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Abstract
Long term convective saline plume development beneath evaporating salt lakes
is not well understood. It is of importance because of the use of evaporating salt lakes
as disposal basins for pumped saline groundwater in the Murray-Darling Basin and
-

because of the amount of salt trapped beneath some salt lakes. Evaporation results in
highly concentrated brines that can potentially move downward, through the lake
beds, at faster rates than anticipated. These brines may interact with surrounding
groundwater, recycling salt back into the regional groundwater systems of the Basin.
This study approaches the problem in two ways. Firstly, experiments in HeleI
I

I

Shaw cells, were performed using a schlieren system to visualise density-driven flow

111
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for homogeneous and heterogeneous porous media. The Hele-Shaw cell is a twodimensional analogue of a porous medium and was used to represent an evaporating
salt lake in two dimensions. In the homogeneous case, experiments confirmed that
two flow features seen by Wooding et. al. (1997a) in the short term were also present
at long times. In addition, two previously unreported flow features were observed.
The continued development of convective saline fingers at the evaporation boundary
at times well after the completion of initial finger development was observed. The
convective fingers continued to be produced as long as inflow was present. Also, the
convecting saline fingers were advected horizontally along the evaporation boundary
as they developed. In a natural salt lake system, this would correspond to the
horizontal motion of the vertically convecting saline plumes from the lake margin
towards the centre of the lake. The two new flow features observed here were the
presence of a wavelike disturbance in the boundary layer prior to the onset of
instability that traveled from the cell wall to the interior evaporation point and a
transient period in the Hele-Shaw cell that involved the production of two or more recirculating convective cells beneath the evaporation boundary prior to the
development of the long term cell behaviour. In the heterogeneous case flow

I•·

behaviour was observed to be qualitatively similar to the homogeneous case except
significant horizontal motion of the fingers occurred at the interface between
permeability regions.
Computer simulation of salt lake dynamics was also performed following the
mathematical model developed by Wooding et. al. (1997a). The two-dimensional

·•I
I

simulations exhibited the same qualitative long term behaviour as seen in the Hele-

Shaw cell for the homogeneous case but quantitatively agreement was poor. The
speed of the initial developing fingers in the simulations was about 2 - 3 times the
speed seen in the Hele-Shaw cell experiments. The heterogeneous case was not
modelled. The simulations also confirmed the location of a trapped saline mound
below the evaporation boundary of the Hele-Shaw cell that was responsible for the
t,,

horizontal deflection of the vertically falling saline fingers. A number of different
methods for the time discretisation of the solute transport, in the two-dimensional
11;
\
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simulations, were investigated. At the grid discretisation used here, an explicit time
scheme was still the fastest way to solve the numerical equations.
An explicit three-dimensional computational simulation was also completed,
using a salt crust model, that exhibited fingering that was qualitatively similar to that

I

observed in the two-dimensional simulations. This confirmed that the three-
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dimensional mathematical model of Wooding et. al. (1997a) can be used to simulate
the three-dimensional fingering process.
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Chapter 1
1.1

Introduction

Introduction
This study presents a two-pronged approach to the investigation of the long

term groundwater dynamics of salt lakes. The first is experimental and involves using
two-dimensional flow experiments to examine existing models. The second is a
numerical simulation to compare to the experimental results. Alternative numerical
II'

techniques to increase the speed of solution of the two-dimensional model, with a

(

I

view to solving the model in three dimensions, are also investigated and preliminary
three dimensional numerical simulations are presented.

11

I

Chapter One gives the background to the problem under investigation, the

1
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disposal of saline groundwater in the Murray-Darling Basin. Previous research is

ii:

discussed, as is the need for understanding and modeling the processes. Chapter Two
presents the derivation of the numerical model used for this study and is based on the
work by Wooding (1989) and Wooding et. al. (1997a, b). The computational methods
tested to solve the numerical model in Chapter Two, are discussed in Chapter Three.
Experimental methods employed here are described in Chapter Four. The

I

'"I

experimental results are presented and discussed in Chapter Five. Computational
I

I

results are given in Chapter Six and conclusions are presented, together with possible

11i:

directions for further study, in Chapter Seven.

1.2

Salinity in Irrigation Areas
Salinisation of irrigation areas in most continents has been recorded

throughout history (Ghassemi et. al., 1995), due partly to over irrigation of crops

,\"

causing saline groundwaters to rise into the root zone and due partly through changes
in landuse in upland groundwater recharge areas. Salinisation has led to the
abandonment of many once-productive irrigation areas. In Australia, both irrigation
and dry land salinity threaten large areas of currently productive agricultural land.
The great challenge facing resource users and managers in irrigation areas is
to manage land and water resources sustainably. There are many management
strategies for achieving this however, in Australia's Murray Darling Basin, the
problems are immediate and the only current viable means of controlling rising saline
groundwater is to lower the water table through groundwater pumping. This strategy
presents the additional problem of disposal of the pumped saline groundwater. In

1
,,

h

many cases this disposal is the bottleneck in controlling water tables. It has been
suggested that existing salt lakes in the Basin may be ideal disposal basins (Evans
and Kellet, 1989). In this thesis the consequences of using existing salt lakes as

disposal and evaporation basins are examined.

1.3

The Murray-Darling Basin (MDB)
The Murray-Darling Basin, located in the south-eastern corner of Australia

(see Figure 1.1) consists of approximately 14% of the total land area of Australia
(covers 1.06 million km2) but accounts for a major fraction of all agricultural
production in Australia (see Table 1.1) .
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Figure 1.1

Locality map of the Murray-Darling Basin, south-eastern Australia.

The economic importance of the Murray-Darling Basin cannot be understated. The
basin produces about 1/3 of Australia's total rural output, which has been valued at
A$10 billion annually (Murray-Darling Basin Ministerial Council, 1989). About
11,

25% of Australia's beef and dairy cattle are located in the region along with 50% of
Australia's sheep, lambs and cropland. In many areas throughout the Basin, this
production is threatened by rising saline water tables . This is due in part, to the
replacement of native vegetation by shallow rooted crop and pasture species and in
part, due to the excessive irrigation of crops and pastures. Both factors have led to an
increase in the recharge of the Basin's aquifers, leading to rising water tables. The

I!
I
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Murray-Darling basin forms a closed groundwater system with aquifers being
recharged at the basin's margins and by infiltration through permeable strata across
the Basin. Aquifers in the western part of the basin contain significant quantities of
salt and saline groundwater discharges directly into the Murray river and to other
naturally-occurring discharge zones, salinas and playa lakes. A salina is a salt lake
and a playa is a generally flat dry area from which water evaporates very quickly.
Many of the basin's fossil salt lakes have been reactivated due to rising water tables.
It has been estimated that evaporation of saline groundwater produces about 1.8

million tonnes of new salt each year in the Murray-Darling Basin (Ghassemi et. al.,
1995).
The only effective method to control groundwater levels in the short term, is
to pump out and dispose of the groundwater (Evans and Kellett, 1989). There are
currently over one hundred and ninety disposal basins of varying sizes in the MurrayDarling basin (Kumar Narayan, 1997; personal communication). In these basins, the
volume of pumped groundwater is reduced by natural evaporation which is often a
I

I

rate-limiting step in salt water disposal. In addition, many disposal basins are usually

'I
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located in areas of viable farmland preventing that land from being used for
agriculture and potentially threatening productive neighbouring land. Salt lakes near
irrigation areas are attractive sites for the disposal of wastewaters from irrigation
drainage and pumped saline groundwater interception schemes because of their size
and the fact that they are already saline. The commercial value of salt lakes appears
to be in salt harvesting and their use as disposal basins. One such salt lake, Lake
Tyrrell in Victoria's Mallee region, has a greater evaporation potential than all the
currently managed evaporation basins combined.

Table 1.1

I

Agricultural production in the MDB.

I

Agricultural

Percentage of

Production

Australia's Total

nee

97

grapes (dried)

97

cotton

94

fruit

63

wheat

44

I

,I •

I
I

I~

3

wool

40

grapes (wine)

33

vegetables

25

The use of playas in natural discharge zones as saline groundwater disposal
111

basins raises many questions about the effects re flooding the lakes will have on

'• i

regional groundwaters in hydrological connection with the playas. This surfacegroundwater interaction is poorly understood. Natural discharge zones vary in their
ability to evaporate regional groundwater and to retain the resulting brines. Highly
concentrated brine pools, up to eight times that of seawater, exist beneath some lakes

(Macumber, 1991). If these brine pools were mobilised by groundwater disposal in
salt lakes, large area of fresher water resources could be threatened. There is
consequently a need for a better understanding of the dynamics of salt accumulation
and transport in natural discharge zones and for the ability to predict the
consequences of salinity disposal strategies.
Gravitational instability of groundwater can arise when salts are concentrated
i,n1

I

by evaporation at or near the land surface in areas of groundwater discharge. Past
I

I

work has ignored the dynamics of groundwater flow and only recently have the

111:

effects of density driven flow beneath a salt lake been considered (Duffy and A/-

Hassan, 1988; Wooding et. al., 1997a, b). Transport of salt that has accumulated in
surficial playa brines through evaporation, down into groundwater tables can result
from density instabilities that produce small scale fingering (Wooding, 1969; 1989).
Fingers of dense hypersaline waters may sink to considerable depths, mixing
advectively with deeper groundwater (Barnes et. al., 1991). This process may explain
the concentrated brine pools accumulated beneath several Australian playas such as
Lake Tyrrell (Macumber, 1991).
The Murray Basin's geography and hydrogeology has been reviewed in detail
by Evans and Kellett (1989) and Evans et. al. (1990). The entire Murray-Darling
Basin's geology and geo-morphology by Wasson (1982) and the Murray Basin's
geology and geo-morphology by Brown (1989) and Brown and Stephenson (1991).

I
I
1

1l
I

I •

Bowler (1990) has overviewed the geological history of the basin and Macumber
(1990) reviewed the basin's salinity problems while the closely related topic of river
salinity was explored by Close (1990). A succinct description of Basin climate and

4

landuse is included with an overview of the general problem of salinisation, not only
in Australia but world-wide, in Ghassemi et. al. (1995).

1.4

Saline Groundwater Problems in the Murray-Darling Basin
European settlement of the Murray-Darling Basin has led to a senous

degradation of its resources. The clearance of up to 50% of the deep rooted native
vegetation that intercepted the major portion of the basin's mean annual rainfall,
preventing it from reaching the surface, and its replacement by shallow rooted crops
and pasture has led to increases in both recharge to underlying aquifers and run-off to
I

adjacent rivers (Ferguson et. al., 1992). The advent of regulation of the basin's

i

natural river flows through the construction of dams, locks, weirs and lakes has

I
I

I

increased the amount of water available for irrigation. Over-irrigation of poorly
drained soils is now a major problem that leads to increased aquifer recharge and
surface run-off (Ferguson et. al., 1992).
The Murray-Darling Basin's underlying impermeable bedrock is saucer
shaped and has only one outlet, the Murray River. Increased recharge to the basin's
aquifers has resulted in local water tables rising to within two metres of the surface
across large areas of the Murray-Darling Basin, particularly in the Murray Basin.
Monitoring of groundwater levels in the Riverine region of the Murray Basin has
shown a rapid rise of the order of 0.1 to 0.2 m per year. This has caused a significant
expansion of shallow water tables in the area (Ghassemi et. al., 1995). Figure 1.2
shows the depth to the water table in the Murray Basin.
Climatic and landscape changes in the past have deposited and stored large

I•·

amounts of salt in the deep underlying aquifers of the Murray-Darling Basin, mostly
due to the aerial deposition of salt from the ocean (Bowler, 1990). Due to increasing
recharge rates in the Basin, hydrostatic pressure is forcing saline water upwards from

I.,

the deep confined underlying aquifers into the shallow unconfined aquifers within
capillary or direct contact with the surface (Evans and Kellett, 1989). A map of
groundwater salinity in the Murray Basin is shown in Figure 1.3. Natural depressions
in the landscape have served as surface discharge zones of saline groundwaters
throughout the Basin's geologic history. The occurrence of fossil salt lakes across the

I
,\

western part of the basin points to previous wet periods in Australia's climatic history
(Macumber, 1991). Bowler (1990) has presented a comprehensive description of the
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Groundwater salinity map of the Murray Basin (Evans and Kellet, 1989).

evolution of salt lakes in the Murray-Darling Basin.

1.5

Solutions to Saline Groundwater Problems in the Murray-Darling
Basin
Long term. solutions to the problems of rising saline groundwater tables

:11:

\I:.

'. ti

involves dealing with the causes and not just the sym.ptom.s of the problem.. Irrigation
control through the strict regularisation of the volume of water applied at the surface

11

and tree re-planting in natural recharge areas offer two possible solutions.
In the short term., the above two solutions cannot address the current problem.

'I
I

I

~
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because the time scales for effects to be propagated, particularly of upland vegetation
regeneration, are of the order of 50 - 100 years. A pipeline to transport pumped saline

I

I
I

groundwater to the sea has become an economic option. Evaporation basins would

I

still play an important role in a pipeline disposal scheme if a reduction in the volume
of water to be transported to the sea was required. Knowledge of how to manage
evaporation basins will therefore remain important in the short to medium time scale.
The only current, cheap short term. solution to the problem of rising saline
water tables is to pump out the saline groundwater via pumps and store it in disposal
basins where its volume may be reduced by evaporation. These basins maybe either
local (on farm) or regional. Figure 1.4 shows a regional disposal and evaporation
basin at Wakool (NSW), in the central northern region of the Murray Basin. Existing
salt lakes (salinas and playas), such as Lake Tyrell and Morquong, can and are being
used as disposal basins. Their existing salinity makes them an attractive option for
the disposal of pumped saline groundwater. Lake Tyrrell is shown in Figure 1.5.
Similarly, for water courses such as the Barr Creek, that are major contributors to
salinity in the Murray River, diversion into nearby disposal basins or salt lakes can
reduce the salt load reaching the river. Figure 1.6 shows Lake Tutchewop. This lake
is used as a disposal basin for diverted saline water from Barr Creek, saline water that
would otherwise flow directly into the Murray River.

1.6

Salt Lakes as Disposal Basins
While salt lakes (wet or dry) seem to provide a solution for the disposal of

I

i.

I

recovered saline groundwater, a number of factors need to be investigated. Diffusion

I

and dispersion of salt through mass flow were originally assun1ed to be the only
1!
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(a)
Figure 1.4

W akool interception scheme; (a) saline groundwater outlet supplying

water to a disposal pond, (b) saline groundwater outlet located in corner of disposal basin
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and (c) disposal basin.
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(b)

Figure 1.4

Wakool interception scheme; (a) saline groundwater outlet supplying

water to a disposal pond, (b) saline groundwater outlet located in corner of disposal basin
and (c) disposal basin.
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Figure 1.4

Wakool interception scheme; (a) saline groundwater outlet supplying

water to a disposal pond, (b) saline groundwater outlet located in corner of disposal basin
and (c) disposal basin.
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Figure 1.5
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Lake Tyrrell; (a) southern shoreline and (b) view across to eastern shore.
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Lake Tyrrell; (a) southern shoreline and (b) view across to eastern shore.
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Shoreline of Lake Tutche·wop.

processes involved in the transfer of salt from the surface of salt lakes to underlying
and surrounding sediments, however recent studies have shown that this is not true.
Advective processes are also present and can dominate when the hydraulic
conductivity of underlying and/or surrounding lake sediments are large (Duffy and
Al-Hassan 1988; Ferguson et. al., 1992; Wooding et. al., 1997a, b). If advection
occurs there is a potential for the fast (geologically speaking) interaction of disposed
brines with surrounding regional groundwaters via advective plumes. This will
recycle salt back into regional aquifer systems at higher rates than would be expected
if diffusion and/or dispersion were the only mixing processes present (Wooding et.
al., 1997a).
Macumber (1991) showed that beneath Lake Tyrrell, in north-western
Victoria (Australia), a large hypersaline brine pool (TDS - 250,000 mg/1) exists that
is only just contained on its western downbasin side by a groundwater inflow that is
driven by small local groundwater hydraulic gradients. Macumber suggested that
Lake Tyrrell actually fluctuates seasonally from being open to closed, when there is
no flow of groundwater below the lake into surrounding regional groundwater. If
pumped saline groundwater is applied to the surface of Lake Tyrrell at sufficiently
high rates, groundwater beneath the lake may be mobilised into regional
groundwaters. Potentially this could release a plume of hypersaline brine downbasin
with eventual discharge into the Murray River. Macumber' s analysis was based on
the assumption of hydrostatic equilibrium in the brine and a Ghyben-Herzberg
interface.
The interaction of fresh and saline groundwater, first studied by Badon1111

Ghyben (1888) and Herzberg (1901), in coastal aquifers, was based on assumptions
that discharging fresh and encroaching saline groundwater are separated by a sharp
interface and that hydrostatic equilibrium existed. This is not valid in all situations. A
diffuse transition zone and the circulation of saline groundwater is needed to explain
the position of the saline groundwater front in certain coastal aquifers with thick
mixing zones (Lee and Cheng, 1974). In certain situations, the mixing process has to
include a dispersion-driven circulation of saline groundwater that originates at the
111

seabed, moves through the transition zone and returns. Lee and Cheng found that in
11!
11

i •

the Biscayne aquifer in south-eastern Florida (USA), the saline groundwater interface
was actually several miles seaward of the position predicted by a model based on a

7

Ghyben-Herzberg interface. Additionally, freshwater lenses found in permeable
formations beneath small coral atolls posses thick transition zones that are not welldescribed by the Ghyben-Herzberg assumptions (Falkland, 1991).
One of the early advocates of the existence of trapped "circulating" brine
pools beneath isolated inland lakes was Santing ( 1986). He proposed the existence of
trapped "circulating" brine pools to describe the upflow of brackish water in coastal
areas of the Nile delta region of Egypt. A transition zone and circulating groundwater
were needed to explain observed field data. Santing also recognised that the
occurrence of a confined body of saline groundwater, locally in contact with an
upflow of fresh discharging groundwater, is not restricted to coastal aquifers that are
I

ill

practically cut-off from the sea. He perceived that they could occur in inland areas,
where a fresh groundwater flow is in contact with a confined body of fossil saline
groundwater such as in the Gelderse Valley with the Eem River in the Netherlands. A
"circulating" flow should theoretically be present on both sides of the river in such a

:i

I

I

case. Duffy and Al-Hassan ( 1988) postulated that a similar phenomena was present in

I

the Pilot Valley in Utah (USA). The Pilot Valley is a small closed desert basin

;i

surrounded by steep mountains where the groundwater discharges to a salt lake

~11

located above a hydrodynamically trapped saline groundwater mound. Rogers and
Dreiss (1995) have also observed a similar effect in the saline groundwater

distribution at Mono Basin in California (USA).
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its surrounds showing regional groundwater flows (Macumber, 1991). The vertical
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scale is greatly exaggerated, Lake Tyrrell has a width ranging from 3 - 6 km and a
maximum depth to the impermeable basement of approximately 60 m.

8
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The many salt lake systems in the Murray-Darling Basin exist in areas of low
topographical relief where the surrounding groundwater potentials are small or are
driven by evaporation (Macumber, 1991). A trapped body of saline groundwater
beneath a salt lake, confined only by the strength of the evaporation-driven fresh
groundwater inflow, is potentially less stable than when the inflow arises from larger
topographic hydraulic gradients. Figure 1. 7 shows a cross section of Lake Tyrrell
where a brine pool is trapped by the evaporation-driven inflow of freshwater. A
I

reduction in lake surface evaporation rate or groundwater divide potential (relative to

I

.I

the lake's surface) resulting from an excess of surface water could lead to the

11!

collapse of the brine pool beneath the lake (Barnes et. al., 1991). This could result in

I

the release of highly saline groundwater into surrounding regional groundwater and
eventually into surface streams.

1.7

Hydrodynamic Stability and Modelling of Convective Processes in the
Natural Environment
One of the first studies on fluid convection in a porous medium saturated by a

homogeneous, incompressible fluid was carried out by Horton and Rogers (1945).
They showed when a liquid in a saturated porous material is bounded above and
heated from below, that the minimum temperature gradient needed to generate
convection was

!),_T = ~ot

-

~old

> 4n2DHµ I kpog7JH2

(1.1)

1111

In equation (1.1), DH is thermal diffusivity, µ is the dynamic viscosity, k is the
permeability of the porous medium, g is gravity, p0 is the density at a standard
11:

temperature, 7J is the coefficient of expansion and H is the thickness of the layer.
Lapwood ( 1948) also investigated the stability of a horizontal layer of saturated,

homogeneous, isotropic porous medium to small changes in liquid velocity, density,
temperature and pressure. He derived an almost identical relationship to that of
I

Horton and Rogers (1945) using a "method of small disturbances" and defined a

I
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dimensionless parameter, Y, called the Lapwood convection parameter such that

9

2

G1K1JH
Y=
DH

where K

= 41r2

(1.2)

= kpg Iµ is the hydraulic conductivity and G1 is the flow potential due to

the temperature gradient defined in equation (1.1). When Y > 4n 2 , convection is
possible. In some circumstances, certain parameters and boundary conditions resulted
in a value for the convection criteria that differed from 47! 2 . However, the criteria for
the possibility of convection was still when Y exceeded the numerically determined
value.
Rogers (1953) presented further experimental and theoretical results for
11!

I
I
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stability of a liquid in a vertical column of porous media, heated from below. His
results showed that convection could occur at values of the Lapwood convection
parameter significantly less than 4n 2 • He attributed this to variations in liquid
viscosity and a nonlinear temperature distribution in the column. Wooding (1957,
1958, 1959a & b, 1960, 1962, 1963, 1964) in a series of papers also investigated

·lli

convection currents in porous media. He introduced the convection parameter, a
modified Rayleigh number, Ra*

Ra*= Y = k71(1'i - I'a)gH I Dh V 0

(1.3a)

If the gradient of the potential is

G1

= (I'i - I'o) I H

(1.3b)

then equation (1.3a) is equivalent to Lapwood's parameter
The most well known work on the general subject of instabilities in
IJ

II'.

immiscible displacement is that by Saffman and Taylor ( 1958). Saffman and Taylor
examined flow between two immiscible liquids in a horizontal Hele-Shaw cell where
the instability was driven by the variation in viscosity between the two liquids. A
Hele-Shaw cell is a two-dimensional analogue of flow through porous media and
consists of two flat, parallel plates, separated by a small gap, b. For flow

:,
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visualisation, at least one plate must be of some type of transparent material such as

11

glass.
Saffman and Taylor's work attempted to explain the phenomena of viscous

'

I
I~
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fingering observed when water injection to used to increase petroleum extraction in
oil reservoirs. They derived a class of "exact" solutions for the profile of a single
two-dimensional finger advancing steadily in a narrow Hele-Shaw cell and found,
experimentally, only one solution for flow in a Hele-Shaw cell up to the limiting
value exits for high velocities. This was the finger width being half the Hele-Shaw
cell width, provided µU I y was not small. No satisfactory explanation was advanced
to explain this result until Pitts (1980).
Wooding (1959a, b) considered the stability of a viscous liquid with variable

density in a vertical porous material. Wooding (1959a) derived a three-dimensional
stability criteria for a viscous liquid in a vertical circular tube filled with porous
material. The liquid was stable as long as the vertical density gradient, dp I dZ didn't
exceed anywhere the value

dp _ 3.390 µK
dZ -

gkb 2

(1.4)
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where

K

is the diffusivity and bis the radius of the tube. Difficulties in comparing the

derived stability criteria with experimental results led to a second paper, Wooding
(1959b). This detailed the two-dimensional stability criteria for a liquid at rest under
a vertical density gradient in a vertical Hele-Shaw cell. Comparison of the stability
criteria derived via the exact theory and the approximate theory was made with a
Hele-Shaw cell. The experimental stability was found to be about 4% higher than
what the exact theory predicted and nearly 10% higher than that predicted by the
approximate theory. Wooding (1960) derived a stability criteria for a threedimensional numerical model of thermal convective flow in geothermal reservoirs
based on flow seen at Wairakei, New Zealand. Wooding showed that the cool
overlying fluid is stable provided the Rayleigh number, Ra, is

Ra= !1p (gk
vrwm p,.

!
I

+ wm(dvJJ < 6.95

(1.5)

dp

In equation (1.5), 11p is the maximum density difference between the hot and cold
liquids in the flow, Wm is the vertical mass flow rate (a constant) and dv I dp is the
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change in kinematic viscosity with density. He also showed that the wavenumber of
the disturbance at the onset of instability was finite and related to the Rayleigh
number in a parabolic fashion.

Donaldson (1962) modelled the geothermal Wairakei region of New Zealand
and used the Boussinesq approximation (Wooding, 1957). This assumes that only the

·,
!
11:
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density of the liquid is temperature dependent. Donaldson showed, using a
perturbation approach, that the volume flow rate of the convecting fluid was related
to Wooding' s convection parameter, Ra*. Elder ( 1966) followed the results of
Wooding and Donaldson and used appropriate boundary conditions for the problem

~l

below. He used a numerical approach which treated the temperature and

ii:

streamfunction, \fl , as the dependent variables and related the heat transferred to the

of steady-free convection in a homogeneous isotropic porous medium, heated from

I

Nusselt number, Nu, defined by

Nu= (Qq I l e)M(~T I H)

(1.6)

where M is the heated area, Ae is the thermal conductivity, ~T is the vertical
I

1u:

temperature gradient and Qq is the power transferred vertically across the porous
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medium. In experiments with a Hele-Shaw cell, he related the Nusselt number to the
Rayleigh number. Elder ( 1967) determined a critical Rayleigh number of Ra = 40
for the onset of instability, a value close to Lapwood's convection parameter of 47r.

Wooding (1969) examined the growth of fingers at an unstable diffusing
interface in a porous medium represented by a Hele-Shaw cell. This work showed
some of the earliest photos of unstable fingers in a Hele-Shaw cell. Experimental
results for the development of mean wavelength of these fingers across the cell with
time and the mean crest/trough amplitude versus the characteristic length of the
11:

fingers were compared with results derived from similarity and numerical solutions.
Wooding defined the characteristic length as AT where A is the maximum
convective speed between two solutions of different densities and Tis time.

Holst and Aziz ( 1972) modelled thermal convective flows in porous solids,
formulating the problem in terms of density and streamfunction following Aziz and

Hellums (1967) and Elder (1966). They discussed the temperature variation of flow
parameters such as fluid viscosity and thermal expansion and the effects of this

I
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variation on flow stability and advection of heat. Unsteady flows in porous materials
were investigated by Horne and O'Sullivan (1974) in the context of thermally-driven
convective groundwater flows in the geothermal region of Wairakei, New Zealand.
They investigated both the effect of vertical boundaries and general boundary
conditions on numerical solutions particularly looking for oscillatory or other
unsteady flows. They also used a Hele-Shaw cell to verify their computations. Green
'/

!I\
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and Foster (1975) used numerical techniques to model concentration-driven
convection in a Hele-Shaw cell, in order to simulate oceanographic convective
phenomena. They related the onset of convective instability to the thickness of the
overlying denser liquid and observed the merging of initial convective fingers into
larger convective elements. This effect was found both in numerical solutions and in
Hele-Shaw cells.

They also noted the possible influence of the vertical side

boundaries on the form of the fingers.
Sherwood and Homsy (1976) investigated thermally-driven instability in a
Iii

developing boundary layer for vertical flow in a porous medium using linear
perturbation theory and the energy method. The energy method when applied to finite
amplitude disturbances in a system can provide a criterion for linear stability in the
form of a theoretical lower bound for an instability parameter such has the boundary
layer Rayleigh number, R8

= uc IE

where

Uc

is the maximum downward convective

speed due to density differences in the flow and

E

is the upflow that for an

evaporating salt lake is evaporation-driven. Sherwood and Homsy determined a range
for the boundary layer Rayleigh number where for R8 < 5.77 the boundary layer was
definitely stable and for R8 > 14.3 the boundary layer was definitely unstable. The
boundary conditions used by Sherwood and Homsy (1976) were constant upflow and
density, a uniform through flow with the upper horizontal boundary impermeable to
disturbances. This was in contrast to the boundary conditions used by Wooding
( 1960) of constant density and pressure with both the upflow and the disturbances
allowed to pass through the upper horizontal boundary. The boundary conditions
used in these two studies bracket the expected boundary conditions to be found in
most natural salt lake systems in the Murray Basin (Macumber, 1991). The Homsy
and Sherwood (1976) conditions simulate an evaporating dry salt lake while the
Wooding (1960) boundary conditions simulate a ponded salt lake. A review of
general aspects of flow in porous media prior to 1976 is given by Wooding and
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Morel-Seytoux (1976).
Straus and Schubert ( 1977) showed that flow instabilities can develop for

flow regimes that are stable according to analysis based on the Boussinesq
approximation. Horne (1979) investigated the effect of dimensionality on the
analysis of stability for three-dimensional thermal convection in a porous medium.
j··

t

He commented that while two-dimensional studies of stable and unsteady flow
regimes were applicable to three-dimensional flows they were by their nature only a
subset of the possible three-dimensional flow configurations. Horne also reviewed
two different methods of simplifying the original problem governing thermal
convective flows in porous media. Treating the model equations in primitive form
and solving for velocity and pressure (U, P) or in a re-formulated form using a
velocity vector potential and solving for the velocity potential and the density
('¥, 8 ). He compared numerical solution times and found the velocity vector

potential form significantly faster.
Voss and Souza (1987) successfully applied a finite element code specifically

designed for density dependent groundwater flow, SUTRA, (Voss, 1984) to regional
aquifers containing a narrow fresh-saltwater interface. Voss and Souza claimed that
previous attempts at modelling fresh-saltwater interfaces at regional scales had been
restricted to either broad transition zones or sharp front approximations because the
numerical methods used tended to broaden the interface. Broadening of the transition
zone was due to; (1) spatial instability in the concentration when tracking a narrow
front, (2) insufficient discretisation and (3) errors in the velocities within the narrow
transition zone. SUTRA used a weighted residual numerical method that combined
modified Galer.kin finite elements with integrated finite difference approximations
for the non-flux terms of the governing equations. SUTRA avoids the problems
encountered by previous investigators by maintaining the functional consistency of
the fluid velocity terms through averaging the vertically varying density in each
element. Homsy (1987) gives a comprehensive review of the general topic of stability
of viscous fingering in homogenous porous media up to 1987.
Three papers appeared in the early 1990' s detailing work on viscous fingering
in miscible displacement. Viscous fingering is driven by viscosity variations in the
miscible liquids, where the viscosity generally increases in direction of the flow,
rather than density differences. Zimmerman and Homsy (1991) simulated viscous
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fingering in a Hele-Shaw cell with anisotropic dispersion. Using spectral methods,
they found that anisotropic dispersion produced more opportunities for nonlinear
competition and interaction between the developing fingers. They also suggested that
the size and realisation of initial white noise used to initiate viscous fingering played
an extremely important role in the evolution of

the complex two-dimensional

fingering patterns.

