose that n € C'?(S) possesses the associated condensed harmonic

exrpansion
oo
n -~ ZQk-

: k=0
Then

||Vs77||;(5) =Y k(k+n—1) 1@kl -

k=0
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