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support during this PhD. He showed me the intriguing side of earthquakes, and had
valuable advice in many aspects of my work, from data processing to discussions.
His enthusiasm for research has always been motivating, his academic rigour formative, his company enjoyable and the meals he prepared have been delicious. I also
sincerely appreciate his support when I was struggling with personal issues.
I am also grateful to my advisors. Malcolm Sambridge for his insight into the
world of Bayesian inversion, clarity and elegancy of his explanations, Brian Kennett for valuable discussions and ease with which he augmented my knowledge in
seismology, and Phil Cummings for his knowledge of seismic sources.
Many others have contributed to this research in various ways. Chronologically, I
would like to thank Olivier Coutant for assistance with the AXITRA code, Douglas
S. Dreger, Andrea Chiang and Sierra Boyd at the University of California, Berkeley for valuable discussions and assistance, Alexender Burky form UC San Diego
for his contribution in analysis of The Geysers earthquakes, Keiko Kuge from The
University of Tokyo for valuable discussions on volcanic earthquakes and being a
lovely host in Japan, Junkee Rhie and Sang–Jun Lee from the Seoul National University for the Earth structure models, discussions and an enjoyable time in Seoul,
Chang–Soo Cho from KIGAM for the data, Seongryong Kim for his contribution
in looking at the DPRK event, Christian Sippl and Roberto Benavente for casual
discussions throughout the years. Last but not least, Maree Coldrick, Sherryl Kluver and Mary Hapel for assistance with the administrative issues, and the RSES IT
team for timely assistance and support.
This research was supported by an Australian National University Research
Scholarship and AE Ringwood Supplementary Scholarship, as well as the USA
DoD/AFRL under grant no. FA9453-13-C-0268. This study makes use of the
computer package Hyper–sweep which was made available with support from the
Inversion Laboratory (ilab). Ilab is a program for construction and distribution of
data inference software in the geosciences supported by AuScope Ltd, a non–profit
organisation for Earth Science infrastructure funded by the Australian Federal Government. Waveform data, metadata, or data products for this study were accessed
through the Northern California Earthquake Data Center (NCEDC) or provided by
v

vi

the Korea Institute of Geoscience and Mineral Resources (KIGAM).
All of this would not be possible without my incredible family. I thank my
parents Marko and Mirjana, as well as my brothers Domagoj and Mate for their
support throughout my education. Being so far hasn’t always been easy. A big
thanks to other close relatives and friends whose company, no matter how short it
was, had brightened my days. And thanks to my housemates for an enjoyable time,
and the meals that helped to finish this thesis.

Abstract
One of the most important aspects of seismology is explaining the generation of
seismic waves during earthquakes. The first mathematical models of earthquakes
involved shear faulting, where deformation of rocks surrounding the fault increases
the stress level. When the stress across the fault exceeds the frictional resistance of
the rocks, it causes rock fracturing and results in radiation of elastic waves. Over
the years, a large number of earthquakes that cannot be explained only with shear
faulting (i.e. a double–couple force system) have been observed. Hence, the mathematical model of seismic sources evolved into a seismic moment tensor (MT), which
also includes isotropic and compensated linear vector dipole components. Although
uncertainties in MT inversions are important for estimating solution robustness,
they are rarely available. If earthquake location is simultaneously recovered, the
problem becomes non–linear and uncertainties cannot be calculated in a simple
manner. Furthermore, noise in the data can alter the waveform and cause spurious
non–double–couple components.
In this thesis, I address these issues using Bayesian hierarchical inversion, a
relatively novel technique in seismology. Its probabilistic approach gives an ensemble
of solutions instead of just one best–fit solution, thus, it can be used to estimate MT
uncertainties. The algorithm developed as a part of this thesis uses waveform data
of regional earthquakes and explosions with moderate magnitudes to compute the
centroid location and the seismic moment tensor. Including the source location as a
parameter enables one to explore the errors introduced by source mislocation. The
algorithm includes a sophisticated treatment of data noise. I utilise the pre–event
noise to create an empirical noise covariance matrix, and include the level of noise
as an unknown in the inversion. As a result, the model complexity is determined by
the data themselves.
There are two major groups of events for which the Bayesian approach can be
of great importance, and to which the algorithm has been applied. The first one is
seismic events in complex geological environments, such as volcanic and geothermal
areas. A significant number of these events are expected to have source processes
that cannot be explained using only a double–couple, but require the full MT.
The second group is man–made events such as explosions, where the algorithm can
be valuable for nuclear proliferation. The feasibility of the approach is initially
demonstrated on synthetic data contaminated with noise and it is shown that the
vii
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empirical covariance matrix improves the estimate of the location. This is followed
by application to a well–studied earthquake from Long Valley caldera, a volcanic
environment in California, where a statistically significant isotropic component of
the source is confirmed without a trade–off with the compensated linear vector dipole
component.
The method was further improved to include multiple noise parameters that determine the fit on each record, and in turn weight the stations’ contribution in the
inversion. This inclusion proved to be justified by the data in synthetic experiments,
and when applied to the same earthquake from Long Valley caldera. Subsequently,
I have analysed several earthquakes from a geothermal field in California, The Geysers. The double–couple components of the sources agree well with the regional
stress field, but the non–double–couple components show a variety of values.
Finally, the method is applied to a nuclear explosion from the Democratic People’s Republic of Korea. Since the paths to the recording stations in the region
traverse significantly different crustal structures, a linear inversion was initially conducted using different structural models. A composite model was created that better
explained the oceanic raypaths. The Bayesian inversion shows exceptionally low uncertainties in the moment tensor solution for this event, characterising it as a crack
mechanism, which explains the non–isotropic radiation as a result of material damage.
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Chapter 1

Introduction

Earthquake generation was initially explained by shear faulting, from which quantitative descriptions evolved into detailed mapping of ruptures within rocks. The level
of detail to which an earthquake source can be described depends on its dimensions
and the data used to study it. Earthquakes whose dimensions are small compared to
the wavelength of seismic waves can be sufficiently approximated by a point source,
and their generation described using the seismic moment tensor (MT).
In addition to slip on a plane, the moment tensor can describe processes involving a volume change and other non–shear phenomena. This is particularly important for earthquakes occurring in complex geological settings, such as volcanic and
geothermal areas, mines and deep subduction zones. Due to its volumetric part,
the moment tensor can also be used to study explosions, and applied in nuclear
monitoring. Computation of the moment tensor, particularly in such complex and
noisy environments, is still a delicate procedure due to underlying assumptions and
noise in the data.
In this Chapter, we present some key concepts fundamental to studies of small
and moderate size earthquakes, difficulties related to current techniques, and an
inversion technique relatively new to geophysics that can address some of the difficulties. Firstly, in Section 1.1 we present the seismic sources, focus on the moment
tensor, and critically evaluate its retrieval. Secondly, the fundamental concepts of
Bayesian inversion are introduced in Section 1.2. The advantages of Bayesian framework are the ability to estimate parameter uncertainties and to account for noise in
the data.

1.1
1.1.1

The seismic moment tensor
General description of seismic sources

Depending on the way seismic waves are excited, their sources are divided into internal and external sources. Various external phenomena can act as a source, such as
1
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meteorite impacts, wind and atmospheric pressure, ocean waves and tides or human
impact (e.g. rocket launches, traffic, planes, railways). In most cases, seismology
deals with sources internal to the solid Earth. They are more difficult to study analytically because the processes behind wave generation cannot be formulated in a
simple manner. The common and best known internal sources are earthquake faulting, underground explosions, rapid phase changes and magma movements. Some
sources, such as volcanic eruptions and landslides, are a combination of forces with
both internal and external origin. When retrieving source properties, seismologists
approximate true physical processes with models appropriate for the studied source
and data used in the study. For example, finite fault models are adequate for large
magnitude earthquakes, with complex ruptures and large source areas. For earthquakes with small and moderate magnitudes, when long wavelength data is used,
the point source is a sufficient approximation.

First mathematical models of earthquake sources involved shear faulting (Gilbert,
1884; Reid , 1910). Reid’s elastic rebound theory was a major breakthrough in seismology. It describes earthquakes as a result of rock fracturing caused by strain
accumulation in a narrow region. This concept remains valid today. The strain
accumulates in a narrow band near the fault as a consequence of tectonic plate
movements, and increases the stress level. When the stress across the fault overcomes the material strength, its large proportion causes rock fracturing or dissipates
through friction as heat. The remaining part is radiated as elastic waves and can
be detected at the surface. Although direct observations of dislocations on the entire fault surface are not possible, the faulting process can be approximated by a
time–varying average dislocation. The size of an earthquake can be expressed by
its seismic moment M0 = µAD̄, where µ is the shear modulus, A is the fault surface area and D̄ is the final displacement on the fault (Aki , 1966). These average
properties can then be replaced by a pair of dynamically equivalent force couples
that produce the same displacements on the surface (figure 1.1). Thus, in initial
inversions, the source was constrained to a plane and its properties explained by
a pair of force couples, called the double–couple (DC). This model adequately explained the available data, but in recent decades, as the number of seismometers
increased and the quality of recorded data improved, a large number of earthquakes
inconsistent with the double–couple force system was observed. Non–double–couple
(non–DC) components were mostly found in geothermal and volcanic environments
and ascribed to local modifications of the stress field caused by dyke injection, high
fluid pressure or thermal cooling.
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Figure 1.1: Relation between displacement on the fault and equivalent body forces.
Cracking and frictional sliding over a surface can be approximated by a time–varying
average displacement. The average displacement can then be replaced by a system of
equivalent forces which produce the same motions outside the source region. Figure taken
from Lay and Wallace (1995).

1.1.2

Point sources and the moment tensor

A basic assumption in point source inversions is replacing the kinematic rupture
process by a dynamically equivalent force system, using the representation theorem
(Aki and Richards, 2002). Equivalent forces represent the difference between stress
in the model and true physical stress, called the stress glut (Backus and Mulcahy,
1976). They produce the same seismic wave radiation pattern and consequently the
same displacements on Earth’s surface, as the non–linear failure processes in the
source region would. For convenience, the medium in which the forces act is usually
considered to be linearly elastic, isotropic and homogeneous.
We can express the displacement ui in direction xi at any point x and time t
using the equivalent body force of density fj acting in xj direction in the source
region in the following manner
Z
Gij (x, r, t) ∗ fj (r, t) dV .

ui (x, t) =

(1.1)

V

Summation over repeating indices is assumed, asterisk indicates temporal convolution, and V is the source volume where fj are non–zero. Gij are components of
elastodynamic Green’s functions, which give a displacement field in direction xi due
to a unit impulse force acting in the direction xj . They depend on the source and
receiver locations (r and x, respectively) and the Earth model between them. To
facilitate the spatial integration over V, we expand the Green’s functions in a Taylor
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series around a reference point r=r0 , called the centroid
Gij (x, r, t) = Gij (x, r0 , t) + Gij,k (x, r0 , t)(rk − r0k ) + · · ·

(1.2)

and equation 1.1 becomes
ui (x, t) = Gij (x, r0 , t) ∗ Fj (t) + Gij,k (x, r0 , t) ∗ Mjk (t) + · · ·

(1.3)

It contains the total force exerted by the source
Z
Fj (t) =

fj (r, t) dV,

(1.4)

V

which is usually neglected because the linear momentum is conserved in most processes. It needs to be included when the momentum is transferred between the
source region and the rest of the Earth. This is the case with landslides, volcanic
eruptions and unsteady fluid flow (Julian et al., 1998). Landslide modelling involves a block of mass M moving down an inclined surface. The equivalent force is
-M g sinθ, where g is the acceleration of gravity and θ is the incline angle. Its direction is parallel to the incline. Volcanic eruptions can excite seismic waves because
the erupted material applies a net force to the Earth. This force can be expressed
as S∆P , where S is the area of the volcanic vent and ∆P is the pressure difference
between the volcano reservoir and the atmosphere. Another volcanic source process
that can be modelled with a single force is unsteady fluid flow. If the magmatic
fluid of density ρ flows in a volcanic conduit with acceleration a, it exerts a force
R
F = V ρa dV . However, it is not necessary to include the single force in most cases
of seismic source modelling.

For waves whose wavelength is significantly longer than the source dimensions,
the inversion can be linearised by omitting the higher order terms in equation 1.3
and we are left only with the second term containing derivatives of the Green’s
functions Gij,k and elements of the moment tensor Mjk . Green’s functions’ derivatives with respect to the source coordinate rk are responses of elastic media to force
couples with arms in the k direction. Three force components and three possible
arm directions give nine generalised couples (figure 1.2). The moment tensor has
the form
Z
Mjk (t) = (rk − r0k )fj (r, t) dV
(1.5)
V

Components of this second rank tensor give excitations of particular force dipoles
and couples shown in figure 1.2 (e.g. M12 is the excitation of a couple in direction
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Figure 1.2: Representation of the elements of the moment tensor as weights for a set of
dipoles and couples. Figure taken from Kennett (2009).

x1 with arm in direction x2 ). Thus, equation 1.1 becomes
ui (t) = Gij,k ∗ Mjk

(1.6)

Under the constraint that the force couples do not exert any net torque, the
moment tensor is symmetric and has only six independent elements. This is true
for various physical processes, such as shear faulting on a complex surface, faulting
in an anisotropic or heterogeneous medium, tensile faulting and polymorphic phase
transformations.

Decomposition of the moment tensor
To facilitate understanding of the moment tensor and its relation with true motions
within the source, it is usually decomposed into an isotropic and a deviatoric part.
The isotropic component Miso consists of the diagonal elements M11 , M22 and M33 ,
which correspond to linear dipoles. It is proportional to the volume change ∆V that
occurred in the process through the equation Miso = (M11 + M22 + M33 )/3 = k∆V ,
where k is the bulk modulus. Thus, it is also known as the volumetric component.
The deviatoric part is examined using its eigenvalues and orthonormal eigenvectors, but its decomposition is non–unique. Jost and Herrmann (1989) presented
several different decompositions (although one should keep in mind that the paper
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has incorrect equations for the full moment tensor inversion in Appendix V). The
decomposition most commonly used comprises a double–couple and a compensated
linear vector dipole (CLVD). Therefore, the aforementioned double–couple is included in the seismic moment tensor. When rotated by 45◦ to its principal axis, the
double–couple consists of two linear dipoles of equal magnitude, but opposite signs,
i.e. one of its eigenvalues is zero and the remaining two have equal magnitude, but
opposite sign. As mentioned above, the double–couple is the equivalent force system
for shear dislocations, for which the moment tensor components are given by
Mij = µA(Di νj + Dj νi ),

(1.7)

where ν is the fault normal. The moment tensor components can be related to the
geometry of the shear fracture (shown in figure 1.3) in the following way
Mxx = −M0 (sin δ cos λ sin 2φ + sin 2δ sin λ sin2 φ)
Myy = M0 (sin δ cos λ sin 2φ − sin 2δ sin λ cos2 φ)
Mzz = M0 (sin 2δ sin λ)

(1.8)

Mxy = M0 (sin δ cos λ cos 2φ + 0.5 sin 2δ sin λ sin 2φ)
Mxz = M0 (cos δ cos λ cos φ + cos 2δ sin λ sin φ)
Myz = M0 (cos δ cos λ sin φ − cos 2δ sin λ cos φ),
where M0 is the total seismic moment, φ is the strike angle, δ is the dip angle and
λ is the slip angle.
The remaining CLVD has eigenvalues in the ratio 1 : -1/2 : -1/2. It consists of
a unit strength linear dipole and two half strength dipoles in a plane orthogonal to
the first one. These three force systems (DC, CLVD and ISO) are shown in figure
1.4, together with their P wave radiation patterns. The complete moment tensor
was first computed in a pioneering paper by Gilbert and Dziewonski (1975).

Physical processes involving non–double–couple sources
As previously mentioned, earthquakes with non–double–couple mechanisms mostly
occur in volcanic and geothermal areas, deep subduction zones and mines. They can
be theoretically explained by tensile faulting, geometrically complex shear faulting,
heterogeneities or anisotropy in the medium, and polymorphic phase transformations
(Julian et al., 1998). Now, we are going to discuss some physical processes that are
modelled using the CLVD and/or isotropic components of the moment tensor.
Primarily, we focus on tensile faulting because it is important for understanding
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Figure 1.3: Cartesian coordinate system describing the fault orientation. The origin is in
the epicentre. Strike angle φ is measured clockwise from north, dip angle δ from horizontal
down and slip angle λ counterclockwise from horizontal. D and ν are the slip vector and
the fault normal, respectively. The figure is modified from Jost and Herrmann (1989).

Figure 1.4: Components of the moment tensor from left to right: ISO, DC and CLVD; (a)
Equivalent force systems. DC is shown as two linear dipoles in the top row and as couples
which individually exert a torque in the bottom row. (b) P wave radiation patterns. The
figure is taken from Julian et al. (1998).
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non–double–couple earthquakes in volcanic and tectonic regions. Tensile faulting is
a mechanism where the slip vector is normal to the fault plane. This behaviour is
restricted by compressive stress. It can occur when the pore fluid pressure lowers
the effective principal stresses and cancels out a large part of the compressive stress
caused by the lithostatic load. Another prerequisite is a small shear stress, or nearly
equivalent principal stresses. Tensile faulting can be modelled with three orthogonal
linear dipoles in the ratio (λ + 2µ : λ : λ), where µ and λ are the Lamé parameters.
This is equivalent to a combination of an isotropic source of moment (λ + 2/3µ)AD̄
and a CLVD of moment (4/3µ)AD̄, where A is the total fault area and D̄ is the
average displacement. The far–field P waves have first motions outward for all observation directions (for an opening crack), with amplitudes largest in the direction
normal to the fault. A shear and a tensile fault can intersect (Shimizu et al., 1987)
and have sudden episodes of either opening or closing, with volume increases or
decreases. This results in a moment tensor with all three components (DC, CLVD
and ISO).
Another mechanism that involves non–double–couple components are rapid mineral phase changes (e.g. Kirby et al., 1991). This process can explain deep earthquakes, occurring in parts of the Earth where brittle behaviour of rocks is not
expected. Many minerals are subjected to polymorphic phase changes at certain
pressure and temperature conditions. Phase transformations can occur when slabs
subduct into the mantle, in regions where denser mineral phases are stable. Changes
in mantle structure at depths between about 410 and 660 km are attributed to
phase changes, mostly involving the mineral olivine. If the phase change happens
quickly, seismic waves are radiated and interpreted as earthquakes with isotropic
components. However, phase transformations can occur in narrow zones and have
double–couple mechanisms.
In certain conditions, the recovered non–double–couple components can be spurious, i.e. a consequence of inexact modelling. For example, if the medium in which
the earthquake occurs is anisotropic, the propagation of elastic waves is more complicated. Shear faulting produces radiation that is interpreted by a moment tensor
with significant CLVD and/or isotropic components when Green’s functions for an
isotropic medium are used in the inversion (e.g. Vavryčuk , 2005). A similar effect
occurs when the medium is heterogeneous (e.g. Julian et al., 1998). Also, geometrically complex shear faulting can lead to retrieval of spurious non–double–couple
components. It is mostly observed when multiple earthquakes occur close in space
and time, or as shearing on volcanic ring faults. In the first case with two (or more)
earthquakes occurring almost simultaneously, it is challenging to resolve them as individual events using the observed seismic waves. They are likely to be interpreted
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as a single event with a moment tensor representing a sum of the individual events.
Even if they are both DC events, their sum can have non–DC components. Fault geometries that allow earthquakes oriented in this way are mostly found in subducted
slabs and mid–ocean ridge environment. Individual events can often be resolved
by allowing the moment tensor elements to vary with time. Shearing on volcanic
ring faults might require more complex, finite–source modelling (e.g. Fichtner and
Tkalčić, 2010).

