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ABSTRACT

The p ro b le m  co n s id e re d  was tha t - o f  the b e h a v io u r  o f  a n o n - e q u i l i b r i u m  

f l o w  b e h in d  a shock  w a v e  suppo r ted  by a c o n v e x  c u rv e d  bod y  in a h y p e r ­

v e l o c i t y  f rees t ream . A  s im p le  gas m ode l  was assurhed,  t a k i n g  i n t o  a c c o u n t  

the  d i s s o c ia t i o n  o n l y  o f  a s y m m e t r i c a l  d i a t o m i c  m o l e c u l e ,  w h i l s t  the  

te m p e ra tu r e  in the  sh ock  l a y e r  was assumed to be smal l  c o m p a re d  w i t h  the 

c h a r a c t e r i s t i c  te m p e ra tu r e  o f  d i s s o c i a t i o n . The c u r v a tu r e  o f  the s t re a m ­

l ines  p roduces  a n e g a t i v e  pressure g r a d i e n t  a lo n g  a s t re a m l in e  and  the 

e f f e c t  o f  th is  pressure g r a d i e n t  upon the  r e a c t i o n  was s t u d ie d .

A n  a p p r o x im a t e  a n a l y t i c  s o lu t i o n  was o b t a i n e d ,  w h i c h  shows t h a t  

p ro p e r t i e s  a lo n g  a s t r e a m l in e  are c o n s i s te n t  w i t h  the  assumpt ion  t h a t  the  

r e a c t i o n  p roceeds  i n d e p e n d e n t l y  o f  the  pressure g r a d i e n t  i n i t i a l l y ,  and 

a f t e r  a shor t  d i s ta n c e  the gas may be c o n s id e re d  n o n - r e a c t i n g  and  the 

p r o p e r t i e s  g i v e n  by p e r f e c t  gas r e l a t i o n s h ip s .

The re s u l t  was v e r i f i e d  bo th  w i t h  e x a c t  n u m e r i c a l  i n t e g r a t i o n  o f  the  

r e l e v a n t  e q u a t i o n s ,  and w i t h  some e x p e r im e n t a l  resu l ts  f rom a 

h y p e r v e l o c i t y  n i t r o g e n  f l o w  o v e r  a c i r c u l a r  c y l i n d e r .



1 . I N T R O D U C T I O N

In r e c e n t  years a t t e n t i o n  has been p a id  to the  f l o w s  o f  a re a l  gas 

o v e r  a e r o d y n a m ic  b o d ie s ,  (as d i s t i n c t  f rom t r e a t i n g  the gas as o b e y in g  

the  p e r f e c t  gas r e l a t i o n s h i p s ) .  This has re su l ted  f rom an in t e r e s t  in 

h y p e rs o n ic  f low s  o f  s u f f i c i e n t  t o t a l  e n t h a l p y ,  such th a t  the tem pe ra tu res  

b e h in d  the  shock  waves  caused by the  body  p ro d u c e  re a c t i o n s  

( e . g .  c h e m i c a l ,  v i b r a t i o n a l )  in  the  gas .  O n e  may lo o s e ly  d e f i n e  a 

" r e a c t i o n  t i m e "  as the  t ime ta k e n  fo r  a f l u i d  e l e m e n t  to e f f e c t i v e l y  

re a c h  e q u i l i b r i u m ,  a f t e r  a sudden c h a n g e  in i ts p h y s i c a l  p r o p e r t i e s ,  

such as w o u ld  be caused by  i ts  passage th ro u g h  a s h o c k .  A l s o  a 

c h a r a c t e r i s t i c  f l o w  t im e  may be d e f i n e d  as the t im e  such a f l u i d  e le m e n t  

re m a in s  in the v i c i n i t y  o f  the  bod y  ( i . e .  a c h a r a c t e r i s t i c  b o d y  sca le  

d i v i d e d  by the f l u i d  e l e m e n t  v e l o c i t y ) .  I f  these tw o  c h a r a c t e r i s t i c  t imes 

are o f  the  same o rde r  then the  assoc ia ted  a e r o d y n a m ic  p ro b le m  is k n o w n  

as a n o n - e q u i l i b r i u m  f l o w  p r o b le m ,  and the  gas is sa id to r e l a x  a lo n g  a 

s t r e a m l i n e .

O f  the rea l  gas e f f e c t s  t h a t  are c o n s i d e r e d ,  c h e m i c a l  r e a c t i o n s  may  

d is tu rb  the a e r o d y n a m ic  p ro b le m  to the  g re a te s t  e x t e n t .  Research i n t o  

n o n - e q u i l i b r i u m  c h e m i c a l l y  r e a c t i n g  f l o w s  c o u ld  be c o n s id e re d  as 

d i v i d e d  i n f o  th ree  r e l a t e d  f i e l d s .

( i )  E x p e r im e n ta l  research  to s tudy  the  r e a c t i o n s  o f  gases unde r  c o n t r o l l e d  

c o n d i t i o n s  in o rd e r  to d e t e r m i n e  the  laws by  w h i c h  a gas (or systems

o f  gases) w i l l  r e l a x .  The w o rk  done  by A p p l e t o n  e t  a l . ^  to  i n v e s t i g a te  

n i t r o g e n  d i s s o c ia t i o n  is an e x a m p le  o f  such w o r k .

( i i )  I n v e s t i g a t i o n s  o f  n u m e r i c a l  methods  r e q u i r e d  to c o m p u te  the  i n v i s c i d  

f l o w f i e l d  a round  an a e r o d y n a m ic  b o d y ,  once  a r e l i a b l e  gas mode l

has been e s ta b l i s h e d .  Hayes and Probs fe in ^  discuss n u m e r i c a l  me thods  

in c o n s id e r a b le  d e t a i l  .

( i i i )  E x p e r im e n ta l  research  i n t o  f l o w s  o v e r  mode ls  in test  f a c i l i t i e s  c a p a b le  

o f  p r o d u c in g  the  necessary  h ig h  e n t h a l p y  f re es t ream c o n d i t i o n s  in
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order  to v e r i f y  the p red ic t ions  o f  ( i) and ( i i ) .  Such a f a c i l i t y  has
7

been descr ibed by S ta lke r  .

However  such an id e a l i z e d  formal approach to the sub jec t  leaves 

much to be des i red ,  p a r t i c u l a r l y  in regard to in te rp re ta t io n  o f  computed 

resu l ts.  That is,  results o f  a num er ica l  c a l c u la t i o n  i n v o lv i n g  many 

parameters ,  leaves one  la rg e ly  igno ran t  o f  the r e la t i v e  im por tance  o f  each 

o f  the parameters,  and also gives no phys ica l  in s igh t  in fo  the problem 

be ing  cons ide red .  For this reason, approaches w h ic h  y ie ld  approx im a te  

resul ts and are of  l im i te d  a p p l i c a b i l i t y ,  but  do p rov ide  a g rea te r  ins igh t

are somet imes to be p re fe r red .  Such an app rox im a te  method is that
2 . . . .  .

considered by Freeman" in his in v e s t ig a t io n  o f  c h e m ic a l l y  rea c t in g  f lows 

around b lu n t  bod ies .  The gas model he used was the “ idea l  d issoc ia t ing
1 3 .gas" in t roduced  by L i g h t h i l l  . This model was ob ta ined  by p u f f ing  to a

cons tan t  v a lu e ,  the p roduc t  o f  a tempera ture  func t ion  and the p a r t i t i o n

func t ions  in the la w  o f  mass ac t ion  for  a d ia to m ic  gas. This procedure  was

found to y ie ld  a good a pp ro x im a t ion  when compared w i t h  computed values

for  the f u n c t i o n .  The model was de r ived  for  e q u i l i b r iu m  cond i t ions  by

L i g h t h i l l .  If was ex tended by Freeman to in c lu d e  the n o n -e q u i I i b r i u m

case,  by the d e r i v a t i o n ,  based la rg e ly  on phys ica l  arguments ,  o f  a form

for  the fo rward and reverse d issoc ia t ion  ra tes .  (The gas model has also
3

been used by C a p ia u x  and W ash ing ton  in th e i r  numer ica l  c a l c u la t i o n s  

o f  reac t ing  f lows over  s t ra igh t  wedges . )

Freeman's numer ica l  scheme for  the b lu n t  body prob lem was based on 

the assumption tha t  the ra t i o  o f  the dens i ty  in the shock laye r  to tha t  in 

the f reestream was large compared w i th  u n i t y .  One  im por tan t  s im p l i f i c a t io n  

tha t  arises from this assumption is tha t  the en tha lpy  along a s t reaml ine  may 

be cons idered cons tan t .  This resul t  is discussed fu r the r  in sec t ion  2 . 3 .

The prob lem tha t  is cons idered here in  is tha t  o f  the behav iou r  o f  the 

n o n - e q u i l i b r i u m  gas cons idered by Freeman in a two d imens iona l  f l o w  over  

a curved body in a h y p e r v e lo c i t y  f rees t ream.  Whereas Freeman ob ta ined
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a num er ica l  method for so lv ing  the re a c t in g  f l o w  in the v i c i n i t y  o f  the 

s tagna t ion  reg ion  o f  a b lu n t  b o d y ,  the present analysis is more concerned 

w i th  the f l o w f i e l d  cons idered over  dis tances t y p ic a l  o f  the body sca le ,  

e i t h e r  for  a curved wedge (w i th  the ang le  o f  in c id e n c e  decreas ing as 

d is tance  measured away from the t ip ) ;  w i th  an a t tached  shock ,  or for  

b lu n t  body f lows away from the s tagna t ion  s t rea m l ine .  The approach 

taken  was not one e n a b l ing  a c om pu ta t ion  of  the f l o w f i e l d  to be made,  

bu t  ra the r  tha t  o f  an app rox im a te  ana lysis o f  f l o w  propert ies  a long  a 

s t re a m l in e ,  g i v in g  a phys ica l  ins igh t  in to  the e f fe c t  o f  var ious parameters 

upon such a f l o w .  In p a r t i c u la r  the e f fe c t  o f  a prescr ibed n e g a t i v e  

pressure g rad ien t  ( i . e .  pressure decreas ing a long a s t reaml ine  away  from 

the shock) was e x a m in e d .  Such a pressure g rad ien t  w i l l  tend to reduce 

the tempera tu re  o f  a f l u i d  e lem en t  as i t  moves a long a s t re a m l in e ,  and 

thus reduce the fo rward  d issoc ia t ion  r a te .  The problem was s tud ied  in 

o rder  to de te rm ine  the consequences o f  this e f f e c t  on the r e a c t i o n .

This approach to the prob lem is v a l i d  because i t  has been found

t h e o r e t i c a l l y  and e x p e r im e n ta l l y  tha t  real  gas e f fec ts  a l te r  the pressure

d is t r ib u t io n  along a s t reaml ine  to a small e x te n t  o n l y ,  thus a l l o w in g  a
15pressure d is t r ibu t ion  to be assumed. For example  L ick  has c a r r ied  out 

num er ica l  c a l c u la t i o n s  using an inverse method o f  assuming a ca tena ry  

shock shape and in te g ra t in g  to the b o d y .  The gas model assumed was 

tha t  o f  a pure d ia to m ic  gas s im u la t ing  a m i x t u r e  o f  oxygen and n i t rogen  

in the same ra t io  as atmospher ic  a i r .  Temperatures cons idered in the 

shock laye r  were such tha t  the on ly  s ig n i f i c a n t  d issoc ia t ion  re a c t io n  was 

tha t  o f  o x y g e n .  The f i n i t e  r e la x a t io n  rates were found to have l i t t l e  

a f f e c t  on the pressure d is t r ibu t ions  o b ta in e d .

14
Spurk ,  G erber  and Sedney have in ves t iga ted  the in v is c id  hyperson ic  

f l o w f i e ld s  o f  a reac t ing  m ix tu re  o f  gases around po in ted  bodies w i th  

a t tached  shocks (wedges and cones o f  ang le  o f  a t ta c k  in the range 3 0 - 4 5 ° )  

using the method o f  c h a ra c te r i s t i c s .  They assumed a m ix tu re  o f  N 2 , C ^ /  

N O ,  N and O w i th  v ib ra t io n a l  e x c i t a t i o n  in lo ca l  e q u i l i b r i u m ,  and found
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tha t  the v a r ia t io n  in pressure a long a s t reaml ine  was sm a l l .

The expe r im en ta l  pressure d is t r ib u t io n  measured by S ta lke r '7 on the 

sur face o f  a r e -e n t r y  g l i d e r  m ode l ,  was also found to be insens i t i ve  to 

real  gas e f fe c ts ,  and app rox im a ted  c lose ly  a s imple N e w to n ia n  pressure 

d is t r ib u t io n  .

That  these results are reasonab le may be seen from the f o l l o w in g  

q u a l i t a t i v e  arguments ( re fer to f igu re  A l ) .  Freeman has shown tha t  in 

the v i c i n i t y  o f  the s tagnat ion  reg ion the pressure d i s t r ib u t io n  is g iven  to 

a good app ro x im a t ion  by the New ton -Busem an  pressure l a w .  This resul t  

depends on ly  on the assumption tha t  the dens i t y  ra t io  across the shock is 

la rg e ,  and is insens i t i ve  to de ta i ls  o f  the f lo w  w i t h in  the shock la y e r .

As the ang le  o f  i n c l i n a t i o n  o f  the shock to the f reestream decreases, the 

a p p ro x im a t ion  o f  la rge dens i ty  r a t i o  tends to break dow n ,  a l though  i t  is 

s t i l l  expec ted  to i n f l u e n c e  the resu l tan t  pressure d i s t r i b u t i o n .  Howeve r  

one o ther  e f f e c t  is also o p e ra t in g .  Most  r e a c t io n  rates (and in p a r t i c u l a r  

the rate cons idered here) are e x t re m e ly  tempera tu re  sens i t i ve ,  and thus 

the i n i t i a l  ra te o f  reac t ion  beh ind a shock is ex t re m e ly  sens i t ive  to the 

loca l  i n c l i n a t i o n  of  the shock to the f rees t ream.  Consequent ly  there w i l l  

ex is t  a so c a l l e d  " c u t - o f f "  s t rea m l ine ,  along w h ic h  the e f fec ts  o f  the 

re a c t io n  are n e g l i g ib le  over  a d is tance comparab le  to the body sca le .  

St reamlines en te r ing  the shock la ye r  where  the loca l  ang le  o f  i n c l i n a t i o n  

o f  the shock is less than tha t  o f  the c u t - o f f  s t ream l ine  w i l l  also be non­

re a c t in g  and the gas behav io u r  may be cons idered to be tha t  o f  a pe r fec t  

gas w i th  compos i t ion  f rozen at  the f reestream v a lu e .  Therefore  under 

these c ircumstances the reac t ing  st reamlines are con f in ed  to a reg ion  c lose 

to the b o d y .  Refer r ing aga in  to f igu re  A l  cons ider  the d e te rm in a t io n  o f  

the pressure at  the p o in t  A .  F o rm a l l y ,  the pressure at  this p o in t  is de te rm ined  

from the pressure im m ed ia te ly  beh ind  the shock at  p o in t  B and the a p p l i c a t i o n  

o f  the momentum equat ion  (3) (sec t ion  2 . 1 ) ,  where the in te g ra t io n  is c a r r i e d  

ou t  a long the path AB,  w h ic h  is the l i ne  normal to the s t reamlines passing 

through the p o in t  A .  I f  the re a c t in g  s t reamlines l i e  close to the body then 

they  w i l l  no t  r a d i c a l l y  a l te r  the pos i t ion  o f  the shock or the n o n - r e a c t i n g
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shock laye r  g e o m e t ry .  Fur thermore the re a c t in g  s t reaml ines w i l l  p lay  

on ly  a smal l  pa r t  in the e v a lu a t io n  o f  the in teg ra l  (3) and thus the to ta l  

e f f e c t  o f  the re a c t io n  on the pressure d is t r ib u t io n  a long  the reac t ing  

s t reamlines (and n o n - r e a c t in g  st reaml ines)  w i l l  be sm a l l .  The e f fe c t  o f  

the re a c t io n  on the pressure d i s t r ib u t io n  around the b lu n t  bodies used in 

the e x p e r im e n ta l  sec t ion  o f  this wo rk  are exam ined  n u m e r ic a l l y  in 

sec t ion  3 . 4 . 1 .

The th e o r e t i c a l  ana lysis was ca r r ied  ou t  by f i r s t l y  assuming a cons tant  

pressure d i s t r i b u t i o n .  C e r ta in  res t r ic t ions  were p laced  on the magnitudes 

o f  terms a r is ing  f rom the Freeman rate equa t ion  ena b l in g  app rox im a te  

a n a l y t i c  expressions to be ob ta ined  for f lo w  parameters a long a s t re a m l in e .

