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SUMMARY 

The field equations of gravitation derived from second order 

non-linear invariants are considered. In Chapter I, it is shown that 

Robertson-Walker metric is compatible with the field equations derived 

from an arbitrary second order non-linear invariant and the stress-energy 

tensor T of a perfect fluid distribution. Considering the only 
~v 

interesting quadratic second-order invariant R + aR2 
-2A in the con-

text of the Robertson-Walker metric, a few special cosmological solutions 

are obtained. With an interest in examining the possibility of field 

equations which can admit Robertson-Walker type cosmological solution 

free from singularity at any time, the field equations derived from an 

invariant, a function of R, are considered. A special solution of the 

problem is obtained. In Chapter 

and Gregor y 's work on invariant 

II, the Einstein-Infeld-Hoffmann met hod 

~R2 R +E; in the context of the problem 

of motion are reviewed. The derivation of different starting terms of the 

expansions of the field-quantities l~v in the case of general relativity 
2 

and that of the theory based on the invariant R + ~ R2 , respectively , 

iii 

is clearly described. This deriv ation is instructive if one wishes to apply 

the Einstein-Infeld-Hoffmann method to the problem of motion for a theory 

based on some other invariant. In Chapter III, the derivation of the 

static, spherically symmetric and asymptotically flat solution of the 

a 2 2 
linearized empty field-equations, derived from the invariant R +E; R 

is discussed in the rectangular harmonic coordinates, and in the so called 

harmonic polar coordinates. A coordinate transformation transforming this 

solution into isotropic polar coordinates is obtained. The linearized 

field equations are derived and solved, directly, in the isotropic polar 



iv 

coordinates, the condition that the solution be flat at infinity being 

imposed. It is shown that this solution precisely agrees with that obtained 

by successive coordinate transformations. In Chapter IV, the linearized 

non-empty field equations derived from the invariant 
2 

R +~ R2 
6 

and the 

stress-energy tensor T of a perfect fluid distribution are considered. 
~V 

The meaning of such linearization is discussed. Considering a static, 

spherically symmetric uniform-density sphere of radius b, the interior 

solution in the isotropic polar coordinates is obtained. The condition 

that this solution be regular at the origin is imposed. Then by choosing 

suitable boundary conditions, the interior solution is joined to the 

asymptotically flat solution of the linearized empty field equations 

obtained in Chapter III. By considering a continuous density-distribution 

which, in the limit, tends to the above-mentioned sphere, as a parameter 

~ tends to zero, a justification for the choice of the boundary conditions 

is obtained. In Chapter V, from purely a mathematical point of view, a 

source-term T V 
~ 

of a static, spherically symmetric point-particle located 

at the origin of either rectangular harmonic or isotropic polar coordinates, 

which fits with the linearized field equations derived from the invariant 

2 2 
R + ~ R , is obtained. In Chapter VI, we consider the exact field equations 

of genera l relativity corresponding to a static, spherically symmetric point-

source located at the origin of the standard polar coordinates. Expressing 

the source-term T V by a realistic a -function, 6(r,E) , the field 
~ 

equations are integrated. It is shown that as parameter E tends to zero, 

T V tends to Tangher lini's expression. Though the discussion is purely 
~ 

mathematical, it is instructive in telling us how to make use of the 

a -function philosophy in the problem involving non-linear differential 

equations. Moreover, it gives a more rigorous derivation of Tangherlini's 

result. 
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INTRODUCTION 

In the theory of general relativity, the field equations of gravi-

tation are formulated by coupling the stress-energy tensor T 
I-lv 

to the 

Einstein-tensor G on the basis of the so-called principle of equivalence. 
I-lV 

This coupling depends upon the following two facts. Firstly both of these 

tensors are symmetric and second-rank tensors such that the divergence of 

G vanishes identically while that of T vanishes due to the principle 
I-lV I-lV 

of conservation of energy and momentum. Secondly, since in the formulation 

of this theory, one seeks for a generalization of the Poisson-equation of 

the Newtonian theory of gravitation and since this equation involves the 

partial derivatives of the gravitational potential only up to second order, 

one demands that the field equations should be second order partial differ-

ential equations for the tensor gl-lv However, the Einstein-tensor GI-lV 

is the simplest symmetric second-rank tensor whose divergence vanishes 

identically and which involves the partial derivatives of gl-lv only up 

to second-order and consequently one is led to the coupling of 

T 
I-lV 

The tensor 

action-integral 

G can be obtained by varying the tensor 
I-lV 

A 

G 
I-lV 

gl-lv 

to 

in the 

(1) 

where R is the scalar curvature of the space-time, g is the determinant 

of gl-lv and is a four dimensional volume element. Here and in what 

follows in the present thesis, the signature of the space-time metric is 

supposed to be -2. The quantity _GI-lV is called the Hamiltonian deriva-

tive of the invariant or Lagrangian R and is denoted by 
hR 

hgl-lV 

However, the Hamiltonian derivative of any invariant involving 

the components of tensor gl-lv and its partial derivatives up to second 



2. 

order is a symmetric and second-rank tensor whose divergence vanishes 

i dentically. (See Buchdahl [5], Eddington [6] . ) Consequently , it follows 

that the principl e of conservation of energy and momentum is still maintained 

even if one coup les the tensor T 
~Y 

to the Hamiltonian derivative of any 

such invariant and thus constructs the field equations of gravitation, 

ignoring the requirement that the field equations should be second order 

and not higher order partial differential equations for guY ' In most of 

the work in the present thesis, the more general invariants considered are 

those of degree m, meaning thereby that the invariant is a polynomial of 

degree m in the components of the Riemann tensor. 

The motivation for s t udying the use of non- linear invariants to 

formulate the field equations of gravitation can be described as follows : 

The static, spherically symmetric sol ution of the field equations R = 0 
uY 

of the theory of general relativ ity certainly implies a singularity at the 

origin. The same situation prevails in classical electrodynamics. However, 

Born and Infeld overcome this difficulty by adding a non-linear term to the 

Lagrangian ~f f UY 
4 ~Y 

of classical electrodynamics. (See Born and Infeld 

[4].) The question arises whether one can resolve the similar diffic ulty 

in the theory of general relativity by adding a non-linear term to the 

Lagrangian R Secondly the theory of general relativity does not admit 

any spherically symmetric cosmological solutions free from singularity at 

any time . Again the question arises whether one can obtain non-singular 

spherically symmetric cosmological solutions from the field equations obtained 

by adding a non- l inear term to the Lagrangian R or by using some other non-

l inear Lagrangian. With the above-mentioned motivations in mind, in the 

present thesis, we study a few problems concerning gravitation by using the 

fie ld equations derived from some non- linear second order Lagrangians. In 
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what follows, first we shall briefly state the work done by others on the 

relevant topics and then summarize the work presented in this thesis . 

Following upon Weyl's attempt to formulate a unified field theory 

based upon a gauge-invariant action integral, non-linear Lagrangians have 

been considered from time to time, for example by Bach, Eddington, Lanczos, 

Gregory, Buchdahl and others. Lanczos has investigated the possible quadratic 

invariants:-

11 

(2) 

where the various symbols have the usual meaning. It has been shown that 

there remain only two effective quadratic invariants 11 and 12 as far 

as the construction of the field equations of gravitation is concerned. 

(See Bach [1], Lanczos [12].) Using the Einstein-Infeld-Hoffmann method 

a2 
R2 2 of approximation, Gregory has studied the invariant R +Ei (where a 

is a co~stant) in connection with the problem of motion and shown that the 

equations of motion of a system of p-particles interacting only under their 

own gravitational field follow from the field equations. (See Gregory [10].) 

Assuming the expression for the stress-energy tensor T V of a static, 
w. 

spherically symmetric point-source in terms of the a -function, Pechlaner and 

Sexl have 

invariant 

explored the 
2 

R +~ R2 
6 

linearized non-empty field equations deduced from the 

in the case of such a system. Considering the extended 

distribution corresponding to a static, spherically symmetric sphere with 

uniform density, they have concluded that the exterior solution for such a 
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4. 

sphere differs from that for their model of a point-source. (See Pechlaner 

and Sexl [13).) 

In Chapter I of the present thesis, we consider a few cosmological 

consequences of the non-empt y field equations derived from various non-linear 

second order Lagrangians. In Section 1.3 it is shown t h at the Robertson-

Walker metric is compatible with the field equations deriv ed from an arbitrary 

second order non-linear Lagrangian. Then in Sec tion 1.4 it follows as a 

corollary that the same res ult is tr ue in the case of the invariants R2 and 

R R~V. In Section 2.1 it is shown that, from the point of view of the 
~V 

Robertson-Walker cosmology , there ex ists only one interesting second order 

2 
quadratic Lagrangian, R + aR - 2A , where a and A are constant s . I n 

Section 2.2, using the field eq ua t ions deriv ed fro m t h e Lagrangian R2 - 2A 

2 
R + a R - 2A respectively , a few special Ro b ertson-Walker t ype cosmo-and 

logical solutions are obtained. In Sections 3.1 and 3. 2 , the field eq uations 

derived from the non-linear second order Lagrangian, a function of R, are 

considered and an attempt is made to find whether such equations admit the 

Robertson-Walker type cosmological solution free from singularity at any 

time. The equation of state is assumed to be p = 3p In the special case 

for which R is a small negative constant, the field equations do admit 

such a solution with the curvature constant k = -1 , prov ided the Lagrangian 

is positive. 

In Chapter II, we discuss a few known aspects of the Einstein-

Infeld-Hoffmann method of successive approximations applied to t h e prob lem 

of motion. (See Einstein, Infeld and Hoffmann [9).) In Section 4.1 we 

briefly describe this method and a similar procedure by which Gregor y has 

obtained the equations of motion up to the approximation stage £ = 2 , 
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from the field equations derived from the invariant (See 

Gregory [10].) However, Gregory has not explained the meaning of the new 

constant of integration r
Ok

' associated with the kth singularity , appear­

ing in the equations of motion . In this work, matter is regarded as 

spherically symmetric singularities of the field . The work of Pechlaner and 

Sexl appears to suggest that the constant r
Ok 

should be proportional to 

the mass 
k 
m of the kth singularity . However, this work depends upon a 

particular definition of a point-source. ( See Pechlaner and Sexl [13].) 

In Section 5.1, we describe how the different expansions of t h e field-

quantities l~v used in the work of Einstein, Infeld and Hoffmann and that 

of Gregory , respectively, can be deduced. This description can guide us 

to obtain the s uitable expansions of l~v if we wish to apply the Einstein­

Infeld-Hoffmann method to the problem of motion in the case of some other 

Lagrangian. 

In Chapter III, we consider linearized empty field equations 

a
2 

2 
derived from the invariant R +-- R , corresponding to a static, spheri-

6 

cally symmetric point-particle located at the origin of the coordinate system. 

In Section 6.1, we describe how these equations can be solved in harmonic 

rectangular coordinates and how the solution can be transformed into Gregory 's 

solution without disturbing the harmonic character of the coordinate system. 

In Section 7.1, we state how this solution can be transformed into so-called 

harmonic polar coordinates. Next, we obtain a coordinate transformation, 

transforming this solution into isotropic polar coordinates from harmonic 

polar coordinates . In Section 8.1, we consider the same problem as that 

of Section 6.1 but directly in isotropic polar coordinates. The solution 

obtained there precisely agrees with that obtained in Section 7 . 1 by 
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6 . 

successive coordinate transformations. The discussion brings out the 

simplicity of the isotropic polar coordinate system with respect to the 

problem. 

In Chapter IV, we 

derived from the invariant 

consider the linearized non-empty field equations 

a
2 2 

R +~ R , corresponding to a static, spherically 

symmetric perfect fluid distribution in a sphere with radius b. We suppose 

that the matter inside the sphere is in an ordinary physical condition, 

meaning that the density p and the pressure p, both, are of order zero 

in the parameter 
2 

E = 11c , c being the velocity of light. Next we 

assume that the coupling constant 
2 

X = SnG/c , G being the Newtonian 

constant of gravitation, so that when a = 0 the field equations reduce to 

those of general relativity. Thus X ~ E . Using these assumptions, in 

Section 9.1, we obtain the linearized non-empty field equations in rectangular 

harmonic coordinates. It is observed that the pressure p disappears from 

the field equations. Hence if one solves the linearized non-empty field 

equations, it is possible to determine p but not p to order zero in E . 

However, by linearizing the conservation equations we obtain a relation 

between p and p which can help us to determine p to order zero in E. 

In Section 10.1, for the same physical situation and with the same assumptions, 

we obtain the linearized non-empty field equations in isotropic polar coord i-

nates. Also by linearizing the conservation equations, we obtain a relation 

between p and p. Imposing the condition that the solution be regular at 

the origin and supposing p to be a constant, we solve the field equations. 

By imposing suitable boundary conditions at r = b , we join the interior 

solution to the asymptotically flat exterior solution which is already known 

from Section S.l of Chapter III. Next, with a view to justifying the choice 

of the . boundary conditions, we consider a density-distribution which is a 
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function of r and a parameter ~ such that as ~ tends to zero, p 

tends to a non-zero positive constant or zero according as r is less or 

greater than b. When ~ is non-zero we have a continuous fluid distri-

but ion with positive density, filling the entire space. Using such a density-

distribution and imposing the conditions that the solution be regular at the 

origin and asymptotically flat at infinity, we solve the field equations. 

We find that the solution is such that when ~ tends to zero, according as 

r is less or greater than b, it tends to the interior or exterior solution 

obtained before by imposing suitable boundary conditions. This method, in 

fact, helps us to find the correct boundary conditions. The exterior solution 

obtained there precisely agrees with that obtained by Pechlaner and Sexl by 

using Green's functions. (See Pechlaner and Sexl [13].) 

In Chapter V we consider 
2 2 

the linearized field equations derived 

from the invariant R + ~ R and containing a source-term 
6 

V 
T 
~ 

on the 

right-hand side. The source is supposed to be a static, spherically symmetric 

point-particle located at the origin of the coordinate system and the expression 

for T V contains the a -function and its derivatives. Integrating the field 
u 

equations, so formulated, by the method of Fourier transforms, we show that 

the solution precisely agrees with that obtained in Chapter III by solving 

the linearized empty field equations corresponding to a static, spherically 

symmetric point-particle located at the origin. The problem is discussed in 

rectangular harmonic as well as isotropic polar coordinates in Sectiorn 11.1 

and 12.1 respectively. The entire treatment of the problem is made from 

purely a mathematical point of view. 

In general relativity, considering the exact field equations, 

Tangherlini has obtained the expression for T V of a static, spherically 
u 
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symmetric point-source located at the origin of the standard polar coordinate 

system, requiring that the Schwarzschild solution be valid even at the origin. 

(See Tangherlini [17].) In Chapter VI, we examine the same problem by using 

a realistic a -function, 6(r, E) , to represent the source-term T V 
u 

The 

exact equations so formed are solved and it is seen that in the limit as the 

parameter E tends to zero, T V tends to the expression obtained by 
u 

Tangherlini. Though the treatment of the problem is purely mathematical, 

it is rather instructive in telling us how to use the a -function in problems 

involving non-linear differential equations. Moreover, it gives a more rigor-

ous derivation of Tangherlini's result. 

In the present thesis, the scalar curvature R has the dimension 

of reciprocal of length squared, so that the constant a appearing in the 

2 2 
invariant R + ~ R has the dimension of length. The s ymbols and notations 

used are explained wherever necessary otherwise they have the conventional 

meaning . The Latin indices take on only the spatial values 1,2,3 while 

Greek indices refer to both, space and time, running over the values 0,1,2,3 

or 1,2,3,4. The dummy indices mean summation unless otherwise stated. A 

comma followed by an index means partial differentiation whereas a semi-colon 

followed by an index denotes covariant differentiation. The expressions u sed 

for R, Rand R are according as "Riemannian Geometr y" by 
fJ.V u Vo-p 

L.P. Eisenhart (Princeton University Press, 1949). We normally ab breviate 

"Einstein-Infeld-Hoffmann" to "EIH" , "Robertson-Walker" to "RW" and "static, 

spherically symmetric" to "sss". 
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CHAPTER I 

COSMOLOGY 

§1.1 The Field Equations Derived from Non-Linear Second Order 

Invariants 

In this chapter we shall consider the field equations of gravita-

tion obtained by coupling the Hamiltonian derivative of a second order 

invariant of degree m to the stress-energy tensor of a perfect fluid 

distribution in context of cosmology . 

Without loss of generality one can restrict oneself to the case 

in which the invariant has the form 

K ( 1 . 1 ) 

where is a tensor of rank 4m constructed from the metric 

tensor alone and is the covariant curvature tensor, given by 

R 
J.l Y () P 

s s s s 

1 
2 (g~ P ,Y () + gy () , ~ p 

s s s s s s s s 
g~ () , Y P 

s s s s 
gy p , ~ () ) + 

s s s s 

+ g Q(fL r l3 r l3 ) 
CLf-' Y () s s 

~ p 
s s 

u () 
s s 

This is because the most general second order invariant is an arbitrary 

function of K. , each of the latter being of the form (1.1). When the 
1 

Hamiltonian derivatives of the K. are known, that of the most general 
1 

second order invariant follows at once. (See Buchdahl [5].) 

