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ABSTRACT

The development of generalised linear mixed models (GLMM) over the last
decade or so has extended generalised linear modelling (GLM) techniques
(McCullagh and Nelder, 1989) to incorporate both fixed and random effects in
a model. The development has unified the approaches to deal with a wide
class of statistical problems such as overdispersion, shrinkage estimation,
correlated errors and similar other problems under the common framework of
GLMMs. The thesis looks at some theoretical and applied aspects of GLMMs
for analysing categorical data.

After introducing the problem and reviewing the literature in the first two
chapters it starts with an investigation of some properties of the GLMM
estimators. Approximate moments are developed for residual maximum
likelihood estimators by utilising the known moment properties of the
derivatives of likelihood functions. This development offers an alternative
set of estimators for the second order moments of the variance components.
The applicability of the development to a number of problems is discussed.

Hierarchical generalised linear models (HGLM), another recent development,
allows the distribution of the variance components to be non-normal unlike
GLMMs. A comparative study of HGLMs and GLMM:s has been undertaken by using
a Poisson response variable.

The application of GLMMs to a number of categorical data problems is
discussed and specific application strategies are developed. = The analysis
of matched case control studies with random exposure effects is shown to be
more appropriate under the GLMM framework. The analysis of contingency
tables with clustered observations is another such application. The methods
of analysis with GLMMs have been developed under both Poisson and
multinomial sampling assumptions. =~ A general strategy for dealing with
overdispersed multi-category response data is also presented.

The applicability of threshold modelling to the analysis of contingency
tables with ordered categories is discussed. The strategy has been extended



to cover the situation where not only are the categories ordered but also
the observations are clustered.

An approximate method for adjusting the standard errors of the fixed
parameters in the absence of a full GLMMs based analysis is presented. This
can be applied to any of the above mentioned applications to reduce the risk
of misleading inferences in a fixed effect analysis.

The proposed methods are applied to various real datasets and the results
from simulation studies are presented where appropriate.



CONTENTS

1. Introduction
1.1 Mixed Models
1.2 Generalised Mixed Models
1.3 Research Objectives
1.4 Outlines of Chapters

2. Review :

Estimation in Mixed Models

2.1 Introduction
2.2 Methods for Continuous Response Variables

2.2.1 The Analysis of Variance Method

2.2.2 Best Linear Unbiased Prediction (BLUP)

2.2.3 Maximum Likelihood (ML)

2.2.4 Residual Maximum Likelihood (REML)

2.2.5 Other Methods

2.3 Methods for Discrete Response Variable

2.3.1 Generalised Linear Mixed Models
2.3.2 Estimation Framework in GLMMs
2.3.3 BLUP to ML and REML

3. Moment Properties for Estimators in Generalised
Linear Mixed Models

3.1
3.2
33
34
3.5
3.6
3.7

3.8

Introduction
The Linear Mixed Models
Estimation of B and u
Estimation of ¢ Variance Components
Estimation of the y Variance Parameters
Normally Distributed Random Components
Applications
3.7.1 Generalised Linear Mixed Models
3.7.2 Random Component Hazard Models
3.7.3 Threshold Models
3.7.4 Poisson-Gamma Model
Simulation Support

AN = =

11
11
12
14
19
22
23
23
28
30

33

33
34
35
38
39
41
42
42

45
46
47



4. Hierarchical Generalised Linear Models : A Comparison
between Poisson-Normal and Poisson Gamma Models
4.1 Introduction
4.2 Hierarchical Generalised Linear Models
4.2.1 Estimation in Poisson-gamma and
Poisson-normal models
4.3 Simulation
4.4 Results
4.5 Discussion

5. Matched Case Control Studies with
Random Exposure Effects

5.1 Introduction

5.2 Model and Notation

5.3 Estimation

- 5.3.1 Estimation in Matched Case-Control Data

5.3.2 Generalisation
5.3.3 Efficiency in Computation

5.4 Simulation Support ,
5.4.1 Single Case and Multiple Controls
5.4.2 Multiple Cases and Multiple controls

5.5 Applications
5.5.1 Los Angeles Study of Endometrial Cancer
5.5.2 Low Birth Weight Study

5.6 Discussion

6. Analysis of Contingency Tables with
Clustered Observations

6.1 Introduction

6.2 Analysis of Contingency Tables
6.2.1 Sampling Models
6.2.2 Test of Independence
6.2.3 Adjustment for Complex Sample Design
6.2.4 Log-Linear Models

6.3 Generalised Linear Mixed Models Approach
6.3.1 Application to Contingency Tables
6.3.2 Computation

50

50
51
52

54
55
59

62

62
62
63
64
66
67
68
69
70
72

72

74
75

77

77
78
78
79
80
82
83
83
87



6.4 Application
6.5 Discussion

7. Modelling Multinomial Data with Extra Variation
and Analysis of Contingency Tables

7.1 Introduction

7.2 Analysis Ignoring Clustering

7.3 Generalised Linear Mixed Models Approach
7.3.1 Multinomial Logistic Modelling
7.3.2 Multiple Levels of Clustering

7.4 Application to Contingency Tables

7.5 Empirical Results
7.5.1 Application to Neighbourhood Dataset
7.5.2 Application to Birth Defect Study

7.6 Discussion

8. Analysis of Contingency Tables with Ordered
Categories and Clustered Observations
8.1 Imtroduction
8.2 Log-linear Models for Ordered Categories
8.3 Threshold Models
8.4 Estimation in Mixed Threshold Models
8.5 Threshold Models for Contingency Tables
8.5.1 Fixed Effect Analysis
8.5.2 Mixed Effect Analysis
8.5.3 Multi-level Clustering
8.5.4 Test of Independence
8.6 Applications
8.6.1 Fixed Effect Threshold Modelling
8.6.2 Mixed Effect Threshold Modelling
8.7 Discussion

9. Adjusting the Standard Errors of the Fixed
Coefficients for Random Effects
9.1 Introduction
9.2 Adjustment
9.2.1 Adjustment for One Random Term

89
92

94

94

95
97

- 98

100
101
104
104
106
111

112

112
113
116
117
120
121
122
124
125
126
127
130
133

134

134

135
137



9.2.2 Adjustment for Two Random Terms
9.3 Simulation Results
9.4 Application
9.5 Discussion

10. Overall Discussion

10.1 Overview

10.2 Problem Areas
10.2.1 Estimation of Variance Components
10.2.2 Asymptotic Theory
10.2.3 Model Diagnostics
10.2.4 Software

10.3 Potential Research Problems
10.3.1 Distribution of GLMM Estimators
10.3.2 Information Matrix
10.3.3 Likelihood Ratio Tests
10.3.4 Comparison Between HGLMs and GLMMs

- 10.3.5 Exact Expressions

10.3.6 Sampling Weights

References
Appendix A : Datasets
Appendix B : APL Programs

139
142
145
147

149
149
150
150
151
151
152
153
153
153
155
156
156
156

158
172
181



CHAPTER ONE

INTRODUCTION

1.1 MIXED MODELS

The wuse of regression models to study the inter relationships among
variables is a common phenomenon in socio-economic and biomedical research
and the related theory has occupied a substantial part of the statistical
literature. In a model the coefficients which relate the dependent variable
with the explanatory variables are called parameters. These parameters are
often assumed fixed implying that if the whole population could be observed
then the actual value of a parameter can be obtained. However in many
applications it also makes sense to assume the parameters are random. That
means even in the population these values are not fixed and can vary
randomly from one to the next realisation of the population.  For instance,
in some applications the set of parameters in a model may be a sub-set of a
bigger set of parameters while an inference is required for the whole sét
and not for the sub-set in hand. In that case it is more appropriate to
assume the parameters in the model are random rather than fixed.
Consequently, depending on the nature of the parameters, the models are
referred to as fixed effects or random effects. Models which include both

fixed and random parameters are called mixed effect models or mixed models.

Although the term ‘mixed models’ was first introduced by Eisenhart (1947)
the use of mixed models in the form of variance components dates back as
early as the 1860s. Airy (1861) and Chauvenet (1863) implicitly used
variance component models in their work in astronomy. However the real

evolution of the linear mixed model was initiated with the work of Fisher



© (1918, 1925) in genetic modelling and the development of the analysis of
variance (ANOVA) technique. This process of evolution continued and
received real impetus during the 1950s and the 1960s when more interest was
focused on the estimation of variance components, particularly in relation
to the construction of a selection index in genetics (Henderson 1950, 1953,
1963; Rao 1952). Since then the theory and application of mixed models have

been considerably developed.

Mixed models are found to be a very useful tool to analyse data that are
correlated due to single or multi-level clustering or some form of
hierarchical  structure. Datasets  with  clustering or  hierarchical
relationships are very common in practice. For example, data on students
from different classes in different schools, patients from different clinics
and animals in different litters are naturally correlated at respective
levels of grouping.  Similar structures are introduced in datasets collected
through multistage sample surveys. In longitudinal studies repeated
observations on the same individual are another example of correlated data.
Mixed models are used very extensively in genetics in assessing the genetic
merits of animals. The models can be used to separate fixed effects such as
age, sex or breed of animals from random genetic effects. The predictions
of random effects can then be used for selecting animals in a breeding

program.

1.2 GENERALISED MIXED MODELS

The application of mixed models is not restricted only to the case of
continuous response variables with normally distributed errors.  During the

last couple of decades there has been considerable research in applying



mixed models to discrete data.  Following the framework of generalised
linear modelling (GLM), as in McCullagh and Nelder (1989), the theory of
mixed models has been extended to cover a variety of discrete response
variables with non-normal error distributions. The general framework of the
extension of GLM to mixed models is called generalised linear mixed models
(GLMMs).  The generalised framework can be applied to the modelling of
either continuous or discrete response data with clustered or hierarchical
structure. In epidemiological or biometrié studies, the wvariable of
interest is often discrete and in many cases correlated or clustered. In
such situations GLMMs have proved to be very useful analysis tools. 'GLMMs
are also found to be useful in accommodating overdispersion often observed

in binomial (Williams, 1982) and Poisson (Breslow, 1984) regression models.

However, the use of GLMMs for discrete data is not as widespread as for
continuous data for a number of reasons. The method of estimation for
~ discrete data is more complicated than that in the continuous case. The
absence of related fully developed asymptotic .theory for inference; absence
of appropriate modifications required for applications to specific types of
discrete data and the unavailability of appropriate software are some of the
main reasons preventing the widespread use of GLMMs. In recent years
several authors such as Anderson and Aitkin (1985), Breslow (1984), Morton
(1988), Stiratelli et al. (1984) and Williams (1982) have investigated the
techniques of fitting GLMMs. Influenced by the above work Schall (1991),
Breslow and Clayton (1993) and McGilchrist (1994) have developed methods of
fitting GLMMs in a more general framework. Although each of these methods
use a somewhat different rationale, the methods are substantially in

agreement with one another.



1.3 RESEARCH OBJECTIVES

As indicated above the method of estimation in GLMMs is still not co'rripletely
developed. There is scope for further improvements particularly in relation
to the properties of the GLMM estimators and inferential techniques. Also
there is a need to analyse the GLMM framework with respect to its
applicability to various types of categorical data. The aims of the thesis
are: to further investigate the method of estimation in GLMMs; research the
properties of the estimators; and analyse and develop the appropriate
modifications required fof applying the method to some specific types of
categorical data which are frequently observed in applied research.
Applications to matched case-control studies, analysis of contingency tables
with nominal and ordinal categories, and application to multi-category

response data are some of these examples.

The research will mainly concentrate on the approach to estimation used by
McGilchrist (1994) which uses the best linea_r unbiased prediction (BLUP)
methods. BLUP was first proposed by Henderson (1963, 1973, 1975) to develop
approximate maximum likelihood (ML) and residual maximum likelihood (REML)
estimators.  The approach is based on an approximate linearisation of the

model and hence has the potential to apply to wide ranging problems.

1.4 OUTLINES OF CHAPTERS

After setting the background and the broad objective of the research in
Chapter 1, an extensive review of the literature related to the estimation
of variance components and fitting mixed models is presented in Chapter 2.

Because of the difference in the problem of estimation in mixed models for



continuous and discrete response variables the review of literature has been
separated accordingly. The first part of Chapter 2 reviews estimation
methods associated with a continuous response variable with normal error
model, while the second part extends the review to the case where the

response variable is discrete with non-normal error distribution.

In Chapter 3, approximate second order moments of GLMM estimators are
developed by utilising the connection between REML estimators and known
moment properties of the derivatives of the components of penalised
likelihood functions.  Expressions for estimators of variance componenfs and
other parameters are then obtained based on the moments. The expressions
provide an alternative strategy for estimating the variance of the
dispersion  parameters. The applications to specific cases such as
generalised mixed models, random component hazard models and threshold
models are discussed. The GLMM strategy is then extended to a non-normal
random component. This is done for a response variable with Poisson
distribution and the random component is assumed to be gamma distributed.
The chapter concludes by presenting the results from a simulation study

using Poisson-gamma model.

Although the theory has been developed assuming the distribution of the
random term is either normal or some other appropriate distribution, no
study has so far investigated if the difference in distributional
assumptions has any impact on estimates. Poisson-normal and Poisson-gamma

distributions are compared and presented in Chapter 4.



Chapter 5 presents a strategy to analyse data from matched case-control
studies where: exposure effects are random over matched sets. This involves
applying GLMMs framework to the conditional likelihood based analysis and
deriving expressions for estimation equations. An efficient computing
method for dealing with studies involving large numbers of matched sets is
also developed. A simulation study is undertaken and the method is applied

to a number of real datasets.

In Chapter 6, it is demonstrated how GLMMs can be used to analyse
contingency tables where observations are clustered. The method presented
in the chapter is developed under Poisson assumptions. The performance of
the method is evaluated by using a benchmark dataset called Neighbourhood
data (Brier 1980) which has been used by some other authors (Fingleton 1984)

to investigate the analysis of clustered contingency tables.

A strategy for analysing a multi-category response variable under GLMMs is
developed in Chapter 7. The proposed strategy is applied to a dataset
called ‘hamsters birth defects study’ and the results are compared with
existing methods of analysis for multinomial response. The method is then
extended to the analysis of contingency tables with clustered observations
under product multinomial assumptions. The neighbourhood dataset mentioned
above is tested for independence under this approach and compared with the

results obtained under the method presented in the previous chapter.

The methods of analysis presented in Chapters 6 and 7 are apprOpfiate for
contingency tables with nominal categories. In Chapter 8, a method for

analysing contingency tables with ordinal categories is developed based on



threshold models (McCullagh, 1980). It is shown that the method is more
efficient than those discussed in Chapters 6 and 7 when the categories are
ordinal as the number of parameters to be estimated is fewer due to the
utilisation of additional information of the ordered relationship among
categories. The method is extended to cover the situation where not only
are categories ordinal but also observations are clustered. This is done
by incorporating random cluster effects in threshold models. A number of
contingency tables with both independent and correlated observations are
analysed by using this approach. As the categories of the Neighbourhood
dataset are ordinal this is reanalysed here to compare the result under the
mixed threshold model with those of other methods that do not - utilise the

ordered relationship.

In Chapter 9 a method is presented to approximately adjust the standard
errors (SEs) of the coefficients in a fixed effect model in the absence of a
full mixed model analysis. In most practical applications interest is
mainly focused on the estimates of fixed parameters rather than the
predictions of random effects. However, if the estimates are obtained by
using a fixed effect model ignoring random effects then the main problem
appears to be the underestimation of the standard errors (SEs) of the
coefficients. ~ The estimates of the coefficients also suffer from bias but
to a much lesser extent than the SEs, implying that in most cases the risk
of making a wrong inference can be reduced considerably by adjusting only
the SEs. This strategy can be useful when an applied researcher is not
capable of undertaking a full mixed model analysis because of the absence of

appropriate software or expertise. It can also be wuseful in a situation



where the number of random effects to be predicted is extremely large and it

may not be easy to undertake a mixed model analysis.

In Chapter 10, a general discussion of the research is presented. Possible

areas of further research are also discussed.

The datasets used in various chapters are presented in Appendix A. DYALOG
APL version 7.1 is used for all computing work in the thesis. Appendix B
presents the relevant APL programs used in various simulations and analysis

undertaken.



CHAPTER TWO

REVIEW : ESTIMATION IN MIXED MODELS

2.1 INTRODUCTION

The estimation of variance components has been a major problem since the
beginning of the mixed model analysis. However, not much progress had been
made in developing estimating techniques until the 1950s. Previously, the
main contribution had come from the development of the analysis of variance
(ANOVA) technique by Fisher (1918, 1925). This was further extended,
notably by Tippett (1931), Daniels (1939), Winsor and élarke (1940) and
Crump (1946), to the estimation of variance components. The next wave of
research on the estimation problem started with the publication of a paper
by Henderson (1953) which introduced three different methods for estimating
variance components from unbalanced data. Subsequently, the issue has drawn
extensive interest and a wide variety of estimation methods have been
developed. It is not intended to give an extensive review of the
development of the methods of estimating variance components in this
chapter. A detailed history of the development can be found in Searle et
al. (1992). Khuri and Sahai (1985) also provides a good summary of the more
recent work particularly in relation to continuous response variables. A

recent paper by Robinson (1991) includes an extensive bibliography.

The history of the development of estimating variance components for
discrete response variables on the other hand is not so old. The interest
in the use of mixed models for discrete data arose mainly in the 1980s,
particularly with the development of generalised modelling techniques

(McCullagh and Nelder, 1989). As the focus of the thesis is on discrete



response variables the related estimation issues will be discussed in detail
later in the chapter. By contrast the discussion of continuous response
variables will include only those methods which are related to the

estimation of generalised linear mixed models.

An introduction to the standard notation and general assumptions can be made

by defining a linear mixed model
(2.1) y=XB+Zu+e

where y is an nxl vector of observed responses and e is an nxl vector of
random errors. In the case of a continuous response variable the
distribution of e is assumed to be N(0,062D) where D is a known matrix. P is
a pxl vector of unknown fixed parameters corresponding to the known nXxp
matrix X of explanatory variables.  The random component Zu can be
partitioned conformably into Z=[Z,Z,,..,Z,] and u=[ujuj,...u;]’” where u
is a vxl vector of random effects with incidence matrix Z;, Each u is
assumed to be distributed as N[O,O'J?Aj(p)] where  p=(p,ppseesPs)s @
parameter which describes the covariance structure of the vectors w;.  The
inclusion of the covariance parameter p is a recent development. If c?:o'z(bj

then

oA (P O . 0
22 A=| 0 ®AP... 0

.

0 0 ...0AM

and Var(u) = 62%A.

10



Therefore, the assumptions in the model are -

E(u) = 0 and Var(u) = 6}A((p), for j=1,2,...k
Cov(ug,uy) = 0, for j#=1,2,...k

(2.3) .
E(e) = 0 and Var(e) = o?D; Cov(u;e) = 0

E(y) = XB, and E(y|u) = XB + Zu

Var(y) = V = 6°(D + ZAZ) = 6%

2.2 METHODS FOR CONTINUOUS RESPONSE VARIABLES
2.2.1 The Analysis of Variance Method

As mentioned above the ANOVA method was implicitly introduced by Fisher
(1925). Later Tippett (1931) used the method explicitly to estimate
variance components from balanced data with 2-way cross-classifications.
The essence of the method is to calculate the mean squares under the fixed
effect model and then equate these to the expected values under mixed or
random effect models to derive the estimators of variance components. Under
the assumption of normality of the error terms and other assumptions as
mentioned in (2.3), the distribution of the estimators are obtained as
linear functions of multiples of yx’-variables. Detailed discussions of the

ANOVA method can be found in Searle (1971) and in Searle et al. (1992).

For balanced data, the ANOVA method is still the most widely accepted
method. The ANOVA estimators are unbiased for balanced data and have the
smallest variance of all estimators that are quadratic functions of
observations and are unbiased. = Consequently, they are minimum variance
quadratic unbiased (MVQU) estimators. Under the assumption of normality the
estimators are minimum variance unbiased (MVU).  However, the major

disadvantage of the method is that the estimates can turn out to be negative

11



which is theoretically not acceptable. One of the suggestions is that the
negative estimate is an indication that the variance component is negligible
and should be treated as zero. Further discussion of this can be found in

Searle (1971).

The performance of the ANOVA method for estimation of variance compoﬁents
from unbalanced data is not as good as for balanced data. The properties of
unbiasedness and minimum variance as mentioned above do not hold in the
unbalanced case. The seminal paper by Henderson (1953) proposed three
- modifications of the basic ANOVA method for dealing with unbalanced data.
Method 1 is essentially the application of the strategy used for balanced
data but the method is not applicable to mixed models and it provides biased
estimates for random effect models. Method 2 uses data adjusted for fixed
effects and then obtains the estimates of variance componénts. It does
provide unbiased estimates but it is unable to handle any interactions
between fixed and random effects. Method 3 uses reduction in sums of
squares due to fitting a fixed effect model and various sub-models of it.
The variance components are estimated by equating each computed reduction to
its expected value under the full model. The estimators under Method 3 are
unbiased and the method can be applied to a model with interactions between
fixed and random effects. Among the disadvantages of the method is that the
estimates are not unique when there is more than one interaction term in the

model.

2.2.2 Best Linear Unbiased Prediction (BLUP)

Robinson (1991) provides an extensive review of BLUP and its justification

using various other approaches. BLUP is a technique introduced by Henderson

12



(1963, 1973, 1975) for estimating random effects. The method provides a
basis for generating ML and REML estimates particularly for GLMMs. It

involves maximising the joint likelihood function, /=I+l, where

-5 2n6* + In |D] + o”(y-Xp-Zu)D" (y-XB-Zuw)]

v
=
I

! 2 [y In@2ro}) + In [Ap)| + oA u]
J=

N
i

viz. I, is the log-likelihood for y given u fixed and [, is the log-
likelihood for u. For normal error models, the estimates B and u are those
values which equate the derivatives of [/ with respect to B and u to zero.
Hendersbn (1950) derived the simultaneous equations, also referred to as

mixed models equations, for calculating BLUP estimates as follows

ZD'X Z'D'Z+A™

- my-l
2.5) XD'X XDz -
Z’D’'y

B _ XID' ly .
u

Solving the equations provides explicit expressions for B and u

- [XIE' 1 X]'lxlz‘ ly

g~

(2.6)

i = AZS 'y - XB]

An alternative expression for u is derived by Patterson and Thompson (1971)

2.7) i = (ZZKZ+A™")Z'Ky

where K = D' - D'X(X'D'X)’X’D"! is a symmetric matrix with X'KX=0
implies KX=0.

13



Taking the derivatives with respect to 5?, &°, p, and equating to zero
provides the estimating equations for variance components. Solving the
equations and using the estimates B and u, the BLUP estimators of the
variance components are obtained as

& =(y-Xp - ZayD'y - Xp - Zi)n
2.8)

~ ~ya-l~

k .
2[5 - 5} GA; (2AY 6Ps)A}lﬁj]Ip=§s =0, s=1,2,...,S
j=1

where r}s) = tr[Ajfl(aAj/aps)]. The equation for p; may not be solvable

explicitly.

The above derivation is done without assuming any normality of the joint
distribution of y and u. However, under the condition of normality, BLUP

estimators have some good properties.

1. The BLUP estimators B and u are identical to ML
estimators given the variance-covariance matrix of y.

2. Eulid) = @

3. Var(u|di) = Var(u) - Var(ii)

Henderson (1973) also extended BLUP to predict k’B+m’u by k’ﬁ+m'ﬁ.

2.2.3 Maximum Likelihood (ML)

With the advancement of computing technology likelihood based methods for
estimating variance components are becoming more and more popular. The

applications of ML theory to variance components estimation are discussed in

14



Hartley and Rao (1967), Anderson (1973) and Miller (1973,; 1977). A unified
review of ML approaches to variance component estimation is provided by
Harville (1977). As Harville mentioned, a ML approach to variance
estimation has a number of attractive properties. @ The ML estimators are
asymptotically normal and efficient, consistent and are functions of every
sufficient statistic. The ML approach does not suffer from the deficiencies.
of some other methods. For example, the possibility of negative estimates
of variance components can easily be removed by including non-negativity
constraints in the parameter space. It offers a strategy for simultaneously
estimating fixed and random effects and the corresponding variance
components. One of the requirements of the ML approach is to assume a
parametric form for the distribution of the data vector. Generally, the

distribution is assumed to be normal for continuous data.

The ML estimators are derived by maximising the likelihood function with
respect of the parameters to be estimated. For the mixed model defined in

(2.1) the log-likelihood function of the observation vector y is given by
29) I=-3 Ml @m+hlVl+y-XpV'y - Xp)
The derivatives of [ with respect to B, o cf and p are as follows

% = [X'V'(y - XB)],

2L - (12)ne” - o*(y-XBYV ' (y-XPB)],
8c°
2.10)
L2 (1) [0(V'ZAZ) - (v-XBYV'ZAZV ' (y-XB)),
a0;

J
allap, = (-1/2) [te(V"'Z8AIap Z’) - (y-XBY'V 'ZoA/apZ'V™' (y-XB)],

15



Generally, the ML estimates are obtained by equating the derivatives to zero
and solving for the parameters. However, in this case the solutions for [
and O'J? may not necessarily be ML estimators because of the boundary

restrictions on o?. If V is known then the solution for j,
@l1l) B = @XV'X)XVvly,

gives ML estimates because there are no boundary restrictions on . If the
corresponding solutions for other parameters are within the boundary i.e. o’
> 0 and 0';‘-’ 2 0 then the estimates are ML estimates. If the above conditions
are‘not met then the solutions are not ML. One way of resolving the problem
in that situation is by replacing negative values by zero and then
recalculating the estimates until the non-negativity conditions are met.
The approach is further discussed in Herbach (1959) and Thompson (1962). In
_most cases the solutions have to be obtained numerically, usually by

iteration.

Hartley and Rao (1967) proposed an alternative method by formulating the

likelihood function in terms of H and (|)=c?/(52 where H is given by

(2.12) V = 6’H = ¢’ [I+ZAZ’]

with A is as defined in (2.2). Using (2.5) in the above derivatives the

estimates of B and o° are obtained as

(2.13) XH'y = XH'X B
214 o =(y - XPYH(y - XP)n

and the estimate of ¢; is obtained iteratively from

(2.15) tw(H'ZZ) = o*(y - XPYH'ZZH "y - XP) .

16



Since (2.12) does not involve p, there is no derivative with respect to p.

The availability of the large sample, asymptotic dispersion matrix of the

estimators is one of the attractive features of the ML estimation.

The

inverse of the information matrix provides the asymptotic variances of the

estimates where the elements of the information matrix are the second order

derivatives of the likelihood function.

McGilchrist and Yau (1995) derived an expression for the information matrix

Ly, for B, &, ;, P, as

oL 0 0 0
b |0 n2c®  (1267)[trz ' aX/ag;] (1/26%) [z 85/ap)]
0 . (2ulxex/egx ' o%/a0] (1/2)ulZ " ax/a¢.E  8/ap)]
o . . (1/2)u[z ' a3x/6p X ' 83/8p,]

where L = X’=7'X implying that for a particular value of X
B=LXxy

(2.16)
& = (y-XBy="(y-XBym .

k
Given that X = D + ZAZ' =D +2

j=1

ZAPYZ; .

k
8X/ad; = ZA(P)Z] , 8X/ap, = X 0,Z;8A/0pZ;
j=1

Q= KKKYK, Qy=X'(y-Xp) = D'(y-XB-Zd) ,

alternative expressions for variance components and Iy are derived

follows
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? = yZ'(y-XB)n = yD(y-XB-Ziiyn = y'Qy/n,

5

Ql
1

(2.17)

~rac-lz> *
WA; uw/(v;r]

ok
8llap | g=p = ~(112) T [v+1;"+0,(8A 10p i lp=5 = O for p,
j=1

which may be required to be solved iteratively.  The definitions of the

(s)

terms v +s)

and rj are given below. Let
-1
XpDX xXp'z | _J. .
1. T

(2.18) .
ZD'X Z'DZ+A

that means T is that part of the inverse corresponding to Z'D-'Z+A™" in the
original matrix and T'=(Z'D"'Z+A™)". T} is a partition of T into blocks

conformal to the partition of u.

Then defining the following terms

x _ a-l “lp* #(s) _ -l -1 *

o195 = O AT A oA o

et g -l RO
"A' TjiAi 9 rij

* _ * -1 * .-l
i}y = tr T} =t T} 9A;/ap,T}A}',

L5

r; = tr T; 8A;'/ap,T;0A ' 160, , v, = tr Aj'A;,

v = tr AlaAJe0, , v = tr 6A/00,0A;"80, ,

the information matrix multiplied by 2 can be expressed as
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2y, =
267L 0 0 0

k
0 n/ic* 0'}2(vj-r}‘) 0}2 > (v}%r}‘m)
j=

0 . [<|)1 (vi-2r} )8u+¢I ; TJ] [9; (vm+2r*(t) ): ¢, i, .jo

(D)
m _|m )

0o . i z (- v“"+2r*<s°+ 2 <|>,

j=1 m=

2.2.4 Residual Maximum likelihood (REML)

One of the shortcomings of ML estimation of the variance components is that
it does not consider the loss in degrees of freedom that results from
estimation of the fixed coefficients. The ML estimates, even from simple
balanced data, do not coincide with those generated by ANOVA methods. They
tend to be negatively biased and the variance is not minimum (Searle et al.
1992). To overcome this drawback the REML method was developed originally
by Anderson and Bancroft (1952) and Russell and Bradley (1958) for specific
balanced ANOVA models. Thompson (1962) extended it for all balanced ANOVA
models, and Patterson and Thompson (1971, 1974) extended it in general form.
The essence of REML estimation is to calculate variance components based on
residuals calculated after fitting the fixed effects part of the model
through ordinary least squares.  The estirﬁation can also be viewed as
maximising a marginal likelihood. @ The REML estimators are identical to
those resulting from ANOVA methods and likewise bear the property of
unbiasedness and minimum variance.  An expression for the REML log-

likelihood function given by Patterson and Thompson (1971) is

(220)  lLegyy = <(1/2) [(n-p) In (2n0?) + In |KEK| + o y’K(KEK) Ky]
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here K = D' - D'X(X'D'X)X’D"' which satisfies the condition KX=0.
(KZK) is the generalised inverse of KIK aﬁd |KZK| is the determinant of
linearly independent rows and columns of KZK. The estimators for o° and [0}
are derived by taking the derivatives of Izgy, as follows:

Blagr /867 = (-1/2)[(n-v)6>- o™y'Qyl,
(2.21)

Blgeny /80, = (-1/2)[trQ8%/a0; - oy’ Qaz/89,Qyl,
Blemi /0P = (-1/2)[trQa%/ap, - o™ y'Qa%/ap Qyl,
where Q = K(KZK) K-

Equating the above derivatives to zero and solving for o’ and ¢ gives the

REML estimates. Again the eqhations may have to be resolved iteratively.

Similarly to the ML estimators, the asymptotic dispersion matrix of the
parameters can be derived by taking the inverse of the information matrix
that is calculated by using the second derivatives of the REML log-

likelihood function.
An expression for ILgy. was derived by McGilchrist and Yau (1995) as follows

(-v)26*  (1267)[tr QaZ/ag;]  (126)[QeXep)
RemL = . (1/2)tr[Qa%/a,Qa%/a¢;] (1/2)tr[Q8Z/6¢;QaZ/8p,]
: (1/2)r[Qa%/8p,Q8%/ap,]

k
Using 8%/8¢; = ZA(p)Z] , 8%/ep, = X Z;8A/8p,Z; and the notations
j=1

used in the previous section, expressions for variance components are

derived as:

20



2 =l 7
OremL = (0-v) ¥'Qy ,
2.22) REML )

oo 2 - = 'l~ *
giving ¢j = wA; u/(vyr;)

k
8l/ap, | p=f = -(112) X [v{+17+0; 7} (0A; 18p )il p=p = O for p,
j=1

which may required to be solved iteratively. The information matrix

multiplied by 2 is

2_IREML = _
k
4 -2 -2 o, .
(n-v)/o G; (v 1) O; .Zl(vj +1; )
T =
. 2,- } LG
. [¢i2(Vi‘zri)aij"'q)izq)jzrij] [0; (vi+2r,0- % ¢;' jlrij )]
j=1
E\l (st) 1.t E-’ 4, -1 (s
. . ' l(-vj +2r,69+ Iq)j Om im )
j= m=

(s) (s) (st)

The expressions for r, r;, L, rj(S'), r; and r

P im  are obtained if

T* and Tj; are replaced by T and T; in the derivations of rj ,

+(s) L0 6) £ (80
5,13, 15 and rjy

as presented in the previous section.

The above expression for Iy, excludes the variance-covariances for the

fixed coefficients. These remain the same as for ML estimates.

Except some specific situations where explicit expressions for ML and REML
estimates can be derived (Herbach, 1959; Thompson, 1962), an iterative
numerical procedure needs to be employed to obtain the estimates. The
procedure turns out to be very computationally intensive as in each
iteration the first and second partial derivatives, expected values of the

second derivatives and other related quantities are required to be
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calculated. Moreover, there are many different numerical algorithms that
can be applied and none of these seem to_. work uniformly well in all
applications.  Anderson (1973) and Henderson (1973) proposed algorithms for
computing ML estimates of ¢ in specific situations. Harville (1977)
reviewed various procedures for obtaining efficient solutions in both
specific and general situations. The procedures for computing ML and REML
estimates of variance components rely mainly on a variation of the methods
of steepest ascent (Hartley and Vaughn, 1972), the Newton-Raphson method
(Hemmerle and Hartley, 1973; Corbeil and Searle, 1976) and the method of

scoring (Jennrich and Sampson, 1976).

2.2.5 Other Methods

There are many other approaches to the estimation of variance components
which are not very widely used in practice (Searle et al. 1992). Among
these Minimum Norm Quadratic Unbiased Estimation (MINQUE) and Minimum
Variance Quadratic Unbiased Estimation (MIVQUE) which were introduced by Rao
(1970, 1971a, 1971b, 1972). Under normality, MINQUE and MIVQUE are
identical. No distributional assumption is required for MINQUE except the
requirement of the existence of the first four moments. The procedure also
does not involve any iteration but for solving the linear equations it
depends on a priori values for variance components and the solutions can be
different for different choices of a priori values.  This is considered to
be a disadvantage of the approach. Rao (1979) developed a class of iterated
Minimum Norm Quadratic Estimators (MINQE) which do not depend on any a
priori values. This class also includes ML and REML estimators.  For

details of these methods of estimation, see Rao and Kleffe (1988).
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A number of authors proposed Bayesian methods for the estimation of variance
components. In the Bayesian framework the posterior distribution of the
variance components are obtained based on a prior distribution. Hill (1965,
1967) first considered the Bayesian method for estimating variance
components in the one-way random model. A review of the Bayesian methods
for variance components can be found in (Khuri and Sahai, 1985). It is
noted in the latter paper that the Bayesian methodology was investigated
mainly for balanced data and not many papers were published for its

applicatidn to unbalanced data.