1.1.3

Linear complete waveform moment tensor inversion

Moment tensor decomposition, presented in the previous section, is valuable when
looking at the final result, but to calculate the moment tensor from measured
displacements we decompose it in a different manner. We use the frequency–
wavenumber code AXITRA (Bouchon, 1981; Cotton and Coutant, 1997), based on
the approach of Kikuchi and Kanamori (1991), to create Green’s functions. The
code convolves the Green’s functions’ derivatives with the following six elementary
seismograms (their mechanisms are shown in figure 1.5)




0 1 0


M1 =  1 0 0 
0 0 0




0 0 1


M2 =  0 0 0 
1 0 0




0 0
0


M 3 =  0 0 −1 
0 −1 0
(1.9)









0 0 0
−1 0 0




5
M =  0 0 0  M =  0 −1 0 
0 0 1
0 0 1
4





1 0 0


M = 0 1 0 
0 0 1
6

This combination is particularly convenient for obtaining specific solutions using
subsets of elementary moment tensors. Tensor M6 is a purely isotropic source, while
the remaining tensors M1 to M5 are five double–couples. Consequently, the subset
M1 to M5 corresponds to a deviatoric solution. Constraining its determinant to
zero makes the mechanism a pure double–couple. In that case, the inversion is
non–linear. The subset M1 to M3 gives a mechanism with a vertical nodal plane.
The full moment tensor is a linear combination of elementary moment tensors,
with coefficients an
n
Mjk = an Mjk
(1.10)
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Figure 1.5: Elementary moment tensors used in the inversion (equal–area projection of
the lower focal hemisphere).

Writing it in matrix form we get



−a4 + a6
a1
a2


M=
a1
−a5 + a6
−a3

a2
−a3
a4 + a5 + a6

(1.11)

If we assume all moment tensor elements have the same time dependence, we
can rewrite equation 1.6 showing all summations in the following form
si (x, t) =

6
X

3
3 X
X
n
Gij,k ∗ Mjk
)
an (

n=1

(1.12)

k=1 j=1

si (x, t) =

6
X

an Ein (t)

(1.13)

n=1

The synthetic displacement, now denoted by si to differentiate it from the observed ground motion ui , is a linear combination of elementary seismograms En with
the same coefficients an as in equation 1.10. Having the elementary seismograms
computed, one can invert the data using the least squares method to determine the
moment tensor. We want to minimise the misfit
∆=

Ns Z
X

2

[uj (t) − sj (t)] dt =

j=1

Ns Z
X

[uj (t) −

Nb
X

an Ejn (t)]2 dt,

(1.14)

n=1

j=1

where index j denotes all Ns seismogram components on all stations used in the
inversion, and n is the index of Nb elementary tensors. We can rewrite the previous
equation as
Nb
Nb X
Nb
X
X
∆ = Rx − 2
an Sn +
Rnm an am
(1.15)
n=1

m=1 n=1
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with particular elements defined in the following manner
Rx =

Ns Z
X

[uj (t)]2 dt,

j=1

Rnm =

Ns Z
X

[Ejn (t)Ejm (t)] dt,

(1.16)

j=1

Sn =

Ns Z
X

[Ejn (t)uj (t)] dt.

j=1

Differentiating equation 1.15 with respect to an gives the normal equations
Nb
X

Rnm am = Sn , n = 1, ..., Nb .

(1.17)

m=1
−1
(the inverse of Rnm ), we get the
When the above equation is multiplied with Rnm
least squares solution
Nb
X
−1
an =
Rnm
Gm .
(1.18)
m=1

In a linear inversion, we invert the Rnm matrix that contains scalar products of
elementary seismograms using the singular value decomposition (e.g. Golub and
Van Loan, 1989).
The residual error can be rewritten using equation 1.17 as
∆ = Rx −

Nb
X

an Sn

(1.19)

n=1

so the Sn values, obtained to calculate coefficients an , can also be used to compute
the variance reduction
P
an Sn
∆
n
VR = 1 −
=
.
(1.20)
Rx
Rx

Previous studies and challenges in moment tensor inversion
As all inversions, moment tensor studies have limitations related to underlying assumptions and noise in the data. The dominant assumptions one should keep in
mind are the Earth structure model and earthquake location. Station coverage can
also affect the inversion when using certain data types. The structure between the
source and the receiver is included in the moment tensor inversion through Green’s
functions. In a synthetic test using short period vertical–component seismograms
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on seven stations at local distances (less than 100 km) surrounding the event, Kravanja et al. (1999) showed that poorly known crustal structure can result in apparent CLVD component, with the isotropic component being less sensitive to it.
The source time function, also obtained in the study, was particularly sensitive to
crustal structure. Robustness of non–double–couple components was disputed by
Panza and Saraó (2000), who found no significant differences in resulting moment
tensor when using different crustal models. The station distribution and data type
was similar to that of Kravanja et al. (1999). This topic was revisited by Šı́lený
(2009) using P and S wave amplitudes. Results of his synthetic experiments were
unsatisfactory only when a homogeneous half–space model was used to compute the
amplitudes.
Some studies compensate for imperfect structural models by including a time
shift between Green’s functions and the data (e.g. Hingee et al., 2011; Vavryčuk
and Kühn, 2012). This procedure can accommodate for small scale heterogeneities
not included in the model. However, if the centroid location is also inverted for,
this can lead to erroneous solutions. A better approach is to construct a composite
model (e.g. Tkalčić et al., 2009; Young et al., 2012), i.e. to take different models for
particular stations to accommodate for lateral heterogeneities or anisotropy. Recent
studies (Hingee et al., 2011; Lee et al., 2011) examined the advantages of using a
three dimensional Earth model to compute the Green’s functions. This is the most
detailed and currently the best approach, but such models are not often available.
Šı́lený et al. (1996) emphasise the effect of good station coverage in an extensive
study, examining the effect of centroid mislocation, random noise in the records
and inaccurate knowledge of velocity structure in waveform inversion with synthetic
data at local distances. When stations with similar azimuths and distances from
the source are used in the inversion, the similarity of Green’s functions makes the
inversion unstable and introduces spurious non–double–couple components. Error in
estimating the principal source component (DC component for a pure DC source and
ISO component for an explosive source) was above 50 percent when only z component
data on three stations were used. In experiments with a superposition of a DC and
ISO source, the volumetric source is determined with higher uncertainty. Similar
results were obtained by Panza and Saraó (2000), using the same data type (local
waveforms). Including more stations can improve estimates of the non–double–
couple components, as shown by Zahradnı́k and Custodio (2012), using locations of
real stations.
All moment tensor components have a time dependence which can be inverted
for. When using short period data (body waves), the time histories of different
moment tensor components might not be the same (e.g. if fluid motion is involved
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in the source process). At longer periods (surface waves) this effect is not prominent
because the time difference between different source components (e.g. shear failure
and a volumetric component due to fluid motion) is small compared to wave periods.
Determining the source time function is very sensitive to data noise so the moment
tensor time history is often assumed to be a well known function, such as a Dirac
delta (Hingee et al., 2011), a step (Šı́lený, 2009) or a trapezoidal (Kikuchi and
Kanamori, 1991) function to facilitate the computation.
The non–double–couple components of the moment tensor were initially attributed to data noise, but, as the number of observations of large non–double–
couple component earthquakes increased, their contribution could not be neglected.
Kuge and Lay (1994) favoured fault zone heterogeneities and geometrical complexities when interpreting non–double–couple components in moment tensor catalogues
and the same conclusion was reached by Zahradnı́k et al. (2008a) for certain earthquakes in Greece. On the other hand, Dreger et al. (2000) explained the origin of the
non–zero isotropic component for earthquakes in Long Valley caldera, California to
be a result of high–pressure fluids or fault pressurisation by heat from a magmatic
body. Interstitial fluid at pressure p lowers the effective principal stresses by the
amount p. When the shear stresses are small or the principal stresses are nearly
equal, the reduction in principal stresses due to fluid pressure allows tensile failure,
which has an isotropic component (e.g. Julian et al., 1998). Resolving the origin of
non–double–couple components usually requires further information and their robustness needs to be considered in moment tensor inversions. Sometimes, they are
an artefact of noise in the data, so it is common to perform synthetic experiments
usually using Gaussian white noise to estimate the effect of noise on the inversion
(Šı́lený et al., 1992; Panza and Saraó, 2000; Hingee et al., 2011; Vavryčuk and Kühn,
2012).
Together with the aforementioned challenges associated with moment tensor inversion, including source location as a parameter takes the inversion to a different
level, i.e. makes the problem non–linear. Moment tensor solutions depend on the
centroid location, especially on its depth (Dreger and Helmberger , 1993), but the
source location is mostly determined by first motion data and gives the hypocentre,
which does not have to coincide with the centroid. Zahradnı́k et al. (2008b) strongly
emphasised that multiple locations should be checked with a grid–search method to
stabilise the solution. Nonlinearity also makes uncertainty estimates nearly impossible in traditional inversion methods. The uncertainties can be calculated in linear
inversions (e.g. Riedesel and Jordan, 1989; Vasco, 1990; Zahradnı́k and Custodio,
2012), but their estimation in the non–linear case requires a different approach,
such as probabilistic methods. Křı́žová et al. (2013) focused on uncertainty of the
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isotropic part, constructing a 1–D experimental probability density for it. Other
studies did not stop in estimating uncertainties of only one parameter. Some methods are used to search the parameter space and give parameter probability densities
together with their optimal values. For example, Šı́lený (1998) used the genetic algorithm to sample the model space. Wéber (2006) and Duputel et al. (2012) utilised
the Bayesian inversion. The former focused on local waveforms and the latter used
W phase (a phase with period up to 1000 s that begins between P and S waves)
waveforms.
The focus of my research are small and moderate magnitude sources, particularly
the ones that cannot be adequately explained only by shear faulting, and uncertainty
estimation of model parameters. Fault and auxiliary plane geometry, together with
the non–shear aspects of the source will be calculated using the point source approximation and the seismic moment tensor. To account for complex structures along
the ray paths, time shifts will be implemented in the linear inversion. In order to
quantify uncertainties in the study and take into account data noise, a hierarchical
Bayesian approach will be used.

1.2

Bayesian inversion

Similar to the problem of retrieving the moment tensor explained above, inverse
problems, in which parameters of Earth structure or processes within the Earth are
calculated from observations on the surface, are often encountered in geophysics.
Other examples include determining subsurface mass distribution from gravity measurements, ocean circulation from oceanic data or seismic velocities in the Earth’s
interior from ground displacements. Inverse problems are often ill–conditioned due
to data scarcity and a large number of model parameters. Furthermore, the solution
is mostly non–unique, which means that a large number of models can explain the
measured data.
A general formulation for all inverse problems is expressed by a relatively simple
formula
G(m) = d,
(1.21)
where d are the data values, m is the model (meaningful physical quantities we want
to determine) and the operator G represents the relation between them. Going back
to the moment tensor inversion, we can see the displacements u were the data values
d, coefficients a the model parameters m and elementary seismograms were the link
between them, G. While the forward problem involves finding d, i.e. computing
G(m) by solving a differential equation or evaluating an integral, inverse problems

§1.2 Bayesian inversion

15

require obtaining the model m from measured data. In linear problems, G is a
matrix and finding model parameters m requires only a matrix inversion, whereas
in non–linear problems it is a general function.
Traditional methods for inversion problems assume there is a true model which
explains data in the best way, and try to minimise the misfit between observed data
d and G(m). Optimisation methods use function derivatives when searching for the
minimum, but difficulties arise when multiple local minima exist, and global minimum can be extremely hard to find. In cases where a small change in measurement
can lead to large changes in the inferred model (ill–conditioned problems), an additional constraint is introduced to the misfit function to stabilise the solution. This
process is called regularisation. However, the choice of a particular regularisation
method is subjective and different methods can result in very different solutions.
Regularisation can also introduce bias in the solution (Aster et al., 2005). Considering that more than one solution can fit the data within errors, an ensemble of
models that satisfy a predefined criteria is sometimes collected. Such criteria once
more depend on user choices because optimisation methods do not include importance sampling and there is no guarantee that all acceptable models are represented
in the ensemble.
The Bayesian inference has a completely different approach compared to optimisation. It works in a probabilistic framework, i.e. treats the model as a random
variable. The obtained solution is not just one realisation of the variable, but a
probability distribution of model parameters based on previous knowledge about
the problem, and the measured data (Box and Tiao, 1973; Smith, 1991). This is
formally given by Bayes’ theorem
p(m|d) =

p(d|m)p(m)
p(d)

(1.22)

The posterior distribution (also known as the a posteriori distribution) of model
parameters given the observed data p(m|d) depends on the prior (or a priori) distribution p(m) and the likelihood function, which is equal to p(d|m), the probability
of observing the data d given the model m. The denominator on the right hand
side (p(d)) is the Bayesian evidence. It is not a function of m, but a constant that
normalises the posterior in a way that its integral over the entire model space equals
unity. Thus, the previous equation is often written as
p(m|d) = c p(d|m)p(m),

(1.23)
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where
c

−1

Z
= p(d) =

p(d|m)p(m) dm.

(1.24)

The prior incorporates our previous knowledge about the model that is gathered
from different observations. For example, the source mechanism or the scalar moment from a previous study (e.g. using wave amplitudes or GPS data) can be used
as a prior in a seismic moment tensor inversion. The prior enables one to reject
implausible solutions from a family of solutions that fit the data. It can be argued
that this makes the posterior distribution biased by one’s choice of the prior model,
but even when substantially different priors are used, the posterior will converge to
the same form, when it is sufficiently sampled. What changes is the time it takes
to reach convergence. Sivia and Skilling (2006) demonstrated this in an experiment
with a biased coin in inversions with different priors. Moreover, the prior distribution can be used to reject physically implausible solutions. It is always reasonable to
believe that parameters will not exceed certain values (e.g. in moment tensor studies the coefficients ai cannot be significantly larger than the scalar moment from a
previous study).
As the model parameters are independent in our study, we can write
p(m) = p(a)p(r),

(1.25)

where a is a vector with elements an that define the seismic moment tensor and r is
the location vector. Moment tensor elements are constrained by the scalar moment
in the following way
(
p(an ) =

1/∆an
0

if (1 − ) · M0 < an < (1 + ) · M0
otherwise,

(1.26)

where ∆an = an < (1 + ) · M0 − (1 − ) · M0 = 2  M0 . After some trial and error, 
was set to 50%. We consider an independent and can write for a
p(a) =

6
Y

p(an )

(1.27)

i=1

Due to the necessity of having elementary seismograms computed, the centroid was
a discrete variable with NL = nx × ny × nz possible values, which makes the prior
for the centroid location equal to:
p(r) = 1/NL

(1.28)
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Putting together the last four equations we obtain
p(m) =

1
NL · (∆an )6

(1.29)

All information from the data is included in Bayesian inversion through the
likelihood function, which makes it a key factor. It quantifies how well a particular
set of parameters composing a given model reproduces the observed data and is
often based on a least squares misfit between observed and synthetic data (d and
G(m)), i.e.
2
G(m) − d
,
(1.30)
φ(m) =
σ
where σ 2 is the estimated variance of data noise. Misfit expressed in this way results
in a Gaussian likelihood function


−φ(m)
p(d|m) ∝ exp
(1.31)
2
Thus, the posterior distribution includes models that satisfy both the prior information and observed data. The maxima of this distribution correspond to models
most consistent with the data and our previous knowledge, while the poorly fitting
models form its tails. The posterior variance or ”width” quantifies the solution uncertainty, i.e. our constraints on model parameters. If the prior and the likelihood
are expressed as a Gaussian probability distribution, the logarithm of the posterior
is proportional to
2
G(m) − d
+ α2 |m − mp |2 ,
(1.32)
σ
which is equivalent to a regularised least–squares problem where α is the regularisation parameter. In this case, the problem can be solved using traditional methods.
However, if the problem is non–linear and/or we want to avoid making subjective
choices for α or σ, the posterior distribution can be estimated using probability
sampling methods.
In practice, one must choose a way to sample the parameter space to get the
posterior distribution. An exhaustive search involves testing all possible parameter values and determining their probabilities, given the data. To be precise, the
probability of a certain parameter value is always zero, so it is approximated by
a probability of a small volume of parameter space ∆m around it, in which the
probability densities are considered constant. A disadvantage of exhaustive search
is that it requires a lot of computational time, which is impractical and sometimes
unfeasible. A more convenient way to sample the model space is using the Markov
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chain Monte Carlo (MCMC) method. The MCMC is a random walk through the
parameter space guided by the values of likelihood and based on the Metropolis–
Hastings algorithm (Metropolis et al.,1953; Hastings, 1970). Its goal is to generate
an ensemble of models whose density reflects the posterior distribution. The first
point in the chain (i.e. the first model) is randomly chosen and the algorithm proceeds by creating a new model m’ as a perturbation of the last one m, based on a
probability distribution q(m0 |m). The new model is accepted with a probability β
which depends on the ratio of posteriors of the new model and the previous one, and
the ratio of proposal distributions. Technically speaking, a random number r with
values between 0 and 1 is generated by Knuth subtractive method using a Numerical
Recipes function ran3 (Press et al., 1992), and β defined as

p(m0 |d) q(m|m0 )
.
·
β(m |m) = max 1,
p(m|d) q(m0 |m)
0



(1.33)

Since the distributions q and p(m) are symmetric, the ratio in equation 1.33 depends
only on the likelihood ratio p(d|m0 )/p(d|m). If β ≥ r the new model m’ gets
accepted and the previous model m is replaced by it. This means that models with
a higher likelihood are always accepted, but the walk can also proceed to a less likely
model and adequately sample the posterior probability (Mosegaard and Tarantola,
1995).

1.2.1

Data noise and hierarchical inversion

In all inversion studies, data processing and statistical analysis, noise plays an important role and needs to be considered. Refining the model parametrisation increases
the number of models that fit the data. Enough degrees of freedom would enable fitting the data perfectly. However, the observed data always contain a certain amount
of noise and such models, which overfit the data, would be implausible. That is why
noise is often considered to be the part of data we do not wish to explain (Scales
and Snieder , 1998). One should keep in mind that this formulation of noise contains both measurement and theory errors, where theory errors are a consequence
of assumptions made when creating the relation between the model and data. The
remaining, meaningful signal determines the model complexity.
In traditional methods, the level of detail in the model is determined beforehand
with only limited use of data errors. Bayesian approach can include noise as a hyperparameter in the inversion and allow the data to determine the model complexity.
In that case two levels of inference exist, and the approach is called hierarchical
because it has parameters related to noise at a higher level. All other parameters
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(e.g. the source mechanism and centroid location in moment tensor studies) depend
on the noise, thus are at a lower level. The approach can be extended when dealing
with different data types because individual noise variances can be used for each
data type. For example, when treating different types of body waves in deep Earth
traveltime studies (e.g. different branches of PKP, and PcP phase), each phase
can have a unique noise variance to compensate for structure along its path (e.g.
Young et al., 2013). Another example is Kim et al. (2016a) study of lithospheric
structure, where receiver function and surface wave dispersion data are allowed to
have different weights. In a similar fashion, noise on different stations in moment
tensor studies can be treated separately, as a different parameter.
With the likelihood function defined as in equation 1.31, the only hyperparameter
is the noise variance because the noise is considered uncorrelated. That is convenient
for a variety of problems, but noise in seismic waveforms often shows strong correlation and demands a more sophisticated treatment. One way to avoid correlated
noise is to resample the data with a lower sampling frequency to obtain independent samples. However, this approach leads to a loss of information. Another way
is to include noise correlations in the misfit function using the Mahalanobis distance
(Dasgupta, 1995)
φ(m) = [G(m) − d]T CD −1 [G(m) − d]
(1.34)
As before, the likelihood has a Gaussian distribution, but now it takes into account
the noise correlations and is expressed as
N

−1/2

p(d|m) = ((2π) |CD |)




1
−1
T
exp − (G(m) − d) CD (G(m) − d) ,
2

(1.35)

where |CD | is the determinant of the noise covariance matrix and N the number of
points. The previous formulation that includes only noise variances is a special case
of this one, in which the covariance matrix is proportional to the identity matrix
(CD = σ 2 I). A non–diagonal covariance matrix was implemented in a topography
study by Bodin and Sambridge (2012) and a moment tensor study by Duputel et al.
(2012). The latter used W phase waveforms and made a substantial improvement
in synthetic experiments, in contrast to including only noise variances (but not the
correlations) in the inversion.