The form o f  these expressions was examined and i t  was found tha t  they  

in c lu d e d  a sudden d isp lacem en t  in the values o f  the f l o w  parameters in a 

smal l reg ion  close to the shock ,  f o l l o w e d  by a more gradual  d isp lacem en t  

over  the rem a ind e r  o f  the body s c a le .  An order  o f  magn i tude  ana lysis 

suggested tha t  the sudden d is p la c e m e n t  near the shock wou ld  be une f fe c te d  by 

the presence o f  a pressure g r a d ie n t .  This resul t  was then checked  more 

r igo rous ly  w i th  the assumption o f  a constant  u n i t  pressure g rad ien t  a long 

the s t re a m l in e .  A  so lu t ion  to the prob lem was then pos tu la te d ,  in c lu d in g  

a short  spa t ia l  reg im e beh ind  the shock in w h ic h  most o f  the reac t ion  was 

c o n f in e d  and w h ic h  was une f fec ted  by the presence o f  a pressure g ra d ie n t  

a long the s t re a m l in e .  This was f o l l o w e d  by a reg ion  in w h ic h  reac t ion  

e f fec ts  cou ld  be n e g le c te d ,  w i th  the gas behav ing  as a p e r fe c t  gas whose 

p roper t ies  are in f l u e n c e d  on ly  by the presence o f  a pressure g ra d ie n t .  The 

mode l was then checked  by com par ing  i f  w i t h  num er ica l  so lu t ions o f  the 

r e le v a n t  equa t ions  to de te rm ine  its ac c u rac y  and the l im i ts  o f  its 

a p p l i c a b i l i t y .

The model was also compared w i th  the dens i t y  d i s t r ib u t io n  in the shock 

la ye r  o f  ae rodynam ic  models p laced  in a h y p e r v e lo c i t y  n i t rogen  freestream .

I t  was found th a t  w i th  the expe r im e n ta l  f a c i l i t y  used (discussed in sect ion 

3 . 1 )  s i g n i f i c a n t  reac t ion  e f fec ts  were observed on ly  w i th  b lun t  body f lo w s .
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The gas model used in the analys is  (the idea l  d issoc ia t ing  gas) assumes 

tha t  the v ib ra t io n a l  energy o f  the m o le c u le  is h a l f  e x c i t e d ,  whereas 

e x p e r im e n ta l l y  i t  wou ld  be more usual for  v ib ra t io n a l  states to be in 

e q u i l i b r i u m  in the shock la y e r .  The analysis was ca r r ied  out r e ta in in g  

the v ib ra t io n a l  h a l f  e x c i t a t i o n ,  and re le v a n t  results for  the e q u i l i b r i u m  

case are quoted where necessary .  In genera l  the d i f f e re n c e  in the va lue  

o f  f l o w  parameters p re d ic te d  under the two  assumptions is sm a l l .
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2. THEORETICAL ANALYSIS

2 . 1  Basic e q u a t ions

The r e l e van t  t wo-d i mens i ona l  equa t i ons  of mot ion in the shock layer  

may be wr i t t en as

Cont i  n ui ty 90
9n* = 0 (1)

Momentum
“ V  3x '  +

9 p ’
9x ' = 0 (2)

Z  *
3 P ’
9 n ’ = 0 , (3)

where  a primed v a r i ab l e  is d imens ioned and

P = densi ty 

P = pressure

q = ve loc i ty  a long  a s t reaml ine  

8 = i nc l i na t i on  of s t reaml ine  to the  f reest ream 

x = d i s t ance  measured a long a s t reaml ine  

n = d i s t ance  measured normal  to a s t r e aml ine .

The c o - o r d i n a t e  system is i l lus t ra ted in f igure A1 .

The equat i on  of conserva t ion  of energy can be wr i t t en in several  

e q u i v a l e n t  w a y s .

P*

D
Dt

D h T - 2 e1 .  o
Dt

(4)

T 2^
•3-— = o2 u » (5)

where  h = spec i f i c  e n t ha l py

D/Dt -  c o n v e c t i v e  de r i v a t i v e  .

The equat ions  t ha t  are used in this analysis  are (2) ,  (4) and (5).  

Consider ing first the Ideal  di ssocia t ing gas

= 3RT’ + aD ,
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where e = speci f ic  internal energy

R = gas constant defined as the universal gas constant  

divided by the molecular weight  of  the molecular  

species

a = degree of dissociation defined as the mass of dissociated  

atoms divided by the total mass of the gas 

D = dissociation energy per unit mass.

Then the speci f ic  enthalpy is defined as

h ’ = e ’ + p ’ /p'  >

' - e • h ’ = (4 + a)RT ’ + aD . , (6)

For the case of vibrational exci tat ion in equil ibrium 

e' = (3.5 -  a / 2 ) RT’ + aD ,

and h ’ = (4.5 + a/2)RT’ + aD . (7)

Equations (6) and (7) were obtained using the equation of state which

may be written as

p '  = p ’ RT ’ ( 1 +  a ) .
(3)

(4) and (6) may be combined  to yie ld

(4 + a)
d(RT *) 

d x ' + (D + RT’ ) d a T 
d x ’

_L 5^1
p ’ d x ’

0 . (V)

A chemi ca l  ra te  law a p p l i c a b l e  to this s i tua t ion is t aken  as t ha t  given by 

Freeman^

da
d t C T ' V j  (1 -  a)exp (-D/RT1) ( 10)

where  Pp = cons t an t

C = cons t an t  

P = con s t an t .

A discussion of this r eac t i on  ra te  is g iven by Vincen t i  and Kruger^ ( p . 2 32 ) .



9

The ma in  a p p r o x i m a t i o n  in express ing  the  r e a c t i o n  ra te  in th is  form 

l ies  in the  assumpt ion  t h a t  C is a c o n s t a n t .  In g en e ra l  the re  are tw o  

d i s t i n c t  r e a c t i o n s  o c c u r r i n g

A2 + A2 2A + A2 

A2 + A 4  2A + A

both  o f  w h i c h  have  a fo r w a r d  r e a c t i o n  ra te  w h i c h  may be expressed as

■ - k f !A2HM] ,

w h e re  M  is the second bod y  i n v o l v e d  in the r e a c t i o n  ( e i t h e r  A  or  A ^ )  and

n f
L- — r  T

f  f  e x p ( -D /R T )  .

Thus a more g en e ra l express ion  fo r  the  f o rw a rd  ra te  w o u ld  be
\

da
dt. f

+ 1 -
(1 -  a )

w h e re  su bsc r ip t  f  re fers  to  the  f o r w a rd  ra te  and subscr ipts  1 ,2  r e fe r  to 

the  r e a c t i o n  w i t h  A  and A ^  as the  second body  r e s p e c t i v e l y .  is the

m o l e c u l a r  w e i g h t  o f  spec ies  A .  Thus the  a p p r o x im a t i o n  i n v o l v e d  in (10) 

is t h a t  and have  the same t e m p e ra tu r e  d e p e n d e n c e  and t h a t  the 

express ion  in b ra c k e ts  { } in the  last  e q u a t i o n  is i n d e p e n d e n t  o f  a •

V a r i a b l e s  are n o n - d im e n s io n e d  in the  f o l l o w i n g  m a n n e r ,  w h e re

u m p r im e d  v a r ia b le s  are d im ens ion less

RT' q ’
T "  U ’ 2e q = i F

CX> OO

P 1 e x ’
p = P ’OO

D -  P ’P ”  p U '2  ’OO OO

x = X

w h e re  = f rees t ream  v e l o c i t y
. P»

e = d e n s i t y  r a t i o  across tho  shock  — f 
Po

A = t y p i c a l  bod y  d im e n s i o n .
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Subscr ipt  oo refers to f rees t ream cond i t i ons .  Subscr ipt  o refers to 

condi t ions  immedia t e ly  behind the shock as given by the shock jump 

condi t ions  before  any di ssocia t ion takes  p l a c e .  The va r i ab l es  have  been 

n on -d i mens ione d  in this manner  so t ha t  in genera l  va r i ab les  ( e xc ep t  a )  

will  be of order  one behind  the shock w a v e .  Spec i f i c a l ly  for the 

hypersonic  shock cond i t i ons ,

PO ~  0 ( s i n 2cf>)

To ~  0 ( s i n 2<{>) 

an = a
U OO

PO E 1

q0 ~  0(cos<|>) ,

where  <£ is the ang le  of  the  shock to the frees t ream at  which the s t r eam­

l ine under  cons ide ra t i on  intersec t s  the shock .

Equat ions  (2),  (9),  (8) and (10) wr i t t en in non-d imens iona l  form 

become

dfeg2)
dx - e / P dp

dx
O D

(4 + a) f  + T + U2 e
da
dx

dp 
p dx

da
dx

T0U 12e
nr» p >

pqou; p 0
S o .
q

p T ( 1 +  a )

(1 -  a )  exp -D
U ’ 2 £T

— a 2

( 12)

(13)

(14)

Two groupings  of constants  which are used f r equent ly  are deno t ed  as
Da = U ’ 2 e

T 0 U , 2 el
v  no P ’A

m o  u :  •
Equat ions  (12) and (14) then become



da
dx

(4 + a )  (T + a)  _ 1 * 2 .
d x  dx  p dx

Ap (To “  •{ (1 “ a )  exp - a / T

= 0 ( 1 2 a )

p' 1
— £ a2} . (14a)
PD e J

The analys i s  is d i r ec t ed  towards  the behav ious  of the solut ion to (12a) ,  

(14a) in a prescr ibed pressure g r a d i e n t .

In order  to simplify the problem to a s tate  where  it is m a n ag e a b l e  

c e r t a i n  assumptions are m a de .  These are

(i) I n I ' s ° f  order  one ( i . e .  ( T /T q) 11 is not  a rap id ly  varying func t ion 

of  T).

Exper imenta l ly  the gas t ha t  will  be cons idered  is n i t r ogen .  For
5 4

n i t r o g en ,  Apple ton  e t  al ." give  n = —1 . 6 .  Vi ncen t i  and Kruger  ( p .231)

have  t abu l a t ed  da t a  on r eac t i on  rates  and give  n = - 0 . 5  for the r eac t i on

N2 + N2 ^  2N + N 2

and n = - 1 . 5  for the r eac t i on

N2 + N  ^  2 N + N

Fur thermore Freeman has shown tha t  va r i a t i on  in flow proper t i es  a long  a 

s t r eaml ine  is insens i t ive  to the va lue  of n ,  because  of the domina t ion  of 

the e xp onen t i a l  term in the r a t e  e q ua t i o n .

For the r ema inder  of the analys i s  p shall  be put  equal  to z e r o .  It 

wil l  become e v i den t  t ha t  this res t r i c t ion af fect s  the behav iour  of the 

solut ion to no g r ea t e r  e x t e n t  than any of the approximat ions  t ha t  are  

made  at  a l a ter  s t a g e .  The e f f e c t  of a n o n - z e r o  n will  be exami ned  

numer i ca l l y  in sec t ion 2 . 5  and shown to be smal l .

(ii) The range  of pa ramete r s  is res t r i c ted  such tha t

<30 P ° °  2-----------
q Pd £

< < 1

over  the range of in t e res t .
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That  is,  the r ecombi na t ion  term in the r eac t i on  ra te  equa t i on  (14a) 

is n e g l e c t e d .  This is e ssent i a l ly  a res t r i c t ion on the f rees t ream densi ty  

(and hence  the dens i ty  in the shock layer)  requi r ing it to be low enough 

so t h a t ,  over  the body d imens ion ,  t h r e e -b o d y  reac t ions  ( r ecombina t ion)  

have  a neg l i b i b l e  e f f ec t  on the gas compos i t i on ,  the only s ign i f i c an t  

v a r i a t i on  being due  to t wo- body  r eac t ions  (d i ssocia t ion) .  A suf f i c i en t  

cond i t i on  t ha t  this is the case  is de r ived  in sec t ion  2 . 6 .

(ü i )  The pa ramet e r  a ( e D/U2 c) is requi red to be large compar ed  to o n e .  

It should be noted tha t

D _ _a_
RTq “ T0 *

and s ince  Tq is de f ined  as being of order  o n e ,  this r equ i r emen t  is tha t  

D/RTq >> 1 ( i . e .  the thermal  energy  of the flow is small compar ed  wi th the 

d i s soc ia t ion  e ne r g y ) .  In genera l  the pa r amet e r  e = P^ / p J for hypersonic  

shock condi t ions  is small so t ha t  the r equ i r emen t  could also be wr i t t en  

as

D / ( U ’ ) 2 > 0 ( 1 )  .
1 N CO

2 . 2  The cons t an t  pressure case

The approach  tha t  will  be t aken  is to obta in  an app rox ima te  solut ion 

for (12a) ,  (14a) for the case  of cons t an t  pressure a long a s t r eaml ine  and 

then to exami ne  the e f f ec t  of a n o n - z e r o  pressure g r a d i e n t  on this 

so l u t i on .

Equat ion (11) y ie lds  the resul t

So- = 1 . 
q

Therefore  wi th the assumptions a l r e ad y  made (14a) ,  (12a) may be wr i t t en

\ 
a

Ap (1 -  a )  exp
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4 +  OL_____h
T. + a  ’ h

where  subscr ipt  h refers to the va lue  of the va r i ab l e  when the spec i f i c  

e n th a l p y  is assumed to be cons t an t  ( i . e .  d p / d x  = 0) .

Hence fT - ( 4 + o l ) exp (a/T,  )

'  (T + a )  Ap (1 -  ot) ' dTh • 
T q n

O r ,  def in ing  a v a r i a b l e  u = a /T^ ,  the integral  may be expressed as

x =
( 4 + a h ) a

u 0
---------- -—------77-------- c---- y  exp u du ,
(T, + a )  Ap, (1 -  a, ) u z

(15)

whe re  the condi t ion  a/Tg >> 1 impl ies  uq >> 1 and the e f f e c t  of the 

r e ac t i o n  is to d ec r ea se  T so t ha t  u ( x )  >> 1

Integrals  of the form J f ( u )  exp u du with the condi t ion  u >> 1 

are  exami ned  in order  to obta in  an approx ima te  solut ion to e qua t i on  (15) .  

The integra l  may be success ive ly  i n t eg ra t ed  by parts to y ie ld  the ser ies

I  f  (u)  exp (u)  du = exp (u)  { f  (u) -  f ' (u)  + f " (u)  . . . ) ^

The ser ies  may under  some c i rcumst ances  be only s e m i c o n v e r g e n l , but  in 

gener a l  the condi t ion

| f ’ ( u ) |  << | f ( u ) |

will  e na b l e  the approx imat ion

f ( u )  exp ( u )  du -  f ( u )  exp( u )

to be m a de .  That  is for ’u ’ large and for f ( u ) a slowly varying 

func t ion  of u the exponen t i a l  term dominates  the va r i a t i on  of  the 

whole  f unc t i on .  (It is for this reason tha t  put t ing n = 0 ' n e qua t i on  (14a) 

has l i t t l e  e f f e c t . )  As an exampl e  of the p rocedure

u
\  du u z

ue
u 2

i . e .



14

w i th  a r e la t i v e  er ror o f  2J /u  .

S im i la r  expressions may be de r ived  for  in teg ra ls  o f  the form /  eu /u  du 

and /  eU/ u 3 du.

The degree to w h ic h  the p re -e x p o n e n t ia l  term in equa t ion  (15) 

sat isf ies  the requ i rem en t  w h ic h  a l lows  the a pp ro x im a t ion  to be made is 

discussed b e lo w .  It w i l l  be noted tha t  the re le v a n t  c o n d i t io n

| f ' ( u ) |  «  I f  (u) I

may be w r i t te n

—  In  f ( u ) «  1 /

and hence i f  f  (u) is a p roduc t  o f  terms then the terms o f  the p rodu c t  

may be examined i n d i v i d u a l l y .

