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SUMMARY

Chain binomial models are a commonly used discrete time model for the spread of an
infectious disease in a closed population. The best known chain binomial models are
those due to Greenwood and to Reed and Frost. In the Greenwood model it is assumed
that the infection rate is the same at all time points, while in the Reed-Frost model, the

infection rate at time ¢ depends on the number of individuals infected at time 7 —1.

The aim of this thesis is to extend the Greenwood model (for a closed population) to a
model which allows for the possibility of migration into the population at risk of infection
from the disease. In fact, we modify the Greenwood model to a model which assumes
individuals enter the susceptible population as a Poisson process. In particular, the
number of migrants entering during a unit time interval (#—1,7] is a Poisson random

variable.

The model we use assumes that migration counts during disjoint unit time intervals are
independent and identically distributed Poisson random variables. That is, we assume the

migration rate (and infection rate) to be constant.

Chapter One discusses some estimators for the infection rate in the Greenwood model
for a closed population. In particular, we review a technique used by Saunders (1980b)
to derive a strongly consistent estimator. Our modified Greenwood model, which allows
for the possibility of (constant rate) migration, is also developed in this chapter. All

subsequent analysis is based on this model.

Let X, denote the number of newly infected individuals at time #. In Chapter Two we
establish some limit theorems for the sequence {X,:7=1,2,3,...}. Specifically, we

show that a strong law of large numbers holds for this sequence of random variables.

Also the cumulative infected count,

XX,



obeys a central limit theorem.

The sequence {Y;: 1=0,1,2, ...}, where Y, is the number of susceptible individuals who

escape infection at time ¢, forms a Markov chain. In Chapter Three we show that this
sequence of random variables can be formulated as the convolution of a Galton-Watson
branching process and an independent Poisson process. That is, it is an example of what
is known in the literature as a branching process with immigration. Using this
interpretation we show that, in the limit as time goes to infinity, the count of susceptible

individuals escaping infection converges in distribution to a Poisson random variable.

It is also shown that, the bivariate Markov chain {(X;, ¥;): #=0,1,2, ...} has a proper

limiting distribution. From this limiting distribution we deduce that, as ¢ tends to

infinity, X, converges in distribution to a Poisson random variable X_ . Furthermore,

the parameter of the distribution of X, is equal to the rate at which individuals migrate

into the susceptible population.

Since {Y;:t=0,1,2,...} is a branching process with immigration then we can use the
estimation theory for this type of process to derive estimators of the infection and

migration rates. We give formulae for estimators derived in this fashion which are jointly

asymptotically normal.

These estimators assume we can observe the count of susceptible individuals escaping
infection at regular time intervals. However, for many infectious diseases this data is not
available. For example, in the case of cholera in South East Asia, the available data only
consists of information about the number of infected individuals. In Chapter Four we
demonstrate that the Gibbs sampler (a Monte Carlo data augmentation algorithm) can be
used to obtain estimates of the infection and migration rates when the data consists of

just counts of infected individuals (and the initial size of the susceptible population).



CHAPTER ONE

DISCRETE TIME MODELS FOR INFECTIOUS DISEASES

1.0 Introduction

In this chapter we introduce the class of so-called chain binomial models, a flexible type

of discrete time model used extensively in the modelling of the spread of an infectious

disease.

As pointed out in Section 14.1 of Bailey (1975) there are diseases where it is not
appropriate to assume that infection occurs as a continuous time process. For diseases
where the incubation and latent periods are of low variability and the infectious period is

short, discrete time models should be employed.

Compared to continuous time models the amount of theory developed for discrete time
models is quite small. However, chain binomial models have proven to be a useful tool

in modelling epidemics since their introduction by Reed and Frost in about 1928 and

Greenwood in 1931.

Gani and Jerwood (1971) relate chain binomial models to the general theory of
stochastic processes with particular emphasis on Markov chains. This approach has
several advantages, in particular, it leads to the formulation of a relatively simple method
of calculating the probability distributions of the duration time and total infected count
for an epidemic. Note that an epidemic terminates when either all susceptibles become
infected or when, at a particular time point, there are no new infecteds. Prior to the
work of Gani and Jerwood these distributions had been obtained by calculating the

probabilities associated with all possible paths of infection.



In Section 1.1 we discuss the structure of chain binomial models and look at the special
cases due to Greenwood and to Reed and Frost. In Section 1.2 we investigate
determining the probability distributions of the duration time and total infected count.
We first use a small example to illustrate the amount of work involved in enumerating all
patterns of infection to solve this problem and then show that the work of Gani and

Jerwood leads to great simplification.

In Section 1.3 we look at the problem of estimation in chain binomial models and
describe an approximate maximum likelihood estimator for the infection rate. The
asymptotic properties of this estimator will also be discussed. In Section 1.4 we show
how chain binomial models can be extended to include the possibility of individuals
migrating into the population at risk of infection. Finally, in Section 1.5 we compare the
methods suggested in Section 1.4 with the capture-recapture methods used to estimate

mortality rate and population size in animal populations.

1.1 _Chain Binomial Models for Closed Populations

Chain binomial models are commonly used to model the spread of an infectious disease

through a population. The structure of these models can be described as follows.

In an initial population of size N a number of individuals, X, become infected at time
t=0. Prior to time =1 there will be Y, = Ny— X, susceptible individuals. We
assume that each susceptible individual has the same probability p(1) of being infected at

time ¢=1 and that infection of an individual occurs independently of infection to any

other individual. If we let X; be the number of newly infected individuals at time ¢ =1
then in a chain binomial model we assume X, conditional on Ny — Xy, is binomial with
parameters N; = Ny— X, and p(1). In general, let X, be the number of newly infected
individuals at time ¢ then, conditional on {NO,XO,X 1o X t_l}, X, is binomial with

parameters N, and p(tf) where



t~1
N,=No- D X;
=0

and p(t) is the probability that an individual susceptible to the disease immediately prior
to time ¢ becomes infected at time ¢ . Of course, we make this assumption provided N,
is strictly greater than zero. As soon as N, reaches zero for some ¢ we conclude the

epidemic has ended.

Chain binomial models are best applied to diseases where the incubation period and
latent period (where the disease is present but the infected individual can not transmit the
disease) are of low variability and the infectious period is relatively short. Measles,
mumps and chickenpox are examples of diseases with these characteristics. For such
diseases the epidemic may be thought of as commencing with the infection of X,
individuals simultaneously. The epidemic then spreads as a series of generations where

the time between successive generations is equal to the sum of the incubation and latent

periods.

The probability of infection at time ¢, p(t), is usually assumed to be a function of N,,

I, and A where N, is the size of the susceptible population,

is the total number of infected individuals in the population prior to time ¢ and A is a
constant. Typically, the values of N, and I, are readily calculated from the data and

our aim is to make inference about A .

The two best known examples of chain binomial models are those developed by Reed
and Frost in about 1928 and by Greenwood in 1931. The simpler model is the
Greenwood model where the chance of infection depends only on whether there are
infected individuals already present. That is, it does not depend on the number of such

individuals. For this model we have



p()=2A if 1,>0

0 otherwise

for some 0<A <1. In the Reed-Frost model it is assumed that p(¢) depends on the
number of individuals infected at time r—1. We suppose that any of the X, ;

individuals can independently infect a susceptible with probability A. Thus, for a

susceptible, the probability of avoiding infection is
(1-2)%,
Thus,
p(t)=1-(1-2)*1.
If we let Y, be the number of individuals escaping infection at time ¢ then, from Gani
and Jerwood (1971), in the Greenwood model {Y,: ¢ =0,1, 2, ...} forms a Markov chain.

The probability transition matrix M ={my; } is given by

i

m =(1) NI (1-1Y for 0<j<i

0 otherwise.

In the Reed-Frost model a bivariate Markov chain is formed by
{(X,,%):¢=0,1,2,...}

for which the probability transition matrix takes the form {(rm; ),s} > where



=[’.} [1-a-2)T -2y for r=s+j
J

0 otherwise.

In the Reed-Frost model, we can approximate p(t) by its first order Taylor polynomial

when A is small. Thatis, p(f) can be approximated by
1-(1-2X,_)=AX, ;. (1.1.1)

This form of p(f) is particularly appropriate for diseases with very short infectious
periods because we are assuming the chance of infection does not depend on the number
of individuals infected prior to time #—1. The model is also appropriate for modelling

diseases which often effect animal populations where infected individuals inevitably die

from the disease. That is, ‘old’ infecteds are removed from the population by death.

Saunders (1980a) uses a chain binomial model to study an epidemic of myxomatosis in a

rabbit population. In this case p(z) is of the form
p(®) = Aay, (1.1.2)

where a, depends on the total population size, the size of the susceptible population and

the number of active infecteds prior to time ¢. This approach may be regarded as an

extension of the approximation to the Reed-Frost model given in equation (1.1.1).

Chain binomial models where the probability of infection is of the form given in equation
(1.1.2) have been extensively studied by Saunders (1980b) and Huggins (1993). The

work of these two authors will be discussed in Section 1.3.
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As mentioned earlier, we aim to extend chain binomial models to a model which includes
immigration. The application of the theory of Markov chains to such a model will be
discussed in Chapter Three. Gani and Jerwood (1971) show that, for the Greenwood
model, the susceptible counts at times ¢ =0, 1,2, ... may be regarded as a Markov chain
embedded in a (continuous time) pure death process. Similarly, for the Reed-Frost

model, over a unit time interval (¢, ¢+ 1], the susceptible count at time #+1 (given the

susceptible count at time t) may also be approximated by a continuous time process.

1.2 The Probability Distributions of the Duration Time and Total Infected Count

We now consider the problem of determining the joint probability distribution of the
duration time and total infected count in a chain binomial model. In Subsection 1.2.1 we
use an example to show that enumerating all possible paths of infection is tedious even
when the population size is small. In Subsection 1.2.2 we discuss the more sophisticated
Markov chain method of Gani and Jerwood which leads to a convenient formula for the

joint probability generating function for these two variables.

1.2.1 An Example of Enumerating Infection Patterns

Consider an epidemic in a household of size four in which there are initially two infected

individuals. There are four possible paths of infection.

1) No new infecteds at time ¢ =1. The epidemic ends with the total number of infecteds

equal to two.

2) One new infected at time ¢ =1 and no new infecteds at time #=2. The epidemic

ends with the total number of infecteds equal to three.

3) One new infected at time =1 and one new infected at time z=2. The epidemic

ends with all susceptibles becoming infected.

4) Two new infecteds at time #=1. Again the epidemic ends with all susceptibles

becoming infected.



Since infection at different time points are independent processes then the probabilities of

these four possible patterns are easily calculated. As shown on page 79 of Bailey (1957)

the probabilities are

Pattern Probability in the Probability in the
Reed-Frost Model Greenwood Model

1 (-1 (1-2y

2 A (1-1)(2-1) 20(1-1)

3 22(1-2Y(2-1) M2(1-1)

4 22 (2 _ ?»)2 22

Of course, this table is essentially the joint distribution of the duration time and total

infected count for both models.

These distributions can be presented explicitly as

follows.

Total infecteds | Duration | Probability in the Probability in the
Reed-Frost Model Greenwood Model

2 ! -2 @-n

3 2 A1 - N2 -2) | 2n1-A)

4 2 221 - A)2*2 - A) | 2A%(1-1)

4 1 22 - ) 22

From this example it is clear that enumerating all possible paths of infection will quickly
become tedious as the population size increases. However, this approach makes little
use of the Markovian structure of these models. Gani and Jerwood exploit this aspect
and show that it leads to a simple method for calculating the probability generating

function of the joint distribution of the duration time and total infected count.
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1.2.2 Applying Markov Chain Methods to the Greenwood and Reed-Frost Models

Gani and Jerwood view the Greenwood and Reed-Frost models as special cases of the
Markov chain {z,: £=0,1,2,...} with finite state space {0,1,2,..., k} and probability
transition matrix M whose diagonal entries are strictly positive. In this subsection we

give a discussion of their method and its advantages. We consider the variable T
defined by

T = min{t>0: z, = z,_;}.

In the application to the Greenwood and Reed-Frost models {z,:1=0,1,2,...}is

defined in such a way that T is the duration time of the epidemic.
Fort>0andj=0,1,...k,

P(T=t,z,=jlzg=i) = P(T=t,z,=2_1=jlzg=i)

]

t—1

Therefore, for 0<0, ¢ <1,

E[670% 1z, = i1 = Y, >.0%0/AP 'R,
t=1j=0

where

A; is the 1% (k +1) row vector with one in the (i +1)th entry and zeroes

elsewhere,

P = {p;} isthe (k+1)x (k +1)matrix whose entries are given by
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0 otherwise,

and R is the transpose of [mgy,myy,...,my 1.

That is,

E0707 12, = 11= 304(0)P)) ',

t=1

where

A;(®) is the 1x (k +1) row vector with ¢* in the (i +1)th entry and

zeroes elsewhere,
P() is the (k +1)x (k + 1) matrix whose (i, j) th entry is given by
Pij¢j_i-
That is,
E[0707 1z, = i] = 4;(0)I-6P()) OR. (12
In the Greenwood model the sequence {¥;: £ =0,1,2, ...} is a special case of the above

model in which the state space is equal t0 {0,1,2, ..., ¥; = Ny — X} and the probability

transition matrix M = {m;} is given by

m; = [;)x"‘f 1=y for 0< j<i

0 otherwise.
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The total infected count is equal to
LW-Yr=%-HN+Q-L)+...+0r - 1)
Therefore, by analogy with the above discussion for the general case, the joint probability

generating function for the duration time and the total infected count is given by the last

entry ((¥, +1) th entry) of

(1-0P@)) o,

where P(0) is the (¥, +1) X (¥, + 1) matrix whose (i, j) th entry is equal to

Pij¢l—1 .

For the Reed-Frost model we have observed that{(X,, ¥;):¢=0,1,2,...}forms a

bivariate Markov chain. We can apply the above theory to this Markov chain with only

slight modifications. The method involved in this application is outlined below.

We take as state space the Cartesian product of {0,1,2,..., k} with itself. The
probability transition matrix M of size (k+1)2 x (k+1)? is defined as follows. M

consists of (k + 1)2 submatrices (m;;),, each of size (k +1) X (k +1), where for

r,s€{0,1,..., k}, the submatrix (m;),, is defined by
+7 .. .
() s =(s -J)ﬂ—(l—x)']f(l—x)” for r=s+j
J

0 otherwise.

Define R to be the k(k +1)x 1 column vector formed by concatenating the diagonals of

(m;i)o > (mij)a0 - - - » (myj)io - Also define P(¢) as the k(k + 1) X k(k + 1) matrix
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consisting of k2 submatrices (P(q)),-j),s where, for r, se{1,2,..., k}, the submatrix

(P(9);) s, of size (k +1) X (k +1), is defined by

(P(¢)U)rs = (n7z'j)rs¢r_s~

We note that this approach not only alleviates the need to enumerate all paths of
infection but provides a method which is applicable to a much wider class of models than
just chain binomial models. In fact, this method can be applied to any Markov chain with

finite state space provided the probability transition matrix has strictly positive diagonal

entries.