1.3

Thesis outline

After the basic theory has been presented above, in the next Chapters I shall present
the application of the hierarchical Bayesian framework to the moment tensor in-
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version, and its applications. The thesis chronologically follows the work I have
carried out throughout my PhD program. Most of the methodology is presented
and discussed in Chapters 2 and 3, while the remaining Chapters mostly focus on
applications.
In Chapter 2 I give a detailed description of hierarchical Bayesian inversion for the
seismic moment tensor, our novel methodology, and its application. The algorithm
performance is showed in a number of synthetic tests using real station locations.
Apart from a free parameter for the noise variance, the inversion is performed using
three different covariance matrices, and their performance is assessed. Waveform
data in the tests is contaminated with correlated noise, to better mimic a real–case
scenario and test the hierarchical aspect of the inversion. The azimuthal coverage
of stations employed in the test is far from ideal so we compare those solutions to a
case with full azimuthal coverage. Finally, we show an application of the algorithm
to an earthquake from a volcanic environment in Long Valley caldera, California.
An extension of the method in which noise on individual stations can be used to
weight their contribution in the inversion is shown in Chapter 3. The Bayesian information criterion is employed to determine the optimal number of noise parameters
in the inversion. In addition to that, a more thorough analysis of noise correlations
is performed on stations throughout California and the advantage of empirically
estimated covariance matrix is shown. The importance of adequate noise treatment is shown in two examples: the same Long Valley caldera earthquake, and an
earthquake from a geothermal region in California, The Geysers.
Chapter 4 gives a more quantitative comparison of the covariance matrices using
Bayesian evidence, an important factor for model selection. The code is applied to
remaining earthquakes of magnitudes above 4.5 from The Geysers region since 2004.
The double–couple parts of the mechanisms are consistent with regional stress field,
but the earthquakes have a variety of large non–double–couple components.
Chapter 5 focuses on the influence of crustal structure while examining a nuclear
test conducted in the Democratic People’s Republic of Korea in 2013. Some of
the stations in the region that provided data for the event are located in a way
that the ray paths cross oceanic crust, which has higher seismic velocities than the
surrounding region. A synthetic test shows the importance of using a composite
model in such a scenario.
The main findings of this PhD are summarised in Chapter 6. I present some
general remarks and discuss potential future research.
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Publication schedule

Some of the Chapters in this thesis have already been published or submitted for
publication. I am the first author in the articles and I took the lead on developing
theory, designing the algorithms and coding. A summary of manuscripts is included
here to ensure that adequate acknowledgment is given to the co–author.
• Chapter 2: Marija Mustać and Hrvoje Tkalčić: ”Point source moment tensor
inversion through a Bayesian hierarchical model” Geophysical Journal International 204(1):311–323, 2013. DOI: 10.1093/gji/ggv458.
• Chapter 3: Marija Mustać and Hrvoje Tkalčić: ”On the use of data noise as
site–specific weight parameter in a hierarchical Bayesian moment tensor inversion: The case study of The Geysers and Long Valley caldera earthquakes”.
Revised for Bulletin of the Seismological Society of America.
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Chapter 2

Hierarchical Bayesian Point
Source Moment Tensor Inversion

In the previous Chapter, we reviewed the theory on the seismic moment tensor and
Bayesian inversion. Now, we employ the latter on the moment tensor problem, define
the prior probability distribution and use the hierarchical aspect of the inversion for
rigorous noise treatment. Moreover, we utilise pre–event noise series to construct
an empirical noise covariance matrix. A number of synthetic tests is performed and
the method is applied to an earthquake from Long Valley caldera, California. The
content of this Chapter has been adapted from our already published work Mustać
and Tkalčić (2016).

2.1

Abstract

Characterisation of seismic sources is an important aspect of seismology. Parameter uncertainties in such inversions are essential for estimating solution robustness,
but are rarely available. We have developed a non–linear moment tensor inversion
method in a probabilistic Bayesian framework that also accounts for noise in the
data. The method is designed for point source inversion using waveform data of
moderate–size earthquakes and explosions at regional distances (from 100 to 1400
km). This probabilistic approach results in an ensemble of models, whose density is proportional to parameter probability distribution and quantifies parameter
uncertainties. Furthermore, we invert for noise in the data, allowing it to determine the model complexity. We implement an empirical noise covariance matrix
that accounts for interdependence of observational errors present in waveform data.
After we demonstrate the feasibility of the approach on synthetic data, we apply
it to a Long Valley caldera, CA, earthquake with a well documented anomalous
(non–double–couple) radiation from previous studies. We confirm a statistically significant isotropic component in the source without a trade off with the compensated
linear vector dipoles component.
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Introduction

Seismic moment tensors are a basic tool to make inferences about earthquake
sources. They can be used to map the fault structure at depth and infer the
stress pattern. For these studies, as well as characterising the seismic source itself, uncertainties of the moment tensor components are important. A number of
agencies calculate moment tensors of global or regional earthquakes, but parameter
uncertainties are rarely computed, even in more detailed studies. The moment tensor is usually decomposed into a double–couple (DC, equivalent to shear faulting),
compensated linear vector dipole (CLVD) and isotropic (ISO) components. The uncertainties are particularly important when examining earthquakes with significant
non–double–couple components because the amount of DC, CLVD and ISO components can significantly vary with small perturbations of parameters (Zahradnı́k et al.,
2008a). Recently, techniques based on probabilistic approaches are emerging (e.g.
Šı́lený, 1998; Wéber , 2006; Ford et al., 2009a; Duputel et al., 2012; Křı́žová et al.,
2013; Stähler and Sigloch, 2014) and frequently, they use an ensemble of solutions
to estimate the uncertainties.
Departures from the pure double–couple model were initially assigned to data
noise because they are found for nearly all earthquakes. However, with an ever–
increasing number of seismometers and advances in data quality, non–double–couple
components were better resolved and observed mostly in volcanic and geothermal areas, mines and deep subduction zones. The first earthquakes with well–constrained
non–double–couple mechanism were found in Icelandic volcanic complexes (e.g.
Klein et al., 1977; Foulger and Long, 1984), Long Valley caldera, California (e.g.
Barker and Langston, 1983; Julian, 1983; Ekström and Dziewonski , 1985) and a
number of volcanoes in Japan (e.g. Ukawa and Ohtake, 1987; Shimizu et al., 1987,
1988) and their mechanisms are still intriguing seismologists (e.g. Nettles and Ekström, 1998; Tkalčić et al., 2009). The high non–double–couple components can be
a result of geometrically complex shear faulting, but are also attributed to tensile
faulting (opening and closing of tensile cracks), heterogeneities or anisotropy in the
medium and polymorphic phase transformations (Frohlich, 1994; Julian et al., 1998).
Data from such tectonic environments are often noisy, thus, it is crucial to account
for the noise in the inversion. There have been methods proposed to simultaneously address the effects of noise, the source mislocation and the uncertainty in the
velocity structure (e.g. Šı́lený and Panza, 1991; Guidarelli and Panza, 2006) using
the non–linear modelling and turning parameter variances into confidence regions.
Studies using the seismic potency tensor also focused on the non–double–couple
components (Ross et al., 2015).
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The source location is mostly determined by first motion data and gives the
hypocentre, which does not have to coincide with the centroid. The moment tensor
solutions depend on centroid location, especially its depth (e.g. Dreger and Helmberger , 1993). Zahradnı́k et al. (2008b) proposed checking multiple locations with
a grid–search method to stabilise the moment tensor solution. Thus, it is beneficial to include the centroid as a parameter in the inversion. In traditional methods
parameter uncertainties can be calculated in linearised inversions (e.g. Riedesel and
Jordan, 1989; Vasco, 1990; Zahradnı́k and Custodio, 2012), but inverting for the
centroid location introduces non–linearity and parameter uncertainties cannot be
estimated in a straightforward manner.
In order to estimate solution uncertainties and explore the model space more
thoroughly, we solve the inverse problem in the probabilistic Bayesian framework
(Box and Tiao, 1973; Tarantola and Valette, 1982; Christensen et al., 2011). Various flavours of Bayesian inversion were already successfully implemented for some
geoacoustical and geophysical problems (Dettmer et al., 2007). Recently, Bodin
et al. (2012) employed a hierarchical transdimensional Bayesian inversion in a tomographic study, jointly inverting receiver functions and surface wave dispersion
data. They allowed the number of free parameters to vary throughout the inversion
and inverted for noise parameters in different data sets. A similar technique was
applied in a tomographic study of the lowermost mantle (Young et al., 2013). Most
recently, Pachhai et al. (2014) utilised the rigorous treatment of data noise in a
study of heterogeneities on top of the core–mantle boundary. For a more detailed
description of Bayesian transdimensional method, including the hierarchical aspect,
see a review by Sambridge et al. (2013).
Bayes’ approach was first applied in seismic studies of earthquake sources by
Ide et al. (1996) and Yagi and Fukahata (2008, 2011), who used Akaike Bayesian
information criterion to determine optimal parameter values. In traditional inversions, the source parameters are sought on different spatial scales and using different
datatypes. Similarly, the Bayesian inversion has been utilised to invert wave polarities (Walsh et al., 2009) and seismic waveforms of local (Wéber , 2006), regional (Lee
et al., 2011) and teleseismic (Duputel et al., 2012; Stähler and Sigloch, 2014) events.
Bayesian inversion was also applied by Dȩbski (2008) to compute the source time
function using empirical Green’s functions and not inverting for the mechanism. It
has also been used to infer the finite fault models that employ seismic and geodetic
data (Monelli et al., 2009; Minson et al., 2014), model the finiteness of a caldera
(Fichtner and Tkalčić, 2010) and investigate the uncertainties related to the source
time function and variability in the Earth structure (Razafindrakoto and Mai , 2014).
In this paper, we implement a hierarchical Bayesian inversion method for the seis-
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mic moment tensor to study moderate–size earthquakes and explosions at regional
distances. A hierarchical aspect of the inversion means that the noise is treated as
a free parameter (a.k.a. hyperparameter) in the inversion. We let the data noise
determine the level of fit (and, consequently, the model complexity) by making it a
free parameter in the inversion, together with the moment tensor parameters and
the centroid location. This probabilistic approach gives an estimate of parameter
uncertainties together with their average values. To avoid the trade–off between
location and moment tensor parameters, we use two Markov chains to sample the
parameter space, one for the centroid location and another that samples noise and
the moment tensor parameters at each location. We examine the performance of
the developed algorithm in synthetic experiments, with real station locations and
noise added to synthetic seismograms. Finally, we analyse data from an earthquake
in Long Valley caldera, California and compare the algorithm performance with
previously published results.

2.3

Hierarchical Bayesian inversion for the centroid moment tensor

In a Bayesian framework, the model parameters are treated as random variables,
thus, the sampling yields an ensemble of models instead of only the best–fit solution. The ensemble can be used to estimate parameter uncertainties and gain more
information about the model, in our case the seismic source. The Bayes’ theorem
gives p(m|d), the posterior distribution of model parameters m given the observed
data d, based on the prior distribution p(m) and the likelihood function p(d|m),
namely
p(m|d) = c p(d|m)p(m).
(2.1)
The constant c normalises the posterior distribution so its integral over the model
space equals to unity.
We have created an algorithm for a non–linear inversion of the seismic moment
tensor, where the model space consists of three parameters for the location (longitude, latitude and depth), six parameters for the moment tensor and one hyperparameter for the noise. If we consider the noise to be the part of the data that we do
not wish to explain (Scales and Snieder , 1998), the theory errors are included in the
noise together with the measurement errors. With the level of noise estimated, the
rest of the information in the observed data is a meaningful signal. Thus, data noise
determines the model complexity and the regularisation (smoothing and damping)
is avoided.
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The prior probabilities for all parameters are set to be non–informative, i.e. a
uniform prior is defined over a broad, physically reasonable range of values. The
prior for location parameters is defined for a discrete set of values around a previously
determined location with 1 km spacing in depth and 0.025◦ (∼ 2.5 km) spacing for
the epicentral coordinates. Moment tensor parameters have a uniform prior over
a large set of values based on an existing value for the scalar moment M0 (from
−1.5 ∗ M0 to 1.5 ∗ M0 ) and the noise is defined as a percent of data root mean square
(RMS) and can have values up to 5*RMS. We express the noise in terms of the RMS
value because it better represents the whole signal than the maximum amplitude
does (e.g. it would be lower for a signal consisting of a simple waveform and many
zeros than for the same simple waveform surrounded by noise or a complicated and
longer waveform with the same maximum amplitude).

2.3.1

Forward modelling

In the point source approximation, the displacement on Earth’s surface is expressed
as a convolution of spatial derivatives of the elastic Green’s functions and the seismic
moment tensor. Displacement ui in the direction i can be expressed as
ui (t) =

3 X
3
X

Gij,k ∗ Mjk ,

(2.2)

j=1 k=1

where j and k are the remaining two Cartesian coordinates and * denotes the temporal convolution. To facilitate understanding of the results, the moment tensor
is usually decomposed into the DC, CLVD and ISO components (Jost and Herrmann, 1989). Here, however, we use the six elementary moment tensors presented
in Chapter 1, equation 1.9, with the full moment tensor being defined as in equation
1.11.
It is reasonable to assume that all elementary tensors Mn have the same time
dependence, which can be convolved with the Green’s functions derivatives to yield
six elementary seismograms En
Ein =

X

n
Gij,k ∗ Mjk

(2.3)

j,k

Thus, we compute the synthetic seismograms as a linear combination of the six
elementary seismograms with the same coefficients an as in the equation 1.11
ui (t) =

6
X
n=1

an Ein

(2.4)
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To increase the efficiency of the algorithm, we precompute the elementary seismograms for a given set of locations so they do not need to be calculated throughout
the Monte Carlo search.

2.3.2

The likelihood and data noise covariance matrix

All information from the data is included in Bayesian inversion through the likelihood function, which makes it a key factor. It quantifies how well a particular set of
parameters composing a given model m reproduces the observed data d. We utilise
the misfit and likelihood functions using the data noise covariance matrix CD as
defined in Chapter 1 in equations 1.34 and 1.35.
We consider different parameterisations of the covariance matrix. In the simplest
one, we do not take into account the noise correlation and the matrix is diagonal
(proportional to the identity matrix)
CD = σ 2 I,

(2.5)

where σ 2 is the noise variance. In this case, the likelihood can be simplified to
"

1 G(m) − d
p(d|m) ∝ exp −
2
σ

2

#
.

(2.6)

However, this formulation assumes uncorrelated noise, but noise in seismic waveforms is considered correlated due to its band–limited nature and the inelastic attenuation of the Earth (Yagi and Fukahata, 2008). Assuming uncorrelated noise can
underestimate parameter uncertainties and alter their values.
Estimating the covariance matrix
In previous Bayesian studies, the covariance matrix has been estimated in a few
different ways. Some studies assume an exponentially decaying or a Gaussian covariance matrix (e.g. Bodin et al., 2012; Duputel et al., 2012), others compute the
matrix from data residuals (e.g. Dettmer et al., 2007) or synthetically generated
noise seismograms (e.g. Gouveia and Scales, 1998; Sambridge, 1999; Agostinetti and
Malinverno, 2010). We choose a combination of the first and last approach and
empirically estimate the covariance matrix from a number of realisations of pre–
event (ambient) noise recorded on the stations used in the inversion, similar to Kolb
and Lekić (2014), and invert only for the noise variance. As the noise series used
to compute the covariance matrix might be influenced by seasonal variations, we
approximate it by an analytical expression and subsequently parametrise it in three
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ways: using an exponentially decaying function, a Gaussian function and a combination of two attenuated cosine functions. This approach avoids repeating the
inversion, which is necessary if the matrix is directly computed from data residuals.
We do not use the empirical data noise covariance matrix directly because it is not
the same on all seismograms. Using different matrices for all waveforms would be
difficult to implement. Parameterisation makes it more general and less influenced
by seasonal variations of noise.
The noise used to compute the covariance matrix is pre–processed in the same
way as the data used in the inversion (band–pass filtered between 20 and 50 s). We
approximate the empirical matrix with an exponentially decaying function and a
Gaussian function because they are commonly used in inversion studies. However,
we do not use a Gaussian covariance matrix in the inversion because of computational difficulties in calculating its inverse. Ababou et al. (1994) found it to be
”worst” conditioned compared to a number of other matrices. A matrix with exponentially decaying elements has the form


|i − j|
.
(CD )ij = σ exp −
re
2

(2.7)

The noise variance is again denoted by σ 2 , |i − j| is the time difference between
samples i and j and re is the decay factor.
When we examine the average auto–correlation functions (i.e. the cross–diagonal
terms of the covariance matrices) of the noise recorded on stations around the globe
(figure 2.1), their side lobes are prominent. They are quasi–periodic, with oscillations
decaying with the time lag. One attenuated cosine function could not adequately
capture the complexity of the auto–correlations, therefore we parameterise them
using two attenuated cosine functions





|i − j|
2π(i − j)
cos
(CD )ij = σ b ∗ exp −
re1
L1




|i − j|
2π(i − j)
+ (1 − b) ∗ exp −
cos
, (2.8)
re2
L2
2

where b denotes the amplitude of the first cosine function. Since σ 2 is the measure
of noise level, we want the term inside the square brackets to have a maximum of
1, which makes the amplitude of the second cosine function equal to 1 − b. The
periods of the two cosine functions are denoted by L1 and L2 , and re1 and re2 are
their exponential decay factors. This parametrisation can adequately approximate
the side lobes of the auto–correlations (e.g. figure 2.2 b and c show synthetic noise
auto–correlations and both the exponential and two attenuated cosine function fit).
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Figure 2.1: Auto–correlations (for non–negative lags) of the three–component noise seismograms on different stations around the globe. Group one shows results for four stations
in California (BKS, CMB, KCC and ORV), two stations in Australia (CTAO and ERAB),
one in Japan (ERM) and one in north Russia (NRIL). Stations in Group two (BRVK in
Kazakhstan, ESK in the United Kingdom, MBAR in Uganda and NNA in Peru) have
more complex auto–correlations of the horizontal components.
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Sampling of the parameter space

To estimate the posterior distribution, we use the Markov chain Monte Carlo
method. Details of the method were explained at the end of Chapter 1.2. The
location parameters are fundamentally different from the moment tensor parameters because they dictate the shift from linearity to non–linearity. Thus, we use two
Markov chains: one to sample the location parameters and another one to sample
the remaining parameters (noise and the moment tensor parameters) for each point
in the first (outer) chain. The first part of every inner Markov chain (called the
burn–in period) is discarded and models are collected for the ensemble after it has
reached convergence, i.e. when the misfit, the moment tensor parameters and the
noise show no obvious trends and their fluctuation with iteration number is similar
to a white noise process. Convergence was monitored in a number of tests prior to
the inversion. It usually occurs after several hundred iterations so a conservative
value of 20 000 iterations was chosen as the length of the burn–in period. Every
200th model from the post burn–in period is selected to eliminate dependent samples
in the ensemble. To ensure the location parameters are exhaustively sampled, but
in the same time collect a large number of samples from the maximum a posteriori
(MAP) location, the proposal for location parameters in the outer chain is broad
(θi2 =2.5) in the first 500 iterations and changes to a smaller value (θi2 =0.45) in the
next 500 iterations. The ensemble of moment tensor and noise parameters is taken
from the MAP location.