Zimmerman and Homsy (1992) in their simulations of three-dimensional
miscible displacement flows suggested that the addition of a third dimension to
models of viscous fingering does not give rise to any new physical phenomena. They
n:

postulated that two-dimensional simulations were sufficient to capture the non-linear
interaction of the viscous fingers and attributed this effect to the lack of any extra
production of vorticity with the addition of the extra dimension. This finding has
important implications with respect to the effort needed to determine stability criteria
for three-dimensional flows. The earlier work of Squire (1933) dealing with the
critical Reynolds number in three-dimensions for the transition of laminar to
turbulent flows also showed that the onset of instability was governed by a twodimensional disturbance.

Manickam and Homsy (1994) investigated numerically, the effect a nonmonotonic viscosity profile on viscous fingering as opposed to earlier simpler
monotonic viscosity profiles. Their simulations showed a new flow phenomena,
"reverse fingering", where the displaced liquid more readily fingers into the
displacing liquid rather than vice versa. They also showed that the mixing zone, the
region of flow where reverse fingering and forward/normal fingering is occurring,
grows linearly with time and is related to both a reverse and forward mixing length.
There results are applicable to enhanced oil recovery schemes where the mixing of
displacing water and displaced oil, needs to be minimised.

1.8

Groundwater Convection in Saline Areas
Hassanizzadeh and Leijnse (1988) and Herbert et. al. (1988) modelled

groundwater flow over salt domes. Convective saline fingering was not present in
any of the flow regimes investigated. Hassanizzadeh and Leijnse derived a modified
Darcy equation and a modified diffusion component (non-Fickian) for the solute
transport equation in situations such as groundwater flow over salt domes where the
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dissolved salt concentration is extremely high. They tested a number of different
numerical schemes with their model and developed appropriate boundary conditions
for high concentration flows including a time-dependent boundary condition at the
rock-salt interface. Herbert at. al. (1988) tested a commercial code (NAMMU),
developed at the Harwell Laboratory (U.K.), using a well known test case from the
HYDROCOIN project (Swedish Nuc. Power lnsp., 1984), that of groundwater flow
over a salt dome. Their model was based on the conventional flow equations but
formulated in terms of mass-fraction-weighted volume and mass-fraction of the
;I

dissolved salt. Herbert at. al. (1988) found dense brine trapped in the lower

I

downflow region of the computational domain due to its increased density. This is in

iI

contrast with the case where diffusion is the dominate transport mechanism and brine

lli

will be removed from the computational domain by throughflow. Good comparison

I

with the test model was achieved.
Duffy and Al-Hassan ( 1988) modelled the circulation of groundwater and
l
:1
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solutes in a closed desert basin in Pilot Valley, Utah (USA). Recharge to the basin is
driven by local steep hydraulic gradients in the shape of a surrounding ring of
mountains. They used a numerical, two-dimensional, steady-state solution of flow in
the groundwater system which included a trapped saline groundwater mound beneath
the lake. Duffy and Al-Hassan showed that brine recirculation occurred in their study.
The boundary conditions used by Duffy and Al-Hassan are different from those that
are observed in salt lakes in Australia which are located in areas of low topographic
relief. In such areas, evaporation is the dominant control of brine circulation and not
the imposed hydraulic gradients due to topography. The resulting distribution of
groundwater and salt in low relief landscapes may differ significantly from that
calculated by Duffy and Al-Hassan. Duffy and Al-Hassan (1988) also reviewed
research completed during the early 1960's on groundwater circulation in the semiarid and arid regions of the western Unites States (Nevada and Utah). The work of
Eardley et. al. (1957), Langbein (1961), Snyder (1962), Snyder and Langbein (1962)
and Maxey ( 1967) looked at groundwater circulation and hydrological closure of
lakes in desert climates and their effect on the salt balance of such lakes. These were
among the first papers concerned with concentration-driven convective flows in the

!
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field .
Research on using groundwater modeling in Australia to manage salinity have
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been presented by Jakeman et. al. (1987) and Ghassemi et. al. (1988, 1989). These
papers examined attempts to mitigate the effects of saline groundwater discharge in
the Murray-Darling Basin through saline groundwater interception schemes.

Wooding (1989) modelled groundwater and solute movement under salt lakes where
groundwater discharge is primarily evaporation driven. This was a preliminary study
concerned with the feasibility of studying such flows computationally but it also
proposed the use of hydrodynamic stability analysis in developing a stability criteria
for the developing saline boundary layer at the evaporation surface. The stability
criteria for a developing boundary layer due to evaporation-driven inflow beneath a
salt lake is given by Barnes et. al. (1991), based on the earlier work of Wooding
(1969, 1989). It was expressed in terms of a Rayleigh number incorporating the
maximum convective speed possible in the porous medium and is

gk !ip Hz 7
Rs=--;- p

(1.7)

i, u!
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where !ip is maximum liquid density difference between the brine and the underlying
groundwater and H is the thickness of the aquifer. For Rs values lying above the
theoretically determined values of approximately seven, advection rather than
diffusion will be present beneath an evaporating salt lake with the critical parameter
being the permeability of the underlying lake sediment.

Fan et. al. (1997) extensively reviewed and preformed field investigations
.1·,

and numerical experiments on density-driven groundwater flow, primarily with
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closed desert basins. Working with catchment sized simulations they used SUTRA to
investigate effects such as heterogeneity play in determining the scale of the
developing salt nose (salt toe) between the inflowing fresh groundwater and the
underlying dense developing saline brine beneath an evaporating salt lake.

Wooding et. al. (1997a, b) re-examined the problem of groundwater and
solute movement under salt lakes where groundwater discharge was primarily
1.· '

evaporation-driven, refining the stability criteria for the development of an unstable
surface layer of dense brine in terms of a critical boundary layer Rayleigh number.

I

-I

I

Using linear stability analysis, they confirmed that the critical parameter controlling
the development of an unstable surface boundary layer of dense brine was the
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underlying permeability of the lake sediment. For Hele-Shaw cell experiments they
observed a critical boundary layer Rayleigh number for a tilted Hele-Shaw cell that is

R =11.p- (gk Prsine
0

V,£

with

£

the evaporation rate,

dvJ
dp

( 1.8)

+£-

e is the angle of the cell to the horizontal, v, and p,

the

kinematic viscosity and density of the inflowing liquid respectively. The dv I dp
term is generally small and often ignored. This boundary layer Rayleigh number can
be used to determine if advection of concentrated brines will be present beneath a salt
lake with a developing surface boundary layer of dense brine. Experimental results
from Hele-Shaw cells showed that the critical value of R 0 for boundary layer
instability was approximately 8.9. The two-dimensional stability criteria derived by
Wooding maybe applicable to three-dimensional stability in natural systems if the
results of Zimmerman and Homsy (1992) are applicable. Salt profiles observed at a
number of Australian salt lakes suggest that the criterion of Wooding et. al. (1997a,
b) can be used to determine the presence of advective processes in natural salt lake
systems.
Wooding et. al. (1997a, b) also compared numerical results for twodimensional flow beneath an evaporating salt lake with Hele-Shaw cell experiments.
Numerical and theoretical results for the onset of instability and the resultant
wavenumber of the early developing fingers agreed well with results from the HeleShaw cell. Experimentally, boundary layer instability occurred at R0 > 8.9 although
one of Wooding' s Hele-Shaw cell experiments was unstable at R0

= 5.6.

This

compares favourably with the energy method criterion of Homsy and Sherwood
(1976) of R0

= 5.77

but is well below the linear stability criterions of Wooding

(1960) and Homsy and Sherwood (1976) of R0

= 6.95

and R0

= 14.3

respectively.

The wavenumber of initial fingers for the Hele-Shaw cell experiments was a

= 0.526

and this lies between the theoretical wavenumbers derived by Wooding (1960) and
Homsy and Sherwood (1976) of a= 0.4285 and a= 0.759 respectively.
While Wooding et. al. (1997a, b) successfully predicted the onset of
instability and the early-time development of convecting saline fingers in a HeleShaw cell they did not address all aspects of convecting saline fingers beneath
evaporating salt lakes. The technique of dye injection used by them to visualise
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convecting fingers at the evaporation boundary in the Hele-Shaw cell could not
resolve flow details once the dye had been dispersed throughout the cell. Only the
initial convecting fingers could be clearly observed with secondary convecting
fingers inferred by a lack of dye in the region below the evaporation boundary.

Wooding et. al. (1997a, b) could not observe flow features in their Hele-Shaw cell
after the initial convecting fingers had reached the floor of the Hele-Shaw cell and
therefore did not obtain any data on the long term behaviour of convecting fingers in
the Hele-Shaw cell.

Wooding et. al. (1997a, b) were not able to evaluate the ability of their
numerical model to simulate long term behaviour of convecting saline fingers in a
Hele-Shaw cell as they had no experimental data for comparison. There was also no
attempt to simulate the development of a trapped brine pool. They restricted their
numerical simulations to macroscopic Rayleigh numbers significantly less than the
values calculated for natural salt lake systems. Their numerical simulations also
':1

failed to simulate the velocities of the convecting fingers in a Hele-Shaw cell. They
attributed this to three-dimensional effects in the Hele-Shaw cell and the use of the
Darcy equation instead of the complete Navier-Stokes equations to describe flow in a
Hele-Shaw cell.

1.9

This Work
The long term interaction of the advected highly saline brines with

surrounding regional groundwaters or the salt mound is not fully understood.
Following the work of Wooding et. al. (1997a, b), further experimental and numerical
work is needed to examine long term developments in advective flows beneath
evaporating salt lakes. Investigation of the development and containment of trapped
salt mounds beneath an evaporating salt lake also need to be studied. In addition, the
effect of heterogeneity in the underlying salt lake sediment on the stability criteria
derived for the homogeneous case and long term plume development has yet to be
examined. Extension to the more realistic three dimensions is an urgent need.
This study addresses a number of specific areas within the general subject of
evaporating salt lakes;
( 1) collection of long term Hele-Shaw cell data for the two-dimensional,
homogeneous case of an evaporating salt lake
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(2) comparison of a two-dimensional numerical model with long term HeleShaw cell experimental results
(3) investigation of different time discretisations on the overall solution speed
of the finite difference scheme used in the numerical model
(4) preliminary Hele-Shaw cell experiments simulating layered (onedimensional heterogeneous model) salt lake systems and
(5) three-dimensional computational results for a simple salt crust.

I
I

I
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Chapter 2
2.1

Mathematical Models of Groundwater Flow in Salt Lakes

Introduction
The conceptual model of the idealised salt lake used here is shown in cross-

section in Figure 2.1. Groundwater discharge occurs through the lake bed and at the
lake margins in the form of evaporation and the direction of groundwater flow is
towards the lake, driven by evaporative discharge. This local flow may also be part of a
larger, regional flow. This study is concerned with long term development, of the order
of tens to thousands of years, of convecting saline plumes beneath saline lakes and their
possible interaction with local and regional groundwater flows. Short term processes
such as diurnal variation in evaporation and seasonal inflows from rainfall and surface
run-off will therefore be ignored. It is assumed that all sediments beneath the lake's
surface are saturated. The lake surface itself can be either dry with a salt crust or
ponded with saline surface water. In both cases evaporation causes the build up of a
dense brine at or near the surface that is potentially unstable. The stable case results in
the salt being locally contained near the lake surface where it can be deflated by winds.

In the unstable case, salt is transported down into the underlying regional groundwater.
Margin
I
11

Evaporation

\

Figure 2.1

Accumulation
of salts

I
I

Cross section of a salt lake margin, showing part of the evaporation

boundary (groundwater discharge zone) overlying a permeable aquifer.

2.2

Primitive Equations
This study follows Wooding et. al. (1997a, b) and uses a linearised form of the

Darcy and mass conservation (liquid and solute) equations to maximise computational
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speed. The equations are derived in terms of density rather than mass or volume
fraction of the concentrated salt solution (Herbert et. al., 1988). A glossary of terms
and list of symbols containing the variables used in this derivation are included at the
back of the thesis.
Groundwater flows are generally slow with viscous effects dominating and can
described by Darcy's law (Bear, 1972). The Darcy equation, equation (2.1), is valid for
motion of an incompressible liquid through a porous medium where there is a
representative volume that is large enough to average the flow through the individual
pore spaces and is small compared to the dimensions of the field as a whole (Batchelor,
1967). The Darcy equation is written as

V

Vp-pg+-pq=O

(2.1)

k

where p is the pressure, p is the density of the liquid (which is an aqueous salt
solution), g is gravity, v is the kinematic viscosity of the liquid, k 0 is the mean
H
I•
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permeability over the averaging volume at full saturation and q is the volume flux or
specific discharge with the surface as the zero reference height. To non-dimensionalise
the problem we follow the example of Wooding et. al. (1997) and define a variable

(2.2)

u = ( :, }

where pr is the density of a liquid at a reference solute concentration, u is a vector
proportional to the mass flow rate and can be thought of as the effective velocity
needed to generate an equivalent mass flux with the reference liquid density Pr· Using
equation (2.2) to replace q in equation (2.1) gives

1
p
V
-Vp--g+-u=O

Pr

Pr

(2.3)

k

Equation (2.3) is a statement of the conservation of momentum for slow, viscous flow.
Hydrodynamically, it can be derived from the more general Navier-Stokes equations by
assuming that the effects due to inertia are negligible compared to those due to
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viscosity and that the flow is linear in the limit of small Reynolds number. The porous
medium through which the flow is occurring is assumed to be statistically stationary,
allowing an average velocity and average potential to be correctly defined (Philip,
,..

1970).
In using the Darcy equation to describe the flow velocity, a number of

assumptions are made to simplify the analysis. Porous media parameters such as
permeability are assumed to be constant and the saturating liquid and porous medium
are also assumed to be in thermal equilibrium. In general, the Darcy equation is used to
describe groundwater flows where viscosity is assumed to be constant over the
averaging volume. However, for an evaporating salt lake, flow viscosity varies due to
changes in concentration. This variation can be ignored in the first instance for the
interaction of downward developing saline plumes and underlying fossil saline
groundwater because in most natural lake systems the underlying fossil saline
groundwater is close to saturation. At Lake Tyrrell, the difference in viscosity,
assuming the only dissolved solute is NaCl, is approximately 15% between the two
liquids (Macumber, 1991). For the interaction of the underlying fossil saline
groundwater beneath a salt lake with the evaporation-driven lake inflow, the viscosity
difference is much larger and application of the model needs to be treated carefully. At
Lake Tyrrell, again assuming the only dissolved solute is NaCl, the viscosity variation
is approximately 36% between inflow and fossil groundwater (Macumber, 1991). This
compares to work done by Straus and Schubert ( 1977) on the contribution of viscosity
variation to thermally-driven instability a the variation in viscosity of the order of
1000% was considered significant.
The variation in concentration of dissolved salts in the groundwater due to
evaporation results in a variation in liquid density. This variation in liquid density, in
certain circumstances, can cause convection giving rise to the term "density driven"
flow. When the flow velocity in Darcy's law is a function of the variable liquid density,
two further flow equations are required. The conservation of mass for the entire liquid
(the continuity equation) and the conservation of mass for the solute itself. The
equation describing the conservation of mass for the entire solution, both solvent and
solute, is
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</J Jp + V · pq = 0
dt

(2.4)

where </J is the porosity and tis time. Using equation (2.2), the continuity equation can
be written as

j_ Jp +V·u =0
Pr dt

(2.5)

The solute mass itself must also be conserved and an additional equation besides
equation (2.4) that describes the total mass conservation of the system is needed. The
conservation of solute transport (salt) is

</J Jp + V · pq
dt

= </JV · (D Vp)

(2.6)

where Dis the dispersivity tensor. Using equation (2.2) and the reasonable assumption
that the flow is incompressible ( V · q = O) we find

j_Jp +!!_·Vp=</JV·(DVp)
p,. dt
p

I•·

(2.7)

For convecting saline fingers beneath an evaporating salt lake, equations (2.3), (2.5)
and (2.7) are strongly coupled through the variation in solution density and its
dominance as the driving mechanism.

2.3

Conservative Versus Non-Conservative Formulation
Whenever possible, the conservative form of an equation should be used in

favour of the non-conservative or advective form, as this form closely represents the
physics of the "real" world. In nature, physical properties such as mass, momentum and
energy are all conserved. For the transport equation, the conservative form refers to the
conservation of a scalar quantity, A, for all flow velocities and is expressed as
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~ f AdR=-f (uA)·nds+ f (VA)·nds
dt

R

oR

(2.8)

oR

Equation (2.8) states that the time rate of accumulation of a scalar quantity in the region
R is equal to the net advective and diffusive flux rates across the boundary of the

region, JR into R.
According to Roach (1982) conservation does not automatically imply accuracy
of the solution except with respect to the basic integral property in equation (2.8).
Conservative forms are generally more representative of the natural world than the nonconservative or advective forms although there are counter-examples. In practice using
non-conservative forms can restrict the size of the timestep due to mass balance
requirements. The advective form of both the continuity equation and the conservation
of mass solute equation are used here without loss of accuracy because the flow has
zero divergence and the finite difference equations used to replace the differential
forms of the continuity and conservation of mass solute equations are identical in such
a case. The Jacobian, equation (3.1), used to represent advection in the solute mass
transport equation, equation (2.7), is the same for the conservative or non-conservative
:
I.I
•I

form of the advective term.

2.4

Non-Dimensional Forms of the Governing Equations
Equations (2.3), (2.5) and (2.7) can be written in dimensionless form. The

liquid density (p) is normalised with respect to the maximum density change,

tip = pm - pr where pm is the saturated liquid density and pr is the reference density
of the inflow. Both pm and pr are constants. The non-dimensional from of the density,
Sis

S=P-Pr
tip

(2.9)

with O < S < 1. The viscosity, v, is non-dimensionalised using the viscosity of the
reference liquid, v r and the dispersivity, D, is non-dimensionalised using some
representation of scalar diffusivity such as molecular diffusivity, Dm, of the salt in
solution modified by the tortuosity of the porous medium in which the flow is taking
place. No change in notation will be made. The vertical thickness of the aquifer, H,
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provides a physical macroscopic length scale to non-dimensionalize the spatial
operator, V, again without a change in notation.
The maximum convective speed due to gravitational effects is given by

= ygko

u
C

where y

(2.10)

Vr

= lip Ip, is a convenient shorthand term and k0 is the average permeability of

the aquifer. The maximum convective speed is used to define a dimensionless
IRi

equivalent mass flow velocity, U, dimensionless time, T, and the macroscopic Rayleigh
number, Rs,

IiiI

U=~
Uc

(2.lla)

T= uct
H

(2.1 lb)

and

= ucH

R
s

D

M

H

Rs

where Im

(2.12a)

(2.12b)

Im

= Dm I uc. The macroscopic Rayleigh number is used to quantify the flow and

can also be written as an intrinsic diffusive/convective length scale. More generally the
molecular diffusivity can be replaced by a hydrodynamic dispersion term that includes
the molecular and convective diffusion to give I= DI qc. Convective dispersion is the
irreversible mixing that results from the liquid moving through a solid/void matrix.
The pressure is made dimensionless by first expressing it in terms of an
equivalent piezometric head (the pressure is expressed as p

= pgh

where p is the

density and h the height of the liquid above an arbitrary datum) and then dividing it by
the vertical thickness of the aquifer to give
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y
p
P--=y
g!'1pH

(2.13)

Substituting equations (2.9) - (2.13) into equation (2.3) gives the dimensionless form of
the Darcy equation

!..,

VP+jS+MU=O

where M is dimensionless mobility given by

(2.14)

M

= (v I k) I ( v r I k0 )

.

Similarly

substituting equations (2.9) - (2.13) into equation (2.5) and (2.7) gives the continuity
equation

cJS

(2.15)

Y</J cJT + V.U = 0

and the mass solute equation

cJS +

cJT

1
1
<i>(l +)S) U. vs= RV.

(2.16)

(DVS)

s

Equations (2.14) - (2.16), together with the appropriate boundary conditions,
completely describe the motion of convecting fingers beneath evaporating salt lakes.
These equations can be solved numerically in the form that appears above, with some
minor modifications, or in a reformulated form that will be discussed in the next
chapter. Boundary conditions will be discussed in the context of the equations final
appearance.

2.5

Equation Review

Three-Dimensional Primitive Equations

Eqn.#

Equation Name

l
p
V
-Vp--g+-u=O

2.3

Darcy

2.5

continuity

Pr

Pr

k

</J cJp
---+V·u=O

Pr cJt
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Three-Dimensional Primitive Equations

¢ cJp

u
- - + -·Vp
P, ot
P

=

¢V · (DVp)

Eqn.#

Equation Name

2.7

mass solute
conservation

Non-Dimensional Form

Eqn.#

Equation Name

VP+jS+MU=O

2.14

Darcy

cJS
y<p-+V.U=O

2.15

continuity

1
cJS +
l
U.VS = - V· (DVS)
dT
¢(1 + ,S)
Rs

2.16

conservation

cJT

j

II!
.I
,I
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mass solute

Chapter 3
3.1

Numerical Methods for Solving the Transport Equations

Introduction
While there are many ways to solve the flow equations presented in Chapter

Two, they can all be grouped into two general classes. Local schemes, such as finite
differences and finite elements or global schemes such as spectral methods. Local
schemes have a long history of use with groundwater modelling problems such as the
one presented here, whereas both local and global methods are used for atmospheric
n1odelling. This study will restrict itself to finite difference schemes for the following
reasons.
To investigate the "fingering" phenomena, high resolution at small length scales
is needed. Spectral methods are more accurate per node or gridpoint than local methods
and for flow problems involving smooth solutions and periodic boundary conditions
spectral methods possess a very high level of computational efficiency (Fletcher,
1984). Both Tan and Homsy (1986, 1987) and Zimmerman and Homsy (1991) use
spectral methods to model nonlinear instability and viscous fingers in a Hele-Shaw cell.
However, they used a simple computational domain and periodic boundary conditions.
For flow problems with difficult boundary conditions, the high accuracy per node of
spectral methods may not be realised and instabilities may occur in the computations

1,1

(Gottlieb and Orzag, 1977; Fletcher, 1991b). Local methods in such situations are
generally considered superior to global methods. Secondly, finite differences and finite
Ii·

elements produce similar equations when a regular discretisation is used, subject to the
same integral constraints being satisfied. Finally, the use of a finite difference scheme
allows direct comparison with the earlier work of Wooding et. al. (1997a).

3.2

Reduced Form of the Governing Equations
Equations (2.14) - (2.16) are expressed in the original primitive variables of

pressure, density and velocity. These equations can be solved numerically as they are
written or an alternative from can be used that is based on what is known in twodimensions as the vorticity-streamfunction approach. The vorticity-streamfunction
approach was originally developed for the full two-dimensional Navier-Stokes
11

I

equations with incompressible flow and constant density but is applicable here. Roach
(1982) states that the relative merits of what he terms the ('¥,

s)

or (U, V, P)

systems for producing a numerical solution depends on the problem. However, except
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for the case where a transient pressure solution is required at each time step, the ( '¥,

s)

form of the Navier-Stokes equations will generally be faster and easier to solve due to
the greater difficulty of solving the derived pressure Poisson equation compared to the
derived vorticity Poisson equation through the inclusion of boundary conditions. The
( '¥,

s) system possesses mostly Dirichlet boundary conditions whereas the ( U, V, P)

system possesses mostly Neumann boundary conditions. A Neumann boundary
condition is a restriction on the first derivative of the solution at the boundary whereas a
Dirichlet boundary conditions is a restriction on the solution itself at the boundary.
Neumann boundary conditions are generally harder to include in the computation and
slow down the speed of solution. Fletcher ( 1991 b) also concluded that, in two
dimensions, the ( U, V, P) system is often solved on a staggered grid to avoid
oscillations appearing in the pressure solution and that this further complicates the
inclusion of boundary conditions in the ( U, V, P) system. According to Roach ( 1982)
the above result is generally true for three-dimensional calculations. Fletcher ( 1991 b)
disagrees because in three dimensions the ( U, V, P ) system has four variables
whereas the ( '¥,

s) system has six and is therefore generally more expensive or time

consuming to solve.

Aziz and Hellums (1967) simplified equations (2.14) - (2.16) in two ways, in a
manner similar to that for the full Navier-Stokes equations of incompressible flow with
constant density. The first, the pressure potential formulation, involves using the
original primitive variables but re-writing the equations in terms of pressure and
density. In the second, the vector potential formulation, the original equations are rewritten in terms of the velocity and density and the primitive velocity terms are
replaced by a vector potential. For the pressure potential formulation, equation (2.14) is
first used to replace the velocity term in equation (2.16). The divergence operator is
then applied to equation (2.14) and the velocity term is equated to zero because the
groundwater flow is assumed to be non-divergent ( V · U

= 0 ).

This gives two partial

differential equations (a Poisson equation and a transport equation) with pressure and
density the dependent variables. The vector potential formulation takes advantage of
the fact that the flow is assumed to be non-divergent or solenoidal. The flow field can
therefore be expressed in terms of a vector potential. To remove the pressure term, the
curl operator is applied to equation (2.14). The equivalent mass flow velocity terms in
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both equations (2.14) - (2.16) are then replaced by the vector potential. The vector
potential is a three-dimensional form of the more familiar two-dimensional
stream.function. This produces two partial differential equation (a Poisson equation and
a transport equation) where vector potential and density are the dependent variables.
The three-dimensional Poisson equation generated by the vector potential form is a
combination of two one-dimensional Poisson equations.
Aziz and Hellums (1967), Holst and Aziz (1972) and Home (1979) have all

shown computationally that for three-dimensional convective flows the vector potential
formulation of equations (2.14) - (2.16) is solved more efficiently than the pressure
potential formulation. The inclusion of Neumann boundary conditions at all six faces of
a three-dimensional rectangular domain for the pressure potential formulation
compared to only two faces for the vector potential formulation introduces an
additional time cost of approximately 30% for the solution of the pressure potential
Poisson equation. This is true despite only a single Poisson equation being solved for
the pressure potential formulation compared to two Poisson equations for the vector
potential form. The vector potential formulation also produces an advection term that
can be represented by a linear combination of three two-dimensional J acobians, each

r
·I

associated with one of the three planes of motion. In this context, the Jacobian is a
linear combination of first derivatives of the form

J-

a(s,
\JI) -( as J(d'PJ-( asJ(d'PJ
a(x, Y) ax aY
aY ax

(3.1)

and is a scalar quantity. The Jacobian can be replaced by a finite difference scheme that
preserves the intrinsic conservative properties of the original differential equations

(Arakawa, 1966). The advection term derived via the pressure potential formulation
cannot be expressed in the form of a Jacobian and no conservative finite difference
scheme exists for this term (Home, 1979).
For the three-dimensional vector potential formulation of equations (2.14) (2.16), the equivalent mass flow velocity terms are replaced by

U == -V<I>+ Vx\JI
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(3.2)

where \J1 is the solenoidal vector potential field and <P is the scalar field and the curl is
applied to equation (2.14). This gives,

(k axas -i azas)+

v7 2q, = M -1

M((VM . V)\J1 +(\J1. V)VM - V(\J1. VM))

v 2<1> = r</>

as
cJT

1

+

</>(l +,S)

(acs, \J11)
a(Y, Z)

!

acs, \J12) acs, q,3 )J
+ acz, X) + acx,Y)

(3.3)

(3 .4)

1
- V · (DVS)
- Rs

(3.5)

Equation (3.3) is a Poisson type equation containing three independent scalar
Poisson equations corresponding to the three components of the vector potential with
V · \J1 = 0. The last two terms on the right hand side vanish in two dimensions and if the
mobility is constant only the gravitational terms are non-zero. If liquid dilation is
,,i

negligible, equation (3.4) is a re-statement of the continuity equation for an

'1

i'

incompressible liquid. The advection term in equation (3.5) now contains three

'Ii

I

independent J acobians, each associated with one of the three planes of motion. The
middle Jacobian representing viscous effects drops out as they are ignored.

