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Introduction and Summary

Suppose that a collection of points is randomly
distributed in a subregion A of k-dimensional Euclidean
space Hgg according to some random érocess P . For
technical reasons A is assumed to have strictly positive
Lebesgue measure. In some systematic fashion, denote the

location of these points by the random, rectangular

co-ordinate vectors %1, %2,... . Independently of P
produce statistically independent copies Sl’ 82, ... of
the random shape S . As set out in Matheron (1975), a

simple axiomatic method of defining random and closed (or
open) shapes is adopted in this project. This definition
is useful because it does not lead to difficulties of
"well definition". The shape Si centred at X, is

~1
denoted by Xi + Si ¢ the set of points in S, translated

i
through X (some authors write this as X;@ S;)- The
i
collection of random sets X, + 8., i > 1 , is denoted by

¢ and referred to as a stochastic coverage process.
The main aim of this project is to present an historical
review of coVerage processes and their applications, and to
construct tests of the hypothesis of uniformity of the
underlying point process controlling C when the exact
locations of the points are unknown.
In many statistical texts a stochastic process {X}

‘indexed by a vector x € E£< , 1s called a random field.

14

Suppose for all x , X{x) 1s a non negative integer-valued
random Variable. Then {X} could be referred to as a

coverage process, which is a more general definition than



2.
the one adopted here. It is, ‘however, easy to construct
random fields which do not fit into our definition of a
coVerage process. Naturally, difficulties do arise with
such a restrictive definition. Thése shortcomings are
considered briefly from a practical point of view later.

A special case of ( occurs when P 1is a Poisson
point process. Although the definition varies somewhat,
in the applied sciences such a model is sometimes known
as a mosaic process. The term binary mosaic has been

used for the derived stochastic process (I} taking the

values

1 if for all i>1 , x & X.+S, , and
- ~ ~1 1
I(x) =
~ 0 otherwise,
for each x eﬁmk . That is, I(x) 4is the indicator of

the event : X 1is uncovered. Alternatively, theoreticians
commonly use the term Bernoulli Model in place of binary
mosaic. Serra (1982) has used this term. Several
applications of coverage processes are now considered.
Suppose a ﬁirus, approximately circular in shape,
enters an organism. To protect itself the organism
releases "cigar shaped" antibodies, which attach themselves
end-on to the virus. When attached, each antibody
physically prevents a circular cap region on the surface
of the virus from coming in contact with any of the host's
cells. If enough antibodies are spread over the virus's
surface, then it becomes impossible for the virus to infect
any cell. Moran and Fazekas de St Groth (1962) proposed
the following coverage model for the situation described

above. On the surface of a sphere, which represents the



virus, randomly and uniformly distribute n points.

To model the protected areas on the virus's surface,
centre circular caps of the same radius as the sphere

at the random points. Protection of the organism from
the Qirus corresponds to the complete coverage of the
sphere by circular caps. The probabilitv of completely
co&ering a region A by n random shapes is one of the
topics of discussion in chapter 1.

Another topic, also discussed in ?he same chapter, is
percolation. In particle physics an interaction can take
place between two particles if they are placed in close
proximity to each other. Interactions can extend to groups
of one or more particles, which we call a cluster. In
particular, the event of an infinite number of interactions
in at least one cluster is referred to as percolation.
Seager and Pike (1974) have used a Bernoulli model to
represent impurity conduction in a semiconductor. In the
simplest situation the impure particles are represented
by fixed radius spheres. An electron can pass from one
particle to another only if their associated spheres overlap.
Conduction in the semiconductor corresponds to percolation
in this model. Even though a more complex model involving
dependence between adjacent particle locations would be more
realistic in this situation, the Bernoulli model has been
used with a fair degree of success in practical situations.

In a slightly different Vein, Diggle (1981) wused a
coverage model, or more specifically a binary mosaic, to
analyse the growth pattern of heather in a field. Heather
plants grow from seedlings reaching a maximum radius of

about 50 cms. The branches of adjacent plants intermingle



if the ground they occupy overlaps. Viewed from above,

the heather plants may be represented by discs of random

radii, the centres of which form a Poisson field. Perhaps

this model is far too simplistic, as the analyses of

Diggle suggest. In reality, we would expect the sizes of

adjacent trees to be dependent on each other. However,

the binary mosaic is adVantageous in two respects : it 1is

much simpler to define, and theoretically easier to analyse.
Vacancy in the coVerage process C 1is defined to be

the Lebesgue measure of the subregion of A not covered

any countable colléction of Lebesgue measurable sets,

then the vacancy per unit area is just the weighted average
of the vacancies per unit area within each set. As
discussed previously, antibody protection from a virus may
be represented as the complete coverage of a sphere by
randomly placed spherical caps. It is clear that if any
region A is completely covered by random sets, then vacancy
is zero. For all the situations considered in this project
the converse is also true, except on a set of probability
zero. In Diggle's application of coVerage to heather
growing in a field, we may be interested in testing the
hypothesis that the underlying Poisson procesé is uniform.
If the original seedling locations are known, then a test
based on nearest neighbours could be used. However, such
information is commonly unavailable. In this case a test
based on vacancy can be constructed. Indeed Hall (1984Db)
has constructed a test by partitioning A into a regular

lattice of rectangles, measuring vacancies therein and

Y
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using a "chi-squared" approach. Unfortunately, vacancy is
only a simple summary statistic and can only measure
certain aspects of a coverage process. The percolation
example best illustrates this, for percolation may occur
even when the proportion of covered content is zero (see
for example the case of random line segments in the plane).
This project has been divided into two chapters. The
first deals with the history and practical applications of
stochastic coverage processes. Included in our discussion
are sections on probabilities of complete coverage, the
distribution of Vacancy and a survey of applications.
As illustrated in an earlier example, many of the applications
assume that the underlying spatial point process P 1is

{ﬁniform,)

S

’héll (1984b) has presented a thorough analyses of tests
of uniformity based on vacancy, in the casé where P 1is a
Poisson process and the shapes random radius spheres. In
chapter 2 we present the corresponding theory for the case

of a fixed number of bounded random shapes independently
distributed in the region A . The power properties of a
simple test based on vacancy, against a sequence of
alternatives converging to the null hypothesis, are presented.
As previously mentioned, vacancy is not the only statistic
aﬁailable. In the one-dimensional situation, where arcs

of equal length are randomly distributed on the circumference
of a circle, Hisler (1982) and Hall (1983) have investigated
the asymptotic properties of two statistics : the number of
uncovered spacings, and the length of the largest spacing.
Tests based on these two statistics are constructed and their
"local power" is compared with that of the test based on

vacancy.



Chapter I Historical Review and Applications

In this chapter we review the history and development
of mathematical theory in stochastic éovéfage processes.

Due to the large amount of literature, it would be difficult
to present a comprehensive survey here. Rather, a faiily
thorough review of a selection of topics is presented.

The later part of tﬁis chapter is confined to practical
applications of coverage processes.

As described in the introduction, a coverage process
consists of a collection of independently distributed
random shapes located at points, independently and randomly
distributed throughout a region A . Thus, work relating to
the smallest covering convex hull of the random points is
excluded from our discussion. Research work may be divided
into several broad topics. The chapter is made up of four
sections, each section containing different topics.

In section 1 we review work concerned with finding the
probability of completely covering the region A by a
collection of random sets. When A 1is completely covered
the content of the vacant, or uncovered, region is zero.

The distribution of vacancy is considered in section 2.
Continuum percolation occurs when the random sets overlap

to form a connected set of "infinite size". We describe

the theory of continuum percolation in subsection 3.1.

Rather than derive the probability of complete coverage we
could attempt to find the distribution of the smallest number

of random sets required to completely cover A . This and
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related problems are referred to as sequential coverage

problems in this project. They are the topic of discussion
in subsection 3.2. In subsection 3.3 we review the history
of particle counting problems. The theory covered has
applications in determining the concentration of airborne
dust particles from a microscope slide sample. The
overlapping pafticles may clump resulting in a gross
underestimate of the concentration. Finally, in section 4
a more thorough review of practical applications is given,
including a subsection devoted to the military applications

of coverage processes.

§1. Probability of Complete Coverage

The present section consists of a review of the
literature on probabilities of complete coverage in a
stochastic coverage process. In the first subsection the
special case where the coverage region is one dimensional
is dealt with. Being distinct from the one dimensional case,
at least in the theoretical approach to the subject,
discussion of the higher dimensional case is deferred until

the next subsection.

§1.1. The One Dimensional Case

In one dimensional problems we shall sometimes
take the fixed coverage region A to be the unit interval
[0,1] . 1In other cases A is just the perimeter of a
circle of circumference one. The two are essentially the
same because the unit interval is obtained by unwrapping
the perimeter of the circle. Wrapping the interval around

the circle removes "edge effect" problems, which shall be



discussed later. The covering shapes are intervals (or
arcs with the same radius as the circle) each of length a .
A collection of shapes is randomly placed on A and the
probability of complete coverage is the probability that
A 1is contained in the union of random shapes.
Perhaps one of the first authors who attempted to find
the probability of complete coverage was Stevens (1939).
Taking as evidence the large number of authors who later
cited his work, it may also be considered as one of the
most influential in the subject.
The geometrical construction investigated by Stevens
is as follows. Fix the origin 0 at some point on the
perimeter of the circle. Place n-1 points on the circle's
perimeter uniformly and at random. Moving in an anticlockwise
direction, place the first arc so that it begins at 0 ,
the second arc so that it begins at the first random point,
and so on until n random arcs are placed on the circle.
Let k be the integer part of 1/a . The number of
uncovered gaps can range from zero, in the case of comélete

coverage, to at most k . If a < n'-1 then it is possible

for all pairs of distinct arcs to not overlap. If a > n~1
then this is impossible.
Stevens found the probability distribution of the number

of gaps. In particular, he showed that the probability of

complete coverage is

(1.1) 1 - (Il‘)(l-a)n‘1+ R (—1)k(§) (1-ka)? !

where



(r]:)=____n_!____ ’ if O0<k<n
k! (n-1)!
and
n .
(k) 0 otherwise.

We shall prove Stevens' formula for the probability of
complete coverage, using an argument similar to his.

Let £(1) be the probability that there is a gap after
the 'r'th arc, where 1 <r <n . If there is a gap
after the r'th arc then we can rotate the arcs
r+l1, r+2,...,n clockwise a distance a resulting in a
legitimate configuration. That is, the order of the arcs
remains the same. In the new configuration all n-1 random
points lie in an arc starting at 0 and ending at a point
measured anticlockwise a distance 1-a from 0 . We can
transform the new configuration back into the old by rotating
the arcs r+1, r+2,....n anticlockwise a distance a .
Furthermore, the probability density function has the same
value for the two configurations. Therefore, £f(1) egquals

the probability that n-1 random points lie inside a

proportion 1l-a of the perimeter. This probability is :

£(1) = (1-a)™1 .,

Using an analogous argument we can show that the
probability that gaps occur after m specified arcs, where
1 <m <k, 1is the same as the probability that all points
lie inside an arc beginning at Ob and ending at a point

measured a distance 1 - ma anticlockwise from 0 .
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Letting £(m) Dbe this probability we have

(1.2) £(m) = (1-ma)?71, 1<m<k.
Now
Pr (A 1is completely covered)
= 1 - Pr(A 1is not completely covered)
(1.3) = 1 - Pr(U2=1 {a gap occurs after the =r'th arcl).

We may use the inclusion-exclusion formula to obtain :

Pr(A 1is completely covered)

= _ (N n n
(1.4) = 1 (1)f(1) + (2)f(2) oo t (n)f(n) .

Stevens' result at (l1.1) is obtained by substituting
(1.2) into (1.4) , and noting that £f(m) = 0 when

m > k and (;) = 0 when m > n . |—!

Stevens used a similar technique to find the probability
distribution of the number of gaps. In 1941 Fisher related
Stevens' formula to a test of significance in harmonic
analysis. We shall discuss this relationship in greater
detail in section 4.

As mentioned previously it is possible to unwrap the
perimeter of a circle to form the unit interval [0,1] .

In covering A = [0,1] by random intervals we must consider
what to do with those intervals which overlap either 0 or
1 . We shall call this the problem of "edge effects".
Stevens overcame this problem by introducing the part of the
interval which overlaped an edge at the other end of the
unit interval. A similar technique may be employed in

higher dimensional space as illustrated by Gilbert (1965).
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We shall investigate the technique in greater detail when
discussing Gilbert's work in the next subsection. There
is, howeVer, another way of overcoming edge effects.

Let P be a Poisson process of uniform intensity A
on the real line IR . At each point.of P centre an
interval of length a . Coverage of A will occur if
sufficiently many points are close to each other in a
neighbourhood of A . This approach overcomes the problem
of edge effects by forcing A to be a subset of a larger
space in which the geometrical process is defined.

Domb (1943) obtained probabilities of complete coverage
in the set-up described in the previous paragraph. His work
also involved finding the distribution of the number of non-
overlapping intervals, and the distribution of vacancy which
we shall discuss in section 2 .

Domb was interested in the coverage of the interval
[0,y] by random intervals of length a . The number of
non-overlapping intervals, including no overlap at the
endpoints, can range from zero up to k , where k is the
integer part of y/a . Each of these events has positive
probability. When determining the probability of complete
coVerage there is no loss of generality in assuming y =1 .
It is clear that the probability of completely covering
[0,y] is the same as the probability of covering A = [0,1]
by arcs of length a/y centred according to a Poisson
process of intensity’ Ay .

Even though this geometrical problem differs considerably
from Stevens', there are many similarities. For example,
there is a positive probability that all the intervals in

A do not overlap. Furthermore, the number of gaps can range
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from zero in the case of complete coverage, up to at
most k+1 .

However, the most striking difference between the two
problems is that the number of intervals intersecting A
is random. To make explicit the difference between a
fixed and random number of intervals With centres in A
we shall use N , in the latter case, to denote the random
number of points in A .

Let F(x) be the probability that the covered portion
of [0,1] is less than or equal to x . Now F has
discontinuities at 0, a, 2a,...,ka . This introduces a
problem in defining the "density" of F . Domb overcomes
this problem by using Dirac's d&-function notation. That is,
if F has a discontinuity of size K at x=k then its
differential form has a dJ-function singularity at x=k
and contains the term K §(x~k) . Domb obtained the
probability of complete coVerage by inverting the Laplace
transform of the density of F . Unlike Stevens' proof,
the technique involved is analytic rather than geometric.
Domb obtained the following expression for the probability

of complete coverage :

-2Aa

(1.5) 1-e13(142) + e {A(y=-a) + A2 (y-a)2/21} - ...

+ (e KFL o~ (ktl)ra k+1 k+l

{Xk(y-ka)k/k!+- X (y-ka) (k+1) !}

Expression (1.5) does bear some resemblance to Stevens'
probability. There is only one extra term in the series
and the signs of adjacent terms oscillate.

Consider the situation where X = EN = n . Then

Stevens' and Domb's results are directly comparable.
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Table 1.1 below gives the two probabilities for a large

range of n and a .

TABLE 1.1

PS = STEVENS' PROBABILITY OF COMPLETE COVERAGE.

PD = DOMB'S PROBABILITY OF COMPLETELY COVERING THE UNIT INTERVAL
FOR COMPARISON PURPOSES LAMBDA HAS BEEN SET TO n.

NOTICE THAT a HAS BEEN CHOSEN SO THAT PS IS FIXED FOR EACH n.

H n 1
1 e e e bttt !
! ! S ! 10 ! 20 ! 30 ! S0 ! 100 !
R ittt T B ittt R ettt B e Fomm R e L tom e ——— !
'PS ! H ! ! ! ! ! 4
[ S, brm—rmm———- 1 ! ! ! t 1 !
0.1 tPD ! 0.142! 0.135! 0.128! 0.124! 0.120! 0.114!
! e o ——— toemm o —————— tommmm e m e B tatatatatd R ettt !
! ta ! 0.320! 0.205! 0.128! 0.096! 0.066! 0.039!
R atkatad fommm————— Foemm e ———— b ————— tmm——————— fomm - Fommmm domm - !
'0.2 'PD ! 0.214! 0.216! 0.216! 0.214! 0.213! 0.210!
! o tmmmm e ——— Fommmm— fommm—————— tommmmm——— tmm—m————— b — - '
! ta ! 0.353! 0.226! 0.141! 0.105! 0.072! 0.042!
HE e ] temm—m————— Pm———————— Form—————— temm—————— tmmm—————— b —————— tmmm—————— '
0.3 !PD ! 0.280! 0.292! 0.298! 0.300! 0.302! 0.302!
! e tommm e R dommmm— o fomme e H
! 'a ! 0.382! 0.244! 0.151! 0.112! 0.077! 0.045!
e fommm—————— e ————— o ——— et e ettt dmm tmmm e !
'10.4 'PD ! 0.344! 0.366! 0.380! 0.386! 0.391! 0.395!
! lecmceeee o mm pmm——————— b ———— fmm——————— torm—— e ——— P ———— !
! ‘a ! 0.409! 0.261! 0.161! 0.120! 0.081! 0.047!
e pom e ——— o ——— o tmmmm o B Fmmmm e !
'0.5 'PD ! 0.410! 0.442! 0.463! 0.472! 0.480! 0.488!
! R e Fomm tmmm—————— tmmm e ———— b R it tmmmm— - !
! 'a ! 0.437! 0.279! 0.171! 0.127! 0.086! 0.050!
emmcememe tommm - —— L ettt tommmm B ettt R et fmmm—————— Formm—————— t
0.6 '1PD ! 0.480! 0.521! 0.549! 0.561! 0.572! 0.582!
! R o ————— b ———— R adatatakd o —————— Fom e ———— tommmm !
! ta ! 0.468! 0.298! 0.183! 0.135! 0.091! 0.053!
e ettt D et tomm— e tommm e tmmm—————— e tommm e ——— o !
10.7 'PD H 0.555! 0.606! 0.640! 0.654! 0.667! 0.679!
! R e Lt Rl el tmmmm————— o ———— L et temm e —— o mm - !
! 'a ! 0.505! 0.322! 0.196! 0.145! 0.097! 0.056!
e e o ————— o ———— o e B o —— tmmm—————— Fommm—————— H
10.8 tPD ! 0.641! 0.699! 0.737! 0.752! 0.766! 0.779!
' [ o ——— dommm e me Fmmm - R o ——— Fommm—— !
! ta ! 0.553! 0.352! 0.214! 0.158! 0.106! 0.060!
I et b ————— foemm— - tmmm—————— o o —— L ettt tmm——————— !
'0.9 'PD ! 0.742! 0.807! 0.845! 0.860! 0.872! 0.883!
! e ettt Fommm—————— ettt Fomm——— e ettt T dmm e tmmm e m !
! ta ! 0.624! 0.401! 0.243! 0.178! 0.119! 0.067!
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It is clear from the values shown in Table 1 that
Domb's probability is larger than Stevens' when Stevens'
probability is large, and vice-versa when Stevens'
probability is small. Also when n 1is large there is not
much difference between the two probabilities.,

Stevens' and Domb's contributions constitute two
important but contrasting approaches to finding probabilities
of complete coverage. One contribution may be more suitable
than the other in some practical situations. For example,
it may be more realistic to have a random number of intervals
intersecting A . 1In this case Domb's work would apply.

In other situations, n (or N) may be very large,
and a small. In this case an approximation to Steven's
probability of complete coverage can be obtained. The
main issue here is how to define a limit theoretic approach
because in reality both n and a are fixed. We can,
however, view the observed event as a realization from a
sequence of coverage processes, indexed by n . That is,
the n'th coverage process consists of n arcs of angular
radius a, placed at random on the perimeter of a circle
of circumference one. Notice that there is no constraint
upon members of the sequence, such as mutual independence.

In the situation described aboVe,‘let the Vacancy,

vV, o be the proportion of the perimeter remaining uncovered.
Complete coVerage of A occurs if and only if Vn =0,
while the probability of complete coVerage is P(Vn = 0) .

Suppose that for each n we fix P(Vn =0) =vy,
where 0 < v < 1 . Then a, is determined by Yy .

Siegel (1979) obtained the following result which allows

us to approximate a, for fixed 1y .
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Theorem 1.1 (Siegel (1979))

Let B = log(l/y) . Then
=1 n 1
a, =5 log (B) + o(n)

Conversely, for fixed n and a, Wwe may invert
this result to obtain a first order approximation for vy .

The approximation is :

(1.6) Yy = P(V=0) = exp(=-n e—na)

4

where the subscript n has been dropped for conveniehce.
Table 1.2 below lists the approximation at (1.6)

for a range of Yy and n . For fixed Y, a was

obtained using the Newton-Raphson method on Stevens'

formula for the probability of complete coﬁerage.

We can see that for large values of Yy the approximation

tends to underestimate the true probability of complete
coverage. This may be desirable in practical situations.
Suppose we wish to find values of n and a that will
give us a large probability of complete coverage, Y, say.
Using Siegel's approximation will ensure that P(V=0) > Yo
In this respect the approximation may be considered as
conservative. 1In other situations we may want to ensure
that the probability of complete coverage is smaller than
a given small positive constant. Again, Siegel's
approximation leads to a conservative result.

It is clear, howeVer, that Siegel's approximation is

fairly crude especially when n is small.
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TABLE 1.2

PS = STEVENS' PROBABILITY OF COMPLETE COVERAGE
PSL = SIEGEL'S APPROXIMATION

n !
! e it indedede D et e bbbl Ll !
! ! S H 10 ! 20 ! 30 ! 50 ! 100 !
R e it —pemeee———— o frmmm pmmmm fomme - tommm—————— !
‘PS H ! ! ! H ! ' !
femmemme e o ———— ! ! ! ! ! ! !
10.1 'PSL ! 0.365! 0.277! 0.214! 0.187! 0.162! 0.139!
! L el trm——————— trmmm—————— tomm——————— o ————— Frm—————— temmm————— !
! ta ! 0.320! 0.205! 0.128! 0.096! 0.066! 0.039!
lmme e e ———— b ————— tomm——————— P —————— tomm——————— tommm—————— e ———— !
t0.2 tPSL ! 0.426! 0.353! 0.300! 0.277! 0.255!¢ 0.234!
! M tomm—————— temr—e———— trm——————— o ——— o tomm—————— !
H ta ! 0.353! 0.226! 0.141! 0.105! 0.072! 0.042!
o mm o m——m——— fmm i ——— e tom e fmm——————— tommm—————— trmm—————— !
'0.3 !PSL ! 0.476! 0.417! 0.376! 0.358! 0.341¢ 0.325!
H lrmm e = o ——— tom——————— o ————— trm——————— tmm——————— Fomm——————— !
! ‘a ! 0.382! 0.244! 0.151! 0.112! 0.077! 0.045!
e Frm—————— tom——————— o ——————— tmmm—————— o — tomm—————— et !
0.4 !PSL ! 0.523! 0.479! 0.448! 0.436! 0.424! 0.414!
! lem e = o ———— Fom——————— o ————— trmm—————— tmm——————— temm—————— '
' ta ! 0.409! 0.261! 0.161! 0.120! 0.081! 0.047!
e e e o mm————— o ————— tem——————— e ———— tomr e ——— o —————— tmm——————— !
'0.5 'PSL ! 0.570! 0.540! 0.521! 0.514! 0.508! 0.503!
! e frmmmm o m - tomme e ——— tm———————— tom——————— Frmmm——————— !
! ta ! 0.437! 0.279! 0.171! 0.127! 0.086! 0.050!
e e temmm———— tmmmmm———— fpomm——————— o ———— tom——— - tom———————— o ——— !
t0.6 tPSL ! 0.618! 0.602! 0.595! 0.594! 0.593! 0.594!
! et tmmm—mnm— fomm e ——— e —— fmm—m————— tm—m—————— tmm——————— !
! ta ! 0.468! 0.298! 0.183! 0.135! 0.091! 0.053!
e Fom—m—————— Fmmm—————— tom——————— o —————— o ————— o ———— o !
0.7 'PSL ! 0.670! 0.670! 0.674! 0.678! 0.682! 0.687!
! emm e trmm—————— Form——————— tom——————— torm——————— tomm——————— e ——— !
! ta ! 0.505! 0.322! 0.196! 0.145! 0.097! 0.056!
e il e ————— e fomm——————— trmmm————— trm——————— o ————— L b !
0.8 'PSL ! 0.730! 0.744! 0.759! 0.767! 0.775! 0.784!
! - tmm——————— Frmm——————— o ————— o —————— o —— e tomm——————— !
! ta ! 0.553! 0.352! 0.214! 0.158! 0.106! 0.060!
R ettt fommm e tomrm————— fommmm——e fommmm————— et bommmmm e e !
'0.9 tPSL ! 0.802! 0.833! 0.857! 0.867! 0.876! 0.885!
! R tomm—————— tomm—————— e ——— e - ————— tomee———— !
! ta ! 0.624! 0.401! 0.243! 0.178! 0.119! 0.067!

In the following subsection we investigage the work
of authors who found probabilities, and approximations
to probabilities, of complete coverage in the higher

dimensional case.



In recent literature on the subject of probabilities

of complete coverage,
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several authors have attempted to

extend the results of Stevens (1939) to the case of random

arc lengths.

Siegel and Holst (1982) considered the following model.

Suppose

on a circle A , of circumference one.

are assumed to be independently drawn from a distribution

n

arcs are uniformly and independently distributed

The arc lengths

F on [0,1] . Furthermore, assume that the arc lengths

and the distribution controlling the arcs'

independent.

We can see that this model contains Stevens'

special case.

(1.7)

where a e [0,1) .

0 when x < a ,

F(x) =

1 when x > a ,

In other words,

of length a with probability one.

Let

ex

1

locations are

and

as a

Just allow F to be the step function :

each random arc is

<k <n, Bi = (ul,...,uk),
1 ’ and ,
k
(k—l)!J { L F(u.)}
K = i

Siegel and Holst have shown that the probability of complete

coverage is

Pr(Aa

is completely coVered)

n
= 1 (D° Qg .

k=0
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This simplifies to Stevens' result (1.1]) when F 1is
the step function given at (1.7) . Following Stevens,
Siegel and Holst obtained the probability of exactly m

gaps occurring on the circle's perimeter. Indeed, if

0O<m<n ,-

P(exactly m gaps)

R N N T L
A S k
Of course, m=0 if and only if the circle is completely
covered. Let us unwrap the circle onto the interval [0,1).
Jewell and Romano (1982) have generalized the results of
Siegel and Holst, on the probability of complete coverage,
to a situation where the midpoint x and length ¢ of each
arc follow a biVariate distribution, F , on [0,1) x{0,1) ,
which is continuous in x .

It is assumed that the n arcs are independently drawn
from F . HoweVer, we do not require that the length and
location of an arc be independent. Jewell and Romano
obtained the required probability by showing that the event
of complete coVerage is equiVélent to the event that a random
convex hull of n independent points from a bivariate
distribution G , determined by F , contains a disc.

The convex hull of a sample of size n is the smallest-
area convex set containing all n points. Necessarily the
set is the interior of a convex polygon. The vertices of
the polygon are a subset of the n points. We shall describe
in a simple example how a random conVex hull may be used to

determine the probability of complete coverage.
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Suppose that #£=2% with probability one, so that

each arc is a semicircle. Then, complete coverage is
determined by the location of midpoints around the circle.
Let O be the centre of the circle. If all n midpoints
lie on one side of a line passing through 0O , then the
circle is not completely covered. Conversely, if the
circle is not completely covered, then there is a line
passing through O with all midpoints on one side of it.
Clearly, in this situation, the convex hull of the n
midpoints does not contain O . Therefore, the circle is
completely covered if and only if the convex hull of the
n midpoints contains O . Without too much difficulty,

it may be shown that the probability of this event is :

1
P=1 - n[Jz{F(u) + 1 - F(u + %)}n—l du

0

1
+ J "{F(u) - F(u - %)}n—l dul ,
5

where F(u) = le-u =k
Y 4 T2 e

In general, however, Jewall and Romano have obtained
formulae for the probability of complete coverage of the
circle. The solution is not giVen here as its form is

very complex.
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§1.2 The Higher Dimensional Case

We shall call the coverage set A k-dimensional

if there exists a one-to-one topological transformation,
T , such that T(A) has non-zerc centent in k-dimensicnal
space. It is possible for A to be a subset of a higher
dimensional space. For example, the perimeter of a circle
of circumference one is a subset of 1IR2 ., However, by
unwrapping the perimeter we may map the circumference into
a subset of ]Rl. Therefore, Stevens' (1939) problem is
one-dimensional. In this project we shall never explicitly
state the form of T because in most cases the
dimensionality will be obvious.