2.3 METHODS FOR DISCRETE RESPONSE VARIABLES
2.3.1 Generalised Linear Mixed Models (GLMMs)

The investigation of the methods of fitting mixed models to a discrete
dependant variable has been started rather recently.  The development of
generalised linear modelling (GLM) techniques by Nelder & Wedderburn (1972)
and McCullagh and Nelder (1989) paved the way for extending mixed models to
discrete response data. GLM has unified the regression methodology for a
variety of discrete and continuous response variables. GLMMs are in fact an
extension of GLMs to incorporate both fixed and random effects in the model.
Similarly to GLM, in GLMMs the distributioﬁ of the error term is not
restricted to the normal but can follow any distribution from the

exponential family.

The problem of estimation in models with non-normal error is more complex
than that of mixed models with normal error. In non-normal error models,
the random error is generally assumed to follow a multivariate normal

distribution and variance components are estimated based on the marginal

23



distribution of the response variable. However, a full maximum likelihood
analysis based on the joint marginal distribution requires numerical
integration techniques for calculation of the log-likelihood by integrating
out with respect to the random effect variables. The problem with this
marginal likelihood approach is that, except in some simple cases, it has
proved intractable to perform the numerical integration  operation,
particularly for more complicated problems involving high dimensional
integrals. A variety of different approaches have been proposed to overcome

the problem.

Leonard (1972) gave a Bayesian procedure for estimating the variance of the
random effects. The Bayesian approach to binary responses is described in
Stiratelli et al. (1984) for modelling the dependence among outcome
variables inherent in longitudinal or repeated measures designs. Recent
Bayesian techniques overcome the problem of numerical integration by taking
repeated samples from the posterior distributions wusing importance
(Raghunathan, 1994) or Gibbs sampling techniques (Besag et al., 1991; Zeger
and Karim, 1991). |

Williams (1982) proposed an empirical approach for binomial data with extra
binomial variation. Breslow (1984) investigated the problem in the context
of Poisson-gamma models. Crowder (1985) and Tsutakawa (1988) have
investigated log-linear models with random effects for count data. Anderson
and Aitkin (1985) and Im and Gionola . (1988) used maximum likelihood
estimation in logistic and probit models where the random effects are
assumed to follow a normal distribution, and the conditional distribution of
y is binomial. Other models have been proposed by Williams (1975), Crowder
(1978) and Kupper & Haseman (1978).
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Methods for estimating random parameters from threshold data are presented
by Gianola & Foulley (1982, 1983) and Harville and Mee (1984). These
methods, based on Bayesian arguments, maximize the likelihood jointly for}
both fixed and random effects. Gilmour et al. (1985) proposed an
alternative  solution for predicting random effects which maximizes the
likelihood with respect to the fixed effects while taking expectations over
the random effects. The solutions of the resultant equations produce
predicted values of the random effects. The Gilmour et al. (1985) approach

has elements in common with the EM algorithm of Dempster et al. (1977).

Zeger et al. (1988) introduced the concepts of ‘subject specific’ (SS) and
‘population averaged’” (PA) approaches. In SS models, subject-to-subject
heterogeneity is explicitly modelled, while in PA models, importance is
given to population level inference rather than to any individual. The
generalized estimating equation (GEE) approach of Zeger and Liang (1986),
Liang and Zeger (1986) and Zeger et al. (1988) is based on the PA approach.
This models the marginal exbectation, rather than conditional expectation
given a cluster-specific effect, thus avoiding the need for numerical
integration. =~ As the strategy does not provide any estimates of random
effects it is not useful to those situations where interest is on the random

effects.

Schall (1991) wused a different approach which went directly to a
linearisation of the link function applied to the observations rather than
approximating the likelihood function. This direct approach enabled Schall
to use the relationship among BLUP, ML and REML approaches, developed for
normal theory models by Harville (1977), Patterson and Thompson (1971) and
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Fellner (1986, 1987), to obtain similar methods for GLMMs. Wolfinger (1993)
applied an approximation to Laplace’s method for integrals to marginal

distributions of non-normal data and extended Schall’s approach.

Breslow and Clayton (1993) developed penalized quasi-likelihood (PQL) and
marginal quasi-likelihood (MQL) for approximate inference in GLMMs. Similar
approaches have been used by Engel and Keen (1992) and Wolfinger and
O’Connell (1993). PQL method was investigated previously by Green (1987)
for inference in hierarchical models. Laird (1978) and Stiratelli et al.
(1984) also proposed PQL as an approximate Bayes procedure for some GLMMs.
The MQL procedure, in fact, originated in Goldstein (1991) as an extension
to GLMs of his work on multilevel modelling (Goldstein 1986, 1988). By
using informal mathematical arguments, simulations and applying to several
data sets, Breslow and Clayton (1993) conclude that PQL is wuseful in
practice for approximate inference on fixed and random effects in the
hierarchical model. ﬁowever, when applied to clustered binomial data the
approach underestimates somewhat the variance components and fixed effects,
but the bias tends to disappear rapidly for binomial obsefvations with
denominators greater than one (Breslow and Clayton 1993). The Solomon and
Cox (1992) approach and a Laplace approximation are compared through
different expansions of the likelihood function in Breslow and Lin (1995)
where a bias correction for PQL is given. The failure to account for the
contribution of the estimated variance components when assessing the
uncertainty in both fixed and random effects is another limitation of PQL.
On the other hand, an important drawback of MQL is its inability to
correctly model the heterogeneity in the fixed effects which leads to a

misleading correlation in the estimated random effects. Breslow and Clayton
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(1993) recommended that MQL should be the preferred method when the marginal
relationship between covariables and response is of interest but PQL should
be used when estimates of random effects are of interest in the hierarchical

model.

McCulloch (1994) proposed a variation of the EM algorithm for computation of
ML and REML estimation of variance components and an analog of BLUP for the
realized values of the random effects in a class of probit-normal models for
binary data. The strategy was extended further in McCulloch (1997) to
develop another computation strategy called Monte Carlo Newton-Raphson

(MCNR) method.

McGilchrist and Aisbett (1991a) proposed an estimation procedure based on
Henderson’s BLUP technique (1963, 1973, 1975). They proposed to replace the
likelihood function for fixed and random components by the asymptotic
likelihood of their ML estimators ’and the distribution of the random

components by a restricted prior. This is essentially a PQL approach.

McGilchrist (1994) further modified the McGilchrist and Aisbett (1991a)
approach. The method extended BLUP methods to ML and REML estimation
procedures in GLMMSs. The approach is still similar in principle to PQL and
very much in agreement with McGilchrist and Aisbett (1991a), Schall (1991)
and Breslow and Clayton (1993). It uses a slightly different argument for
approximate linearisation which provided a rationale for applying the method
to a wider class of problems. Applications of the method have been made to
Multi-centre clinical trials in McGilchrist and Zhaorong (1990); discordance
data in Zhaorong et al. (1992); to threshold models in Zhaorong et al.
(1992), Saei (1996) and Saei and McGilchrist (1996); to survival analysis in
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McGilchrist and Aisbett (1991b), McGilchrist (1993), McGilchrist and Yau
(1996), Yau and McGilchrist (1998). This approach has been investigated

further in the current thesis.

Lee and Nelder (1996) has further extended the linearisation approach by
introducing a variety of random component model distributions and deriving
estimating equations for the parameters of the generalised model.  Their

approach has been termed the hierarchical likelihood approach.

2.3.2 Estimation Framework in GLMMs

As mentioned above a wide variety of different approaches has been proposed
for obtaining ML or REML estimates in GLMMs with non-normal error. A number
of authors have proposed penalised quasi-likelihood with some variations.
As most of the approaches are very much in agreement, a general framework of

GLMM with particular references to McGilchrist (1994) is presented here.

In GLMM, the distribution of the response vector y given u depends on an
underlying vector quantity T which in turn relates to the explanatory

variables through the equation
n=XB+ Zu

The notation used here is the same as described in section 2.1. The log-

likelihood function of y conditional on fixed u is
I, = In f(y;Blw)

where f(y;BIu) is the probability density function of y conditional on fixed
u. As the distribution of the random component vector u is assumed to be

normal the log-likelihood is given by
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k
3 Iv; In@2na)) + In |A(@)] + ofuA"u]

223) I, =- J
ji=1

N —

Estimators are derived using a penalised likelihood approach. The approach
is consistent with the BLUP philosophy which obtains estimators 6, u by
- maximising the penalised likelihood function [ = l1+lz . First and second
derivatives of the log-likelihood are

allaf = X’all/an ., dllou = Z’all/an + ol /6u
(2.24) '

a’laBap’ = X'(°L fnan)X,  d°Uaau’ = X'(8'] /anen')Z

d'liauew’ = Z'(8l fonon)Z + 81 Joudw’

~

Letting B = -azzl/anan' , B = -g’L/eudy’ , the values B and U which
maximise the likelihood function are obtained by using an iterative Newton-

Raphson algorithm as follows

0

(2.25) [E:] = [ﬂ + V"[Xf]t + V"[g] , where t = al/on , s = al,/ou

and B, , u, are initial values which are replaced by B, , u, after the
first iteration and the process continued until convergence is achieved.

The variance-covariance matrix V is given by

v = _|eUeBep’ a'laBeu’
8°l/ausp’ a'l/ousw’
(2.26) ]

_ X'] 00| _|Vu Vi 4 T
= [Z"E’[XZ]+ [00\]" Vy Vpl» ¥V = [T; T

If V is replaced by E(V) then the iterative procedure becomes the method of

scoring.
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McGilchrist (1994) argued that the likelihood function [ can be approximated

by assuming that B and u have approximately a joint normal distribution with

means B and u and variance matrix V~ as follows

’

~ ~

(227) I = constant +% B-B| v [B-B|.

~ ~

u-u u-u

In McGilchrist and Aisbett (1991a), the component [, of the BLUP procedure
is replaced by the log-likelihood of P and © based on the normal
approximation of its asymptotic distribution. The resulting BLUP log-
likelihood is identical with the above quadratic expression. The estimating
equations for B and u are also consistent with that of the method of
scoring. ~ McGilchrist (1994) concluded that if [ is approximately quadratic
in B and u then the BLUP estimation may be considered as derived from the
very approximate asymptotic distribution of B and u. Then the joint

likelihood of the BLUP procedure is approximated as I' = IT + I, with [, as

defined above and

IT = constant - % B‘B [X:][B[X Z] B'E
u-u u-u
(2.28)

= constant - (1/2)(y*-XB-Zu)'B—(y*-Xp-Zu)

where y* =XB + Zii and B = -E(&’ /nen)

2.3.3 BLUP to ML and REML

For given ¢, both ML and REML estimators of [ are identical to the BLUP

estimators. But the estimators of the variance components are different.

If T* = V,, then the ML estimators are
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0,34,_ = y*’[B(y*-XE-Zﬁ)/n ,
(2.29) |

2 _ rracl~ *
Cimuy = WA U/(vrj) ,

" 2~ -1 ~
'il[vjﬁs)+rj(5)+0'j W/(6A;'/0p)E] = 0, for Py, =128
J:

where r}‘ = ¢J?' tr(AJTITJ‘?j). The information matrix for the ML estimators of

2 . . . .
0", ¢; and p, are as given in the previous section.

Similarly, the REML estimators of the variance components are derived by
using T instead of T*;

2 Y -
OremL = ¥~ 'B(y"-XB-Za)/(n-v) ,
(2.30) REML

2 Y £
Ciremn) = WA; 0/(vyry) ,

i [V§5)+I‘}S)+szﬁ§(3AJjl/aps)ﬁj] = 0, for pS(REML)' s=1,2,...,S
j=1

where r; = ¢JT' tr(AJTlTjj). The information matrix for the ML estimators of

o, ¢; and pg are as given in section 2.2.4.

For the normal error model, y* and B should be replaced in the above

expressions by y and D' respectively and for non-normal error model o’=1

implying ¢;=c".

As mentioned above the solution for the parameters has to be obtained
iteratively. The process starts with arbitrary values of ¢ and p and
obtains the initial estimates of B and wu through the Newton-Raphson

algorithm. Then the initial estimates of 8 and u are used to calculate the
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initial estimates of ¢ and p. The second iteration starts with these
initial estimates of ¢ and p and then a new set of estimates of B and u is

obtained. The process is continued until convergence is achieved for B, u,

¢ and p.

32



CHAPTER THREE

MOMENT PROPERTIES FOR ESTIMATORS IN GENERALISED
LINEAR MIXED MODELS

3.1 INTRODUCTION

In GLMMs, valid asymptotic theory has been difficult to develop through
expansion techniques (see Barndorff-Neilson and Cox, 1994) because of the
number of random components. It will usually be true that, as the number of
responses increase, so too will the number of random components involved in
the corresponding model. Indeed, as the number of observations approach
infinity, so too do the number of random components. Because of this
difficulty the asympototic properties of the GLMM estimators have not been

developed fully.

The aim of this chapter is to develop approximate moments for REML
estimators. This is done by linking the distribution of estimators of fixed
and random components in the mixed model to the distribution of the
derivatives of loglikelihoods and derivatives of logarithm of density
functions which have known first and second order moment préperties. The
linking equations are again based on approximate first order expansions but
the resultant theory is further justification for the use of extended REML
techniques. In section 3.2 the structure of the inference problem is set
out and in sections 3.3, 3.4 and 3.5 estirﬁation techniques are developed.
Two alternative strategies *for deriving the estimator of the variance
components ¢ are discussed and a new method for calculating variance of the
estimator ¢ is developed under the assumption of approximate normality for

ﬁj. An estimator for an additional variance parameter 7y and the
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corresponding variance of the estimator Y are also derived. Final sections
consider application to specific classes of problems.j One of the
applications is to extend the method for a Poisson distributed response
variable to the case where the distribution of the random components is non-
normal.  Finally, results are presented from a simulation study using the

Poisson-gamma model.

3.2 THE LINEAR MIXED MODELS

In the previous chapter a basic description of GLMMSs and the estibmation
problem has been presented. However, in this section problems are taken to
have a particular structure which is sufficiently general to include GLMMs
and dependent failure time models. The i" response is taken to have a
distribution dependent on a quantity m, for i=1,2,..,n. In the structure
considered here, regression parameters of interest are contained in the

linear combinations

3.1 n = xi'B + z;u , 1=12..n

where X, is a v-dimensional vector of risk or regression variables with
regression coefficient B fixed across different values of i , while u is a
vector of random components and having incidence vector z indicating which
random components are present in n. Letting n’:[nl,nz,...,nn] then the
linear model becomes m = XP + Zu as described in 2.3.2. In some cases it
is convenient to write u’=[u; ,u;,...,ul’(] and conformal decomposition
Z=[Z1,Z2,...,Zk]. The uj are mutually independent and have distributions
with parameters ¢j , J=1,2,..,k  which are distinct one from the other but

possibly a common parameter vector p . Usually the parameter ¢; represents

the variance of the random component u; while the parameter p describes the
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correlation structure of the whole set of random components. For many
problems there is no parameter p because the dependence structure is

adequately explained by the random components, each with their own variance.

The response variables of the experiment may be loosely referred to as the
vector y and these responses have a distribution which depends on mn . It is
important that, conditional on given random component vector u, the response
has a log-likelihood function l](n,'ylu_) . The parameter Yy is additional to
those occurring in 1 and will often relate to the variance of the response.
Not all problems have this extra parameter Y and it, together with p , are
considered fixed and known in the initial development. The log-likelihood
function [, is not necessarily the full likelihood function but may be a
conditional likelihood, a partial likelihood or some other appropriate
likelihood function.  For a GLM, the full likelihood function would be
appropriate while for multiple failure times the Cox partial likelihood
would be used. In what follows we assume that the domain of this likelihood

does not depend on m or .

3.3 ESTIMATION OF B, u

The estimation procedure has been described in the previous chapter in
section 2.3.2 which is briefly reviewed here. The distribution of the

random component vector u is specified by a log-probability density function
k

(32) LOR) = T1,(0,0)
j=1

J:

Estimators are derived using a penalised likelihood approach where l2 is a
penalty function on random components u for the log-likelihood function ll .

~

The approach chooses estimators B, u to maximise [ = ll+l2 similar to the
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BLUP principle.  This function has been called the hierarchical likelihood
by_’ Lee and Nelder (1996). Using the first and second derivatives as
presented in section 2.3.2, an iterative Newton-Raphson solution for B, u of
the equations a8l/8B = 0, 8l/du = 0 begins at initial values BO, u, and

finds a first iteration Bl, u, given by

(3.3) [E 152 = V"[X,]t + V“[‘S’ , where t=al/an, s = al/su
and V= .|8VeBap” *UaBau’| _ [X:-[B[X 7] + [0 ] _ [V Vel
a“llouap’ oXllausw’ ] 08l = |Vy Vyp

T, T,

V“l = ’
T, T

where B = -3’ /man’ , & = -8°L Joueu’.

The method becomes iterative when the one-step iterations BI, u replace the
initial values for a further iteration and so on. If B is replaced by
L,~E,(B) and A by A=E,(a) then the Newton-Raphson method becomes the
method of scoring. An intermediate position is to use Iy|u=Ey|u(IB) and A as

the appropriate matrices. Note that, for generalised linear models, the

matrices I

yju and B are the same and, if u is normally distributed A and A4

are the same.

To develop the properties of these estimators we consider the equations that
would result if we started the iterations from the true values of B, u and
considered that [3, u are obtained (at least approximately) as one step
iterations much in the same spirit of Pregibon’s (1981) one-step residuals.

In that case we have approximately

36



o
il

B + (T X+T,Z)t + Ty
(3.4)

(=]
|

=u + (TX+TZ)t + Ts

We assume initially below that the intermediate matrices of Iy ;o B oare used
|
so that V and hence all T matrices are not dependent on y but are possibly

dependent on u.

Since we are assuming that the domain of the likelihood function does not

involve M we may write

2 ’
Eylu(t) =0 , Varylu(t) = 'EYI"(a l,/anan’) = IYI“
so that
E,B)=B+Ts , E @=u+Ts

and

Y] 0

~

(3.5) Var u B = V-l[g,] I)'|U[X Z]V'l = V"l _ V-ll:o OJV-I
u

= | T3-TAT; T-TaT

This expression for the variance is exactly true when V is computed from

L\ and A instead of I, and A, otherwise it is an approximation.

For I, and A used to construct V , the matrices T and A do not depend on y

or u. If E(s)=0 then Ey'u(ﬁ)=ﬁ and using Var (ﬁ):Tl-Tzﬂ\Tg as well as

yu

-~

Varu[EyIu(E)]=T2AT§ then Val'y,u(B)=T| . Thus B is an unbiased estimator
of B and has variance matrix T,. We can expect that, if no small subset of

observations is very influential, the formation of B as a linear combination

of components of t will ensure approximate normality of its distribution.
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3.4 ESTIMATION OF ¢ VARIANCE COMPONENTS

Interest now centres on appropriate quadratic forms to estimate ¢; when
these parameters are scalars representing the variance of the random
components w; . Letting & = -azlzlaujauj = -azlzj/aujaujf, and noting that

-6212/8uj6u;=0 for j#r because the u; are independent, we have

A= . For some choice of P =

the quadratic form wP,; will have an expectation depending on

(3.6) Eylu(ii) =uwITs =z , Var”u(ﬁ) = T-TaT = R .

Letting z'=[z],2;,....%,] R=[R;] be npartitions of z and R conformal to

the partitions of u , gives

Note that if E(s)=0 then E (z)=0 so that
(3.8) Ey'u(ﬁJijiij) = u[P,E(zz)] + uw(PRy)

where it is taken that P and R are not functions of u .

If we argue that higher moments of ujPy; can be obtained by assuming

approximate normality for u; then

ls’s Yt ’ 2

<

E,Var, (WPil) = 4 t[PRyPE (2)] + 2 tr(PR;)”
N Varu[Ey‘u(ﬁJijfij)] = 2 tu[PE,(22))
giving
59 Var, (WjPu;) = 4tr[P,R;P.E (z7)] + 2tr(PjRjj)2 + 2tr[PjEu(ijj)]z

= 2 tr[P,R+PE,zZ))
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An unbiased estimating equation for ¢; is constructed by equating ﬁijﬁj to
its expectation Ey,u(ﬁngﬁj) as evaluated above for an appropriate choice
of P; . Often P, will be chosen as an identity matrix. Progress beyond
this point of development depends on the choice of the model I, for the
random components. Section 3.6 gives further development when the random

component u is normally distributed.

An alternative approach is to let 5 be the value of s=al,/au at u . Thus
(3.10) §~s - AGu) = (-AT)s - ATX+TZ)t
giving

Ey|u(§) = (I-AT)s = z* ,

\

Varylu(’s‘) = ARA , E/(z*z*) = A-ATA-ARA .

’ = ~w ~
If z¥=[z},2%,..2¥1 , s’=[s],s3,....5¢] then

“rp-lwn rp-1
Ey'u(slej sj) = z’J!‘ B z’J!‘ + tr(RﬁlAj) s

alen — vl
Ey,u(sjmj s;) = vt(Ta) -

~rp-1%,

Equating SiB;'s; to vi-tre(T4) leads to an unbiased estimating

equation for ¢; . In a similar manner to previous development we may find

(3.11) Var, (§8'5) = 2 u(@,-Ty)" .

3.5 ESTIMATION OF THE y VARIANCE PARAMETERS

For problems in which Yy is a scalar and represents some form of variability
of the observations, an estimator can often be constructed by equating

~

T'[Iylu]'l'f to its expectation, where T is the value of t at B=B, u=u. For
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more general types of parameter the equating of 8//dy to its expectation
can be explored. Similarly the equating of 48l/ap to its expectation can
be used to find an estimating equation for p. The remainder of this Chapter
considers the simpler problem of there being no parameter p. It has been
included in the general discussion to indicate how to proceed when such
correlational parameters are present in the problem. We now go on to

consider the estimation of 7y .

An approximate expansion of T about the true value of t at corresponding

true B, u is

L.[X Z] B-B

u-u

Lt
R

Using the moments of B, u for given u we have

(3.12) y|u(t) = -, (XTH+ZT)s
(3.13) Var, () = L, - §.[X Z] [v-l+v-l[g g]v-'] [Zﬁ] L

Using the formula E, (¥’ ;:uf)

) +tr L Var”u( )

y|u(t)y|u yu y|u

and noting that

X'l (XT#+ZT) = 0, Z’1y|u(XT2+ZT) = I, -aT
where v; is the dimension of u; and v, is the sum of such dimensions, gives

ylu,(t yl“t) =§(T-TAT)S + n - v - v, + tr(LAT)

Since E (s)=0 , Var,(s)=A we have

(3.14) (t Yl“ ) =n - (v+v) + tr(aT) .

L]

Equating ©'L'

Y ju to n-v-v+tr(AT) may be used to find an unbiased

estimator of Y.
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If T is approximately normally distributed then we may find the variance

using standard normal theory as

Var, (T, 0) = 200-v-v)+ 2 «(8T)*+ 4 (s)[2TAT-3(T8)*T+(T8)'TI(s)

VaruEy'u('f’I;:uT) = 2 w(&T)* - 4 u(aT)’® + 2 tr(aT)*
giving

(3.15) Vary,u(f’l;:uf) = 2(n-v-v) + 10 tr(&T) - 16 tr(&T)* + 8 tr(AT)".

3.6 NORMALLY DISTRIBUTED RANDOM COMPONENTS

If now we specify that y; are independent N(0,0I) where I is the identity

matrix of order v; then J, is given by the sum of

(3.16) Ly = -(1/2)[v]n(2n¢) + ¢J?'ujfuj]
giving s=-Au with lAj=¢JT'I so that

z=uTa , Efzz)=n'"-T-R
Choosing P; as the identity matrix of order v; gives

~

Ey’u(ujfﬁj) = tr[(j,j) block of A’l-T-R] + tr[(j,j) block of R]

An unbiased estimating equation for ¢, is then

and this estimator is identical to the one derived as the REML estimator by
Schall (1991) and by McGilchrist (1994) using somewhat different arguments.

The method of derivation is similar to that used by Gilmour et al. (1985).

The variance of ujy; may be obtained from the previous expression for

Var, (uPju) by putting P=I and E,(zz) = ¢-T;-R; giving
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=~ 2 .
Var, (wu)) = 2 tr[(¢; - T)"] from which

(3.18) Var § = 2viu[@I - Ty)l.

3.7 APPLICATIONS

For this section, applications are considered that conform to the structure
laid out in section 3.3 and have a random component vector which can be
partitioned into independent component vectors u distributed as N(O,(])jl).
The structure of section 3.2 requires that the outcome variables must have a
loglikelihood function which can be written as ll(n,'yl u) , where nN=Xp+Zu
and all parameters apart from y and those describing the distribution of u
enter into the problem through m . The only variation in the method in
moving from one such problem to another is in computing the derivatives
t=oal/oy , B=-3%/oman .

Preferrably B should be replaced by its expectation Lor L, .

3.7.1 Generalised Linear Mixed Models

Conditional on fixed u the generalised linear mixed model considers
observations Y; having a distribution which belongs to the exponential
family and the loglikelihood is

n Y.0.-b(0.
Lyl = 3 [—7@9 + c(Yi,Y)] ,

i=1

E, (Y) = I = b'(6) , Var, ,Y; = 0; = a(1)b"(6).

yjputi
For standard generalised linear models, the variance term can be written
0‘?=’Yq(pi). For binomial and Poisson models y=! but for normal and gamma

models there is a separate unknown scalar parameter 7y representing extra
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variability of the observations associated with those distributions distinct

from that which is a function of the observation mean.

The inverse link function is p=h(n) with mn=x{B+zu . The component of
t=al,/am corresponding to T; is h'(ni)[Yi-ui]/c? and L, =1y, is a
diagonal matrix with ith term [h’(ni)]z/c? . The variances Gf may depend
on T; through G?:'yq(ui)='yq[h(ni)]. When G? depends only on m , then the
method of section 3.4 applies.  Otherwise the extra parameter Y must be

estimated.

The specific equations for estimating B, u may be expressed in terms of AR,
Au which are the changes in P, u values between successive iterations.
Usually the initial value of u can be taken to be a zero vector while

initial B may be chosen by standard GLIM techniques. If u is distributed as

N(,2"y then
A / 0 X’ 00
vl = (e [a] - v Flaexa )
with L, =B = disg ([h’(ni)]z/of] Lt = [h'(ni)[Yi-ui]/o?]. In the case

of the generalised linear mixed model, the parameter o? does not cancel from
the equations, as it does when random components are not present, so that
initial estimates of Yy, ¢; or, more simply ¢/y , are required. An initial
estimate of unity will often suffice. Following convergence of the
iterative estimation of f, u to ﬁ, u for fixed v, ¢; , these latter
parameters must then be estimated. For A = diag[a] , & = ¢J?'I as in

section 3.4 , then

(3.19) & = @y + tr Tly,
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The estimation of y has been foreshadowed in section 3.5 as being obtained
by equating

UL = X (Y g

i=1

to its expectation n-v-v +tr(AT). The estimator of 7y is then

(3.20) 7= vy DI T (Yep)Yam.

i=1
Since we use estimates $j in A then an alternative expression for  n-v-
K .
v4r(AT) is  n-v-X ¢ wy;, . This agrees with the expression for REML
j=1

estimation obtained by Schall.

- ~

Note that the formula for the variance of "f’Iy: .f . obtained in section

3.5, may be used to find a standard error for the estimator of 7.

3.7.2 Random Component Hazard Models

The treatment of random component hazard models is essentially the same as
that given in McGilchrist (1993, 1994) and differs from the application in
section 3.5.1 only in the likelihood function I, for the observations given
random components u. Since u is again taken to be normally distributed, the
estimation of the variances ¢; of the random components is identical to the
above. There is no parameter Yy involved in [, which is the Cox (1975)
partial  likelihood of the failure/censoring times conditional on given
random components/frailties.  The expressions for [, and its derivatives are

fully developed in the earlier papers.
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3.7.3 Threshold Models

Where a response varible Y; , i=1,2,..n, can take on values O0,I, .. ,m

, a threshold model for the distribution of Y, is
P(Yisy) = G(y,-ny)

for some cumulative distribution function G() and n;=x;f+z/u
representing the mixed linear model. The parameters 7y, are the cut-point
(or threshold) parameters which are translated up or down by the regression

7. We may define 7y, = -o, ¥, = o so that

P(Yi=y) = G(yv,m) - G(y,.-ny)

and if m; contains a constant term, then we may take y,=0 to remove the lack
of estimability arising from fact that any change in the regression constant
could be compensated by a shift of all the cutpoint parameters by the same

amount.

The distribution of u is specified by /, and is often taken to be normal as

elsewhere in this paper but /; becomes

(3.21) Ly = In 1 [G(Yy, M) - Gy -

In this case the cut-point parameters Y, form extra parameters of /; which
may be estimated by equating 8/,/8y to zero. However, the vector parameter
vy are similar to 1 in the way it enters the likelihood function and the BLUP

equations may be extended to

N1-Yo 1 0, 3l|/3'Y 0
07 /on
u-u,
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I 0 {(_8% /ayay -8°1/ayen’ 000
where V = {0 X’ 2'YY 2|3'Y1] [(I))(}g]_'_ 000]|.
0 Z’||-a°l/amay -8°l,/anan’ 00na

The method then proceeds along the lines of previous sections.  Specific

examples are given in Saei and McGilchrist (1996) and Saei et al. (1996).

3.7.4 Poisson-Gamma Model

Response variables Y, , i=1,2,.n are Poisson distributed with mean
A=exp(m;)) , M=x{B+zju for u taken to be conditionally fixed. = However,
the components of u , viz. U, are distributed as independent log-gamma

variables such that V;=exp(U,) are gamma distributed with mean 1. Thus

I = i [-exp(m;) + Y, - In Y,!],
(3.23) =
L= T4l - In T@) - 6% + 6U)
giving =
alfen; = Yyexp(my) , 8°l/an; = -exp(n) ,
L, = diaglexp(m)] , L, = D = diag[exp(xB)]
and

al,/au; = o(1-eV) , 8°,/8U% = -¢ei
A = diag(oe") , 4 = ¢I

The scoring equations for estimating P, u are iterative from initial values

Bo» by to first iteration B, u, given by

= [X]yeen 0
] -Z'](ye ' [¢(1-e“)} |

v =-l :]D:X z] + [g q‘)’l]
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where y, M, u are vectors formed from Y;, m, U. From section 3.4 we have

E, ) = t[E(22)] + t(R)

where z = u+Ts = u+¢T(1-e") =~ -T-0T)1-e") , R = T-¢T> This gives

E,wWu)=v/¢ -t T , v, =dimension of u so that

(3.25) ¢' = @A + tr T, .

Since V! =

xpx xpz]" . .
= |ZDX D+olI| =

T] we may find

T = D, + D, ZDX[X'DX-X'DZD,Z’DX]'X'DZD, , D, = (D+¢I)"

We have also (assinning u approximately normal)

Var, (1 ) = 2 t[E,(zz)}+R]* = 2 t[¢"'L-T)
giving

(3.26) Var ¢ = 2 t[¢ " I-TIPWV .

If the alternative approach using EjAJT'"s'Jf had been used, as given in
section 3.4, then the above would be altered to using exp(u) - 1 in place
of u in the estimating equation but the remainder of the working would be

the same.

3.8 SIMULATION SUPPORT

A small simulation study is reported here for the Poisson-gamma model. Its
purpose is to test out and illustrate the method rather than give exhaustive
simulations. Observations Yij , i1=1,2,..,15; j=1,2 are generated according
to the model: Given random components U; , the Y; are Poisson distributed
with parameters A; = exp My , My = B;+Px;+U; . The random components

ij
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U, are distributed aécording to V;=exp(U) being gamma distributed with
mean 1 and variance ¢'l as described in section 3.7.4. The x; are selected

randomly as O or 1. -

For each combination of parameter values B,, B,, ¢ reported in Table 3.1,
100 data sets , each set containing 30 observations as described above, are
generated and the three parameters are estimated. Convergence of estimates
was not always obtained from arbitrarily selected initial values but changes
to the initial values did produce convergence. = We report averages of

estimated values and

SE,

average of reported standard errors for each parameter estimate,

SE, = standard deviations of the estimates obtained from simulations.

Results are reported systematically in Table 3.1.
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Table 3.1 Simulation Study for Poisson-gamma model. True Values, Average

Estimates of Parameters are given together with SE| and SE)

Parameter |True |Average | SE, | SE, |Parameter |True |Average | SE, | SE,
valuejestimate value|estimate

Simulation 1 Simulation 4

B, 1.0 | 0.92 0.34 (0.30 B, 3.0 | 298 0.32 |0.27

2 0.5 | 0.50 0.28 [0.31 ) 1.5 1.50 0.09 |0.10

¢" 1.0 | 1.21 0.35 (0.69 ¢" 1.0 | 145 0.51 |0.70
Simulation 2 - Simulation S

B, 1.0 | 0.96 0.25 [0.28 B, 30 | 298 0.20 {0.17

2 05 | 048 0.26 10.29 5 1.5 | 149 0.09 10.09

(1)" 0.5 | 047 0.13 {0.31 <|)'l 0.5 | 053 0.18 |0.23
Simulation 3 Simulation 6

B, 1.0 | 0.98 021 (0.22 B, 3.0 | 297 0.14 |0.16

) 0.5 | 0.51 024 {0.25 2 1.5 | 1.50 0.09 10.09

¢'l 0.25 ] 0.23 0.05 {0.18 q>" 0.25 | 0.24 0.08 |0.11

From Table 3.1, it is apparent that estimétes show no appreciable bias for
any of the parameters and there is very good agreement between SE; and SE,
for all regression parameters. This good agreement does not carry through
for all estimators of ¢'. The method of computing the standard error of
the ¢ estimator depends on assuming that u is approximately normal -
specifically that third and fourth order moments agree with those for a
normal distribution and are then functions of first and second order
moments. Clearly there are difficulties in this assumption for smaller
values of q>". However, the results of the simulations support a high
degree of confidence in the estimation process except that the standard

error of the estimator of ¢" may be understated.
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CHAPTER FOUR

HIERARCHICAL GENERALIZED LINEAR MODELS : A COMPARISON
BETWEEN POISSON-NORMAL AND POISSON-GAMMA MODELS

4.1 INTRODUCTION

In GLMMs the distribution of random components is often considered to be
normal irrespective of the conditional distribution of the response variable
y. Recently Lee and Nelder (1996) proposed a class of GLMMs which they
referred to as hierarchical generalized linear models (HGLMs). In HGLMs the
distribution of random components is not restricted ‘to normal and may come
from any arbitrary distribution, often "the distribution conjugate to that of
y. A generalization of Henderson’s joint likelihood, called hierarchical or
h-likelihood, is used for estimation in HGLMs. Some examples of HGLMs are

Poisson-gamma, binomial-beta and gamma-inverse-gamma models.