The v a r ia t io n  in the term p ( l - a ^ )  w i th  tempera ture  may be w r i t t e n  

(from equat ions  (8) and (12a) as

H f (4 + a. ) 2 i
dT^ {ph (1 " ah) }  = P* | ( T h + a) * ( l  + ah )2 " ( l + a h ) j

W ith  t y p ic a l  values o f  the var iab les  the last term in this expression is 

o f  order  one .  The m agn i tude  o f  the f i rs t  term depends on the m agn i tude  

o f  the parameter  ’ a 1, bu t  w i th  the c o n d i t io n  tha t  has been imposed of  

a > > j , i t  w i l l  be assumed tha t  i t  is less than order one .  The two  terms 

in the above expression tend to c a n c e l ,  and i f  a term n(T^) ' s 

in t rodu ced  such tha t  n (T ) < 0 ( 1 )  then ,

d f r  {ph ( 1 - “ h) }  = "n ( Vh

and £  {ph ( i _ a h ) }  ■ n ( v  V / a

S i nee
Ph ( l  " ah  ̂ ~

then - £ z n {ph ( l - a h )} ~  0(n(Th) - V / a )



Regarding the remaining terms one may wri te

Zn(u 2) = - 2/udu

Tu Jn(4 +ah}
T 2 h

(Th + a)

—  l n { T. + a) du h
V

a (Th + a)

Hence  for the p r e - e x po n e n t i a l  f ac tor  f (u) in equa t i on  (15)

s du 

from the condi t ion  a >> 1

In f (u)  ~  0 ( 2 / a) «  1

Thus equa t i on  (15) may be approx ima ted  to

(4 + a h ) x a l

(Th + a) Aph ( l - a h ) I T  e*P U

This may be inver t ed  to y ie ld

u 0

a /T  -  In  G ( x ) /G ( o )  = Z n {e xp (a /T  ) + x  G(o)}
'  h

Wher e (T, + a )

G(x) = (4 + aVT Aph (1 " a h )
h VT 1 h 

(For the case  of equi l ibr ium vibra t ion

a (Th + a )
G(X) “  T 7  ( 4 . 5  + 0.72)"  Aph ( 1 ‘ a h ) h h

.1

The r e l a t i ve  magni tudes  of the two terms on the L . H . S .  

(17) are cons idered by the i n t roduct ion  of the funct ion R(T.

— In G ( x ) /G (o )

of equa t i on  

I de f i ned  <



The func t ion is exami ned  over  the r ange  Tq < T < 0 • It is

seen tha t  | r J has a maximum va lue  when

‘hm

h T =T h hm

Wher e  Thm is the  solut ion to the equa t i on

Zn{G( x[ T^ ] ) / G ( o ) } + Th cItT  ln  G(x[Th ])  = 0

An order  of magni tude  ana lys i s ,  almost  i den t i ca l  to t ha t  car r i ed  out  

for f ( u )  in r e l a t i on  to equa t i on  (15) shov/s tha t

In  G(x[Th ])  ~  0 ( 2 )

and  thus from the condi t i on  a >> 1 , | r (T ) |  «  1 ' n

r ange  T0 -  Th < 0 *

(This procedure  could  perhaps  be be t t e r  unders tood by cons ider ing  a

spec i f i c  simple t empera t u re  d e p e n d a n c e  for G .  Assume tha t  the

va r i a t i on  with Tu in the terms p , ( l - a , ) ( T .  + a ) / ( 4  + a_)  c an ce l  11 h h h h
to a large e x t e n t ,  and cons ide r  a t empera t ure  d e p e n d a n c e  of G as

G cc t
- s where  s ~  0(2)  . Then

R = ( s T ,  In (T / Tu ) } / a  h o h

Examinat ion of this funct ion y ie lds  the resul t  t ha t  |r | has a maximum 

v a lu e  of

| r |
s T_____ o

a e x p (1)

which  occurs  when ^  = t y / e x p ( l ) . )

Consequent ly  the second term in the L . H . S .  of equa t i on  (17) is 

small  compared wi th the first and may be ignored v/ith only a small
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e r ro r  I n t r o d u c e d .  Thus (17)  may  be w r i t t e n  as

•p ~ ___________ a___________
h I n { e x p a / T 0 + G ( 0 ) x } (17a)

( I t  w i l l  be n o te d  t h a t  the  a p p r o x i m a t i o n  made here is t h a t  o f  p u t t i n g  

G (x )  ~ G (0 )  ) •

ah can  be c a l c u l a t e d  a p p r o x i m a t e l y  f rom the c o n d i t i o n  o f  c o ns ta n t  

e n t h a l p y  w h i c h  may be w r i t t e n  as

T. + a  , , h _ _ _ 4 +  ao
T o +  a 4 + a^ ( 18)

For the  c o n d i t i o n s  T q << a and (a _ aQ) << 4 a usefu l  a p p r o x im a t i o n  to 

(18)  is

(ah -  a 0)
4 + anT̂ +a (T0 - V (18a)

For e q u i l i b r i u m  v i b r a t i o n  the  e q u a t io n s  c o r re s p o n d in g  to (18)  and (18a)

4 . 5  + a 0/ 2
are T , +  a n

T 0 +  a 4.5 + o:h /2

and (ah -  a 0)
4 . 5  -i- a o /  2 

T 0 + a
(T0 - T h )

The d e n s i t y  d i s t r i b u t i o n  may be d e te r m i n e d  f rom the e q u a t i o n  o f  s tate

(1 3 ) .

I t  shou ld  be n o te d  h o w e v e r  th a t  the  a p p r o x i m a t i o n  l e a d in g  to  (17a)  

a l t h o u g h  e x p e c t e d  to g i v e  a good  a p p r o x i m a t i o n  fo r  T ^ ( x )  and a ^ ( x )  w i l l  

g i v e  o n l y  the  o rd e r  o f  m a g n i t u d e  for  terms o f  the  form d T ^ ( x ) / d x  and 

dah ( x ) / d x  s ince (16)  may be v / r i t t e n
r
da,

n a ( T h + a) (4 + a o ) Tq2
r  \
da.h - 1 ]

dx ( 4 + ah ) Th 7  (T0 + a) a dx
x=o J

Here  i t  is o b v io u s  t h a t  p u t t i n g  terms equa l  to t h e i r  i n i t i a l  va lues  w i l l  

i n t r o d u c e  errors in the  last  term o f  the  a bo ve  e q u a t i o n  as a f a c t o r  o f
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o rd e r  ( T ß / T ^ ) 2 . N e v e r t h e le s s  i t  is usefu l  to w r i t e  th is  e q u a t i o n  as

da,n % [ K ]
, dx  j { d x  J

-1

x=0

(Tn + a )
+  X

(19)

( 4 + a o )  T q2

and c o n s e q u e n t l y

K ] - 1 J fdThl
l dxJ 1 dx

-1

x=0
-  x

Ter
(20)

I t  is usefu l  to c o n s id e r  the  form o f  the  s o lu t i o n  so fa r  o b t a i n e d .  (17a)  can 

be w r i t t e n

T,Jh
T 0

1 +  —1T I n ( l  +  — dT 4 1a l  T o2 dx o JJ

-1
(17b)

I f  j d T / d x | o  << 1 then i t  is o b v io u s  t h a t  the v a r i a t i o n  o f  T| in the range  

0 < x  < 1 is s m a l l .  I f  | d T / d x | 0 — 0 ( 1 )  then

'h
t.To; x= 1

0 U  + —  I n  T 
a T0

To l n { T0)
-1

S in c e  T ß /a  << 1 the las t  term in th is  express ion  is smal l  . The c o n d i t i o n  

t h a t  the  v a r i a t i o n  in is smal l  com p a red  w i t h  one in the  range  o < x  < 1

can th e r e fo r e  be w r i t t e n  as

a
T 0

>> I n
(T0 J

This c o n d i t i o n  is o n l y  s l i g h t l y  more s t r i n g e n t  than the  c o n d i t i o n  

a / T 0 >> 1 and the  fo rm e r  w i l l  be assumed to be i n c l u d e d  in the  l a t t e r .

I t  shou ld  a lso be re m e m b ered  th a t  no s p e c ia l  emphas is is p l a c e d  on 

the  c o n d i t i o n s  b e h in d  the  shock  and any  o th e r  i n i t i a l  c o n d i t i o n s  w o u ld

s u f f i c e  as s ta r t in g  v a lu es  fo r  the i n t e g r a t i o n .  In p a r t i c u l a r  (20) shows
T n 2 Tß 2

t h a t  fo r  x  > — , | d T ^ / d x |  < 1 and hence  i f  the c o n d i t i o n s  a t  x  = —

star t  the i n t e g r a t i o n  then the vc

r e m a in d e r  o f  the  body  sca le  w o u ld  be s m a l l .

w e re  used to s tar t  the i n t e g r a t i o n  then the v a r i a t i o n  in T. o v e r  the
n

Thus v / i t h  the  assumpt ions th a t  have  been made the  f o l l o w i n g  

c o n c l u s i o n  may be d r a w n .  I f  any  v a r i a t i o n  in te m p e ra tu r e  due  to the  

r e a c t i o n  is to o c c u r  then  the  l a rg e r  p a r t  o f  t h a t  v a r i a t i o n  w i l l  o c c u r



before  x ~  0 ( T 02/ a )  and the va r i a t i on  of  t empera ture  over  t h e  remaining 

body sca le  will  be smal l .  Equat ions  (18) ,  (13) show tha t  the same will  be 

t rue of  a and the de ns i t y .  That  is, s ince  the pressure is cons t an t ,  then 

for x > T02/ a  , the gas is behav ing  approx i ma t e l y  as a pe r f ec t  gas e x ce p t  

t ha t  the flow starts from va lues  which are d i f f e r ent  from those given by 

the condi t ions  behind the shock .  (An assumption of equi l ibr ium vibrat ion 

does  not  a l t e r  this basic  p r ope r t y . )

The remainder  of the analys is  wil l  be d i r ec t ed  towards de termining  

wh e t he r  this be hav i our  persists in the presence  of a pressure g ra d i en t .

2 . 3  An order  of magni tude  a pproach  and a discussion 
of the approximat ions  made by Freeman

2
The basic approximat ion  made by Freeman was t ha t  of cons tant  

en th a l p y  a long a s t reaml ine  even  in the p resence  of  a pressure g r a d i en t .  

This resul t  was de r ived  by Freeman from an order  of magni tude  analysis  

of  equa t i on  (4) which may be wr i t t en

3 h l  _ _1_ 3p^_ = n 
9x'  p '  3x'

Consider ing  the magni tude  of the terms in this equa t i on  from shock 

r e l a t i o ns ,  they can be wr i t t en

h* ~  0 ( U ’ 2 ) • ~  ( p ’ / e )  / p ’ ~  0 ( p '  U ’ 2 )
v r  nn  A 00  OO

Thus

_L 2e1 /  JÜlL ~ o(e)
o' ax' /  ax'

Freeman cons idered  the case  e << 1 and made the approximat ion  

3 h ' / 3 x '  - 0 • (i*e* the e f f ec t  of the pressure g rad i en t  on the

reac t i on  was i g no r ed . )  Thus the approx ima te  solut ions ob t a ined  for T 

and a assuming zero pressure g r ad i en t  would also suff ice as approx imate  

solut ions  for the Freeman cons t an t  en t ha l py  c a s e .  The densi ty could then 

be c a l c u l a t e d  from the equa t i on  of  s ta t e  with an assumed pressure 

d i s t r i bu t i on .  The main ob j ec t i on  tha t  can be brought  aga ins t  this 

analys is  when cons ider ing the flow along a s t r e aml ine ,  where  the pressure



c a n  v a r y  c o n s i d e r a b l y ,  is t h a t  the te m p e ra tu r e  d i s t r i b u t i o n  is d e te r m in e d  

s o l e l y  by the  e f f e c t  o f  the r e a c t i o n ,  and ignores  the e f f e c t  o f  the 

pressure g r a d i e n t .
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C o n s id e r  e q u a t i o n  (12a)

(4 + a) —  + (T + a)dx '  dx
jL d p  
p dx

(12a)

and  c o n f i n e  the  d iscussion  to cases w h e re  dp/dx < 0 (1 )  . This is a reason ­

a b l e  assumpt ion  to make  fo r  a smooth body  s ince  the  pressure may o n l y  

v a r y  f rom one to ze ro  o v e r  a bod y  s c a le .  Thus the las t  term in e q u a t i o n  

(12a)  is o f  o rd e r  o n e .  I g n o r in g  th is  last  term is a good a p p r o x im a t i o n  

p r o v i d e d  da/dx (T + a) >> 1 . But i t  has a l r e a d y  been shown th a t  the 

e f f e c t s  o f  a r e a c t i o n  ( fo r  the  gas co ns id e re d )  are c o n f i n e d  to a smal l  

r e g io n  c lose  to the  s h o c k ,  and i f  a s i t u a t i o n  is r e a c he d  w he re  

(T + a) da /dx  << 1 then i t  is th is  term t h a t  can be i g n o re d  and the 

t e m p e r a tu r e  d i s t r i b u t i o n  w i l l  be d e te r m in e d  p r e d o m i n a t e l y  by the pressure 

d i s t r i b u t i o n .  (There w i l l  a lso e x is t  a r e g io n  w h e re  (T + a) da/dx ~  0 (1 )  

and  in these c i r c u m s ta n c e s  a l l  t h ree  terms in (12a) are i m p o r t a n t . )

Thus the  e x p e c t e d  b e h a v i o u r  o f  p ro p e r t ie s  a lo n g  a s t re a m l in e  w o u ld  

be an i n i t i a l  r a p id  c h an g e  due to the  r e a c t i o n  f o l l o w e d  by a s low er  

v a r i a t i o n  in d e n s i t y  and pressure due to the pressure d i s t r i b u t i o n .  The 

q u e s t i o n  must  now  be asked as to w h e th e r  the va lu es  w h i c h  the  f l o w  

p r o p e r t i e s  assume at  the end o f  the r e a c t i o n  z o n e ,  as c a l c u l a t e d  w i t h  no 

pressure g r a d i e n t ,  are e f f e c t e d  by the  pressure g r a d i e n t .  I t  has a l r e a d y  

been shown for  the  c o n s ta n t  pressure case t h a t  i f  | da /dx|  q, |dT/dx|  q ~  0 (1 )  

then  no s i g n i f i c a n t  c h a n g e  occurs  in f l o w  p r o p e r t i e s ,  and th e re fo re  i f  

I d a /d x  j o > | d T / d x | 0 >> 1 then  by the  t im e  the  pressure g r a d i e n t  in (12a) is 

im p o r t a n t  no f u r t h e r  s i g n i f i c a n t  v a r i a t i o n  o f  f l o w  pa ram ete rs  due to the 

r e a c t i o n  w o u ld  have  o c c u r r e d ,  even  in the  absence  o f  the pressure 

g r a d i e n t .  This w o u ld  i m p l y  t h a t  a w o u ld  r ise to a ' p l a t e a u '  l e v e l  w h i c h  

is u n e f f e c t e d  by the pressure d i s t r i b u t i o n  ( e x c e p t  in the  case whe re  the 

v a r i a t i o n  o f  a w o u ld  be smal l  a n y w a y )  and the  t e m p e ra tu r e  w o u ld  c o n t i n u e  

to f a l l  due to the pressure g r a d i e n t .
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However  this sort of analys i s  ignores one impor tant  f e a t u r e .  That  

is tha t  a t  all  t imes there  are two factors  t ending to r educe  the 

t empera t ure ;  the r eac t ion  and the pressure g r a d i e n t ,  and the approximate  

solut ion for flow var i ab l es  ignor ing the pressure g r a d i e n t  was only 

ob t a i ned  by using the fac t  tha t  the r eac t ion  ra te  cons idered  was 

ex t r eme l y  sens i t ive  to t e mp e ra t u r e .  (This is the assumption a / T 0 >> 1 •)

Thus,  a l t hough  the q u a l i t a t i v e  behav i ou r  of  pa rameters  ( react ion 

domina t ed  behaviour  over  a short  d i s t ance  fol lowed by f reez ing  of the 

r eac t i on  and pe r f ec t  gas behav iour )  is still e x p ec t e d  to ho ld ,  an order 

of magni tude  analys is  as g iven  above  may not  be suf f ic ient ly  precise  to 

de f ine  the f r ozen - f l ow l eve l s .

It is the purpose of the nex t  sec t ion to show tha t  conclus ions  

r e ach ed  wi th such an analys i s  are v a l i d .  Rather  than use the order  of 

magni tude  results (19),  (20) more e x a c t  forms for the va r i a t i on  of 

pa ra me t e r  gradient s  must be c ons i de r ed .

2 . 4  The case  wi th a pressure g rad i en t

A br i e f  descr ip t i on of wha t  shall  be a t t empt ed  in this sect ion is 

in order .  The flow var i ab l es  are cons idered  as a cons tan t  en tha l py  

term and a cor rec t ion  t e rm.  A solut ion for the cor rec t i on  term is 

ob t a i ned  when this term is smal l .  This solut ion is then used to set  up 

d i f f e r en t i a l  equa t ions  for the c o r r e c t i o n ,  which may be app l i ed  over  a 

more genera l  r a n g e .  These are i n t e g r a t e d ,  and the behav iour  of  these 

funct ions  are  compared  wi th the e x p ec t e d  behav iour  of  the genera l  

solut ions ,  which have  been  discussed in the previous  s ec t i on .