A coverage process consists of randomly placed sets on
A . As in the one-dimensional case, A 1is completely
covered if it is contained in the union of the random sets.

To see why probabilities of complete coverage are often
more difficult to find in the higher dimensional case,
consider the following argument. Take a l-dimensional section
through A . If A 1is covered then so is any section.
However, in order that A 1is completely covered we require
that all sections through A be completely covered. There
are uncountably many such sections and even though it may
be possible to find the probability that any one is covered,
it would be much more difficult to find the probability
that all are covered simultaneously. Therefore, it is not
at all surprising to find that many of the proofs in the
higher dimensional case involve ingeneous geometric and
analytic arguments. To illustrate this point we shall

shortly present a proof from Gilbert (1965). Gilbert found
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the exact probability that n randomly placed hemispheres
covered a sphere.

Two early authors to obtain significant results in
higher dimensional coverage problem were Moran and
Fazekas de St Groth (1962) . Suppose' n'vpcints are
independently and uniformly distributed on the surface of
a sphere. On the surface of the sphere are placed n
circular caps, each subtending an angle 2a , their poles
coinciding with the random points. Moran and Fazekas de
St Groth used this model to solve a prcblem which arises
in virology.

Suppose an approximately spherical virus enteré an
organism. Cigar shaped antibodies attach themselves end-on
to the virus. Each antibody preVents a circular cap area
on the surface of the virus from attacking the host's cells.
If enough antibodies are .spread over the virus then it will
be impossible for the virus to infect any cell. This
situation corresponds to complete coverage of the sphere
by circular caps, each of angular radius o = 53° . We
shall again refer to this interesting application of
coverage in section 4 . In the following paragraphs we
outline the heuristic method used by Moran and Fazekas de
St Groth to find the probability of complete coverage.

-1/2 and surface

Suppose the sphere has radius (4m)
area 1 . The vacancy V is the surface-area of the
uncovered portion of the sphere. Let P = P(V=0) .

When V = 0 we say that the sphere is completely covered.
The distribution of V , given V>0 , is continuous with

first and second moments u; and 1y, , say. The

probability that the sphere is not completely covered can
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be shown to be
U, {E(V)}?

1 -P= -
u¢  E(V2)

It is possible to derive closed form expressions for the
first two moments of vacancy. In section 2 we discuss a
general method of finding moments of vacancy developed by

Robbins (1945) . Moran and Fazekas de St Groth showed that

E(V) =(1 - a)"
and
i
B(va)= % | (1= £()) sin(e)as
0
where a is the area of a circular cap, and f£(¢) is
the area of the union of two circular caps separated by
angle ¢ . The moments of the continuous part of V
are found in the following way.

When a is small n will be large before complete
coverage occurs. If the sphere is almost completely
covered; then there will be a number of small uncovered
regions. The areas of the uncovered regions will be
approximately independent’ random variables. Furthermore,
it is not unreasonable to assume that their number has an
approximate Poisson distribution.

Since the uncovered regions are small, their perimeters
will consist of almost straight lines. The perimeter of a
given region can be modelled by a random network of lines
in the plane. This random line network is a special case
of a Poisson plane process. See, for example, Miles (1970
a,b, 1971 and 1972) . We shall discuss Miles' work in

greater detail later on in this subsection. Moran and
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Fazekas de St Groth were able to utilize results on the
expectation and variance of the area of regions generated
by random line networks to obtain approximations for u;
and u, , and hence P .

In the virus example discussed above, this approach
led to the following approximation to the probability of

complete coverage :

. 2 -
P . exp{- &= (2 EV(1 + 0.025666 2))

1
5 }

The analytic techniques used by Moran and Fazekas de
St Groth differ greatly from the methods employed in the
one-dimensional case. For example, the possibility of
ordering the intervals in the one-dimensional case allowed
Stevens to obtain a simple formula for the exact probability
of complete coVerage. There is no simple way cf ordering
sets in higher dimensional problems.

Perhaps the major concern with Moran and Fazekas de
St Groth's work is the heuristic nature of some of their
proofs. To a great extent Gilbert (1965) overcame these
ppoblems. He also realized that an exact expression for
the probability of completely covering a sphere could be
obtained when o = 90° .

When o = 90° the spherical caps become hemispheres.
Using an argument similar to Gilbert's we shall prove

that the probability of complete coverage is

(1.8) 1 -(n2-n+2)272 .

In an earlier work Wendel (1962) showed that if n
points are randomly scatteréd onthe surface of a unit

sphere in k dimensional space, then the probability that
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all the points lie in some hemisphere is :
-n+1 k-1 (n—l

1.9 ' 2 z
(1.9) ro 05

) .

J

The n hemispheres will be randomly and uniformly located
on the surface of the sphere if the poles of the hemisphere
are located at independent, uniformly distributed points.
We shall show that the events : n points lying inside some
hemisphere, and the sphere is not completely covered are
the same. It will follow that the probability of complete
coverage is given by (1.9) .

Without loss of generality assume that the spheres
is centered at the origin O . Suppose the n points lie
inside a hemisphere with pole 2z . Then the point -z ,
also on the surface of the sphere, is not covered.
Conversely, if there exists a point 2z which is not

~

covered, then the hemisphere with pole at -2z covers all
n points. Therefore, the two events are the same.

In three dimensions k=3 and (1.9) specializes down to
(L.8) . —|
A crossing is defined to be the intersection of

the boundaries of two caps. The crossing is said to be
covered if any random cap, excluding the two which define
it, contain the crossing. Let G(n) be the expected
number of uncovered crossings and U(n) the expected
number of uncovered crossings when not all crossings are
covered.

Gilbert showed that G(n)==4n(n-1)a(].-a)n-1 , and

that G(n) and U(n) are related by
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U(n) = (1 - P) G(n) .

Hence

(1.10) P=1- {G(n)/U(n)} .

However, the usefulness of (1.10) 1lies in the fact
that U(n) - 4 as n » =« , Gilbert proved this for
a = 90° . Miles (1969) later established this for all
values of a satisfying 0 < a < 90° . The asymptotic
approximation derived from this result and expression (1.10)
is

P.1-n(n-la(1-a™?! .

So far we have only considered coverage probabilities
for circula;\caps placed at random on the surface of a
sphere. Miles obtained generalizations of Gilbert's
results for spherical polygons which are not only randomly
located on the surface of a sphere, but are also randomly
rotated according to a uniform distribution. This may be
defined in strict terms as follows.

Let S be an arbitrary set on the surface of a sphere
A . Suppose the surface area of A 1is 1 . A random

copy of S 1is made so that

(i) an arbitrary point in S goes to a point which
is uniformly distributed on the sphere's surface, and
independently of this

(ii) the orientation of S about this point is uniform.

Let Sl'SZ'°"'Sn be n independent random copies of

S . For an arbitrary point x on A define H(X) as
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IA
[

<n , which cover x ,

~

the number of Si r 1

H=sup, ., H(X) and H=inf ., H(x) . We may
interpret H and H as the numgér of coverings on the
least and most covered regions of the sphere's surface,
respectively. It is clear that the sphere is completely
covered if and only if H > 0 .

Miles generalized Gilbert's results in two different
ways. Firstly, as previously mentioned, he obtained
asymptotic approximations for the probability of complete
coverage for spherical polygonal shapes. Secondly, he
obtained approximations for P(H =m) and P(H = n-m)
for fixed values of m. Miles' result is set out in

Theorem 1.2 below.

Theorem 1.2 (Miles (1969))

Let the area of S be a , and its perimeter be b .

Then, as a-»» , both

n am(l_a)n—m—z
P(H=m) and P(Hm) -~ (_.,)(m+l) (m+2)b2 =—pr—
while both
H B n a"™% (1-a)"
- =Nn- . 2 -
P(H>n-m) and P(H=n-m) -~ (m+2) (m+1) (m+2)b e

where m > 0 .

Theorem 1.2 continues to hold for shapes which can be
approximated by spherical polygons. A circular cap is one
such shape.

As mentioned in subsection 1.1. it is possible to
construct a coverage process on the unit interval rather

than the perimeter of a circle. Likewise, in two dimensions,



27.
the coverage region could be a rectangle rather than the

surface of a sphere. However, when the coverage region
is rectangular, edge effect problems occur. Miles used
a simple method which overcame edge effects. Essentially
it converts the rectangle into a "topological torus" .
Since the topological torus is of impbrténce in the
theoretical section of this project we shall describe it
in detail here.

Suppose the rectangle, A , has sides of lengths £,
and 2, . Orientate A so that its left hand corner
is at the origin and its sides are parallel to the
co-ordinate axes. For simplicity, assume the basic shape
S 1is bounded by a circle with radius no greater than

min(2:,22) . A random copy of S 1is defined so that

(i) an arbitrary point of S is at a uniform random
point in A , and
(ii) the orientation of S about this point is uniform.

For illustrative purposes we shall only deal with one random
copy of S . The generalization to n independent random
copies shall be obvious.

Let Sl be a random copy of S . Diagram 1.1 shows
a typical S, for a non-spherical basic shape. Now,
translate Si to eight different positions by moving it
the width of A 1left and right, the height of A up and
down and any other combination of these movements. Diagram
1.1 also illustrates these translations. The intersection
of each translated shape, and S1 , with A gives us the

final mutated image of one random copy of S. Diagram 1.2

illustrates the "topological torus" for a disc in two



28

Diagranm 1.1:

How the "torus topology" is applied to a shape S1

-
-

QQ Q
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The Torus topology in

2-dimensions.

29.



Diagram 1.3

The torus topology in

3-dimensions.

a0 .
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dimensions.

It is possible to extend the topological torus
technique to higher dimensidnal space. The method is very
similar to the two dimensional case described above, so we
refer the interested reader to Gilbert's_(1965) paper.
Diagram 1;3 shows the effect of the torus topology on a

sphere inside a cube.
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In.a k-dimensional rectangle, H and H may be
defined in a similar way to before. Imposing a torus
topology on the rectangle, Miles obtained results which
described the asymptotic behaviour of P(H=m) and
P(H=n-m) as n tends to infinity. ' These results are in
essence generalizations of the theory for the spherical
case. (There are some minor complexities introduced in
defining a uniform random rotation in greater than two
dimensions.) For the types of random covering shapes Miles
considered, the following approximation to the probability

of completely covering the rectangle was obtained :

{r(3k) 15 ) pX (|| all - a7k
T52K(T (5 (k+1)) 151 K | al®t

P=>1-

where a 1is the content of S, b its surface area,
and || A|| is the content of A .

Let us now explore the ideas discussed by Moran and
Fazekas de St Groth (1962) on the size and structure of the
small vacant regions obtained when a sphere is almost
completely covered by random caps.

As Miles had done in his 1969 paper we can generalize
the coverage problem into a k dimensional setting.
Suppose, however, the sequence of "random shapes" {Si}
are now centred at the points of a Poisson process of
uniform intensity, A , on Iﬁq . (In Chapter 2 of this
project we shall describe in a theoretical manner what is
meant by the term "random shape".) The structure of the
uncovered gaps can be approximated by convex regions
formed by a Poisson field of (k-1)-dimensional planes

. k . .
in R , Wwhich we now describe.
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Let €&€1,&2,... be points of a Poisson process on
[0,~) and 91,92,... be unit vectors uniformly and
independently distributed on the surface of the k-dimensional
unit sphere centred at 9 . Let TS be the k-1
dimensional plane whose normal to the origin has length Ei
and inclination gi . The Poisson field of k-1

dimensional planes in IJQ is formed by the planes L

partition ]Rk into a

i >1 . The planes T i> 1,

sequence of convex polygons, each identically distributed.
Miles (1970 a,b, 1971 aﬂd 1972) has investigated in
detail Poisson plane processes, but in a more general context.
The random planes, or flats as described by Miles, are
s-dimensional where 1 < s < k . A stochastic flat process
of intensity u > 0 in qu is defined so that it is
stochastically invariant under any translation or rotation.
k

Let X be an arbitrary (k~s)-dimensional subset in 1R

. The stochastic

with (k-s)-dimensional content || X|
process is such that the number of s-flats intersecting X
has a Poisson distribution with mean || X|| .

When s=k-1 the stochastic flat process of Miles
reduces to the Poisson plane process used to describe the
small vacant regions in a coverage process. When s=0
the stochastic flat process is just a Poisson point
process in ZRk . We may therefore view the stochastic

flat processes as a natural generalization of a Poisson

process.
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§2 Vacancy

In the previous section we spoke of the coverage
region, A , as a fixed subset of k-dimensional space.
The coﬁerage process consists of randomly placing shapes
upon A . Let us define an indicator function I as

follows. For each x e r® , let

1 if x 1is not covered by any
random shape, and
I(x) =

0 othérwise.

The vacancy, or the content of the uncoverd region in A

is

(2.1) vV = J I(x) dx .
A

In all situations investigated in this project, the random

shapes and A are always Lebesgue measurable subsets of

ch . Thus, if we interpret the right hand side of (2.1)

as a Lebesgue integral and assume that the content of A

is finite, then V is well defined as a random variable.
In some situations, it may be more convenient

to investigate the properties of the Lebesgue measure of

the covered region in A , defined by

c = J {1 - 1I(x)} dx .
A

Notice that C+V = ||Al||, whether the content of A is

finite or not.
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Suppose that A is completely covered by random
shapes. Then I(x) = 0 for all X in A, and Vv =20 .
Howeﬁer, the converse is not true; for it is possible
that a set of Lebesgue measure zero could be left uncovered.
Such problems do not occur frequently. in practice because
the probability of a zero measure set, except in
artificial examples, is zero.

A large amount of work on vacancy in stochastic
co&erage processes is concerned with either finding the
moments of vacancy, the exact distribution of vacancy or
approximations to the distribution of vacancy through limit
theoretic methods. Any particular research paper usually
deals with more than one of these topics because the results
in one area are quite likely to depend on the results in
another. Thus, it was decided not to discuss each topic
in a different subsection, but rather deal with the work
in a chronological fashion. However, this will tend to
segregate the topics, as the early work is primarly concerned
with moments and the exact distribution of vacancy, while
more recent work has concentrated on the limit theoretic
approach. As was the case for probabilities of complete
co?erage, exact results for the distribution of vacancy
are usually confined to the simplest geometrical models.

The reasons for this are made clear by the following.

If the random process controlling the location
of shapes in A is such that no two shapes can overlap,
or no shape can intersect the boundary of A, then the
vacancy is solely determined by the content of A and of
each shape. On the other hand, if the random shapes

are allowed to oﬁerlap, then vacancy depends on the location
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of shapes. Thus, in the one dimensional situatiqn, vacancy
can be described in terms of the starting position of each
interﬁal and their lengths. However, in the higher
dimensional situation there is the difficulty of arranging
the random shapes in order, and hence of simply describing
Qacancy. Domb (1943) was one of the first authors to
attempt to find the exact distribution of vacancy in a one
dimensional situation.

The coVerage process he studied was described in
subsection 1;2. We repeat the description here for
convenience.

Interﬁals of length a are centred at the points
of a Poisson process of uniform intensity X . Domb was
interested in ﬁacancy in the interval [0,y] . As
preﬁiously noted, it is sufficient to consider the coverage
of the unit interVal A= [0,1] .

Let F be the distribution function of the
coVered portion, C , in A . Let x > 0 and [x] be
the integer part of x . It is possible for A to contain
r non-overlapping intervals none of which overlap the
endpoints of A , where r=20,1,2,...,[1/a]l] . Therefore,

F possesses discontinuities at r==o,a,2a,...,[%]a . Using
a Dirac d&-function notation, Domb wrote down theﬁLaplace
transform of the "density of F" , which may be expanded

to find an exact expression for F . Due to the complexity
of the final result, he never did this. However, Domb

showed that the size of the «r'th discontinuity to be :

P(C = ra) 2r(1-ra)r e_x(a+1)/r!

i

where r = 0,1,...,[%@] .
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Even in the one dimensional situation, studiéd by
Domb, exact expressions for the distribution of vacancy
are difficult to obtain. However, there is a simple
technique available for finding the moments of vacancy,
which easily generalizes to the higher dimensional case.
Robbins (1944) expressed the problem in terms of the moments
of the measure of a random set.

Let  be the set of all possible Lebesgue
measurable subset of ZRk . A probability distribution

of random sets, ¢J , is defined so that the probability

that x € Q@ belongs to a Jd-measurable subset, S , of

Q is :
Prx €5) = |y a0,
Q

where Xg is the characteristic function of S .

Let p be Lebesgue measure in :mk. The measure
of X may be re-written as :
(2.2) u(X) =J I (x) du(x) ,
Q
where 1 if x € X , and
I (x) =
X( ) . |
0 if x ¢ X .

Taking the expectation inside the integral on the right

hand side of (2.2) gives

E{u(x)1}

I

JQ E{I, (x)} du(x)’

‘J P(x € X) du(x)
Q
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as the expected measure of X ., Using a similar method

it is possible to show that

‘ m 1 —_—
(2.3) E{p (X)}' = JQP(x1 € X, xzeE X,...,xm € X) du(xl) oo

du (%)

where m > 1 . We may easily apply Robbins' results

to vacancy; for Vacancy is just the measure of the random
uncovered region in A . Robbins applied his results to
find the expectation and variance of vacancy in an interval
[0,v] covered by n randomly and uniformly located
intervals of length a . To overcome edge effects he
extended the distribution controlling the location of
intervals beyond the endpoints of [0,y] . Bronowski and
Neyman (1945) used a similar method to overcome edge effects
in a related two dimensional set-up.

Let N be a non-negative integer-valued random
variable with probability generating function ¢ ,defined
by : ’

¢(s) = t._. s P(N=n) .

n=0

Suppose that the coﬁerage region, A , is rectangular

with side lengths b and ¢ . Now N points are uniformly
and independently distributed in a concentric rectangle,

A' , of side lengths b+2y , and c+2y , where vy > 0 .

Let rectangles of side lengths o and 8 , where o <2vy
and B <2y , be centered at the random points. Each random
rectangle is oreinted in the same direction so that their

sides are parallel to those of A . Finally, write a = aB

for the area of each random rectangle and || Al|| = bc for
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the area of A . The conditions a <2y and B8 < 2y
makes it possible for a random rectangle to not intersect
A . See diagram 2.1 below. In this sense the edges of
A' do not affect the coverage of A . This is sufficient
to remove edge effects from the problem. -

Under the above conditions, Bronowski and Neyman

showed that the first moment of vacancy in A is :
(2.4) E(V) = ||a]l ¢(12 - a/l|la])

and a much more complex expression holds for the variance of
V. Expression (2.4) includes the cases where the centres are
distributed according to a Poisson process in A' , and

when there is a fixed number of centres in A' .
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Diagram 2.1 :

A rectangle centred close to the boundary
of A% .does nptiintersect A,

-“m—-~-‘nT-~~wco-n—.

Al
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The method of finding the moments of vacancy used
by Bronowski and Neyman differs from the general methods
of finding moments of the measure of a random set
suggested by Robbins (1944). Bronowski and Neyman
considered Vacancy on a sequence of lattice points which,
if made sufficiently fine, approximated vacancy, and hence
expected vacancy, in the region of A ., Howevér, as was
previously shown by Robbins, the moments of vacancy can be
obtained through the integral expression (2.3) .

In a subsequent paper, Robbins (1945) used the
methods he developed in 1944 to generalize the results
of Bronowski and Neyman to a k-dimensional situation.
Essentially, N k-dimensional shapes are independently
and uniformly distributed oVer a region, A' , which contains
the rectangular coverage rgﬁon, A . Each random rectangle
is oriented in the same direction so that their sides are
parallel to the sides of A . The region A' is suitably
chosen to remoﬁe edge effect problems. Again, a probability
generating function is introduced for N .

In the abovedescribed situation, Robbins obtained
expressions for mean and variance of vacancy, which involved
considerably less technical derivations than used by
Bronowski and Neyman.

Robbins also found expressions for the mean and
?ariance of Vacancy when N circles of area a were
independently and uniformiy distributed on A .

For rectangular shapes the expression for variance
depends on the area of the intersection of two shapes whose
centres are separated by a vector x . However, for

~

circular shapes, the area of intersection depends only on
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the distance that separates the two centres, r = |x| ,

say. Thus, the variance expression for circular shapes

is somewhat simpler than for rectangular shapes, and,

indeed, for more general random covering shapes. 1In the

later sections of this project we shall develop formulae

for the variance of vacancy in a Very general framework.
The work of Bronowski and Neyman (1945) and

Robbins (1944, 1945) suggests that formulae for expectation

and variance can be obtained for a more general class of

shapes, which have been distributed at random throughout’

a given region, A' . Garwood (1947) proved this to be the

case for any shape S bounded by a simple closed curve.
The context in which the theory was developed, was in

application to a bombing problem. The area destroyed by a

single bomb is represented by a circular region of radius

r on the ground. A building is represented by a

rectangular region A ., The amount of the building destroyed

by a cluster of bombs is just the area in A covered by

n randomly positioned circles. We shall discuss this

application in greater detail in section 4 of the present

chapter.

Garwood inﬁestigated Vacancy for a Variety of covering
shapes and regions. We shall, however, describe the general
coverage process in which each special case can be represented.
Let A be the interior of a simple closed curve and S the
interior of another closed curve. Fix a point ¢ in S
and call it the centre. Let A' Dbe a region of bounded
area and f a density function on A'x [0,21] . Let (X,0)

be a random element from a distribution with density £ ,
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and N a non-negative integer-valued random variable
independent of (X,0) . A random copy of S 1is obtained
by rotating S through © about ¢ and then translating
the new set through X . Let Sl,Sz,... be a sequence of
independent random copies of S . The coverage process is
formed by the random shapes Sl""’SN , and we are
interested in the vacancy V . in A .

According to Robbins (1944) , to obtain the first
moment of vacancy we require the probability that x € A
is not covered by a single random shape. Let §(¥,e) be
the set S centred at y and rotated through 180°+ 6 .

~

Conditional on it being inclined at 6 , S does not

1
cover x 1if its centre does not fall in the region

A'\ S(x,0) . Therefore, the probability that S1 does
not cover Xx 1is :

~

p(g) = J J f(§,8)d§ de.
0 "A'\ §(§,e)

If N has probability generating function ¢ , the
probability that x belongs to the vacant region in A

is ¢(p(x)) . Therefore, the expected vacancy is

E(V) = J ¢{p(x)} dx .
A
Garwood also obtained the following formula for the
second moment of vacancy using an argument similar to
that above :

E(V2) = J ¢{p(x,y)} ax dy
A2




44,

where p(x,y) is the probability that neither x nor

~

1S

is covered by a single random shape.
Garwood applied these results to the following
problems :
(1) Uniformly and at random, place N disc of area
a on a rectangle. In this case A 1is a rectangle,
A' is a region whose boundary is a distance va/m
outside the sides of A and S is a disc of

radius a/2n .

(ii) Both A and A' are as above, but S 1is
rectangular with sides parallel to the sides
of A .
(iii) The set S is as in (i), but both A and A’

are circular.

Cases (i) and (ii) are previously investigated by
Robbins (1945).

Garwood (1947) had shown that with some effort it is
possible to calculate the moments of vacancy for many
coverage processes. However, it is of considerable interest,
both practically and theoretically, to know the exact form.
of the distribution of vacancy. In many circumstances
this was far too difficult to determine, and so a
compromise had to be reached;

This compromise involved approximating the
distribution of vacancy using limit theoretic methods. We
shall consider one of many practical applications of this
theory when introducing the work of Moran (1973 a,b).

Let us firstly investigate some of the earlier developments

of Ailam (1966, 1968 and 1970).
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In the three research papers Ailam defined a general
framework for coverage processes. Under several regularity
conditions he showed that a standardized version of vacancy
converged to a normal distribution as the size of the
"viewing" region increased. Unfortunately, his formulation
is very difficult to understand and the regularity conditions
are virtually impossible to check. This forced subsequent
authors to develop their own limit results.

Moran (1973 a,b) obtained results which have application
in the theory of vapour-liquid phase transitions. Melnyk
and Rowlinson (1971) proposed the following coverage process
to model that situation. In a large region A C IR3
n spheres are distributed independently and at random.
Assume that each sphere has radius r and volume a .

The distribution of the coverage C 1is of considerable
interest in the theory of thermodynamics. The density of

the gas is defined to be p = na/l|| Al||, which is taken to

be fixed. Melnyk and Rowlinson conjectured that as || All »«,
(C - EC)//Var C converged to a standard normal distribution.

Moran proved this to be the case in two different
situations : when n is fixed, and when the number of spheres
has a Poisson distribution. Let us consider the latter
situation first.

Moran assumed that the centres of the spheres formed a
Poisson process of intensity A in 1IR3 ., Let A be a
cube and N be the number of centres in A . Then
EN = A||A]| . So the density may be redefined as p = la .

We shall prove a central limit result for vacancy, but first

we must find the mean and variance of V .
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As before define

1 if x &€ A 1is not covered
I(x) = by a sphere,
0 otherwise
Then
E(V) = J B{I(x)}ax = [[alle® = ||alle™® .
A
— Let W(t) be the volume of the union of two spheres
whose centers are separated by a distance t . It is an

easy matter to show that

2a when t > 2r and
W(t) =

a+ m(t r2 -1—1-2 r3) when 0<t<2r .

Now, if x,y € A , then both x and y are left uncovered

~ ~

if no centre occurs in the union of two spheres of radius

r centered at x and y . Therefore,

~ ~

E(1(x) I(y) = e MUIx¥D

Hence, the variance of vacancy is

var (V) E J (I(x) I(y) - [E{I(§)}]2) dx dy

A2

J [E{I(x) I(y)} - e—2p] dx dy
A2 ~ = o4

= J {e AW(If-XI) - " ?Pyax dy .
AZ



We shall now establish the asymptotic normality of
{v - E(V)}/{Var(V)}li , as ||A]] » « . and p remains
fixed.

Let A have sides of length D = nd + 2(n-1)r ,
where d 1is a constant which remains fixed as n + « .,
Divide A into n3 smaller cubes, each of volume d3
and each separated by a distance 2r . Let Ai be the
i'th small cube, where the labelling is done in some
systematic fashion. Let V. be the vacancy in Ai and

3
R the vacancy in A\ U2=1 A, . Then,

n3

i=1 Vi T R -

Since each Ai is separated by a distance of at lea
2r , and the point process controlling the centers of
spheres is Poisson, then {Vi} forms a sequence of
independent and identically distributed random variables.
Therefore,

- 2
i=1 {Vi E(Vi)}//n varv, - =, N(0,1)
as n »> o , It is easy to show that
lim sup_ ., Var (R) /n?3 Var(Vl) may be made arbitrarily
small by choosing d large.

A lemma of Bef@tein's (1926-7) says that if

X =Y + 2 are random variables with variances V2, V2
n n n X vy

and V; , Where V; and V; tends to infinity, and

V;/V; tends to zero, and if Yn V_1 tends to a standard

normal distribution, then so does Xn V;l . Moran's

result follows on letting

47.

st
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n3
Y Zi=l {Vi E(Vi)} , and
Zn = R - E(R) .

Melnyk and Rowlinson posed their vapour-liquid phase
transition model in terms of a fixed number of centres
in A . The problem of finding the asymptotic distribution
of vacancy is much more difficult in this case because the
Vi's are no longer independent. Thus, the ordinary

central limit theorem does not hold for Z{il Vi . The lack
of independence was overcome by Moran (1973b) in the
following manner.

Suppose Yl,...,Yp has a joint multinomial distribution
with Zi Yi =Y , and some marginal distribution of each

Yi is the same. Let Zl,...,Zp be random variables such
that Zi depends on Yi ’ i=1,...,p . Moran proved

a central limit for ‘Z§=1 Zi under several mild regularity
conditions on the moments of the conditional distribution
of Zi giﬁen Yi . We now describe how this result

may be applied to the coverage problem described in the
preVious paragraph.

The centres of n spheres of radius r are
independently and'uniformly distributed in a large cube A
of side length md , where d is a positive constant.

Now divide A into m3® subcubes of side length d . To
overcome edge effect problems, concentric subsubcubes of

side length d-r are constructed. The vacancy in the 1i'th

subsubcube is denoted by Vi and the number of centres
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it contains is denoted by Ni . The vacancy in the
remaining portion of A , not covered by the subsubcubes,

is denoted by R . It follows that

V=23V, +R.