1.3 _An Approximate Maximum Likelihood Estimator for Chain Binomial Models

In this section we review work on an approximate maximum likelihood estimator for the
infection rate in a chain binomial model developed by Saunders (1980b) and Huggins

(1993). The estimator is developed using the Poisson approximation to the binomial

distribution.

In Subsection 1.3.1 we derive the formula for the estimator by replacing the binomial
probabilities in the likelihood with their Poisson approximations. Subsection 1.3.2 deals
with some statistical properties of this estimator as we increase the time period over
which the epidemic is observed. In Subsection 1.3.3 we assume the period of
observation is fixed and we investigate the asymptotic behaviour as the size of the initial

susceptible population increases.
1.3.1 Definition of the Approximate Maximum Likelihood Estimator
Before discussing the work of Saunders (1980b) and Huggins (1993) we switch to the

notation they use which is appropriate for chain binomial models where the probability of

infection is of the form given in equation (1.1.2).
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Let {X;:t=1,2,...}be a sequence of random variables and let # be the o-field
generated by (N, X,, Xi, ..., X;}. Suppose that, fort =1, 2, ..., X,, conditional on
J;_1, is binomially distributed with parameters N, and Aa, where N, and a, are

J_1-measurable random variables. That is, N, and a, are determined by

Ny, Xp, - - .» X;,_1. The quantity A is a constant which we aim to estimate.
Define

Ar =max{a,:t=12,..., T}

then the likelihood function for 0< A < AT'I, given Ny, X, X;,...,Xr_, is defined
by

T (N
LM =H(X’](M,)X'<1—xa,)”t-xr : (1.3.1)
=1\t
From the log-likelihood

T
) = z[h@t] + X, In(Aa,) + (N, — X,) In(1 - M,)}
t=1 t

it is readily seen that the maximum likelihood estimator A is the solution of the equation

Following Saunders (1980b) we now replace each term in equation (1.3.1) with its

Poisson approximation. That is, we assume X,, conditional on J,_;, 1S approximately

Poisson with parameter Aa,N,. This gives an approximate likelihood function L

defined, for 0 < A < AT_1 , by



15

T -Aa,N, X,
Loy=[]—0at)
=1 t

We define an approximate maximum likelihood estimator A as the value of A which

. . *
maximises L .

T
"M =InL'(A) =Y [-Aa,N, + X, In(Aa,N,) - In(X,, )]

t=1

ar 1&
o ==Y a,N, ’72 X,

t=1 t=1

Therefore,

M~
2>

>
I
il

N
U]
—

1.3.2 Some Statistical Properties of this Approximate MLE

We now derive some statistical properties of A which depend both on the analytic form

of the estimator and the assumption that, fort =1, 2, ..., X, (conditional on 5-’,_1) is

approximately Poisson.

In this subsection we outline the work of Saunders (1980b) which deals with the

asymptotic behaviour of A and also provides a bound for its mean square error under the

assumption that the conditional expectation of X/, given #,_;, is bounded.

In order to derive these properties Saunders introduces the following conditions.
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There exists a strictly positive constant m such that

Aa,N, 2 m almost surely. (A)

There exists a strictly positive constant M such that

Aa,N, < M almost surely. (B)

The first theorem of Saunders (1980b) states that, for a chain binomial model satisfying

condition (A), A is strongly consistent. That is, as 7 tends to infinity, A converges to

A almost surely.

This result is obtained by noting that

T
Z(Xt —MtN,)

Y 9 = 1=1 1.3.2
X2 Z , (1.3.2)

T
where Br = 2 a;N, .
t=1

To see that this quantity converges to zero almost surely we consider the zero mean

martingale {U;, J,: t =1,2, ...} where,

X.-\a.N:
Ut=z j B.] j

j=1 J

and J, is the o-field generated by {N,, X, X, ..., X;}. That this is a zero mean

martingale can be shown, using the fact that B, is J,_; -measurable, as follows

1
E[U V1= Upy + - BIX, = ANy 5]
t

=Up1-
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Furthermore,

t
E[U.1= Y ELE[(X; —Aa;N;)* | B}15,_]]

j=1
=t B

Hence, we can apply the Martingale Convergence Theorem (see page 242 of Feller
(1971)) to {U;, #;: t=1,2,...}. This implies that {U,:¢=1,2,...} converges almost

surely. The result now follows from Kronecker’s Lemma (see page 239 of Feller
(1971)).

We remark that, in a closed population, N, is montonically decreasing. It is intuitively
clear that N, approaches zero as ¢t tends to infinity. For a rigorous proof of this we
note that, the least value of ¢ for which N, is zero, is the duration time of the epidemic.

The result now follows from page 593 of Gani and Jerwood (1971) where it is shown

that the probability distribution of the duration time sums to one. Since N, converges to
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zero then it follows from the definition of A that asymptotic normality does not hold for

this estimator as 7" tends to infinity.

Saunders uses equation (1.3.2) to show that if both conditions (A) and (B) hold in a

chain binomial model, the mean square error of A is bounded by

Conditions (A) and (B) are likely to hold in most practical situations. However, in (B)

we are putting a condition on E[X,1%_;] which is not entirely natural. We would

expect the performance of A to improve as the expected number of infecteds increases.

So it seems a little inappropriate to put an upper bound on this quantity.

The upper bound on MSE (7:) involves the unnatural bound M. However, an upper
bound for MSE (5;) can be derived from condition (A) alone if we assume the coefficient
of variation of By is low and the dependence between By and X, —Aa,N, is also low

forall t=1,2,3,..., T . Again using equation (1.3.2), Saunders shows the mean square

error is bounded above by

)\'2

Im

Note that this agrees with the bound derived above when m and M are approximately

the same. We also point out that this gives a bound for the relative mean square error of

1
—.
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1.3.3 Asymptotic Inference When the Susceptible Count is Large

~

In Huggins (1993) asymptotic properties of A are given when the time period over
which the epidemic is observed is fixed and the size of the initial susceptible population

tends to infinity.

We now introduce notation analogous to that used in the previous subsection. For a

strictly positive integer n, let {X,,:t=1,2, ...} be a sequence of random variables and
let 7,, be the o—field generated by {X,;, X,,, ..., X,,;}. Conditional on #,,_;, X,, has

a binomial distribution with parameters N,, and Aa,,, where N, and a,, are J,_;-

measurable random variables. We consider values of A in the interval (0, A1), where
A, =max{a,:t=12,...,T}.

Define
T

2 Wyt X

— _t=1

T
z W@t Ny

t=1

0

where {w,,:t=12,..., T}is a sequence of non-negative J,,_;-measurable random

variables which do not depend on A and have the property that, for each n, w,, >0 for

at least one t€{1,2, ..., T}. We note that Aisa special case of A when w,, =1 for

al t=1,2,...,T.

Huggins shows that, under the following regularity conditions, asymptotic normality

holds for A as n tends to infinity.

N, — o in probability. (1.3.3)

For t =1,2, ..., T, there exist constants a, € (0, 7‘,—1) and b, € (0,1) such that
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a, —a, in probability, (1.3.4)

b,, = b, in probability, (1.3.5)

and there exist constants w, , where w, > 0 for at least one value of ¢, such that
Wy = W, in probability. (1.3.6)

Under these conditions

T - T KT
(Z WntanthtJ A-2)= [2 WGy Nm‘) 2 Wy (X e = Ay Ny )
t=1 t=1

t=1

converges in distribution to a normally distributed random variable with mean zero and

variance

T
Y wbAa,(1-Aa,)

t=1
T
2 w;b,a,
t=1

We comment that there is little point in including the possibility of migration into the
susceptible population if the initial size of the susceptible population is increasing to
infinity. It is intuitive that as the initial size of the susceptible population increases the
effect of migration decreases. Heuristically, we expect the possibility of migration will

have no effect on the asymptotic results derived from this approach.

Hence, although Huggins’ approach is very innovative, this line of investigation will not
be discussed further in this thesis. That is, in our analysis the initial size of the

susceptible population will be a known constant.



21

1.4 A Model Incorporating Migration

So far we have discussed a model for the spread of an infectious disease in a closed
population. That is, we have not considered the possibility of migration into or out of
the population at risk of infection. In such a model, change in the size of the susceptible

population is solely due to individuals becoming infected.

When we use a closed population model we are assuming that changes in the susceptible
population due to factors other than the disease are negligible. This may be appropriate,
for example, when the susceptible population is very large. However, for most infectious
diseases this is not an appropriate assumption because the susceptible population may be
changing due to factors such as individuals changing location, and perhaps more

importantly, changing their behaviour.

The models we have considered also assume that once an individual has become infected
they are permanently removed from the susceptible population. This is true for diseases
such as measles , mumps and chickenpox where infection confers protective immunity.
That is, upon recovery infected individuals are no longer susceptible to the disease.
Another situation where this assumption is valid is where infected individuals inevitably
die from the disease. As mentioned earlier, this is often the case for diseases effecting
animal populations such as myxomatosis in rabbits. However, many diseases do not have

this characteristic, for example, influenza and many sexually transmitted diseases such as

gonorrhea.

The model we now consider is subject to the same constraints as a chain binomial model
for a closed population except that it allows for the possibility of individuals migrating
into the population at risk of infection. A model which allows for migration can be
applied to diseases in which infected individuals are not removed from the susceptible
population. This can be done by regarding an individual recovering from infection as a
migrant coming into the susceptible population if they continue to exhibit behaviour

which puts them at risk of infection.

In order to develop a model which allows for migration into the susceptible population

we proceed as follows. Suppose migrants of susceptibles arrive as a Poisson stream with
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parameter W(z). That is, the probability of M, new susceptibles arriving between time

t—1 and time ¢ is given by

P(M, =m)=—"=
, !

for m, =0,1,2, ... .

We also assume that the number of migrants entering the susceptible population during
the time interval (#—1, ¢] is independent of the number of individuals infected at time
t—1. Thus we have, for n, 2n,_; —x,_; and 0< x, <n,,
PN, =n, X, =x,IN,_1=n_1, X, 1 = %)
=P(X,=xIN,=n,N, 1 =n_1, X, | =%1)

XP(N; =mIN; 1 =n_1, X, 1 =%1)

e—ll(t) u(t) [y —(npg —x41)]

n; X, n,—x
=( ]p(t) fA=-p@)™ ™ (1.4.1)
Xy

tn = (g = x, D!
Furthermore, since migration counts in disjoint time intervals are assumed independent
and infection counts at distinct time points are also assumed independent (in chain

binomial models) then

P(N] =n1,X1 =x1,N2 =n2,...,NT =nT,XT =JCT|:70)

- H(nt J"(t)"' (= p(ryn ™ LR T
X

t=1\%t (n, —ny_y +x,_1)!

—il—l(t) T ng—ng_1+xp—
—e 1 H u(t) -1+ Xp-1 (zt)p(t)x‘(l—p(t))nt_xt
t

=1 (n, —ny_y +x,9)!
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Note that the natural logarithm of this expression is equal to

T T T
> x In(p(0) + Y, (n, — x,) In(L - p(£)) — " u(t)
t=1

=1 t=1

T ()
#2000 =y + ) (RO) + 30|

t
nep+x )|
t=1 t=1

Consider the case where p(t) and p(r) are of the form described in equation (1.1.2).

That is,

p(t) =g,
and

W() = pb,

where A and p are unknown constants and a, and b, are known functions of the data.

Then the log-likelihood for A and p is given by

I\, W I Ny = no, Xo = xq,..., Ny = ng,Xg = x7)

T T T
=¥ x,(InA+Ina)+ Y (n, —x)In(1-Aa,)—p Y b,
t=1

t=1 t=1

T
+Y (n,—n,_y +x,_)Anp+Inb)+C,

t=1
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where

nt
c=31 ———"‘)
—E n (ng—mp_1+xe-D! |

Maximising with respect to A we have

oL Z 7\,61 nt
87L 7»(1 Aa )
Hence, the maximum likelihood estimator X of A satisfies

i Xy —Mtnt =0.

Maximising with respect to |L we have

—a—l=—ib +12T“(n —n,_+x,_1)
au po t ut=1 t t-1 t-1/-

Thus, the maximum likelihood estimator [I of | satisfies

T-1
Ry — Ry + th
R t=0
H= T

b
t=1

In the Greenwood model we put @, =1 for all . That is, we assume the probability of

infection only depends on whether there are infected individuals already present, but not
on the number of such individuals. We now make the analogous assumption regarding

the migration rate. That is, we put b, =1 for all #. Of course, in making this
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assumption we are assuming the migration process does not depend on any aspect of the

history of the epidemic such as the cumulative number of infected individuals.

The likelihood is then given by
L()\.,u INO = no,XO ZX(ysenns NT = nT,XT = XT)

T-1
np—no+ Xxp T

=C’e—"Tu r o t=0 Hxxt(l_x)"t—xt ,

t=1

where

nt
o)
—t—l (np—ne—1+xe—1)! |°

The log-likelihood is equal to

T T
th ln7\.+2(n, —x,)ln(l——l)—uT+[nT—no + Zx,

=1 t=1

The maximum likelihood estimators become

and

(1.4.2)

}mu+C.
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At this stage we wish to make it clear that all analysis in this thesis is based on the

assumption that, for all ¢, p(f)=A and p(r)=p.

The data on the spread of an infectious disease usually consists of counts of diagnosed
infecteds. Rarely will information on the size of the susceptible population at regular
time intervals be available. Note that this is certainly the case for the AIDS epidemic and
also for diseases, such as cholera, which are still endemic in parts of South East Asia. In
Chapter Four we will consider the problem of estimating A and p where the data
consists of a realisation of X;, X,, ..., Xy (where T is fixed) and the initial conditions

Ny =ng and X, = x;.

1.5 Capture-Recapture Methods

There is a close analogy between estimating infection and migration rates in
epidemiology and the capture-recapture methods of estimating mortality rate and
population size in animal populations. Capture-recapture methods are discussed in detail
in Seber (1982).

The capture-recapture method closest to discrete time epidemiological models is where
information is gathered from a single batch of tagged animals. See Chapter Six of Seber
(1982). In this type of experiment a batch of tagged animals is released at time ¢ =0

and the whole population (tagged and untagged animals) is subsequently sampled at

discrete time points t=1,2, ..., T.

To illustrate how estimation is performed we introduce the following notation which is

used by Seber. For t=1,2,..., T, let

N, =size of the whole population immediately before the ¢ -th sample is drawn,

M, =size of the marked (tagged) population immediately before the ¢ -th sample

is drawn,

n, =size of the ¢ -th sample,
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m, =number of marked animals in the ¢ -th sample.

