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SUMMARY

The effect of a cy lindrica l p lasm a on tran sm issio n  of m icrowave power 
between broad-beam  antennae is  calculated in the geom etrical optics approximation. 
The f ir s t  p a rt extends W ort's  (1963) re su lts  to an eccentric  p lasm a not filling the 
whole d ischarge tube and the second p a rt co nsiders  possib le enhanced transm ission  
due to a lower density  outer p lasm a. When estim ating peak density, the only o ther 
p a ram ete r which appears to requ ire  co rrec tin g  fo r is the ra tio  of d ischarge to tube 
rad ius, which can be estim ated  by o ther m eans.

ii



1 . Introduction

In seeking an estim ate  of e lectron  densities in the A ustralian  National 
U niversity (A.N. U .) D epartm ent of Engineering P hysics' toroidal plasm a device, 
hardw are problem s have so fa r lim ited m icrowave transm ission  m easurem ents in 
th is  laboratory  to a single channel. If one thinks of the e lectron  density as expressible 
as a power se r ie s  in the (minor) rad ial distance from  som e point, it is c le a r  that only 
one te rm  in the power se r ie s  can be estim ated from  a single transm ission  m easu re ­
m ent. The p a ra m e te r we choose to estim ate  is the peak e lec tron  density. According 
to the model profile assum ed, there  a re  various implied assum ptions as to the values 
of te rm s not being m easured . For example, if a parabolic d istribution  (Wort, 1963), 
falling to zero  at some distance, r 0 , from  the centre of the torus, is assum ed, then 
the d istribution  is expressib le  as:

2
rn = n , . (1 - — for  r  4= re e(m ax.) 2 o
o

2
implying that the quadratic te rm  is (- 1 /r  *") tim es the constant te rm  and that the 
coefficients of o ther pow ers a re  zero. Should these im plied assum ptions not be true, 
then the estim ated  te rm , ne (m ax.), is  in e rro r ; this is essen tia lly  the sam e problem  
as that of "aliasing" in harm onic analysis (Blackman and Tukey, 1959). In the 
p re sen t context, it would be tedious and not very profitable to a sse ss  the individual 
"aliasing" e r ro r s  due to higher te rm s in a power se r ie s ; instead, the effects of 
selected  p a ra m e te rs  on the indicated peak density a re  estim ated.

P a r t  1 deals with a parabolic density profile for which W ort's  (1963) 
geom etrical optics analysis is accepted. However, unlike his p lasm a, it does not 
fill the to rus and is displaced off cen tre . The conclusion is, essentially , that the 
displacem ent contributes to deflection but not to d ispersion  and so affects tra n s ­
m ission  only through the po lar pa tterns of the antennae. However, if the radius of 
the plasm a is as sm all as half that of the to rus, co rrec tions of up to 20% in peak 
e lec tron  density a re  requ ired .

M easurem ents in terpreted  by the method of P a r t  1 im plied loss of a 
m ajority  of available p a rtic le s  from  the main discharge. This ra ised  the question 
w hether the low densities w ere c o rre c t o r  w hether a "halo" of lo st p a rtic les  forming 
an outer p lasm a n ear the w alls could ra ise  the signal tran sm issio n  enough to cause 
a g ross u n d er-estim ate  of the density of the "co re" . The conclusion of P a r t  2 is 
that this is  very  unlikely. If the outer plasm a is fa r enough below cut-off to perm it 
tran sm issio n  tow ards the cen tre, its effect on m easured cen tra l density is negligible.

P lasm a  re s is tiv e  attenuation is neglected throughout.



2 . P a r t  1: Modification of W ort’s (1963) R efraction Loss, for 
Eccentric P lasm a Not Filling D ischarge Tube

2

A parabolic d istribution  of electron  density, surrounded by an annulus of 
negligible density, is assum ed.

A. T ran sv e rse  Plane

Fig, l a  shows a p lasm a of radius r 0 = CA = CB displaced
a distance d = OC from  the cen tre  of the torus.
The to ru s  rad ius r^ = PO = OQ.