Now Nl""’N has a joint multinomial distribution

m3
and V. depends on N, . Suppose that |l a]l and n
converge to infinity in such a way that n~t |l A]] remains

constant. On letting

Y. = N., Z2, = Vi and p = m3 , i=1,...,pP,

Moran showed that these new variables satisfied the
regularity conditions of his central limit theorem. As
before, the remainder term becomes insignificant as d-»« ,
and so the standardized version of V tends to normality.
As can‘be seen, the methods of obtaining a central
limit result for ﬁacancy differ considerably when N is
Poisson, and when N=n is fixed. 1In chapter 2 we present
a simpler proof of the second result which relies on the
Berry~Esseen theorem. According to Davy (1980), it is
also possible to obtain Moran's (1973b) result by applying
a theorem obtained by Ailam (1970).
Up until 1974, most research work had concentrated
on the cases where the distribution controlling the
location of shapes is uniform, or where a Poisson process
of uniform intensity determined their location. Practical
situations arise where the centres of covering shapes
are not described by a uniform distribution. For example,

when a salvo of bombs is fired at a target the spread of
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their points of impact could be approximated by a normal
distribution. Moran (1974) has investigated the three
dimensional counterpart to this problem, where the centres
of a cluster of spheres are independent observations from
a circular normal distribution, with zero mean and unit
variance.

Suppose that each sphere has radius r and volume a .
Moran considered two separate situations : when the number
of centres N has a Poisson distribution with mean XA ,
and when conditioning on N=n . In both cases the total
volume C coVered by all spheres, after standardization,
conVerges in distribution to normality. For the Poisson
case asymptotic normality is obtained as X + « , and as
n > © when the number of centres is fixed. It is
interesting to compare means and variances in the two
situations.

Let B be the region covered by a sphere of radius r
and centre z . and F(z) be the integral of the circular
normal density function over B , where =z = [z| .

When N has a Poisson distribution

E(C) = 47 J z2 {1-eF(2)) 4, ,
0

and a more complex expression holds for the variance of
C . Now when N=n 1is fixed,
(2.5) E(C) = 4m J z2[1 - {1~-F(z)}"] dz .
0
Thus, if we replace n by A in (2.5) , the two formulae

are asymptotically equivalent as A = «© ., The same can be

said of the variances. In fact, if we set n=2) , either




51.
expectations and variance may be used as normalizing
constants in the central limit results.

Recall the coverage problem investigated by Stevens
(1939) and discussed in section 1. The process consisted
of the random and uniform piacement of n arcs of length
a on the perimeter of a circle of circumference one.
Stevens obtained the probability of complete coverage.
Siegel (1978a) derived an exact expfession for the
distribution of Vacancy, which includes Stevens' result
as a special case. Let V be the vacancy on the circle's

perimeter, and F the distribution function for V . Then,

(2.6)
n n-1
- — P
F(t) = P(Vet)=1+ 3 I (-FT®FL @01 K(1-ea-)27k" 1)
- - — 2 k k +
2=1 k=0
where (x) = x when x > 0 and

+

0 otherwise.

Now F has a discontinuity of size p, say, at to==(1-na)+.
When t, = 0 the size of the discontinuity corresponds to
Stevens' probability for complete coverage of the circle.
See expression (1.1). When to>>0 , complete coverage
of the perimeter of the circle is impossible, but it is
possible for all random arcs to be disjoint. 1In this case
p = (1 -na)? 1 .

When ti<to , F(t) = 0 , and when t>tO , F(t)
has a derivative. Thus V 1is a mixture of an absolutely

continuous and degenerate distributions. The probability

density function for the continuous part of V is :
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(2.7)

o n n-1
£e) =& &z DFIEh ) Ah Tl - gamn 2R
2=1 k=1

Siegel also cbtained the following formula for the

m'th moment of vacancy :

m+n-1

B(V") = ("2 m :

n ) (1 - 2a)

[ R=

m, ,n-1
() ¢

-1

=1

where m < 1 . Using a simpler argument than Siegel,
Holst (1980a) derived the same expressions for the moments
and distribution of vacancy.

As can be seen, the exact form of the distfibution
of vacancy (2.6) is fairly complex. This led Siegel (1979)
to search for approximations through limit theoretic
methods, which could be useful when the exact distribution
is too difficult to evaluate numerically.

Moran (1973 a,b) looked at limit theory for vacancy
when the size of the region A increased and everything
else was held fixed. However, Siegel examined vacancy in
a coﬁerage process where the number of shapes increased out
of proportion to the size of the region. 1Indeed, if n
arcs are placed uniformly and at random on the perimeter
Qf a circle it is always possible to choose the common
arc length a, so that the probability of complete coverage
remains fixed as n->« .,

Suppose for some constant B > 0 , the probability

of complete coverage is e_B . Let Vn be the vacancy

on the circle's perimeter. Then P(Vn==0) = e'-B implies
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that

(2.8) na, = log(n/B) + o(1) as n > «, ,

We saw how (2.8) may be used to approximate the
probability of complete coverage in section 1 . Siegel
obtained an interesting limit result for vacancy, which

is summarized in Theorem 2.1 below.

Theorem 2.1 (Siegel (1979)).

The limiting distribution of vacancy, Vn’ where

the arc lengths a, are chosen so that the coverage
-B

probability remains fixed at e , is given by

n v, N xé(B) , as n->o ,

where

I

0 with probability e , and

xé(B)

z with probability 1-e

and 2z is absolutely continuous with density

—————

g Ml g

B e L
12! (2-1)!

1

(2.9) fB(t) =

o

e -1 %

A non-central chi-squared distribution with v degrees
of freedom and non-centrality parameter B8 is a Poisson

mixture of central chi-squares , where

2
Xy + 2k
P(k=2) = e P g%/2Y .  See chapter 2.4 of Searle (1971) .
The limiting distribution in theorem 2.1 is obtained by
setting v = 0 . Thus, we may interpret xé(B) as a

non-central chi-squared distribution with zero degrees of

freedom, and non-centrality parameter R .
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The proof that Siegel used relied on showing that the
moments of nVr1 converge to the moments of a xg(s)
distribution. Holst (1981), howeVer, proved that the
moment generating function converged, which implies
Siegel's result as well as convergence of all the moments
of nVn . This technique is quite powerful and has since
been used by Hiusler (1982), and others, to prove limit
results about vacancy. We shall discuss Hilisler's work
later on in this section.

Consider, for example, the following application of
the moment generating function technique. Suppose that n
points are distributed independently and uniformly on the
perimeter of a circle of circumference one. Let

S(l) < ces < S(n) be the ordered spacings, as measured

around the perimeter, so that -Zi S(i) =1 . Holst
proved that

E(exp(t(n S(n) -2n n))) > T'(l - t)
as n -+ o , This implies that n S(n) - n(n) converges

in distribution to the double exponential distribution,
with distribution function F defined by F(x) = exp(e_x)

4

as n > o« ,

In the above described model the Vacancy

n

Vn = Zk=1(s(k) - an)+ . Therefore
— — n —
P(V, =0)=P{Z (S 4, - 2a), =0}
= P(S(n) < an)

= P{n Sin) ~ ) <na -} .
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Thus, if for some constant 8 > 0 ,

Il

(2.10) n a log(n/B) + o(1l)

as n - «© , then

P(Vn = 0) = P{n S(n) - 2n(n) <na - ¢n(n)}
(2.11) = P{n S(n) - &n(n) < -log(B) + o(1)}
-8

e + o(1)

as n » o , By the earlier result of Siegel at (2.8) ,
we see that (2.10) and (2.11) are equivalent.
Furthermore, P(Vn = 0)> 0 as n + o , 1is equivalent

to
(2.12) na = in n - An ’
where A_ - ®© , as n =+ © .,

n

Holst obtained a limit theorem for vacancy for a

special case of (2.12) . We state his results below:

Theorem 2.2 (Holst (1981))

Suppose n > « and a, > 0 in such a way that

na - ¢fnn-+>=-» , and lim inf n a, >0 . Then, when
n - o ’
E(exp(t(n\@l—rxe n)/on)) - et /2 '
for all sufficiently small |t] , where
~-n a -2n a

o; = 2n(e n_ e o1+ na + hlan )2/2)) .
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-na
Thus, 01Vn-qle n)/on is asymptotic to a normal

N(0,1) distribution.

In general Hisler (1982) has shown that there are
three cases for which different convergence results hold.
The first (A) was considered by Siegel (1979); see
Theorem 2.1. A special case of the second was obtained
by Holst (1981); see Theorem 2.2.

In summary, the cases are :

(A7) na = log(n/B) + o(l) , where 0 < B < =« ;
(B) na = logn - An ;, Where Xh > o and
n2a_ -+ « , and
n
(C) n2a_+a, where 0 < a < « ,

each as n » » ,

It follows from Holst's result (2.10), that if a,
converges to zero any slower than in (A) , then the
probability of complete coVerage tends to one. Furthermore,
if n2an -0 as n > o , thén the probability that any tWo
random arcs intersect tends to zero. Thus, (a)y - (C)
cover the complete spectrum of convergence rates that are of
theoretical interest.

Hiisler extended Holst's Theorem 2.2 to include all of
case (B) , and also used a moment generating function
argument to show that an adjusted version of vacancy tends

in distribution to a compound Poisson distribution. For

completeness we state Hilisler's result below.
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Theorem 2.3 (Hfisler (1982)).

In case (C) above, for t > 0

E(exp(t n2(Vn -1 +11an)) - P(t)

where

t

y(t) = exp(~a + (% - 1) /¢)

is the moment generation function for Y ='Zk=1 WK ’

K has a Poisson distribution with mean a ,

WK is uniform on [0,a] , and K, Wl, W2,... are

independent.

Two other statistics studied by Hilisler (1982) are
the number of gaps or uncovered regions on the perimeter,
which we shall denote by Ln , and the length, Mn , of
the maximum gap. Under suitable scaling and location
changes, the distributions of L, and Mn tend
asymptotically to non-degenerate distributions. Table 2.1
below gives these limits along with references where exact

formulations can be found.

Table 2.1 Asymptotic Distributions
Statistic
Case Ly My '
A Poisson. Mixture with Non-central chi
Darling (1953) double exponential squared with
component. zero degrees of
Lévy (1939) freedom.
Siegel (1979)
B Normal Double exponential. Normal.
Hisler (1982)  Hiisler (1982) Siegel (1979),

Holst (1981)
& Husler (1982)

C Poisson. Double Exponential Compound Poisson
Darling (1953) Hisler (1982) Hisler (1982)
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It can be seen that Husler has given a fairly
complete description of the asymptotic distribution of Ln'
Mn and Vn when arcs are randomly and uniformly
distributed on the perimeter of a circle. Hall (1983) has
extended the écope cf these results to non-uniform
distributions on a unit circle.

Suppose that the endpoints of arcs are independent
observations from a distribution, F . Furthermore, assume
that F possesses a unique minimum at ‘m , so that
1> f(m) >0 . As n conVerges to infinity £ remains
fixed. Clearly, the class of F satisfying £f(m) < 1
does not include the uniform distribution. It seems
necessary to draw this distinction as one would expect the
distributions of L,» Mn and Vn to be very dependent
on the behaviour of F near m . Hall has shown this
to be the case by obtaining their limiting distributions.
As before the limit depends on the rate of convergence
of the arc lengths a, -« We replace A, B and C by

the following conVergence rates :

(A") nanf(m) = log(n/B) - %loglogn+ o(l) ,

where 0 < B < « ;
(B') nanf(m) = log(n) - %loglogn - An p

where An + « and

nta >« , and

n

(C') n?-an > a, where 0 < a < =,
each as n » » , To give a complete description of the

possible limits, (B') must be further subdivided into

three cases :
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(B") (a) na_= logn - % loglogn - xn ,

where A =+ » and na_ - « ;
n : n
(b) rlan-+ a , where 0 < a < » , and
(c) na->=o0 and n2a_ -+ o ,
nh . n

A scale factor oL and location factor M, are
defined so that for a sequence of random variables {Xn} ’
(Xn--un)/crn has a non-degenerate distribution. 1In all
the situations we consider My and Gn are well defined.

A brief description of the form of the limiting
distributions of Ln' Vn and Mn is given in Table 2.2
below. For scale and location parameters see Hall (1983).
It is interesting to compare Table 2.1 with Table 2.2.

We can see that the limiting distributions in Table 2.1

and the corresponding limits in the respective cells of
Table 2.2 are always of the same form. However, the scale
and location parameters required to obtain these limits
differ considerably between the uniform and non-uniform
cases. To illustrate this point, location factors have been
given in Table 2.3 below for vacancy. Notice that the
location factors for the uniform case can be obtained by

putting £ = 1 in the non-uniform factors.
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Table 2.2 . Limiting distributions in the Non-Uniform
Case
Statistic
Case Ln Mn ‘ _ Vn
A’ Poisson A mixture including A non-central
a relocated and chi-squared
truncated double distribution
exponential with zero degrees
distribution. of freedom.
Bt Normal A relocated Normal
(a)=(c) double exponential
distribution.
c Poisson " Poisson.
Table 2.3 Location Factors for Vacancy

Form of the underlying distribution

Uniform Non-uniform
Cases
A 0 0
~na, 1
B e J exp{-n a f(x) rdax
0

C 1 - nan l - na
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When the coverage region A is a proper subset of
k-dimensional space, and k > 1 , there is no obvious
analogue of L or M . However, it is possible to
generalize some of the results for vacancy to higher
"dimensional space.

Following Moran (1973a), Hall (1984b) considered the
properties of vacancy V 1in the region A , when
hyperspheres are centred at the points of a Poisson process
in ka . Unlike Moran though, Hall assumed that the radii
of the spheres were independent observations from a
predefined distribution, and that the Poisson process was
inhomogenous.

Hall shows that the variance. of vacancy varies inversely
with E(N) , the expected number of centres in A, if and
only if the content covered by a single random sphere has
finite second moment. Furthermore, in the case of finite
second moment, a central limit result holds for V as
E(N) > and a ' EN + p , where 0 < p < » , Expected
vacancy reaches a maximum for a homogeneous Poisson process.
Therefore, tests based solely on V can be constructed.
Hall suggests a sequence of local alternatives to show
that the test based on V is not very powerful .
Subsequently, the chi-squared argument is used to construct
a more powerful vacancy-based test.

It is also possible to obtain limit results for vacancy
when conditioning on the number of points in A . Suppose
n points are distributed in the k-dimensional cube A

according to a distribution with density £ . Spheres of

fixed content a ~are centred at the points and we assume a
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torus topolbgy on A . See section 1.2 and Miles (1969)
for a description of a topological torus.

Hall (1984a) obtained a central limit theorem for V
as zlané-p , WwWhere 0 < p < » , Also, when nzan->p
a standardized version of vacancy is ésymptotic to a
compound Poisson distribution. These results represent
generalizations of the work of Husler (1982) and Moran
(1973b) . Whereas Moran used a characteristic function
argument and results of Renyi (1962) and Holst (1972),
Hall applied the Berry-Esseen theorem for sums of
independent random variables allowing a simpler moment

argument in his proofs.
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§3 Continuum Percolation, Sequential

Coverage and Counting Problems

§3.1 Continuum Percolation

In particle physics, interaction can take place
between two particles if they are located in close proximity
to each other. Interactions may extend to one or more
particles, which weﬁshall call a cluster. In particular,
we are interested in an infinite number of interactions
occurring in at least one cluster. This event is referred
to as percolation and has important applications in both
the physical and chemical sciences. As an example,
percolation may be used to describe the conduction of
electricity in a crystalline semiconductor. We shall describe

this and other examples in more detail later. A more vigorous

definition of percolation in a continuum is presented below.
k

Let P be a Poisson process of intensity A in R
Suppose spheres are centred at the points of P . Assume
that the radii of spheres are independent and identically
distributed random variables, which are also independent of
P .

A cluster is a connected region in ﬂg{ formeﬂ by
overlapping random spheres. The size of a cluster} which
we shall denote by K , is the number of spheres it contains.
Notice that K 1is not observable because a random sphere
may be obscured by other random spheres in the same cluster.
Percolation occurs when clusters of infinite size are

formed. Of much practical importance is the intensity A



64.

at which the probability of percolation becomes positive.
Some of the applications of percolation theory are |
presented below. We have not attempted to be comprehensive
in our survey of the literature, as percolation is not the
major topic of this project.

Seager and Pike (1974) have computed the electrical
conductivity of several model materials, including some
which simulate impurity conduction in a semiconductor.
Essentially, impurity particles are represented by points
of a Poisson process. An electron can pass between two
particles if they are sufficiently close; that is, if
two spheres of a fixed radius centred at the points overlap.
Therefore, conduction in the semiconductor can only occur
when the concentration of impurity is sufficient to cause
percolation.

Gawlinski and Stanley (1981) mention another application.
Percolation theory may be used to model condensation of
polymers in a chemical solution. In recent years, lattice
rather than cohtinuum percolation has been used to model
this type of situation. Since lattice has been used to
approximate continuum percolation we describe it in more
detail below.

Unlike continuum percolation, lattice percolation
models require that the particles be placed at the vertices
of a reqular grid. In the simplest models the grid is
either a square lattice in two dimensions or a rectangular
lattice in three dimensional space. Adjacent particles
are connected with probability p . It is clear that as

p increases the probability of percolation increases.
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Also, for p=1 every particle is included in an infinite
clump with probability one. Therefore, there exists a
critical probability Py beyond which infinite clumps can
form, and a probability P beyond which clumps of infinite

expected size can occur. Now P < p, .  For a square

H
lattice in two dimensional space Seymour and Welsch (1978)
have shown that Py + Pp =1, and finally Kesten (1980)
proved that Py = Pp = 5 .

Other types of grids are also of practical interest.
For example, there are two wa?s to optimally pack spheres
of common fixed radius in three dimensional space. In
crystallography these structures are referred to as
hexagonal close packing and body centered cubic packing.
Corresponding to each of these packings is a lattice which
we illustrate in diagram 3.1 below. Critical probabilities
may be computed for these and other crystal structures.
See, for example, table I in Pike and Seager (1974).
We now briefly describe some of the methods used by authors
to estimate critical intensities of continuum percolation

in two and three dimensional problems.
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Most work has concentrated on the case where spheres
of fixed radius are centred at the points of P . Some
authors have considered other shapes, including rectangles
and squares in two dimensions and cubes in three dimensional
space. These departures from the norm shall be mentioned
as we progress through the literature. For reasons of
consistency, we assume that the random spheres or circles
are of radius one.

Gilbert (1961) noted that there were distinct
similarities between continuum and lattice percolation.
Quite often in lattice percolation the critical
probabilities at which clumps of infinite size begin to
form and where expected clump size is infinite correspond.
Gilbert was able to plot estimated expected clump size
against intensity, A , and thus estimate the point at
which the graph diverged. Similar techniques were later
employed by Roberts (1967) and Domb (1972).

The second method, used by Pike and Seager (1974),
Gawlinski and Stanley (1981) , and others, was to simulate
continuum percolation in a very large rectangular region.

Of course, clumps of infinite size cannot form in this
situation. Therefore Pike and Seager identified percolation
as the occurrence of at least one cluster which extended

from one side of the rectangle to the other. Pike and

Seager estimated Xc by starting with subcritical values

of A and slowly increasing it until percolation occurred.
Other authors have obtained estimates of AC by
extrapolating functions of the cluster size K . For example,
Galwinski and Stanley defined the function R(A) as the

probability that a sphere chosen at random belonged to an
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infinite cluster. They suggested that the behaviour of

R in the vicinity of Ac can be described by

R(A) = B(A - A )8, 2>,
Cc C

where B and B are positive constant. Their method of
estimating Ac was to perform non-linear regression of
an estimate of R()X) against A. Both papers mentioned
above consider percolation for non-spherical shapes.

Pike and Seager obtained critical values for squares,
which are all oriented in the same direction, and for
sticks which are randomly and uniformly oriented about their
centres. Galwinski and Stanley have obtained critical
values for cubes in the three dimensional problem and
squares in the two dimensional problem.

We summarise the estimates of critical values obtained
by various authors in table 3.1 below.

We shall now demonstrate that percolation occurs
whenever the expected content of each k-dimensional sphere
centred at the points of P is infinite.

Let §1,§2,... be the points of P numbered in any
systematic order and Sl,Sz,... independent random spheres
centred at the origin , 9 . Furthermore, assume that

Sl’SZ"" are independent of P. The coverage process

consists of the randomly located spheres :

= ko x -
X, +8;, ={x€eR” :x -X.€ 8} .



Table 3.1

Estimates of critical values for

continuum percolation.

68.

The shapes are chosen to have a volume or area of one.

Authors Spheres Cubes Circles Squares
Gawlinski and Stanley (1981) 0.36

Vicsek and Kertesz (1981) 0.37

Haan and Zwanzig (1977) 0.084 0.077 0.37 0.35
Fremlin (1976) 0.081 0.35

Pike and Seager (1974) 0.079 0.36

Gayda and Ottavi (1974) 0.079 0.35
Ottavi and Gayda (1974) 0.33
Kurkijarvi (1974) 0.082

Holcomb et al (1972) 0.070

Domb‘(1972) 0.081 0.36

Roberts (1967)

0.31
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Now for each x &€ IRk ’

~

P(x is not covered by any set xi + Si)

= P(0 is not covered by any set Xi + Si)

~

exp( - \a) ’

where a is the expected content of S

the expected vacancy in A € EJ( is :

1 ° Therefore,

E(V)

]

J P(x is not covered by any set
A X, + S,) dx
~i i ~

|| a]| exp( -2a) .

Thus, P(V = 0) =1 if and only if a = » , It follows
that percolation occurs for all positive A whenever

a =E(]|s||]) =~ . Hall (1984c) has provided a more complete
description of when percolation can occur. We describe

his results below.

Let AO be the critical value for the formation

of infinite clusters with positive probability, and Al

the vlaue at which expected cluster size E(K) becomes

infinite. Clearly O 5X1.§ AO < © ., Theorems 3.1 and

3.2 below giVe conditions under which both AO and xl

are strictly positive, and finite.
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Theorem 3.1 (Hall (1984c))

Assume that k > 2 and E(||S]||) <». There exists

AO >0 such that the expected number of spheres in an

arbitrary clump is finite whenever 0 < A < AO if and

only if E(}|s]|2) < » . 1Indeed, if E(||S]|2) = » then

the expected number of spheres which are in the same

cluster as a given sphere and distant no more than one

sphere away from that sphere is infinite for all values of

}\ .

Furthermore, if k > 1 and E(HSIF_(l/k)) <o then

for all sufficiently small X , the number of spheres in

each cluster is finite with probability one.

Theorem 3.2 (Hall (1984c))

Assume k > 2 . If E(||s|[) > 0 then for all

sufficiently high intensities, the probability that a given

random sphere is part of an infinite clump is strictly

positive.

The case k=1 1is dealt with separately by Hall.

He shows that percolation is then possible only when

E(]|s]|) =« . 1In other words, if E(||S||) <~ then

>
I
>
il
8

In fact, Hall considered random shapes more general
than spheres in the formulation of theorem 3.2. 1Indeed,
he assumed that sl,sz,... are independent copies of a
random and closed set S , as defined by Matheron (1975).
In order for theorem 3.2 to follow we replace the condition

E(I\Sll|) >0 by E(S(s)) > 0, where S(S) is the content
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of the largest sphere contained in S , and it is assumed

that S is connected.

For k=2 Gilbert showed that 0.13 < Al < ko < 1.39.
Hall improved these bounds to 0.174 < A; < A < 0.843
when S 1is a disc of unit radius
Diagram 3.1 : Two ways of optimally packing
spheres of equal radius in
3-dimensional space.
<~ >
\\/
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§3.2 Sequential Coverage

Suppose that we sequentially and independently
place arcs of length a on the perimeter of a circle
of circumference one according to a uniform distribution.
In subsection 1.1 we reveiwed literature concerned with
the probability of complete coverage when the number of
arcs in the perimeter is fixed. In this section we review
literature concerned with the "converse" problem : that
of finding the minimum number of arcs required to completely
cover the circle's perimeter. Since the arcs are placed
sequentially, we shall call this a sequential coverage
problem.

When exactly n arcs have been placed on the circle's
perimeter we know that, except for a set of probability
zero, complete coverage occurs if and only if the vacancy,
Vn ; 1s zero. One random variable of concern in this
section is

Na = inf{n : Vn =0} .

It is clear from this definition that, except on a set of
probability zero, the events {Na < n} and {Vn = 0}
are equivalent. When a > 0 , Na is well defined as a
random variable, for

P(N_<«) >1im inf P(N_ < n)
a N a

lim inf P(Vn =0)

n->«
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the final step following, for example, from theorem 2.1
obtained by Siegel in 1979.

As discussed in subsection 1.1, Stevens (1939)
obtained an exact expression for the probability of
completely covering the circle. Using Stevens' result,
Flatto and Konheim (1962) obtained the following expression

for the expectation of Na :

. . j=1
- : _1yJ (1- a) 3
(3.1) BN =1- 2 _;(-1) iq) 31 .

1<j<a (ja

In the same paper they also proVed that, as a-0 ,

1

1
(3.2) E(Na) ~ 3 log(z) .

Subsequently, Steutel (1967) proved that

(3.3) E(N,) = ~{log(3) +loglog(X) + y + o(1)} ,

as a-0 , where Yy 1is Euler's constant.

For purposes of comparison we have listed the two
approximations, (3.2) and (3.3) , against the exact value
of E(Na) , for a Variety of a . Both approximations
are poor when a is large. HoweVer, when a is small,
Steutel's approximation is reasonably good, and certainly

much better than Flatto's and Konheim's .



TABLE 3.2

EE R
EXPECTED NUMBER OF ARCS REQUIRED
TO COMPLETELY COVER THE CIRCLE

FLATTO'S AND

1 ! !
! ! ! KONHEIM'S ! STEUTEL'S !
5 ! EXACT SOLUTION ! APPROXIMATION ! APPROXIMATION !
e et e e B e e L L e R e L T T !
ta t ! 1 ;
lemmrem e e m e e ! ! ! !
t0.01 ¢ 713.80! 460.52! 670.96!
L Lt ] tommmmm - tommm e L e e !
'0.02 ! 316.42! 195.60! 292.66!
R et b T tomm e ———— tmmmmmm e — fommmmm e ———— !
30.025 ! 242.61! 147.56! 222.86!
e ittt fommm - tmm e — fomm e —————— !
10.033 ! 171.72! 102.04! 156.08!
R et b e et e et T ettt !
10.05 ! 104.80! 59.91! $3.40!
R ittt e il et e e ittt e e !
t0.1 ! 44.05! 23.03! 37.14!
Tt B e e e Pt R et T e it T !
10.2 ! 17 .84! 8.05! 13.31!
R e L fom e ——— fm e —————— fomm e !
10.25 t 13.20! 5.55! 9.16!
R L e E Ty fomm e ——— L e L LTt e it !
t0.333 ! 8.88! 3.30! 5.31!
R e L e e ————— e ——————— b ——— !
'0.5 ! 5.00! 1.39! 1.81¢

Since Na and Vn are so closely related, and a
non-degenerate limiting distribution exists for vacancy,
we would expect a limit theorem to hold for Na .

Indeed, allow n to be the integer part of
a

1 1 1
—ﬁ(log(—a-) + log log (E) + x) ,

where x 1is an arbitrary real number. Then

o]
il

—;—(log(%) + log log (é) + x) + o(l)

(3.4)

1 1
3 log(g) + o(na) ’ as a » 0 .
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Let B =e © . From (3.4) it follows that

an_ = log(: log()/8) + o(1)

log{(n  + o(na))/B)_+ o(l)

(3.5) log(na/B) + o(1) , as a->0 .

Now as a-~+0 , na->w . Thus, by the argument following

(2.10), (3.5) is equivalent to

(3.6) P(V, =0) >e® as a-0.

However,

P(Na

IA

é(log(é) + log log (i-) + x))

= P(Na

IA

na)

= P(V,, = 0) .

Therefore, by (3.6), aNa - log(é) -loglog(%) has a
limiting extreme value distribution with distribution
function exp(—ex) . Flatto (1973) has obtained a slightly
more general result.

Allow Na,m to be the minimum number of randomly

and uniformly distributed arcs of length a required to

cover the circle m times. Then, as a =+ 0 ,

1 1 D
a Na m log(g) +1nloglog(g) - X,

4

where X has the relocated extreme value distribution :
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P(X < X) = exp { - %/ (m-1)1} .