In addition to discussing the theoretical aspects, these models were applied
to several real datasets and the results were compared with that of GLMMs in
Lee and Nelder’s paper. It was recommended to decide the distribution of
random components based on the nature of the data or the purpose of
inference.  However, the application was limited to- selected datasets and
may not be completely generalised. One of the discussants of Lee and
Nelder’s paper recommended to undertake more detailed comparison to examine
whether there is any real gain for using non-normal distribution of the

random effects.

The objective of the current chapter is to undertake a simulation based

comparative study between GLMMs and HGLMs when the distribution of the
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response variable is Poisson conditional on given random compo‘hents but the
random components themselves are allowed to have different distributions.
As the conjugate distribution of Poisson is gamma the comparison was
undertaken between the Poisson-normal and -the Poisson-gamma models.
Specifically we looked at the effect of model misspecification, that is,
when the Poisson-normal is used for modelling while the dataset is generated

by the Poisson-gamma model and vice versa.

4.2 HIERARCHICAL GENERALISED LINEAR MODELS

The structure of HGLMs is basically covered by the general framework of the
linear mixed models presented in section 3.2 and will be reviewed only
briefly here. In the structure discussed in section 3.2, the response
vector y is assumed to have a distribution dependent on 1 = Xp+Zu where Xf
is the fixed component and Zu is the random component with u, a vector of
random effects of one or more components. As usual B is a vector of fixed
coefficients, and X and Z are design matrices. The notation and related

model assumptions are as discussed in section 3.2.

The conditional log-likelihood for ylu has the GLM form as discussed in

section 3.7.1.

o nolw = 3 (2520 v
(4.1) (yylu) = izl(—m)— c( p’Y] )
where 6; denotes the canonical parameter and 7y is the dispersion parameter.

If the conditional distribution of y given u is p then mn=g(u) with

appropriate link function g(.). The random component vector u has a log-

k
probability (density) function 5L(¢) =X L(®;) .
j=1
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Then hierarchical likelihood or h-likelihood, h, is defined as h = [+,
which is the same as the penalised likelihood function ! defined in Chapter
3. In GLMMs [, is always the log-likelihood of a normal variate while in
HGLMs [, can take various forms. The distribution of w can have any
distribution that is conjugate to the distribution of y where u=g(v) for
some strictly monotonic function of v. For example, if Y, given u is
binomial distributed then v = exp(u)/{l+exp(u)} is considered as beta and
the model is called binomial-beta HGLM. Similarly, if the distribution of
Y; given u is gamma then v = exp(u) is considered aS inverse-gamma
distributed and the model is called a gamma-inverse-gamma HGLM. When both
Y; and u are normal the model becomes the standard mixed model with normal

error and the likelihood converts to Henderson’s Joint likelihood.

The Estimation of B, u and ¢ are derived by maximising this penalised
likelihood function A=l as discussed in sections 3.3 and 3.4. Lee and
Nelder called the estimates maximum h-likelihood estimates (MHLESs) as these

are derived from maximising the h-likelihood.

4.2.1 Estimation in Poisson-Gamma and Poisson Normal Models

In both the Poisson-Gamma and the Poisson-normal models, distribution of the
response variables Y,, conditional on given random components u, are assumed
to be Poisson distributed with mean A=exp(m) , where n=x{B+zju. But

the difference is that the distribution of the components, u, viz. U,

are
considered as N(0,I) in the Poisson-normal model and G(1,¢"I) in the

Poisson-gamma model.
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The details of estimation strategy in the Poisson-gamma model are presented

in section 3.7.4 which will not be repeated here.

In the Poisson-normal model the likelihood function [, , corresponding
differentials al,/om; , 8211/611? and information matrices Ly and [, are
exactly the same as presented in 3.7.4 for the Poisson-gamma model. But the
log-likelihood [, is different. The function I, and the related expressions

are given as follows.

n
L, = constant - (1/2) X {vIn(2n0) + ¢"'U%}
i=1
giving
al,/aU; = -0"'U; , 8°L/8U? = ¢,
(4.2)
A = diag@'D) , 2= ¢"1

Consequently the form of the scoring equations are slightly different.

4.3) V[E:EE] = [’Z(:}(y-e%) + [ qﬁu] ,
- 0
. 00
with V= [ ,]D[X z] + [0 ¢-II] :

The dispersion parameter ¢, as opposed to ¢" for the Poisson-gamma model,

is estimated by

4.4) o= @u+t T,

where T = T =D, + D,Z’DX[X'DX-X’DZDIZ’DX]"X’DZDl , which is the same
expression as given under section 3.7.4 but the expression for D; used in
deriving T is different, D, = (D+¢'I)' . The estimate of ¢ is obtained

under REML approach in both the Poisson-normal and Poisson-gamma methods.
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The variance of the disperson parameter, var(¢) , is estimated from the
information matrix Igy, as presented in Chapter 2 and not by the method
developed in Chapter 3. For the purpose of comparison, it was considered
more appropriate to use a method which is consistent with Lee and Nelder

(1996). The same approach is used for the Poisson-gamma estimation method.

A deviance measure is used to compare the goodness-of-fit in individual
models. The deviance in the mixed model is calculated by using the expected

value of y|u as follows:

(4.5) Dev (y;n) =2 Z {y In (y/i)) - (y - )}

where [L = exp (1)).

4.3 SIMULATION

The observations Y; are generated by assuming the distribution to be
Poisson with parameters A; = exp My Ny = B+x;+U; where Uys are
random components distributed as normal in the case of GLMM and, in the case

of HGLM, V; = exp(U;) is distributed as gamma with mean 1 and variance

¢

In each simulation a dataset of 30 observations are generated with 2
observations in each block and consequently 15 effects in the random
component u. The x; are randomly selected as O or 1. The simulation was
repeated 100 times for each combination of B, B, and ¢ or ¢'.  The
averages of estimated values are presented with average of reported standard

errors for each parameter estimate (SE;) and standard deviations of the

estimates obtained from simulations (SE,).
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4.4 RESULTS

The dispersion parameter of random component is ¢ in the Poisson-normal
model and ‘¢'1 in the Poisson-gamma model. In presenting the results a
common notation & is used for dispersion parameter instead of ¢ or ¢
Table 4.1 presents the results of fitting the Poisson-normal model to the
datasets generated by the Poisson-gamma model with a fixed set of B, and B,
values and three different values of & as shown in the table. Table 4.2
presents similar results from the datasets generated with the same set of &

values but a different set of ;, and B, values.

Tables 4.3 and 4.4 presents the results from similar simulations with
reverse procedure to that of Tables 4.1 and 4.2, ie. the datasets were
generated by the Poisson-normal model but the estimates were obtained by

using the Poisson-gamma estimation method.

The results show that both methods tend to provide an unbiased estimate of
Bé irrespective of the simulation models. However, thé estimates of
intercept parameter [, tend to be different dependent on simulation models.
The model which generates the dataset provides unbiased estimates while the
other estimation model produces lower estimates. The reason for this
difference in intercept estimate, as explained by Lee and Nelder (1996), is

due to the difference in E(Y). Under GLMM, E(Y) # i but under HGLM, E(Y)

-.:.u,
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Table 4.1: Comparison of Poisson-Gamma and Poisson-Normal Models using
datasets simulated by Poisson-Gamma model.

Poisson-Gamma . Poisson-Normal
Simul- |Para- [True |Average | SE, | SE, |Average | SE, | SE,
ation |[meter|Value |estimate estimate

1 B, | 1.0 1.01 ]0.33 [0.28 0.66 |0.32 0.3l
B, | 05 0.50 (0.27 |0.29 050 |0.27 | 0.28
o | 1.0 1.20 |0.44 |(0.53 099 |041 |0.57

2 B, | 1.0 1.03  10.27 |0.30 083 |0.26 | 0.29
' B, | 0.5 0.48 10.25 |0.29 0.50 |0.27 { 0.26
o | 05 0.59 10.24 |0.26 051 {022 ]0.28

3 B, | 1.0 099 10.22 |0.24 0.89 1022 |0.24
B, | 05 0.49 10.24 |0.25 0.50 |0.27 | 0.24
d | 025) 029 [0.14 |0.17 025 |0.14 | 0.18

Table 4.2: Comparison of Poisson-Gamma and Poisson-Normal Models using
datasets simulated by Poisson-Gamma model.

Poisson-Gamma Poisson-Normal

Simul- | Para- | True | Average | SE, | SE, | Average | SE, | SE,
ation |meter| value || estimate estimate

1 B, | 3.0 2.89 030 | 0.25 | 2.40 0.31 | 0.28

B, | 1.5 1.51 0.10 | 0.10 || 1.51 0.21 | 0.10

) 1.0 1.35 0.47 | 0.53 1.37 0.48 | 0.59

2 B, | 3.0 291 022 {021 | 2.66 022 | 0.22

B, | 1.5 1.51 0.09 |1 0.10 | 1.51 0.24 | 0.10

d | 05 0.67 0.23 |1 0.27 | 0.68 0.24 | 0.28

3 B, | 3.0 2.98 0.15 | 0.15 | 2.88 0.15 { 0.15

B, | L5 1.50 0.09 | 0.09 1.50 0.23 | 0.09

S 0.25 0.28 0.12 1 0.14 | 0.25 0.13 | 0.15
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Table 4.3: Comparison of Poisson-Normal and Poisson-Gamma Models using
datasets simulated by Poisson-Normal Model

: Poisson-Normal Poisson-Gamma
Simul | Para- | True | Average | SE, | SE, | Average | SE, | SE,
ation |meter| value || estimate estimate
1 B,| 1.0 1.05 0.28 | 0.33 1.37 | 0.31 | 0.34
B, | 0.5 0.51 026 |0.22 051 |0.22 |0.22
5 | 1.0 094 1028 |0.30 1.37 | 045 | 0.55
2 B,| 1O 1.03 024 |0.25 1.20 | 0.25 | 0.26

B,| 05 049 {025 |0.24 049 ]0.23 | 0.25
8 | 05 047 1025 10.25 054 |0.26 |03l

3 B, | 10 099 |0.21 (0.23 1.07 1021 |0.23
B, | 05 0.51 [0.25|0.26 052 023 |0.27
5 | 025 024 |0.15 | 0.15 026 |0.14]0.18

Table 4.4: Comparison of Poisson-Normal and Poisson-Gamma Models using
datasets simulated by Poisson-Normal Model

Poisson-Normal Poisson-Gamma

Simul- | Para- | True | Average | SE, | SE, [Average | SE, | SE,
ation |meter| value || estimate estimate

1 B, | 3.0 3.00 ]0.25 |0.25 327 1029 0.25

B, | 1.5 1.50 | 0.19 | 0.08 1.50 | 0.08 | 0.08

d | 1.0 1.04 |0.30 | 0.33 1.35 | 047 | 0.55

2 B, |30 - 3.00 {0.19 |0.20 320 | 020§ 0.19

B, | 1.5 1.51 10.20 | 0.08 1.51 | 0.08 | 0.09

o |05 050 |0.16 | 0.16 051 | 0.17}0.21

3 B, 130 299 (0.14 {0.14 3.10 | 0.15] 0.15

B, | 1.5 1.51 }0.20 | 0.08 151 | 0.09 | 0.08

§ 1025 0.25 ]0.08 | 0.09 026 | 0.10}0.13
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In the case of the main parameter of interest &, when & = 025 both
models give unbiased estimates irrespective of the simulation process but
for higher values of &, the Poisson-gamma estimation procedure tends to
overestimate even when the observations are generated by the Poisson-gamma
model. The Poisson-normal estimation method performs either bette; or at
least similar to the Poisson-gamma estimation procedure. As expected the
Poisson-normal estimation provides better estimates when the dataset is
simulated by the Poisson-normal model. Even in the case when observations
are generated by the Poisson-gamma model, the Poisson-normal estimation
tends to give better estimates than the Poison-gamma method for the smaller
set of fixed effect coefficients. While for the larger set of fixed

coefficients, the Poisson-normal performs similar to the Poisson-gamma.

Standard errors of the estimates as measured by SE, and SE, appear to be
very similar for B, and B, but tend to be slightly lower for & under the

Poisson-normal method. SE, is an approxirnaté benchmark for SE,.

Tables 4.5 and 4.6 present the actual results of model fittings for a sample
of datasets selected from the above simulation.  For each of the true
parameter configurations used in the above tables, three datasets are
selected randomly and the results of fitting the Poisson-normal and the
Poisson-gamma models to each of these datasets are presented. Table 4.5
presents the results when observations are generated by the Poisson-gamma
model while Table 4.6 shows the results for observations generated by the
Poisson-normal model. The estimates obtained under both models indicate
that, even though in most cases average estimates of & tend to be similar,

the individual estimates frequently become different for specific data sets.
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4.5 DISCUSSION

The chapter compares the relative performance of the Poisson-normal and the
Poisson-gamma estimation procedures for datasets simulated by both thé
Poisson-normal and the Poisson-gamma models. The study indicates that in
terms of average of estimates over simulations, the Poisson-normal model
performs either better or equivalent to the Poisson-gamma model irrespective
of the model used for data simulation. Standard errors of the estimates
under the Poisson-gamma method are also not lower than that of the Poisson-
normal method.  Therefore, in this instance of Poisson response variable,
HGLM is not offering any definite improvement over GLMM. The average of
estimates are not sensitive to the assumed distributional form of the random

effect.
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Table 4.5: Comparison of estimates under Poisson-Gamma and Poisson-Normal
models for a randomly selected sample of individual datasets generated by
Poisson-Gamma model.

True values Poisson-Gamma Poisson-Normal

Bi| By O B, B, 6 |Dev B, B, ) Dev

1105|100 | 1.13| 0.44 |0.44 (227 }0.99 {045 |04l |23.1
1.11 | 0.21 |1.22 249 |0.81 0.25 |0.87 |27.6
1.23 | 047 |1.58 [53.0 |0.89 (043 092 [23.5

1105{0.50 } 0.75| 047 [0.25 [22.5 [0.71 |046 |0.21 |23.8
1.01 | 0.58 |0.67 (333 |0.81 |0.61 |0.53 189
0.83 | 0.88 |0.54 |39.9 (0.66 [0.89 |[049 |27.0

1105{025 | 1.03| 045 |0.25 |15.6 096 (044 |0.26 |[14.9
0.85| 0.38 |{0.12 25.7 [0.83 (035 |[0.16 |23.6
1.12| 0.39 {0.38 [13.7 |1.02 |041 |0.30 (163

3 {15/1.00 | 291 1.42 |0.57 |16.7 [2.68 |143 |0.58 [07.9
325| 1.35 |0.70 |{99.8 297 135 |0.93 |20.1
2.66 | 1.55 |1.55 {141.5 |2.22 |1.51 |[1.16 |20.6

3 11.5{050 | 296 1.23 |0.22 |11.2 |2.87 |123 (021 |[lL1
3.00 | 1.67 |044 |205 |2.84 |1.68 |[0.37 [20.7
293 | 148 |0.67 |33.0 |2.72 {148 |[0.56 |16.9

3 |15/025 | 292 149 |031 [23.7 [2.81 |149 030 ([23.1
3.00 | 1.61 |0.14 {094 |2.94 |1.62 |O0.12 [10.5
3.08 | 145 |0.17 129 |3.01 |145 |0.16 (13.1

60



Table 4.6: Comparison of estimates under Poisson-Gamma and Poisson-Normal
models for a randomly selected sample of individual datasets generated by
Poisson-Normal model.

True Values Poisson-Normal Poisson-Gamma

Bi| Byf O B, B, | & |[Dev | B, B, & |Dev

1105 1.00) 126 042({0.79 |15.6 | 1.56 |042 |0.59 |22.6
1.14| 0.51047 |27.0 | 1.29 }0.53 |0.40 [29.4
1.31] 032101 {189 | 1.70 |0.34 |0.92 |50.5

11054 050 091| 0.88}0.53 [20.5 ;1.08 |0.88 |0.60 |19.3
090| 0.791048 |21.5 | 1.03 |092 |0.30 |62.3
0.84| 0.3810.53 [20.1 ||0.98 |0.49 |035 (778

105 025 1.03| 050|040 {17.7 | 121 |043 |0.21 [403
084} 0.71(0.21 {193 | 0.89 |0.73 10.23 }|18.2
0.80| 0.67(0.34 |18.3 | 0.90 |0.69 |0.36 |18.7

3 |15 100 266 1.57(0.57 |11.2 ||2.89 |1.58 |0.66 |57.6
296 147|1.11 |12.7 | 3.41 |1.47 [1.28 [18.5
2.86| 146|090 (209 |3.28 |1.45 |1.59 |84.2

3115 050 3.16| 1.51]0.33 |12.2 |3.30 |1.51 [0.34 |155
3.01| 147]058 |119 [3.25 |[1.46 [0.71 |34.6
3.00| 1.46{0.51 |20.7 |3.18 |1.47 |0.52 |21.6

3115 025 292| 1.49(0.15 [19.2 } 298 |149 |0.15 |19.0
296| 1.541022 |12.1 |3.05 |1.54 |0.23 |12.8
293| 1561052 | 15.1 {3.12 {156 (054 {16.0
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'CHAPTER FIVE

MATCHED CASE CONTROL STUDIES WITH
RANDOM EXPOSURE EFFECTS

S.1 INTRODUCTION

Analyses of matched case control studies such as Walter (1980), Miettinen
(1969, 1970) compared the probabilities of exposure in cases and controls
where subjects were either exposed or not exposed. Such probabilities were
allowed to vary over the matched sets, thereby considering the possibility
that numbers of exposed subjects wbuld be overdispersed from the usual
binomial variation and that there could be an association between the

results for cases and controls within each matched set.

To a large extent, such analyses have been replaced by a conditional
likelihood method when a logistic model can be assumed. The conditional
likelihood method for logistic models was given in Cox (1970) and has been
applied to matched case control studies in Breslow and Day (1980), Breslow
(1982) and others. No overdispersion or correlation between results for the
same matched set have as yet been included in this development. It is the

intention of the chapter to explore this possibility.

5.2 MODEL AND NOTATION

Let Yij , j=1,2,...,ni be the indicator variables for cases and controls in
the i matched set, where Yij=l if the i,j element is a case and Yij=0 if
the element is a control. The number of cases in the i matched set is
denoted by m; with i=1,2,.,I. Cases and controls are matched for a vector

of variables w, and other potentially important regression variables are
’ 1
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collected into a vector X, corresponding to Yij. The exposure variable for

ij is denoted by Z; . Let m = P(Y=llwx.Z).

If a logit model applies to m; then we may express dependence on matching
variables, covariables and exposure variable in which the last has a

coefficient which varies over the matched sets as

6.1 =

5 exp(oy+wiyn)/[1 + exp(a;+w;'y+nij)]

where  T; xiB+Z;(t+U;) and U; .are distributed as independent N(0,0).
The random component U; allows variation in the effect of exposure from one
matched set to another and thus includes extra variatioﬁ as well as
association of observations within each matched set, reminiscent of the

analysis given by Walter (1980).

5.3 Estimation

To estimate the parameters in the model described above, the GLMM technique
is applied. As described in section 2.3.2, in GLMMs the response vector y
has a distribution dependent on the vector m = Xp+Zu , P is the vector of
fixed parameters and u is the vector of random components distributed as
N[0,A]. The variance matrix A can depend on vector parameters ¢ and p but
for the current application A = ¢I and the notation will be specialised to
this case. For the current application the likelihood function [, is taken
to be a suitable conditional likelihood and [, is, as usual, the likelihood
function for the normally distributed random components u. The estimates
are obtained by maximising the joint likelihood function (=/+/, by using
the Newton-Raphson iterative method.  The estimation equation and the

variance matrix V are as presented in (2.25) and (2.26).
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5.3.1 Estimation in Matched Case-Control Data

In applying the above estimation technique to the matched case control

problem, we let the vector of observations from the ith matched set be

Y=Y, Y, o, Y, 1, =120

i i’ i n;

so that the probability distribution of y, is proportional to

nj Y

m [ﬂ:ij/(l-nij)] .

j=1

From this distribution we construct the conditional likelihood of the
observations given that there are m; cases in the i matched set. If R,
denotes all possible y; for which 1%y; = m; then the conditional probability
distribution of y; given 1'y; = m, is

(mimgemn™) (2 M)l )
i=1 kER r=1

where  yi = [Y¥, Yo Y%l is the vector of values in the k" of
the possible values of y, in R. Using the logistic model for w; given in
section 2, the above conditional probability becomes

[]niexp(ai"'wa‘mij)Y LZ ﬂ exp(oc +WiH, ) YE )
i=1 R,
= o Y Y

[]‘Elexp(nUYU)] / [kgRi T exp(n,, |kr)]

and the conditional log-likelihood function is

I n i
(5.2) L =2[X2 Yin; - log a]

i=lj=1

where a, = X [exp £ YHm,l -
kER, r
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Letting by = X [Y¥sexp X Y¥m,] and

kERi r
cy = X [Y¥;Y¥yexp X Y]
kER; r

the first and second order derivatives may be expressed

-1 2 -2 -1
611/61‘10 = YU - ai bU N a 11/8111]61’]1]' = ai bijbij, - ai Cijj, .

Other mixed second order derivatives with respect to m; are zero.

For the special case of one case per matched set, the above expressions
simplify to

a=XexpT; , by=expmy , cy = Jyexp my
r
where & is the usual Kronecker delta.

For two cases per matched set the expressions for a, b;

"¢ are as
j and ¢y are as

follows.
nj -1 n i
g =3 X exp (mjl+nij2)
ir=l 2>

nj
by = .E.P"p My + M), oy = & exp (M + My)
JF)

The above expressions for three cases per matched set are

i-2 ni-l n;
;= X X X exp (Thjl‘*' My, + 11ij3)

J1=l jo=>ip iz

n

nj ni
bj=3X = exp (my+my +my),
nj
ci = 8¢ X exp My + My+ ;i)
i Ei# _

This can be generalized for c; cases in the i matched set as follows
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i i i
a = .Z ‘Z > exp (M + My, + .+ nijci)

b; = DI ) exp (M + M, + - + nijc._l) ’
WA gE A '

nj

nj
Cijj’ = 5“' z .o Z exp (TIU + nij"" nij2+ e + nijc'-z)
h#i# Jeg2® g F ] '

5.3.2 Generalisation

The general method of estimation may be applied with a small change in

notation and using

N = Mip Mg o> M) > M =[G o, Ml
X: = [Xil’ Xio v xini:I ’ X' = [X,’ Xé’ ) X;]
2= (Zy, Zy s L) 2 =02, 2 ., 7]
- ]
Z
z,
7 = ' , w =[U, U, .., U]

Z

The model in section 5.2 is then m = XP+zt+Zu = [X z] [E]+Zu which is

consistent with the model given in the general theory above but with [X z]

in place of X. The BLUP equations are then

v ABl X 0
(53)  V|at| = |2 |aim - | 0 | ,
Au v/ q)-luo
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X’ 00 0
V = |2 |[-8%/anan’] [x z z] +100 0
Z 00 ¢

and similar changes are made to obtain ML and REML estimators of ¢.

Vll VI2 Vl3 | o o
If V= Vzl V22 V23 ) V- = |s ¢ o then
V3 V;, Vi - T

the ML estimator for ¢ is Wa/(v-r*) , r*=¢”'tr V;i . If Vj} is replaced by

T then REML estimates are obtained.

5.3.3 Efficiency in Computation

Since 62ll/6nijani,j,=0 for i#i" , further analytic development of the above
equations is possible resulting in faster computational method and
considerable saving in space requirements. Let Bi-j-azll/anian; and
I
C= ZX;BiXi , € = X;Bizi , C =[c,c ,...,cl], di =7Bz,

1 "2 iii
i=1

1
D = diag [d.d,.d], t= 2 X;all/ani, s, = z;all/ani,
i=1

s = [sl,sz...,sl]
giving
V= [VCI D1 1D | and |2’ |6l /em = |1s|.
C/ D1 D+ S

Use of the general formula for inversion of partitioned symmetric matrices

gives
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p1 1D 1"

D1 D+¢’'I

-[88] +on[a]rr 4.

D, =D+'D', d=DD/1, m" = 14d

and then
L [ooo 0 I
Vi= 000 0 +¢m|L|[0' 1 -d]+| -mv |G [1 -mv mvd'-C,Dl]

where v = CD,1, G = C-C,D,C/-¢"'mvv’. This gives

AB t q
(5.4) At| =V Ts | = -mm,
Au 50"y, g+mm,d-D,C{q

where g=D,(s-¢ 'up), m,=¢'11'(g+u0), q=G"'(t-mm v-C,g), m,=v'q-¢m,.
To estimate ¢ after convergence of the estimation of B, T, u we require

tr V, =tr D, and t(-0"'V3,)" = u(l-9"'D,)* = tx(DD,)’

N

while T = D, + ¢mdd’ + (mdv’-D,C))G'(mvd’-C,D,) giving

tr T =tr D, + ¢omd’d + m’d’dv'G'v - 2d'D,C/G'v + u(D}C|G'C))

5.4 SIMULATION SUPPORT

A simulation study was undertaken to investigate the relative performance of
the proposed method of analysis with the usual conditional likelihood based
analysis.  The methods of analysis are referred to as Generalized Linear
Mixed model (GLMM) and Generalized Linear Model (GLM) techniques
respectively. A number of matched case-control data sets were generated
corresponding to different exposure effects and various random effect

coefficients. The model included exposure variable only and no other
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regression ‘variable was included. Once a number of cases and controls were
generated :for each matched category then appropriate number of cases and
controls were randomly selected for matched analysis. The simulation was
undertaken 200 times for each parameter configurations and the analyses were
conducted using both GLMM and GLM methods. Tables 5.1 and 5.2 present the
comparative results for single cases per matched set for various
configurations of exposure and random effects coefficients while Tables 5.3
and 5.4 present similar results for two cases per matched set. The averages
of estimated values are corhpared with the true values in the tables. The
standard error SE, presented in the tables is the average of the estimated
standard errors from each analysis while SE, is the standard deviation of

estimated values over simulations.

5.4.1 Single Case and Multiple Controls

The comparative estimates from the applications of GLM and GLMM to 30
matched sets of size 5, 1 case and 4 controls, simulated with positive and
negative exposure effects are presented in Tables 5.1 and 5.2 respectively.
The results shows that the estimates of the exposure coefficient under both
methods are very similar and both methods able to approximately reproduce
the true values. However, the estimated standard errors SE, tend to be
under estimated by GLM when compared with SE,. The estimates of SE, under

GLMM is either same or very close to SE,.
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Table 5.1: The Comparison of Estimates Under GLM and GLMM for Datasets with
Single Case and Four Controls per Matched Set Simulated with Positive
Exposure Effects.

Exposure Effect () Dispersion Parameter (¢)
Simul- |Method | True | Average |SE, |SE, |[True |Average |SE, |SE,
ation Value | estimate Value | estimate
1 GLM 1.0 099 047 |052 | - - - -
GLMM| 1.0 098 |0.52 |0.52 || 1.0 1.11 1.03 |0.80
2 GLM 1.0 1.01 045 (048 | - - - -
GLMM| 1.0 1.00 |0.47 (048 | 0.5 0.58 |0.80 |0.56
3 GLM 0.5 049 (044 048 | - - - -
GLMM| 0.5 049 |048 (048 | 1.0 0.89 1.11 |0.73
4 GLM 0.5 051 042 {045 | - - - -
GLMM]| 0.5 0.51 045 |045 |05 0.67 092 |0.65

Table 5.2: The Comparison of Estimates Under GLM and GLMM for Datasets with
Single Case and Four Controls per Matched Set Simulated with Negative
Exposure Effects.

Exposure Effect () Dispersion Parameter (¢)
Simul- |Method |True | Average |SE, |SE, |True |Average |SE, |SE,
ation Value| estimate Value | estimate
1 GLM |[-1.0 -098 10.47 (0.52 - - - -
GLMM|-1.0 -098 (0.50 {0.52 || 1.0 0.80 |0.98 |0.62
2 GLM |-1.0 -1.00 10.49 |0.51 - - - -
GLMM|-1.0 -1.00 [0.50 |0.51 || 0.5 0.46 |0.63 0.56
3 GLM [-0.5 -049 043 |0.45 - - - -
GLMM|-0.5 -049 |046 |045 | 1.0 0.82 10.84 (0.53
4 GLM |[-0.5 -049 (043 0.45 - - - -
GLMM|-0.5 -049 (045 {045 [ 0.5 0.49 |0.67 |0.50

5.4.2 Multiple Cases and Multiple controls

Tables 5.3 and 5.4 present similar comparative results as Tables 5.1 and 5.2

for 20 matched sets with 2 cases and 3 controls. The results tend to behave
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similar to the case of matched set with single case as presented in previous
tables. The estimates of SE, are lower under GLM in comparison with SE,

while GLMM is providing estimates of SE, closer to SE,.

Therefore, as expected the simulation results are showing that if GLM is
used for analysing matched data in the presence of random exposure effects,
then the estimated variation of the estimate of exposure effect would be

less than the actual variation.

The estimates of dispersion parameter of random effects which is only
available for GLMM are also presented in Tables 5.1 to 5.4. The average
estimates and estimated standard errors are reasonable but not as good as
fixed exposure effect which is often a general problem with the estimation

in GLMM.

Table 5.3: The Comparison of Estimates Under GLM and GLMM for Datasets with
Two Cases and Four Controls per Matched Set Simulated with Positive Exposure

Effects.
Exposure Effect () Dispersion Parameter (¢)
Simul- {Method |True | Average |SE, |[SE, |[True |Average |SE, |SE,
ation Value| estimate Value | estimate
1 GLM 1.0 098 1043 (049 | - - - -
GLMM]| 1.0 099 (048 (049 | 1.0 0.89 1097 |0.87
2 GLM 1.0 1.00 {043 (046 | - - - -
GLMM| 1.0 099 (048 (047 | 0.5 0.61 091 |0.86
3 GLM | 0.5 0.51 (042 [0.50 | - - - -
GLMM| 0.5 0.50 (0.48 (051 | 1.0 0.85 0.97 [0.75
4 GLM | 0.5 0.50 (042 (048 | - - - -
GLMM| 0.5 049 (045 (048 | 0.5 046 [0.65 |0.57
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Table 5.4: The Comparison of Estimates Under GLM and -GLMM for Datasets with
Two Cases and Four Controls per Matched Set Simulated with Negative Exposure

Effects.
Exposure Effect () _| Dispersion Parameter (¢)
Simul- |Method | True | Average |SE, |SE, |True |Average |SE, |[SE,
ation Value| estimate Value | estimate
1 GLM | -10| -099 |043 [048 | - - - -
GLMM| -1.0 | -0.98 10.49 048 | 1.0 0.82 10.93 |0.85
2 GLM | -1.0| -1.01 1043 {0.50 | - - - -
GLMM| -1.0 | -1.02 |0.48 [0.51 |05 048 |0.67 |0.69
3 GLM | -05| -049 [041 |044 | - - - -
GLMM| -0.5 | -049 |0.47 (045 | 1.0 0.87 0.97 |0.80
4 GLM | -05| -051 [042 (046 | - - - -
GLMM| -0.5 [ -0.51 |[0.46 |0.46 || 0.5 0.52 |0.74 10.68

5.5 APPLICATIONS

In addition to the simulation study the method was applied to a couple of
real datasets. The descriptions of the datasets and the results are

presented below.

5.5.1 Los Angeles Study of Endometrial Cancer

Breslow and Day (1980) presented data from a matched case control study
reported by Mack et al (1976) which is included in Appendix A (Table A3).
The study identified 63 cases of endometrial cancer occurring in a
retirement community near Los Angeles, California, USA 1971 to 1975 and each
case was matched to four controls who were alive and living in the same
retirement community.  The variables used for matching were age, marital
status and the timing of entering the community. The main objective was to
study the effect of exogenous estrogens on the risk of endometrial cancer.

In addition to information on exposure to oestrogens, the other information
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collected were the history of gall bladder disease, hypertension, obesity,
other drugs, etc. Breslow and Day (1980) analysed the dataset by using
conditional likelihood with GLM. We analysed the same dataset for some of-

the exposure variables by including random exposure effects with GLMM.

Three comparisons were made with only one exposure variable in the model
each time. The exposure variables included in different models are
Estrogen, Gall bladder and Hypertension. As Table 5.5 shows, when the
exposure effects of Estrogen and Gall bladder are investigated both GLM and
GLMM produce the same estimates of exposure effects and corresponding
estimates of standard errors as there are no randomness in exposure effects.
The estimates of ¢ in both cases are very small (0.02). Howe\}er, for
Hypertension the estimates and standard errors tend to differ because of the
presence of random variation in exposure effect which is reflected in the
large estimate of ¢ (1.10). The table also presents the corresponding
relative risks and confidence intervals.  For Hypertension, the confidence

interval is about 10% shorter under GLM than that of GLMM.

Table 5.5: Comparison of Estimates from GLM and GLMM with Matched Data from
Los Angeles Study of Endometrial Cancer. Three Comparisons with Different
but Single Exposure Variable in the Model Each Time.

Comparison| Risk Factor |[Method|Est [SE | ¢ |Rel Risk| 95% CI
| Estrogen GLM |2.07{042] - 7.92 13.48-18.05
GLMM |2.07{0.4210.02| 7.92 |3.48-18.05

2 Gall bladder |GLM |1.31]|0.37{ - 371 | 1.79-7.65
GLMM|1.31{0.37(0.02| 3.71 | 1.79-7.65

3 Hypertension|GLM [0.41{0.30] - 1.51 10.83-2.71
GLMM |[0.40{0.34(1.10| 1.49 |0.76-2.90
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Table 5.6 presents the results of another comparison where the exposure
variable Hypertension is included in the model with two other regression
variables, viz. Gall bladder and Estrogen. The presence of random exposure
effect is even more as the estimate of ¢ is 3.09. The differences in
estimates and standard errors under GLM and GLMM are prominent not only for
the exposure variable but also for the regression variables. A comparison

between relative risks or confidence intervals would make it more obvious.