In any problem involving free convection, the driving force is the variation in
buoyancy or specific weight. To further simplify equations (3.3) - (3.5), the liquid
undergoing motion is assumed to be a Boussinesq fluid. Fluid parameters that are
temperature and/or pressure dependent (i.e. thermal expansivity) but do not affect
buoyancy are considered to be constant. The variation of pressure and temperature with
depth is small for natural salt lake systems in Australia since the maximum depth to the
basement of most systems is less than 100 meters (Evans and Kellet, 1989). At the
1• .

same time the maximum change in liquid density is relatively small allowing terms
involving y to be ignored. Lake Tyrrell has a maximum change in liquid density
between the saturated brine at the surface and the underlying nearly-saturated saline
groundwater of -2% (Macumber, 1991). For continuity and inertia, density is treated as
constant. The maximum change in liquid density between Lake Tyrrell' s underlying
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nearly-saturated saline groundwater and the regional groundwater inflow is -11 %

(Macumber, 1991).
The only concern with the application of the Boussinesq approximation to the
equations governing groundwater flow below an evaporating salt lake has one potential
problem, the variation of viscosity with concentration. This viscosity variation is small
by an order of magnitude than that seen in typical thermally induced density-driven
flows (Straus and Schubert, 1977) where it is considered significant. The work of

Busse (1967) and Paolucci and Chenoweth (1987), show that convective flow beneath
the evaporating salt lakes considered here, can be approximated by the Boussinesq
approximation very well. Paolucci and Chenoweth ( 1987) state that the linear
Boussinesq theory can be applied to cases where

E,

a direct measure of the deviation of

the general equations from the Boussinesq approximation (since
the limit) is

E

E~

0 corresponds to

< 0.15. The analysis of Paolucci and Chenoweth doesn't include a

viscosity term but does relate the

E

parameter to an equivalent parameter P of Busse

(1967) that does. Calculations of the Busse parameter P using typical physical
11

parameters from Lake Tyrrell give an equivalent E parameter of E = 0.07 4 , confirming

'

the validity of using the Boussinesq approximation.
I;

For the case of a simple aquifer that is homogeneous consisting of only a single
layer, the local permeability, k, is assumed constant. This in conjunction with the

v = v r , leads to a constant mobility (M = 1) and

assumption of constant viscosity,

therefore only the gravitational terms on the right hand side of equation (3.3) are nonzero. However, in one area the Boussinesq approximation is relaxed. The option of a
tensor form for the dispersivity is retained. The Boussinesq form of the threedimensional equations are therefore,

v 2\J1=kas -ias

(3.6)

ax az

as +

dT

(acs,\Jll) + acs,\J12) + acs,\J13)J = _1V{DVS)
a(Y,Z)

a(Z,X)
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a(X,Y)

Rs

(3.7)

3.3

Two-Dimensional Form of the Governing Equations
The first step in the development of a three-dimensional computational model

for groundwater flow under an evaporating salt lake is to ensure that the model
describes flow in the two-dimensional laboratory analogue of saturated flow in porous
media, the Hele-Shaw cell. Equations (3.6) and (3.7) are reduced to two dimensions by
averaging the velocity over the width of the cell thereby simplifying the vector
potential, lJI, to a scalar stream function, lJI

= lJl3 .

Equation (3.6) becomes a single

Poisson equation containing a two-dimensional form of the spatial operator V and only
a single Jacobian is retained in the advection term of equation (3.7).

In two dimensions, the dispersivity tensor can be retained in vector form as the
sum of contributions from the molecular diffusion and a dispersion term based on a
number of different physical processes. These are; hydrodynamic dispersion, due to the
mixing of the liquid traveling a convoluted flow path through pores that is irreversible
and Taylor dispersion, due to the flow velocity profile within an individual pore. For an
isotropic porous medium the dispersion term is linear in the velocity with separate
components for the longitudinal and transverse components. The Hele-Shaw cell
,Iiii

possess a particular dispersive property in that there is no tortuosity and so there is no
hydrodynamic dispersion only Taylor dispersion. Dispersion effects in the Hele-Shaw
cell will be most significant at the developing saline finger tips where longitudinal flow
velocities are greatest. Transverse dispersion will mostly be by molecular diffusion and
will effect the walls of the saline fingers. Dispersion was not included in this study as
its effect on the overall convective flow was deemed to be small (Wooding, 1997;
personal communication) and its correct form in the Hele-Shaw cell is disputed
(Yortsos and Zeybek, 1988). The two-dimensional equations describing the flow in

the Hele-Shaw cell, including molecular diffusion but ignoring the dispersion term are,

V2lJI

= JS

(3.8)

cJX

as + ( acs, lJI) J

dT

d(X ,Y)
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_1 v2s
Rs

(3.9)

Equations (3.6) - (3.7) for the three-dimensional case and equations (3.8) and
(3.9) for the two-dimensional case are solved sequentially due to their different
characteristics. The Poisson equation is elliptic and it treated as a steady boundary value
problem. The solute transport equation is parabolic due to the presence of the diffusion
term and is treated as an unsteady initial value problem. Separate solvers are used to
optimally obtain the respective solutions. The main obstacle to the fast solution of the
equations modelling density driven groundwater flow is that the Poisson equation must
be solved at each timestep of the transport equation. There are two ways to increase the
speed of the overall solution; (1) improve the speed of the Poisson equation solver
and/or (2) reduce the number of timesteps needed by the transport equation to obtain an
accurate long term solution. The second solution is the one investigated here.

3.4

Boundary Conditions
The general boundary conditions for three dimensions will be discussed first,

followed by those for two dimensions. The two-dimensional boundary conditions
correspond to the boundary conditions required to allow comparison of the twodimensional computation with the Hele-Shaw cell analogue of the evaporating lake.

Three Dimensions
Surfaces of saline lakes in the Murray-Darling Basin vary widely from ponded
surface water as at Lake Tutchewop to a generally dry salt crust such as at Lake Tyrrell.
This study follows Wooding et. al. (1997a & b) and only considers the end-points; a
ponded surface or a dry salt crust. In both cases a distributed upflow of groundwater is
assumed to exist, driven by surrounding groundwater potential gradients. Evaporation
is greater for the ponded surface. For the salt crust case surface sediments immediately
below the salt crust are assumed to be fully saturated.
Using Darcy's equation, equation (2.14 ), a ponded surface corresponds to a
constant pressure at the horizontal surface boundary (Y = Ys) giving two surface
conditions for the streamfunction,

~l

=0

dY
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(3.10a)

cW3 =0

(3.10b)

aY

Equation (3 .10) states that the streamlines are normal to the horizontal surface. From
Figure 2.1, the water-Table beneath the land surface, is taken to be a noflow horizontal
boundary that terminates at the lake margin. This leads to a singularity at the lake
margin because of the non-uniform upward flux through the lake surface required by
the constant pressure boundary condition. This is observed in natural systems as a zone
of finite width adjacent to the lake margin where springs are often found.
A "dry" salt lake is assumed to have an evaporation rate,

£,

that is a known

function of position and time. In this case the streamlines are not restricted to remaining
perpendicular to the boundaries and

£

is the vertical component of the mass flux due to

evaporation. The non-zero components of the velocity potential at the lake
surface, Y

= ~ , are

j . (V x 'P) =

a'P1

~
£
_3_ = _ = E

az - ax

u,

(3.11)

where Eis the dimensionless evaporation flux. Inflow to the evaporating surface results
in a net horizontal flux of groundwater from the lake margins towards the lake centre.
Natural lake systems will not possess a uniform evaporation rate across the lake surface
except when the surface is dry and the watertable is some distance below the lake
surface. Atmospheric and sediment properties will then determine the upward flux of
water and solute and any variation in evaporation across the lake bed can be considered
to be small. A uniform evaporation boundary is therefore most likely to exist in regions
that are very arid or where the groundwater surface gradient is small.
Additional boundary conditions are needed by the solute conservation equation,
equation (2.16), to constrain the range of possible saline concentrations and to govern
the transfer of solute across the evaporation boundary. The maximum concentration of
a saline solution cannot exceed the solubility limit of the solute for a given temperature
and pressure. For the case of ponded surface water, the lake bed is permeable to both
water and solutes and the boundary condition is
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S=Sp

(3.12)

where Sp is the normalised density of the ponded surface water. If the ponded surface
water is more saline than the underlying groundwater (pp > p) then Pm

= Ps and S = 1 at

the surface.
For a "dry" lake surface, solid phase precipitation of salt occurs after the
inflowing saline groundwater reaches solute saturation. The condition at the boundary
lS

1 as =O
E(S-Sr)- Rs JY

(3.13)

S=Pr-Po

(3.14)

with Sr defined as

r

11p

with p0 the density of water at the same temperature and pressure. After the inflowing
groundwater solution reaches saturation at the evaporation boundary, equation (3.13) is
simply

S=l

(3.15)

and the maximum saline solution density (Pm) is equal to the saturation density of the
groundwater saline solution. Salt that is precipitated after saturation is reached is
assumed to cross the boundary and can be ignored.

Two Dimensions

The two-dimensional boundary conditions are a restricted form of the threedimensional boundary conditions set to match the modified Hele-Shaw cell (Figure
4.3b ). A uniform evaporation is assumed for the two-dimensional flow region
ABCDEF and equation (3.11) is integrated to give a Dirichlet type boundary conditions
I

I •

for the streamfunction. With an upflow of E = l/R 0 = constant, the boundary conditions
for 'Pare
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(0 < X < Le)

AB:

'¥=-EX

BC:

'¥=-ELe,

( Le < X < L - Le)

CD:

'¥ = -E(L-X)X,

(L-Le < X < L)

DE, FA:

'

(3.16)

'¥ = 0

EF:

'¥ = 0

The "dry" lake boundary conditions for S allows an increase in the salt
concentration at the evaporation boundary until saturation (S = 1) is reached. Using
equation (3 .13) and (3 .15) the boundary conditions for S are,

AB (0 < r < r s):
AB

E( S -

('rs < r):

S,) =

as

R, Jy

S=l

as =O

BC:

3.5

1

CD:

dn
S=O

DE, EF, FA:

as =O

(3.17)

dn

The Poisson Equation

Two Dimensions
For this study, the method of solution for the Poisson equation with constant
mobility, equation (3.8), is the odd/even reduction method originally proposed by
Buneman (1969) and further developed by Buzbee et. al. (1970). This is a direct method

that involves cyclic reduction. The algorithm implemented here comes from
Swarztruaber and Sweet (1975) and Adams et. al. (1988). To simultaneously solve the

difference equations generated by discretising the Poisson equation on a finite grid with
a total number of M gridpoints and therefore M variables, an M x M, sparse, symmetric
and positive definite matrix is generated. Sparse means the matrix has many more zero
rather than non-zero entries. Symmetric means the matrix is symmetric in the value and
position of its entries across the main diagonal running form the top left entry to the
bottom right entry. Positive definite means the sum of the matrix entries across any row
of the matrix is always greater than or equal to zero. To solve this matrix the algorithm
will require approximately M log 2 M mathematical operations or the complexity of
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the algorithm is

0( M log 2 M). This algorithm uses the standard five-point, centred-

space template for the Laplacian.
Studies have shown that multigrid techniques provide an alternative method of
solution that is faster than older direct methods (Johnson, 1987; Briggs and
McCormick, 1987). While multigrid methods possess a complexity of O(M) in two

dimensions, again for an M x M, sparse, symmetric and positive definite matrix,
considerable time penalties are incurred to organise the computation and it is not clear
in the two-dimensional case which method will require the least total cost for a given
M. This study therefore uses a direct method for the two-dimensional case.

Three Dimensions
A direct method will be used to solve the Poisson equation with constant
mobility in three dimensions, equation (3.6), as there currently exits a readily available
three-dimensional solver (Adams et. al., 1988). However, it should be noted that in the
extension of the problem to three dimensions, the use of an iterative method becomes
almost obligatory. For three-dimensional problems, Adams et. al. (1988) use a sevenpoint, centred-space template in conjunction with Fourier transforms. The complexity
of this algorithm is 0( M log 2 M) as opposed to a complexity of O(M) for a threedimensional multi-grid (Johnson, 1987; Briggs and McCormick, 1987) algorithm.

3.6

The Transport Equation
This work will concentrate on unstable density-driven flows that are advection

dominated but still contain diffusive mixing. The transport equation, equation (2.16),
consists of two components (advective and diffusive) and can be written as

as +U·VS=KV

1.

dT
where

K,

2

S

(3.18)

some form of diffusion coefficient has replaced the dispersion tensor. In

advective-dominated flows the solution will be advective at larger time scale but
diffusive at small times scales. Diffusion and dispersion are present in the flow
involving miscible liquids a concentration gradient will replace the interface or
concentration discontinuity seen in immiscible displacement. For advective-dominated
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flows, techniques developed for purely advective flows, where no dispersion takes
place, can be used as long as the effects of diffusion are taken into account. Diffusion
and dispersion will tend to broaden sharp advective fronts and reduce the size of the
timestep that can be used due to the need to satisfy an extra stability criteria.

Aliasing Error

Solutions from finite difference schemes modelling advection are susceptible to
nonlinear instability, first reported by Phillips (1959). Nonlinear instability is due to the
inability of a finite grid (Ax) to resolve short wavelengths of the order A ~ 2Ax. When
such wavelengths are formed by the nonlinear interaction of longer resolved waves, the
grid is unable to represent them correctly as they are sub-grid scale phenomena. The
error resulting from this misrepresentation is called aliasing error (Kasahara, 1977).
The effects of aliasing error on a nonlinear computation are presented by Platzman
( 1961) who showed that the best mean-square approximation to the product of two
discrete functions is the alias-free representation of the product of two trigonometric
interpolation polynomials through the grid points and not necessarily the product
function at the grid points. Any finite difference scheme used to represent advection
must take aliasing error into account.
The smallest wavelength, Amin , a discrete one-dimensional finite grid can
represent is 2&, where Ax is the grid spacing. This corresponds to a maximum
propagation number,
than

Amin

kmax ,

of n I Ax with k

= 2n I A. Disturbances of wavelength less

are misrepresented on the grid as waves of larger wavelength as shown in

Figure 3.1.
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An example of aliasing error. The disturbance, w 1 , with a wavelength of

I

4rr/3 is misrepresented as the disturbance, w2 , with a wavelength 4n. The minimum
wavelength that can be represented on this grid is 2L'.1X.
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Analytically, k > kmax can be written as k*

= 2kmax -

r where r < kmax and

therefore

sin(k* x)

= sin(2kmaxx -

(3.19)

rx)

Now kmax = n I Ax and x = iAx where i, the x-direction grid index, is either zero or a
positive integer and therefore

sin(k* x)

= sin(2(n I Ax)iAx- riAx)
= sin(2in -

(3.20)

riAx)

= sin(2in) cos(-riAx )- cos(2in) sin(-riAx)
and

(3.21)

sin(k* x) = sin(2kmax x-rx) = -sin(rx)

with sin(2in) = 0 and cos(2in) = 1 for all i. Similarly cos(k* x)

= cos(rx) when

k > kmax. Therefore all waves with a propagation number

= 2kmax -

k*

r

are

represented on the grid as having a propagation number r .

Nonlinear Computational Instability

Nonlinear computational instability is the result of the failure of a difference
equation to adequately represent properties inherent in the original differential equation
it is replacing and is triggered by aliasing error. Nonlinear computational instability
cannot be corrected by reducing the size of the timestep taken. To show how an
incorrect choice for the form of the finite difference representation of the advection can
result in nonlinear instability, the baratropic, non-divergent, two-dimensional vorticity
equation as developed by Arakawa (1988) will be used. This equation is well-studied
and possesses an analytic solution. This example is also applicable to the threedimensional case since the advective component of the three-dimensional transport
equation is the sum of three two-dimensional advection components, one from each of
the three planes.
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The vorticity in equation (3.22) behaves qualitatively like the normalised
density (S) seen in equation (3.9), a scalar quantity advected by the flow. Equation
(3.23) is a Poisson equation governing the flow in a manner similar to equation (3.8).
The vorticity equation is

at;= ICt;, '¥)

(3.22)

dt

and the relevant Poisson equation is
2

V 'P =

s

(3.23)

where t; is vorticity, J(t;, '¥) is the two-dimensional Jacobian and 'P is the twodimensional streamfunction. The simplest 2nd order finite difference schemes that can
be used for equations (3.22) and (3.23) using a square grid (& = /1y = h) are,

d
rJt

su = 4

l
h2

CCsi+1 ,1 - si-1 ,1)C'Pi,J+1 -'Pi ,J-1)

-( Si,j+l - Si,j-1 )('Pi+l,j -

(3.24)

'Pi-l,j ))

and
I,,

su = h21

C'Pi+1 ,1

+ 'Pi-1,1 + 'Pi ,j+l + 'Pi ,j-l -4'¥i ,1)

(3.25)

with the finite difference grid given by

where L

x

=

ih,

i

=

y

= jh,

j

= 0,

0, 1, 2, ... , I -1 (I even)
1, 2, ... , J

= Id and W = Jd.

The initial boundary conditions are set to be 'P and t; identically zero on the
,1 .

lateral boundaries (Y = 0 and W) and periodic in x ('P(x, y, 0) = 'P(x + L, y, 0)).
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These boundary conditions are valid for all time and the flow will remain periodic in x.
The streamfunction field can be represented by the finite sum

112 1 1

- LL

aim cos (

- (

\Jli, j

l=O m=l

where

atm

and

btm

J

2

nz·z +

btm sin

/

(2nz·zJ) sin(nmJ 1·J

(3.26)

/

are functions of time. The smallest wavelength possible in the x-

direction with this representation is for a wavenumber, l = 1/2. This corresponds to a
wavelength of 2Ax or 2d. For the y-direction, m = (J - 1), represents the smallest
wavelength and is approximately 2~y or again 2d .
We consider only two components of the stream function field, \J11 and

\Jf2 ,

with wavenumbers (/i, m 1 ) and (/2 , m 2 ) respectively. Their interaction according to
equations (3.22) and (3.23) will be nonlinear in nature and will contribute to the time
rate of change of the four components of vorticity possessing the wavenumbers

U1 + l2, m1 -

U1 + l2, mi -

m2),

m2),

U1 -

/2, ~ + m2)

and

U1 -

/2, ~ - ~) · This

nonlinear interaction governs the transfer of kinetic energy between different parts of
the frequency spectrum for this type of flow (Fj¢rtoft, 1953).
The vorticity solution of equation (3 .22) is a Fourier sum of the form shown in

II

equation

(3 .26)

that

l = 0, l, 2, ... , I I 2

can

and m

only

represent

= l, 2, 3, ... ,

waveforms

with

wavenumbers

J - l. It is obvious that any interaction

between \J11 and \Jf2 that results in a wavenumber /1 + /2 > / / 2 or m 1 + m 2 > J - l will
be incorrectly represented. If, for example, /1 + /2 = / - r with r < I I 2 then the
following will occur,

(11 +li)sin(

:J
:J

2

2

:J

2

(11 +l2 )co{ : ) = (J-r)co{

2

= (J -r)co{

= rco{

:J
:J

2

=-rsin(

2

(3.27)

Therefore, instead of affecting wavenumber I - r , the two components \J11 and \Jf2 will
affect wavenumber r. Similarly for the m wavenumbers, a misrepresentation will occur
!
,I

when~ +m2 > 1-l.
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This effect can be clearly seen by representing the streamfunction field using
the two components, \J'1 and \J'2 , that are the analytical solution of equation (3.22) given
by,

('¥, )u

('1\)u

The

substitution

m 1 = 2n I 3,

~

= I I 4,

= U (t)

of

12

co{~)+ sin(~)}in(2{)
cos(ffi) sin( 2{ )

= ( C(t)

S (t)

equation

=I I 2

(3.28)

and m 2

into

equation

(3.28)

(3.22)

where

= 2n I 3 will result in an interaction that will

be misrepresented as

31
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l1 +l2 =-=1--=l-l
=l1
4
4
1

4n
21
m 1 +m2 = - - 21-- -21-m1 = m1
3
3

No new harmonics will be generated by the ( /1 -

/2 )

(3.29)

and ( ~ - ~) terms as their

interaction does not produce wavelengths to small to be represented on the grid.
Equation (3.22) becomes

a ,j=- ,!ju
dtc;i
h 4 ( Scos
2

(mJ
.
(m)J
.
(2nJ)
2
2
3
+Cs1n

sin

(3.30)

Replacing the vorticity term on the LHS as in equation (3 .23), we see that by equating
terms that

-a \JI.1 · = -

dt

,}

(m)
. (m)J
. (2nJ)
+ C sin
sin
2
2
3

,!ju2 ( S cos l Oh

This implies that equation (3.28) is the solution of equation (3.31) for all t if
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(3.31)

dC

= CJU(t)S(t)

dt
dS

dt

= CJU (t)C(t)

(3.32)

dU =O

dt

where CJ= ../3 I l0h 2 • From equation (3.32), U is constant and
C =S

= Aeaur

C = -S = Ae-aur

(3.33)

with A also a constant.
Equation (3.33) shows that the amplitude terms in our solution to equation
(3.31) contain positive exponentials that will dominate due to the misrepresentation of
the shorter wavelengths. It is interesting to note that this example shows that nonlinear
stability can occur even when time is continuous and is therefore not due to the method
of time discretisation used for the difference equations. Also, while this is a particular
example, there is no reason to believe that in the more general case, where more than
three degrees of freedom are allowed, the instability will disappear.

1,,

Quadratic Conservation
It is possible to avoid nonlinear instability by ensuring that the finite difference

equation used to represent the transport equation maintains certain intrinsic
conservation properties that the transport equation possesses. For the advection
equation or the advection dominated transport equation, some of the quantities
conserved by the differential equation are in this case, the mean of the advected
quantity, S, the mean of the advected quantity squared, S 2 , and the kinetic energy,
(V\f)

2

.

These conservation properties should be maintained by the difference equation

used to represent the original differential equation. Conservation of either of the second
moment properties is sufficient to avoid nonlinear instability but conservation of both
ensures that no cascading of energy from the long to the short wavelengths can occur
I •

(Arakawa, 1966; Arakawa and Lamb, 1977).
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Conservation of the first moment, the mean of the advected quantity, does not
ensure computational stability as the magnitude of the solution is not necessarily
bounded as large positive values can be balanced by large negative values in an
averaging process. Conservation of both second moments in the equation, the mean of
the advected quantity squared and the kinetic energy (velocity squared) guarantees the
L 2 boundedness of the magnitude of the solution (Arakawa and Lamb, 1977). Schemes

that conserve the second moment are called quadratic conservative. It should be noted
that many proposed conservation schemes are only semi- or quasi-quadratic
conserving, in that they only conserve the second moment in the absence of time
differencing errors, i.e. for lit~ 0.

Other Conservation Laws

As stated above, one strategy to avoid nonlinear instability is that a numerical
scheme should possess the same conservative properties as the original nonlinear
differential equation. At the same time we are also solving a system of equations where
the maintenance of other conservative properties such as fluid mass does not affect
nonlinear instability. However, they are still of interest since conservative systems are
in this sense qualitatively correct.
For the conservation of overall mass and mass solute the form of the original
differential equation is important. A finite difference scheme that conserves mass for
the conservative form of a particular differential equation is not guaranteed to do the
same for the advective form. For example, the forward-time, centred-space (FfCS)
scheme conserves mass for the one-dimensional advection equation in conservative
form but not in advective form (Roach, 1982).
For the two-dimensional transport equation, equation (3.8) the only way to
ensure the conservation of the total flux in general, allowing for a spatially varying
velocity, is to conserve the advective flux and the diffusive flux independently. For
higher dimensions it is also necessary to conserve each quantity in each dimension
independently (Roach, 1982). The advective term of the two-dimensional transport
equation, when replaced by a Jacobian of the form shown in equation (3.2), is
independent of whether it was originally in conserving or non-conserving form since
the Jacobian representation is identical in both cases. Arakawa' s difference scheme for
the Jacobian is the refore mass conserving.
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The most important factor in the avoidance of nonlinear instability is restricting
the transfer of energy to scales below the resolution of the computational grid, the
subgrid scale. The build-up of energy at the subgrid scale immediately precedes the
onset of nonlinear instability in a computation (Grammeltvedt, 1969). Quadratic
conserving and total energy conserving schemes restrict this transfer of energy and are
clearly superior to numerical schemes that do neither. The difference between the two
schemes is that by conserving kinetic energy, an explicit upper bound is placed on the
size of the flow velocity rather than an implicit upper bound by conserving the total
energy. This, in combination with an explicit upper bound on the size of the quantity
being advected, makes quadratic conserving schemes generally superior to schemes
that just conserve the total energy when avoiding nonlinear instability (Grammeltvedt,
1969).

Finite Difference Schemes
The requirement that finite difference schemes maintain the intrinsic
Ill

conservation properties of the nonlinear differential equation led us to the work of
Arakawa (Arakawa, 1966; Arakawa and Lamb, 1977; Arakawa, 1988). Arakawa
developed two schemes, a nine-point, second-order scheme and thirteen-point, fourthorder scheme, for the spatial discretisation of the two-dimensional vorticity equation.
These schemes are both semi-quadratic conservative schemes, they conserve the mean
of the first and second moment of the advected quantity and mean of the second
moment of the velocity, in the absence of time differencing errors. However if an
implicit Crank-Nicholson scheme is used for the time differencing in conjunction with
either of the Arakawa schemes, all the quantities are conserved identically for all lit
(Arakawa, 1970). This study will employ the finite difference schemes of Arakawa to

model the advection of salt beneath evaporating salt lakes using a number of different
time discretisation schemes.
The second order, nine point Arakawa scheme is

.

45
11:-

1

Ji,} cs, \f) = 1'"' J2

{\fi+1,1 csi ,1-1

+ si+1 ,1-1

- s i,1+1 - si+1 ,1+1)

\f.L- 1,). (S.L,J+
. 1 + s.L-1,]·+1 \J'i ,j+J csi+1 ,1
\J'i,1-1

+ si+1 ,1+1

s. . 1 - s.
1,J-

+

1 . 1) +

L- ,J-

- s i-1,1 - si-1 ,1+1) +

csi-1,1+ si-1 ,1-1 -

si+1 ,1 - si+1 ,1-1)

\fi+1,1+1 (Si+1 ,1

(3.34)

+
s.+1
l ,].) +

- Si ,J+1)

\f.1+ 1,J-. l (S.L,J.1\fi-1,1+1 (Si ,J+1

+

- Si-1 ,1)

+

\f. 1,J-· 1CS. 1 · -s.1,1· 1)}
1-

where d

1- , ]

= Lix = ~y. This is the advective form of the numerical scheme. The fourth

order, thirteen point, Arakawa scheme involves the four extra grid points centred on the
grid point (i, j) that are two grid spacings away. This scheme will not be written here
but is of the form.

l;)S, 'fl)= ~ (r' (S, 'fl)+ p+ (S, 'fl)+

where

Jxx(S, \JI)

is

equation

(39)

of

r x(S, 'fl))

Arakawa

(1966)

(3.35)

and

similarly

Jx+ (S, \f) and J+x (S, \f) correspond to equations (57) and (58). However, there is an
error in equation (58) as written by Arakawa (1966) where all the signs in the brackets
with \f should be negative (Orzag, 1971).

3.7

Time Discretisation; Explicit, Imex and Implicit Methods
When investigating natural phenomena that involve fronts, small timesteps are

usually required otherwise important flow details can be missed. At small timesteps,
explicit methods are stable and often preferred to implicit methods because they are
computationally less expensive for a given timestep, where both methods are stable
(Finlayson, 1992). However, while explicit methods are generally very efficient, they

are no longer the method of choice for researchers involved in modelling field scale oil
reservoirs over long time periods (Ewing, 1983). Many situations involving problems
with strong non-linearities convinced the oil industry that fully explicit methods could
not be used optimally (Ewing, 1983). Implicit methods are used instead. However, care
must be taken if fully implicit methods are used to ensure that the allowed larger
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timesteps (in comparison to explicit methods) do not result in inaccuracies in the
solution (Ewing, 1983).
Once saline plumes are well developed, a larger timestep can be used with a
imex or implicit scheme without missing important flow details. In contrast, explicit
schemes will still have a timestep restriction that minimises the size of the timestep
allowed. Imex (implicit-explicit) or implicit schemes allows a larger timestep to be
taken thereby reducing the computational effort needed to reach long term solutions.
This study will investigate if the extra time required at the start of a simulation by a
imex or implicit method can be recovered as a simulation evolves by using larger
timestep at longer times.
The other advantage of using imex or implicit methods is their long history of
use in modelling general groundwater flow problems and their potentially greater
stability when applied to problems dealing with groundwater flows in nonheterogeneous media (Hill, 1990).