A ray  from  a point source, P, m eets the plasm a boundary a t A and is 
re frac ted  to em erge along BR, as if deflected at D through an angle, lj/. W ort’s 
(1963) angles, and -20C, a re  shown and tan £  = —  •

r l
Ray PA makes an angle, ß  , with the d iam eter, PQ, which is also the 

axis of the tra n sm itte r  and re c e iv e r po la r d iagram s. In the absence of p lasm a, 
the sam e point R, receiving th is  ray, would have received the d irec t ray, PR, at 
an angle ß Q.

Due to the d isplacem ent of the p lasm a, (ft is  n° t neglected com pared to 
the o th er te rm  in W ort's  (1963) equation (8), but sm all angle approxim ations a re  
used. Thus, from  his page 8 and equation (8),

V> + 2 «  -2 ~ O
2 <?oK

1-K

For sm all ß^, triang le  PRD becom es isosceles and

ßo - ß i 'V 1-K

From  triangle PAC,

do . sin 
ß+S Sin (ß + s )

Substituting in (1):

n  -JL • -
p 0 p  1-K l

TPutting the ra tio  o / r  =  g,

a  = s <’ -*>. • a
» K + g (1 -K ) ' I

PC
CA

( ß  + 6 )

K + g (1-K )

( 1 )
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Figure 1 Geometry of ray path in discharge tube with constricted plasma.
(a) Transverse section.
(b) Longitudinal section.



P a r t  1. 4
The ra y  re ach ing  the cen tre  of the re c e iv in g  a p e rtu re  (a t Q) has,

= 0

and ß  = - ß c =  S  (3)

An a p e rtu re  n e a r Q, having an "acceptance ang le " &  ß Q in  the absence of 
p la sm a , w i l l ,  w ith  p la sm a  p re sen t, accept ra ys  cen tred  a t ( -  ß ^ )  w ith in  a range,

A S  = g 11^1  A ß  (4)
* K + g (1 -  K) < o  '  >

T h e re  a re  two causes o f s igna l loss  due to (2):-

(a) A e r ia l p o la r  d ia g ra m s: The response w i l l  be lo w e r around ( ß  = -  ß  ) 
than fo r  the d ire c t  ra y . T ra n s m is s io n  in  the A . N .U . to ru s  is  between two c ir c u la r  
p robe  tubes o f J inch  bo re  (say 1. 9 ^ )  and ß c<<5 fo r  K  <  1. F o r a d isp lacem en t
d = 1 cm  and r Q = 10 cm , i t  is  u n lik e ly  tha t ß c w i l l  exceed 5°, f o r  w h ich  the H -p lane  
p o la r  d ia g ra m s  (Chu, 1940) show about 2% loss  p e r a e r ia l,  o r  4% to ta l. T h is  is  w e ll 
be low  e xp e rim e n ta l e r r o r  and is  neglected.

(b) "D iv e rg in g  L en s" e ffec t: R e fra c tio n  in  the tra n s v e rs e  plane g ives a 
re d u c tio n  o f s igna l in  the ra t io  ( fro m  (4)):

I7 tra n s ) H  ~ K + g (1 -  K) (5)

T h is  agrees w ith  W o rt 's  f ig u re  when g = 1. O the r d iagnos tic  re s u lts  fo r  
A . N. U. to ru s  suggest g = \  g iv in g  a fa c to r,

1 -  K
1 + K

i.e .  about h a lf  W o rt 's  f ig u re  nea r K  = 1 

B L on g itud in a l R e fra c tio n

I t  is  assum ed tha t the ra y  sam ples the same d ens ity  d is tr ib u t io n  o ve r the 
sam e leng th  as the d ia m e tra l ra y , because both the d iffe re n ce  between the m ax im um  
d ens ity  (a t p lasm a cen tre ) and the m ax im um  seen by  the ra y , and the d iffe re n ce  
between path length  and d ia m e te r, a re  s m a ll fo r  sm a ll dev ia tions.