Expressions for M, and N, are derived in a series of deterministic equations involving
the initial population size N, the natural mortality rate ¢ and the rate at which animals
enter the population ©. For t=1,2,..., T, N,, M, and n, are known constants and

estimation of N, ¢ and T is performed as follows.

In general, M, will be small compared to N, so it is assumed that m, has a Poisson

distribution with parameter o, ,, where

This follows from the assumption that marked and unmarked animals have the same

chance of being selected in any particular sample. Thus the likelihood function is
T —o,. . m,
L(Ny, 0, tlmy, my, ..., mp) = HFL-
= !

Capture-recapture methods rely on having information on marked animals whose
behaviour is assumed to be representative of the whole population with respect to the
parameters of interest. The analogous information when studying the spread of an
infectious disease would be counts of infected individuals for an identifiable
subpopulation. If this type of information is not available then capture-recapture

methods do not seem applicable to modelling the spread of an infectious disease.

We also note that in capture-recapture models there are a large number of unknown
parameters to be imputed, namely, o, &5, ..., O.p. This is also the case in the model of
the previous section when the migration counts can not be observed. In this case the
susceptible counts can be thought of as unknown parameters. In Chapter Four we show

that the Gibbs sampler can be used to estimate the unknown parameters in this situation.
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Hence, it is quite possible that a Markov chain Monte Carlo method could be applied to
estimate the parameters of a capture-recapture model. However, we will not attempt to

deal with this problem.
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CHAPTER TWO

MOMENTS AND CENTRAL LIMIT THEOREMS FOR THE
GREENWOOD MODEL

2.0 Introduction

In Section 1.4 we discussed a possible extension of chain binomial models which would
allow for the possibility of migration into the population at risk of infection. In
particular, we showed that the Greenwood model could be extended to allow for
immigration (see equation (1.4.2)). As mentioned in Section 1.4, the results of this thesis

are restricted to this particular model. That is, we assume, for £ =1,2,3, ...,

p®)=2A

and
ORI

We also assume that N, and X, are known constants.

The aim of this chapter is to establish a central limit theorem for the cumulative infected

count 2 X, . Central limit theorems are also given for ZN, and 2 Y, , where Y, is

the number of susceptible individuals escaping infection at time ¢ . That is,
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However, when interpreting the results for th and Z Y, we need to keep in mind

that a single individual can contribute to N, or Y, for more than one value of ¢ .

In Section 2.1 we calculate the moments of X;, N, and Y, and look at the properties of

these moments as ¢ tends to infinity. In Section 2.2 we obtain the limiting values of the

expectation and variance of the averages:

=13,

t=

=|'—-
:l»~
=|~—-

We also show, using the limit theory of martingales, that a strong law of large numbers
holds for each of the sequences {X,:r=1,2,3,...}, {;:t=12,3,...} and
{N;:t=12,3,...}.

The limit theory of martingales is again used in Section 2.3 to establish central limit
theorems for each of ZX, , zN, and EY, .

The results of this chapter can be formally stated as follows.

Theorem 2.1 For the model described in equation (1.4.2), we have the following

formulae for the moments associated with X, and N,.

E(X,1%)=p-pd-0) +A1-1)""(Np - Xo) (2.1.1)
E(N\%)=4%-£1-0) + 1= 1) (Ny - Xp) (2.1.2)
E(Y1%)=20-0)-£a-0)"" +1-1) N, - Xo) (2.1.3)

Var(X,1%) = u[1 - =0 ]+ =0 1= M- [N - Xo) (2.1.4)
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Var(N1%)=p+a-M1-a-1)"" ][% +(1-M)"2(Np - X, )] (2.1.5)
Var(¥)%)= 1=t 1= J&+0-1)" (N - Xp)] 2.1.6)
Cov(X,,Y;1%,) = ~A(1=L)* " (Ng - Xo) 2.1.7)
For j>i>1,

Cov(X;, X;1% ) = ~A> (1= M) T2 (Ng - Xo) (2.1.8)

Cov(N;, N;jl5y )= (1~ Ay~ {p +(A=-W1-a-1)" ][% +(1=A)"2(Ny - XO)]} (2.1.9)

Cov(¥;, Y1) = =2y 1= (1= 1) [+ (= 1 (Vg - X)) (2.1.10)

The proof of this theorem is given in Section 2.1.
Theorem 2.2 For the model described in equation (1.4.2):

(i) As n tends to infinity

(ii) Var(X,), Var(¥,) and Var(N,) all converge to zero as n tends to infinity.
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(iii) A weak law of large numbers holds for each of the sequences {X,:1=1,2,3,...},

{Y,:t=1,2,3,...} and {N,:t=1,2,3,...}. Thatis, as n tends to infinity, X,,, ¥, and

N, converge in probability to [, %(1 —A) and &, respectively.

(iv) A strong law of large numbers holds for each of the sequences {X;: t=1,2,3, ...},
{Y,:t=1,2,3,...} and {N,:t=1,2,3,...}. Thatis, as n tends to infinity, X,, ¥, and

N,, converge almost surely to |, %(l —A) and % , respectively.

The proof of this theorem is given in Section 2.2. Parts (i) and (ii) are proved in
Subsection 2.2.1, part (iii) is proved in Subsection 2.2.2 and part (iv) is proved in
Subsection 2.2.3. Since almost sure convergence implies convergence in probability then
part (iii) follows immediately from part (iv). However, a separate proof of part (iii) is
given to show that this result is a simple consequence of Chebychev’s inequality. Part
(iv) is established using a result from the limit theory of martingales. This mirrors the
situation for a sequence of independent and identically distributed random variables in
that the weak law of large numbers follows from Chebychev’s inequality while the strong

law requires a far more complex argument.

Theorem 2.3 If 3’,‘ is the o-field generated by {Ny, Xy, Ny, Xi, ..., N;, X;} then, for

the model described in equation (1.4.2), we have the following central limit theorems.

M=

@ 71_;[2 X, -

t=1 t

1

(X5, )}

converges in distribution to a normal random variable with mean zero and variance

n(d-A+22).

M=

t=1 t=1

(ii) ﬁ[z Y, -

E(Ytl%‘-l)}
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converges in distribution to a normal random variable with mean zero and variance

RA-A)2-1).

(i)

s

-

n
t=1 t=

E(N)%, )}

1
converges in distribution to a normal random variable with mean zero and variance [ .

The proof of this theorem is given in Section 2.3. Parts (i), (ii) and (iii) are proved in

Subsections 2.3.1, 2.3.2 and 2.3.3, respectively.

2.1 Moments of X, Y; and N;

In this section we derive formulae for the means, variances and covariances of X;, Y,
and N,. We will also discuss the asymptotic behaviour of these quantities as ¢ tends to

infinity. In particular, we note that for these three variables, the limit of the expectation

is equal to the limit of the variance.

In Subsection 2.1.1 we derive a recurrence relation for the probability generating

function of {¥;:7=0,1,2,...}from which we obtain our formulae. This recurrence

relation will be used again in Chapter Three where we investigate the existence of a
limiting distribution for {¥;:¢=0,1,2,...}. Means, variances and covariances are
derived in Subsections 2.1.2, 2.1.3 and 2.1.4, respectively.

2.1.1 The Probability Generating Function of Y;

Let Y,(z) denote the probability generating function of Y. That is,

Y,(2)=E(z").
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In order to evaluate this expectation we begin with the conditional expectation

E(zY’ VY, ), which is equal to

Ey, (E(zYt IY,_I,N,_I)).

In the Greenwood model Y; is binomially distributed with parameters N, and 1—-A.

Thus,
E("1%,y = 3,.1) = By, (0 + 0 -22)™)
- 3 Qx-hgtephr
ne=y-1 (= y,-!
T RN P ECC R Y o U M)
ne=yr_1 (n, = y-p!

=e NI, 4 (1 Rzt

Taking expectations,
Y,(z) = e *IM0Dy (L +(1-L)z). (2.1.11)

2.1.2 Expectations

Differentiating both sides of equation (2.1.11) gives
Y/(z) = (1- Ve PNy +(1-0)2)+ Y (A +(1-1)z)]

Putting z =1 we have
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E(Y,) = (1- (R + E(¥_))).

This implies
E(Y) = p[(1- M) +A - 1) ]+ A= W2 E¥,,).
Continuing this procedure we obtain
EY,)= u[(l —A)+(1=A) 2+, (- x)‘]+ (1= E(Yy).
Since we assume N and X, are known constants then
E(Y,) = £(1- M1 - 1= 1) ]+ -1 Wy — Xo).
Note that
lim E(Y,) =¥ (1-1).
t—oo
The expectation of N, can now be calculated using
N, =Y, +M,,

where M, is the number of susceptible migrants arriving during the time interval

(t—1,¢]. Since M, is a Poisson random variable with parameter L then

E(N)=p+E¥,_)
=£[1- -0+ a2 (No - Xo).

We observe that
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: _k
lim E(N;) = T
[—oo

The limiting expectation of N, is an increasing function of U and a decreasing function

of A . Both of these results are clearly intuitive.

Finally,
E(X,)= Ey, (E(X,IN,))
= E(AN,)
= p[1- (=) ]+ A=) (N - Xp).
Hence,

lim E(X;)=1.
t—oco
That is, X, is a consistent estimator of the migration rate.

The formulae given in this subsection are expectations conditional on the initial values

Ny and X,. However, the results may be stated more generally as follows. For

O<r<t,
E(X15.,)=p-nd-0) +A1-1)"" N, - X,_), @2.1.1)
E(NJ5, ) =5 -La-a)y +a-0"" WV, - X,_), (2.1.2°)
E(Y15, )= a-0-2a- 0" + 0= 0 W, - X,,), (2.1.3%)

where J, is the o-field generated by {N;, Xo, Ny, Xi5 «-.r Nyopr X}
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2.1.3 Variances

Differentiating equation (2.1.11) a second time gives
Y/ (z) = (1-A)2e HI-M01-2) [qut_l(k +(1=A)z)+pY (A +(1- 7»)2)]
+(1= )2 PNy A+ (1 - Mz)+ T (L + 1= 1))
Putting z =1 we have
10 =1-0) R O+ 20, O+ 14 )
Now
Var(¥,) = ¥/’() + ) - [E0T
= =M p? + 207 ) + B4 O]+ - Mp + Y )
~(1=- 02 [0 + 20¥, O+ (7 O |
= (1= M+ (1= 02 E[Y,_y (%, = DI+ (1= MEY, ;) - 1- M2 [EY,_)P
=A=Mp+AA=-VEF )+~ M) Var(Y,_y).
That is,
Var(Y;) = p(1-A) + p = )% = p(1 = A" + (1= 1) (N — Xo) + (1= M) Var(¥, ).

We now demonstrate that the solution of this recurrence relation is
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Var(¥)%)=(1-M[1-(1- x)‘][% + (=M, - XO)].

Using this formula to obtain Var(Y;_;15,), the right hand side of the recurrence relation

becomes
R =) +p(—A)% = p(d =) + A1 = 1) (Np - Xo)
+(1— x)3{[1 (- x)’"‘][% +(1=0)"2(Ny - X, )]}
This is equal to

(1—x)u[1+(1—x)—(1—x)‘ +L‘{‘ﬁ(1—(1—x)‘-l)]

+(Np = Xo)(1— x)‘[x +a-mt-a-1"")]
That is,
PR (1- (1= )+ A= 2) (1= (- 1) YN - Xp),
which is the proposed value of Var(Y;!%,).

We observe that
lim Var(¥;) =& (1- 1) = lim E(Y,).
t—>o0 f—>o0

The variance of N, is now readily obtained using

Var(N,) = Var(M, +Y,_,).

Since we assume the migration and infection processes are independent then
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Var(N,i3o) =+ (1= 1= A= 2) J& + 1= 1)2 (N - X))
Hence,

lim Var(N,) =4 = lim E(N,).
I—yo0 t—oo

We now use the formulae for E(N,) and Var(N,) to derive Var(X,).

Var(X,) = Vary [E(X,IN) |+ Ey, [Var(X,IN,)]

= Var(AN,) + EIM(1 - A)N,]

=2 {u + A== =& +a- 12N - X, )]}
+A(1- x){% —EA-M +(1-MTN (N, - X )}

= 2p+(1- x)u{(x —A-A) )+ (1-a- x)’)}
+{x2(1 O (BICE S P Ve x)‘}(NO ~X,)

= p—p( =) + M=) (1= A=) TNy - Xp)

Note that

lim Var(X;)=p = lim E(X,).
[—yo0 e )

Finally, as in Subsection 2.1.2, the formula given for the variance of X,, N, and Y, may

be stated more generally in the following way. For 0 <r <t¢,
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Var(X)15;, )= u[1- A=A [+ -0 -2 -0V, - X)), @214)
Var(N,15;,)=p+1-M[1-a- x)"l][% +(1=-N)"2(N,_, - X,_,)], (2.15%)
Var(Y);, )= 1-M[1-(1- x)’][-;i +(1-N)""NWN,_, - Xt_,)] , .16

where J, is the o-field generated by {Ny, Xy, Ny, Xi5 .. Ni_yr X}

2.1.4 Covariances

We begin by calculating the covariance of X, and Y;, that is, we establish equation

(2.1.7). Since
X, +Y, =N,
then this covariance is necessarily negative.
Cov(X;,Y;) = E[(N; — X)X;] - E[(N, — X,)]1E(X})
= AE(N})— E(X}) - M1- MIEWN)P
= ME(N?)—Var(X,) - N*[E(N,)]* = M1-M)[E(N)]*.
Since
Var(X,) = Ey, [Var(X,| N)] + Vary, [E(X,IN,)]
=A(1-M)E(N,) + AN E(N?) - A [E(N, )1*

then
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Cov(X,, ¥,) = M1 = M(ELNDY = [E(N, I )= M1 = MEN,)
=A(1-A)(Var(N,) - E(N,)) (2.1.12)
=-M1-2)* 1Ny - Xp).
By the same argument we have, for 0 < r <t,
Cov(X,, %15, )= =M1 =M (N, - X,,).

Also note that

lim Cov(X,,Y,15)=0.
t—yo0

The formula for the covariance of X, and Y, can be used to derive the covariance of X,
and X,_, (for 0 <r <t). Before calculating this covariance we point out that we should

anticipate a negative value for this quantity. To see this, consider the case when r is
equal to one. If X, is large then (assuming the number of migrants entering during the
interval (¢#—1,7] is not extraordinarily large) the number of susceptibles at time ¢ will be
much smaller than that at time #—1. Since we are assuming a constant rate of infection,

A, then the expected number of new infecteds at time ¢ will also be comparatively

small. Similarly, when X,_; is small we expect the value of X, to be large.
Cov(X;. X;-/1%)= E,, (Cov(x,, X,-15:,)) +Cov( (x5, } E(X,_,13,,))
=0+ Cov(p—p(1-A) +AA-A)" W,y = X,-,), X,y )

=M1-N)""Cov(N,_, - X,_,,X,_,)
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= A2(1-M)2"T"H(Ny — X,).

