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(1)
Summary

The primary aims of this thesis are (i) to ascertain the accuracy of
diffusion methods in approkimating certain finite genetic models and (ii)
to examine some problems in mathematical genetics. A measure of the accuracy
of the diffusion methods is demonstrated by finding the leading terms between
the diffusion approximations and the true values, This has already been
done by Ewens [1964a, 1964b] by making use of a function thch he called the
pseudé-transient distribution (P.T.D.). However, an alternative approach
is presented here. This approach is simpler than that of Ewens and is
treated in an Applied-Mathematics manner, the emphasis being mainly on the

results and the method.

We justify our method by considering genetic models in which exact
expressions are known for the various functions of interest and by comparing
the exact correction terms obtained from the exact values bylalgebfaic method
with those obtained by the present method [see Chapter 1. section 1.3 and 1.5].
We nétice that in section 1.3 the exact correction term [c.f. equations (1.35)
and (1.36)] is obtained for the absorption probability in the Mcran's model
but this is not the case for the mean absorption time [c.f. equations (1.93)
(1.94) and (1.95)]. This, we believe, is due to the fact of the inexactness
of the boundary conditions [equation (1.76)] encountered there. However,

(we have not considered this example in the thesis) in the random walk model

with state space {0,1,2,...,N} and transition probabilities given by



lav}
1
N~
1
Z0

i,i-1

. _1.¢

Piinn T3ty

P.. =0

11

Poo = Py = 1

P.. =0 for . |i - 3] 22
i3

where c¢ is some positive constant, and in which the boundary conditions
[equation (1.75)] present no difficulty, we can show that the corrected

diffusion approximation U*(p) to the mean absorption time is given by

N b 1 e2c_e2c(l-~p) 2C2 eZc(l—p)_eZC 2¢(1-p)
vie) = - ot Sl * © :
e

+p
-1 i 3N2(e2c-l) ezc-l

Here the term involving N'2 is identical with that obtained from the exact

value by algebraic method,

Chapter 2 is concerned with correcting stationary distributions in
non-absorbing Markov genetic processes. In Chapter 3 we give an alternative
application of the P.T.D. and shows that Ewens' method (196u4a] is in fact
equivalent to our present method. We also examine a conjecture by Ewens
[1o96ka]. The number of different mutant forms that can be maintained in
a population has recently attracted a great deal of research (Kimura and
Crow [1964], Ewens [1964c]) and in Chapter 4 we extend Ewens' result [1964c] to
the case when the population consists of two types of alleles. A generalisatio
to the case when the population consisté of m types of alleles is also given.
Finally in the last chapter we consider a problem in linkage and show that

in a deterministic model there are no instances in which "looser" linkage is

beneficial in the establishment of new gametes,




CZ..TR 1.

Correcting Absorvtion Pro'babilities

and Mean Absorption Times in lf‘_ini.te Genetic Models,

1,1 Introduction

Diffusion approximations have been used in tany finit; genetic
models mainly for two ieas,o_ns. The t"ifst reason is that in certain
genetic models, és’peciaily thoée classified under the hgadi_ng of
;'Wright'é models", no explicit exbre,ssion has yef'been found for many
quantities of interest, The secdnd reason is that even though exact
éxpregs‘ions may have been found in the genetic models, diffusion
approximations a.fe preferréd because‘tvbey are less complicated and az;e
easier to handle.

In this chapter we shall examine boiv close the diffusion
approximations are to their true values, In these models in which no
explicit expression is lmbwn, a measure of the accuracy of the diffusion
approximations will be found by deriving the leading term of th.,,e .
diffqrence-betwéép the diffuséi’on approximation and the true valué;
Tkis has a,lreddy been done by Ewens [1964a, 1964b] by making use qf-_g
fuction which l‘xe called the pseudo-transient distr-ibution.. .(P'.‘T.D,)g
‘ghcre will be said about an alternative apolication of the P,T.D, inf
Cbapter 3. However, in this cha,p*er we shall derive the leading term
of the dlfference between the dn’fus:on approx:unatmn and ‘the true o
value by a method which does not mvolve the applicatlon of the P.T.,D.
In cases where exact expressions have been found a measure “of the

~accuracy of the diffusion approximetion can also be found, ’ of course,



by}d purely algebraic methed. Ve shall, in such cases, compare the
exact algebraic correction and the' derived by our present method and

illustrate the accuracy cf the lau,cr,

1.2 AbSOrptlon Probebilitics; wright 's maTal
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We corsider the follc""“f redsl dus o Uright.  The model consists
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of a hap101d pOﬁulat1on of fizc in‘which fhere aré‘tWO:genotY§es
A and a , We let s be the selective édvantage of A Iﬁverk a ﬁhere
s is néd—ﬁégafivé; £ =‘d‘ correspoads to no selection)  The model
thén assumes that if at any generation, the number of A individuals

is i , +then the prohability p of geutlng exactly j - A

[
© Qe

individuals in the next gorcrolicn is given b
| g g1 y

py: = Ii)(ie-si\\j N )n-j

A TSt A R 1,§ =0,1,2,...N (1.1)

The expression Pij » apart from the comstarts N and s , involves
only i and j . Thus the muxdor ¢ A individuals between successive
generations is a Merkevion waristo whose trensition matrix P has

typical element Pij

P = [I-‘f_f’] i“j = 031?200560N (102)

Now if E; denctes the state "I22 pw=her of A individuals = i "
(i = 0,1,2,...,N) then B3, ea»1 L, oo ahserbirg, all other states

are transient, and evcalunl'-- #%a ~wascse hasemes absorbed in E

- e N e <

or Ey . No explicii feormmia bng yeob beoca feund for absorption



probabilities for arbitrary initial state Ek . Thus some
approximation is neseccary sadl tha appreximation used is to replace the
discrete stochastic process (1.2) br a ecndinuous - “ccess, In order
for the approximation to be valid, s mrust be of the order N-! and

we write
g = %— vhore o = 0(1) ' (1.3)

Now if p 1is the frequency of the allele A so that the set of values
taken by p is given by ({p =n% 2 i=0,1,2,...N} , then it is easy
to.sbow that, if N is sufficiently large, the chenge in p per
generation is sufficiently e=all 40 allcw us to treat ﬁ as a
continuous variate, |

We want to find the probaliiity thet the process becomes ahsorbed
in E, given initially that the process is in Ek , where k = Np
is the number of A individwals, Denote this probability by Po(p) .
Then, if g(ﬁp:p) ig the prohabilily density of the change from p

to p +8%p in ccnsecutive generciions, we have

B = [0 eleCepdaler) ()

where the integration is over all possible values of &p . (c,f. Kimura
[1962])  Equation (1.4) is a special form of the ChapmanéKolmogérov
equation in the theory of gtochnehis -~mgoogees and is a consequence

of the Markovian property of the ramiom wariable.

Expanding Po(p + ®p)  in tho right band side of the above
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equation in terms of Op and writing

E[ (5p)*] E‘/(ﬁp)l{g(ﬁp:p)d(ﬁp) = 1w (p) k=1,2,... (1.5)

and assuming that we can interchange the order of integration and

summation, we obtain

yo-s LL“(]E:)ilf_P(p) = 0 | (1;6)

fop=; mn. dp? °

Thus the absorption probability Po(p) may be formed by solving

(1.6) with the boundary conditions:

P(0) = 1 and P(1) = 0 (1;7)

In the avuve Wright's model, it can be shown by using moments of

the hinomial distribution and after some algebra, that

w(p) = Bixpn-xg |x, = pl=-20-p) aapagl_p) + o(x2)
N N

ua(p) = E[(xt+1-xt)3 |z, =7l
- p(1-p) +.ap(1—p)[1—2p#3p(1fp)] + o(n-2)

(1.8)

N N®
1o (p) = R(-p)(1-2p)+3up®(1-p)® | (s
N® ‘
walp) = FEQRR L ors)

N

pk(p) = O0(N"2) for k= 5,65000



Yow since ”k(p) are of the or -~ N~V where Y is some positive
integer and N is large, we may as a first approximation 'ﬁo(p) to
?o(p) ignore terms of order swaller than N-1 . Hence we obtain

from equation (1.6) the following differential equation (d.e.)

ap . acp '
" R 0 - 1.9
| Hl(P) i 5 HB(P) -&P—Q— ‘ ( ) |

where

-1 ) = O‘p(l‘p) ) } .
i (p R (1.10)
p(1-p)

N

i

ﬁa(P)

and subject to the boundary conditionsg .FO(O) =1 and '?0(1)? 0

Equation (1.9) reduces to

- 2>- e
208 , 8% _ o | (1.11)
dp dp®
whose solution s
B (p) = TP | ‘
0 1- e~ (1,12)

This is the diffusion anprovimation to the required absorption
probability (see p. 6 of Ewens [1964a]).

We now wish to improve on the‘diffusion approximation T%(p) .
To do this, we take into account terms of order N® in our d.e. and

ignore terms of smaller order than this. We let
* T (p) + )
Po(p) = F,(p) +TL (1.13)

be a more accurate approxmiafidh than 'ﬁo(p) . Our purpose is to



determine the unknown function q(p) to the order of accuracy
required in the problen. Thon fwom egnation (1;6) we see that Pﬁ(p)
A o

satisfies the d,e.

£ B
w, y AP 1 4, | a%F, 3 P, d*P,
py(p) —2 + = us(p) + — ua( )‘-—— +. -
1p) 2 g uale) 5+ Srusle) =2 5 us (p) P 0o
{1.14)
with the boundary conditions:
3t * -
P(0) = 1 and Pj(1) = 0 (1.15)
% . op(l-p) _o®p®(1-p)
Here MI(P) N - G
() = ROp) +<xp(1—p)[1;2p*1p(l-p)]
N N ( )
(1.16
v() - p(l—p)(1—2p)+31p2(1-p)2
Halp 2
N
*(0y = 3p2(1-p)?
u4(p) —_~§3___'

Using equations (1.12) and (1.13) in (1.14) and ignoring tuyg

of order N3 we obtain, after simplification the d.e,

(1.17)

d 4 o3 e—ECP
2 o= )+ 1(p) = 2 (pr1):
G = alp 5 () ——
with the boundary conditions:

q(0) = q(1) = o (1.18)
Solving the above d.e. we obtain

a(p) =1 D41~ (602 +Ha+1 ) e R szp(p+2)+axp+2x+1] —20p
6(1— =20 )8 o(l— SOt)
(1-19)

06(306 1)9—&
3(1-e~2x)"



Now q(p) can be expressed in the form

qlp) = 228 - (1.20)
where
-2 _ ,=R0 .
A = 1o uan(pdp®) ¢ @l (14p)eP ~ 1] + &P - 1)
6 eR_] 2

_ 1 e®pP] —2 2 _a+2 2,2 -0
B = =[Sy [ (142x+20p)e=2P — (p0R-40Rp-202p? +4a-1 )e~*]

Thus a more accurate formula than equation (1.12) is

‘——-——-—-—e-axp_e ~ + l © A+B

1.21)
l1-e™ N l-e™® (

B (p) =

which agrees with Ewens'  2sult obtained by the application of the
P,T.D. (see equation (6.8). Ewens [1964b]). The above approach is

much simpler than that of Ewens.

1.3 Absorpti.. Probabilities: Moran's model

Moran [1958] introduced a genetic model to st\idy the effect of -
soluticn on the fluctuations of gene frequencies. There is a
haﬁoid population of of fixed size N with only two genotypes A
and a in which the selective advantage of ;A over a 1is bs .

An individual is randouly chosen to die and is replaced by a new
individual which is either A or a with probabilities ilj&gl and

- .is'J

%?217 respectively, where j is the number of A individuals before
+8j

the birth-death event. The number of A individuals is then
ji-1 j,j+1 ~ith probabilities . .. and ..

e P Piimr " Pij Py in
respectively, where



n

i
=

..'.j. [ N - '.A
N (N-isji B |

= N-j . (14s)j |
P T N Teed

Pjj = 1T

ill
=

(1;22) |

Py = O, lx - 3| z2

Therefore, the number of A in@ividuals»is a Markoviaﬁ variate with

transition matrix defined by equ&tion (1.22). The states‘on and

E&, are absorbing whereas.tﬁe other states E, (i = 1,2,...,N—1) are

transignt. Thus, eventually the sysfem will enter'either E0 or

By . We have not introduced mutation in the model, However, if

two-way mutation were introduced in the model, the states E, and

EM are no longer absorbing and eventually the process will settle

down to equilibrium, In this case the quantity of intefest to us is

then the stationary\distribution. We shall discuss correcting

diffusion approximations to stationary distributions in the ngxt chapter.
In the above model exact expressions for the absorption |

probabilities are known. Moran [1958 ] showed tha'l.:‘the probability

P0 that the A individuals,were:eventually eliminated was given by

(1+ f¢4i 1
P = il (1.23)

where K was the initial number of A individuals in the population.
We shall now obtain the diffusion approximation and the

corrected diffusion approximation to Po . In this way we are’

-able to illustrate the accuracy of the diffusion approximafion as



well as the adcuracy of the method employe& invcérﬁgcfiﬁé‘diffuéion
approximation.. | f‘of th.e approiixﬁaf‘i;an to b"é vahd we must have & _
to be of the order N-! and hsing-fhe-séme noééﬁioh ;s éqhatiOn (i;3)
we write ‘ |

a
N

Whefe o 5’0(1) . Ve also assumé that N is.Iarge. ‘Thus we can

S =

apply equation (1.6) to find the absorption probability ‘Po(p) .