In F ig , l b , a ra y  w ith  in c lin a tio n  to the tra n s v e rs e  p lane, ( f  1 (W o r t 's  

no ta tion ) w ou ld, in  the absence of p lasm a, devia te  a d is tance ,

y o



P a r t  1. 5

With p lasm a p resen t, the deviation is, in vacuum:

and, in plasm a, W ort’s deflection:

,  1 - 1  —

y = 2 r  Ö) K 2 tan h (K2)
W 0 * 0

So, with plasm a, the total deflection is:

1 1 _ i  _ 1 _1

y = 2 (r -  r  ) + 2 r  Ch K 2 tanh  (K2)l o r o  o r  o

The nett power ratio due to longitudinal deviation is ,

R long) =  yQ/y  = £(1 - g) + g K 2 tanh  1 (K2) ]  1 (6)

w here, again, g = 1 gives W ort's  resu lt.

Note that this fac to r in c rease s  as g d ecreases , also, when W ort's  fac to r is, say 0. 5, 
the fac to r for g = \  is  0.66.

C . Combined Effect

The nett effect of refrac tion  in a cylinder with parabolic density distribution 
is obtained by combining (5) and (6), for the sam e g (= r o /r^ ):

P = P P• g 1 (trans) (long)

= K ' f ' g 'it - k )  ' {  P  -  S) + § K _ i t ^ h " 1 (K4) ]  _1 (7)

In p a rticu la r,

P  = . ____________ 2____________
■ 1 *1 +  I T * _ 1  _ 1  1

2 (1 -  g) + g K 2 tanh  (K2)

instead of W ort's,

_ _  i  _ i  l
^  = (1 -  K) K2/ta n h  (K2)

The la st two expressions a re  plotted fo r com parison in Fig. 2.
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P a r t  1. 7

Within the range of in te re s t, (g £  1) it can be shown that I""* in c reases  
m onotonically with g. Thus curves fo r <  g <  1) lie between those plotted in 
Fig. 2. F or g = i ,  i. e. a plasm a of half the d ischarge tube d iam eter, the la rg e s t 
co rrec tio n  is fo r a transm ission  of about 0. 35, w here the modified form ula gives a 
calculated  electron  density a t the centre 20% le ss  than W ort's  figure.

3. P a r t  2; P ossib le  Focussing Due to a Region of Lower E lectron D ensity
and an Outer P lasm a Layer

In som e experim ents, signal transm ission  has been le ss  than expected on 
the b a sis  of re frac tion  by a quiescent p lasm a and attem pts have been made to account 
fo r  th is in te rm s of p lasm a turbulence (Wort, 1966). In this laboratory , the observed 
signal is  som etim es g re a te r  than expected on the basis  of full ionisation of the avail­
able atom s. One looks fo r "converging lens" effects.

The following sim plified analysis shows the effect of a region of zero 
e lec tro n  density between an inner p lasm a co re , whose density is  in question, and 
an ou ter region of p lasm a.

In Fig. 3 , it is assum ed that the inner p lasm a has a uniform  density, n^, 
and re frac tiv e  index, yUp out to rad ius r Q. T here  is an ou ter p lasm a of electron 
density n9, re frac tiv e  index inner radius r-̂  and outer rad ius . The d ischarge
tube radius is rg. All boundaries have a common cen tre , O.

For transm itting  and receiving points P and P T, we have, with no plasm a, 
a d irec t ray at an angle (3Q = Z-O PP' to the d iam eter. In the p resence of p lasm a 
the ray path is PABCDEFGP', whose initial segm ent PA m akes an angle,

ß Z-OPA with the d iam eter.

It is  readily  shown (as in W ort, 1963, equation 4), that the angles <ß ' and 
between the ray  and the inward and outward radial d irections a re  the sam e at 

corresponding points (such as  C and E) so that the whole ray path is sym m etrical 
about OD, the perpendicular b isec to r of CE.

transm itted  signal with p lasm a 
transm itted  signal without plasm a

ß/jSo
We use sm all angle approxim ations, i. e.

(1) Use an angle in rad ians in place of its  sine both in Snell's  law and in 
the sine ru le  fo r triang les.

The ratio: 

is: r  =



OUTER PLASMA

M2<l

p.~\

WALL

Figure 3 Geometry of ray path in two-layer plasma.