Table 5.6: Comparison of Estimates from GLM and GLMM with Matched Data from
Los Angeles Study of Endometrial Cancer. One Exposure Variable with Two
Other Regression Variables in the Model.

Method |Risk Factor|Est |[SE | ¢ |Rel Risk| 95% CI
GLM |Gall 1.28(0.41] - 3.60 |1.61-8.03
Estrogen 2.1210.45] - 8.33 .12.41-20.1
Hyper -0.04 {0.34]| - 0.96 [0.49-1.87
GLMM |Gall 1.38(0.37| - 3.97 |1.92-8.21
Estrogen 229|047 - 9.87 |3.93-24.8
Hyper -0.08 [0.3713.09| 0.92 {0.44-1.90

5.5.2 Low Birth Weight Study

Hosmer and Lemeshow (1989) reported a study thét was conducted to
investigate risk factors associated with giving birth to a low weight baby
(less than 2500 grams). Each case, a mother who gave birth to a low weight
baby, was matched with three controls selected from the mothers of the same
age who gave birth to a normal weight baby. Twenty nine such matched sets
were included in the study. We fit GLM with conditional likelihood and GLMM
with random exposure effects to this dataset with the case and the first two
controls from each set. The dataset is presented in Appendix A (Table A2).

The risk factors included in the models are SMOKE (smoked during pregnancy),
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Ul (presence of uterine irritability), PTD (history of premature delivery),
and LWD (mother’s weight at last menstrual period is in the first _nquartile
for the study group). Table 5.7 presents comparative results of GLM and
GLMM where exposure to SMOKE was considered as random. The estimate of ¢ is
1.89, indicating the presence of considerable random exposure. The
difference in estimated exposure (Smoke) effect is relatively small, 0.42
under GLM compared to 0.40 under GLMM, but the difference in standard errors
is large, 0.52 compared with 0.62 under GLM and GLMM respectively, which is

reflected in the estimates of confidence interval.

Table 5.7: Comparison Between GLM and GLMM Using Data From Low Birth Weight

Study.

Method |Risk Factor| Est |SE | ¢ [Rel Risk| 95% CI
GLM |PTD 0.37{0.56] - 145 (0.48- 4.34
Ul 1.9210.81] - 6.82 |1.39-33.37

|LWD 0.30{0.54]| - 1.35 |0.47- 3.89
Smoke 0.42)0.52] - 1.52 |045- 4.22
GLMM |PTD 0.60(0.62] - 1.82 |0.54- 6.14
Ul 1.9710.86| - 7.17 ]1.33-38.69
LWD 0.3610.59| - 1.43  [0.45- 4.46
Smoke 0.40]0.62|1.89| 1.49 |[0.44- 5.23

5.6 DISCUSSION

The possibility of applying GLMM technique to accommodate overdispersion in
matched case-control studies is explored .in this chapter.  The estimation
method is discussed and appropriate modifications in GLMM estimation
equations are derived for its application to a conditional likelihood
analysis as undertaken in matched case-control studies. In addition to
providing exact expressions for the quantities required in the estimation
process for common situations, a general algorithm is presented for

efficient computation which will be particularly useful when the number of
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matched sets is large. The validity of the proposed method is analysed by
undertaking a simulation study and appiying to some real datasets.  Our
assessment indicates that the method has the .capability to improve
efficiency in the analysis of matched case control data. Further
investigation is required to develop similar exact methods for small samples
and examine the implications on study design particularly on sample size

determination.
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CHAPTER SIX

ANALYSIS OF CONTINGENCY TABLES
WITH CLUSTERED OBSERVATIONS

6.1 INTRODUCTION

The standard analysis of contingency tables or cross-classified categorical
data are often performed under the assumption that observations which
.contribute to the category counts are independent. However, in many
practical situations this assumption does not hold as .observations which
contribute to contingency tables are often clustered or correlated.  One
common reason is that the method of sampling used in collecting data is not
always simple random but rather surveys are often conducted by using more
complex multi-stage or cluster sampling designs. As the members of the same
primary sampling unit (PSU) or cluster tend to respond similarly, a
correlation structure is introduced in the observed data.  This can also
happen with temporal or spatial data which are gathered at successive points
in time or units in maps which are often close enough to be correlated. In
that situation a standard analysis for testing independence of category
classification by goodness-of-fit would be misleading as the analysis will

underestimate the standard errors of the estimates.

Pearson chi-squared and the log-likelihood tests under the assumption of
multinomial or product multinomial sampling are often employed for testing
independence or goodness-of-fit in contingency tables. Cohen (1976), Altham
(1976), Brier (1980), Fellegi (1980), and Rao and Scott (1981) discuss the
effects of clustered or correlated data on test statistics for independence

or goodness-of-fit in contingency tables. These papers describe methods to
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deflate the Pearson’s chi-square or likelihood ratio statistics in order to
adjust for intra-cluster correlation. These methods apply to two-way tables

only and mostly approximate.

Log-linear modelling is another approach to analysing contingency tables
which has become more popular since it can easily handle multi-dimensional
tables. This paper addresses the problem of how to analyse clustered data
in contingency tables using the techniques of GLMM which incorporate both

fixed and random cluster effects in log-linear models.

6.2 ANALYSIS OF CONTINGENCY TABLES

6.2.1 Sampling Models

Contingency tables are generally analysed under such sampling models as

Poisson, multinomial or product multinomial distributions.

Under the Poisson assumption each cell in a cross classification table is
assumed to follow a Poisson process where no a priori knowledge regarding
the total number of observations in the table is considered. If f; are
cell counts in a table with I rows and J columns, they are viewed as

independent Poisson variables with the expected cell counts m; then

ij

likelihood function for the observed frequencies is given by

mijfii e M
(6.1) Lmf) = 1 —F7— .
ij ij*

Under the multinomial assumption the sample size, i.e. the total number of

observations in a table, is treated as fixed and the distribution of the
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category counts given the fixed total is considered as multinomial. If f is

the total number of observations and wy s the underlying probability of

falling an observation in the ijth cell then the likelihood function is

expressed as

f! f
6.2 Lw,[f) = w. h L= 1
(6.2) Lw.f) T ];[j i where %j W

ij
When each row in a table is treated as independent with a fixed sample size
and the observations in different column categories are distributed as
multinomial then the sampling model is called product multinomial. If f;
is the row total for the it row then the likelihood function can be
expressed as

f1

(6.3) Lwf) =1 e W

T where X w; = 1
j U j

my;

Birch (1963), Haberman (1974a), and others have shown that the maximum
likelihood estimates (mle) of expected cell counts under the log-linear
model are the same under any of the above three sampling assumptions
provided a factor for fixed margins is included in the product multinomial
model. In the rest of this chapter Poisson model will be adopted as the

method of analysis.

6.2.2 Test of Independence

The test of independence in a contingency table is commonly undertaken by
using Pearson’s goodness-of-fit chi-square (Pearson 1904) or likelihood

ratio chi-square (Wilks 1935).
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Pearson’s chi-square for testing goodness-of-fit, that is to compare

observed with expected frequencies, is defined as

(f; - my)’
6.4 L S 4
(6.4) =2 % m

which is asymptotically distributed as x2 with (I-1)(J-1) degrees of freedom

under the null hypothesis of no association.

The corresponding test based on the likelihood criterion is given by

f
6.5 =-2 fi; 1

which is also distributed asymptotically as 2 with (I-1)J-1) degrees of

freedom under the null hypothesis of independence.

The chi-square approximation used in the above two test statistics depends
on the distributional assumptions such as Poisson, multinomial or product
multinomial and on the survey sampling scheme. As discussed in the
introduction the tests are applicable to the simple random sample case. Any
departure from that, for instance in the case of complex sample design
involving stratification and clustering, can seriously effect the validity

of these tests.
6.2.3 Adjustment for Complex Sample Design

Cohen (1976) proposed a method for adjusting the conventional test statistic
X2 used for independence or goodness of fit. The adjustment procedure was

originally designed for a cluster size of two which was later extended by
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Altham (1976) to cover the case where cluster size is more than two. The

adjusted test statistic is given by

o
(6.6) X = oy~ X2

(I-DHJd-1)

where k is the cluster size and a is some form of measure of positive
correlation with 0 < a < 1. If there is no intra-cluster correlation then

2
a=0, and X§=X2. If there is a perfect correlation then Xi = X-k— . Altham

(1976) discuss the method for estimating a.

Brier (1980) wused the Dirichlet-multinomial distribution to model the
distribution of counts in contingency tables generated by cluster sampling.
This provided an alternative rationale for Altham’s method and also helped
extend the method to cover the case of unequal clusters. It is shown by
Brier that the asymptotic distribution of conventional test statistics X2

and G2 under clustering are By2 with (I-1)(J-1) degrees of freedom and
t t
B = | X krG|/| Z kg
i=1 i=1

where it is assumed that there are 1, clusters of size k|, ... , I

clusters of size k,; and
1 <G = (kK+R)/(1+R) < k;

and R is a structural parameter for clustering effects such that p =

1/(1+R), where p is the intra-cluster correlation coefficient.
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6.2.4 Log-Linear Models

Let us consider the notation for log-linear modelling which will then be

extended to GLMM.

Let F; be the observed frequency in the ij™ cell in a two-way contingency
table which is the sum of the frequencies in ijth cells of k clusters.

Then

F, = X Fj is the marginal total for the i row;
i

F; = X Fj is the marginal total for the j column;
i

F,=2X 3 F;=2XF, =XF,is the overall total.
L j 1 j

Similarly,

fi is the observed frequency in the ijt cell of the ki cluster;
f, is the marginal total for the it row in the kth cluster;
f is the marginal total for the j'" column in the k' cluster;

fx= Z )y fij; = Z fi, = Z £ is the overall total for the k
i i ;

cluster.
Therefore,

Fy=2fy; F,=2Xf,’ Fj=Xf;;adF, =2Xf,
k k k k

When clustering is ignored the contingency table is analysed using the

following log-linear model:

(6.7) log ¢; = log M + log a; + log b; + log (ab);

=+ o+ B + off

where e; is the Poisson mean of Fy;

82



K is the overall mean;
o; is the row effect;
B; is the column effect;

af; is the interaction effect;

To test for independence or goodness-of-fit in the contingency table, the
model is fitted with and without the interaction terms and the likelihood
ratio test is applied. In the presence of a cluster effect the test
statistic turns out to be larger and leads to the false conclusion of

association in the table.

6.3 GENERALIZED LINEAR MIXED MODELS APPROACH

The GLMM approach as outlined in sections 2.3.2 and 3.3 is used to develop
an analysis strategy for contingency tables with clustered observations.
The analysis strategy is developed under the Poisson assumption and

consequently a Poisson-normal GLMM is the basis of the proposed analysis.

6.3.1 Application to Contingency Tables

To account for the cluster level correlation the model can be fitted to

cluster level observations as follows:
(6.8) log ey = B+ o + By + ofy + e + uy + oy

where  u,, uy and uy are random coefficients corresponding to overall
mean, row and column effects respectively for the ki cluster. The model
obtains estimates of common interaction effects after removing the random

variation in cluster level main effects.
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The above model can be written in a general form as
e =f(n) wheren = XB + Zu

where

4
e = [e“l,elz[,...,em, ..... ’ e“K,CIZK,...,eUK],
and

’
N = MMMy e » Mk Mizko--MNuxl -

Let IxJ = m, IXJXK = n and 1+(I-1)+(J-1) = P then

X is an nxm and Z is an nxPxK design matrices corresponding to the fixed
effects and the random effects respectively, Z can be partitioned
conformably to w'=[uj,uy,...,u;] as Z=[Z,,Z,,....,Z).

B" = [0ty 050,000, Boseos By 1y OB s OB 191y

is a P-vector of fixed effects, which will be estimated after removing the
cluster level random variation in the main effects.

’

’ _ ’ ’ ’ ’
u = [uu’uou”“’uaa-l)’“B1""’“[3(1—1)]

is an PxK vector of random effects for P main effects corresponding to K

clusters, i.e. each of uﬁ,u&l,...,uéu.l) has K components, for example,
’ —
Uu = [u“l,u“z, ...... ,uuK],
u is assumed to be distributed as N(0,A) where

A = diag [Apdp.AcudousAcnPoa-1pABi19B1ABu-n®Bu-n]

with Ap, Ag,, etc. known matrices of constants.

The distribution of the components of u can also be assumed to be log-gamma
with V= exp(uy), Vo, = exp(ug,), etc. gamma distributed with mean I.
However in the case of a Poisson distributed response variable, a simulation

study presented in Chapter 4 indicates that the difference between models
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with normal and log-gamma distributed random components is not significant.
Therefore, the present application will be derived assuming normally

distributed random components.

The distribution of observed frequencies, f;, conditional on given random
components, u, is assumed to be Poisson with mean ey = exp(ny). Thus

the log-likelihood functions for f |u and u are
1 J K '
(6.9) llu= 2 2 X [expMy) + My - In fi,!1,
i=1 j=1 k=1

(6.10) 1, = constant - (1/2) {K In(2moy) + ¢j3'upAp'uj)

n
and [, = l"u + o + I“B(J-l)
giving
alifoan = Yie-expMy) » 3211/311%1( = -exp(Miw) >
Iylu = diaglexp(My)] , I,, = B = diag[exp(xjB)1,

here I is the information matrix and

ab/auy, = -0y 'Ag'uy , &hjouy = -0 'Ap

and so on for ug,, Ugy,, etc.

Therefore, al,/6u = Au , 6212/6uau' =-A".

The scoring equations for estimating B, u are iterative from initial

values [, u, to first iteration B, u;, given by

Bi-Bo X'|,e.m 0
(611) V|:ul_u0 = |: /](f-e 0) + -A'luo} >
’ 00
V = [ ,]B[X z] + |y A
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Once convergence for initial estimates of f, u for given initial ¢ is
achieved, the improved estimate of ¢ is obtained and the iteration process

is repeated until the convergence in ¢ is also achieved.

The REML estimate of ¢u, for instance, is given by

(6.12) Tf)u = (ﬁﬁﬁu+ tr Tu)/K
where K is the number of clusters and

-1
-1

_ [xBx x'BZ
" |Z’BX Z/BZ+A™!

T VL Vu| TT T

Vi V| ! [T. T,

T, is the corresponding sub-matrix of T.

Once the model is fitted, the estimate of the standard errors of the fixed
and random components are obtained from the information matrix. The Wald
test can be used to test the significance of the interaction terms for the

hypothesis of independence or goodness-of-fit as follows.

2 ~ ~ 7 ~
(6.13) Xy = (0B 0B 1 1ypy) ToOBy e 0Bryy]
where TT is a sub-matrix of T, consisting of the appropriate elements.

Under the null hypothesis szv is distributed as x2 with (I-1)(J-1) degrees of

freedom.

Alternatively, the modelling can be repeated without the interaction terms
and the likelihood ratio type test can be undertaken as suggested by (Lee
and Nelder, 1996) as follows. If

Hy: B =P, then
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6.14) G =2(IB.0; ) - 1o Tug))) + 2(AB) - ABy)

where AB) = - J log det (Vy,|B) and ARy = - J log det (Vy,|By. G is

approximately distributed as %2, for given ¢.

A 2X2 contingency table can be analysed either by binomial logit or log-
linear models and the analysis method for overdispersed data due to
clustering is well developed using binomial logit mixed models. The mixed
modelling described above for the log-linear (Poisson-normal) model is

consistent with binomial logit case and both methods give the same result.

6.3.2 Cdmputation

A usual problem in the analysis of contingency tables using the log-linear
model is the number of parameters to be estimated. This problem will
potentially increase very rapidly if GLMM is used for the analysis. The
number of random effects to be included is directly proportional to the
number of clusters contributing to the table. For example, in a 5x5 table
with 20 clusters, 25 fixed effects (9 main effects and 16 interaction
effects) and 180 (20x9) random effects are required to be estimated. This
increasing number of parameters can quickly paralyse the proposed method of
analysis. It is shown below how this problem can be removed when applying

the technique to large contingency tables with many clusters.
The main problem is to take the inverse of the variance-covariance matrix of

very large dimension. However, with slight rearrangement of the random

parameters the corresponding variance-covariance matrix, V,, , can be
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converted to a block diagonal matrix which would make the method of

computation considerably simpler.

The vector of random parameters u can be written as
' = [u,ug,.ug,...ugl
where Uy = [uy U, seeeenslgy . (o oUBR . perees .
ko= lop v, R T

Then the following matrices can be expressed in diagonal forms:

Z = diag[ZI,Z2, ...... ,ZK], B = diag [Bl,Bz, ..... ,BK],
V22 = diag[W“,sz, ...... ,WKK], V12 = dlag[wOl,Woz, ...... ,WOK].
If X' = [X[X}...X{] then Vo = X[BX,, Vo = X{B,Z,

and Vi = Z{B,Z,+6"T where 8 = [0,001,- 001y OB 1+ OBy-1)]

Voo Vor Voo - -+ Vk Too Toy - - - Tk

’ ’

Voo Vyy 0 - - - 0 Ty Ty - - - Tk
vel® © - ) Vi = : )

Vo 0 0 " Vkk Tox Tik -+ - Tk

where
) Ay, ol
To = E7, Ty = E VgV

Ty = Wl-di + Wl-dlcw(')kE-IWOkvl.dl(
Tl = VigVoE Vo V!
and E = Vg - [Vo, Vi1V, + VooVaaVip +oet Vo ViV

K
Y s
= Vg - X VoV Vok
k=1

= K
Bl = [30 + Ty X'(f-enO) +Y Tox Zl'((fk_enko),

k=1
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U, = ug + T)p X' ("0 + 3 [T, Z{(f ") - 6;'u,,).
k=1

The estimates of dispersion parameters are obtained as follows

~ K
Oy = (Eluﬁk + tr TYIK,

where T, is a KxK matrix formed by extracting the first diagonal elements of

the sub-matrices of T ie. T}, ,..., Ty -

~ K
dou = (X Ug, + tr To /K,
k=1

where Tq, is a KxK matrix formed by extracting the second diagonal elements

of the sub-matrices of T ie. T, ......, Tgg -
Similarly estimates of ¢ corresponding to other parameters are obtained.

The estimates obtained under the above strategy will not require the
handling of any matrix greater than the matrix corresponding to the fixed
effect model. = Therefore computationally, if a contingency table can be
analysed by using an ordinary log-linear model, it should also be able to be

analysed under the proposed mixed model scheme for any number of clusters.

6.4 APPLICATION

The method is applied to a benchmark dataset used by Brier (1980) for
studying the effect of clustering in contingency tables analysis. The data
came from a survey conducted for the U.S. Department of Agriculture to study
the levels of satisfaction with housing in the neighbourhood. The survey
was conducted in 20 neighbourhoods in Montevideo, Minnesota and five

families were selected in each neighbourhood and two questions were asked,
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viz. the level of satisfaction with housing in their neighbourhood and the
level of satisfaction with their .own house. The responses were categorised
as unsatisfied, satisfied and - very satisfied for each question. The
responses from all five selected families were reported for all
neighbourhoods except two where only three families were included. Appendix
1 (Table Al) presents the detailed dataset separately for all neighbourhoods

and Table 6.1 presents a collapsed version of the dataset for all families.

Table 6.1. Contingency Table of Families Classified by Level of
Satisfaction with Housing at Personal Level and Community Level.

Pl P2 P3
C| 18 6 [0
(12.5) | (9.75) |(1.75)
G| 28 | 28 | 3
(30.73)((23.97) | (4.30)
C,| 4 5 | 4
(6.77) | (5.28) |(0.95)

P = Personal Satisfaction, C = Community Satisfaction

and the subscripts 1 = Unsatisfied, 2 = Satisfied, 3 = Very Satisfied.

The objective of the analysis is to test the hypothesis of whether a
family’s level of personal satisfaction is independent of its level of

community satisfaction.

A conventional chi-square test of independence in the collapsed table,

ignoring the existence of clusters and assuming a simple random sample of 96

families, would result in a Pearson 2 statistic, X2 = 17.89 and the
likelihood ratio %2, G? = 15.38. Both of these values are greater than
xi — 9.49 which indicates there is a significant level of association

between categories of personal and community level satisfactions.
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Brier (1980) extended a method proposed by Altham (1976) for deflating the
x? value for cluster effect. Altham originally derived the deflating factor
for equi-size clusters which was extended by Brier for unequal clusters. To
apply Brier's method an estimate of intra-cluster correlation is required
and, in the absence of such information, a maximum value of 1 for the intra-
cluster correlation is suggested to be used. Under this assumption deflated
values of X2 and G2 are obtained as 3.67 and 3.15 respectively, which are
less than xi,o‘os implying no association among the classification 6f
personal and community level satisfactions. Brier (1980) refined this chi-
squared  statistics further by deriving an estimate of intra-cluster
correlation rather than using the maximum possible correlation. That
produced the values of X? and G? of 15.68 and 13.49 respectively, which are
again significant compared with xi,o.os‘ Fingleton (1984) however notes
that the conditions under which the method is developed are fairly weak and

not highly reliable.

We analyse the same dataset using the method proposed in this paper. The

model used to analyse the data is as follows:

e =fin) wheren = XP + Zu

and

e = [e;], the Poisson mean of the category counts fy,

i=1,2,3 ; j=1,2,3 and k=1,2,...,20;

i and j represent levels of community and personal level satisfactions
respectively and k indicates the number of neighbourhoods. We have
B" = [1, ¢}s S5 Pp» P2s CPi1» CPi2» CP21> CPaols
v = [uf,....,u5),

' -
and uy = [Up.k’ Uerk, U2k Upik, Up2k].
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The model is fitted with and without interaction terms and the likelihood
ratio statistic is calculated as G2 = 11.43 which is closer to: the value
obtained by Brier (1980). The calculated G2 = 11.43 lies in between G2 =
3.15 and G? = 1349, the likelihood ratio statistics calculated based on
Brier’s method under perfect intra-cluster correlation and estimated intra-
cluster correlation respectively.  As the assumption of perfect correlation
is a conservative strategy the real G? is likely to be higher. On the other
hand as Fingleton (1984) mentioned, Brier’s method of calculating G2 based
on estimated correlation is dependent on fairly weak conditions and can not
be highly relied upon. Thus the actual value of G2 is more likely to be in

between these two values.

6.5 DISCUSSION

A GLMM based framework is proposed for the analysis of contingency tables
where observations enter as clusters. The analysis is applicable when
Poisson sampling error is assumed. @ The method has the advantage of
accommodating multiple levels of clustering. This is basically an extension
of log-linear modelling to incorporate random cluster effects. A
disadvantage of the method is that similar to the standard log-linear
analysis the numbers of fixed parameters and random components to be dealt
with are large since one fixed parameter and one random component are
required for each of the main effects. A computing algorithm is developed
to ensure that the proposed method does not demand any unmanageable
additional computing space. That means from the computing point of view the
analysis can be undertaken if the standard log-linear modelling can be

carried out. Still the method should be preferred only if there is a
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specific reason for conducting the analysis under the Poisson assumption.
Otherwise the method proposed in tl}e following chapter assuming product
multinomial rather than Poisson is easy to apply because of the reduction in

the number of parameters.
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CHAPTER SEVEN

MODELING MULTINOMIAL DATA WITH EXTRA VARIATION
AND ANALYSIS OF CONTINGENCY TABLES

7.1 INTRODUCTION

Multi-category response variables are common phenomena in social and
biomedical research. Multinomial modelling is often adopted to analyse such
data. However, in many cases the variances and covariances of the
observations are found to be more than the sampling %lariation assumed by the
multinomial model. This syndrome is known as extra variation or
overdispersion in the literature. The reason behind such overdispersion is
mainly due to clustering of observations which can happen for various
reasons as discussed in Chapter 6 in relation to the clustering in

contingency tables.

Extra variation in multinomial modelling is often addressed by using quasi-
likelihood functions or by using the Dirichlet multinomial model.  The
multinomial covariance matrix is often multiplied by a scalar parameter to
account for extra variation. The Dirichlet-multinomial niodel is in fact a
scalar adjustment of the multinomial covariance matrix used by Brier (1980)
for the analysis \of contingency tables under cluster sampling. Koehler and
Wilson (1986) adopted a similar approach for comparing proportions derived
from cluster samples.  McCullagh and Nelder (1989) proposed a quasi-
likelihood approach to scaled multinomial modelling. Liang and Zeger (1986)
proposed a class of generalised estimating equations to éddress this type of
problem. Recently Morel and Koehler (1995) proposed a method based on a one

step Gauss Newton estimator which allows flexibility in accommodating
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different levels of overdispersion corresponding to different components of
variance instead of multiplying the covariance matrix by a single scalar.
This method however concentrates on making inference about the population

mean rather than about individual respondents.

We propose a method based on the GLMM approach which retains the flexibility
of accommodating overdispersipns at different levels similar to Morel and
Koehler’s method but it offers the added advantage of making inference about
individual respondents apart from inference about population means. It is
also discussed how this method can be used for analysing' contingency tables
with correlated observations. This offers an alternative to the method

discussed in the previous chapter.

7.2 ANALYSIS IGNORING CLUSTERING

Let y*’=[yT’,y§',....,yT’] be a vector of counts which consists of a set of

sub-vectors which are independent, where yi'=[y;YigreeYisr)s are the

category counts in J+1 response categories.

Let T’=[T,,T,,....,T;] be a vector of the totals of I groups
I+l
where T, = X y;,
i=1

and nV=[n) M5}l be a  vector of  probabilities,  where
T} '=[M;|,Mppeesyy,] be the vector of probabilities for responses in the

J+1 categories for each of the T, observations in group i.

J+1 J * *
2wy =1, and my,= 1 -Xmy . E(y)=Tim; .
j=1 j=l
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The likelihood function for product multinomial data can be written as

y..
Ty
(7.1 Ly) = -E[lTi! Jﬁl i

i=t Yijy

and the corresponding log-likelihood function excluding the constants can be

written as

I J+1
(1.2) y)y=X X yjlnm.
i=1 j=1

Let us define the link function m; = gm;) with m; = x;B where x; is

a vector of covariates and B is a vector of parameters.

Now in dealing with multinomial data since the T,’s are predetermined so is

the J+1th category once the first J categories are known.

Therefore dropping the last value of each group we can define:

’

Y = [y1.¥5e¥il, Where ¥] = [y;,,¥ipees¥y), and

’

T [MU],70550eee, 0] Where T = [T0;,g500ee, ]

Here y is an m-vector with m=IxJ] where the first J elements belong to the
first group, the second J elements belong to the second group and so on.
Similarly 7 is the corresponding m-vector of probabilities. Then the link
function can be written as 1 = XB where X is an mxp matrix of explanatory
variables and B is a pxl vector of parameters. Then the log likelihood

function can be written as

(7.3) I=y Ingm) =y IngXp),

The estimate of P is obtained by maximizing the likelihood function. This
works well when the observations do not show any intra-cluster correlation

or any other extra variation. In the presence of such extra variation the
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estimate of [ is consistent but the estimate of the standard error of J
tends to be under estimated. In the following section, we demonstrate how

the GLMM technique can be used to estimate of B and the cluster effects.

7.3 GENERALISED LINEAR MIXED MODELS APPROACH

Let us extend the above structure to a situation where the observations come
from K clusters and the category counts are recorded at the cluster level
for each population. We define, y* as a vector of category counts at
cluster level such that y represenfs the category counts for the j®
category of the i group in the k cluster. n* and T are the
corresponding vectors of probabilities and cluster level population totals

respectively. Therefore,

*r _ %, ¥, ¥, % *r _ .
Y = (Y ey ppeeensYgioeoYxil @0d Yii = [YigpoeeesYiise1]

* * *y *y %, *,
Tt = [Tl:l l,...,ﬂ:l I,....,TEKl,...,TCKl] and nki = [nkil,ou,nkij_‘_l]

J+1
j=1
J+1
T = [T|,T;,....Tg] and Ty = [Ty, Tipseees Tyl With Ty = X Yiij -
i=1
As before after removing the last categories we define y and m corresponding

to y* and ®*. The dimensions of y and 7 is nx1 where n=KxIxJ.

The link function is now defined as

(7.4) T =gmn) and M = XP+Zu

where

X is an nXp matrix of covariates corresponding to the p-vector of fixed

coefficients B,
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ll, = [u;,u;,...,u}] With ll; = [ujl,sz,.--,UjK]

a vector of random effects which has J components each with K effects for K
clusters and Z is an nxKxJ incident matrix indicating the presence .or

absence of the observations in K clusters for J response categories.
where ¢;’s are dispersion parameters of the random components and A; are

known matrices.

As usual the log-likelihood function is now defined in two components

(7.5) I=1+1 where

5, =In fy;Blw) =1 fnélu) =y In gm) and

I, = In f(u) = constant - (l/Z)é {KlIn(2n¢;) + ¢;
i=1

1. ,a-1
wA; u;}

The estimates of B, u and ¢ are then obtained by the usual method of
maximizing the joint likelihood function [ as described in the previous

chapters.

7.3.1 Multinomial Logistic Modelling

As a logit link function is commonly used in the case of multinomial data we
describe the details of estimation for multinomial logistic modelling in

this section.

For multinomial data odds ratios are defined as the ratio of the odds of a

particular response category with the odds of the base category. Here the
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last category is treated as the base category. The logit link function

given by

exp (M)
J

1+'21 exp (M)
J=

(7.6) Ty =

Thus the form of the likelihood function [, ignoring irrelevant portions is

K I J+1 ]
1.7 h=3 I I yg Mg -ln (142 exp ()]
k=1i=1 j=1 1=

and [/, is as specified earlier.

exp(My;)
]
1"‘,21 exp (M)
j=

alllankij = Yuj - Ty = Yigj - Tkinkij
= aljom =y - y where y = [iikj] = Tkinkij
azll/ankij M7= Mg(l - T if k=k’, i=i" and j=j’
= - MM if k=k’, i=i’ and j#j’
= 0 otherwise

= - 8%l /anan’ = diag (m) - block diag (nm) = V(m)

&°l fouou’ = - [diag ¢;‘A;‘] =- A"

is

The estimates of B, u and ¢ are obtained by maximizing the joint likelihood

function I/=/;+l,. From initial values f, u, and given ¢, the estimates

~

B, u are obtained by using the Newton-Raphson iteration procedure as

follows:

Bl = [y -5 - |
(7.8) V{Frol = [Zf](y y) |:A-luo

u-u,
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: ! . 0 Vi Vi -1 ..
with V = lz,]V(n)[X z] + oatl T V=1lv v vi= | sl
then a new initial value for o is ﬁ}A}'Gj/(K-r?) . 50 Vi,

Using this estimate of ¢; , new estimates for B, u are found and a new value
of ¢; is estimated as indicated above. The final converged values of B, u,
¢ are the approximate maximum likelihood estimates. If V;; is replaced by T

then REML estimates are obtained.

7.3.2 Multiple levels of Clustering

When there are multiple levels of clustering the above method can be

generalised by defining
7 ’ 7’ .
u=[ul,u2,...,u(’2], with u=[u,;,u,,...,u] and qu=[uq“,...,uquq]

as a vector of random coefficients with Q levels of clustering. u
represents a vector of random effects corresponding to the jth response
categories for the clustering at q® level. The dimension of wuj will be
equal to K;, the number of clusters at gq® level. If the first random
component corresponds to K, ultimate clusters then u{j will be of dimension
K;x1. If the second component corresponds to an upper level clustering,
such as primary sampling units (PSU) in multistage sampling, each of which
consists of K, ultimate clusters then uy will have dimension K,x1 and so

on. Z2=(Z2,Z,,....Zy] with Z=[Z,Z ... Ly] is partitioned conformably

with the partition of u.

The uy’s are assumed to be independent with distribution N(0,Aj,) where
0,’s are dispersion parameters of random components and Ag’s are known

matrices such that
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A = block diag [A},Ay..Aq] and A, = block diag [AdqmmAgdy] -

In the log likelihood function (7.5) I; will remain as before but [, will be
adjusted as follows

Q I
(7.9 L = In f(u) = constant - (1/2) X ¥ {Kyln(2mo,) + o ulA jug)

ol qi**aj "
q=1j=

The estimation equation will be the same as defined in (7.8) but with
multiple random components and multiple dispersion parameters. The
dispersion parameter for qjth component will be calculated as bg .=
ﬁ('ﬁAc'l;ﬁqj/(qu-r:j) Ty = 0yt Vig With K, the number of components
of u; and V;;(qi) is the appropriate sub-matrix of V,. If V, is replaced

by T then REML estimates are obtained.

7.4 APPLICATION TO CONTINGENCY TABLES

Contingency tables are often analysed under a multinomial sampling scheme
particularly when one or more variables can be thought of as independent
variables and the remainder as response variables. The sample size
corresponding to each category of independent variable is assumed fixed and
the main interest is to test the homogeneity of proportions across
independent groups.  Multinomial logistic modelling is often employed to
obtain the estimates of odds ratios or to test the homogeneity when the
response variable has more than two levels. In this section, we describe
the analysis of contingency tables using multinomial logistic modelling when

the observations are clustered.
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Let us consider the case of a two-way contingency table with I rows and J+1
columns. The observations contributing to the table are obtained from K
clusters.  Category counts are denoted by f; with expected value e

If the columns are considered as response categories and rows 'are treated as
explanatory categories then, taking the last response category as the base

category, the multinomial logit for the k,i,j® cell can be written as

If e and m are vectors of egy's and my’s then the full mixed effect

analysis model can be expressed as
(7.10) logit e = n = XB+Zu

where [ is a vector of fixed coefficients with dimension J+(I-1)J. It can be

decomposed as P’=[B”,p*'] where

B® = [BY. B2 - BY

includes an intercept term for each response category except the base

category J+1, and

* * * * * * *
B = [Bl,l' BI,Z’ bt BI,J’ soesens Bl-l,l’ BI-1.2’ eo00 Bl~l,J],

represents the interaction terms for each combination of the first J columns
and I-1 rows. The interaction effect corresponding to the I® row is

confounded with the B° parameters.