We comment that this formula is consistent with our intuitive belief that the correlation

between X, and X,_, isnegative forall 0<r<t.

In Section 2.2 this formula will be used in the alternative form, for j >i >1,
Cov(X;, X1 ) = -\ (1- M)~ (Ng — Xp).

In general, for r <k <t,
Cov( X X, 154 ) = =M A=22* DTN - X,y

To establish this result we apply the argument which gave equation (2.1.12) to
Cov(Xt,X,_rlfr’,'_k).thus we obtain

Cov(X, X, N7 )= 21— x)'(Var(N,_,\s;_k) ~ B(N,- 7).
The result now follows from equations (2.1.2”) and (2.1.5").

We now calculate the covariance of the susceptible counts using a similar technique to
that used in calculating the covariance of the infected counts. Because of the constant

infection rate we anticipate that the covariance of N, and N,_, will be positive for

O<r<t.

Ex

)

Cov(Np, N; %)= E,, (cov(n,, Nt_,w,*_,)) +Cov(E(Nt|ff’;_ VEW,,

=0+ Cov(E - L -2)" + -2 W, - X,.,), N,_,

=({1-A)""'Cov(N,_, - X,_,,N,_,)



=(1-AM)""E(N,_, - X,_,)N,_,1- (1= M) [E(N,)I*.

Since
E[(N,_, - X,_)N,_, 1= (1- MENZ,)
= A= A)(Var(N,_,) +IEQN,_,)I*)
then
Cov(N;,N,_,1%)=(1-A)"Var(N,_,),
which is equal to

(1- k)’{u +A-Wft-a- R a0 W, - X )]}
Alternatively, for j>i>1,
Cov(N;, Nj15)=(1- 1)/~ {u +(1- k)[l —(1=n)! ][%+ A=N)"2(N, - XO)]}
In general, for r <k <1,

Cov(Ny, Ny )= (1= 1) Var(N,_,15,)

and this is equal to

(1- ?»)’{u +A-M1-a-nF ][% +(1= M7 (N - X >]}

The assumption of a constant infection rate implies that the covariance of Y; and Y,_,

43
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is positive for all positive values of r. To see why this is true we again consider the case

where r is equal to one.
Ny =Y 1+M,,

where M, is the number of new susceptibles entering during the time interval (r —1,¢].
Suppose Y,_; is large then N, will also be large. Then, as individuals escape infection at
a constant rate (equal to 1—A ), we expect Y; will be relatively large. Similarly, suppose
Y,_; is small then N, is approximately equal to M,. Thus, N, is small so we expect Y,

to be small.

We now derive a formula for the covariance of ¥, and Y;_,

Cov(¥, %,—,1%) = E,, (Cov(Yt, ML) +Co(B(Y,15;, ) E(¥,_15.,)
= Cor(E =)= £ A= D™ A=A Wy = XN, — X,
=(1-X) Var(N,_, - X,_,)
=(-2)*1-a- }»)"'][% +(1=1)'T 7NNy - X))
In Section 2.2 we will use this result in the alternative form, for j >i >1,
Con(¥;, Y1) = (1= M (1= A=W Y &+ (1= M W = X))
In general, for r <k <t,

Cov(¥,, ¥, 15 )= =2 (1= A= W Y (=M WV, — X)),



45
2.2 The Averages of X;, N;and Y,

This section is concerned with the moments of X,, N, and Y, ; the averages of X, N;

and Y, over the time points ¢t =1,2,3, ... . Implications for the asymptotic properties of

these random variables will be investigated.

In Subsection 2.2.1 we give formulae for the expectations of these averages and the

variance of X,. The limiting values of Var(N,) and Var(Y,) are also given. In

Subsection 2.2.2 we show that Chebychev’s inequality is sufficient to establish a weak
law of large numbers for ({X,:7r=1,2,3,...}, {N,:t=12,3,...} and

{Y,:£=1,2,3,...}. Thatis, X, converges in probability to w, N, converges in

probability to % and Y, converges in probability to %_M In Subsection 2.2.3 we

show each of these results can be extended to a strong law of large numbers. That is,

X, converges almost surely to |, IV,, converges almost surely to % and Yn converges

almost surely to &Q}:—Q .

2.2.1 Expectations and Variances of X, N,, and Y,

Using equation (2.1.1) we have
_ 1<
E(X,)= ;Z E(X,)
t=1

_ 1\
=p-EER (- - ")+ EEA (v - Xp).

Note that

|

lim E(X,)=p.

n—soo
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That is, the mean of the count of newly infected individuals is a consistent estimator of

the rate at which new susceptibles enter the population at risk of infection.

Var(X Var(X)+2 Cov(X,,X,)|.
n?

t=1 1<s<t<n

From equation (2.1.8),

2
ZCOV(XS,Xt)z—MQ__M Z(I_X)S'H )

2
1Ss<t<n (1-4) 1<s<t<n

Since

¥ A=) = (A2 + A=V + A=V A1 -0)")

1<5<rsn
Ha-2° + 1=+ 1=+ 41 - 2)™?)
+ .+((1 —A) 3 - x)Z"‘2)+ (1-2)2"!
= L(A=2 + =10 + =) 1 =102 )
—L{A=MM A=A Q=M 410

_ -’

=iy M(l 1-1)"t - (1—x)"+(1—x)2"'1)

then

n-1 2n-1
s - 0~
ECov(X X,)= (N Xo)(l A=-M"=-0-0M"+10=-2) )

1<s<t<n
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=21y, - XO)(l—(l— x)"‘l)(l—(l - x)").

From equation (2.1.4),

Var(X,)=p - p(1-A) + MNy — Xo)(1—-A)'1 =A% (Ny — Xo)1 - A)* 2.

So

zn: Var(X,) = np =242 (1 - (1= 0)")+ (Ng = Xp)(1- (1= 1)") = 225 (W = Xo)(1- (1 - 1)*")

t=1
=np—%‘”(l—(pm")%"-’%:xﬂ(l—(l—x)")(z—zx—w-x)").

Now

Var(%,) =% :np, ~ 20D (1 (1-0)")+ (Np — Xo)1 - )" (1= (1= x)”)]

=% :nu ~(1-a=0" No ~ Xo)A- 1)+ ‘%)]'
Note that

lim Var()?n) =0.

n—oo

For the average susceptible count we have

E(N,)= %ZE(N,)
t=1

=E - L (1-a- A Y- - (N - X))



48

We note that as n tends to infinity, E(N,) converges to % We now show that

Var(N,)) converges to zero as n tends to infinity.

Var(N,) = n%[i Var(N,)+2 Y, Cov(N,,N, )] .

t=1 1<s<t<n

Now, from equation (2.1.9),

Y. Cov(N,N)< (u +5+ Ny - XO) Y a-ay*

1<s<t<n 1<s<t<n

which is equal to
(w24 No = Xo J((r = DA=1) + (1= A=A k1= D)),

Therefore,

n—1
3 Cov(N,,N,) < n(u + BNy - XO)Z(I -0

1<s<t<n j=1
1-A -
=MD sk -X)1-a-m). @21

Thus, as n tends to infinity,

-+ Y Cov(N,,N,) 0.

" 1<s<t<n

Also, from equation (2.1.5),

n
n%ZVar(N,)s%(u+%+NO—XO)—>O as n— oo,

t=1
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Hence,
Var(N,)—0.

For the average number of individuals escaping infection over the time points

t=1,2,3, ..., n, we have

ET) ==Y E¥,)
nt:l

u(l{m +%(u —E+(Np - Xo))(l— (- 7»)")

pd-2)
>

The variance of this average also converges to zero as n tends to infinity. To see this

we again use

Var(Y,)) = n%(i Var()+2 Y, Cov(Ys,Y,)).

t=1 1<s<t<n

By equation (2.1.10),
Cov(¥,. ) (1= M+ (Ny — Xp) (1= 1)*~

s0, by the argument used to show

- ) Cov(N,,N,) >0,

" 1<s<t<n

we also have
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% Y cov(¥,.Y) - 0.

n
1<s<t<n

From equation (2.1.6),
n
> Var(%,) < nf¥ + (Ny - Xp))
t=1

Thus,
Var(Y,)— 0.
2.2.2 Weak Laws of Large Numbers

We now show that X, converges in probability to the migration rate p. By

Chebychev’s inequality, for € > 0,

. L orle o2
P(1X, ul>e)_<_82 E((X, - )?)

= > 2
- e%(Var(Xn) +(E(X,) - p) )
Since Var(X,) and E(X,)— W converge to zero then the result holds.

A weak law of large numbers also holds for {N,: t=1,2,3,...}. Thatis, Nn converges

in probability to £. This is clearly true as E(N,) converges to + and Var(N,)

converges to zero.

Since

=<
I

SZI
|
b
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then Yn converges in probability to

LA U1 Sed/9)
r T

2.2.3 Strong Laws of Large Numbers
In this subsection we use the Martingale Convergence Theorem (see page 242 of Feller
(1971)) to show that the weak laws of large numbers established in the previous

subsection can be extended to strong laws of large numbers.

To prove this property for {X,: t=1,2,3, ...} weconsider {U,: n=1,2,3, ...}, where

U, =2%(Xt - E(X))).

t=1

In U, the summand has zero expectation. Furthermore,

(UZ)=iL2Var(X,)+2 3 Loov(x,,X,).

t=1 1<s<t<n
From equation (2.1.8),

Cov(X,,X,)<0

SO

E(U?)< i-t-g- Var(X,).
t=1

Equation (2.1.4) states that
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Var(X,) = p[1- (1= 2) ]+ 21 - 0 [i-aa- 1) v - Xo),
which implies
Var(X,) S p+ Ny - Xp).

Hence,

E(U2) < (n+WNo - Xp)) 2% =2 (1 + (No - Xo).
This implies,
E((U,-U,)*)—0 as m, n— co.

By the Martingale Convergence Theorem (see pages 242 and 243 of Feller (1971)),

{U,:n=1,2,3,...} converges almost surely. Therefore, by Kronecker’s lemma (see

page 239 of Feller (1971)),
n
lZ(Xt - E(X,))—0 almost surely.
n._
The result now follows since

—2E(X)—>u

=1

In order to establish the strong law of large numbers for {N,:t=1,2,3,...} we use

{U,:n=12,3,...}, where
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i N, - E(N)).

E(U;)?)= igVar(NHz 3 LCov(N,,N,).

t= 1 1<s<t<n
By equation (2.1.5),
Var(N,) < p++ + (No - Xp)

SO

i% Var(N,)

=1t
is a convergent series.

Also, by equation (2.1.9),

2.3 Cov(N;, N,) < (u +E+ Ny - XO) Z__U-M’"s

st
1<s<t<n 1<s<t<n

n-1
<(n+baNp-X) 3 a-MF <152

k=1

Hence,

E(U; -Up)?)—>0 as m, n—> .
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Thus,

%g (N, —E(N))—>0 almost surely.

Therefore, the result holds.

Since X, convergesto | almost surely and N, converges to % almost surely then
Y,=N,-X,

converges almost surely to H(IT_}‘) .

2.3 Central Limit Theorems

We now combine the formulae derived in Section 2.1 with a result from the limit theory

of martingales to prove Theorem 2.3. That is, we establish central limit theorems for

In particular,

and

> Var(N, - X;) = o(n*®)
j=1

are key results used in establishing the asymptotic normality of these random variables.
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We begin by re-stating the theorem.

Theorem 2.3 If J is the o-field generated by {N,, X,, Ny, X, ..., N, X,} then, for

the model described in equation (1.4.2), we have the following central limit theorems.

®

S

b

n
t=1 t=

E(X,15;, )}

1

converges in distribution to a normal random variable with mean zero and variance

n(l-A+2A2).

(i) %[ZY; —iE(l@lr‘f’,‘.l)}

t=1 t=1

converges in distribution to a normal random variable with mean zero and variance

pA-M)(2-N).

(iii)

s

e

n
t=1 =

E(N)%, )]

1

converges in distribution to a normal random variable with mean zero and variance W .

The proofs of parts (i), (ii) and (iii) are given in Subsections 2.3.1, 2.3.2 and 2.3.3,

respectively.

2.3.1 Proof of the Asymptotic Normality of X

Consider the array {S,,J,;:n=12,3,...,1<i<n}, where J,;=J" (the o-field

generated by {N,, Xy, N;, X;, ..., N;, X;}) and
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i
Sp; =-j—;2(xj - E(X;19,.0)).

J=1

This is a martingale array as
E(Snil‘?t:H ) =Spic1 t+ ﬁ E(Xi - E(X;15) 5‘,-*_1)
=Spi1-
Furthermore, since E (Snllé',;o) is zero then it is a zero mean martingale array.

Let {W,;: n=1,2,3,...,1<i<n} be the martingale differences. That is, for
n=123, ...,

‘WZI =:Sh1
Wni:'Sni—Sni—l for 2<i<n.

By Theorem 3.5 of Hall and Heyde (1980) (see page 71), S,,, converges in distribution

to a normally distributed random variable with mean zero and variance pu(l1—A + 2?)

when the following three conditions are satisfied.
(A) E(V; -pd-r+2)) -0,

where
2 X 2
=1

(B) max E(Wj19y.1)— 0 in probability.

1£j<n



(C)Forany € >0,

iE(W,jI({l W,l>e ))—> 0,

Jj=1
where I(.) is the indicator function.

We now show that each of these conditions is satisfied. Firstly, we show that

E(1V; —p(1-1+A2)l) > 0.

By definition,
2% 2
Vi =Y E(L(X; - BXj15- )15y
j=1
1 n
=;ZVar(X]|ff'J_1)
j=1
A1-1)
=M+ Y (N - X))
j=1
Hence,

n
sz =E(V2)=m+2E0 N BV, - X))
j=1

— x(ln—m Z[u(l):x) (1 —a- 7»)1'-1)+ A=) ~L (N, - Xo)]
j=1



A(1-A 1-A 1-(1-1)" 1-(1-1)"
g A )[u(x )(n_ =) )+ (E8 (No—Xo)}

SM+pd-2)?% =pd-A+212).

So to show condition (A) is satisfied we need to show E (I V,,2 — s,%l) converges to zero.

We do this by showing

E((V,,2 - s,%)z) 0.

Note that

B((v2 -52) )= var(12)

n-1
= Var[ku + )“(1;7‘) Y. (N;-X; )]

j=1

_a2an? oy, [
=5 Var| Y (N; = X)) |.

j=1
From equation (2.1.6),
Var(N; - X;) < (1—%)(%+N0 —Xo) forall j.
From equation (2.1.10), for j>i>1,

Cov(N; = X;,N; = X)) (1= M)/ £+ N, —XO).