Now for Moran's model, it is easy to show that

o) - 2205 o ap ., o2p%) | o)

ws(p) = p(l—p) (2 + a(1-2p) +a3p(2p—1)]‘ + 0(N-5)

. ' 1 . o
ua(p) = 7 Hooe P} n=3,4,...
As a first approximation 'ﬁo(p) to Po(p) we ignore terms of order

smaller than N"° ,  Then from equation (1.6) we find that 'ﬁo(p)

satisfies the d.e.

- e

: ﬁl(P)g‘E‘ 3 Fe(p) 5= T Po =0 (1;25)
where om(p) = Eﬂﬁl:gl :
n N* | (1.26)
pe(p) = -ggiiggl'

subject to the obvious boundary conditions:
P,(0) =1 and P(1) = 0

Solving the above d.e. we gét



10.
a(1-p) ' |
- L e n -1 g
2= (1.27)
To find a more accurate formula than 'Fo(p) ‘We now include
terms of order N® but exclude terms of order smaller than N~3,

We let

P(p) = ,(p) +HR) (1.28)

be a more accurate formula than equation (1.27) where q(p) is the
unknown function which we wish to determine. Then from equation (1.6),

P:(p) satisfies the d.e.

ap* . . d®P* '
]_ - s
Mi(?) 352 +-§ H;(P)‘Esgg = 0 : (1¢29)
where ui(p) = ap(1-p) (1 - 2p) (1.30)
: N& N
3 _ p(1-p) a{1-2p)
pﬂ(p) »— _—~E§— [2-+———ﬁ—r—]

subject to the houndary conditions
P*;(o) = 1 and P*;(l) = 0 (1.31)

Substituting equation (1.28) into equation (1.29) and ignoring terums

of order smaller than N™3%, we obtain the following d.e.

2 ) a(l-p) )
“dq M d79 _ -ge (1.32)
dp  dp® 2(c%1) |

Equation (1.81) implies that the boundary condition for the above

d.e. are

a(0) = q(1). = o (1.33)

The solution to the d.e. (1.32) is
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e

a®ed  o1-p)_y ~tp
a(p) ; 2 » - (lfp)e~
2(e 1) e -1

S‘izi:—j [P (p) - (1~p)e @ 4 (1.34)

Hence, a more accurate formula than 'io(P)"is

e —1)

By puttiné P =% an” s =% in equation (1. 23) we can express

Iff,(é) = P, (p)+ (,(p) - (1-p)e T (1.35)

P in the form

(1-p) ,
(o) g 3 (o) - (1)1 + 0(N=2)
T By (p) + mu_n B, (p) .~ (1-p)e P} o) |

by using the fact that

L+ 3 o S, (@

L2y &, -
= * 8—)-._+... (1.87) .

N®
VComparing eque.!ions (1.35) and (1.36) we notice that Pﬁ(p) is accurate
up to the order of N-! illustrating that for large N , the
diffusion approximation should give us a very g@od approximation to its
true value. Ewens [1364a] obtained the same correction tgrm, eéuation
(1.34),vby an apparently different method involwving the uée of the
pseudo-transient distribution. Ve gh@il disgugéAthis methpd in detail
in Chapyef 3 and show that bis method is, in fé;t, éguivalent to our

present method, which explains why we obtain the same result.

1,4 Mean Absorpt1on Times: Wright's Model

In the ‘above genetlc models we have d1scussed diffusion
approxlpatlon,and;Qgr;eqted\dlffgs;qp)approx1mathn to the probability .

A L S ’ oo toite
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that eventually the population will consist entirely of a individuals, -
Now another quantity which is of interest in such models is the wmean
absorption time. This is the mean time taken for the population to
become entirely A or a individuals, LAgain no general explicit
formula for the mean absorptidn time has yet been found in the Wright's
model andee shall use a méthod similar to the one employed in sectibus
1.2 and 1.3 to find the diffusion approximation and its ‘corrected value,

For simplicity, we consider the Markov chain, equation (1.2),
for the case s = 0 we measure time in units of N generations.
.Denote'the mean absorption time by U(p) . Then, if g(Sp;p) is

the probability demsity ef the change from p to p +5dp in consecutive

generations; we have

u(p) = fU(p +5p)glop;p)albp) + g (1.38)

where the int.gration isrover ail possible values of dp . Equation
(1.38) is the continuous analogue of *the discrete case. The term
|é is dﬁe tq the fact that we have now measure time in units of N .
generations.

Expanding U(p +5p) in the right hand side of the above-equétion
in terms of §p . and using the same notatiom as in equation (1.5) and

‘'with usual assumption, we have
1 @ uglp) & |
3t 2 ig_ré_ﬁv(p) = 0 (1.39)

Hence, U(p) may be obtained by solving the above d.e, with the

boundary conditions:



- where Y ﬁz(p) =

u(o) = v(l) %, o ;(1;46)

Now for Wright's model, with s = 0 (i.e. o ='0) we obtain

from equation (1.8),

u}(p) = 0

ne(p) = E.%;J'L). + 0(2)

walp) = P(I“P:IS‘QP) o) . (1.41)
n (o) = 2202, os)

() = o), k=5,

We let 7ﬁ(p) be a first approximation to U(p) when we ignore terms

of order smaller than N~! , Then from equation (1.39) we see that

'ﬁ(p) satisfi~t the d.e.

= 0 : (1.42)

and with the boundary conditions:

50} = Q) = o (1.43)

On solving the above d.e., we obtain

U(p) = -2(plop + (1-p)tn(1-p)] - (1ae)

This is the diffusion approximation for the mean absorption times

(see Ewens [1964b])

13.



In order to find a wmore accurate formﬁla than eqhatibn'(l;44)
we now take into account terms of order N ® but exclude terms of

order smaller than N2, We let

alp)

vp) = T(p) * (1.45)

be a more accurate formula than 'ﬁ(p) . From equation (1.39) we

observe that the corrected diffusion approximation U%(p) satisfies

the d.ed
11 .y afu* d3U d"‘U ’
— - = 0 1.46
where us(p) = pglp) = Biﬁ:ﬂl
Hp) = p(l-p)(}~2p) (1.47)
NZ
%( ) - 322(1—p)2
Mg \P =
NB
subject to the boundary conditions:
u*(0) = v*(1) = o | (1.48)
For convenience, we write
¢(p) = ptop + (1-pMn(1-p) (1.49)
. Then equation (1.45)becomes
U(p) = -2f(p) + L) (1.50)

NOW"substituting equation (1.50) into equation (1,46) and ignoring -

14,
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terms of order smaller than N2 , we obtain, after simplification,

the following d.e.

8 4 3 -
8d% 5o (- ﬁi-ﬁ + 4(1-2 ad 1.51)

Now equation (1,48) implies that the boundary conditions for the

above d.e. are

q(0) = ¢q(1) = o i:_ (1f52)

However, if we solve the d.e, (1.51) with the boundary conditions (1.52),
we find that it is impossible fo evaluate the two constants introduced
by the d.e. Various methods have been employed to overcome this
difficulty but they are in general too complicated to be of any use.
Perhaps tﬂe simplest method is to assume that at extremes values of

p i.e. at p =1 or p=1-~ we have

N
(1;53)

This assumptiqn seeus fairly reasonable because at such extreme.

values of p , the mean absorption time fends to infinity as N—> » ,
and we would exbect that'any difference Between U and T at these
values would be relatively small compared with any difference betwéen
g and U at moderate values of P . Equation (1,53) then

implies that we may modify the boundary conditions for the d.e. (1.51)

to

a®) = a1-%) = o (1.54)
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We now definev q(0) = q(1) = 0 so that we have U*(O) =0 (1) =0,

Solving the d.e. (1.51) we obtain
6a(p) = -2[(1-pMnp + pta(1l-p)]+ Ap + B (1.55)

where A and B are constents to be determined by the boundary

conditions (1.54). Application of equation (1.54) gives

A = 0
B = -2{nN + , 2LoN +-1\-] (1 - -) (1.56)

To the order of accuracy required, we may ignore the last two terms in

equation (1.56). Hence equation (1.55) becomes
1 ‘ ,
alp) = -5 [(1-p)tnp + ptn(1-p) + 4nN) (1.57)

Thus the corrected diffusion approximation for the mean absorption time

is

‘-( 2[ ptnp + (l—p)vn(l-p)] --' [ (1-pMnp + pvn(l-—p) + {nN]
o for Lsps1 -
U (p)= : TR E (1.58)

| o for p = 0,1 .

where time is measured in units of N generptions, We now compare
this result with that obtained by Ewens [ 1964b] . In our notations,

Ewens' result is

U%(é) = _g{pgnb + (1-p)in(1-p)]

L yk (-0 0Pngs®) |, TV kReR) |
e/ (N-3)2j = j=k+1 j? (N-j)
(1.59)
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Writing x ='1'3T and p ='II\I'S y We can apprOximaté the two sums by the

following integrals.

v k | . 9,2 : b
) (k) (N2-13+52) N(l—p)‘/F dexdx®
— j= (N-3)2; x(1-x)®
- (1.60)
-7 New1 S . : }&
) kNENE) NPljF Nzt gy
i j=k+r 32 (-j) p x=2(1-x)

Evaluating the two integrals ard substituting their values into equation

(1.59) we get

() = -2[p£np + (1-p)t 1-p)) —-—— [ (1-p)inp + pin(l-p) +tn N + 1]
(1.61)

Thus the difference between the two results is essentiallylthe‘constant

term _";i s which is negligible. Since the two results do not differ |

significantly, thé present method of correcting diffusion approximation

is preférred to that of Ewens [1964b] because of its simplicity.

1.5 Mean Absorption time: Moran's model

In this section we consider the Moran's model defined by
equation (1.22). Explicit formula for the mean absorption time has

been found. Wat!erson [1961] showed that the mean ahsorption time

o in the case s 0 was given by

]

’>‘1 N-K-1

g

w-x) ) Noax) XN (1.62)
— j:lN"J - j::l N—j

where K was the initial number of A individuals in the population.'
Ewens [‘1'9631)] ‘obtained a more geuerél formula than equation (1,62). EHe

showed that the mean absofption time in the case = . # 0 was givén by
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(using the same notations as eqﬂd{ioh&1;22))

NK i
_ o{mg) T UK _(.w
s (14s N1 /*—’ i=1 STy

. (14 )N—(l-!s)N-K i N=1 (1+S)N;(1+S)i |
(1)1 Lojogar ngl (148 N-(1es N-17

(1.63)

Equation (1,62) can be obtained from equation.(1.63) by letting
B —>0 .

For simplicity, we shall only consider the diffugion approximation
and its corrected value for the mean abso;ption time in the case

s = 0, and compare them with equation (1.62). From equation

(1.24) with $=0 (i.e. @ =0) ,

u2n+1(p) = 0 n = 0;1,2,.;.
1 .
“’an(P) = F ugn_g(p) n = 273,47,000 (1.64‘)
2p(1-p)

ugle) = ==z + o(x-9)

We measure time in units of N® birth-death events. The d.e.

corresponding to equation (1.39) is then

zw’r—«

f>ﬁm ki (p) &ulp) = o (1.65)

Lo K=t k .' dpk
where the 11k(p) are given by egquation (1.64). As a first

approximation 'ﬁ(p) , ~we ignore terms of order smaller than N° ,

Ther. T(p) satisfies the d.e.

1 1. 4% o
'fN:q"*-épa(p)E?-— = 0 (1.66)



( p)

where pg(p) = subject to the boundary conditions:

F(0) = TQ) = o (e

Tke solution to eguation (1066) is

F(p) = - [ptop + (1-pHn(1-p)] (1.68)

A more accurate formula than equation (1.68) can be obtained

if we now include terms of order N™% but exclude terms of order

smaller thanvihis. Let

(o) = Tlp) +3 (p) , (1;69)

be such a forwule where q(p) is the unknown function. Then from

equation (1065) R U*(p) satisfies the d.e.

Loul(p) & 41 () & - (1.70)
N o2 ép® 4! dp*

subject to L.. boundary conditions:

v{0) = U*(1) = o (1.71)
Here (o) = T(p) = 2p(1-p)
- Na .
(1.72)

H*(P) = 2P(1—El

Substituting eguations (1,69) and (1.72) into equation (1.70) and
using equation (1}06), we obtain, after ignoring terms of order smaller

the~ N™* and sienlification, the d.e.