Consider  equa t ions  (16) and (12a)

(4 + a, ) T 2 n h
(Th + a > Aph a  - o-h ■ ' ‘» v *  -  v  a exp Th a / T 0

( 4 + a )  f E  + (T + a) -  I
dx dx p dx

(16)

(12a)



E q u a t io n  (16) is co ns id e re d  to be a b e t t e r  s ta r t i n g  p o i n t  than  the 

f u r t h e r  a p p r o x im a t e d  ( 1 7 a ) .  A  s p e c i f i c  form o f  pressure g r a d i e n t  w i l l  

be c h o s e n .  For s i m p l i c i t y  the case d p / d x  = -1  is c o n s i d e r e d .  This 

is the  la rges t  a v e r a g e  pressure g r a d i e n t  t h a t  can be susta ined  o v e r  a 

b o d y  l e n g th  and i t  is e x p e c t e d  th a t  resul ts  o b ta in e d  using such a s im p le  

g r a d i e n t  w i l l  shed l i g h t  on the e f f e c t  o f  more gen e ra l  pressure g ra d ie n ts  

e n c o u n t e r e d  a l o n g  s t re am l in es  o v e r  a smooth b o d y .

The p h y s i c a l  p ro p e r t ie s  o f  the gas are c o ns ide re d  as the  sum o f  two  

te rm s ,  a c o n s t a n t - e n t h a l p y  term and a term due  to the a c t i o n  o f  the 

pressure g r a d i e n t .

V a r i a b l e s  w i t h  su bsc r ip t  p are d e f i n e d  as

T = T. +  T 
h p a = a, +  a 

h p

I n i t i a l l y  the  c o n d i t i o n s  are imposed t h a t  T << T and a << a
P n p h

Thus f rom (1 2a)

and

(4 +  a )
dx  + (T +  a )

h
dx

= 0 /

dTD da
+ i  =

P
(4 +  a )

dx + (T +  a )
d>

P 0

da da,
P da h

dx dx dx

Ap Cl -  a ) |e x p
r

a -  exp
f  N

a

• V v TL V

w h i c h  fo r  T << im p l i e s

Thus f rom (22)

K p
dx V

P . f ( T + a )  a
da.

dx  \  (4 + a) T 2 dx
1

(4 + a )  p



Thus,  us ing da^ = ~ (4 + a) /  (T + a) dT^ { t he  fo rm a l  s o lu t i o n  to the  above  

f i r s t  o rd e r  d i f f e r e n t i a l  e q u a t i o n  becomes

23

T
P

-  exp
r  's

a. -X 1 1
f  \

a

A j • 0 ( 4 + a) p eXp
ThJ

dx (23)

T h e n ,  us ing d a ^ /d x  -  A p ( l - a )  exp ( -  a /T ^ )  f  (23)  can be w r i t t e n

•T exp (2a/T,  )

( T + a )  A ( l - a )  p2 dTh
i 0

The  i n t e g r a l  i n v o l v e d  in th is  r e l a t i o n  is o f  the same form as those 

c o n s id e re d  p r e v io u s l y  fo r  the  c o n s ta n t  pressure case .  Thus i t  can  be 

w r i t t e n  approx ima t e l y  as

T
P

-  exp h V e x p ( 2 a /T h )

L
,2 a(T  + a) A (1 - a ) /

p r o v i d e d  th a t  (T + a ) ( l  - a ) p 2 ' s a s l o w l y  v a r y i n g  f u n c t i o n  o f  T̂  

c o m p a r e d  w i t h  the e x p o n e n t i a l  .

S in c e  the  c o n d i t i o n  T^ << has been s p e c i f i e d  the v a r i a t i o n  in 

terms l i k e  T ^  are smal l  com p a red  w i t h  the v a r i a t i o n  in e x p ( 2 a / T ^ )  and 

the  a b o v e  e q u a t i o n  may be w r i t t e n

T
P

Th 2 l  { ( e x p  a /T h ) 2 -  ( e x p ( a / T 0) ) 2 )

2 p2 a (T + a) A ( l - a )  exp a /T ^
(24)

E q u a t io n  (24) g ives  the  d e v i a t i o n  o f  the  te m p e ra tu r e  f rom the c o ns ta n t  

e n t h a l p y  s o lu t i o n  w hen  th is  d e v i a t i o n  is s m a l l .  W hen  th is  is the case 

a l l  v a r i a b l e s  in (24)  c o u ld  be pu t  equa l  to t h e i r  c o n s ta n t  e n t h a l p y  

v a l u e s .

I t  is the  purpose o f  the f o l l o w i n g  to use (24)  as a basis fo r  the

b e h a v i o u r  o f  T v/hen T is n o t  smal l  . I n i t i a l l y  h o w e v e r  the  c o n d i t i o n  
P P

T << T, is r e t a i n e d .  A  c hange  in n o t a t i o n  is u s e fu l .
P h
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A  smal l  co n s ta n t  6 is chosen and the  p o i n t  a t  w h i c h

Ip = - (6/a) Th2 (25)

is i n v e s t i g a t e d .  For th is  p o i n t  e q u a t i o n  (24)  g ives

(exp a/T^)2 - (exp a/T0)2 
exp a/Th 2(T + a) Ap2(l - a)6

A  v a r i a b l e  4^ is d e f i n e d  as

exp (a/Th)
Ch = (T+a) Ap?-(1 -a)

Then (26)  is q u a d r a t i c  in C, and has s o lu t i o n

(26)

(27)

Ch = « + 7s2 + c/ (28)

W h e re

The s i g n i f i c a n c e  o f  th is  e q u a t i o n  is as f o l l o w s .  I f  an i n i t i a l  v a l u e  o f

is chosen then  (28)  is a r e l a t i o n s h ip  b e tw e e n  the d e p a r tu r e  o f  the 

s o lu t i o n  due to the  pressure g r a d i e n t  and the  s o lu t i o n  w h e re  pressure 

g r a d i e n t  terms are n e g l e c t e d .

A  v a r i a b l e  s im i l a r  to ^  may be d e f i n e d  as

_____ exp a/T____
C = (T + a) Ap2(l - a)

w h e re  f rom (25)

C = Ch exp 6

(29)

(30)

The c o n s ta n t  e n t h a l p y  case has been d e a l t  w i t h  p r e v io u s l y  and (16) may 

be w r i t t e n  as

Ch = C o + x M
(31)

w here

x  _ a __________ 1
p ^2 (4 + a)
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C o n s id e r  the  f o l l o w i n g  s c h em e .  Beh ind the shock  a l l  v a r ia b le s  are known 

f rom the shock c o n d i t i o n s .  Then a v a l u e  o f  6 is chosen such th a t  i t  

sa t i s f ies  the c o n d i t i o n  T ^ < < T q t h rou g h  e q u a t i o n  (2 5 ) .  A  p o i n t  (1) may 

then  be d e f i n e d  w h e re  (28)  is s a t i s f i e d ,  i . e .

(Ch ) i  = <5 + 4 2 + Co2

a nd  a t  th is  p o i n t

Cl = (Ch ) x exp 6

H o w e v e r  the re  is n o t h i n g  u n iq u e  a b o u t  the  c o n d i t i o n s  b e h in d  the 

s h o c k .  The c o n d i t i o n s  a t  p o i n t  (1) c o u l d  be used in c o n j u n c t i o n  w i t h  

(18)  to  f i n d  a p o i n t  (2 ) .  In p r i n c i p l e  th is  l o c a l  l i n e a r i z a t i o n  process 

c o u l d  be re p e a te d  i n d e f i n i t e l y .

T h a t  is ,  f o r  a g i v e n  6 , b e tw e e n  tw o  such po in ts  e q u a t i o n  (31)  ho lds

fo r  the  c o ns ta n t  e n t h a l p y  s o lu t i o n  b e tw e e n  those p o in t s ,  and w hen  (28) is 

s a t i s f i e d ,  the  d e p a r tu r e  f rom the  c o ns ta n t  e n t h a l p y  s o lu t i o n  d u r in g  this 

s tep is g i v e n  by  (3 0 ) .  C o n s id e r  the b e h a v io u r  b e tw e e n  the  p o in ts  ( i )  and

(i +  1).

(32)

(33)

^ h ^ i + 1

and

Th us
X

i+ 1

A I  so
C =

so t h a t
r =

l + l

C
i+1
i

i . e .
X

i+1
i

and
d i  .  
dx

= 6 + / ß 2 +

C± + X 1+1

6 +  /«2  +  ? i 2 -  C ±  •

(Ch ) exp 6 ,

{6 + / 6 2 + exP 6 >

(6 + A 2 + C-j2 } exp 5 "  

6 + / 6 Z + £^2 “

l i m
6->0

{6 + /;s2 + r 2 ) exp 6 -  C
6 + / ^ n r ^ r  - C

1 + c •
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This may be i n t eg ra t ed  to y ie ld

In 1+ C 
1 + Co

( 34)

it is this expression which wil l  be used to de t e r mine  the behaviour  of 

the  gas proper t i es  when the r eac t ion  has s lowed down suf f i c i ent ly  for it 

to be ignored .  From the de f in i t i on  of  C, equa t i on  (29), it can be seen 

t ha t  as da/dx 0 then  ̂ -* »

Equat ion (34) is wr i t t en  wi th the condi t i on  <; >> l ,

exp a / T  ( _
(T + a) A p 2 ( l - a )  " d  + Co) exp X

f  -  I n i T + a)  Ap 2 ( 1 + C o) + f  £

or in terms of the pressure

a I , _ x (1 + a)
T 1 p ( 4 + a ) Zn(T + a )  Ap2 (1 - a ) ( l  +  C0) (35)

The var i a t i on  of the log funct ion is small compared  wi th i t se l f ,  s ince 

the a rgument  is large so t ha t  va r i ab les  i nc luded  in this funct ion may be 

put  equal  to thei r  ini t ial  va lu e s .  (A more r igorous de r i va t i on  of this 

resul t  can be ob t a i ned  by a method similar  to tha t  in which  the 

approx imat ion  G(x) = G(0)  was made in sec t ion 2 . 2 ) .  Put t ing p = p o _ x  

and e xpand i ng  in terms of x (35) may be wr i t t en  as

a
PO jpo - x i H f 1  + o(x2) • • •}

Z-n(T0 + a )  A(1 -  ao)  (1 + Co)

But for a n o n - r e a c t i n g  gas ,

T
f  CPfi

( 1+a /4+a ) !

v/here subscr ipt  f refers to a r e f e r ence  c o nd i t i on .  This resul t  is ob t a i ned  

from equa t i on  (12a) ,  wi th da /dx = 0 , and the equa t i on  of s tate  (13) .

This may also be wr i t t en  for the case of a n e ga t i ve  uni t  pressure g rad i en t  as
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2t_
Po

Po
(P f

( 1 + o t / 4 + a )

{ po -  { zTTTo  x +  0 ( x Z )  +  • • • } .

I t  shou ld  be no ted  th a t  the  t h i r d  and subsequent  terms in the above  

tw o  express ions  are not  equa l  . H o w e v e r ,  c o n s id e r in g  the  a p p r o x im a te  

n a tu r e  o f  (35) an a g re e m e n t  in the  f i r s t  o rde r  o f  x is co ns ide re d  

s i g n i f i c a n t .

These tw o  express ions  are in a g r e e m e n t  to the  f i r s t  o rde r  o f  x i f

T fpo.] O + a /4 + a )  ^ ______________^ _____________

P (Pf J Zn(T0 + a )  A(1 -  ao)  (1 + £o)

I f  the  c o n d i t i o n s  d e n o te d  by subsc r ip t  ( f)  are chosen a t  x = 0 ,  then

Tf  l n (  T g + a )  A (1 -  ao) (1 + Co) * ^ (“>)

From the  d e f i n i t i o n  o f  £ ,  e q u a t i o n  (2 9 ) ,  th is  may also be w r i t t e n  as

T =  ________________ §________________
f  Zn{ (T o + a )  A ( l - a o )  + exp a /T o )  '

w h i c h  may be c om pared  w i t h  e q u a t i o n  (1 7 a ) .  I t  is seen tha t  T^ 

co r responds  to the c o n s ta n t  e n t h a l p y  s o lu t i o n  a t  x ~  ( 4 + a g )  To2/a  . This 

is w e l l  w i t h i n  the ' p l a t e a u '  r e g io n  o f  the  c o n s ta n t  pressure s o lu t i o n  and 

thus i t  c o u l d  be assumed th a t  the e f f e c t  o f  a u n i t  pressure g r a d i e n t  does 

n o t  a l t e r  the  h e i g h t  o f  the p l a t e a u  desp i te  the  e x t r e m e  s e n s i t i v i t y  o f  

the  r e a c t i o n  ra te  to t e m p e r a t u r e .  (In f a c t  i t  is a c o nse q ue n ce  o f  i t ,  

s in ce  p u t t i n g  the l o g .  express ion  in (35)  e qua l  to i ts i n i t i a l  v a l u e  can 

o n l y  be j u s t i f i e d  i f  In  A >> i  , i .e  . a / T 0 >> 1 •)

C o r re s p o n d in g  to 7 , the re  ex ists an g i v e n  by (18) w h i c h  is a lso 

c h a r a c t e r i s t i c  o f  the ' p l a t e a u  l e v e l '  o b ta i n e d  in the absence o f  a 

pressure g r a d i e n t .

The f o l l o w i n g  c h a r a c t e r i s t i c s  o f  the c o m p le t e  s o lu t i o n  are th e re fo re  

postu I a te d :

( i )  In the  r e g io n  o < x < To2/ a ^ e p h y s i c a l  pa ram ete rs  o f  the gas
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a re  e s s e n t i a l l y  no t  e f f e c t e d  by a pressure g r a d i e n t  and b e h a v e  in a 

m a n n e r  g i v e n  a p p r o x i m a t e l y  by e q u a t i o n  (17a)  and e qu a t io n s  d e r i v e d  f rom 

i t .

( i i )  In the re g io n  x £ T02/ a t h e  s o lu t i o n  w i l l  tend  to a p e r f e c t  gas 

b e h a v i o u r ,  as the pressure g r a d i e n t  causes the t e m p e ra tu r e  to d r o p ,  thus 

i n h i b i t i n g  f u r t h e r  r e a c t i o n .  In th is  r e g io n  a w i l l  be n e a r l y  c o n s ta n t  

and  g i v e n  by (1 8 ) ,  ( 3 6 ) .  The b e h a v io u r  o f  t e m p e ra tu r e  and d e n s i t y  w i l l  

t en d  to  a p e r f e c t  gas s o lu t i o n  w i t h  I n i t i a l  va lues  at  x  = 0 a p p r o x im a t e d  

by  ( 3 6 ) ,  (18)  and the  e q u a t i o n  o f  s tate  (1 3 ) .  I t  is e x p e c t e d  t h a t  th is  

a s y m p to t i c  b e h a v io u r  w i l l  be a p p ro a c h e d  q u i c k l y  (due to the f a l l i n g  

t e m p e r a tu r e  s top p in g  any  re m n a n t  o f  the  r e a c t i o n )  so t h a t  in the  m a jo r  

p o r t i o n  o f  the r e g io n  T 02/a  $ x < 1 the f l o w  w i l l  e s s e n t ia l l y  f o l l o w  

p e r f e c t  gas b e h a v i o u r .

I t  is a lso e x p e c te d  t h a t  th is  b e h a v i o u r  is n o t  d e p e n d e n t  upon the 

fo rm  o f  the pressure g r a d i e n t  assumed, and th a t  in the  p re sence  o f  any 

pressure g r a d ie n t  fo r  a smooth body  o f  a p p r o x i m a t e l y  c o n s ta n t  c u r v a t u r e ,  

the  b e h a v i o u r  just  d e s c r ib e d  w i l l  be r e t a i n e d .

Two f u r t h e r  po in ts  a lso need d iscuss ing  a t  th is  s tag e .