Explicit Methods

Arakawa's scheme for advection is generally used with a "leapfrog" scheme for
the time discretisation. This scheme is second order accurate but susceptible to
divergence of the solution between the even and odd timesteps. This can be avoided by
taking a mean of both solutions approximately every 100 steps (Roach, 1982). Wooding
et. al. (1997a), used a forward time step scheme that is only first order accurate but
avoids errors by using a restricted time step. When looking at long time solutions, this
approach is time consuming.
The explicit leapfrog time scheme is given by

JS
dT

sn+l _ s n-l
i,J

i,J

2~t

l
= -J .1.(Sn, ~ n) +-V2sn
Rs
1
'

(3.36)

that is written explicitly as

s.n:1
i

1, 1

= S~~11
1,

_ 2 ~tJ . .(Sn, ~n) + 2~t
1, 1
R
s
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v2sn

(3.37)

The explicit forward time scheme given by

as

s.n: l -

dI'

fit

i ,1

s~.1
i,

1

= -J. 1.(Sn, 'Pn) +-V2sn
1
'

Rs

(3.38)

which written explicitly is

s.n:1 = s.n . _ fit] . .(Sn, 'Pn) + fit
v72sn
R
i ,1

i ,1

i ,1

(3.39)

s

The terms on the LHS of equations (3.37) and (3.39) are calculated from previously
calculated values and the computation precedes gridpoint by gridpoint through the
computational domain.

Imex or Implicit/Explicit Methods
In general, the strictest time step restriction for the two-dimensional transport

equation, equation (3.9), comes from the diffusion term. By using an implicit scheme
for diffusion together with an explicit scheme for the advection, a larger time step than
is possible with a purely explicit scheme can be employed while still ensuring
numerical stability. Another advantage of a imex scheme is its better representation of
certain properties of the continuous physical solution. The use of an implicit scheme
results in an infinite signal propagation speed, in the solution, since all values of the
quantity in question, at the next time level, A n+i, are solved simultaneously.
Continuum diffusion equations or the diffusive component of transport equations
possess this property. Continuum advection equations or the advective component of
transport equations possess a finite signal propagation speed in their solution that is
mirrored by using an explicit scheme. In the solution of an explicit scheme, the finite
signal propagates a distance l = Ax over a time interval fit in comparison to the
distance l = ufit, where u is the advection velocity, for the continuum form (Roach,
1982).
While groundwater flows, in general, can range between advection and
diffusion dominated, this study is concerned with flows that are advection dominated. It
is these flows that cause instabilities in the dense surface brine layer underlying the
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evaporative lake surface to develop into saline plumes that transport salt back into
regional groundwaters. This leads to the preliminary conclusion that imex schemes in
advection dominated flows will not provide a significantly larger timestep for the
computation required.
A imex scheme that uses a forward time step is given by

as

s.n:l
- sni,j
I,)
21it

dT

= -li,j(S\ 'f'n) + -1V2sn+1

(3.40)

Rs

which can be written explicitly as
sn:1 _
I ,)

lit y72 sn+1
R

= sn . I ,)

lit] . .(S\ 'f' n)
I ,)

(3.41)

s

If a second-order accurate, spatially-centred scheme for the diffusion (five-point
template) is used, a M x M block tridiagonal symmetric matrix that is positive definite,
where M is the total number of gridpoints, is generated. The blocks on the main
diagonal are tridiagonal and the off-diagonal blocks are diagonal. This matrix can
factorised using Cholesky factorisation and then solved by either direct or iterative
methods. Generation and factorisation of the matrix occurs only once, prior to the start
of the computation. The advection term is included in the vector b on the right hand
side of the equation

Ax=b

(3.42)

where A is the matrix corresponding to the diffusion term.

Implicit Methods
There are two ways of implementing an implicit scheme when the Arakawa
template is used for advection. The first, a fully implicit scheme, either backward Euler
or Crank-Nicholson, requires some form of linearisation and involves an extra iteration
process to obtain the solution at each time step (i.e. Newton iteration). Linearisation is
needed because the Jacobian form of the advection component consists of cross-terms
involving S and 'I'. The second is to implement an implicit scheme that only solves for
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S implicitly, henceforth known as the S-implicit method. In setting up the system of
equations needed to solve for Sat the next time step, 'I' is used from the previous time
step. The S-implicit method is quadratic conservative for Sas tit~ 0 and is not subject
to nonlinear instability due to aliasing error. Again, if a Crank-Nicholson scheme is
used this scheme conserves S 2 but not the kinetic energy for all tit. This result is
shown in Appendix A.
A backward Euler scheme that uses 'I' from the previous timestep is expressed
as

JS

sn+l - sn

dT

tit

i,j

i,j

l

= -J . .(sn+1, 'Pn) + -V2 sn+1
11
'

(3.43)

Rs

and can be written explicitly as

s.n:l - tit v 2sn+l
1,1
R

+ tit] . .csn+l' 'Pn) = sn .
i, 1

(3.44)

i, 1

s

The Jacobian can be expressed in general form as

] . .(sn+l, 'Pn)
l ,J

=".L..J sn:l\}'_n_
l ,J

(3.45)

l,J

i' ,j'

where i' and j' take the values of -1, 0, 1 and is simply an expansion of S with constant
coefficients and included on the LHS of equation (3.44). Both i' andj' cannot equal
zero at the same time.
A Crank-Nicholson scheme that uses 'I' from the previous timestep is given by

JS
dT

Using si:;ri

sn+l - sn
l
i,j
i,j =-J . .(sn+Yi,'Pn)+-V 2sn+Yi
1
tit
Rs

(3.46)

1
'

= (St;1 + si:j) I 2,

and remembering that the Jacobian is a linear

combination of S, equation (3 .46) becomes

sn:1+tit J . .(sn+1 'Pn)- tit v 2sn+1 =S~ --tit ](Sn 'Pn)+ tit v 2sn
1

'

1

2

1

'

1

'

1

2Rs

'
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2

'

2Rs

( 3 .47 )

The matrix obtained using the S-implicit method is similar to that generated via
the imex method in that the matrix is M x M block tridiagonal. However, the matrix is
symmetric in form only. The value of the matrix entries are not symmetric. Also, unlike
blocks generated by the imex method, every block in the S-implicit matrix is
tridiagonal. Cholesky factorisation cannot be used since the matrix is not positive
definite, so LU factorisation is used instead. LU factorisation of a matrix is the matrix
re-written in the form of a lower-triangular matrix times an upper-triangular matrix
where a triangular matrix only has entries above (upper-triangular) or below (lowertriangular) the main diagonal. Again, the system of equations can be solved by a direct
or iterative solver.

3.8

Stability, Cost and Accuracy
Three different time discretisation schemes will be evaluated. In each scheme

the advection term will be represented by Arakawa' s nine-point scheme and the
diffusion term by a standard centred-space scheme. This evaluation can be divided into
II'

three categories; (1) accuracy, (2) stability and (3) cost. For this study, the accuracy of a
numerical method is determined by the comparison of its solutions with the
experimental Hele-Shaw cell data presented in Chapter Five. Stability refers to the
maximum size of the timestep in the computation between one time level and the next
that ensures the solution remains bounded. This is often expressed in terms of a
Courant number, C == uf1t I Ax or a diffusion number, d == af1t I Ax 2 or in the case of a
transport equation both. For the Courant number, u is the flow speed and for the
diffusion number, a == l /Rs.
There are a number of methods for exarmn1ng the stability of numerical
schemes. The most well known are (1) the discrete perturbation analysis, (2) the von
Neumann analysis and (3) Hirt's analysis (Roach, 1982). Any analytically-derived
stability criteria is only a guide to the magnitude of the timestep allowed by a given
numerical method or scheme. All stability criteria methods provide information about
stability but their use in practical computations is limited, as fluid dynamic stability
predictions are applied locally. The usual method is to use some fraction of the
analytically determined maximum timestep as the timestep in the computation. In
practice, to obtain numerical solutions, numerical experimentation is needed. The
forgoing stability criteria provide only a guide to practical numerical stability. For this
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study, the stability of a numerical method will be measured by completing a number of
computations at increasing larger timesteps until the solution becomes unbounded.
The cost or time penalty of a numerical scheme is the number of floating
point operations (flops) or matrix-vector operations needed to complete the
calculation per timestep. This is difficult to determine for sparse factorisation
(Cholesky and LU) as the number of operations needed is dependent upon the form
of the matrix being factored. It is also difficult to determine for iterative methods
such as conjugate gradients where the number of iterations required is a function of
the number of non-zero entries in the matrix. The inclusion of memory calls, integer
operations and looping structures only adds to the complexity of the problem.
Another way of determining cost is by timing. In this study, the cost or time penalty
of a numerical scheme will be determined by timing the scheme for a set number of
computations.

3.9

Equation Review

Reduced Form (Vector Potential Formulation)

Eqn.#

Equation Name

?
V-'I'
= M - 1( kJS- - .iJS- ) + M ((VM · V)'I' +('I'· V)VM-V('I' ·VM) )

3.3

vector potential

3.4

continuity

3.5

conservation

JX

clZ

v2<P = r</J

as+
aT

as
ar

I
('/(S, '1'1) + J(S, 'I',)+ J(S, 'I',))= _1 V. (DVS)
</J(l+y.S) a(Y,Z)
a(Z,X)
a(X,Y)
Rs

Three-Dimensional Boussinesq Approximation

v2'¥ = k as

_ i as
ax az

dS
dT
,1

+(

d(S,'I\) + d(S,'1'2 ) + d(S,'I',)
d(Y,Z)

d(Z,X)

d(X,Y)

)=-1
Rs

•
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L::

V·(DVS)

mass solute

Eqn.#

Equation Name

3.6

vector potential

3.7

conservation
mass solute

Two Dimensional Boussinesq Approximation

v 2q, =

'I'))

as
ax

as + ( J(S,
=
cJT
a(X , Y)

_1 V.
Rs

(DVS)

Equation Name

3.8

strearnfunction

3.9

conservation
mass solute

I

I
1

11I
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Eqn.#

Chapter 4
4.1

The Hele-Shaw Cell Experiments

Introduction
The Hele-Shaw cell was first used to visualise two-dimensional liquid flow

past solid objects nearly one hundred years ago (Hele-Shaw; 1898, 1899). The HeleShaw cell consists of two flat, parallel plates, separated by a small gap, b. For the
experiments reported here b was of the order of 0.2 mm. At least one of the plates
must be of some type of transparent material such as glass to visualise the flow. In its
simplest form the Hele-Shaw cell (see Figure 4.1) has the two parallel boundaries AB
and CD sealed and fluid is driven through the cell via the boundaries AD and BC by
some type of hydraulic gradient. The Hele-Shaw cell can be orientated horizontally to
simulate flows without the influence of gravity or at some angle to the gravitational
field to simulate flows that are gravity driven.

glass plates
gap

I

I
111
I

D

C

Figure 4.1 Hele-Shaw cell in a vertical position. The cell is sealed along the boundaries
AB and CD. Liquid enters at boundary AD and exits at boundary BC.

4.2

A Two-Dimensional Analogue of Flow in a Porous Medium
The Hele-Shaw cell is a laboratory analogue of two-dimensional flow in a

porous medium because the average velocity in the cell is equal to the average
velocity in a porous medium with a permeability equal to b 2/12 (Lamb, 1932; Bear,
1972). The Navier-Stokes equations for flow between two vertical parallel plates
(Hele-Shaw cell) can be written as
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-d(J, + (u-V )u
dt

=f

+ -Vp + vV 2u

(4.1)

p

where u is the velocity vector (u = ui + vj +wk), f is the external force per unit mass
acting on the liquid, p is the pressure, p is density and v is kinematic viscosity. The
horizontal coordinates are x and z and the vertical horizontal coordinate is y. The space
between the plates is extremely small so the fluid velocity across this gap, perpendicular
to the plates, is effectively zero (w=O). The overall flow is also extremely slow and the
inertial terms on the LHS of the equation (4.1) are negligible compared to the viscous
terms. The only active external force acting on the fluid is gravity so only

~

=- g

is

non-zero. Since the liquid adheres to the plates, the largest velocity gradient is in the zdirection. Therefore the derivatives in the x and y directions are small compared to those
in the z-direction and can be discounted. With these considerations equation (4.1)
becomes

d
d2u
dx (p + r y) = µ dz2

(4.2a)

d2v
= µ dz 2

(4.2b)

d
cJy (p+yy)
d

-(p+yy) = 0
dz

(4.2c)

1••

where y

= pg is the specific weight, µ is the dynamic viscosity and z is the distance

normal to the plates. From equation (4.2c) it follows that (p + yy) is constant in the

z-

direction.
Integrating equations (4.2a) and (4.2b) with the boundary conditions

dudvo.
z =Od
an - = - = gives
dz

dz

d
du
z -(p+yy) = µdx
dz

(4.3a)

d
dv
z-(p+yy) = µBy
dz

(4.3b)
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Integrating again with z = +

%, and u = v = 0 (adherence to walls) gives
u=

~(z2-:J:
~(z -:J;

2

(p+yy)

(4.4a)

(p+yy)

(4.4b)

2

v=

Defining a potential <I> = -(z

2

2

-

2

b I 4 )(p + yy) / 2µ allows equation (4.4) to be

written as

~·

~·

u = - andv=-

Jx

(4.5)

cJy

where <I>' is a velocity potential dependent on

z.

Integrating equation (4.5) gives the

specific discharge between the plates in the x-direction as

2

PJ

(4.6)

PJ

(4.7)

1 fb1 2 u(z)dz=---b y J ( y+q =x
b -b/2
12 µ Jx
r

and in the y-direction as

2

l fb12 v(z)dz=---b Y J ( y+q =Y
b -b/2
12 µ d)l
Y

Recalling the piezometric head (</J = y + p I y)

from Chapter Two and

introducing the hydraulic conductivity between the plates as K = ( b 2 I 12 )(g Iv)
means equation (4.7) becomes

J<p

J<p

qx =-KJx andqy=-Kc)y

(4.8)

This is a potential flow with respect to the discharge vector (q) and can be rewritten
as

I
1\ ...
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q=-KV</J

(4.9)

This is identical to Darcy flow in a porous medium with a permeability of b 2/12.

4.3

Flow Visualisation
The use of dye injection and dispersion techniques (Wooding et. al., 1997a) to

visualise the evolution of convecting saline fingers in Hele-Shaw cells suffers from a
number of serious problems especially at long times. Care is needed in matching the
dye with the liquid to be used in the Hele-Shaw cell experiments with the dye
required to have the same density as the inflow liquid and to be non-reactive.
Wooding et. al. (1997a) injected a shallow layer of Methyl Blue at the evaporation
boundary of a modified Hele-Shaw cell using an 8 % by weight K 2S0 4 solution as the
inflow. While the dye clearly showed the initial convecting fingers, secondary and
later time saline fingers were invisible because the dye had been removed from the
region below the evaporation boundary by the initial fingers.
Visualisation of flows in Hele-Shaw cells involving liquids of different
concentrations and densities can use the fact that density differences due to
I

concentration differences in the liquids result in differences in refractive index. In the

I
1

11

experiments reported here, the inflow solution differs in density and refractive index
to the saturated solution that is developing, due to evaporation, at or just below the
evaporation boundary. A number of different optical techniques can visualise the
resultant refractive index gradients. The two most suitable for this work are the
schlieren and shadowgraph techniques. The schlieren technique uses the rate of
change of the refractive index whereas the shadowgraph technique uses the rate of the
rate of change of the refractive index. The schlieren technique is therefore more
sensitive to refractive index changes but the shadowgraph technique is simpler to use.
The shadowgraph technique can essentially be considered to be a modified schlieren
system. Both a schlieren and shadowgraph system were used to visualise the
experiments involving convecting saline fingers due to evaporation in a Hele-Shaw
cell. The shadowgraph was found to lack the sensitivity to detect convecting saline
fingers in the Hele-Shaw cells used in these experiments, Hele-Shaw cells with gap
1i

•

spacings of - 0.2 mm and maximum density contrasts of - 5%.
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The sensitivity of the schlieren system used to visualise the Hele-Shaw cell
experiments, was developed to the stage of being able to visualise a 0.5%, by weight,
difference concentration of NaCl, in an approximately 0.2 mm wide Hele-Shaw cell,
when the salt solution was injected at the evaporation boundary. In comparison,
Green and Foster (1975) used a shadowgraph system to visualise convecting salt

fingers in a Hele-Shaw cell simulating oceanographic convective phenomena. The
gap spacing of the Hele-Shaw cells used by Green and Foster varied from 0.1 to 0.8
mm between experiments. The experiments involved NaCl solutions with
concentrations varying from 0.6% - 20%, by weight, and pure water. The two liquids
were initially separated by a thin Mylar sheet (saline solution on top) that was
removed at the start of the experiment, allowing the dense saline solution to convect
down into the lighter pure water. The minimum density gradient visualised by Green
and Foster was a 2.5% by weight NaCl solution into freshwater.
The single greatest advantage for the schlieren technique is that it does not
suffer the loss in contrast over time that affects methods that rely on dye dispersion. It
is also non-intrusive and the measurement in no way affects or alters the flow. A
schlieren system described below was used to view the evolution of convecting saline

11r
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fingers over extended periods of time in the Hele-Shaw cell.

I
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The Schlieren Technique
The schlieren technique was first employed by Toepfer (1864). The term
"schlieren" is German for "streak". The technique involves light from a point source
being collimated by an appropriate lens or mirror and then passed through the
transparent object or "test cell" under investigation. The light is re-focussed by a
second lens or mirror at the image plane of the light source. This lens or mirror must
be a distance equal to its focal length away from the test cell to ensure a sharply
focussed image at the focal plane of the test cell. At the image plane of the
lightsource, a knife edge is used to partially block the re-focussed light. This prevents
the light from reaching the focal plane of the test cell where the image is recorded
either photographically or electronically. This experiment used a timelapse video
camera to record the schlieren images (Figure 4.2).
If an object is present in the test cell that can alter the phase of the light

passing through it (a phase object) light rays from the collimated beam passing
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(b)

Figure 4.2

Schliren system used for flow visualisation; (a) schematic diagram, (b)

looking towards light source and parabolic mirror and (c) close up of mirrors, lenses,
knife edge and video camera.
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(c)

Figure 4.2

Schliren system used for flow visualisation; (a) schematic diagram, (b)

looking towards light source and parabolic mirror and (c) close up of mirrors, lenses,
knife edge and video camera.

through the cell are refracted (diverted) from the unaltered beam path. A phase object
alters only the phase (velocity) of the light passing through it. The phase object in this
experiment is the salt solution and different densities of salt solution possess different
refractive indices. This results in different phase changes at different points in the
light beam and this change in phase causes refraction. At the image plane of the
source these light rays either strike or miss the knife edge resulting in light and dark
regions at the image plane of the test cell. In this experiment the increase in density of
the fluid at the evaporation boundary results in an increased refractive index in this
region therefore allowing visualisation of the developing saline boundary layer.
The schlieren technique exists in many forms using both lenses and mirrors.
Mirrors are generally preferred for large test cell experiments due to the respective
cost of quality components. The schlieren system can also be either a single or double
pass schlieren systems, referring to the number of times the collimated beam passes
through the test cell. This experiment used a double pass or auto collimating schlieren
system that doubled the effective test cell length. This was necessary because of the
small density gradients present in the Hele-Shaw cell and its extremely small path
length (b - 0.2 mm). In general, the longer the path length of the phase object, the
I

greater the deviation of refracted light rays from the unaffected collimated beam. The

I
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greater the displacement of these deviated light rays at the knife edge, the smaller the
density gradients observable in the Hele-Shaw cell with the schlieren system

(Merzkirch; 1974, 1981).
In practice, the schlieren technique suffers from a number of problems with

the most common one being diffraction at the image plane of the light source. This is
especially true when a laser is used as the light source. The schlieren technique is
rarely used to give quantitative results of refractive index changes and the related
fluid densities due to factors such as the nonlinear response of the recording medium.
For further discussion of the schlieren technique see Beams (1954), Leipmann and

Roshko (1957) and Saad (1985).

The Knife Edge
The knife edge used to obstruct a portion of the returning light beam can be
I

i

orientated in any direction but for maximum sensitivity should be orientated at 90° to
the maximum density gradient in the flow. The knife edge and the extended light
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source, if used, are orientated in the same direction. For a point source, only the
orientation of the knife edge is important
For the experiments reported here, both horizontal and vertical knife edges
were used. Prior to the onset of instability the developing boundary layer results in a
vertical density gradient at or adjacent to the evaporation boundary of the Hele-Shaw
cell. A couple of experiments were run with a horizontal knife edge to observe any
detail in the developing boundary layer. After the onset of instability, the downward
convecting saline fingers have a maximum density gradient in the vertical direction
(located at their tips) however the developing saline mound or salt toe has a
maximum density gradient in the horizontal direction. A number of experiments were
run with a vertical knife edge in an attempt to observe the developing salt toe. During
these experiments the vertically developing fingers were still visible in their entirety
due to large density gradients located at both the horizontal portion of the finger tip
and the extended vertical sides of the fingers. During all stages of finger development
in the cell, images produced by the vertical knife edge were superior to those
produced by the horizontal knife edge. Therefore, all experiments where the primary
interest was in the long term behaviour of the fingers, a vertical knife edge was used.
t

I

Also tested was a double vertical knife edge. This involved the use of a wire

,11!

in place of a conventional knife edge. Both positive and negative phase shifts result in
the same increase in light intensity and cannot be distinguished between (Merzkirch,
1981). After testing, the double vertical knife edge was found to be inconsistent and
difficult to maintain in position over the extended periods of the experiments. It
proved to be successful in only one instance.

The Light Source
Any light source can be used with a schlieren system, ranging from a laser to
white light, the important factors being the size of the point source and its' intensity.
The smaller the point source the better the theoretical resolution of the system. To
determine the best light source for the schlieren system used here, a conventional
slide projector minus the focussing optics was used as a white light source and a 10
mW red HeNe laser was used as a laser source. The white light source was larger than
I

i.

the HeNe laser as a point source and was therefore produced a theoretically less
sensitive schlieren system. However, the slide projector possessed greater intensity

I\

I
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than the laser. The Hele-Shaw cell images observed with the HeNe laser suffered
from diffraction effects due to dust particles and other optical impurities that could
not be removed. This complicated the laser image of the Hele-Shaw cell. In the end,
the white light was preferred to the HeNe laser because of its greater intensity and
cleaner image.

The Recording Medium
The method used to record the detail of the Hele-Shaw cell experiments that
the schlieren technique made visible was a timelapse video camera. Due to the slow
development of the fingers, timelapse photography provided the best means of
recording their motion. The degree of timelapse was variable ranging from normal
speed (1:1) to super slow (1:160). In the super slow mode, 480 hours real time could
be recorded on a 3 hour video tape. Experiments usually took from 2 to 4 days to
complete but it was found that the superslow mode provided the best replay speed for
reviewing the tapes. It was also possible to review a tape at the same timelapse rate it
was recorded at.

I

I

Refractive Indices of Liquids

:11
I

For the experiments reported here, density differences in the Hele-Shaw cell
were extremely difficult to detect even after adjusting the schlieren system to its
maximum sensitivity. A number of different salt solutions were therefore investigated
for their use as the inflowing background or reference fluid. The selection of a salt
solution to be used in the Hele-Shaw cell experiments was unrelated to any field
considerations.

Wooding et al. (1997a) used K 2 S0 4 in water at a concentration of 8% by
weight because the density of such a solution exactly matched the density of the dye
Methyl Blue used as the visualisation aid (dye dispersion). This density matching was
important in their case to ensure that no artificial densities gradients were introduced
by the dye. Also, the 8% by weight solution of K 2 S04 was close to the saturation
value of 10% for the solution at 20° C, therefore satisfying one of the basic flow
assumptions in Chapter Two that of tip

= pm - p,

being small compared to p,.

To use the schlieren, the refractive index change had to be maximised for a
given density change that still satisfied the assumption that tip= pm - p, was small
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compared to p,. Table 4.1 shows the list of salt solutions considered. The solution
MgCh.6H20 was chosen because of its good refractive index properties and its noncorrosive nature. The non-corrosive nature of MgCh.6H20 was important because the
frame of the Hele-Shaw cell used to hold the plates together were made of
Aluminium. In comparison Ferric Chloride (FeCh) and Sodium Hydroxide (NaOH)
reacted with the Aluminium frame of the Hele-Shaw cell.

List of 1% by weight salt solutions and their refractive index relative

Table 4.1
0

to water at 20 C. Refractive index is linear with concentration.

Solution

(n - no) x 10-4

K2S04

13

NaCl

18

CaCl.2H20

24

MgCh.6H20

26

FeCh

28

NaOH

29

I
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Experimentally, a 24% by weight MgCh.6H 20 was used as the inflow with a
saturation value of 30% by weight for MgCh.6H 20 occurring in the boundary layer.
This produced an equivalent concentration difference of 6% by weight. Even though
the schlieren could visualise a 0.5 % by weight difference when salt solution was
injected at the evaporation boundary, this concentration difference was needed to
visualise fingers due to evaporation over extended periods of time. The slow
development of the boundary layer prior to it becoming unstable allowed diffusion to
reduce the concentration difference locally, thereby reducing the sensitivity of the
schlieren. The diffusion process also prevented the visualisation of the developing
saline mound beneath the evaporation boundary for the same reasons.

4.4

The Hele-Shaw Cell

Hele-Shaw cell Construction
The Hele-Shaw cell is used to provide two-dimensional experimental data for
an evaporating salt lake where the inflow is evaporation driven and not due to an
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external pressure head. To simulate two-dimensional flow beneath an evaporating salt
lake, a basic Hele-Shaw cell was modified. Fluid input and output was allowed only
along the top vertical boundary with the two regions separated by an impermeable
section of the same boundary. The inflow and outflow boundaries were of the same
length and symmetrically located in the corners of the top boundary of the Hele-Shaw
cell. All other boundaries were sealed. A schematic of an evaporating salt lake in
cross-section is shown in Figure 4.3a and the matching Hele-Shaw cell configuration
used in the experiment described here, is shown in Figure 4.3b.
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The Hele-Shaw analogue of an evaporating salt lake; (a) schematic

diagram of an evaporating salt lake, (b) and (c) a modified Hele-Shaw cell.

Preliminary experiments were performed using an existing perspex half HeleShaw cell to determine if the optical quality of the perspex was good enough to be
used in a schlieren system. Wooding et. al. (1997a) showed that a half Hele-Shaw cell
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Figure 4.4

Small Hele-Shaw cell constructed with a perspex frame.

with a symmetry line dividing the schematic salt lake vertically in half, quantitatively
and qualitatively, produced identical results to a full Hele-Shaw cell. The optical
quality of the perspex Hele-Shaw cell did not prove to be of a high enough standard
to visualise convecting saline fingers. It was therefore necessary to construct a HeleShaw cell out of glass. Float glass was chosen for the transparent side plates of the

f
I

Hele-Shaw cell because of its' good quality and reasonable price.
A small Hele-Shaw cell with glass plates of dimensions, 160 x 80 x 10 mm,
was first constructed to test whether the float glass would indeed allow us to visualise
the convecting saline fingers. The glass plates had bevelled edges and a flatness of 40
fringes(@ A=589.2 nm). A perspex frame, shown in Figure 4.4, was used to hold the
glass plates in position. Initial experiments with NaCl failed to reveal convecting

I

I

ll:

saline fingers due to evaporation but saline fingers were observed when a
concentrated solution of NaCl was injected at the evaporation boundary. This was
taken as a positive result and a second larger glass Hele-Shaw cell was constructed.
The dimensions of the float glass plates used in the larger Hele-Shaw cell was 320 x
80 x 10 mm, with the edges again bevelled and a flatness of 40 fringes (@ A=589 .2
nm). The larger dimensions of the second Hele-Shaw cell required greater strength

i
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from the frame used to hold the glass plates in position than the frame used for the

111
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smaller cell. A material stronger than perspex but still relatively light and easily
machined was needed. The second Hele-Shaw cell frame was therefore made from
Aluminium with an identical design to that used for the glass plate holders from the
first cell and is shown in Figure 4.5. The internal parameters for both the small and
large Hele-Shaw cells are included in Tables 4.3 and 4.4 respectively.
Plate spacing in both Hele-Shaw cells was not measured in situ but estimated
from direct measurements of the gap spacer material by micrometer, prior to cell
construction. While the glass plates were flat there was no way to estimate the amount
of curvature in them. It was assumed that the curvature was greater for the large plates
and that the small plates could, due to their small size, be considered to be without
curvature. The cell gap spacings were therefore assumed to be equal to the measured
gap spacer thickness, with the caveat that this was less true for the large Hele-Shaw
cell than for the small. No direct measurement was the refore made of the spatial

I •

variability in the gap spacing of either Hele-Shaw cell. In future, a "Newton' s-rings"
type experiment could possibly be used to directly measure the amount of curvature
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(a)
Figure 4.5

Large Hele-Shaw cell constructed with an Aluminium frame ; (a) side view

and (b) close up of the gap above the evaporation boundary.
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(b)

Figure 4.5

Large Hele-Shaw cell constructed with an Aluminium frame; (a) side view

and (b) close up of the gap above the evaporation boundary.

Ii
'I

Ii .

L

in a matched pair of Hele-Shaw cell glass plates, again prior to cell construction. It is
not known if this type of measurement could be applied to a fully constructed HeleShaw cell.