=l

) .
d’ (1.73)

49 . .1 43
ap® 12 dp*

19, -
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Integrating the above d.e. twice, we obtain

- 1 a*T
qlp) = - T aF TP D

1

————— 4 Ap + B (1.74)
12p(1-p) T

where A and B are constants to be determined by the boundary

conditions:

q(0) = ¢(1) = 0 | (1.75)

It is obvious that we cannot determine the two constants from the
given boundary conditions, Hence some modification is necessary and

we suggest the following modified bourdary conditions: ([see equation (1.54)]
q(——) = q(l—-) = 0 | (1.76)

Applying the boundary conditions (1.76) to equation (1.74), we get

A =0
N )
B = - ——— (1.77)
12(1_1/N)
1 .1
= 1 4 ee e
12 ( N Na )
Because of the order of accuracy, we can only take B to be —‘%5 —.%5 .
Hence, a more accurate formula than 'ﬁ(p) is given by
¥y N
U{p) = - [ptep + (l—p)fcn(l-p) -5 - 15
b QF’Z "U) 12(1.78)

We have also considered various other methods of finding

the constants. The following is one of them. We kmow that if m,



is the mean absorption time where i is the initial number of A
individuals in the population, then m, satisfies the following

difference equation
= _ 1 ,
m, = oagmy , + (1 - o9 - qi)mi +0ym +fﬁ§ (1,79)

where time is weasured in units of N?% birth-death events. From

equation (1.22) with s =¢ , Wwe have

_ _ i(w-i) ‘
Ty T (1.80)

Hence equation (1.79) becomes

i(N-i) 2i(N-i) i(N-i) 1.
W= e My (1 - —-*ﬁg——]mi P Wy, +'ﬁ§(1‘80)

21,

The above equation is valid for i =1,2,...,N if we define mo= Uy, = ¢

Putting i =1 in equation (1080) and simplifying, we get

' 1
2m1 -my = ﬁ:i— (1.81)

We shall use the above equation as our boundary condition. MNow the

solution to the d.e.‘(1.42) is

U(p) = - [pinp + (1-p)in{1-p)] + Ap + B (1.82)

Instead of susing equation (1.43) to determine the constants A

] and B , lclear that A = 0 because of the fact that 'ﬁ(p) =.ﬁ(1—p)]

we use equation (1,81)'to determine B i.e. we want to choose B

to satisfy the equation
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— 1 - 1
=Y _ T = e—
5) - U6) = (1.83)
This givesA
B = 1-241.2 (]._.84)
N

if we ignore tecrms of order smaller thon N-1, Hence, in thkis

case, we have

— . 1-24n2 1
G(p) = ~ [pln + (1-p)in(1-p)] -*—TE- : ':?é psl-g
| (1.8)
Now since U*(P) = U(p) +-ﬁ££) is a more accurate formula than
'ﬁ(p) we obviously waut‘U%(p) to satisfy the equation
w1 *2y _ 1 '

Thus this is equivalent to requiring q(p) satisfying the equation
1 AN :
2‘1(’1@) - q\ﬁ) 0 (1.87)

Now in equation (1.74), we know that . = O because of fact that

* 3 . . ) ) -
U (p) =U (1-p) . Ve now determine B in equation (1,74) by using
(1.87) . This gives 1 o
| -y (1,88)

.

. . famme o . Niioa s N
if wo igrara 0OTTY) Thus theo cowwrestcod diffusion approximation

is then given by

U" = « [pdrmy (1-p M - ! L 1 - -1yp
(p) [p4zp + (1-pln(1-p)] + 5zl ) (1 - 2402 8)N]

(1.89)
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which differs slightly from equation (1078).' Let us now compare

equations (1.78) and (1,89) with equation (1;62). Tor convenience,

write
Sj = 1 +-é +.% + .. +.%
Then | .
m = N8y - (1 - %)SN_K - % 5] (1.90)

hid
2 - - - i =
N [SN (1 p)SN(l—p) pSN ] since p

where time here is measured in birth-death events. Now using the

fact that

s = 1+14 een + L ~inn+ 7y -

B2 34
n 2 ) 8 33 o= 0

Ap? (1.91)

where Yy is Euler's ccmstant and Bzr are Bernoullis' numbers

(Ba =-%) [see Khopp, page 538] we can show that

8, = (=mYs -pS. ~T(p) -1 + 1 S S
1-
N N(1-p) © Pwp 2N 1oN®p(1-p)  1oNB
(1.92)
Thus we expect q(p) to be given by
e 1 .
alp) = ——— L N (1.93)

However, the "g(p)"

b
q,(p) = —F—-—-L (1.94)

and

1 1

- - 1 gtpe -2 '
%20 = ey n2 - )N (1.95)
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Since 1 - 2{n2 - ,lé 5 - 0+51 , obviously equation (1.89) is a better
result than equation (1;78). We do not know-any simpler method of
overcoming the difficulty about the boundary conditioms (1.75). 2

detailed examination of these boundary conditions would be very desirable.

BEY
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CHAPTER -,

Correcting Stationmary Distributions.

2,1 Introduction

In this chapter we shéll be concerned with finite genetic models
that admit stationary distributions. In such models‘the quantities
of interest are obviously the stationary distributions. Once again,
exact e#pressions have not yet been fdund for these quantities\jn
certain models and it is the purpose of this.chapter to examiné the
accuracy of the diffusion approximations to these éxact expressions,
Throughout our discussion, we shall aésumé that under certain conditions
it is possible to replace the discrete stochastic process by & contiﬁuous
stochastic process and that the process is time horogeneous. Also,

we shall only be concerned with models in which the change in gene

frequency x is Markovian.

2.2 General Theory

Let f(x) bé»%ﬂ;“éiékioﬁ;¥ywdigé;iﬁu£iou;' 4ﬁ§w if g(ﬁx;x) is
the pfﬁﬁabiliﬁy-density that the gene frequency changes from x +to
x +an:'between'tﬁg'éonsecufiﬁe generations (of bifth—deatbVEQenté)'éiven
that x is thé géhedffequeﬁcy‘ihiﬁhe first of the two géneratidnél‘

(or birth-death events) ,then
2x) = [1(x- salonx - saler) . (21)

where the integration isftakenHOféfvall ?ossible values of &x .



]
[&}

Equation (2.1) is 2 spczial form of thé Koimogorbv;Chapmanléquation in
the Tl:cory of stechostic processes and is a consequence of the
Markovian mnotuere ¢ Sho gous freguency.

Now expondirs the integrand in the i.H;S. of equation (2.1) in

terms of ox , we have

t{x - sx)g(ox;x - 6x) = §;1m ‘1) (ox‘n a” [£(x)g(5x;%)]
_ —~n=0 n. dxn (2.2)

Assuming that we may 1nterchange orders of integration and summation
etc, we can express eguation (2 1) in the following form:
GO

£(z) - <-1) / (sy)n-———~ (£ (x)g (5x3x) 1 (55%)

“..Jn 0

N C DY LIS / (8x)2 (5x1x)a (5x)]

__Jn=0 n’

R"—xoo ( 1)n dn

- LR e (2.3)

where we have now written
: un(x) =‘w/-(6x)ng(6x;x)d(8x) n=20,1,2,... (2.4)

Thus £ (x) may bhe formd by solving the d.e. (2;3)subjéct to the condition
rt |
\/ f(x)ax = 1 (2.5)
0
However, in practice, it serms #ery difficult, if not impossible, to
solve the d.e. (2.3) directly. Hence, some épproximation is

nccescsary.  Generally, if N is the fixed population size considered
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-in the wmodel, Lln(X) are cf the orders N~V where Y are some
positive integers. For our purpose we may assume that the orders
‘of un(x) go in pairs in the sense that ul(x) and ué(i) are of
the same order, say N , where m is some positive integer,;
ps(x) and pA( ) are of the same but smaller order than N and
so on. Therefore, for o first approxi ‘mation f(x) to f(x) we may
ignore terms of orders smaller than N . Thus we ignore pn(x)

(n z 3) . Now gl(x)' and ug(x) can be exzpressed in the form

p () = 5 LA BB L e )

N N®

where u, (x) is the term involving only N™™ and ai(x) involving

m+1)

N
only N~ ete, Then from equation (2.3) we see that f(x)

satisfies the following d.e. after ignoring terms of orders smaller

than N~T

n=0

T(x) = ;ﬂ j;%l— o [H (x)f(x)] (2,7)
which reduces to

—21. - (i ()E ()] --»-[ul(X)f(X)] =0 (2.8)

ﬂ.ﬂu
%l

Integrating equation (2.8) once, we obtain
ld - / y= - o
== [p(=)fE)] - L (=)Fk) = o (2.9)
2 dx 1 .

The constant of integration is zero because the L.H.S. has the
interpretation of probability flux. (see Ewens [1963 al). Hence,

equation (2,9) nay be called the flux equation of T(x) . To solve



the above d.e. we multiply “hrough by the integrating factor

(=) 1? = expl-2 f f vl . (2.10)
Hence, ‘ .
Tx) = S5 (2.11)
b (x)

where C 1is a constant such that
1.
Jf f(x)dx = 1
0

T(x) = [fo _t()gpt _¥(x) (2;12)

by (x) kg (x)

Thus,.

which is the diffusien approximation to the stationary distribution.
We now wish to iwprove on the diffusion approximation T(x).
This can be dene by taking into account terms of order N"(m+1)

[which we have ifgnored in eguation (2.3)] and ignoring terms of

orders smal._. thon this, We let

P lx) = T(x) +a&) | (2.13)

N

be a more accurate formula than ?(x) where q(x) is the ‘unknown
function we wish to determine, Now the appropriate d.e. satisfied
by the corrected diffusion approximation f*(x) depends on the orders
of the terws p, =) and p4(x) .. Sinéte we assume that the
orders of M3(X) and _u4(x)‘ afe equal but smaller than that of
pl(X) or us(x) , the orders ofr us(x) and u4(x) arebeither

{ s
Nf\mﬂl) or smaller than this.  Suvppose the orders of ua(x) and

28.



ué(x) are smaller than N"(m+1). Then from equation (2.3) we can

deduce that f£°(x) satisfies the d.e.
%E_ by (x)f ()] - u*(x)f‘(x) = 0 (2.14)

where
ai(x)

N

ni(z) = ﬁi(x) + (i =1,2) (2.15)

Equation (2.14) is of the same form as equation (2.9). Hence we

29,

may interpret equation (2.14)‘as the corrected flux cquation of f*(x)';

Now suppose the orders of ua(x) and ué(x) are N‘(m*l). We can

express “3(X) and ué(x) in tbe form

e (x) = pi(x) + ai(x) + bib(:;) o (i =3,4) (2.18)

aj .
where u*(x) is the term 1nvolv1ng only N‘\m+1) 1£x) is the

term 1nv01v1n& N'(m+3) and so forth. Then from equation (2.3),

after ignoring terms of orders smaller than N‘(m+1) , We observe that

£*(x) satisfies the d.e.

l’l

Z_ (1—1].;). axn [y (®)2*(x)] = o (2.17)

which on integration gives

- i) (x) + LA () (x)]
2 dx

o=~

a - % 3 « %
= FroE WEIE] - 5 S LErG) (2.18)

The constant of integration is zero because the expression



: ("’1 )D dn'-l X / P
an T a;g_:;[un(x)l (=)

aA.

rzay be interpreled as “he corrected probability flux. Now without

any loss of order ci czcuracy, we moy replace £*(x) in the R.H.S. of

equation (2.18) by 'f(x) vo obtair the eguatien

@06 2 S LEER ) - §6) (2.19)
where $(x) - gh.ggg HE)] - = S TR (2.20)
Substituting f*(x) = 'f(x) + qéx) and *(x)

into equaticn (2.19) and using the fact that '§(x) satisfies equation

(2.9) ,

we chtain the fellowing equation for q(x)

1 1a . ~
F 55 [t -6,k = 46) vx() ) ©
where | r(x) , = %T {"“1 (x)'f(x) - é— %:.{. [az(xyf(x)]}

r,{x) = -:3,7 (a, (x)q(x) —%% [ag(x)q(x)])}

Now Yl(x) is of swaller corder than the other terms and therefore

to the order of accuracy reguired, we w2y neglect it. Hence

equation (2.21) hocenes

1

L el - i) = $() + x)  (2.22)

=]

However, if we wern 1o use equation (2.18) instead of equation

(2.19), we would bave the extra term

X - P
ra(x) = G 3m Wi@a)]) - 57 s

5 57 aE [y (x)q(x)])

O LT G PR
1 N ‘
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on the R.H.S. of equation (2.21). Yl(x) and Yé(x) are of the
same order and are therefore ignored. Hence in both cases, we
obtain the same equaticn for q(x) . Thus, taking into account
equations (2.14) ard (2.19), we may say that, in general, the
corrected diffusion approximaticn f*(#) satisfies an equation of
the form

SRR 3L L) - $(x) (2.29)

wkere ¢(x) may be interpréted as identically zero or the expression

given by equation (2.20). It is¢therefore sufficient to consider
only equation (2.22). Now the solution to equation (? 22) is
ald - 22 [y NN ey + L2

N x o \x ,
i) = )

x —
where v(x) = exp[QU/‘ uz(y) dy]
r‘-g(Y)

and d 1is a comnstant such that

fol q(x)ax = 0»

Hence, in models in which the corrected diffusion approximation

P , ———

£ (x) satisfies equation (2.20), a more accurate formula than T(x)
is given by

f*(x) _ ‘lf(X)[ ['1‘l’(x)

-1
ﬁa(x) \,/0 Hg x) dx]

ov (x) d¥ (x)

* i, [¢(y) + g y)l¥ () ay- LG

(2.25)
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An example of such a wodel is the Wright's model con51dered in the
nexs section. Now Lhe cose in waich (x) satisfies equation

(2.14) can be defuced freom aquatidn (2.25) by putting

Thus the corrccted diffusicn approximation £ (x) is given by the

forumula

¥ _ }ﬂx) ¥(x) -1 A_gg‘x) * ol V1 av + a¥(x)
HOR o fo 20y a0+ 288 [ o))y + £
(2.26)

An exowmnle of such & case is Moran's mcdel considered in section 2.4.