( 1 .2) 



Now, coupling the Hamiltonian derivative p~V of K to the 

stress-energy tensor T~V of a perfect fluid distribution, we obtain the 

following fie l d equations of gravitation: 

p~V 

10. 

(1. 3) 

where K is a coupling constant and p~V and T~v are expressed as follows: 

where Z~vcrp 

p~V 

dK/dg (see Buchdahl [5]) 
~V,crp 

(p+p) 
dx~ 

ds 
_ pg~V 

(1. 4) 

( 1 .5) 

where p and p are respectively the proper macroscopic density and pressure 

as they would be measured by a local observer at rest in the fluid, and the 

quantity dx~/ds is the macroscopic velicity of this fluid with respect to 

the coordinate system in use. In this chapter the units are so chosen that 

the velocity of light, c, is equal to unity . (See Telman [18].) 

§1.2 The Robertson-Walker Metric 

If we assume that the space-time of the universe is Riemannian 

and four dimensional described by the coordinates x~ and the metric-form 

2 
ds 

~ V 
g dx dx 
~V 

(1. 6) 

with signature - 2, then from two simple assumptions, it follows independ-

ently of the field equations of gravitation of a theory, that the metric-form 



1,. 

(1.6) is expressible in the form 

ds
2 (dx4)2 _ 

S2 (x 42 [(dx1)2 + (dx
2

)2 + (dx3)2] (1. 7) 

[1 

3 r k L (xi)2 +-
4 

i=1 

Sex 4) 
4 

where k = 1 , 0 or -1 and is an arbitrary function of x the 

time coordinate. First of these assumptions is known as Weyl's postulate 

and the other one states that the metric-form (1.6) is spatially isotropic. 

By virtue of Weyl's postulate, the coordinate system in use becomes the 

so-called co-moving coordinate system. In polar coordinates (r, e , ~ ,t) , 

the lin~-element (1 .7) takes the form 

2 
dt -

where k = 1 , 0 or -1 and Set) is an arbitrary function of time t. 

The line-element (1.7) or ( 1.8) is known as Robertson-Walker line-element. 

(See Bondi [3].) 

(1. 8) 

Since the above result is independent of the field equations of a 

theory, we observe that it remains valid even v7hen we use the field equations 

(1.3), that is, the metric-form of the universe will still be reducible to 

the RW-metric. 

§1.3 Compatibi lity of the Robertson-Walker Metric with the Field 

Equations of Section 1.1 

In this section we shall show that the RW-metric (1 .8) is compatible 

with the field equations (1 .3) which can be written in the mixed form 



p V 
I.l. 

KT \I 
u 

As seen in Section 1.2, the reduction of the line-element of the universe 

12. 

(1. 9) 

to the RW-metric involves the use of co-moving coordinate syst em. Therefore 

from (1.5) it follows that T V becomes diagonal with 
u 

T 1 
1 

T 2 
2 

T 3 
3 

Consequently, to prove the necessary result we should prove that 

for the RW-metric. 

p V 
I.l. 

p 1 
1 

o 

p 2 
2 

if 

p 3 
3 

u 1= V 

(1.10) 

( 1.11) 

( 1.12) 

For (1.11) and (1.12) to hold, we first observe that the RW-metric 

is spherically symmetric. Therefore any quantity deduced from it will be 

spherically symmetric. Since the components of p V 
I.l. 

are ded uced from the 

RW-metric, they are spherically s ymmetric and therefore the non-vanishing 

components of p V 
u 

at most functions of 

(see Takeno [16]). 

are 

r 

P 2 
2 

p 1 
1 

, 

and t 

P 3 
3 

p 2 p 3 4 p 4 
2 , 

3 
, P4 ' 1 

, such that 

P 1 
4 

11 P 4 
g 1 

Next since we know that the divergenc e of 

P V o 
I.l. ; V 

Hence for the RW-metric, when u = 1 , 

and P 1 
4 

which a re 

( 1. 13 ) 

P V vanishes identically 
I.l. 

( 1.1 4) 



K) 
X 

(P 1 
1 

o 

where X = 1 +15 
4 

2 
r and the overhead dash denotes differentiation with 

respect to r . 

From (1.13) and (1 .15) it follows that to obtain the necessary 

result we must prove 

P 1 = a function of time alone 
1 

p 1 
4 

o 

We shall prove this by considering the expression for 

p Y = 
I.l 

p Y 
I.l 

Since 

where K is given by (1.1), to prove (1. 16) we must show that, when 

I.l = Y = 1 , the right-hand side of (1 .18) is a function of time alone and 

to prove (1.17) we must show that when I.l = 4 and Y 1 , the right-hand 

side of (1 .18) vanishes. 

13. 

( 1 . 15) 

(1 .16) 

(1.17) 

(1. 18) 

We first note that the RW-metric is a conformally flat metric and 

therefore 

R 
I.l. Y CJ P s s s s 

I( R + R 
2 gl.l P Y CJ gy CJ I.l. P 

s s s s s s s s 

- glJ. P gy CJ ). (1. 19) 
s s s s 

Secondly, we note that for the RW-metric the surviving components of R Y 
I.l 

are such that 



R 1 
1 

R 2 
2 

R 3 
3 

R 4 
4 

R Y 
I-l 

a function of time alone 

a function of time alone 

o if I-l 1= Y 

Looking at the structure of K as given by (1.1) and using (1.19) and 

(1.20) we infer that 

Next, as 

1 
"2 

m 

L 
r=l 

K a function of time alone 

m, 

n 
s=l 

R 
I-l Y <r P s s s s 

14. 

(1.20) 

(1.21) 

(1.22) 

where the overhead dash means the factor with suffix s = r is to be omitted 

from the product, ZYa <rPR consists of terms of the form 
Q<rPI-l 

Y 
U 

I-l 

(see Buchdahl [5]). 

( 1.23) 

We note that in (1 . 23) there are only two free indices I-l and Y . 

Therefore, because of (1.19) U Y is a sum of terms of the t ypes 
u 

5 
Y R' R 

, R' , " 
iJ. 

R Y R' R R R ( 1 ,24) , , , , " 
I-l 

R Y R' R' 
I-l 

From (1 . 20) we infer that the terms of the forms (1,24) can be either zero 
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or a function of time alone according as ~ I V or ~ = V respectivel y. 

Therefore it follows that 

a function of time alone if V 

° 
Finally we consider the term Z VCJP 

JJ. ; crp 
of 

z Vcrp 
I-l ; crp 

From (1.19) and (1.22) the generic form of 

z V P 
I-l a-

p V 
I-l 

z V P 
I-l a-

if 

We note that 

is given by 

+ AVP + 0 VA P + 
gl-la- I-l a-

where the I's are invariants and the A's are second-rank tensors. 

Using (1.26) and (1.27) we obtain 

15. 

( 1.25) 

( 1.26) 

( 1 .27) 

Z va-p 
I-l ; a-p 

a-a [ vp (I) + 0 Vo P( I
2

) + 0 Po V( I) + VP(A) + 
g g gl-la- 1 ; aP I-l a- ; aP I-l a- 3 ; ap g I-la- ; ap 

Since the invariants 11 ' 12 ,13 can be functions of R only and since 

R is a function of time alone, we have I = (O,O,O,i) 
, a 

. 
where I = I 4 , 

( 1.28) 



a nd I stands for 11 ' 12 or 13 , Therefore 

I 
; ap 

I 
,aP 

I 

Using the values of r 4 
aP 

for the RW-metric, from (1.29), the surviving 

components of I become 
; crp 

I 
; 1 1 

4 
- r 11 

4 

I 
S 

I gl 1 S 

S i I 1'22 - r 22 g22 S , 

1'33 
4 

I 
S 

I - r 33 g33 S , 

1'44 "i , 

where the overhead dot denotes differentiation with respect to time t. 

Next we note that A ~ is of the form 
a 

A ~ 
a 

Therefore from (1.20) it follows that 

A ~ a function of time alone if a 
a 

o if a l= ~ 

and 

(A ~) (a function 
a ; crp 

of time alone)(R ~ ) 
a ; crp 

(Aa~);crp (a function of time alone) g (R ~T] ) 
aT] ; crp 

(Aa~) 
; o-p 

(a function of time alone) gaT] (R ~ ) 
T] ; crp 

Now putting ~ v in (1.28) we obtain 

16. 

(1.29) 

( 1.30) 

(1.31) 

( 1.32) 

( 1 .33) 

(1 .34) 

( 1.35) 
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Z l (Jp 
1 ; (JP 

(1.36) 

Because of (1.30) to (1 . 35), ( 1.36) reduces to 

Z l (Jp 
1 ; (JP 

11 11 22 33 44 
g (1 1)'11 +(g 12 '11 + g 12 '22 + g 12 '33 + g 12 '44) + , , , , , 

+ 11 (I) + 11 ( T] ) f + gPT] (R 1) f + (Jo,( R p) f + 
g 3; 1 1 g R 1 ; T] 1 1 T] ; 1 P 2 g (J; o,p 3 

+ (Jo, ( R 1) f + 1 1 (R p) f + po, ( R 1) f + 
g (J ; 0,1 4 g 1 ;lp 5 g ;o,p 6 

(Jo, (R p) f 1 1 (R p) f (Jo, ( 1 ) f + 
+ g (J ; o,p 1 1 + g 1; 1 P 12 + g R(J ; 0, 1 1 3 

( 1 .37) 

where the f's are functions of time alone. The right-hand side of (1.37) 

involves quantities of the following types in which the summation over dummy 

indices has been suspended. 

( f-l F v) 

(f-l F v) 

(f-l F v) 

(1.38) 



Now using (1.30) it can be shown by direct substitution of the RW-metric 

that the quantities in (1.38) are f unctions of time alone. Consequentl y 

it follows that 

Z 1crp 
1 ; crp 

a function of time alone 

Following the similar line of argument we can also show that 

Z 1 crp 
4 ; crp 

o 

Therefore from ( 1.18), (1.21), ( 1.25), ( 1.39) and (1.40), it follows that 

p 1 
1 

p 1 
4 

a function of time alone 

o 

18. 

( 1.39) 

( 1.40) 

( 1.41) 

This proves that the RW-metric is compatible with the field equations ().3). 

§1. 4 The Robertson-Walker Metric and the Invariant s R2 a nd 

In this section we shall consider second order quadratic invariants 

as a particular example. It has been shown that t here exist only two second 

order quadratic invariants and R R~V wh ich are of possi ble interest 
~v 

in formulating the field equations of grav itation . ( See Bach [1], La nczos 

[12].) Therefore in what follows we shall consider t h e field eq uatio ns ( 1.3) 

with derived from R2 and respectively and show t hat t he 

RW-metric is compatible with these equations. 

Case (i): The Invariant R2 

The tensor p V 
~ 

obtained from is 



where 

and 

and 

p V 
iJ. 

K 

(2 iJ.v ~p iJ.~ vp v~ iJ.P)· R gg -gg -gg 

To obtain the necessary result, we know that we should prove 

p 1 a function of time alone 
1 

p 1 
4 o 

when the RW-metric is substituted in (1 .42). First we note that for the 

RW-metric 

a function of time alone 

Next by (1.44), for the RW-metric 

3R 11 ~PR 
g g 1 ~p 1 

Since the RW-metric is conformally flat, (1.46) becomes 

6RR 1 
1 

From (1.47) it follows, for the RW-metric, that 

a function of time alone 

Following a similar procedure we can show that 

o 

19. 

(1.42) 

( 1 .43) 

( 1 .44) 

(1. 45) 

( 1 .46) 

(1.47) 

( 1 .48) 

( 1 .49) 
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Next we consider Z 1crp 
1 ; crp 

For the RW-metric, by (1.44) this becomes 

Z 1 crp 
1 ; crp 

11 crp 1 cr 1 p 1 cr 1 p ) ] 
[ g 1 1 R ( 2 g g - g g - g g ; crp 

(1 .50) 

We can easily see that for the RW-metric the right-hand member of (1 .50) is 

a function of time alone. Therefore 

Z 1crp 
1 ;crp 

a function of time alone (1.51) 

Following a similar procedure we can show that 

Z 1 crp 
4 ; crp 

o ( 1 • 52) 

Therefore from (1.42), (1.45), (1.48), (1.49), ( 1.51) and (1.52) it follows 

that 

p 1 
1 

p 1 
4 

a function of time alone 

o 

Hence the result follows. 

Case (ii): 

where 

The Invariant R R~V 
~v 

The tensor 

p V = 
~ 

p v 
~ 

obtained from 

K 

R R~V 
~v 

( 1. 53) 

is 

( 1. 54) 

( 1. 55) 



and 

zf.lVcrp 

(see Buchdahl [5]). We require as before 

and 

p 1 a function of time 
1 

p 1 = 0 
4 

21. 

( 1 . 56) 

when the RW-metric is substituted in (1.54). We note that, for the RW-metric, 

R Rf.l V = (R 1) 2 + (R 2) 2 + (R 3) 2 + (R44) 2 
f.lV 1 2 3 

= a function of time alone (1.57) 

and from (1.56), 

11 RcrPR + 
g , crp 1 • •• ( , . 58) 

Considering the first term of the right-hand side of ('.58) for example and 

noting that the RW-metric is conformally flat we obtain 

-21 (R22)2 + 1 1 2 
"2R, R2 

a function of time alone 

1 RR 3 + 
6 3 

(1. 59) 
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Similarly we can show that the remaining terms of the right-hand side of 

(1.58) are functions of time alone. Therefore it follows that 

a function of time alone (1. 60) 

Following the procedure used above, we can show that 

o (1.61) 

Next consider For the RW-metric, by (1 . 56) this becomes 

O"o,(R p) + O"P (R 1) 
g a ;O"P g 1 ; O"P 

( 1. 62) 

Here the right-hand side involves terms of the following types in which the 

summation over dummy indices has been suspended: 

gl-ll-l(R I-l ) 
I-l ;I-ll-l 

I-lI-l(R v) 
g IJ. ;VIJ. 

I-l IJ. (R v ) 
g IJ. ; IJ.V 

(1.63) 

It can be show~ by direct substitution of the RW-metric, that the terms in 

(1.63) are functions of time alone. Consequently 

a function of time alone ( 1. 64) 

Again using the same procedure, we can show that 



o 

Therefore (1. 54), (1. 57), (1. 60), (1. 61), (1. 64) and (1. 65) imply 

p 1 
1 

p 1 
4 

= a function of time alone 

o 

Consequently the required result follows . 

§2.1 The Robertson-Walker Metric and the Invariant 

R + aR2 + ~R R~V - 2A 
iJ.V 

23. 

( 1.65) 

( 1 . 66) 

In this section we shall st udy a few cosmological consequences of 

2 
the field equations of grav itation deduced from the invariant R + aR + 

~R~VR~V - 2A where a, ~ and A are constants, in t h e co ntex t of t h e 

RW-metric. 

By coupling the Hamiltonian derivative of the invariant 

R + aR
2 

+ ~R RiJ.
V 

- 2A to the stres s -energy tensor of a perfect f l u id 
~V 

distribution, t h e field equations of gravitation are: 

where 0 R = ga~R K is a coupling constant and the contravariant 
; a~ 

components T~v are given by (1.5). (See Buchdah l [5].) By virtue of 

the results obtained in Section 1.4 it follows that the RW-metric is 

compatible with the field equations (2.1). Using the RW-metric 

( 2. 1 ) 



2 
dt -

(1 k 2)2 +"4 r 

where k = 1, 0 or -1 and Set) is an arbitrary function of time t and 

noting that the coordinate system is the co-moving coordinate system, from 

(2 . 1) we obtain the following expressions for the density p and pressure 

p , respectively , 

KP + 

and 

KP 

+ + 

2(3a + ~ ) 
S 

( 2"8 " + 4S
s 

oS' + 

+ A 

,,2 
3S 

S 

24 . 

(2.2) 

(2.3) 

We infer from (2.3) that the Robertson-Walker cosmology is the same 

in the theories deduced from each of the invariants R + aR
2 

2A, 

R + ~R R~V - 2A and 
~V 

3a = -~ , the theory 

R + aR2 + ~R R~V - 2A • 
~V 

based upon the invariant 

Next we infer that when 

2 ~V 
R + a R + BR R - 2A 

~V 

is equivalent to that based upon the invariant R - 2A as far as the RW-

cosmology is concerned and, in this sense the invariant 

is equivalent to the invariant R of the theory of general relativity. 

From the above considerations it follows that, from the point of 

view of the RW-cosmology, there exists only one interesting second order 

quadratic invariant, 
2 

R + aR - 2A ,where a and A are constants. 