Table 4.2

Small homogeneous Hele-Shaw cell parameters

Parameter

Value

cell depth, H (mm)

65 + 0.5

cell length, L (mm)

130 + 1

cell evaporation length, Le (mm)

44 + 0.5

cell plate spacing, b (mm)

0.2057 + 0.0001

cell intrinsic permeability, b2/12 (m2)

3.526 X 10-9

I

Table 4.3

Large homogeneous Hele-Shaw cell parameters

Parameter

Value

ii

cell depth, H (mm)

56 + 0.5

11

cell length, L (mm)

296 + 1

cell evaporation length, Le (mm)

76 + 0.5

cell plate spacing, b (mm)

0.2057 + 0.0001

cell intrinsic permeability, b2/12 (m2 )

3.526x 10-9

I
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The Experimental Set-Up
To accurately simulate evaporation driven flow into an evaporating salt lake
the fluid supply to the cell had to be evaporation driven. This meant a fluid reservoir
with a zero pressure head. This was achieved by using a horizontal, graduated glass
capillary tube at the same height as the output or evaporation boundary of the HeleShaw cell (see Figure 4.6). The graduations on the capillary tube were used to provide
an accurate measurement of the evaporation rate during an experimental run.
The Hele-Shaw cell could be set at any angle between 0° (horizontal) and 90°
(vertical). This property in conjunction with the ability to alter the evaporation rate
via the room temperature enabled the boundary layer Rayleigh number of the HeleI
,i

Shaw cell to be varied. To investigate the behaviour of convecting saline fingers, an
unstable saline boundary layer was required and this was achieved at most cell angles.
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Figure 4.6

The pitot tube used as the reservoir to supply salt solution to the Hele-

Shaw cell is mounted on the wooden holder between the video camera and the video
monitor. It was leveled at the same height as the evaporation boundary of the Hele-Shaw
cell.
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However, the model from Chapter Two requires a small density difference between
the unsaturated inflow and the saturated solution in the boundary layer. To satisfy this
condition but still retain a large enough density difference in the flow that the
schlieren could detect, it was necessary to maintain the fastest possible finger
development in the Hele-Shaw cell. This minimised the effect of diffusion in the
jll
·',

Hele-Shaw cell. Diffusion reduced the density difference between the developing
fingers, the saline mound and the inflow making the two features difficult to

11!
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visualise. Using the Hele-Shaw cell in a vertical position maximised the speed of the
developing boundary layer. A number of experiments were completed at different cell
angles ranging from 10° to 90° confirming that the cell in the vertical position gave
the best results.

I
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Using the Hele-Shaw cell in a vertical position had the added bonus of

J

increasing the macroscopic Rayleigh number, Rs, to a physically more realistic value.
Most experiments were performed at values of Rs equal to approximately 25000
.

0

compared to a Rs value of approximately 500 if the cell was tilted at an angle of 1 . In
contrast, using values from Table 4.4, flow at Lake Tyrrell would possess a Rs value
of the order of 440000.
I
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Table 4.4

Parameters for Lake Tyrrell (Macumber, 1991)

Parameter

Value

maximum density, Pm (kg/m3)

1160

reference or inflow density, Pr (kg/m3)

1045

r= (pm-Pr)!pr

0.1100

lake sediment depth, H (m)

60

permeability, ko (m2 )
viscosity,

Vr

(m 2/s)

molecular diffusivity, Dm (m2/s)

1.0

10-ll

X

1.067
1.39

X
X

10-6
10-9

To ensure the density driven convecting saline fingers were due only to
changes in concentration, the Hele-Shaw cell experiments were all conducted in a
constant temperature room. Temperature control was + 0.25° C but this came at a
price. The large fans used to circulate air in the room produced strong air currents of
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slightly different temperatures and therefore densities. These air currents were
observed in the visualisation system as a shadow effect that flickered and contributed
to the overall background noise of the schlieren system. Also observed on the
videotapes was an alternating darkening and lightening of the background due to the
cycling of the room temperature. Even though the temperature variation was only

r

+ 0.25° C it was enough to affect the path of the light beam that was not refracted.
This caused the beam to slowly move onto and then off the knife edge and was
observed to occur in time with the heating and cooling of the room. A digital

I

temperature and humidity probe placed at the same height in the room and

I

approximately 330 mm from the Hele-Shaw cell was used to determine the

Ii

temperature and humidity of the air adjacent to the evaporation boundary of the Hele-

I
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Shaw cell. At set intervals during a Hele-Shaw cell experiment, the temperature,
humidity and evaporation were measured and recorded.

4.5

Lake Models Investigated
Two

types

of lake

models

were

investigated

experimentally.

The

Homogeneous model, where the plate spacing of the Hele-Shaw cell is everywhere
I

I

identical. This corresponds to the situation where sediment beneath the salt lake bed

111

possesses a constant permeability down to the impermeable basement. Lake Tyrrell is
one such case. The second model was a layered model that was heterogeneous in the
vertical but still homogeneous in the horizontal. This corresponds to the situation of
semi-infinite horizontal layers of low permeability (such as clay in a natural lake
system) located at different points in the vertical sediment profile.
Only the simplest layered system was modelled. This involved a low
permeability layer at the evaporation surface of the Hele-Shaw cell. However, two
layered Hele-Shaw cell configurations were used, varying in the depth of the low
permeability layer and its horizontal extent. The first modelled a clay layer that was
only present directly below the outflow region (the evaporating salt lake). The second
configuration modelled a continuous clay layer located directly across the entire
aquifer (inflow and outflow). Both these configurations are shown in Figure 4.7.
A layer of low permeability could be easily obtained with the Hele-Shaw cell
by locally reducing the spacing between the plates in the area of interest. This was
done by placing a thin layer of material on one of the glass windows. It was not
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possible

to

find

a

material

that

was

easily

attachable

to

glass,

thin

(thickness< 0.1 rnrn) and of a high optical quality to be invisible to the schlieren
system. Self-adhesive contact was chosen as the most appropriate material to locally
reduce the gap spacing of the Hele-Shaw cell but its optical properties were poor. It
was not possible to observe the flow in the regions of low permeability. The gap

~

spacing of the low permeability region of the small Hele-Shaw cell was simply
estimated by subtracting the thickness of the self-adhesive contact, measured by
micrometer, from the macroscopic gap spacing. A schematic of both layered HeleShaw cells is shown in Figure 4.7 and the experimental parameters are included in
Table 4.5, for the thin layered system and Table 4.6, for the thick layered system.
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Figure 4.7

Modified Hele-Shaw cell with a low permeability region (a) adjacent

to the evaporation boundary, thin layered system and (b) occupying the entire width
of the top section of the Hele-Shaw cell, thick layered system.
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Table 4.5

Small thin layered Hele-Shaw cell parameters

Parameter

Value

cell depth, H (mm)

65 + 0.5

low permeability depth, L (mm)

6 + 0.5

cell width, W (mm)

130 + 1

cell evaporation length, Le (mm)

44

+ 0.5

:11:
I

cell plate spacing, b (mm)

0.2057 +
0.0001

cell permeability, b2/12 (m 2)

3.526 X 10-Y

narrow cell plate spacing, htow (mm)

0.0091 +

r

~1

0.0001

I

i
'I
.1

narrow cell permeability, bz!w I 12 (m2)

Table 4.6

Small thick layered Hele-Shaw cell parameters

Parameter
I

I

Iii

6.9 X 10- 12

Value

cell depth, H (mm)

65 + 0.5

low permeability depth, L (mm)

20 + 0.5

cell width, W (mm)

130 + 1

cell evaporation width, We (mm)

44 + 0.5

cell plate spacing, b (mm)

0.2057 +
0.0001

cell permeability, b2/12 (m2)

3.526 X 10-Y

narrow cell plate spacing, htow (mm)

0.0091 +
0.0001

narrow cell permeability, bz!w I 12 (m2)

I
!

I'

11

i
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6.9 X 10-12

Chapter 5
5.1

Hele-Shaw Results

Introduction
The Hele-Shaw cell experiments provided experimental data that was used to

l

evaluate numerical simulation results computed by the two-dimensional version of a
three-dimensional salt lake model. The validation of the three-dimensional salt lake
model, when simplified to two-dimensions, is needed before attempting to solve the

1~1:

complete three-dimensional form. Small scale laboratory measurements can be used
to verify computational results and in the restricted case of two-dimensional flow in
porous media, such experiments can be attempted.
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Labelling of (a) the Hele-Shaw cell and (b) the computational domain.

A two-dimensional representation of an evaporating salt lake is made by a simple
modification to a standard Hele-Shaw cell (see Figure 4.3). For reference in the
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Table 5.1

Experimental details of Hele-Shaw cell experiments.

Experiment

Tair

ea

Uc

E

Number

(OC)1

(x 102 Pa) 1

(x 10-4 mis)

(x 10-7 mis)

Rs =ucH I Dm

Rs= Uc IE

exp#97

20.34+ 0.26

9.496 + 0.362

5.5049

8.538 + 0.2071

31948

644.76

exp#99

22.18+0.77

11.63 + 1.07

5.5049

9 .267 + 0.2248

30298

594.01

exp#106

23.33 + 0.86

14.08 + 1.52

5.5049

*

29306

*

nBH

exp#l 11

31.24+ 2.06

19.53 + 1.32

42.694

16.44 + 0.7226

189682

2597.7

thin layered

exp#l 13

28.32+0.32

14.42+0.76

5.5049

29.73 + 1.053

3205 2

36.2213 2

thick layered

exp#l 14

23.70+0.19

10.33 + 0.74

5.5049

20.82 + 0.8786

9376 2

51.7245 2

Series

BH

1

-

room air temperature (Tair ) and water vapour pressure ( e a) evaluated at the same height and 300 mm from the evaporation boundary of the Hele-Shaw cell

2

macroscopic and boundary layer Rayleigh nmnber is calculated using the value of the reduced gap spacing

*cell leaked preventing an accurate determination of the evaporation rate

discussion of the experimental and numerical results, the Hele-Shaw cell and
computational domain is labelled as shown in Figure 5 .1.
Two different lake systems were investigated using the Hele-Shaw cell, the
first was a homogeneous system and the second was a one-dimensional
heterogeneous or layered system. Two series of experiments were completed using
1,1:

the homogeneous Hele-Shaw cell, one satisfied the Boussinesq approximation and is
labelled the BH (Boussinesq, Homogeneous) series and the other did not and is
labelled the

nBH

(non-Boussinesq,

Homogeneous)

series.

The

Boussinesq

approximation requires that !ip = pm - p, be small. For the homogeneous system the
"1
I

l

gap spacing was constant throughout the entire Hele-Shaw cell whereas for the

I

layered system the gap spacing was reduced using a spacer across the top region of

I
I

the cell. The variability in gap spacing for the homogeneous and heterogeneous
experiments is discussed in Sections 4.4 & 4.5. Experimental details are included in
Table 5.1 for the Hele-Shaw cell experiments.

5.2

In the first series of experiments the density difference between the inflow and

Iii

'I
,[

Boussinesq, Homogeneous System (BH Series)

the

saturated

liquid

at

the

evaporation

boundary

was

minimised

(!ip = Pm - p, - 4.88% ). This allowed comparison of the experiments with the model
simplified via the Boussinesq approximation.
Generally, the fingering patterns observed in the Hele-Shaw cell for all
experiments could be divided into four distinct time periods. These time periods
corresponded to;
1) onset of instability
2) initial finger development
3) transient behaviour
4) longtime finger patterns.
The time periods were easily characterised and analysis of the fingering patterns in
the Hele-Shaw cell experiments and the numerical simulations (see Chapter Six) are
discussed using this framework.
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Onset of Instability
It was possible to detect the developing boundary layer during the initial

stages of evaporation in only one experiment. Experiment exp#l06, exhibited a
wavelike disturbance that propagated along the bottom of the evaporation boundary
just prior to the onset of instability and the development of fingers . The knife edge
orientation in the schliren system used for flow visualisation was horizontal for this
experiment. This disturbance ran along the evaporation boundary from the far cell
wall towards the evaporation singularity continually until fingers formed whereupon
the disturbance could no longer be seen. The fingers took sometime to initiate or form
after this disturbance was seen traveling along the evaporation boundary presumably
inside the developing boundary layer. This wavelike disturbance is seen in the
comparison of Figures 5 .2a and 5 .2b which show a close up of the Hele-Shaw cell
evaporation boundary. The mean wavelength of this disturbance, Adist, was estimated
to be Adist

= (3.66 + 0.31) X 10-3 m.

I
I•

;l
I'I

The motion of the wavelike disturbance in the boundary layer towards the
evaporation singularity prior to the onset of instability implied that the initial
instability in the boundary layer started at the corner of the evaporation boundary and
the far cell wall. The development of fingers at this point was suppressed by the
initially large vertical upflow along the far cell wall. The instability was advected
along the evaporation boundary until it interacted with the nearly horizontal flow at
the evaporation singularity. This interaction resulted in the growth of an instability
and the development of fingers.

Initial Finger Development
In experiment exp#l06, just after the onset of instability was seen in the

boundary layer, fingers began developing. Figure 5.3 presents a series of eight images
taken from the videotape of experiment exp#97, that show the initial signs of the
downward developing fingers through to the first finger reaching the cell floor. The
mean wavelength of the initial fingers for the BH series was estimated as

Amin = (3.48 + 0.29) x 10-3 m. This compares favourably with the experimental results
I •

of Wooding et. al. (1997a) that showed the mean wavelength of initial fingers at
Rayleigh numbers greater than 2400, asymptotically approached a value of
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Figure 5.2
The wavelike disturbance that traversed the boundary layer from right to left
prior to the onset of fingering in the Hele-Shaw cell. The rectangle encompasses the
evaporation boundary with (a) showing no disturbance compared to (b). The dark spots
protruding down from the evaporation boundary constitute the disturbance. Dimensionless
time; (a) T = 6.7 and (b) T = 11.7.
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Figure 5.3
Images of the Hele-Shaw Cell showing the initial development of saline
fingers at the evaporation boundary through to the leading finger reaching the cell floor for
exp#97 of the BH series of experiments. Dimensionless time; (a) T = 0.6, (b) T = 3.1, (c) T =
5.6, (d) T= 8.1, (e) T= 9.2, (f) T= 10.7, (g) T= 13.3 and (h) T= 15.

I
,i -

Amin -16b where bis the gap spacing of the Hele-Shaw cell. For the Hele-Shaw cell
experiments reported here the gap spacing was 2.057 x 10-4 m and 16b = 3.29 x 10-3
m. This value was within the experimental error of the measured value for Amin .
Finger development originated at the point where the largest velocity gradient
was located, the evaporation singularity (see Figure 5.3b) and was initially in advance
of all finger development. However, the finger originating at the evaporation
singularity was soon overtaken or matched by other fingers closer to the far cell wall.
Figure 5.3h shows the development of further fingers at the evaporation boundary
before the initial fingers have reached the cell floor. The mean vertical speed of the
tip of the leading finger,

vtip ,

relative to the evaporation-driven upflow, for the BH

series of experiments was calculated as
Uc =

4

5.5 X 10- mis

Or Vtip -

vtip

= (3.77 + 0.25) x 10-5

mis, compared with

0.069uc.

The main points observed during the initial finger development were;
1) fingering starts at the evaporation singularity

il

2) horizontal advection of the top portion of saline fingers towards the far
cell wall at both the evaporation boundary and the corner of the gap spacer
in the Hele-Shaw cell, directly below the evaporation singularity
3) development of new saline fingers at the evaporation boundary before the
initial fingers reach the cell floor
Figure 5 .4 displays the initial finger development from experiment exp#99, an
experiment with the same initial conditions and experimental parameters as
experiment exp#97 but highlights the stochastic nature of the fingering process.
While the fingering behaviour listed above is observed in experiment exp#97, the
initial leading finger doesn't reach the cell floor first.

Transient Behaviour
A short time before or just after the initial fingers had reached the cell floor

and prior to the initiation of the "pseudo-steady" long term flow behaviour of the cell,
a period of transient behaviour occurred in the Hele-Shaw cell. This behaviour was
characterised by four main flow features shown in Figures 5.5 and 5.6;
1) existence of a "stagnation" point located at the evaporation boundary,
approximately two finger widths from the far cell wall
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Figure 5.4
The initial development of fingers through to the leading fingers reaching
the cell floor for exp#99 of the BH series of Hele-Shaw Cell experiments. Dimensionless
time; (a) T = 1.6, (b) T = 4.l, (c) T = 6.6, (d) T = 9.l, (e) T = 11.7, (f) T = 14.2, (g) T = 16.8,
(h) T = 19.3, (i) T = 21.9 and U) T = 24.4.
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Figure 5.5
Images of the Hele-Shaw cell showing the transient behaviour of the saline
fingers after the initial fingers have reached the cell floor for exp#99 of the BH series of
experiments. The finger bases are moving towards the "stagnation" point at the evaporation
boundary. Dimensionless time; (a) T = 26.9, (b) T = 29.5, (c) T = 32.0, (d) T = 34.6, (e) T =
37.1; (f) T= 39.6 and (g) T= 42.2.
!

l

_j

2) horizontal advection of the saline finger bases along the evaporation
boundary (a) away from the edges of the evaporation boundary towards
the "stagnation" point or (b) away from the "stagnation" point towards the
edges of the evaporation boundary
3) the development of long inclined saline fingers after the stagnation point
has disappeared from the flow
4) the continued development of new saline fingers at the evaporation
boundary.
The existence of a "stagnation" point was particularly interesting because two
different flow regimes were observed in conjunction with the "stagnation" point. The
thin vertical white line just above the evaporation boundary in Figures 5.5b and 5.6b
indicates where the "stagnation" point is located. In the first flow regime shown in
Figure 5.5, the motion of the finger bases was towards the "stagnation" point. Fingers
on the interior near side of the "stagnation" point had their bases advected outward
!

I

,,

,1

I

from the evaporation singularity towards this point and fingers on the exterior far side
of this "stagnation" point had their bases advected inward from the far cell wall

:1

,,11
I

towards this point. In the second flow regime shown in Figure 5.6, the reverse
happened with the motion of the finger bases away from the "stagnation" point.
Fingers on the interior near side of the "stagnation" point had their bases advected
inward from this point towards the evaporation singularity and fingers on the exterior
far side of this "stagnation" point had their bases advected outward from this point
towards the far cell wall. Again this transient behaviour was more clearly seen in the
videotapes than in the digitised images shown here.
The existence of a "stagnation" point indicated the possible presence of two
larger circulating convective cells directly below the evaporation boundary that are

'/

'/·I'

associated with the leading finger. These larger cells appear to be rotating in opposite
directions and occupy the entire region below the evaporation boundary down to the
cell floor. For the flow towards the "stagnation" point, the cell located adjacent to the
cell wall would be extremely long and narrow and rotating in an anticlockwise motion
with flow going up the wall. The second cell appears to occupy the rest of the region
below the evaporation boundary and be at the same depth as the first but
approximately 2 - 3 times its width. It appears to be rotating in the opposite direction.

•11

I

A schematic diagram is shown in Figure 5. 7 a. For flow away from the "stagnation"
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Figure 5.6
Images of the Hele-Shaw cell showing the transient behaviour of the saline
fingers after the initial fingers have reached the cell floor for exp#97 of the BH series of
experiments. The finger bases are moving away from the "stagnation" point at the
evaporation boundary. Dimensionless time; (a) T = 15.8, (b) T = 18.3, (c) T = 20.9, (d) T =
23.4, (e) T= 26.0, (f) T= 28.5, (g) T= 31.0, (h) T= 33.6, (i) T= 36.1, (j) T= 38.7 and (k) T
-: 41.2.

point, the cell located adjacent to the cell wall would be rotating in a clockwise
motion with flow going down the wall. The second cell would again be rotating in the
opposite direction. A schematic diagram is shown in Figure 5.7b.
The existence of these composite circulating cells appears due to the initial
finger development. The leading finger generates the strongest circulation flows and
if this finger is adjacent to the far cell wall as in experiment exp#99, shown in Figure
5.5 and Figure 5.7a, the flow direction at the wall will be upwards and any new
fingers developing at the evaporation boundary will be horizontally advected away
from the far cell wall towards s, as shown in Figure 5. 7 a. If however, the leading
finger is away from the far wall as in experiment exp#97, shown in Figure 5.6 and
Figure 5.7b, the new developing fingers will be horizontally advected away from s'
towards the far cell wall as shown in Figure 5.7b. The possibility of more than one
"stagnation" point as shown in Figure 5.7 exists but was not observed experimentally.

s'
...,..s..................

...,..s ......
~---

w

(b)

(a)
Figure 5.7

Schematic diagram showing possible circulating convective cells

associated with the "stagnation" point at the evaporation boundary; (a) flow towards
the "stagnation" point, s, and (b) flow away from the "stagnation point", s'.

The flow associated with the "stagnation" points was eventually swept aside
by the development of a strong horizontal flow component in the inflow along the
entire evaporation boundary that pushed the "stagnation" point into the far top corner
where it disappeared (see Figure 5.6h). The development of a strong horizontal flow
in the Hele-Shaw cell was due to the initial build up of dense brine in the far bottom
corner of the cell and is analogous to the development of a saline mound in a natural
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lake system. This was followed by the development of long inclined fingers in the
flow shown in Figures 5.6j and 5.6k. The long inclined fingers were due to the
ongoing build up of dense fluid in the far bottom corner of the cell that prevented or
reduced the horizontal advection of the majority of a finger while its base was
advected along the evaporation boundary. Eventually the long inclined fingers also
disappeared from the Hele-Shaw cell flow to be replaced by the long term "pseudosteady" flow.

Longtime Finger Patterns

The transient flow behaviour of the Hele-Shaw cell was replaced by the
"pseudo-steady" behaviour due to the increased size of the mound of dense saline
liquid in the far bottom corner of the cell below the evaporation boundary that
corresponds to the centre of a natural lake. This mound reduced the area available to
the inflow below the evaporation boundary. This increased the local flow velocity and
introduced a strong horizontal component in the flow near the evaporation boundary.
The fingers were then strongly advected along the evaporation boundary in a pattern
that was consistent. The mean speed of horizontal advection of fingers at the
evaporation boundary,
u eb

=

u eb,

for the BH series of experiments, was estimated as

(3.11 + 0.06) x 10-5 mis compared to an evaporation rate of

E=

8.538 x 10-7 mis.

This estimate was made with values measured throughout the period of longtime
behaviour and proved to be extremely consistent.
The long term fingering patterns of the Hele-Shaw cell were characterised by
four main flow features that are seen Figures 5.8 and 5.9;
1) strong horizontal advection of the bases of the saline fingers at the
evaporation boundary from the evaporation singularity to the far cell wall
2) generally vertical saline fingers in the flow with some deviation from the
vertical possible near the far cell wall
3) saline fingers monotonically increasing in length across the evaporation
boundary with the shortest at the evaporation singularity and the longest at
the far cell wall
4) the continued development of new saline fingers at the evaporation
boundary throughout the lifetime of the experiment.
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Figure 5.8
Images of the Hele-Shaw cell showing the long term fingering patterns of
the saline fingers from exp#99 of the BH series of experiments. This pattern remains
essentially unchanged throughout the lifetime of the experiment. Dimensionless time; (a) T
= 82.8, (b) T= 83.4, (c) T= 87.9, (d) T= 90.4, (e) T= 93.0, (f) T= 95.5 and (g) T= 98.1.

Figures 5.8 and 5.9 show longtime fingering patterns from experiments exp#99 and
exp#97 respectively. Comparison of the two Figures shows little variation in the
fingering pattern, a feature of the long term flow that continued for the lifetime of
every Hele-Shaw cell experiment.
The constantly developing fingers seen in Figures 5.8 and 5.9 were advected
along the evaporation boundary until they reached the far wall. At the far cell wall
they continued to fall vertically downwards until being eventually absorbed into the
region of increasing salinity in the far bottom corner of the Hele-Shaw cell directly
below the evaporation boundary. This region corresponded to a trapped saline
groundwater mound beneath an evaporating salt lake. Vertical fingering continued
during the process of horizontal advection resulting in the longest fingers being
located beside the far wall of the Hele-Shaw cell and the shortest located at the
opposite end of the evaporation boundary, the evaporation singularity. The mean tip
speed of the downward developing fingers adjacent to the far cell wall varied
significantly throughout this time period by at least an order of magnitude and a mean
tip speed was considered meaningless.
The horizontal advection of fingers along the evaporation boundary implies
that a single large circulating cell, rotating clockwise, occupied the entire Hele-Shaw
cell and dominated the long term flow behaviour of the cell. Flow at the far cell wall
appeared to be downward aiding the continued growth of fingers adjacent to the far
cell wall. Fingers in this area continued to develop, providing a pipeline of dense
saline fluid from the evaporation boundary to the saline mound. The salt mound could
not be observed experimentally, however the long time behaviour of the developing
fingers at the evaporation boundary allowed us to deduce its presence and effect on
the inflow at or near the evaporation boundary.
The continued development of fingers at the evaporation boundary throughout
the lifetime of the experiment occurred across the entire boundary. Finger growth was
initiated at all points along the evaporation boundary, with the longest fingers being
adjacent to the far cell wall and generally propagating all the way to the cell floor.
This is shown in Figures 5.8a and 5.9d. The long fingers all initiated their growth
within two or three finger widths of the far cell wall. Fingers that were initiated at the
evaporation singularity disappeared in the upper half of the cell as their bases were
advected along the evaporation boundary. This is consistent with the presence of a
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Figure 5.9
Images of the Hele-Shaw cell showing the long term growth patterns of the
saline fingers from exp#97 of the BH series of experiments. The fingering pattern is
qualitatively very similar to figure 5.8 (exp#99). Dimensionless time; (a) T = 94.0, (b) T =
96.6, (c) T = 99.1, (d) T = 101.6, (e) T = 104.1, (f) T = 106.7, (g) T = 109.3 and (h) T =
111.8.

single large circulating cell occupying the entire Hele-Shaw cell and rotating
clockwise. Such a convection cell is shown in Figure 5.10. Figure 5.10 is a plot of the
two-dimensional streamfunction for a Hele-Shaw cell at a macroscopic Rayleigh
number of 1600 and a dimensionless time of T

= 30 (see

Chapter Six) and shows a

clockwise flow pattern. The convective cell as shown in Figure 5.10, would appear to
restrict the development of fingers in the region below the evaporation boundary
except close to the far cell wall. The development of fingers adjacent to the far cell
wall was aided by the clockwise flow down the far cell wall. In a natural salt lake
system, Figure 5.10 would correspond to the situation where a salt toe was trapped by
an evaporation-driven inflow.

evaporation
boundary

inflow

Figure 5.10

Qualitative contour plot of the two-dimensional streamfunction for a

Hele-Shaw cell with Rs

= 1600

and T

= 30

(taken from Figure 6.7) showing the

convection cell that may exist at long times in the experimental Hele-Shaw cell. The
flow is clockwise.

The inferred presence of a saline mound may have also contributed to the
disappearance of fingers in the region below the evaporation boundary but away from
the far cell wall. Any finger moving into the region of the saline mound would posses
only a small density difference with the surrounding liquid. This density difference
would decrease continuously as the finger moved downward into the Hele-Shaw cell.
A finger initiated close to the far cell wall would be aided by the flow down the wall,
resulting in a faster traversal of this region and maintenance of the density difference
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between the finger and the saline mound until the finger reached the cell floor. A
finger initiated at the evaporation singularity would travel slower than a finger near
the far cell wall due to flow towards the evaporation boundary, allowing diffusion to
affect a larger reduction of the density difference between the downward moving
finger and the surrounding fluid. This effect would be greatest at the finger tip
resulting in the finger tip no longer be detected and the appearance of a shorter finger
in the flow.

5.3

Non- Boussinesq, Homogeneous System (nBH Series)
The second series of experiments (the nBH series) for the homogeneous

system used a significantly larger difference in density between the inflow and the
saturated flow at the evaporation boundary ( tip = pm - p, - 15.17 % ) in order to
maximise the possibility of observing the developing salt mound in the far bottom
corner of the Hele-Shaw cell. One of the reasons for using a schliren system to
visualise flow in the Hele-Shaw cell model was the expectation that it would allow
observation of the development a saline mound beneath the evaporating surface
corresponding to a saline mound beneath a natural salt lake system. Diffusion
however, appears to have reduced the density difference in this region of the cell to
below the sensitivity of the schliren system and the saline mound could not be directly
observed.

In an attempt to directly observe the saline mound in the Hele-Shaw cell, the
small density change requirement ( tip

= pm - p,) of the Boussinesq computational

model was relaxed and a much larger tip was used in the Hele-Shaw cell
experiments. By using a value of tip - 15.17%, tip is almost identical to values
measured in the field for natural lake systems such as Lake Tyrrell (Macumber,
1991). The room temperature was also increased from -20°C to -30°C to maximise
evaporation from the Hele-Shaw cell, thereby minimising the time needed to develop
an unstable boundary layer.
Two different slit configurations were also used in the schliren system for
these experiments, a vertical knife edge and a double vertical knife edge. The vertical
knife edge when first used showed no sign of the saline mound and was replaced by
the double vertical knife edge. The double vertical knife edge was positioned to

fll
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maximise sensitivity in the region of the Hele-Shaw cell where the saline mound was
expected to be located. This precluded a good view of the evaporation boundary due
to excessive darkening of the image in that region but was acceptable for this series of
experiments. Previous use of a double vertical knife edge, with smaller !1p, had not
been conclusive but with the larger !1p it proved successful. No attempt was made to
use a horizontal slit as the primary goal for this series of experiments was observation
of the developing saline mound.