2.8 Staticrary Distribution: Wright's Model.

In secticn 1.2 ve ccusidered the wmodel introduced by Wright
to study the offact of selection on the fluctuations of gene frequencies.
The model can he ecxhended to the stndy of the effect of wutation aé well,
This is cde.. 5y ircorporating two-way wutation in the model. Suppose
@, 1is the prohahiliiy thkat Avmutates td a and O, is the probability
that a wmutates to A . (ai >0, i=1,2) .' Then the transition

probabilities of the model are given by the wmatrix

? o= [pg.] i3 =0,1,2,...,8)  (2.27)
= (Md (1 = p )T
and p, = ()i (1-q ) N1, o (2.28)

N%s:v N+Sl -



It is clear thad the numher ¢f A individuals between successive
gencraticns is sbill a Markevian variate but the states Eo and EN
are nb longer ahsorbing stafes. Thus eventually the process will
sevvle down to cguilibrivm end from the theory of Markov Chains, the

stavionary distribuvien v is given by the equation
v'P (2.29)

whore v

LT

Eovever, explicit expressicns have not yet been found for v, and
i

diffusion method is uwsecd to obtain approximate values for the

stationary distributicen. In order to use diffusion methods, we must

assume that O, , @, and ~ are of the order N-! , We write
Qo= Bi (i =1,2. B.,>0)
i i 1
Q
5 = T =
5 (@ z o)

Now it cam be shown, after some algebra, that

JY= S - e
“1(X) = E[Xt-’-‘— xt ! Xt =x] = P_ﬁ"'(a B, Bg)x ox
L1 -

"“%% [By + (a_—ﬁx‘ﬁg)x'“a ] + o(N"3)

<]

(]
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na(x) = 7 [Ba + (@ Bi-Ba)x - P11 + Bg + (@ -8;-Ba-2)x - 0]
ﬂbﬁ+omﬂ)
it

- o)
palx) = <07 (1w 38, + [3(a -By-Ba) - 21x = ax®) + O(N73)
lJ Q
2».99/
nafx) = -‘-‘-‘*J‘“”’—— + o(r2)
a(z) = o@®)  (nz5)

Now for a first approximaticn to the stationary distribution, we ignore
terms of order swaller than N-1, Hence the diffusion aporoximation
T(x) satisfies the d.e. [see equation (2.9)].

—pl(xy-( )+ = [pz(x)f(x)] = 0 (2.31)

_@ma‘ .po)x-o 5

where | ﬁl(x) = )
N (2.32)
- ( ) - X(l—X) )
HalX/ = =3

From egquati- .- (2.12) the solution to the 2hove d.e. is given by

_ o205 28a-1(1_)2P1-1 o
7(x) = (1-x) | (2.33)
1 %o 25,-1 26 -1

0 e X 1-x) dx

In order to obtain a morc accurate formula than equation (2.32)

-~ -

we row iralede Seimz ol ordar NR O Lul erclude terms of order smaller

than this. ¥2 10%

() = T + )
N

be the corrected diffusion apnroximation to equation (2.32).  Ther
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f*(x) satisfies the d.e. [see eguation (2;23)]

- (@)1 (x) sz pg(X)f*(X)] = ¢(x) (2.34)

where ¢(x)
w (=)

g ()

us (x)
s (x)

The equatien for

[

1
i

W)

d
a

vhere r(x)

al(x

(x)

1
az(x) = 1 [p,

2 dx

[

2 N 3 .
e WG] - 4 4 WG]

mi»a

Batia —;31-;3;,_)::— a=® -z

[51 + ((X “B1‘Ba)x - Xﬂ]

i W
1
= 708, + (@ -B,-B, )x - ax?][1 + By + (o =B -52—2)x—oa"]
,.;51:52
n
x(1-x) | (1 + 3 [2{a ~ ) -2 ax®
_—aﬁ-;—'- a + u —31‘32 - ]X - ]
_ 3}:2(1—2)2
- 7

q(x) is +then [see equation (2.22)1

[bn (z)a(=)] - i, (x)q(x)) = 515(1:)‘-‘F r(x) (2.235)

H

= lI {a (x)f(x) -—-'a"' [ag(x)f(x)]]

~ %g (B, + (@ -B,-85)x < x?]

+ o -3 -8, )x - axPl[1 + 8, + (@ -B,-B,-2)x — x°]

and al(x) , n?(x) are the expiessions given by ~quation (2.22).  The

solution to the chove d.e. is given by equation (2.24) and after

simplification, we cohiain



- 28,-1
egoa'icxzBg l(l—x) B1

ol

\ < IE wly)y F(1-y) Cay
q(x) = :
1 20x 23g-1

2R4,-1
'f()e x (1-x) Pa dx

+ Re20X;2Pa-1 (1~X)26'1—1 (2.36)

Hence X 1is a constant such that

\/01 q(x)dx = 0

and V(y) is a polynomial of the form

v(y) = C, + C,y + Coy® + C,y° + 0,y + Cy° + CyP

]

where  C, = 5B, - 108 % +ap (o ,B,,5,)
C, = 343‘% + 148,83 - 1235 + Oépl(a ,ﬁl,ﬁa)

Co = Wy - 33, - 428, , - 3882 - 432 +apa(@ ,8,,82)

C. = 148% + 148% + 283 8, - 23,- 23, +ap,(@ ,8,,8,)

02
»
U
?

O’?zj,(-“,ﬁl:Ba)
Cs = C‘ZPS(@ ;B],)Bz)~
G = a®p, € &3, ’52)

It is easy to show that

!
ot

. PO( C‘,ﬁpﬁg)

]
e4]

%( O‘ ’ Q_a}%z)

(o)
(@]
.

(2;37)



whereas the other pi(a ,51»53) are function of o, B, and B, .
Now the formula for q(x) when there is no selection in the model can.
be obtained frcm equation (2.35) by putting @ =0 . Hence, in this

case we have

1 23,-1  2B,-1 /X
a(x) = & r{2g28a) |, 77" f w(y)y-2(1-y)-2ay

r(2,'31)1“(2;32)
2B,-1 2p,~1
+ K P2 (1-x)?Pr (2.38)
Here v(y) = CO + C,y + Cgy® + Cyy°® since C, = C5 = 66 = 0
and
- 2
c, = B, - 1033
’ = 8439 i -
C1 9452 + 1461;3a 12[3a
Co = 93, — 3B, ~ 42B,3, - 38838 - 4p5%
: = 2 2 ¢
C, 1467 + 1482 + 283 B, - 28, - 25,
It is easy to show that
" v(y)y P (iy)Ray = m(1x) - A2 A
viy)y™(l-y)ay = Ajox - Ata(l-x) - =2 2

where Ay = 14p8 + 143,83, - 26
Ay = 2B, - 14p,8, - 142
A, = 5B, - 1052
A, = 108 - 58, - 183,
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Eence equation (2.38) becores

I(V2>31+2i32) . XQBQ"]- (1—2)251-1

I
alx) 6 1“(251)1‘(2{32)

) [(145§+14B1§2—252)£nx - (251‘145153‘143%){3(1-x)
- 583"103% - 195%"!‘3[31-18{33] + Kxgﬁz-l,(l—x)gal—l
x 1 - x

(2.39)

where X is the constant to be found from the condition

1.[01 alx)ax

]
(=]

However, we may bhave

il
8

fo 1 g(x)ax

irrespective of the values of K . In this case it seems "reasonable"

to modify the condition to

1
Jf e q(x)ax = o0 (2.40)
1/

oN

2.4 Moran's M 1,

We now introduce two-way mutation into the Moran's model
considered in section 1.7. We let &, be the probability of A
mutating to » ard &5 bhe the prcbability of a mwnutating to A .

Then the transition probabilities of this model are given by the matrix

P = [pIJ] (i!j: 0,1,2,...,N) (2-41)

where P, jo = j%(l - Pi)
‘9
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D. . = E:i * D,
1,141 N 1

i T Piie1 T Pilin
pij = 0, ll -] I z2

. - L
i W45 { 1-a,) *s1 - Y2

Explicit expressions for the statiorary distribution are in fact
known for Moran's model for any value of s (see Moran [1962] p, 133)
The intefest in corrected stationary distributiop is therefore to see
how much closer such corrected distributions are to the true distribution
than are the diffusibn‘approximatioﬁs. (seé, for example section

1.3, the correspending aralysis for absorption probabilities in Morarn's

model when there is no\mutation) For the method to be valid, we
must have
Bi . |
% = ¥ (i=12 ;>0 and B; = 0(1))
o .
o= - =
s X (a 2 O)

Now it is easy to show that

Hl(x) = E['xt+1 - X.tv I Xt = X]

= 5a+(a -iéfﬁa)x- il -‘if (B, + (% -51’52)X - ax®] + o(N~)

it

ug (x) E[(xt+1 - xt)a | x, =x]

) '2"122-;{) +-i(1;§x) [ * (0 =By-Ba)x - 0x®] + 0WN*)
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TREIR -%g‘r‘Ua(X)
() = e (=)
Na c
Generally, “?.n-z(x) = 'I‘lfg . pzn_s(:f:) (n 22)
enlz) = fq?a' *bpa(x) (n22)

As 2 first approximation to the stztionary distribution we
ignore terms of order smrller tham N™ , . Thea the diffusion

approximation Z"(x) satisfies the d.e.

- il(x}f(X) +-%-%§ [, (=)E(x)] = o (2.42)
where :L1 (x) = g32+(0'« —Bl~i‘33)x-05 <
. NB
e (x) = 2}%%:52-
whose solution is
— 1 oy Be~1 By=l 1 Ox Bgp-l B,~1
f(x) = [f eO,zx ? (l—x) ! dx] ' e X = (1'—‘1() ! '
0 (2.43)

. . ! .
To imorove on eauation \2.43) we now include terms of order

N=2 but exclude terms of order smaller than this. We let

) = F(x) 2

be a more accurate formula than 'f'(x) ‘ Then since un(x) (n = 3)
are of the order N™* | we find that £ (x) satisfies the d.e.

[sec equation {2.14)]



() +% g-; [u:(x:)f*(?:)] =0 (2.44)

Bo (o B, =5, )x~ai x?

where uf(x)

2X 18, + (o -B~pg)x -0 x?]
N® N3

2x(1-x) (1-2x)
R i LR CEEREN

it

b (x)

Hence from equation (2.24) with ¢(y) =0 , we have

a(x) _ 2ux) . 190 4 2%x) —
v T T (M ¥ly)1- dy ug(x) (2.45)
where (¥ = § 0FG) -3 B,GED (2.)

"and according to our notations in section 2.2, al(y) and aa(y) are -

given by
al(y) = "%X (8, + (@ -8,-85)y —a y®]
’ (2.47)
1-2
an(y) = -(—N_Y).[BB + (Oﬁ _{31__133)), - @ya]
and wx) = & 1 (1P,

Using equation (2.46) and (2.47) in equation (2.45) and simplifying,

we obtain

1 31 -1 -1 8,-1
Q(X) [Jf eqszg‘ (1-—x)B~ dx]_1 eoxxf32 (l—x)‘1
’ 0

41,

LB A L 0l ity o2 s 00, o

2
1-x x(l-x)

- 20,(20-8 -3 )nx + [28 (8,+8,) + 208 -B,)14n(1-x))

Qx 62—1

+ K ( x)SI_l

(2.48)



where X is a constant such that

u/;l q(x)dx = 0

or, if it should be impossible to choose Y to satisfy this condition,

A P | ]
i

we use the "rz-cemnble

approximation

1-1/0y
L/; q(x)dx = 0
/on '

The formula for q(x) when there is no selection-in the model can

be found by putting & = 0 in the above equation. This gives

q(x) = 'én P(61+63) . XBQ—I (1_X)ﬁ1-10{ Bf?{+ﬁ2(l—x)-(l‘2x)(SQ-BIX'—E}QX)
r{g, )r(s,) | ) x(1-x)

+ 262 nx + 26? in(l-x) + 26162 &nx(l;x)}
~1 -1
+ X xBa (}—x?l . (2.49)

Thus, in the case of no selection, a more accurate. formula than.

) = P(51>B3) . XBQ-I - By-1 | .

7 () o (1-x) (2.50)

) = Deatee) | Pel Pl ) (2.51)
r(,r(5,) | '

where q(x) is given by equationv(2.49) . . As an example, let

Pr = 3g=1 . Then equation_(2.49) gives
q(x) = 2 + 24 x(1-x) (6 <x <1) (2.52)

Thus a more accurate formula than .f(x) = 1 1is



£i(x) = 1‘+'2“2"“;(1‘:")‘ (0<x<1)  (2.58)

We notice that the correction term q(x) breaks down at x = Q0 and
x = 1 but nevertheless, the corrected values are wmuch closer to
the true values than are the diffusion approximatioﬁs as illustrated

by numerical examples in Ewens [1964 a].
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Chapter 3.

Correcting Absorption Probabilities by using

the Pseudo-Transient Function,

3.1 Introduction.

The idea of pseudo-transient distribution was introduced by
Ewens [ 1963a ] in his discussion of the behaviour of a variate
x (0 =x = 1) whose density “-mction at time t , 'f(x;t) :

satisfies the forward Kolmogorov diffusion equation

CFert) = 3 Pl )Tl)] - O (R (s ~
-%; T(x;t) b <l g (x)T (x;t)] sl i, () (x5t)] (3.1)

where ,(x) and ﬁa(x) are of the form
i (x) = x(1 - x)p(x)
ﬁg(x) = ex(1 - x) .