To prove this result Flatto expressed Na,m in terms of
the spacings between n-1 points, independently and
uniformly distributed on [0,1] . Specifically, let
Lo’Ll""'Ln—l be the lengths of the'suécessive spacings,

and let L, =1L, for i>0 . If m<n and
1+n -

i

Si = Li-l—Li+1 + "'+Li+m-1 , then

P(Na,mfn)==P(Si§a, 0<i<n-1) = P(S(n) < a) , where S(n)

is the largest S. , 0<i<n-1 . The limiting distribution

for Na o is obtained by finding a limit for the extreme

14

order statistic, S(n) . Flatto's result does not allow us

to find the behaviour of the k'th moment of Na o as
7

a+0 . Edens (1975) investigated this problem

Let X = aNa - log(—i—) -mlog log(l/a) . Edens

m
showed that for 0§'t< 1,

as a~+0 . One consequence of this result is that the

k'th moment of Xa conVerges to the k'th moment of X .

That is ,
- K, a ® )3 20) L3
lim E(Xa) = (-1) [——]E (exp(- 2 (-1) - x°))1 , k>1 ,
a~+0 dx j=2 J

where ¢ is Riemann's ¢~function. Thus, as a-—+0,

- Liegld 1,y
E(Na,m) B a{IOg(a) + m loglog— + v log(m=-1)! +o(1)}

and

_‘1ﬁ2
(3.7) Var(Na'm)-—é; 07; + o(1)) .
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It is interesting to note that the right hand side of

(3.7) does not depend on m .

In a slightly different vein, Flatto and Newman (1977)
generalized to k-dimensions the results of Flatto and
Konheim (1962), on the expected number of random arcs
required to cover a circle.

Let kA be a k-dimensional sphere with surface area
one. Suppose circular caps of the same radius as A are
sequentially and uniformly distributed on the surface of
the sphere. Suppose the surface area of each cap is a .
We can see that this geometrical situation is similar to
that studied by Moran and Fazekas de St Groth (1962),
and Gilbert (1965) . However, in the later cases, the
number of random caps is fixed. In the present situation
we let Na,m be the minimum number of caps required to
cover A m times. Flatto and Newman proved that, as

a >0,

=
=z
i

%{:log(i) + (k+m—1)loglog(§)4-o(1)}.

Kaplan (1978) and Holst (1980b) have obtained limit
results for Na,m(p) , the minimum number of arcs required
to cover a proportion 0 <p<1 of the circle's perimeter
m times.

Let p be a fixed real number, k > 1 and p=1-ka.

Suppose {na} is a sequence satisfying , as a > 0 ,

and




Kaplan proved that )VKY“
s o 2,
lim PIN_ | (1-K) < K_) <n_}= = J "2 4 dz
axg &l Tal = Tai=ralt o,

p

while Holst showed that for fixed p ,
'

a™*{a N, (o) - 67 (p)}

converges in distribution to a normal law where

G(p) = = pJ e P/y1 .
In other words, if p conVerges to 1 fairly slowly,

or remains fixed at a Value less than 1 , then Na ﬁ(p)
7

may be approximated by a normal law.

In subsection 1.1 we discussed the work of Jewell
and Romano (1982) and Siegel and Holst (1982), concerned
with the complete coverage of a circle by randomly and
uniformly distributed arcs of random length. In this
case Janson (1983) investigated the asymptotic properties
of Na , the minimum number of arcs required to completely
cover the circle.

Let L be a positive random variable and a
a positive constant. Assume that the lengths of the random
arcs are independent copies of aL , independent of the
underlying uniform distribution controlling the location

of arcs. Janson established the following limit theorem
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Theorem 3.1 ‘ (Janson (1983))

Suppose that E(L) = 1 and E(L—t)+ = 0(1/1log t)

as t->~ ., Then, as a-=>0,
1 D
aNa- log(7/ a) - log log (1/a) » X

where X has the extreme value distribution exp(-e ) .

Provided the distribution of the tail of L 1is
sufficiently well behaved, the asymptotic distribution of
Na depends only on E(L) , and not on the form of the
distribution of L . In this sense Janson's results

represent a generalization of Flatto's (1973) work.

§3.3 Dust Counting Problems

A coverage process consists of shapes placed at
random on a region A . In many practical situations it is
useful to determine the concentration of the number of
shapes per unit area. For example, a sample of dust
particles may have been taken on a microscope slide, and
we wish to find the concentration of dust particles per
unit area. When examined under a microscope, particles
group together forming clumps. Some clumps may overlap
the edges of the Viewing region. In order to estimate
the number, and hence concentration of particles, we must
compensate for the effects of clumping. We shall refer
to this, and related problems, as dust counting problems.
Some other practical applications wili be discussed in

section 4.
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In the present subsection we shall review literature
on methods of adjusting for the undercounts.

Irwin, Armitage and Davies (1949) and Armitage (1949)
ave used the following model to describe the random
overlapping of dust particles on a microscope slide.

In a large region A , n discs of area a are randomly
and uniformly distributed. A clump is a connected set of
overlapping discs, having empty intersection with all

other discs. The size of a clump is measured by the

number of discs it contains, C , séy. Let m = E(C)

be the expected clump size, and ¢ = na/||A]|l .
Irwin, Armitage and Davies derived the following

approximate formula for the case where n increases, and

a/l|| A|| decreases :
(3.8) m. 4u/(1-e"%) .

The argument used in deriving (3.8) involved the
assumption that, in every clump, eVery disc overlaps

every other one. This is, in fact, not true and leads to
an underestimate of the true value of m . Armitage (1949),

later attempted to improVe this formula by the following

means.
Let nys N, and Ny be the expected number of clumps
of size one, two and three, and n! the expected number

3

of clumps of size at least three. Armitage derived formulae

for n

10

2 and m, and argued that

né =n,y +n 0(w3)

as n—»« and yYy-+0 . He therefore concluded that the
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expected number of clumps, ignoring edge effects, is :

1
n1 + n2 + n3

= nu—4w+2(iliﬁyng+owﬂ}.

An approximate formula for m 1is obtéinea from the
relationship m - {n1+-n24-n§/n}-1 . Armitage also
extended the result at (3.7) obtained by Irwin, Armitage
and Davies (1949) to discs of random radii, and rectangular
particles (or shapes) of random size and random orientation.
Let u; and u,; be the first and second moments of the

square root of the area of a particle. Then, Armitage

showed that m could be well approximated by :

m . ap/(1-e"%) ,
where
v = n(u, + 2.5 u?)/2|| A|

This relationship may be used to estimate the mean clump
size as follows.
Let K = (u, + 2.5u2%) and N the observed number of

clumps. Then n ~ mN , and so

Lo/ (-

=
?

2Km N/l Al
1~ exp(-2Kmn/ || Al

Hence, Armitage suggested that

. lall :
m = (T —Zgwy AT

2 KN
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be used to estimate the mean clump size.

Various authors have noted that the dust particles
can vary greatly in their shape and size. The
approximation to their shape by a disc or rectangle, as
proposed by Armitage, may indeed be too :ngh. In light
of this argument, Mack (1954) has suggested a more generél
model, which we now describe.

In a region A' , n convex shapes (or particles)
are independently and uniformly distributed with random

and uniform orientation. Suppose that n of the shapes

r
have area ar and perimeter sr » 1 < r < k , where
'Zt=1 n_=n. Mack was interested in finding the expected

number of clumps, m , and the expected number of clumps
of size one (or expected number of isolated shapes), my o
say, in the region ACA’', A' is chosen sufficiently
large to overcome edge effect problems near the boundary
of A .

Clearly, Mack's model contains Armitage's as a
special case, for both discs and rectangles are convex.
As we shall see, Mack chose convex shapes for reasons
of mathematical conVenience.

The essential feature of Mack's model is that all the
shapes have independently undergone a random uniform
orientation. In many practical situations this is fairly
realistic. Of interest in Mack's formulae for m and m,
is the fact that they depend on the convex shapes only

through their mean perimeter and area.

Mack proved that, for large n_ and || A"
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k k
(3.9) my -iLéiL I n_ exp(- Zl“nu bur)
» Ifar]] r=1
where
-1
—_ 1
b, = A" || (a,+a, +s,s /2m) .

In 1956 he further showed that

- k
-%
lnr exp(-% uzlnu bur) .

(3.10) m < lladl

A «

o =

The techniques used by Mack in deriving (3.9) and (3.10)
are very similar. Wé shall present an heuristic proof of
(3.9) using a technique similar to his.

Suppose that each shape has a centre. The probability

that this centre is in A is || Al|/]|A"

. Let < be
the probability that a random convex shape of area a.

is isolated. Clearly,

k
m =_M M n

P
lar|] =1 * °F

k

Now p_ = . Pry 7 where p_, is the probability that
u:

a shape of area a_ is not intersected by any shape of
area a, . To complete the proof we need only show that

for large n, v

p :exp(-nub ) .

ru ur

Let Sr be the shape of area a. . For the moment fix
its orientation, and its centre at a point P € A . Let

Sx be one of the random convex shapes of area a, s and

~

centre x. Let A be the set of all points x € IR2 such

~

that SX intersects Sr . Now S 1is a convex set whose

~



boundary is the set of all points x such that SX

~

touches S, - Let 0 be the point x where

Sx just touches Sr at T . See diagram 3.2. Move

~

Sx an infinitesimal amount along the boundary of Sr ’

~

maintaining its orientation. Now T 1is translated to

T', Q to Q' and the new point of contact is U .

Diagram 3.2 Translate of Sx just touching Sr .

-~

84.
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Diagram 3.3 Details of the parallelogram

in diagram 3.2

AN Q w
b \\
I
l \\
' \
| \
! \
P J NG
| X
l
|
v Cl_____
T
— 905
In order to calculate p_, we need to find | All .

This can be done by integrating around the perimeter of

A , the area of the element PTQQ'U .

It is clear from diagram 3.2 that
(3.11) area (P TQ Q'U) = area (P TU) + area (T Q Q'u) .
Let W divide 0QQ' in the ratio |Tu| : |TT'| , where

| XY | is the length of the chord XY . Let p be the
perpendicular distance from TT' to Q . Refer to
diagram 3.3. Since the orientation of Sx was maintained
in the infinitesimal translation, TQQ' T'~ is a

parallelogram. Therefore,
(3.12) area(TQQ'U) = area (QWTU)

+ area (UQ'TY) .

Let asr be an element of the boundary of Sr .




The infinitesimal area (PTU) is an element of the area
of S, - and the infinitesimal area (Q'T'U) is an
element of the area of Sx . Thus on combining (3.11)

~

with (3.12) and integrating, we obtain

Al

s N+ NS, Il +'Jas‘ b ds

(3.13)

= a_+ a_ + J pds .
u r 38
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In the argument just given the orientation of Sx remained

~

fixed. 1In Mack's set-up it is given a uniform
orientation on (0,2m). On integrating the final term

of (3.13) oVer (0,2m1) we obtain :

I ds [ p ds J ds J p db .
(0,2m) Jasr 3s_ (0,2m)

the final step following because pdf is a small element

on the perimeter of Sx . Hence, the mean area in which

~

shapes of area a, can intersect S, is :

-1 2T
(2m) J Il Ace) || a8
0

(3.14) = a +a + s_ s /2w
v r r “u

IaY b, -
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The RHS of (3:.14) does not depend on the orientation
of Sr , so the formula still holds if Sr is given a
random uniform rotation. It follows from (3.14) , that
the probability of a shape of area a, hot intersecting
a given shape of area a. 'is 1=b__ . Therefore,

ur

n

= (1-b__) "

Pru ur ~ exp(-n b, )

r

for large n,  , as required. |

Mack's formula may also be deduced from the so-called
"Fundamental Formula of Integral Geometry", see
Blaschke (1949), Santalo(1953,1976) and Miles (1974).

Mack (1956) has generalized the expressions for
expected number of clumps, and expected number of clumps
of size one, to a three dimensional situation.

Again, convex shapes are randomly and uniformly
distributed in a region A'C R?3*, and given a random
and uniform orientation. There are n_ shapes of volume
al and surface area st , lsrsk. The mean perpendicular
for a conVex shape § C JR3 is defined as follows.

Let 1r(6,¢) be the distance from a pre-defined centre
in S , to a point P on the boundary of S , whose tangent
plane has a normal with spherical angular coordinates

6,¢ . The mean radius is

1 w 2T
R = H J J r(9,d>)sin6 de dd).

Formulae (3.9) and (3.10) continue to hold in the three

dimensional case if we replace the previous definition of
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ur

by = 112177 (a) + s R+ sp Ryvap)
where Rr is the mean radius for the random convex shapes
of area a, -

There are two minor shortcomings of the formulae
obtained by Mack. Firstly, they are only asymptotic.
approximations. However, they become exact if we assume
that the shapes derive from a coverage process in which
shapes are centred at points of a Poisson process. In
this case, the quantities n,_ are means of random variables.
Secondly, (3.10) only provides an upper bound for the mean

number of clumps. If some prior knowledge of bu and

r '
the relative proportions of the n. . l1<r<k , 1is given,
then (3.9) can be used to estimate the average number of
shapes per unit area.

By only looking at the number of clumps we are
ignoring a large amount of information. Extra information
can be obtained by also counting the number of enclosed, or
entrapped voids. Kellerer (1983) has obtained an exact
formula for the expected number of clumps minus enclosed
voids, when the shapes are distributed in a Poisson field.

Let S be a random shape with mean area a , mean
perimeter S and mean Euler characteristic ¥ . The
Euler characteristic of a shape is @a-8 , where o is
the number separate domains and B the number of enclosed
voids. Any convex shape has an Euler characteristic of
one. Let S be obtained from S by giving it a random

uniform rotation, about a predefined centre. Let S.,S

l’ 2,-.-
be independent copies of S . Let Sl,Sz,... be centred
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at the points of a Poisson process of intensity A .

The mean number of clumps minus voids in a region
A of area || A]|| , perimeter |3A| and Euler

characteristic X is :

exp(~ar) {A(x|| 2|+ s|3a|/2m) - A2|| A|| s2/4n -1} +1

when ¥x = X =1 . This result is obtained quite easily
from standard results on the mean curvature of random

closed circuits.

§4. Applications

Thus far, our review has concenfrated on the large
body of literature concerned with theoretical analyses of
coverage. Research works were divided into various sections,
according to their theoretical content. In the present
section we attempt to group research works together on
the basis of their practical applications.

To review all research works and applications would be
a monumental task indeed. Rather, we have chosen a subset
of topics, and shall discuss them in enough detail for

the reader to appreciate the importance of their application.

§4.1 Military Applications

In the present subsection we shall review some of
the military applications of coverage processes to the
destruction of point and area targets. For the interested
reader, thorough surveys of the literature relating to
military applications can be found in three excellent review

papers : Guenther and Terrango (1964), and Eckler (1969).
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In military applications the following model is
commonly used. It is assumed that the bombs' impact points
are statistically independent. The random location of an
impact point is described by the probability density function
p : ]Rk-> ]R+ . Usually we have k=2 'or 3 . The damage |
function d is defined so that the conditional probability
that a point target at the origin is destroyed by a bomb
impaéing at x, is d(§) .

One of the simplest situétions investigated in the
literature is the case where the target, A , is a fixed
point. Without any loss in generality assume that

A = {0} . The probability that a single bomb destroys A

~

is

(4.1) P =YJ d(§) p(§) dx ,
ZRk

while the probability that at least one of n > 1 bombs
destroys A is 1 - (1-p)" .
In many practical situations the following simplifying

assumptions are made. In k=2 dimensions, for some value

R>0 ,
1 when x32+y? < R2 ,
(4.2) d(x,y) =
0 otherwise, and
(x-x )2 (y-y )2
(4.3) p(x,y) = 1 exp{ - —2 - __"° 3 ,
2T 0.0 202 202
Xy X Y

where (xo,yo) is the expected point of impact, 0; is

2

the variance along the x-axis and Oy is the variance
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along the y-axis.
The damage function at (4.2) represents the
situation where a bomb destroys everything within radius R
of its point of impact. A large amount of literature is
concerned with tabulating P against the various parameters :

X r O, cy and R . For many references see

o’ Yo X

Eckler (1969). When X, =Y, = 0 and 0x==0y==o , a

closed form solution exists for P . 1In this case

2 2
p = __1 JJ exp (- YT ) ax dy
2mo? X2+y2<R?2 202
2 2
= 2 JJ : exp(-—z—iz—) dx dy ,
mo? X2+y2<R2,x>0,y>0 202

which on substituting r = /(x2+y2?) and s=x/y

simplifies to

R oo
—_— r exp( - ) drj 1
if¢) L 202 o 1+s?2 ds
R
= J L exp(--—) ar
0 o? 20

1 - exp(-R2/20%) .

Sometimes it is necessary to represent the target by
an area rather than a point. In this case it is reasonable
to determine the expected fraction of the target destroyed

by a salvo of n bombs.
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The expected fraction of a general target, A ,

destroyed by a single bomb is

J J d(x-xt,y-yt)p(x,y)dxdy dxt dyt,

— 0O wme OO

Jj(xt,yt)EA

where p and d are as previously defined. This may be

rewritten as

P(x,_,y,) dx_ dy

where
® o0
P(Xt’yt) = J [ d(x—xt,y-yt) p(x,y) dxdy
is the probability that a single bomb destroys a point
target located at (xt,yt) .
The probability that at least one of n independent
bombs destroys a point target located at (Xt'yt) is

1 -{1-P(x ) . We must integrate this over the

'Yt
target area to find the expected proportion destroyed.

That is,

1
ol

‘J [1-1{1-P(x)}" ax
A -

is the expected fraction destroyed.

Most work has concentrated on the case where A is
a disc of radius K , and d and p are as defined at
(4.2) and (4.3) , respecti#ely. Again, a large amount
of literature is concerned with tabulating or graphing Cn
against the various parameters. As these works are of

little interest here, we only mention that many references
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can be found in the review papers of Eckler (1969),
and Guenther and Terrango (1964). There
does, however, arise one interesting problem.

Suppose that X, =Y, = 0 and O, = oy =0 .

If the precision of the bomb aiming device is perfect then
0 =0 . In this case the fraction of the target destroyed
is R2/K2 , which is less than one when R < K .

However, as o increases, Cn initially increases and
then appré%ches zero. Therefore, there must be an optimum
value of "0 , which maximizes the expected proportion of
the target destroyed. Knowing the optimum value would

be of practical use if an aiming device could be designed,
which allowed us to arbitrarily choose the spread, o , of
impact points. Walsh (1956) has investigated a more general
optimization problem, which does not require the assumption
of normally distributed impact points.

Walsh defines the function D : JRk - [0,1] as
follows. The probability that a bomb with impact point Y
destroys a given target A C ]Rk is D(X)' Let p(§-z)
be the conditional probability density function of the
hit location, y , from a bomb with éxpected hit location,

~

x , and g(x) the density function of x . The conditional

~ ~

probability that a bomb with expected hit location x

~

destroys A is
H(x) = J D(y) p (x-y) dy ,
~ A = ~
while

H =J [1-1{1-H(x) Mqx) ax
n Rk ~ ~0 TR
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is the probability that at least one bomb in a salvo of
n bombs destroys the target. |

We see that the notation used by Walsh is not quite
the same as that introduced at the beginning of this
section. However, it is convenient in practical situations,
for the function D may be defined arbitrarily. For
example, D could equal one if a predefined proportion
of the target was destroyed. Suppose we also fix the
function gq . Then, Hn only depends on the hit location
function p . Walsh described the following procedure for
obtaining the optimum, or maximum, value of Hn .

Let ﬁn be the optimum of H  and ﬁ(g) the
corresponding optimum for H(§) . Firstly, determine the

value of ¢ satisfying

{1- (c/qxn 1)y oy
{x:q(x)>c} '

-1 D(y) dy .
Ial JA v

Then,

- 1 '
Hn =1 - C{I d}f - -ﬂ—A—ﬂ— J D(z) d_‘z}
g(x)2>dx , A

- q(}f) d)f ’

q(x)<c

while
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1/ (n-1)

1 - {c/qx)} for x satisfying

q(x) > c,

0 otherwise.

Determination of the optimum p. is done by an iterative
'cut and try' method.

In more refined models one part of the target. may
be more important than another. We could measure the
importance by a density function A . In this case, the
expected total value of the target destroyed by a salvo

of n bombs is

(4.4) c =.J A(x)[1-{1-P(x)}"] ax ,
n ]Rk ~ ~. ~

where p(§) is the probability that a single bomb destroys
a point target at X .

Expression (4.4) 1is also the probability that a
point target, placed at random according to the density A ,
is destroyed by a salvo of n bombs. McNolty (1967)
has obtained simple expressons for Cn when the bombs'
location density, p , and damage function, d , are as
defined at (4.3) and (4.2), respectively, and when the
target's random location is distributed as a circular
normal distribution. Other related problems, which have

been the subject of investigation are :

a) the probability of destroying the target exactly

m times, where m < n ;
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b) the expected number of bombs required to destroy
the point target exactly once;
and
c) the probability that n or fewer bombs are required

to destroy the target exactly once. .

Many more complex models exist. However, little
insight is gained through describing them. 1In the following
subsection we investigate physical and biological

applications of coverage processes.

§4.2 Other Applications

In the present subsection we shall describe several
applications including : applications in image analysis;
fibre counting problems; the modelling of a problem in
virology; vapour to liquid phase transitions, and the
spatial pattern of heather in a field. For each application
we describe the coVerage model that has been applied and
state results where necessary.

Serra (1982), in his book titled "Image Analysis and
Mathematical Morphology", considered the practical
applications of what he called a Boolean model. As
described in the introduction, a Boolean model is a coverage
process consisting of a collection of independently and
identically distributed random shapes placed at the points
of either an homogeneous or inhomogenous Poisson process.
Serra described a method of testing for a Boolean model

based on the functional Q defined by :



Q(B) = P(B does not intersect any

of the random sets) ,

B is a Lebesgue measureable subset of :Rk.

where
Such work has applications in minerology, for example,

the modelling of ferrite crystals in iron sinter, or
biological applications such as the random distribution of
trees in a forest. _

In subsection 3.3 we described the mathematical
techniques used for adjusting undercounts of dust particles
caused by clumping. We now discuss some important
applications of this theory.

In some industries airborne asbestos fibres result
as a product of the manufacturing process. It is important
to determiné whether the concentration of these fibres
is sufficient to be a health risk. The concentration
can be estimated by examining an asbestos-laden membrane
filter under a microscope.

Iles and Johnston (1983) described a procedure which
requires that all fibres less than 3um in diameter be
counted. Larger fibres are not respirable and hence do
not represent a health risk. If a fibre is in contact
with a particle greater than 3um in diameter, then it is
ignored. The problem is to determine the respirable fibre
concentration from the membrane filter sample. Due to
overlap, the count of respirable fibres on the membrane
must be adjusted upwards.

Since asbestos fibres are long and narrow, the model

which is commonly used, consists of a collection of

elongated rectangular shapes, which have been independently
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and uniformly thrown on a region, A . Independently of
this, each rectangle is given an independent and uniform
rotation around its centre.

Iles and Johnston have shown how to calculate the
concentration of respirable airborne fibres, with
reasonable accuracy, from counts of the number of
respirable fibre clumps on the membrane. Their work is
closely related to the theoretical papers of Irwin, Armitage
and Davies (1949) , Armitage (1949) and Mack (1954, 1956),
in which approximate formulae are derived for the mean
number of clumps. See section 3.3.

Mack's work allows for a more general definition
of the shape distribution.of fibres. As only small fibres
represent a health risk, it is important to be able to
estimate the distribution. Schneider, Holst and Skottle
(1983) discuss the relationship between the shape
distribution and influencing factors such as : the
manufacturing process which creates the dust clouds, air
supply and ventilation, and the aerodynamic préperties
of the fibres.

The concentration of airborne fibres is estimated by
firstly counting the number of fibre clumps on a filter.
In practical situations this is an onerous and time consuming
task. Attfield and Beckett (1983) described a simple
technique to ease the task of fibre counting.

Briefly, microscope samples are examined for the
presence or absence of fibres. If m samples are void
of fibres, then the estimated density of fibres is
¢n(n/m) . The deriﬁation of this formula, which assumes

a Poisson distribution of fibres, is described in detail
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by Attfield and Beckett.

The presence of dust particles, other than asbestos
fibres, in the workplace is of major concern. These
particles can represent a health hazard to the workers.

In some cases the shapes of particles may be better
represented by convex regions other than rectangles.
Mack (1956) has developed a general theory for adjusting
for undercounts in such circumstances.

Particle counting is also of importance in the
biological sciences. For example, we may wish to count
the number, n , of bacteria colonies on a microscope slide.
The colonies can overlap and are approximately circular
in shape. Thus, we could use a model consisting of discs
spread uniformly and at random throughout the region A .
As discussed in subsection 3.3, Armitage (1949) derived
a formula for estimating n .

Moran and Fazekas de St Groth (1962) stddied the
following problem in virology, which can be modelled by a
simple coverage process. The problem arises from the way
that antibodies prevent a virus from attacking a cell.

The thin cigar-shaped antibodies attach themselves end-on

to the approximately spherical virus, preventing a circular
cap region on the surface of the virus from touching any
cell., If n antibodies randomly attach to the virus,

then the probability of complete coverage of the virus's
surface by the associated circular caps is the probability
that the virus will not infect any cell. In subsection 1.2
we discussed in some detail how Moran and Fazekas de St Groth
and subsequently Miles (1969) derived approximations to

this probability. The interested reader may refer to the
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discussion in subsection 1.2.

Yet another application of coverage arises in
physical chemistry. Widom and Rowlinson (1970) studied the
applicability of the following coverage model for liquid
to vapour phase transitions. The model consists of n
molecules, unifdrmly and randomly distributed in a laxrge
region A . Each molecule is represented by a sphere of
volume a . According to Widom and Rawlinson, the potential

energy of the system is

U= (||all -V - na)e/a ,

where V is the vacancy and € > 0 1s an energy constant.
The quantity U can be used to determine the phase state
of the material. Ultimately, this will depend on the
distribution of V . However, the exact form of this
distribution is unknown, so Melynk and Rowlinson searched
for an approximation . Using Monte Carlo methods, they
showed that (|| A]|l - Vv)/||A]| was approximately normal in
distribution. As discussed in section 2, this result was
later justified in a theoretical manner by Moran (1973b).

An early application of Stevens' (1939) work, on the
complete coverage of a circle by n wuniformly distributed
arcs, arose in harmonic analysis. Suppose that each arc
is of length a . We proved in section 1.1 that the

probability of complete coverage is

(4.5) l-n(1-a)™ 1+ ...+ (-1)}‘(2)(1-1@1)""'1 ,

‘where k is the integer part of 1l/a . Fisher (1940)

noted a remarkable similarity between Stevens' result
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at (4.5) , and the probability of Type One error in a test

of significance of the largest harmonic component in a series
of normally distributed observations. This led Fisher to

the discovery of how his problem in harmonic analysis

related to Stevens' model in geometrical probability.

In section 3.1 we described in some detail the
application of coverage theory to continuum percolation.
We shall briefly mention one important application here.

Suppose that impure conducting particles in a
semiconductor are represented by spheres. An elecé}bn
may pass between two impure particles if their associated
spheres overlap. Thus, conduction occurs when a clump of
spheres of infinite size forms : that is, when percolation
of the spheres occurs. Clearly, the concentration of
impure particles plays an important role in determining
conduction. Using a Poisson point process to represent
the spheres' centres, Gilbert (1961) proved that there
exists a critical concentration above which percolation,
and hence conduction, occurs.

Diggle (1981) employed a coverage model to model the
growth pattern of heather in a field. Heather plants grow
from seedlings reaching a maximum radius of about 50 cms.
The branches of adjacent trees intermingle if the regions
they occupy overlap. Under these restrictions, Diggle
proposed the following model. Viewed from above, the heather
plants may be represented by random radius circles, and
the centres of the bushes by a Poisson process with
intensity A . Figure 3 below, which appears in
Diggle (1983), shows a 1:100 scale map of heather, coded

as a 100x 200 binary matrix. The shaded area represents
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heather, while the light area represents the vacant region.
Diggle's primary concern was to find a model which
fitted the data well. This involved estimating the
parameter A , and the density function , f , for the
heathers' radii. One simplifying assumption made by
Diggle was that f 1is a relocated Weibull distribution,

so that

£(r) = ko(r-8)""1 explo(r -8)%}, s 8,

where k,p and J are positive constants. Let us
define G(u) as the distribution functioqs/of the distance
of an arbitrary point in the plane to the nearest heather
plant , and vy(u) as the covariance between points a
distance u apart , coding 1 for points occupied by
heather and zero otherwise.