Onset of Instability
Due to the large density difference and increased evaporation of the nBH
experiments, the developing boundary layer depth was extremely small at the onset of
instability. This, in conjunction with a the vertical knife edge, prevented the
observation of a wavelike disturbance in the boundary layer as the developing
boundary layer itself could not seen.

Initial Finger Development
Finger development commenced very quickly in these experiments with
patterns of growth qualitatively similar to those seen in the BH series of experiments
(see Figures 5.3 and 5.4). Initially the finger at the evaporation singularity developed
first but it was soon overtaken and absorbed by other fingers closer to the far cell
wall. The mean wavelength of the initial fingers for the nBH series was estimated as

Amin = (2.87 + 0.24) x 10-3 m. This was approximately 20% less than the initial finger
wavelength seen for the BH series of experiments. Both series of experiments used an
identical gap spacing in the Hele-Shaw cell. Figure 5.9i again shows the development
of further fingers at the evaporation boundary before the initial fingers have reached
the cell floor. However unlike the experiments in the BH series, horizontal motion of
the fingers occurred at the evaporation boundary and at the same depth as the corner
of the gap spacer. This horizontal motion was observed to be significant before the
initial finger tips had reached the cell floor (see Figures 5.111 and 5.1 lm). The mean
tip speed of the leading finger relative to the evaporation-driven upflow, for the nBH
series, was
vtip -

I

vtip

= (3.70 + 0.25) x 10-s

mis, compared with uc = 4.3 x 10-3 mis or

0.0086uc .

80

Figure 5.11
Images of the Hele-Shaw cell showing the initial development of saline
fingers at the evaporation boundary through to the leading finger reaching the cell floor for
exp#l 11 of the nBH series of experiments. Dimensionless time; (a) T = 0.3, (b) T = 4.3, (c)
T= 12.2, (d) T= 20.0, (e) T= 27.8, (f) T= 35.7, (g) T= 43.6, (h) T= 51.5, (i) T= 59.4, (j) T
= 67.3, (k) T= 75.1, (1) T= 83.0, (m) T= 90.8, (n) T= 98.7, (o) T= 106.6 and (p) T= 114.9.

The tip speed seen in the nBH series of experiments was approximately 60%
larger than that seen for the BH series and was due to the larger density gradient
between the inflow and the saturated solution at the evaporation boundary.
The horizontal movement of the bases of the fingers at the evaporation
boundary and the corner of the gap spacer shown in Figures 5.111 and 5.1 lm was due
to the presence of a vortex that was clearly seen on videotape and can be seen in
Figure 5.1 lk onwards. Figure 5.12 shows a close up of the vortex and a schematic
diagram of the simplified streamlines that could be attributed to the corner of the gap
spacer. Figure 5 .12b shows that the flow generated by the vortex will advect fingers
within its streamline towards the evaporation singularity and down to the corner of
the gap spacer itself. Figure 5 .112a shows a finger attached to the corner of the gap
spacer and a finger about to move from the horizontal evaporation boundary to the
vertical gap spacer, through the evaporation singularity. The fingers outside the
vortex streamline undergo a strong horizontal advection along their length, to the
depth of the gap spacer, that is at least as strong as that at the evaporation boundary.
This results in the top portion of the fingers close to the evaporation boundary being
advected horizontally rather than just the finger bases at the evaporation boundary.

:II!

(a)

Figure 5.12

(b)

Vortex generated by the corner of the gap spacer below the

evaporation singularity; (a) close up and (b) schematic diagram.

The vortex was observed once the developing fingers attained a length
approximately half the cell depth. This was approximately twice the depth of the gap
spacer below the evaporation singularity that generated the vortex. The vortex was

I
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due to the upside down rearward facing step profile of the spacer present at the
interior edge of the evaporation boundary (see Figure 5 .12b). Re-circulation occurred
behind and above the step due to the speed of the upflow with the vortex attached to
the step edge where it projected into the upflow. This vortex was a experimental
artifact of the spacer configuration used in the Hele-Shaw cell and was not a fingerdriven phenomena, The vortex would not exist in a natural lake system. The presence
of the vortex in the nBH experiments but not the BH experiments was due to the
increased inflow to the evaporation boundary in the nBH experiments that was driven
by the greater evaporation rate.

Transient Behaviour
There was no sign of dual counter rotating cells during the transition phase in
the nBH series of experiments. This period of flow in the Hele-Shaw cell was marked
by the increased advection of the finger bases along the evaporation boundary and the
presence of long inclined fingers in the flow as seen in Figure 5 .13. The base of a
finger was advected along the evaporation boundary but the majority of the finger was
prevented from moving at the same speed due to the build up of denser fluid between
it and the far cell wall. The vortex generated by the spacer below the evaporation
singularity was not observed once the strong horizontal motion of the upflow
occurred and fingers of sufficient length were no longer adjacent to the singularity.
The transient behaviour of the nBH series of experiments was qualitatively similar to
that of the BH series of experiments except for the existence of the vortex and the
absence of a "stagnation" point. These two differences were due to the increased
speed of the upflow via the increased evaporation rates.

Longtime Finger Patterns
The "pseudo-steady" long time flow patterns of the nBH series of experiments
shown in Figure 5 .14 were identical to those patterns seen for the BH series of
experiments in Figures 5.8 and 5.9. The continued development of fingers at the
evaporation boundary at long times occurred across the entire boundary and the
longest fingers were adjacent to the far cell wall. Those fingers initiated at the
evaporation singularity disappeared in the upper half of the cell in the region below
the mid-point of the evaporation boundary. The fingers continued to be advected
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Figure 5.13
Images of the Hele-Shaw cell showing the transient behaviour of the saline
fingers after the initial fingers have reached the cell floor for exp#l 11 of the nBH series of
experiments. No sign of a "stagnation" point but significant long inclined saline fingers
present. Dimensionless time; (a) T = 122.6, (b) T = 134.3, (c) T = 146.0, (d) T = 157.9, (e) T
= 169.8, (f) T= 181.7, (g) T= 193.4, (h) T= 205.4, (i) T= 217.1, (j) T= 228.8 and (k) T=
244.7.

Figure 5.14
Images of the Hele-Shaw cell showing the long term patterns of saline
finger growth from exp#l 11 of the nBH series of experiments. This pattern is similar to that
seen for the BH series of experiments (figures 5.8 and 5.9) and remains essentially
unchanged throughout the lifetime of the experiment. Dimensionless time; (a) T = 686.0, (b)
T = 705.7, (c) T = 725.4 and (d) T = 745.2.

1111;

along the evaporation boundary with an estimated mean speed of horizontal advection
to be

u eb

= (4.57 + 0.82) x 10-5 mis, compared to an evaporation rate of E = 1.64 x 10-4

mis, for the nBH series of experiments. This is approximately 50% larger than the
horizontal advection seen in the BH series of experiments and reflects the increased
evaporation rates used in the nBH series. The error in this estimate is larger than that
for the BH series of experiments and reflects the variation in horizontal advection
observed experimentally for the nBH series due to the vortex generated at the corner
of the gap spacer below the evaporation singularity. This vortex will have introduced
added complexity to the flow close to the evaporation boundary possibly varying the
horizontal advection of the fingers in time.
While the last three images of Figure 5 .13, late in the transition period, show
more detail at the cell floor than the same images from the BH series, the saline
mound is not directly observed at later times once the long term behaviour in the
Hele-Shaw cell has been established. Diffusion has broadened the interaction zone
between the inflow and the saline mound enough to prevent the schliren system from
recording a change in refractive index between the two liquids. However, the
presence of the saline mound could be inferred by its effect on other flow features that
were observed experimentally in the Hele-Shaw cell. The two most significant flow
features that were caused by the saline mound were;
1) strong horizontal advection of the bases of the saline fingers at the

evaporation boundary from the evaporation singularity to the far cell wall
during both the transition and long time periods of the experiments and
2) the presence of long inclined saline fingers in the flow during the late

stages of the transition period.

5.4

Layered Systems
Two different layered configurations for the Hele-Shaw cell were used for the

experiments looking at flow in the simplest heterogeneous system. The construction
of the layered Hele-Shaw cells is discussed in section 4.5 and shown in Figure 4.7. It
was not possible to observe flow in the low permeability region of the Hele-Shaw cell
because the material used to coat the inside of one of the Hele-Shaw cell's glass
plates, thereby reducing the gap spacing, was opaque. The onset of instability was not
observed for either case of layered flow.
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The main interest in the layered Hele-Shaw cell experiments was whether the
low permeability zones would affect the growth patterns of the fingers compared to
those observed in the homogeneous system. The most interesting results for the
homogeneous Hele-Shaw cell were obtained from the BH series of experiments, so
the layered experiments used the same parameters as those used in the BH series of
experiments with an inflow solution of lip - 4.88 % and a single vertical slit.

5.4.1

Thin Layered System
The thin layered system, LI H

= 0.123(8 I 65)

where Lis the depth of the low

permeability region and His the overall cell depth, modelled a thin clay layer that was
only present directly below the outflow region or evaporating salt lake. The
experimental conditions used in the thin layered experiment are in Table 5 .1 and the
physical dimensions of the modified Hele-Shaw cell are in Table 4.5.

Initial Finger Development
Qualitatively, initial finger development for the layered system was similar to
that for the homogeneous system. The mean wavelength of the fingers for the thin
layered system as they appeared below the opaque low permeability region was
estimated as Amin

= (3.38 + 0.31) x 10-3

m. This is almost identical to the initial finger

wavelength for the BH series of experiments of Amin

= (3.48 + 0.29) x 10-3

m but the

fingers that appeared initially below the opaque low permeability region (see Figures
5.15a through 5.15d) were narrower in width and more widely separated than those
for the BH series. The width and separation of the fingers as they appeared below the
low permeability region is a function of the reduced gap spacing. The observed
wavelength may have been greater than the initial wavelength of the fingers at the
evaporation boundary.
The fingers began to noticeably broaden as they traveled down into the region
of greater permeability and this was probably due to the increase in gap spacing and
the ongoing process of diffusion. Again, as in the homogeneous system, the first
finger to appear at the permeability interface corresponded to the finger initiated from
the evaporation singularity. However, as shown in Figure 5.15c, the initial finger was
soon overtaken by other fingers closer to the far cell wall more quickly than was
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Figure 5.15
Images of the Hele-Shaw cell showing the initial development of saline
fingers below the low permeability zone through to the leading fingers reaching the cell
floor for exp#l 13, the thin layered system. Dimensionless time; (a) T = 0.5, (b) T = 1.5, (c) T
= 2.5, (d) T=3.6, (e) T= 4.6, (f) T= 5.6, (g) T= 6.6 and (h) T= 7.6.

1,.,
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observed in the homogeneous experiments. The mean vertical speed of the tip of the
leading finger relative to the evaporation-driven upflow, for the thin layered system
varied widely and fell in the range of vtip

= (4.41 to 6.13)x10-s

mis, compared to

Uc = 5.5 X 10-4 mis or vtip - (0.080 to 0.11 )uc in the wider region of the Hele-Shaw

cell. This value was calculated using the evaporation rate in the region below the low
permeability zone where the velocity measurements were made.
The other major difference seen in layered Hele-Shaw cell flow compared to
homogeneous Hele-Shaw cell flow was the early horizontal advection of fingers at the
permeability interface an effect seen also in Figure 5 .15c. This occurred well before
the initial fingers reached the cell floor. The horizontal motion was towards the far
cell wall and was localised at the permeability interface. Due to the small depth of the
low permeability zone in the first layered experiment, a significant horizontal
component of inflow existed at the corner below the evaporation singularity. The
horizontal component of this inflow was restricted in its ability to turn the corner due
to the reduction in permeability at that point and so some of it carried over to advect
the vertically downward developing fingers sideways towards the far cell wall.

Transient Behaviour
There was no sign of a "stagnation" point due to the opacity of the Hele-Shaw
cell at the evaporation boundary region. There was also no evidence of any horizontal
motion of the downwardly advecting fingers towards a "stagnation" point at the
permeability interface as the early fingers extended towards the cell floor. Figure 5.16
shows a sequence of images taken from the first layered Hele-Shaw cell during this
time period that looks qualitatively similar to that seen for the homogeneous HeleShaw cell. The early horizontal motion at the permeability interface leads directly into
the strong horizontal motion seen at long times in a manner similar to the nBH series
of homogeneous experiments.

Longtime Finger Patterns
,., .i

Longtime finger patterns remained essentially indistinguishable from those

I.,

seen for the homogeneous case. Again fingers that were initiated close to the
evaporation singularity were absorbed into the flow and disappear halfway down the
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Figure 5.16
Images of the Hele-Shaw cell showing the transient behaviour of the saline
fingers after the initial fingers have reached the cell floor for exp#l 13, the thin layered
system. Long inclined fingers are seen in the flow similar to that seen in figure 5 .10 for the
nBH experiments. Dimensionless time; (a) T = 9.2, (b) T = 10.7, (c) T = 12.2, (d) T = 13.7,
(e) T = 15.2, (f) T = 16.8, (g) T = 18.3, (h) T = 19.8, (i) T = 21.3, U) T = 22.9, (k) T = 24.4
and (1) T = 25.9.

Figure 5.17
Images of the Hele-Shaw cell showing the long term patterns of finger
growth from exp#l 13, the thin layered system. The pattern is similar to that seen for all the
other Hele-Shaw cell experiments, throughout the lifetime of the experiments.
Dimensionless time; (a) T= 206.1, (b) T= 208.7, (c) T= 211.2, (d) T= 213.7, (e) T= 216.3,
(f) T= 217.3, (g) T= 218.8 and (h) T= 221.3.

cell in the region below the mid-point of the evaporation boundary. As shown in
Figure 5 .17, those fingers initiated close to the far cell wall generally continued to
travel to the cell floor. It was not possible to determine the horizontal advection of the
fingers at the evaporation boundary but an estimate was rnade of the horizontal
advection of the fingers at the permeability interface,

~,i

upt

upt.

For the thin layered system.

= (3.44 + 0.04) x 1o-s mis with an evaporation rate of E = 2.97 x 1o-6 mis.

~I

5.4.2

Thick Layered System
The thick layered system., LI H

= 0.323(21 / 65),

modelled a thick clay layer

located across the top of the entire aquifer. The experimental conditions used in the
thick layered experiment are in Table 5 .1 and the physical dimensions of the modified
Hele-Shaw cell are in Table 4.6.

Initial finger Development
The increase in thickness as well as the extension of the low permeability
zone didn't fundamentally alter the flow characteristics seen in the Hele-Shaw cell as
displayed in Figure 5 .16. When the fingers appeared at the permeability transition
they were similar in width to those seen in the earlier thin layered Hele-Shaw cell
experiment. The only difference in' the initial finger development observed in the
thick layered system. com.pared to the thin layered system. was the lack of horizontal
advection of the fingers at the permeability interface and variable spacing between the
fingers. The variable spacing was due to finger com.petition that was already well
advanced before the fingers were observed and no estimate of the initial finger width
was therefore rnade. The lack of early horizontal advection meant the thick layered
experiment looked qualitatively identical to the BH series of experiments. Only a
small degree of horizontal motion of the fingers was observed before the initial
fingers reached the cell floor.
The difference in initial flow features observed between the layered HeleShaw cells was because in the thick layered case the low permeability zone extended
to a depth in the Hele-Shaw cell where the inflow was predominantly vertical or near
vertical, towards the evaporation boundary. The permeability transition resulted in a
speed up of the inflow but didn't introduce or enhance the horizontal component of
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Figure 5.18
Images of the Hele-Shaw cell showing the initial development of saline
fingers below the low permeability zone through to the leading finger reaching the cell floor
for exp#ll4, the thick layered system. Dimensionless time; (a) T = 3.1, (b) T = 4.6, (c) T =
6.1, (d) T = 7 .6, (e) T = 8.4, (f) T = 9.2 and (g) T = 10.2.

the flow. The mean vertical speed of the tip of the leading finger relative to the
evaporation-driven upflow, for the thick layered system also varied widely in the
same

vtip

=

manner

as

the

thin

layered

system

and

fell

in

the

range

of

(5.05 to 10.33) x 10-s mis, compared to uc = 5.5 x 10-4 mis in the wider region of

the Hele-Shaw cell. This value was calculated using the evaporation rate in the region
below the low permeability zone where the velocity measurements were made.

Transient Behaviour
As stated above for the thin layered system, it was impossible to detect
whether a "stagnation" point existed at the evaporation boundary due to the opacity of
the Hele-Shaw cell in that region. There was however evidence of sideways motion of
fingers away from the far cell wall and towards a possible "stagnation" point at the
permeability interface as the early fingers extended towards the cell floor. Figures
5 .19b, 5 .19c and 5 .19d show a sequence of images taken from the thick layered HeleShaw cell during this time period that look qualitatively similar to that seen for
experiment exp#99 of the BH series of experiments and shown in Figure 5.5.
Transient behaviour in the thick layered Hele-Shaw cell was again characterised by
the existence of long, inclined fingers in the cell prior to the onset of strong horizontal
advection at the evaporation boundary. This led to the resultant disappearance and
replacement of the inclined fingers with shorter vertical fingers of varying lengths that
increased monotonically to a maximum at the far cell wall.

Longtime Finger Patterns
Longtime finger patterns remained essentially indistinguishable from those
seen for all previous Hele-Shaw cell experiments. Again, fingers initiated close to the
evaporation singularity were absorbed into the flow and disappeared halfway down
the cell in the region below the mid-point of the evaporation boundary. Those fingers
initiated close to the far cell wall continued to travel all the way to the cell floor (see
Figure 5.20). Horizontal advection at the permeability interface varied to greatly to
make an estimate of the mean speed of horizontal advection at the permeability
interface meaningful.
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Figure 5.19
Images of the Hele-Shaw cell showing the transient behaviour of the saline
fingers after the initial fingers have reached the cell floor for exp#l 14, the thick layered
system. There is an apparent clumping of fingers away from the far cell wall possibly
indicating the existence of a "stagnation" point at the evaporation boundary. Dimensionless
time; (a) T ~ 12.0, (b) T = 13.5, (c) T = 15.0, (d) T = 16.5, (e) T = 18.1, (f) T =19.6, (g) T =
21.1, (h) T = 22.6, (i) T = 24.2, (j) T = 25.7, (k) T =27.2, (1) T = 28.7, (m) T = 30.3, (n) T =
31.8, (o) T= 33.3 and (p) T= 34.8.

j~'

Figure 5.20
Images of the Hele-Shaw cell showing the long term patterns of finger
growth from exp#l 14, the thick layered system. The pattern doesn't vary significantly from
the long term patterns seen in the other Hele-Shaw experiments. Dimensionless time; (a) T =
113.1, (b) T= 114.1, (c) T= 115.1, (d) T= 116.1, (e) T= 117.1, (f) T= 118.2, (g) T= 119.2,
(h) T = 120.2, (i) T = 121.2, U) T = 122.2, (k) T = 123.2 and (1) T = 124.2.
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5.5

Review of Quantitative Results

The mean wavelength of initial fingers.

Table 5.2

-

-3

-

Series

Experiment Number

BH

exp#97

3.48 + 0.29

2.369

exp#l06

3.66 + 0.31 1

*

nBH

exp#lll

2.87 + 0.24

1.948

thin layered

exp#l 13

3.48 + 0.29

0.835

\

(x 10 m)

Amin

a

= 2n8 I Amin

1

wavelength of initial disturbance rather than initial fingers

*cell leaked preventing an accurate determination of evaporation rate and therefore 8
I

I

ll:

Table 5.3

The mean vertical speed of the tip of the leading finger relative to the

evaporation-driven upflow.
5

-

2

Series

Experiment Number

vtip (x 10· mis)

~ip (x 10·)

BH

exp#97

3.77 + 0.25

6.70 + 0.47

nBH

exp#l 11

3.70 + 0.25

0.866 + 0.059

thin layered

exp#l 13

4.41 to 6.13

8.01 to 11.14

thick layered

exp#l 14

5.05 to 10.33

9 .17 to 18. 7 6

Table 5.4

The mean speed of horizontal advection for fingers at the evaporation

boundary.

10· 5 mis)

-

2

Series

Experiment Number

BH

exp#97

3.11 + 0.06

5.65 + 0.11

nBH

exp#l 11

4.57 + 0.82

10.7 + 1.9

thin layered

exp#l 13

3.44 + 0.04

6.25 + 0.07

ueb (
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Chapter 6
6.1

Computational Results and Discussion

Introduction
The first aim of the computational work was to determine if the two-

dimensional mathematical model derived in Chapter Two could describe, at long
times, the experimental Hele-Shaw cell results presented in Chapter Five. The
mathematical model and the Hele-Shaw cell simulated a two-dimensional vertical
slice througb an evaporating salt lake. A second aim was to determine if a more
efficient time discretisation scheme could be used in place of the current explicit
scheme, within a finite difference framework. This was done by measuring the
maximum speed and timestep of the different schemes. The final aim was to perform
a simple three-dimensional computation to test the validity of the full threedimensional salt lake model.
The inflow regime of the Hele-Shaw cell (see Figure 4.3b) represented an
experimental attempt to include a "regional" groundwater flow in a natural salt lake
system. Regional flow was included in the computational model by initially solving
the vector potential form of the dimensionless Darcy equation (equation (2.24)) with
the RHS set to zero and using the initial boundary conditions of the Hele-Shaw cell.
The regional flow solution was then superimposed on those solutions of q, due to
evaporation. This was possible due to the linearity of the Poisson equation (Roach,
1982). Every numerical scheme included this regional flow and a plot of the
"regional" flow is shown in Figure 6.1 .
An explicit local method was used to ensure numerical noise (round-off

errors) did not introduce physically unrealisable densities into the solutions. More
general schemes were difficult to enforce due to the mass of the entire system
increasing in time. An evaporating salt lake is not a closed system. For the
computations performed here, the normalised density, S, was tested at every grid
point after each timestep and restricted to the relationship, 0 < S < 1. Other studies
discuss more complicated schemes for counteracting the effects of numerical noise
that rely on a known overall system mass (Mahlman and Sinclair, 1977; Rood, 1988).
Three different time discretisations schemes were compared to each other and
the Hele-Shaw cell experiments. The original explicit scheme, an imex (implicitexplicit) scheme that solves the diffusion implicitly and the advection explicitly and a
·•j
I\
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modified implicit scheme. The imex scheme used an Euler time discretisation

89

scheme for its stability property and the modified implicit scheme used a CrankNicholson scheme because of the desired property of conservation of S2 for any
timestep. The imex and implicit schemes were solved using both a direct and
iterative solver. Comparisons were made between the simulations and the Hele-Shaw
j,,

cell experiments at both short and long times.

++++++
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Figure 6.1

noflow

tttttt
outflow

Qualitative contour plot of the initial streamfunction for the

evaporating Hele-Shaw cell, representing the experimental regional flow.

The computational grid used to simulate the small Hele-Shaw cell with a
depth of 65 mm and a width of 130 mm was 129 rows by 257 columns (grid4). This
choice was based on the result from Wooding et. al. (1997a) that showed for
simulations when the scaled diffusion length, lm Id < 0.05, where d is the size of
discretisation, the wavelength of the initial fingers scaled to the size of the grid
discretisation, Amin / d

~

6. This is an aliasing effect due to the inability of a grid to

represent the short wavelengths initially present in the developing unstable boundary
layer. To avoid the aliasing, a much finer grid would be necessary but this introduces
a significant time cost in solving the equations. For the BH series of Hele-Shaw cell
experiments, lm Id~ 0.043. With an initial wavelength of Amin

= 3.48

mm and an

evaporation boundary length of 43 mm, for the experimental Hele-Shaw cell, the
minimum number of gridpoints needed to simulate fingers at the evaporation
boundary was approximately 74. Grid4 represented the evaporation boundary with 86
•11

gridpoints and was therefore chosen for the Hele-Shaw cell simulations.
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The result of Wooding et. al. (1997a) was checked with some preliminary
simulations using grid discretisations both finer and coarser than grid4 by a factor of
two. The coarser grid, grid3, exhibited a range of 5 to 8 initial fingers at the
evaporation boundary, Amin == (5.34 to 8.60) x 10-3 m, depending on the numerical
jl,

scheme used, grid4 showed 13 initial fingers at the evaporation boundary,

Amin == 3.32 x 10-3 m and the finest grid, grid5, exhibited 27 initial fingers at the
evaporation boundary, Amin == 1.59 x 10-3 m. This compared experimentally with

Amin == (3.48 + 0.29) x 10-3 m for the Hele-Shaw cell. This confirmed that grid4 was
the correct choice for simulating the experimental Hele-Shaw cell. All grids were
uniform and used square elements.
For speed comparisons, the numerical schemes were also run, for short times,
on two grids coarser than grid3 (gridl, 17 x 33 and grid2, 33 x 65) to determine the
numerical cost of the schemes. Details of the discretisation grids used in the
computational work are included in Table 6.1.

"I

Table 6.1
Name

Computational grid details.

element size

Size

Le*
(grid points)

Row

Column

gridl

17

33

1/16

11

grid2

33

65

1/32

22

grid3

65

129

1/64

43

grid4

129

257

1/128

86

grid5

257

513

1/256

171

*Le is the evaporation boundary length
I

Ji

The homogeneous Hele-Shaw cell was the only model simulated and the
computational results were compared to the BH series of experiments. Two series of
computations were performed, the first at a macroscopic Rayleigh number, Rs, of
1600 and the second at a Rs of 30000. The numerical computations performed with
Rs == 1600 were first done as a check on the numerical schemes to ensure physically
'lli

realistic solutions were obtained. The low Rayleigh number simulations provided a

I
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clearer insight into the processes present in the simulated flow than the simulations
completed at the higher Rayleigh number where flow behaviour was more "chaotic".
At the lower Rayleigh number diffusion was significant, restricting the number of
fingers appearing at the evaporation boundary. This produced a simpler flow that
could be more easily analysed at the process level. The second series of computations
were performed at Rs = 30000 in an attempt to model the BH series of Hele-Shaw
cell experiments. A Rayleigh number of 30000 was the approximate mean
experimental value of Rs for the BH series (see Table 5.1). All computations were
performed at a dimensionless timestep (l).T) that satisfied the computational stability
requirements of the explicit scheme at a Rs value of 30000. The same value of l).T
was also used for the speed tests.

6.2

Comparison of Simulations with Experiments

6.2.1

Low Rayleigh Number Simulations (Rs = 1600)
The patterns of fingering seen in the simulations at Rs = l 600 did not

quantitatively match that seen in the Hele-Shaw cell experiments but the low
Rayleigh number simulations did show qualitative flow characteristics analogous to
two of the four experimental time periods; initial finger development and longtime
finger patterns.

Initial Finger Development
Solutions for normalised density, S and streamfunction, \JI, computed by the
\11

explicit scheme using grid2 at Rs = l 600 , for the time period of initial finger
development, are shown in Figures 6.2 and 6.3 respectively. The contours of S,
displayed in Figure 6.2 range from a minimum of 0.05 to a maximum of 1.00. The
contours are separated by intervals of 0.05. In the shorthand notation included in the
figure caption this is written as 0.05(0.05) 1.00. In a similar manner, the contours of

q, displayed in Figure 6.3 range from a minimum of -0.016 to a maximum of 0.03 .
These contours are separated by intervals of 0.002. Again, in the shorthand notation
included with the figure caption this is written as -0.016(0.002)0.03 . This convention
I

will be followed in all figure captions included in Chapter Six as limited space was

1i
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available for the captions and it was not possible to label the contours directly in the
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Figure 6.2 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the explicit scheme at Rs = l 600. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Dimensionless time in the bottom left corner.
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Figure 6.3 Contour plots, -0.016(0.002)0.03, of the time evolution of the
streamfunction for the explicit scheme at Rs= 1600. Series of plots showing the flow lines
during the initial finger development from the onset of instability through to the leading
finger reaching the bottom boundary. Dimensionless time in the top left corner.

figures. The solutions computed by the other schemes, at the same timestep, for this
Rayleigh number were identical to those shown here for the explicit method and are
not displayed.
There was no sign of any wavelike disturbance in the developing boundary
layer and no sign of a wavelike disturbance moving within the boundary layer from
the far boundary to the evaporation singularity. However, finger initiation began at
the evaporation singularity as it did experimentally. This was expected as, generally,
numerical instability in a numerical model will be generated at the point where the
gradient is greatest, in these simulations, the evaporation singularity. The initial
computational fingering pattern did differ to that seen in the BH series of
experiments in that the simulations always showed the leading finger reaching the
lower boundary first whereas experimentally this finger could be overtaken by fingers
closer to the far cell wall in the Hele-Shaw cell experiments. The simulations also
exhibited the development of further fingers at the evaporation boundary before the
initial fingers reached the lower boundary in agreement with the ongoing fingering
seen in the Hele-Shaw cell.
The streamfunction plots of the initial finger development shown in Figure
I

I

6.3 show no outstanding features except for the development of two circulation cells,

I

I

the larger to the lower right of the evaporation boundary and the smaller in the top
left corner of the flow domain corresponding to the corner of the evaporation
boundary and the far vertical boundary. Both are rotating anti-clockwise. The smaller
circulation cell will move fingers away from the far boundary, a feature observed in
some of the Hele-Shaw cell experiments and all the numerical simulations at the
larger Rayleigh number.