Part 2. 9

(2) PA = -  r2> AB = r2 -  etc.

In addition, only a typical ray, lying in the transverse plane, is traced. 

The ray may be traced starting from P:

From the symmetry argument above, the direct ray P P T is perpendicular 
to OD. Thus,

—  -  (32 ' o e = e + ^  - <bW4 3 2 r

0 3  - Ö; (10 )

From the right-hand sequence of equations,

r -  r 3 2 r -  r 2 1
r -  r r1 JL___ o . _3

M o  r r2 o 1
(11)



P a r t  2. 10

From  (8), (9), (10) and (11):

p
r  r  r  r  r  r„ (_3 (_2 _3 . J .  _ (_1 _8

r o /Ul  r 2 r i r 2 r?  * o /" l  ‘ 2 ‘ 1  ‘ 2 r~2 'o  "1

We a re  m ainly in te rested  in the case of an ou te r p lasm a n ear the to rus wall

<r 3 - r 2 «  r 2>

Then, letting r^ = r^ = to ru s  radius:

r  r  r  r

Absence of the ou te r p lasm a can be rep resen ted  e ith e r by letting /4 9 = 1 o r by 
letting  r  = r^; in e ith e r case  we have a tran sm issio n  ratio  f*  given by,

( 12 )

fo roA<1
+  ( 1  -  — ) r o

The influence of the ou ter lay er is exhibited by:

r0 " P = ■J) (yi2 ■x)

(13)

L, say (14)

one facto r of which vanishes when r^ = r^, the o ther w h e n ^ 2 = 1* consisten t with 
the rem ark s  above. Notice that (14) does not contain the p a ram ete rs  (rQ, / J  ) of the 
inner p lasm a. It is  then likely that (14) applies for any profile  of the p lasm a core , 
including the parabolic one, i .e .  we assum e (14) holds even when (13) is replaced by 
o ther re la tions, such as those in P a r t  1.

If an ou te r p lasm a layer is p resen t both the above fac to rs  a re  positive so 
that P > r 0 and, if one ignores th is outer layer, one underestim ates the density  of 
the p lasm a core .

The co rrec tion  te rm  from  equation (14) is given in Table I fo r selected
ra tio s  of n_ /n  and r „ / r _ ,2 c 1 2



P a r t  2. 11

TABLE I

Outer Sheath l  = !> -  X] [ (I'2 / r i ) -  J
n2 /n c a / H 2 > - 1 r i / r 2 = 0.75 0.8 0.9

0.4 0.39 0.130 0. 098 0. 043

0. 5 0.41 0.138 0. 102 0. 046

0. 6 0. 58 0. 194 0. 145 0. 064

0. 7 0. 83 0.276 0.208 0. 092

0. 8 1.24 0.413 0. 310 0. 138

0. 9 2. 16 0.721 0.450 0.240

0. 95 3 48 1.160 0. 870 0.387

0. 98 6.09 2.36 1.77 0.788

For example, suppose the m easured transm ission  ratio is,

r V  0.15

(for which Fig. 2 would give a central density 0. 7 of the cut-off density).

If there  were an outer layer with,

n2 /n  = 0.9, r i / r  = 0.75,c z

then equation (14) and Table I give,

= 6.667 + 0.721
o

= 7.39

P = 0.136o

(for which Fig. 1 gives n (max. ) /n  = 0.72).e c

The cen tra l e lectron  density is thus about 3% higher than would be calculated by 
neglecting the outer layer.



P a r t  2. 12

For a given ou ter plasm a, the correction  becom es insignificant as the 
cen tra l density approaches cut-off, as long as the density of the outer is below 90% 
of the cut-off value.

4. Conclusion

Despite the fact that a single channel m icrow ave pow er transm ission 
produces one num ber and can be used to calculate only one p a ram e te r of an electron  
density d istribution , it has been shown that, if one e s tim ates  peak e lec tron  density 
on the assum ption of some sim ple model p rofiles, th is  p a ra m e te r is not very much 
pertu rbed  by plausible variation  of the (higher o rder) te rm s  one is not estim ating.
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