2.4

Sensibility tests

Initially, we investigate performance of the algorithm with synthetic data. We use
the configuration of an earthquake in Long Valley caldera, California, and station
locations from the Berkeley Digital Seismic Network (BDSN; shown in figure 2.3)
as a study case (Dreger et al., 2000; Minson and Dreger , 2008) to create synthetic
seismograms. The structure model used to create the elementary seismograms and
the synthetics is the Southern California (SOCAL) model, consisting of three horizontal layers over half–space (Dreger and Helmberger , 1990). The synthetic input
source mechanism has substantial non–double–couple components (∼35% CLVD
and ∼10% ISO) and a Dirac source–time function; the synthetic data is filtered
between 0.02 and 0.05 Hz using a one–pass Butterworth filter.
Additionally, we add noise in the frequency domain, multiplying the complex
spectra by k(1 + r1 + ir2 ), where k is a constant and r1 and r2 are random numbers between -1 and 1. This type of noise simulates the propagation effects on the
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Figure 2.2: (a) Auto–correlations of 15 noise series (three components of noise on five
stations) and their average value. (b) The best–fit values of an exponential and two
attenuated cosine functions for the average auto–correlation. (c) Covariance matrices
corresponding to the average auto–correlation (empirical) and the best–fit for the two
parameterisations.
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Figure 2.3: Map of the region showing the earthquake location in Long Valley caldera
(green star), location of real stations used in the inversions (red triangles) and synthetic
stations added in the last synthetic experiment (blue triangles). The insert in the lower
left corner shows the smaller caldera area.
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wavefield because it introduces a phase shift together with an amplitude variation
(Kennett, 1985). Furthermore, its covariance matrix shows similar statistical properties as the real seismic noise. The auto–correlations of noise traces created this
way (figure 2.2 a) have the same behaviour as the real noise auto–correlations (figure
2.1).
The level of noise is calculated as a percent of the data RMS and varies by a
few percents on different components. We perform the inversion with three parameterisations of the noise covariance matrix (defined by equations 2.5, 2.7 and
2.8) for data without noise, with low (k=0.25, i.e. ∼16% data RMS) and high
(k=1, i.e. ∼65% data RMS) levels of noise, with σ 2 being the hyperparameter
in the inversion. The coefficients necessary to parametrise the CD matrix (re
for the exponential matrix and b, re1 , re2 , L1 and L2 for the two–attenuated–cosine
(TAC) matrix) were calculated prior to the inversion using the Hyper–sweep code
(http://www.iearth.org.au/codes/Hyper–sweep/) that performs a grid search in a
multidimensional space.

2.4.1

Data without noise

All three assumptions for the noise covariance matrix behaved similarly for data
without noise and retrieved the correct location and moment tensor. The location
parameters converged in the first few hundred iterations in the outer Markov chain.
After 500 iterations, the algorithm concentrates on a narrow area around the MAP
location (figure 2.4). The acceptance ratio for the location parameters is low so we
plot all the sampled locations (empty circles) together with the accepted ones (full
circles). We also show cross–sections through the MAP source location to increase
the visibility. The moment tensor parameters are exhaustively sampled during the
burn–in period of the inner Markov chains, but the final ensemble, collected after
it, shows low uncertainty (figure 2.5 and table 2.1). The full moment tensor MAP
solutions agree well with the input mechanism (figure 2.6 a) and the seismograms are
indistinguishable from the input data (figure 2.6 b). Given that this was ”perfect”
data, created with the same structural model we use to compute the elementary
seismograms for the inversion, correct retrieval of the input mechanism and low
uncertainties are not surprising.
We wish to examine the non–double–couple components so we visualise them
using the lune plots (Tape and Tape, 2012), where longitude γ is determined by the
amount of the CLVD component and latitude δ by the amount of the isotropic component, placing the pure double–couple mechanism in the middle. For data without
noise, the final ensemble (darker colours on all three plots) shows low uncertainty
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Figure 2.4: Centroid locations for one thousand iterations in the outer Markov chain
for the inversion of data without noise assuming a covariance matrix with two attenuated
cosine functions. The average iteration number for each location determines its colour.
Open circles show all proposed locations and full circles are the accepted ones. Symbol
sizes are determined by the likelihood value (the 1% MAP locations are plotted with the
largest circle, the next 9% with a smaller one, etc.). The black star represents the input
location, while the green circle shows the MAP location. The first subplot shows locations
in 3–D, and the other three subplots are cross sections through the MAP source location.
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Input
Diagonal CD
Exponential CD
TAC CD

Strike
301.66
96.40
301.62 – 301.70
96.35 – 96.44
301.61 – 301.71
96.34 – 96.47
301.44 – 301.85
96.11 – 96.67

Dip
58.60
34.01
58.58 – 58.63
33.98 – 34.03
58.57 – 58.64
33.97 – 34.05
58.44 – 58.75
33.86 – 34.18

Slip
-76.19
-111.36
-76.23 – -76.16
-111.41 – -111.31
-76.24 – -76.15
-111.43 – -111.30
-76.37 – -76.01
-111.63 – -111.10

γ

δ

10.36

8.25

10.34 – 10.41

8.18 – 8.29

10.32 – 10.42

8.16 – 8.31

10.18 – 10.60

7.92 – 8.62

Table 2.1: Range of parameter values for data without noise, in degrees. Strike, dip
and slip are the usual parameters defining the double–couple part of the solution, γ and
δ are parameters from Tape and Tape (2012) that determine the amount of CLVD and
isotropic components, respectively. Parameter γ can have values between -30◦ and 30◦
and δ between -90◦ and 90◦ .

and coincides with the input mechanism in all cases (Fig 2.6 c).

2.4.2

Data with added noise

Adding noise to the synthetic data somewhat affected the algorithm convergence, the
inner Markov chains converged slower. However, this is not a strict rule because the
convergence is also affected by initial parameter values, which are random. When
the initial values are close to the optimal values, the algorithm will converge faster.
Inversions of data ”contaminated with noise” showed larger uncertainties of the
model parameters (tables 2.2 and 2.3). As the wavelengths at frequencies used in
the inversion are several tens of kilometres long, the spatial resolution of the centroid
location is limited. Nevertheless, the retrieved location was only a few grid points
away from the input location. The double–couple part of the mechanism was close
to the input values, but there were more differences in the non–double–couple part.
When a low level of noise was added to the synthetic seismograms, the algorithm
converged to a location 1 km deeper and 2.5 km south of the epicentre when the
diagonal and exponential noise covariance matrices were used. The double–couple
part of the moment tensor was accurately retrieved (the MAP solutions had only
a few degree difference in strike, dip and slip from the input solution), but the
non–double–couple components were not (figure 2.6 d). Seismograms obtained with
all three assumptions are quite similar and fit the data (figure 2.6 e). However, a
more complex parametrisation of the noise covariance matrix, the one using two
attenuated cosines, resulted in a correct location and the correct non–double–couple
components (figure 2.6 f).
With more noise added to the data, the earthquake was mislocated with all
three assumptions for CD . The double–couple part of the mechanism was close to
the input values in all three cases, but the scalar moment was overestimated by 4–
8% (figure 2.7 a–c). The non–double–couple parts in first two inversions are closer
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Figure 2.5: The double–couple part of the solutions for data without noise before they are
collected for the ensemble (burn–in period) and afterwards. The solutions were collected
at the MAP location from inversions with a (a) diagonal, (b) exponential and (c) two–
attenuated–cosine covariance matrix. The solutions are coloured based on the value of
the variance reduction calculated with the L2 norm. The dashed green lines show the
double–couple part of the input mechanism.

Input
Diagonal CD
Exponential CD
TAC CD

Strike
301.66
96.40
301.68 – 302.59
94.34 – 95.55
301.84 – 302.82
93.92 – 95.20
300.32 – 302.44
95.69 – 98.31

Dip
58.60
34.01
58.76 – 59.46
33.56 – 34.31
58.87 – 59.58
33.52 – 34.34
57.60 – 59.04
33.35 – 34.86

Slip
-76.19
-111.36
-75.61 – -74.76
-113.73 – -112.53
-75.35 – -74.45
-114.22 – -112.93
-77.48 – -75.68
-111.82 – -109.39

γ

δ

10.36

8.25

8.50 – 9.42

15.07 – 16.38

8.47 – 9.43

15.20 – 16.62

9.26 – 11.19

7.33 – 10.68

Table 2.2: Range of parameter values for data with ∼16% noise. For details see table
2.1.
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Figure 2.6: (a) The input mechanism (black) and MAP solutions obtained for data
without noise assuming a diagonal (grey), exponential (blue) and two–attenuated–cosine
(red) covariance matrix. (b) Synthetic data and seismograms from three MAP solutions,
coloured in the same way as beachballs. (c) Lune source–type plots with solutions from
all locations shown in light colours and the final ensemble shown in darker colours for the
three inversions. The colours are as in the previous two plots; the star shows the input
value. (d), (e) and (f) are the same for data with a low level of noise and (g), (h) and (i)
for data with a high level of noise.
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Figure 2.7: Similar to figure 2.5, but for inversions of synthetic data with a high level of
noise using: (a–c) five stations and (d–f) ten stations.

to the input source (figure 2.6 i). However, the uncertainties are largest in the third
case, reflecting the high data noise. Furthermore, the last inversion retrieved the
correct epicentre location.

2.4.3

Improving the azimuthal coverage

Stations used in the previous experiments had a large azimuthal gap (more than
180◦ ) so we test the algorithm performance using additional five (synthetic) stations distributed along the gap (blue triangles in figure 2.3). Although a moment
tensor inversion with waveform data is theoretically possible even using data from
a single station because the number of data is larger than the number of parameters, the noise can cause spurious non–double–couple components. The performance
of the inversion can be improved with good azimuthal coverage (e.g. Šı́lený, 1998;
Zahradnı́k and Custodio, 2012). We add the higher level of noise to all data and
compare the results of inversions with five stations.
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Input
Diagonal CD
Exponential CD
TAC CD

Strike
301.66
96.40
300.85 – 303.98
94.06 – 98.27
300.44 – 303.42
95.51 – 99.41
296.44 – 304.35
92.69 – 101.99

Dip
58.60
34.01
58.22 – 60.41
32.50 – 34.77
57.21 – 59.43
32.93 – 35.33
54.76 – 59.88
32.23 – 37.85

Slip
-76.19
-111.36
-77.08 – -74.19
-114.58 – -110.57
-77.85 – -75.06
-112.98 – -108.88
-80.29 – -73.57
-113.90 – -104.53

γ

δ

10.36

8.25

6.93 – 9.87

11.58 – 16.90

5.51 – 8.99

12.49 – 17.34

4.45 – 11.73

14.86 – 26.49

Table 2.3: Range of parameter values for data with ∼65% noise. For details see table
2.1.
Input
Diagonal CD
Exponential CD
TAC CD

Strike
301.66
96.40
301.87 – 304.32
93.55 – 96.76
301.97 – 304.53
92.89 – 96.22
299.09 – 303.60
94.02 – 100.38

Dip
58.60
34.01
58.09 – 59.67
33.40 – 35.17
58.18 – 59.91
33.62 – 35.16
56.33 – 58.99
33.34 – 35.94

Slip
-76.19
-111.36
-75.72 – -73.68
-115.20 – -111.94
-75.32 – -73.32
-115.75 – -112.72
-78.56 – -74.61
-113.11 – -107.37

γ

δ

10.36

8.25

8.44 – 10.66

13.24 – 16.98

8.20 – 10.52

13.65 – 17.41

7.81 – 11.72

12.35 – 19.68

Table 2.4: Range of parameter values for an inversion that uses 10 stations with ∼65%
noise. For details see table 2.1.

The MAP location was closer to the input location when an exponential and
a two–attenuated–cosine matrices were assumed (∼2.5 km horizontally and 1 km
in depth, respectively). The double–couple components were similar as before, but
their uncertainty slightly decreased and the variance reduction increased when diagonal and exponential matrices were used (figure 2.7 d–f). Non–double–couple components from all locations show a smaller spread than before (light colours in figures
2.8 c and 2.6 i) and an even stronger trade–off between the CLVD and isotropic components. Non–double–couple components from the MAP location improved when
using the two–attenuated–cosine matrix.

2.5

Application to a Long Valley caldera earthquake

After testing the algorithm on synthetic data, we apply it to an earthquake from
a complex tectonic setting in Long Valley caldera, California. The analysed earthquake occurred on 11th of November, 1997, and was one of the four MW > 4.5
earthquakes with anomalous radiation pattern from the November swarm (Dreger
et al., 2000). We use waveform data from the same five stations (BKS, CMB, KCC,
ORV and PKD, shown in figure 2.3) and filter it in the same way as synthetic data
in the previous examples. The inversion is performed with all three assumptions for
the covariance matrix. Since the noise auto–correlations on these BDSN stations
are different on the horizontal and vertical components (they are in Group 1 in
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Figure 2.8: (a) Input and recovered focal mechanisms for a synthetic experiment with ten
stations. (b) Three component seismograms. (c) The lune plots for all three assumptions
of CD . For details see the caption of figure 2.6.
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Figure 2.9: Sampled centroid locations for real data from Long Valley caldera. For
details see the caption of figure 2.4.

figure 2.1), we use one parametrisation for the horizontal components and another
for the vertical. The covariance matrices are computed fitting the average noise
auto–correlation for the five stations shown in figure 2.1.
We centre the grid for the centroid location on epicentre reported in the Council
of the National Seismic System (CNSS) catalog at 37.634◦ N latitude and −118.946◦
W longitude and include depths from 3 to 20 km. The hypocentral depth reported
in the CNSS catalog is 7.1 km and the depth obtained by Dreger et al. (2000) is 5
km. Initially, we perform a linear inversion on a number of depths and search for a
time shift between the data and Green’s functions to accommodate for an imperfect
structure model. Time shifts for depths from 5 to 8 km were the same for all five
stations and we continue to use those values in the Bayesian inversion.
The MAP location is the same for all three parameterisations of CD , about 2.5
km south and 2.5 km east of the CNSS epicentre, at a depth of 6 km (green circle in
figure 2.9). The moment tensor solutions obtained using all assumptions for CD are
similar to the solution of Minson and Dreger (2008), but also show the mechanism
uncertainty (figure 2.10 and 2.11 c). The uncertainties, as well as the scalar moment
were highest when using a two–attenuated–cosine covariance matrix.
All three inversions resulted in a high isotropic component (∼45%) and a CLVD
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Figure 2.10: The double–couple part of the solutions for the LVC data, for details see
the caption of figure 2.5.

44

Hierarchical Bayesian Point Source Moment Tensor Inversion

Figure 2.11: Inversion results for the LVC data: (a) focal mechanisms, (b) seismograms,
(c) the lune plots. For details see the caption of figure 2.6. The green beachball in (a) and
stars in (c) show the solution from Minson and Dreger (2008).

Diagonal CD
Exponential CD
TAC CD

Strike
255.88 – 262.45
33.18 – 41.05
255.23 – 261.65
34.08 – 41.70
255.66 – 263.14
31.97 – 40.99

Dip
48.24 – 54.18
44.64 – 50.04
48.13 – 53.61
44.50 – 49.33
49.49 – 56.06
43.44 – 48.73

Slip
114.80 – 124.65
53.07 – 63.82
113.23 – 123.61
54.30 – 65.13
113.45 – 125.23
50.24 – 63.73

γ

δ

-5.91 – 1.25

42.50 – 45.96

-3.95 – 1.88

43.52 – 46.46

-0.31 – 6.52

43.00 – 46.42

Table 2.5: Range of parameter values for LVC data. For details see table 2.1.

component close to zero. The inversions with diagonal and exponential covariance
matrices gave a slightly negative CLVD component, while the inversion with a two–
attenuated–cosine covariance matrix gave a slightly positive CLVD, but still lower
than Minson and Dreger (2008) solution (figure 2.11 c). Interestingly, we do not
observe a prominent trade–off between the isotropic and CLVD components when
looking at solutions from all sampled locations (light colours on the lune plots) as
in the synthetic tests.

2.6

Conclusions

We have shown that the hierarchical Bayesian inversion is well suited for non–
linear inversion of source parameters using noisy waveform data. To account for
the interdependence of observational errors, we parametrise the noise covariance
matrix bringing to bear noise recorded on stations used in the inversion. Inverting
for the level of noise takes into account the lack of knowledge on data uncertainty.
The procedure results in an ensemble of models showing parameter uncertainties. A
disadvantage of the method is that it does not account for uncertainties in velocity
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models, inherited through Green’s functions.
Synthetic tests show that the double–couple part of the solution is well determined even for data with a high level of noise. Although we are using long–period
data, the location is close to the input value and improves by using a covariance
matrix computed from empirical noise. The non–double–couple parts are resolved
less well, but our approach gives a good estimate of their uncertainty.
We have applied the approach to data from a complex tectonic environment,
Long Valley caldera. Solutions obtained using different parameterisations of the
covariance matrix are similar. The centroid location and the double–couple component are well resolved and the double–couple part agrees well with a previous
result of Minson and Dreger (2008). For this dataset we do not observe a trade–off
between the CLVD and isotropic components, and the isotropic component is large
(∼ 45%) in inversions with all parameterisations of the covariance matrix.
Future development of the method involves using different noise parameters for
different stations. This is important because geological structures beneath stations,
as well as stations’ proximity to the sea, human activities and other factors can
result in fairly different levels of noise. Therefore, the hierarchical aspect can be
extended to include a different noise parameter to act as a weight for each station
or a group of stations in the inversion.

46

Hierarchical Bayesian Point Source Moment Tensor Inversion

Chapter 3

Data Noise as Site–specific Weight
Parameter

In this chapter, we continue the theory development by including additional noise
parameters to act as station weights. The Bayesian information criterion, an asymptotic point estimate of the evidence, is used to choose the optimal model parameterisation (i.e. the optimal number of noise parameters). The analysis of ambient noise
auto–correlations is extended to other stations in California to estimate the noise
covariance matrix, and the algorithm is tested on synthetic data with real noise
added to it. Solutions obtained with a common noise parameter and an individual
noise parameter for all stations are compared. Result form the previous chapter for
the earthquake in Long Valley caldera is reexamined, and an additional earthquake
from The Geysers region is analysed. Most of the content of this chapter has been
adapted from our article Mustać and Tkalčić (2017), submitted to Bulletin of the
Seismological Society of America.

3.1

Abstract

We expand a method for seismic moment tensor inversion using probabilistic
Bayesian inference, which yields parameter uncertainties and includes a thorough
treatment of noise in the data. This is done through an inclusion of additional noise
parameters that weight the contributions of particular stations. In a synthetic test,
we show that having individual noise parameters for each station gives an optimal
fit to the data. The noise determines the level of data fit at each station, and in
turn weights their contribution in the final solution. Apart from the noise level,
an empirically determined data covariance matrix accounts for noise correlations
present in waveform data. This improves the estimate of the centroid location and
the non–double–couple components. We apply the method to two earthquakes, one
from a volcanic (Long Valley caldera) and another from a geothermal (The Geysers)
environment in California, which are likely to have non–double–couple components
47
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in the source mechanism. We confirm a significant isotropic component for Long
Valley caldera earthquake. Implementing a two–attenuated–cosine data covariance
matrix reduces the trade–off between the isotropic and compensated linear vector
dipole components for The Geysers earthquake, and yields considerably higher non–
double–couple components. This shows the importance of adequate noise treatment
for earthquakes in complex tectonic environments.