Diggle showed that the fit obtained by using Yy was
much better than that obtained by using G . The reason
Yy works better than G 1is that G depends only on the
‘first two moments of disc radius, while Yy depends on all
properties of disc radius. Hence there is much more
information contained in <y than in G . Even the model
obtained by using Yy 1is not entirely adequate as illustrated
in diagram 4.2. Comparing diagram 4.1 and 4.2 we see
that there are distinctly fewer clumps in the raw data

than the simulated data.
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Diagram 4.1: Map of heather in a 10mx 20m field.

Heather is represented by the shaded region.

Diagram 4.2: Simulated heather pattern from the

model obtained by fitting vy .

Diagrams 4.1 and 4.2 were reproduced with the kind permission

of the Piometrics Society.
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Chapter 2. " Testing the Hypothesis of Uniformity

Recall the definition of a coverage process C
described in the Introduction and Summary. In a region
A CIRk points §1,§2,... are distributed according to
some random process P . By definition C consists of
independently distributed copies Sl,Sz,... of the random
set S relocated at the points of P . It is also assumed
that s, , i>1 , and P are statistically independent.
Due to oVerlaping of random sets the location of all the
points §i' i>1 , 1is in general non-observable.

In this chapter the aim is to construct tests of the
hypothesis that the underlying point process P 1is
uniform on A , and to analyse the asymptotic power
properties of these tests.

In order to construct a theory several simplifying
assumptions are made. Assume that P consists of exactly
n>1 points, which are independently and identically
distributed on the region A . To avoid the difficulties
of "edge effects" let A be a k-dimensional unit cube which
is also topologically a torus. The properties of a
topological torus were discussed in section 2 of chapter 1.
Essentially, if a random shape protrudes beyond one side of
A 1t is introduced at the other side. This technique is
frequently used in geometrical probability. See for example
Miles (1969). To overcome the problems associated with a
random set completely wrapping around A and overlapping
itself, assume that, with probability one, S is contained

-l

inside a sphere of diameter one. The notation |
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is often used thrcughout this chapter to denote the
Lebesgue measure of the argument set.

As was seen in the section on applications in the
previous chapter, the assumption of uniformity was
frequently made. Such an assumption could be well justified
in many situations. For example, one would expect gas
particles to be uniformly distributed in the vapour-liquid
phase transition model used by Melnyk and Rowlinson (1971).
Howeﬁer, in the heather plant application considered by

Domb (1981) , it would be useful to test the hypothesis of

uniformity in the early stages of model fitting. Hall (1984Db)

constructed a test of uniformity based on vacancy assuming
that P was a Poisson point process. Some of Hall's work
has direct bearing on the ensuing theory. This is clearly
indicated at appropriate stages throughout the chapter.

In order to obtain limit results for tests of uniformity
Hall used a "change in perspective" concept which is now
briefly described.

Initially, let us confine attention to k=2 dimensions
and uniformly distributed shapes. Suppose a survey camera
is mounted in a helicopter, which is flying above a forest.
Let A Dbe the square glass plate on the back of the camera.
The image of the forest projected on the plate may be
represented by a coverage process. The mean size of a tree
on the plate is the expected area of a random shape. If the

-1

14

helicopter was to increase its altitude by a factor §
where § < 1 , then the expected area of a random shape
would decrease by a factor &2 , and the number of shapes

per unit area would approximately increase by a factor =% .

Suppose we were to replace the generating shape S in C
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by 85 = {x : &%%

€S} , then the situation described above
corresponds to letting ¢ - 0 and n - «® in such a manner
that né*> p , where 0<p<® . In the k-dimensional
situation allow & - 0 and n » «® so that nék > P .
The associated coverage process for uniformly distributed
shapes is denoted by C(&,n) . When the X, 's are
distributed according to a distribution with density £
thevcoﬁerage process is denoted by Cf(é,n) . Under the
above con&ergence criteria a central limit theorem for
Qacancy in a 3-dimensional cube in which spheres of common
radius are uniformly distributed was obtained by Moran (1973b).

In section 1 we generalize Moran's result to the case of
random and bounded shapes in a k-dimensional set-up. From
this theory an asymptotically consistent test of uniformity
of the underlying point process based on vacancy is
constructed in subsection 1.2.

For increasing n a sequence of density functions fn ’
which conﬁerge to the uniform density, will be defined.
In subsection 2.2 the asymptotic power, or so called
local power, of the test based on vacancy is determined for
a Qariety of conﬁergence rates for fn . It will be shown
that the test can only distinguish differences of order
O(n_%) from the null hypothesis of uniformity as n -+ « .
In the one dimensional situation Hisler has considered two
other statistics : the total number of uncovered spacings,
and the length of the maximum spacing.

Simple tests of uniformity will be constructed from
these statistics, and their local power derived. The local

power of the test based on the total number of uncovered

spacings is comparable to the test based on vacancy.
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Howe&er, its asymptotic consistency can only be assured
when o < {E(]] SH)}_l . As so happens, the test based
on the length of the maximum spacing is pobr in comparison
and can only detect differences of order O[{log(n)}-ll

from the null hypothesis as n-o ,

§1  Uniformly Distributed Random Shapes.

Throughout this section it is assumed that
%l’ %2, cesy §n are independently and uniformly distributed
on A . Under this hypothesis, in subsection 1 formulae,
and asymptotic approximations, are obtained for the
expectation and variance of vacancy. Of practical importance
in constructing an asymptotically consistent test of the
hypothesis of uniformity, is a central limit theorem for
Qacancy.

Moran (1973b) proved such a result in the special case
where n spheres of equal radius are independehtly and
uniformly distributed within a 3-dimensional cube. 1In
subsection 2 we prove a more general limit theorem for
randem and unifermly bounded shapes in a k-dimensional
setting. The proof is considerably different to Moran's

and does not use his characteristic function argument,

but rather a simple application of the Berry-Esseen theorem.

1.1. " 'Expectation and Variance of Vacancy.

Our first result gives exact formulae for the
expectation and variance of vacancy. The Lebesgue
measurable set S rescaled by a factor ¢§ and translated

through x 1is denoted by
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x+ 68 = {x+ 68y : ye S} .

‘Theorem 1

For'the'coVerage process C and vacancy as defined

in the introduction

(1.1) E(V) = {1 - E(|] s|D}"
and
(1.2) Var (V) = [ [{1 - 2E(]| s|]) + E(]|]s n (s+§1—§2)|l}‘n
AZ
- {1-28(| s|h + (E(]]s]))2}"] dx; dx, .
Proof

The probability that x € A is covered by Xi+Si
is E(|l s|) . Thus E(x(x)) = {1 - E(|]|s|)}” , where

X(X) is 1 when x is uncovered and zero otherwise, and so

E(V) = {1 - E(||s|D} ,

as required.
Since A 1is topologically a torus , the stochastic

properties of CC are invariant under translations. Thus,

E{x(§1) x(§2) }

P(for 1<i<n , x, & X, + S, and x,¢ X, + S;)

P(for 1<i<n , %i é‘(§1—§2 + Si)LJ Si)

i

{1 - 2E(|| s+ E(]|s N(s+x -352)!1)}n .

1
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Hence

Var (V) J [E{x(§1)x(§2)} - E{x(§ )}E{x(§ )}]d§ dx

AZ

1l

J [{1-2E(]ls|) + E(]|s n(s+x;-x,)1]) I3
A2 T

-(1 = 2e(]|s]) + (E(]Is]])) 2 Max; ax,

which completes the proof of theorem 1. 17|

In the introduction to this chapter a method of
obtaining a limit theorem for vacancy was described. The
method was discussed in terms of a change in perspective.
Essentially, if n is the number of shapes in A and the
expected size of a random shape is proportional to ¢ ,

we allow n-+« and J-+0 in such a manner that nSk -0,

where O0<p<« , The coverage process corresponding to this

situation is as follows.

Let A Dbe a k-dimensional unit cube and assume that
A is topologically a torus. As before let Sl,Sz,...
be independent and identically distributed copies of the
random set S , independent of %1,§2,... , which are
independently and uniformly distributed points on A .
Furthermore, assume that S is contained inside a sphere
of diameter one with probability one. For § < 1, define

C(S,n) as the collection of random sets XI + &S
L.

’

il
l<i<n .

The following theorem gives asymptotic approximations

for the expectation and variance of vacancy.
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" Theorem 2.

" Let V=V(§,n) denote the vacancy in the unit cube

A arising from the coverage process C(6§,n) . If

' . . K
§ 0 as n -« , in such a manner that ¢ n » p ,

"Whére 0<p<e>, then
E|V - exp{-pE([|S|)}] + 0
éé n >« and

o —

n var(Vv) - T

1l

P

e—sz(l‘Sl|)J « lexploE(][s n(s+2)|| - 11dz

R

- p2e(|ls|lyz o720 ELISID

as n-—>e .
Proof

The proof is trivial when E(||S|]) = 0 . For the
rest of the proof assume that E(||s]|) > 0 . By replacing

S by 68 in (1.1) we obtain

E(V)

{1- 6% EC||s|) " > expl-p E(]||S|])}

as n+® , Furthermore, |V| < 1, so to prove the

theorem it suffices to show that

(1.3) var (V)

I

E{|V-E(V) |2}

12/n + o(%g)
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as -n->® Since S is bounded by a sphere of diameter
one and & < 1 , E{||és n (85 + x;-x,) ||} = 0 when

]§ - §2| > § . Thus, to find an asymptotic estimate of
(1.2) we replace S by &S and the integrate in two parts:

ix1-§2! > & and |x -x2| < 8§ . Writing a = E(||s|]) ,

~

the first of these integrals is :

J ax, J {(1-2 6% - (1-2 6% + %% a2)"} ax
[x-%,1>6 . x, €n

k

= ||A2(1+0(1)) [(1-2 6%a)P={(1-2 %)™

2k 2

+nsé a2(1-2 <Ska)n"1 + O(n~

) 1]

~-1

(1.4) = - n "p2 a2 e—2ao + o(n“1

) as n - «©

As for the integral over le - x2| < 8

H [{1-2 6% + &5 E(]] s n(s+ (x,-%5)/8) || ) 18

i’fl"le“' X1rXp € A

- {1-28Ka + ¢2Ka2y0 ) ax ax,,

4J [exp{—2n6ka + ns¥ E(||sN (s+ (>~<1->~<2)/6)H)}

|x1—x2|<6 X;/X, € A

- exp{—zndka}] dx, dx,
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< Cn Y dx, dx

AR ARKRE TR S

1

(1.5) = o(n )

as n > , where C is a constant independent of n .

However,

lexp{nd¥E(]| S N (S + (x;-%,)/8))} - 1] dx,dx,
[%1-%,1<8, x;.%, €4

= (1+o(l))J d>~<lj [explp E([[S N (s+ (x,-x,)/8)|]) }-11ax,
X, € A |§1_§2|<5,§26 A
(1.6)
- ak(1+o(1))[ d)jij [exp{oE(|ls N (s+2)])} -11dz .
XE A {z:x,-8z €A and Igl < 1}

The difference between the multiple integral on the RHS

of (1.6) and the same integral over {xl,z : xlEE A and

lz] < 1} is bounded by a constant multiple of
J dxlj dz
x, € A 7 lz|<1, X, = 6z £ A -
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where A* = {x : x €A and x-z £ A for some |z|<§}

The measure of this set is bounded by a constant times ¢ ,

which converges to zero as n->~ . Thus,

lexp{ns®E(]|S N (8+ (x;~x,)/8) || )} - 1] ax; dx
|x-%,1<8 , x;,%x, €A

=n! p(1+-o(1))J d§ij [exp{pE(]|s N (S+E)H)} - 1]dz
X, €4 {z : |z|< 1}
(1.7)
=n71 bj lexp{pE(]|s N (s+z) || )} - 1] dz + o(n™1) .
k ~ ~

as n - «® .,

Consequently, by (1.2), (1.4), (1.5) and (1.7)

var (V) = n~1 pe-Zap j
R

[exp{pE(]||S N (s+z)|])} - 1] dz
K z z

-1 _2

- n “pa e-2ap + o(n—1

)

which proves (1.3) and completes the proof of theorem 2.
IZl
The special case resulting when E(|| s||) = 0 is
of little practical importance, and hence is omitted from
any future discussion. That is, assume throughout the
rest of this chapter that E(||s]||) > 0 .

In the following subsection a central limit theorem

for vacancy V(§,n) will be obtained.
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1.2 ‘A Central Limit Result.

The technique used to prove a central limit result
is as follows. Divide A up into a regular lattice of
subcubes and concentric subsubcubes, so that each
subsubcube is separated by a distance of at least ¢ .
See diagram 1.1 below. Since the random sets §i-F6Si ’
i'z 1 , are bounded they can intersect, at most, one
subsubcube. However, the vacancies within each subsubcube
are not statistically independent because the number of
centres occuring in one subcube depends upon the number
of centres occuring in all other subcubes. To overcome
this problem we condition upon the number of centres
occuring within each subcube. Then it is quite easy to apply
the Berry-Esseen theorem. The limit result is consequently
established by showing that the vacancy in A may be
closely approximated by the sum'of vacancies within the
subsubcubes.

The central limit result is stated next. However,

the proof is prefaced with two useful lemmas. The techniques
used in the proof are very similar to those used by

Hall (1984a) .




FlSe

Diaggram. 1.1 = A bounded random shape can intersect

at most one subsubcube.

—

& O
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' Theorem'3

For § <1 'let V = V(§,n) be the vacancy in

the unit cube A resulting from C(S§,n) . Assume that

with probability one, S 'is contained inside a sphere

of diameter 1 . If ¢ >0 as n » « in such a manner

"that 6kn > 0 , whefe 0 < p < o, then
/v - E(W)} 0 N(O,T2)

that is convergent in distribution to a normal law with

mean zero and variance T2 as defined in Theorem 2.

Lemma 1
Let A and B be two Lebesque measurable subsets

of I!Rk . ’i‘hen R

| Wecsn asllax = (allis]
R

Proof

Since A and B are Lebesgue measureable,

[ e a nell ax
IRk

= j dx J dy
IRk (x+A) N B
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- Bl

Il

[ Al ax = 1A
B

as required. ||

" Lemma 2

Let {Xn}‘ be a sequence of random variables.

" 'Assume that there exists random Variables Yn(g) and

Zn(E) such that

X = Yn(E) + Zn(E) ’

where & > 0 . Suppose that for random variables Y (&)

“and Y ,

(1.8) v (&) »P v as n >,
(1.9) ve) Py as &+,

and for all ¢ > 0 ,

(1.10) lim 1im sup P(|2 (&)] > ¢) =0 .
€+oo - N> n
Then,
x_ -0y
n
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Proof

Let € > 0 be arbitrary. Then,

P(X_<x) = P(Y_(&) + 2 (&)<x)

A

P(Y () - e < x) + P(2,(§)< -¢)

IA

P(Y () < x +e) + P([z_(8)]|>¢) .

Hence, by (1.8)

lim sup P(X_ < x) < lim sup P(Y_(&) < x+eg)
n--o© n - n-o n -

+ lim sup P(]Zn(£)|> €)

n—>©

< P(Y(E) < x+ 2e) + 1lim sup P(| Zn(i)! > g) .
n->o

Allow & » « on the RHS of this expression.

Then by (1.9) and (1.10) ,

lim sup P(Xn < xX) < P(Y < x+ 3¢)

n-o

Suppose that x is a continuity point Y . Since

€ > 0 is arbitrary ,

(1.11) lim sup P(Xn < x) < P(Y < x) .

n-—>o

The reverse inequality for limninf may be

obtained as follows. For € > 0

14
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P(X < x) P(Y (&) + 2 (&) < x)

v

P(Y + € < x) = P(2_(&E) > ¢)
n - n -

v

P(Y_(E) < X = e) - P(’IZn(é)l > €)

By taking 1lim inf on both sides of this expression and
T e

then letting & » « we obtain

(1.12) lim inf P(Xn < x) > P(Y < x)

n—>ro

at every continuity point x of Y . Lemma 2 follows

from expressions (1.11) and (1.12). 7]

Proof of theorem 3

We partition the unit cube A as follows. Let ¢
be a large positive constant and m the largest integer
less than or equal to [(c + 1)6]_1 . Define b by
m= [(b+1)6]1™1 . Divide A into a lattice of m"
" subcubes each of side length. (b+1)§ . Within each
subcube construct a concentric subsubcube of side length
bd . Let Ni be the number of centres that occur in
the i'th subcube and A the vacancy in the corresponding

subsubcube. Let R be the vacancy in the region remaining

after removing all subsubcubes from A . Then,

v= L.V, +R
i1

and so



V-E(V) = Zi{Vi-E(ViINi)}.

+ LU E(VL N -E(V) ) + {R-E(R)] .

120.

The proof is divided into several parts. 1In step (i)

we show, using the Berry-Esseen theorem, that

D

as n-—+» , while in step (ii) we prove, using a theorem

of Holst (1972), that

D
%) Zi{E(Vi|Ni) -E(V,)} »7N(0,13) ,

as n»» , where Ti and T2 are positive constants.

2

In step (iii) of the proof we show, as a consequence

of steps (i) and (ii) , that

D
/n zi{vi—E(vi)} - N(O,Ti + 12 ) .

According to lemma 2 it suffices to show

as b -+ » , and

lim 1lim sup n Var(R) =0
b n->w

to complete the proof of theorem 3 . This is done

step (iv) below.

in
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Step (i)
Let us first show that
2
(1.13) n I, var (Vi|Ni) > T

in probability as n -+« , where

Ti _ (b+1)—k b2k;3e-2pE(”SlDJ (explpE{]|| s n (s+
Az

b(§1-§2))H }

- eXp[p{E(IISII)}2(b+1)'k])d§1 ax, .

To do this it suffices to show that the expectation of the
left hand side of (1.13) converges to Ti and its

variance converges to zero as n -+«

Let Ai be the region covered by the i'th

subsubcube. Exactly as in the proof of theorem 1

;-

(1.14) Var(vi;Ni) = J ([1--2E(||s||)(b+1)'k
A2
1

N,
+ E(|ls n (s+ (xy-x,)/8) || Hp+1) %) 1)

N.
- [1-2E(] sl (o+1) 7K + {E(] S| )12 (1) "% L

dx, dx, .

Now N = (Nl,...,N k) has a multinomial distribution.
m

Thus, writing P, = (b+1)k 6k

14
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n!

3 ! r.! (n-r,-r.)!
r rj (n i J)

r.+r n-xr.-r.

i 73 _
P, (1 pn)

when i # j . Furthermore, for'positive'constants oy
and ao. ,
J

N.

i, _ _ ,
(1.15) E(oci ) = {1 + (ai 1)pn} and
Ni Nj
E(cxi o ) = {l-k(ai-kaj-Z)pn}
Let a = E(]|s]||) and B(z) =E{|[sn (s+2)]} .

Then by (1.14) and (1.15) ,

E{n'Zi var(VilNi)}

(1.16) = n I, J ([1 - 26%a + akB{nfl-;fz)/a}]n
A2
1

- [1-28%a + &%az(b+1) 7K ax ax,

= (1+o(1))n(b+1)"% 57X j

2
Al

(exp[-Znéka-+n6kB{(x1-x2)/5}]
- exp{-ZnGka + nékaz(b+1)_k}) dx1 dx2

= (1+0(1))n(b+1) K p2kstk J
A2

(exp[-2nsKa + nSkB{b(xl - x,) }]




123.

- exp{-2n6¥a+ nékaz(b-%-l)-k})dxl ax

(1+0(1)) (b+1) ¥p2g e-zpa[ (exploB{b (x, = x,) }]
A2
- exp{paz(b+1)-k}")d§1 d§2

(1.17)

(1 + o(l_))’ri .
Similarly,

E{Z; var (v, |Ni) }2

]

Ly zj E{Var(VilNi) var (vj le)}

_ N .k -1
=z, zjj E{([1-26"a p_
A2 A2
i3
N
k -1,
+ 6°B{(x; ~x,)/8kp_ "1 *
k_ -1 . 2k _, -2 Y%
- - 2
(1-26 ap,~ + §°ta pn) )

N
ok -1, .k _ -1,75
([1-28 ap,~ + 8 B{(§3 >~(4)/6}pn ]

N
ok -1, 2k, -2.N5 .
(1-268" a P, + §“™ a2 P, ) ) }d§1d§zd§3d§4

~2 .
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(1.18)
= .z,f (11 -46%a+ 6B {(x,~x,)/6} + 6"BL(x,-x,) /61"
#3722 a2
173
- 211-46%a+ 6%azpT! & s¥B{(x.-x.) /61"
n ~1 <2
k 2k -1,n
+ (1-46"a+26"" a2 p ") ).d§1d§2d§3d§4
| ok -1, -1 .k )
ery | e i-afapte ot atig-x, /e

Al
i

-1, -1 .k
[1-26%ap_t + p_t 6"B{(xy-x,)/6}1-1)p_}7

k 1 -16k

- 2{1+ ([1-28"ap_~ + p_ ~6 Bl(x;-x,)/8}]

ok -1 2k, =10 n
(1~-26 ap =~ + §°™ a pn) l)pn}

k -1 2k -2 n
+ {1+ [(1-28 ap,~ +8Tatp, )2-1]pn} dx,dx,dx.dx, .
Let
u = =2 éka+ (SkB{(x.-x )/8} and
jk ~) =~k
v = =2 cSka + 6‘2ka2 p;I .

Then by (1.16) and (1.18) ,
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var{r, var(Vi]Ni)}
= E{Zi var(VilNi) }2 - [_E{Zi Var(Vi]Ni)}]2

(1.19)

= 3 {((1+u n_201 +,,u12+v)n
i#3/ p2n2

13

12 T ¥34)

+ (1+ 2v)n} dx. dx.dx.dx

~1 22733724
+ I {(1+u + u + p-l u, .u )n
. 12 34 n 12734
1 4
A,
i
- 2(1 +u + v o+ p_l u, v)"
12 n 12
+ (1+2v + p.t v3)P} dx,dx.dx.dx
n ~17 22723774
n
zi;_jJ g, +ug, + uyyuy,)
AZAZ
i
- 2(1 + u + v + u V)n

12 12

n
2
+ (1+2v+v2)} d§1d§2d§3d§4 .



Now each of the terms

n n
[(L+u,+v)" = (L +ug, +v+uvi| ,
](1-&-2v)n - (1 + 2v + v2)? and

n ' n
|(1+u12 + u34) - (1 + Uy, +oug, + u12u34) !

is uniformly bounded on Ai A% by a term of order

-1

O(n °) as n » « ., Furthermore,

(1 + u,, + u,, + B

12 34 ¥ Yy5U3y (1 +u

12+u

+ v + u v)n - (1 +u

| (1 + U, 12

+ v+ p; U, ., Vv

12 12

(1 + 2v + v2)© = (1 + 2v + p;l va2)"|

are of the order O0(1) uniformly in A; as n - ®

Also, I!A;]l and ||Ai

the number of terms in Zi is of order O(n) and the

number of terms in Zi#j is of order 0(n2) as n

Hence by (1.19),

| -3
Var{Zi Var(VilNi)} = O0(n ~)

as n > o This result and (1.17) prove (1.13).

To complete the proof of part (i) we use the

34 T Py U1oU3y

1 )n{

.IlA§|| are of order O(n~

126.

r

Berry-Esseen theorem, which asserts that for any sequence

{Xi} of independent random variables with finite third

moment, and for any m > 1 ,



127.

m m "
sup |P( X (X, -EX,) < t{ I var(X,)}?) - o(t)
—o<t <o i=1 1 1 - i=1 +

' m
E[X; - E(X,) |2} / Lz

3
var(X.)}/Z,
1 i=1 1 |

where C 1is a positive constant not dependent on m ,
and ¢ denotes the standard normal distribution function

(See Petrov (1975), p 111).

Let Fn be the sigma field generated by N . By

the Berry—-Esseen theoren,

. L
_mf‘éi’w P(Zi{Vi—E(Vi|Ni)} < tlzy var(Vi[Ni)}ziFn) -o(t) |

(1.20)

IA

3
/2
C z; EL|V, —E(V [N)|2|N,}/{z; var (v, |N.)}
= R, say.

. I -1
Following from result (1.13) , Zi var(VﬂbH)—-Op(n )

as n > . Also, since V. ¢ IIAIH ,

I E{|vi - E(ViINi)|3 1Ni}

A

lall s,

i E{|vi - E(Vi|Ni)|2 |Ni}

Zi var(VilNi)
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. -~ .
as n - « , Consequently, Rn is of order O(n ?) in
probability. Clearly, Rn does not exceed one and so
by the Dominated Convergence theorem, and (1.20)

L v, - E(ViINi)}

sup iP( < t) - o(t)

[¢o] (o] Zi
<t< {Zi var (Vi|Ni)}

_ L
= !E{P(Zi{vi-E(VilNi)} < 1z var(Vi[Ni)}len)
(1.21) - o(t)}
< E{min(Rn,l)} >0
as n » o ., Therefore, by (1.13) and (1.21) ,
- D
(1.22) vyn zi{vi - E(Vi|Ni})+ N(O,Ti)

as n-+ , which completes step (i) of the proof.

Step (ii)
In this part it is our intention to show that

D
(1.23) % L, {E(ViINi) - E(V))} ~ N(O,T3) ,

where

b |2k e—sz(llslb

T2 = (o) o (~{E(|| s|[)}" +

k

kiop{EC]IS]]) }2 (B+1) 11y,

(b+1)

As in step (i) of the proof, write P, = (b+1)k Gk for
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the content of any subcube and a=E(|| s]]) . Let

£(N;) = n E(V,|N,) - E(V,)

N,

Ll o we)y¥-s8a)?y .

n{(b8)* (1 - 6"ap_

Now N has a multinomial distribution. Furthermore,
the regularity conditions of theorem 1 of Holst (1972)

are met so if we define -

(1.24) o; E'Zi var{f(Xi)} - n-l[Zi cov{Xi, f(Xi)}]2

where xi has a Poisson distribution with mean np_

then

-1 D
(1.25) ot T, £(N)) » N(0,1)

as n =+ »© ,

If X has a Poisson distribution with mean vy

then
E(ax) = eY(a-l) ,
var(a¥) = eY(@* 1) _ 2vla-1) 4
Cov(X,ax) = y(a-1) eY(a—l) .
Thus,
2k k__-1.%3
(1.26) Var{f(Xi)} = n2(bs) Var{(1-§ ap ~) }

k 2k -1
- n2(b6)2k(e 2né"a + néd a2p,

k
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k 2k

-1
- 2
2(]6)2k 2nsd a né“a2p,

- 1)

and

1

(1.27) cOv(xi.f(Xi))==n(b5)kcov{xi'(1"ske’p; )

X
= n(bs)X(-ncka) e™é @ |

Hence by (1.24), (1.26) and . (1.27) ,

1

k g7k - 1)

g2 = (b+1) ~ ¢

N

_ k 2k -
n2(b6)2k e 2nd a(exlé a2 pn

n Y1) 7K

X
§7% n(bs) X (-nska)e™d 232

-.k
- - 2
(b+1) k ]2k o e Zpa{epa (b+1)

- 1}

-2k . 2k a2 e-2pa

- n p?(b+l) b + o(n)

k

pa2(b+1) - 1}]

-2pa

I

b , 2k k
n(BIT) pe [- a2p + (b+1) {e

+ o(n) as n-« .,

Result (1.23) follows from this expression and (1.25) .

Step (iii)

The results (1.22) and (1.23) suggest that

. - D 2 2
(1.28) vn zi{vi E(Vi)} 7 N(0,T2 + 13)
as n - o ., To pro&e this, as before, let Fn be the

sigma field generated by N . Then for any t € R

4
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5 _
P(n? 3, (V,-E(V))lzt) - @ =)
3
vyn £.{V, - E(V,|N,) t-n?s {E(V, |N,)-E(V, :
_ ‘E[P( n I v, i 1;} < ;n 5 1y i) i 1)}!F )1
| vya{r, var (v |N;) } % 7 n*{I, var(v,|N,)}? n
Sl | itti i iy

5 % -
t-n Zi{E(ViINi) - E(Vv,)} t-nzzi{E(Vi|Ni) E(V,)}

- o(— T )+ o—¢ T
3 3 3 17
n*{z, var(v,|N;)} n*{z; var(v, [N, )}
/Tl*'TZ
(1.29)

%

t-n~z {BE(V, |Ni)—E(Vi) }

< E{min(R_,1)} + |E[&(— - ) - =5 )]
- n 2 2 p 2
n {Zivar(ViINi)} /Ti+T2

14

where Rn is as defined in step (i) of the proof.
As was shown in step (i) , the first term on the
RHS of (1.29) conVerges to zero as n -+ « According

to the results (1.13) and (1.23) , and since ¢ 1is

bounded,
1
t=n2z,{E(V,|N,) -E(V,)}
E[6( . i i1 . i )]
n*{z; var(Vi]Ni)}
t - 1T, 2,
+ E{¢(—m———) 1} , n > o ,
T1
t=-1,2

_ 2 '
(1.30) = E{P(2; < —| %)},
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where Z1 and 22 are independent standard normal

random variables. The RHS of (1.30) -equals

E{P(112; + T.2, < t|2;)]

P(11Z2, + 722, < t)

1 2

t
Vti+T3
Consequently, the second term on the RHS of (1.29)
converges to zero as n + « , Thus, (1.28) follows

from (1.29) and the argument given above.