Consequently in what follows we shall study this invariant. 
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§2.2 Robertson-Walker Type, Special Cosmological Solutions and 

2 2 
the Invariants R - 2A and R + oR - 2A 

In this section we shall merely state a few special RW-type 

cosmological solutions deduced from the field equations based upon the 

invariant 
2 

R + o:,R - 2A We shall divide our considerations into two 

separate cases in which the invariants used are R2 - 2A and 
2 

R + o:,R - 2A 

respectively. Moreover in each of these cases we shall divide the special 

cosmological solutions into two classes, of static and non-static solutions 

respectively. The solutions for which 

p constant > 0 p constant ~ 0 (2.4) 

will be called static solutions and the solutions for which 

p a function of time> 0 

and (2.5) 
p a function of time ~ 0 

will be called non-static solutions. The special non-static solutions which 

will be stated here are characterized by the equation of state 

pe t) - 3p(t) o (2.6) 

Case (i): The Invariant R2 - 2A 

In this case the field equations become 

2 [R + RR - g (0 R + -41R2)] + Ag 
;IJ.V IJ.V IJ.V IJ.V 

(2.7) 
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The expressions for the macroscopic proper density and pressure, P and p 

respectively, corresponding to the field equations (2.7) are 

~ (28 .~2 + 
'2·· 

384 2kS2 :~ ) '~r - 2S S 
+ - Ii. KP 

S2 S 2 7 S 
and (2.8) 

48 's' .. 2 
4k~ 1282·S 384 2kS2 ~: ) 6 ( .. .. 3S + Ii.. Kp - - 2 S + S + S 2 2 + 7 + 7 S 

S S 

Some special static solutions corresponding to the equations (2.7) are as 

follows : 

( i) S constant k +1 or -1 

KP = - Ii. Kp + Ii. 

If we assume that the radiant-energy has negligible density compared with 

the energy-density of matter and that the matter exerts no pressure, then we 

obtain 

S constant KP p o 

On the other hand if we assume that the model is filled only with radiation 

then we must put 

P 3p constant > 0 

Then we obtain 

Ii. = 0 S constant KP 
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The case k = +1 corresponds to the static Einstein universe of general 

re l ativity while the case k = -1 gives a new possibility for the static 

universe . 

( ii) S 
t/ a 

e (a constant) k = 0 o 

KP = KP = 0 

Thus we obtain that approximation to the universe in which the effect of 

matter on the underlying metric is negligible. The nebulae are to be 

considered as the test-particles whose existence has no effect on the 

structure of the universe . The universe is empty and A = O. This special 

solution is represented by the same metric as that of de-Sitter's universe, 

but the difference here is that A = 0 whereas in de-Sitter's solution A 

is positive. 

( iii) S a cosh ( 
ta-t ) (a,t - constants) k +1 

o KP KP o 

( iv) S = a sinh ( t~t ) (a,t constants) k - 1 

o KP KP o 

Both of the special solutions (iii) and (iv) pass into the special solution 

( ii) as t tends to infinity . For a formal proof we put 
20, 

t + a log -
a 

- ..E f2. in place of t- t and 
a, 

, 
a, 

, in place of r , e , ¢ respectively, 

a, being a constant. 
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(v) s b sin ( \t ) (b,t constants) k - 1 

li. = 0 KP Kp o 

(vi) S = at + b , (a,b constants) k = ±1 

li. = 0 KP KP = 0 

1 

(vii) S (at + b)2 (a,b - constants) k o 

li. = 0 KP KP o 

Next some special non-static solutions of equations (2.7) will be considered; 

because of the equation of state (2.6), from (2.8) we obtain 

AS3 

9 

We obtain the following special non-static solutions. 

( i) S = at + b , (a,b constants) k ±1 

A = 0 KP 3KP 
2 4 

18(1 + 2a - 3a ) 

(at + b)4 

o 

where a is so chosen that 
2 4 

(1 ± 2a - 3a ) > 0 according as k 

( ii) 
bt -2bt 

ae (1 + ce ), (a, b, c constants) 

o KP 3KP 
4 2 

-18b a c 

s4 
(c < 0) 

k o 

(2.9) 

±1 . 



Case (ii): The Invariant 
2 

R + a R - 2A 

In this case the field equations become 

(R - ~Rgtt V + Ag ) + 2a[R + RR - g ( D R + -4
1R2 )] 

~V ..... ~V ; ~v ~v ~V 
- KT 

~V 

29. 

(2.10) 

The expressions for the macroscopic proper density and pressure, p and p 

respectively, deduced from (2.10) are 

3 ( k 
·2 

) 180.. ( •.. , ··2 ·2·· 384 2kS2 ~~ ) + S 2S S - A KP = 
S2 

+ ~ 2S S - S + S s2 7 + 
S 

and (2.11) 

( k + 5:/ 2 S·S ) 60.. ( •... 4S ·s· .. 2 4k'S ·2 ·· 3S 12S S 
Kp - 2 S + S + S S2 S2 

+ S 

3S4 
+ 

2kS2 
k

2 
) A + 

s3 S3 s3 
+ 

In the special solutions (i) to (v) of Case (i), if we keep A F 0 instead of 

zero, we obtain special static solutions for this case. These special static 

solutions are special static solutioos of relativistic cosmology also. ( See 

Robertson [14].) The special solution (vi) with k = -1 of Case (i) 

is a special static solution of the present case as well as that of t h e 

relativistic cosmology. (See Robertson [14] . ) 

Whereas solution (vii) of Case (i) is a solution for the second 

invariant, (vi) of Case (i) is not. Next a special non-static solution of 

the field equations (2.10) will be considered. The equation of state (2.6 ), 

with (2.11) gives 

o . ( 2.12) 
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We obtain the following special non-static solution: 

1 

( i) S (at + b) 2 , ( a,b - constants) k 0 

A 0 3KP 
3} 

KP 
b)2 4( at + 

§3.1 The Robertson-Walker Metric and the Invariant ¢ (R) 

With a view to examining the possibility of the existence of field 

eq uations of gravitation which can admit cosmological solutions without any 

singularity, at any time, in t his section we shall consider an invariant 

which is an arbitrary function of the sca lar curvature R, say ¢ (R). By 

coupling t h e Hamiltonian derivative of ¢ (R) to the stress-energy tensor 

of a perfect fluid distribution, we obtain the f ollowi ng field equations: 

- KT 
iJ.v 

( 3 . 1) 

where the overhead dash denotes ordinary differentiation with respect to R 

and K is a coupling constant. 

It follows from Section 1.3 that the RW-metric 

2 
dt 

22222 2 
( dr + r de + r sin e d¢ ) 

is compatible with the field equations (3 .1) . Using the RW-metric (3.2), 

from (3.1) we obtain the following expressions for the density p and 

(3 . 2) 



pressure p, respectively , 

KP 

KP 

where 

R 

3SR <1> " 
S 

6 (k + S·S + 82
) 

s2 

31. 

(3.3) 

(3 .4) 

Hereinafter the overhead dot denotes ordinary differentiation with respect 

to time t. 

§3.2 An Oscillating Robertson-Walker Metric and the Invariant <1> (R) 

Now considering a simple case for which R is a constant, we shall 

show that there exist simple invariants from which one can deduce field 

equations which possess cosmological solutions free from singularity at any 

time, the equation of state being p = 3p. In this special case the field 

equations (3.1) reduce to 

(3.5) 

Suppose the fluid distribution in the universe to be such that the equation 

of state is 

pe t) - 3p(t) o (3.6) 

The expressions for the macroscopic proper density and pressure, p and p 

respectively, in this case reduce to 
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3'S 
<Il l + ~<Il KP S 

+ 28
2 

(3 . 7) 
(2k + S'S) 

<Il l ~<Il KP -
S2 

Because of (3 . 6), on contracting the field equations (3.5) we obtain 

R<Il I - 2<1l o (3.8) 

which is an algebraic relation for the constant R. Now from (3.4), because 

R is a constant, we obtain 

R 
2 

-3w < 0 (3.9) 

where the constant w is given by the relation 

A + a sin wt w (3.10) 

where A = - 2k/ w2 and a is arbitrary. If we imagine that the fluid in the 

cosmological model oscillates between two non-zero radii, we must demand that 

the magnification factor S2(t) in (3.10) must oscillate between two non-

zero positive values. Therefore we must have 

A > lal > 0 

So the curvature constant k can only have the value -1. Therefore we 

obtain 

A 

Next since 

2 
'2 > lal > 0 
w 

3 W 
2 W 

·2 
3~ 
"4 2 

W 

(3.11) 

(3.12) 
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from (3.5) it follows that 

KP (3.13) 

Substituting for W from (3 .10) , we obtain 

KP 3KP (3.14) 

Since A2 > a
2 

, to maintain the pressure and density as positive we have an 

additional inequality: 

<p > 0 (3. 15) 

Thus we have shown that if the invariant <P( R) of the theory is suitably 

chosen so that the inequality (3.15) is satisfied and if the scalar curvature 

R is a constant then the field equations of gravitation of such a theory 

will admit a radiation-filled cosmological solution oscillating between two 

finite radii and free from singularity at any time. In what follows we shall 

consider a few simple examples. 

Example (i): One can very easily verify that the invariants <P = Rand 

<P = R - 2A where R and A are constants do not satisfy the necessary 

requirements. 

Example (ii): Let 
2 

<P (R) = R + aR - 2A where R, a and A are constants. 

Therefore from (3.8) and (3.9), 

R 

Hence 

2 
-3w 

A< O 

4A (3.16) 

(3.17) 

1 
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and from (3.15) and (3.16) it fol lows that 

1 + 8a,L\ < 0 (3.18) 

Therefore by (3.11) and (3.16), 

12(1, > A 
2 
2 > lal > 0 (3. 19) 

w 

Thus the necessary requirements are expressed by the relations (3.16), (3.18) 

and (3.19) and it is obvious that they can be satisfied . 

Example (iii): Let 
22 .1 

¢ (R) = ±(R _ ~)2 where Rand 

Therefore by (3.8) and (3.9) 

R 

For (3 . 15) to be satisfied 

~ > 0 

and 
~ < 0 

if 

if 

<Pe R) 

¢ (R) 

2 
-3w 

~ are constants . 

The necessary requirements are the relations (3.20) a nd (3.2 1) and it is 

obvious that they can be satisfied. 

§3.3 The Difference Between the Field Equations of Section 3.2 and 

Those of General Relativity 

(3 .20) 

(3 . 21) 

We note that the field equations of gravitation considered in the 

above sections appear to be the same as the following equations of general 

re lativity : 
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R - a g 
~V uV 

(3.22) 

where and K are constants . However there is a difference between the 

equations of general relativity of the form (3.22) and those considered in 

this Chapter. As we know that the field equations of general relativity are 

derived from the invariant R or R-2A where A is a constant. When R 

is also a constant these equations reduce in form to the equations (3.22). 

But as seen in Example (i) they do not admit a cosmological solution of the 

type considered, as invariant corresponding to these equations does not satisfy 

the requirement (3.15). 