3.2

Introduction

Earthquakes of small and moderate magnitudes can be effectively explained using the point source approximation (Aki and Richards, 2002). Their duration and
rupture surface normally do not require a more complex finite fault model. However, even small earthquakes in complex tectonic environments, such as volcanic
or geothermal areas, can have complex mechanisms including tensile faulting and
fluid flow (Miller et al., 1998). Mechanisms other than simple shear dislocation
are included in the second–rank seismic moment tensor, usually decomposed into a
double–couple (DC), compensated linear vector dipole (CLVD) and isotropic (ISO)
components (e.g. Jost and Herrmann, 1989). In recent years, an increasing number
of studies focused on non–double–couple components of the seismic moment tensor
(e.g. Miller et al., 1998; Nettles and Ekström, 1998; Panza and Saraó, 2000; Horálek
et al., 2002; Vavryčuk , 2004; Tkalčić et al., 2009).
A number of difficulties in moment tensor inversions might cause spurious non–
double–couple components (Julian et al., 1998). They include inexact representation
of Earth structure, earthquake mislocation (e.g. Šı́lený, 2009), simultaneous occurrence of two subevents on faults with complex geometry (e.g. Kuge and Lay, 1994;
Zahradnı́k et al., 2008a), and noise in the data (e.g. Panza and Saraó, 2000; Hingee
et al., 2011). These factors need to be kept in mind because they can affect inversion
results and solution uncertainties.
Uncertainty estimates are not common in routine moment tensor inversions,
but they are important, particularly when examining earthquakes with large non–
double–couple components, as the percentages of CLVD and isotropic components
are known to vary significantly with small perturbations of source position and time
(Zahradnı́k et al., 2008a). Uncertainties have been estimated in linearised inversions
(not including the source location) (e.g. Riedesel and Jordan, 1989; Vasco, 1990;
Zahradnı́k and Custodio, 2012), but analytical expressions cannot be obtained when
the location is also inverted for. Thus, they are being computed using probabilistic
methods (e.g. Šı́lený, 1998; Ford et al., 2009a; Fichtner and Tkalčić, 2010; Křı́žová
et al., 2013), including the Bayesian inversion.
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In a Bayesian framework, the model parameters are treated as random variables
and the solution is given as a posterior probability density of model parameters, taking into account prior independent knowledge of the model. The prior distribution
is updated with a likelihood function that incorporates information from the data.
Walsh et al. (2009) used generalised Matrix Fisher distributions to parameterise
focal mechanism uncertainties using wave polarity data. Data functionals of seismic
waveforms have been analysed by Lee et al. (2011), while Duputel et al. (2012) and
Stähler and Sigloch (2014) used waveform data. Bayesian inversion has also been
applied in finite fault inversions (e.g. Monelli and Mai , 2008; Minson et al., 2013;
Dettmer et al., 2014).
Apart from uncertainty assessment, another advantage of the Bayesian inversion
is its ability to account for noise in the data making it a free parameter in the inversion. Adequate evaluation of the amount and distribution of the noise enables
an appropriate fit to the data, in contrast to ordinary least squares method that
maximises the fit to observations, discarding the noise. In turn, noise assessment
regulates the model complexity. As pointed out by Scales and Snieder (1998), noise
is everything the model cannot fit, i.e. it includes both measurement and theory errors. Both of these aspects are included in the inversion through the data covariance
matrix, in the likelihood function. The shape of the matrix (i.e. assumptions on the
noise correlation) and its value can be included as a free parameter (e.g. Bodin et al.,
2012). This was explored by Duputel et al. (2012), who included noise variances for
each trace based on the pre–event noise levels and emphasised the importance of
non–diagonal elements of the covariance matrix to account for noise correlations, i.e.
the interdependence of data errors. Including noise variances is similar to weighting
station contributions based on the pre–event noise (e.g. Zahradnı́k and Custodio,
2012) or epicentral distance (e.g. Kubo et al., 2002; Scognamiglio et al., 2009) in linearised inversions. Our assumptions on the noise define the level of data fit expected
from the model and can be crucial in estimating correct parameter uncertainties.
We expand the method of Mustać and Tkalčić (2016), which uses a hierarchical
Bayesian inversion to compute the seismic moment tensor, its location and related
uncertainties, by including additional hyperparameters to weight the contributions
of noise in the data specific to each seismic station. Seismograms from different
stations included in the inversion can have different levels of noise because of their
epicentral distances, proximity to the sea, different geological structures beneath
stations, human activities, as well as adequacy of the structure model for that particular path. Our algorithm determines the level of data fit for each station (or a
group of stations), which influences the complexity of the solution. The optimal
number of noise parameters is determined using the Bayesian Information Criterion
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(BIC) (Schwarz , 1978). Sampling of the parameter space is performed using the
Markov chain Monte–Carlo method, based on the Metropolis–Hastings algorithm
(Metropolis et al., 1953; Hastings, 1970). Precisely, we use two Markov chains to
sample the parameter space: one for the location and another for the moment tensor parameters and the noise. This division arises from the fact that the location
parameters make the problem non–linear, thus, we run a separate, inner Markov
chain for every location in the outer one. This results in advantageous sampling of
the locations with highest likelihoods multiple times with different initial values of
the MT parameters and the noise, similar to sampling with parallel chains. The
inversion gives an ensemble of solutions, which can be utilised to estimate model
uncertainties.
The algorithm is designed to invert waveforms of moderate–size earthquakes and
explosions at regional distances. We use long–period (20–50 s) data to reduce the
effects of Earth structure and perform a thorough treatment of the noise, including
its correlation. Centroid location is included as a parameter in the inversion. We
test the importance of including multiple noise parameters in a synthetic experiment
with real noise added to the waveforms. Subsequently, we apply the method to
earthquakes from a volcanic (Long Valley caldera) and geothermal (The Geysers)
area in California. Before inverting seismograms of real events, we perform a linear
inversion on a number of depths and search for a time shift between the data and
synthetics based on 1–D model Green’s functions. These time shifts define the
centroid origin time and accommodate for not having a correct structure model.

3.3
3.3.1

Method
Station specific noise variances

As mentioned in Chapter 2.3.2, the noise covariance matrix CD can be related to
noise auto–correlations, which show a distinct character with prominent side lobes
that depend on the frequency content of the noise. Also, there is a difference in auto–
correlations of the horizontal and vertical components (figure 3.1). In this Chapter,
we describe the CD matrix as block diagonal, where each block Cn corresponds to
one seismogram and is parameterised using two attenuated cosine functions

(Cn )ij =

σn2







2π(i − j)
|i − j|
cos
b · exp −
re1
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|i − j|
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where |i − j| is the time difference between samples i and j, b determines the amplitude of the cosine functions, L1 and L2 their periods, and re1 and re2 the exponential
decay. Due to the similarities of the auto–correlations among different stations, it is
sufficient to define the ”shape” (the part within the square bracket) of only two Cn
matrices (one for the horizontal and another for the vertical components). Including
the coefficients b, re1 , L1 , re2 and L2 as parameters in the inversion would require
computing |CD | and CD with every perturbation of these parameters, which would
make the inversion computationally expensive. These values are computed prior to
the inversion as an average over horizontal and vertical noise auto–correlations on
the stations from the examined region using the Hyper–sweep code. Now, each block
Cn is multiplied by an individual variance σn2 , which quantifies the contribution of
a particular seismogram in the inversion (the value of the cosine functions on the
diagonal is one). The variances are set to be the same on three components on a
particular station, but different for different stations. They are defined as a percent
of data root mean square (rms) on a particular station and can have values between
zero and 500 per cent rms. Their value is a hyperparameter in the inversion. We
compare the performance of a two–attenuated–cosine covariance matrix with a diagonal one. A simpler exponential CD yielded similar results to the diagonal one in
our previous study (Mustać and Tkalčić, 2016) and it was not used in this study.

3.3.2

Model selection using BIC

In our case, the model selection consists of determining the number of noise hyperparameters necessary to constrain the solution. The model selection process is
necessary to determine the parsimonious (simplest) model that adequately explains
the observed data (Maliverno, 2002). In Bayesian framework, the maximum likelihood principle regularly leads to choosing the model with the highest dimension, but
overparameterising the model can lead to spurious features and unrealistically large
uncertainties. For this reason, the Bayesian evidence p(d) should be used for model
selection, but its estimation requires multidimensional integration over the prior and
the likelihood, making it computationally expensive (Dettmer et al., 2009). Thus,
we use an asymptotic point estimate, the Bayesian Information Criterion (BIC),
which has been successfully employed in various geophysical studies (e.g. Dettmer
et al., 2009; Pachhai et al., 2014).
The BIC is given by:


BIC = −2 log p(d|mml ) + M log N,

(3.2)

where mml is the maximum likelihood model vector, p(d|mml ) its likelihood value,
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Figure 3.1: (Grey) Auto–correlations of noise series on three seismogram components
filtered between 20 and 50 s and (dashed black line) their fit using two attenuated cosine
functions (cross–diagonal terms of the Cn matrices defined in equation 3.1). (b) Covariance
matrices Cn for the horizontal and vertical components.
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M is the number of model parameters and N the number of data points. The first
term in the equation reflects the fit to the data and the second term includes a
penalty for model complexity, including the number of data. Since the BIC is based
on negative likelihood, the model with the lowest BIC is selected as the optimal
model.
The algorithm we utilise here is summarised in figure 3.2. Before performing
the inversion, the shape of the data covariance matrix CD and the elementary seismograms for all locations need to be computed. We also determine the number
of iterations beforehand, based on previous tests. For each location in the outer
Markov chain, the elementary seismograms are read and an inner chain samples the
moment tensor parameters and the noise. Synthetic waveforms obtained by forward modelling using random perturbations of an initial model are compared to the
waveform data, yielding the posterior probability distribution of model parameters
p(m|d). This can be performed for different numbers of noise parameters and the
BIC used to determine their optimal number.

3.4

Synthetic tests with real noise

To show the performance of the algorithm in a realistic setting and explore the
model selection using the BIC, we construct synthetic data using real station locations and add different amounts of noise on different stations. We take the location
of an earthquake in Long Valley caldera, California (Dreger et al., 2000; Minson and
Dreger , 2008) and five stations from the Berkeley Digital Seismic Network (BDSN)
that were recording data at the time of the selected earthquake (shown in black
in figure 3.3). As we showed in Mustać and Tkalčić (2016), the solution is well
constrained using waveform data from five stations and increasing the number of
stations did not improve it significantly. The Green’s functions are created using
the SoCal model, an average structure model of southern California commonly used
in moment tensor inversions (Dreger and Helmberger , 1990), with 0.025◦ (∼ 2.5
km) spacing for the epicentral coordinates and 1 km spacing in depth. The waveforms have 1 Hz sampling and 200 s duration. A complex mechanism (55% DC,
34% CLVD, and 11% ISO components) is used to create synthetic seismograms.
Additionally, we add different amounts of real (ambient) noise from a quiet period
(without earthquakes of magnitudes exceeding 2.0), processed in the same way as
the synthetic data (band–pass filtered between 20 and 50 s), to different stations.
We add noise from the north–south and vertical component seismograms to the horizontal and vertical components of the synthetic data, respectively. The amount of
noise is defined as a per cent of the data rms; we add from 10 to 50% of noise.
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Figure 3.2: Flow diagram of the algorithm. The data covariance matrix and elementary
seismograms are computed and the number of iterations determined prior to the inversion.
Two Markov chains are used to sample the model space. For each location in the outer
chain, six moment tensor parameters (a1 to a6 ) and the noise are sampled in a separate,
inner chain. The number of noise parameters can be between one and the number of
stations.
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Figure 3.3: Map of the studied region with the LVC (black star) and The Geysers earthquake locations (white star), as well as stations used in the inversions of the LVC earthquake (black inverted triangles) and The Geysers earthquake (white inverted triangles).
Station BKS was used in the analysis of both earthquakes.
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Figure 3.4: (Grey) The logarithmic likelihood and (black) the BIC values for inversions
with (top) a diagonal, and (bottom) a two–attenuated–cosine covariance matrix for different numbers of noise hyperparameters in the inversion. BIC and likelihood values for
two, three, and four noise parameters are averages from all inversions.

We perform inversions with both diagonal and two–attenuated–cosine covariance
matrices and one to five noise parameters, then use the BIC to determine the optimal number of noise parameters. When incorporating two, three and four noise
parameters, we perform inversions with all possible station combinations (15, 25 and
10 combinations, respectively) and average the BIC value. The BIC decreases as
the number of noise parameters increases, indicating that the number of noise parameters equal to the number of stations is optimal. This is true in inversions with
both diagonal and two–attenuated–cosine covariance matrices (figure 3.4). When
using a diagonal CD the maximum a posteriori probability (MAP) location varies
in inversions with different number of free parameters, even for different combination of stations when using the same number of parameters. All these locations are
different from the input source location. Implementing a two–attenuated–cosine CD
reduces the ambiguity and all inversions converge to the input location.
When we examine the moment tensor solutions from extreme inversions (with one
and five noise parameters), the double–couple parts are fairly similar (figure
3.5 a).
R
2
(d−G(m))
R
)
To examine this further, we compare the variance reduction (VR = 1 −
2
d
of the MAP solutions with the same expression VR0 computed using synthetic data
without noise as G(m). We get a higher value (VR > VR0 ) for most inversions,
i.e. they fit the noise and explain more features of the waveform than necessary.
This overfitting is reduced when multiple noise parameters are used and diminishes
when a two–attenuated–cosine CD is implemented. The amount of input noise was
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determined taking into account its correlated nature so the noise values retrieved
with the diagonal CD are somewhat larger (figure 3.5 b). Their relative values
are similar, except that the noise on BKS is higher than the noise on ORV. The
inversion with a two–attenuated–cosine CD retrieved the noise values reasonably
well, except for stations CMB and ORV, where it was somewhat overestimated and
underestimated, respectively.
The main difference in the MT solutions between the inversions using the diagonal and two–attenuated–cosine CD is in the non–DC components of the moment
tensor (visualised on the lune plots of Tape and Tape (2013) in figure 3.5 c). Both
inversions with the two–attenuated–cosine CD retrieve the input non–DC components within uncertainty. Increasing the number of noise parameters reduced the
discrepancy in non–DC components when the diagonal CD was used.

3.5

Application

to

non–double–couple

earth-

quakes
We apply the method to two earthquakes from complex tectonic environments. Initially, we extend the analysis by Mustać and Tkalčić (2016) of a 30 November 1997
MW 4.9 earthquake in Long Valley caldera (LVC) that occurred during an inflation
episode (Dreger et al., 2000). Subsequently, we examine a 20 October 2006 MW
4.6 earthquake in The Geysers geothermal field, where the exploitation for electrical power was accompanied by an increase in the number of earthquakes, many of
which have substantial non–double–couple components (Johnson, 2014a). To accommodate for an imperfect structure model, apart from using long–period data,
we perform a linear inversion on a number of depths and search for a time shift
between the data and synthetics based on 1–D model Green’s functions.

3.5.1

Long Valley caldera

Recent unrest in the LVC began in 1978 and included continuous seismic activity, uplift of the resurgent dome, emissions of CO2 and other evidence of volcanic
unrest (Foulger et al., 2004). Seismic activity intensified in 1997, when a number
of earthquakes with moment magnitudes above 4.5 occurred. Four of them had
anomalous non–double–couple radiation, related to hydrothermal or magmatic processes (Dreger et al., 2000). In Mustać and Tkalčić (2016), we have examined one of
them using a single noise parameter for all stations and confirmed a high isotropic
component. Now, we examine solutions obtained with multiple noise parameters.
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Figure 3.5: Comparison of solutions with different assumptions for CD . (a) Input
mechanism and MAP solutions from inversions with a diagonal and a two–attenuated–
cosine CD and one (common σ) and five (individual σ for each station) noise parameters.
The numbers
below beachballs show that most inversions have higher variance reduction
R
2
(d−G(m))
R
) than VR0 , computed between the data with and without noise. (b)
(VR = 1−
2
d
(Grey) data without noise, (black) data with noise and synthetic seismograms from MAP
solutions, coloured as in (a). Seismograms from inversions with multiple noise parameters
are plotted with a dashed line. Numbers on the right hand side of the seismograms show
the input level of noise (black) and the MAP values obtained in inversions with a diagonal
(blue) and a two–attenuated–cosine (red) CD matrix for each station. (c) Lune source–
type diagram showing the input mechanism (black star) and ensembles of solutions from
the same four inversions, coloured as in (a).

§3.5 Application to non–double–couple earthquakes

59

Figure 3.6: (Grey) The logarithmic likelihood and (black) the BIC for the LVC earthquake, similar to figure 3.4.

The BIC shows that using an individual noise parameter for each station gives the
optimal fit to the data (figure 3.6). In this case the biggest change in BIC happens
when using three noise parameters with a diagonal covariance matrix and only two
noise parameters with the two–attenuated–cosine matrix. The MAP locations are
scattered when using a diagonal CD and two to four noise parameters for different
combination of stations. The location with five noise parameters is at a depth of 7
km, 1 km deeper than with a single noise parameter and closer to the Council of
the National Seismic System (CNSS) hypocentral depth of 7.1 km. The epicentre
in all cases is 3.5 km SE of the reported location. The relative noise values in
the inversions with different assumptions about the noise are not the same. The
inversion with a diagonal CD yields the highest noise for KCC and PKD, while
taking the noise correlations into account in the inversion with a two–attenuated–
cosine CD results in the highest noise for ORV and BKS.
The MAP moment tensors are quite similar, with the biggest difference occurring for the non–double–couple components (figure 3.7 a and c). However, they all
confirm a high isotropic component from the previous studies, probably related to
the presence of high–pressure fluids from the magmatic body (Dreger et al., 2000).
Once again, the biggest difference in seismograms from particular solutions can be
seen on the tangential components, but this time also on the other two components
of station ORV, where the solution obtained with a two–attenuated–cosine CD and
one noise parameter (full light red line) results in a simpler waveform (figure 3.7 b).
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Figure 3.7: (a) MAP solutions, (b) observed seismograms (black) and synthetic seismograms with added MAP noise values (blue for a diagonal CD matrix and red for a
two–attenuated–cosine CD matrix), and (c) Lune source–type diagram for the LVC earthquake ensemble solutions. The colour scheme for the ensemble solutions is given in (a).
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The Geysers

Located in the Coastal Ranges of Northern California, The Geysers geothermal
field lies in the area of regional shear stress field. However, most of the seismicity,
dominated by microearthquakes, is related to steam production and water injection
(Majer et al., 2007). A number of studies found earthquakes with large isotropic
components, both positive and negative, as well as large CLVD components (e.g.
Ross et al., 1999; Johnson, 2014a; Guilhem et al., 2014). For the first time, we apply
a Bayesian method to one of the earthquakes in this region.
When performing inversions of The Geysers earthquake, elementary seismograms
were computed using the GIL7 structure model (e.g. Pasyanos et al., 1996) because
it yielded a better fit than the SoCal model in linearised inversions. We invert data
from ten BDSN stations (grey stations in figure 3.3). Due to the shallow depth
of this event (3.46 km), the grid for elementary seismograms is refined to have
500 m spacing in depth (0.025◦ spacing for the epicentral coordinates remains as
before). Additionally, we found that a certain number of stations have the same
pre–event noise auto–correlation on all three components (similar to the vertical
component on figure 3.1). Thus, we employ the same Cn blocks for all components
on those stations. Also, we take seismograms of longer duration (220 s) because the
epicentral distance to some stations is larger. Since we are using more stations for
the inversion, the number of combinations of noise parameters on these ten stations
(i.e. the number of ways to group the stations) drastically increases so we perform
inversions using only one and ten noise parameters.
The algorithm was unsuccessful in retrieving a plausible centroid location for this
earthquake (figure 3.8), most likely because of its smaller size (the scalar moment is
three orders of magnitude smaller than for the LVC earthquake) and shallow depth.
Thus, we also perform the inversion with the location fixed at the CNSS hypocentre.
The inversions with different assumptions for the noise agree on high noise values on
HAST, HATC and SUTB, and low noise on BKS and MHC, but the relative values
are again quite different. We get much larger differences between solutions obtained
with a diagonal and a two–attenuated–cosine CD than for the LVC earthquake
(figure 3.9 b). Double–couple components of the MAP solutions are similar for inversions with one and ten noise parameters and a particular parameterisation of CD ,
but inversions with a two–attenuated–cosine CD yield about about 10◦ smaller dip
angles and 10 and 17◦ difference in rake angles (for the N–S and E–W striking nodal
planes, respectively) than inversions with a diagonal CD . Once more, the largest
difference in the solutions is in the non–double–couple components. Accounting for
noise correlations with the two–attenuated–cosine CD resulted in significantly higher
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Figure 3.8: Centroid locations for 1000 iterations in the outer Markov chain for the inversion of Geysers data assuming a (a) diagonal covariance matrix and using one noise parameter, (b) diagonal covariance matrix and using five noise parameters (c) two–attenuated–
cosine covariance matrix and using one noise parameter, (b) two–attenuated–cosine covariance matrix and using five noise parameters. The average iteration number for each
location determines its colour. Open circles show all proposed locations and full circles
are the accepted ones. Symbol sizes are determined by the likelihood value (the 1 per cent
MAP locations are plotted with the largest circle, the next 9 per cent with a smaller one,
etc.). The grey star represents the CNSS hypocentre location, while the green circle shows
the MAP location.
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Figure 3.9: (a) Observed seismograms (black) and synthetic seismograms with added
MAP noise values (blue for a diagonal CD matrix and red for a two–attenuated–cosine
CD matrix), (b) MAP solutions, and (c) Lune source–type diagram for The Geysers
earthquake ensemble solutions. The colour scheme for the ensemble solutions is given in
(b).