58
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Hence,

E((Vf —35)2) < M(—*ﬂ No - Xo){(n— D(1-A)+2(1-1) 2(1—7»)1'"'] :

" 1<i<j<n—1

Now

Y A-M < m=2)(A- M+ A=A 4. A1 -1

1<i<j<n-1

SO

E((Vn2 _ g2 )z) < ﬁa_gi_u(% Ny X1+ 282 1 ay2))

n

- 0.

For condition (B) which requires

max E(Wis19,.1)— 0 in probability,

1<j<n

we observe that
E(Wildn.1 )= S Var(X;19_ ) = + A= MV - X)),

Therefore, we need to show
Nj-X;

max
1<j<n-1

-0 in probability.
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Fore >0,

P(N; - X; > ne for some 1< j<n—1)= P[nf(zvj =xpI({N; - X; > ne})> ne]
j=1

E(nii(Nj-Xj)’ ({NJ'"XP"E})J

J=

ne

<I=
n282
n-1 n-1
2
- XVar(Nj-Xj) 3 (E(Nj-Xj))
_ =1 445
n2e2 n2¢2

<Ly (B Mo Xo )+ (2o - o)

0.

Finally, we show that, for € >0,

iE(ng({lmjbe ))= (Z(Xf B X ({|Xj—E(Xj|3;_1)|>e«/Z})]

j:l =1

—0.

Now

{Z(X] BT, 1{fix, - B3 1)|>e«/_})]
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=%iE[zsz({lzjl> evn))|

j=1

where

— *
ZJ -——Xj—E(le:}j_l).

We anticipate the result in Section 3.3 that {(X;, ¥;):¢=0,1,2, ...} is an irreducible,

aperiodic, positive recurrent Markov chain and so has a proper limiting distribution. The
sequences {X,:¢=0,1,2,...} and {¥;:£=0,1,2, ...} both converge in distribution to
Poisson random variables. This implies that, for =0, 1,2, ..., all moments of X, and

Y, are finite. Therefore, for j=1,2,3, ...,

E(z;)

is also finite.

Hence, it follows that

E{iil(ﬂ z;1> s«/ﬁ})} < enI\/E E{glzjl3:|

j=1
- 0.
This completes the proof of part (i) of Theorem 2.3.

Note that since

V2

H(1-A+A2)
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then the convergence of

Snn

JRa-A+22

to a standard normal random variable is equivalent to the convergence (in distribution) of

S nn
V2

to a standard normal random variable. That is, we have an analogous result where the
norming factor, V,,2 , is a random variable. Furthermore, the randomness in V,,2 isa

function of the randomness in the history of the process. Recall that

n
A(1-A
VZ=a+ 20N N - X ).
j=1

Hence, the norming factor at time » is representative of the history of the process up to
time n—1.
2.3.2 Proof of the Asymptotic Normality of Y,

We prove part (ii) of Theorem 2.3 in exactly the same way we proved part (i). In this

case we use the zero mean martingale array {S,;, 3,;- :n=12,3,...,1<i<n}, where

’
Sni

33 (5 - Ei).
j=1

We denote the martingale differences by {W,;: n=1,2,3,...,1<i<n}. To establish

this result we need to show the following conditions are satisfied.



(A) E(1(V;)* —p(d- M@= M) -0,

where

Vi = 3 E(Wy ).

Jj=1

(B') max E((W,;j)zls,’;j_l) —>0 in probability.

1<j<n

(C") Forany € >0,

iE((W,{j)ZI({I Wyi>el))—o0.

j=1

Condition (A’)

n
V? =13 var(v15,)
j=1

=p(1-2)+ 22

j=1

Therefore,

()2 = E((V)?)=p -0+ 2R Y BN - X))

j=1

63

o X (N~ X))

A

=pn(l-A)+ MI;?») [u(l—k) (n _1-a-»)"

1-(1-M)"
)+ L= (NO—XO)]



- u(1=A)2-1).

The argument used to show E (l Vn2 - s,fl) converges to zero can also be used to show

E(I v, ) - (s,’,)zl) converges to zero. Therefore, condition (A’) is satisfied.
Condition (B’)
E((Wy)219.1 ) = L Var(¥j19)_, ) = L (@ - M+ M- MW, - X))

and we have already shown (when proving condition (B) holds) that

Nj—Xj

max
1<j<n-1

-0 in probability.
Condition (C’)
) e 1w €)= 3 Bl i{fiz>edn).
j=1 =

where

L =Y, — E(Y:T
Zj =Y; - E¥jldjq).

As in Subsection 2.3.1, we anticipate from Section 3.3 that {¥;:¢=0,1,2,...}

converges in distribution to a Poisson random variable. This implies that, for

t=0,1,2, ..., all moments of Y, are finite. Therefore, for j=1,2,3, ...,

E(1z;)
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' is also finite.

Thus, the following inequality completes the proof.

| E[z ik I({lz;»eﬁ})} vy {zlzﬁ}

—0.
|

R

2.3.3 Proof of the Asymptotic Normality of N

In this case we use the zero mean martingale array {

.S_‘,’,’l, F.:n=123..1<i<n},
where

i
7, = -Jl—;jz:i(Nj - E(lesr,;j_l)).

We denote the martingale differences by {W,;: n=1,2,3,...,1<i<n}. To prove part
(iii) of Theorem 2.3 we need to show the following conditions are satisfied

(A”) E(1(V;)* - )= 0

where
V) = ZE((W” i1)-

(B”) max E((W”) B ) -0

in probability.



(C”) Forany € >0,

SE B 1(fw>el)) - o

Jj=1

Condition (A”)

n
V=LY var(N;15;)
j=1

=|~

2
Therefore,

(s7)* = E((V)?)=n

Condition (B”)

E((Wi)215y.1 )= L Var(N 13, )

Condition (C”)
3 B 1({iwin>e} ) 2 E[(z P 1({izn>edn)).
=

where

Zj'= Nj = EjiFj ).

In order to show this condition holds we again use the result from Section 3.3 that

66
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{(X;, ¥;):t=0,1,2, ...} has a proper limiting distribution; with {¥,: t=0,1,2, ...} and
{N;:t=0,1,2, ...} both converging (in distribution) to Poisson random variables. This

implies that, for j=1,2,3, ...,

E(1zj7)

is finite. It follows that

Z (z"’)2 , 1 &,
E[Z L I({Izj’lz.‘—:«/ﬁ})]senﬁE[;ﬂlzj13;]

—0.
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CHAPTER THREE

THE LIMITING BEHAVIOUR OF THE INFECTED
AND SUSCEPTIBLE COUNTS

3.0 Introduction

This chapter examines the long run behaviour of X,, N, and Y, (the number of

individuals escaping infection at time ¢ ). We show that of these three random variables

only Y; forms a univariate Markov chain. A bivariate Markov chain is formed by any of
the pairs (X;, Y;), (N;, X;) or (N, ¥;). Our attention will be focussed on determining

the limiting distributions of {¥;: £=0,1,2, ...} and {(X,, }}):t=0,1,2, ...}.

In Section 3.1 we derive the joint probability generating function for the pairs (X;, ¥;),

(N, X;) and (N,, Y;) conditional on ;. These functions are then used in Section 3.2
and 3.3 to determine the limiting behaviour of {¥:¢=0,1,2,...} and
{(X;, ¥):t=0,1,2,...}. In Section 3.2 we consider the Markov chain
{Y;:t=0,1,2, ...} and show that it can be regarded as the convolution of a branching
process and a Poisson process. We use this description to determine its limiting
behaviour. In fact, using the theory of Heathcote (1966) we show the existence of a
proper limiting distribution for {¥;:t=0,1,2, ...} is guaranteed. In Section 3.3 we use
the limiting distribution of {¥;: 1 =0,1,2, ...} to show {(X,, ¥;):#=0,1,2, ...} also has
a proper limiting distribution. In Section 3.4 we give a discussion of results from the
estimation theory of branching processes that are pertinent to {Y;:7=0,12, ...}.

These results are then used to derive estimators for the infection rate A and the

migration rate [ .
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We conclude this introduction with a summary of the main results presented in this

chapter.

Theorem 3.1

The probability generating function Y;(z) = E[zY' ] for the process {Y;:t=0,1,2, ...}

is equal to

“Ea-v-a-nia-
e ATV oy ra-nrgt.

Consequently, {Y;:t=0,1,2,...} converges in distribution to Y, where Y, is a

Poisson random variable with parameter

pd-2)
—

From this theorem we deduce that

u t
5 =M-1-1)]

P(Y, =015,)=Y,(0)=¢ [1-@1-2)1%.

The event ¥, =0 occurs when there are no susceptibles left to be infected. In this case,

the epidemic will only be perpetuated if there is subsequent migration of individuals into

the susceptible population.
Theorem 3.2

The bivariate Markov chain {(X;, ¥;): £=0,1,2, ...} has a proper limiting distribution

(X..,Y.,), whose probability generating function is given by

B (dg -
E[zlx”zf“' = malaratha)
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Theorem 3.3

We consider the estimators A and T of A and p defined by

T T T
2
Yo - Y)Y Yg + T(z IATEDY Yt-—l)
t=1 =1 =1

A= > ,
T T
(ZYt—l] -TY. Y
=1 =
T
PR AN AR AT EYt 12Y
I = 4=l ;: t=1

ET:YtZ -TZK 1Y

=1 t=1 t=1

~

The fact that the value of A lies strictly between zero and one implies that both
estimators are strongly consistent and their joint distribution is asymptotically normal.
Another pair of strongly consistent estimators whose joint distribution is asymptotically

normal is

72
(Yo - YT+T)2Y T ZY, 1

A= T , ) ,
Z(Yt—l +1)2W_T
t=1 =1
T T Y T T
t I-l
Y. 12 Y, +1 Z Z Y, +1
T - =1 t=1

T =7{ T
PRDWEEEED L

t=1 =1
These estimators have the advantage that their asymptotic properties do not depend on
prior knowledge of the true value of A. Therefore, they are applicable to a much

broader class of practical problems.

Theorems 3.1, 3.2 and 3.3 are proved in Sections 3.2, 3.3 and 3.4, respectively.
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3.1 Probability Generating Functions Associated with the Greenwood Model

We begin by noting that the joint probability density function of N, and Y;, given J,, is

of a form which enables a very straightforward calculation of the corresponding

probability generating function. The conditional density
P(Ny=n, Y, =9INy=n_, Y1 = y1)
is zero unless 0 <y, <n, and y,_; < n,. Within this range, its value is given by

—H, n—yi—
(nt)po)""” (1- p()’r < wr

Yt (n, = ye-1)! .

This expression is obtained from equation (1.4.1) by setting
wo=p

forall t=1,2,3, ... .

Now specialising to the case of the Greenwood model, with p(#)=2A for all ¢, and

assuming a constant migration rate [L(¢) = 1, the joint conditional density becomes

n;

. e'li R =Y
P(Nt=nt’Yt=ytlgt-l)=[y =

)7\‘”: 7 (1 — )\’)}’t

t (n, — y,-1)!

for O0<y,<nm;, y,_;<m
=0 otherwise.

Hence,

Elz)" 2y 19:1] = Elz* (L + (1- Mz 1541



72

_ e_u i (Zl [7\‘ + (1 _ }\‘)22 ])nt unt V1
n=Ye-1 (nt B yt_l) :

c - Y1
=e M (21[7\, +(1-2)z, ])Yr—l Z (1121 A+(1Q-N)z, ]) |

— !
N =Y (nt -1 !

That is,
Elz 23 15,11 = ([ + (1= M)z ) e HIPaman Hhaz ], (3.1.1)

We now derive the other two probability generating functions (for (X;, Y;) and
(N, X;)). The former is used in Section 3.3 to show that {(X;, ¥;): #=0,1,2,...}hasa
proper limiting distribution. We include the probability generating function of (N, X,)

for completeness.

B[z 2 190, = B 0 201901 = Bl (20)% 19741,

Putting z = z; and w = z;z, in equation (3.1.1) we obtain
Elz% w131 = [Ag + (1 - Myw]lit g HUI-Aamwhwl

Since
Elz 20 13,1 = Elz) 20 %113, 11 = El(z12,)™ 2,7 1941

1

then putting 1 = z;z, and v=12z; in equation (3.1.1) we have

E[u™ v 191 = [u(w +1— L))t g BU-uthu—hw) (3.1.2)
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The probability generating functions of the marginal distributions are also readily

obtained from equation (3.1.1).

E[ZV113 1= 217079, (3.1.3)
E[z%18 1= A+ (1= A)z)"t e HI-M0-D) (3.1.4)
E[Z% 18 1= [1- A+ Az]1 e #M0-D) (3.1.5)

3.2 The Markov Chain{¥; :£=0,1,2,...}

From equations (3.1.3), (3.1.4) and (3.1.5) we see that it is possible to calculate the

probability that ¥, takes a particular value given the value of Y;_;. However, this is not
the case for X, given X, ; nor for N, given N,_;. Thatis, of {X,:£=0,1,2,...}
{,:t=0,1,2,...} and {N,:t=0,12, ...} only {¥;:£=0,1,2, ...} forms a univariate

Markov chain. Also note that equation (3.1.4) is a re-statement of the recurrence

relation  for  the  probability  generating  functions  associated  with

{Y;: t= 0,1,2, ...} originally derived in Section 2.1

We assume Y is a known constant and show that {¥;: 1 =0,1,2, ...} can be regarded as

the convolution of a Galton-Watson branching process and a Poisson process. Becker
(1977) first applied branching processes to epidemiology when he used such a model for
the number of infected individuals in the early stages of an epidemic. This analysis did

not allow for the possibility of migration into the population at risk of infection.

This interpretation of {Y;:¢=0,1,2,...} enables us to make use of the Theorem of

Heathcote (1966) which guarantees the existence of a proper limiting distribution for this
process. The form of this limiting distribution is also given. We point out that
Heathcote’s result was generalised slightly by Seneta (1969), however, we will not need

this improved result for our purposes.
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3.2.1 Interpreting {Y; : t =0, 1, 2. . . } as a Branching Process with Immigration

We now show that {¥;:¢=1,2,3,...} can be formulated as the convolution of a
branching process and a Poisson process. Let U, be the number of susceptible

individuals migrating into the population at risk of infection during the time interval

(t—1, tf] who do not become infected at time ¢. Let S, be the number of individuals
escaping infection at time ¢ who also escaped infection at time #—1. That is, S, is the

number of individuals in the susceptible population at time #—1 who escape infection at

both time t—1 and time ¢. Fort=1,2,3, ...,

Y,=S,+U,.

We repeat that Y, is assumed to be a known constant.