Here p(;) is a polynomial (possibly zero or constant) and ¢ is a
constant. The boundaries x =0 and x =1 are known as "exit"
boundaries and with probability unity, one or the other boundary

will be reached in finite time. Thus if the process starts with
initial value x =p (p # 0,1) , then eventually the process'will
reach eithor ane of the boundaries and once it reaches there, it remains
fixed at that boundary. The above process does not édmit a non-trivial

stationary distribution. FHowever, if we were to consider an associated
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"return” process, which is precisely the same as the .above process

except that once one of the boundaries is reached, the process is
immediately re-started with the same initial value x =p , then this
"return" process does admit a stationary distribution. Ewens called the

stationary distributien of the "return" process the pseudo-transient

distribution (P.T.D.) because in a sense it describes the tramsient
behaviour of the original non-return process. He showed that the’

P,T.D. vas (fir a detailed derivation and discussion of the P.T.D. see

Ewens' paper [19635])

T F()  (a.2)

where

2, (p)v(z) .
up(z) jo w(y)T™ay , o0sx<p

T(x) =< » )
2B, (p)y(x)
{‘ uo(x) b/\ [W(y)1™dy , p<xs1

X

]
EaN

Here 'ﬁ(r) is the mean absorption time and T%(p) =1 - ia(p) is the
probability that the beundary =x = 0 is rea-™-d eventually. V(x) \is

(£

defined to be

e (y)

The function 'E(x) is called tha nenvdo~transient function (P T.F. ) and

Mﬁ'=e@w/m (ﬂ ay] . ~ (3.4)

it is clear th-~%
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f s (x)ax | (2.5)

represents the meoan time tha process spends in an arbitrary int‘erval‘
(xl,xz) (os x, < x, 1) before it is finally absorbed at x = 0
or x =1,

P.T.F. n{x) will be used to correct absorption probabilities
in the two models‘ considercd in Chapter 1. A detailed description

of the method will be given in the next two sections,

3.2 Moraun's Mcdel

We coasider the model intrecduced in section 1.3. The exact
probability P (p) that evoniually the number of A individuals

becomes zero is given by it2c expression

P (p) =
o O \N
(1 +-N) -1

= D () =+ a®& [P (p) - (1 - 'p) Py, o(n—2)
° o(& 1N ° P ° (3.6)

where fo(p) is the diffusion anproximation to the absorptien
probal;ility[ sec equation (1.36)] .. We have shown in section 1.3
that the correstion term feo the diffusion approximation —Po(p) is
the secornd term in equatien (3.6). We shall now reobtain this
result by vsiry the P.T.F.

Let n{X) 1te the diffusion approximation te ‘w2 P.T,F.

3
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Then -ﬁ(x) satisfies the d.e. [see eqdation 2(2.8)]

18 ax)] -4 (5, EEE)] = o (3.7)
ng ‘ dx

where the L_ii(x) are given by equation (1.26). Integrating the

above d.e. once, we obtain

-PO(P) ’ 0<x<wp

2 B (R(] -7, (R = { (3.2)

B (p) , p<x<1

The R.H.S., takes the values _ﬁo(p) and -1—51 (p) because the L.H,S, has
the interpretation of a probability flux. (see Ewens [2963a]) .

Solving the above d.e., we obtain

.r N (x) = 2 M . v(y)l™tay 0<x<wvp

n x = « _ 3‘9
3‘. 'ﬁ'z(x) = 2 EEE’:)-\I-[-—Ef-)—- [\'f(Y)]—ldy , p<x<1
i, Mg \X X

vhere VY (x) is defined by equation (3.4). It is easy to verify that
_n(x) ir ontinuous at x =p .

We let

s

¥ (x) =< _ (3‘10.)

sy . P<x<1

be a more accurate approximation to the P.T.F. and suppose that the



corrected diffusion approximation n%(x) satisfies the following

corrected flux eguatica

28 01" ()] - (=) (x) ={ °
dx —P;(p) , P<x<1
, 2, (x) :
where the u%(x) =0 (x) + (i =1,2) are given by equation
1 i L \p)
(1.30) end PY(p) = 1 - P(p) =B (p) + 2 Our aim is to
o N

find ho(P) . Using equation (3.10) and solving the above d.e.

e obtain

+r,()Iv(PIey , 0<x<p

- —

quY) - ?W(Y Jf [ ho P)

- up(h

.9.‘.?..(.-}9. .JJ'LE?. [1 [_‘ ho(p)

) 7 Gy, p<x <

where r, = ﬁ {al(yfﬁi(y) - é.%? [aa(yygi(y)]} (i = 1,2) . Now

M

. * . . . .
assuming that n"(x) is continuous at x = p , i.e. assuming that

Q1(P) = QQ(P) , we get

() [y r, (DY - 1D r, (P)Iv(x) 1y
L

1

1
Jo Di(y)12ay
ard after simplification we obtain

aaa - e
ho(P) = TT%E-I" [PO(P2‘— (1 - pe p]

£{0-1).

which is identical to equation (1.34). The above method and example
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(5.12)

(3.14)



are due to Evens (19644 .

We now show that the above method is in fact equivalent to
the method used in section 1.3. ‘This explains why we obtain the same

result in both cases. Consider equation (3.11). The solution

to that equaticn can be shown to he

~ —¥* ;v)(—
_'"T"‘"'Q*Of;')i)(}{)»/g )Ty, 0 <x <p
n'(x) = 5
2P—X— kol .. )
-——lEE;%;;flL/Z [ (y)1 2y, p<x<1
™ 2

where
p.4 *
u{(y) 1

¥ (x) = expl2 m y |

The assumption that n*(x) is continuous at x = p implies that

J

r

J

[1[(*(2) ]‘ldx

P*(p) -

O il

[*(x) 1 ax

which is the solution of the following d.e.

: . .
w1,y 48 (0) a”7 (p)
HyiBs - 5 + ',{]—3" P;(P) ——(EJ—E——-

subject to the conditions:

(=}

X [ _ * .
PO(O) = 1 and Po(l) =

We know that the diffusion approximation 'ﬁo(p) satisfies the

d.e. [see eguation (1.25)]

50

(3;15)

(2.16)

(3.17)
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apP are
7 [4) 1 o = -0
“'1(P) 'a'i;" + a Ha(P) -E;-é- 0 (3- .L9)

and thot the corrected diffusion appreximation Pi(p) actually satisfies
eguaticn (3.18). bee egration (1.29)] . Thus in finding the correcte d
diffusicn approximavica Pﬁ(p; wihere we cuploy the method of correcting
nlz | 2ul agswning the ccnﬁinuity of ©(x) a% x=p, weare actually
soying thaat P*{p) sotisfies the d.e. (3.18). Hence it is not
surprising that we obtainmed the same correctioa term. Fowever, if

we apply the cowe caalysics to the Wright's model in section 1.2, we

will get a correcction term which differs slightly from the one given

in cquation (1.21). Ewess [1964a] cornjectured that the reason is

that the cerrested diffusicn apprdximation r*(x) is not continuous at

x =p . Ye now exanine the annlyc’s of the Wright's wodel.

3.8 VWright's Mcdel.

s

The ciffesica approximation 'E(x) to t he true P.T.F, is given
by eguatien (ang) where here ﬂ;(x) , ua(x) and Tfo(p) “are the
expressicne giver by eqraticas (1.10) ard (1.12) respectively. - We

now asswe that the cerreeted diffusion approximation

Ay .
X
() y 0<x<p

n%(x) ‘(3.20)

, p<x<1

-

Hi
. ,.Q..._._._A‘____...,.S
¥
=z

satisfies the following corrected flux equation [see equation (2.19)]
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- (@ (x) + ‘%E [H:(x)n%(X)] -‘%?'§;E [H:(XYE(X)]

W -

1 a4 v
*5m 05 (i (x)a(x))

{ P':(p) , O0<x<p

= % . (a.21)
- P1(P) , p<x<1
Here . (x) =0.(x) + ai(X) (i =1,2), pa(x) ana . (x) are
i U
given by equatlon (1 16) and
. . h_(p) - |
% = P ) 5
B = 2,00) 1ol (2.22)
where ho(p) is the unlkmown function we wish to determine.  TUsing
equations (3.20) and (3.22) in equation (8.21) and the fact that mu(x)
satisfies equation (3.8) , we obtain, after simplification
1, |
703 Ll (x)a, (2)] - g, (x)g, () )
h : .
- 2ole), 7 ) v ey ) ¢y )+ ), 0<x <o
1 1 d - -
03l (e ()] - i (x)q_(x))
h (p) : |
=m0 rr )+ () 3 (x), p<x <l (2.23)
where
. 1. g5 . 1 g3
yi(x) = 9771‘" iy (X) i) - 7753 lugn; ()] (i =1,2)
’ 1 s p—
ri(x) = g {al(x)ni(x) - %%E [ag(x)m, (x)1) (i =1,2)
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P @) -3 @@ G =12)
5, (x) = 113{-1-*“ =7 lwalx)g ()] - %—.%:;s (e (a;(=)] (i =12)

p R
Naw y,(x) and B _{z) oare of smaller order terms and can therefore
i i

be ignored. Hence eguation (8.22) becones

]

2 3L ([aWa (0] -1, (e (N = vy 4 r (x)

f .
} ho(p) for i=1
"1 | (3.24)
- 0P for i =2
M
Solving the zheve d.e. we ohtain
q(x)  _ 2u(x) X b (v) -
- uzzx; k/0 [y1(t) + rl(f) B QM Hw ()17 a
0<x<op
,X) v ( ) ~1
jk%i__ = -§§%§;— [ya(6) + ro(t) = 2 (p)][w(t)l-1 at ,
0

p<x<1l. (3.ox,

To detei " ‘ne ho(p) We assume that n*(x) is continuous at x = p

i.e. we assume that ql(p) = qz(p) . Hence we obtain

=

————— m—

o(p) fi[y;(t) g ()00 (8)172at = 12 [y, (8) + 2, (6)10v(£)]1 20t
— - —

1 )
f Ir -1

Fralvstion of equation (23.26) gives



o

=104 ] (

- 3010 - F (o) (- 1+ )¢

n (p) = " &(- p + 2p +ap?le TP

vhich differs slightly from the correction term given in equation
(1.21). Thus it is clear that if we were to solve eguation (3.21)
directly and obtain Pj(p) by essuming the continuity of n*(x) at
x =p , the corrected diffusion approximation Pj(p) so obtained will
not satisfy the d.e. [see egquation (1.14)]

o S S| *(o) 4Py 1 ) atp”

* ap %
u(p) 2 + 3 ua(p) + 3T M 0+Z" b (p 90 = 0.
dp dpg . dPS . dp4=

with the boundary condit*ons:
F 7 _ e -
Pr{(0) = 1 and PX1) = 0

Hence either our assumption that the corrected diffusion approximation
n*(x) satisfies equation (3.21) or our assumptioﬁ that n*(x) - is
contiruous at x =p , (or both) must be false. . However, we now
believe that it is the first assumption that is incorrect. The correct
equatiors should be derived in the following manner.

We know that if f£{(x) is the stationary‘distribution and
g(ox:x) is the probability density that the gene frequency changes from
x to x+ dx Dbetween two consecutive generations given that x 1is

the gene frequencey in the first of the two generations, then

f(x) = b/‘ f(x - Sx)g( XX - 6x)d(5x) (3.28)
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vherce integration is over all possible values of Ox . Since the
P.T.D. is a stationary distribution, the above equation is still

valid. Nov let

£ (z) ’ 0<xz<p
£(x) = .{ 1 (3.23)
fﬂ(x) . n<x<1
be the P.T.D. Then for (< x <pg we bave
fl(x) = J[ i fl(x - 6x)g(6x;x - Bx)&(&x)
Ox Zx~p
B . e Ul - PRV |
+ L/ £.(x - &x)g(dx;x - Bx)d(dx) (3.30)
(&) deie
Now expanding fi(x - Sx)g(ﬁx;x - &x) in terms of Ox , we have
(1 00 . n n
fo{x - Bx)g(éx;x - 8x) = X (—1)E-L§§2~ 4 [f.(x)g(ﬁx;x)]
i Lin=0 dxP gyn 1 .

€0
e
-

(i =1,2) (3.

Substituting equation (3 31) into equatlon (3 30) and assuming that

we may interchonge the orders of integration and summatlon, we obtain

N R - e R TN )
fop=0 B-
om0 B W ;n i
+ > | %T-»-:——[u EY: (x)] (3.22)
,_4n=0 .

where we have now written



. .
b (x) = f (6x)"g(6zix)a(ex) , n=0,1,2...
n OX2X-p
: (3.33
wox)' o= f (6x)"g(ox:x)a(sx) , =n = 0,1,2...
Ox<x-p :
We observe that
p (x) = u¥ (=) +pu (x) (3.34)
n n n- ‘ ) .