Let u'=(uj,uj,...,u;) and ujf=[uj,,ujz,...,qu], to allow J random components
corresponding to the J response categories with each having K effects
corresponding to the K clusters. To allow for clustering at another level a

different set of J components are required with number of effects in each
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components equal to the number of clusters at that level. X and Z will have
to be designed appropriately to conform with the parameter structure of B
and u. Then the estimate of B, u and ¢ can be obtained by following the .

standard procedure described in the previous section.

To test homogeneity in the contingency table the likelihood ratio test or
Wald test can be employed. For the likelihood ratio test the model has to
be fitted again without the interaction terms but keeping the random
component structure the same as before and test statistics éan be

constructed as suggested by (Lee and Nelder,1996) as follows.
If Hy:p* =0 then
1) G = 2(0° BY o fw) - 1B%0 fugg)+ 2(AB°, BY) - AGY)

where A(B’B*) = % log det (V,,|B%B*) and A(B?) = % log det (V,,|B%.

For given ¢, G? is approximately distributed as 2 with degrees of freedom

equal to the dimension of B*.

As the test of homogeneity is equivalent to the test of independence, the
multinomial logistic method can be used as an alternative to the method
presented in the previous chapter under Poisson (log-linear) modelling for
the test of independence. The main advantage of the multinomial logistic
approach compared with the Poisson modelling approach is that fewer random
terms are required, which is particularly useful when the .number of clusters
is very large. The number of fixed parameters under the multinomial

modelling is also less. However, as discussed in detail by Freeman (1987),
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there are situations where log-linear modelling is preferable to multinomial

logistic and vice versa.

7.5 EMPIRICAL RESULTS

Two applications of the proposed method are discussed in this section, the
first to contingency table analysis and the second to the analysis of

general multi-category response data.

7.5.1 Application to Neighbourhood Dataset

The method is applied to the contingency table of the neighbourhood dataset
(Brier 1980) as discussed in Chapter 6. Table 6.1 in the previous chapter
presents a collapsed version of the dataset and Table Al in Appendix 1
presents the detailed dataset separately for all neighbourhoods and for all
families.  This is basically a two-way contingency table, with levels of
satisfaction with own home (p’s) being columns and the satisfaction with
neighbouring housing (c’s) being rows. For the curreﬁt analysis, the
satisfaction with own home is treated as the response variable and the
satisfaction with neighbouring housing is considered as the independent -
variable.  As the response variable has three levels (p;,, p, and p;) the
first level is treated as the reference category while the three row levels
(cys ‘cz and c;) are taken as the levels of the explanatory variable. Each
neighbourhood is considered as a cluster of families and the analysis is
undertaken by using cluster level contingency tables with cell frequencies
(fy) where k indicates cluster and i and j are the levels of community and
personal satisfaction. = The multinomial logistic model used to analyse the

data is
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(7.12) e = fin) -where 1 = XB + Zu

and
e = [el, is the expected value of fi

i=1,2,3; j=2,3 and k=1,2,...,20;
3
Ty = X fi; = multinomial marginals, and

i=1

exp(My)

i = 3
1+Z exp (nklj)

j=2
B” = [Py P3» CP2s» CP3p» CPy3» CPasls

’ ’ ’ : r o
u = [upz, up3], with uy, = [upj,,upjz,....,upjzo].

Here p, and p; are two fixed intercept coefficients corresponding to the two
levels of the response variable and the remaining four fixed coefficients
are interaction or odds ratio pérameters.' Two random components uy,, Uy
corresponding to two response categories each with twenty levels for fwenty

communities are included in the model.

X and Z are design matrices corresponding to the fixed coefficients B and
random components u. Z=[Z,Z,] where Z, and Z; are design matrices

corresponding to the two random components U, ;.
The model was fitted with and without interaction terms and the calculated

likelihood ratio statistic A2 and Wald statistic W2 are presented in Table

7.1 in comparison to the test results obtained from other methods.
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Table 7.1. Calculated Test Statistics Under Different Methods

Method of Estimation A2 | W2
Multinomial Logistic (ignoring clustering) 15.39

Log-linear (ignoring clustering) 15.09
Multinomial Logistic (random cluster effects)|{10.32| 8.56

Log-linear (random cluster effects) ' 11.4311.97

Brier’s Dirichlet-multinomial (estimated corr) |13.49

The results show that, similar to the mixed log-linear model introduced in
the previous chapter, the mixed multinomial logistic model is deflates the
likelihood ratio statistic, A2.  The conventional analysis under multinomial
and Poisson assumptidns produces the values of A2 as 15.39 and 15.09
respectively. This are deflated to 10.32 under multinomial and 11.43 under
Poisson mixed models. The correction in A? for clustering under these
methods is larger than the cormrection done under ‘Brier's  Dirichlet-
multinomial model. The value of A? obtained under Brier’s method is 13.49.
Even after the correction the test result is still significant at 5% level
under all methods. However, the p-values are very close to 0.05 under the

corrected methods.

7.5.2 Application to Birth Defect Study

Morel and Koehler (1995) present a dataset from a study conducted by
Hartsfield et al. (1992) on the effects of prenatal exposure to cadmium and
zinc on death and malformation rates of hamster fetuses. They used the
dataset to compare the estimates obtained from their proposed one-step

Gauss-Newton estimator with that of multinomial and scaled multinomial
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models. We use the same dataset to show the performance of the proposed

method in the case of general multi-category response data.

Table 7.2 presents the dataset where each row within a treatment group

represents a litter. The treatment the litters

groups are of pregnant
hamsters which received various treatments such as 2 mg kgl of zinc, 2 mg
kg'! of cadmium, 3 mg kg! of cadmium, combination of 2 mg kg! of zinc and
2 mg kg! of cadmium and 2 mg kg! of zinc and 3 mg kg! of cadmium. In
addition two control groups of 10 hamsters in each group received either no
treatment or a saline solution only. The two control groups were combined
into a single group in the analysis. The outcome of the study, the numbers
of dead fetuses, alive fetuses with physical malformations and alive fetuses
without physical malformations, are presented in the first, the second and

the third columns respectively within each group.

Table 7.2: Data from Hamsters Birth Defect Study

Injected |Untreated |2mg kg-! [2mg kg!'|3mg kg'!|2mg kg!|2mg kg'!
Controls |Controls |of zinc of of zinc and |zinc and

cadmium |cadmium [2mg kg! |3mg kg-!

of cad. |of cad.

a bclabocjaboc|laboc|abeclabocjabc
0 013|/0 013[{2 01112 5 5/6 5 1|1 1914 15
8 0 1]5 1 7|0 015{12 0 Of11 0 0[O0 O 13[4 7 3
0 013/0 0131 0134 5 3|8 5 0|1 113|13 5 O
1 0111 O011]1 1133 8 0{8 0 0|4 4 3{2 4 6
1 0170 013{1 0123 8 0(14 0 0|0 1126 5 1
0 013|0 O11|1 01219 4 011 1 00 O11f11 O O
0 015/0 0110 013|112 3{12 0 00 3 9|5 6 2
0 0141 210|/1 010]1 9 2|13 5 0/2 2 9{4 2 6
0 0110 11210 016/2 410{12 0 0{0 4116 3 6
0 01410 0120 111{3 012|12 0 O 1 5 6|5 3 3

a = dead fetuses, b = alive fetuses with malformations and ¢ = alive fetuses

without malformations
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In Morel and Koehler (1995) the dataset was 'analysed by viewing it as a 3x2
factorial experiment where one factor corresponded to the levels of zinc
(control, 2 mg) and the other factor corresponded to the levels of cadmium
(control, 2 mg, 3 mg). We analyse the dataset in the same way to make the

results comparable.

Let us denote the outcomes in Table 7.2 by Yiilj» where k, i, I, j represent

litters, levels of zinc, levels of cadmium and the response categories

respectively. If T, = Zykﬂj represents the multinomial marginals in litter
i

e,

k then the corresponding probabilities can be defined as my = -FIJ

k

where e,;; are the expected frequencies. If the number of alive fetuses
without any physical malformations is considered as the base category (j=c)

then the logits for the alive with physical malformations (j=b) and dead

Tl for j = a and b.

fetuses (j=a) can be defined as log 7
kile

The multinomial logit model is then fitted as

(7.13) iy = 8(Miiy) with

= OLJ + Bijxij + )»._'ij + 'Yﬂjxwﬂj + ukj

where oy’s are intercept parameters that represent the control groups, Bij’s
are main effects for zinc, A; are main effects for cadmium and v are
interaction parameters for the interactions among zinc and cadmium levels
and wy’s are random effects for the j™ response level in the k% litter.

and xw;

X ilj

ij? Wy

i are indicator variables for zinc, cadmium and

zincxcadmium interactions for the jth response category. There are two sets

108



of parameters corresponding to two outcome levels of interest (j=a,b). In
each set there are six fixed parameters - an intercept parameter, a
parameter for zinc effect, two parameters for cadmium and two interaction
effects.  The base levels of zinc and cadmium are confounded with the
intercept. There are two random components for two response categories with
the number of effects in each component equal to the number of litters.
Therefore in each set there are 70 random effects corresponding to 70
litters.  The strategy accounts for random litter effects corresponding to

each response categories.

Table 7.3: Estimates of Interaction Parameters and The Corresponding
Statistics for the Test of Significance.

Parameters |Multi. Scaled | Generalised mult. GLMM
model | multi. Diagonal |Unrestrict ML IREML

Logit 1: Dead versus alive without any malformations

Zinc x Cad2|{-2.24 |-2.24 -2.24 -2.24 -2.94 -2.99
(0.62) | (1.09) | (1.26) | (1.28)  |(1.05) (1.11)

Zinc x Cad3|-3.78 |{-3.78 -3.78 -3.78 -4.44 -4.49

(1.13) {(1.98) | (1.79) (1.88) (1.14) (1.46)
Logit 2 : Alive with versus without any malformations

Zinc x Cad2|-1.90 |[-1.90 -1.90 -1.90 -2.10 -2.15
(0.93) | (1.63) | (1.31) (1.31) . |(1.11) (1.51)

Zinc X Cad3|-2.58 |-2.58 -2.58 -2.58 -2.28 -2.26
(1.37) [ (2.41) | (1.93) (1.93) (1.51) (1.54)

Wald test

Logit 1 18.50 | 6.02 5.52 5.19 13.80 12.51

Logit 2 486 | 1.58 2.47 2.47 3.85 3.77

Logit 1 & 2|27.88 | 9.08 8.58 147 17.59 16.59

The results of fitting the model are presented in Tables 7.3 and 7.4 in

comparison to the results of other methods such as scaled multinomial and
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generalized multinomial models proposed by Morel and Koehler (1995). Table
7.3 presents the estimates of interaction effects and the corresponding Wald

test results. It appears that the methods which only adjust the covariance

Table 7.4: Estimates of Parameters and Standard Errors Under Additive Models

Parameters | Multi. [Scaled | Generalised mult. GLMM
model | multi. Diagonal Unrestrict | ML | REML

Logit 1 :Dead versus alive without any malformations

Intercept | -2.30 | -2.30 | -2.30 | -2.30 -2.47 -2.49
(0.21) | (0.39) | (0.45) | (0.45) (0.39) 0.41)
Zinc -243 |-2.43 -2.50 -2.20 -2.10 -2.10
1(0.28) | (0.51) | (0.54) | (0.56) (0.48) .(0.50)

Cad 2mg | 2.33 | 2.33 2.29 243 2.35 -2.37
(0.29) | (0.53) | (0.60) | (0.61) (0.54) (0.57)

Cad 3mg | 5.55 | 5.55 5.67 5.34 5.87 591

(0.36) | (0.65) | (0.69) | (0.71) (0.59) (0.61)
Logit 2 : Alive with versus without any malformations

Intercept | -3.76 | -3.76 | -3.75 -3.79 -3.80 -3.81
0.41) | (0.74) | 0.59) | (059 |©.47) (0.48)

Zinc -1.51 |-1.51 -1.51 -1.60 -1.48 -1.47
(0.26) | (0.47) | (0.38) | (0.38) (0.43) (0.45)

Cad 2mg |4.00 | 4.00 3.97 4.10 -3.99 -4.00
(0.45) | (0.81) | (0.65) | (0.65) (0.56) (0.58)

Cad 3mg | 5.38 | 5.38 5.46 5.46 5.34 5.35

(0.50) | (0.91) | (0.73) | (0.73) (0.63) (0.65)

matrix ie. scaled and generalised multinomial methods do not adjust the
estimates of parameters but only adjust the standard errors. However, ML
and REML under GLMM adjust both estimates and standard errors of the fixed
coefficients. Consequently, the Wald test results turn out to be
substantially different than other methods.  The combined Wald statistics

for logit 1 and 2 under GLMM reduce to 17.59 (p=0.0015) for ML and 16.59
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(p=0.0023) for REML compared with 27.88 (p<0.001) under the ordinary
multinomial model and in the range of 7.47 (p=0.113) to 9.08 (p=0.059) under
other scaled multinomial models. Similarly, for logit 1 the Wald test under
ML is 13.80 (p=0.008) and under REML is 12.51 (p=0.014) which are
substantially higher than those of other scaled methods where 6.02 (p=0.049)
for scaled multinomial, 5.52 (p=0.063) and 5.19 (p=0.075) under diagonal and
unrestricted scaling methods.  Table 7.4 shows similar results for main

effects when the model is fitted without interaction terms.

7.6 DISCUSSION

A GLMM based strategy for dealing with overdispersed multinomial data has |
been presented in this chapter. A Variety of methods has been proposed in
the literature for dealing with such datasets. However, the method proposed
offers greater flexibility in analysis. It offers the flexibility of
accommodating overdispersion at various levels and making inference at both
population and individual or cluster levels. When there are only two
response categories the method is consistent with binomial logit mixed

model, a recbgnised method of analysis for overdispersed-binomial data.

The method is also shown to be applicable to the analysis of contingency
tables with clustered observations under the assumption of multinomial
sampling. This can be considered as an alternative to the method discussed
in the previous chapter for analysis of clustered contingency tables.  The
advantage of this method is that the number of parameters to be dealt with

is much less than that under a Poisson-normal model.
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CHAPTER EIGHT

ANALYSIS OF CONTINGENCY TABLES WITH ORDERED
CATEGORIES AND CLUSTERED OBSERVATIONS

8.1 INTRODUCTION

The use of ordinal scales is very widespread in social and health sciences.
Attitudes, opinions, severity or stages of various conditions or situations
are often measured by using ordinal scales which often result in contingency
tables with ordered categories. However, most of the commonly used
statistical methods for analysing contingency tables often ignore the
ordinal relationship between categories and treat these as nominal
categories.  The conventional analysis using log-linear modelling or test of
independence  using Pearson chi-square statistic often treat ordinal
variables as nominal variables. Ignoring the additional information of the
ordered relationship among categories may lead to less power for detecting
an alternative hypothesis. = In the analysis of contingency tables ordinal
methods of analysis can considerably reduce the number of parameters to be
tested for goodness of fit or test of independence compared to that of
nominal methods. The methods for analysing ordinal categorical data have
been developed considerably 6ver the last couple of decades. The detailed
discussion of conventional methods of analysis for ordinal data can be found
in the books of Bishop et al. (1975), Gokhale and Kullback (1978), Goodman
(1978), Haberman (1974b, 1978, 1979), Fienberg (1980), Gilbert (1981) and

Agresti (1984) among others.
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In McCullagh (1980) a class of regression models has been developed for
analysing ordinal response variables which are known as threshold models.
As reflected in the recent literature the threshold models can be considered
as the most appropriate method for analysing ordered response variables.
The method has subsequently been extended to include both fixed and random
effects by Harville and Mee (1984) and Zhaorong et al. (1992) and Saei
(1996).

The problem of analysing contingency tables with clustered observations
discussed in the previous two chapters is extended here to the case where
categories are ordinal. A strategy for analysing such contingency tables

with the aid of mixed threshold models is developed.

8.2 LOG-LINEAR MODELS FOR ORDERED CATEGORIES

Agresti (1984) provides a review of the methods used for modelling cross-
classified data with ordered categories. The essence of these methods is to
replace the interaction terms in conventional log-linear models by lesser
number of regression coefficients while assigning a score for the ordinal
categories. In a two-way ordinal-ordinal cross-classification, a single
regression coefficient is used to replace all interaction terms as explained

below.

If my is the expected frequency in row i and column j in a two dimensional
contingency table with i=1,2,., and j=1,2,.,J then a saturated log-linear

model can be written as

8.1) log my = p + o + B + afy .
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The above model is saturated and includes (I-1)(J-1) interaction parameters
and a test for independence will have (I-1)(J-1) degrees of freedom (df).
If both row and column categories are ordinal then these interactions terms

are replaced by a single regression term as follows

(8.2) log my = p + o + B + v(urw)(v;-v)

where u; and v; are ordered scores for rows and columns respectively. The
choice of scores reflect the assumed distances between categories for
underlying interval scales. In the absence of any information the scores
can be considered as equi-spaced. The advantage of the above model is that
the number of parameters to be estimated is much less than the saturated

model and the_ df for goodness of fit is (I-1)(J-1)-1 and the df for testing

independence is 1 only.

If the cross-classification categories are ordinal-nominal i.e. columns are
ordinal but rows are nominal, say, then an equivalent model can be written

as

with (I-1)J-2) df for goodness of fit and (I-1) df for test of

independence.

The models can also be interpreted in terms of log odds or log odds ratios.
For the ordinal-nominal model presented above, the log odds for an arbitrary

pair of rows i and i’ is,

84 o % = (W) + ARV
J
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that is the log odds is the linear function of the scores with slope as the
difference between the slopes for i and i’ rows. Similarly the log odds
ratio for an arbitrary pair of rows i and i’ and for an arbitrary pair of

columns j<j’ ,

mi‘/mi-'
(8.5) log -,J. _J,., = (Y-%)(vivy)
my7;/my,

implying the odds ratio is proportional to the difference between column

SCores.

For the ordinal-ordinal model, the log odds ratio for an arbitrary pairs of
rows i<i’ and an arbitrary pairs of columns j<j’ is given by
Mij/my
(8.6) lOg W = 'Y(ui-ui')(vj-vj') .
Therefore, the odds ratio is proportional to the product of the differences

between appropriate row and column scores.

A number of other authors such as Birch (1963), Haberman (1974b), Goodman
(1979), Andrich (1979), Duncan and McRae (1979) discuss this type of

modelling in various forms.

In the following sections we develop an analysis strategy for ordinal-
nominal contingency tables along the line discussed above but by using
threshold models.  The proposed analysis strategy will not only utilize
ordered relationships for interaction effects but will also extend it to

main effects for ordered column categories.  The strategy will then be
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extended to cover the case where observations are clustered by applying

GLMM.

8.3 THRESHOLD MODELS

The concept of threshold models is developed by assuming an underlying
continuous and maybe unobservable random variable, T, with a specific
distribution.  The categories of the observed ordinal variable Y correspond
to the various contiguous intervals of the underlying variable, 7. The cut-
points of the intervals are called threshold parameters (8’s) which are
unknown. If the categories of Y are denoted as O,l,...,M then the realised

value of Y is recorded as ¥ = m if 6,,< T < 0,

n As the commonly used

distributions of T ranges over -e.o to oo the highest and lowest cut-points of
0 can be assigned values as 8, = -co and 0, = . The threshold model for Y

is then
P(Y<m) = G(8,,M)

where N=XP with X the matrix of independent variable values and § a vector
of regression coefficients; G(6,m) is a cumulative distribution function.
If X includes a column of 1's for an intercept term then the problem of a
lack of identifiability arises which can be overcome by setting 6,=0. That
leaves the threshold parameters 0,,0,....8,,, and the regression parameters

in M to be estimated.

The mixed model extension of threshold models is done by adding random
components in 1 as N=XP+Zu, where u’=[uj,u,...u;] is a vector of a set of
random parameters and Z=[Z,Z,,...Z,] is the corresponding incidence matrix.

The assumptions related to the distribution of wu;'s and the covariance
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structure are as usual, that is w; ~ N(O,0;A) or u ~ N(O,A) with A = block

diag [A;¢;] as the variance-covariance matrix of u.

Depending on the distributional form of the underlying variable T and hence
the cumulative distribution function, G, various threshold models can be

defined as follows:

1) If G(0,M)=P(0,,Mm), where ® is the cumulative distribution function of
the standard normal distribution, then the standard threshold model is

achieved.

0 -
2) If the logistic function is used ie. G(6,Mm) = -;_%me—n_zﬁ) and then the

proportional odds model is obtained. This model will be used mainly in the

present chapter for analysis of contingency tables.

3) If G®,m = I1l-exp[-exp(6,Mm)], ie. the extreme minimal value

distribution, then the proportional hazards model is obtained.

4) If G(O,mn) = expl-exp(®,Mn)] ie. then the extreme maximal value

distribution is used.

8.4 ESTIMATION IN MIXED THRESHOLD MODELS

The parameters of a mixed threshold model is obtained by following the usual
method of maximising the joint likelihood function [=I+], for mixed

models. The definitions of [, and [, are same as described in the previous
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chapters. However, the form of the conditional likelihood function [, is

different which is discussed below. Given that
P(Y<m) = G(6,,-M),

if y is a Nxl vector of ordinal responses with i realisation Y=y,=m,
where m can be one of 0,1,..,M, then 'the probability that Y=y, is given

by

P(Yi=Yi) = Pi = G(eyi'ni) - G(eyi_l'ni).

Then the log-likelihood function for y can be written as

S~
—
1

In [G(8,-n) - G(8, ,-n)].
i=1

8.7

N
|

= (123 [vin@2ro) + WAy
i=1

and /, is the as usual log-likelihood function for k random components under
the normal assumption as defined in the previous chapters. The notations

are as usual with u; representing a random component with dimension v; .

Then the estimates of 6'=[8,,8,....0,,] , P and wu are obtaiqed by
maximising the joint likelihood function [=l|+l, following the usual

Newton-Raphson iterative scheme as follows

A0| 1T 01[a1/90 0
(8.8) V|AB[ = [0 X’f] 0 0 0
Au 0 7’|1°4/9Mo Ay,

- where A indicates changes in estimates in each iteration and the subscript O
indicates the initial starting values and subsequently the values in each

iterations. The matrix V is defined as follows
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, , 00 0
8 V. ) 21,/26,08; -3, /60,omy [1 0 g] £ 1000
0 Z’||-8%,/6m88, -8%1, /am,en, 0 00 A

and the variance covariance matrix is given by

N T, T, Ty,
Vi = 1T, Ty T23
T; T;, Ty,

and the derivatives can be expressed by defining

8100 Q= gOnM)P;y Qi = g0nMP; ,

where g(.) is the derivative of G(.) and Gmi can be one of the possible
cutoff points.

Then the first derivatives cah be written as
aly/an; = -(Q; - Q?)

/88, =X Q - T Q

yi=m yi=m+1
The second order derivatives can be expressed by defining

D; = 3[n g(ey;ﬂi)]/aeyi
(8.11)
D; = 3[ln g8, .-mp)/ab,, |

Note that D=0 and D::O when y;=0.

82/80,00,/ = ¥ QMD:Q) - ¥ Q; (Di+Q;) , m'=m

Yi yj=m+l

Y QQ , m'=m-l
s=m

Yi

= £ QQ , m=m+l

yi=m+l

= 0 otherwise
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/80,0 = T QQ-Q-D) - T Qi (Q-Q-D)

yp=m yi=m+l
sljenany = ¥ [QD-QiDi-(QrQ)T , i=i’
yi=m

= 0 otherwise

Using the derivatives in estimation equation (8.8) the converged values of
threshold and regression parameters are obtained through iteration. After

convergence the estimate of dispersion parameter is calculated as

*

bimey = [llJ{Ajlllj +tr AleJj]/vj
ra-l -1
remyy = WAy + tr ATy,
where T; is the appropriate sub-matrix of Tj; and T;j is the appropriate

sub-matrix of V;; . The iteration process is continued until the

convergence in ¢ is also obtained.

8.5 THRESHOLD MODELS FOR CONTINGENCY TABLES

Let us consider a IXJ contingency table which may have observations from K
clusters. To undertake an analysis by incorporating random effects for the
clusters a separate contingency table is formed using observations from each
cluster. Then the combined contingency table can be defined as of dimension
IxXJxK. The J ordinal column categories are considered as the response
categories with values 1,2,...J (0 is excluded for consistency) in the
threshold model while the row categories are treated as explanatory
variables. In the following description the row categories will be

considered as nominal.
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8.5.1 Fixed effect Analysis

Let f; be the frequency count in the ij% cell.  Since my=n; the log-

likelihood function can be written as

1)
(8.12) L =22 f; In [G(Om) - GO, M)l

i=lj=1

If n=[n;Nyeenl’ we define n=Xp where X is a design matrix of dimension
IXI.  Each column of X corresponds with a row effect and one of the row
effects is confounded with the intercept. B is a Ixl vector of
coefficients. ~ As a vector of 1’s is included in the design matrix we set
0,=0 and Qy=-cc and 6;=cc with G(-e0)=0 and G(eo)=1. Therefore, the remaining
J-2 values of 0’s are required to be estimated, which can be included in a
vector 0'=[0,,05,....,8,,]. The estimates of 6 and [ are now obtained by

maximising the likelihood. If
Py = G(O;my) - G(6;,-n)
Q; = g(6;M)/Py, Q:j = g(6,.,-m)/Py

D; = 8l g(6;1)l/e6,

(8.13)

*

D;; = a[ln g(6;,M)/a6,,

Note that D;=0 and D=0 for all i .

Then the derivatives can be expressed as
]
al/ap = -X X £;(Qy-Qipx;

j=li=1

all/aej = 2 fij Qij - Z fi,j+1Qij+l
i=1 i=|

I
82l/88;608y= X f; Qy(Dy-Qy) -
i=1

l * * * op
fiJ+l Qixi+1 (DiJ+I+QiJ+|) » J =)
o

1
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1
2 Q; Q5 o =ikl
i= 1

1
= 2 fijer Qijer Qijur »  J'=itl
i=1

1l

0 otherwise
a2l,/aejal3 =

I 1

X fij Qij (Qij'Qij'Dij) X; - 2 fi,j+l Qij+l (Qi,j+I'Qi,j+l'DiJ+l) X

i=1 i=1

, J ! * * * 2
82 /aBef’ = ¥ X f; [Q;;Dy-Q;iDi;(Qy-Qi)°] XX}
j=1i=1

The estimates can then be obtained by using the Newton-Raphson method of

iteration as follows

(8.14)

8, 1181,/86, -821,/06600" -2l /508’
= A\ here V = .
[Bo] * [311/3130 Whee 82, /80'8p -82, /Pop’

™t D

8.5.2 Mixed Effect Model

Let f;; be the frequency in the j response category in the i row of the
kih cluster.  The joint likelihood function can be written as K [+,

where, using M=Ty; >

K 1 1
@8.15) I} = X X Xln [G(®y) - G(6;,-My)]

k=li=lj=1 °

and N = xuB+zpu = n = XP+Zu
with 1 = [N e peoseeeNgpeesNi] > X is @ KXIXI design matrix for
the fixed effects corresponding to I rows and Z is a KXIxXK incidence matrix

for the random effects corresponding to K clusters. Z can be designed to
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accommodate clustering at multi-levels. [ and u are parameter vectors of

dimensions I and K respectively.

The random effects in u is assumed to be distributed as N(0,071). Therefore

l, is the usual likelihood function of a normal variable.

Let us redefine the following quantities to obtain the derivatives
Py = GOy - G(6;-Ny)

80 M)/ Py Ql:ij = g(0; M)/ Py
= 9[In g((-)j-nki)]/aej

z.
=
"

i)
I

Dkij = 8[111 g(ej_l'nki)]/aej_l
Note that D,;,;=0 and D;;,=0 for all k and i .

Then the derivatives can be expressed as

K 1 J .
611/6]3 =-2 2 fkij(Qkij'Qkij) Xyi
k=li=lj=1
K 1 J .
ali/au = - ¥ ¥ X fi5(Qu-Quip) Zu

k=li=lj=1

K 1 K 1 *
Blllaej = Z Z fkij Qkij .= Z 2 fkiJ+leiJ+l

k=1li=1 k=li=l
621/891691’=

K 1 K 1 . -
2 X £1i{Quij(DiijQuip)- 22X £ j+1Qui j+1 P a1+ Qi1 s 1=

k=1li=1 k=1li=1

K I . .
2 Xfiy Qu Qq »  i=il

k=1li=1

K 1 X .
XX fir Qijrt Quign »  J=J+1
k=li=1

= (0 otherwise
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K 1
821,/86;8B = X X £ Quii QuiyQuijPrip)*wi -

k=li=1
K l * * *
2 X £ 01 Qi1 (Qi i1~ Qui 1 =D )X
k=1li=1
K o1 ,
82 /600u = ¥ 3 fi500i(Qui-Quij-Diip zii -
k=li=1
K l * * *
2 2 £ Qi1 (Qi o1 Quijo17Di o2
k=1li=1
k1 . . . )
a2 /aBap’ = X X X figlQuiDii QuiPri(QuiQuip) 1 XuiXi
k=li=lj=1
. K1 . . )
8y/eusu’ = 3 ¥ ¥ fiy; [QuiDPuiQuiPriy(QuijQuip) 1 ZuiZia

k=li=lj=1

The estimates can then be obtained by using the Newton-Raphson method of

iteration as follows

0 0 al,/88, 0
(8.17) | = [Bo| + V'|al/8By| - oIV |0
3 u, al,/au, U

-821,/8680" 821, /008f" -8, /80w’
where V = |.521, /330" .02, /aPaB’ -82l,/aBou’
82, /3ud®’ 371, /ouap’ -8%l, /audu’+o1

8.5.3 Multi-level Clustering

When the observations are clustered at multiple levels say at household
level, at block level and also at primary sampling unit (PSU) level, the

above development is still applicable. = The contingency table has to be
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formed at the smallest level of clustering and then the Z matrix has to be
formed such that it reflects the clustering at various levels and the vector
of random effects u will have more than one term at each level of
clustering. The number of effects in each term will depend of the number of
clusters at different levels. If there are K, households, K, blocks and K,
PSU’s then Z will have K,+K,+K; columns and u will have three components
with K,, K, and K, effects respectively. The distribution of u will then be
multivariate normal. If u has M components due to clustering at multiple
levels then u ~ N(0,A) with A = block diag [A,9,] where ¢ = [0,,0s50e0,Op]
is a vector of dispersion parameters. The method of estimation is the same

as above with °I replaced by A.

8.5.4 Test of Independence

The test of independence in a contingency table can then be undertaken
either by using the Wald test or the likelihood ratio test as described in
the previous chapters. For a likelihood ratio test, initially the model
will be fitted by including intercept and row effects and then by excluding
the row effects. For a mixed model the likelihood ratio statistic will be

calculated as discussed in the previous chapters (see equations 6.14, 7.11).

The test of independénce under threshold modelling is more powerful than
that under conventional nominal log-linear modélling because of the lesser
number of degrees of freedom (df) for 9?2 statistics.  If the alternative
hypothesis of association is true then with the increase of sample size, x?
under nominal modelling would increase at a slower rate than under threshold

modelling. Even if the magnitudes 6f x?’s under both modelling are similar,
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threshold modelling would give smaller a p-value because of the smaller df

for 2.

8.6 APPLICATIONS

The method is initially applied to a number of two-way contingency tables
where observations are not clustered and therefore fixed effect threshold
models are fitted. =~ The chi-square values for test of independence are
compared with that of ordinary log-linear analysis under Poisson assumption
and with the method of analysis discussed by Agresti (1984) for ordinal
categories.  As threshold models only utilise the ordered relationship in
the categories of the response variable the comparable model is Agresti’s
ordinal-nominal model instead of ordinal-ordinal model. In ordinal-non)inal
model, interaction effects are redefined by introducing a uniform
association parameter for each row category. This redpces the number of
parameters to be estimated for association which leads to a chi-square test
with lesser df. The methods have been applied to three datasets - Dumping
Severity, Pain and Spasm and Mental Health datasets. The objective is to
show that threshold modelling offers an alternative method for analysis of

contingency tables with ordered response categories.

Finally, the method with mixed effects is applied to a dataset where not
only are categories ordered but also observations are clustered. The
application demonstrates the use of mixed effects threshold model and

compares the results with fixed effect model.
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8.6.1 Fixed Effect Threshold Modelling

As discussed earlier, four different cumulative distribution functions can
be used in threshold modelling. As Saei (1996) concludes that the use of
different functions does not make any significant difference in estimates,
we use proportional odds model i.e. logistic function in all of the
following examples. The expressions of the cumulative function and
derivations of relevant quantities required for estimation are discussed for

the mixed model case as applied later in the Neighbourhood dataset.

Application to Dumping Severity Data

Dumping Severity data reported by Grizzle et al. (1969) which shows the
extent of side effects (dumping severity) of four different types® of
operations for treatment of duodenal ulcer patients.  Data are given in
Table 8.1. The objective of the analysis is to examine whether there is any
association between dumping severity and types of operations. The
categories of the response variable, Dumping severity, are ordered (none,
slight, moderate). @ There is also an ordered relationship among types of
operations but in this analysis the operation types are treated as nominal
categories.  Table 8.2 presents the likelihood ratio statistics (G2) for the
test of independence obtained under different methods of analysis. The G?
value corresponding to the log-linear model has higher degrees of freedom
than both ordinal-nominal and threshold models. The test of association is
not significant at 5% level under all methods but as expected the p-value

for the threshold model is smaller than the other two methods.
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Table 8.1: Patients by Dumping Severity and Operation Methods

Dumping Severity

Operation [None | Slight |Moderate
A 61 28 7
B 68 23 13
C 58 40 12
D 53 38 16

Table 8.2: Test of Independence for Dumping Severity Data

Method of Analysis G2 |df |p-value

Log-linear model 10.88 |6 {0.09
Ordinal-nominal model| 6.48 |3 [0.09
Threshold model 7.31|3 |0.06

Application to Pain and Spasm Data

The dataset presented in Table 8.3 is reported by Miller and Landis (1991)
from a study comparing two drugs for the relief of pain and spasm. The
response  variable for the dataset has three-point ordered categories
corresponding to two row categories i.e. drug and placebo. Table 8.4
presents the G2 values under three methods of analysis. The p-valué is the
smallest for the threshold model (p=0.001)} followed by the ordinal-nominal_
model (p=0.002) and the p-value is the highest (p=0.003) under the log-
linear model. The calculated G? under the threshold model is highly

consistent with that of ordinal-nominal model.