CLVD component and slightly lower isotropic component (figure 3.9 c). This led to
poorer waveform fit (figure 3.9 b), but, as we showed in the synthetic experiment,
inversions with a diagonal CD are prone to overfitting the data. Furthermore, implementing a two–attenuated–cosine CD reduced the trade–off between the isotropic
and CLVD components that is observed in solutions with a diagonal CD .
The positive CLVD obtained in these inversions is consistent with crack openings.
However, sources that involve only shear slip and an opening crack lie on the line
connecting the DC and +Crack points on the lune plot (Tape and Tape, 2013). Thus,
inversions with a two–attenuated–cosine CD suggest an additional mechanism that
reduces the volumetric component, such as fluid extraction. Microearthquakes with
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such mechanism have previously been observed in The Geysers region (e.g. Ross
et al., 1996, 1999) and the Hengill–Grensdalur volcanic complex in Iceland (e.g.
Julian et al., 1997). Uncertainties for The Geysers earthquake are larger than for
the LVC earthquake, most likely due to the shallow depth (determined by CNSS)
and considerably smaller magnitude of this event. This intensifies the need for a
thorough noise treatment in the inversion.

3.6

Conclusions

We augmented a hierarchical Bayesian approach to the point source moment tensor regional inversion. In addition to implementing an empirically estimated two–
attenuated–cosine data covariance matrix, whose non–diagonal elements account
for interdependence of errors present in the waveform data, we include individual
variances for each station as free parameters in the inversion. This allows the data
themselves to modulate the contribution of each station. Implementing a two–
attenuated–cosine covariance matrix increased the ability to retrieve the correct
centroid location and non–double–couple components in the synthetic experiment.
This was not the case for The Geysers earthquake, where the location had to be
fixed to the hypocentre. The Bayesian Information Criterion shows the advantage
of using individual variances for each station, as opposed to fewer noise parameters.
The solutions for the LVC earthquake did not differ significantly when individual
station variances were included, but there is a difference in the non–DC components.
Furthermore, the BIC again favours inversions with individual noise parameter for
each station. A smaller earthquake in The Geysers region required fixing the centroid
location. A trade–off between the ISO and CLVD components can be seen when
using a diagonal CD , but it is resolved when using the two–attenuated–cosine one.
Our preferred solution, obtained with a two–attenuated–cosine CD and individual
noise parameters, has large isotropic and CLVD components that indicate tensile
failure due to fluid pressure, and suggest fluid extraction.

Chapter 4

The Case Study of MW ≥ 4.5
Earthquakes from The Geysers
Region

In the previous three chapters, we have introduced most of the theory developed
as a part of this PhD work. Now, we focus on the applications. In this Chapter,
we present results for additional three earthquakes from The Geysers geothermal
field, and suggest mechanisms that explain their non–double–couple components.
Apart from that, we apply the Bayesian evidence as a way to compare solutions
obtained with different assumptions of noise in the data. The work has been done
in collaboration with the IRIS intern Alexander Burky from UC San Diego (now at
Princeton University). His contribution in data analysis and a number of synthetic
experiments are not presented in this Chapter, but his work has been valuable in
choosing seismic stations appropriate to obtain robust solutions.

4.1

Introduction

As we mentioned briefly in section 3.5.2, seismicity in The Geysers geothermal field
differs from seismicity in most of California. It is dominated by microearthquakes
related to electricity production. The very existence of this geothermal field is a
result of specific geological conditions involving permeable rocks, which are considered to be underlain by a magma body. It is located in the broad zone of transform
faulting and a shear stress field dominates in The Geysers. Exploitation of the
field since the early 1960s has been followed by a significant increase in seismic
activity. The motivation for this study arose from previous studies of source mechanisms of earthquakes in The Geysers field. They have shown that about half of the
microearthquakes have significant non–double–couple components (e.g. Ross et al.,
1999) and that MW > 3 earthquakes have a mean isotropic component shifted to
the positive values with a mean of 33% (Boyd et al., 2015). The microearthquakes
65
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are considered induced by the activities related to electric energy production and
different from typical tectonic earthquakes. Since the non–double–couple components are thought to be the most unstable result of source inversions (Křı́žová et al.,
2013), it is important to perform a thorough study to check the reliability of these
components. Our hierarchical Bayesian moment tensor inversion technique provides
parameter uncertainties that show the solution robustness, which makes the method
suitable for this task. Furthermore, spurious isotropic component is reduced by including data noise correlations in the inversion (together with the level of noise),
as we have shown in chapters 2 and 3. Non–double–couple components of larger
earthquakes in The Geysers can be a result of electricity production, complex local geology, or a combination of both factors. To better understand the non–shear
components, we shall first discuss the geological setting in more detail.
The Geysers filed is situated in the central belt of the Franciscan assemblage
in northern California. The rugged and mountainous terrain of the reservoir has
numerous variously orientated fractures and contains intrusions of silicic batholith
(Thompson, 1989). In the general model, high–angle fractures of varying strike
separate the sedimentary section into blocks containing low–angle fractures of limited extent. The intrusive section is dominated by high–angle fractures (Thompson
and Gunderson, 1989). Introduction of magma into the crust in late Tertiary and
Quaternary can be related to east–southeast extension that accompanied northward
propagation of the San Andreas transform system in this region (McLaughlin, 1981).
Geophysical features that delineate the buried magmatic body are an extensive (up
to ∼25 mGal) negative Bouguer gravity anomaly (Isherwood , 1981) and a delay in
teleseismic P wave arrival times by up to 1 s (Iyer et al., 1979). They indicate
the presence of a body of partial melt at mid–crustal depths (Blakely and Stanley,
1993). This body acts as a heat source for the reservoir, which has specific vapour–
dominated conditions due to its complex structure involving stacks of permeable
and impermeable highly fractured rocks (McLaughlin, 1981). A number of geodetic
studies found that the reservoir is subsiding (e.g. Lofgren, 1981; Mossop and Segall ,
1997, 1999) and contracting in horizontal directions (Denlinger and Bufe, 1982).
The stress field in The Geysers has a maximum compression at N20◦ E and a
minimum compression at N70◦ W. It is rotated from the regional stress field parallel
to the San Andreas fault by approximately 20◦ (Bufe et al., 1981). Major faults
encompassing The Geysers field are the inactive Collayami fault on the northeast
and active Maacama fault on the southwest (McLaughlin, 1981). There is a mixture
of strike–slip and thrust faults within the field. Earthquakes in The Geysers mostly
occur at depths between 2 and 5 km. Their locations do not seem to be associated with any of the fault systems (Bufe et al., 1981; O’Connell and Johnson, 1988;
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Romero et al., 1994), rather with the electricity production activities (Majer et al.,
2007). Moreover, significant non–double–couple components were found in a large
number of source studies. Kirkpatrick et al. (1996) used P and S wave amplitudes
to obtain moment tensor solutions for 2552 events. Almost half of the earthquakes
required significant isotropic and compensated linear vector dipole (CLVD) components. The isotropic parts were up to 30% of the mechanism and had both positive
and negative signs. Similar results were obtained by Ross et al. (1996, 1999). Most
recent studies have found even larger isotropic components (up to 47%) for certain
earthquakes (Johnson, 2014a; Boyd et al., 2015).
As the seismicity in The Geysers field is dominated by microearthquakes and only
a small number of larger (MW ≥ 4.5) events occurred, most source studies use local
networks to focus on microearthquake activity. This requires very detailed structural
models of The Geysers field. The complexity in geological conditions are reflected in
strong lateral variations in seismic velocities, the vP /vS ratio and attenuation. Three
dimensional models of compressional wave velocities show correlations with surface
geology. Furthermore, low vP values at depth coincide with parts of the reservoir
that have been exploited for steam production and in which the pressure has dropped
(e.g. Romero et al., 1994; Zucca et al., 1994; Julian et al., 1996). Areas of steam
production are even more prominent in vP /vS values, whose minimum correlates
with the most exploited parts (e.g. O’Connell and Johnson, 1991; Julian et al., 1996;
Romero et al., 1997). Variations in vP /vS ratio are consistent with changes in the
degree in saturation, as shown by Boitnott (1995) using laboratory measurements
on rock samples from The Geysers and the Biot–Gassmann poroelastic theory. A
zone of low vP /vS ratio and high P wave attenuation appears to characterise the
geothermal reservoir (Romero et al., 1997). On top of that, production activities
might be changing the material properties with time (Foulger et al., 1997). Hence,
local studies are strongly affected by the changing heterogeneous velocity field.
Larger earthquakes have recently been studied by Boyd et al. (2015), who performed a moment tensor inversion of 53 events with moment magnitudes larger than
3. They have found that, in comparison with the rest of California, earthquakes in
The Geysers have significantly higher isotropic components, with a mean of ∼33%.
This study has shown that even larger events in the area have large non–double–
couple components using regional data and regional structural models .
In this chapter, we examine three more earthquakes from The Geysers region
with MW ≥ 4.5 using the developed hierarchical Bayesian moment tensor inversion
technique. The largest event, with moment magnitude of MW = 4.71, occurred
on 12 May 2006 at 10:37:29 UTC, but it was closely followed by a ML = 4.15
nearby event at 10:38:36 UTC. Surface waves of these two events, which dominate
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the frequencies used in this study, overlap and we omit them from our analysis.
The remaining three earthquakes occurred on 18 February 2004, 24 April 2007 and
11 January 2014 and the results of their source inversion are presented below. We
also compute the Bayesian evidence for the purpose of model comparison, i.e. to
compare solutions obtained with different noise covariance matrices and different
numbers of noise parameters.

4.2

Results

The 24 Apr 2007 and 11 Jan 2014 earthquakes had moment magnitudes of 4.46 and
4.53, estimated by the Berkeley Seismological Laboratory (BSL), and were both
smaller than the MW = 4.56 earthquake from 20 October 2006 presented in chapter
3.5.2. The 18 Feb 2004 earthquake had a slightly higher magnitude of MW = 4.58,
but was recorded on fewer stations. Considering the results from chapter 3.5.2, we
do not invert for the earthquake location of these events, only for the moment tensor
components and the noise level. Noise auto–correlations from stations used in this
study are parameterised to define the empirical two–attenuated–cosine covariance
matrix and presented in chapter 3.3.1. We perform four inversions for each event (as
for the 20 Oct 2006 earthquake): with both the diagonal and the two–attenuated–
cosine covariance matrix, and with common and multiple noise parameters in both
cases.
Waveform data is processed in the same way as before. We remove the instrument response and band–pass filter the data between 20 and 50 s using a one–pass
Butterworth filter. The Green’s functions (i.e. the elementary seismograms) are
computed using the GIL7 structural model (e.g. Pasyanos et al., 1996) and filtered
in the same way as the data. For each earthquake, we initially perform a linear inversion and find the best time shifts between the data and the synthetics. The time
shifts account for inadequacies of a one dimensional model for particular ray paths
and are subsequently used in the hierarchical Bayesian moment tensor inversions.
We use ten stations when inverting the 24 Apr 2007 and 11 Jan 2014 earthquake data and five stations for the 18 Feb 2004 earthquake, as less stations were
operational at that time and was more difficult to choose data with good signal–to–
noise ratios. Furthermore, we have observed that some stations have the same noise
auto–correlations on all seismogram components (group 2 in figure 4.1), similar to
stations from group 2 in figure 2.1. They are predominantly located in Northern
California. In every inversion with ten stations we use five with the same noise
auto–correlations on all components and five with a different auto–correlation on
the horizontal components. For the 18 Feb 2004 earthquake we again have a mix-
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Figure 4.1: Auto–correlations of horizontal and vertical component noise seismograms
from two groups of stations in California. The dashed red and yellow lines are the average
auto–correlation of a particular type, while the solid red and yellow lines are the two
attenuated cosine fits.
Earthquake
18 Feb 2004
24 Apr 2007
12 Jan 2014

Longitude (◦ )
-122.77
-122.8
-122.82

Latitude (◦ )
38.84
38.79
38.81

Depth (km)
3.39
2.48
2.61

MW
4.58
4.46
4.53

Table 4.1: Locations and moment magnitudes of earthquakes analysed in this study as
reported by BSL.

ture of stations with different noise auto–correlation properties. Locations of all
stations are shown in figure 4.2. Only one earthquake location is plotted because
they are almost indistinguishable on a large–scale map. Their locations are given in
table 4.1.

4.2.1

18 February 2004 earthquake

This earthquake had the highest isotropic component (45%) obtained by Boyd et al.
(2015) of the three examined in this chapter. The unfiltered seismograms (figure
4.3) show large amplitude coda waves for some stations (CMB, KCC and WENL).
Our maximum a posteriori probability (MAP) results with a diagonal covariance
matrix (blue beachballs in figure 4.4) have an even higher isotropic component of
58%. When a two–attenuated–cosine covariance matrix (CD ) was applied to account
for interdependence of data errors, the isotropic component dropped significantly,
to 37% in the inversion with a common Bayesian noise parameter (light red colour)
and 39% with multiple noise parameters (dark red colour). A similar reduction
in the isotropic component can be observed for the remaining two earthquakes.
For this event, it could be a consequence of a better fit the diagonal CD gives
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Figure 4.2: Map of California showing the location of earthquakes in The Geysers region
(white star) and stations used in the inversions (inverted triangles). Only one earthquake
location is plotted because of their proximity on this map. Red inverted triangles are
stations from group 1 and yellow inverted triangles are stations from group 2 in figure 4.1.
Please note that data from different stations were used for different events.
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Figure 4.3: Velocity seismograms from five stations used for the 18 Feb 2004 earthquake.
The horizontal seismograms are rotated to radial and tangential components. Vertical
green lines indicate the part of the waveform used for moment tensor inversion. The
numbers next to station names are epicentral distances in kilometres and azimuths in
degrees.

for the part of the signal preceding the largest amplitude on the radial and vertical
components. This is most prominent for stations CMB, KCC and WENL, and could
be an influence of the P wave coda that is interpreted as signal by the diagonal CD .
Although body waves predominantly have higher frequency content, P wave coda
has been observed in this frequency range (e.g. Neele and Snieder , 1991). In general,
waveform fit is better when a diagonal CD is used in the inversion for most traces,
possibly because it overfits the noise in the data. This will be discussed further in
section 4.3.
A striking difference can be seen in the nodal planes. Solutions obtained with
a two–attenuated–cosine CD have strike angles rotated by approximately 90◦ from
strike angles obtained with a diagonal CD . The mechanism obtained with the two–
attenuated–cosine covariance matrix is similar to what Johnson (2014a) has found
for some earthquakes in the northwestern part of The Geysers. Normal mechanism
earthquakes are common for larger events (Boyd et al., 2015), probably as a result
of local stress variations.
To get a better grasp on the mechanism of this earthquake and uncertainties of
the solution, we also show the whole ensemble of solutions on the lune source–type
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Figure 4.4: (Top) Comparison of maximum a posteriori probability (MAP) solutions
with different assumptions for the covariance matrix for the 18 Feb 2004 event: (Light blue)
a diagonal CD and a common noise parameter, (dark blue) a diagonal CD and multiple
noise parameters (light red) two–attenuated–cosine CD and a common noise parameter,
and (dark red) two–attenuated–cosine CD and multiple noise parameters. Numbers above
beachballs show the percent of DC, CLVD and ISO components. (Bottom) Waveform
data is shown in black and synthetic seismograms from the corresponding MAP solutions.
Seismograms from inversions with multiple noise parameters are plotted with a dashed
line.
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diagram in figure 4.5. Ensembles from both inversions with a diagonal CD (blue
circles) are overlapping and are close to the opening crack mechanism. Ensembles
from inversions with a two–attenuated–cosine CD (red circles) are also close to each
other. They cover a larger part of the lune plot, indicating higher uncertainties.
If we look at this the other way around, smaller uncertainties in solutions with a
diagonal CD could simply be a consequence of underestimating the noise in those
inversions. Perhaps the diagonal elements of the covariance matrix are not sufficient
to properly account for the noise. In turn, the diagonal CD interprets a part of
the noise as the isotropic component. Traditional inversion methods do not account
for the noise at all, but interpret the whole waveform as a meaningful signal. This
affects the estimate of the isotropic component, and increases it on the expense of
the CLVD component.
Solutions obtained with a two–attenuated–cosine CD and multiple noise parameters are close to the line connecting the double–couple mechanism and the tensional
crack. For them, the earthquake mechanism can be explained with a combination of
shear and tensile dislocations. In a geological setting with numerous fractures such
as The Geysers, this is a realistic scenario. Crack opening might occur because of
high pressure fluids present in the rocks. This effect could be increased because of
water injected into the geothermal field to keep the high levels of electricity production.

4.2.2

24 April 2007 earthquake

For this event, we have used data from 10 BDSN stations (figure 4.6). Seismograms
form some stations were fairly noisy before filtering (e.g. HUMO, KCC, PKD,
HELL), but in the frequency range used in the study the noise has different characteristics. The highest average values of noise were obtained for stations HUMO,
HELL and YBH when using the diagonal CD , and stations SUTB, YBH and WDC
when using the two–attenuated–cosine CD .
With a north–northwest–striking nodal plane and an oblique–slip mechanism,
MAP solutions from all four solutions agree well on the double–couple part of the
mechanism (figure 4.7). This component also agrees well with the regional stress
field. The waveform fit is once again better for solutions obtained with a diagonal noise covariance matrix. However, this might be dubious for records that are
still noisy in this frequency range (e.g. HELL). As the inversions with the two–
attenuated–cosine covariance matrix interpret more features of the waveform as
noise, the scalar moment is around 40% lower when compared to solutions with a
diagonal covariance matrix.
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Figure 4.5: Ensembles of solutions from the four inversions for the 2004 event, coloured
as in figure 4.4 and shown on a lune source–type diagram.

When we examine the non–double–couple parts of the solutions, inversions with
the two–attenuated–cosine CD once more show larger uncertainties and a lower
isotropic component (figure 4.8). The MAP solution using the two–attenuated–
cosine CD and multiple noise parameters is 85% double–couple. Solutions with
the diagonal CD have larger isotropic components, and all solutions agree on a low
CLVD component. The effect the two–attenuated–cosine CD has for this earthquake
is notably different than what we have seen in section 3.5.2 for the 20 Oct 2006
event. In that case, the lower isotropic component was accompanied by a high
CLVD component, while for this earthquake the CLVD remains low, characterising
it as a predominantly double–couple event.

4.2.3

11 January 2014 earthquake

Once more, the unfiltered seismograms on some of the ten stations (e.g. HUMO,
KCC, HELL, THIS and YBH) are noisy or influenced by the P wave coda (figure
4.9). The noise is not as obvious at lower frequencies. Inversions with both covariance matrices and multiple noise parameters have the highest noise value for station
YBH. This noise value was followed by HUMO and THIS in the inversion with a
diagonal CD , and stations THIS and WDC in the inversion with a two–attenuated–

§4.2 Results

75

Figure 4.6: Velocity seismograms from ten stations used for the 24 Apr 2007 earthquake.
The horizontal seismograms are rotated to radial and tangential components. Vertical
green lines indicate the part of the waveform used for moment tensor inversion. The
numbers next to station names are epicentral distances in kilometres and azimuths in
degrees.