( i )  The p a r a m e te r  A found  in (36)  c o n ta in s  a c h a r a c t e r i s t i c  l e n g th  A  

o v e r  w h i c h  the s t r e a m l in e  is e x a m i n e d .  In the  case o f  a d e f i n e d  u n i t  

pressure g r a d i e n t  t h e r e f o r e ,  the re  ex is ts  an i m p l i e d  r e l a t i o n s h ip  b e tw e e n  

A  and the  d im e n s io n e d  pressure g r a d i e n t .  T h e r e f o r e ,  s t r i c t l y ,  (36)  holds 

o n l y  fo r  a c o n s ta n t  pressure g r a d i e n t  w h e re  A  is d e f i n e d  as the  inverse

o f  such a g r a d i e n t .  I t  s h o u ld ,  h o w e v e r ,  be p o i n te d  o u t  t h a t  T^ as 

d e f i n e d  by (36) is e x t r e m e l y  i n s e n s i t i v e  to the v a lu e  o f  A so t h a t  fo r  

p r a c t i c a l  purposes any  o b v io u s  c h a r a c t e r i s t i c  body  sca le  w o u ld  s u f f i c e  

to d e f i n e  A •

( i i )  The e x i s t e n c e  o f  a ' p l a t e a u '  in the  ze ro  pressure g r a d i e n t  s o lu t i o n

is essen t ia l  to the  p o s tu la te d  scheme o u t l i n e d  a b o v e .  There  is ,  h o w e v e r ,  

a case w hen  th is  f e a tu re  does n o t  o c c u r ,  i . e .  w hen  (d a /d x )o  is o f  o rde r  

o n e .  U n d e r  these c i r c u m s ta n c e s  the re  is no r a p id  ch an g e  in d a ^ /d x  and
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d T ^ /dx  as a f u n c t i o n  o f  x ,  and in the  p re sence  o f  a pressure g r a d i e n t  a l l

terms in e q u a t i o n  (12a) are e q u a l l y  i m p o r t a n t .  T h e re fo re  the re s u l t i n g

s o lu t i o n  w i l l  depend  upon the  form o f  the  pressure g r a d i e n t .  H o w e v e r ,  i t

has a l r e a d y  been shown th a t  in these c i r c u m s ta n c e s  (a, - a n) Is smal l  and
n 0

/ T q -  1 o v e r  a body  s c a le .  T h e re fo re  T p  and d e f i n e d  f rom (36) 

w o u l d  be s u f f i c i e n t l y  a c c u r a t e  to e n a b le  the  p e r f e c t  gas p o r t i o n  o f  the 

s o lu t i o n  to be c o n s t r u c t e d .  The v a lu e  o f  af  thus o b t a i n e d  w o u ld  n o t  

n e c e s s a r i l y  co r respond  to the  p la t e a u  in the  s o lu t i o n  o f  a but  w o u ld  o n l y  

be an o rd e r  o f  m a g n i t u d e  e s t im a te  o f  the  v a lu e  o f  a a lo n g  the s t r e a m l i n e .

Thus the  v a lu e  o f  (a^ - a g )  us ing th is  scheme may have  a la rge  

f r a c t i o n a l  e r ro r  i f  (a^ -  a q) is s m a l l ,  b u t  w i l l  have  a smal l  abso lu te  

e r r o r .  I t  shou ld  a lso be p o i n te d  o u t  t h a t  th is  f e a tu re  is a resu l t  o f  

the  s e n s i t i v i t y  o f  the r e a c t i o n  ra te  to t e m p e ra tu r e  ( i . e .  the  c o n d i t i o n  

t h a t  'a '  is l a r g e ) ,  and w o u ld  be e x p e c t e d  to b re a k  dow n w h e n  this 

c o n d i t i o n  is r e l a x e d .

2 . 5  Com par ison  o f  e x p e c t e d  b e h a v i o u r  
w i t h  e x a c t  n u m e r i c a l  c o m p u ta t i o n s

In o rd e r  to v e r i f y  the  c o n c lu s io n s  c o n c e r n in g  the form o f  the 

s o lu t i o n  i t  was necessary  to i n t e g r a t e  e q u a t i o n s  (1 1 ) ,  ( 1 2 a ) ,  (14a)  

n u m e r i c a l l y  ( w i t h  the r e c o m b i n a t i o n  term d e l e t e d )  in c o n j u n c t i o n  w i t h  

(13)  fo r  s p e c i f i e d  i n i t i a l  c o n d i t i o n s  and pressure g r a d i e n t .  This was 

c a r r i e d  ou t  using a s tandard  l i b r a r y  s u b r o u t in e  c a p a b le  o f  i n t e g r a t i n g  

systems o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  The o n l y  m o d i f i c a t i o n  found  

necessary  was the use o f  Z-n(x) r a th e r  than  x as the  i n d e p e n d e n t  v a r i a b l e  

in o rder  to a c c o m m o d a te  the  e x t r e m e l y  la rge  g ra d ie n ts  in state  v a r ia b le s  

w h i c h  somet imes o c c u r r e d .  The assumpt ion  o f  h a l f  e x c i t e d  v i b r a t i o n a l  

e n e rg y  was r e ta i n e d  t h r o u g h o u t .

In o rd e r  to s p e c i f y  i n i t i a l  c o n d i t i o n s  an a n g le  <P fo r  the  shock  

s lope v/as s p e c i f i e d ,  and a p p r o x im a t e  shock  e qu a t ion s  w e re  a p p l i e d .  The 

e x a c t  shock  c o n d i t i o n s  fo r  a shock  o f  i n c l i n a t i o n  4> may be w r i t t e n
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p U f s in 6co co T -- p 'K 0

p ’ +  P T u ' 2 s i n 24>CO 03 CO = P q

Uj cos(J> = q T
lrr o

h ’ +  %  U ’ 2CO “ CO ii p* o
 -

i ’2‘no

* ^0

where  all  va r i ab l es  are d imens ioned  and qi .^,  qj ^ are the component s  of 

t angen t i a l  and normal  to the shock r e s p ec t i v e l y .  AH other  va r i ab les  and 

subscripts  have  been  in t roduced  prev ious ly .

Wi th the n o n -d im en s i on a l i z a t i o n  used and the assumptions tha t  

(i) ( equ i va l en t  to e << 1 ) ,

(»0 Pi <<: Pi ui 2
(Hi) h is g iven  by equa t i on  (6),

these equa t i ons  may be wr i t t en

To = s i n 24>/ (1 + a 0)

p0 = s i n 2cj)

a 0 = a „

P0 = 1

qQ = coset)

(37)

The aim of the numer ical  c a l c u l a t i o n s  was to exami ne  the ma themat i ca l  

behav i ou r  of the equat ions  so tha t  any consi s tent  set  of  ini t ia l  

condi t ions  would have  s uf f i ced .  The approx ima te  shock equat ions  (37) 

were used to g e n e r a t e  the cons i s tent  set  only as a c o n v e n i e n c e .

In add i t i on  the  fol lowing were  spec i f i ed :  A , r\ , a ( r e l evan t  to

(14a)) and c ( r e l evan t  to equa t i on  (11)) .  e was spec i f i ed  i ndependen t l y  

in order  to exami ne  the e f f ec t  of this pa ramet e r  on q .  The two most 

impor tan t  pa ramete r s  were cons idered  to be A , and a , and for this r eason ,  

for the major i ty  of  the cases  co n s i de re d ,  n = 0 , = 0 and e was
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a r b i t r a r i l y  set a t  a t y p i c a l  v a l u e  o f  1 / 8 .

Two forms o f  imposed pressure d i s t r i b u t i o n  w e re  c o n s i d e r e d .

p = s i n 2! /  (1 -  x )  }

p = ( a - x ) i °  + ( i - x ) >  .

A  c o n s ta n t  u n i t  pressure g r a d i e n t  used to d e r i v e  the resul ts  was 

c o n s id e re d  to be an u n s u i t a b le  c h o i c e  because  o f  i ts l i m i t e d  

a p p l  i c a b i  1 i t y  .

E q u a t io n  (38) was chosen as i t  is the  s im p le  N e w t o n i a n  pressure l a w  

f o r  a c i r c u l a r  a r c ,  w h e re  the  v a r i a t i o n  o f  x goes f rom 0 to 1 as the 

i n c l i n a t i o n  o f  the body  s t r e a m l in e  goes f rom <J> to 0 .  I t  was assumed tha t  

th i s  pressure d i s t r i b u t i o n  w o u ld  be s im i l a r  to cases l i k e l y  to be 

e n c o u n t e r e d  in rea l  s i t u a t i o n s .

E q u a t io n  (39) was d e l i b e r a t e l y  chosen as a bad e x a m p le  because  the 

pressure g r a d i e n t  changes  r a p i d l y  as a f u n c t i o n  o f  x ,  the  la rges t  

g r a d ie n t s  o c c u r r i n g  w hen  x is smal l  ( i . e .  w hen  la rg e  g ra d ie n t s  a lso o c c u r  

in o th e r  f l o w  v a r ia b le s  due to the r e a c t i o n ) .  As w e l l  as d e f i n i n g  the 

i n i t i a l  pressure and t e m p e r a t u r e ,  ^ a lso d e f in e s  the a v e ra g e  pressure 

g r a d i e n t  s ince  the forms o f  (38)  and (39)  have  been chosen so t h a t  p 

v a r ie s  f rom sin2<f to 0 ,  as x v a r ie s  f rom 0 to 1 . The m a g n i t u d e  o f  the  

p a r a m e te r  a / T q was v a r i e d  by d e f i n i n g  'a '  s e p a r a t e l y .

A l t o g e t h e r  the re  w e re  s ix  pa ram ete rs  to w h i c h  va lu es  c o u ld  be 

ass igned  i n d e p e n d e n t l y .  O n l y  the resul ts  o f  ten c o m p u ta t i o n s  have  been 

i n c l u d e d ,  e ach  b e in g  s e le c te d  to show a s p e c i f i c  f e a t u r e .  They  are 

f i  g ures 1 -  10.

The pa ram ete rs  used in the  c o m p u t a t i o n  fo r  f i g u r e  1 are such th a t  

t h e y  f u l f i l l  the c o n d i t i o n s  a/To >> 1 , ( d a / d x  ) 0 >> 1/ and the re  is good 

a g r e e m e n t  b e tw e e n  the n u m e r i c a l  resu l ts  and the  fea tu res  p r e d i c t e d  by 

( 1 7 a ) ,  (36)  and the  r e l a t e d  d iscu ss ion .  Both the  abso lu te  and r e l a t i v e  

erro rs in the  p r e d i c t i o n  fo r  the b e h a v i o u r  o f  a are s m a l l .

(38)

(39)
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F ig u re  2 is chosen because  none  o f  the necessary  a p p r o x im a t io n s  ho ld  

in th is  c a s e .  The a g r e e m e n t  b e tw e e n  p r e d i c t e d  b e h a v io u r  and co m p u te d  

resul  ts is p oo r  .

F igu re  3 has ( d a / d x ) o  << 1 and 1 f 1 va lues  are v e ry  c lose  to the 

i n i t i a l  va lues  o f  v a r i a b l e s ;  the  gas behaves  a lm os t  l i k e  a p e r f e c t  n o n ­

r e a c t i n g  gas t h r o u g h o u t .  In th is  case the re  is a la rge  r e l a t i v e  

d i s c r e p a n c y  b e tw e e n  the  b e h a v io u r  o f  a in the  p resence  o f  a pressure 

g r a d i e n t ,  and t h a t  w i t h o u t ,  b u t  the a bs o lu te  c h an g e  in a in a l l  cases is 

smal I .

The va lu es  o f  pa ram e te rs  fo r  the f igu res  4 ,  5 ,  6 and 7 are o f  the  

o rd e r  o f  m a g n i t u d e  o f  the  v a lu es  e x p e c t e d  for  n i t r o g e n  f low s  in a v a i l a b l e  

e x p e r i m e n t a l  f a c i l i t i e s .  I t  is seen t h a t  the e x a c t  s o lu t i on s  are 

b e g in n in g  to d e p a r t  f rom the  p r e d i c t e d  b e h a v io u r  as the  v a lu e  o f  ' a ’ is 

d e c r e a s e d .  In p a r t i c u l a r  the  f o l l o w i n g  p o in ts  shou ld  be n o t e d .

( i )  The a g r e e m e n t  in the  t e m p e ra tu r e  and d e n s i t y  is r e a s o n a b le ,  bu t  the 

d e p a r t u r e  f rom the  e x p e c t e d  b e h a v io u r  is more n o t i c e a b l e  fo r  the e x t r e m e l y  

n o n l i n e a r  pressure g r a d i e n t ,  e q u a t i o n  (3 9 ) .  I t  w o u ld  app e a r  t h a t  fo r  ’ a ’

o f  o rde r  5 the a na lys is  is o n l y  a p p l i c a b l e  to ' w e l l - b e h a v e d '  pressure 

d i s t r i b u t i o n s  .

( i i )  a beg ins  to show a s i g n i f i c a n t  d e p a r tu r e  f rom the  e x p e c te d

b e h a v io u r  o f  a -  in the  re g io n  Tg2/ a  < x < 1 bo th  w i t h  and w i t h o u t

a pressure g r a d i e n t .  For the  r e p r e s e n ta t i v e  cases c o ns ide re d  this 

a p p r o x i m a t i o n  is o n l y  t rue  i f  an e r ro r  in a o f  o rd e r  0 . 0 5  is c o ns ide red  

s m a l l .  This e r ro r  may fo r  some cases be s i g n i f i c a n t .

I t  is c o n c l u d e d  th a t  the  sm a l les t  v a lu e  o f  a t h a t  c o u l d  be t o l e r a t e d  

w i t h  the a p p r o x im a t e  s o lu t i o n  s t i l l  y i e l d i n g  usefu l  resu l ts  w o u ld  be th a t  

o f  a ~  5

F igures  8 and 9 show the  d e p e n d e n c e  o f  the s o lu t i o n  on n for  the 

case o f  c o n s ta n t  pressure and n o n l i n e a r  pressure g r a d i e n t  (39)
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r e s p e c t i v e l y .  A p p l e t o n  et  a! . g i v e  the  v a lu e  o f  n fo r  n i t r o g e n  as - 1 . 6 .  

I t  is seen th a t  th is  v a lu e  o f  n a f f e c t s  the  so lu t i on s  to a smal l  e x te n t  

o n l y .

For f i g u r e  10 was p u t  e qu a l  fo 0 . 4  and shows th a t  the  a g r e e m e n t  

b e tw e e n  e x p e c te d  b e h a v io u r  and e x a c t  s o lu t i o n  is no worse  than  th a t  o f  

ocq = 0 (see f i g u r e  7 ) .

C a l c u l a t i o n s  w e re  a lso c a r r i e d  o u t  fo r  l a rg e r  va lues  o f  e up to 

e = 0 . 4 .  This p a r a m e te r  has the leas t  a f f e c t  on the s o lu t i on s  o f  a l l  

those c o n s i d e r e d ,  a f f e c t i n g  o n l y  the v e l o c i t y .  A l l  o th e r  v a r ia b l e s  are 

a f f e c t e d  o n l y  in the fou r th  s i g n i f i c a n t  f i g u r e .

2 . 6  A  c o n d i t i o n  th a t  the  r e c o m b in a t i o n  
ra te  may be ig n o re d

In the p r e c e d in g  ana lys is  the  r e c o m b in a t i o n  o f  d i s s o c ia te d  atoms was 

ig n o re d  . A  c o n d i t i o n  w h i c h  d e f in e s  the o rd e r  o f  m a g n i t u d e  o f  param ete rs  

w h i c h  a l l o w s  th is  a p p r o x i m a t i o n  to ho ld  may be w r i t t e n  in terms o f  the 

T  va lu es  fo r  each  o f  the  f l o w  v a r i a b l e s .

C o n s id e r  e q u a t i o n  (14a)

nda
dx

Ap
l ToJ

qo x •< (1 -  a ) exp - a «> p o 
—  -  —  —  a ^

T PD £

The r e c o m b in a t i o n  term may be n e g le c t e d  i f

l T oJ PD £
< < 1

2 . 7  A p p l i c a t i o n  o f  resul ts  to a s c a l i n g  p ro b le m

O n e  o f  the u n a v o i d a b l e  fea tu res  o f  e x p e r im e n t a l  f a c i l i t i e s  using a 

s teady  n o z z l e  expa n s io n  f rom a h ig h  t e m p e r a t u r e ,  h ig h  pressure re s e rv o i r  

to g e n e ra te  a h y p e r v e l o c i t y  f l o w  is the  onse t  o f  c h e m ic a l  f r e e z i n g  in the 

n o z z l e .  This is due to the la rge  d i f f e r e n c e  b e tw e e n  the  c h a r a c t e r i s t i c
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f l o w  t im e  and the c h a r a c t e r i s t i c  t im e  re q u i r e d  fo r  r e c o m b in a t i o n

r e a c t i o n s  to o c c u r .  Thus ,  in  the  test  s e c t i o n ,  the  c h e m ic a l  c o m p o s i t i o n

o f  the  f l o w  is no t  in e q u i l i b r i u m  and fo r  the case o f  a n i t r o g e n  f l o w  the

f rees t ream  a is t h a t  c o r re s p o n d in g  to an e q u i l i b r i u m  c o n d i t i o n  a t  a far

h i g h e r  t e m p e ra tu r e  than  the f re es t ream t r a n s l a t i o n a l  te m e p ra tu r e  (see
4

V i n c e n t !  and K ru g e r  ' p . 2 9 3 ) .  In th is  s e c t i o n  an a t t e m p t  has been made to 

d e r i v e  a s c a l i n g  la w  such t h a t  a l i m i t e d  d y n a m ic  s i m i l a r i t y  w o u ld  ex is t  

b e tw e e n  f l o w  a lo n g  a s t r e a m l in e  w i t h  ze ro  f rees t ream a and one in w h ic h  

the  f rees t ream a is f i n i t e .