[for the definition of un(x) see equation (2,4) ]vand
Y ) ‘ -
me(x) = 1-y(x) = B(exzx-p) = 1-Pr(ox<x- p)  (3.35)

We assume that for n = 3 , Ky (x) and Hy “(x) are small compared with
“1 and g (x) (i =1 2) so that we may ignore them and that
to the order of accuracy required, we may replace “i and u;(x) {i =41,2)

by lﬁfx)~ and 1;Lx) "F*% £2cm equaticn (3.82), the approximdtion

1i(x) to fi(z, (i =1 2) satisfies the equation

) = () + () + 221 CU7 & (2 e, o

2 <\ .n '
. Z _(:_})__._‘.id_..n (5= (2)T, (x)) | (3.35)
a=l1 n. X n

which, after using equation (3.35), reduces to

0 = [To(x) -TFalx))rr(ox <x - p) + V2 —(:'L)S‘a;u [, (x)'—z(X)]

—n=]

2 |
' 24n=1 (n%) g?ﬁ ran(xffé(x)] (3.37)
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v, [by replacing fl(x) in the L.H.S. of equation

Similarl

(3.30) by fg(x)] we ho—z for p <x < 1,

0 = [3,(2) - To(x)] Prlex 22 - p) = 3" _:f_..i_m ()%, (x)]

~n=1 dx”
2 (<)e d
+ l
'/~'n=l n.
(2.28)
Thus the diffusion approximation l
n(x) = L o
ﬂz(X) , p<x <1l
should satisfy the followirg equations:
3 . h X"'Q __1)!1 a ‘ _+ —
¢ = [Ba(z) -1, (x))Pr(ex <x - p) + ) —— 5z (b ()a(x)]
’--—’n:]_ * )
— 2 (_l)n d'ﬂ - .
+ > 5T 3= [un(x)nz(x)] ,
~-ip=] .
for 0<x<p. (3.39)
and |
' . . . b -1 n
0 = [m(x) -5s(x)lPritx 2x - p) + \:) ( ,) d = [ (x)'ﬁl(x)]
(___!n__:l D. X
2
+ \/ ( 1) -&—5 [Ll (x) nQ(X)]s .
S !1‘-‘—'1 ( ant
for P < x<1.
and not eguations of the form »
=1,2), (s.a1}

T2 ()t &R - o G



which we had used to obtain 'ﬁ(x) . We observe that equation (3.41)

can be chtaired from equations (3.39) and (3.40) by putting

]
o

Pr{dx < x - p) (3.42)

and

]
()

Pr(ox = x - p) (3.43)

For putting Pr(&x <X - p) = 0 in equation (3}39) implies that values
of x< p can only be reached from values of X = pv and not frou values
of x>p . This implies
p;(x) = J[ (Sx)ng(ﬁx:x)d(ﬁx) = 0
Ox<x-p

Hence

bp(x) = up(x)

Similarly, equation (3.43) implies that

]
()

+
bp(x)
and therefore
pp(x) = uj(x) .

Now the correct equations sstisfied by the corrected diffusion approximatien

o (@) = E) +ﬂi(;f_) | (3.44)
= b.;;l(x) + q,(x) , 0< x<n

o) (x)
={§@)

Eé(x) +

]

y, P %~

qp(x)
N
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[¢]
%]
i3
lra
[p]
u
(8]
H
I
<
[e]
A7
Q
1
B
(=

lerly frem equation (2.32) and they are:

1 i B 1 ]
[n:(x) - nf(z)]?r(&x <x - p) + ‘> 'izil—'g"-

* + YT
' axn (u (v)n1 (.X}l i
) ﬁ=1 n. * "

U4 (-1 )n an - *
+ 3 sl e | (x)ng(x)] = 0
/.y B dx¥n " (3.45)
1 4 n .n
% % -1)" ¢ i
[ni(x) - na(x)]PT(SX 2 x -p)+ > (n ) E—E [pn+(x)nf(x)]

TN

Y (‘1)3 S %
+ T Gy (Kng(x)] = 0 .
“n=1 . (3.45;

Thug our error lies in the assumption that values of x < p can only
be reached frem values of x = p and not from values - of x > p and
that values of x > p car ealy be reached from values of x > p and
not frem values of x S p . This is true in the Moran' s wodel, which
is why we obtain the correct enswer for the correction term. However,
in pracvice, it sec:svvery difficult, if not impossible, to solve

conotions (3.82), (8.40), (3.45) and (3.48) .
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Chapter 4

The maintenance of alleles by mutation

4.1 Intrg@ucticn

-,

n this scction we skall discuss briefly some of the results of
Kimure owd Crow [1924] and Evens [1234:] ., We shall show later how
we could extend BEuwens' result to the case when the population coqsists
of two types of alleles. A generalisation to the case of m +types

(series) of alleles will also be given.

In their papers, the above-named authors kave investigated
guonbitatively an extreme case of a system in which "the wild type
allele is nct a single entity, but>rather a population of different
isoallieles that arc indistinguishable from each other by any ordinary
ronnedure, They assvme that all r2w alleles which arise by mutation
ere differert frem any new allele which exists or has existed in the
ropualatien, Both‘apprbaches are entirely different in that Ewens, using
diffuvsion approximation and the so-called WTight's model to déscribe tﬁe
behQViour of the newly-formed alleles, [ see equation (4.15)] showed that
the mean numder n  of alleles maintained in a diploid population of
size M with matotien rota 11 of the order N7l yag given, in the-
cese of selectively neutral gemes, approximately by
1 .
n = 4Nud/‘ x=1(1 - x)sNu-144 (24.1)
/2N

vhereas Kimvra end Crow weve interested im the quantity called the



62

and A, # A a, *a, for j#i. Hence, if at any generatlon,

17—3 1"‘]

the population consists of r dlffern“t alleles 6f type A ,

denoted by Al,ﬁa,...,Ar and k different alleles of type a
represented by say, & s8gyeeery then if any allele of type A ,

A (1 S npns r) mutetes, it wmuistes to either A or a

o L4l

Dcfine QA(t/ to bo the number of different alleleé of type‘ A
in gencration t . Da(t) is defined similarly. DA(t) and Da(t)
are random variables. Let 'EA(t) and 'E;(t) be the mean values of

the two randon varigbles. Then our problem is to find the values of

a?

EA and n_ . whigch are defined to be the limits of Ei(t) and ,ua(t)

as t tends to infinity. In other words we are interested in -~
fin“ing the mean values of the numbers of different alleles of the two
types A and a when the process is in equilibriun.
Suppose at equilibrium, NA and N are the numbers of alleles
: a
of types A and a respectively in the population. Then we expect
wG=T)Ng + vANa '
on the aw-rage, Ny new alleles of tyve A +to arise per generation
her< aand A ave defined by equotions (4#:5) and (4 8.
wher
by the mutation rese—a . Since at equilibriuam these new alleles
nust be balanced by a similar number of old alleles of type A being
lost by drift or mutatiorn, we obtain, if ?A is defined to be the
mean pumber of generations that any new allele of type A exists in
tine populatiorn before being lost, the relation
aA = uN aN, + vaN (2.23)
-— = A" Wi A o e ©
ta '

Similarly, we have



= W - N, 1 w7 Ny

gfﬁb"

Hence if NA ) Na ’ tA and ta are lmown, the values of n, and
Eﬁ follow immediately.
and Na , we define NA(t) to be the number of
Na(t) 'is defined

Te find NA
t-th generation.
Suppdse

alleles of type A in the
We also require the following definitions.,

similarly.
an allele of type A , say A wutates and that 1 - x (o é‘ﬁ 1)
is the probability that it mutates to new allele of type A and =

. . Then

is the probability that it mutates to new allele of type a

since the mutation rate of A is u , the probability that any
A rputating to new allele A , denoted by P(A —> new A) ,

allele

is given by |
P(A —_— new.A) = u(l - ﬂ) (4.5)
and the probability that any allele A ﬁutating to new allele
of typé a is given by '
P(A —> new a) = un (2.5)
Similarly, we suppose that
= v(1-2) (4.7)

P(a —> new a)

P(a-——>'new A) = VA

Then the expected numbers of alleles of types

where 0 s )\ =1
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A ard a in the rext gereration are given respectively by the

following equations:

B, (¢ + 1)1 = N, (+) + v (¢) - unll, (t) (¢.9)

HN, (2 + 1)) = N (¢) + wiy(8) - Wi, (t) (4.10)
Now

N, = limg, Ny(t) = Limg, W, (t +1)

N, = limgyoN () = limg, N, (¢t +1) |

Assuming that limt_),ooE[NA(t +1)] :E[limt_,,mNA(t +1)] =EN,] = N, etc,

and letting t —> = in the above equations, we obfain
N, = XAy | (4.11) |

Kmimg N ?S%nee N, +Na = 9N , we have

2vaN

Np = vhtus (4" 12)
N = 2uml (2.13)
a vAun

It now remains to find expressions for tA and ta. . In order

to find expressions for these (iuantities we have to set up a model

2]

to describe the behaviour of any newly formed allele. We denote by

XA.(t) the proportion of the alleles of type A; in the population
i
at generation 1t . The notation Xa (t) is given a similar

J
atir~,  Suppore that



T x @ Sk )
. () + > X (t) = 1
L=t Ay Log=t %

Let X(¢) = (XAl(t),XAP(t),..‘,XAr(t),Xal(t),..', ,Xa‘{(t) )

The medel then assumes that given X(t) , the distribution of
2NX(t +1) is ruldinemi-~l, For example, if in the +t-th generation

there are:

1,2,...,r)

i allelgs of type Am (w
and

jm alleles of type an (m = 1,2,...,k)

in the population where
i, + ) g = 2N
- m=l ~om=]

and in the (t + 1) generation there are.

‘1923000,1')

R a
i, alleles of type Am (m

jé alleles of type a (m =1,2,...,k)

and o ,p3 ,y and ® new mutants in(the population where
o is the nﬁmber of new A's derived by mutation from A
B is the number of mew a's derived by mutation from A
y 1is the nurber of »-+ a's derived by mutation from a

& 1is the romber of new A's derived by mutation from a




such that

S"r - — k Wy o
i’ o+ > Jo 0 +B +Y +0 =

" m=1 !

2N .

Then the transition prebability of going from the state of

L4,78,...,

iA's , Ji2178,...,5p8K’s to the state of

i{Al’s,..,,i;Ar’s,.,j;al’s,...,jéak’s ‘' a,3 ,7 , 5 which we

denote by

P(i,j

We observe that (X(t)} is a discrete Marlkov process and also that

each (X, ‘
i

P(i,j — i',j'; @,3,v,8) is given by

(oN)

—> ih,§' 92wp) = ——————
. |3. Yo 3. IIm=1
+ 1 [ |
T im(l_u)]lm k [ jm(l-v)]Jm
=l T =1l —
[il+5,,+ir Cu(l - ﬂ)]a [ i+, . Hip
2N 2N

'S
<11 -t
lm. Hm._.__l Jm.

. ufr]’3

RS i+ 0ot dis
L) ST RN UL G Skt S L

2M 2N

t)} or {Xa’(t)} is a Markov process.
J .

(Note that the

68

(4.12)

latter result is not true If selection operates, so that the present

approc~h cannot be used in such circumstances.)

Since the

distribution of 2MX(t + 1) given X(t) is multinomial, the

distribution of QNXA (t + 1) given XA (t) is therefore binomial

and the probability p

of type Ay

given by

i i
P; ;! ‘that the number of genes
mm

changes from im to i; in comnsecutive generations is

of the allele
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) i, (1) T oon - i,(1-0). =iy
u’n T by

(a.15)

In the cbove eguatioa, the decrease —-iju  is due to wutation to
ney alleles in the text gemeration., Since the imitial value of any
newiy-fcL.oel alleie is neceosarily unity, the Markov chain

N

ckaracteriscd by egunltlca (4.12) ond +uae above initial condition are

b to deterwine the value of .EA. , which is equal to ?ﬁ . L

Now the Markov chein choracterised by egquation (2.15) is

o e p ~ . S 2 .
often classificl vnler the heading of Wright s model. As mentioned
in Chapter 1 , exact expressions for many guantities of interest in

» medel cre uvounily unknowr end in practice, it scems very difficult

to find cznet cxprensioa for ?A . Taices some approximation is

neecscory anld the eoproximation used is to replace the discrete Markov
precess By o coxntinuous Giffusion process,  The approximation is

> ~

velid provided . is of the order N™* .  Ewens [1964c] showed

that the diffusion approximation 'fz to ‘€A was given by the .

3

express

[

1 S :

-

t, = 2\/~ (1 - x)tNum2gy | ' (4.16)
' 1/2N ' '

By exactly the same argumeont we can show that the diffusion

approximation to t is given by

Ve 1 . .
'E; = 2b/\ 2 1(1 - x)Nv-1gx | (2.17)
1/2N R

Hence, uSing eguations (2.23), (4.4), (4,12], (4.13), (2.16)
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(4.17), we show that the moan numbers of different alleles of types
A and a mwaintaiped in a diploid population of fixed size N
with mutation rates of A and a egual to u and v respectively
in the case where u and v  are of the order N~! | are given

approximately by |

1 o o
. = EBYM\I—J x (1 - x)eNu-144 (4.18)
f vhturt J oy - |
1 _ -
n, = Suvall / Cx M1 - x)NVigy (2.19)
vAtun J1/9N

Now, as a special case, suppose u =v A=1, ard n =0 .
» ’ .S ) )

Then the above equations reduce to

np

\ 1 ‘ . .
‘i-Nu/ x"1(1 - x yaNu=144 (4.20)
1/28

na=0

which agree with Bwen's result (equation (4.1)) .