§4. 1 

CHAPTER II 

PROBLEM OF MOTION 

2 
The Einstein-Infeld-Hoffmann Method and the Invariant R +~ R2 
~~~~~~~~~~~~~~~~~~~~~~~~~--~ 6---

36. 

The problem of motion of a test-particle in general relativity was 

first attacked in 1927 by Einstein and Grommer who showed that the equations 

of motion of the test-particle follow from the field equations of the theory. 

Further it is a well-known fact that only in the case of a non-linear field 

theory, one can expect it to be possible to deduce the equations of motion 

of a system of interacting particles from the field equations of the theory. 

Because of this one can expect it to be possible to obtain the equations of 

motion of a system of interacting particles from the field equations of 

general relativity, which are non-linear. Following this idea, in 1938, 

using an ingenious method of approximation Einstein, Infeld and Hoffmann 

showed that the equations of motion of p interacting particles follow 

from the field equations of general relativity. (See Einstein and Grommer 

[7], Einstein and Infeld [8], Einstein, Infeld and Hoffmann [9].) By using 

the procedure similar to that of Einstein, Infeld and Hoffmann, Gregory has 

examined the problem of motion of a system of p 
2 

interacting partic les in 

a theory based on an invariant R + ~ R2 where 
6 

2 
a is a constant (see 

Gregory [10]). It has been shown that the equations of motion of such a 

system follow from the field-equations of the theory and, in the second 

approximation, they are such that if the inter-particle distances are 

sufficiently larger than the constant a then, provided a is positive, 

they reduce to the Newtonian equations of motion of such a system in 

classical mechanics, irrespective of the magnitude of a. 
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Now in what follows we shall first state the basic assumptions 

and procedure of the EIH-method of approximation which are also used in 

Gregory's work. In the procedure adopted by Einstein, Infeld and Hoffmann 

matter is regarded as consisting of a system of interacting point-particles. 

Each particle is represented by a singularity of the gravitational field 

along a time-like world-line. The gravitational field satisfies the empty 

field equations R = 0 
I-lV 

everywhere except where the point-particles of the 

system are situated and these equations determine the motion of such a system . 

The field-variaoles are supposed to be expandible in ascending powers of a 

small parameter A = 11c, c being the velocity of light. Thus one writes 

the metric-tensor in the form 

DO 

L: 
£= 1 

where h is of order D in A and h - 0 as 
£a~ a~ 

s S 1-r = (x x ) 2 _ DO 

Moreover ~a~ = diag.(l,-l,-l,-l). 

Further the q uantities h~'ca~ and )'a~ are defined by 

a~ a~ + h~'·a~ h"/ca~ 
DO 

A£ h ~'cCL~ g ~ L: 
£ =1 £ 

1 DO £ (- g) -2ga~ ~a~ + )'a~ )'a~ L: A )' ~ 
£ =1 £a 

where "ca~ and are of order -0 in A . h~'ca~ and 'Y - 0 h )'a~ 
J3 1 

a~ £ 
a~ r = (X

S
X

S
) 2 - DO and ~ ~a~ 

diag(l,-l,-l,-l). The reason for 

as 

making 

the transition to the quantities from the quantities ha~ is merel y 

(4. 1) 

(4 .2) 

(4.3) 

for the sake of simplicity of the calculations involved. The relations among 



and are as follows: 

5 ~ 
a 

1 ~p 
ra 6 - ~a~~ r~p + non-linear terms 

Next the new temporal variable is introduced by the relation 

38. 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

As one is supposed to be dealing with quasi-stationary fields, it is assumed 

that the derivatives of a quantity with respect to the time coordinate 
o 

x 

are small compared to the quantity itself or its derivatives with respect 

to the space coordinates 
i 

x In other words the quantity and its spatial 

derivatives are of the same order of magnitude as its derivative with respect 

to the auxiliary temporal variable T . Differentiation with respect to 

o 1 2 3 123 
(x ,x ,x ,x) is denoted by a stroke while that with respect to (T,X ,x ,x ) 

is denoted by a comma. Thus the stroke-differentiation with respect to o 
x 

is equivalent to A multiplied by the comma-differentiation with respect to 

T. To express this explicitly we write 

¢ ... Is ¢ ... , s 
¢ ... 10 A¢ 

... ,0 
(4.8) 

1 

Using the above procedure each function that appears in the field equations 

is developed in a power series in A . Einstein, Infeld and Hoffmann expand 

as : 
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2 4 
1"00 A 1"00 + A 1"00 + 

2 4 

3 5 
( 4.9) 1"0m A 1"0 + A 1"0 + 

3 m 5 m 

I"mn 
A4 + A

6 
+ I"mn I"mn 

4 6 

This expansion of I~V is justified by them in the following heuristic way, 

as far as the starting terms of I~V 

energy tensor to be 

are concerned. 

T 
~V 

dx~ 
p~ 

we have for a quasi-stationary field, approximatel y 

1" 00 \ ss 
-2 p 

dx
m 

A I" Om \ ss 
-2 p -

d'[ 

dxm dx n 
A2 

I mn \ ss 
-2 p -

d'[ d'[ 

Therefore it follows that 

2 
I ~ A/O ~ A 100 mn m 

Assuming the stress-

and it is a matter of pure convention that one starts with power A2 f or 

Similarly using the basic assumptions and procedure of the EIH-

method, while dealing with the problem of motion in the theory based upon 

the invariant a2 R2 2 R +Ei where a is a constant, Gregory ass umes the 

( 4.10) 

( 4.11) 

( 4 . 12 ) 
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following expansion of I' f-! Y 

2 4 
1'00 (.. 1'00 + (.. 1'00 + 

2 4 

3 5 
(4.13) 1'0m = (.. 1'0 + (.. 1'0 + 

3 m 5 m 

I'mn 
(..2 + (..4 + I'mn I'mn 

2 4 

The reason for choosing the particular starting terms of this expansion of 

I'f-!Y can also be justified in the same heuristic manner as that of Einstein, 

Infeld and Hoffmann, mentioned above. However, we note that this heuristic 

justification for the choice of the starting terms of the expansions of I'f-! Y 

is obtained by using the non-empty field equations whereas only the empty 

field equations are used in dealing with the problem. Therefore it seems to 

be of interest to us to give a clearer derivation of the starting terms of 

the expansions (4.9) and (4.13). This derivation will be given in the next 

section. Before that we shall describe hew, using the expansions (4.13) of 

I'f-!Y , Gregory has obtained the equations of motion of a system of p inter­

acting particles from the field equations of the theory based upon the 

a
2 

R2 . invariant R +E: 

In this case the empty field equations and the contracted equation 

obtained from them are respectively written as follows: 

<DOO + 21\00 + 2 @60 o 

o ( 4.14) 

<D + 21\ + 2 ® mn mn mn <D + 2Q 
mn mn 

o 



2 
a RI ££ - R 

where 

<ll 
On 

<ll 
mn 

2A 
On 

41. 

(4. 15) 

(4.16) 

- Y + Y + Y - 0 Y mn ls s ms l ns nslms mn £ sl £ s 

(L' + L' ) 
00 ss 

(4. 17) 

o + (2L ' - 0 L' + 0 L' ) - mnYOO IOO mn mn ss mn 00 

1 2 Q, Q 1 2 2 1 2 
-3 a (fOO + f ) R + - a R + -3a ( <ll00 + 2A ) R -

££ I Q, 6 00 

1 R 3Ymn 

2 
+ ~a (<ll mn 

(4.18) 

+ 2A ) R -
mn 

where L' 
f.lV 

represents the non-linear part of R 
f.lV 

and the scalar curvature 

R is explicitly given by 



R 

Noting that and <D can be written as mn 

we obtain 

fS
k n 

<D On cos(x ,N)dS o fS
k n 

<D cos(x ,N)dS = 0 mn -

(k = 1,2, ... ,p) 

where S is a closed surface not passing through any singularity but 

enclosing the kth singularity and 

direction of 

follows that 

n 
x and the normal 

n 
2DOn cos(x ,N)dS 

N 

o 

n 
(x , N) denotes an angle between the 

to S From (4.14) and (4.21) it 

rk n 

J 2D cos(x ,N)dS 
S mn 

o 

(k = 1,2, ... ,p) 

Each of these integrals, being independent of the shape of the surface, 

42. 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

can give a relation only between the coordinates of the singularity and their 

time derivatives, and therefore the 4p equations in (4.22) are called "the 

equations of motion of the p-particles". However if we directly apply the 

EIH-method of approximation to the field equations (4.14) and the equations 



of motion (4.22) we encounter difficulty because (4.22) gives 

infinite number of equations for only 3p unknown functions 

4p times 
k 

m 
~ ( T) , the 

space coordinates of the p-particles. In order to avoid this difficulty , 

43. 

the field equations (4.14) are generalized and after the application of the 

approximation method, they are written as follows: 

p k k 
Cll OO + 2Q

OO 
L, (C VI s) 

k=1 s 
1£ 1£ 1£ 

p k k k k k k 
<D + 2Q

On 
L, ( Co Vln + C v lo + C 

nlO 
V ) (4 . 23) 

On k=1 n 
1£+1 2£+1 1£+1 1£ 1 1£1 

p k k k k k k 
<D + 2Q L, ( C Vl n + C Vim 5 C Vis ) 

mn mn 
k=1 

m n mn s 
1£ 1£ U 2£ 2£ 

U 1,2, ... , (0) 

where 
k k k k k 

1/ r (r)2 s ~ s) (x s ~ s) V (x -

(4.24) 
k k k k 

Co Co(-r) C C (-r) 
m m 

U +1 2£+1 2£ 2£ 

U 1 ,2, ... , (0) 

k 
and ~ s (-r ) are the spatial coordinates of the kth singularity . From (4 . 23) 

we obtain the following 4p surface-integrals: 

_1 f k k k 
2Q

On 
n 1 s 

41T 
cos(x ,N)dS Co "3 C ~ Io s 

2£+1 2£+1 U 1 

( 4.25) 

1 
fsk 

k 
2Q n 

41T 
cos(x ,N)dS C mn m 

2£ 2£ 
U 1 ,2, .. . , (0) 



To solve the gravitational field equations (4.14) we must assume 

00 

A 2£+1 
k 00 

A2£ L COcr) 0 L 
£ =1 £=1 

2£+1 

which represent 4p equations of motion. 

One can show that it is possible to choose 

by the addition of simple harmonic functions to 100 

of approximation. (See Einstein and Infeld [8].)2£ 

k 
C 0 

m 
2£ 

equal to zero 

at each stage 

Moreover restricting 

the coordinate system by means of four non-tensor equations of the form 

P k k 

I nsl s L C V 
k=1 n 

2£ 2£ 

10sis - 100 10 
0 

2£+1 2£ 

we can write the field equations (4.23), the surface-integrals (4.25) and 

the equations of motion (4.26) in the following form: 

100Iss 
20

00 
2£ 2£ 

10niss 
20 

On 
2£+1 2£+1 

I mn l ss 
20 

mn 
2£ 2£ 

44. 

(4.26) 

( 4.27) 

(4.28) 



1 
47T 

_1 f 47T 

k 
2.12 

n 
cos(x ,N)dS C 

mn m f 
2£ 2£ 

(2.12 -
On 

2£+1 

co 

L 
£=1 

n 
y I O)cos(x ,N)dS ns s 
2Ji, 1 

o 

0 

It is assumed that at every stage the equation (4.15) is satisfied . If we 

take successive approximations, then for the stage £ = q the approximate 

equations of motion are given by 

q 
L 

£=1 
o 

45. 

(4.29) 

(4.30) 

(4.31) 

Using (4.27), (4.28), (4.29) and (4.31) and following the same procedure as 

that of Einstein, Infeld and Hoffmann, Gregory has obtained the equations 

of motion in the approximations £ = 1 and £ = 2 
k 

In the case of £ = 1 , 

since C vanishes identically, the motion is arbitrary . Gregory has obtained 
m 

the 2 
following equations of motion for the approximation £ = 2 , 

calling it the Newtonian approximation, 

k k p j k 2 
"n L (m V

jk 
+ a 

r Ok Wjk),n m S + m 
12 rOj 

jfok 
o (4 .32) 

(k 1,2, ... , p n = 1,2,3) 

where 
-r ./a 

V
jk 

1 
W

jk 
e J 

r
jk r

jk 

k 
S space coordinates of kth singularity 
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r
jk 

distance between kth and jth singularities 

k 
m mass of kth singularity 

r
Ok 

new constant of integration associated with 

kth singularity 

and ( ) denotes partial differentiation with respect to 
,n 

However, 

Gregory has not explained the meaning of the constant r
Ok 

In the course 

of his work matter is represented b y spherically symmetric singularities 

of the field. From the work of Pechlaner and Sexl it appears that r
Ok 

should be proportional to the mass 
k 
m. However, this work depends upon 

a particular definition of a point-source. From (4.32) it appears that if 

the inter-particle distances r
jk 

are sufficiently larger than the constant 

a and, if a is positive, then (4.32) reduces to the Newtonian equations 

of motion of such a system in classical mechanics, irrespective of the 

magnitude of the constant a. 

§5.1 The Starting Terms of the Expansions of the Field-Quantities 

2 2 
and the Invariants Rand R +~ R 

'iJ.V 6-

In this section we shall discuss how the starting terms of the 

expansions(4.9) of 
I'iJ.V 

can be obtained. Assuming that a test-particle, 

influenced only by the gravitational field, moves along a geodesic, we 

shall compare the equations of motion of the test-particle in the Newtonian 

theory of gravitation with those in general relativity. Using this procedure 

and applying the EIH-method to the empty field equations of general relativity, 

we shall derive the starting terms of the expansions (4.9) of '~V . 

c 

2 A 
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In the Newtonian theory of gravitation we have for the test-particle 

of mass 6m, influenced only by the gravitational potential ¢( x~) , 

f
1" 

2 2 l 'S'S 
(-6m) D (c - 2~ ~ - ¢)d1" = 0 

1" 1 

(5.1) 

. s s 
where ~ = d~ /d1" are the velocity components of the test-particle, 

o 0 n n 
C1" = ~ = x is the time coordinate, ~ S (1") are the space coordinates 

of the test-particle at time 1" and c is the velocity of light. 

On the other hand the geodesic equations of motion of the test-

particle in general relativity are 

where 

ds 
d1" 

d1" 
o 

and sa have the same meaning as in (5.1) while ~a~ and have the 

(5 .2) 

(5.3) 

meaning as in Section 4.1. We note that are functions of ~ x alone. 

(See Infeld and Plebanski [11 ].) 

Now from (5.3) we obtain 

(5.4) 

Therefore from (5 . 2) we obtain 

o (5.5) 
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Comparing (5.1) with (5.5) and keeping in mind that ¢ and h~v are functions 

of alone, we infer that and h ~m~n ~ A . 
mn 

From this it follows that the h are expandible as 
~V 

hOO 
2 

+ A
3

h A hOO + .. · . · . 
2 3

00 

2 
+ A

3
h h

On A hO + .. · . · . 
2 n 30n 

h Ah + A
2

h + .. · . · . mn 
1

mn 2
mn 

Therefore by (4.5) and (5.6) it follows that the l~v are expandible in 

the following manner: 

A100 
2 

100 + A 100 + 
1 2 

2 3 
10n A 10 + A 10 + .. . . .. 

2 n 3 n 

l mn Almn + A2 + l mn 
1 2 

Now consider the empty field equations of general relativity and apply to 

(5.6) 

( 5.7) 

them the EIH-method of successive approximations, using the expansions (5.7) 

of instead of (4.9). Then we can easily see that the coordinate condi-

tions, the field equations, the surface-integrals and the equations of motion 

at the stage £ = q can, respectively, be written as follows: 

P k k 

lmsl s L: C V 

k=1 
m 

£ £ 
(5 .8) 

10sis - 10010 0 

£+1 £ 1 



k 

YOOl s s 
£ 

YOn I ss 
£+1 

Ymnlss 
£ 

2./1.. 
00 

£ 

2./1.. 
On 

£+1 

2./1.. 
mn 

_1 f 2./1.. 
47T mn 

n 
cos(x ,N)dS 

S £ 

k 
C 

m 

_1 f k 
47T (2./1..0n 

n 
I' I O)cos(x ,N)dS ns s 

S £+1 £ 1 

o 
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(5.9) 

(5.10) 

o 

(5.11) 

At the stage using (5.7) from (4.17) we obtain 2./1.. o . There-
mn 

fore by (5 .10) ~ vanishes identically. Consequently 1 the coordinate 
1
m 

conditions (5.8) and the field equations (5.9), at this stage, become 

Therefore 

I'msls 
1 

I'oolss 
1 

o 

o , 

I'osis - 1'0010 
2 1 1 

I'mn l ss = 0 
1 

YOnl ss 
2 

o 

o 

o 

Next considering the relation (4 . 6) and taking the first approximation we 

(5.12) 

(5.13) 

(5.14) 



obtain 

2h 
00 100 + 

1 1 

Therefore by (5 .6) and (5 . 15), 

'Y 00 0 

1 

From this, (5.12) and (5.13), it follows 

l OS 
2 

Consequently the expansions of the 

2 3 
100 1\ 100 + 1\ 'Y OO 

2 3 

3 
I On 1\ 'Y On 

3 

I mn 
1\2 

I mn 
+ 1\3 

'Ymn 
2 3 

Using (5 .18), from (4.17) we obtain 

o 