C o n s id e r  a g i v e n  shock  shape and a s t re a m l in e  e n te r i n g  the  shock 

w h e re  i ts a n g le  o f  i n c l i n a t i o n  to the  f l o w  is d . T h e n ,  assuming th a t  the 

pressure d i s t r i b u t i o n  a lo n g  the s t re a m l in e  is i n d e p e n d e n t  o f  r e a c t i o n  

r a t e ,  the v a r i a t i o n s  in d e n s i t y  and a are c h a r a c te r i s e d  by and . I f  

u n d e r  tw o  d i f f e r e n t  sets o f  c o n d i t i o n s  P^/e  and are the same, then 

e x c e p t  fo r  the th in  r e g io n  c lose  to the shock  w h e re  r e a c t i o n  d o m in a te s ,  

the  r a t i o  o f  s p e c i f i c  heats y w i l l  be the same and hence  the  v a r i a t i o n  in 

d e n s i t y  o v e r  the  g re a te r  p a r t  o f  the s t re a m l in e  l e n g th  w i l l  be the  same. 

Tha t  is , e x c e p t  fo r  the  r e g io n  c lose to the shock  f l o w  g e o m e t r ie s  w i l l  be 

s i m i l a r .  C o n d i t i o n s  are sought  w h i c h  w i l l  keep  a ^ a n d  p ^ /e  c o ns ta n t  w h i l e  

a l l o w i n g  o th e r  pa ram ete rs  to v a r y .

C o n s id e r  tw o  s i t u a t i o n s ,  one  d e n o te d  by su bsc r ip t  1 in w h i c h  a l l  

c o n d i t i o n s  are d e f i n e d  and the  o th e r  d e n o te d  by subsc r ip t  2 in w h i c h  tw o  

v a r i a b l e s  U* and A are l e f t  u n d e f i n e d .  To s i m p l i f y  m a t te r s ,  the 

a p p r o x im a t e  shock  e q u a t io n s  (37)  are used as w e l l  as the a p p r o x im a t i o n  to 

(1 8) g i v e n  by ( 1 8 a ) .

Then re q u i r e  the  f o l l o w i n g  tw o  e q u a t io n s  to h o l d ,  in o rd e r  to 

r e p r o d u c e  a ^ a n d  p ^ / e ,

f  1

4 + a01

( !  + a Q1) 1 T02 (1 + a 02^ .. 1 (40)
(1 + a f  1) 5< e l Tf 2 ( 1 + a f 2^ e2

4 +
-  T ) +  f 2 ; a 01 a 0 (T02 "  T f 2 ) 4 a 02 ‘

(41)
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S o lu t i o n s  are  re q u i r e d  fo r  A2 and U j ^ .  A f t e r  much ted ious  a lg e b r a  a 

s o lu t i o n  fo r  U ’ may be w r i t t e n
o?2 '

and

' ^ 1 0 2 ( 1 + a 02) 1 (4 _!' a02) ( l + a n l ) X e l

U ' 2
co2

4 + a 01
(T01 Tf l ) + (a01 a02^ .( 4 + a 02)

'c o 2

( l + a 01) El

f l  ( l + a 02) £2

(42)

(43)

(42)  c o m p le te s  the s p e c i f i c a t i o n  o f  the f rees t ream for  case 2 and hence  

t h ro u g h  the shock e q u a t io n s  d e f in e s  • From i ts d e f i n i t i o n  de f in e s

A2 •

As an e x a m p le  c o n s id e r  the  f o l l o w i n g

s i n 2<|> = 0 .8 a„ i  = ° - 2

U ’ ?°°1
D “  1 U 1? S in 2 *  = ° - 02 •

GO

A = 105

These c o n d i t i o n s  are t y p i c a l  o f  those found  in the  e x p e r im e n t a l  f a c i l i t y

k n o w n  a s T 3  at  t he A . N . U . for  a n i t r o g e n  f l o w .  Then co n s id e r  a ^ 0 =

T = 0  / s i n 2 (t = 0 .8  . Then f rom (4 2 ) ,  (43) and r e l a t e d  e q u a t io n s
oo2

- ^ 4  -  3 and A0 -  2 x 102
U 1 7 zOO 1

E x p e r im e n ta l  f a c i l i t i e s  are u s u a l l y  des igned  to p ro d u c e  tem pe ra tu res  

in  the  shock  l a y e r  o f  the  same m a g n i t u d e  as those in the  s i t u a t i o n  w h i c h  

is b e ing  sca le d  so t h a t  U ^ i s  conse rved  in the s c a l i n g .  A l s o  to conserve  

r e a c t i o n  rates p ro d u c e d  b e h in d  the  shock  the p r o d u c t  p^A is c o n s e rv e d ,  

i . e .  A is conse rved  in the  s c a l i n g .

I t  w o u l d  seem th a t  a s c a l i n g  based on c o n s id e ra t io n s  d iscussed here 

su f fe rs  f rom tw o  d i s t i n c t  d i s a d v a n ta g e s .  O n e  is t h a t  i t  dea ls  w i t h  f l o w  

a lo n g  a s p e c i f i c  s t r e a m l i n e ,  and thus c o u ld  be used o n l y  to sca le  a 

re g io n  o f  the  f l o w - f i e l d .  The o th e r  is t h a t  to  sca le  the  f l o w  g e o m e t ry
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in  the re g io n  a f t e r  the  r e a c t i o n  has o c c u r r e d ,  i n v a l i d a t e s  the usual 

s c a l i n g  re q u i re m e n ts  for  the r e a c t i n g  re g io n  i t s e l f .

2 . 8  A ppl  i c a t i o n  o f  resul ts  to a
s t a n d - o f f  d i s ta n c e  c o r r e l a t i o n

The term e / p f  is a measure o f  the o v e r a l l  d e n s i t y  r a t i o ,  t a k i n g  in to  

a c c o u n t  bo th  the d e n s i t y  r a t i o  across the  shock  and the f u r t h e r  d e n s i t y  

in c re a s e  due to the  r e a c t i o n .  A n  a t t e m p t  was made to use th is  term to 

c o r r e l a t e  s t a n d - o f f  d i s tances  fo r  c o m p u te d  n i t r o g e n  f lows  o v e r  a 

c y  I i n d e r .

I t  has a l r e a d y  been p o i n t e d  o u t  t h a t  the  a na lys is  w i l l  b reak  down 

a lo n g  the  s t a g n a t io n  s t re a m l in e  and in the im m e d ia te  v i c i n i t y  o f  i t .

H o w e v e r  the  a na lys is  is e x p e c t e d  to h o ld  a l o n g  s t re am l in es  o th e r  than the 

s t a g n a t io n  s t re a m l in e  w h i c h  e n te r  the  shock  in the  subson ic  re g io n  o f  the 

sh ock  l a y e r .  S ince  the s t a n d - o f f  d i s ta n c e  depends  on the p ro p e r t ie s  

o f  the w h o l e  o f  the  s t a g n a t io n  re g io n  i t  was hoped  t h a t  the  q u a n t i t y  e /p^  , 

w h e r e  P j  is c a l c u l a t e d  f rom norm a l  shock  c o n d i t i o n s ,  w o u ld  be a 

s u f f i c i e n t l y  p rec ise  q u a n t i t y  to a l l o w  the  shock  s t a n d - o f f  d i s ta n c e  to be 

c o r r e l a t e d ,  and make  unnecessary  the  c o m p u t a t i o n  o f  the w h o le  f l o w - f i e l d .

12
H o rn un g  has i n v e s t i g a t e d  a n i t r o g e n  f l o w  o v e r  a c y l i n d e r  us ing a 

m o d i f i c a t i o n  o f  the  me thod  o f  G a r r  and M a r r o n n e ^ .  This me thod  is an 

in v e rs e  m e thod  w h i c h  uses the f u l l  e q u a t io n s  o f  m o t io n  and a more g ene ra l  

r a te  e q u a t i o n  than th a t  p r e v io u s l y  c o n s i d e r e d ,  t a k i n g  i n t o  a c c o u n t  

sepa ra te  ra te  laws fo r  the  r e a c t i o n s ,

N2 + N ^  2N + N

N2 + N2 ^  2N + N2 .

In o rde r  to c a l c u l a t e  p^ ,  fo r  the purpose o f  th is  s tu d y ,  A was taken  as 

(d a /d x )  0/ (1 -  ao) exp ( -  a / T 0) and the  c h a r a c t e r i s t i c  sca le  was ta k e n  as 

the  rad ius  ( r ) .

The r e l e v a n t  resul ts  o f  the t w e l v e  c a l c u l a t i o n s  p e r fo rm ed  by Ho rnung  

w e re  r e d u c e d  in the m a n ne r  d e s c r ib e d  a bo ve  and are p resen ted  in f i g u r e  1 1 .



37

The so l id  l i n e  is th a t  g i v e n  by H o rn un g  for  a n o n - r e a c t i n g  h igh  M a c h  

n um be r  f l o w  . In the  c o n t e x t  o f  th is  a p p l i c a t i o n  i t  may be i n t e r p r e te d  

as the case p = 1  . I t  is thus seen t h a t  a c o r r e l a t i o n  based on e / p ^

meets w i t h  o n i y  l i m i t e d  success.  I f  the  so l id  l i n e  v/ere i g n o re d  the 

c o r r e l a t i o n  o f  the t w e l v e  p o in t s  c o u ld  be co n s id e re d  re a s o n a b le .

H o w e v e r  i f  more po in ts  v/ere c a l c u l a t e d  w i t h  s m a l le r  A they  w o u ld  

l i e  be tv /een  the  p o in ts  shown and the  n o n - r e a c t i n g  s o l u t i o n .  The 

s c a t te r  in the  c o r r e l a t i o n  is t h e r e fo r e  n o t  s m a l l .

A  la rg e  num be r  o f  po in ts  c o u ld  be c o m p u te d  and a c o r r e c t i o n  term 

i n t r o d u c e d  so th a t  a l l  p o in ts  l i e  a b o u t  the l i n e  g iv e n  by the n o n ­

r e a c t i n g  gas case b u t  th is  w o u ld  o n l y  y i e l d  a r a th e r  c o m p l i c a t e d  e m p i r i c a l  

c o r r e l a t i o n .  A  m uch  s im p le r  c o r r e l a t i o n  has been p roposed by H o rn u n g .  

H o w e v e r  i t  is i n t e r e s t i n g  to observe  th a t  p ^ ,  c a l c u l a t e d  f rom norma l  

shock  c o n d i t i o n s  can be used a p p r o x i m a t e l y  as a r e p r e s e n ta t i v e  d e n s i t y  o f  

the shock  l a y e r  in the  s t a g n a t io n  r e g i o n .
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3.  EXPERIMENT

3.  1 Descr ipt ion of fac i l i ty

The p r eced ing  analysis  v/as d i r ec t ed  towards an unders t anding  of  the 

shock layer  s t ructure  around bodies  in ni t rogen flows of modera t e l y  high 

v e l o c i ty  (6 km/sec)  and densi ty (4 x 1CT6 g m / c m ^ .  Such flows may be 

produced  in the exper imen t a l  f ac i l i ty  known as T3 a t  the A . N . U .  This 

f ac i l i t y  has been descr ibed  in some de ta i l  e l sewhere  (S t a l ke r7).

A schemat i c  diagram of T3 showing its main component s  is i nc luded  

as figure A 3 .  Briefly,  the d e v i c e  is conven t i ona l  in the sense tha t  it is 

a shock tunnel  u t i l i z ing  the high t e mp er a t u r e ,  high pressure gas produced 

by a r e f l e c t ed  shock wave at  the end of a shock t ube ,  as a reservoi r  for 

a s teady no zz l e  e xpans i on .  Its unor thodox fea ture  is the use of a free 

piston t e ch n i qu e  to supply energy  to dr ive the shock t u b e .  The t echn i que  

involves  the s torage of energy  in compressed air  behind a free piston 

w h i c h ,  when r e l e a s e d ,  i sent ropical  ly compresses a dr iver  gas be twee n  the 

piston and a d ia ph r a gm.  The ruptur ing of this d iaphragm produces  a 

strong shock which t ravels  down the shock tube port ion of the a ppa r a t u s .

To give an idea of  the size of T3,  the piston mass is 90 kg,  the compression 

tube is 600 x 30 cm and the shock tube is 600 x 7 . 6  cm.  The test  gas is 

not  l imi ted to n i t r ogen ,  the most common gases used being a i r ,  carbon 

d iox ide  and the iner t  gases argon and he l i um.

The ambien t  condi t ions  in the test  sec t ion are c a l c u l a t e d  by the
Q

n o z z l e  ca l c u l a t i o n s  of  Lordi e t  al . from reservoi r  condi t ions  which may 

be de t e r mined  from the measured shock speed in the shock tube and 

measured reservoi r  pressure .

The only d iagnos t i c  tool used in the exper iment s  desc r ibed  herein 

was a M a c h - Z e h n d e r  i n t e r f e r ome t e r .  The pr inc ip les  of ope ra t i on  of  a 

M a c h - Z e h n d e r  i n t e r fe romete r  are desc r ibed  in Liepmann and R o s h k o ^  

(p .165)  and shall  be discussed only br ief ly h e re .  A pa ra l l e l  beam of
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m o n o c h ro m a l ' i c  l i g h t  is passed th rou g h  a beam s p l i t t e r  (a h a l f  s i l v e re d  

m i r r o r )  to p ro d u c e  tw o  beams o f  c o h e r e n t  l i g h t .  O n e  beam is passed 

th r o u g h  the test  s e c t i on  and the  o th e r  is used as a r e f e r e n c e .  The two 

beams are then r e c o m b i n e d ,  and b ro u g h t  to focus on a screen (or f i l m ) .

I f  t he re  is a s l i g h t  a n g le  b e tw e e n  the tw o  beams when  r e c o m b in e d ,  and 

a lso  a u n i fo rm  d i s t r i b u t i o n  o f  r e f r a c t i v e  i n d e x  ex is ts  in the test  s e c t i o n ,  

then  a set  o f  u n i f o r m l y  spaced i n t e r f e r e n c e  f r inges  are p ro d u c e d  on the 

s c r e e n .  A  ch an g e  in the  r e f r a c t i v e  i n d e x  o f  the  m ed ium  in the  test  

s e c t i o n  w i l l  p ro d u c e  a s p a t ia l  s h i f t  o f  the  f r inges  d i s p la y e d  on the screen 

p r o p o r t i o n a l  to the  c h an g e  in r e f r a c t i v e  i n d e x .  S i m i l a r l y ,  a n o n - u n i f o r m  

r e f r a c t i v e  i n d e x  f i e l d  in the  test  s e c t i on  (as w o u ld  be e x p e c t e d  for  

a e r o d y n a m i c  f lo w s  a round  bod ies )  w i l l  p ro d u c e  a f r i n g e  p a t te rn  such th a t  

the  r e l a t i v e  f r i n g e  s h i f t  b e tw e e n  tw o  p o in ts  on the im age  is p r o p o r t i o n a l  

to the  d i f f e r e n c e  o f  r e f r a c t i v e  i n d e x  ( s p a t i a l l y  i n t e g r a t e d  across the test  

s e c t i o n )  b e tw e e n  those tw o  p o i n t s .  The l i g h t  source was an e x p l o d in g  

w i r e  th rou g h  w h i c h  a c a p a c i t o r  was d i s c h a r g e d .  I t  p r o v id e d  i l l u m i n a t i o n  

f o r  a b o u t  1 0 0 y s e c s ( t h e  f l o w  in the  test  s e c t i o n  r e m a in e d  s teady  fo r  the 

o rd e r  o f  5 0 0 y s e c s )a n d  was o f  s u f f i c i e n t  i n t e n s i t y  to swamp the f l o w  

l u m i n o s i t y .  A  band pass f i l t e r  o f  4 3 3 0 -  lO O Ä w a s  in se r ted  in the

o p t i c a l  system to ensure t h a t  a la rge  num be r  o f  f r in g es  o f  good  c o n t ra s t  

w e re  p ro d u c e d  across the  re g io n  o f  i n t e r e s t .

The f r i n g e  s h i f t  F is r e l a t e d  to the  d e n s i t y  c h a n g e  Ap by 

. 4 .16  FA
Ap = L T 1T 0V 28  a)  gm cm ’ (44)

w h e r e  \  is the  w a v e l e n g t h

L is the  g e o m e t r i c  p a t h .

Th is express ion  is d e r i v e d  f rom the  r e f r a c t i v i t i e s  o f  m o l e c u l a r  and
9

a t o m i c  n i t r o g e n  g i v e n  by A l p h e r  and W h i t e  .

I t  is seen t h a t  i f  the  c h a n g e  in a is n o t  v e ry  la rge  then  the f r i n g e  

s h i f t  is n e a r l y  p r o p o r t i o n a l  to the  c h an g e  in d e n s i t y .
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The shock funnel  was run wi th su i t ab le  shock dr iver  condi t ions  which 

were  kept  cons t an t  from shot to shot .  Ambien t  condi t ions  in the test  

s ec i i on  downst ream of  the n o z z l e  were a l t e r ed  by chang ing  the quant i fy  of 

t es t  gas which was in t roduced  into the shock t u b e .  For the dr iver  

condi t i ons  used nominal  f reesf ream condi t ions  are given in t ab l e  1 as a 

func t ion  ofp,> , the pressure of ni t rogen in the shock tube at  room 

t empe r a t u r e  before  the shot .