Intuiffively, we lmow that as N +tends to infinity,r ‘EA and
T, both temd to infimity. However, it might be of inberest to
know the rate of divergence of EA and -ﬁa i.e. we .like to know
tjxovf fast}the two qua,ntiti..?s _ﬁA and _ﬁa tend to infinity. vTo
invé;txgate “Lc :::*.té ";' f;ivergence, we examine the integrals in

equations (4.18) and (4.19). It can be shown that if terums of

order N~! are ignored, we have

1 ) i (_1 )I‘ N
/ll?N X—l (1 - x)‘l—l‘-]'u—ldx = 4An ON + /Y = (4 :"'1 ) <4,"21 )
o . f—tp=l



1 ) *® 1)F Nv—
f 71(1 - x)*NV=1gx = 4n 2N + y L—%—L ¢ : ) (2.22)

1/2N — r=l

Hence equatiors (4.18_) and (4.19) bocome

- v\ N ("‘»)r 4Nu-1 .
5. = m— = [fa & + it .23;
Y TAFOT [4a &1 /o ‘( r )] (.23,
—~p=l
— 4uv iy S_‘w (-1)"  alfv—1 k
= o At 4
o oy (2 A ) . ( . )] (4.24)
—~r=1
Now suppese for given u ond v , 4Nu -1 and 4Nv -1 are some
positive integers. Then the two series
IR G IR R C L e
-yl —p=] X r
termirnte. Horse s N —> » | we obtain the following asymptotic
results from cguabtions (4«.23) end (4.24)
- Zuv)\N ‘
A T— = 4 |4
Gy ~aun Am 2N = 2uN,dn oN (2.25)
- 4uvrl _ \
% Y T m A = 2vNAin 2N | (2.28;
Since u eml ~ nre of the order N™! | we cbserve that ;A
and _ria are therefore o “he order 4n N , Thus the rate of
divergence of thesc *two quantities is rather “"slow". If we interpret
iy
— as the proportion of tke mean number of different  alleles of
“A e

tvpe A in the nopulaticn and with 2 similar irlerpretation *or
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4]
®

, then we have

A a
n aN

A A
nA+na uNA+VNa
e T - f4022)
n +n uN v
A a A a

+

In fact when the mutation rates of A and a are equal i.e. when

uw =v , we observe that the proportion of the mean number of different
alleles of type A is asympﬁotiéélly equél to the equilibrium
‘frequency' §é of the allele A &and that the préportioﬂ of the

) ,
mean number of different alleles of type a in the population is

. o S N, . Lo . '
asymptotically equal to the equilibrium frequency '3% of the allele a .
Roughly speaking, we can say that [see equation (4.25)]f0r

large and fixed valué of M , the mean rumber EA of different alleles
of type A in the cqulibrivm population is a bilinear function of

the mutaticen rate u of the allele A and the numbeﬁ of allelés of
type A in the population in the senge that ifv N, is kepﬁ fixed,

then T, increases lirearly with respect to u and if u 1is kept

A
constart,, then 25 increases linearly with respect to NA .
Similarly, wo con oy *het T2 iz o bil near funciicn 6f v and

N, . [See equation (4,26)] From equations (4.12) and (£.12) we see

that for given uv and ‘v , MA and N_- are functions d¢f A and w .

In fact NA is monotonic inereasing with respect to A . Since

Ny + Na =2N , N,  decreases correspondingly wit' increasing values
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of A ., However, Na is monotonic increasing with respect to = ,
o . . . . . . - i
Hence, increasc in M\ implies increase in n, and decrease 1in

n, whercas increase in 1n implies increase in o, and decrease in

‘EA . All the above agree with what would be expected on comﬁon—sense
ground, We illustrate some of the above observatioﬁs with two numerical
examples.

Example 1

Suppose 2N = 1P , u=10;‘6‘, v=4Xx10°% , X\ =01 and

it =01 , Then

N, = M _ e x 1

vA-an

Now for increasing values of u , N, can be kept constant by decreasing
the values of = 1i.e. by keeping un fixed.
The following table shows the cbrresponding values of ;Q_ and

u where NA is kept constant and equal to 08 X 1P .

Teble 1,
! | I 4 ] t
[ u ; 10 | 2x10® 1 3x 10° | 4x10’6§
! ! i . i
I %, Lorwem [ser2 1 sse32 | 7188 |
: 1 : : t :

We observe that for fixed NA , 'ﬁA increases somewhat less than

linearly with u .



Example 2.

The following

72

table shows the values of -EA and .;a. for various

values of A and  with 2N =10 , u=10° and v =4X 10°

Table 2.

w0 ws | 10® | 10e | w0

: | ; | !

e ]

L v ol ex 0% 4> 10° 0 4x10% ] ax10° |

R SN VNI NS .._z.q_,ﬁ,_“-. ——

| { : i ! |

L7 ! 01 : 01 ; 05 : 0°5 !

! i ; i ¢

- E_-*_‘_g__,__ai.«_««%_._.,.,~<_,.H o e g e ,.._"\_.___.__ - ._,’

. 1 H |

RS | 5 | 01 | 05 }

L_., e bt e e e o e e e "“1!'“" e T._. et ____

i ! oz 120 ! i

SN, 108X 1P i x 1P — X1  0F x 1P |

PA L9 L oo1 : :

,i____.._;}._.____.-___..;,__.ﬁ_--A.__.,.-J'.._,__.__,-‘-_. e e

* i B ! % !

Cw deexae b Sx1e L =x16 [02x 16 |

i : o . I 2—1 - e b e it e oy gy o

N 1{ g :

i g k . ; P . Ve A Pe :

PPyl 1371 : 10- 35 ] 2327 | 1271 :

x:_:_._,t.__'s._«.__.... R S ‘.._.;_ e e et -—

o 1797 1 49.91 [ 4.28 | 17:97 :

] s ' | ; 5
From columns 1 and 2 , we notice that increase in x implies increase
in Ea and decrease in -ﬁA . Columms 2 and 3 skow that increase
in )\ iwmplies :ingcrzase in -KA 2= decrcoase in T“;a . Columns 1 and 4 show
that the valuves of ZA and .ﬁa are identical, This is obvious

since simulianeous
such a way that NA

values of n and

A

increase or decrease in values of X and i in
and N remain comstant does not alter the
a R - -

.

n
a



We define the two functionms iA(x) and fa(x) by

-1 4Nu-1 A
¢ (x) = 4uviNx~1! (1-x) , '%ﬁ <sxs1 (4.20)
A vA + ux
AuviNg—t (T-x JeNV-1 1 .
£ (x) = uvNz~? (T-x) B - < xs=1 (+.3)
a VA + un ‘
Then we have
Fon 1 : | n )
B, ~=/ fA(x)dx (4.233)
1/2N ‘
_ IR SR o
n =j fa(x)dx (4.32; |
a 1/2N v ,

Now if 1/2N = %, < x. £ 1, then it is interesting to Imow what

interpretation one can give to the expression

- Xy N . .
nA(Xl’XS) = U/‘ fA(x)dx  (a.23)
Xz
and
— ’ ,x2 )
n (X 1X.—-) = [ £ (X)dx . : (4_34) :
a 1’72 Jx a » o ' g
1

However, if onme remembers that the mean number of generations for
which a given allele of type A baving frequency in the range

(xl,xz) tefore heing lost is
[ Fg . o
2L/ x~1(1 - x)4Nu-14y
X3 )

generations, then the expression qA(xl,xz) represents the mean

number of different alleles of type A having frequency between
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x, ord x, . Sinilarly, E;(xl,xg) may be interpreted to be the
riean number of cdifferent azlleles of type o which bhave frequency

betweon z and Ty

We observe from equations (4.29) and (4.30) that the functions

s - o \ . .
fﬁ(x) one T {2 ere essentvially of the form
A a

1

L (2.3
2N

flx) = lx~i(l - x)%,

A
o

= x

where k is o positive constant and & , a constant which may be
positive or negative depending upon the given mutation ratésJ u and v ,
aud is negotive if' either uw or v is small enougk. A detailed
discussion of the above function is already given in Ewens' paper
[ 1954¢] with cbvious modification and we shall therefore not discuss
it here.

Now the diffusion apvroximations to the equilibrium frequencies

of the alleles A and a , which are equal to- VA__and 9L .
' vAtarn VA Hast

respectively, are given by

[l , VA
Jll o fo(x)dx = X.’ + o(N~-1) (4.25,
Jon h ,
r1 ) wr ¢
J Lo xf (x)ax = -t o(n—2) (¢.27)

Th~ small error is due to the approximation of the discrete Markov

process by the centinuous diffusion process. The expression
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. : VA 1 1
/ Bf (x) + £ (x)]dx = . +
1/2N A a vatunr  4Na+l  vidunr 4ANv+l

+ o(n—1)
(4.38)

is the diffusion approximation to the coefficient of inbreeding

or the probability that an individual chosen at random be homozygous,

(c.f. equaticn (10) 6f Ewens' paper [19640])

4.3 A generalisation.

It is now a simple matter to generalise our results to the case
when the diploid population of fixed size ‘N consists of m types of

alleles Al ,A2 AR ,A

m Suppose that the mutation rate of Ai is

uy (i = 1,2,.0.,m) . Ve assume that all new anutants are different
from any allele whick exists or has existed in the population and that

these newly-formed alleles belong to one of the m series (or groups):
L I CE TR CPPRPRY VUTRTRY (i=1,2,...m) .

so that if an allele of type Ai , say Air , mutates, it mutates

to some new allele Aij of the srme type with probability 3
and that it mutates to new allele of type Aj (i # j) with
probability “ij with Z§=1 G = 1. Hence the probability that
any allele of type Ai mutating to new allele of type Aj is given
by the expression

P(Ai~—€> new Aj) = uiﬂij ’ (i,j = 1,2,...,m) .

A

At equilibrium, let N be the number of alleles of tyPe Ai so
i .

™

that N, =2N .

m
i=y "A,
i
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Define Eﬁ to be the mean number of different alleles
i
of type Ai in each gencration and ‘{A to be the mean number of
i : o
generations that any new allele of type Ai exists in the population

before being lost. Then the balancing equations which are analogous

to equaticns (4.3) and (4.4) are

By

.‘t"}- —% l(1=112"--:m) : . (1-3C
Ai J

Hence, if expressiors for TA and NA can be found, the values
i i

of EA follcws immediately. Now by similar argument given in the

i
previous scetion, we can approximate tA by the diffusion process
i .
value %: in the cese when u; is of the order NTL, Hence
i .
— ‘\'1 4NU'—1 )
T =2 = 1(1 - x) dx . o (4.49)
i 1/2N
In order to find NA ve observe that by balanciwgthe nunber of mew
~i
mutants
| 5 ( ) |
uN, = u.n, N i=1,2,...,m 4,41,
lAi L«Jj.:]‘ J ji AJ ik Al ] H } . ( s
Since O \‘—' 1] T m
u.M = > u.m..N
. A, - .
LJlé Ay L i=1 & =1 JIiA,
Sﬂm N
= u N Tt
. 2
- 3=1 J XL’1=1 gt
\;“‘m
= ) u:N ,

i J=1 .j
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there are in fact only m - 1 distinct equations and without
loss of generality we can take the m - 1 distinct equations
to bhe

Tl

Zijl ujﬂJiNAj -l - ﬁii)NAi =0 (i=12..,m-1)
j=1 v :

The other egquation is provided by

N

W *N

N R NA = 9N
1 2 i}

Thus we have m indépendent equations in m unknowns
(NA1’NA3""NAM) and therefore in principle we are able to s91ve

Rewriting the m ecuation in matrix notation we have

{

|
. !
l—u (l-n ) VI ¢ T ‘ u, it 1
"% 11 a1 Coe e Ya-1Tme1,1 m mi i
Lo —ug (1-rag) W T u_x !
: 1''18 2 28 I ) M—1" M=-1,23 m me

1

;o - . . - . . . . . . . . - . . . . . . . . . - . [
S T u_t -a (1= . u . ua . :
' i1 221 1( ) m=-1 m-1,i n m
B C e e e e e e ]
; !
. 1
B i
:0 o s e e e e o e o e o & e e ¢ e o e e e o e o ¢ o ee e 3
j |
DU, 3 - -
W T me UsTames e e e e “m-1(1 I(m--l,m--l) mﬂm—1,m—1i
j - i
i 1 1 o e e e e 1 1 i
I

a7

. (4

(4.43)

then.

=4

Vi .
LRE .

i
e i e e e o
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N aand

O .

% o
L e et e

-

\

or more briefly in the form

>
M
L]
3=

(¢.44)

where A is the required matrix,

Since the determinant l/\l # 0 , we obtain on solving the above matrii

equation



-l 2
vhere A = _a,cl'l.i/} .
2]
Now
%‘ -
P €1 G oo e O
: i
?dJ A = E Cyo Con « o . Crrg é
L :
' Cim Canm *+ Cmp
[ R
vhere cij are the co-factors of |A| . Clearly
\\‘)“lm
|A| = ;o cmi
D 1=1
Hence w2 obtain
= 2¢py: : .
N, Cmil . (i =1,2,...,m)
i 1n
1 By s
i=l “mi

Therefore the maon number of different alleles of type A; maintained

in the diploid population of size N with mutation rate uy to

entirely new alleles in the case u, of order N™! , is given by

- 4u.c N -1 yaMu; = | ]
n, o= 1T “/‘ 11 = x)* T gy (i
i s e Y1 oN
i=1 "mi

Lvample i.

Suppose m =3 . Then our matrix equation is

79

(4.2¢)

| (4.45) R
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—ul(l-ﬂll)

o i et et

LI

S
o

and

[¢]
!

o
|
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follow immediately from equation (4.47).
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Chapter 5

Initial Progress of Mew Gametes

5.1 Introduction

In population genetic models the determination of non-trivial
eguilibrium points and the conditions for their stability are usually
of great interest to the population geneticists because these play '
a vital role in the theory of evolution. However, an equally
important aspect is the conditions for the estéblisbment of new
gametes (genes) and a great deal of research has also been done in this
{Bodmer and Parsons [1960), [1962]).