+ .. 

+ 1\4 

+ .. 

IU 

that 

are: 

00 00 

I On + .. 
4 

o. 

= 0 . 

00 

k 
Therefore by (5.10) C 

2m 

vanishes identically. Consequently the coordinate conditions ( 5.8) and 

the field equations (5 .9), at this stage, become 

'Yms \ s 0 10S \ S - 100 \ 0 0 

2 3 2 1 

100\SS 
o , 

10n \ ss = 0 

2 3 

I mn\ss 0 

2 
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(5. 15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

(5.20) 



Hence 

o 

Again from the relation (4.6), at this stage we obtain 

By (5.21), therefore 

which is not necessarily equal to zero. Therefore it follows from (5. 19) 

and (5.20) that YOn is also not necessarily equal to zero. Consequently 
3 

the expansions of the are: 

2 3 
YOO 1\ YOO + 1\ YOO 

2 3 

3 
YOn 1\ YOn 

3 

Ymn 
1\3 Ymn 

3 

Using (5.24), from (4.17) we obtain 

+ .. .. . . 

+ 
4 

1\ YOn + .. . . .. 
4 

+ 1\4 Ymn 
+ .. .. . . 

4 

2A = O. Therefore from (5.10) it 
3

mn 
k 

follows that C vanishes identically. Consequently the coordinate condi-

3
m 

tions (5.8) and the field 

Ymsl s 
3 

' OO lss 
3 

o 

equations (5.9), at this stage become: 

o 
' osls - '0010 
431 

o 

' on l ss 
4 

o 
' mn l ss 
3 

o 

c 
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(5.21) 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 



It follows that 

a 

Consequently the I~V can be expanded in the following manner: 

2 3 
l oa A l Oa + A l Oa + ......... . 

2 3 

3 4 
A I an + A I an + .. .. .. 

3 4 

A4<y + A5<y + .... 
I mn Imn 
4 5 

Using (5.28), from (4.17) we note that 

2A F a 
mn 

4 

Consequently the field equations (5.9) imply 

I mn l ss 
4 

2A F a 
mn 

4 

and therefore we cannot conclude that I vani shes. Consequentl y t he 
4

mn 

required result follows. 
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(5.27) 

( 5.28) 

( 5.29) 

( 5.30) 

Now, we shall discuss how the starting terms of the expansions ( 4.13) 
-the It~f/- p .... t- 0(.. Ik.,.s 

of r~v can be obtained. Following the procedure of §ection ~, first we 

find that r~v 
should be expanded in the manner indicated in (5.7). Now 

consider the empty field equations for this case and apply to them the EIH-

method, using the expansions (5.7) of I~V instead of (4.13). Then we can 

easily see that the coordinate conditions, the field equations, the surface 
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integrals and the equations of motion, at the stage £ q , can respectively 

be written as follows : 

P k k 

' ns l s 
L C V 

k=l 
n 

£ £ ( 5.31) 

' os ls - ' 00 10 
0 

£ +1 £ 1 

' oolss 2.1100 

£ £ 

' Onlss 2DOn (5.32) 

£+1 £+1 

' mnl ss 
2.11 

mn 
£ £ 

k k _1 f 2.11 n 
cos (x ,N) dS C 

41T mn m 
S £ £ (5 .33) 

_1 fk n 
(2.11 - , I O)cos(x ,N)dS 0 

41T On ns s 
S £+1 £ 1 

q 
A£ 

k 
L c CT) 0 (5.34) 

£ =1 
m 

£ 

Besides these equations it is assumed that at every stage the equation (4 .15) 

is also satisfied. 

Now using (4.4) and (4.6) we obtain 

h~\'OO 
hOO 0 h~',Om 

hOm 0 h*mn -h F 0 mn 
1 1 

h ~'(OO 
-hOO F 0 , h~"'Om 

hOm F 0 h*mn F 0 h F 0 mn 
(5 .35) 

2 2 2 2 2 2 
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h ~'( OO 
-hOO F 0 h~\-Om F 0 hOm F 0 

3 3 3 3 

hOO ~(/OO + l.e.e ) hOm 10m 
1 1 1 1 1 (5.36) 

h I mn + ~Dmn( /OO IU ) mn 
1 1 

By (5.6) and (5.35) it follows that hi(fJ. V are expandible as 

h~"' OO A 2h~"'OO + A3h~'(00 + .. .. .. 

2 3 

A 2h~'(Om + A3h~\-Om + (5.37) 

2 3 

h,\-mn >' h~'(mn + >. 2h
i(mn /\ /\ + .. . . .. 

2 

At the stage .e = 1, because of (4.16), (4 .17), (4 .18) and (4 .19), by 

using (5.6), (5 .7) and (5.37) we obtain 

2A 0 
mn 

2@ 
mn 

o (5.38) 

1 

k 
Therefore by (5 .33) it follows that C vanishes identically . Consequently 

1
m 

the coordinate conditions (5.31) become 

o l os l s - 10010 
211 

o 

Further from (4 .18), because of (4.16), (4.17), (4.19), (5.6), (5.7) and 

(5 .37), we obtain 

(5.39) 



o 2 CH6m 0 

2@6m 0 

2 

Thus the field equations (5.32) become 

)'OOlss 
1 

o 

From (5.39) and (5.41), we obtain 

Now because of (5 . 36) and (5 . 42) 

Therefore by (5 . 6) 

and hence by (5.39) and (5 . 41), 

o 

)'Om = 0 
2 

o 

o 

2~n 0 

)' On Iss 
2 

o 

Consequently the )'~v should be expanded in the following manner: 

2 3 
)'00 7\ )'00 + 7\ )'00 + .. . . .. 

2 3 

3 4 
)'Om A )'Om + 7\ )'Om + .. . . . . 

3 4 

)'mn 
7\2 

' mn 
+ 7\3 

' mn + .. .. 
2 3 
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(5.40) 

(5.41) 

(5.42) 

(5.43) 

(5.44) 

(5.45) 

(5.46 ) 



Now because of (5.46), at the stage £ 2 , (4 . 17) implies 

2J1.. 0 
mn 

2 

and since R o , (4.18) implies 
1 

2 2} 
2~m -.1.0 R a o R R 

3 mn 3 mn lu + 3 Imn 
2 2 2 2 

which, due to (4.15), reduces to 

2} 
R 

3 Imn 
2 

where 

R 1 (h h ) 
2 

2 ££ 00 Iss 
2 2 

1 
2 ( "100 Yu ) Iss 

2 2 

We note that in general R does not vanish and hence in general 
2 

does not vanish. Now the field equations (5.32) become 

YoO l ss 
£ R 
3 

2 2 

2a
2 

R
IOn YOnl ss 3 

3 2 1 

_£0 R + 
2a

2 
R 

Ymn l ss 3 mn 3 Imn 
2 2 2 

2@ 
mn 

2 

Since R 
2 

does not vanish, from (5.50) we cannot infer that "100 ' YOn or 

Therefore we should start the expansions2 of 3 ~ should vanish. 
I ~v 

in the manner indicated in (5.46). 
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(5.47) 

(5.48) 

(5.49) 

(5.50) 



CHAPTER III 

SPACti 
LINEARIZED EMPTY~ FIELD EQUATIONS AND THE INVARIANT 

§6 . l The Static, Spherically Symmetric Solution in Rectangular 

Harmonic Coordinates 

In this chapter we shall consider the field of a sss-particle 

in its surrounding region, using the theory based upon the invariant 
2 

R + ~ R2, a
2 

being constant. Because the field of such particle in 

the region around it can be described by the empty field equations, we 

shall here be concerned with only such equations . Moreover, since the 

exact empty field equations are mathematically too complicated to be 

solved, we shal l suppose that the field of the particle is weak so that 

one can ignore the products, squares and higher powers of the field-quan-

tities and consequently linearize the field equations. 

Because the case of a static partic l e is a special case of the 

slowly moving particle, it follows that the procedure of Chapter II 

can be applied to linearize the field equations. Thus in the notation 

of Chapter II, the linear approximation means omitting the terms of order 

It(= 2 
higher than that of ~ llc ) , from the field variables . Because of this, 

we put 

where 

over, 

'00 
2 

o 

'00 and ' mn are functions of the space coordinates only. More­

it follows 2 that the empty field equations, the contracted field 

equations and the harmonic coordinate conditions respectively, after 

linearization, become 

57. 

(6. 1) 

/ 



where 

I'o o lss 
2 

I'mnlss 
2 

2 
a 

R + 1.3R 
3 Iss 

2 2 

2 
-1.0 R a 

3 mn 3 
2 

2 
a RI -ss 

2 

I'mnln 
2 

R 1 (h 
2 

2" f,f, 

2 

1 
2" (1'00 

2 

2a
2 

o R + R 
mn Iss 3 Imn 

2 2 

R = 0 

2 

0 

hOO ) Iss 
2 

)' U ) Iss 
2 

Using the symbol 6 to denote the operator "Iss" and putting 

(hOO - hp,p, ) = hand 

222 

(1'00 - I'p,p,) = I' we can write the equations (6 . 2) 

2 2 2 
to (6.5) in the following form : 

2 

61'00 ~6R 0 
3 

2 2 

6)' + 
2a

2 
6R 

2} 
R 0 0 sn 3 sn 3 I sn 

2 2 2 

2 
a6R R 0 

2 2 

I' snln 
0 

2 

R ~I' -~6h 
2 2 2 
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(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6 . 6) 

(6.7) 

(6.8) 

(6.9) 
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Therefore, to obtain the solution of the linearized empty field equations, 

we should solve the equations (6.6) subject to the conditions (6.7), (6.8) 

and (6.9). However, we shall be interested only in the spherically symmetric 

and asymptotically flat solution of these equations. Because of spherical 

symmetry 6 reduces to 

+ 
2 
r 

where 
2122232 

r = (x) + (x) + (x) . The required type of solution of the 

equation (6.7) is immediately seen to be 

R 
2 

-ria 
A • ..::e~_ 

r 

where A is a constant of integration . Then solving the first equation 

in (6.6), we obtain 

2} 
R +~ 

' 00 3 
2 

r 
2 

where B is a constant of integration. Solving the second equation in 

(6.6) we obtain 

2} 2a 
4 0, 

+ ~ sn ( ~ )1 sn - 5 R + R + 
sn 

' sn sn 3 2 
3 1 sn r 

2 2 

where 0, 
sn 

0, 
ns 

and are constants of integration and the 

h~p~t:4./~1i. 
summation over ~ indices has been dropped. 

Now because of the coordinate conditions (6.8), (6.12) gives 

2a2 3 
3 Rls+ L. 

2 n=l 

2a4 3 
3 R 1snn + L. 

n=l 
2 

( o,:n )1 n + ~ 
n=l 

o 

(6. 10) 

(6.11) 

(6.12) 

(6.13) 



where there is no sum on s By (6.7), (6.13) reduces to 

3 

( ":n )In + 
3 

~sn (;)1 Z Z 0 
n=l n=1 snn 

where there is no sum on s Writing explicitly, (6.14) gives 

s 1 + s + s3 + 13 1 + 13 1 + (a) ((12) ((1) () ( ) 
r 11 r 12 r 13 s 1 r 1 s 11 s2 r 1 s22 

where there is no sum on s. 

(6.15) requires 

Therefore (6.12) now becomes 

- 5 
sn 

2a2 

3 R + 
2 

o 

say 

where the s ummation over s has been dropped. 

+ 13 ( 1) 
s3 r 1 s33 

o 

Since we require that y~v be symmetric in ~ and v , from 

(6.17) it follows that 

c say 

Therefore (6.17) reduces to 
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(6.14) 

( 6. 15) 

(6.16) 

(6.17) 

(6 . 18) 



Now putting 

we write the 

In terms of 

- B sn 
2a

2 

3 R + 
2 

B = -4m and 

R +c(l) 
2 1sn r Isn 

2m 
r 

where 

solution of the equations (6.6) as follows: 

2<p + 2} 
R 0 YOO 3 YOn 

2 
2 2 

2a
2 

R + 2a 4 
R + C ( 1 ) Ysn -B . 

3 3 Isn sn 2 r I sn 
2 2 

-r/ a 2m e 
~Y R <p 

2 rOr 2 r 

h the solution (6.20) becomes 
f.lV 

2 

2 

hOO <p - a R h
On 

0 
3 2 

2 2 

2 4 
h B <p + B 

a R + 2a R +c(~) sn sn sn 3 2 3 I sn Isn 2 2 

- r/ a 2m 
R e 

-~ <p 
2 rOr 2 r 

Now consider a coordinate transformation of the type 
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(6. 19) 

and m are constants, 

(6.20) 

(6.21) 

(6.22) 

which changes the coordinate values only by amounts which are proportional 

to the parameter 
2 

E = l /c . The inverse transformations are 

(6.23) 



up to quantities of first order in E . 

The components of the metric-tensor g~v transform according to 

the law 

up to first order quantities. The transformation law for the quantities 

h is therefore 
f.l v 

2 

Consequently the transformation law for the quantities !~v 

2 

a P 
n V • + n v • 
" a~ , V~( " f.l V , P~' 

is 

Now by carrying out the coordinate transformation ( 6.22 ) and consequent l y 

62. 

(6. 24) 

(6 . 25) 

(6.26) 

using the transformations (6.25) and (6 . 26), we can annihilate the cons t ant 

C from the solutions (6.20) and (6.21), if we choose the f unctions 
a 

v as 

follows: 

(6.27) 

(see Bergmann [2]) . Therefore the solution of t he field eq uations finall y 

reduces to 



2 2 

' 00 
2 <1> +~ R 

' On 3 2 
2 2 

- 5 
2a

2 
R + 

2a4 
R 

'sn sn 3 2 3 
2 2 

-r/ a 
R 

e 
~, <I> 

2 rOr 2 

In terms of h ,the solution (6 .28) becomes 
iJ.v 

2 

2 

hOO 
a 

R h
On <I> -

3 
2 

2 2 

0 

Isn 

0 

2 2a 4 
a 

R + R h 

2 

R 
2 

5 sn <I> + sn 

- r/ a 
e 

5 -
sn 3 2 3 

2 

1 
-~ 

2 

2m 
r 

Isn 

2m 
r 

63. 

(6.28) 

(6.29) 

The solution given by (6.28) or (6.29) is precisely what is used by Gregory 

in his work on the problem of motion. (See Gr egory [10].) 

We note that the coordinate conditions (6.8) are still satisfied 

by the solution (6.28). However, in what follows we shall use the solution 

of the field equations given by either (6.20) or (6.2 1) and transform into 

different coordinate systems. 

§7.1 The Solution of Section 6.1 and Coordinate Transformations 

Considering the 

equations, we write them 

h 
iJ.v 

given by the sol ut ion (6.2 1) of the field 

2 
explicitly as follows: 
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h 
sn 

2 

where m, 

2m 
r 

a sn 

and 

2 -r/ a 
a e 

2m 
r 

+ a 
sn 

h = 0 
On 

2 

2 -r/ a 
a e + 

c are three different constants 
2 

+ c 

of integration. 
2 

(7.1) 

Now 

a C = _ 2a M 
3 

if we put -2f* = h ,2m = M , 
fJ..V fJ..V 

= M and in (7.1), we 

obtain 

-2f* sn 

2 

M 

r 

-a sn 
M 
r 

where M is a constant. 

-r/ a Me 
3r 

+ a sn 

-2f* On 

-r/ a Me 
3r + 

o 

(7.2) 

( 
-ria Me 
r 

We note that the solution (7.2) is precisely the solution obtained 

by Pechlaner and Sexl using the field equations with the source term which 

is expressed in terms of the a-function. (See Pechlaner and Sexl [13].) 

But if we put 2m M, 
2 

a 
and C 

2a
2 

W' in (7. 1) 
3 

then 

we obtain 

hOO 
M M' ~r/ a 

h 0 
r 3r On 

2 2 

M M' e -r/ a 2} ( M' e -r/ a 
M" ) h - a + a + sn sn r sn 3r 3 r r I sn 

2 

(7. 3) 

The solutions (7.1), (7.2) and (7.3) are expressed in rectangular harmonic 

coordinates . Now we define coordinates obtained from rectangular harmonic 

coordinates by making the following standard coordinate transformation 
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0 
x t 

1 sin e <jl x = r cos 

2 
sin sin x = r e <jl 

(7.4) 

3 
x r cos e 

as harmonic polar coordinates. We shall transform the solutions (7.2) and 

(7.3) to harmonic polar coordinates by making the transformation (7.4). 

Carrying out this transformation, the line-elements corresponding to the 

solutions (7.2) and (7.3) take, respectively, the following diagonal forms: 

ds
2 (1 - M Me-rIa) 2 

dt -
r 3r 

[1 M 4a
2

M -rl a ( M + 4aM 4;:~ ) ] d/ + + 
3r

3 
e -

3r
2 + r r 

- [1 + 
M 2a

2
M _ e- r/a ( .li- 2aM 2;:~ ) ] /dQ2 (7 .5) 

r 
3r

3 3r 3r
2 

and 

ds
2 (1 - M we-rIa) 2 

3r 
dt -

r 

[1 4a
2

M" 
2 

M -ria ( M' 4aM' 4;r~ ' ) ] 
2 

+ + 
3r

3 
e - + 

3/ 
+ dr 

r r 

-[1 + 
2 

_ e-r/a(kt 2aM' 2 
) J /d.\l 

M 2a M" 2a M' 
(7.6) 

3r
3 2 3 r 3r 3r 3r 

where 

dn
2 

di 
2 d<jl 2 + sin e 

Thus the solution of the field equations (6.6) is presented in the diagonal 

form in harmonic polar coordinates. The line-e lement (7.5) is precisely the 
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same as that obtained by Pechlaner and Sex l (see Pechlaner and Sexl [13]). 

Now we shall transform the line-elements (7.5) and (7.6) into 

isotropic polar coordinates by making the following coordinate transformations: 

r [ 1 -
2 

-ria ( aM ;)) J r 
a M + + 
3r

3 
e --

3r
2 

(7.7) 

e e <P <P t t 

- r [ 1 -
a

2
M" 

+ -r/a( aM' 
+ ;» ] r 

3r
3 

e --
3/ 

(7.8) 

e e <P <P t t 

where (r,e,<p,t) are isotropic polar coordinates and (r, e , <p ,t) are 

harmonic polar coordinates. 

The line-e lements (7.5) and (7.6) respectively take the following 

diagonal forms when we carry out the transformations (7.7) and (7.8): 

2 (1 - M 
ds 

r 
Me-ria) 2 

3f dt-
-ria) Me (d-2 _2 n2 ) 
3f r + r dOt (7.9) 

and 

2 (1 - M 
ds 

r 
Mle- r/a ) 2 

3f dt-

To verify the validity of the above results, for example (7.10), apply the 

transformation (7.8). Then because of (7.8), 



and 

-r/ a 
e 

1 I 1 + 
r L 

2 
aM" +--
3r

3 

2 
aM" 

3r
3 

+ 

_ e -r / a ( aM~ 
3r 

aM" 
2 

3r 

-r/ a 
e (

!t 
3r 

2 
a M' 

3r
3 ) J 

up to first order terms in M, M' and Mil. Therefore it follows from 

(7.11) and (7.12) that up to first order in M, M' and W' 

M -
r 

M 

r 

M'e- r / a 

3r 

Next because of (7.8), up to first order in M, M' and W' 

and 

+ -r/ a ( 2aM ' e --
3r

2 

-r/a(ZM' e --
3r + 

4aM ' 

3r
Z 

+ 
Z 

Za M' 

3r3 ) J 

+ 
Z 

4a M' 

3r