TABLE 1

PR
I n .  Hg

T
CO

°K
P o o

dyne/cm2
P o o

g r a / c m 3 x 1 0 6

u
oo

kra/sec

M
OO

a
oo

2 . 0 2382 2 8 96 0 3 . 2 3 6 . 8 3 6 . 2 7 . 2 6 6

3 . 0 2216 29 3 0 0 3 . 7 9 6 . 3 5 6 . 2 2 . 1 7 4

4 . 0 21 11 29 5 2 0 4 . 1 5 6 . 2 0 1 6 . 3 0 .137

6 . 0 1833 2 9 0 8 0 4 . 9 8 5 . 5 9 4 6 . 3 6 . 0 7 3

Hencefo r th  the v a l ue  of pD wil l  be used to deno te  a set  of ambien t  f r ee -  

s t ream condi t ions* It is seen tha t  as p^ decr eases  the tota l  e n t ha l py  of 

t he  flow inc reases .

Freest ream test ing condi t i ons  may also be changed  by a l t e r ing the 

n o z z l e  conf igura t i on  but  for these tests it was kep t  cons t an t .

The flow around three  s epa ra t e  classes of models  was i nv e s t i ga t ed .

In all cases  they were  p l a n e ,  of width 6 i n . ,  approx ima t ing  two-  

d imens iona l  f l ow.  They shall  be discussed i nde pende n t l y  in the fol lowing 

s ec t i ons .  Diagrams of the models  and flow regimes around them are 

i nc l uded  as f igure A3 .

3 . 2  Flow o ver a wedge  wi th a sharp expans ion  corner

This model  exami ned  the flow over  a s t ra ight  wedge  a t  45°  to the 

f l ow.  At  a d i s t ance  *d 1 from the l eading  edge  the ang le  of  i n c id e nc e  of 

the  p l a t e  was r e duc ed  by 40°  through a sharp c o r n e r .  The model  v/as so
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cons t ruc ted  tha t  the parameter  1 d * cou ld  be va r ied  from 2 mm to 20 mm by 

a t ta c h in g  re c ta n g u la r  p la tes  to the bottom o f  the m ode l .  The advantage 

o f  cons ider ing  a sudden expans ion is tha t  the pressure g rad ien t  along 

d i f f e r e n t  st reamlines is a fu n c t io n  o f  the p r o x im i t y  o f  the s t reaml ine  to 

the b o d y .  That sect ion  o f  the f lo w  before the expans ion is a p p ro x im a te ly  

the zero pressure g rad ien t  case,  so tha t  a l te r in g  the d is tance between 

t ip  and the corner  a l lows  the gas to reac t  to d i f f e r e n t  stages before 

be ing  sub jec ted  to a pressure g ra d ie n t .  In this way the in te ra c t io n  

be tween pressure g rad ien t  and reac t ion  rates may be s tud ied w i th  d i f f e r e n t  

i n i t i a l  r e a c t io n  ra tes .

A  t y p i c a l  in te r fe rog ram  w i th  d = 1.0 cm and p^ = 6 i n .  H g . ,  toge ther  

w i th  the de r ived  f r inge  sh i f t  f i e l d  is shown as f igu re  12. Interferograms 

were  taken w i th  p^  equal  to 3 ,  4 ,  6 i n .  Hg .  In a l l  cases the rise in 

dens i t y  a long the body s t reaml ine  o f  the s t ra igh t  sect ion o f  the model 

be tween the t ip  and the sharp corner  was found to be n e g l i g i b l e ,  and for 

cons tant  p^ the dens i ty  f i e l d  in the expansion fan reg ion  was (w i th in  

e x pe r im e n ta l  er ror)  in dependen t  o f  ' d ' . (The body s t reaml ine  in this 

c o n te x t  is to be in te rp re ted  as meaning the f l o w  just outs ide the boundary  

l a y e r ,  w h ic h  is eas i ly  re c o g n iz a b le  on the in te r fe ro g ram s . )  This imp l ies  

tha t  the tempera tu re  beh ind a shock o f  d e f le c t i o n  ang le  equal  to 4 5 °  is 

i n s u f f i c i e n t  to produce a r e a c t io n  fast  enough to subs tan t ia l l y  a l te r  the 

f l o w  f i e l d  beh ind  i t ,  w i t h  the f reestream c ond i t ion s  and body scale w h ich  

were  c o n s id e re d .

Increas ing the ang le  o f  i n c id e n c e  o f  the wedge w ou ld  have caused the 

shock to have become d e ta c h e d .  (This top ic  w i l l  be discussed in the nex t  

s e c t i o n .)

3 . 3  F low over  a curved wedge

This model v/as a curved  p la te  hav ing  a sharp lead ing  edge and a 

cons tant  radius o f  cu rva tu re  o f  1 f t .  The p la te  cou ld  be t i l t e d  to vary  

the i n i t i a l  ang le  o f  i n c id e n c e .  The f l o w f i e l d  was s tud ied w i th  

Pp = 2,  4 ,  6 i n .  Hg w i t h  var ious angles o f  a t t a c k .  He re ,  as w i th  the
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prev ious case, results v/ould o n ly  be useful i f  the shock at  the lead ing  

edge remained a t ta c h e d .  O the rw ise  the i n i t i a l  cond i t ion s  im m e d ia te ly  

beh ind  the shock w ou ld  be d i f f i c u l t  to asce r ta in .

Figure 13 shows the contours o f  constant  f r inge  sh i f t  de r ived  from a 

series o f  shots w i th  pp = 6 i n .  Hg and the model at  three d i f f e r e n t  angles 

o f  a t t a c k .  Close to the b o d y ,  st reamlines may be cons idered to run 

p a ra l le l  to the bod y .  I f  a re a c t io n  were to oc c u r  this v/ould manifes t  

i t s e l f  in an i n i t i a l  dens i ty  increase (due to the r e a c t io n ) ,  and a subsequent 

dens i t y  decrease (due to pressure g ra d ie n t  e f fe c ts ) ,  measured along a 

s t re a m l in e .  It is o n ly  f igu re  13(c) w h ic h  ex h ib i t s  b eh av io u r  tha t  cou ld  

be in te rp re ted  in this w a y .  How eve r  the i n i t i a l  ang le  o f  a t ta c k  o f  the 

model in th is shot is 4 9 . 5 °  and the shock v/ould be expec ted  to be d e ta c h e d .

The a c cu racy  to w h ic h  the f r inge  shi f ts may be measured is of  

order  . 1 o f  a f r i n g e ,  w h ic h  w o u ld  be decreased i f  the f r inge  spacing were 

decreased .  In any g iven  s i tu a t io n  the spacing o f  the f r inges  is a 

compromise between a c c u r a c y ,  and d e ta i l  o f  the f l o w f i e l d  w h ich  is be ing 

in v e s t ig a te d .  The f r inge  spacing chosen for  these shots does not a l l o w  

for  good reso lu t ion  in the reg ion  o f  the model lead ing  edge .

Therefore a l though  (13c) shov/s ev id e n c e  o f  r e a c t io n ,  the re a c t in g  

s treamlines are those close to the body hav ing  entered the shock laye r  

through a reg ion  o f  the f l o w f i e l d  w h ic h  does not  lend i t s e l f  eas i ly  to 

ana lysis e i th e r  t h e o r e t i c a l l y  or e x p e r im e n ta l l y .  The cases o f  

p^  = 4 i n .  Hg and 2 in .  Hg e x h ib i t  the same form o f  b e h a v io u r .

Thus i t  may be c onc lude d  tha t  for  the f reestream cond i t ion s  w h ich  

were  stud ied no re a c t io n  occurs beh ind an a t tached  shock ,  o f  s u f f i c ie n t  

magn i tude  to s i g n i f i c a n t l y  a l te r  the dens i ty  f ie l d  from tha t  o f  a non» 

reac t ing  f l o w .  Under  these c ircumstances a model w i t h  a de tached 

shock w h ic h  is more eas i ly  ana lysed appears the on ly  a l t e r n a t i v e .  The 

d isadvan tage  o f  such a model is tha t  the analys is  in the p reced ing  

sect ions is not expec ted  to ho ld  a long a body s t reaml ine  w h ic h  is the 

on ly  s t reaml ine  whose pos i t ion  is known a c c u r a t e l y .
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3 , 4  F low over  c i r c u la r  c y l inde rs

3 . 4 . 1  A  numer ica l  in v e s t ig a t io n  o f  s t reaml ine  pos i t ions

An exp e r im e n ta l  i n v e s t ig a t io n  o f  n i t rogen  f lov/s over  c i r c u la r
12

c y l i n d e rs  was made using the expe r im e n ta l  f a c i l i t y  T3 by Hornung , as 

pa r t  o f  the wo rk  p u b l i s h e d .  The f lo w  f ie lds  around these bodies f u l f i l l  

the requ i re m en t  o f  a 'w e l l - b e h a v e d '  de tached  shock .  The raw da ta  from 

these exper iments  was made a v a i la b le  for  analysis in the c o n te x t  o f  this 

w o r k .

S ince  the expressions de r ive d  p rev io us ly  are in terms o f  the 

b e h a v io u r  a long  a s t re a m l in e ,  a d e te rm in a t io n  o f  the s t reaml ine  shapes is 

necessary.  The equa t ion  o f  c o n t i n u i t y  (1) de f ines the s t reaml ine  shapes

86 1 9pq > (1)
3n Pq Bx

Cons ider  a g iven  shock shape, a g iven  rea c t io n  rate and g iven  freestream 

c o n d i t i o n s .  This is s u f f i c ie n t  to de f ine  the pos i t ion  o f  a s t reaml ine  o f  

a p a r t i c u la r  stream fu n c t io n  ip . I f  a l l  c ond i t ions  are le f t  una l te red  

e x c e p t  tha t  o f  the re a c t io n  ra te ,  a d i f f e r e n t  dens i ty  f ie l d  w i l l  occu r  to 

the shock la y e r  and hence from (1) the pos i t ion  o f  the s t reaml ine  ip w i l l  

c h a n g e .

How eve r  i f  the d is tance dur ing  w h ic h  the re a c t io n  dominates is smal l 

then from (1) the change in the s t reaml ine  pos i t ion  due to the change in 

re a c t io n  rate w i l l  also be sm a l l .  When the re a c t io n  has stopped and the 

gas behaves as a p e r fe c t  gas then the on ly  fu r the r  d i f f e re n c e  in the two 

s t ream l ine  pos i t ions w i l l  be due to the d i f f e re n c e  in the pressure 

d i s t r ib u t io n  and the e f fe c t  o f  a d i f f e r e n t  Y . Both o f  these ef fec ts  are 

cons idered to be sm a l l .  That  is,  the pos i t ion  o f  the streamlines are 

insens i t i ve  to the reac t ion  rate assumed.

To v e r i f y  this conc lus ion  f igu re  14 shows the resul ts o f  c a l c u la t i o n s

using the inverse method o f  G a r r  and M a ro n n e ^  w i th  the reac t ion  rates o f  
5

A p p le to n  et  a l .  . The shock shape used was tha t  measured from an
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i n te r fe rog ram  taken o f  f l o w  over  a I i n .  d iam e te r  c y l i n d e r  w i th  = 6 i n .  Hg .  

The shock coord ina tes  for  th is purpose were expressed in terms o f  x l/ d  

(d = d iam e te r  o f  the c y l i n d e r )  and d was spec i f ied  i n d e p e n d e n t l y .  Thus 

the va lu e  o f  A arid hence o f  ( d a /d x ) 0 cou ld  be changed by re d e f in in g  d .

Three cond i t ion s  are shown,  w i th  d equal  to 20 cm,  1 cm and 0 . 0 2  cm 

cor respond ing  to a fas t ,  moderate  and slow reac t ion  r a te .  St reamlines 

are i d e n t i f i e d  in the f igu re  by i where  4^  is the va lue  o f  the stream 

fu n c t io n  at  a t ransverse d is tance D across the f reestream measured from 

the axis o f  symmetry .

Figure 14 is a comparison o f  the pressure and dens i ty  d is t r ibu t ions  

measured a long a s t ream l ine  for a p a r t i c u l a r  va lue  o f  1 d 1, w i th  those 

where  the f l o w - f i e l d  is le f t  una l te red  but  the d is t r ibu t ions  are measured 

a long s t ream l ine  shapes c a l c u la te d  for  the case d = 1 cm superimposed on 

this f l o w - f i e l d .  F igures  14(a) and 14(b) are for  a f l o w - f i e l d  c a l c u la te d  

w i th  d = 20 cm w h i l e  14(c) and 14(d) are for  the case d = 0 . 0 2  cm .  The 

d i f f e re n c e  be tween the d is t r ibu t ions  shown in each pa i r  o f  curves is seen 

to be smal l .

In order  to reduce the expe r im en ta l  d a ta ,  one has the freestream 

c o n d i t io n s ,  the shock shape,  and the dens i ty  f i e l d ,  but  the s t reaml ine  

posi t ions  are unknown and must be c a l c u la t e d ,  and superimposed on the 

dens i ty  f i e l d ,  to measure the dens i ty  a long a s t ream l ine .  The purpose of  

the p reced ing  discussion and f igu re  14 was to show tha t  the re a c t io n  rate 

used in this c a l c u la t i o n  is r e l a t i v e l y  un im por tan t  since the dens i t y  

d i s t r ib u t io n  so measured is insens i t ive  to the v a r ia t i o n  o f  s t reaml ine  

pos i t ion  caused by chang ing  the reac t ion  ra te .  For the re d u c t io n  of 

expe r im e n ta l  data  s t ream l ine  pos i t ions were c a l c u la te d  w i t h  the known 

freestream c o n d i t io n s ,  shock shapes, and in a l l  cases w i th  d = 1 cm.

The expe r im en ta l  po in ts  so de r ive d  were compared w i t h  the solut ions 

for  the re a c t in g  and frozen reac t ion  so lut ions  de r ived  in e a r l i e r  

sec t ions .  For the f rozen reg ime a pressure d i s t r ib u t io n  was r e q u i re d .

This was taken as the pressure a long a s t reaml ine  as c a l c u la te d  w i th  

d = 1 cm .
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The m a g n i t u d e  o f  the  er rors i n v o l v e d  in th is  a p p r o x i m a t i o n  are t y p i c a l l y  

o f  the  o rd e r  o f  those i l l u s t r a t e d  by  f ig u res  14(b) and 14 (d ) ,  The 

d i f f e r e n c e  b e tw e e n  the  pressure d i s t r i b u t i o n  c a l c u l a t e d  a lo n g  s t re a m l in e s ,  

w i t h  those measured a lo n g  the super im posed  s t re am l in es  c a l c u l a t e d  fo r  

the  case d = 1 c m ,  is sma l l  in bo th  cases.  This shows the i n s e n s i t i v i t y  

o f  the  pressure d i s t r i b u t i o n  a lo n g  a s t re a m l in e  (as Wel l  as the p o s i t i o n  

o f  the  s t re a m l in e s  r e l a t i v e  to the  pressure f i e l d ) ,  to the r e a c t i o n  r a t e .

3 . 4 . 2  E x p e r im e n ta l  resul ts

F ig u re  15 shows the  e x p e r i m e n t a l  f r i n g e  s h i f t  measured  a lo n g  the 

c o m p u te d  s t re am l in es  fo r  v a r io u s  c o n d i t i o n s .  A ls o  shown are the 

c o r re s p o n d in g  a p p r o x im a t e  ze ro  pressure g r a d i e n t  so lu t i o n s  d e r i v e d  f rom 

(17a)  and the e x p e c t e d  a s y m p to t i c  s o lu t i o n s  d e r i v e d  f rom (3 6 ) .  For the 

purpose  o f  these c a l c u l a t i o n s ,  and the  c a l c u l a t i o n s  o f  i n i t i a l  c o n d i t i o n s  

f rom shock  r e l a t i o n s  the e n e rg y  o f  v i b r a t i o n  was assumed to be h a l f  

e x c i t e d  in the  f rees t ream and in e q u i l i b r i u m  b e h in d  the  s h o c k .  In o rde r  

to c a l c u l a t e  T̂ . and r e l a t e d  q u a n t i t i e s  f rom (36) i t  was necessary  to 

assume a c h a r a c t e r i s t i c  body  s c a le .  This was tak e n  as the  d ia m e te r  o f  

the  c y l i  nde r  unde r  c o n s i d e r a t i o n  . The r e a c t i o n  rates o f  A p p l e t o n  e t  al . 

w e re  used and i n v o l v e  tw o  r e a c t i o n s  c o r re s p o n d in g  to the  n i t r o g e n  atom 

and the n i t r o g e n  m o l e c u l e  a c t i n g  as the  second bod y  in the  d is s o c ia t i o n  

p rocess .  The v a lu e  o f  A was ta k e n  as ( d a / d x ) 0/ (1 -  öq) e x p ( -  a / T 0) .