Table 8.3: Severity of Pain and Spasm for Treatment and Control

Response
Treat- | Worse or Slight More Improve-
ment |no change {Improvement| ment or Cure
Drug 24 15 68
Placebo 36 25 45
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Table 8.4: Test of Independence for Pain and Spasm Data

Method of Analysis G2 |df |p-value

Log-linear model 11.58 |2 |0.003
Ordinal-nominal model| 9.18 |1 ]0.002
Threshold model 9.95|1 {0.001

Application to Mental Health Data

Srole et al. (1978) presents a contingency table showing the mental health
status of a group of offsprings by parent’s socio-economic status (Table
8.5). The column variable mental health status has ordered categories which
is treated as the response variable in a threshold model. The row variable
categories are also ordered but in this analysis the categories are
considered as nominal. The objective of the analysis is to examine _any
significant association between mental health and socio-economic status.
Likelihood ratio statistics calculated under different methods are presented
in Table 8.6. All three methods of analysis indicating a significant
association in the table. However, chi-square values under ordinal-nominal
and threshold models are much higher than the log-linear model when df is

taken into account.

Table 8.5: Data on Mental Health and Parent’s Socio-economic Status

Mental Health Status
Parent’s Well| . Mild | Moderate| Impaired
Socio-economic Symptom| Symptom
Status
A (high) 64 | 94 58 46
B 57 94 54 40
C 57 105 65 60
D 72 141 77 94
E 36 97 54 78
F (low) 21 71 54 71
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Table 8.6: Test of Independence for Mental Health Data

Method of Analysis G2 |df |p-value

Log-linear model 47.42 (15(0.000
Ordinal-nominal model |40.59| 5 {0.000
Threshold model 39.60} 5(0.000

8.6.2 Mixed Effect Threshold Modelling
Application to Neighbourhood data

The method is applied to the Neighbourhood dataset analysed in the previous
chapters where the categories are treated as nominal. In the case of
multinomial analysis the satisfaction with own house was considered as the
response variable.  Although the responses i.e. unsatisfied, satisfied, very
satisfied have an ordered relationship these were treated as nominal
categories in the previous chapters.  The threshold modelling will utilise
the extra information of the ordered relationship while allowing for the
clustering of the observations. That will not only increase the power of
the test by reducing the number of fixed parameters to be estimated but it
will also reduce the number of random components. To fit a mixed threshold
model the overall contingency table will be separated into 20 contingency
tables for 20 neighbourhoods each with three rows. If the response variable
is denoted as Y with ordered values j=1,2,3 (say) then the model can be

fitted as follows.
Let Y, be the response from a household with it level of satisfaction

with neighbourhood housing, from the k* neighbourhood, where i=1,2,3 and

k=1,2....,20. The level of satisfaction with community housing was
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considered here as a nominal variable.  Then the cumulative probability

distribution can be written as

Here, X is a 60x3 design matrix corresponding to the fixed effects for the
levels of row variables i.e. satisfaction with neighbourhood housing, Z is a
60x20 design' matrix corresponding to the random effects for 20
neighbourhoods and n is a 60x1 vector. As 6,=0 and 6;=cc the only threshold
parameter to be estimated here is 6, Let f; represent the frequency in

k,i,jth cell.

As mentioned above the proportional odds model is used in all applications

of threshold modelling. The expressions for cumulative function,

derivatives and other quantities for proportional odds model are as follows.
G(Byki-nki) = exp(Byki-nki)/[1+exp(9yki-nki)].

(8.18)
g8y, M) = exp(8, My)/[1+exp(8, My)]?

As mentioned above y,; can have ordered values j=1,2,3. We have

exp(6;M,3) exp(8;.;-M)

Py = [T+exp(8; M) ~ [T+exp(8; ;)]

_exp(§;in) Pl Q= exp(6;.;-N) -1
kij — [T+exp(®; M) kij > ki — [T+exp(B; -ny) ] kij

Using the above quantities, the expressions for the derivatives for the

proportional odds model are obtained and parameters are estimated as
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discussed in the previous section. Table 8.7 presents the parameters
estimates and test statistics for the tests of independence. The estimates
obtained under the mixed effects model are based on the REML method. The
likelihood ratio statistic (G?) is calculated by fitting the models with and
without row effects. In the case of mixed models G? is calculated following

Lee and Nelder (1996) as discussed in the previous chapters.

Table 8.7: -Parameter Estimates and Test of Independence Under Fixed and
Mixed Effects Threshold Modelling.

Parameters Fixed effect Mixed effect
Model Model

Full Model Est. SE Est. SE (0]

0, | 2.68 | 0.42 2931 045 |0.78

Int -1.13 | 047 -1.05 | 0.53

B, 1.19 | 0.53 1.14 | 0.56

1B, 247 | 0.77 226 | 0.80

Deviance 97.82 - 98.36 -

Reduced Model

0, 2.46 | 0.39 277 1 042 10.97

Int -0.08 | 0.20 -0.52 | 0.31

Deviance | 109.60 - 110.18 -

W2 10.53 - 8.23 -

p-value 0.005 0.016

G? 11.78 | - 8.15| -

p-value 0.003 0.016

The estimates of parameters and SEs under mixed models are slightly
different than those under fixed effect models. = However, both the Wald
statistic, W2 and likelihood ratio statistic, G2 for test of independence
are deflated under the mixed effect modelling compared to the fixed effect
modelling. Under the fixed effect modelling W2 = 10.53 and G? = 11.78 which
are significant compared with X%,o.os- For the mixed effect modelling W2 =

8.23 and G? = 8.15. In both cases the tests are significant compared with
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xg,o.os. However, the p-values are larger under the mixed model.  The
result is consistent with the conclusions of the Poisson and multinomial
modelling undertaken in the previous two chapters. But because of utilising
an ordered relationship the test tends to be more powerful as reflected in
the p-values which are much smaller here than those obtained in the previous

chapters.

8.7 DISCUSSION

It has been demonstrated in this chapter that the threshold model offers an
alternative to the standard analysis of contingency tables when categories
are ordered. It can also accommodate the clustering of the observations by
including random effects in the model. The chi square statistics calculated
for test of independence are found to be consistent with the method
discussed by Agresti (1984) for ordinal data. The advantage here is that
the number of parameters to be estimated is much less compared with
alternative methods.  This is particularly convenient in the case of mixed
effect modelling where the number of parameters to be dealt with is often
large. For the same reason the method also enjoys the benefit of increased
power of the test when the alternative hypothesis is true.  The proposed
method has some computational advantages too. By exploiting the fact that
the cells which belong to the same row have the same representation to the

design matrix, efficiency in computing can be achieved.
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CHAPTER NINE

ADJUSTING STANDARD ERRORS OF THE FIXED
COEFFICIENTS FOR RANDOM EFFECTS

9.1 INTRODUCTION

Although there has been considerable development in the theory of GLMMs, the
use of such modelling in applied research is still very limited. One of the
problems preventing the widespread use of GLMMs, is the absence of
appropriate software. In most practical applications the number of random
effects tends to increase with the number of observations so that in such
situations, a full analysis involving the estimation of random effects and
the corresponding dispersion parameters appears to be a daunting task,
particularly to researchers of other disciplines.  The methods discusseci in
the previous chapters may turn out to be unmanageable when the number of
random effects is very large. The main problem is to deal with sparse

matrices of very large dimensions.

In most practical applications, interest is mainly in the fixed effects and
the standard errors of the estimates rather than the predictions of random
effects or their variances. It is often found that the effect of mixed
modelling on the estimates of fixed parameters is relatively small.  The
effect is mainly on the standard errors of the estimates. Under a mixed
model the estimates of the sfandard ‘errors tend to be larger than that of a
fixed effect model. Therefore, any risk of making a misleading inference
from a fixed effect model which ignores random effects, can be considerably
reduced by adjusting the standard errors of the coefficients obtained under

a fixed effect model. The extent of adjustment mainly depends on the
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dispersion parameter (¢) of random effects. If a rough idea of the
dispersion parameter of a random term is available then an approximate
adjustment can be made easily without fitting a complete mixed model
particularly for the applications discussed in the thesis. Although the
adjﬁstment is only approximate it would lead to a more conservative

inference.

In the current chapter, we show how the standard errors of the estimates of
fixed coefficients, obtained under a fixed effect model, can be adjusted for
possible random effects if some knowledge of ¢ is available. It is
demonstrated that the elements required for making the adjustment can be
easily calculated at the cluster level without being required to deal with
the full design matrix for random effects. Only cases, for which there- are
only one or two random terms in the model, are dealt with here. Simulation
results are also presented to indicate the general performance of the

proposed method of adjustment.

9.2 ADJUSTMENT

Let us consider the fixed effect model
©.1) E(y) =fm), m =X

where 1} = [1;,Nye-MN,), X is an nxp matrix of known constants and B is an
px1 vector of fixed coefficients. If [ is the log likelihood function of
the observations and if the parameters are obtained by maximising [ then

the variance-covariance matrix of the estimated parameters is given by

92  £=R'=[XBX]"
with B = - g%/anan’ .
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The corresponding mixed effect model, under the standard notation used in

the previous chapters, can be written as
9.3) E(y) = fn"), w =Xp + Zu

where Zu is the random component which can be partitioned corresponding to
the number of random terms in the model. If [I'=l,+l, is the joint log-
likelihood function which is maximised to obtain the parameter estimates

under GLMM then the variance-covariance matrix of the estimates is given by

09 V'= 3| wnv= |RKT|- |XBX XBZ |
1 2 TV D'|  |Z/B'X ZB'Z+A"
where B* = - @2/en*sm” and A* is a block diagonal matrix [A 0y, With O

the dispersion parameter corresponding to the k% random term. These

notations are standard as defined in the earlier chapters.

Now the variance-covariance matrix of the fixed coefficients under the mixed
model is X* as obtained from (9.4) which can be expressed in terms of the

elements of V matrix as

9.5) >* = [R* - T'D*"'T]"!

This variance-covariance matrix is obtained under a full mixed model
analysis. Following the expression of the above matrix, the variance-
covariance matrix calculated under a fixed effect model can be adjusted

approximately for possible overdispersion as follows

(9.6) z, = [R - TD''TT,

where T = X’BZ and D = Z’BZ+A™'. The approximation basically involves
replacing B* = - 82l/an*an™ by B = - 8%/anaon’ -
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To calculate this an approximate value, ¢, of the vector ¢* is required. An
approximate value of ¢ can be obtained from a previous analysis of similar
data. Even if such a value is not available then any best guess of ¢ can be
used so that conservative estimates of the variances of fixed effects can be
derived. Once the values of ¢ is determined the values of T and D' are
easily calculated at the cluster level without being required to handle the
full Z matrix. In the following sections this is demonstrated specifically
in the situations when the adjustment is required for only one or two random

terms.

9.2.1 Adjustment for One Random Term

If there is only one random term with J effects and observations are sorted

by clusters then X and Z matrices can be defined as
X = [X{,X3e0X;]"
Z = block diag [z,,zy,....Z;]

where Z is a vector of 1’s with dimension n; , the size of cluster j ,
similarly, B = diag [B,B,,....Bj] .
The expression (9.3) can be written as
g1 d I -l
9.7 2, =[R-TDT] =[R-X t; djf tjf]

j=1

where
D = diag [dl,dz,ou,dj],

T = [t b, ty],

d, = zBiz; + o' = 1'B;1 + ¢!

with

= ¢! + sum of the elements of B in cluster j .

As dj’s are scalars

137



D' = diag [d;",d;' \nd)'],

The dimension of t; is px1 where p is the number of fixed parameters.

tj = [tjl’tjz’“"tjp]'
- , -
: 1| T Bt . S

08 zi=|. .. -

Ry Bl Ry |0
pl “'p2 PP 2

In many applications B is diagonal and in that case the elements of B can be

stored as a vector, L =[I}l....5]. In such situations t = x]l ie.

n;
the sum of the columns of x; multiplied by I, and t,=x], =5{.J Xipikji -

Simple Linear Regression

The expressions can be further simplified in the case of simple regression
with an intercept (B,) and a regression coefficient (B,). The variances of

the parameter estimates can be adjusted for one random term as follows.

2
Z6/d; Bt/

' AT Re Ryl st td R
lejz i J.i2 j

If A is the determinant of X, then the exact expressions for the variances

can be written as
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Var B) = % Ry, - 20/d),
9.10)
Var () = x Ry, - £6,/d).

These expressions can be specified further when B is a diagonal matrix as

follows
1 oy
Var (B)) = A Ry, - ? m’
9.11)
. (Zx;)?
Var (Bz) = A Ry - % ol + ZIJ,)
and
(Zx_]lljl) (Z )(Z ]l jl)

A = (Rll'JZ‘?lji)(RZT? ol )l:j‘) - [Re -j ¢—2,3p

Here xp; is denoted as x; and x;; is a vector of 1’s corresponding to the
intercept.  Therefore, to adjust the variances of fixed coefficients for one
random term, the only additional elements required to be calculated are ?lji
and Zxzl; for each cluster.

9.2.2 Adjustment for Two Random Terms

When there are two random terms in the model the variance covariance matrix

can be written as

> X
9.12 vi= |x 201 ioz ith
12) = (2o &yp Zp2|  WIL

I Zn In
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R T} T;]  XBX X'B'Z, X'B'Z,
Ty D Dj| = |Z{BX Z/B'Z+A)  Z{B'Z
Ty Dy D3| |zB°X ZB'Z,  Z/B'Z+A30)"

R* T"

VYV =
T’l‘, D*

From the above matrix the variances of the fixed coefficients can be

expressed as

(9.13)  =* = [R* - T'D*'T*]"
= [R* - TIM*T} - T5,N"TY - TIN'Ty - THE'T}]"

* N*
N*/ Erl

where D*”! = with

M* = D' + D*'D;E"'DyD*!
N = - D*/'D{E"

E*

D", - D{D{'D;
Now the equivalent estimates for the fixed effect model can be obtained by

replacing R* by R, using an approximate value ¢ of ¢*, and calculating all

other elements by using B instead of B*. The expression can be written as

9.14) 2, = [R - T,MT] - T,N'T] - T|NT; - TZE"TQ]'I
For the purpose of computation let us define
TI = [tll’tIZ"“’tU]’ With tlj = [tljl’tljZ""’tljp]”

T2 = [El,tzz,.'.,EQ], with t2lq = [tqu’tzqz,'."tqu],’

where J and Q are the number of components in the first and second random

terms respectively while the number of fixed effect coefficients is denoted
" by p.

‘Bl ,

ty = xiBz;; = xBl, ty = xByzy, = x;Bg
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For nested random component models, components of X; not equal to zero are a

subset of component of x, not equal to zero so that t, = qéjtlj and when B

is diagonal t; = xjl; ie. the sum of the columns of x; multiplied by I
(the diagonal elements of B;), with t;, = xJ = Z. ipiljic Similarly,
bgp = = {_‘_:xqpl q - These are basically the sums of columns of X

multlphed by L =[] for the first and the second set of

clustering.

d; = z;Biz;; + ¢j! = 1'Bj1 + ¢!
= ¢;! + sum of the elements of B for cluster j.

As d,j’s are scalars
-1 : gl el
Dl = dlag [d“,dlz,uo,d”] .
Similarly, d, = ¢;' + sum of the elements of B for cluster q,
and D;' = diag [d;},d;5,d50],

d, 0 . 0

D= |0 %2 O with dy = [dyg,dogprenigs]’s

0 0 . dy

and dy,, = z;Bzy; = 1Bl , j € g, which is basically the sum of the
elements of B; which correspond to the first stage cluster j and the second

stage cluster q.

All the elements required for adjustment are basically calculated at the
cluster level and there is no need to deal with the full design matrix for

any of the random terms.
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9.3 SIMULATION RESULTS

A simulation study was undertaken to demonstrate the performance of the
proposed adjustment procedure in relation to mixed model estimates. The
proposed method of adjustment is based on the assumption that in most
applications the estimates of fixed coefficients obtained under fixed -effect
model (GLM) do not differ to a significant extent than the estimates
obtained under mixed effect model (GLMM). The main difference is between
the estimates of standard errors (SEs) and if the SEs under GLM can be
adjusted then the constructed confidence intervals would be very similar to
those under GLMM. The specific objectives of the simulation was to examine
the extent of differences between estimates of coefficients under GLM and

GLMM and to compare the adjusted SEs with the estimated SEs under GLMM.

The simulation was conducted using binomial logit model. The data was
simulated following McGilchrist and Aisbett (1991a) in which 30 observations

of a response variable Y; with distribution B(6,m;) were generated where T,

is given by
m, = exp n/(l+exp n;), with 0’ = XB+Zu,,
11
where X'= [-114 130 115] z=| :

and u{ = [UI,I’UI,Z""’UI,IS]'

U,’s are independently and identically distributed N(0,0'f) random

variables and P is the vector of fixed coefficients with two components.
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The simulation was conducted for both one and two random components in the
model. When there was only one random component in the model the data were
generated as described above but in the case of two random components, Z,
was replaced by Z = [Z,,Z,]" and u, was replaced by u = [uj,uj]’ where Z,
and u, are as defined in the case of one random term and Z, and u, are

defined as follows

rr..1 '
Zé 1 1 ¢ o 1 N u; = [U2,|,U2,2,U2'3].

Once the datasets were simulated the estimates and SEs were obtained under
both GLM and GLMM. The estimates of SEs éalculated under GLM were then
adjusted by using the proposed method and compared with the SEs calculated
under GLMM. In undertaking the adjustment the estimate of the dispersion

parameter obtained from GLMM was used.

The results of the simulation are presented in Tables 9.1 and 9.2. The
estimates and SEs (SEl) presented in the tables are the average over 200
simulations while SE2 is standard deviation of the estimates from 200

simulations. SE2 can be considered as the expected values of SEL.

In both tables, estimates obtained under GLM and GLMM tend to be broadly
similar even though the estimates under GLM often tend to be slightly
biased. However, in the case of SEs, the estimates under GLM are severely
under estimated which is obvious when compared with SE2. The estimated SEs
_obtained under the proposed method of adjustment are very much consistent

with that of GLMM and also with expected SEs (SE2).
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Table 9.1: Simulation Results for Binomial Logit Model with One Random

Component

Estimate SE1 SE2

Simul-| True
ation value | GLM |GLMM |GLM |GLMM |Adjusted [GLM |GLMM
1 B,=0.20(0.193 | 0.206 |0.162| 0.296 | 0.289 l8.269 0.282
B,=0.10(0.084 | 0.095 [0.020 | 0.035 | 0.034 [0.036 |0.035
¢ =1.0 0.890

2 B,=0.2010.195 | 0.204 }0.164 | 0.238 | 0.234 {0.215 [0.235
B,=0.10}0.096 | 0.100 |0.020| 0.028 | 0.028 [0.029 0.028
¢ =0.5 0.446 '

3 B,=-0.2-0.186 | -0.203 [|0.162 | 0.296 | 0.289 |0.289 0.304
B,=-0.1[-0.086 | -0.097 [10.020 | 0.035 | 0.034 |0.035 |0.036

o =1.0 0.942

4 B,=0.2]-0.182 [ -0.194 [0.164 | 0243 | 0.240 [0.230 [0.240
B,=-0.1 [-0.096 | -0.100 [0.020 | 0.029 | 0.029 [0.028 [0.029
¢ =0.5 0.485

Table 9.2: Simulation Results for Binomial Logit Model with Two Random

Components

Estimate SE1 SE2

Simul-| True
ation | value | GLM |GLMM |GLM |GLMM |Adjusted [GLM (GLMM

1 B,=0.20(0.174 | 0.192 |0.165| 0.483 | 0.473 B.458 0.475

B,=0.10]0.085 | 0.102 [0.020 | 0.051 | 0.048 [0.048 [0.050
¢,=1.0 0.858
¢,=0.5 0.573

2 B,=0.20]0.181 | 0.187 [0.168 | 0.379 | 0.365 [0.326 |0.335
,=0.100.106 | 0.108 [0.021| 0.038 | 0.037 [0.039 |0.039

6,=0.5 0.470
¢,=0.2 0.270

3 B=-02]-0.172]-0.193 |0.161 | 0.432 | 0.426 [0.401 [0.439
B,=-0.1 [-0.084 | -0.093 [0.019 | 0.044 | 0.043 [0.043 [0.045
¢,=1.0 0.871
¢,=0.5 0.447

4 B,=-0.2]-0.192 [-0.212 [0.163] 0.377 | 0.342 [0.314 [0.327
B,=-0.1-0.088 | -0.091 [0.020 | 0.037 | 0.036 [0.038 [0.037
0,=0.5 0.435 |

$,=0.2 0.251
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9.4 APPLICATION

The method of adjustment was applied to a dataset, published by Crowder
(1978), from an experiment on seed germination. The proportion of seed
germinated in each of 21 plates in a 2x2 factorial lay-out of seed variety
and root extract is presented in Table 9.3. The dataset is analysed by
using GLM and GLMM with plate effects as random to account for
overdispersion associated with each plate. The calculated SEs under GLM are
then adjusted and compared with the calculated SEs under GLMM. The results

are presented in Table 9.4.

Table 9.3: Seed Germination Data. Germination Rate in Each of Twenty One
Plots by Seed Type and Root Extract.

Seed => O. aegyptiaca 75 |O. aegyptiaca 73
Root Extract| r n r/n r n | r/n

Bean 10 | 39 | 0.26 8 | 16| 0.50
23| 62| 037 10 | 30{ 0.33
23| 81| 028 81 28] 0.29
26| 51| 0.51 231 45| 0351
17| 39| 044 0| 4| 0.00

Cucumber 5 6| 0.83 3112 0.25
53| 74| 0.72 22 | 41| 0.54
551 72| 0.76 15| 30| 0.50
32| 51| 0.63 32 | 51| 0.63
46| 79| 0.58 31 7| 043
10| 13| 0.77

The results show that the differences in the estimates under GLM and GLMM
~are relatively small compared with the corresponding differences in SEs.
GLM did not account for over dispersion and consistently under estimated the
SEs. The adjusted SEs are almost the same as those of GLMM. The t-tests
undertaken for individual factors indicate that the interaction effect is
significant under GLM which is in fact not significant under GLMM. The t-

statistics calculated using the estimates as obtained under GLM while using
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the adjusted SEs are also presented in Table 9.4. The adjusted t-statistics
are very much similar to those under GLMM implying that an inference based
on the adjusted t-test would be consistent with that from GLMM.
Particularly the interaction effect turned out to be not significant after

the adjustment which was significant under GLM.

Table 9.4: Analysis Results for Seed Germination Data

Method => GLM GLMM Adjusted
Parameter Est SE | t-val | Est SE | t-val Est SE t-val

Constant  [-0.558 |0.126 {-4.43* 0.542 D.188 +2.88* |-0.558 |0.189 |[-2.95"

Seed 0.1460.223| 0.65 | 0.078 0.305 | 0.26 | 0.146 |0.306 | 0.48
Root 1.31810.178| 7.43* | 1.337 D.267 {5.01* | 1.318 |0.268 | 4.92*
Interact -0.778 {0.306 |-2.54" [-0.823 D.426 [-1.93 [-0.778 [0.426 | 1.82
o 0.096 D.063

*Significant at 5% level

Table 9.5: Adjustment with a Range of Values (+50%) of ¢

Method =>| Adjusted Adjusted Adjusted
with 0.5¢ with ¢ with 1.5¢

Parameter | SE | t-val | SE t-val | SE t-val

Constant  (0.162|-3.43* 0.189 |-2.95* 10.216 |-2.58"
Seed 0.270| 0.54 0.306 | 0.48 [0.342 | 0.43

Root 0.230| 5.73* 0.268 | 4.92* [0.306 | 4.31"
Interact 0.375(-2.07 [0.426 |-1.82 {0.478 | 1.63

*Significant at 5% level

The adjustment presented in Table 9.4 is based on the value of ¢ as
estimated under GLMM. However, in practice in the absence of GLMM an
estimate of ¢ would not be available and an approximate value of ¢ would be
used for adjustment. In Table 9.5, results are presented for adjustments
with two other values of ¢ which are in fact +50% of the actual estimate

under GLMM. The results show that in this particular example the inference
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still remains the same. The parameter of interest, the interaction -effect,
is still not significant.  This is also true for other parameters.  That
means an adjustment using any value of ¢ within +50% of the actual value
would lead to consistent inference in this particular example. Of course
this may not‘ be true in all situations but an adjustment even with a very
rough value of ¢ would always reduce the risk of wrong inference

particularly in favour of significance.

9.5 DISCUSSION

An approximate method for adjusting the estimated SEs of the coefficients in
a fixed effect model for possible over dispersion in a dataset is developed
in this chapter.  Although the adjustment is not exact it reduces the risk
of any misleading inference from an analysis using a fixed effect m(;del.
This is particularly useful for analysing datasets for which a proper
analysis using GLMM would require dealing with very large number of random
effects and may be computationally difficult to handle. It is also useful
for analysing small datasets where the data analyst is not familiar with
GLMM theory and is not able to undertake proper analysis involving random
effects. It is shown that most of the elements required for adjustment can
be obtainéd from a fixed effect model. Many commonly used softwares produce
most of these quantities as a by-product of the conventional analysis. The
quantities which are not available from the fixed effect modelling are some
cluster level totals and the random effects dispersion parameter ¢. It is
shown that for one and two random terms in the model these cluster level
quantities can be obtained by simple calculations. This is particularly
true when there is only one random term in the model. An approximate value

of the dispersion parameter, ¢, can be obtained from the Iliterature for a
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previous analysis of a similar dataset. In those situations where the
adjustment will be made because of the large number of random effects to be
estimated under a GLMM, an estimate of ¢ can be obtained by using a smaller
subset of the dataset. Any approximate value of ¢ would help inflate the
estimates of SEs and would lead to a more conservative inference. An exact
expression for the adjustment is derived for simple linear regression with
only one random term. Similar exact expressions for other cases may not be

easy to derive but this is an area which can be investigated further.
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CHAPTER TEN

- OVERALL DISCUSSION

10.1 OVERVIEW

Some theoretical and application aspects of GLMMSs have been researched. The
thesis has contributed to the ongoing development of the estimation in GLMMs
by investigating the properties of the estimators and developing further
arguments for the REML method of estimation. The investigation leads to new
expressions for estimating variance of the dispersion parameters ¢ and 7y and
also a new estimator for y itself. The potential of the recent development
of hierarchical generalised likelihood models (HGLMs) has also been
investigated by comparing its performance with GLMM for a Poisson response

variable.

The current use of GLMMs is still very limited even though it has enormous
potential for analysing categorical data. It has been demonstrated how GLMM
can be used in improving efficiency of commonly used statistical procedures.
For instance, the conventional methods for analysis of contingency tables
are found to be less appropriate in the situations where observations are
clustered. Two GLMM based approaches have been proposed and shown to be
more efficient than other existing methods when observations are clustered.
One of the approaches is developed under Poisson sampling and the other
under product multinomial sampling assumptions. By utilising mixed
threshold modelling, another method of analysis is proposed for contingency

tables with ordinal categories.
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A general strategy for dealing with a multinomial response category is also
discussed and compared with other available methods. A method for dealing
with random exposure effects in matched case-control studies is developed.

and applied to some real datasets.

In some situations a full GLMM based analysis may not -be possible
particularly in the absence of appropriate software. A  method for
undertaking approximate adjustments in the estirnated standard errors of the
parameters in a fixed effect analysis is also proposed. In the presence of
clustering the approximate adjustment will serve as a safeguard from

misleading inference.

10.2 PROBLEM AREAS

10.2.1 Estimation of Variance Components

Although estimation in GLMMs has been developed considerably over the recent
years, still there is a need for improvement. The ML and REML estimators of
the variance component ¢ tend to show large bias in certain situations. In
general the ML estimator is negatively biased and it tends to increase
rapidly when there are multiple random components in the model. Even though
the REML estimator is asymptotically unbiased and in most cases performs
better than the ML estimator it also appears to be significantly biased when
¢ is large and also when there are multiple random components. In the
applications discussed, the parameters p and y were not required to be dealt
with. In other applications where these parameters were also required to be
estimated, the performance of the estimators deteriorates further. Also in

many cases convergence of the iteration becomes a difficulty as there is no

150



easily detectable maximum. In some other cases, depending on the starting
values, the converged estimates turn out to be considerably different often

because of the flatness of the surface corresponding to [,+1,.

10.2.2 Asymptotic Theory

The asymptotic properties of the GLMMs estimators have not been developed
sufficiently yet. A crucial condition for the asymptotic property to hold
is that the number of random effects is fixed but in practice .the number of
random effects tends to increase with the increase in the number of
observations.  Although the maximum likelihood principle is used in the
estimation, the corresponding likelihood based test statistics are still not
available. Lee and Nelder (1996) have proposed test statistics for testing
the significance of fixed parameters and the variance components. The
likelihood ratio statistic for the fixed parameters appears to work well but
there is a problem with the testing of variance components. The two test
statistics proposed by Lee and Nelder for testing the parameter ¢ are found
to be unsatisfactory in simulation studies. The Wald test based on the
information matrix seems to work to some extent when there is only one
random component in the model but when the number of random components is

two or more the test result always appears to be insignificant.

10.2.3 Model Diagnostics

The absence of enough diagnostic tools for checking the goodness of fit of
a GLMM is another drawback. Lee and Nelder (1996) introduced a scaled
deviance measure as a goodness-of-fit criterion. However, as the measure

uses the distribution y|u only it can not be used for checking the random
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components. They also introduced a graphical technique called half-normal
plots which graphs normal order statistics against ordered residuals.  Apart
from these there are not many other tools available for checking the
goodness-of-fit.  In the previous chapters deviance is calculated in some
cases assuming u is fixed which is similar to the Lee and Nelder approach

and can only be used for fixed parameters.

10.2.4 Software

The other issue which is preventing the widespread use of GLMMs in applied
research is the absence of appropriate software. What is required is a user
friendly software to undertake GLMM based analysis so that applied
researchers can benefit from the theoretical development without going into
the theoretical detail. The software should also be able to deal with very
large numbers of random effects, which is very common in practice.
Analytical methods also need to be developed to achieve further efficiency
in computing. The straight forward Newton-Raphéon estimation algorithm is
more likely to break down when the number of random effects becomes large.
The efficiency in computing may be achieved better by concentrating on
specific applications. = For example, different procedures within a software
can be developed for different applications such as for contingency tables,
survival analysis, threshold modelling, matched analysis and similar other
analyses. Diagnostics and hypothesis testing facilities should also be

included.
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10.3 POTENTIAL RESEARCH PROBLEMS

Obviously there are needs for research in all of the above mentioned issues.
However, some specific research issues which have been identified while

working on the thesis will be discussed in this section.

10.3.1 Distribution of GLMM Estimators

As mentioned above there is obvious room for further improvement in GLMM
estimation. One of the possibilities is to further investigate the
distributional properties of the GLMM estimators. An attempt has been made
in Chapter 3 to identify some characteristics of GLMM estimators. More
investigations along this line are required. A better understanding of the
distribution, particularly the second order moments of the estimators, would .
contribute to more accurate variance-covariance matrix which could increase

the efficiency of the estimation methods.

10.3.2 Information Matrix

In computing the variance-covariance matrix V, different convergent methods
use one of four possible ways of computing the information matrix, [ =

-6211/61161‘1’, or its expectations. These are:

@) I, = -E,(8"li/anen’) which does not depend on y, u,
) I, = -Ey|u(azl,/anan’) which depends on u but not Yy,
(i) I = -6211/61]611’ = sample information matrix depending on Yy, u,

(iv) I* = + I,|)2 used by AIREML methods (Gilmour et al. 1995).
ylu
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There needs to be further research on the comparative performances of the
above options for both the influence on the estimates and the convergence

properties of the algorithms.

For Cases (i) and (ii) suppose that V is formed from 1, or Iylu so that
it is not a stochastic matrix when considered over the distribution of 'y

conditional on fixed wu.

Using the notation specified in Chapters 2 and 3, since E |, ) =0 we get

E|,(B) = BT,A'u and E,|,@) = u-TA'u =z Now if

00

4 T T,A'T T, T,A™'T
N

V"[Xf] X Z]v"! = Vv
z|5h[X 7] ~ T, TA"'T, T-TA™'T

then Var,|(B) = T)-T,A™'T; , Var, |, @) = T-TA''T .

For the Case (ii) an attempt was made to approximate the elements of V! oas

follows:

If I, is used to compute T matrices then these matrices are functions
of u and, if U is a general component of u,

TaxTy+ X ULy, Ty= Ty, Tp= (dT/dU),
U
T, = Ty + L UTjy, Ty = Ty 0y » T} = (dT/dU), »
U

T, = Ty + L UTy, Ty = Toumgy » Too = @T/dU) ) -
U
and

E, B = E,B-T,A™'u) = B - T TyA 'Cov(Uu) = B-b,
U

where b, = ¥ (column of Tgo corresponding to U)
u

E, @) = Eu-TA"u) =- 3 ToA"'Cov(Uu) = -b
u
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where b = - ¥ (column of Y‘Tg corresponding to U)

U
Var, (B) = E(T,-T,A™'T;) = T;-TyA ' Tj- T I TyA ™ Tj,'Cov(U,U%)
. U u+*
Vary,u(ﬁ) = Eu(T‘TA-lT,) = To'ToA-lT(')- P TgA-ng*COV(U,U*)
U u*
=B, - X ¥ ToA"'Tg Cov(U,U*) , where By = T, TA™'T; ,

U ux
and * corresponds to the derivative with respect to U*. Using
z=u-TAlu=u-TA u -3 UTA'u

U
we have

E(z) = - ¥ (column of T corresponding to U) = -b
U
and

E@z)=A-Ty-By+ ¥ E[UU*ToA  un’A™'TS]
U ) *

U
so that

) S I -1
Ey,u(uiAi ui) = tI’(Al Zizi) -+ tr[A‘ EU(Bii)]
= 0v; - tr(A; Ty;) + tr[Aj'x (i,i) block of Q]
where Q = ¥ (E[UU*TIA 'uw’A™'TS ] - & 3 ToA™ ' T Cov(U,U%)} .
U, U* U u*
The above strategy of investigation could not be completed and evaluated

fully and remains to be followed up further.

10.3.3 Likelihood Ratio Tests

The argument used for developing GLMM estimation strategy in McGilchrist
(1994) is that

y' = XB + Zu ~ N(XB+Zu,B-!) approximately

= y=XPB + Zil + e ~ NXB, B+0?ZAZ).