Each individual escaping infection at time ¢ — 1 either escapes infection at time ¢, and so

contributes to S;, or becomes infected and does not contribute to S,. Thus, we regard
individuals comprising the count S, as offspring of the Y,_; individuals escaping

infection at time #—1. That is,

where A; is the number of offspring produced by individual j. For this interpretation
the offspring counts A, A,, ..., AY:-] are independent Bernoulli random variables with

parameter 1— A . That is, the offspring counts are independent and identically distributed

random variables and if A denotes a random variable with their common distribution

then

P(A=a)=(1-1)*A* for a=0,1

0 otherwise.
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The probability generating function for the offspring distribution is

AR)=A+(1-N)z.

Since migration counts during disjoint time intervals are independent and infected counts

at distinct time points are also independent then {U;:t=1,2,3, ...} is a sequence of

independent random variables. Furthermore, the infection process is independent of time

so {U,:t=1,2,3,...} is a sequence of independent and identically distributed random

variables. Let U be a random variable with their common distribution. We

subsequently show that U is Poisson with parameter 1(1—2A).

Thus, {¥;:t=1,2,3, ...} is the sum of two independent processes; the branching process
{S;:t=1,2,3,...} and the process {U,:t=1,2,3,...}. For the branching process the
offspring counts at time points t=1,2,3, ... are indel;endent and identically distributed.
This is also true of U;, U,, Us, .... Thatis, {Y;: t=1,2,3, ...} together with the initial
condition Y, =y, forms an example of what is known in the literature as a branching
process with immigration. In this context, {U,:t=1,2,3,...} is the immigration

process. The problem of estimating the mean of the offspring distribution and the mean

of the immigration distribution (whose value in this case is p(l1—A)) has received

considerable attention. Research in this area will be discussed in Section 3.4. The

formulation of {Y;:¢#=0,1,2, ...} as a branching process with immigration allows us to

use the work of Heathcote (1966) and give a very simple derivation of the recurrence
relation for the probability generating function of Y, (originally derived in equation

(2.1.11)).

From page 1 of Heathcote (1966) and the fact that {S,:7=12,3,...}and

{U;,:t=1,2,3, ...} are independent we have
Y(2) =U@)Y,_ (A +(1-1A)z), (3.2.1)

where U(z) is the probability generating function for the random variable U .
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For t=1,2,3, ..., let M, be the number of susceptible migrants entering the population

at risk of infection during the time interval (¢-—1, f] then M;, M,, M5, ..., are

independent and identically distributed Poisson random variables with parameter pL . For

k=0,1,2,...,

PU=k)= iP(M =m)P(U =kIM =m), (3.2.2)

m=0

where M is Poisson with parameter | . Since the second term in this summation is zero

for m strictly less than k then

oo —p, m
PU=k=Y &L ('Z)(l—x)"xm""
m=k
oo —p, m
= Kl m—k)!

_e d - @)
k! = (m—k)!

_ e M Ppa-aft
B k! '

That is, U is Poisson with parameter pu(1-2).

Therefore,
U(z) = e HA-M(1-2)
Substituting this value of U(z) into equation (3.2.1) we obtain

Y,(z) = e *IM-Dy  d+(1-A)2),
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which is equation (2.1.11).

The Theorem of Heathcote (1966) gives the following necessary and sufficient
conditions for the existence of a proper limiting distribution for a branching process with

immigration which forms an irreducible aperiodic Markov chain.

(1) The mean of the offspring distribution is strictly less than one.

(ii) S G+ <o,
Jj=0
where
ri=YPU=k).
j+l

{Y;:t=0,1,2, ...} is clearly an irreducible Markov chain on the non-negative integers so

to show it is aperiodic it is sufficient to show that state zero is aperiodic. This follows

from equation (3.1.4) which states,

3 2/ P(Y, = jIY,; = 0) = UMD,
j=0

Whence,
P(Y, =01Y,_ =0)=¢ 1M 40,

Condition (i) is clearly satisfied as the mean of the offspring distribution is 1—A which,

in any practical situation, is strictly less than one. For condition (ii) we note that

S rG+D7 < Y =EU)=pd-1).
j=0 j=0
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Hence, {Y;: t=0,1,2, ...} has a proper limiting distribution Y, .

The probability density of Y,, can be found by taking limits of both sides of equation
(2.1.11). This gives

Y, (z)= e PNy L+ (1-1)z).
It is readily checked that the probability generating function

s oA UM-2)

is a solution of this equation. Thus, by the convergence property of probability

generating functions,

-Fa-M)(1-2)

Y. (z)=e (3.2.3)

Since a probability generating function uniquely defines the associated probability density

function then we conclude Y, is Poisson with parameter

p(-2)

T

Alternatively, we can use equation (2.1.11) to obtain an expression for Y;(z) and take

the pointwise limit as ¢ goes to infinity. That is,

Y..(z) = lim ¥, (2).
t—oo

Y,(z) is given by iterating the recurrence relation

Y;(2) = U(2)Y,_1(A(2)) -
=U(2U(A(2)Y,_,(A,(2)),

where
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Ay (2) = A(A(2)).

In general, let Ay (z) be the k -fold composition of the function A(z) with itself. That is,

Ay (2) = A(A;_1(2)) = A(A(A; 2 (2))

Then
Y,(2) = U()U(A(2)) X ... XU(A;_1 (2)) Yy (A, (2)) .
Now,

A () =AM+ (1-1A)2)
=A+(1-MA+1-2)z]
=A+(1-MA+(1-1)%z.

Similarly,
Ay @D =MI+(1-A)+(1-A)*1+ 1=z
=[1-1-2)31+(1-21)3z.
In general,
A(R)=[-A-2)'1+1-L)z.
Thus,

Y,(2) = e—u(1—x)(1—z)[1+(1—x)+...+(1—x)‘"1]YO (A, (2)

R t
——(1-M[1-(1-A) 1(1-2)
=¢ (A ()"

_ -Ra-mp-a-m'10-2)

[—(1-A) +(1-1)2% .
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In particular,

B t
—x(l—l)[l—(l—l) ]

P(Y, =015,)=Y,(0)=e N-a-2)10. 324

This is the probability that all members of the susceptible population at time ¢ become
infected at time . We remark that, in the absence of immigration, this would mean that

the epidemic had come to an end.

Finally, we note that,

u
“La-na-
Y.(2)=lm ¥ =e 0 0D,
t—oo

which agrees with equation (3.2.3).

3.3 The Limiting Behaviour of the Markov Chain {(X;.Y,;) : t=0,1,2,...}

It is clear that {(X,, ¥;):£=0,1,2, ...} is a Markov chain on the Cartesian product of

the set of non-negative integers with itself. In Subsection 3.3.1 we show that this
Markov chain is irreducible, aperiodic and positive recurrent. Therefore, it has a proper

limiting distribution (X,,,Y,,) which we calculate in Subsection 3.3.2. Of course, the
moments of X, and N, =X_ +Y, are readily calculated from the joint probability
generating function of X and Y. In Subsection 3.3.3 we show that deriving the

moments in this way gives results which are consistent with those given in Chapter Two.
3.3.1 Properties of {(X¢,Y;):t=0,1,2,...}
Since this chain is irreducible then all states are of the same type. Hence, to show all

states are aperiodic and positive recurrent it is sufficient to show that any particular state

has these properties. The state (0, 0) is convenient to work with.
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Fort=12,3,...,

P(X; =0,Y, =01X, =0,Y, =0)=P(X; =0,Y; =01Y, =0).
Since X, and Y, are non-negative random variables then this is equal to
P(N,; =01Y, =0).
Now
P(N, =01Y, =0) =P(Y,_; =0lY, =0)P(M, =0),

where M, is the number of individuals entering the susceptible population during the

time interval (z —1,7].

From equation (3.2.4),

!
\ L

~Z-a-2)?
P(N,=01Y, =0)=e A

\

Thus, as ¢ tends to'infinity

n

P(N,=01% =0)>e *,

which implies that state (0,0) is positive recurrent. Hence, we have shown

{(X;, ¥;):t=0,1,2, ...} is an irreducible, aperiodic, positive recurrent Markov chain.
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3.3.2 The Limiting Behaviour of {(X;,Y;) :t=0,1,2,...}

Since {(X;,Y;):t=0, 1, 2, ...} is irreducible, aperiodic and positive recurrent then
(for example, by Theorem II1.2.2 of Isaacson and Madsen (1976)) it has a proper limiting

distribution, (X_,,Y,.), which is characterised as the unique solution to

P(X. = j1 Yo =J2)= D PXe =i, Y =i)P(X, = ji, ¥, = ol X,y =i, Yoy = i)
i1,ip =0

which also satisfies

Y P(X.. = j1, Y = jp)=1.
Jj1,j2=0

The first of these conditions implies E[z;%=z,% ] is equal to

2 71 2,72 EP(XW =i,Y =i)P(X, = j1, Y, = joV\ Xs 1 =i, Yo = ip).
J1,2=0 i1,i2=0

By Fubini’s Theorem, this is equal to

Y PXe =i Yo =b) X al'n2P(X, = )Y = pl X =i Yy = ).
i1,i2=0 Jj1,j2=0

Thus we have

E[z;%=z,"=]= ZP(X,,O =i, Y, = i) {Az; + (1 - )L)Z2}i2 e~M(-A2 ~23 +Az)
if,ip =0

= MM a ) BN p(x, =i, Y, = ip){Az + (1-A)zp}2
ip=0i1 =0



83

=e PR a ) § py — i)y, + (1~ M)z,)2
ip=0

= MIM-2t02) Epg 4 (1- )z, 1% .
From equation (3.2.3) we obtain

E[lew Z2Y°° ] — e—u(l—‘}hzl ) +)vZ2) e—l.l()\.—l —1)(1"le ') +M2)

Bz -2 +2zy)
=e M .

Putting z; =z, = 1gives

Y P(X. =i, Y =ip)=1.
i1,ip=0

Thus the probability distribution with probability generating function

o (1-Az;—zp +Az5)

(z,z5) > e * (3.3.1)

is the proper limiting distribution of {(X;, ¥;): t=0,1,2, ...}.

3.3.3 The Limiting Behaviour of the Associated Marginal Distributions

We now derive the distributions of X and N_ =X, +Y, from the probability
generating function of the joint distribution of X_, and Y,. We compare the means and
variances of these quantities with the limiting values of the means and variances of X/,

Y, and N, given in Chapter Two. Recall that in Section 2.1 we showed that

lim E[X,]= lim Var[X,]=p. (3.3.2)
t—o0

t—oo
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lim E[¥;]= lim Var[X,]= £1-2). (33.3)
—yo0 f—yoo A

and
lim E[N,]= lim Var[N,]= . (3.3.4)
t—oo oo A

As a check on the consistency of our calculations we show that these equations are also

satisfied by the moments of the corresponding limiting distributions.

Putting z, =1 in the probability generating function of (X,,Y,), given in equation

(3.3.1), we obtain
E[le"" 1= e Mi-z1)

so X, is Poisson with parameter | . That is, the distribution of X, is exactly the same

as that of the count of migrants entering the susceptible population during a unit time
interval. In other words, at equilibrium, the count of new infecteds is ‘balanced’ by

‘new’ individuals migrating into the susceptible population.

Similarly, for Y, we have

B
~Ba-nyi-zy)
Elz,"1=e ¥ ’

so, as shown in Subsection 3.2.1, Y, is Poisson with parameter %(1—7»). Putting

7y = 2o = z in the probability generating function of (X,,,Y,,) we have

B
E[zY=1= ¢ 7"
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2

so N, is Poisson with parameter --.

Clearly equations (3.3.2), (3.3.3) and (3.3.4) are satisfied when the limits of the moments

are replaced with the moments of the corresponding limiting distributions.
Note also that
Var [N_]1=Var [X_]+Var[Y,.].

Hence, X, and Y, are asymptotically uncorrelated. This is consistent with equation

(2.1.12) which states that
CovX,,Y,1= AM1—A)(Var[N,]- E[N,]).

Alternatively, the covariance of X, and Y, can be calculated from their joint probability

generating function.

0 2 X. Y
E bt ® | = ——
821822 [ZI %" aZIaZZ2 ¢

a 2 |: —%(1—M1 -2 +)\-Zz)i|

_n? (1- Me-%(l—le—zz +Az5)
=4 )

2
So E[X. Y 1= uT(l— A) and hence the covariance of X, and Y is zero, as expected.

We remark that since X, and Y, are uncorrelated then the value of X, provides no

information about the value of Y,,. That is, we can not predict Y, from X_,.

3.4 Branching Process Estimators for the Infection and Migration Rates

In Section 3.2 we showed that {Y;: t =0, 1, 2, ...} can be formulated as a branching
process with immigration. Y is assumed to be a known constant and, for r=1,2,3, ...,
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Y; is the sum of the offspring count S, and immigrant count U, For {S,:1=1,2,3,...}
the offspring distribution is Bernoulli with parameter 1-A and {U,:t=1,2,3,...} is a
Poisson process with parameter p(l1—A). Subsection 3.4.1 deals with the estimation

theory for these processes and we obtain estimators for the mean of the offspring

distribution 6, =1—A and the mean of the immigration process 6, = p(1-21).

A and p are functions of 0, and 6, which have continuous partial derivatives of all
orders on R? \ (0,0). In Subsection 3.4.2 we use this observation to derive estimators

for these parameters from the estimators of ©; and 6,. Results concerning the

asymptotic behaviour of these estimators are also given.

Of course, these estimators assume we can observe {Y;: t=0,1,2, ...} fromtime r=0
to time ¢ =7 . That is, in addition to knowing N, and X, we must be able to observe
the newly infected counts X;, X,,..., X;r and the susceptible population sizes
N, N,, ..., Nr. In contrast, in Chapter Four we give estimators of A and pn based on

just a realisation of X;, X,, ..., X7 and the initial conditions Ny =ngy and X; = x;.

3.4.1 A Least Squares Approach to Branching Processes with Immigration

Work on estimating the means of the offspring and immigration distributions dates back
to Patankar and Bartlet. Their estimates, derived using a maximum likelihood approach,

are discussed in Bartlet (1955). For our process {Y;:¢=0,1,2, ...}, the mean of the

offspring distribution is strictly less than one. In this case estimators of both means have
usually been derived using the so-called conditional least squares approach. Hence, we

will concentrate on estimators derived using this method.
From Subsection 3.2.1 we have, for t=1,2,3, ...,

Y1
Y,=S,+U = Y Aj+U,,
j=1
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where A, 4,, ..., Ayt_l are independent and identically distributed Bernoulli random

variables with parameter 8; =1—A and U, is a Poisson random variable with parameter

0, =ul-2). Hence, if 3’,"_1 is the o-field  generated by
{No, Xo, Nl’ Xl’ ceey Nt—l’ Xt—l} then

E[Y13,1=0,Y,_, +6,. (3.4.1)

Klimko and Nelson (1978) defined the conditional least squares estimators 8; and 6,

as the values of 0; and 6, which minimise

T
> (¥, - ElY19,1)°

t=1

That is,
T T T
YEY Y -TY XY,
8. —t=l =1 t=1
T 2 T
(ZYI—I) -TY Y
t=1 =
and

@l

On page 638 these authors show that 9_1 and 6—2 are strongly consistent and

| I\J
0 M"ﬂ
-

6, =

gMH ﬂ.M“’

JT(0,-6,,8,-6,).