In o rd e r  to c a l c u l a t e  the  f i n a l  s o lu t i o n  (36) the pressure 

d i s t r i b u t i o n  a lo ng  a s t r e a m l in e  was necessa ry .  For the  cases w i t h  h ig h e r  

f rees t ream  e n t h a l p y  (p^ = 4 i n .  H g ,  2 i n .  Hg) the  c o m p u te d  pressure 

d i s t r i b u t i o n  beca m e  u ns tab le  a t  x ' / d  ~ 0 . 3  a l t h o u g h  the c o m p u te d  s t re am ­

l i n e  pos i t i ons  re m a in e d  s t a b l e .  For these cases the pressure f i e l d  

b e fo re  x ' / d  = 0 . 3  was tak e n  as th a t  c o m p u te d  and fo r  x ' / d  > 0.3 was taken  

as a s i n 20 d i s t r i b u t i o n ,  w h e re  0 was the  s t r e a m l in e  i n c l i n a t i o n  to the 

f re es t ream .

The case fo r  p^ = 6 i n .  Hg and d = 1 i n .  was an i n f i n i t e  f r i n g e  

i n t e r f e r o g r a m  and the  f r i n g e  s h i f t  v/as d e d u c e d  by i n t e r p o l a t i o n  b e tw e e n  

u n i t  f r i n g e  s h i f t s .  The e r ro r  in such a p r o c e d u re  was e s t im a te d  at
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-  0 . 2  f r i n g e .  A l l  o ther  coses were f i n i t e  f r inge  p ic tu res ,  the er ror in 

read ing  be ing  est imated as 0.1  f r i n g e .

The freestream cond i t ions  may be inves t iga ted  e x p e r im e n ta l l y .  The 

use o f  in te r fe rograms o f  f lows over  s t ra igh t  wedges,  o f  s u f f i c i e n t l y  

low in c id e n c e  so tha t  no re a c t io n  occu rs ,  y ie lds  a va lue  for the f re e ­

st! earn d e n s i t y .  The shock ang le  gives a va lue  for the dens i ty  ra t io  

across the shock ,  w h i l e  the f r inge  sh i f t  g ives a va lue  o f  the densi ty  

d i f f e r e n c e  across the shock;  hence the freestream dens i ty  may be 

c a l c u l a t e d .  P i to t  pressure measurements may be used to measure the 

p rodu c t  p ^ ( l H ) 2 , and hence g iv e  a va lue  for IT . Va lues  o f  and lH 

so ob ta ined  a l l o w  a check  to be made on the c a l c u la te d  freestream 

c o n d i t i o n s .  Such measurements in d ic a te  tha t  and tH are known to 

± 10%. N o  v e r i f i c a t i o n  has been made at  th is t ime o f  . The curves 

shown in f ig u re  15 are based on values o f  f l o w  va r iab les  ob ta ined  from 

the c a l c u la te d  f reestream, and are the re fo re  sub jec t  to the u n c e r ta in ty  

assoc ia ted w i th  these v a r ia b le s .

A  fu r the r  er ror in t rodu ced  is tha t  o f  assuming tw o -d im e n s io n a l  

f l o w  over  a t h re e -d im e n s io n a l  m o d e l .  This w i l l  e s p e c ia l l y  e x h ib i t  i t s e l f  

in read ings  close to the shock wave where  any sudden change in dens i ty  

w i l l  be ’ smeared ou t '  due to t ransverse cu rva tu re  o f  the shock .  W i t h  

these cons idera t ions  and ta k in g  in to  a ccou n t  the small values of  ( a /T ^ )  

o b ta ined  (o f  o rder  7 ) ,  the expe r im e n ta l  behav io u r  as shown in f igures 15 

( a , b , c , d )  agrees reasonably  w i th  the p red ic te d  b e h a v io u r .

in te r fe rograms o f  f lows around models w i th  2 ,  1 and \  i n .  d iameters  

were  s tud ie d .  The f lows around models w i th  2 i n .  d iam e te r  were s im i la r  

to the cor respond ing  f lows about  1 i n .  mode ls ,  as expec ted  from the 

theo ry  d e v e lo p e d .  Therefore such cases are not  in c lud ed  h e re in .  The 

f lows  around \  i n .  d iam e te r  models how ever  e x h ib i te d  substant ia l  

d i f f e re n c e s  from the 1 i n .  d iam e te r  models in the cases o f  p^ = 4 i n .  Hg 

and 2 i n .  H g .  Figures 15(e) and (f) are o f  d = J i n .  and = 4 in .  Hg 

and show p r a c t i c a l l y  no e v id e n c e  o f  r e a c t io n .  H o r n u n g ^  has discussed 

this phenomenon and found tha t  the apparent  reduc t io n  in reac t ion  rates 

fo r  the case o f  small models is cons is tent  w i th  the in d u c t io n  t ime e f fe c t
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suggested by  S h u i ,  A p p l e t o n  and K e c k  . This p r e d i c t i o n  is based on the  

t h e o r e t i c a l  re s u l t  t h a t  s i g n i f i c a n t  d i s s o c ia t i o n  occurs  o n l y  a f t e r  the  

e l e c t r o n i c a l l y  e x c i t e d  A 3 s ta te  o f  the  n i t r o g e n  m o l e c u l e  is p o p u l a t e d .

The i n d u c t i o n  t im e  decreases as the c o n c e n t r a t i o n  o f  m o l e c u l a r  n i t r o g e n  

in c reases  in the  f rees t ream and no r e d u c t i o n  in the  a m o un t  o f  d i s s o c ia t i o n  

was obse rved  for  the  case o f  p ^  = 6 i n .  Hg and d = -J i n .

Shown in f ig u res  15 ( g , h )  are the  f r i n g e  s h i f t  d i s t r i b u t i o n s  a l o n g  

s t re a m l in e s  o v e r  a 1 i n .  d i a m e t e r  m ode l  w i t h  p^ = 2 i n .  H g .  I t  is seen 

t h a t  the  e x p e r im e n t a l  b e h a v i o u r  does n o t  a p p ro a c h  th a t  w h i c h  is p r e d i c t e d .  

O n e  poss ib le  e x p l a n a t i o n  is t h a t  i o n i z a t i o n  is o c c u r r i n g  to a s i g n i f i c a n t  

d e g re e  c a us ing  the  e l e c t r o n i c  c o m p o n e n t  o f  the  gas to l o w e r  the 

r e f r a c t i v e  i n d e x .  K e w l e y  *  ̂ has s tu d ie d  the  f l o w  o f  n i t r o g e n  o v e r  a 

s t r a i g h t  w e d g e  using the  shock  c u r v a tu r e  a t  the  t i p  to d ed u c e  the  

i n i t i a l  r e a c t i o n  rates  ( i . e .  d a ta  was o b t a i n e d  w h i c h  was i n d e p e n d e n t  o f  

t h e  r e f r a c t i v e  i n d e x  o f  the  gas) .  D is c r e p a n c ie s  w e re  a lso fou n d  in  th a t  

s tudy  fo r  cases w h e re  p ^  = 2 i n .  H g .

I t  shou ld  be n o ted  t h a t  fo r  the  d a ta  p resen ted  in f i g u r e  1 5 ( g , h )  

a/Tg ~  5 and the  a na lys is  is no t  e x p e c t e d  to h o ld  p a r t i c u l a r l y  w e l l .  

H o w e v e r  the  m a g n i t u d e  o f  the  d i s c r e p a n c y  w o u ld  seem to i n d i c a t e  t h a t  some 

f a c t o r  o th e r  than  the  i n a p p l i c a b i l i t y  o f  the  th e o r y  is o p e r a t i n g .  Two 

p o s s i b i l i t i e s  c o u l d  be i n c o r r e c t  f re es t ream c o n d i t i o n s  and i n c o r r e c t  

r e a c t i o n  rates (or a c o m b i n a t i o n  o f  b o t h ) .  S in ce  the  m a x im u m  f r i n g e  

sh i f ts  measured are less than  or  e qua l  to the  f r i n g e  sh i f ts  p r e d i c t e d  

f rom the shock  e q u a t io n s  i t  seems l i k e l y  t h a t  the  c a l c u l a t e d  f rees t ream  

c o n d i t i o n s  are  i n c o r r e c t  fo r  th is  v a lu e  o f  p ^ .

E x a m in in g  the  resu l ts  fo r  = 4 i n .  Hg and d = i  i n .  w o u ld  a lso 

i n d i c a t e  t h a t  the  f rees t ream c o n d i t i o n s  may be s l i g h t l y  i n c o r r e c t  fo r  

p R = 4 in . Hg .
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4 .  C O N C L U S I O N

A  s tudy  was made o f  the f l o w  p ro p e r t ie s  o f  an id e a l  d i s s o c ia t i n g  gas 

a l o n g  a s t r e a m l i n e  in a p re s c r ib e d  n e g a t i v e  pressure g r a d i e n t .  C e r t a i n  

r e s t r i c t i o n s  w e re  p l a c e d  upon the  pa ram ete rs  i n v o l v e d  i n c l u d i n g  the 

r e q u i r e m e n t  t h a t  the r e c o m b i n a t i o n  term in the  r e a c t i o n  ra te  was smal l  

and  c o u l d  be n e g l e c t e d ,  and t h a t  the  r a t i o  o f  the  t e m p e ra tu r e  b e h in d  the 

sh ock  w a v e  to the c h a r a c t e r i s t i c  t e m p e ra tu r e  o f  d i s s o c ia t i o n  was s m a l l .

A  t h e o r e c t i c a l  a na lys is  showed t h a t  fo r  the  case o f  c o n s ta n t  pressure,  

the  e f f e c t  o f  the  r e a c t i o n  was c o n f i n e d  to a smal l  d i s ta n c e  c lose  to the 

s h o c k ,  and the  v a r i a t i o n  in p r o p e r t i e s  o f  the  gas a w a y  f rom th is  re g ion  

was s m a l l ;  d e f i n i n g  a ' p l a t e a u 1 s tate  w h i c h  c o u l d  be d e d u c e d  f rom 

i n i t i a l  c o n d i t i o n s  b e h in d  the  shock  w a v e .  For the case o f  a co ns ta n t  

u n i t  pressure g r a d i e n t  i t  was fou n d  t h a t  the f l o w  c o u ld  be desc r ibe d  by 

assuming t h a t  the  i n i t i a l  r e a c t i n g  re g io n  was u n a f f e c t e d  by the  pressure 

g r a d i e n t  and t h a t  the gas t h e r e a f t e r  b e h a v e d  as a p e r f e c t  n o n - r e a c t i n g  

gas w i t h  i n i t i a l  c o n d i t i o n s  g i v e n  by the  ' p la t e a u *  c o n d i t i o n s  o f  the  zero  

pressure g r a d i e n t  case .  I t  was assumed t h a t  th is  p r o p e r t y  was n o t  un iqu e  

to a u n i t  c o n s ta n t  pressure g r a d i e n t  and the e x p l i c i t  a n a l y t i c  so lu t ions  

o b t a i n e d  f o r  the  tw o  reg ions  w e re  v e r i f i e d  by resul ts  o b ta in e d  by n u m e r i c a l  

c o m p u t a t i o n  o f  more c o m p l i c a t e d  cases.

The p r e d i c t e d  b e h a v i o u r  f o r  the  i d e a l  gas was com p a red  v / i th  

i n t e r fe r o g r a m s  o f  f l o w s  o v e r  c i r c u l a r  c y l i n d e r s  in a h y p e r v e l o c i t y  n i t r o g e n  

f re e  s t re a m ,  g e n e r a te d  by a f ree  p is ton  shock  t u b e .  The b e h a v io u r  fo r  

the  l o w e r  e n t h a l p y  cases showed  re a s o n a b le  a g re e m e n t  w i t h  the  e x p e c te d  

b e h a v i o u r .  There  was a la rge  d e v i a t i o n  fo r  the h igh  e n t h a l p y  cases,  

and  i t  is t h o u g h t  t h a t  the  most  l i k e l y  cause was an i n s u f f i c i e n t  k n o w le d g e  

o f  f rees t ream  c o n d i t i o n s .

The m a in  a d v a n ta g e  o f  the  a na lys is  is t h a t  i t  p ro v id e s  a p h y s i c a l  i n s ig h t  

i n f o  the  processes o c c u r i n g  a lo n g  a s t r e a m l i n e ,  w h e re  a s in g le  d is s o c ia t i o n  

r e a c t i o n  is t a k i n g  p l a c e ,  w h i c h  a c o m p u te d  s o lu t i o n  a lo n e  w o u ld  n o t  have
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done .  li' also prov ides a q u a n t i t a t i v e  measure o f  the e f fe c t  o f  that  

r e a c t i o n .  This can be app l ied  im m e d ia te ly  to the expe r im en ta l  

s i tua t io n  encoun te red  w i t h  n i t rogen  f lows in T3, to in d ic a te  the expec ted  

e f fe c t  o f  the re a c t io n  in a p a r t i c u la r  expe r im en ta l  a r rangem ent .  A more 

d e ta i l e d  computer  study cou ld  then be ca r r ied  out in the l i g h t  o f  results 

f rom the app rox im a te  ana lys is ,  i f  i t  were though t  necessary.

The ana lysis suffers from two d isadvan tages .  The f i r s t  is that  i t  does 

not  g i v e  a com p le te  desc r ip t ion  o f  the f lo w  a long a s t re a m l in e ,  i . e .  i t  

g ives o n ly  an i n i t i a l  and a f ina l  s o lu t i o n .  The second is tha t  its 

a c cu racy  depends on the m agn i tude  o f  the parameter  l a ’ . I t  was found 

from the computed so lu t ions tha t  a ~  0 (5 ) def ines  the lov/er l i m i t  to w h ic h  

the ana lysis may be reasonab ly  a p p l i e d .  Fur ther  work  cou ld  possibly be 

done in order to f ind  an in te rm ed ia te  fu n c t io n  to match the i n i t i a l  and 

f i n a l  so lut ions  and thus overcome the f i rs t  d i s advan tage .  The second 

how ever  is fundamenta l  to the w ho le  approach taken and cou ld  not eas i ly 

be r e c t i f i e d .  On the expe r im e n ta l  s ide ,  fu r the r  work  seems necessary 

in order  to de f ine  more c le a r l y  the cause o f  the d isc repancy  be tween theory  

and e x p e r im e n t ,  in the high  e n th a lp y  n i t rogen  runs in T3.

A  con c e p t  has been deve lop ed  o f  a r e a c t io n  be ing s e l f - l i m i t i n g  under 

c e r ta in  c o n d i t io n s .  That is,  the rea c t io n  i t s e l f  causes a tempera ture  

dec rease ,  thus l im i t i n g  fu r the r  r e a c t i o n ,  d e f in in g  a p la te au  state independen t  

o f  pressure g rad ien t  e f fe c ts .  This cou ld  possibly be the basis for  the 

in v e s t ig a t io n  o f  more co m p le x  re a c t io n s ,  however  i t  is u n l i k e l y  that  an 

a n a l y t i c  so lu t ion  cou ld  be o b ta in e d .
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LEGEND TO FIGURES 1-10

showing the comparison between computed solutions of the flow equations 

with the initial and final solutions derived in sections 2.2 and 2.4.

----- Computed solution.

----  Zero pressure gradient approximation, and initial solution for

the case with a pressure gradient.

Analytic approximations to the final solutions, in the 

presence of a pressure gradient.

A Denotes zero pressure gradient.

B Denotes an imposed pressure gradient given by equation (38).

C Denotes an imposed pressure gradient given by equation (39).
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FIGURE 13

Const ant  f r i n g e  contours f r o m  i n t e r f  erog rams  

of  f l o w  o v e r  a w e d g e  wi th  a constant  c ur v a t u r e  

of 1 f t .

PR =  6 in . Hg,

I n i t i a l  angle  of i n c i d e n c e  

=  (a) 43°  ( b )  4 6 °  (c) 4 9° .



LEGEND TO FIGURE 14

examining the effect of reaction rate on streamline position relative to 

the density and pressure field calculated with a given reaction rate.

----- flow parameter calculated along a streamline with the cylinder

diameter (d) as specified.

----  flow parameter measured along a streamline shape calculated

with d = 1 cm, superimposed over the flow field as calculated 

with the cylinder diameter equal to d.
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LEGEND TO FIGURE 15

showing the comparison of experimental fringe shift relative to the 

freestream, along a streamline, to the initial and final solutions of 

sections 2.2 and 2.4.

----  Initial reacting solution using the reaction rates of

Appleton et al. .

----- Final frozen reaction perfect gas solution using the computed

pressure gradient.

Experimental point.
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