Transient Behaviour
There was no sign of any flow features in the fingering patterns computed by
the simulation at Rs = l 600 that matched the flow behaviour observed in the HeleShaw cell experiments during the transition time period. Transition from the initial
fingering pattern to the "pseudo-steady" long term fingering pattern in the low
Rayleigh number simulations was simply the period of time it took for the finger
i

attached to the far boundary to travel from the evaporation boundary to the bottom

,1,

boundary. In the simulations, from T = 10, further fingers continued to develop at the
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Figure 6.4 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the explicit scheme at Rs = 1600. Series of plots showing the transition
period. Dimensionless time in the bottom left corner.
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Figure 6.5

Contour plots, -0.016(0.002)0.03, of the time evolution of the
streamfunction for the explicit scheme at Rs = 1600. Series of plots showing the
flowlines during the transition period. Dimensionless time in the top left corner.

evaporation boundary. These fingers were advected from the evaporation singularity
along the evaporation boundary to the far boundary (the centre of the lake model).
The horizontal advection of the computational fingers continued smoothly all the
way to the far boundary showing no sign of a "stagnation" point or a reversed flow
pattern close to the far boundary. Figures 6.4 and 6.5 show the fingering patterns of
the simulation for S and "P between the time the initial finger reaches the lower
\

boundary and the time long term finger patterns commenced.
The streamfunction plots, during the time it took for the finger attached to the

,gf

far boundary to travel from the evaporation boundary to the bottom boundary, show
that the simulation behaviour during this time period corresponded to the time it took
a number of circulation cells of varying sizes and rotations in the flow to merge into
just one circulation cell.

Longtime finger Patterns
At long times, the simulations showed a qualitatively similar fingering pattern
to that of the Hele-Shaw cell with the continued development of fingers at the
evaporation boundary. The bases of the fingers were advected horizontally along the
boundary with strong fingering occurring close to the far boundary. In addition, the
development of the saline mound in the far bottom corner is clearly shown in the
simulations. This region of increasing salinity in the far corner of the Hele-Shaw cell
directly below the evaporation boundary, corresponds to a developing or existing
saline groundwater mound in a natural lake system. This mound could not be
detected in the experiments due to a lack of sensitivity in the schlieren system but its
presence was inferred by the behaviour of the developing fingers. Figures 6.6 and 6.7
show the long term fingering patterns of the simulation at Rs == 1600 for S and "P. As
stated above, the long term fingering pattern is due to the development of a single
circulation cell in the flow that remains qualitatively unchanged over time once it has
developed. This cell generates a strong horizontal flow component along the
evaporation boundary from the evaporation singularity to the far side boundary
giving rise to the advection of the fingers at the evaporation boundary. A strong
downward flow also exits at the far side wall assisting in the development of fingers
in this region and accounting for the observed experimental flow feature of the
longest fingers always being adjacent to the far cell wall.
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T=30

Figure 6.6 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the explicit scheme at Rs= 1600. Series of plots showing the longtime
fingering pattern. Dimensionless time in the top left corner.
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Figure 6.7 Contour plots, -0.016(0.002)0.03, of the time evolution of the
streamfunction for the explicit scheme at Rs = l 600. Series of plots showing the
flow lines of the long term fingering pattern. Dimensionless time in the top left comer.

The no-slip boundary condition on the far wall, q,- = 0, while the correct
boundary condition for simulating the half Hele-Shaw cell, is not valid for a natural
salt lake. Quantitatively, zero vertical velocity ·at the wall will slow initial finger
development and leading finger tip velocities adjacent to the wall. However, the
longtime fingering patterns of the simulations will be affected little as the strong
downflow adjacent to the wall will minimise the walls effect. The salt mound will
not be affected at all. Qualitatively, the no-slip boundary condition on the far wall
will have little effect on the overall flow features seen when simulating a natural salt
lake.
The effect of the near boundary wall in the simulations, at longtimes, is where
the greatest deviation from a natural salt lake system occurs. In both the Hele-Shaw
cell experiments and the simulations, at longtimes, the near boundary wall prevented
horizontal advection of the densest brine away from the saline mound and the lake
centre. This brine began to fill the lower regions of the Hele-Shaw cell and the
computational domain in a manner that has no comparison in a natural salt lake
system. In a natural salt lake system, when dense brine in the lower regions of the
Hele-Shaw cell experiment or simulation reached the near boundary wall, this
Ill(

represented brine that was no longer contained by the evaporation-driven inflow.
This brine was then able to be transported out of the system and into surrounding
regional groundwaters. The removal of brine could not be modeled experimentally or
numerically.
One effect this trapped brine may have had experimentally or numerically at
longtimes, was to reduce the volume available to the inflow. This would result in an
increased inflow velocity to maintain the same evaporation rate at the evaporation
boundary and an increased advection of fingers toward the far boundary or lake
centre, over time. Two modifications that could correct this problem are; increase the
length of the inflow boundary with respect to the evaporation boundary and/or
increase the length of noflow boundary that separates the two. Both these
modifications would enlarge the region of parallel inflow in the lowest regions of the
Hele-Shaw cell and computational domain and allow the experiments and
simulations to run for longer times and more effectively model a natural salt lake
system.
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The streamfunction plot corresponding to T

= 28

in Figure 6.6, in terms of a

natural salt lake system, shows the presence of a saline mound centrally located
beneath the evaporating salt lake surface. At long times, the horizontal component of
the re-directed inflow, due to the presence of the saline mound, prevents the
development of any long fingers or plumes at the lake margins. Developing fingers or
plumes are advected towards the centre of the lake. This results in the containment of
any highly concentrated brines that result from evaporation at the salt lake surface
and the prevention of horizontal leakage as long as the strength of the horizontal
component of the inflow is maintained. Management strategies for evaporating salt
lakes that restrict disposal of saline water to the centre of evaporating salt lakes and
in volumes that did not unduly affect the horizontal component of the containing
evaporation-driven inflows would seem feasible.

6.2.2

High Rayleigh Number Simulations ( Rs = 30000)
The computational results at the higher Rayleigh number showed slight

differences in patterns of behaviour between the numerical methods. However, they
all showed features consistent with the Hele-Shaw cell experiments except at very
early times. There was no sign of the onset of instability or a wavelike disturbance in
the early developing boundary layer, however behaviour corresponding to the three
other experimental time periods was exhibited. The inability of the numerical
schemes to simulate the onset of instability as observed in the Hele-Shaw cell
experiments was not due to a lack of spatial resolution but rather the inadequate
representation of the salt lake, shown in Figure 4.4, by the Hele-Shaw cell due to
experimental constraints discussed below. To check this, a simulation was performed
on a computational mesh of 513 x 1025 that stilled failed to show any wavelike
disturbance in the boundary layer developing at the evaporation boundary.
It should be noted that the simulations and the experiments were not

physically identical due to physical constraints of the Hele-Shaw cell. In the
simulations the top boundary containing the evaporation boundary, the no flow
boundary and the inflow boundary are at the same height. In the experiments the top
no flow boundary is lower than both the inflow and outflow boundaries due to
sealing requirements of the glass Hele-Shaw cell (see Chapter Four). This variation
in the experimental height of the top boundary results in two steps in the flow that are
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not present in the simulations and moves the singularity located at the evaporation
boundary further down into the flow, to the corner of the gap spacer directly below
(see Figure 5.1). This results in some features, especially during the onset of
instability and the initial fingering phase, that can not be compared.

Initial finger Development
The pattern of developing fingers computed from the three numerical
schemes all differed from each other in minor ways during the time period of initial
finger development. They were also consistently different in two areas to that seen in
the Hele-Shaw cell experiments. Contour plots of the initial finger development,
showing the solutions for S and "I' for the explicit, imex and implicit methods
respectively, computed from grid2, are displayed in Figures 6.8 - 6.13. The fingers
from the explicit scheme were initiated and generally developed at a slower rate than
both the imex and the fastest implicit fingers (extra numerical diffusion). The
simulations relied on numerical noise due to round-off errors to generate the initial
instabilities in the developing boundary layer. The slow onset of instability for the
explicit scheme was presumably due to a cleaner algorithm with less round-off errors
but once the fingers had developed their flow speed will have been independent of
this factor. The solutions of the explicit scheme were slower in their evolution than
the other schemes over the lifetime of the simulations.

Table 6.2

Mean wavelength of initial fingers for the numerical schemes and the

BH series of Hele-Shaw cell experiments.
-

Origin of fingers

-3

Amin

(x 10 m)

explicit scheme

3.32 + 0.26

imex scheme

3.32 + 0.26

implicit scheme

3.32 + 0.26

Hele-Shaw cell (BH series)

3.48 + 0.29

All schemes exhibited the same number of fingers at initiation with the mean
wavelength being

Amin = (3.32 + 0.26) x 10-3

m.

The fingers

were

also

all

approximately of the same width and separation. Table 6.2 lists the mean
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Figure 6.8 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the explicit scheme at Rs = 30000. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Dimensionless time in the top left corner.

T=2

T=6

Figure 6.9 Contour plots, -0.009(0.001)0.017, of the time evolution of the
streamfunction for the explicit scheme at Rs = 30000. Series of plots showing the
flowlines during the initial development of fingers, from the onset of instability
through to the leading finger reaching the bottom boundary. Dimensionless time in
the top left corner.
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Figure 6.10 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the imex scheme at Rs= 30000. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Dimensionless time in the top left corner.
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Figure 6.11 Contour plots, -0.009(0.001)0.026, of the time evolution of the
stream.function for the imex scheme at Rs = 30000. Series of plots showing the
flowlines during the initial development of fingers, from the onset of instability
through to the leading finger reaching the bottom boundary. Dimensionless time in
the top left comer.
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Figure 6.12 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the implicit scheme at Rs= 30000. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Dimensionless time in the top left comer.

T=2

Figure 6.13 Contour plots, -0.009(0.001)0.032, of the time evolution of the
streamfunction for the implicit scheme at Rs = 30000. Series of plots showing the
flowlines during the initial development of fingers, from the onset of instability
through to the leading finger reaching the bottom boundary. Dimensionless time in
the top left comer.

wavelengths of the initial fingers from all three numerical schemes and includes the
measured wavelengths from the Hele-Shaw cell

experiments. The value for the

minimum wavelength of the initial fingers from the simulations was within the
experimental error of that observed for the BH series of Hele-Shaw cell experiments
of Amin

= (3.48 + 0.29) X 10-3 •
All schemes showed saline fingers being initiated at the evaporation

singularity, in agreement with the experiments. However in every case, the fastest
finger to the lower boundary was the leading finger, a fact not consistent with the
experiments. Again, this was probably due to the mismatch of the computational and
experimental boundaries. Also experimental noise probably enhanced the stochastic
nature of the experimental fingering process and some variation may have been due
to non-uniform gap spacing in the Hele-Shaw cell. Table 6.3 shows values for the
dimensionless speed of the leading fingers from the three numerical simulations and
compares it to the mean dimensionless speed of the leading finger, relative to the
evaporation-driven upflow, of the BH series of Hele-Shaw cell experiments. The
non-dimensional speed for the leading finger from the simulations over estimates the
finger speed by a factor of approximately 2 - 3, depending on the numerical scheme.
Wooding et. al. (1997a, b) reported the same result and attributed the failure of the
simulations to correctly model the finger speed to three-dimensional effects in the
Hele-Shaw cell.

Table 6.3

The dimensionless mean vertical speed of the tip of the leading finger

relative to the evaporation-driven upflow for the numerical schemes and the BH
series of Hele-Shaw cell experiments.

Origin of fingers

~ip

explicit scheme

0.1617 + 0.004235

imex scheme

0.1998 + 0.008474

implicit scheme

0.2210 + 0.008475

Hele-Shaw cell (BH series)

0.06840 + 0.004591

In all the numerical schemes, the leading finger suffered from horizontal

motion of its base at the evaporation boundary before it reached the lower boundary.
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The central portion of leading finger also underwent some horizontal advection away
from the far boundary as it was developing, resulting in the finger having a curved
appearance. The finger tip seemed unaffected. The curved appearance of the leading
fingers was observed in the experiments but the horizontal advection at the
evaporation boundary was not. The horizontal advection took place experimentally at
the height of the step in the Hele-Shaw cell, directly below the evaporation
singularity and was observed to begin before the leading finger had reached the cell
floor.
The streamfunction plots are not useful to determine the processes occurring
in the simulated flow at the higher Rayleigh number. Flow lines quickly became
extremely complicated and difficult to decipher due to the large number of fingers
that developed in the flow. Plots of the streamfunction for the following calculations
will not be included.

Transient Behaviour
The transient period observed in the Hele-Shaw cell experiments was
simulated poorly by the different numerical schemes. The numerical schemes also
differed more significantly with each other than at earlier times. The Hele-Shaw cell
experiments early in the transition period showed a "stagnation" point at the
evaporation boundary close to the far cell wall and at later times, long inclined
fingers in the flow. Early in the simulations, all the numerical schemes showed
behaviour consistent with the presence of a "stagnation" point at the evaporation
boundary approximately two finger widths or a third of the evaporation boundary
length away from the far boundary (L = 0.2043). This is shown in Figures 6.14 - 6.16.
However, the explicit schemes showed flow going up the far boundary,
whereas the imex and implicit schemes showed flow going down this boundary. Both
these patterns of behaviour where observed experimentally. In Figure 6.14a for the
explicit scheme, the far finger has moved off the far vertical boundary when
compared to Figure 6.14c. In Figures 6.14d, 6.14e and 6.14f, fingers are initiated
from the far top corner (see Figure 5.1) and move inward, consistent with flow up the
vertical boundary. This pattern of behaviour is maintained until it is swept aside by
the increasingly stronger horizontal advection at the evaporation boundary as seen in
Figures 6.14g and 6.14h.
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Figure 6.14

Contour plots, 0.05(0.05) 1.00, of the time evolution .of the normalised
density for the explicit scheme at Rs = 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering. The arrow
marks the approximate position of a "stagnation" point. Dimensionless time in the top
left comer.
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Figure 6.14 Contour plots, 0.05(0.05) 1.00, of the time evolution.of the normalised
density for the explicit scheme at Rs = 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering. The arrow
marks the approximate position of a "stagnation" point. Dimensionless time in the top
left corner.
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Figure 6.15 Contour plots, 0.05(0.05) 1.00, of the time evolution. of the normalised
density for the imex scheme at Rs = 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering. The arrow
marks the approximate position of a "stagnation" point. Dimensionless time in the top
left corner.
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Figure 6.15 Contour plots, 0.05 (0.05) 1.00, of the time evolution .of the normalised
density for the imex scheme at Rs= 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering. The arrow
marks the approximate position of a "stagnation point. Dimensionless time in the top
left comer.
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Figure 6.16 Contour plots, 0.05(0.05) 1.00, of the time evolution.of the normalised
density for the implicit scheme at Rs = 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering . The arrow
marks the approximate position of a "stagnation" point. Dimensionless time in the top
left corner.
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Figure 6.16 Contour plots, 0.05(0.05) 1.00, of the time evolution.of the normalised
density for the implicit scheme at Rs = 30000. Series of plots showing the development
of a "stagnation" point in the flow early in the transition period of fingering. The arrow
marks the approximate position of a "stagnation" point. Dimensionless time in the top
left corner.

The imex scheme solutions in Figure 6.15 show the opposite behaviour.
Figure 6.15b shows a widening in the distance between the two fingers closest to the
far vertical boundary. A finger is maintained on the far vertical boundary and the gap
between the fingers seems to reach a maximum that persists (see Figures 6.15b, 6.15c
and 6.15d) until this pattern of behaviour is again swept aside by the developing
horizontal advection at the evaporation boundary (Figures 6.15g and 6.15h). This
behaviour is consistent with flow going down the far vertical boundary. Figures 6.16a
- 6.16h, the solutions from the implicit scheme, show behaviour qualitatively similar
to that seen for the imex scheme. It was difficult to determine whether any of the
schemes showed long inclined fingers in the flow at later stages of the transient
behaviour time period but all showed the continued development of fingers at the
evaporation boundary, initiated at the evaporation singularity. The implicit scheme
showed some sign of extended fingers in the flow, in Figure 6.16 for T = 20 and 22.

Longtime Fingering Patterns
The long term fingering patterns of the simulations were complicated and
difficult to match with those seen in the experiments but they appeared qualitatively
consistent with each other (see Figures 6.18 - 6.20). The schemes displayed a long
term fingering pattern that only began to resemble the observed experimental fingers
(see Figure 5.9) at extremely long times. Figure 6.20 shows a time evolution plot of
this particular phenomena and shows the regions undergoing change. All simulations
showed a narrowing and then widening of the fingering zone adjacent to the far
boundary where the longest fingers were observed. At the same time the length of the
fingers at the interior end of the evaporation zone monotonically grew shorter. The
relatively short fingers at the evaporation boundary also remained at a sharp angle to
the evaporation boundary. A feature not seen in the experiments. At any given time
the new finger being initiated from the evaporation singularity seemed to remain
unaffected. Figure 6.18a and 6.18d shows the two extremes of this feature for the
solutions from the explicit scheme as does Figure 6.19a and 6.19c for the imex
scheme with Figure 6.19c beginning to resemble the flow seen in the experiments.
It was not possible to estimate a value for the speed of the horizontal

advection of fingers at the evaporation boundary,

u eb

or

U eb,

as it was difficult to

identify an individual fingers motion using the contour plots. Comparison of contour
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Figure 6.17 Time evolution of the width (w) of the fingering zone adjacent to the
far boundary and the depth (d) of fingers in the boundary layer at the evaporation
boundary at longtimes.
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Figure 6.18 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the explicit scheme at Rs = 30000. Series of plots showing the longtime
fingering pattern. Dimensionless time in the top left comer.
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Figure 6.19 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the imex scheme at Rs = 30000. Series of plots showing the longtime
fingering pattern. Dimensionless time in the top left comer.
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Figure 6.20 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the implicit scheme at Rs =30000. Series of plots showing the longtime
fingering pattern. Dimensionless time in the top left comer.

plots separated by only a small number of timesteps that allowed identification of
individual fingers resulted in measurement errors in the values of

u eb

or

U eb

that

were larger than the value itself.
Figure 6.18c shows the developing saline mound in the far bottom corner.
While not particularly clear, the value of S in the far bottom corner for the explicit
scheme is 0.55. The saline mound in the far bottom corner of Figure 6.19b for the
imex scheme is more defined and has an S = 0.7. The saline mound is difficult to
recognise initially because of the complicated contour lines due to the continuing
influx of salt from above but it is seen to be advecting along the bottom boundary in
both Figures 6.18d and 6.19c. This phenomena could not be observed in the
experiments. Again throughout the long time patterns of behaviour in the
simulations, all the numerical schemes displayed the continued development of
fingers at the evaporation boundary, initiated at the interior evaporation point.

Solutions using Larger Timesteps
The main advantage of an imex or implicit scheme compared to an explicit
scheme is the increased stability with respect to the size of the allowable timestep
1111

I

that they possess. However, its main disadvantage is that, while allowing a larger
timestep they are computationally more expensive per timestep taken. This translates
into a need to take advantage of the larger timesteps possible with the imex and
implicit schemes in order to produce a more efficient numerical scheme overall. Care
must be taken however, as a larger timestep can affect the solution obtained. An
example of this effect is shown in Figures 6.21 and 6.22 for the initial finger
development. This time period exhibited solutions that were the most rapidly
changing and therefore the most sensitive to inaccuracies due to large timesteps.
Figures 6.21 and 6.22 were compared directly with each other, the original solutions

1• .

shown, at the same dimensionless time, in Figures 6.8, 6.10 and 6.12 and the initial
finger development seen in the Hele-Shaw cell experiments shown in Figure 5.3.
The timestep chosen for both computations displayed in Figures 6.21 and
6.22 was the same. As discussed further in section 6.4, this timestep was unstable for
the imex scheme but stable for the implicit scheme. This has resulted in a double
effect on the solutions shown in Figure 6.21 for the imex scheme and displays how of
the effect of the restriction on Sin the computational code doesn't affect the solution.
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Figure 6.21 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the imex scheme at Rs= 30000. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Solutions were calculated using a timestep of fiT = 0.005
five times the size of the timesteps used for figures 6.8, 6.10 and 6.12. Dimensionless
time in the top left corner.
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Figure 6.22 Contour plots, 0.05(0.05) 1.00, of the time evolution of the normalised
density for the implicit scheme at Rs = 30000. Series of plots showing the initial
development of fingers from the onset of instability through to the leading finger
reaching the bottom boundary. Solutions were calculated using a timestep of 11T = 0.01,
one hundred times the size of the timesteps used for figures 6.8, 6.10 and 6.12.
Dimensionless time in the top left corner.
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This is discussed further in section 6.4. The solutions shown in Figure 6.21 are
clearly inaccurate and while showing fingers, the fingers consist of isolated cells that
behave together. Initial fingering begins at the interior evaporation point but
progresses faster than other initial fingering patterns seen for similar time periods
shown in Figures 6.8, 6.10, 6.12 and 6.22.
The solutions from the implicit scheme shown in Figure 6.22 are significantly
better than those in Figure 6.21 for the imex scheme but they still don't compare
qualitatively with the experimental fingering patterns observed in the Hele-Shaw cell.
In comparison with Figure 6.12 there are less fingers initiated at the evaporation
boundary and at later times the fingers display a bulbous tip that in some fingers is
curling back on itself. The fingers are also generally broader in nature. This confirms
the earlier statements in Chapter Three that even when a larger timestep is possible is
doesn't necessarily give a physically correct solution. Some matching of the timestep
size to the physical problem being modelled maybe necessary when computing a
solution.

6.3

Speed
The three computational codes were run in a number of different

configurations to determine (a) the average cost of the overhead and solving the
Poisson equation and (b) the average total time to solve the complete problem.
Overheads refers to the time taken by a program to preform tasks such as the
initialisation of variables, the set-up of initial conditions and the writing of solutions
to file. These tasks are not directly involved in the calculation of the solution.
Subtracting (a) from (b) gave the average time per timestep for each scheme to solve
the Transport equation.
Numerical runs prior to the tests reported here, showed that the fastest direct
method of solution for both the imex and implicit schemes involved reordering the
matrices prior to factorisation and solution. Reordering using recursive bisection
significantly reduced the amount of fill generated by the factorisation process (Miron,
1997). This minimised the number entries in the matrix that had to be operated on to
produce a solution and resulted in an improvement in solution speed. An example of
the matrix reordering is shown in Figure 6.23. Four computational grids (see Table
6.1) were used in the speed tests to determine which numerical scheme was the
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fastest. The timestep used in the speed runs was small enough to ensure the explicit
scheme was numerically stable. The results of the speed tests are plotted in Figures
6.24, 6.25 and 6.26.
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A schematic diagram showing (a) the original ordering of the sparse

matrix using the imex scheme with a five-point stencil for diffusion and (b) the
reordered sparse matrix using recursive bisection. A non-zero entry is represented as
a dot and the number of non-zero entries in both sparse matrices is identical (Miron ,
1997).

As was expected when using a small enough timestep to ensure numerical
stability, the explicit scheme was fastest and was linear with respect to cost per
problem size. Iterative methods for the solution of the imex and implicit schemes
proved to the fastest compared to the direct and direct-reordered methods. The directreordered imex method was faster than the implicit iterative method. In comparing
the cost of the different numerical schemes, no matter what method of solution was
used the implicit scheme suffered from the cost of generating the M x M matrix at
each timestep. Mis equal to the number of rows times the number of columns of the
computational domain. In the imex scheme this matrix was generated only once,
prior to the start of time stepping, hence its lower cost compared to the implicit
scheme. The numerical cost per timestep for the imex and implicit schemes increased
with problem size in a nonlinear fashion.
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6.4

Stability
Stability tests were performed on gridl (65 x 129) with the schemes ranked

using the largest timestep of the explicit scheme as a normalisation factor. The size of
the maximum timestep normalised by the maximum explicit timestep is called the
step-up and is shown in Table 6.1. To test the numerical stability of the different

r

]'

schemes the restriction of physically realisable values for the normalised density was
removed from the computational code. All schemes were then run using a variety of

I
1

I

1

different timesteps to determine the largest stable timestep a scheme possessed. The
restriction on the normalised density was then replaced in the computational code and

I
I

I

I
.1

the schemes were re-run at timesteps close to the values established for stability
without the normalised density restriction. While the numerical schemes were stable
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for timesteps greater than the maximum timestep obtained without the normalised
density restriction, the solutions progressively degenerated as the timestep increased
beyond that value. An example of this effect is shown in Figures 6.21 and 6.22 with
Figure 6.21 (the imex scheme) showing a solution that satisfied the restriction on S
but is wrong. Solutions from the implicit scheme shown in Figure 6.22 shows a
solution that is qualitatively better than that seen in Figure 6.21 but still does not
match well what was observed experimentally in the Hele-Shaw cell. The timesteps
used to compute the solutions for Figures 6.21 and 6.22, without the normalised
density restriction, were unstable for the imex scheme but stable for the implicit
scheme.
The different methods of solution did not effect the size of the maximum
stable timestep for a numerical scheme. The expected increase in the size of the
maximum timestep allowed by the imex and implicit schemes was not large enough,
at the discretisation tested, to compensate for the increased cost these schemes
possessed per timestep. The imex scheme possessed effectively the same maximum
timestep as the explicit scheme with the implicit scheme allowing a maximum
timestep only 7x that allowed by the explicit scheme. The reason for the small
increase in the maximum timestep using the imex scheme was due to the small effect
diffusion had on the flow. The advantage of an imex scheme, in many flow
computations, is that the limiting factor in timestep size is the diffusion and by
I
i

solving the diffusion component implicitly a larger timestep is possible. In the
unstable flow situation investigated here diffusion was not the limiting factor in the
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timestep size, advection was. The imex scheme solved the advection flow component
explicitly thus the similarity in its value for the maximum timestep to the fully
explicit scheme.

Maximum allowable timestep ranking of the computational schemes

Table 6.1

I
I

!

and methods used to solve the Transport equation for the 65 x 129 grid. Step-up is
the value of the maximum stable timestep a scheme/method will allow normalised by
the maximum stable timestep for the explicit scheme.

Ranking

.