88
is asymptotically normal with variance-covariance matrix expressed in terms of the

infection and migration rates, A and W , as follows

AT -np+2n —pd-A)2-3)

wA-HE-2) D aa-ay ]|

Venkataraman (1982) uses the analogy between equation (3.4.1) and the first order

autoregression model for time series to establish the asymptotic normality of

where

T
P43

t=1
This analogy was first discussed in Heyde and Seneta (1972).

The results of Klimko and Nelson (1978) and Venkataraman (1982) are only applicable
when the mean of the offspring distribution is strictly less than one. Of course, this is

sufficient for our purposes because 8; =1—A is always strictly less than one. However,

Wei and Winnicki (1987), (1989) and (1990) were concerned with using conditional

least squares estimators for the other two cases 6, =1.

In Wei and Winnicki (1987) and (1989) it is shown that 6} is strongly consistent when
0, > 1and weakly consistent when 6, =1. With the goal of obtaining unified results for

the asymptotic properties of the estimators of both 6, and 8,, Wei and Winnicki (1990)

define alternative estimators 8; and 6, . These estimators are derived using weighted

conditional least squares; a technique introduced by Nelson (1980).

Multiplying both sides of equation (3.4.1) by the weight



Y +1

we have
Y, 0.7, 0
Blpigta | = A =2
Mo U o 1 Y+
9= and 9= are defined as the values of 6; and 6, which minimise

2
i[ 8y, 6, } _
_ 1

N 1+1 VYo +1 (Y g+

That is,

|

T T v
Z Y1+ Y1+

=1

2P|
|
RMQEMQ

(Y 1+1)2Y 1+1_T2

and

[imzm S 13,

t=1 t=1

2
2 it + 1)2 Y,_ll a7
=1 P

S’II
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They also establish the following asymptotic properties; when 6, <1 both estimators are

strongly consistent, when 8; =1 both estimators are weakly consistent and, for the case

0,>1, 9_1 is strongly consistent and it is impossible to have a consistent estimator of

0,. Furthermore, the asymptotic distributions of ﬁ_—l and § in these three cases are

given. In particular, they show that, for 8, <1, the joint distribution of
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t=1

[im-ﬁn}%@-el)

and

T 7
) —
|:2; Yt-1+l:| (9_2 _92)
=
is asymptotically normal with variance-covariance matrix given by
V— 1 W( V—l )T ,

where V and W can be expressed in terms of the infection rate A , the migration rate

and the moments of the limiting distribution Y, of {¥;:#=0,1,2, ...} as follows.

e ()

V= 0
E[Y.,, (Yoo +1) ] (E[ . ])yz
JE(Yeo )41 Yoo +1
i _ _ A1-VY., +p(1-A)] ]
EM1- Y., +p1-2)] E[ -
W= .
A(1-A)Y., +p(1-1) A=Y, +p(1-1)
E[ Y. +1 E[ (Y. +1)2 il

In Section 3.2 we showed that Y, is Poisson with parameter

_hd-2)
o= )\’ .

Therefore,



1 > e ot 1-e@
E = =
s

o —ox!(x+1) o

and

1 = e %a* e & ak
E _— = =
[(Ywﬂ)z] 2 2 25

—oXx!(x+1) o o klk
From page 61 of Hansen (1975)

k

= Ol e-1, —1
K@y=S & =y —loga+ | Lodi=
(o) S0k X —log J I

where 7 is Euler’s constant, that is,

N—eo

x = lim {Z] —logN}

Hence,
- . —
Ja+1 1-e™*
V=
a—l+e @ 1-¢©
oo+l o
and
- A2 -1) N2-A-2+ ““T’]

A, A-pwe® [
hl:2 —A- E + —u———il A

=|>

(1-e)+ (1 - %)e‘“K(a)]- |




Finally, we show this particular V has a non-zero determinant, so its inverse exists.

ofi=) Jali-4-)
o+l J(a +1)(1_e—a)
o)

= #0.

\/oc(a - 1)(1 - e’°‘)

detV =

3.4.2 Formulae and Properties for these Estimators

We now derive estimators (X, i) from 61,65) and (i, ﬁ) from (9=1 , é=2 ) Since

7\.=l—61
and
_62
=75,

then, using the formulae for 8, and 0, , we have

T T T
Yo -Yp)Y Yy + T(Z AT ZY&]
t=1

x — t=1 t=1
T 2 7 ,
DY | -TY Y
t=1 t=1
and
T T T ) T
PR AN AW AT L)W
==l t=1 t=1__ t=1

T T T
SEY Y -TY Y Y,

t=1 =1 t=1

92
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Similarly, using the formulae for (:)__1— and (i , we derive

T T

1 Y,
_ -+ T)Z o YT 7o
A= = t=1

T
2 f1+l)zY 1 T

and

—

-
1l

—_

=

We remark that since (71. and @ are strongly consistent then A and U are also strongly

consistent. Similarly, A and IL are strongly consistent.

The asymptotic distributions of these estimators can be derived from the Taylor series

expansions of the functions g;: R* > R and 8,:R\ {0} X R — R defined by
8101,6)=1-6,

and

0
82(91a92)=—2-
0,

Now

A=\ 81 91,9—2)—81(91,92)}
=J_ -
ﬁ[ﬁ"ﬂ} T[gz 0,.6,)—2,(61.8,)
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) ) 9. —
%91 g'ae2 0,-0,
=JT| _

Jg dg e2 _92
%91 %92

2
d’g 3% a281T (9_1—91)
JT| 907 00,08, 063

- 6,-6,)6,-6,) [+

3282 azg2 3282
| 987 90,00, ae%_L ©,-6,)

If we assume ﬁ(9—1—61)2, «/7"-(9_1-—01)(@—92) and ﬁ@—92)2 converge to

zero in probability then, by Slutzky’s Theorem, the asymptotic distribution of
JT(R-AE-1)

is the same as that of

-1 076;,-6; -1 0 76:-6;
JT . =T _ .
_8% 1]6,-6, _h 1 [8,-6,
Yy % T-%

That is, the asymptotic distribution is the bivaiate normal distribution with mean zero and

variance-covariance matrix given by

-1 0 JA@t-p+2n —pd-A)Q2-21) -1 A

~2r x| -na-ne-n ERpa-me-n+ljo L

Similarly, if
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-7 A _ ,
3, +1)} 6,-0,) ,
t=1

[T T % _ _
2% +1)2?:1T1] (9_1—91)92 *92)
| £=1 t=1

and

T h_

all converge to zero in probability then the joint distribution of

[i(Y,_l +1)r(i -)

t=1

and
T %
1 —
[Z Y,_1+1j| E-n)
t=1
is asymptotically normal with mean zero and variance- covariance matrix

-1 0 e

Vw7
B 1 1
% 1-% 0 =
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CHAPTER FOUR

USE OF THE DATA AUGMENTATION METHODS TO ESTIMATE
INFECTION AND MIGRATION RATES

4.0 Introduction

In this chapter we consider the use of data augmentation methods to locate the mode of
the likelihood

L\ WINy, Xo, X, . X7).

We are concerned with the situation where the susceptible counts Nj, N,, ...,Np are

unobservable. The calculation of the likelihood is difficult since it involves summing the

expression for the augmented likelihood

L(k’”’INO’XO’XI’ ...,XT,NI,N2, ...,NT)

(given in equation (1.4.2)) over all possible values of the latent variables.

The data augmentation methods alleviate this difficulty by imputing for the latent
variables so that the augmented likelihood can be used for making inference about the

infection rate A and the migration rate L .

We give a general discussion of the EM algorithm, the data augmentation algorithm,
chained data augmentation and the Gibbs sampler. These algorithms are discussed in
Sections 4.1, 4.2.2, 4.2.3 and 4.2.4, respectively. When discussing each of these

methods we will consider whether or not it is applicable to our particular problem. That
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is, we decide whether each of these algorithms can be applied to the likelihood function

specified in equation (1.4.2).

In Section 4.4 we give estimates of A and p. The data on which these estimates are
based are monthly counts of diagnosed AIDS cases in Australia from January 1985 to
December 1994 (see Appendix A). We emphasise that the use of AIDS data is for
illustrative purposes only. In Section 1.1 we stated that chain binomial models are
suitable for diseases where the incubation and latent periods are of low variability and the

infectious period is short. Clearly, these assumptions do not apply to the AIDS

epidemic.

4.1 The EM Algorithm

In essence, the EM algorithm imputes for the latent variables by taking the expectation of

the augmented likelihood with respect to the joint conditional distribution of the latent

variables given the data.

The EM algorithm requires two steps at each iteration; the E-step (E standing for

expectation) and the M-step (M standing for maximisation). In discussing this algorithm
we will use A®) and p® to denote the current estimates of A and M at the end of the

i -th iteration.
In the E-step of the (i +1)-th iteration we calculate the expectation of
logL(A, 1, Ni, Ny, ...,NpINy, X, X1, ..., X7)
That is, we take the expectation of the log-likelihood of the unknowns,

A0, Ny, Ny, ..., Np, with respect to the joint conditional distribution of Ny, N,, ...,Nr

given the data Ny, Xy, Xj, ..., X7.

In the M-step of the (i +1)-th iteration we maximise the expectation calculated in the E-
step with respect to A and p. The maximising values become the updated estimates

and so are used in the E-step of the next iteration.
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The EM algorithm increases the value of the likelihood

L\, 1w Ny, Xy, Xy, ..., X7)
at each iteration. That is,
LD wEO N X0, X, LX) 2 LAY, uDING, X, X, .00 X7) -

Thus the EM algorithm converges to a local maximum of the likelihood function. For
the algorithm to converge to the mode of the likelihood the initial values, A© and u(o) ,

must be sufficiently close to the mode. Otherwise, there is the possibility of convergence

to some other point of local maxima.
Note that since

N, = Nt-l —Arq + M,

then calculating the expectation of the log-likelihood with respect to (NI’NZ’ ...,NT)

will be problematic. The data augmentation algorithms, discussed in the next section, do
not require the calculation of this expectation. Thus, we look at these algorithms as

possible methods of estimating A and Q.

4.2 The Data Augmentation Algorithms

In contrast to the EM algorithm, the methods discussed in this section are not aimed at
approximating the mode of the likelihood but at approximating the shape of the entire
function. These techniques were developed in the Bayesian context. If we have flat

priors for our parameters A and p then the likelihood is proportional to the conditional

probability density

P(G |N0,X0,X1, ---,XT),
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where 0 = (A, ). This density is approximated by these data augmentation algorithms.

In this section we discuss the data augmentation algorithm, chained data augmentation,
and the Gibbs sampler. Chained data augmentation is just a slight modification of the
data augmentation algorithm and the Gibbs sampler extends chained data augmentation

from the univariate to the multivariate case.

Our data consists of the newly infected counts, X;,X,, ..., Xy, together with the initial

conditions N, and X;,. So we will use X (slightly ambiguously) to denote the vector
(No, Xo, X, ..., Xr) and N to denote the vector of latent variables, (N, N,, ..., Ny ).

Throughout this section we closely follow Tanner (1993). Subsections 4.2.1, 4.2.2,
4.2.3 and 4.2.4 are based on Sections 3.3, 5.1, 6.1.1 and 6.1.2 of this text, respectively.
We begin our discussion with a statement of the method of Monte Carlo which is central

to the theory of the techniques discussed in this section.

4.2.1 Monte Carlo Methods

Suppose x and y, are vectors, g is a probability density function and f is an arbitrary

function. Consider the integral
J(yo) = | F(3o1%)g(x)dx = B[ £(yo! )]

Assuming this expectation is finite, this integral can be approximated using the following

steps.

Step 1 - generate an independent and identically distributed sample, X;,X5, ...,X

from g.

m
Step 2 - approximate J(y,) by %Zf(yolxj).
j=1



100

If, for j=1,2,3, ..., we define the random variable YJ by
Yj = f(yolx j)

then the Y; form a sequence of independent and identically distributed random variables

with finite mean J(y,). Therefore, by the Law of Large Numbers, as m tends to

infinity,
m
% 2 f(yolx;) =J(yy)  almost surely.
j=1

This technique of estimation is known as the method of Monte Carlo.

In the special case that y > f(yIx) is a probability density function for all x,

J(y) = [ f(yix)g(x)dx

is a probability density function. We may obtain an independent and identically

distributed sample of size m from this density as follows.

Step 1 - generate an independent and identically distributed sample, X;,X5, ..., Xy,

from g.

Step 2 - foreach j=1,2,3,..., m, generate y; from the probability density

f(ylx;).

The pairs (X1,¥1), (X2.¥2), (X3.¥3), -+, (Xm»¥m) form an independent and
identically distributed sample from the joint density. Hence, {y;,¥2,¥3, ---»¥m} 1S an

independent and identically distributed sample from the marginal distribution J. This

technique is known as the method of composition.
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4.2.2 The Data Augmentation Algorithm

This method is based on the following two identities

P(OIX) = IP(BIX, N)P(NIX)dN (4.2.1)
and

P(NIX) = jP(NI 0, X)P(¢1 X)do . 4.2.2)

Equation (4.2.1) is known as the posterior identity and equation (4.2.2) is known as the

predictive identity. If we substitute equation (4.2.2) into equation (4.2.1) we have
POIX) = jN j¢ P(61X, N)P(NI, X)P(¢| X)dddN .

Interchanging the order of integration gives
P(OIX) = j«b JN P(BI1X, N)P(NI ¢, X)dN.P(¢I X)d¢ .

That is, the density P(B81X) is a solution of the integral equation

2(0) = [ K(0,0)g(¢)d9, (4.2.3)
where

K(8,$) = [ P(8IX,N)P(NI ¢, X)aN .
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Thus, the solution of the integral equation (4.2.3) is the (unique) limiting distribution of

the Markov chain with transition function K(0,¢). The existence of this linﬁting

distribution is guaranteed under the following regularity conditions.

(1) K(8,9) is uniformly bounded.

(if) The mapping ¢ — K(0,9) is equicontinuous in 0. That is, given € > 0 there exists

81(e,09) > O such that
|0~ do]l <8, implies |K(8.6)~K(8.40)|<e .

(i) For any Og, there exists 8,(65)>0 such that ||0—60||<82 and

|6 — 80| <8, together imply
K(6.9)>0.

In order to generate a realisation, {go(0), g(0), g2(9), ...}, of this Markov chain we

proceed iteratively. Given 6" from g;(0), construct g;,;(8) as follows. First, sample
from P(NIX) by applying the method of composition to the predictive identity. That is,

generate N ; from P(NI6*,X). Repeat this a further m —1 times to obtain

Ni, N3, N3,..., N, from P(NI®*,X).