Step (iv)

Our next task is to show that

3 + 13 > 12

as b =+ o

Using the notation of step (i) ,

2+ 13 = (b+1)—k bZkgbe_ZQa J (exp[pB{b(xl-xz)}]
A2 v

- exp{paz(b+1)-l})dx1dx2

k

2K 1,2k pe-zpa[—azp-+(b+1)k{epa2(b+1) -1}]

+ (b+1) b

=g)e-20abk J (exp[pB{b(§l-§ )1l - 1)dx.dx
AZ

2pa

- p2 a2z e + o(1)



-, o202 [ (exp{pB(z)} - 1) dz
bA ~ ”

- p° a2 e-2pa + o(1)

= pe'2paj K (exp{pB(z)}-1) dz
R ~ bl

- 02 az %P3 5 (1)

= 12 + o(1)

as b - o , as required.

Finally, we shall show that

(1.31) lim lim supn var(R) = 0 .

b n->o
Let A be the subregion of A not covered by anv of
the subsubcubes. Clearly R 1is the vacancy within A .
The variance of R may be shown to be bounded above as

follows :

Var (R) =>J ([1-—26ka + SkB{(xl-xz)/G}]n
A2 s

ka + 62ka2)ndx dx

~ ~

- (1-26

< Cm[ dx1 dx2
) =1 ~%
{x,,x,€ A |x —>521 < 8}
< C dx dx
=5 J %1 J X2
A {xy 5 ]x =%, < 8}
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where C1 and C2 are positive constants independent

of n . Hence,

n var (R) kg=k

In

c,{1- (b&) % (b+1)” }

(1.32)
k

c,i1 R A S

The result at (1.31) is an immediate consequence of
expression (1.32). This completes the proof of

Theorem 3. I"W

§2. A test of Uniformity Based on Vacancy

Suppose that §l""’§n are independently distributed
on A according to a distribution with density £ .

For 6 < 1 , the coverage process Cf(d,n) is defined to

be the collection of random sets §i + ési r 1 >1,
where, as in the introduction, Sl’SZ""'Sn are
independent copies of the random shape S . Recall that

S 1is bounded by a sphere of diameter one, and A is
topologically a torus.

In this section it is our aim to construct and

analyse a test of the null hypothesis of uniformity :

HO : £ = fO = 1 against HA : £ # fo '

when the locations of gl,gz,...,gn are unknown.
Included in the null hypothesis are density functions
which only differ from fo on a set of Lebesgue measure
zero. In general the variable n is not observable,

however, we shall assume throughout the rest of this
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chapter that it is known a priori .

The statistic which is considered in this section is
the total vacancy V within A . 1In subsection 1 a
simple test based on V is constructed, and in subsection 2
the power of this test is found, against a sequence of

alternatives converging to the null hypothesis as n » « |,

2.1 Constructing a Test.

The following theorem justifies the use of vacancy
to test the null hypothesis HO . The second part of

the proof is due to Hall (19844d).

Theorem 1

Let V = Vf(6,n) be the vacancy in A resulting

from the coﬁerage process Cf(d,n) defined just above.

Let f' be the vector of first derivati?es of f and

assume that for some finite constant C , and all x

~

14

f(x) < C and |f'(x)]| < C . Suppose & - 0 and

n - < in such a manner that 6kn + p , where 0 < p < o

Then ,

(2.1) E|V - j expl - pE(||S|]) £(x)}ax| + 0
A x) Jax

as n » « ., Also, for any density f not in the null

hypothesis,

u(f)

J exp{ - p E(||S|])E(x)} dx
A = =

\%

exp{ - p E(|[s]|D}

u(fo) .
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Proof.
Let the random vector X be independent of S and
have density £ . The probability that x is not covered

by the random set X + 6S , conditional on S , is :

P(x € X + 8S|S) = P(X & x - 8518)
=1 - J f(x-y) dy .
§S - ~
Hence, the expected Vacancy in A is :

[ (P(x & X + 68))1" ax
JA ~ ~ ~

E(V)

J [1 - E{ J f(x-y) dyH™ ax
a 8§s T ~ ~

Let us expand £f(x-y) in a Taylor series to the second

term :
- Teo
flx-y) = £(x) + y £1(x])) ,
where |x -xol < |x -yl , and y' is the transpose

of y . Since S 1is contained in a sphere of diameter

~

one,



Y :
—— £'(x,) |1y ]

x T

1

It

6k+

c 5L E(Is|) = on”

)
as n >« , uniformly in x . Thus ,

E(V)

J [l-E{j £(x)dy} + o(n'l)]rl ax
A §S

f {1-¢% £(x) E([|s]) + o(n1y1® ax
A

(2.2)

J expl-p £(x) E(|{s|)} ax + o(1) .
A

In view of the fact that V < 1 and result (2.2) ’
we need to show that wvar(v) - 0 as n -+ ®» in order

to proﬁe (2.1)
Let B(xl,xz) be the set (x, + 8§S) N (x2+ 8s) .

Then for X1rX5 € A,

137.
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P(x; and xzﬁé X + 85]8s)

= 1-P(Xex; -685 or Xe x, - 8s|8)
2
=1- I J f(xi-y)dz + J fly) ay
1=1 sg Blxqy,x%,)

Hence,

E(V2) = J [P(x1 and X, Z X+ §s)1™ ax, dx

~1 X2
A2
2
= J [E {1 - £ j f(x.-y)dy
. ~1l =~ ~
A2 =1 s
{ £(y)ay ™ ax,dx
+ IB(x,,x,) > ~17s2°
~1'22
Consequently,
2
vVar(v) = [{1-Z E( f(xy -y)dy
A2 i=1 s ~ T
£(y)ay) }”

+ E(J
B(§l,§2)
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2 2
-{1- 32 E(J f(xi-y)dy) + 1 E(J f(x.-y)dy)}n]
i=1 J§gs ~+ % j=1 J&s ~t > %
dx,dx, .
(2.3)
' L2 n
= dx J [({1-z7_ E(J f(x.-y)dy)}
J'A ~1 {x, € A:l§1—§2iz §} =1 ss <t A E

- {1 -

||

E(J f(Xi'Y)dY)
i=1 ss T

+

[ ==

CEC] Eepen Mage

1 §S

2
+ J dax j ({1=% E:(J £ (x, -y) dy)
a ~1 {x2 € A : |x1-x2| < &} 1=l s ~1 v~

+ E( £(y)dy) }"

B(xy,%,)

ISl S

- {1 -

() flxgpay)
i=1 §s e

2
+ 1 E(J f(x.—y)dy)}n]dx dx., .
i=1  Jes L% ~17~2
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Since

=

E( [ f(x; - yldy) < C2 82k{E(HS][)}2
i=1 8§s - -

= o(n™ 1)

as n-+~ , uniformly in Xq%, € A , the first term on
the RHS of (2.3) converges to zero as n = « .,

Likewise

c & B(|IsID

A

E(J f(y)dy)
B(x,/,X,) T

I
o
3

as n -+ « , uniformly in X1rX, - Hence the second term
on the RHS of (2.3) is bounded by a constant multiple

of

[ dx J dx, = o(1)
~1 ~2
A EIRESIE

as n »- » , We conclude that var(v) - 0 as n -» « ,

which proves (2.1) as reguired.

Let a = E(||s]|) . The final part of the proof

consists of showing that the minimum of

(2.4) J e~Paf(x) 44
A

-~
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subject to the constraint J f(x)dx =1 is achieved
A ~ -~

f = fO almost everywhere. Using Lagrange
multipliers we search for a turning point in £ of the

functional equation

J e PR E(X) gy & )\(J £(x)dx - 1) .
A - A~ -

Using the calculus of variation and differentiating with

respect to f we obtain
«slpe—-paf + A =0,

which implies £ = constant. Thus f = fO gives a

minimum of (2.4). ||

2 . .
Allow T n var(Vfo(G,n)) . According to
theorems 2 and 3 of section 1

yn{v - E(vfo)}

T
n

5P N(o,1)

as n » o , under the null hypothesis. It follows from

Theorem 1 that for any £ € HA satisfying the regularity
conditions of that theorem, {Vf - E(Vfd)} conVerges in

probability to u(f) —u(fo) >0 as n » = |

Thus .

, /n{v - E(Vg )}
(2.5) Qe >+

T
n
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in probability as n > < , under Hy . Let

z, = s°1(1-0) be the 1-a point from the inverse
normal cumulative density function. Thus, the teét

which rejects HO in favour of Hy when

(2.6) v > E(Vfo) + T za//ﬁ

is asymptotically of level a .

It follows from (2.5) that the test (2.6)
is consistent in the sense that for all f € HA ’
satisfying the regularity conditions of theorem 1 ,
the power is asymptotically equal to one. 1In the following
subsection we shall investigate the power of the test
(2.6) against a sequence of "local alternatives" ,
which converge to the null hypothesis at the rate O(n-e)

as n - « , where € > 0 .

2.2 The Power Against Local Alternatives

Pitman efficiency is a measure of the asymptotic
power of a test against a sequence of local alternatives
from the alternative hypothesis, which converge to the
null hypothesis. See for example Bickel and Doksum (1977).

In the present chapter we shall investigate the
power of various test statistics against local alternatives.
For example, consider a sequence of independent and
%ﬂaentically distributed random variables {Yi} with
common distribution Fo s where 6 € R . Let {Gn}
be a sequence of tests of the null hypothesis € = 6

(o)



143.

Let €4 be the supremum over all € > 0 for which the
asymptotic power of Sn is one against the local
alternatives 0 = eo + n_ec ;, ¢ €R . The discriminating
power of the test statistic Gn increases with

increasing €y - The concept of a local alternative

is now extended to testing the hypothesis of uniformity
described in subsection 2.1.

Let & be a function defined on A satisfying

(2.7) e (x)] <1

for all x €A , and

~

(2.8) J 2(x) =0 .
A~

For © >0 and n > 1 define the local alternative
density function fn by

(2.9) £ (x) =1+ n °© 2(x) , x€A.

The constraints (2.7) and (2.8) ensure that fn
satisfies the usual conditions of a probability density
function.

In the situation of testing for uniformity of the
coverage process Cf(s,n) , the "best" tests available
when the central locations of shapes X X are

~1’...’~n

known give a critical value of ¢ = €, = % . That is,

they can detect differences of order O(n—%) away from

the null hypothesis . In the present subsection we shall

show that the test described at (2.6) can only distinguish

-1
differences of order O(n ') away from
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the null hypothesis. However, in the later situation
the location of §1""’§n need not be known.

Hall (1984b) has described how to construct a more
intricate test, based on vacancies within a regular grid
of squares, which has a critical value €y = L . His
theory, however, is developed for random radii spherical
shapes centred at the points of a Poisson process;
whereas our theory is for arbitrary, but 5ounded, random
shapes centred at a fixed number of points within A .

In its ability to detect differences of order
O(n‘%) the test of (2.6) has power comparable to several
popular spacings-based tests for uniformity of n random
points on a unit interval. See for example Cressie (1978),
Seuthuraman and Rao (1970) and Weiss (1957) . The theory
which allows us to say that for the test based on V

14

€5 = % , is given in theorems 2 and 3 below.

Theorem 2

Let V be the vacancy within the unit cube A

resulting from the coVerage process Cfn (§,n) , where

fn is defined at (2.9) . As well as the conditions (2.7)

and (2.8) assume that for some constant C >0 and

for all x € A the vector of first derivatives 2!

of ¢ exists, |[2'(x)]| < C, and
J £3(x) dx < »
A <~ U=

If § >0 and n - « in such a manner that n6k > p

0 < p < =, theh for 0 <e <1,
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-2¢
3 o E(HSH)}ZJ 22 (x)dx
A X

E(V) = {1 —skE(Hsll)}n[l +

-2€)]

+ o(n

Proof.

As in the proof of theorem 1 , and since A is

topologically a torus,

il

E(V) J [1—E{J £ (x-y)dy}1® ax
A gg B~ ~

(2.10)

J [1-akE(|lsH) - n_eE{J g (x-y)ay "™ ax .
A Y)Y

$s

The condition that |2(x)| < 1 for all x€A

~

implies

[E{J 2(y) dy}]r = 0(n" %) for any r > 0
§S - -

as n + » , Therefore, writing a = E(||s]|]) , and

since 0 < ¢ <1,

(1 - o%a - n_EE{J 2 (x-y) dy}1™
§s - -

l-¢
(2.11) = (1-6ka)n(1-——£—E—— E{J_ 2(x-y) dy!l
(1-8"a) s ~ T 7

2(1l-¢) -
E——'——-———[E{J L(x-vy) dy}l2 + o(n 28))
2 58S % 2,

~

+
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where the small order terms hold uniformly on x € A .

On interchanging integrals, and by (2.8)

JA E{ J Lx-y) dy} dx
§s R - -

e ooy [ @
A y+6s
(2.12)

=J 2ly) dy 85 a = 0
) gy

and so by (2.10), (2.11) and (2.12)

n2(1--6)

(2.13) E(V) = (1-6%)" (1+5

€

J [E{’J L(x-y)dy}l2 dx + o(n-2 ))
A §s - -

Let C(z) = E{llsl n (s, + z) ||} . The integral within

the large curved brackets on the RHS of (2.13) equals

dx .E{J 2(y,)dy.}. E{J 2(y,)dy.,}
JA ~ x - 6854 R x-88, =22
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= E{J 2(y1) dy, J z(yz) dy2 .J dx}
A 7 ~ ~ - (¥1+651) N (312 + 652) -

= sk f R(yl) 2(y2) C{(zl-yz)/é} dgl dy

~ ~ ~

Az
(2.14)
X | , .
A T A |y -y, l<8y )
Y, € 4 ¢ Y TYpls
the final step following because C(z) = 0 when |z]| > § .

Expansion of 2(y2) in a Taylor series around Yy gives

-~

Bly,) = 2(y)) + (yy-y) T (g

where |¥1-¥ol < Izl - y2| . Under the regularity

~

1
conditions imposed upon £ and & ,

T
‘ 2(y,) dy J (y,—yq,) 2" (y.)

~

Cllyy -y,)/s} dy,

<Ccéda j dy= o(n™)

lylss ~

as n » » , Hence by (2.14) ,
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I dx [E {J 2(x~-y) dyl]2
A~ ss T T T

. |
§ 22(y,) Cli(y, -y,)/8} dy, 4
JAz Y1 Y1742 Y1 9o

(2.15) = o2k J 22 (y,) dy1J C(z) dz
A ~ "1z :y,-6z"€ A"and |z |<1}

(2.16) = 6201 + o(1)} J 22(y,) dy, [ C(z) dz ,

k

A R

where (2.16) follows from (2.15) in precisely the
same way that (1.7) follows from (1.6) . However,

by lemma 2 of section 1 ,

( C(z) dz = E{J Il s, N (s,+2z)|| dz}
) Rk <P =2 rE 1 2 2

el s, 1l 118,11
(2.17)

= a2 .,

Combining the estimate (2.17) with (2.16) we see

that
(2.18) J dx [E{J 2(x-y) dy}]?2
A - 8S - ~
02a?
= J ,Q,Z(X) dx + O(n-—z) ’
n a ~ ~
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as n > » ., Hence by the results (2.13) and (2.18) ,

for 0 < e <1,

-2€
E(V) = (1--6k a)n {1 + 2 —28)}

p2az J 22(x)dx + of(n
A -~ ~

as n + ® , as required. |

" Theorem 3

Let, as in theorem 2, V be the vacancy within the

unit cube A resulting from the coverage process

Ceg (&,m) ,"énd:aséume thaﬁ § >0 and n » in
n —

such manner that Gkn +p , where 0<p<eo , Then, for

‘ ail e >0,

D

yn{v-E(V)} » N(0,1?)

"‘as n > » , where 7t? is as defined in theorem 2

| of ‘'section 1 .

In some parts, the proof is identical to the proof
of the central limit result in subsection 1.2 and so we
make reference to it as necessary. In other parts the
present proof is analogous and so we only give an
abbreﬁiated argument. The central limit result in
subsection 1.2 is referred to as theorem 1.3 .

Define ¢, b and m as in the proof of theorem 1.3,
and partition A in exactly the same way : that is,

into a lattice of subcubes of side length (b+1)8 and

concentric subsubcubes of side length bé . Let Ni
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be the number of centres that occur in the 1i'th subcube
and Vni the Vacancy within the corresponding subsubcube.
Let R be the vacancy in the region remaining after

remoVing all subsubcubes from A . Then

V-E(V) = zi{vni - E(vni|Ni)}“

+ I AEB(V ;N - E(V )} + {R-E(R)].

The proof is divided into several parts. In step (i)

we show that

_ - D 2
(2.19) /n L, IV, E(VnilNi)} -+~ N(0,t1)
as n >« , while in step (ii) we show that

D A
(2.20) /noL {E(VnilNi) -E(V )} > N(0.T3),

as n » o , where T2 and 1% are as defined in the

proof of theorem 1.3. The result

' _ D 2 2
vn Iy {vni E(Vni)} -~ N(O,t% + 13%)
as n » o follows in exactly the same manner as (1.28)
does in part (iii) of the proof of theorem 1.3.
Consequently, its proof is omitted here. Likewise

justification of the fact that

as b >« is omitted. To complete the proof, we show

in step (iii) that



151.

(2.21) lim lim sup n var(R) = 0 .
b n-—-co
- Step (1)

Firstly, let us show that

. 2
(2.22) n oI, var(VnilNi) ~ 1%

in probability as n -+ « .,
Let Ci be the region covered by the i'th cube
and Ai the region covered by the corresponding subsubcube.

Let

p; = { fn(g) dy and
Jc,
i

B(§j,§k) = (§j + 8S) N (§ + 88) .

It may be shown, without much trouble, that

(2.23)

Var(VnilNi) = J ([1-p;

-1 -1
- p. E{J f (x,-y) dyl} +p. E{J f (y)dy}]
1 sg ™ ~2 o~ * Blxy,x,) 7T

-1, -1
- -py E{JGS Fa¥17Y) dy)-py E{jds Ea(x2-y) )

-2 N3
Enlxp-y) dyil ) axy dx, .

+ p.

i E{jés fn(gl-g) dg} E{J

$s
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Now N = (Nl,..,N k) has a multinomial distribution
- m

with
n! Ty n=ry
P(Ni=ri) = p; “(1-p;) .

| - !
r.-\n-r.j.
1 ( l)

Thus, for positive constants oy and a. ,

N.
i = -
E(a, 7) = {1+ (o l)pi}

and

Ni Nj
E(ay o ) = {1 + (a; + oy - 2)p;} -

Hence, by (2.23)

E{n I, var(VniINi)}

(2.24)

=n Zi J ([1-E{J

fn(§1-z)d¥} - E{J
Az
i

fn(§2'-z)d¥}

§s 8s

+ E{ J fn(g)dz}]n-[l-E{J

f (x, -y)dy}
~1 9 8
B(x,,x.,) n

§s

- Bt e -y - PEIE{J

f (x,-y.)dy}
§S Jgg AL RTE

n
E{Jés £, (X, -y)dyHl ) dx, dx, .

As before, let a = E(|| s||) and

B(z) = E{||s N (s+2)[|} . Also define
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u., =-E{ f_(x. - )d}-E{J f (x, ~y)dy}
jk JcSS n~j_¥ 4 5S n <k Z) Y

+ E{J fn(y) dy}
«r \ ~ ~
B (‘:j l)fkl

-{rjk‘:E—E{J fn(}fj-z)d}:} - E{J fn(}fk-z)dz}

5s 88

* Py E{JGS fn"fj-ﬁ.z)dz}E{J Fn e —y)ay)

8s

-

Since fn(y) - 1 uniformly in y € A as n » o ,

n log (1-4;,) =-n E{J fn(xl—y)dy}-n{J £ (x,-yldy
8S ) T 88 ) o
+n Bl £ (y) ay }
Blxy/%))
(2.25) = - 2pa+ p Bl(x;-%,)/8}+0(1)

as n » » , where the small order term holds uniformly

in xl,x2 € A . Likewise,

(2.26) n log(l—vlz) = - 2pa + (b+1)“kpa2 + o(1)
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as n -+ o , uniformly in X%, € A . Placing the

estimates (2.25) and (2.26) in (2.24) gives

k .-k

E{nZi Var(VnilNi)} = (1+o0(1))n(b+l) 6

J[A (exp[-2pa +pB{(x,-x)/8}]
1 ~1 =

- exp{- 2pa+ 13a2(b+1)-k}ydx1 dx2

(2.27) = (l+o(1))t2 ,

the final step following from (1.16) down to (1.17) .
In an analogous fashion to the way (1.19) was

derived,

var{z, var( ni]Ni)}

=z {1 +uy,+ug,)

7 J 2 2
i#3 A2 Aj

)2 lax, dx.dx.dx

+ (1+v + v x,dx,dx, dx,

12 34

-1 n
= (14U, + V3 TPy Upp Vay)
-1
- (1 Uy vV, TRy Vg Vo)
-1
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' n
- Zizj J {(1 + Uy, t U, T U, ug,)
AzAz2
173

= (1 +uy, tvgy t Uy, Vgy)

.
(1 +ug, +Vy, + Uz Vi)

+ v + Vv Ny gx. dx. dx. dx

(1 Vo, H Vg TV, V) Xy dx, dx, dXx

The term |(1 + u ., + u,,)"

n
12 T Ugg) = (1 o+ up, Foug, Fougyug, )t

may be bounded by a constant multiple of

nlE(]| 6sl|) +E(]| 8s][) + E{]| S+ %) N (8S+x,)[|}]

X

(E(]] 8s]|) + E(]] 8s|]) +E{]] 6s+x5) N (8s+x,][|} ]

9ns%k 22 = o(n”h

(AN

as n > » , uniformly for x., X,, X,, X, € A . Likewise,
~1" 227 %3

~

each of the terms

n n
|(1+u12+v34) - (1+u12+v34+u1§é4) | .

n n
[ (1+ug, +v, )0 = (14ug, +vy,+ugv, )| and

n n
(LY 4V 3) 7 = (1Y 4V, 4V vg)

is of order O(n-l) as n - « uniformly for Xyreer¥ € A .

4

Similarly,




, n -1

| A+, +ugptugy ugy) - (I+u,+ug,+py

n -1

(14, + vy vy, Vi) = (LHu,+vy, +p,

n -1

](1+u34+v12+u34 V12) - (1+u34+V12+pi

and

: i n -1
i(l+-v124-v344-v12 v34) - (14—v124-v344-pi

are uniformly bounded by a term of order O0(1) as

Thus (as in the proof of theorem 1.3),

(2.28) var { I, var(v_ [N} = o(n™>)

as n - o ., The results (2.27) and (2.28) imp
(2.22).

Let Fn be the sigma field generated by N
define

R = ' sup P(Zi{Vni-E(VnilNi)}

< ez var(VniINi)}%an)-®(t)

It may be shown, in percisely the same manner as

down to (1.21) , that

I AV, - E(V_.|N.)}
sup | p(—>—22 2L St - el(t)
—o< <o {Zi var(Vni[Ni)}
(2.29) < E{min (R ,1)}

and

Y12 34

n > <«

ly

and

(1.20)



(2.30) E{min (Rn,l)} - 0

as n > » , The result (2.19) follows from (2.29)

(2.30) and the probability estimate (2.22).

Step (ii)
Define
f(Ni) = n{E(VnilNi) - E(Vni)}

. N.
E{J £ (x-y) dy}l * dx
§S ~

I
3
—
-
|
o)

- n J [1-E{J fn(x-y) dy}]n dax .
A §S T ~

Then, according to theorem 1 of Holst (1972) ,

-1
(2.31) o Zi f(Ni) -

% n(o,1)

as n » « , where

...1
2 _. -
c? = Zi var{f(xi)} n

and Xi has a Poisson distribution with mean

np, =n JC fn(g) dz .

i

If X has a Poisson distribution with mean vy

for any o« > 0 ,

E(ax) = exp{y(a-1)} and

Cov(X,ax) = y(a-1)exp{y(a-1)} .

7

[Zi cov{Xi,f(Xi)}]2

157.

then
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Thus,

E{f(Xi)i-n E(Vni)}==nJ exp[-nE{J fn(x—y)dz}]d§

A, $S T

1

= nJ exp[-n dka-nl—gE{{ L(x-y)dyl}ldx
A ~ 2774 ~

. J§s
1

(2.32) = obK P2 4 5(1)

as n > o , uniformly in i . Likewise,

2 —_ -— . -
E[{f(xi) +nE(Vni)} ] = anAiAj exp[- n E{Jas fn(’fl -'Z)dlj}

- n E{J fn(gz-z)dX}

$s

-1 -
*nopy E{J £ (x-y)ay) E {j £, (xymy)dyldx, dx,
§s §S
(2.33)
= p? b2k exp{-2pa + paz(b+1)_k} + o(l)

as n =+ © , again uniformly in i . Consequently, by

(2.32) and (2.33) ,

k

m<e—2pa{epa2(b+l) -1} +0(1)]

I, va‘r{f(xi)} z,l0%b

"
n(b+1) % pK 5 7203 0% (bF1)

-1} + o(n)

as n > o , Also, using an argument very similar to that

above,



cov{xi, f(Xi)}

uniformly

N

as n - <«

n cov(xi,J

= nJ (-nE{ [
A

i

- pzaibk e

il

A,

1

J§s

Y

(1-p7t E{Jasfn(if-z)dz}]

- exp[—11E{J

2+ o(1)

in i . Consequently,

n(b+1)-k bZkg)e—ZQa {epaz(b+1)

I var{f(Xi)} -n

- n(b+1) "2k pk

n{l + 0(1)}'[% ’

This result and

1

p2

Fo(xy)dy)

]

[Zi cov(Xi,f(Xi)]2

a2 e—2pa

(2.31)

k

+ o(n)

imply

...1}

(2.20)

X5
dx)

159.

fn(g-g)dz}]) dx
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Step (iii)

For a general subregion A of A , the variance

of Vacancy within A 1is

var{Vn(A)} = jA2COV{I(§1)' I(§ )} d§1 d§2
2 .
(2.30) - - TE g -yay
A2 i=1 Jgs Mt %

+ E{J £ (y) dy ™
B(x,,%,) 7

2
- [1- 2 E{J f (x.,-y)dy}
i=1 s Dt *

2
+ I E{[ £f(x,-y)dy}1 M) dx,dx, .
i=1  Jes Y% -2

When |§1—§2| > 8 , Blxy-x,) = ¢ with probability one,
and so the integrand on the RHS of (2.34) is negative.
When ]§1—x2|§ § the integrand is bounded by some constant
C , independent of n . Therefore,

Qar{V (A)} < CI dx., dx
n T J{AZ:x l—lefd} ~1 -2

(2.35)

I

~1
c, [l4ln7t,

where C1 does not depend on n .

Let A be the subregion of A not covered by UiAi

Then, R = Vn(A) and by (2.35)
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n var(R) < Cl{l + bk/(b+1)k} ,

which conﬁerges to zero as b > o ., This proves (2.21)

and completes the proof of theorem 3. 7]

Recall from ({2.6) that our test statistic

rejects the null hypothesis of uniformity (Ho : £ = fo) ’

when

{v - E(Vg,) }

(2.36) /n >z,
T, a

where E(Vgy) = {1-6° E(]| s|H™ and n-lré are
respectively the expectation and variance of vacancy under
Ho . In theorem 2 of section 1 we saw that T; > T2

as n >« , and so by theorems 2 and 3 above

/n{v - E(Vg )}

T
n

V/n{v=-E(V fn)}

- .k n n”%¢
+omn _@-TEIsIDING {eE(]]s]) )2

T
n

x J 22(x) ax + o(n~2%)]
A

(2.37)

= z_+ (1+o(1))7" L e EUISID 1,0-2e

p2{E<ns|m2J 22 (x)dx |
LY e
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where Zn conVerges in distribution to the standard normal

law as n - « ., From (2.37) we may deduce that

(a) if ¢ < % , then the power of the test at (2.36)

tends to 1 as n > « ;

(b) if € > % , then the power tends to the significance

1eVel, o , and

(c) 1if € =% then the power tends to a value lying

strictly between o and 1 .