3 

Substituting in (7.10) from (7 .13) , (7.14) and (7.15), we obtain up to 

first order in M, M' and W' 

ds
Z 

= (1 -
M we-ria) Z 

3r 
dt -

r 

[ M 4a
2

M" e-r/ a ( ~' + 1 + + 
3r

3 r 

-r/a(M' e -
3r 

4aM ' 
Z 

3r 

ZaM ' 
2 

3r 

+ 4:> ) J 
2 

Za M' 

3r
3 

Z 
dr -

67. 

(7.11) 

(7.1Z) 

(7.13) 

(7.14) 

(7.15) 

(7.16) 
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which is precisely the same as the line- element (7.6) in harmonic polar 

coordinates and hence the necessary result follows. 

§8.1 The Static, Spherically Symmetric Solution in Isotropic Polar 

Coordinates 

In the previous sections we have considered the field of a sss-

particle using linearized empty field equations derived from the invariant 

a
2 

2 R +E; R , in rectangular harmonic coordinates and then we have transformed 

the solution to harmonic polar coordinates as well as to isotropic polar 

coordinates. But since the field of the particle is supposed to be sss, 

we can directly consider the problem in isotropic polar coordinates expect-

ing that the form of the line-element corresponding to the solution to be 

obtained, should be sss, that is 

(8. 1 ) 

where V Vcr) and ~ 

According to this point of view, in this section we shall lineari z e 

the empty field equations in isotropic polar coordinates, solve them and show 

that the solution is precisely the same as that obtained in Section 7.1. 

The exact field equations are as follows: 

(R - .lRg ) + 
I-lV 2 ~V 

o (8.2) 

where the covariant and contravariant components of the metric-tensor, 

respectively, are as follows : 



V _ef.l. -2 f.l. 
goo e gll g22 -r e g33 

00 - 1 , , - , 22 
g ( gOO) g (g'l) g ( g22) 

Therefore to linearize the field equations we put 

V 
e , + EV 

where E is a small parameter. 

ef.l. , + Ef.l. 
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_2 2 f.l. 
-r sin e e , 

(8.3) 

-, 33 -1 
g ( g33) 

(8.4) 

Using (8.3) and (8.4) we see that the field equations (8.2) reduce 

to the following linearized form: 

2 
2~' ) R 0 1 

; (R" + 0 
0 - 2R + 

2 

R ' 
1 2a R' 0 (8.5) , - 2R + 3f 

2 
2 

(R" ~' ) 1 a 0 R2 - 2R + 3 + 

Hereinafter the overhead prime denotes differentiation with respect to r 

and 

R 0 
0 ( ~" + ~' ) 

R ' ( ~" + v" + ~' ) , 2 

(8.6) 

2 (f 1L y) 
R2 + 2f + 2r 

R - (2f.l." + v" + ~ + 2~' ) 
f 



The linearized field equations (8 . 5) are equivalent to the following three 

equations: 

R 0 l.R 1 2 1 0 ( i) - R +-R 
0 2 1 2 4 

2 
R 1 ~R + 

2a R' 
0 ( 11) 

1 3'f 

2 
(RII 2~' ) ( iii) R - a + 0 

In what follows we sha l l solve the equations (8.7) . Considering the equa-

tion (iii) in (8 . 1), we obtain 

+ T dR 
r dr 

R 
2 

a 
o 

70. 

(8.7) 

(8.8) 

As we are interested only in the asymptotically flat solutions of the equations 

(8.1), the solution of (8.8) is 

R 
-r/ a 

A -=e,--_ (8.9) 
r 

where A is a constant of integration. 

Next considering the equation (i) of (8 . 7), we obtain 

fl" - V" + ~ 
r 

2v' o (8. 10) 
r 

The asymptotically flat solution of this equation is 

B (8.11) fl - V -
r 

where B is a constant of integration. 



Finally considering the equation (ii) of (8. 7), we obtain 

(IJ. ' + V i) - 2~2 (2UII + V" + 4i' 
, 

+ 2~') o 

Eliminating u from (8.12) with the help of (8.11), we obtain 

I 

2a V" + 2 ( 2V
r

' ) 

The asymptotically flat solution of this equation is 

V 
B 

2r + 
-ria C e 

where C is a constant of integration. 

Si nce we require 

R 

it follows that 

C 
2 

2-A 
3 

2V' 
r 

o 

Therefore the solution of the field equations (8 . 7) is as follows : 

V 

B 
2'(-

B 

2r 

-rl a 
R A • ..::e=--_ 

r 

2A -ria a e 
3r 
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(8.12) 

(8.13) 

(8 . 14) 

(8. 15) 

(8.16) 

(8 .1 7) 



The corresponding linearized line-element is 

where 

Now putting 

B 
2r 

B 

2 

(8.18) we obtain 

2 
C1 

M 
ds - r 

M 

2 -ria) C a \~ dt
2 

_ 1 + B 

2r 

2 2. 2 
de + sin e d<jl 

and 
2 

a A == MI where M and 

the line-element 

Mle- r/a 
) dt

2 
_ C 1 + 

M 
-::-

3f r 

72. 

(8.18) 

MI are constants, from 

Mle- r/a 
) -2 -2 2 (dr + r dD ) (8. 19) 

3r 

which is precisely the same as the line-element obtained in Section 7.1, by 

successive coordinate transformations of the corresponding line-element in 

rectangular harmonic coordinates. 
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CHAPTER IV 

LINEARIZED NON- EMPTY FIELD EQUATIONS AND T{E INVARIANT 
} 2 

R +- R 
6 

§9.l The Field Equations in Rectangular Harmonic Coor d inates 

In this chapter we shall consider the non- empty fie l d equations 

a
2 2 

of a theory based upon the invariant R +-6 R , in the case of a sss 

perfect fluid distribution. Because the exact field equations are too 

comp l icated to be solved we shall consider only the linea rized equations, 

and discuss the meaning of linearization. First, the problem will be 

discussed in rectangular harmonic coordinates and then in isotropic polar 

coordinates, 

Since we shall be dealing with the static field, we expect that 

the line- element to be obtained will be time-symmetric. Therefore because 

o x is the time coordinate, ~he line- element wil l be of the form 

(9. 1) 

In order to carry out the linearization of the problem, as it is suggested 

from Chapters II and III, we should pu~ 

where E is a small parameter equal to l/c
2 

c being the ve l ocity of 

light. Hereinafter we shall omit the suffix 2 written below the fie l d-

2 
quantities to denote their linearity in the parameter llc . 

(9.2) 



where X. 

The exact non-empty field equations are as follows : 

2 
a 
3 

i s the coupling constant and T 
J-Lv 

2 
-*-g R) 
4 J-LV - XT 

J-LV 

is the stress-energy tensor. 

In the case of a perfect fluid distribution, the contravariant components 

TJ-LV are as follows : 

~ V 
v v 

...Q... J-LV 
2 g 

c 

where p and p respectively are the proper density and pressure and 

the four-vector v~ is to be interpreted as follows : The element of 

matter the point xJ-L of the space-time has the motion 
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(9.3) 

(9.4) 

xl-l(s) 

which occupies 

dxJ-L 
such that 

ds 
= vl-l. By virtue of the discussion made in Chapters II 

and III, we can show that if we linearize the non-empty field equa t ions (9.3), 

using (9.2), then we obtain the following linearized non-empty field equations: 

2 
6h

OO 
- ~ + 

a 6.6h 2(X TOO) ;£ 3 

2 2 
6h + -*-5 6h 

a 
5 6.6 h + ~6h 2(X T ) ;£ 

2 sn 3 3 I sn sn sn sn 

where h = hOO - h££ and suffix ;£ denotes a linearized quantity . 

Hereinafter we regard the constant 

2 
parameter E = llc . 

a 
2 to be of order zero in the 

(9.5) 

The contracted field equations following from (9.5) are as follows: 

2 
a 6 .6h - 6h (9.6) 
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The linearized harmonic coordinate conditions become 

h + .lh ° ( 7) snln 2 Is 9. 

Now consider the stress- energy tensor for a perfec t fluid distribution 

given by 

T 
fJ. V 

v v 
~ \I 

1:.. 
2 g~v 

c 

Since we are dealing with the static case, the matter is at rest with 

respect to the coordinate s ystem in us e . Therefore 

° (v ,0,0,0) v~ p 

Because 

g vfJ.v
V 

~v 

to first order in E , we obtain 

° 1 
(v ) ;£ 1 - 2E hOO 

(vO) ;£ 1 + ~EhOO 

i 
p (x ) 

v 
~ 

g v~ 
J-.LV 

s 
(v ) ;£ 

(v) ;£ 

p 

° 

° 
Moreover in the ordinary physical conditions of the fluid, we regard p 

and p as being of order zero in the parameter E . 
2 

Therefore pc is 

of order -1 and p is of order zero. Consequently under these condi-

(9.8) 

(9.9) 

( 9.10) 

tions 
2 

pc is much larger than 
2 

P , that is, pc is not comparable with 

p. Thus we obtain 



P E 

l 
2 

c 

Now let us further assume that 

x 

E 

81TG 
2 

c 

o 

E 

where G is the Newtonian constant of gravitation. 
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(9.11) 

(9.12) 

Therefore, from (9.8), ( 9 . 10), (9 . 11) and (9.12), it follows that 

81TG 
2 P 

c 

Therefore 

81TG 
2 P 

c 

Substituting in (9.5) and (9.6), from ( 9.13) and (9.14), we obtain 

6 h 
sn 

2 
611

00 
- ~h + 

a 
'"3 6 . 611 

2 

+ 1.5 6h a 
5 6 .6 h + 

2 sn 3 sn 

2 
a 6. D.h - 6h 

161TG 
2 

c 

161TG 
2 

p ( i) 
c 

2 
i!.....6h 

3 I sn 
0 ( ii) 

p 

The equations (9.15) and (9.16) can be written in the following form: 

(9 . 13) 

(9.14) 

( 9 . 1 5) 

(9.16) 



-

2 
~h 

a +-
sn 6 

2 
81fG 

~hOO -
a 6 ~.~h 2 

P 

c 

2 
5 ~.~h + ~ ~h = 

3 I sn 
81fG 
- 5 p 2 sn sn 

2 a ~ . .0.h - .0.h 
161fG 

2 p 
c 

c 

We note that when the terms with the constant factors 
2 

a 

(i) 

(ii) 

in equations 

(9.17) and (9.18) are omitted, we obtain the linearized non-empty field 

equations of general relativity, that is 

.0.h
OO 

81fG 
(i) 2 p 

c 

~h 
81TG 

5 ( ii) 
2 P sn sn 

c 

& 
161fG 

2 
p 

c 

If we put 

hOO hll h22 h33 -2V/c 
2 

h12 h13 h23 0 

then (9.19) and (9.20) reduce to a single equation 

.0.V -41fGp 

which is the well-known Poisson equation of the Newtonian theory of 

gravitation, V being the scalar potential. 

77. 

(9.17) 

(9.18) 

(9.19) 

(9.20) 

(9.21) 

(9.22) 



In equations (9.17) and (9.18), p is a function of the space 

coordinates . However we do not have an equation for p which is also a 

function of the space coordinates. As we have assumed p to be of order 

zero in the parameter E , to first order of approximation p does not 

vanish. However it has disappeared from the linearized field equations. 

To determine the pressure to zeroth order we shall linearize the conser-

vation equations: 

Because 

T V 
~ 

T V 
1-1 ;V 

by earlier discussion it follows that 

o 

V 
v v 
~ 

p V 
-6 

2 1-1 
c 

(T 0) 0 1 2 3 p ~ E (T 1 );£ (T2 );f- (T3 );£ o ;£ 

(T s) o ;£ 
(T 0) 

s ;f-
0 

(T n) 
s ;£ 

0 if s 1= n 

Now writing the equations (9.23) explicitly, 

T V r a, T V V T a, 0 + rva, o ,V o V a, 0 

T V r a, T V + rV T a, 0 
1 ,V 1 V a, Va, 1 

T V 
2 ,V 

r a, T V 
2 V a, 

+ rV T a, 0 
Va, 2 

T V r a, T V + rV T a, 0 
3 ,V 3 V a, Va, 3 

L 
2 
~ E 

c 

Linearizing the equations (9.26), in the static case we obtain 
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(9.23) 

(9.24) 

(9.25) 

( 9.26) 



o 0 (f v ) T 0 
-(fo o);?o + 0 

V 0 ;[ 0 

, 
(f 0 ) T 0 

(T, , ,) ;[ - 0 , 0 ;[ 0 

2 o 0 
(T2 2);[ - (f20);[TO 0 , 

3 (f 0 ) T 0 
(T3 ,3) ;[ 3 0 ;[ 0 

0 

where TO", 0 
0 

E 

Since in the static case 

the equations (9.27) 

where 

s 
(fs 0) ;[ 

0 
(f s 0) ;[ 

reduce to 

, 
(T, , ,) ;[ 

2 
(T2 2);[ , 

3 
(T3 ,3) ;[ -

and T 0 
o 

2p 
, s 

'" E 

0 

~(hOO) s , 

1 0 
2(hOO ) , , TO 0 

1 0 
2(hOO ) ,2TO 0 

1 0 
2(hOO) ,3TO 0 

o These equations are equiv alent to 

o 

where both of the terms on the left hand side are of order zero in the 
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(9.27) 

(9.28) 

(9.29) 

( 9.30) 

2 
parameter E = ,/c . The equation (9.30) determines the pressure to zeroth 

order. 



In order to obtain the exterior and interior solutions of a 

sphere with a sss, perfect fluid distribution, we should integrate 

the equations (9.17) within and without the sphere, choosing the proper 

boundary conditions. Outside the sphere, since p = 0 , the equations to 

be satisfied are linearized empty field equations corresponding to the 

sss field as considered in Chapter III. Inside the sphere 
i 

P = p(x ) 

and putting p = constant we can simplify the field equations (9.17) and 

try to solve them. But before doing this, we shall consider the problem 

80. 

in isotropic polar coordinates (r, e , ~ ,t) , instead of rectangular harmonic 

coordinates xi . The problem is considerably more simple in isotropic 

polar coordinates. 

§10 . 1 The Field Equations in Isotropic Polar Coordinates, the 

Interior and Exterior Solutions and the Boundary Conditions 

In this section we shall consider the problem discussed in 

Section 9.1 using isotropic polar coordinates instead of rectangular 

harmonic coordinates. Since the fluid distribution considered is sss, 

the line-element to be obtained will be of the form: 

v 2 ~ _2 _2 2 -2. 2 2 
e dt - e (dr + r de + r S1U e d ~ ) (10.1) 

where V vCr) and ~ 

Using the line-element (10 . 1) and the procedure described in 

Chapter III, we linearize the non-empty field equations. Thus we obtain 



(R 1 - ~R) + 
1 

2 
2a R' 

3'[-

where the overhead prime denotes differentiation with respect to 

the suffix denotes the linear part in the parameter E = 

81. 

(10.2) 

-r and 

More-

o R 1 2 over the linearized quantities R R o ' 1 ' 2 
and R are described as 

follows : 

R 0 
o 

R 1 
1 

R 

( ~' + ~') 

(fl" + 
v" f) 2 + 

(10.3) 

(~ + ~ + ~~ ) 2'[-

- (2 fl" + v" + ~ 2v' ) + ---
r r 

2 
Now putting X = 8~G/c and noting that the fluid distribution considered 

is static and perfect, we can apply the procedure of Section 9.1 to linearize 

h . (T v) t e expreSSLon X fl Then equations (10 . 2) become 

2 
2~' ) (R 0 1 + ~ (R" + 

8~Gp 

0 
- "2R) 2 

c 

2 
(R 1 - ~R) + 

2a R' 
0 (10 .4) 

1 3? 

(R 2 1 a
3

2 
(R" + ~' ) 0 

2 - "2R) + 



= 

Contracting the field equations (10.4), we obtain 

81TG 
2 P 

c 

From (10 . 4) and (10 . 5) we can obtain the following three equations which 

are equivalent to the field equations (10.4) : 

-2R 0 
2 

+ ~6R 0 3 

2 
R 0 1 ~6R "2R - 0 3 

R 1 - ~R + 
1 

2 
2a R' 
3r 

81TG 
2 

c 

81TG 
2 

c 

p 

P 

o 

82. 

( 10.5) 

(10.6) 

We note that when the terms with the constant factor 
2 

a from (10.6) are 

omitted, we obtain the linearized non-empty field equations of general 

re lativity, that i s , 

-2R 0 871G 

0 2 P 
c 

~R - R 0 81TG 
0 2 P 

c 

R 1 - ~R 0 
1 

Writing (10 .7 ) explicitly in terms of ~ and V we obtain 

Jbrg 
2 P 

c 

(10. 7) 



If we put 

v 

87TG 
2 p 

c 

I-l' + v' = 0 

2V 
2 

c 

then ( 10 . 8) reduces to a single equation 

b.V -47TGp 

83. 

(10.8) 

(10.9) 

(10.10) 

which is the well-known Poisson-equation of the Newtonian theory of gravi-

tation, V being the scalar potential . Now we write the equations (10.6) 

exp l icitly in terms of I-l and V. They become 

2 87TG a 
b.V - ""3 b..b.(21-l+v) 2 

p 
c 

2 
87TG 

b.1-l -
a 

b..b.(21-l+v) (10.11) 
3 2 p 

c 

(I-l+V) , 
2a

2 
[b.( 21-l+v) ] , 0 - 3 

In (10.11) p but not p appears, both of them being functions of only 

r 0 As we have assumed p to be of order zero, to the first order of 

approximation considered in the present discussion it does not vanish. 

To determine p to zeroth order we shall linearize the conservation 

equations: 

T V o (10.12) 
I-l ; V 

Using the procedure of Section 9.1 we can show that in the sss case of 



- = 

a perfect fluid distribution considered here (10.12), when lineari zed, 

reduces to the following single equa t ion: 

where (T 1) I 

1 ;£ 
L 

2 
c 

(T 1) I 

1 ;£ 

T 0 
o 

V i T 0 
2 0 

o 
p ~ E 

o 

and Vi ~ E • 

Equation (10.13), when written explicitly in terms of p and 

p , becomes 

2 
2pl + v lpl: o 

where pi and p are of order z er o in E • 

The above consideration c learly shows that though T 1 
1 ' 

and T 3 
3 

do not appear in the lineariz ed fi e ld equations, it does no t 

mean that they vanish in the first approximation. In fact the dominant 

3 2 
T = - pi c 

3 
T 1 = T 2 

1 2 
E as assumed are of order one in parts of 

at the beginning of this chapter . 

To obtain the exterior and interior solutions of a sphere with 