76

The Case Study of MW ≥ 4.5 Earthquakes from The Geysers Region

Figure 4.7: (Top) MAP solutions for the 24 Apr 2007 event from four inversions with DC,
CLVD and ISO percents indicated above, coloured as in figure 4.4. (Bottom) Waveform
data and synthetic seismograms corresponding to the solutions above.
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Figure 4.8: Ensembles of solutions from the four inversions for the 24 Apr 2007 event,
coloured as in figure 4.4 and shown on a lune source–type diagram.

cosine CD .
The double–couple component of all solutions for the 11 Jan 2014 earthquake
again have a nodal plane consistent with the stress field, but this is not the dominant
component of the mechanism for this event (figure 4.10). Both MAP solutions
obtained with the diagonal noise covariance matrix and the solution with a two–
attenuated–cosine CD and multiple noise parameters are only ∼40% DC, and the
percent is only slightly higher in the other inversion with a two–attenuated–cosine
CD . The waveform fit is poor for stations HUMO, JCC and THIS for all inversions.
All inversions yield significant positive CLVD and isotropic components for this
earthquake. The distribution of non–double–couple components is broad. Some
trade–off between the CLVD and isotropic components can be seen for all inversions
except the simplest one with a diagonal CD and a common noise parameter for all
stations. This mechanism could still be a combination of shear and tensile faulting.
However, for rocks with a Poisson ratio of 0.25, such events would lie on the line
connecting the double–couple (DC) and +Crack point on the lune diagram (Tape
and Tape, 2013). Most of the solutions from the ensemble obtained with a two–
attenuated–cosine CD and multiple noise parameters are under this line. This might
indicate that it occurred in an area with rocks having a lower Poisson ration, or that
crack opening was more complicated.
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Figure 4.9: Velocity seismograms from ten stations used for the 11 Jan 2014 earthquake.
The horizontal seismograms are rotated to radial and tangential components. Vertical
green lines indicate the part of the waveform used for moment tensor inversion. The
numbers next to station names are epicentral distances in kilometres and azimuths in
degrees.
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Figure 4.10: (Top) MAP solutions for the 11 Jan 2014 event from four inversions with
DC, CLVD and ISO percents indicated above, coloured as in figure 4.4. (Bottom) Waveform data and synthetic seismograms corresponding to the solutions above.
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Figure 4.11: Ensembles of solutions from the four inversions for the 11 Jan 2014 event,
coloured as in figure 4.4 and shown on a lune source–type diagram.

4.3

Bayesian evidence as a way to choose the
noise covariance matrix

When we compare the fit between data and synthetic seismograms obtained from the
MAP inversions using the empirically estimated two–attenuated–cosine covariance
matrix and the diagonal covariance matrix, the latter one is often better. From
a standpoint of a traditional inversion, where the best waveform fit defines the
best solution, this is an unwanted feature and we would say that a simple diagonal
matrix gives a better result. However, synthetic experiment presented in section 3.4
demonstrates that the diagonal covariance matrix can overfit the noise and the two–
attenuated–cosine matrix performs better. We cannot make the same comparison
between different inversions of real data because we do not know what exactly is the
character of noise.
To address this issue, we return to the Bayes’ theorem
p(m|d) =

p(d|m)p(m)
.
p(d)

(4.1)

We have previously ignored the denominator p(d) because it is a constant in the
inversion. Now, it becomes important because it can be used for model compari-
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Figure 4.12: Evidence values for the inversions of the 20 Oct 2006 earthquake, normalised
with the highest value. The colours are as in the previous figures (light blue for the
inversion with a diagonal CD and a common noise parameter, dark blue for multiple
noise parameters, light red for the inversion with the empirical CD and a common noise
parameter, dark red for multiple noise parameters).

son. We have introduced the Bayesian information criterion in the previous chapter
for the same purpose, and shown that inversions with the number of noise parameters equal to the number of stations perform better than the ones with a single
noise parameter. We continue to apply tools from the Bayesian framework and use
the Bayesian evidence p(d) to also compare solutions obtained with different noise
covariance matrices. Multidimensional integration over the prior, necessary to compute the evidence, remains a problem so we use an approximation of the evidence
(e.g. Papadimitriou et al., 1997; Beck and Yuen, 2004; Sambridge et al., 2006). It is
expressed as
p(d|k) = p(d|m̂, k)p(m̂|k)(2π)k/2 |C0M |1/2 ,
(4.2)
where k is the number of parameters in the inversion, p(d|m̂, k) is the likelihood of
the MAP model m̂, p(m̂|k) its prior value, and C0M is the posterior model covariance
matrix. Further details and the derivation of the evidence for this particular problem
are given in Appendix A, here we present evidence values for the 20 Oct 2006
earthquake from chapter 3.5.2 and two earthquakes from this chapter.
Results for all events are similar (figures 4.12, 4.13, 4.14). Evidence values are
higher when the empirical two–attenuated–cosine covariance matrix was used, meaning that these are the preferred results from the Bayesian point of view. The difference is around 10% of the highest evidence value. Apart from that, inversions
with multiple noise parameters have higher evidences than the ones with a common
noise parameter. This difference is very small for the diagonal CD matrix solutions
for the 18 Feb 2004 event, where the ensembles of solutions were overlapping (figure
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Figure 4.13: Evidence values for the inversions of the 2004 earthquake, normalised with
the highest value, coloured as in figure 4.12.

Figure 4.14: Evidence values for the inversions of the 24 Apr 2007 earthquake, normalised
with the highest value, coloured as in figure 4.12.

4.5).

4.4

Discussion and Conclusions

We have examined additional three MW ≥ 4.5 earthquakes from The Geysers region using the hierarchical Bayesian moment tensor inversion method and compared
results with the diagonal and the empirical two–attenuated–cosine noise covariance
matrix. In addition to inverting for the noise level, the two–attenuated–cosine covariance matrix can account for the observed interdependence of data errors through its
non–diagonal terms. The results show a variety of source mechanisms and different
effects the two–attenuated–cosine matrix has on the inversion.
Two of the earthquakes examined here (24 Apr 2007 and 11 Jan 2014) have
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the double–couple component consistent with the regional stress field. The third
earthquake is rather intriguing; it has a large isotropic component of ∼60% in inversions with the diagonal CD and ∼40% with the two–attenuated–cosine CD . The
two–attenuated–cosine CD had the effect of reducing the isotropic component for
all three events. When combined with using multiple noise parameters (i.e. an individual parameter for each station), it gave a predominantly double–couple solution
for the 24 Apr 2007 event. Other two earthquakes still require a volume–increasing
process occurring simultaneously or sequentially with the shear faulting. The most
obvious candidate for volume increase in this region of highly fractured rocks is crack
opening, perhaps related to water injection.
Retrieved mechanisms with volume increasing components agree well with observations of Boyd et al. (2015). However, these results are unexpected in a region
that is undergoing volumetric contraction, as determined in geodetic studies. A
mechanism that explains positive volumetric components was recently proposed by
Johnson (2014b). It involves cracks that extend into wing cracks oriented in the direction of the most compressive stress. Additional volume increase could be achieved
by interaction of nearby cracks, a process that is likely to occur in a highly fractured environment such as this (e.g.Ashby and Sammis (1990) give an approximate
physical model for this process).
Results obtained when using the empirical two–attenuated–cosine CD are difficult to justify in a standard framework because they yield a poorer waveform fit
compared to results with the diagonal CD . Also, the scalar moment is around ∼40%
lower. However, the Bayesian evidence used for model comparison favours results
from inversions with the two–attenuated–cosine CD . The largest discrepancy in solutions is obtained for the 18 Feb 2004 event, where the double–couple component
was rotated for about 90◦ when the two–attenuated–cosine CD was used. This might
be due to its large volumetric component, but also because of the fewer stations used
in this inversion. We have tried to choose stations from both groups (regarding their
noise auto–correlation properties) with good azimuthal coverage, but that was not
possible for this event. All stations are south of the earthquake, which is a significant reduction in coverage. The effect of azimuthal coverage has not been examined
for these station and event locations, but the synthetic experiment presented in section 2.4.3 shows that even stations from similar azimuths can constrain the solution
when waveform data is used. Additional factors that can affect the results and have
not been considered in this chapter are the shallow depths of the events and the use
of a one dimensional model to compute the Green’s functions. Including a detailed
structural model was shown to be significant for events in complex geological environments. A good example is the unusual CLVD mechanism of an earthquake in the
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Bárdarbunga volcano, Iceland studied by Tkalčić et al. (2009), where a composite
model was used. This will be examined further in chapter 5 for a nuclear explosion
in the Democratic People’s Republic of Korea.
In summary, inversions with the two–attenuated–cosine CD yielded a lower
isotropic component than inversions with the diagonal CD for all the examined
earthquakes. Since the former are favoured by the Bayesian evidence, it could mean
that a part of the isotropic component obtained in standard inversions is merely
an artefact of noise in the data. The double–couple components of 24 Apr 2007
and 11 Jan 2014 are consistent with the regional stress field, while the 18 Feb 2004
earthquake is more affected by local stress variations. The 24 Apr 2007 earthquake
is characterised as predominantly double–couple. Physical processes explaining the
large non–double–couple components of the 18 Feb 2004 and 11 Jan 2014 events
have been discussed while presenting results for each event. These two earthquakes
are a result of combined shear and tensile faulting, although the 2014 event involves
a lack of conditions that require the existence of the isotropic component in the
seismic moment tensor.

Chapter 5

The Case Study of 2013
Democratic People’s Republic of
Korea nuclear test

This chapter shows an application of the method to a different kind of seismic
source, a nuclear explosion. We mostly focus on the physical aspect of the event
and try to explain the observed non–isotropic radiation. To account for differences
in geological structures along certain ray paths, we construct a two dimensional
structural model. For this purpose we use models provided by Lee and Rhie (2016)
that were obtained by waveform modelling of two previous nuclear explosions at a
nearby location. Other collaborators on this project are Chang–Soo Cho from the
Korea Institute of Geoscience and Mineral Resources (KIGAM), who provided the
data and shared his linear inversion results, and Seongryong Kim from the Australian
National University, who is developing a three dimensional model of the region using
Bayesian inference. This model will be used to compute the Green’s functions in
the near future, and applied to meticulously account for structure effects.

5.1

Introduction

The Democratic People’s Republic of Korea (DPRK) conducted its third underground nuclear test on 12 February 2013, following the first on October 9 2006, and
the second on May 25 2009. This explosion was the most powerful of the three, with a
magnitude of mb = 4.9 assigned by the Comprehensive Test Ban Treaty Organisation
(CTBTO) and estimated yield of 12.2 kt (Zhang and Wen, 2013). Even before the
official DPRK’s announcement several organisations, including CTBTO, detected
an unusual seismic event in the northeastern mountainous part of the country. As
this is a politically prohibited area, regional seismic data are extremely important in
understanding the source process. However, the complex topography and geological
structure of the region, including the presence of a continental margin, complicate
85
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Figure 5.1: Map of the region showing (red star) the event location and (black triangles)
stations used in the inversion.

the computation of appropriate Green’s functions.
The area where the DPRK nuclear test was conducted is part of the Korean
peninsula, which was formed in late Permian to Jurassic, during a continental collision between the North and South China blocks (Chough et al., 2000). During the
Mesozoic, low–angle subduction produced both intrusions and volcanism. A solidified magma repository, identified in the lower crust of the southeastern coast (Cho
et al., 2004), is related to rifting of the Japanese islands and the formation of the
Sea of Japan (East Sea in Korean usage) in Oligocene to mid–Miocene. Although
the area does not exhibit significant earthquake activity (Lee and Yang, 2006), past
tectonic events have left it with complex geological structure. The crustal thickness abruptly changes from 29–36 km on the Korean peninsula to 8.5–10 km in the
Sea of Japan (East Sea) (Chang and Baag, 2005). The thinner oceanic crust is
a prominent area of high seismic velocities, while two low velocity anomalies have
been identified in the upper mantle (Kim et al., 2016a,b). The transition from a
continental to oceanic crust on the continent margin significantly influences wave
propagation. For body waves, it has been found that lower seismic velocities in the
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thick continental crust help to trap S wave energy and generate crustally guided
phases, while no such mechanism occurs in the oceanic crust and S wave energy
leaks into the mantle (Kennett and Furumura, 2001). Furthermore, regional waves
attenuate highly in the continental margin, and then regrow along continental paths
(Hong, 2014). For surface waves, horizontal refractions can lead to Rayleigh wave
amplitude fluctuations (e.g. McGarr , 1969), while the Love waves can be distorted
because of the conversion of energy between the fundamental and higher modes (e.g.
Gregersen and Alsop, 1976).
There were two previous moment tensor studies of this event. Vavryčuk and
Kim (2014) used two velocity models, one for stations in China and Korea with
continental ray paths and another for stations in Japan with oceanic ray paths. The
obtained mechanism was predominantly explosive (57%), with 24% CLVD and 17%
double–couple contributions. They suggest the non–isotropic components are produced by asymmetric shape of the cavity developed during the explosion caused by
presence of deviatoric stress in the surrounding rock. The other study (Barth, 2014)
used data from distances up to 2500 km and a three dimensional global structural
model. They obtained a 50% isotropic and 50% normal faulting double–couple solution (the CLVD was only 0.1%). Their uncertainty analysis gives a variation in
the double–couple component between 32 and 55%. They offer two possible explanations for the shear component: a dip–slip motion in a tectonic strike–slip regime
that was locally pre–stressed by the previous test in 2009, and material damage.
However, studies of material damage are consistent with a CLVD mechanism (Patton and Taylor , 2011). Ford et al. (2009b) examined the May 25 2009 explosion and
found the double–couple mechanism to be inconsistent with the data. They found
the pure explosion solution to fit the data almost as well as the full moment tensor
solution.
To constrain the mechanism of the 2013 explosion, we use three–component
seismic waveform data from the Korea Institute of Geoscience and Mineral Resources
network, which is one of the closest seismic networks to the event. We use data from
7 stations (figure 5.1), remove the instrument responses, filter the data between
0.04 and 0.08 Hz using a two–pass Butterworth filter, integrate them to generate
ground displacement and rotate the horizontal seismograms to radial and tangential
components. Horizontally polarised shear waves and Love waves can immediately
be observed on the tangential component (figure 5.2), which is not expected for an
explosive source. Subsequently, we take the part of the seismogram that contains
the event signal (figure 5.3). Considering the geological complexity of the area, we
perform source inversions using structural models developed by waveform modelling
of two earlier DPRK nuclear explosions (Lee and Rhie, 2016). We use an average
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Figure 5.2: Displacement seismograms from seven stations used in this study. The
presence of SH and Love waves can be observed on the tangential component. Vertical
green lines indicate the part of the waveform used for moment tensor inversion. The
numbers next to station names are epicentral distances in kilometres and azimuths in
degrees.

structural model of Lee and Rhie (2016), but also form a composite model from two
models developed using only stations with particular azimuths, i.e. with ray paths
crossing similar areas. The models are shown in figure 5.4 and labeled Average,
Oceanic and Continental.
In this Chapter, we present the results of a linear moment tensor inversion using the average structural model, and also a composite model, with the aim of a
better representation of the waveforms whose path traverses the oceanic crust. Additionally, we conduct a synthetic test to show how the use of the average structural
model can severely affect the retrieved mechanism. Finally, we present results from
a Bayesian source inversion and compare it to the linear inversion results.
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Figure 5.3: Displacement seismograms filtered between 12.5 and 25 s.
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Figure 5.4: Three Earth structure models used to create Green’s functions. vP and vS
are P and S wave velocities, respectively (Lee and Rhie, 2016).

5.2

Linear inversion results

Linear inversions are performed as explained in Chapter 1. We fix the location of
the event at the hypocentre of -41.2757◦ lon, -129.0644◦ lat and a depth of 0.7 km,
as previously determined by KIGAM. We allow time shifts between the data and
synthetic seismograms up to 6 s (less than a half–cycle at the highest frequency used)
and perform a grid–search for the suitable time shifts starting with three stations
and subsequently adding one station at a time, with the aim of maximising the
variance reduction. The results shown below are for the full set of 7 stations.
When the average structure model was used to create the Green’s functions, the
waveform fit was quite good and variance reduction had a high value of 85% (figure
5.5). The result was a predominantly explosive mechanism with the isotropic component of 69%. The remaining double–couple (DC) and compensated linear vector
dipole (CLVD) components were necessary to explain the tangential components on
the seismograms. This and other computed source mechanisms will be discussed
further in section 5.5. However, since the synthetic seismogram for station SND, to
which the elastic waves travel mostly through the oceanic crust, was offset from the
data even for the maximum allowed time shift of 6 s, we also perform the inversion
using models designed to better represent particular ray paths.
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Figure 5.5: Linear inversion result for the average model (shown in figure 5.4), together
with (black) observed and (grey dashed) synthetic seismograms.
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Station
YNB
KSA
NSN
CHNB
SND
SNU
BRD

Average
97.64
90.47
96.07
91.66
84.61
89.66
91.75

Oceanic
93.81
93.34
93.82
95.97
91.19
93.89
88.07

Continental
94.88
86.91
96.27
94.79
85.37
89.12
91.43

Table 5.1: Variance reduction values in percents for single station inversions with Green’s
functions computed using models shown in figure 5.4. The maximum of those three values
is in boldface font.

To form a composite model, we perform a linear inversions for each station using
all three models separately. Variance reduction is higher (i.e. the waveform fit is
better) when using one of the two specific models (labeled oceanic and continental
in figure 5.4) for all stations, except for the closest YNB and furthest BRD (shown
in table 5.1). Since the variance reduction values are very similar and we aim
to create the composite model using only specific models, we choose the model
with the next best variance reduction value for those two stations. This leaves us
with one model (continental) for stations whose ray path is completely continental
(YNB, NSN and BRD) and another (oceanic) for the remaining stations (KSA,
CHNB, SND and SNU). The oceanic model has a shallower Moho, higher velocities
in the crust and lower in the mantle. Inversion with Green’s functions computed
using this composite model resulted in a slightly lower variance reduction (77%),
mostly because the tangential components were not fit as well as before (figure 5.6).
The offset in seismograms for station SND was reduced, but the waveform misfit
increased for the remaining stations for which the oceanic model is used. In this case,
the mechanism has a slightly lower, but still dominant isotropic (ISO) component
of 63%. The remaining part of the mechanism is almost entirely CLVD.

5.3

Influence of the complex regional geology

To test the possible consequences of using a 1–D model Green’s functions in this
compound region, we create synthetic seismograms with the composite model and
the moment tensor obtained in the previous section (shown in figure 5.6), and perform an inversion with Green’s functions computed with the average model. Even
though the variance reduction is high (84%), the obtained mechanism is strikingly
different from the input mechanism (figure 5.7). The input mechanism had a negligible DC component, but the resulting mechanism is 37% DC, with one nodal plane
subhorizontal and the other subvertical. Both the CLVD and ISO component radiation of the input mechanism was interpreted as a DC component in the inversion.
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Figure 5.6: Linear inversion result for the composite model (explained above), together
with (black) observed and (grey dahsed) synthetic seismograms.
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Figure 5.7: (Top) Input mechanism and the synthetic test result with allowed time shifts.
(Bottom) Synthetic data is shown in black and seismograms from the obtained solution
in grey.

The time shifts necessary to obtain this solution were smaller than in the real data
inversion. The most significant shifts were +5 s for YNB, where the average model
was too fast and -3 s for SNU, where it was too slow.
A possible explanation for such a discrepancy in the recovered mechanism might
be the size of the time shifts allowed in the inversion. It has been shown that time
shifts of less than a half–cycle can produce accurate results (Ford et al., 2009a), but,
to confirm that, we also perform an inversion without introduction of time shifts. In
this case, the resulting mechanism is even less similar to the input one (figure 5.8).
The DC component is even higher in this case and the positive, explosive isotropic
component of the input mechanism is transformed into a negative, implosive one.
This strong modification of the retrieved mechanism indicates the benefit of including time shifts to compensate for 3–D structural effects. Further, just the use of a
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Figure 5.8: (Top) Input mechanism and the synthetic test result without time shifts.
(Bottom) Synthetic data is shown in black and seismograms from the obtained solution
in grey.

1–D model can strongly bias the source mechanism solution for events in complex
geological environments.