Indeed, in case (c) , the asymptotic power is

1-9o(z, - 1 e-pE(ilSH)% pz{E(”SH)}ZJ 22(x)adx) ,
A oL

where ¢ is the standard normal distribution function.

In the one-dimensional case, where n arcs of equal
length are randomly distributed~on the perimeter of a
circle, seﬁeral others statistics are available, which do
not have obvious counterparts in the higher dimensional
situation. These include the total number of spacings and
the arc length of the maximum spacing. In the following
sections we shall inVestigate the asymptotic power

properties of simple tests based on these two statistics.
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§3. ~ Other Tests in the One-Dimensional Case

For the coverage process Cf(d,n) , defined in
the previous section, let the dimension be k=1 and
assume that the random shape S 1is an interval of
length 1 >a >0 . Then A is the unit interval and
also topologically a torus, so if a random interval
protrudes beyond one end of A , it is introduced at
the other. Thus our model is equivalent to one in
which n arcs of radial length dJa are randomly
placed around the perimeter of a circle of circumference
one. When f = 1 this model has been the subject of
considerable attention in the literature. For example,
Stevens (1939) obtained a formula for the probability
of complete coverage. The theory in this section
will always be presented in terms of A being the unit
interval [0,1] .

Our aim is to construct tests based on two statistics :
the number of uncovered spacings in A , and the length
of the largest uncovered spacing. The first is denoted
by L and the second by M . The two spacings at the
endpoints of A are treated as one, if they appear.
Both L and M do not easily generalise to the
k-dimensional case.

Hisler (1982) has summarized the range of asymptotic
distributions for L and M when the intervals are
uniformly distributed on A , for a wide variety of

convergence rates for a . See the discussion in



section 2 of chapter 1 . Hall (1983) has extended
these limit results to the case where the arcs are
independently distributed on A according to a
non-uniform distribution. Much of the ensuing theory
employs techniques similar to those of Hall. We shall

also quote some of Hiisler's results where necessary.

3.1 A Test Based on the Number of Uncovered Spacings

Let Xl""Xn be n points independently
distributed on A = [0,1] according to a distribution

with density £ . Let 0 <a <1 and &6 <1 . For

1< i <n construct the interval (shape) tXi,Xi + $8a]l.

If the 1i'th interval extends beyond the endpoint 1
introduce it at the other end so that it consists of

the union of the two intervals [Xi,ll and

[o, Xi-l + dal] . We shall denote this coverage process

by Cél)(ﬁ,n) . In the subsequent theory we allow
§ 0 and n - « in such a manner that &n -+ p ,

where 0 < p < »

Let X < +.. <X be the order statistics
nl - - "nn
corresponding to Xl""Xn ’ Dni = xn,i+l'_xni for
1 <1i<n-1 and Dno = an + (1-Xnn) . We define
L by
n-1
(3.1) L = ‘Z I(Dni > fa) ,
i=0

where I 1is the indicator function .
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The following adaptation of Rényi's representation
is fundamental to the proof of our theorems.

1

Let H(x) = F (e_x

) and {Zj, j>1} be a sequence
of independent identically distributed exponential

random variables with mean ‘1 . Then,

Zj/(n-j+1)} , 1l<i<n .

If £ 1is continuous and bounded away from zero, and H'

is the first derivative of H , then for some 0<6, < 1,

1
i i+1
D _, =H{ I Z./(n-j3+1)} - H{ % z./(n=-j+1)}
n,n-i j=1 3j j=1 7
(3.2)
-2, i Z. Z.
-2 o —— 4o, 2
1 j=1 (n-3j+1)
where 1 < i < n-1. Furthermore, if f' 1is

continuous, then for some 0 < 6, <1 ,

-2z
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i+l i -1
= 1 - b
(3.3) D) n-i = Ta= ‘H {.E (n=3+1) ~}
3=1
i (z2.-1) Z.
+ 11— o A
j=1  n-j+1 n=d
= -1
x H'[ £ (n-j+1)
j=1
i z2.-1 Z.
£ o {3 =t + g, 2Ly 1)
2°50, (=3¥D) 1 (hot)



where H" 1is the second derivative of H .
Our next result ensures that it is possible to

construct a test based on L of the null hypothesis

H : £f=£f =1,
o) o

at least when pa < 1. However, the counterexample
following the theorem shows that it is not always
possible to construct a test of Ho under all

circumstances.

Theorem 1

Let L = Lf(S,n) be the number of spacings in

[0,1] «resulting from the coVerage process Cél)(é,n)

defined just above. Assume that £f is continuous on

[0,1] , and bounded away from zero. Suppose that

§ >0 and n » « in such a manner that &n - p ,

where 0 < p < o , Then,

-1 ! -
(3.4) E I n L = J f(x) e paf(x) dx -~ 0
- 0

as n >, If a >0 and pa <1, then for any

density f not in the null hypothesis HO ;

1
u(f) = j f(x) e-paf(x) dx

0

< e-pa = u(fo) .
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The préof is prefaced with three useful lemmas.
It is necessary to describe a notational form used
henceforth. If {Yn} is a sequence of random variables
and {Sn} a sequence of non-negati&e constants such
that

lim lim sup P(IYnl >AE ) =0,
Ao n-o

then we say that Yn is of order op(gn) in
probability as n-+«~ ., If, for all XA > 0 ,
P(IYnl >Ag ) -0 as n >, then we say Y  is of

order Op(En) in probability.

Lemma 1

Let {Zj, j > 1} be a sequence of independent and

identically distributed random variables with mean 1 .

Given 0 < y < 1 ,

1
sup | I (2.-1)/(n=3+1) | = 0p(a”7) ,
1<i<(l-y)n'j=1 3

Proof

The result follows if we note that for X > 0 ,

i
P( sup )}

(z.-1)/(n=3+1) | > A n™?%)
1<i<(1-y)n 'j J

1

<2"%n E{(Z2.-1)2}/(n=j+1) 2

1<j<(1-y)n



where

Lemma 2

1A
>
1
N
o,
N——
=1
NI
o}
]

I A
(@}
>
~

C does not depend on n .

Let {Zj, j>1} be a sequence of independent

and identically distributed exponential random variables

with mean

Proof.

as n > x

1 . Then, for 0 <y <1,

sup

Z,, ,/(n-1)
1<i<(1-y)n i+l

For A > vy ‘

P( sup /(n-1)

1<i<(1-v)n

IA

Ziv1

P (for all

v

1 <3i<n, Z.
- - i

(1 - )"

Lemma 2 follows.

-1
= 0
p{n

An

log(n)} ,

log(n) )

< AY log(n))

I_|
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Lemma 3
Given 0 < y <1,
i -1 -1
sup L (n=j+1) “+log(l-=i/n)| = O(n )
1<i<(1-y)n j=1 ‘ '
as no>e.
Proof

The result follows from the inequality ,

i -1
I (n-j+1) + log(l-—i/n)‘
j=1
i n
-3 et - [« ax I
3=1 G-i
n J
= I L dx - i
X J

< z (—%—' - ']':'

j=n-i+1 J
< _1._ - l = O(n-l)
- yn n

as n > x .



Proof of theorem 1

Let F be the distribution function corresponding

toc f and suppose 0 < y <1 is given. Xow

H'(x) = e “/f{H(x)} and since f is continuous on
[0,1] and bounded away from zero, both f and H'
are uniformly continuous. ‘Thus, by the representation

at (3.2) , the fact that £ 1is bounded, and lemmas

1 - 3 r
. 7 .
2, 1 ] 2., .
Dp,n-i v 9 (:-r:iL> }
’ (n-1i) j=1 (n-j+1)
7. i
= - i*l giflog(1-i/n) + { I (n-3+1) "
(n-1i) j=1
- log(1l-i/n)}
i (z.-1) 7.
+ 2 ""—l—_ + el l_il ]
j=1 (n-j+1) (n-i)
- - Z_ltl H'{log(l-i/n)} + o_(n" 1)
- (n-1) g P
(3.5)

1

Z. .
2 srta-amnTh s o (n” ")

as n >« , uniformly in 1 < i < (1-y)n . According

to (3.5) ,
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z P(D. __. > da)
1<i<(l-y)n  P7F

= 5 P(2 > néaf{F 1(1-i/n)}) + o(n)

1<i<(1l-y)n i+l

= 3 expl-néaf{F 1 (1-i/n)}] + o(n)
1<i<n(1-y)

n(l—Y) -1
J exp[-ndaf{F “(1-x/n)}ldx + o(n)

1

(3.6)

1
- n J £(y) e P2 gy + o(n)
F L (y)

as n - « , the second last step following by virtue
of the fact that £ is uniformly continuous.

It follows from (3.6) , on letting vy > 0 , that

P (D . > da)

L
E(L) 0 n,n-1i

i
o

n j £f(y) e-paf(y) dy + o(n)
0

as n -+ © ., Thus, to prove (3.4) we need to show

that Var(L) = o(n2) as n - «© ,
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For 0 <y <1,

z P(D _; >8%a , D _: > da)
1<i,j<(l-y)n P71 nontd
L -1
= i#g P(Z,,1 > néaf{F “(1-1i/n)})

1Silj§(1-Y)n

P(Zj+1>n6af{F_1(1 -5/m})

P(z, .>néaf{F 1(1-i/n)}) + o(n2)

+ L i+1

1<i<(1-y)n

(3.7)
f(y)e—paf(y) dy}2 + o(n2), as n » o .

I
—~—
o

F “(y)
Hence, by (3.7) and (3.6) ,

)X cov{I(Dn nei > Sa) ,

(3.8) ‘
1<i,j<(1-y)n ’

I, ny > §s)} = o(n?)

as n »+ » , The left hand side of (3.8) converges

to wvar(L) as vy -0 Consequently, we have proved

(3.4).
It remains to show that the unique minimum of

= 1 almost eVerywhere,

u(f) 1is achieVed when f = fo

provided pa < 1 . Since §re_y is maximised

uniquely at y=1 , the result is clear if pa =1 .



Now assume 0 < pa < 1 . Suppose that there exists

a density £ , not in the null hypothesis, such that

1

- + -
(3.9) { £(x) e PRE(X) 4y > e P2
0
Let E = {x : £(x) > o Ya™!} and ECE' C (0,1) be
such that
(3.10) o~1 571 J dx = J £(x) dx .
EI El
Define -1
(pa) on E'
g(x) =
£ (%) on (0,1)\E' .

Then by (3.10) , g 1is also a density. Notice
that if E' has measure zero, then g = £
everywhere. Hence, g 1is not essentially equal to

-pag , g ~raf

Furthermore, ge and so

1

(3.11) J g(x) e Pag(X) 4y > e~ Pa .
0

That is, if g 1leads to a contradiction in (3.11)

then £ 1leads to a contradiction in (3.9) . Thus,

we assume without any loss in generality that £ is

bounded above by (pa)_1 .

Let X be a random variable with density £ .

function h(x) = e—pa/x is convex on (pa,®) . It

follows from Jensen's inequality, and the fact that

173.

The



174.

f is bounded by (pa)-1 ' and is essentially

non-constant, that

1 1

J £(x) e PaE(X) 4. o J

f(x)h{1/£(x) }dx
0 _ 0 » :

]

E(hIL{E(X) 1Y T{£(x) >0}])

h(E[{E(X)}™ T T{E(X) > 0}1)

A

= h[J{f(X) >0} dX]

h(1l) = e P2 |,

A

But this contradicts (3.9) and consequently proves

the result. |~

Theorem 2

If pa > 1 then there exist densities £ £

17 =2
and f3 , not essentially constant, such that

u(fl) > u(fo) ’

u(fz) u(fo) and

u(f3) < u(fo) .

We may choose fl' f2 and f3 so they are continuous

and differentiable on [0,1] .



Proof
Let B = pa be fixed and define the function £

by

£(x) = b on [0,y ,
B on [YI:YZ) and

B on [Y2r 1] ,

where Yl < Yo and b are chosen so that f 1is a
density. That is, byli-B-l(Yz—Yl) + B(l-yz) =1 .

Then,

1
(3.12) J £(x)e PE(X) gy = by, e~ BP
0

1 B2

+ 8—1(Y2‘Y1)e- + B(l-YZ)e_ .

If we allow Y, = 1 , and Yy~ 0 the right hand

side of (3.12) converges to B-l e—l > e—B for all

B > 1. Thus £ may be constructed by choosing

1
Y2==1 and Y= Yi , wWhere Yi is small and positive.
If, howeVer, we allow y,=vy: = 1-8_1 , then the
-R2 -
right hand side of (3.12) equals e B™ < e B for all

B >1 . Thus £, nay be constructed by choosing

Y2=Y1 =1 -8 7.

Since the right hand side of (3.12) is continuous

in y; and y, , there must exist a Yi <y < 1-8_1

1

and a 1 - 8 < vz £ 1 such that the left hand side of
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(3.12) equals e-B . We have therefore constructed

a function satisfying the properties of f2 .
Finally, by "rounding the corners" of f1 ' f2

and f3 we may ensure that the smoothness criteria

are met. l_l

Allow v§;= n~t var{Lf (6,n)} . It follows

o
from corollary 2.3 of Hlisler (1982) that

-1
n ‘{L - E(Lg )}
o " .P y(o,1)

Yn
as n » « , under the null hypothesis. Provided
0 <pa <1, it follows from theorem 1 that for
any density £ in the alternative hypothesis,
satisfying the conditions of that theorem

n—l{Lf - E(Lfo)} converges in probability to

u(f)-—u(fo) < 0 . Also, Vo is order 0(1) as n-»>

and so
-1
n ‘{L-E(L )}
(3-13) Q -> - 00
v
n
in probability as n-+« , under H, . If 2 is

A o

the 1-a point from the standard normal distribution

function, the test which rejects H when

(3.14) L < E(Lg ) - v, 2.0
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is asymptotically level ao . As for vacancy (3.13)
implies that the test at (3.14) is
asymptotically consistent.

When pa > 1 , theorem 2 shows that the test
at (3.14) 1is not asymptotically consistent for all
distributions in the alternative hypothesis.

The local alternative density function is defined
as the one-dimensional counterpart of (2.9). That

-

is, for € >0 and n > 1

(3.15) £(x) =1+ n~ ¢ 2(x)

where 2 1is a function satisfying

(3.16) le(x)] < 1 and J 2(x) dx = 0
: A

whenever x € A = [0,1] .

Our next two results are the counterparts of theorems
2 and 3 of section 2 . They allow us to precisely
quantify the power of the test (3.13), based on L ,

against local alternatives.

Theorem 3

Let L be the number of uncovered spacings in

A = [0,1] 'resulting from the coverage process

(1)
Cfn

As well as the conditions at (3.16) assume

(§,n), where fn is defined at (3.15) .

j 22(x) dx < = ,
A
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' If § > 0 ‘and n - ~ in ‘such a manner that

né »p, 0 < p < o, ‘then

1

n L fn(x)e—néafn(x) dx = n e_néa{l + %; (pa-2)n-28

1

[ 22(x)dx + o(n
0

Proof

By expansion it may be shown that

£ (X)e-néafn(x) _ e—naa

o {1+n %2(x) (1 -néa)

-2 nda

+n 8Qz(x)—i—(néa-Z) + o(n-2€

)

uniformly in O <x <1, as n > =», Theorem 3

easily follows from this expansion. |

"Théorem 4

As in theorem 3 let L be the number of uncovered

(1)
L fi’i .
" that the first derivative ' of 2 exists and is

" 'spacings in A resulting from C

(§,n) . Assume

" ‘continuous on A . If 60 and n » « in such a

- manner that &n »- p , where 0 < p < » , then for all

e >0,

1

n_%[L-n [ £ (x)exp{-néa £ (x) }ax]
[V
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" ‘converges

in distribution to a normal law with mean Zero

‘and variance given by

vZ = e P{1. (1+p2a2)e” Py
" 'Proof

Let 0 < y <1 be given. Using the notation
introduced earlier in this subsection, and the definition
(3.1) ,

L= -z I(D_. > da) + I(D_:>da)
1<i<(1-y)n ni no

+ z I(Dni > da) .
(1~y)n<i<n-1
To proVe the limit theorem we divide the argument
up into three steps. Fundamental to the proof is

the estimates

_ -1 -1,,_1i
(3.17) Dy o =B " ZyqE {F 7= )}
i (2.-1) 1
{1+ 51__;'__(n'j+1)} (1 +U_.)]

for 1 < i < (1-y)n , where Fn is the distribution
function corresponding to fn and Uni is a random
variable satisfying
sup lu
1<i<(1-y)n
as n » o , The result (3.17) is established in

step (i) .
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Using (3.17) "and the martingale central limit
theorem we show in step (ii) for some constants

v(y) and cn(y) ’

-k
(3.18) n *{ I I(D, ,.q> a)
1<i<(1-y)n ! '

- c (N} P Ko, vz}

as n » « ,

According to lemma 2 of section 1 we need only

show that
(3.19) lim wv2(y) = v2 ,
>0
1
(3.20) lim sup |c_(y) -n J e—néafn(y)fn(y) dy| = o(n%)

y-+0 0

as n -« , and for all ¢ > 0 ,

. . -k |
lim limsup P{n z I(Dn,n-1> Sa)

v-+0 n--o (1-y)n<i<n-1

1
+ cn(y) - n J e-nGafn(y) fn(y)dy >z}
0

to complete the proof. This is done in step (iii) .
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Steg (i)

_ -1
Let Hn(x) = Fn (e

“®y , and H' and H" be the
n n

first and second derivatives of Hn . Then

H! (x) -e-x/fn{Hn(x)} and

HY (%)

[e™™ - £1{H (x}HH! (x)}2]/£ {H_(x)}.

Since the first derivative of & is bounded, HY is

uniformly bounded on [0,~) for all n sufficiently

large. Also Hﬁ(x) converges uniformly to -e* on

[0,») as n »- « ., Thus, by lemma 3
- - _ i
= Hﬂ{ log(1 49}

+'{Z§=l(n—j+1)_1-log(l-%%)}
X Hﬁ[-log(l-—%&)
i

+ G{Zj=1(n-j+1)‘1__1og(1-%%)}]

(3.21)

Hé{-log(l-%g)} + O(n—l)

(3.22)

~(1-Y) + o(1)

uniformly in 1<i<(1-y)n , as n » «» , where

0<6<1 .
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Likewise H;(x) converges uniformly to e ® and

H;(x) is uniformly continuous on [0,«*) . It follows

by lemmas 1 -3 that for arbitrary 0<86,,6, < 1 ,

i i (2,-1) 7,
H"[ = (n_j+1)-1 + 62{‘ T I B + el,_.}_-"_:!:. }]
n-. . . (n—l)
j=1 j=1(n=~j+1)

= HI[- log(1-77) + 0y(n™ %]

as n » « , uniformly in 1 < i <(1-y)n .

On substituting the estimates at (3.21), (3.22)
and (3.23) into (3.3), and applying lemmas 2 and 3 ,

we obtain :

-2

R T3 i -1
Dn,n-i = — [Hn{ log(1 43} + O(n 7)]
i (2.-1) Z. (=Y o0 (1)}
x (1 + { I, —d— + 0,—3L) b
T (n-3+1) (n-=1) {~(1-"7) + o(1)}

Z . i
i+1 -1 B Z.-1 -1
= r11+_[fn{Fn (1_l/n)}{1 + Eli_l__)} (1 + Uni)]
I= (n-3+1)



~-% . .
as n » « , yhere sup |u = o _(n *) , which is

1<i<(1-v)n

(3.17) .

Step (ii)

If {Xn} is a sequence of random variables
satisfying Xn + 0 in probabilitg as n > « then there
exists constants e , n > 1 such that P(IXnI >e ) >0
and en -+ 0 as n » « , Choose the sequence el,ez,...
so that

L
P(n*? sup lu_.

n1| >en)’+ 0
1<i<(1-v)

as n - o and set

-1 i
I, =102,,,°> n6a(14—£n)fn{Fn (1- 40}
i (2, -1)
1+ ¢ X371,
k=1(n-k+1)
and
A, = ) {I(Dn n-i < a) - Ii+1}'

1<i<(1-y)n ’
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Hence,

}

> 8a)

P(a, = 0) >P{ sup | I(D - Ii+1| =0

1<i<(1-y)n n,n-l

>1 - P{for some 1<i<(i-y)n ,

I(Dn,n—i:>6a)'-Ii+l =1}
- P { for some 1<i<(l-y)n ,
I,41- 10, 3 >8a) =1}
-5
> 1 - 2P( U lU_.|>n"2e_)
1<i<{l-y)n ni n
-1
as n » « , Thus,
(3.24) D) I. + A = z I(D _.> 6a)
1<i<(l-y)n 1 P gcic(ioy)n ~ BeRTL
and
(3.25) P(An =0) >~ 1
as n - 0 -
Notice that if Ii+1 is conditioned on Zl""’zi ,

a sequence of independent random variables is obtained

for i > 1 . By appropriate choice of constants a
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martingale can be constructed . We eventually use the

martingale central limit theorem to proVe (3.18) .

For 0 <k < (1-y)n let

Pipp = BTy [ 290eeenZy)

_ -1, _i
b ;, = néa fn{Fn (1 49} '
(I_Nf)n -b
_ -1 ni
Uk = (n-k) ) p ae and
i=k+1
-bni
cn(y) = -z e .
1<i<(1-y)n

-1
Since E, = o(n %) and bni-+ pa uniformly in

1<i<(l=-y)n as n - « ,

o)
n

i+1 = expl-nda(l+¢g ) fn{F;1(1 - i/n) }

i (z,.-1)
{1 + kil TH:EIIﬂ]

-bni i (Zk—l)
= e expl~ & bni{l + I ——

k=1 (n-k+1)

i (2.-1)
-b . 1 —X

—_—]
Nl x=1(n-k+1)

(3.26)

=e "M {1-0a T ——E———} + o _(n ?)
k=1(n-k+1)



186.
uniformly in 1<i<(l-y)n as n - « , where the last

step follows from lemma 1 . Thus by (3.26) ,

T I. - c_(y) = z (I. -P. . .)
1<i<(1-y)n i+l n 1<i<(1-y)n i+l i+l
- T e ™M 5 I k= o_(n™)
1<i<(1-y)n k=1 (n~k+1)
= z (I, - P,,.)
1<i<(1-y)n i+l i+l
_ (2, -1) -b_. L
- 1<k<%l— )n_—E;—— pa z e Mio (n?
SRSV (k1) k<i<(l-y)n P
(3.27)
= z {(r,,.,-?,,.)-(2,,.,-1) a_.}
1<i<(1-y)n i+l i+l i+1 ni

L
+ o_(n*) .
p( )

The series on the right hand side of (3.27) forms a

martingale because
(3.28) E{(I;,{"P; 1) +(2;, -Da |z1,...,zi} =0

almost surely for 1<i<(l=-y)n . Next we derive the
asymptotic conditional variance of the sequence in (3.28).

According to (3.26) ,

(3.29) z

1<i<(l-y)n B ((T3417P

2
BNELVRER

= n(l-y)e—pa(l—e—pa) + op(n) )
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as n »> « ., Likewise,

z

1<i<(1-y)n BLUZ D322, 0002,

= z %hi
1<i<(1-y)n

{(1-y)n-i}

(n-1)

5 [ e~ Fa

1<i<(1l-y)n

12 + o(n)

(1-y)n
[{(l-Y)n-x}

ZpaJ
(n-x)

0

= (pa)? e 12 dx + o(n)

1 _
= (pa)z e72P® J (F1)2 ax + o(n)
Y

(3.30)

-2pa

= (pa)2 e {1-v2 + 2van(y)} + o(n)

as n » « ., In a fashion Very similar to the way (3.30)

was derived,

) E{(I., ,-P. )(Z,,.-La .|2,,...,2,}
1<i<(l-y)n i+l i+l i+1 ni'"1 i
= z ani[ (y-1)e Y [1{y>pato_(1)}
1<i<(1l-y)n 0 P
-pa + o_(1)
=pa e P2 z A + o_(n)
l<i<(l-y)n °+ P

(3.31)

(pa)2e %P2 n{1-+v +yn(y)} + o, (n).




188.

Combining the estimates (3.29) , (3.30) and (3.31)

we haﬁe
-1 . _ _ -
n 1<i<%1_Y)n var[{(I,, ;- P;,q) = (24 1)ani}|zi,...,zi]
(3.32)

> e P31 -e?) (1-y) - (pa)?e™?P3(1-y)2 = va(y), say,

in probability as n - » , Also the conditional fourth

-% )
moment of n {(Ii+1-Pi+l)-(Zi+1—l)ani}, given Zl""'zi'

is bounded by a constant multiple of

% n"z(zi_l_1+1)'+ +~ 0 in probability as n » « ,

1iz(1-y)n
by Markov's inequality. Thus by the results (3.27) and
(3.32) , and corollary 3.1 of Hall and Heyde (1980),

—% { T I

n ,
1<i<(1-y)n

PRI COR I TSR

as n - o ., The result (3.18) follows from (3.24)

and the above expression.

......

- 'Step

The result (3.19) follows simply from expression
(3.32).

Now
-b

) e
1<i<(1l-y)n

ni

Cn(v)

-néaf {F-1
n'‘n

= z e
1<i<(1=-y)n

i
(1-7)1}
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J(l-y)n -ndaf_ F-l(1-x/n)

1
e dx + o(n?)
0

(3.33) 1

: -nsaf (y)
n ( fn(y)e n dy + o(n%)
(v) ‘ ’

as n + o , where the small order term holds uniformly
in y .  Result (3.20) follows.

To complete the proof we need to show that for all

z >0,
ok
(3.34) lim lim sup P{n “|{ z I(p, ,_;>%a)
Y0 n->c : (1-y)n<i<n-1 ’
1
-néa £ _(y) o
+ cn(y) - n L fn(y) e avl| > ;!

Let Df. Dbe the distance between the i'th and (i+l)'th
order statistics resulting from randomly distributing points
on the unit interval according to a distribution with
density 9n defined by :

fn(l - x - §a) when 0<x<l-da

g,tx) =
fn(2 - X - §a) otherwise.

In view of (3.33), establishing (3.34) is the same

as proﬁing for all ¢ > 0 ,

-
(3.35) lim lim sup P {n *{{ = I(D* . > da)
v=+0 n-o : l<i<n n,n=1

- cn(l-y)}l > +0o(l)) =0 .
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Now gn(x) = fn(l—x) + o(n"%) as n »> « , where the
small order term holds uniformly in x E.[O,ll . One may
proceed precisely as in steps (i) and (ii) to proVe
that

n % (v-y) 1Yz T . > sa)

. n,n-i
l<i<ny !

- e (1-n)} P (o, 1) .
The result (3.35) follows from this and the fact that
V(l-y) = e P2(1-e"P3)y - (pa)2z e72P3y2 4 o
as Yy -0

. This completes the proof of theorem 3 . ||

Recall that our test statistic based on L rejects

the null hypothesis Ho when

(3.36) n~3 {1, - pne M%ay

V
n

< _Z -
o

It is clear that V, >V as n >, and so by

theorems 3 and 4 ,

-1 -
n *{L - ne néa} /vn

1

-y
n [L - nI £ (x)exp{-nda fn(x)}dx]/vn
0

1
ne—néa{%;(pa-Z)n-ze[ 22 (x)dx + o(n-ze)}
0

+ n-%v-l
n

(3.37)
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1

(pa-2)n(%)-zej 22(x)dx ,
0

1 -ea pa

= Zn + (1+o(1)wv >

where Zn converges to the standard normal law as n » «

From (3.37) we may deduce that for 0 < pa <1 :

(a) if € < % , then the power of the test at (3.36)
tends to 1 as n > « ;

(b) if € > % , then the power of the test tends to
the significance level o , and

(c) if e =% then the power tends to a value lying

strictly between o and 1 .

As was shown in theorem 2 , the test at (2.36) is not

always consistent when pa > 1 .

3.2 A Test Based on the Length of the Largest

Uncovered Spacing.