a sss perfect fluid distribution, we should integrate the equations 

(10.11) with p F 0 and p = 0 respec tively under the restriction of 

suitable boundary conditions. Out s ide the sphere, since p = 0, the 

equations to be satisfied are lineariz ed empty field equations. Inside 

the sphere p = per) and putting p = constant we simplify the field 

equations (10.11) and write them as follows: 

84. 

(10.13 ) 

(10.1 4) 





where and are arbitrary constants . 

In the region outside the sphere the field equations to be 

satisfied are the linearized empty field equations and consequently, as 

follows from Section 8.1 of Chapter III, the asymptotically flat solution 

of the field equations in this region is: 

V 
e 

-ria e 

-ria 
e 

+ 
r 

~2 
r 

where ~ 1 and ~2 are arbitrary constants and the suffix e denotes 

the exterior solution. We write the interior solution (10.18) and the 

exterior solution (10 .19) as 

A - 2 
I-l i 6 

(r) + a1w + a
2 

A _ 2 
v. 6 

(r) + a
1
w + a

3 ~ 

~2 
~ lu + I-l -e r 

~2 
V ~ u - r e 1 

where a
1 

' a
2 

' a
3 
'~1 and ~2 are arbitrary constants and 

u = 

w = 

-ria e 
CT:I a) 

sinhCT:I a) 
(rl a) 

86. 

(10.19) 

(10.20) 

(10.21) 

(1 0.22) 
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Now we wish to join the interior solution (10 . 20) to the exterior solution 

(10 . 21) by choosing suitable boundary conditions. Since the differential 

equations involved in the problem are fourth-order linear differential 

equations, one might expect to impose boundary conditions that the functions 

~ and V and their derivatives up to third order be continuous across the 

boundary. However by choosing -r = b = constant as the boundary of the 

sphere and by using (10.20) and (10.21), one can easily show the imposs-

ibility of satisfying such boundary conditions, at least in the present 

coordinate system. However, if we impose boundary conditions that the 

functions ~ and V and their first derivatives as well as R and its 

first derivative are continuous across the boundary of the sphere, then it 

follows that such boundary conditions can be satisfied, and all the five 

constants appearing in the solutions (10 .20) and (10 . 21) can be determined. 

This will be shown as follows: Using (10 . 20) and (10.21) and imposing the 

continuity of ~, V and their first derivatives across the boundary of 

the sphere -r = b , 

V. 
~ 

we obtain 

A - 2 [3(a+b)e- b/ a (p A~2) (r) - w + 6 a 

A - 2 [3 ( a+b) e - b / a ([3 _ A~2 ) (r) - w + 
6 a 

b3 

n(~) Ab3 

~e [3"3 u + 
3r 

a 

[3 
b

3 

n(~)u- Ab3 
V 3 3r e 

a 

where [3 is an arbitrary constant and 

(10.23) 

(10 . 24) 



2 ( b ~ cosh-
2 a 

b 
~ sinh ~ ) 

Denoting by D(f) the quantity (f.-f) 
~ e 

at r = b where f is any 

function of r, for D(R) we ontain 

D(R) -D(2f..L" + V") -
2 

D(2f..L' + v') 
b 

Because f..L' and v' are continuous at r = b 

o 

Hence from (10.26) 

D(R) 

using (10.23) and (10.24), from (10.28) we obtain 

We require that 

D(R) A + 1.[1 
2 

a 

R be continuous across the boundary 

D(R) must vanish. Consequently from (10.29) 

Next since, as it follows from (10.28) 

D(R') 

-r 

using (10.23), (10.24) and (10 . 30) we can easily show that 

b • Therefore 

88. 

(10.25) 

(10.26) 

(10.27) 

(10.28) 

(10.29) 

(10.30) 

(10.31) 



89. 

D(R' ) o (10.32) 

Consequently the boundary condition that R' should be continuous across 

the boundary of the sphere r = b is also satisfied. Now using the value 

of ~ given by (10.30) we write (10 . 23) and (10.24) in the following form: 

v. 
1. 

A 
6 

A 
6 

Cr)2 + 

(r/ + 

V 
e 

Aa~a+b2e-b/a A(3b
2 

- 2a2 2 
3 

w + 
6 

(10.33) 

Aa~a+b2e 
-b/a A(3b 2+2 a 22 

3 
w -

6 

Ab3 

n ( ; ) 
u + 

Ab3 
(10.34) 

3a 3r 

Ab3 

n ( ;)u-
Ab3 

3a 3r 

The equations (10.33) and (10 . 34) describe the interior and exterior gravi-

fields of the uniform-density sphere with radius r = b • Putting tational 

Ab3 
M , it can easily be verified that the result obtained above precisely 

3 

agrees with that of Pechlaner and Sexl obtained by using Green's functions 

(see Pechlaner and Sexl [13]). 

With a view to justifying the above boundary conditions, we shall 

consider the non-empty linearized field equations with density p defined by 

where 

87rGp 
2 

c 
A f (r) 

TJ 
(10.35) 



As T] 

f (r) 
T] 

tends to zero, 

(b- to) 2 - ] + n (b-r) 

2 (T] 
2

+( b- r) 2} 3/ 2 2 _)2}~ 
(T] +(b-r 

2 
8rrGp/c tends to A or zero according as -r is 

less or greater than the radius of the sphere. When T] is non-zero we 

90. 

(10.36) 

-have a continuous fluid distribution depending upon r and T] and extending 

over entire space. In this case the field equations become 

6.v -

- Af (r) 
T] 

o 

These field equations are equivalent to the following two field equations: 

(i) 

o (ii) 

Integrating equation (ii) in ( 10.38) once with respect to r, we obtain 

constant 

Since we are interested only in the asymptotically flat solution of the 

field equations the constant appearing in (10 . 39) must be zero. Therefore 

we have 

o 

(10.37) 

(10.38) 

(10.39) 

(10.40) 



Using equation (i) in (10 . 38) we can write (10.40) as 

.0,(iJ.+V) - _1 (iJ.+V) 
2 

a 

Let 

Then the field equations (10.38) become 

.0,4> = -2Af (r) 
11 

2A f (r) 
3 11 

.0,1\r - .L 2A f ct-) 
2 3 11 a 
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(10.41) 

(10.42) 

( 10.43) 

The solution of (10.43) which is regular at the origin and asymptotically 

flat at infinity is as follows: 

A 
[ Z6

3 ~/-Ml223/2 b 2 2 bz (z2-h]2)~ _ 
112 (z2+rj2)~ _ l.l. - V r + 6 2 (z -h] ) - 2 2 

2 
+ %C b2+rj2)3/2 b3 3bn2 ] 212 + + (10.44) 

4 3 4 

l.l. + V a
2

A [ 
3r 

-

J r ( r-I;) (I;) sinh -;- F -:;: dl;-

1;=0 

J 00 e - I; / as i nh ( ~ ) F ( ~ ) dl; ] 

I; =0 (10.45) 

where 

z = b - r 

(b- I; ) + 112(b_l;) ] 

2 (11 2+( b- 1; ) 2} 3/ 2 (10.46) 
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Allowing 1'] to tend to zero, from (10 . 44) and (10 . 45) we obtain the 

fo llowing solution of (10 . 43), according as -r is less or greater than b 

Ar2 Aa(a+b)e 
- bl a 

A(3b 
2 
-2}2 

( fJ. )- + w + 
r < b 6 3 6 

(10 . 47) 

(v) - b 
Ar2 

+ 
Aa~a+b2e-b/a A(3b

2
+2a

2
) 

6 3 
w -

6 r < 

Ab
3 

n(~) u + 
Ab

3 

3a 3r 

( 10.48) 

Ab
3 

n(~)u- Ab
3 

3a 3r 

where 

sinh~r L a2 w crl a) 

-1:1 a 
e 

u = 6:1 a) 
(10.49) 

n(!) 

2 

(COSh 
b . h b ) a a 

= 
b

2 
s~n -

a b a 

It can easi l y be verified that at r = b, ~ and V are continuous. We 

note that as 1'] tends to zero the density p tends to a non- z ero positive 

constant or zero according as r is less or greater than b . Thus it 

follows that the solution (1 0. 47) is the same as the interior solution 

(10 . 33) and the solution (10 . 48) is the same as the exterior solution 

(1 0 . 34). However the solutions (10 . 33) and (10 . 34) were obtained by 

imposing suitable boundary conditions . Whereas the solutions (10.47) 

and (10.48) are obtained as a limit, when the parameter 1'] tends to zero, 



of the solution given by (10.44) and (10.45) for the non-empty linearized 

field equations corresponding to the continuous distribution which, in the 

93. 

limit, tends to the uniform-density sphere with radius r = b From these 

considerations, the justification for the boundary conditions ensues. 



§ 11. 1 

CHAPTER V 

STRESS-ENERGY TENSOR OF A STATIC, SPHERICALLY SYMMETRIC 

2 2 
POINT-SOURCE AND THE INVARIANT R + ~ R 

The Source-Term T V in Rectangular Harmonic Coordinates 
f..l 

In this chapter, from purely a mathematical point of view, we 

shall discuss the problem of finding an expression for the stress-energy 

tensor T V 
f..l 

of a point-source. By a point-source we shall mean a sss 

94 . 

point-particle located at the origin of the coordinate system. The problem 

will be discussed by considering the linearized field equations derived 
2 

from the invariant R + ~ R2 , in rectangular harmonic coordinates as 
6 

well as in isotropic polar coordinates. We shall assume an expression for 

the tensor T V of the point-source, in terms of the a -function and its 
f..l. 

derivatives . Integrating the field equations so obtained, we shall show 

that the solution precisely agrees with that obtained by solving the 

corresponding linearized empty field equations in Chapter III . 

Pechlaner and Sexl have worked on the linearized field equations 
2 

derived from the invariant R + ~ R2 These equations contain on the 

right-hand side a source-term T V 
f..l 

6 

defined in terms of the a -function. 

This source-term T V corresponds to a sss point-particle located at the 
f..l 

origin of the coordinate system. However, in this work it is assumed that 

the expression for T V 
f..l. 

should not contain the derivatives of the a-function, 

by arguing that such terms do noc correspond to the positive definite mass-

density. (See Pechlaner and Sexl [13].) But we note that when the exact 

line-element of a given space-time is diagona l ized, we can immediately 
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know which one of the four coordinates is time-like. The component of T V 
I-l 

corresponding to this time-like coordinat e denotes the mass-density and 

consequently that particular component of T V 
I-l 

must be certainly positive-

definite at the point of space-time considered. This argument seems to be 

acceptable as long as the exact line-elements are contemplated but in the 

case of linearized line- elements it seems to break down. In fact, one 

cannot accept the linearized line-element as valid in the neighbourhood of 

the point-source since the linearized field equations cannot be valid there. 

Consequently, from the solution of such field equations, it seems to be 

impossible to infer anything about the components of 

where the source is located . 

T V 
I-l 

at the point 

On the other hand we note that, in their work, Pechlaner and 

Sexl-,have assumed 

T V 
I-L 

m5(~)diag(l,O,O,O) 

rle 
where m is the mass of the point- source and a (~) is three dimensional 

.... 

(11.1) 

a -function, and solved the linearized field equations with this source- term . 

In the solution there finally appears a single constant M = xm/4~, X 

being the coupling constant. However, as we have seen in Chapter III, if 

we solve the linearized empty field equations then there finally appear 

two different constants of integration in the solution . Obviously the 

following question arises : "What will be the expression for T V 
I-l 

in the 

case of the sss point-source so that one obtains two different constants 

in the solution instead of only one?" 

Guided by the above-mentioned considerations, we shall use an 

T V which, though it depends upon the derivatives of the 
I-L 

expression for 



1 
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a-function, leads to two different constants of integration in the solution 

of the linearized field equations . Let us assume the following expression 

for 

(11 . 2) 

o if ~ F 0 or V F 0 

where m and n are two different constants, a (~) is a three dimensional 

spatial a -function and ~ is a three dimensional spatial Laplacian operator. 

Now putting 

where h 
I-LV 

and 

h 
On 

)' = 0 On 

are of first order in the parameter 

(11.3) 

2 
E = 1 I c ,we 

obtain from the linearized non-empty field equations (9 . 5) of Chapter IV, 

the following equivalent field equations : 

~)' s£ + 
2 

a 
3 

2 
a 3"" ~. ~)' 

(11.4) 

where )' = )'00 - /'U and x is the coupling constant while the suffix ~ 

indicates a linearized quantity . Putting 
8']TG 

X = 2 and assuming that 
c 

T 
~V 

2 
E = 11c ,we obtain, as given by (11 . 2) is of order zero in the parameter 

from(ll . 4) , the following linearized non-empty field equations for the 

point-source : 



2 
6'00 - ~6.6, 2X(rn5(~) + a2 n60 (~» 

2 2 
a a 

6, s£ + 3 ° s£6.6, - "3 6 , \ s£ o 

Now contracting the field equations (11.5) we obtain 

2 
a 6.6, - 6 , 

2 
-2x(mo (~) + a n60(~» 
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( 11. 5) 

( 11 .6) 

To integrate the equations (11.5) and (11.6) we shall make use of the theory 

of Fourier transforms. Therefore first we shall state a few necessary 

definitions and results from this theory . The Fourier transform g( s , ~ , S ) 

of a function f(x,y,z) is defined by the equa t ions 

F (f) 

~ 

g F (g) f(x,y,z) 

Putting 

1 
x = x 

2'rrI; S 1 , 

we write (11.7) and (11.8) as 

F (f) 

I I I e- 2i1T(SX-h]Y+sZ)f(x,y,z)dxdydz 

III 2i1T(XS+~+ZO ( I' )d d dl' 
e g s , ~ , ,, S ~ " 

2 3 y x z = x 

21T~ 
2 

2rrt;, = s 
3 

S l' 

( 11. 7) 

(11 . 8) 

( 11. 9) 

( 11 • 10) 

~ 

g F (g) 
1 2 3 

f (x ,x , x ) 
. 112233 I J J e~( x s +x S +x s )g( s 1, s2,(3)ds

1ds 2ds 3 . 

(11.11) 



Putting 

1 sin e ¢ x = r cos 

2 
x = r sin e sin ¢ 

3 x = r cos e 

and 

S 1 p sin a cos [3 

s2 p sin a sin [3 

3 
S p cos a 

we obtain 

2 (x 1) 2 (x2)2 (x3)2 r + + 
and 

2 
(s 1) 

2 + (s2)2 + (s3)2 p 

Therefore for a function f which depends only upon the radial variable 

r , ( 11 . 11 ) gives 

fer) 1 Jff g(p) eirpcos a p2 sin a dpdad[3 
(2TT-) 3 

Now from the above-mentioned formulae we can obtain the following results: 

where k = 1,2,3 and m is a positive integer. Moreover, we shall use 

the following two formulae regarding the o-function: 

F [o(~)] 
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(11.12) 

(11.13) 

(11.14) 

( 11. 15) 

(11.16) 

(11.17) 



(see L. Schwartz [15]). 

Now consider equation (ll.tb). Taking the Fourier transform 

of this equation we obtain 

Therefore 

- -2Xm 
"f = 222 

p (a p +1) 

2 2 
-2xm + 2xa np 

+ 
2 

2Xa n 
2 2 

(a p +1) 

Taking the inverse transform of (11.20), 
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(11.18) 

( 11 • 19) 

(11.20) 

(11.21) 

Now considering the first equation in (11.5) and taking its Fourier transform, 

2-
2 

4- 2 2 a + 2xm -- p "fa a 3 p / 2xa np 

Therefore 
2 

2- 2Xm 2 a 
/ 00 p "f + 2xa n 

3 2 
p 

Taking the inverse-transform of (11.23), 

2 
a 
- 6"f -
3 

Xm 2 
2rrr + 2xa n5(~) 

Substituting in (11.24) for /, from (11.21) and observing that 

(11.22) 

( 11.23) 

(11.24) 
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6 ( _ _ 1 ) 
47fr 5 0D 

(11.25) 

( .-d
a

) 
-ria e 

+ 509 6 --- 2 47fr 47fra 

we obtain 

Xm (m+ ) -ria 4a
2 

+ is, n e + xn5 09 (11.26) 
"'00 27JL 67fr 3 

Finally considering the second equation in (11.5) and taking its Fourier 

transform, 
2 

a 2 ~ 
5 s£ '3 P .,. (11.27) 

Taking the inverse-transform of (11 . 27), 

2 2 
a a 

- 5 - 6.,. + - 'Y s£ 3 3 I I s£ 
(11.28) 

Substituting in (11 . 28) for .,. from (11.21) and using (11.25), 

-5 
s£ 

x (m+n) e - ria 
+ 67fT 

2 
a X [ 

(m+n)e-r/a 

67JL 
m 

67JL 

2 
2a Xn 

+ 5 s£ 3 5 (~).(11029) 

Changing to hiJ.\I from 

we obtain 

h 

and using (11.3), (11.21), (11.26) and (11.29), 

Xm 
27JL 

X(m+n) e - rl a 
27JL 

X(m+n) e- rl a 
127JL 

-rl a 

2 
+ 4a Xn DOD 

3 

-rl a 

(11.30) 

-5 ~ is,(m+n)e 
s£ 47fr + 5s£ 127fr 

2 
+ a X [ 

(m+n)e 
67JL 

m 

67JL 



Now putting in (11.30) 

X.m = M 
47r 

X. (m+n) 
47r 

we obtain 

M 
r 

M M'e-r/a 
- 5 - + 5 

sf, r sf, 3r 

M'e-r/a 

3r + 
2 

l 67ra 
3 

2 2 ( M'e-r/a 
+~ 

3 r 

where M and M' are constants. 
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M' (11.31) 