5.4

Bayesian inversion results

The epicentral location of the nuclear test is well known for this event from the
surrounding KIGAM stations and satellite images of the area. Also, Ford et al.
(2009a) showed that the isotropic radiation is relatively insensitive to depth for
the surface wave component of the wavefield. That is why we do not invert for the
centroid location of this event. The only parameters in the Bayesian inversion are the
source mechanism and noise level. Furthermore, we only perform inversions with a
diagonal covariance matrix because, for these stations, we do not have the coefficients
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necessary to parameterise the empirical cosine noise covariance matrix that was used
in previous chapters. We compare solutions with a single, common noise parameter
to the solution obtained with 7 noise parameters (one for each station). As in the
previous chapters, we set the time shifts to the best ones determined from the linear
inversion.
When using the average model Green’s functions, both maximum a posteriori
probability (MAP) solutions have slightly higher CLVD components than the linear
inversion solution (figure 5.9). In addition, the solution with a single Bayesian noise
parameter has a slightly lower ISO component. In the inversion with individual
Bayesian noise parameters, station SND had the highest noise value, reflecting the
poor time adjustment, and hence the waveform gets downweighted in the inversion.
The second highest noise value was that for a nearby station, SNU.
Both MAP solutions (with a single and multiple Bayesian noise parameters) with
the composite model Green’s functions were almost exactly like the linear solution
result (figure 5.10). Even with the composite model Green’s functions stations SND
and SNU had the highest noise values, but all noise values were lower than in the
previous case, with the average model Green’s functions. The low noise values are
reflected in solutions with a very tight distribution of mechanisms.
It is difficult to grasp the posterior probability distribution of mechanisms of this
predominantly explosive event from the compressional–wave polarity display. Thus,
we show the ensemble of solutions on a source–type diagram. Figure 5.11 shows
the whole ensemble of solutions from all four Bayesian inversions, together with the
corresponding linear inversion solution. For the average model Green’s functions,
a clear difference can be seen in solutions with the use of a single noise parameter
(shown in light blue) and individual noise parameters (dark blue). Inversion with
station individual Bayesian noise parameters estimates a higher ISO component, and
some trade–off between the ISO and CLVD components. The linear inversion result
lies within uncertainty of this Bayesian inversion. An astonishing feature of the
inversions with the composite model in Green’s functions is its low uncertainty. Due
to the low DC component, all solutions are almost a pure opening crack mechanism.
To further compare the solutions we can examine the Bayesian evidence values, computed as an approximation using MAP parameter values (figure 5.12). As
explained in the previous chapter, the Bayesian evidence can be used for model comparison. In this situation, we can use it to compare solutions obtained with different
structural models. Inversions with individual noise parameters for all stations have
higher evidence values compared to inversions with a single noise parameter (their
ratios are shown in figure 5.12 next to the points for the corresponding model). Fur-
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Figure 5.9: (Top) Comparison of MAP solutions with (light blue) a single and (dark blue)
individual noise parameters for the inversion with the average model Green’s functions.
The numbers above beachballs show the percents of the DC, CLVD and ISO components,
in that order. (Bottom) Waveform data and synthetic seismograms from the MAP solution.
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Figure 5.10: (Top) Comparison of MAP solutions with (light blue) a single and (dark
blue) individual noise parameters for the inversion with the composite model Green’s
functions. The numbers above beachballs show the percents of the DC, CLVD and ISO
components, in that order. (Bottom) Waveform data and synthetic seismograms from the
MAP solution.
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Figure 5.11: Lune source–type diagrams showing solutions from inversions with (left)
the average and (right) the composite structure model Green’s functions. Solutions from
(light blue circles) Bayesian inversions with a single noise parameters, (dark blue circles)
Bayesian inversions with individual noise parameters for each station and (black diamonds)
linear inversions are shown.

thermore, inversions with the average structural model have higher evidence values,
but only slightly.

5.5

Discussion and Conclusions

We have performed a thorough analysis of source mechanism of the 2013 DPRK
nuclear explosion using waveform data from seven stations of the closest seismic
network operated by KIGAM. Earth structure models used to create the Green’s
functions have been recently developed based on waveform modelling of the two
previous DPRK nuclear tests. The results of linear and Bayesian inversions for the
2013 event are very similar and have a high isotropic component of 63–69%. In
comparison, recent studies of this event have suggested lower isotropic components
of 50% (Barth, 2014) and 57% (Vavryčuk and Kim, 2014). Both studies used data
from larger epicentral distances (up to 2100 km and 1200 km, respectively).
There are a number of obstacles related to these source inversions. Firstly, the
retrieved mechanism is influenced by free–surface effects because of the shallow depth
of this event. Tractions normal to the vertical vanish at the free surface, which makes
the moment tensor elements M13 , M23 , and the isotropic part difficult to resolve at
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Figure 5.12: Evidence values from inversions with (light blue circles) Bayesian inversions
with a single noise parameters and (dark blue circles) Bayesian inversions with individual
noise parameters for both structure models. Numbers next to the points show evidence
ratios between the latter and former inversion.

these frequencies. Secondly, heterogeneities in Earth structure along the ray paths
in this region put to question the use of a 1–D and even a 2–D (i.e. composite)
model to compute the Green’s functions, as discussed in section 5.3. Barth (2014)
tried to address this using a 3–D model, but the global model he used still required
adjustments via time shifts. A more detailed 3–D model designed for the region
would most likely provide better Green’s functions for the inversion. Thirdly, rough
surface topography in the area alters the wavefield (Rodgers et al., 2010), although
this effect is not significant for wavelengths used in this study, as they are much
larger than the scale length of topography. Keeping all this in mind, we can still
examine the solutions and their possible implications, focusing on the non–isotropic
radiation.
A non–isotropic component of the source is necessary to explain the Love waves
observed on the tangential components. In inversions with composite model Green’s
functions, this component is almost entirely a near vertical CLVD. A very similar
mechanism was recently obtained for a 1988 US–Soviet joint nuclear test in eastern
Kazakhstan and two nuclear tests in Lop Nor, China (Chiang et al., 2014). Such a
mechanism might be a consequence of the tunnel system in which the detonation
took place, if the tunnel acts as a pre–existing crack (e.g. Julian et al., 1998).
When we consider more details of the explosion, a vertical CLVD is completely
plausible and even expected when the source medium damage is taken into consideration. When an explosion occurs, the medium damage consists of a number
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of processes, such as stress wave rebound (hydrodynamic flow returning toward
the source), shock wave interactions with the free surface, gravitational unloading,
and slapdown of spalled near–surface layers (material above the explosion is initially accelerated upward and then falls back down) (Patton and Taylor , 2011). A
small departure from a vertical CLVD in the solution obtained using the composite
model Green’s functions (necessary to explain the tangential component seismograms) could point to additional complexities in the aforementioned processes. The
radially asymmetric radiation obtained in the inversions with the average model
Green’s functions would require at least one more process occurring simultaneously.
Possible candidates are: shear motion along a preexisting nearby fault, non–spherical
shape of the non–linear process zone (Jin et al., 1997), and effective or intrinsic seismic anisotropy in the non–linear process zone (Vavryčuk , 2005).
As we have shown in this chapter, moment tensor inversion using seismic waveforms can be utilised to examine explosive sources and distinguish them from naturally occurring earthquakes by the size of the double–couple component. However,
special attention should be dedicated to Green’s function modelling when seismic
waves traverse areas with large heterogeneities in seismic velocities, such as the Korean peninsula and its surroundings. Although the variance reduction and Bayesian
evidence slightly favour results obtained with a one dimensional structure model,
the solutions obtained with a two dimensional model require simpler and very plausible physical processes to explain the non–isotropic radiation and should therefore
be preferred. Bayesian inversion showed exceptionally low uncertainties when using
the 2–D (composite) model Green’s functions due to lower estimated noise values.
Further improvements to the inversion procedure in future work could be made by
using a cosine noise covariance matrix and modelling the Green’s functions with a
regional 3–D structural model.
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Chapter 6

Conclusions

6.1

Thesis achievements

Estimates of uncertainty in moment tensor inversions are becoming increasingly important, particularly for events with large non–double–couple components. I have
approached this issue in Bayesian framework, searching for an ensemble of solutions
that fit the data within noise level using a Markov chain Monte Carlo algorithm.
The noise is difficult to estimate, particularly when using seismic waveforms, because
the noise can change the phase and amplitude of the waveforms. The technique developed throughout my PhD work is capable of estimating the noise level by making
it a free parameter in the inversion. Furthermore, a thorough examination of noise
auto–correlations has resulted in parameterisation of an empirical noise covariance
matrix, capable of accounting for noise correlation, i.e. its phase characteristics.
The level of noise and its correlation can vary from receiver to receiver. This
aspect is included in the algorithm that can contain multiple noise parameters,
with the best performance of the inversion being when individual noise parameter
is assigned for each station. This has been shown in Chapter 3 using the Bayesian
information criterion. The differences in noise correlations were accounted for by
using different covariance matrices for a certain group of stations. The ability of
the method to account for noise correlations through the empirical cosine covariance
matrix was also put to test. In Chapter 4, I use an approximation of the evidence,
derived in Appendix A, and show that the cosine covariance matrix performs better
when compared to the diagonal matrix. The evidence values also confirmed the
advantage of using individual noise parameters for each station.
Apart from the theoretical work, the algorithm has been applied to events from
volcanic and geothermal areas, and a nuclear explosion. A significant isotropic component of the source has been confirmed for an earthquake in Long Valley caldera,
California. Subsequently, a number of earthquakes from the world’s largest geothermal field, The Geysers, were examined. In general, inversions with the cosine covariance matrix result in somewhat lower isotropic components than inversions with
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a diagonal covariance matrix. Nodal planes of two earthquakes agree well with the
regional stress field and one of them is predominantly double–couple. Source mechanisms of the other two events are more complex. Their double–couple components
are most likely a consequence of variations in the stress field. One event has a
predominantly shear mechanism, and the non–shear components for two events can
be explained by crack opening, as the rocks in the area are highly fractured. The
remaining event requires an additional mechanism to explain a lower isotropic component than we would expect for a combination of shear and tensile faulting. This
process is possibly fluid extraction related to electricity production.
When examining the 2013 nuclear test in Democratic People’s Republic of Korea,
particular attention has been given to ray paths that traverse the oceanic crust. A
composite two dimensional model is used to create Green’s functions and compared
to a one dimensional model for the same region. The results of inversions with
the composite model characterise the event as a tensional crack mechanism with
exceptionally low uncertainty. The compensated linear vector dipole component
explains the Love waves observed on the tangential component seismograms. Such
a mechanism can be interpreted with material damage caused by the explosion.
These results show that the developed technique is applicable to a wide range of
events where uncertainties are important. The technique will be of importance when
analysing volcanic and geothermal events, deep subduction zone events where mineral phase transformations might be involved, and for nuclear monitoring purposes.
In cases where the location is well determined and does not need to be included
as a parameter in the inversion, the algorithm is relatively fast. The ensemble of
solutions can be obtained within a few hours even when the cosine noise covariance
matrix is used.

6.2

Disadvantages of the method and recommendations for future work

While I believe the outcomes of this PhD work will be a significant contribution
in analysing events with potentially significant non–shear components in the mechanism, there are some disadvantages of the algorithm that should be mentioned,
and further improvements that can be explored. As in other Bayesian studies that
include sampling of the model space, the computational time is significantly longer
than for traditional inversions. However, the computations do not require a computer cluster and the codes can be run on standard workstations. Furthermore, if the
source location is not included as a parameter in the inversion, the computational
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time decreases significantly and the ensemble of solutions can be obtained within a
few hours. Another shortcoming is the necessity to have the noise covariance matrix parameterised beforehand, and the elementary seismograms (related to Earth
structure Green’s functions) computed for all locations included in the inversion.
A few possible improvements of the algorithm will be mentioned here, although
more might be proposed or made by potential users of the code. Firstly, the theory
errors could also be included in the covariance matrix or addressed in a different way.
The most important theory errors are uncertainties related to structural models used
to create the Green’s functions. Currently, they are accounted for using time shifts
that maximise the waveform fit in a linear inversion, and compensate for possible
velocity heterogeneities. This can be overcome using a three dimensional structure
model to create the Green’s functions, as discussed in Chapter 5. Another possibility
is to include the time shifts as free parameters in the inversion. Since the location
and moment tensor parameters are not sampled in the same Markov chain, it is
possible to sample the time shifts without a trade–off with the source location.
Secondly, since long–period waveform data are contaminated with noise for small
events, the algorithm could be adjusted to use different data types. Replacing seismic
waveforms with P and S wave polarities, amplitudes and/or amplitude ratios would
make the algorithm usable even for small earthquakes. This would also reduce the
computation time because less data points would be involved.
Finally, as volcanic earthquakes might require single forces to explain certain
processes, they can also be included in the algorithm. Moreover, the code could be
made trans–dimensional, i.e. it could have the number of parameters as an unknown
in the inversion. It would be beneficial to make the isotropic component and the
single forces optional in the inversion, allowing the algorithm to exclude them (and
include again) as model parameters. This way, we would let the data decide are
they necessary elements of the model space.
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Appendix A

Computation of the evidence

In this appendix we derive the expression for the Bayesian evidence for the most
general case of a cosine covariance matrix and different noise parameters for each
station. The evidence p(d) is defined as an integral over the posterior probability
distribution of the model parameters p(m|d) over the model parameters m. Since
we treat the noise as a free parameter in the inversion, the posterior (and hence the
evidence) depend on the noise hyperparameters σ and the number of parameters in
the inversion k. The integral has the form
Z
p(d|k, σ) =

p(m|d, k, σ)p(σ|k)dm,

(A.1)

where p(σ|k) is the prior distribution of the noise parameters. We consider the noise
parameters σi on each station i to be independent. If we have nr stations, the prior
distribution of σ is defined as
p(σ) =

nr
Y

p(σi ).

(A.2)

i=1

The parameters σi are constrained by root mean square (RMS) of the noise at that
particular station RMS(ui ). The prior on σi is uniform and has the form
(
p(σi ) =

1/∆σi
0

if 0 < σi < 5*RMS(ui )
otherwise.

(A.3)

To obtain the exact value of the evidence (independent of σ), we would need to
integrate equation A.1 over the noise parameters. This is a demanding task to
do analytically, so we approximate the integral with its value at the maximum a
posteriori probability (MAP) of noise parameters, σ̂. This returns us to equation
A.1 without the dependence on σ, but we need to keep this approximation in mind.
We further simplify the computation using the MAP solution of the model parameters. This estimator of the evidence was given by, e.g., Sambridge et al. (2006)
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in equation (69) as
p(d|k) = p(d|m̂, k)p(m̂|k)(2π)k/2 |C0M |1/2 ,

(A.4)

where p(d|m̂, k) is the likelihood of the MAP model m̂, p(m̂|k) its prior value, and
C0M is the posterior model covariance matrix. As the evidences have numerically
large values, we compute the logarithm of equation A.4.
1
k
log [p(d|k)] = log [p(d|m̂, k)] + log [p(m̂|k)] + log(2π) + log [|C0M |] .
2
2

(A.5)

The number of parameters in the inversion is k = NL + 6 + Nn , where NL is the
number of sampled discrete centroid locations and nr the number of noise parameters
in the inversion. Now, we discuss the remaining terms.

The likelihood is defined as

1
−1
T
p(d|m, k) = p
exp − (G(m) − d) CD (G(m) − d) ,
2
(2π)N |CD |


1

(A.6)

and depends on k through the number of noise parameters. Its logarithm evaluated
at m̂ is
N
1
log(2π) − log|CD |+
2
2
1
− (G(m) − d)T CD −1 (G(m) − d).
2

log [p(d|m̂, k)] = −

(A.7)

The matrix CD is block–diagonal, with each block corresponding to a particular
station. We have
Ci = σi2 R,
(A.8)
where R is the matrix of correlations for three component seismograms. In the most
general case we have nr stations, out of which n1 have the same type of correlation
for all components, R20 . The matrix R20 is an N × N matrix that parametrises
noise correlations for a particular seismogram. It has been discussed in sections 2
and 3. For these nr stations, the matrix R is denoted by R1 and has the form


R20


R1 = 

0
R20

0





(A.9)

R20

The remaining (nr − n1 ) stations have a different matrix of correlations on the hor-
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izontal components (R40 ), and for those stations, we can write R as


R40


R2 = 

0


.

R40
0


(A.10)

R20

Finally, we compose the matrix CD as




σ12 R1
..






CD = 






0

.
σn2 1 R1
σn2 1 +1 R2

0

...
σn2 r R2






.






(A.11)

To compute the expression A.7, we need the determinant of this matrix, which is
equal to the product of the determinants of matrices down its diagonal. Hence
"n
#
" n
#
r
1
Y
Y
2 3N
3n1
2 3N
|CD | =
(σi )
· |R20 | ·
(σi )
· |R20 |nr −n1 · |R40 |2(nr −n1 )
i=1

i=n +1

1
"n
#
r
Y
=
(σi2 )3N · |R20 |nr +2n1 · |R40 |2(nr −n1 ) ,

(A.12)

i=1

where N is the number of data points in each trace. Because of its bloc–diagonal
structure, the inverse of matrix CD is also simple to obtain


CD

−1







=






1
R −1
σ12 1



0

...
−1
1
2 R1
σn
1
1
2
σn

0

1 +1

R2 −1
..

.
−1
1
2 R2
σn
r







.






(A.13)

With the prior defined in Chapter 1 as
p(m) =

1
,
NL · (∆an )6

(A.14)
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the second term in equation A.5 has the form
log [p(m̂|k)] = −log(NL ) − 6 · (∆an ).

(A.15)

That leaves us with the final component in equation A.4, the determinant of the
posterior model covariance matrix, |C0M |. For the MAP solution, where the location
is fixed, we have a linear relationship with the model parameters and the data, i.e.
we can compute G(m) as matrix multiplication Am. The matrix A consists of the
six elementary seismograms for each record and has the shape (3 · nr · N) × 6. The
matrix C0M can be computed as
C0M = (AT CD −1 A + CM −1 ),

(A.16)

2
where CM is the prior model covariance matrix of the form CM = σm
I. I is the
2
identity matrix and σm
variances of the prior. We are using uniform priors, which
2
approach infinity. In that
can be seen as a special case of a Gaussian where all σm
−1
case, CM approaches zero and we compute the logarithm of the determinant of
C0M only using the first component of the right hand side of A.16.
We have shown how to compute the evidence (i.e. its logarithm) for the most
general case. When the noise covariance matrix CD is diagonal, the matrix R is
an identity matrix for all stations, and the computations are simpler. In the case
of only one noise parameter, all noise variances σi2 have equal values and the total
number of parameters is k = NL + 6 + 1.
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Dȩbski, W. (2008), Estimating the earthquake source time function by Markov Chain
Monte Carlo sampling, Pure Appl. Geophys., 165 (7), 1263–1287.
Denlinger, R. P., and C. G. Bufe (1982), Reservoir conditions related to induced
seismicity at The Geysers steam reservoir, northern California, Bull. Seismol.
Soc. Am., 72 (4), 1317–1327.
Dettmer, J., S. E. Dosso, and C. Holland (2007), Uncertainty estimation in seismo–
acoustic reflection travel time inversion, J. Acoust. Soc. Am., 122 (1), 161–176.
Dettmer, J., S. Dosso, and C. Holland (2009), Model selection and Bayesian inference
for high–resolution seabed reflection inversion, J. Acoust. Soc. Am., 125 (2), 706–
716.
Dettmer, J., R. Benavente, P. Cummins, and M. Sambridge (2014), Trans–
dimensional finite–fault inversion, Geophys. J. Int., 199 (2), 735–751.
Dreger, D., and D. Helmberger (1990), Broadband modeling of local earthquakes,
Bull. Seismol. Soc. Am., 80 (5), 1162–1179.
Dreger, D., and D. Helmberger (1993), Determination of source parameters at regional distances with three–component sparse network data, J. Geophys. Res., 98,
8107–8125.
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Vavryčuk, V., and D. Kühn (2012), Moment tensor inversion of waveforms: A two–
step time–frequency approach, Geophys. J. Int., 190, 1761–1776.
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