Using this distributional assumption a log-likelihood function can be

derived as follows

I = -(12){n In2% + In |B14+02ZAZ’| + (y*-XB)YB-'+02ZAZ)\(y*-XP))
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and a likelihood ratio iest may be constructed to test Hy:¢ = O or for some
components of . Some investigations were undertaken on this but could not
be resolved completely. Further research can be undertaken along this line

to examine whether test statistics can be developed.

10.3.4 Comparison between HGLMs and GLMM:s

In Chapter 4 a simulation-based comparison betweenv HGLMs and GLMMs is
presented in the case of a Poisson distributed response variable.  Further
investigation can be undertaken along this line by using response variables
with various distributions such as binomial, gamma and inverse-Gaussian.
More effective diagnostic tools should be developed to identify the

situations where HGLMs may be preferable over GLMMs.

10.3.5 Exact Expressions

Various applications discussed in the previous chapters are dependent on
fitting GLMMSs and estimating parameters through iteration.  This is not
always required in conventional analysis with simple situations such as 2x2
contingency tables or case-control studies where exact expressidn is
available for testing independence. That facilitates the wuse of the
techniques by researchers from other disciplines. There may be a
possibility for a similar development of such exact or even approximate

expressions for corresponding mixed model analysis.

10.3.6 Sampling Weights

In practice correlation or clustering in a dataset is often created due to
the sample design used in data collection and in many cases unequal

selection probabilities are used.  The analysis discussed in the previous
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chapters are mainly under the assumption of equal weights to all
observations. Specific results can further be derived for the datasets
where weights of the observations vary from cluster to cluster or even over
observations. The implications for the corresponding finite population

inference should also be investigated.
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APPENDIX A

DATASETS

A number of datasets used in various chapters of the thesis. Some of these
which are smaller in size are already included within the respective
chapters while the bigger size ones are presented in this Appendix. The
dataset in Table Al is used in Chapter 6 and the datasets in Tables A2 and

A3 are used in Chapter 5.

Table Al: Responses on Housing Satisfaction of Families in 20 Neighbourhood

Clusters in Montevideo, Minnesota.

C,P,[C,P,[C,P;[C,P,[C,P,[C,P5[C,P, [C.P,

Q
CO—OO0ONOOOO—OOOOOOOO| By
w

NN OO—NOOOROWHRWHRFOOO -
OO0 OO0 O—NOO
QOO0 ODOOOOOOOOOOOOOOCO
DR~ =RR—RARAROOO—~,OWONONN
O Or = =N~ ONWOWRL,RAPLNDNDN
OO-—H—‘O.OOOOOwOOOOOOOOO
—O 0000000 O~ROOO0O—ROO0O
COONOOOOOOCOO— OO ~—OO

P = Personal Satisfaction, C = Community Satisfaction
and the subscripts 1 = Unsatisfied, 2 = Satisfied, 3 = Very satisfied.

Source: Brier (1980)
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Table A2: Matched Case Control Data from Low Birth Weight Study

Set|Case [Control 1|Control 2|Set|Case |Control 1|Control 2

1 {0000 0000 1000 |2 |[1110} 0001 1000
3 |0000| 0000 0000 |4 |0000f 1001 1101
5 (1010] 1101 1001 (6 |[1111} 1000 0000
7
9

0001| 0000 1000 |8 [1100{ 0100 0001
1000| 0000 1000 {10 {1000| 0001 0000
11 {1110f 0110 1000 {12 {0100 1100 0000
13 {0011 0000 1100 |14 {1110 1001 1000
115 {1000 0000 1010 (16 {0101| 0000 0000
17 {1010 0000 0000 |18 |0000| 0000 0000
19 {0000 1011 0000 |20 |0101| 1000 0000
21 {1001 0100 0000 |22 |0011| 0000 1111
23 11000; 1000 1000 |24 {1110/ 0000 1000
25 (1001| 1000 0000 |26 |0100| 0000 0000
27 (1010 0111 0000 (28 {1011} 0101 1000
29 {1001] 0000 0000 ’

The binary string for each observation is the values of variables in the
order SMOKE, PTD, Ul and LWD

Source: Hosmer and Lemeshow (1989)
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APPENDIX A

TABLE A3: MATCHED DATA FROM THE LOS ANGELES STUDY

CASE OR
CONTROL

CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL
CONTROL
CASE

CONTROL
CONTROL
CONTROL

OF ENDOMETRIAL CANCER USED FOR ILLUSTRATION IN

CHAPTER 5

AGE GALL HYPER OBESITY ESTROGEN CONJUGATED ESTROGEN

BLADDER TENSION USE DOSE DURATION

DISEASE (MONTHS)
74 NO NO YES YES 3 96+
75 NO NO UNK NO 0 0
74 NO NO UNK NO 0 0
74 NO NO UNK NO 0 0
75 NO NO YES YES 1 48
67 NO NO NO YES 3 96+
67 NO NO NO YES 3 5
67 NO YES YES NO 0 0
67 NO NO NO YES 2 53
68 NO NO NO YES 2 45
76 NO YES YES YES 1 9
76 NQ YES YES YES 2 96+
76 NO YES NO YES 1 3
76 NO YES YES YES 2 15
77 NO NO NO YES 1 36
71 NO NO UNK YES UNK 96+
70 YES NO NO YES 2 7
70 NO NO NO YES 0 0
71 NO YES YES YES 2 7
70 NO NO YES YES 2 27
69 YES NO YES YES 2 36
69 NO YES NO YES 1 96+
69 NO NO YES YES 2 1
69 NO NO NO YES o} 0
68 NO NO UNK NO 0 0
70 NO YES YES YES 2 71
71 NO NO NO NO 0 0
71 NO YES YES YES 3 S
70 NO NO YES NO 0 0
71 NO NO UNK NO 0 0
65 YES NO NO YES 1 96+
65 NO NO UNK NO 0 0
64 NO NO NO YES 3 91
64 NO NO NO YES 2 96+
65 NO NO YES YES 2 60
68 YES YES YES YES 1 36
68 NO YES UNK NO 0 0.
68 NO NO YES NO 0 0
68 YES NO UNK YES o) o}
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NON
ESTRGN
DRUG

YES
NO

NO

NO

YES
YES
NO

YES
NO

YES
YES
YES
YES
YES
YES
NO

YES
YES
YES
YES
YES
YES
YES
YES



CASE OR AGE

CONTROL

CONTROL 68
CASE 61
CONTROL 61
CONTROL 61
CONTROL 61
CONTROL 60
CASE 64
CONTROL 64
CONTROL 65
CONTROL 64
CONTROL 65
CASE 68
CONTROL 69
CONTROL 69
CONTROL 69
CONTROL 69
CASE 74
CONTROL 74
CONTROL 73
CONTROL 74
CONTROL 74
CASE 67
CONTROL68

CONTROL 68
CONTROL 68
CONTROL 68
CASE 62
CONTROL 62
CONTROL 63
CONTROL 63
CONTROL 63
CASE 71
CONTROL 70
CONTROL 71
CONTROL 71
CONTROL 71
CASE 83
CONTROL 82
CONTROL 82
CONTROL 82
CONTROL 82
CASE 70
CONTROL 70
CONTROL 70
CONTROL 70

GALL HYPER

BLADDER TENSION

DISEASE
NO NO
NO NO
NO NO
NO NO
NO NO
YES NO
NO NO
NO NO
NO YES
NO YES
NO NO
YES NO
NO NO
NO NO
YES YES
YES NO
NO NO
NO YES
NO YES
NO NO
NO NO
YES NO
NO YES
NO YES
NO NO
NO NO
YES NO
YES NO
NO NO
NO NO
NO NO
YES NO
NO YES
NO NO
NO YES
NO YES
NO YES
NO NO
NO YES
NO YES
NO NO
NO NO
YES YES
NO YES
NO YES

TABLE A3: ENDOMETRIAL CANCER STUDY

OBESITY ESTROGEN CCNJUGATED ESTROGEN

UNK
UNK
YES
NO
UNK
NO
YES
UNK
UNK
YES
UNK

USE

YES
NO
NO
YES
NO
NO
YES
NO
YES
YES
NO
YES
NO
NO
YES
YES
YES
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DURATION
(MONTHS)

96+

96+

NON
ESTRGN
DRUG

YES

YES

YES
YES
YES
NO
YES
NO
YES
YES
NO
YES
NO
YES
YES
NO
YES
YES
YES
YES
NO

YES
YES



TABLE A3: ENDOMETRIAL CANCER STUDY

CASE OR AGE GALL HYPER OBESITY ESTROGEN CONJUGATED ESTROGEN NON

CONTROL BLADDER TENSION USE DOSE DURATION ESTRGN
DISEASE (MONTHS) DRUG
CONTROL 70 NO " YES YES NO 0 0 YES
CASE 74 NO NO NO YES 0 0 YES
CONTROL 75 YES YES NO YES 2 6 YES
CONTROL 74 NO NO YES NO 0 0 YES
CONTROL 74 NO YES NO YES 2 46 YES
CONTROL 75 NO NO UNK NO 0 0 NO
CASE 70 NO NO UNK YES 0 0 YES
CONTROL 70 NO YES NO YES 1 96+ YES
CONTROL 70 NO NO UNK NO 0 0 NO
CONTROL 70 NO NO UNK NO 0 0 YES
CONTROL 70 NO NO UNK NO 0 0 NO
CASE 66 NO YES YES YES 3 48 YES
CONTROL 66 NO NO UNK YES 1 96+ YES
CONTROL 66 NO NO UNK NO 0 0 YES
CONTROL 66 NO NO YES NO 0 0 NO
CONTROL 66 NO YES YES YES 1 12 YES
CASE 77 NO NO YES YES 3 4 YES
CONTROL 77 YES YES YES YES 0 0 YES
CONTROL 77 NO YES NO YES 2 24 YES
CONTROL 77 NO NO YES NO 0 0 NO
CONTROL 78 NO YES YES YES 2 9 YES
CASE 66 NO YES NO YES 3 29 YES
CONTROL 67 NO YES NO NO 0 0 YES
CONTROL 66 NO NO YES NO 0 0 YES
CONTROL 67 NO NO YES NO 0 0 YES
CONTROL 69 NO YES YES YES 2 10 YES
CASE 71 NO YES YES YES 1 96+ NO
CONTROL 72 NO NO UNK NO 0 0 NO
CONTROL 72 NO NO NO NO 0 0 YES
CONTROL 71 NO NO UNK NO 0 0 NO
CONTROL 71 NO YES YES NO 0 0 YES
CASE 80 NO NO NO YES 2 UNK YES
CONTROL 79 NO NO UNK NO 0 0 NQ
CONTROL 79 NO NO NO NO 0 0 NO
CONTROL 79 NO NO YES NO 0 0 NO
CONTROL 80 NO NO NO NO 0 0 NO
CASE 64 NO NO YES YES 2 UNK YES
CONTROL 64 NO NO NO YES 0 0 YES
CONTROL 63 NO NO YES YES 1 60 YES
CONTROL 64 NO YES NO YES 1 6 YES
CONTROL 66 NO YES YES YES 1 UNK YES
CASE 63 NO NO NO YES 1 60 YES
CONTROL 63 -NO YES NO YES 1 96+ YES
CONTROL 65 NO NO NO YES 1 25 NO
CONTROL 65 NO NO NO NO 0 0 YES
CONTROL 64 NO NO NO YES 1 96+ YES
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TABLE A3: ENDOMETRIAL CANCER STUDY

CASE OR AGE GALL HYPER OBESITY ESTROGEN CONJUGATED ESTROGEN  NON
CONTROL BLADDER TENSION USE DOSE DURATION ESTRGN
DISEASE (MONTHS) DRUG
CASE 72 YES NO YES NO 0 0 YES
CONTROL 72 NO YES UNK NO 0 0 NO
CONTROL 72 NO YES YES NO 0 0 YES
CONTROL 72 NO YES NO YES 1 48 YES
CONTROL 72 NO YES YES YES 0 0 YES
CASE 57 NO NO NO YES 3 12 NO
CONTROL 57 NO YES YES YES 0 0 YES
CONTROL 58 NO NO YES YES 1 36 YES
CONTROL 57 NO NO NO YES 1 36 NO
CONTROL 57 NO NO NO YES 0 0 NO
CASE 74 YES NO YES NO 0 0 YES
CONTROL 74 NO NO YES NO 0 0 YES
CONTROL 73 NO NO YES YES 2 2 YES
CONTROL 75 NO NO YES NO 0 0 YES
CONTROL 75 NO NO UNK NO 0 0 NO
CASE 62 NO YES YES YES 2 6 YES
CONTROL 62 NO NO YES YES 2 37 YES
CONTROL 62 NO NO YES YES 2 63 YES
CONTROL 63 NO NO UNK NO 0 0 NO
CONTROL 61 YES YES YES YES 3 96+ YES
CASE 73 NO YES YES YES 1 4 YES
CONTROL 72 NO NO NO YES 2 90 YES
CONTROL 73 NO NO NO YES 3 5 YES
CONTROL 73 NO YES NO YES 1 15 YES
CONTROL 73 NO YES NO NO 0 0 NO
CASE 71 NO YES YES YES 1 UNK YES
CONTROL 71 NO NO UNK NO 0 0 NO
CONTROL 71 NO NO NO NO 0 0 YES
CONTROL 71 NO NO NO NO 0 0 YES
CONTROL 71 NO YES NO YES UNK UNK YES
CASE 64 NO YES YES NO 0 0 YES
CONTROL 65 NO NO YES YES 3 96+ YES
CONTROL 64 NO NO YES YES 3 96+ YES
CONTROL 64 NO NO YES YES 2 36 YES
CONTROL 64 NO NO YES YES 3 96+ NO
CASE 63 NO NO NO YES UNK 96+ YES
CONTROL 64 NO NO YES NO 0 0 YES
CONTROL 62 NO NO YES NO 0 0 YES
CONTROL 64 YES NO NO YES 1 18 NO
CONTROL 64 NO YES YES YES 3 UNK YES
CASE 79 YES YES YES YES 1 96+ YES
CONTROL 78 YES YES YES YES 1 96+ YES
CONTROL 79 NO NO YES NO 0 0 YES
CONTROL 79 NO YES NO YES 0 0 YES
CONTROL 78 NO NO YES YES 1 24 YES
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CASE OR AGE
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TABLE A3: ENDOMETRIAL CANCER STUDY

CASE OR AGE GALL HYPER OBESITY ESTROGEN CONJUGATED ESTROGEN NON

CONTROL BLADDER TENSION USE DOSE DURATION ESTRGN
DISEASE (MONTHS) DRUG
CASE 79 YES NO NO NO 0 0 NO
CONTROL 82 NO NO YES YES 1 UNK YES
CONTROL 78 NO NO NO NO 0 0 NO
CONTROL 80 NO NO YES NO 0 0 NO
CONTROL 81 NO NO NO NO 0 0 NO
CASE 72 NO NO NO YES 0 0 YES
CONTROL 72 NO NO YES YES 2 57 YES
CONTROL 73 NO NO UNK NO 0 0 NO
CONTROL 73 YES YES NO YES 2 96+ YES
CONTROL 73 NO NO NO NO 0 0 YES
CASE 82 YES YES YES YES 3 96+ YES
CONTROL 81 NO NO UNK NO 0 0 NO
CONTROL 81 NO NO YES NO 0 0 NO
CONTROL 81 NO NO YES YES 0 0 YES
CONTROL 81 NO YES YES NO 0 0 YES
CASE 73 NO YES YES YES 2 60 YES
CONTROL 74 NO NO YES YES 1 1 YES
CONTROL 75 NO NO NO NO 0 0 YES
CONTROL 75 NO YES YES YES 1 96+ YES
CONTROL 74 NO NO NO NO 0 0 NO
CASE 69 NO NO UNK YES UNK UNK YES
CONTROL 68 NO NO NO NO 0 0 YES
CONTROL 68 NO NO YES YES 2 48 YES
CONTROL 68 NO NO NO YES 1 96+ NO
CONTROL 70 NO NO NO NO 0 0 NO
CASE 79 NO YES YES YES 1 67 YES
CONTROL 79 NO YES YES NO 0 0 YES
CONTROL 79 NO YES YES NO 0 0 YES
CONTROL 78 YES NO YES YES 1 UNK YES
CONTROL 79 NO NO YES NO 0 0 YES
CASE 72 NO NO YES YES 3 60 NO
CONTROL 71 NO NO NO YES 0 0 YES
CONTROL 72 NO NO NO NO 0 0 YES
CONTROL 72 NO YES YES YES 3 96+ YES
CONTROL 71 NO YES YES YES 3 12 YES
CASE 72 NO YES YES YES 1 27 YES
CONTROL 72 NO YES YES YES 1 3 YES
CONTROL 71 NO NO UNK NO 0 0 NO
CONTROL 72 NO YES YES NO 0 0 YES
CONTROL 72 NO YES YES NO 0 0 YES
CASE 65 NO YES YES YES 2 16 YES
CONTROL 67 NO NO NO NO 0 0 NO
CONTROL 67 NO NO UNK NO 0 0 NO
CONTROL 66 NO NO YES NO (o] 0 YES
CONTROL 66 NO NO NO YES 2 3 NO
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APPENDIX B

DYALOG APL PROGRAMS

The computations required in the thesis are undertaken by using Dyalog APL
Version 7.1. The following table summarises the main programs and related

functions used in various chapters.

Table Bl: Dyalog ALP Programs used in Various Chapters

Chapter Description APL Programs
& Sub-programs
Three |To simulate and fit Poisson-gamma SIMPG, POSGAM
model. . POISSON
Four To compare Poisson-normal and COMPPGPN, DATAPN
Poisson-gamma models. DATAPG, NORMALR

POSNML, POSGMM

Five To simulate matched case-control data [SIMMATCH, DEV
and fit mixed and fixed effects model. |MATCHDAT, DATA
MATCHMIX, GLIM

To calculate derivatives. LLOM1, LLOM2, LLOM
A general program for fitting mixed MCASECONT
model to matched case-control data. LIKEDRYV, COEFF
Six To analyse contingency table of POSCON
Neighbourhood data under Poisson assu- {GLIMP
-mption and to calculate derivatives. DEVP
A general space efficient program. POSCONSP
Seven |To fit fixed and mixed effect GLIMM
multinomial model and to calculate MULTMIX
derivatives and Deviance. LLOMN, DEVM
Eight |To fit fixed and mixed effect THRES
Threshold models. THRESMIX
To calculate Deviances. DEVTH, DEVTHM
Nine To adjust SEs for 1 and 2 random ADIJSE1
components ADIJSE2
All Some general functions used in BINO, BLOCK, BNLEFT
various chapters. DET, FMSE, MEAN

DIAG, RND, STD
UNIT, VP, VAR
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v SIMPG
[1] aTo generate P0S-GAM data and fit Pisson-Gamma model
(2] DATAPG
(3] POSGAM Y
(u] ~(C=1)/L2
(5] BETA0+BETAO0,1+BETA
(6] BETA1+BETA1,BETA[2]
(7] THETA1«THETA1,THETA
(8] SETH1«SETH1,SE
(9] SEBETO0<SEBET0,SEBETA[1]

(10] SEBET1+SEBET1,SEBETA[ 2]

(111 L2:'CONVERGED SIMULATION=',pTHETA1
v

POSGAM

V POSGAM Y;B;IS;TH;X;Y;L;VV;W;T3I1;12;J;K
(1] aFits Poisson-gamma model. Various initial values are
(2] atried with automatically. The first column of Y is the
(3] aresponse vector and the remaining columns are design
(4] amatrix for fixed and random parameters.
[5] Ke(T1xJ)+J«"0.2
[6)] LBLO:J«J+0.2,0pK+0
(7] LBL1:THETA+O.1xK«K+1

(8] "Attempt=',K,'Initial U=',J,'Initial TH=',Kx0.1
(91 BETA«2,1,150J,00I1«I2+«0
(101 LBL2:L<(Y[;11-%(0 1+4Y)+.xBETA),30 30p(*xY[;2 3]1+.x24BETA),30 30p0
[11] VV<B((R0 1+4Y)+.x(0 1+L)+.x0 1+Y)+17 17p((2p0),15p+THETA),17 17p0
[12] BETA«(W«BETAY+VV+.x( (80 1+Y)+.xL{;11)+(2p0),(+THETA)x1-%x2+BETA
[131] +>((0.003s[/2+|W-BETA)A82I1<«I1+1)/LBL2
(1] THETA«(W<«THETA)+ ((+/2+BETAx2)++/+/(T<«2 2+VV)x(UNIT 15))+15
[15] SE«((2x+/+/(T-THETAxUNIT 15)%2)%0.5)%15
{16] >((T«0.02<|THETA-W)A122I2«I2+I1«1)/LBL?2
{17] >((0<T)A102K)/LBL1
(18] +((0<T)A0.82J)/LBLO
[19] SEBETA«(VV[1;I2«11,VV[2;2])%0.5,0pC«T
[20] '"BETA=',(24BETA)
[21] '"SEBETA="',SEBETA
[22] '"Theta= ',THETA,'SETHETA=',SE,T,J,Kx0.1
[23] DEVP BETA
v
POISSON

v R<N POISSON L;P;Y ' '
(1] 820417 Simulates N values of Polsson va;lable
[2] awith parameters specified by vector L with N
(3] acomponents, one for each simulatlon
(u] P++\*((oL)o.xO,Y)—Lo.+o,+\oY«1ff/L+6xL*0.5
(5] Re+/P<(0.000001x2?Np999999)e.x(1+pP)pl

v
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COMPGPN

v COMPGPN
(1] aGenerates data under Polisson-Normal or Polisson-gamma
(2] amodels and fits both Poisson-Normal and Poisson-gamma
(3] amodels. This needs to be run repeatedly for the
[u] arequired number of simulations
{s] DATAPN
(6] aDATAPG '
(7] aUse either DATAPN or DATAPG by commenting out one.
(8] POSNML Y
(9] POSGMM Y
[10] +((C+C1)>0)/L2
[11] BETO«BETO0,14BET
(12]  BET1<+BET1,BET[2]
(13] THET1<THET1,THET
{1u4] S1+S1,SEP
{15] SEBETO«SEBETO,SEBET[1]
{161 SEBET1+SEBET1,SEBET([2]
(17]  BETAO<+BETAO0,14BETA
(18]  BETA1«BETA1,BETA[2]
[19] THETA1«THETA1,THETA
[20] SE1<SE1,SE
[21] SEBETAO<SEBETAO0,SEBETA[11]
{22] SEBETA1+SEBETA1,SEBETA[2]
(23} L2:'"ACTUAL SIMULATION =',pTHET1
DATAPG
Vv DATAPG;ETA;S;U;ETA;BETA; X4
(1] aGenerates data under Polisson-gamma model
[2] U<e(+/(15,A)p-20.0001x2(15xA4)p9999)+A«lL
[31] X+<(82 30p(30p1), 1+230p2),Z+815 30p1 1,30p0
(4] BETA«3 1.5,U
(51 ETA<X+.xBETA
(6] S+30 POISSON*ETA
(71 Y<S,X
v
DATAPN
Vv DATAPN;ETA;S;U;ETA;BETA; X
{1] aTo generate data under PoissontNormal model
f2] U+15 NORMALR 0 1
(3] X«<(82 30p(30p1), 1+230p2),Z+815 30p1 1,30p0
(u] BETA«1 0.5,U
[5] ETA«<X+.xBETA
(6] S«30 POISSON*ETA
(7] Y«S,X
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POSGMM

v

POSGMM Y;B;IS;TH;X;Y;L;VV;W;T;I13I2;CV;J3K

pFits Poisson-gamma model. Varlous initial values are

atried with automatically. The first column of Y Is the
aresponse vector and the remalining columns are design

amatrix for fixed and random parameters.

Ke(T1xJ)+J+ 0.2
LBLO:J+J+0.2,0pK«0
LBL1:THETA<O.1xK<K+1

"Attempt=',K,'Initial U=',J,"'Initial TH=',Kx0.1
BETA«2,1,15pJ,0pI1«12+0
LBL2:L+(Y[;1]-%(0 14Y)+.xBETA),30 30p(*Y[;2 31+.x24BETA),30 30p0
VV<B((80 1+Y)+.x(0 1+L)+.x0 1+4Y)+17 17p((2p0),15p+THETA),17 1790
BETA+(W+BETA)+VV+.x( (80 1+Y)+.xL[;1])+(2p0),(+THETA)x1-%x24BETA
+((0.003s[/2+|W-BETA)A82I1«I1+1)/LBL2
THETA«(W«THETA)+((+/24BETA*2)++/+/(T+2 2+4VV)x(UNIT 15))+15
+((T+0.02<|THETA-W)A122I2«I2+I1+«1)/LBL2

+{((0<T)A102K)/LBL1

+{((0<T)A0.82J)/LBLO

T1«+/+/VV[M;M+24117 IxWe . =W«115

T2«+/+/VVIM;M]x2

B«2x@Wx(15-2xT1+THET ) +T2xW«THET*" 2
SEBETA«(VV[1;I2+1],VV[2;2])%0.5,0pC«T

SE«Bx0.5

'"BETA="',(2tBETA)

'SEBETA=',SEBETA

'SETHETA="',SE

'Theta= ',THETA,'SETHETA=',SE,T,J,Kx0.1

DEVP BETA

V DEVP B;S;F;D;M

aCalculate deviance for Poisson response
S«<+/Y[31]-%«M<(0 1+Y)+.xB

FeY[311+.x(eY[;114+0.0000000001)-M
D«2xF-8S
'‘Deviance='D.
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POSNML

V POSNML Y;B;IS;TH;X;Y;L;VV;W;T;I1;I2;J;:K

[1] aFits Poisson-normal model. Various initial values are
(2] atried with automatically. The first column of Y Is the
(3] aresponse vector and the remalning columns are design
(4] amatrix for fixed and random parameters.
[s5] K«(T1xJ)+J«70.2
[6] LBLO:J+J+0.2,0pK<«0
[71 LBL1:THET«0.1xK«K+1
(8] 'Attempt=',K,'Initial U=',J,'Initial TH=',Kx0.1
(9] BET«3,1,15pJ,0pI1«I2+0
(10) LBL2:L«(Y¥[3;1]1-%(0 14Y)+.xBET),30 30p(*(0 1+Y)+.xBET),30 30p0
[11] VV<E( (80 1+Y)+.x(0 1+L)+.x0 1+Y¥Y)+17 17p((200),15p+THET),17 17p0
[12] BET«(W<«BET)+VV+.x((80 1+Y)+.xL[3;1]1)-(2p0),(+THET)x2+BET
[13] +>((0.002<[/2+|W-BET)A82T1«I1+1)/LBL2
(1u4] THET<(W<THET)+((+/2+BET*2)++/+/(T«2 2+4VV)x(UNIT 15))+15
[15] >((T«0.003<|THET-W)A102I2«I2+I1«1)/LBL2
(16] +((0<T)A102K)/LBL1
{17] +((0<T)A0.62J)/LBLO
[18] Ti++/+/VV[M;M<24117 IxWe . =W<+115
[19] T2<+/+/VV[M;M]*2
[20] B«2xBWx(15-2xT1+THET)+T2xW<«THET*" 2
[21] SEBET+(VV{1;I2«1],VV[2;2]1)%0.5,0pC1«T
(22] SEP<Bx0.5
[23] 'BET=",(2tBET)
[2u] '"SEBET="',SEBET
[25] '"SETHET="',SEP
[26] 'Thet= ',THET,'SETHET=',SEP,T,J,Kx0.1
[27] DEVP BET
v
NORMALR
Vv R«<N NORMALR PA;V
(11 n82/02/02. RETURNS N NORMAL{PA<-MEAN,VARIANCE] VARIATES,
(2] aUSING THE BOX-MULLER, AMSX(1958), METHOD.
(31 R<(?7(2,[N+2)p2147483647)+214748364L47
(4] R«N+(,1 20 ,0R[2;1%x02)xV,V«("2xeR[1;])%0.5
(51 +(A/PA=0 1)/0
(61 R«PA[1]1+RxPA[2]1%0.5
{71 A

v
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MATCHMIX

V MATCHMIX X;V;N;IC;P;R;L;T;I;J;B;VV;VW;W;M;K;ML;TH
{11 aFits mixed models for matched case-control data
(2]  awith random exposure effects. The first column of X
[3] aindicates case or control and the second column is
(4] aexposure.
[5] V<1, (14pX)+5
{6] BETA<«1
(73] P+«pTHETA+0.5,0p0
(8] BETA<«BETA, (+/1+V)p0.5,0pN<(IC+1)4pX
[9] ML<2
[10] ~aUse LLOML for single case and LLOM2 for 2 cases
(11] LBL1:L<LLOM1(0 14X)+.xBETA
(12] VW< (I, I)pVV,(I,I«pVV«(V[11p0),(V[2]p3THETA))pO
(13] VV<E( (80 1+4X)+.x(0 14+L)+.x0 1+X)+VW
(14] BETA«(B<BETA)+VV+.x((80 1+X)+.xL[;1])-VW+.xBETA
(15] +(0.001<[/|B-BETA)/LBL1
[16] +(ML=1)/LBL2
(171 VVe(((J,J)tVV),(J,B)p0),[1](((B++/1+V),J)p0),B(J,J«V[1])+BVV
(18] LBL2:T«((2+P),P)p 1+I«J+1
(19] LBL3:T[1;J])«+/BETA[M«(+/JtV)+W«1V[J+1]]1%2
[(20] T{2;J)«+/+/VVIM;M]xWe . =W
(21] Lu:T0(2+I);d)«T[(2+d);I]«+/+/VV[(Ke{(+/I4V)+ 2 V[I+1]);M]%2
(22] +((pV)>I+«I+1)/Ly
(23] +((pV)>I«J+«J+1)/LBL3
(2u] TH«T[1;14(14V)-R«T{2;]1+B«THETA
[25] THETA«TH+3xTH-B
[26] >((122IC«IC+1)AC«0.01<[/|TH-B)/LBL1
(271 THETA«TH
(28] SEP<«((2%x+/+/(((J,J)+VV)-THETAxUNIT J«V[1]1)*x2)x0.5)3V[2]
(29] L+l 2p(<'Regression coeff'),(<'S.E.")
[(30] BBI«(((1J)e.=1J)xVV<«(J,J«V[1]1)4VV)*0.5
[31] L,[11(6 RND(J4BETA),[1.51S1«+/I)
[(32] L+1 2p(<'Theta'),{(c'S.E.")
(33] B«(UNIT P)xVW«2xB(DIAG(Wx(14V)-2xR))+(2 O+T)xWo ,xW«THETA*"2
(3u] L,{1]1(6 RND THETA),(1.51,SETH«+/I«(1B)*0.5
{35] "SEP="',SEP
[36] [(«'ZERO/ONE INDICATES CONVERGENCE/NONCONVERGENGE OF THETA EST',C

nok
nox

(9}
n ot

V GLIM X;N;L;VV;W;DEV;B;K; I
] aTo undertake a fixed effect analysis lgnoring
[2] arandom exposure effect
(3] BETA+«1,0p1
(4] LBL5:L+«LLOM(0 14X)+.xBETA
(5] VV<E((R0 14X)+.x(0 14L)+.x0 1+X)
(6] BETA«(B«BETA)+VV+.x( (80 1+X)+.xL[;1])
(7] +(0.001<[/|B-BETA)/LBLS
(8] B<BI«VV%0.5
(9] L+1 2p(<'Regression coeff'),(<'S.E.")
(101 L,{1](6 RND BETA,[1.5]5«+/I)
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SIMMATCH

v SIMMATCH;Q2
(1] aTo generate match dataset and fit models.
(2] aQl=no of matched set, Q2 to be taken large
(3] aenuogh to select required case and control.
fu] Q< (Q1+30)xQ2+«35
(5] LB:DATA
(6] 5 MATCHDAT 2
(7] +((14pV)<Q1)/LB
(8] MATCHMIX X
(9] +(C=1)/LB
BETA1+BETA1,1+BETA

f10]
[11] SE1+«SE1,S1
(12] THETA1<THETA1,THETA
[13] SET1«SET1,SEP
(1u] SET2+S8ET2,SETH
[15] GLIM X([;1,2]
{16] BETA0+BETAO,BETA
[17] SE+«SE,S
v
MATCHDAT

v IK MATCHDAT CS;R;X2;Wi;W1;1I;J
(1] aTo randomly select expoused/not expoused
(2] acorresponding to cases/controls in each set
(3] R+(Q1,(Q2))pY
(u] X2+(Q1,(Q2))pX1

(5] Ve(0,IK)pI«1
{e] LO1:W+~RLI;)]
(71 Wi«X2(I;]
(8] +(0=+/W)/L0O2

(9] +~((IK-CS)>+/W=0)/L02

(10] VeV, [11(CS+(1=W)/W1),(IK-CS)+(0=W)/W1
(11) LO2:+(Q12I«I+1)/LO1

[(12] I«IKx(IJ<«14pV)

(13] Y«Ip((CSp1),(IK-CS)p0)

[1u] X<®(2,I)pY,X«IpV

(15] X<X,(8(IJ,I)pX[;2])=x8(IJ,I)p(IKp1),Ip0
[16] X1<Ip&(IK,IJ)p IJ

(17] X1<X1,[2)Xx(;1,21]

Vv DATA;Z1;B;U;W;ETA
(1] aTo generate binary exposure data
[2] X1+((0.001x2Qp999)50.4)
(3] 21+(Q1,Q)p(Q2p1),Qp0
(4] B+~ 1+(§Z1)+.xU«(Q1 NORMALR 0 1)
(5] PHI«W+1+W+«*ETA+X1xB
(6] a ORL«+/0TS
(71 Y+« ((0.001x2Qp999)sPHI)
v
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MCASECONT

V MCASECONT X;V;IJ;W;XX;I;N;B;W13;L;W2;T;C3TH;Q;CD;8

s WU ;WS G IC; MV; TR2; VR

A970422 Matrix X has first column the matched set number with
aconsecutive numbers starting at 1. Col 2 is case=1, conlrol=0
aRemaining columns are risk variables, with last column being the
atreatment/exposure variable. Model fitted takes treat/exp effect
nas varying randomly over matched sets with variance theta.
B«0pV<+"3+1+4pX

TH«0.1

ML+0 :

B«B,(N+1)p0,0pN«[/X[;I«IJ«1]
LBL1:C+(V,V)pT+Vp(LL+0),,CD«((V+1),0)pS«1 1+IC+1
LBL2:W+«0 2+XX«(X[;1]1=IC)/[1]X

L«XX[;2)LIKEDRV((W1+0 ~1+W)+.xV4B)+ (W2« ,W[;V+11)xB[V+11+B[V+1+IC]
C<«C+(QWL)+.x(1 1+L)+.xW1

CD«CD, (QW1,W2)+.x(1 1+L)+.xW2

T«T+(QW1)+.x1+L[ ;1]

S«S,W2+.x1+L[;1]

LL+LL+L[1;1]

+(N2IC«IC+1)/LBL2

MV<CD+.xW«3+(WS+,CD[V+1;]1)++TH
Mie(+/W1+S«(S-(W1<(V+1)4B)+TH)xW)+TH
G~BC-((W1x(Vpl)e.xW)+.xqWi+"1 04CD)+(W2o , xW2« L4MV)+THxWu«MV[V+1]
Q«G+.xT-(MIxW2+W4)+W1+.xS

B«B+Q, (-W3),S+( ((W3«((W2+.xQ)~-THxM1)+Wu)xW5)-Q+.xW1)xW
+((102I«I+1)A0.001<[/1Q,W3)/LBL1

TR« (+/W)+0xTR2«+/ (WxW5)x2

+(ML=1)/LBLu4

TR<TR+(THxTR2+W4 )+ (TR2xW2+.xG+.xW2)+W4x2

TR<TR+(+/+/ ((Wix(Vpl)e ., xWx2)+.xQWL)xG)-2x(Wi+.xWSxW*x2)+.xG+.xW2
LBLY : TH« (OxW<«TH)Y+(+/(V+1)¥B*x2)+N-TR+TH
+((102IJ«IJ+I+1)A0.01<|W-TH)/LBL1

VR<(G,-Ws),[11(-W5), (TH+W2+.xW5«G+.xW2+W4 )+ Wy
AVAR«(TH+W2+ . xW5<«G+ . xW2+Wi ) + Wi

"Estimates and SEs of risk,exposure variable coefficients'

6 RND((V+1)4B),[0.51W«(+/VRx(1V+1)e.=1V+1)%0.5

tCorrelation matrix'

3 RND W+.xVR+.xW«((V+1),V+1)p(+W), ((V+1),V+1)p0

'‘Estimate and standard error of THETA'

TH,[0.5]JTH+(2xTR2)%0.5

V L«IJ COEFF N;I;W

a970421 Finds the sum of all products of components of N
ataken IJ at a time.