(M' -M) 5 09 

(11.32) 

M) + 
r \s f, 

The result in (11.32) precisely agrees with that of Pechlaner and 

Sexl if we put M' = M , that is, n = 0 . 

Since we are interested in the exterior field of the static point-

source we can ignore the 5-function from the solution (11 . 32). Then we obtain 

hoo 
M M'e-r/a 

r 3r 

(11.33) 

hs .P, 
M M'e-r/a 

2;2 ( 
M'e-r/a 

~)I s.e 
- 5 - + 5 s.P, 3r + sf, r r 

Considering (11.29) we can easily verify that the harmonic conditions 

'ls ,e \,e 0 (11.34) 

are satisfied. 

As seen in Chapter III, the term containing the factor 

(M/r)\s .P, in (11.33) can be transformed away by making a suitable coordinate 

transformation and without disturbing the harmonic character of the 



l 
coordinate system. Then it follows that the solution (11.33) precisely 

agrees with that of Gregory . Further as seen in Chapter III we can trans-

form the solution to harmonic polar coordinates and isotropic polar 

coordinates. 

§ 12. 1 The Source-Term T V in Isotropic Polar Coordinates 
f-l 

In this section we shall consider the same problem as that of 

Section 11.1 but by using an isotropic polar coordinate system instead 

of a rectangular harmonic coordinate system. 

We shall assume the following expression for T 
f-lV 

T 
f-lV 

o if ~ fo 0 or V fo 0 

where m and n are constants and 

The point-source is supposed to be located at the origin r = O. As seen 

in Chapter IV, the linearized non-empty field equations in isotropic polar 

coordinates become 

R 0 1 + ;2 (R" + 2r ) -(XTOO);t, 0 
- "2R 

2 
R 1 _ ~R + 2a R' 

(XTll);t, = 
1 3r 

R - l.R + ~ R" + 2 2( Rr') 
2 2 3 

--
102. 

(12.1) 

(12.2) 

(12.3) 



where the linearized R 0 
o and R are given by (10.3) in 

Chapter IV. Putting 
2 

X = 8TTG/C and supposing that the components of 

T~V as described by (12.1) are of the order zero in the parameter 

E = 1/c2 , from (12.3) we obtain the following three equiva l ent equations: 

R 0 loR 1 2 + loR -x(mOCi) 
2 -

0 2 1 R2 4 + a n65C.~)) 

R 1 
2 

~R + 
2a R' 0 - 3r 1 

2 
- x (m5(r) 

2 -
a.6R - R + a n65C.~)) 

Since 

R 

putting 

R 

Therefore the last equation in (12 . 4) becomes 

Using the variab l es 

2 
a M~ - 6~ 

1 
x 

2 
x 

3 
x such that 

1 2 2 2 3 2 
(x) + (x) + (x ) 

we can apply the theory of Fourier transforms to integrate the equation 

(12 . 8) . Therefore taking the Fourier transform of the equation (12 . 8) 

we obtain 

103 . 

( 12 .4) 

(12.5) 

(12.6) 

( 12.7) 

(12.8) 

(12.9) 



Xm 
222 

p (a p +1) 

2 
Xa n 
2 2 

(a p +1) 

Taking the inverse transform of (12 . 10) we obtain 

Therefore 

2f.L + V 

Xm 
47Ji':' 

XCm+n) e- rl a 
4ri 

-ria X(m+n)e 
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(12.10) 

(12.11) 

(12.12) 

Now consider the first equation in (12.4) . This can be written as follows: 

Taking the Fourier transform of (12013) we obtain 

2Xm 
2 

p 

2 
2xa n 

Taking the inverse transform of (12.14), we obtain 

f.L - v 

Therefore using (12 . 12) and (12 . 15) we obtain 

x~m+n2e 
-ria 2 

= J.!E 2Xa n 
f.L 41fr 121ft" 3 

X ~m+n2e 
-ria 2 

v Xm + 
4Xa n 

41ft- 121fr 3 

(12.13) 

(12.14) 

(12 .1 5) 

oc.t) 
(12.16) 

oct) 
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Now consider the second equation in (12 . 4). This can be written as follows : 

IJ.f + Vf -
2 

2a 6(2IJ.f+y f) 
3 

o (12.17) 

Using (12 . 12) and (12.16) we can show that the equation (12.17) is satisfied 

provided we note that 

6 ( __ 1 ) 
4rrr 

0 (E) 

(12.18) 

(_ .-r/a) -ria e + 5(i) 6 4ri 4 - 2 rrra 

Now putting in (12.16) 

Xm M X~m+n2 Mf 
4Tr 4rr 

(12.19) 

we obtain 

M Mf e -ria 2 
IJ. - 87Ta (Mf-M) o(i) - 3f 3 r 

(12.20) 

M Mf e -ria 16Tra 
2 

v 
3r 

+ 
3 

(Mf -M) o(i) 
r 

where M and Mf are constants. Since we are interested in the solution 

of the field equations outside the source, we can ignore the a- func t ion 

appearing in (12.2 0). Thus the solution becomes 

M Mfe- r/a 
IJ. r 3r 

(12.21) 

M Mfe- r/a 
y 

3r r 

which precisely agrees with the solution obtained by solving the linearized 

empty field equations in Chapter III. 
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CHAPTER VI 

STRESS-ENERGY TENSOR OF A STATIC, SPHERICALLY SYMMETRIC 

POINT-SOURCE IN GENERAL RELATIVITY 

§ 13. 1 On Tangherlini's Source-Term in General Relativity 

Considering the exact non-empty field equations of general 

relativity in the standard polar coordinate system and continuing the 

Schwarzschild exterior solution of a sss point-source down into the 

source, Tangherlini has derived the expression for its stress-energy 

tensor. (See Tangherlini [17].) In this chapter, using the philosophy 

of the realistic a -functions, we shall show that Tangherlini's result 

follows. The exact non-empty field equations of general relativity are 

G V 
I-l 

v 
-8ITT 

where G
V 

is the Einstein-tensor and 
I-l 

I-l 

T V 
I-l 

is the stress-energy tensor, 

the units of mass and time being so chosen that the coupling constant 

x = 8IT. 

When one is dealing with the gravitational field of an isolated 

point-source in the region outside the source, obviously one puts 

and consequently the field equations (13.1) read as 

G V 
I-l 

o (for the region outside the source) . 

T V 
I-l 

The solution of (13.2) describes the gravitational field of the source in 

the region around it . 

o 

106. 

(13.1) 

(13.2) 



Assuming t hat t h e gravi t a t ional field of the source is sss, 

one would expect that it must be des cribable by t he sss line-element, 

expressed in the standard polar coordinate system, 

v 2 A 2 L 2 
e dt - e dr - r de 

2 2 2 
r sin e d<P 

where V = vCr) , A A(r) and it is assumed that the source is loca t ed 

at the origin r 0 

Calculating the component s of the Einstein-tensor G V 
IJ. 

corres-

ponding to the line- element, for the non-vanishing components we obtain: 

G 0 _1 
- A e- AA ' 

+ 
e 

0 2 2 r 
r r 

G 1 _1 -A e- Av ' 
+ 

e 
2 2 + 

1 r 
r r 

2 G 3 - A ( v" 
,2 L 1L A'4V

' ) V 
G2 

e - + + 
3 2 4 2r 2r 

where an overhead dash deno t es differentiation with respect to r. 
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(13.3) 

(13 . 4) 

Substituting for G V 
IJ. 

in (13. 2 ) , from (13.4), and int egra t ing, 

one obtains the well-known Schwarzschild solution: 

V 
e e 

-A 1 -
2m 
r 

(r > 0) 

where the constant m is equal to the gravita t ional mass of the particle. 

Since the particle is locat ed at t he origin r = 0 , the t ensor 

T V must be non-zero at r = 0 and since t here is no matter at a point 
IJ. 

----------------

( 13 . 5) 



if 

outside the origin, the tensor T V must vanish if r > 0 . 
f.J. 

Moreover, 

because we suppose that the particle has a finite non- vanishing gravita­

tional mass it follows that the expression for T V of the particle must 
J..l 

be expressible in terms 

identically if f.J. I- V , 

must be zero if f.J. l- V 

of the a- function . Noting 

we infer that the tensor 

Consequently we write 

T 1 
1 

T 3 
3 

A(r,E) 

arn0..(r , E) 

V V(r,E) 

T 

that G 
V 

vanishes 
f.J. 

V 
of the partic l e 

J..l 

where E is a positive parameter, a nd a are constants and 

6(i,e) is a three dimensional realistic a -function defined by 

6(r,e) 
2 

27fr 

e 
2 2 2 2 

27f r (r +E ) 

where 6(r,e) is a one dimensional realistic a -function. 

Now consider the field equations (13.1). The (00) and (11) 

field equations are as follows : 

_1 
-A e- AA I 0 

+ e 
-87fT 2 2 r 0 

r r 

_1 - A - A 1 e e Vi 
-81fT 

2 + 2 + = r 1 
r r 
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(13.6) 

(13. 7) 

(13.8) 

( 13.9) 

-



where A 

where A 

A(r, E) , v V(r,E ) and T 0 
o and T 1 

1 
are given by (13.6). 

Because of (13 . 6) and (13 . 8), the equations (13 . 9) become 

_1 
- A e- AA ' 

4a
O

mE 
87fT 0 e 

2 + -2 222 r 0 
r r TIT (r +E ) 

_1 
-A e-Av ' 

4a
1

mE 
_ 87fT 1 + 

e 
+ 2 -2 r 222 1 

r r 7Tr (r +E ) 

A(r, E) and V V(r,E) . 
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(13.10) 

Now integrating the first of equat i ons (13 . 10), between the l imits 

zero and r, we obtain 

-A -A 
r ( 1- e ) - [r (1- e )] r=O = arctan 1: 

E 

Since in the a-function philosophy we suppose that the function A( r, E) 

is continuous at the origin r = 0 , we observe that 

at the origin r = 0 Consequently we have 

-A 
[r(l-e )]r=O o 

Because of (13 . 12), (13 . 11) reduces to 

Therefore 

e 

-A r(1-e ) 

-A 
1 -

r 
arctan -

E 

r 
arctan -

E 
= 1 -

87T 
r 

-A(r,E) 
e 

o 2 
TO r dr 

is finite 

(13.11) 

( 13.12) 

(13 . 13) 

(13.14) 



We observe that as r tends to zero we obtain 

lim 
r-O 

e 
-i\ 

1 - a finite quantity 

Therefore 
-i\ 

e is regular at the origin as required. Finally taking the 

limit as E tends to zero in equation (13 . 14) we obtain 

lim 
E-O 

e 
-i\ 

1 -

Equation 03.16) shows that we must put 

11 O. 

(13.15) 

(13.16) 

(13.17) 

so that as E tends to zero we obtain the Schwarz schild solution given by 

(13 .5). Since 

when 1 , 

T 0 
o 

T 0 
o 

E 

2 2 2( 2 2) 7Tr r-l-€ 

E 

2 2 
7T(r -l-€ ) 

We observe that when E tends to zero we obtain 

T 0 
o 

m 
--2 oCr) 
27Tr 

Now subtracting the first of equations (13.10) from the second and putting 

a
O 

= 1 , we obtain 

(13 .18) 

(13.19) 

(13 . 20) 



-A 
e (A' +v') 
r 

4mE 
222 

7rr (r +E ) 

Therefore substituting for 
-A e from (13.'4) with a

O 

A' + v' 
4m 

This can be written as 

(a
1
-l) [ 

A' + v' 

[r -
4m 
7r 

Putting 
r 

arctan -
E 

Z , we obtain 

d(A+V) (a,-l) 

where A ~7rE/4m . 

r 
arctan -

E 

-4mE 
2 2 

7r( r +E ) 

r 
arctan 

E 

dz 

] 

z + A tan z 

] 

] 
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(13.21) 

, , 

(13.22) 

(13.23) 

(13.24) 

Integrating the equation ( '3.24) between the limits zero and r, 

arctan r/ E 

(a,-1) Iz=o 

where the integral on the right is divergent. 

dz ( 13. 2 5) 
z + A tan z 

Equation (13.25) shows that (A+V) cannot be a regular function 

at r = 0 unless we put a
1 

= , . 

field equation in (13.10) we obtain 

Therefore putting a = 1 
1 

in the (11 > 



_1 
2 

r 
+ 

-/ 
e 

2 
r 

-A e v ' + ---
r 

4mc 
2 2 2 

7Tr (r +E ) 

_ 87fl' 1 
1 

Substituting for 
-A e f r om (13.14) wi t h a O 

and solving for 

obtain 

[ 4m r 4m E 

J 2 ar ctan - 2 2 E 7Tr 
7rr (r +E ) 

v' 

[1 -
4m arctan .E J 7Tr E 

Integrating (13.27) between the limits zero and r, we obtain 

V(r, E) - V(O, E) 
4m 
7Tr arctan! ) J r 

r=O 

Taking t he limits a s r tends to zero, we observe that 

V(O, E) 4m) 
7TE 

v' we 

This shows that V(r, E) is regular at the origin r O. From (13.28) 

and (13.29) we obtain 

V(r, E) 

Therefore 

V(r, E) 
e 1 -

arctan! ) 

4m r arctan -
7Tr E 

From (13.14) with a = 1 o and (13 . 31), it follows that 

- A(r, E) 
e 

V(r, E) 
e 1 -

4m 
7Tr 

r arctan -
E 
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(13.26) 

(13.27) 

(13.28) 

(13.29) 

(13.30) 

( 13.31) 

(13.32) 



Now since 

when we put a 1 

T 1 
1 

T 1 
1 

2 2 2 2. 
2.1r r (r +c ) 

E 

2 2 
1r(r +E ) 

We observe that as E tends to zero 

T 1 
1 

m 
--2 oCr) 
21rr 

From (13.20) and (13 . 35) we obtain 

T 0 
o 

T 1 
1 

m5(r) 
2 

21rr 

Since the (22) field equation is the same as the (33) field equation, 

finally we consider the (22) field equation in (13 . 1) : 

This can be written as 

-A ( v" v,2 
e - + 2 4 

v' 
+ 2r 

G 2 = 
2 

lL. 
2r 

where A A(r,E) and V = V(r.E) . 

A':' ) -81r am 
E 

2 2 2 2 
21r r (r +E ) 

Using the result (13.32), from (13 . 38) we obtain 

e - + v ( v" 
2 

,2 v 
2 + ~') r 

2 
= - 81r am 

E 
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(13.33) 

(13.34) 

(13.35) 

(13.36) 

(13.37) 

(13.38) 

(13 . 39) 



Integrating (13.39) between the limLts zero and r, we obtain 

~Jr V 2 V 2 2 (e v" r + e V I r V 2e V'r)dr 4;m Jr E dr 
2 2 

(r +E ) 
r=O 

Therefore 

~ fr d(eVv'r2) 
r=O 

Therefore 

l( V I 2)r 
2" e V r r=O 

4am 
11" 

4am 
11" 

r=O 

rr E dr 

(r2+E2) j r=O 

arctan 1: 
E 

Because 
V 

e V' is regular at the origin 
v 2 

r = 0 , (e V I r ) r=O 

to zero. Therefore 

Substituting for 
V 

e V' 

4m arctan 1: 
7T E 

V 2 
e v'r 

8am 
11" 

r 
arctan -

E 

from (13 . 27), we obtain 

8am r = - arctan -
7T E 

Taking the limits as E tends to zero we obtain 

2m 

Therefore 

Now since 

am 

-4am 

E 

222 2 
27T r (r +E ) 

is equal 

114 . 

(13 . 40) 

(13 . 41) 

(13.42) 

(13 . 43) 

(13.44) 

(13.45) 

(13.46 ) 

(13 . 47) 



when we put a 

T 2 
2 

We note that as E tends to zero 

T 2 = 
2 

T 3 .:. 
3 

m 
- -- o Cr) 2 

47fr 

From the above considerations it fol l ows that the expression for T V 
~ 

of 

115. 

(13.48) 

(13.49) 

the sss point-source l oea ed at he origin of the standard po l ar coordinate 

system is 

T v 
f.J. 

m 2 $.;(r)diag(l, 1.-~ ,- ~) 
27fr 

where oCr) is one dimensional radia l a- function. 

("13.50) 

Tangher lini has obtained the same result requiring the Schwarzs-

chi ld solution as valid also at the origin where the source is situa~ed. 

The above discussion jus ifies Tangherlini's assumption . 



-

REFERENCES 

[1] Bach, R. (1921): Zur We lschen RelativitXtstheorie und der 

Weyl chen Erweiterung des KrUmmungstensorbegriffs , Math. Z.,2, 

pp.l10-135 . 

116. 

[2] Bergmann, P. G. (1942): "An Introduction to the Theory of Relativity", 

New York. 

[3] Bondi, H. (1960): " Cosmology", Second Edition, University Press, 

Cambridge. 

[4] Born, M., and Infeld, L. (1934): Foundations of the New Field 

Theory, Proc. Roy . Soc. (London), A144,pp .425-51 . 

[5] Buchdahl, H.A. (1948): The Hamiltonian Derivatives of a Class of 

Fundamental Invariants, Quare. J. Maths., 19(75), pp.150-159. 

[6] Eddington, A. S. (1924): " The Mathematical Theory of Relativity", 

Second Edition, University Press, Cambridge . 

[7] Einstein, A. , and Grommer, J. (1927) : Allgemeine RelativiUitstheorie 

und Bewegungsgesetz. Sitzber. Preuss. Akad . Wiss. Berlin, pp.2-13. 

[8] Einstein, A. , and Infe.ld, L. (1940): The Gravitational Equations 

and the Problem of Motion, II, Ann" Math., ~), pp.455-464. 

[9] Einstein, A. , Infe l d, L" and Hoffmann, B. (1938) : The Gravitational 

Equations and the Problem of Motion, Ann . Math., 39(2), pp.65-100. 

[10] Gregory, C. (1947): Non-Linear Invarian s and the Problem of Motion, 

Phys. Rev., llil), pp . 72-75 . 



[11] In£eld, 1. and Plebanski, J. (1960): "Motion and Relativity", 

Pergamon Press . 

117 • 

[12] Lanczos, C. (1938) : A Remarkable Property of the Riemann-Christoffel 

Tensor in Four Dimensions, Ann . Math . , 39, pp . 842-850 . 

(13] Pechlaner, E. and Sexl, R. (1966): On Quadratic Lagrangians in 

General Relativity, Commun. Math . Phys ., 1, pp .1 65-175 . 

(14] Robertson, H.P . (1933) : Relativistic Cosmology, Revs . Modern Phys ., 

2, pp . 62- 90 . 

(15] Schwartz, L. (1966) : "Mathematics for the Physical Sciences", 

Addison-Wesley Publishing Co . 

(16] Takeno, H. (1966) : "The Theory of Spherical Symmetric Space-Times", 

Scientific Reports of the Research Institute for Theoretical Physics, 

Hiroshima University, No . 5. 

(17] Tangherlini, F. R. (1961): Nonclassical Structure of the Energy­

Momentum Tensor of a Point Mass for the Schwarzschild Field, Phys . 

Rev. Letters, &il) , pp.147-149. 

[18] Tolman, R. C. (1934) : "Relativity Thermodynamics and Cosmology", 

Clarendon Press, Oxford. 