As in subsection 3.1, define Dni as the length
of the 1i'th ordered spacing. The length of the largest

uncovered spacing M is defined by :

M

sup (b_. - ¢6a), ,
0<i<n~-1 ni +
where (x)+ = x 1if the argument is positive, and zero

otherwise.

The following theorem is used to construct a test
of the null hypothesis against the ‘alternative Hy o
consisting of all essentially non constant densities on

[0,1] possessing a unique, non zero minimum. The result

follows via a theorem of Hall (1983)
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Theorem 5

"ﬁet M be the length of the largest uncovered

AAAAA .

§pac1n§.1ﬁ A = [0,1] resulting from Cél)(é,n) .

" Suppose that f is essentially non-constant on A and

' possesses a unique non-zero minimum at me€ A . If

§ 0 and n -+ « in such a manner that d&n > p , where

0 < p < o, ‘then

nM + néa - log(n) > +=

' in:prdbability as n - «© ,

" 'Proof
Since f is not constant, O0<f(m) < 1 . Now

nM + nfa - logn

(3.38) .

= f(m)[nM + Sna - {log(n)

- glog log(n) }/£(m)]

+ [{£(m) )} - 1]log(n)

+ 5{f(m) }" T 10g 1log(n) .

According to theorem M , page 7 of Hall (1983), the
first term on the right hand side of (3.38) converges
to a proper distribution as n + < ., The second and
third terms conVerge to + as n » ® Theorem 5

follows. ‘ t:l
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A consequence of corollafy 3.2 of Hlsler (1982)

is that under the null hypothesis

nM + ndéa - log(n) D X

as n > » , where X has the extreme value distribution

P(X<x) = exp(—e-x) . Thus, by theorem 5 , the test which

rejects Ho in favour of HA when

(3.39) M > n tiog(N) - n"tlog{-log(l-a)} - sa

is asymptotically level « ;, where 0 < o < 1. It also
follows from theorem 5 that as n » » the test at (3.39)
is asymptotically consistent. We shall now examine the
"local power" of this simple test based on M .

In subsection 1 the local alternative density
function was defined by £ (x) =1 + n~% g(x) , where
€ >0 is fixed and the funtion & satisfies the two
conditions set out at (3.16) . The simple tests based
on V and L , investigated in section 2 and subsection
3.1 respectively, can distinguish differences of order

-1
O(n *

) from the null hypothesis. It so happens that

the test based on M performs poorly in comparison

to these tests. Its asymptotic power agaihst the sequence
of local alternatives equals the significance level for
all € > 0 . To analyse its power properties in more
detail we construct a new local alternative density
function that converges to fO = 1 much more slowly

than fn .

Let % be a function satisfying the conditions at

(3.16) . For each € > 0 define
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(3.40) g (x) =1+ {log(n)} a(x) ,

where x € A . In order to establish our theory we
need to impose several regularity conditions upon the

function ¢ . Namely :

(3.41) 4 is essentially nonconstant on A ;

(3.42) the first deriVative, L' of ¢ ,
exists and is bounded, and

(3.43) there exists an m € (0,1) such that the

second derivative, " of 2 , exists
within a neigbbourhood of m , is continuous
at m, "(m) > 0. and 2'(m) = 0 .

Furthermore, assume that for each n > 0 ,

lnf|x—m|>n £(x) > 2(m) .
The following theorem allows us to describe the

asymptotic power properties of the test at (3.39)

against the local alternatives at (3.40).

Theorem 6

Let M be the length of the largest uncovered

’ §pacing in A = [0,1] resulting from Cél)(d,n) .
n
As well as the conditions at (3.16), assume that ¢

satisfies (3.41) and (3.42) . If § 0 and n » =

in such a manner that Sn - p , where 0 < p <

then for ¢ > 1 ,
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(3.44) nM + néa - log(n) -° X ,

where X has the extreme value distribution

P(X < %) = exp(-e ¥) , and when € =1,
1
(3.45) nM + n6a-log(n)+D X + log[J exp{-2(x) }dx]

0

Furthermore, if we assume the conditions at (3.43) hold,

when 0 < e < 1

(3.46) nM + nsa - {g_(m)} " {log(n)-(1-¢c)log log (n)/2}

+D}( + %log{27/2" (m) }

as n > «© .

The proof is prefaced with the following useful

lemma.

Lemma 4

Let n be a fixed positive constant and suppose

E(y) is a positiVe function on [-n,n] which converges

to oneas y » 0. If X is a sequence of constants

which converges to infinity as n > « , then

n
Zﬁ
exp{-% y?2 An E(y)ldy ~/—
-n n
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Proof
Choose 0 < ny; <n, and n, such that for all

-n <y =<n , &(y) >n, . Then ,

A ni : '
(J - J ) expi-% y2 A &(y)} dy
-1 N1

A

il
2[ exp(=% n2 y2 An) dy
N1

A

2 (n-n1) exp{-% n.nir } = O(A;%)

as n - o ., Hence, n; may be chosen arbitrarily small.
Given n3 > 0 , there exists a n: > 0 such that

E(y) >1 - ns for - m<y <ni. Thus,

N1
J exp{-% y2 A &(y)} dy
N1

A

n
j exp{-% y? An(l-ng)} dy
=Ni

2T
Kn(l‘ns)

as n -+ o , The asymptotic lower bound an/{xn(1+n3)}

can be obtained in a similar way. Since n3; > 0

is arbitrary, lemma 4 follows. ||
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Proof of Theorem 6

Let 0 < vy <1 be given. Following from (3.17)

and lemma 1 ,

-1 -1 i
(3.47) D =n "2, 4lg {6 "(1-7 )} (1 + U )]

-1
where Gn is the distribution function corresponding
to In 7 and

sup |U

=
= 0 (n °) .
1<i<(1-y)n P

niI
The representation at (3.47) forms the basis of
our proof. For clarity the proof is divided into
three steps : the limit result at (3.44) 1is
proved in step (i):; (3.45) is proVed in step (ii);

and (3.46) 1in step (iii).

Step (i)
In this step € > 1 . According to (3.47) we
may choose 1 < n < e such that, with probability

approaching one as n > « ,

. -n, -1
n Dn,n—i > Zi+l[1 + {log(n)} ']

uniformly in 1 < i < (1-y)n . Therefore, for each B8 > 0,

P{n D, i-—log(n) < log(B) for all 1 < i < (1-y)n}

-

< P(for all 1 < i

A

(1~Y)n ’

Z,,7 < [1+1log(n)} "1log(n/B)) + o(1)
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{1-exp(~[1+{log(n)} M 1log(n/8))* 1™ 4 (1)

{1 - Sn-l + o(n-l)}n(l-Y) + o(1)

exp{-(1-y)B} + o(1)

as n-»> « , It follows that

lim sup P{ for all 1 < i < (1-y)n, nD . = log(n)
n-—-o - - n,n-1

< -log(B)}

< exp{- (1-v)8}

The same lower bound for 1lim inf may be obtained by
n--o©
using the inequality

-1

< n Z 1

sapll - {logm M7,

with probability approaching one as n -+ « , uniformly

in 1 < i < (1-y)n .

Thus, for =« < X < o,

(3.48) lim P{for all 1 < i < (I-y)n ,
n-roo
nD _;-log(n) < x} = exp(e ).
Let
A =1?i§n{nDn’n_i-log(n)} - lgi?TT-y)n{n Dn,n_i-log(n)}.
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Then, for any fixed A ,

P(A#0) < P{ max nD_ i - log(n) < A , or
1<i<(l=-y)n :
max nD_ . - log(n) > A}
(1-y)n<i<n /07
(3.49)

< P{ max nD _: = log(n) < A}

T 1<i<(l-y)n BT

+ P{ max n Dn,n—i - log(n) > A}

(1-y)n<izn

The first term on the RHS of (3.49) converges to

exp{-(l—y)e—Y} as n-o . Using a reflection argument
similar to the one in step (iii) of the proof of

theorem 4, the second term on the RHS of (3.49) converges

to 1 - exp{-ye-x} as n->o , Consequently,

lim lim sup P(A # 0) < exp(-e ) + 0

v-+0 n-o
as A »=o® Thus, by (3.48) and lemma 2 of section 1 ,
we see that
(3.50) lim P{for all 1<i<n , nD . = log(n) < x}

o o -- n,n-i -
= exp(e-x).

Note, however, that

nM=max[ max {n D . - log(n)} + log(n) - néa, 0]

1<i<n n,n-1
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and log(n) -nda - «* as n - o , Result (3.44) follows

from this and (3.50) .

Step (ii)
From the estimate at (3.47) , with probability

approaching one as n ~» © ,

-4 %, -1
n Dn,n-i Z_Zi_'_l[gn{Gn (1~ /n)} (L + n %)}

uniformly in 1 < i < (l-y)n . Let

r
c = log[jlexp{-ﬁ(x)}dx] .
0

For any B > 0 ,

P {for all 1 < i < (1-y)n , n Dn n_i-log(n)
- c < - log(B)}
< Plfor all i < i < (1-y)n ,Zi+l < (1 + n—%) =
-1 i
e " (1-7)1
x {log(n/B) + c}] + o(1l)
-4 -1 i
= T (1 ~expl-(1+n )gn{Gn (1- 40}{log(n/8)+c}])
1<i<(1-y)n
+ o(1)
(3.51)
= exp(~ bX eXp[-(1+n-%)gn{G;1(1-%%)}{IOg(n/B)+c}])

1<i<(1l-y)n

+ o(l) .
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The summation may be approximated to a term of order
o(1l) by the integral expression :

J(I-Y)n

. expl[-(1 + n-%)gn{G;I(1-%%)}{log(n/8) + c}ldx

= n{l + o(1)} expl- (1+n %){log(n/8) + c}]

1
J expl-(1 + n %) {log(n)} !
Y

x 2(y){log(n/B) + cl] gn(y) dy

(3.52) .

= {1 +o0(1)} e © J exp[—(1+n-%)£(y)
Y

{log(n)} L{log(n/B) + c}
x g (y) dy, as n > ® ,

Let n > 0 be arbitrary. For n sufficiently large

1

J exp[—(1+n-%)2(y){log(n)}_1{log(n/8) + c}]gn(y)dy
y

1
< J exp{-2(y)} en(1-+n)dy .
y
A similar lower bound may be found with n replaced by
-n . But n > 0 1is arbitrary and so by (3.52) and

the argument just proceeding (3.51) ,
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lim sup P{for all 1 < i < (1-y)n ,

n->-«
nD) i~ logn)-c< -log(B)}
1 1 )
< exp [-B {J et Kaxy™t | ({ e (%) axyy .
0 Yo :

Using an analogous argument, the same lower bound can be
found for 1lim inf. Consequently,

n->o

lim P{for all 1 < i < (l1-y)n,

n--o

n Dn’n_i-log(n) - c <X

1 1 1

= expl -8 {J e ¥ (X) g1y {J e ¥ (%) axy
0 Y.

Result (2.45) may be derived in a manner similar to

the way (2.44) was derived from (2.48) .

Step (iii)

A more intricate bounding argument is required to
prove (3.46) . Suppose that for some n > 0 , " exists
and is bounded away from zero in the interval
[m - 3n, m + 3n] C (0,1) . Restrict vy to the range

0 <y <m - 3n and set

inf{i ¢: 1 - ,% <m - 2n} and

sup{i 1 - 55 >m + 2n} .

-
i
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inf G—1
n

(1 -Yy >int 1-Y) - {logm)17E
igi, : n n

i<i
-2

>m + n

for some constant ¢ > 0 and n sufficiently large.

Likewise,
sup G-l(l - Y%) < mn
i<i, M no-
1-72

for sufficiently large n . Following from (3.47) there

exists a & > 0 such that with probability approaching

one as n » « ,

nD [1 + {log(n)} €(1-28)a(m)]1 "t

. < 2.
n,n-i1 - Z1+l

whenever 1 < i <i, or i; <i<n. Now 0<e<1,

and so for each fixed x ,

P(for all 1 < i <i, and i; <i < (I-y)n,
-1 - l-e)
n,n-i gnmnﬁpgm) 3 log log(n)} < x]
> P(for all 1 <i <mn, 2y 4 < [1+ {log(n)} ©(1-2£) 2 (m)]

I
")
+
=

x [x+ {log(n) - «(-%i)-log log(n)}l)

I
9, (m)
+ o(1l)

> P(for all "1 < i <n, 2, < [l -g2(m) log(n)] log(n))

+ o(l)
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A ~€
-[1 -g2m) {log(n)} "Iyn (1,

= (1 + n
- 1
as n » « . Therefore
" Plfor all 1 < i < (1-y)n ,
n Dn,n—l 3, (m){log(n)- 6)109 log(n)} < x]
(3.53)
= Plfor all i, < i < i,,
(1-e)
n Dn,n-i - (m){log(n) —=— log log(n)} < X]

as n-> « . + o(l)

Let bn = {gn(m)}_l{log(n) - an(l-e)loglog (n)} .

According to (3.47) , for any B > 0 ,

P{for all i, < i < il, n .Dn,n-i - b < - log(B)/g, (m)P
. . -4 -1 i A
< Plfor all i, < i < i,s Zi+1 < (1+4n )gn{Gn (1~ 49}
'{bn ~ log(B)/gn(m)}] + o(1)
=exp( - -t expl-(l+n %)g (G 1 (1-Y )} (b_- log ()
i,4i<i, non n n
/gn(m)}]) + o(1)
(3.54)
i,
N -4 -1
= eXp(-} exp[-(1+n ")g {6 "(1-x/n)}
i,

(b - log(8)/g_(m)}]dx + o (1) .
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Also,
1
J -4 -1 X
. expl-(+n ")g {6~ (1 - 7 )}Hb_ -log(s)/g (m)}ldx
12
(3.55)
2n -1 9_(y+m)
= n{1+o(1)}J exp[-(1+n %)—g—ﬁ)—
~2n n

(log@) - (335) log log(n)H

X 9y (y+m) dy.

Since =M is continuous at m and 2'(m) = 0 ,

1

y2 J (l—t)gg(m+ty) dt
0

1

g, (m+y) - g_(m)

5 y2lgnm) + {log(n)} “h(y)] ,

where h 1is a function satisfying h(y) - 0 as y - 0 .
Thus, by lemma 4 ,the integral in expression (3.55)

equals
-4 n 1-¢
exp[-(1 + n ){IOg(E) - (=~)log log(n)}]

% 1 ,{log(n)} *©

)ZY_ 9, (m)

2n -
x J exp[-(1+n {2"(m) + h(y)}

_2n

X {109(581-) - (%E)loq log (n)}]gn(y+m)dy

8 (1-€) /2 T 2n s /21
~ — log(n) — = = [ .
n V/L“(m){log(n)}l e n/ 2" (m)
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By this result, (3.54) and (3.55), for any B8 > 0,

ll§+sgp P{ for all i,<i<i;, n Dn,n—i - b =

log(B)/g, (m)}
J/ 21
< exp{ - B m} .

The same lower bound can-be found for 1lim inf wusing an
n-+o

analogous argument. Hence by (3.53) ,

for -0 < X < ®© ,

llmn+m P{for all 1 < i < (1~-y)n , gn(m)(nDn _i-bn) < x}

'n

= exp{- /?rg(-ﬁ)— e_x} .

Results (3.46) now follows using a very similar argument
to the way result (3.44) was derived from (3.48) .

This completes the proof of theorem 6. 17

The following conclusions may be drawn from
theorem 6 :
(a) if € <1 in Iy, then the power of the test

at  (3.39) converges to 1 as n > « ;

(b) if ¢ > 1 , then the power of the test tends

to the significance level o , and

(c) if ¢ =1 then the power tends to a value lying

strictly between o and 1 .



207.

Bibliography

AHUJA, N. (1981). Information Sciences 23,

I Geometrical Properties of Components
in Cell-Structure Mosaics, 69-104.

II Geometrical Properties of Components
in Coverage Mosaics, 159-200.

AILAM, G. (1966). - Moments of Coverage and Coverage Spaces.
J.Appl.Prob. 3, 550-555.

AILAM, G. (1968). Moments of Coverage and Coverage Spaces.
J.Appl.Prob. 3, 559-555.

AILAM, G. (1970). The Asymptotic Distribution of the
Measure of Random Sets with Application
to the Classical Occupancy Problem and
Suggestions for Curve Fitting. The Annals
of Math.Stat. %1' 427-439.

ARMITAGE, P. (1949). An Overlap Problem Arising in Particle
Counting. Biometrika 36, 257-266.

ATTFIELD, M.D. and BECKETT, S.T. (1983).
Void-counting in assessing membrane filter

samples of asbestos fibure. Ann.Occup.Hvyg.
27, 273-282.

BERNSTEIN, S. (1926-7). Sur l'extension du théoréme limité
du calcul des probabilités aux sommes des
quantités dépendents. Math.Ann. 97, 1-59.

BICKEL, P.J. and DOKSUM, K.A. (1977). Mathematical

Statistics : Basic Ideas and Selected Topics.

Holden-Day Inc., San Francisco, Ca.

BLASCHKE, W. (1949). Vorlesungen liber Integralgeometric.

Chelsea, New York.

BRONOWSKI, J. and NEYMAN, J. (1945). The Variance of the
Measure of a Two-Dimensional Random Set.
" Ann.Math.Statist. 16, 330-341.

CRESSIE, N. (1978). Power results for tests based on
high-order gaps. Biometrika 65, 214-218.




208.

DARLING, D.A. (1953). On a class of problems related to
the random division of an interval.
" 'Ann.Math.Statist. 24, 239-253.

DAVY, P. (1982). Coverage. In : Encyclopaedia of

- Statistical Sciences, Ed. S. Kotz and
N.L. Johnson, Vol.2, pp. 212-214. Wiley, New York.

DIGGLE, P.J. (198l1). Binary Mosaics and the Spatial Pattern
of Heather. Biometrics 37, 531-539.

DOMB, C. (1943). The Problem of Random Intervals on a Line.
Proc.Camb.Philo.Soc. 43, 329-341.

DOMB, C. (1972). A note on the series expansion method for
clustering problems. Biometrika 59, 209-211.

ECKLER, A.R. (1969). A sSurvey of Coverage Problems
Associated with Point and Area Targets.
Technometrics 2, 561-589. '

EDENS, E. (1975). Random Covering of a Circle.
" Nederl.Akad.Wetensch.Proc.Ser.A 78, 373-384.

FISHER, R.A. (1940). On the similarity of the distributions
found for the test of significance in harmonic
analysis, and in Stevens's problem in

geometrical probability. Ann.Eugenics 10, 14-17,

FLATTO, L. (1973). A Limit Theorem for Random Coverings of
a Circle. Israel J. Math. 15, 167-184.

FLATTO, L. and KONHEIM, A. (1962). The random division of
an interval and the random covering of a circle.
" SIAM Rev. 4, 211-222,

~

FLATTO, L. and NEWMAN, D. (1977). Random Coverings.
" 'Acta Mathematica 138, 241-264.

~

FREMLIN, D.H. (1976). The Clustering Problem : some
Monte Carlo Results. J.Physique 37, 813-817.

GARWOOD, F. (1947). The Variance of the Overlap of
Geometrical Figures with Reference to a Bombing
Problem. Biometrika 34 1-17.

~ e




209.

GAWLINSKI, E.T. and STANLEY, H.E. (1981). ‘Letter to the
editor : Continuum percolation in two dimensions :
Monte Carlo tests of scaling and universality
for non-interacting discs. J.Phys.A : Math.Gen.
}ﬁ' L291-L299.

GAYDA, J.P. and OTTAVI, H. (1974). Clusters of Atoms Coupled
by Long Range Interactions. J.Physique 35 ,
393~399.

GILBERT, E.Nf.(196l). Random plane networks.
" J.S0c.Indust.Appl.Math. 9, 533-543,

~

GILBERT, E.N. (1965). The'probability of covering a sphere
with N circular caps. Biometrika. 52,323-330.

GUENTHER, W.C. and TERRAGANO, P.J. (1964). A review of
the literature on a class of coverage problems.
" ‘Ann.Math.Statist. 35, 232-260.

HAAN, W. and ZWANZIG, R. (1977). Series Expansion in
a Continuum Percolation Problem. J.Phys. A:
" Math.Gen. 10, 1547-1555.

HALL, P. (1983). Random, Nonuniform Distribution of Line
Segments on a Circle. To appear, Stochastic

HALL, P. (1984a). Three Limit Theorems for Vacancy in
Multivariate Coverage Problems. To appear,

T Multivariate Analysis.

HALL, P. (1984b). On the Vacancy in a Mosaic Process.

Unpublished manuscript.

HALL, P. (1984c). On Continuum Percolation. To appear,

Anwn., Probability.

HALL, P. (19844d). Vacancy-Based Tests for Uniformity

of a Spatial Process. Personal Communications.

HALL, P. and HEYDE, C,C,_(1980). Martingale Limit Theory

‘‘and ‘its Application. Academic Press, New York.

HOLCOMB, D.F., IWASAWA, M. and ROBERTS, F.D.K. (1972).
Clustering of randomly placed spheres.
Biometrika, 59, 207-2009.




HOLST, L.

HOLST, L.

HOLST, L.

HOLST, L.

210.

(1972). Asymptotic Normality and Efficiency
for Certain Goodness-of-Fit Tests. Biometrika,

(1980a) . A Note on Random Arcs on the Circle.
Technical Report. Dept. Stat. Stanford Univ.

(1980b). On Multiple Covering of a Circle with
Random Arcs. J.Appl.Prob. 17, 284-290.

(1981). On Convergence of the Coverage by
Random Arcs on a Circle and the Largest Spacing.
Ann.Probability, 9, 648-655.

HﬁSLER, J. (1982). Random Coverage of the Circle and

Asymptotic Distributions. J.Appl.Prob., 19
~~y
578-587.

ILES, P.J. and JOHNSTON, A.M. (1983). Problems of
asbestos fibre counting in the presence of
fibre~fibre and particle~fibre overlap.
Ann.Occup.Hyg. 27, 389-403.

IRWIN, J.0., ARMITAGE, P. and DAVIES, C.N. (1949). The
overlapping of dust particles on a sampling
plate. Nature, Lond. 163, 809.

JANSON, S. (1983). Random coverings of the circle with

arcs of random length. In : Prob. and Math.

Statist: Essays in Honour of C.-G. Essen.
Ed. A. Gat and L. Holst. Uppsala, Sweden.

JEWELL, N.P. and ROMANO, J.P. (1982). Coverage Problems

KAPLAN, N.

and Random Convex Hulls. J.Appl.Prob. 19,
546-561.

(1978) . A Limit Theorem for Random Coverings
of a Circle Which do not Quite Cover. J.Appl.Prob.
15, 443-446.

KELLERER, A.M. (1983). On the Number of Clumps Resulting

from the Overlap of Random Placed Figures in a
Plane. J.Appl.Prob. 20, 126-135.




KESTEN, H.

KURKIJARVI,

211.

(1980). The critical probability of bond

percolation on the square lattice equals % .
Comm.Math.Phys. 74, 41-59.

J. (1974). Conductivity in random systems.
II. Finite-size-system percolation. Phys.Rev.B
9, 770-774.

~

LéVY, P. (1939). Sur la division d'un segment par des

MACK,

MACK, C.

MATHERON, G.

C.

McNOLTY, F.

points choices au hasard. C.R.Acad.Sci.Paris
208, 147-149.

~

(1954) . The Expected Number of Clumps when Convex

Laminae are Placed at Random and with Random
Orientation on a Plane Area. Proc.Camb.Phil.Soc.
50, 581-585.

(1956) . On Clumps Formed when Convex Laminae or

bodies are Placed at Random in Two or Three
Dimensions. Proc.Camb.Phil.Soc. 52, 246-256.

(1975). Random Sets and Integral Geometry.

New York : Wiley.

(1967). Kill Probability for Multiple Shots.
Opns.Res. 15, 165-169.

MELNYX, T.W. and ROWLINSON, J.S. (1971). The Statistics

MILES,

MILES,

MILES,

MILES,

R.E.

R.E.

R.E.

R.E.

of the Volumes Covered by Systems of Penetrating
Spheres. J.Comp.Phys. 7, 385-393.

(1969). The asymptotic values of certain coverage
probabilities. Biometrika 56, 661-680.

(1970a). A Synopsis of 'Poisson Flats in
Euclidean Spaces'. J.Armenian Acad.Sci.
(Matematika) 5, 263-285.

(1970b) . On the Homogenous Planar Poisson

Point Process. Math.Biosciences. 6, 85-127.

(1971). Poisson Flats in Euclidean Spaces
Part II : Homogenous Poisson Flats and the

Complementary Theorem. Adv.Appl.Prob. 3, 1-43.



212.

MILES, R.E. (1972). The Random Division of Space.
Suppl.Adv.Appl.Prob., 243-266.

MILES, R.E. (1974). The fundamental formula of Blaschke
in Integral Geometry and Geometrical Probability,
and its Iteration, for Domains with Fixed
Orientations. Austral.J.Statist., lg, 111-118.

MORAN, P.A.P. and FAZEKAS DE ST GROTH, S. (1962)
Random Circles on a Sphere. Biometrika, 49,
389-396.

MORAN, P.A.P. (1973a). The Random Volume of
Interpenetrating Spheres in Space. J.Appl.Prob.
10, 483-490.

MORAN, P.A.P. (1973b). A central limit theorem for
exchangeable variates with Geometric applications.
J.Appl.Prob. 10, 837-846.

MORAN, P.A.P. (1974). The Volume Occupied by Normally
Distributed Spheres. Acta Math. 133, 273-286.

~ A

OTTAVI, H. and GAYDA, J.P. (1974). Percolation in a
Continuous Two-Dimensional Medium. J.Physique,
35, 631-633.

PIKE, G.E. and SEAGER, C.H. (1974). Percolation and
Conductivity : A computer study. I* . i
Phys.Rev. B 10, 1421-1433,

~

RéNYI, A. (1962). Three new proofs and a generalisation of
a theorem of Irving Weiss. Publ.Math.Hung.Acad.Sci.
7, 203-214.

~

ROBBINS, H.E. (1944). On the Measure of a Random Set.
Ann.Math.Stats. 15, 70-74.

ROBBINS, H.E. (1945). On the Measure of a Random Set. II.
Ann.Math.Statist. 16, 342-347.

ROBERTS, F.D.K. (1967). A Monte Carlo solution of a t&o-
dimensional unstructured cluster problem.
Biometrika 54, 625-628.




213.

SCHNE_IDER, T., HOLST, E. and SKOTTE, J. (1983).
Size distribution of airborne fibres generated
from man-made mineral fibre products.
Ann.Occup.Hyg. gz, 157-171.

SEARLE, S.R. (1971). Linear Models. Wiley, New York.

SERRA, J. (1982). Image Analysis and Mathematical
Morphology. Academic Press.

SETHURAMAN, J. and RAO, J.S. (1970). Pitman efficiencies
of tests based on spacings. In : Nonparametric

Techniques in Statistical Inference,

Ed. M.L. Puri (Cambridge University Press,
London) pp. 267-275.

SEYMOUR, P.D. and WELSH, D.J.A. (1978). Percolation
probabilities on the square lattice.
Ann.Discrete Math. 3, 227-~245.

~

SIEGEL, A.F. (1978). Random space filling and moments of
coverage in geometrical probability. J.Appl.Prob.
15, 340-355.

SIEGEL, A.F. (1979). Asymptotic coverage distributions on
the circle. Ann.Probability 7, 651-661.

SIEGEL, A.F. and HOLST, L. (1982). Covering the circle
with random arcs of random sizes. J.Appl.Prob.
19, 273-281.

STEUTEL, F.W. (1967). Random division of an interval.
Statistica Neerlandica, 231-244.

STEVENS, W.L. (1939). Solution to a geometrical problem in
probability. Ann.Eugenics 9, 315-320.

VICSEK, T. and KERTESK, J. (1981). Letter to the editor :
Monte Carlo renormalisation - group approach to
percolation on a continuum : test of.uniVersality.
J.Phys. A : Math.Gen. }g, L31-L37.

WALSH, J.E. (1956). Optimum Ammunition Properties for
Salvos. Opns.Res. 4, 204-212.



214.

WEISS, L. (1957). The asymptotic power of certain tests
of fit based on sample spacings. Ann.Math.Statist.
28, 783-786.

WENDEL, J.G. (1962). A Problem in Geometric Probability.
Math.Scand. }}, 109-111.

WIDOM, B. and ROWLINSON, J.W. (1970). New Model for the
Study of Liquid-Vapour Phase -Transitions.
J.Chem.Phys. 52, 1670-1684.