+(12L«(IJ20)+IJ>0)/0

IT«L«1+0xW<pN
LBL1:L«(L,0)+0,LxN(I]

+(Wz2I+I+1)/LBL1

L«L[IJ+1]

v
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v DEV B;S;F;D;M

(1] aCalculate deviance for Polisson response
(2] S«+/Y[;1]-%*M«(0 1+Y)+.xB
[3] Fe¥[;11+.x(@Y[;1]1+0.0000000001)-M
(4] D«2xF-§
(5] 'Deviance='D
v
POSCON

Vv POSCON X;V;N;IC;P;R;L;T;I;J;B;VV;VW;W;M;K;ML;X1
(1] aThe program used to analyse neighbourhood dataset
(2] aunder the proposed mixed model scheme in chapter 6.
(3] V+9,5p20
(u] X1+((14pX),V[1]+1)4X

(s] BET«™0.5 0.8 “0.5 “0.5 "0.5,4p0.3
(6] P«pTHET<((p1+V)p0.1),0p0.5
(7] BET«BET,(+/1+V)p0,0pN«(IC«1)4pX
(8] LBL1:L«X[;1]-%(0 1+X)+.xBET
(9] L«L,(N,N)p(*(0 14X)+.xBET),(N,N«14pX)pO
(10] VW« (I, I)pVV,(I,I«pVVe(V[11p0),(+/14V)p+THET)pO
[11] VV<B( (80 14X)+.x(0 1+L)+.x0 1+X)+VW
(121 BET«(B<«BET)+VV+.x( (&80 1+X)+.xL[;11)-VW+.xBET
[13] +(0.0001<[/|B-BET)/LBL1
(14] LBL2:T«((2+P),P)p 1+J+«1
{153 LBL3:T(1;J1«+/BET(M«(V{11+J-B)+(B«pTHET)x1V(J+111%2
[16] TL2;J)«+/+/VVIMiMIxWe . =We 1 V[I+1]
[17] +>((pV)>J«J+1)/LBL3
(18] THET«(0xB«THET)+1x(T[1;1+T(2;1)+1+V
[19] THET+«B+2xTHET-B
[20] +>((142IC«IC+1)AC1«0.0003<[/|THET-B)/LBL1
[211] THET+B
(22] SEBETA«+/((J J4VV)XxUNIT J«V[1])%0.5
(23] ‘BETA=',V[(114BET
(24] '"SEBETA="',SEBETA
{25] ~nafor likelihood ratio test
[26] X DEV BET
{27] DB« (V[2]1xeTHET[11)+(+THET[1])xIC+.xIC«V[2]4V[11+BET
[28] DB«-DB+(V[31xeTHET[21)+(+THET[2])xIC+.xIC«V[314(P«V[(11+V[2])+BET
[29] DB«-DB+(V{u]xeTHET[31)+(+THET(3]))xIC+.xIC«V[u]l+(P«P+V[3])+BET
[(30] DB-eDET(J J+@VYV)
[31] afor WALD test
[32] "WTEST=",(BET[(W]+.x(@VVIW;W])+.xBET[W«6 7 8 91])
(331 "THETA=',THET
(3u4] "ZERO INDICATES CONVERGENCE',C1
v
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POSCONSP

V POSCONSP X;V;;N;IC;P;R;L;T;I;J3B;VV;VW;W;M;K;ML3X1
(1] aTo rit space efficient model. The arrangement of X
[2] acolumns are different here. For random effect design
£3] amatrix (Z) the columns are rearranged to make it diagonal.
(4] V<[,0p0«'ENTER NUMBER OF FIXED EFFECTS'
(5] F«+/V«V,0,0p0«'ENTER NO. OF EFFECTS IN EACH RANDOM TERM'
(6] X1+((1+pX),V[1]+1)+X
(7] BET<(1,0p(«'ENTER INITIAL VALUES FOR FIXED COEFF'
(8] P<pTHET+((p14V)p0.1),0p0.5
(9] BET<BET,(+/14V)p0,0pN«(IC«1)4pX

[10] LBL1:L«(N,1)pL«X[;1]1-%(0 1+X)+.xBET
[11] L«L,*(0 1+X)+.xBET
[12] VN«(I I)pVV, (I, I«pVV<«(V[11p0), (+/1+V)p+ THET)oo
[13] VV«(F,F)pI-I+J<1
(143 LB11:VVII;J)«X[;I+1]+.xL[;2)xX[;J+1]
[15] »((J+J+1)sF)/LB11
[16] +((I«I+(J«1))sV{1])/LB11
(171 LB13:VV[I;J1<«VV{J;I]
(18] +>((I«I+1)sF)/LB13
{19] >((J«J+1)<(I«V[1]1+1))/LB13
{201 LB14:vV[(I;Jl«X(;I+1]+.xL[;2]xX[;J+1]
(21] +((J«J+1)sF)/LB1u4
[22] J«V{11+1
[23] +>((I«I+1)sF)/LB1y
[24] VV<B(VV+VH)
[25] D<FpJ<«i
(26] DD:DLJI«L{;1]+.xX[;J+1]
[27] +((J«J+1)<F)/DD
(28] BET«(B+BET)+VV+.xD-VW+.xBET
[29] +(0.0001<[/|B-BET)/LBL1
[30] ~Aremove comment for ML estimate of THET
[31] aVV<(((J,J)+VV),(J,B)p0),(11(((B«+/1+4V),J)p0),B(J,I«V[1])+@VV
[32] LBL2:T«((2+P),P)p 1+J+1
(33] LBL3:T(1;J1«+/BET(M<«(V[1]1+J-B)+(B«pTHET)x1V[J+1]11%2
[34] TL2;d1«+/+/VVIM;MIxWo , =W V[J+1]
(35] +~((pV)>J«J+1)/LBL3
(36] THET<(0xB«THET)+1x(T[1;1+T(2;])+1+4V
[(37] THET«B+1xTHET-B
(38] +>((142IC+IC+1)AC1+0.0003<[/ITHET-B)/LBL1
(39] THET+B
(40] SEBETA«+/((J J+VV)xUNIT J+«V[11)x0.5
(u1] '"BETA='",V[1]4BET
(u2] '"SEBETA="',SEBETA
(43] X DEV BET
(u4] aFor WALD test
[us] "WTEST="',(BETA[W]+.x(BVVIW;W])+.xBETA[W<«6 7 8 9])
(u6] 'THETA="',THET
[u47] '*ZERO INDICATES CONVERGENCE',C1
v
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LIKEDRV

V L«Y LIKEDRV N;A;B;C;J;K;WsM
(1] A960421 For Y=vector of cases/controls and N=eta, returns
(2] amatrix L with L{1;1]=loglikelihood, remaining elements of
{3] nfirst row/col as derivates of 1og11ke{1hood and other rows
(u] a/cols containing second order derivatives of log likelihood,
(5] A+ (M<+/Y)COEFF N<xN
(6] C+(W,W)pB«(W+pN)pOxJ«K«1
(7] LBL1:C[J;J]«BLJJ«N[JIx(M-1)COEFF(J#1W)/N
8] +(J=1)/LBL3
%9] LBL2:C[J;K1«ClK;J1«N[JIxN[K1x(M-2)COEFF(1=1-(J=1W)+K=1W)/N
(10]  +(J>K«K+1)/LBL2
1 LBL3:>(W2J«J+K«1)/LBL1
f12] Le(((+/YxN)-0A),W),[11(W«Y-B+A),(C+A)-Be.xBtA*2

vV L«LLOM W;S;B
1 aTo calculate derivatives in ordinary GLIM
(2] S«<(1tpX)+IK
(3] R+3+R«(B+S BLOCK IK)+.x(WexlW)
(4] L«<(X[;11-S), 1x(BxVpP S)-DIAG(S<«WxR)

V L«LLOM1 W;S;:B

(1] alo calculate the derivatives for a single case in a set
(2] S«(1tpX)+IK

[3] R«iR«(B+S BLOCK IK)+.x(WexW)

{u] L(X0511-8), 1x(BxVP S)-DIAG(S«WxR)
v

LLOM?2

V L<LLOM2 W;S;B;I;J;A;C;:T
[1] aTo calculate the derivatives for 2 cases in a set
(2] S«IJ BLOCK IK
[3] A<(IJ,IK-1)pOpI<«J+1
[u] T«(IJ,IK)pW<«xW
{s5] LL:A[I;J]*T[I;JJX(+/J+T[I;])
[6] >(IK>J«J+1)/LL
(71 >(IJ2I«I+J«1)/LL
[8] A«~(I«pW)pQ(IK,IJ)p+/A
[9] BeWx (IoQ(IK,IJ)p+/T)-W
] C+Sx (VP W)
[11] C«+(DIAG B)+Cx(1-UNIT I)

1 L«(X[:11-4xB),TxC-(T+«Q{(I,I)pA«+A)xSxBo.xB
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V GLIMM X;N;L;VV;W;DEV;B;K;I;J;V :
(1] aTo rit multinomial model. The first column of X
[2] als the response and the remaining columns are design
(3] amatrix for fixed parameters.
(4] BETA+(0,0p(J«'ENTER INITIAL VALUES OF FIXED PARAMETERS'

[s] I«1+pNT+[],0p0«'ENTER THE VARIABLE CONTAINING MARGINALS'
[6] LBL1:L«LLOMN(O 1+X)+.xBETA
(7] VV«<B((80 14X)+.x(0 1+L)+.x0 1+X)

(8] BETA«(B«BETA)+VV+.x( (80 1+4X)+.xL[;11)

(9] +>(T«(0.001s[/|B-BETA)YA202I«I+1)/LBL1

(10] SEBETA«+/(VVxUNITpBETA)*0.5,0pC+T

(111 '‘BETA=',(8 3¥BETA),C

(12] 'SEBETA=',9 3¥SEBETA

{13] X DEVM BETA

{14] "WTEST="',(BETA{W)+.x(BVVIW;W])+.xBETA[W«3 4])

VvV Y DEVM B;F1;F0;D;SW; T
1 ATo calculate deviance in MULTINOMIAL model
2] SW«(B«((N«14pX)+R)BLOCK R+2)+.xW+*x(0 1+Y)+.xB
31 MeNTxW+1+SW
4] F1<Y[;1]+.x(eY¥[;1]+0.0000000001)-eM+0.0000000001
5] N<N:R
6] T«((N,R)oNT)[;1]
71 FO«Y0+.x(®0.,0000001+Y0«T-+/(N,R)pY¥[;1]1)-90.0000001+4D«T-+/(N,R)pM"
8] D+2xF1+F0
9] '‘Deviance='D

vV GLIMP Y;L;VV;N;Y;I
(1] AaTo fit fixed effect Poisson model, the first column

(4] BG+1, I«1

[51 LBL2:L«(Y[31]1-%(0 147)+ BG),30 30
s . X , Ye; . X
[6] VV<B((80 1+Y)+.x(0 1+4L)+.x0 1+Y) PIxrli2 312 xB6), 30 20pe
{71 BG(W«BG)+VV+.x( (R0 14Y)+.xL[;1])

[8] >(T<(0.01s[/[24W-BG)n
. - 102I«I+1)/LBL?
(9] SEBG+(VV[1;I2«1],VV[2:
[10] '"BG=',BG “t1.77L2;21)%0.5,000T
[11] 'SEBG="',SEBG
[12] DEVP B¢
v
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v L«LLOMN W;SW;B;SD

1] SW+«(B+((N«14pX)+R)BLOCK R«2)+.xW+xW

(2] L«(X[;11-NTxW+1+SW), (8(N,N)pNT)xBx(DIAG SD)-VP SD+W+1+SW
v

MULTMIX

V MULTMIX X;V;N;IC;P;R;L;T;I;J;B;VV;VW;W;M;K;C3ML;VT
(11 ATo rit mixed multinomial model. The first column of X
(2] als the response and the remaining columns are design
[31] amatrix for fixed and random parameters.
[u] V«{],0p0«'ENTER NUMBER OF FIXED COEFFICIENTS'
[5] V«V,0,0p0«'ENTER NUMBER OF EFFECTS IN EACH RANDOM TERM'
(6] NT<(,0p0«'ENTER THE VARIABLE CONTAINING MARGINALS'
(7] BETA«V[11p0.1
(8] P«pTHETA«[J,0p0«'ENTER INITIAL VARIANCES OF RANDOM VECTORS'
(o] BETA«BETA,(+/1+V)p0,0pN«(IC«1)4pX

(10] "INITIAL ESTIMATES OF RANDOM COMPONENTS ARE TAKEN TO BE ZERO'
(111 ML<[,0p0«'ENTER 1 FOR ML ESTIMATE, OTHERWISE REML GIVEN'
(12} LBL1:L<LLOMN(O 1+X)+.xBETA ‘
[13] VW< (I, I)pVV,(I,I«pVV<(V/(0,+THETA)))pO

f1u] VV<(VT,(VT«+/V))pI-I«J«1

(15] LB11:VV[;J]« (80 14X)+.x(0 1+L)+.xX[;J+1]

{16] ~((J«J+1)sVT)/LB11

(17] VV<B(VV+VW)

(18] D+VTpJ+1 :

[19] DD:D[J)«L{;1])+.xX[;J+1]

[20] +((J«J+1)sVT)/DD

[21] BETA<(B+BETA)+VV+.xD-VW+.xBETA

[22] 8 3%124BETA

[23] +(0.01s[/Vv{1])p|B-BETA)/LBL1

[2u] +~(ML#1)/LBL2

[25] VVe(((J,J)+VV),(J,B)p0),[11(((B«+/1+V),J)p0),B(J,J«V[1])+EVY
[26] LBL2:T<«((2+P),P)p 1+I«J+1

[27] LBL3:T(1;J)«+/BETA(M«(+/J4V)+WerV[J+1]]1x2

(28] T{2;d)«+/+/VVIM;M)xWo . =W

(29] Lu:TL(2+4I);J]«T((2+d);I)«+/+/VV[(K«(+/ItV)+1V[I+1]);M]x2
[30] >((pV)>I«I+1)/Lu4

[31] >((pV)>I«J«J+1)/LBL3

(32] THETA«T[1;1+(1+V)-R+«T[2;1+B«THETA

{33] +>((82IC+IC+1)AaC+0.005<[/|THETA-B)/LBL1

[3y1] SEBETA«+/((J J+VV)xUNIT J+«V[11)*0.5

[35] '"BETA="'",V[114BETA

[36] '"SEBETA=',SEBETA

[(37]) X DEVM BETA

[38] '"WTEST="',(BETA(W]+.x(BVVIW;W])+.xBETA[W«9 10 11 121])
[39] '"WTEST="',(BETA[W)+.x(BVVIW;W])+.xBETA[W«9 10])

(uo] "WTEST="',(BETA[W]+.x(BVVIW;W])+.xBETA[W«11 12])

[u1] 'THETA=',THETA

[y2] O«'ZERO INDICATES CONVERGENCE ','C=',C
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v Y THRES X;Xl;C;R;T;E;G;GP;D;DTN;DTP;DI;Gl;GlP;I;IC;V;VP;VY
(1] sWPY;DT;DB;DP;VT;DB2;DT2;DTB;SEBETA
(2] aTo fit fixed effect threshold model. Y Is a vector of
[3] aresponses to be recorded first row then second and so on,
(4] nX is the transpose of the design matrix for row effects
(5] R«{d,0p0«'"ENTER NUMBER OF ROWS'
(s8] C+(,0p0«"'ENTER NUMBER OF COLUMNS,C'
{7] N«RxCxIC<«1
[8] X1+(N,(14pX))pX
(9] BTH+{],0p(0«'ENTER INITIAL VALUES FOR C-2 THRESHOLD PARAMETERS'

(10)  BTH<«BTH,0,0p(«'ENTER INITIAL VALUES FOR ROW EFFECTS'
[11] LOOPO:TH«(D<x/pTH)pTH«(Rp0),[2]1(R,C-2)p(C~2)+BTH
(12] E«Dp(C-1)/E«X+.x(C-2)+BTH

[13] AE«Dp(C-1)/E<«Xx(C-2)+BTH

(14] G+«Np (D1<+(R,C-1)pD«W+E«1+(W«*TH-E)),[2]1(Rp1)

[15] VT+<G-GP«Np(Rp0),[21D1

(16] G1<Np(D1+(R,C-1)p(D+E)),[2]1(Rp0)

(171 G1P<Np(Rp0),[21D1

{18] WY<YxW«G1+VT

{19] WPY«YxWP<«G1P+VT

[20] DT« (1+ 1++/8(R,C)pWY}-2++/8{(R,C)pWPY

[21] DB«+/(8X)+.x(R,C)pWPY-WY

(221 D<«Np(D1«(R,C-1)p(1-2xD)),[2]RpO

[23] DP«Np(Rp0),[21D1

[24] DB2+«(QX1)+.x(DIAG(NpQ(R,C)pYx (WxD)+( 1xWPxDP)-(W-WP)*2))+.xX1
{25] DT2«(1+ 1+4+/8(R,C)pWYxD-W)-2++/8(R,C)YpWPYx(WP+DP)
{26] DTP+1+ 1++/8(R,C)pWYxWP

[27] DTP<«DTN<«2++/8(R,C)pWYxWP

(28] DTB« (80 1+0 “1+(R,C)pWYxW+( 1xWP)+ 1xD)+.xX

(291 DTB«DTB-(80 2+(R,C)oWPYxW+( 1xWP)+ 1xDP)+.xX

{30] VT+DIAG DT2

[(31] +((pDT)sI«1)/LBL1

[32) LOOP1:VT(I;I+11«DTN(I]

(33] VI(I+1;I1«DTP(I]

(34] >((pDT)>I«I+1)/L0O0P1

{351 LBL1:VV< 1x(VT,DTB),(1](&DTB),DB2

[36] VV<@vyvy

(371 BTH<+(B+BTH)+VV+.x(DT,DB)

[38] BTH«(Bx0)+1xBTH

{39] +((122IC<«IC+1)ADP«0.001s[/|B-BTH)/LOOPO

[40] SEBTH++/(VVxUNITpBTH)*0.5

[41] '"BTH="',(8 3%BTH),W

[u2] 'SEB=',8 3%¥SEBTH

(43] Y DEVTH BTH

{uu] "WTEST=", (BTH[W]+.x(BVVIW;W]1)+.xBTH[W«(C-2)+1pBTH])
(u5] («'ZERO INDICATES CONVERGENCE ‘',DP
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THRESMIX

Vv Y THRESMIX X;X1;C;R;R1;T;E;K;Z;G;GP;V;D;DTN;DTP;D1;G1;G1P
(1] s I;I2;IC;W;WP;WY; WPY;DT;DB;DP;VT;VW;DB2;DT2;DIB;BTHU
(2] aContingency tab analysis with mixed effect threshold model,
(3] AY Is a vector of responses to be recorded first row then
(4] asecond and so on, X is the transpose of the design matrix
(5] afor row effects
{61 R1+[],0p[J«'ENTER NUMBER OF ROWS'
(7] C+(,0pd«"ENTER NUMBER OF COLUMNS,C'
(8] K<0,0p0«'ENTER NUMBER OF CLUSTERS'

[9] N«CxR<R1xK

[10] V«1,R1,K

[11] X2« (X2+«(R,V{21)pX),8(K,R)p((R%K)p1),Rp0

(12] BTHU«(BTH<+(+/24V)pi.4 0.055 ~0.309),U«V[3]p0
(13] P<p(THET«0.78),0pIC+«I2+«1 v

{14] LOOPO:TH«(D«x/pTH)pTH+«(Rp0),[2](R,C-2)p(C-2)4BTH
[15] ~AChoose one of the following two lines depending on
[16] afull model or intercept only model

(17] E«(Dp((C-1)xR1)/U)+E«Dp(C-1)/E«X+.x(C-2)+BTH
(18] QE<(Dp((C-1)xR1)/U)Y+E«Dp(C-1)/E+Xx(C-2)+BTH
[19] G<Np (D1+(R,C-1)pD+W3+E«1+(W+*xTH-E)),[2]Rp1

[20] GP+<Np (Rp0),(21D1

[21] G1i+Np(D1<(R,C-1)p(D3E)),[21(Rp0O)

{22] G1P<+Np(Rp0),[21D1

[23] WY<«YxWeG13VT<G-GP

[24] WPY<«YxWP«G1P+VT

[25] DT<(1+ " 1++/8(R,C)pWY)-2++/8(R,C)pWPY

[26] DB<+/(8X2)+.x(R,C)pWPY-WY

(27] D«Np(D1<(R,C-1)p(1-2xD)),[2]RpO

[28] DP<Np(Rp0),[2]1D1

[29] X1+e<(N,(14pX2))pX2

{301 DB2«(8X1)+.x(DIAG(Npo&(R,CYpYx(WxD)+( 1xWPxDP)-(W-WP)*2))+.xX1
[31] DT2< (14 14+/8(R,C)pWYxD-W)-2++/8(R,C)pWPYx(WP+DP)
[32] DTP<«1+71++/8(R,C)pWxWPY

[33] DTN«3++/8(R,C)pWYxWP

[3u] DTB« (80 140 “1+(R,C)poWYxW+{( 1xWP)+ 1xD)+.xX2
[35] DTB<+DTB-(80 2+(R,C)pWPYxW+( 1xWP)+ 1xDP)+.xX2
[36] VT+DIAG DT2

{37] +((pDT)s1)/LBL1

[38] LOOP1:VT[I;I+1]1«DTN[I]

[39] VT(I+1;I)«DTP[I]

(uo] +>((pDT)>I«I+1)/LO0OP1

(41] LBL1:VV« 1x(VT,DTB),[11(&DTB),DB2

[42] VV<BVV+VWe (I, I)pVW, (I, I«pVW«(V/(0,0,+THET)))p0
(43] BTHU«(B«BTHU)+VV+,x(DT,DB)-VW+.xBTHU

[uy] BTH«(+/24V)+BTHU

(us] U«<(+/24V)+BTHU

(ue] "BTH="',BTH

{u71] >((82I2«I2+1)A2«0.01s[/(+/24V)+|B-BTHU)/LOOPO
(48] AFOR ML

(501 aEND ML

[(51] LBL2:T«((2+P),P)p 1+J<«I2+«1

{52 LBL3:T[1;J]«+/BTHUM«(+/(J+1)+V)+We1V[J+2]]1%2

]
{53] T(2;J]«+/+/VV[M;MIxWo =W

[s4]  >((pV)>1+J+J+1)/LBL3

(551 THET+T(1;1+(2+V)-T[2;1+B«THET

[s6] +((102IC+«IC+1)AZ+0.007<[/|THET-B)/L0O0PO
[57] SEBTH«+/((J J+VV)xUNIT J«+/24V)*x0.5
{58] "BTH=",(8 3%¥BTH),Z
{59] '"SEB=',8 3¥SEBTH
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{60] "WTEST=",(BTH(W]l+.x(BVVIW;W1)+.xBTH[W+31])
[61] Y DEVTHM BTH
(621 DB« (V[31xeTHET(11)+(+THET[1])xIC+.xIC«(+/24V)+¥BTH
{63] "LKHOOD VALUE=',D+DB<«DB+eDET{J J+@HVV)
(6u] [J«'ZERO INDICATES CONVERGENCE ',Z
v
DEVTH

Vv Y DEVTH BTH;M;T;PS;PF;G;E
(1] aTo calculate deviance for fixed effect threshold model
[2] aY=response vector, BTH=thres para,row effects
(3] M<NoC/M«+/T«(R,C)pY

(4] PS«+/Yx®(Y+M)+0.00000001
[5] E«(D«RxC-1)p(C-1)/E«X+.x(C-2)+BTH
(6] G+«(R,C~-1)pG+E+1+E<+*(DpTH«0,(C-2)+BTH)-E

[71] PF«+/YxePF«(Np(G,[21Rp1)-(Rp0),[2]1G)
(8] D«2xPS-PF
(9] 'DEV=',D

DEVTHM

V Y DEVTHM BTH;M;T;PS;PF;G;FE ‘
(1] aTo calculate deviance for mixed threshold model
(2] M<NoC/M++/T+(R,C)pY
[3] PS«+/Yxe(Y+M)+0.00000001
(4] E«<(D+«RxC-1)p(C-1)/(R1/U)+E<X+.x(C-2)+BTH
(5] G<(R,C-1)pG+E+1+E«* (DpTH«0,(C-2)4BTH)-E
(6] PF«+/Yx®PF«(No(G,[2]1Rp1)-(Rp0),[2]CG)
(7] D«2xPS-PF
(8] 'DEV=',D
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BINO

v BINO NT;P;I

(1] Y<«I+«0

[2] L1:P<«(1 BNFR NT(PHI[I<«I+11]))
(3] Y«Y,P

(4] +(I<120)/L1

[51] Ye14Y

[6] aX+§2 120pY,X1
v

BLOCK

VvV T<N BLOCK B;K;C

(1] K<1

[2] T«(B,B)p1

[3] LBL1:T«T,(C,C«KxB)p0

(4] T«T,{13((C,C)p0),(C,C)*T

[5] K«K+1xK
[6] +(N>((14pT)+B))/LBL1
[71] T«(K,K<NxB)+T

Vv R+<N BNFR NP;PX;B;RN

(1] A Binomial[NP«NU,PI] freq table,Random Sample of Ns1000
(2] ~(3=0NC'BNLEFT')/L_1
{31 'BNLEFT'Q CY'PRDISC!
(4] L_1:+(Ns1000)/L_2
[51] +L_1,N<0,0p0«'SAMPLE SIZE > 1000; ENTER SAMPLE SIZE.'
(6] L_2:PX+<NP[11BNLEFT NP
(7] Re+/(1+1pPX)e.=+/[11(Bx+\PX)o.<?NpB«(L/10) L[+L/(PX*0)/PX
(8] R<(R>0)/RN+«0,1NP[1]
v
BNLEFT

Vv R«N BNLEFT NP;NU;X;PI
[11] L_1:>(Ns<NU«NP{11)/L_2
(2] '"TOO MANY TERMS SOUGHT: UP TO WHAT VALUE REALLY? AT MOST NU’
(3] -L _1,N<[]
(4] L 2:+(NU="1+pRe(X!'NU)x(PI*xX)*x(1-PI<NP[2])*NU-X+0,1N-1)/0
{51 R<R,0[1-+/R
v
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ADJSE1

vV ADJSEL1 G;D;T;F;FW;V;SE
(1] aTo calculate adjusted SE for single random component
(2] AG Is the second derivatives from fixed effect model.
(3] aX1 and Z1 are design matrices for fixed and random respectively.
fu] D+DIAG(+/(8Z21)+.xG+.xZ1)++THETA
(5] T«(8X1)+.xG+.x21
(6] V<@ (BR)-T«T+.x(@D)+.x8T

[7] Vet+/VxUNIT(1+pX1)

(8] 'Adjusted SE=',SE«Vx*0.5
v

ADJSE?2

Vv ADJSE2 G;D;T1;T2;M;N;E;D1;D2;DB;V;SE
(1] aTo calculate adjusted SE for two random components
(2] aG Is the second derivatives from fixed effect model
(3] aX1,21,722 are design matrices for fixed and random respectively.
(4] D1«DIAG(+/(821)+.xG+.xZ1)++THETA[1]
(51 Ti+<(QX1)+.xG+.xZ1
(8] D2«DIAG(+/(8Z2)+.xG+.xZ2)++THETA[2]
(7] T2« (QX1)+.xG+.xZ2
(8] DB«(8Z1)+.xG+.x22
(9] E«<@D2-(8DB)+.xF«(BD1)+.xDB
(10] N«-F+.xE
(11]  M<(BD1)+F+.xE+.x(XF)
(12] Me(T14.xM+ . xQT1)+(T2+.x(QN)+.xQT1)+(T1+.xN+.x8T2)+(T2+.xE+.x§T2)
(13] V<B(BR)-M :
(1u4] V<+/VxUNIT(1+pX1)
{1s] ‘*Adjusted SE=',SE<«Vx0.5

vV T<N BLOCK B;K;C
1] K+1
[2] T+«(B,B)pt
[3] LBL1:T«T,(C,C+«KxB)p0
[u] T«T,[1]1((C,C)p0),(C,C)4T
(5] KeK+1xK
(6] +(N>((14pT)%+B))/LBL1
(7] T<«(K,K+NxB)+T
v
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ADJSE1

Vv ADJSEL G;D;T;F;FW;V;SE
{1] aTo calculate adjusted SE for single random component
(2] AG Is the second derivatives from fixed effect model.
(3] aXl and 71 are design matrices for fixed and random respectively.
(u] D+«DIAG(+/(8Z1)+.xG+.x2Z1)++THETA

(5] T«(8X1)+.xG+.xZ1

(6] V<B(BR) -T«T+.x(@D)+.x{T

(71 Ve+/VxUNIT(1+pX1)

(8] 'Adjusted SE=',SE<«V%0.5
v

ADJSE?2

vV ADJSE2 G;D;T1;T2;M;N;E;D1;D2;DB;V;SE
(1] aTo calculate adjusted SE for two random components
[2] AG Is the second derivatives from fixed effect model
(3] eX1,Z1,22 are design matrices for fixed and random respectively.
(4] D1«DIAG(+/(82Z1)+.xG+.xZ1)++THETA[1]

(s] Ti«(QX1)+.xG+.x2Z1

[6] D2«DIAG(+/(8Z2)+.xG+.x%xZ22)+3THETA[2]

(7] T2«(8X1)+.xG+.x22

(8] DB« (QZ1)+.xG+.xZ2

[9] E<ED2-(8DB)+.xF<«(ED1)+.xDB

(10] N<-F+.xE

[11] M<«(BAD1)+F+.xE+.x(]F)

[121] Me(T1+.xM+ . xQTL)+(T2+.x(QN)+.xQT1)+(T1+.xN+.xQT2)+(T2+.xE+.xQT2)
{13] V<B(EHR)-M :
C1u] Ve+/VxUNIT(1+pX1)

(15] "Adjusted SE=',SE+«V%0.5

v T<N BLOCK B;K;C

1] K«1

{2] T<(B,B)p1

(3] LBL1:T«T, (C,C«KxB)poO

(u] T<T,[11((C,C)p0),(C,CH*T
(5] K+K+1xK

(6] +~(N>((14pT)+B))/LBL1

(7] T+(K,K«NxB)+T
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vV X COR Y

((MEAN XxY)-(MEAN X)x(MEAN Y))+((VAR X)x(VAR Y))*0.5

v

v I«CORM X;J

J+l+pX
I«(COVM X)x+(QI)+.xI«(1,J)pI«(VAR X)*0.5
v
vV XCovyYy
(MEAN XxY)-(MEAN X)x(MEAN Y)
v
v I<COVM X

I«X-(pX)pMEAN X
I« (QI)+.xI+(14pX)
v

v T«UNIT I
T«(1Il)e.=11I
v

Vv H«VP B;I
He((I,1)pB)+.x((1,I«pB)pB)
v

V R«N RND X
A920310 Rounds X to N decimal places
Re(10%-N)xL0.5+(10*N)xX
v
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Vv R«DET M;K;S;G;F;P

(1] n83/08/10. Returns the determinant of the square matrix M.
[2] +(0=ppR«M) /0

(3] +((=/pM)r2=ppM)/LBL1

%u% '"NO DETERMINANT: SQUARE MATRIX REQUIRED'®

) ->

[6] LBL1:K«1(S«1)4pM

{71 LBL2:S«Sx 1%xP#G+ 1+P+F1[/F«|HM{K;P+(10)p14K]

(8] M[P,G;1«M(G,P;]

(9] M[K;]*M[K;]-(M[K*1+K;P]%M[P;P])°.XM[P;]

(10] +(1<pK)/LBL2
(11]  R«lx/S,1 18%M
[12] ~eDeterminant of square matrix M

DIAG

it
1}
H
n

Vv A<DIAG X

(1] A<(N,N)pX, (N,N«pX)pO
v

FMSE

Vv FMSE W;M;N;V

[1] O«'Mean = ' ,Me(+/[1IW)sN<14pW

(2] O«'SE = ', (+/(((QW)+.xWeW-(Npl)e.xM)+ 1+N)x(1V)o
v

MEA
v M<MEAN X

(1] Me{+/8X)+14pX
v
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(1]

S«STD X
S«((+/8X*2)+14pX)-(MEAN X)x2
S«S5%0.5

S+VAR X
S«((+/8X*x2)+14pX)-(MEAN X)*2
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