I

I

II:

11·

6.5

Scheme/Method

Step-Up

1

implicit, iterative

6.953

1

implicit, direct

6.953

1

implicit, direct-reordered

6.953

2

imex, direct

1.035

2

imex, iterative

1.035

2

imex, direct-reordered

1.035

3

explicit

1

Summary of Two-Dimensional Computational Results
Quantitatively, the wavelength of initial fingers in the simulations agreed well

with initial wavelength measurements from the BH series of Hele-Shaw cell
experiments. This was expected as the choice of grid discretisation used in the
simulations was based on work done by Wooding et. al. (1997a) which discussed the
relationship between the initial finger width and numerical grid size at large
macroscopic Rayleigh numbers for numerical simulations. To remove this
relationship between initial finger wavelength and grid discretisation it maybe
necessary to solve the difference equations using a non-uniform finite difference grid
that smoothly increased its discretisation size, in both dimensions, from a minimum .
at the evaporation boundary to a maximum at the lower and far walls. This would
allow the use of a smaller grid discretisation at the evaporation boundary, of
I

sufficient resolution to correctly represent initial finger wavelengths, while not

I

imposing a heavy time cost on the overall solution. Finite elements that allow the use

11:
I
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of unstructured grids in the same manner, small elements at the evaporation boundary
and coarse elements at the lower and far walls, could also be used. The Arakawa
formulation for the advection term could still be used with a finite element scheme as
it can also be derived using either square or triangular finite elements.
Vertical fingertip velocities for the initial fingers measured from the
simulations were about 2 - 3 times faster than those measured in the Hele-Shaw cell
experiments. Wooding et. al. (1997a, b) reported a similar phenomena and attributed
this to three-dimensional viscous effects in the Hele-Shaw cell. This explanation is
also assumed to apply to the experiments reported here. Physically, flow in the HeleShaw cell approaches two-dimensional flow in a porous medium as the gap spacing
is reduced, a cell with a finite gap spacing still acts as a three-dimensional space.
Physical constraints such as the flatness and curvature of the glass plates and the
overall size of the Hele-Shaw cell govern the gap spacing that can ultimately be used
in constructing the Hele-Shaw cell. It was not possible to determine the speed of
horizontal advection for fingers at the evaporation boundary for the simulations as it
was difficult to identify the saline finger being tracked with the time steps used.
Qualitatively, the simulations displayed three periods of flow, the initial,
transient (including the presence of "stagnation" points at the evaporation boundary)
and longtime fingering patterns. All simulations showed initial instability and finger
development at the evaporation singularity. In every simulation, the initial finger
formed at the evaporation singularity reached the bottom boundary first a feature not
always observed in the Hele-Shaw cell experiments. The onset of instability time
period from the experiments was also not simulated well by the model. This was
probably due to inadequate matching of the experimental and computational
domains. Physical constraints in the construction of the Hele-Shaw cells resulted in
the evaporation singularity, located at one end of the evaporation boundary in the
simulations, being moved vertically down to the comer of the gap spacer just below
the evaporation boundary in the Hele-Shaw cell experiments.
The transient period in the simulations was relatively brief but did exhibit
both "stagnation" points at the evaporation boundary and inclined fingers in the flow.
While the length of inclined fingers that developed late in the transient period was
observed to be much shorter in all the simulations than the Hele-Shaw cell
experiments, flow associated with the "stagnation" points was observed moving both
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towards and away from those points in different simulations, consistent with the
experiments. The reason for the variation in flow associated with the "stagnation"
points in both the simulations and the experiments is unknown although the

I

experimental variation could be due to start-up processes.
Longtime fingering patterns in the simulations were characterised by the

1•

presence of vertical saline fingers developing along the entire evaporation boundary,
11·

with the longest fingers closest to the near wall and the smallest located at the

i

evaporation boundary directly above the evaporation singularity. Finger length was a
monotonically increasing function from the evaporation singularity to the near wall.
The simulations matched the longtime fingering patterns of the Hele-Shaw cell
experiments very well. The small, macroscopic Rayleigh number simulations clearly
showed the development of a saline mound below the evaporation boundary. The
large macroscopic Rayleigh number simulations also showed the development of a
saline mound albeit rather more chaotically.
The large timestep solutions shown in Figures 6.21 and 6.22 exhibited major
differences to both the experimental results and the earlier simulations preformed
with smaller timesteps. Clearly while the simulations themselves could be considered
to be valid, there accuracy with respect to the experimental Hele-Shaw cell results
were poor. This reinforces the fact that even though a numerical method may allow a
larger timestep to be taken, due to increased numerical stability, the resultant
solutions may not necessarily be physically correct and validation is still required.
As expected, at a timestep small · enough to ensure numerical stability, the
explicit scheme was the quickest. What was not at first expected was the small
increase in the stable timestep achieved by the imex scheme. This was due to the
simulations being run in a regime that was dominated by the advection term. Any
increase in stability possible using an imex scheme is based on the pretext of the
stable timestep being diffusion limited. This was not the case for the problems
modelled here. Using the Arakawa form of the Jacobian forced the implicit scheme
to re-generate a new LHS matrix at each timestep. This turned out to be prohibitively
expensive even for small problems and precludes the use of the Arakawa Jacobian
with an implicit scheme when dealing with large problems.
I

II
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6.6

Three-Dimensional Model
A number of three-dimensional studies of fingering have been carried out

(Zimmerman and Homsy, 1992). Zimmerman and Homsy modeled a threedimensional version of the classic two-dimensional Saffman and Taylor (Saffman
and Taylor, 1958) study of horizontal viscosity-driven fingering. In this study the
11,

first attempt to use the three-dimensional form of the density-driven transport model
derived in Chapter Two simulated a salt lake with a salt crust. This case is analogous
.11:

11

to convection in a three-dimensional box heated from below (Horne, 1979; Straus
and Schubert, 1981). Unfortunately, more complicated models such as a ponded or
evaporating salt lake could not be simulated by this study because the code of Adams
et. al. ( 1988) used to solve the three-dimensional Poisson equation does not allow
mixed boundary conditions for a single variable at a boundary. For example; the
three-dimensional version of a ponded salt lake will require, at the upper horizontal
boundary, Dirichlet boundary conditions for '¥ 1 and '¥ 3 in the lake and Neumann
boundary conditions for '¥ 1 and '¥ 3 in the region surrounding the lake. It will be
necessary to find and code a method of solution such as multi-grid for the threedimensional Poisson equation to model a more physically realistic system.
The three-dimension salt crust model was treated computationally exactly as
the original three-dimensional density driven transport problem was derived in
Chapter Two. Three-dimensional advection was separated into three two-dimensional
advection problems

(one for each degree of freedom)

that were solved

computationally using Arakawa' s two-dimensional numerical stencil. Explicit time
stepping was used. The three-dimensional Poisson equation was solved using a threedimensional form of the Buneman algorithm that utilised Fourier transforms (Adams
et. al., 1988). Discretisation was 33 rows, 65 columns and 65 layers (33x65x65) with
cubic elements and the Y-axis retained as the vertical. This was a smaller threedimensional form of the simplest two-dimensional domain used above. The
computational problem is simplified by replacing the three-dimensional dispersion
tensor by a unit tensor (Zimmerman and Homsy, 1992). The three-dimensional
boundary conditions are shown in equation (6.1) and the computations were again
performed at a Rayleigh number of 30000. The Rayleigh number for the threeI
.i

dimensional computations was calculated in an identical manner to that for the twodimensional computations. The Rayleigh number is independent of the dimension of
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the problem and the boundary conditions used in the computation. Visualisation of
the normalised density was done using cross-sectional plots.
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The three-dimensional computations represented an attempt to determine
whether the fully three-dimensional salt lake model derived in Chapter Two would
show fingers. A coarse grid was used for the computations due to the increase in
problem size the extra dimension introduces. The coarseness of the grid has
potentially limited the size and shape of the fingering patterns produced and there is
no way to determine if the fingering patterns presented here are physically valid.
Figure 6.27 shows the time evolution of the central cross-sectional plot
(Z = X = 32) for the normalised density. This is the closest representation to the twodimensional simulations discussed previously. The solutions are symmetrical in the
two vertical planes (XY and ZY). The · three-dimensional computations show a
fingering pattern that behaves in a similar manner to that seen in two dimensions.
Initial fingering begins at the boundary of the salt crust where the density gradient in
the flow is greatest, the edge of the "lake". Fingers initiated at the boundary led all
other fingers in reaching the bottom boundary. There is some horizontal advection of
the outer finger bases towards the centre of the salt crust. This is due to the formation
of re-circulating cells that are located close to the salt crust boundary and driven by
the downward developing fingers.
A series of horizontal cross-sectional plots for fingering pattern at T = 6 are
shown in Figure 6.28. This was an intermediate time in the simulation that included

:r

i

all the finger features shown at earlier and later times. These plots show a
complicated three-dimensional fingering pattern developing with an outer ring of
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Figure 6.27 Contour plots, 0.05(0.05) 1.00, of the time evolution of the
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computational domain are not shown. The horizontal gridlines correspond
to the Y- positions of the horizontal cross-sections shown in figure 6.28.
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fingers surrounding a central zone where initially 5 individual fingers and 4 fingers
partially attached to the outside ring of fingers are present (see Figure 6.28, Y = 4).
The outer ring of fingers continued to lead the other fingers in their development and
were well advanced before a central finger was seen to evolve. As the overall system
progressed there was some contraction in the fingering region just below the surface.

I
I

At the bottom boundary the exterior fingers of the ring of fingers begin to spread.
This is a boundary effect and the computations were taken no further. This effect is
more clearly seen in the vertical cross-sections of Figure 6.29 (Z = 20 & 24 ).
Vertical cross-sections, in the Z-plane, showing the fingering pattern at T = 6
are shown in Figure 6.29. Comparison of these plots with those shown in Figure 6.28

I
I

I

allow some understanding of the complicated fingering pattern that has developed in

I

~!

three dimensions. The vertical plots show the significance of the outside ring of
fingers and how they are much larger and longer than the individual fingers restricted
to the interior of the ring.
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Chapter 7

Conclusions

This study has presented results from a dual approach to the investigation of
long term groundwater dynamics beneath salt lakes. The first approach was

~

experimental and involved using two-dimensional flow experiments, using a HeleShaw cell, to examine existing models. The second used numerical simulations to
predict groundwater dynamics and the results were compared with the experimental

111
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results. Alternate numerical techniques to increase the speed of solution of the two-

'I
I

··1

dimensional model, with a view to solving the model in three dimensions, were
investigated and a preliminary three-dimensional numerical simulation was
presented. Both the experimental and numerical work were performed at

,11

I

macroscopic Rayleigh numbers significantly larger than attempted previously

f

i

Iii

(Wooding et. al., 1997a) and also for longer flow times.

The Hele-Shaw cell experiments used schlieren flow visualisation to avoid
disturbance of the flow due to dye injection. These experiments provided data that
11!

'I

I

was used to evaluate numerical simulations from a two-dimensional version of the
three-dimensional salt lake model. A two-dimensional representation of an

I
,111

evaporating salt lake was made by a simple modification to a standard Hele-Shaw
cell. The Hele-Shaw cell experiments included two homogeneous series that used
density contrasts between the inflowing and fully salt-saturated liquids. The first
series satisfied the Boussinesq approximation (BH series) and the second did not
satisfy the Boussinesq approximation (nBH series). Two other experiments on a
heterogeneous aquifer were also completed. These involved one-dimensional layered
systems with a low permeability zone overlying a high permeability zone. Two low
l',a,

permeability layer thicknesses were used. Short and long term quantitative data was
obtained from the Hele-Shaw cell experiments in the form of: the wavelength of
initial fingers, the vertical speed of the leading fingertip and the speed of horizontal
advection for fingers at the evaporation boundary. This data was used to check the
ability of the numerical model, derived in Chapter Two, to simulate flow in a HeleShaw cell that modelled evaporation-driven groundwater flow beneath a natural salt
lake. A tabulated summary of the quantitative data from the Hele-Shaw cell
experiments is provided in Section 5 .5.
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Experiments
Qualitatively, flow behaviour in the Hele-Shaw cells was characterised by
four distinct time periods corresponding to the onset of instability, initial finger
development, transition and the "pseudo-steady" long term fingering pattern. All
experiments exhibited patterns of behaviour that could be recognised as belonging to
one of the four time periods. However, fingering patterns belonging to all four time

,·

periods were not necessarily displayed by each experiment. These four time periods
and their characteristics were;

I

..,I
I
I

1)

The onset of instability; characterised by the presence of a wavelike

disturbance that ran along the evaporation boundary within the developing

I
I

,,,I

boundary layer from the far wall towards the evaporation singularity. This

I,

was observed in only one experiment where the use of a horizontal slit in the
flow
,,:

visualisation system enhanced the

overall imaging resolution.

Unfortunately this enhancement was only possible during the initial stages of
the Hele-Shaw cell experiments when the edge of the developing boundary
layer was still horizontal.

2)

The period of initial finger development; corresponded to the time

when fingers first appeared in the flow until the leading finger reached the
cell floor. This time period was distinct from the onset of instability as the
wavelike disturbance seen in the developing boundary layer did not increase
in amplitude during its existence and disappeared before the first finger
appeared at the evaporation boundary of the Hele-Shaw cell. The first finger
to develop always appeared at the evaporation singularity but this finger was
not always the first finger to reach the cell floor. Experimental noise seemed
to increase the complicated nature of the fingering process.

3)

The transition period; the time between when the first finger reached

the cell floor and the "pseudo-steady" longtime fingering pattern developed in
the Hele-Shaw cell. Transient behaviour in the Hele-Shaw cell was driven by
i

the development of a saline mound in the far bottom comer of the Hele-Shaw
cell. This period was characterised by three flow features; firstly the
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commencement of horizontal advection of the fingers at the evaporation
boundary, from the evaporation singularity to the far cell wall, secondly the
development of "stagnation" points at the evaporation boundary early in the
time period and lastly, at later stages, the appearance of long inclined saline
fingers extending from the evaporation boundary to the cell floor.

I
I

The commencement of horizontal advection of saline finger bases at
the evaporation boundary was observed in every Hele-Shaw cell experiment
however the presence of "stagnation" points and long inclined fingers were
not. The BH series of experiments displayed "stagnation" points at the

I

I
I
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evaporation boundary but no long inclined fingers and the nBH series of
experiments exhibited long inclined fingers in the flow but showed no

.1

I

I
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evidence of "stagnation" points. This reason for each series of experiments
displaying different flow features during the transition period the different
evaporation-driven flow velocities and density contrasts during each series of

I/
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experiments. The BH series of experiments were performed at a lower
temperature than the nBH series of experiments and therefore at a lower
evaporation rate and discharge flow velocity. This lower flow velocity
allowed the development of "stagnation" points at the evaporation boundary
in the BH series of experiments whereas a faster flow velocity overrode any
such development in the nBH series of experiments. The larger density
contrast in the nBH series of experiments produced faster developing fingers
in the flow. When the finger bases were advected along the evaporation
boundary, horizontal advection of the entire finger was restricted due to the
presence of the developing saline mound. This resulted in long inclined
fingers in the flow. The slower developing fingers of the BH series of
experiments while inclined were not of sufficient length when horizontal
advection occurred in the Hele-Shaw cell to extend from the evaporation
boundary to the cell floor.

4)

The long term fingering pattern; a "pseudo-steady" state of

continuation of the horizontal advection of saline finger bases at the
I
I

evaporation boundary with finger lengths that monotonically increased from
the evaporation singularity to the far cell wall. While the actual fingering
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patterns varied due to the complicated nature of the fingering process, the
pattern of behaviour was extremely consistent and effectively "pseudosteady" in its appearance.

At no time was it possible to directly observe the saline mound in the far
1•·

I
f

bottom corner of the Hele-Shaw cell in any of the Hele-Shaw cell experiments,
including the nBH series. However, its presence could be inferred by the development
of a strong horizontal flow component at the evaporation boundary and the shape of
the long term fingering pattern. The schlieren system used was able to visualise a

I
I

0.5%, by weight, difference in concentration of NaCl, in an approximately 0.2 mm

'.f/

wide Hele-Shaw cell, when salt solution was injected at the evaporation boundary.

I

'I

The minimum density gradient visualised by Green and Foster (1975) was a 2.5% by
weight NaCl solution into freshwater with Hele-Shaw cell gap spacings that varied
from 0.1 to 0.8 mm.
The failure of the schlieren system to detect the saline mound was due to two
factors. The Hele-Shaw cell width was extremely small, restricting the angle of light
ray deflection due to refractive index differences in the flow. The angle of light ray
deflection and therefore, the sensitivity of the schlieren system is proportional to the
width of the cell. More significantly, the slow development of fingers, due to
evaporation, resulted in a broadening of the "interfacial" zone between the two
miscible liquids by diffusion, to a level below the ability of the schlieren imaging
system to visualise.
The layered Hele-Shaw cell experiments were different to the homogeneous
experiments in only one feature. That was the early presence of a strong horizontal
flow component at the permeability interface, similar in strength to the horizontal
advection seen at the evaporation boundary in the homogeneous Hele-Shaw cell
11

experiments. In the thin layered system, initial finger widths were narrower but the

1!

wavelength was similar to the BH series of experiments. Vertical fingertip speeds
were also of the same order. Qualitatively, the fingering patterns observed in the thin
layered experiment differed very little from that seen in the BH series of experiments.
The thick layered experiments suffered from the restriction of the region where
fingering could be observed. This prevented any analysis of early time behaviour in
')Ji

the cell but the fingers seemed to be more widely separated. The long term fingering
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patterns seemed to again differ very little from that seen in the BH series of
experiments.

Numerical Simulations

The main aim of the numerical work was to determine whether the two-

I

dimensional mathematical model derived in Chapter Two could describe, at long
times, the experimental Hele-Shaw cell results presented in Chapter Five. The

r,

mathematical model and the Hele-Shaw cell simulated a two-dimensional vertical
slice through an evaporating salt lake. The inflow regime of the Hele-Shaw cell (see

I
I

I

Figure 6.1) represented an experimental attempt to include the "regional"

''I
I

groundwater flow in a natural salt lake system. An additional aim was to determine if
I

I
111

a more efficient time discretisation scheme could be used in place of the current

II

explicit finite difference scheme. This was done by measuring the maximum speed
and timestep of three different schemes; explicit, imex or implicit-explicit and
ii:

I

iii

implicit. The final aim was to perform a simple three-dimensional computation to
test the validity of the full three-dimensional salt lake model.
The quantitative two-dimensional computational results can be summarised
as follows;

1)

The wavelength of initial fingers in the simulations agreed well with

initial wavelength measurements from the BH series of Hele-Shaw cell
experiments. This was expected as the choice of grid discretisation used in the
simulations was based on work done by Wooding et. al. (1997a) which
discussed the relationship between the initial finger width and numerical grid
size at large macroscopic Rayleigh numbers for numerical simulations.

2)

Vertical fingertip velocities for the initial fingers measured from the

simulations were about 2 - 3 times faster than those measured in the HeleShaw cell experiments. Wooding et. al. (1997a, b) reported a similar
phenomena and attributed this to three-dimensional viscous effects in the
Hele-Shaw cell. This explanation is also assumed to apply to the experiments
I •

reported here. Physically flow in the Hele-Shaw cell approaches twodimensional flow in a porous medium as the gap spacing is reduced, a cell
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with a finite gap spacing still acts as a three-dimensional space. Physical
constraints such as the flatness and curvature of the glass plates and the
overall size of the Hele-Shaw cell govern the gap spacing that can ultimately
be used in constructing the Hele-Shaw cell.

3)

For the simulations performed, it was not possible to determine the

speed of horizontal advection for fingers at the evaporation boundary. It was

.,,
I

I

I
'.ll
/

difficult to identify the saline finger being tracked with the time steps used.

Qualitatively, the overall behaviour of the simulations agreed well with the
behaviour observed in the BH series of Hele-Shaw cell experiments. The simulations

I
I

i

ll:

displayed three periods of flow, the initial, transient (including the presence of
"stagnation" points at the evaporation boundary) and longtime fingering patterns.
These matched the experiments well. The onset of instability time period from the

11

Ii

experiments was not simulated well by the model. Again, this was probably due to

I'

inadequate matching of the experimental and computational domains. There was also
'" I

some variation in the initial fingering patterns between the simulations and the
experiments. All simulations showed the initial leading finger reaching the bottom
boundary first whereas this was not always observed in the Hele-Shaw cell
experiments. Again, this was probably due to the inadequate matching of the
experimental and computational domains. Other researchers numerically modelling
saline groundwater movement beneath salt lakes, using finite elements methods
(SUTRA), have also reported the growth of the leading initial finger being greater
than that for other fingers and this finger always reaching the lower boundary first
(Kumar Narayan, 1997; personal communication).

The small, macroscopic Rayleigh number simulations clearly showed the
development of a saline mound below the evaporation boundary. The large
macroscopic Rayleigh number simulations also showed the development of a saline
mound albeit rather more chaotically. A saline mound was not observed in either the
BH or the nBH series of Hele-Shaw cell experiments, even though its presence could

be inferred by its effect on the flow. The results suggest that manipulation of the
II .

boundary conditions at the evaporation boundary will allow investigation of the
effects brine disposal strategies on trapped brine pools beneath evaporating salt lakes.
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The fas test numerical scheme, taking into account both speed and time step
measurements, was the explicit scheme. The operational cost of solving the implicit
scheme, whether directly or iteratively, versus the increase in the size of the timestep
allowed restricts its use due to the cost of re-generating the matrix of the equations
after each timestep. The imex scheme solved iteratively took about two times as long

J.,

I

to reach a solution as the explicit scheme but did not possess a significantly larger
timestep. This was because advection and not diffusion was the limiting factor in

I

··1

flow simulating the Hele-Shaw cells. The imex scheme still solved the advection
component of the transport equation explicitly. However, in a more complicated

'I
I

1

l
r
I

system that involved, for example, changes in permeability in the computation
domain, the imex scheme may be superior.
It was shown that the three-dimensional model of a salt encrusted salt lake

11:

produced fingers in a manner similar to that seen in the two-dimensional simulations.
A significantly more complicated fingering pattern was seen with an outside ring of
111
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I
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fingers forming early and proceeding to lead all other fingers in moving vertically
downward in the computational domain. The fingering pattern was symmetrical in
any vertical plane that included the centre of the salt crust and also very regular.
The significance of the differences between the simulations and the Hele-

I

Shaw cell experiments is dependent upon the ability of the Hele-Shaw cell to
represent local and regional groundwater flow in a natural salt lake system. Physical
constraints altered the ability of the Hele-Shaw cell to exactly match the twodimensional schematic of a salt lake as shown in Figure 2.1. The effect of this mismatching is difficult to quantify. All simulations estimated the vertical fingertip
speed of the initial finger to be 2 - 3 times larger than that seen in the Hele-Shaw cell
experiments. They also consistently showed that the initial leading finger reaching
1.i

,.,

the bottom boundary first, again a feature not always observed in the experiments.
Implications for the use of this mathematical model in determining
management practices for existing and future salt lakes is that, from the comparison
of the simulations and experiments for the Hele-Shaw cell, the model will provide a
"worst-case" scenario for development of saline fingers in an evaporating salt lake.
The rate of finger or plume development will be overestimated by a factor of 2 - 3

I
.I •

and the location of the large dominant finger is questionable. Contradicting this
"worst-case" scenario prediction is the case of a salt lake located above regional
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groundwaters. In the initial stages, if the largest and fastest developing plumes are
consistently located at the margins of the evaporating salt lake, as seen in the
simulations, it may only be necessary to pump at the lake margins to prevent these
plumes from releasing brine into underlying regional groundwaters. Hele-Shaw cell
experiments would seem to contradict this fact by locating the largest and fastest
developing plumes at any point along the evaporation boundary. It is clear that while

(

the simulations qualitatively modelled the Hele-Shaw cell very well, quantitative
agreement was poor with the saline lake management important parameter of finger
or plume speed. This could be a modelling problem or an experimental effect that
will not be present in natural three-dimensional systems. Further work is needed.

Future Work
Future work should repeat the Hele-Shaw cell experiments using a cell that
more closely represents the physical situations found in natural lake systems as
Iii

displayed in Figure 2.1. The effect of the re-location of the evaporation singularity
downward, away from the evaporation boundary could then be quantified. A better
quality cell with a smaller gap spacing would also reduce three-dimensional effects in

i
I
111'.

the cell while at the same time determining if the variation in position of the first
finger to reach the cell floor is as "random" as seen in the experiments or more
regular as the simulations show. A Hele-Shaw cell with a smaller gap spacing would
be less sensitive to visualisation by a schlieren system, using the flow parameters
here, but these experiments would only need to run for short times while the density
contrast between downward developing fingers and inflow was a maximum, i.e.
before significant diffusion takes place. In addition, the long term qualitative
behaviour of the experiments was adequately simulated by the numerical model.
The non-Boussinesq form of the governing equations should be solved as the
speed of the current generation of computers makes the Boussinesq approximation
unnecessary. This would also allow a more realistic representation of natural salt lake
systems. Hele-Shaw cell experiments could be modified appropriately, as in the nBH
series of experiments reported here, and even run at macroscopic Rayleigh numbers
closer to that estimated for natural salt lake systems. The extension of numerical

II .

.,

simulations to one-dimensional heterogeneous or layered systems is also a logical
step as the Hele-Shaw cell can be used, as shown here, to model this situation. The
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effects of grid discretisation on the three-dimensional simulations needs to be
determined and some form of three-dimensional experiment devised to validate the
model even if only at early times.
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Symbol List

Ii

Symbol

a

Name

wavenumber of small perturbations scaled to

Units

8 , equal to 2n8 \ A

b

plate spacing of Hele-Shaw cell

L

dor h

scale of elements of numerical mesh

L

D

dispersivity tensor (dimensioned)

L2ff

D

scalar isotropic dispersivity

L""ff

DL, Dr

coefficients of longitudinal and lateral dispersion

L2ff

DM

molecular diffusivity

L2ff

E

evaporation rate, equal to £/Uc == l I R0 .

g

gravity vector

L2/T

g

scalar gravitational constant

L!T2

H

depth of main porous layer (aquifer or model)

L

i, k

unit vectors, horizontal and orthogonal

J

.

unit vector, directed vertically upwards

k

Darcy permeability, soil property related to the effective two-

L""

dimensional cross-section that liquid can pass through

ko

main aquifer permeability

L2

krnin

minimum permeability supporting convection in boundary layer

L""

L, Le

dimensions of model

l, ZM

intrinsic diffusive/convective supporting convection in boundary layer

M

dimensionless fluid mobility, equal to (klv)lkr/vr)

p

pressure

p

l11

pressure and gravity head, scaled to

M/LT2

g!},.pH
LIT

q

Darcy volume flow rate

Rs

macroscale Rayleigh number

Rb

Rayleigh number scaled to b

Ro

Rayleigh number of saline boundary layer, equal to Uc I£

s

normalized density deviation, equal to ( p - p r ) I

Sr

scaled background density, equal to (pr -

I .

ni
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L2

!},.p

p 0 ) I !},.p

Symbol

Name

Units

t

time

T

ts

time to saturation

T

T

time scaled to Hluc

u

vector proportional to mass flow rate

M/L2T

u

scalar mass flow rate

M/L2T

Uc

scale of mass flow rate

M/L2T

yg k0 I v r

u

vector proportional to mass flow rate, equal to uluc

X, Y, Z

coordinates scaled to H; Y directed vertically upwards

Ys

coordinate of lake bed surface

V

vector operator, del defined in current coordinates (D 1 or

I

..,i
'1
!r

I
I

,,,I
jl

dimensionless)

a1 an
a

Iii

derivative normal to boundary
wavenumber of small perturbations scaled to l or lM, equal to 2nl
or 2nlM

11!
I

y

IA

IA

maximum proportional density change, equal to

!ip I pr

8

equilibrium thickness of saline boundary layer

L

£

evaporation rate of groundwater at surface Y = Ys

M/L2T

e

inclination of plane of Hele-Shaw cell to the horizontal

¢

porosity, soil property related to the bulk volume of material that is
not"solid

I

A

initial wavelength of small perturbations

L

µ

dynamic viscosity

MILT

V

kinematic viscosity (dimensioned)

L /T

Vr

background kinematic viscosity

L /T

p

liquid density

M/L3

Pm

maximum solution density

M/L3

Pr

reference or inflow density

M/L3

Psat

density of saturated brine

M/L3

Po

density of solvent

M/L3

•
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I''
Symbol

Name

Units

P1

density of ponded surface water/brine

M/L3

!1p

r

I
I
11

maximum density change related to convection, equal to
time scaled to DI £

pm - pr

2

rs

time to saturation at surface Y = Ys

cp

scalar field

'¥

vector potential field

1/1 ,, 1/12, 1/13

components of vector potential

lJI

two-dimensional scalar streamfunction, equal to lj/ 3

··1

'i

I

,,II
Ir

.~1

i

If

1

'II,1::

11

I

1·i
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Appendix A Conservation of S2 Using the S-Implicit Method
The Arakawa scheme when used in combination with the implicit CrankNicolson time discretisation scheme

= A.~ + litl~k+112

A .~+i
lJ

lJ

(Al)

J

where

1 ~+112
lj

I

i

II:

= 1 (_!_ (A.~+1 +A!:+1 ) _!_ (q,.~+1+\fl.~ ))
lj

2

l}

,

2

lj

lj

(A2)

gives a scheme that conserves A 2 exactly for any lit. Conservation of A 2 1s
important because it ensures that the numerically determined values of A are
bounded.
To show this the two-dimensional streamfunction form of the advection
equation, transport without diffusion

JA
of

= J(A, \fl)

(A3)

will be used where A is the quantity being advected. In difference form equation (A3)
111:
I

is written with a simple forward time step as

,.,

A.lj~+i - AlJ.. n = lit]lj.. (A*, q,*)

(A4)

where A* and q,* are any linear combination of the quantities concerned, i.e. Adamsj.,
I

/,,

Bashforth, Crank-Nicolson etc.
Taking the lower time level term across to the RHS of equation (A4) and
squaring both sides gives

( A n+l) 2= (An) 2+ 2A nlitl( A*' q,*) + lit 2 (1( A*' q,*))2
I

i.

111

131

(AS)

i''

The mean is then taken,

( A n+i

f = (An f + 2A \itl( A *,lP*)+ ~t

2
(

f

(A6)

f

(A7)

1( A *, \f*)

and the first term on the RHS is put back to the left to give
11,

( A n+i

f - (An f = 2A n~tl( A *, \f *)+ ~t

2

(

1( A *, \f *)

The LHS of equation (A7) now represents the difference in A 2 at the two time levels
I

1

and therefore A 2 is conserved if this difference equals zero. Re-writing the RHS of

111

I
,11

I

equation (A7) gives

I

I
'11
11

( A n+i

f -(An f = (2A n+ ~tl( A *, \f*))~tl( A*, \f*)

(A8)

f

Substituting equation (A4) into equation (A8) gives

(An+lf -(Anf =(An+l +An)~tl(A*,\f* )

(A9)

The RHS can be further modified to give

( A n+i

f - (An f = (A n+I +An - 2A *+ 2A *)~tl(A *, \f *)

(AlO)

and then still further to

(An+lf-(Anf =(An+l +An -2A* )~tl(A*,\f* )+2~tA*l(A*, \f* )

(All)

/,,

Now the 2~tA*l(A*,\f* ) term in equation (All) is equal to zero when using
Arakawa difference schemes because A*1( A*, \f*) is equal to zero. This is the result
of the inclusion of a number of conservation laws in the Jacobian (Arakawa, 1988).
Therefore to ensure the rest of the RHS of equation (All) is equal to zero

132

(An+l +An -2A*) = 0

(Al2)

A* =_!_(An+l +An)
2

(A13)

and

r

Equation (Al3) is the Crank-Nicolson scheme.
To ensure that A 2 is conserved it is only necessary for the A* to be in the
Crank-Nicolson form, there is no such requirement on the streamfunction, 'P. This
allows the S-Implicit method to conserve A 2 for any !!it while still using 'P
explicitly, from the previous time step.
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