‘ Now it is well known in the two-locus theorythat closer- |
linkage is generally beneficial in the estabiisbment of new gametes.
In this chaptér we propose to examine whether thefe are any |
circumstances under which "loose" linkage is beneficial in increasing
the frequenciés of new gametes.

5.2 The two-locus theory.

We consider the two-locus case, each with two alleles A, a
and B , b respectively, Suppose that the two loci are linked and
R is the coefficient of recombination between the two loci where R2
lies between 0 and % inclusive; The case 1 =0 ;orrésponds
to complete linkage and the case R = % corresponds to non-linkage
between tﬁe two loci.

There are 4 gametes which can be formed with A , a and B', b,



These are AB , ab , Ab and aB . Let ¢; , cg , c3 , ¢4 bhe the
4
freguencies of the above gametes respectively, (Z:i=lci =1)

Denote the ten genotypes and their fitnesses by the following array:

AB ab Ab aB

AB ? Wy  Wia Wy Wy
ab ; o YRz Ye3 Yae ‘i
Ab i Wy gy 'w34 i
aB §~ | Wea %

so that, for example,

AB
Wy is the fitness of the coupling heterozygote —;
. , a
Wgy is the fiiness of the rcpulsion heterozygote Ab |
' ' aB

We assume that W g #W,, in general. The mean fitness of the

population ¥ is then given by

W o= ;7 W, .c ¢
) ol % 13 i J

I,J

~

By considering the frequency with which each genotype produces any
particular gamete and combining the results from all the genotypes,
we can obtain the expected gametic frequencies in one generation
in terms of those in the previbﬁs generation, »Let c; ’ c; , c;

and c, bhe the gémetic frequencies of the next generation

Q:i=1 c; = 1) . Then with the aid of the following table:



Table 1

zygotic genotype fitness - c,
AB/A3 W, 1
ob/ab W, 0
AdSAS | Wya 0
&B/2B w,, 0
AB/oD 0,
ab/ib W,
ab/al - : e, -0
AB/ab , W) o ‘%(1-3) %(1—3)
Ab/en W in
AB/Ab Wyg 1

we can sot vy the following four equations
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3 tWwepe, + (I“R)”za°1°2 + R,

; R
als T Uy enc, + (1 “)mlzc

o
e

jod

3, — \ 2 Y ‘
Weg = oyge§ + wac,e, + Wa3CgCy + R gc 0, + (1‘3)“5

We! = w 2 « w,c,c,. tw ce +Rw ¢cc + (1= w‘
4 2 Y171 e ( R) 34?304

L4 4, 14 1 4 24 2 4

e W oe 4+ W o
11 is & i3s3 is ¢

then equation (5.1) can bo expressed as

(i =1,2,3,2)



®

- 1 _ . - E—. 5 0
N AN _a._R(w34 4Ca mleclca) (i =1,2,3,4) (5.2)

where "+" siga is uséd for i = 1,2 and the "-" sign for

i=23,4., Ve mﬁy inverprev Wi (i = 1,2,3,4) as the mean fitnesses
ci the gowmetes £3 , 2 , Ab a=d 2B respectively: Eqdations (5;1)
are the fundorenial eguabticzs uscd in deriving the non-trivial
equilibrivm points of the population. We shall not discuss these
egrations at.allg A detailed discussicn of these equations is given
by Belmer and Farson [1962] and Moran [1984].

5.3 Cowﬂltlonﬂ for the ircreasoe of gametes AB and aB

" s s g BT - e

Suppese locus A - a is kept polymorphic by the superiority in
fitnoss cf the Leterezygote Aa while the allele b is predominant at
lecvs, . wish to investigate the conditions under which

the gometes A2 ond 2B will eventually increase. To do this we

-
td
b
1
ok
je
{2
e
-l
i
~
-
-
]
'-

reguencies of these gametes are small and
tkay bofore the imtrednciicn of B, genotypes 2R Ab ,pq Ab

: ah Ab ab
vere otv ecnililtxirm so that the frecuerncies of ab and Ab are

given by (c.f. Dedmer ord Parsons [1950])

W oW
= - 23" W33
Co P (wgy > waa)
W = =W
“YesT e 33 (5.2)
5.2,
) s |
C- = ] = 1 - = %3 22 \
‘3 4 P ) ((1.)23 > waa, .
V237 W, 5= Wy 5

Suppose now there exists a small cnantity of the allele B so that



¢, = 00Xy
c, = P - op
03 = q - 6q
cg = 0%,

where CE 8z, , &p and  8q are som2 small positive numbers such

that 6xl +3x, =0p +0dq . The mean fitness W of the equilibrium

populétion_before the introduction of B is givexz by

v o= g o® 2 f

W= 0 p® +wy,q° + 2pawg,
and it is easy to show that

T = W+ small order terms.

M paine aoma®iams (8 1) ond igroring second order terus like

bzi , 5i8q etc, we oblain

(¢]
H

W'l(wlgp + W, ,q - Bwlap)8X1 + W‘13m34q6x4

(]
I

71 > -1 - o
1 le‘?‘pox1 + W= (pr + w34q Bl034q)0x4 .

Expressing the akove eqrations in matrix notation, we get

e T -~ -
‘ 1 ! :
e R oPd
RS i
| r=mp T
3 v > i
.i (N i gbx; 5
. —_— - B’
where - —
i !
[ w1l {w 1 !
(W, - Tw,gp) wing , q ;

M o=
W*Rw, ,p Wi(W, - Roy,q)

1
b
.

P

(5.4)

(5.6,.
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Now the gametes AB and aB will eventually increase in frequency if
and only if the larger eigenvalue of M is greater than unity. The

equation for the eigenvalues of M is

AR - WL, + ¥, - Rlwygp + wieq)]

+wRlww, - p(Ww,q + W, mp)] = 0 (5.8)
whose roots XA, , A, are given by
Myhg = (2w)=2 (W, + W, - Blwgp + wga)

13 e ey i v e -

+y (W, + ‘14 - R\wlpp + wéf;/] 4V, + 4BR(Wywy,q + Wawp)l . (5.9)

It is easy to verify that

J [Wy + W - B(wap + wag)l® - 4W, W, + 4R(Wiwsaq + Wawyap)

!

=v [, = %, +2(uwyq - wgn)]? + 4820 0y, pg

and the expression under the square root on the R.H.S. is non-negative

‘

and hence the roots N are real. Thus the larger eigenvalue is

r, o= (W)W + W, - R{wap + wy.q)

+ / ‘ " i 1 " 18 . X \
AU R(o.\lap + w,,q)]® - 4W W+ 4R(Wlw34c_g_ + Y:‘Iéwlap)](5-10/
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Now A 1 > 1 if and only if

\/[Wl + W, - Rlo,p +w,,q)1® - 4WY, + 4R(Ww,,q + Wuw, )
> 2w- (w +w) +2w p+u,q) . (5.11)

Hence the solution to our problem reduces to solving the inequality (5.11).

For simplicity we first assume that the double heterozygotes %% and

Ab  have the same fitness i.e. that w, = Then the inequality

aB-
(5.11) becomes

34

VW, + W, - Rel® - 4w, + 4 (W, q + 9,p)
> oW - (W, +w) +mo, . (5.12)

To solve the above the inequality, we observe that for givem W , VW, ,

W, we have either
(1) ow-(w, +w) < o

or (ii) 2w~ (w +Ww) =2 o .

Suppose that (i) is true. Then it is obvious that inequality (5.12)
holds if R is sufficiently small since the L.H.S. of (5.12) is
always non-negative. 1In fact inequality holds if
W, +4, ~2W RS
Wig o (5.13)

We observe from equation (5.13) that if W + W, - 2W> lw

5¥ga then

irrespective of the values of R, the frequencies of the gametes AB

and aB will eventually increase. ~ Intuitively, we expect that if
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W >W, W, >W, then the frequencies of the gametes AB and
1 , . : . » 3
aB will eventually increase irrespective of the values of R .

However, this may not be so because if we could have say,

W: = W+ guwg
T = W+ gw,
where 4,8 >0
and such that & +¢, < i ,
then W, +W, —20 = (g, + s;)mm .

Thus for the gametes AB and aB to increase evenfually, we must have

W, U, -2W
Y]

3 . 2
R < £, +€ < 2

12
Now'Suppbse that (ii) is true. Then since both sides of the
inequality (5:11) are non-negative, we may square them and on

simplification, we obtain
B (W - qW, - pW,) < - (w-w)w-w) (5.14)
Then clearly in some cases, Kl is greater than unity if and only

if R is sufficiently small. * In fact if the following conditions

are satisfied..

(1) wW>W and W<W or W< W and W> W
(2) w> qw, +py,

then N; > 1 if and only if
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~(w-w, ) (W '
R < R = (¥ V‘)(;”"‘)_ (5.15)

wy g (W-qWs-57",)

Remeber that Wl end W, are the mean fitnesses of the gametes

AB ard aB recpectively and hence we deduce that if one of the mean fitnesses
of == ramctes AR ,aBis gYeanPthzn the wean fitness W of the equilibrium
population before the introduction of B while the other mean

fitness (W1 or W;) is less than W and if

W > max{3(W, + W), qW, +p¥,]

and the cczfficient of linkaes Lolween the two loci is tighter than
the value eiven by Ro , then the frecwercies of the_gametes AB
and aB will eventuﬁily increase.,

We observe that if W 1is greater than W, and W is greater
than W, , hen inegmality (5.14) cannot be satisfied by any
value of R . In other words this says that if the wean fitness of
the equilibrivm population before the introduction of B is greater
than the mean fitnesses of the gametes AB , aB , then irrgSpective
of the valves of R , the gametes AB and aB will no! increase
in frequency. This agrees with vhat would be expected on
cemmon-gense grounl,

We have shown that undef certain circumstanceé, closer
linkage is beneficial in the estab]iskment of new gametes. However,
it is of irterest fo lmew vhether there are any circumstances under

which "foose" linkage is beneficial in establishing new gametes.
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This is cguivalent to asking the question whether equation (5.14) can

.. P vy ALY sl
¢V ey ToSUva2 e 10

R > k
where k is . 22 positive number. From equation (5.14) we observe

that thkis would reguire

(1) W g, - oW, < 0

, (5‘..10)
(2) (w-w)w-w)> o .
Joinlly, this requires the condition:
W, > W and W, > W. (5.17)

L.: this contradicts rur ccocvmption that 2W 2 W+ W; since equation
(5,17) frolies 2W <:w1‘+za . Eence there are no situations in

h increased valves of R are beneficial in increasing the

waic
new gameoes waen the fitnesces of the coupling heterozygote and the
rcpulsion heterozygote are equal.

Vo t:ﬁ i:ﬁestigate whether the above conclusion is still valid

if we allow the doulle Ticherosygotes to have different fitnesses i.e.

ve assuze thos W 2 W . Po investigate this we go back to

inercase.  The couadition is that )\, is greater than unity if and

caly if



/ i _‘ 2 _ y 0
VaRL AR A R(wlzp + ugg)] 4w+ 4H(Wlug4q + W;“ka?)
> ow - (w, +w,) +Rr(e p+o,.q) (5.18)

As in the case when the two fitnesses of the double heterozygotes

are the same, there are two cases to be considered here:

either (i) 2w - (W +W )< 0

or (ii) 2w - (w, + W4) z 0

Now if 2W - (W1 + M&) < 0, then equation (5.18) is satisfied if

W, +, —2W

(5.19)
W, P54

since the L.H.S. of equation (5.18) is always non-negative, And we
observe that it is impossible for equation (5.18) to assume the
form .

R> k , ‘ (5.20)
where k is some positive constant. Thus there are no circumstances
under which increased values of R are beneficial in increasing the
frequencies of the new gametes. Now if we interpret %(W;+W4) to be
the average mean fitness of the gametes AB and aB , then we can say

that if the mean fitness W of the equilibrium population before the
introduction of B 1is less than the average mean fitness of the e
new gametes AB and aB , then the frequencies of the new gametes
will eventually increase if the coefficient of linkage between the

two loci is tighter than the value given by equation (5.19).
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New if 2V - (Wl + Wg)é 0 , then squaring both sides of

equation (5.18) and simplifying, we obtain
Rlwaeq(W - W) +w pW-w) < - (W-w)w-w). (5.21)
Ter equaticn (5,21) tc assume the form of equation (5.20), we require

(1) W-w)w-w) > o0

(2) wa(W-w) +wap(w-w) < o0

Jointly, this is equivalent to the condition:

™
l\)
N

W,> W and W, > (5.27

But this centradicts our assumption that 2Wz W, + W, since
equation (5.22) implies that £W< W, + W, . Hence, even if we
allow differcnt fitnesses for the two different double heterozygotes,
it still does not alter our conclusion that there are no circumstances
under which "looser" linkage is beneficial for establishing new
gametes.

The above analysis shows that whether the mean fitness W of
the eqﬁilibrium population is greater (or equal to) or less than the
average mecn fitness %(Wl + W4) of the new gametes, there are
situations in which closer or tighter linkage is beneficial in the
establishment of new gametes but there are no circumstaﬁces under
which “iooser“ linkage is beneficial in increasing the frequencies of

the new gernietes.
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