Now, following Tanner and Wong (1987), we apply the method of Monte Carlo to the

posterior identity to obtain

m
gi+1(0) =LY POIX,N;).
j=1
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At each iterate of this procedure we generate a value 8 from the current approximation

to the density P(61X). We obtain a geometric approximation to this density by

smoothing a frequency histogram of these 0" s.

Note that for this algorithm we need to calculate the joint conditional density of
N=(MN;, Ny, Ns, ..., Ny)

given X, A and p .

Since
Ny =N, 1 - X, +M,

then calculating this joint conditional density is difficult. Hence, this method is not

applicable to our problem.
4.2.3 Chained Data Augmentation

The Gibbs sampler is a multivariate version of a special case of the data augmentation
algorithm known as chained data augmentation. We discuss this algorithm as a way of

introducing the Gibbs sampler.

In each iteration of the data augmentation algorithm we apply the method of composition
to the predictive identity (m times) to generate m latent data patterns and then apply
the method of Monte Carlo to the posterior identity. The chained data augmentation

algorithm is the special case where m =1.

In chained data augmentation the ©*s which provide the approximation to the density

P(01X) are generated as follows. Let 9; be the value generated from the current

estimate of P(61X). We generate one latent data pattern N; from
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P(NI6},X).

Now rather than apply the method of Monte Carlo to the posterior identity, as we did in
Subsection 4.2.2, we sample directly from the updated estimate of P(81X) by applying
the method of composition to the posterior identity. That is, we generate 9’;-“ from the

distribution
P(BIX,N]).

We note that chained data augmentation also requires knowledge of the joint conditional

density P(NIO,X). However, the Gibbs sampler, discussed in the next subsection,

imputes the latent variables sequentially. That is, imputation is carried out using the

densities
P(N;16,X,N\{N;}),

where i =1,2,3,..., T. In Section 4.3 it is shown that we can readily sample from each
of these distributions. Thus, we have chosen to use the Gibbs sampler to estimate A and

K.
4.2.4 The Gibbs Sampler

As mentioned in Subsection 4.2.3, the Gibbs sampler is a multivariate extension of
chained data augmentation. In chained data augmentation the latent data is considered as
a single vector N. That is, at each iterate, the latent variables are generated
simultaneously. However, the Gibbs sampler generates each of the latent variables

separately in a sequential manner.

Let ¥ =¥y, ¥,,V¥3, ..., ¥ ) be a vector consisting of the latent variables N and the

parameters A and |. At the end of the i-th iterate of the Gibbs sampler we have

estimates,
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(ORVIORTIORNRTOR

In the (i+1)-th iterate of the Gibbs sampler these estimates are updated using the

procedure outlined below.

(1) Generate wgi“) from P(wll\p(zi),wgi),wg), ...,wg),X).

(2) Generate wi*D from POy, ly*) w{ w§, .. v? . X).

Continue till the following step is completed.

(i+1) i+l | (i+])

(d) Generate w§*! from P(yyly{*h yi+h (D (D x).

The vectors (\]!?),\v(zi),w(;), ...,wg)) are a realisation of the Markov chain with

- transition function

KW, ¥) =PWily,, W3, Wya, ... W, X)POWLI WL, W3, Wy oo W g, X)
X, XPOWIIWEL WS, W3, e W, XD

Geman and Geman (1984) give conditions such that \|!§i) converges in distribution to

y; forall j.

4.3 Probability Densities of the Latent Variables

In Subsection 4.3.1 we prove the following theorem which provides us with the

probability density functions needed to implement the Gibbs sampler.
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Theorem 4.3 For the model described in equation (1.4.2):

(1) For t=1,2,3,...,T—1, the conditional distribution of M,=N,-Y,_; given

X = (Ng, X9, Xy, ...,Xr),N,_1 and N, is binomial with parameters K, and 1, where
Ky =Ny =N+ X+ X,

(ii) For My = Ny —Yp_;, P(M7 = mIX,N \ {N7}) is proportional to

kd

Yr_p+m \XT (- )")YT-I +m-XT et
XT m!

where m=0,1,2, ... .

From part (ii) of this theorem we see that the conditional distribution of My given X and
Np_; is not a standard distribution and in order to calculate this distribution explicitly

we need the value of the sum

 (Yr-1+m Xt Yr_1+m-XT e—lium
2( X, )x 1-2) ——

m=0

It can be shown that this sum is equal to

Yy
e_”( ; l)xXT A-MT-1XT H(Yp_ +1,Y_ - Xp +1L,u(1 - 1)),
T

where H is the confluent hypergeometric function (see page 8 of Johnson and Kotz
(1969)).

However, as mentioned above, we have chosen to use the Gibbs sampler. Therefore, we

will need to be able to generate a value from this non-standard distribution. In order to
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do this we use the acceptance/rejection algorithm (see, for example, page 34 of Tanner
(1993)). A detailed discussion of this algorithm is given in Subsection 4.3.2.

4.3.1 Proof of Theorem 4.3

Fort=12,3,..., T—-1,

Nt+1 = Nt - X; +Mt+1

=N =X =X + M+ My,
That is,
M,+M, =N, —N_+X,,+X,=K,.
Now, for t=1,2,3,..., T—1,
P(M, =mIX,N\{NH=P(M, =mIM, + M,,, = K,)

_P(M, =m,M, + My, =K,)
P(M, +M,,; =K,)

Since M, and M,,; are independent Poisson random variables with parameter | then

M, + M, is a Poisson random variable with parameter 2|1 . Hence,

-1, m -u,, Ki—m
P(M, =m,M, + M,,, =K,) = *" x & K
m! (K; —m)!

and

remt

P(M, +M,,, =K,)= K1

Hence,
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P(M, = mIX,N\{N,}) = [[:;)(%)K’ .

(ii) P(My = mIX,N\ {N;}) = P(My = mIX, Ny_;)

_ P(MT = m,XT = xTIX \ {XT}sNT_l)
P(Xr = xpI X\ {X7},Nr_)

b

which is proportional to

m

Yr+m XT Yr_1+m-X1 e_ul-l
( X, )7\, 1-2) i

4.3.2 Sampling Mt - The Acceptance/Rejection Algorithm

In this subsection we give a method of generating an observation from the conditional
probability density of My given X and N\{Ny}. That is, from the non-standard
probability density function

h(m)
Y h(m)
m=0

b

where

Yr_{+m -p,,m
h(m) = T-1 ?LXT (1 — }\’)YT—I +m-XT € p’ m= O, 1’ 2’ .
X !
T m!

0 otherwise.

The device used is the acceptange/rejection algorithm. From page 34 of Tanner (1993),

this algorithm can be implemented if we can find a probability density I(m) and a

constant M >0 such that, for m=0,1,2, ...,
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h(m) < MI(m).
Once M and the density I(m) have been determined, the algorithm proceeds as follows.
(1) Generate m from I(m).
(ii) Generate u from the uniform distribution on [0, 1].
(iii) If

, < m)
MI(m)

then accept m as a value from the conditional distribution of My. Otherwise, return to

Step (i) and repeat this procedure.

Of course, some work is required to determine the constant M and density I(m). We
do this by finding a probability density I whose mode is equal to m;,, the value of m
which maximises A(m), and whose slope is not as steep as the slope of k. That is, we

require

h(m+1) < Iim+1)
h(m) ~—  I(m)

for m=m,

and

h(m +1) > I(m+1)
h(m) — I(m)

for m<m, —1.

For such a distribution 7,

h(m) < MI(m),
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where

a = ).
I(my,)

We begin by calculating the value of m,.

h(m+1) (Y +m+DP
hm) — (Yp_i—Xp+m+D)(m+1)’

where
B=un1-2).
Hence,
h(m+1) >1
h(m)

is equivalent to

Yo +m+1DB 2y — Xy +m+1)(m+1).
That is,

(m+1)% +(Yp_y — X7 —B)m+1) - BYy_; <0.

This inequality is satisfied when

0£m$—1+%(—(YT_1 -XT—B)+\/(7T_1 - X7 -B)° +4BYT_1)-

Therefore,
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my, = integer part of[% (—(YT_I -Xr—-B)+ \/(YT_1 - Xy - 3)2 +4BYr_, ):] .

The majorising distribution we have chosen for I is the negative binomial with

parameters S (a real number) and p (from the interval (0,1)). Our aim is to choose §

and p such that the above conditions (on mode and slope) are satisfied. For

m=0,12, ...,

It is readily checked that the mode of I occurs at the integer part of

S-D(p~'-1.

Thus, we can make the mode equal to m;, by choosing

S=1+2" (4.3.1)
1-p
We now compare the slope of 4 with that of I.

h(m+1) Yp_y +m+DP
h(m)  (Yp_;—Xp+m+1)(m+1)

=|1+ Xr P_.
(YT_I—XT+m+l) m+1

For I we have

Im+1) (. S—1Y,
I(m) —(1+m+1)(1 p)-
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For m 2m,,, we require

@+£lga—m21+ Xr b
m+1 YT_I—XT+m+1 m+1

Assuming equation (4.3.1) is satisfied, this inequality becomes

Xp
(YT—I - XT +m+ 1)

(m+1)(1-p)+pm, 2P+

For m 2 my, the left hand side of this inequality is bounded below by
(mh +l)(1—p)+pmh =mh+1—p.
The right hand side is bounded above by

B + XTB

YT—I_XT+mh+1'

Hence, p should be chosen such that

XrB

m,+1-p=2p+ .
h P B YT_l—XT+mh+1

That is,

X7

<mp, +1-0 - .
p h B YT_I—XT+mh+1

For m <m,, —1, we require

hm+1) _ I(m+1)
h(m) — I(m)
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Again assuming equation (4.3.1) is satisfied, this inequality becomes

B XTB

+
(YT—I - XT +m+ 1)

2(m+1)(1- p)+ pm,,.

The right hand side is bounded above by

my(1— p)+ pmy, =my,.

The left hand side is bounded below by

B+ Xrp .
YT—l - XT +my,

Thus the slope condition is satisfied if

YT—I + mh

B

th.
YT—I —XT +mh

That is,
02mj +(Yp_y — X7 — B)my, — BYp_ .

This is true because, when calculating m,,, we showed it was the integer part of the

solution of the corresponding equality.
Now we have
h(m) < MI(m),

where
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M= h(mh)
I(my,)

and I(m) is the negative binomial distribution with

XrB

=my+1-p - ,
L A S S——

S=l+—£——-mh.
1-p

However, at present the value of S may not be a strictly positive integer. We can

overcome this problem by setting

S’ = integer part of (S +1).
Then

S =S+o
forsome 0 <o <1.

Let I’ be the negative binomial distribution with parameters p and S§’. Then, for

m=0,1,2,...,

I(m) o S+tm+1l S+m S
=p X X...X
I'(m) S+o+m+1 S+a+m S+ao

Thus we have

h(m)< p™@ —I;E—%I’(m).
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4.4 Estimation Using the Gibbs Sampler
In Subsection 4.4.1 we show approximations to the probability densities
P(AINy, Xy, Xy, -, XT)
and
P(uINg, Xo, X15 -, X7)

obtained by plotting values from 1,000 iterates of the Gibbs sampler. We estimate A

and | as the modes of these distributions.

The data used was monthly counts of diagnosed AIDS cases in Australia from January
1985 to December 1994 (see Appendix A). As mentioned in Section 4.0, the use of
AIDS data is strictly for illustrative purposes. The high variability of the incubation time
of this disease and the fact that infected individuals usually remain infectious for long

periods imply that a continuous time model should be used for this epidemic.
4.4.1 Discussion of the Estimates

Smoothed histograms of the values generated from 1,000 iterates of the Gibbs sampler
(with starting values A =01, p©@ =50 and N» = N, =540 for t=1,2,...,120)

for A and p are given in Figures 4.1 (page 117) and 4.2 (page 118), respectively.

We observe that the mode for A is approximately 0.088 and the mode for p is

approximately 47.6.

The generated values for A ranged from 0.083 to 0.092. For p, the range was
[45.7,49.2]. In both cases the generated values were ‘bunched’ around the mode. For

A there were over 500 values within 0.001 of the mode, while for pn , there were 470
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values within 0.5 of the mode. Hence, the HPD (highest posterior density) regions for

both posterior densities will be very narrow.

Sensitivity of the mode with respect to the initial values A® and n©® was investigated

using Nt(o) =540, for t=1,2,...,120, and the following values for (7»(0), u(o)) .

(0.01,50), (0.02,50), (0.1,45), (0.1,60), (0.01,45), (0.01,60), (0.02,45), (0.2,60).
We found, with 1,000 iterates of the Gibbs sampler, that the mode of | ranged between
475 and 47.8 while the mode of A was always between 0.087 and 0.089. We then
looked at the sensitivity with respect to the initial values Nl(o), ND, ..., l(g()). Several
samples, of size 120, were generated from different Poisson distributions. The
parameters of these distributions ranged from 500 to 600. With A =0.1, p©@ =50

and the initial values for the N, generated in this fashion we again obtained estimates of

A between 0.087 and 0.089. The range for 1 was [47.2, 47.8].
From equation (3.2.4), the probability of the epidemic coming to an end at time ¢ is

u t
-=(1-M[1-a1-A
FROOADT ey

where Y; is the initial number of susceptible individuals. For fixed values of A, u and

Y, , this expression is bounded above by

—min{%(l—l), YO}
€

for all non-negative ¢. Hence, our estimated values of A and QU indicate a very low
probability of the disease dying out. However, when drawing this conclusion we must
keep in mind that we are using AIDS data only to illustrate our methods and that this

epidemic does not satisfy the assumptions of a discrete time model.
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APPENDIX A

Cases of AIDS in Australia by Month of Diagnosis : 1985 - 1994

The following data are taken from Volume 11 of the Australian HIV surveillance report

(see page 24) which is produced by the National Centre in HIV Epidemiology and
Clinical Research.

Jan | Feb Mar Apr May Jun Jul | Aug | Sep | Oct | Nov | Dec

1985110 10 7 8 21 10 12 |4 15 (10 |10 |10 | 127
1986 114 15 14 14 19 19 17 |24 24 |32 |26 |13 |231
1987 129 27 33 120 43 34 28 |26 |38 |30 (45 |29 |382
1988 |42 43 24 35 34 45 56 |50 |44 |52 |59 |49 |533
1989 162 47 41 31 47 55 48 |57 (56 |63 |50 |53 |610
1990 |62 46 57 50 45 52 59 |59 |65 (69 |49 |50 |663
1991 |65 66 (65 70 60 61 54 |66 |8 |77 [67 |60 |796
199255 67 65 161 |75 64 (71 |73 |59 |63 |62 |57 |72
199367 66 64 65 48 63 |71 |78 |67 |71 |61 |61 |782
1994 (69 163 (74 73 |55 67 150 |75 |8 |8 |46 145 787
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